ABSTRACT

WU, SHAOHAN. Joint Antenna Impedance and Channel Estimation in Multiple-input,
Multiple-output Receivers. (Under the direction of Dr. Brian L. Hughes.)

Over the past two decades, several authors have demonstrated that impedance match-
ing between the receive antenna and front-end can significantly impact channel capacity
in wireless, multipath channels. In order to implement capacity-optimal matching, the
receiver must know the antenna impedance. However, this impedance can often vary
significantly with time in an unpredictable way in response to near-field loading of the
antenna. To address this problem, we propose an approach to joint antenna impedance
and channel estimation suitable for fading, wireless channels. The goal of this work is
to use the extensive resources available in most wireless systems for channel estimation
to estimate the antenna impedance as well as the channel. In this approach, we assume
the receiver switches its load impedance in a predetermined way during reception of a
known training sequence. Based on the observations of this training sequence at the re-
ceiver, we derive joint estimators for both the antenna impedance and channel, as well as
Cramer-Rao lower bounds (CRB) on the error performance of any unbiased estimator.

First, we consider two different estimation approaches for single-antenna channels.
The first is based on a hybrid Bayesian and classical estimation framework that leads
to a joint maximum a posterior: and maximume-likelihood estimate of the channel and
impedance, respectively. The estimators are simple and perform well at high signal-to-
noise ratios; however, numerical results suggest that the hybrid estimators are generally
inconsistent, and perform poorly at low signal-to-noise ratios. Our second approach fo-
cuses on classical estimation of the impedance, followed by minimum-mean-squared error

estimation of the channel conditioned on knowledge of the antenna impedance. The latter



approach leads to a simple, efficient estimator based on a principal-components analysis
(PCA) of the received data covariance matrix.

We then consider multiple-input, multiple-output (MIMO) wireless channels, with
multiple antennas at the transmitter and/or receiver, as well as spatially and temporally
correlated fading. We extend the PCA-based estimators to MIMO channels, and we
also explore alternative iterative estimators based on the Newton-Raphson method, as
well as simpler estimators based on the method of moments (MM). We investigate the
performance of these estimators through a series of experiments, under conditions similar
to those of long-term evolution (LTE) cellular channels. Our results suggest that the
performance of our estimator is highly sensitive to the available diversity in the channel.
In the presence of rich diversity, however, both estimators perform close to the CRB
under a broad range of conditions of practical interest. Through numerical examples,
we further show that these estimators can be used together with adaptive matching at
the receiver to significant enhance the signal-to-noise ratio and capacity of MIMO fading

channels.
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Chapter 1

Introduction

Over the past two decades, several authors have demonstrated that antenna impedance
matching at the receiver can significantly impact capacity and diversity in wireless com-
munication channels [26-29,51,79]. For multiple-input, multiple-output (MIMO) chan-
nels, multi-port matching techniques that optimize capacity for different front-end con-
figurations have been investigated in [26-29,51,79]. These works show that capacity is
sensitive to receiver impedance matching, and optimal matching can dramatically in-
crease the capacity of MIMO channels relative to conventional single-port matching.

To implement the capacity-optimal matching in [26-29,51,79], the receiver must know
the antenna input impedance Z. In practice, this is complicated by the fact that Za
varies with loading conditions in the antenna near-field. For example, the position of a
hand on a cellular handset can significantly affect the input-impedance of handset anten-
nas [7,57,74]. For this reason, several authors have proposed the use of adaptive matching
networks that estimate and adapt to variations in antenna impedance. In [57,74], the
authors propose adaptive matching techniques based on empirical capacity estimates at

the receiver. Capacity is optimized by periodically adjusting the receiver impedance, and



calculating the impact on empirical capacity estimates. Capacity is then optimized by
searching for the receiver impedance that maximizes the observed capacity. This approach
has several advantages: it is general, requires only information that is easily available at
the receiver, and numerical results suggest it converges to the optimal capacity in a mat-
ter of seconds. On the other hand, because this approach requires a search of the receiver
impedance space, it is also computationally-intensive, and convergence is slow compared
to other common communication tasks, such as channel estimation, which often converges
in milliseconds.

In this dissertation, we explore a new, more direct, approach to capacity-optimal
adaptive matching, based on direct estimation of the receiver antenna impedance Zjy .
This approach seeks to first estimate Z at the receiver, and then use the analytical
results of [26-29,51,79] to calculate the capacity-optimal matching for this estimate. In
contrast to the empirical capacity metric considered in [57,74], Za does not depend on
the transmitted data, and thus should be easier to estimate. More importantly, since this
approach calculates the optimal matching network, rather than searching over all possible
networks, it should use far less data and computation than in [57,74], and so has the
potential to optimize capacity more quickly.

Most current wireless receivers have no mechanism to estimate antenna impedance.
However, they do have extensive resources for channel estimation, in the form of train-
ing sequences and pilot symbols. These resources are often underutilized, in the sense
that they are designed for worst-case conditions which rarely occur (e.g., high-speed
trains in dense urban multi-path). In this work, we consider diverting some of these
resources to estimate the receiver antenna impedance in addition to the channel path
gains. We consider an estimation approach in which the receiver perturbs its impedance

during reception of a known training sequence. Using these observations, the receiver



then performs joint channel and antenna impedance estimation based on the received
data. Finally, the impedance estimates are used by the receiver to adaptively adjust the
antenna matching network in order to maximize the resulting ergodic capacity, using the
results of [26-29,51,79].

The problem of measuring impedance has been extensively investigated in the circuits
literature; see [7,8,15,33,34,65,72,85] and the references therein. Most of these works fo-
cus on measuring the impedance of the transmit antenna using special circuits that sense
reflected power due to mismatch [15,34,65]. Among these papers, the most relevant to
our work are [7,8,36], which consider dynamic measurement of the antenna impedance
in handsets. In these works, Z is measured by first perturbing the receiver impedance,
and then calculating the resulting impact on average received power. In this work, we
also perturb the receiver’s load impedance. However, rather than using special circuits,
we estimate Z by applying estimation theory to observations based on known training
sequences. This approach has several important advantages: (1) it uses resources which
are already present in most wireless systems; (2) no additional measurement circuits are
needed, except the ability to perturb the receiver’s load; and (3) estimation theory pro-
vides tools to evaluate how performance depends on the training sequences and receiver
perturbations, which may enable optimization over these parameters.

The rest of this introduction is organized as follows. In Sec. 1.1, we briefly review the
relevant prior literature on adaptive matching and impedance estimation. In Sec. 1.2, we
provide an overview of some important wireless performance metrics, such as channel
capacity, and discuss how these metrics are affected by antenna impedance mismatch
and channel estimation errors. This overview motivates the performance metrics used in

later chapters of this dissertation.



1.1 Relevant Prior Research

Prior research on adaptive matching can be grouped into three broad categories: (1)
circuit architectures and algorithms for adaptive matching; (2) adaptive matching at the
transmitter, and (3) adaptive matching and/or antenna impedance estimation at the

receiver. We now give a brief overview of the literature in each area.

1.1.1 Circuits Architectures and Algorithms for Adaptive Match-
ing

In the circuits literature, several tunable matching network architectures have been pro-
posed in order to realize adaptive or reconfigurable receivers. While this dissertation does
not consider hardware design of matching networks, these works could provide a way to
physically implement the adaptive matching component of this work. Most of the pro-
posed architectures are based on a cascade of L-networks or m-networks [15,33,34,65,85],
which usually consist of off-chip high-Q fixed inductors and tunable capacitors.

For certain tunable matching networks, several authors have also studied tuning algo-
rithms to adjust the tunable network components to minimize the signal reflected by the
matching network, as measured by the voltage standing wave ratio. Several authors have
considered approaches based on the genetic algorithm and simulated annealing; for a dis-
cussion of these and related methods see [34]. In particular, Gu et al [34] have proposed
an analytical algorithm that can adaptively adjust a tunable m-network to minimize the

signal reflection for any given transmit antenna impedance.



1.1.2 Adaptive Matching at the Transmitter

In the circuits literature, several authors have also considered the application of adaptive
matching at the transmitter [33,34,72]. In these works, the transmit antenna serves as
the load for a power amplifier. These systems typically incorporate some kind of special
circuit capable of detecting load mismatch, combined with a closed-loop control system
that seeks to adjust a tunable matching network to maximize the radiated power. For
further information, see [33,34,72] and references therein. Several types of special circuits
have been considered to detect mismatch, such as directional couplers [15] and received
power meters [34,65].

As in this dissertation, the authors above seek to adaptively adjust the antenna match-
ing network in order to optimize system performance. However, the problems considered
in [33,34, 72| differ in two important ways from our work: First, all of the studies above
focus on adaptive matching at the transmitter, where the transmitted signal is known and
noise may be assumed to be negligible, whereas we consider the corresponding problem at
the receiver, where the received signal is a priori unknown and corrupted by observation
noise. Second, the studies above all employ special circuits to directly measure antenna
mismatch, whereas we explore the possibility of estimating mismatch indirectly using

observations of known training sequences at the receiver.

1.1.3 Adaptive Matching or Impedance Estimation at the Re-

ceiver

By contrast, relatively few papers have considered receivers equipped with tunable match-
ing networks [7,36,57,74,75]. As noted earlier, in [57,74], the authors propose adaptive

matching techniques based on empirical capacity estimates at the receiver. The match-



ing network seeks to optimize capacity by periodically adjusting the receiver impedance,
and calculating the impact on an estimate of empirical capacity. Since the algorithms
used in these papers involve either a random search or exhaustive sweep of the receiver
impedance space, they tend to be computationally intensive and slow to converge to the
optimal capacity, relative to other communication tasks.

More recently, two other studies have considered direct estimation of the receiver an-
tenna impedance. In [7], Ali et al propose an approach to measure the antenna impedance
that compares the received signal power at different frequencies and different loads. Per-
haps most similar to this dissertation is the work of Hassan and Wittneben [36], who
have considered joint channel and impedance estimation for MIMO receivers [36]. In this
work, the authors vary the receiver load impedance and rely on known training sequences
to jointly estimate the channel and the antenna impedance.

Similar to this dissertation, [7] and [36] both share the goal of estimating the an-
tenna impedance directly, and both involve changing the receiver load to do so. However,
these works differ significantly from this dissertation in modeling, technical approach
and performance metrics. Ali et al assume a deterministic receiver circuit model that
directly observes power, whereas we assume a noisy receiver which observes only the
demodulated and sampled output of the receiver front-end. Their approach involves solv-
ing deterministic nonlinear equations via simulations and measurements, whereas our
approach is grounded in estimation theory. The results of [36] also differ from ours in
several important ways: First, the authors use a different model of noise in the receiver
front end, which includes both antenna and load resistor noise, whereas we consider
a scenario in which amplifier noise dominates. Second, [36] considers only uncorrelated,
fast-fading conditions, whereas we consider the more general and realistic case of spatially

and temporally-correlated fading. Third, [36] considers estimation of the channel fading



path gains and antenna impedance, whereas we consider a different parameterization of
the channel, that estimates quantities that are more relevant to those needed by the
communication algorithms, and which leads to better behaved estimators. Fourth, [36]
considers least-squares estimation, whereas we consider maximume-likelihood estimation
as well as fundamental lower bounds on performance, such as the Cramér-Rao bound
(CRB). Finally, through numerical examples, we also investigate the impact the channel
and impedance estimation error on the ergodic capacity and on the receiver signal-to-

noise ratio when used in conjunction with adaptive matching.

1.2 Technical Background

In this dissertation, we study joint antenna impedance and channel estimation techniques
for MIMO receivers and their impact on the channel capacity. In this section, we briefly
review some important technical background that will be needed to correctly model the
relationship between the channel capacity, impedance matching and channel estimation

error in the chapters that follow.

1.2.1 Channel Capacity

Consider a point-to-point MIMO system in which a transmitter with N antennas sends
data to a receiver with M antennas. In a narrowband channel, the signal observed at the

receiver can usually be modeled as

y = Hx+n, (1.1)



where x € CV is a vector of transmitted symbols, n € C™ represents observation noise,
and H € CM*V is a matrix of channel fading path gains. When rich multipath is present
and the transmit antennas are sufficiently separated, the columns of H, denoted by h;, are
often modeled as independent, zero-mean, circularly-symmetric Gaussian random vectors
with a known covariance Xy, = E[h;h¥]. In the sequel, we denote this distribution by
h; ~ CN (0, Xy,). Similarly, the observation noise n is also modeled as a zero-mean
white Gaussian random vector, n ~ CN (0, 021;).

For the MIMO receiver model (1.1), one of the most important metrics of wireless
system performance is the (ergodic) channel capacity - the largest rate at which infor-
mation can be reliably transmitted over this channel subject to a fundamental bound
on the transmit power, E[xx] < P. According to information theory, the capacity can
be calculated by maximizing the mutual information of the channel over all probability
distributions of x that satisfy the transmit power constraint. To define the capacity of
(1.1), it is convenient to first consider the special case where H is a known, deterministic

matrix. In this case, the mutual information can be written as [73]

I(x;y) = h(y) —h(y|x) = h(y)—h(n), (1.2)

where h(y) is the differential entropy of the observation y [73, Sec. 1I], and the second
equality follows from the assumption that n is independent of x. Thus, maximizing /(x;y)
is equivalent to maximizing the differential entropy h(y).

By Lemma 2 of Telatar [73], the maximum value of h(y) is always attained by a
zero-mean Gaussian input distribution, say x ~ CN'(0y, Q), where Q = E[xx] and the
transmit power constraint implies Tr[Q] < P. This implies that y is also a zero-mean

Gaussian vector with covariance Elyy”] = HQH + I, and hence the differential



entropy is
h(y) = log,det (mreElyy”]) = log,det (HQH" + 6.1y) + M - logy(me) . (1.3)

It is straightforward to show that h(n) = M log,(meo?), and hence the channel capacity

can be expressed as

1 H
C = Q:Tril[%ﬁcgplogQ det (IM—l—FHQH ) . (1.4)

n

When H is known to the transmitter, the optimal covariance Q consists of a matrix that
allocates power among the singular vectors of H”H according to a water-filling power
distribution [73, Sec. III-B].

In fast-fading scenarios, it is often more appropriate to model H as a random matrix,
that is known at the receiver but not at the transmitter [73, Sec. IV]. This is referred to

as channel side information at the receiver (CSIR). If H is random matrix, the capacity

of the MIMO channel becomes [27]

1
C = E |log, det [ I —HQHY 1.5
QX {ogz e (M‘i‘o_% Q )} , (1.5)

where E[:| denotes the expectation with respect to the probability distribution of H.
When the elements of H are independent and identically distributed (i.i.d.), it was shown

in [73, Th. 1] that the optimal covariance is given by

P

where the total power P is equally distributed among the N transmit antennas. In [27],



this result was extended to any H with i.i.d. columns, as considered here. In this case,

the capacity reduces to [73, Th. 1]

P
C =F [lodeet <IM+ NUQHHH)} : (1.7)

n

Note the capacity depends on the number of transmit and receive antennas, the transmit
power constraint P, the observation noise variance o2, and also implicitly on the column
covariance, 2y,. This last dependence can be expressed more explicitly by observing, as
in [27], that H,, £ E;lﬂH is a random matrix with i.i.d. CAV(0,1) elements. It follows

that the ergodic capacity can be expressed in the alternate form [27, eq. 15]

P
C =F [log2 det (IM—|— QEhHwaj)] : (1.8)
No?
from which it is clear that capacity depends only on N, M and the matrix NL;ZZh.

In general, ¥y will depend on both the fading characteristics of the channel and the
impedance matching between the receiver antenna and load. This dependence is explored

in greater detail in the next section.

1.2.2 Impedance Matching

We now briefly review the dependence of the column covariance 3y, on the fading charac-
teristics of the channel and impedance matching between the antenna and receiver front
end.

First consider a receiver with a single antenna. The front-end of this receiver can
be modeled as a load impedance Z; connected to the receive antenna, as illustrated in

Fig. 1.1. Here the antenna is represented by a Thevenin-equivalent impedance Z, and
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Figure 1.1: Circuit model of a single-antenna receiver

open-circuit voltage v, [64, pg. 186]. From elementary circuit theory, the power delivered
to the load in this system is [64, eq. 4.65],

|UO|2RL

—_—— 1.9
AR (1.9)

1
PL = 5 Re{v*z} =
where R, = Re{Z,}, and v and i are voltage across, and current into, the load Z, which

are given by
UOZ L . Vo

il N 1.10
71+ Za 71+ 24 (1.10)

v o=

In microwave network analysis, it is often more convenient to express circuit relation-

ships in terms of generalized scattering parameters [64, eq. 4.60], defined by

a vHIZR o VT iZp (1.11)

2vVRp 2v/Rpr '’

a

where a and b are the incident and reflected power waves, respectively. Here Zr = R +
jXg is a complex reference impedance, which can be chosen to suit the problem at hand.

We can calculate the power delivered to the load directly from the power waves (1.11)

11



via the formula

1 1 . s
Po & g (ol = 1P) = g (o +iZel — o —iZf)
1
= g (ViZR 0" 2 + 0" iZp + vi Zn)
R
1
= éRe{v*i}. (1.12)

When there is no transmission line, the reference impedance is often chosen as the conju-
gate of load impedance [66], Zr = Z;. This leads to simplified expressions for the power

waves [64, eq. 4.66],

i

Vom0 b =0, 1.13
7, 1 7. (1.13)

a =

where the reflected power wave is always zero. As observed in [64, pg. 187], b = 0 does not
necessarily mean the load is matched to the generator; in fact, the power delivered to the
load is maximized only when the antenna and load are conjugately matched, Z; = Z7.
Nevertheless, power waves provide a convenient way to express power in terms of the
squared-magnitudes of the incident and reflected waves.

Next, we consider a system with M antennas at the receiver. In this case, the antenna
and load are described by M x M complex impedances matrices, Za and Zj, and the
open circuit voltage is a complex M-vector v,. We assume that the open-circuit voltage
can be modeled as

v, = Gx, (1.14)

where x is the vector of transmitted symbols and G € C**¥ is a complex matrix of fading

path gains that depends only on the fading characteristics of the channel. It follows that

12



the voltage observed across the load can be modeled as [29,51,79],
1/2 -1
y = R/ (Za+7Z1) Gx+n, (1.15)

where n ~ CN'(0,7, 021,;) represents amplifier noise. It is easy to see that this observation
model is consistent with the channel model (1.1) introduced in the last section, provided

we define

H = R/*(Za+7Z,)'G, (1.16)

If the columns of G are independent Gaussian random vectors, say g; ~ CN (0, Xg), then

the columns of H will also be i.i.d. zero-mean vectors with covariance
Sh = RY?(Za+Z1) 'S (Za +Z) "RY?. (1.17)
Note the original observation model is inferred from Ivrla¢ and Nossek [43, eq. 16],
V) = Z,(Za+2Z.) ' Gx+ZR;"n (1.18)

where the Z LRZU ? before n is the matrix generalization of [82, eq. 4], such that the

variance of entries therein represents power. Pre-whitening the noise of this signal results
in (1.15).

This signal model (1.15) properly connects the total received signal power, i.e., mean
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of Frobenius norm of the signal [37, eq. 10], to that of circuit theory [43, eq. 22],

>

P, & E[||Hx]|[F]
— ETr [XHGH (Za +Z1) TRYVPRY? (Za + Zp) ! Gx}
- T ((zA v 7)) "Ry (Za +Z;) ' E [GE[XXH]GH])

- PTr [(zA +Z) TRy (Za + Zp) 24 = PTr[S],  (1.19)
where an identity of Frobenius norm is applied in the second step [41, eq. 5.6.0.2],
Al = Tr(A"A), (1.20)

the second to last equality uses (1.6).

It has been shown that, for a given open-circuit voltage v,, multi-port conjugate
matching is the optimal matching condition in terms of maximum power transfer [25,
eq. 10] [64],

Ziopw = Ly . (1.21)

However, if optimizing ergodic capacity (1.8) is the goal, then the optimal matching
condition may differ from (1.21), as ergodic capacity depends on the structure of the
signal correlation matrix 3 (1.17), not only its trace. The optimal load impedance
Z1, opt then should depend on both Z and 3.

When the incident signal arrives isotropically, the signal correlation is proportional
to the antenna radiation resistance, which we approximate as its resistance [48, eq. 3.8,
i.e.,, Mg o Ra. With this assumption, the channel correlation matrix under conjugate
matching (1.21) leads to an optimal signal correlation Xy, .+ that is proportional to I;.

This optimal matching in (1.21) maximizes received power, decouples the signal, and

14



simultaneously maximizes ergodic capacity.

Thus far, we have assumed perfect knowledge of H at the receiver. However, practical
wireless communication systems estimate the fading channel with errors, despite exten-
sive resources allocated to channel estimation. These channel estimation errors decrease
ergodic capacity [37]. Thus, in the next section, we overview two important channel

estimators and their mean-square errors.

1.2.3 Channel Estimation

Training-based MIMO channel estimation has been well studied [16]. Here we briefly
review the linear least-squares (LS) and the linear minimum mean-square error (MMSE)
estimators. Consider a frequency-flat block-fading MIMO system with N transmit and M
receive antennas. From (1.1), we consider 7" > N training symbols under i.i.d. complex

Gaussian noise,

Y = HX+N, (1.22)

where X = [xy,...,xp] € CV*T is subject to the same power constraint as in (1.1),
ie., Tr(x;xT) < P, and vecN ~ CN(0,02Iy7). The task of training-based channel
estimation is to recover the channel information matrix H from observations in Y, using

knowledge of the training sequence X.

The LS estimator for H is [16, eq. 4]

Hps = YX7 (xx")™" (1.23)
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The average mean-square error (MSE) of ﬂLS can be calculated as [16, eq. 7],

1 A
Jis = e [HH_HLSH%]
1 -1 -1
= T |(XXT) T XE [NIN] X (xx) 7|
2

_ %Tr [(XXH)_I} : (1.24)

where E[NHN] = Mo?Iy. It has been shown that under power constraint Tr(XX#) <

T P, the MSE is minimized when orthogonal training sequences are used [16, eq. 8], i.e.,

P-T
XX = — I (1.25)

Among all possible orthogonal training sequences, a normalized submatrix of the discrete

Fourier transform (DFT) matrix has entries with identical magnitude [16, eq. 10], e.g.,

S B 1
pPll W wI-1
X = /% ’ T , (1.26)
oWy W}Nﬂ)(Tﬂ)

where Wy = e/27/T In other words, the i-th row j-th column entry of X is Xij =

W}i_l)(j_l) for 1 <i< N and 1< j<T. The minimized MSE is

o2 N
NP-T

2
On

F .

Tr [IN] =

N[ =

JLS,min - (].27)

This can be interpreted as the average MSE (for each entry of H) is inversely proportional

to SNR. Note the absolute (i.e., not relative) MSE in Jpg i does not depend on the
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receiver characteristics. Also, intuitively, it is scaled by the ratio of N/T), i.e., for fixed
N more training symbols reduces MSE linearly. The optimal MSE for LS estimator in
J1L.8,min 15 often not the lowest. The linear MMSE estimator exhibits lower MSE than the
LS, at the cost of losing local unbiasedness, which is a common approach in statistics,
e.g., see [46] and references therein.

The linear MMSE can be defined as [16, eq. 22],
Hyvse = YA, , (1.28)
where Y is the observation (1.22) and A, is chosen such that the MSE is minimized,
A, = argAglciTriN E[|H-YA|Z] . (1.29)

We explicitly write out the expectation of the MSE as a function of A, using (1.20),

J(A) £ E[|H-YAl}] = ETr[(H" - A"Y") (H- YA)]

= Tr[Ru — RuXA - A"X"Ry + A" (X"RuX + Moplr) Al (1.30)

where the channel correlation matrix is defined as

i=1

M
Ry = E[H'H] = (ZU?{) Iy 2 M-o%1y. (1.31)

Note the second equality follows from the independence of columns of H, but the diagonal

entries of 3}, might not be identical; see (1.17). To find A,, set the gradients to zero [30,
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Tab. V],

dJ(A
% — —(RuX)" + (X"RuX + MoIy)" A* = Oyur, (1.32)
which leads to [16, eq. 25]
A, = (X'"RuX + Mo?I;) " X"Ry . (1.33)

Then the average MSE of this MMSE estimator is

1
Jumse = WJ(Ao)

- g [RH — RuX (X"RuX + Mo?I;) " XHRH]

MN
1 1 ! No? . o2

= —Tr | Ry XXH = T TH 1.34
MN < VP ) Noz4 PTor, (13

where the third step follows from Woodbury matrix identity, and with (1.25) and (1.31),

we find the MMSE estimator has zero-mean and i.i.d. estimation errors [16, eq. 27],

1 -1 1 1 PT -1 o2 - MNo?
R XxXH = [ —Iy+— I =~ H 1. (135
( S P ) (Mai, NN No? N) No2 + PTo% (1.35)

This error definitely depends on the receiver characteristics. It is straightforward to show

the MMSE estimator has reduced MSE compared to the LS, i.e,

2
O-TL
2
Po3,

JLS,min

el

= 1+ > 1. (1.36)

JMMSE

Furthermore, it has been implied that the MMSE estimate H mmse in (1.28) follows
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a zero-mean, circularly-symmetric, complex Gaussian distribution [37, eq. 20],

. o2
vecHyvsp ~ CN <0MN> U—§IN ® 2h> , (1.37)
i

where the estimation error is uncorrelated to the estimates [37],

A

2 2 _ g _ PToj 2
O = 0g — JMMSE =

No? + PTo% M- (1.38)

Now we combine the three pillars of technicality reviewed above to form the unified
metric for this dissertation, i.e., channel capacity with impedance mismatch and channel
estimation errors.

Consider a data transmission phase, where channel information has been estimated

using MMSE. The MMSE estimate of the channel H is treated as correct, such that
Ya = I:IXd + Hexd + ny = I:IXd +n., (139)

where H, = H — H is the channel estimation error, the noise is ZMCSCG, i.e., ng ~

CN(0,0%1,). The equivalent noise (and error) has power

1 1 1
03 = ME Tr [nenf] = ME [and} + ME Tr [HeXdeHﬂ
ol + % Tr (E [xx}] E[HIH.]) = o2 + % Tr %IN - M Jymseln

Hassibi and Hochwald derived a lower bound on ergodic capacity when channel esti-
mation errors exists [37, Th. 1]. In particular, if the MMSE estimate in (1.28) is treated

as correct during data transmission for our setting, then the ergodic capacity is lower
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bounded by [37, eq. 21]
1
C Z Cl = F |:10g2 det (IM + Peft * NEhHwH5>:| s (1.41)

where the distribution of H is given in (1.37), and the effective SNR is defined as,

Po? _ PoY PTo%

02+ P-Jymse N 02 PTo% + N(Po% +02)

Pei = (1.42)

Comparing this capacity lower bound to that in (1.8) with perfect channel information
at the receiver, we find, if defining p = Po?% /0?2 as the SNR,
A 1

i = 1P, A . 1.43

where 7 is defined as the efficiency.

Observe that a larger training symbol to transmit antenna ratio, i.e., T/N, leads to
a higher efficiency and higher ergodic capacity. Recall that the signal correlated Xy, (Za)
is a function of antenna impedance and becomes a scaled identity matrix under optimal

matching (1.21).

1.3 Outline of this Dissertation

This dissertation considers joint channel and antenna impedance estimation in fading,
multipath channels, as well as the application of these estimates to capacity-optimal
adaptive matching. The rest of this dissertation is organized as follows.

In Chapter 2, we first develop a hybrid estimation framework for single-input, single-

output (SISO) channels. In this framework, the channel gain is modeled as a Gaussian

20



random parameter, while the antenna impedance is deterministic. We observe these pa-
rameters by synchronously switching the receiver load during the observation of known
training sequences. Based on these observations, we derive the joint maximum a poste-
riori and maximum-likelihood (MAP/ML) estimators for the channel and impedance.
We investigate the bias, consistency, and efficiency of these estimators analytically and
through numerical experiments. Our results suggest that the hybrid approach generally
leads to inconsistent estimators, which perform poorly at low signal-to-noise ratios.

In Chapter 3, we consider multiple-input, single-output (MISO) channels, where mul-
tiple antennas are deployed at the transmitter but not the receiver. Based on the results
of the previous chapter, we consider a different estimation methodology, in which chan-
nel estimation is decoupled from impedance estimation. In particular, we first derive
the maximum-likelihood (ML) estimator for the antenna impedance over multiple train-
ing packets, as well as the Cramer-Rao lower bound (CRB) on the performance of any
unbiased estimator. We then consider minimum-mean square estimation of the chan-
nel, conditioned on knowledge of the antenna impedance. Numerical results suggest that
the performance of these estimators are consistent and perform better than the hybrid
approach at low signal-to-noise ratios. However, they are sensitive to the spatial and
temporal diversity available in the fading channel. When diversity is limited, these esti-
mators tend to be inefficient and the mean-squared error can be infinite. In the presence
of rich diversity, however, both estimators perform close to the CRB under a broad range
of conditions of practical interest.

In Chapter 4, we consider a general multiple-input, multiple-out (MIMO) channel,
where multiple antennas are used at both the transmitter and receiver, and where channel
fading path gains may be both spatially and temporally correlated at the receiver. Ex-

tending the approach of Chapter 3, we derive the ML estimator for the antenna impedance
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matrix, as well as a simpler estimators for correlated fading based on the iterative Newton-
Raphson and the method-of-moments (MM). In addition, we also derive the Cramér-Rao
bounds (CRB) for these estimation problems, and compare the performance of these esti-
mators to this fundamental lower bound. Due to the greater diversity available in MIMO
channel, our numerical results suggest that these estimators perform close to the CRBs
for most estimation conditions of practical interest.

Lastly, we conclude this dissertation by summarizing our contributions and possible

future research directions.
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Chapter 2

A Hybrid Approach to Joint
Channel and Antenna Impedance

Estimation

2.1 Introduction

We now develop a hybrid framework for joint channel and antenna impedance estimation
in single-input, single-output (SISO) channels. In this approach, the channel path gain
is modeled as a complex Gaussian random variable, while the antenna impedance is a
deterministic parameter. We assume the receiver switches its load during reception of a
known training sequence. Based on the received signal over multiple training packets, we
derive the joint maximum a posteriori and maximum-likelihood (MAP /ML) estimators
for the channel and impedance, respectively. Through numerical examples, we investigate
the bias, consistency, and efficiency of these estimators, as well as the impact of channel

correlation on estimation accuracy.
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Figure 2.1: Circuit model of a single-antenna receiver

The rest of this chapter is organized as follows. We present the system model in
Sec. 2.2, and derive the joint MAP /ML estimators for the channel and antenna impedance
in Sec. 2.3. These estimators are then extended to multiple packets in Sec. 2.4. We study
the properties of these estimators, such as bias and efficiency, in Sec. 2.5; illustrate their

performance through numerical examples in Sec. 2.6; and summarize our conclusions in

Sec. 2.7.

2.2 System Model

Consider a narrowband communications link with one transmit antenna and one receive
antenna. We adopt the receiver model illustrated in Fig. 2.1, which has been widely
used to model scenarios in which amplifier noise dominates at the receiver [29, 51, 79].
More complex models that consider multiple noise sources and impedance matching are
considered in [26,27].

In Fig. 2.1, the antenna is modeled by the Thevenin equivalent

vo= ZA?;—F'UO, (21)
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where v,7 € C are the voltage across, and current into, the antenna terminals. Here

Zy = Ra+3X4, (2.2)

is the antenna impedance, and R4 and X 4 are the resistance and reactance, respectively.
In (2.1), v, € C is the open-circuit voltage induced by the incident signal field, which can

be modeled in a flat-fading environment as [27]

v, = Gr (2.3)

where x € C is the transmitted symbol and G € C is the fading path gain.
We assume the estimation algorithms observe a noisy version of the load voltage in

Fig. 2.1. With a slight abuse of notation, we write this as [29,51,79]

ZLGI'
= — 2.4
UL ZA + ZL +n ) ( )

where the observation noise n is a zero-mean, circularly-symmetric, complex Gaussian
random variable with variance o2, which we hereafter denote by n ~ CA(0,¢2).

Suppose the channel gain G and antenna impedance Z,4 are unknown to the receiver.
In many communication systems, the channel is often estimated in part from training
sequences embedded in the transmitted data. In this chapter, we would like to jointly es-
timate both unknown parameters by combining training sequences with known variations
in the receiver load impedance 7.

We assume the transmitter sends a predetermined training sequence, x1,...,x7, and
the receiver shifts synchronously through a sequence of known impedances Zy, 1, ..., Zp .

If G and Z4 are modeled as fixed over the duration of the training sequence, the received
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observations are given by

ZLthfEt
VLt

= LT o t=1,...,T, 2.5
: TatZi, M (2.5)

where n; ~ CN(0,02) are independent and identically distributed (i.i.d.). In this chapter,

we consider load impedances that take on only two possible values,

Zl? 1§t§K7
ZL,t: (26)
Zy, K<t<T.

where Z; and Z; are known. Here we assume Z; = Z; is the load impedance used to
receive the transmitted data, which is matched to our best estimate of Z4, and Z; = Z,
is an impedance variation introduced in order to make Z 4 observable.

The estimation problem above can be simplified with a slightly different parameteri-
zation of the unknowns. If Z; is the load impedance used to transmit the data, then the
channel estimate needed by the communication algorithms would normally be defined

as [80, eq. 13],
ZG

H £ —
A+ 24

(2.7)

With this definition, the sequence of observations can be described compactly as

H.Tt+nt, 1StSK,
Vpt = (28)

FHiL't+nt, K<t§T7

where
2 1+ ZA/Z1

L+ Z4a)Zy (2.9)
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Note F'is a one-to-one mapping of Z4 provided Z; # Zs, so knowing F' is equivalent to
knowing Z 4. Intuitively, F' can be viewed as a ratio of the channel transmission coefficients
associated with the loads Z; and Z,; more precisely, F' = Ty /T; where T; = 27;/(Z4 +
Z;),i = 1,2. Note that redefining the estimation problem in terms of H and F' renders
the observation bilinear in the unknowns. In the channel estimation literature, since G
usually results from a random superposition of multipaths, H is usually modeled as a
Gaussian random variable. On the other hand, F' would appear to be more appropriately
modeled as a fixed unknown constant. In practical applications, observing F' may actually
be more convenient than observing Z 4 directly.

With these definitions, we can now precisely state the estimation problem considered

in this chapter. We would like to estimate the complex-valued parameters

0 2 [H F" (2.10)

based on the observations (2.8). Here, H is a zero-mean Gaussian random variable, H ~
CN(0,0%) and F is deterministic. Note the prior probability density function (pdf) of
H

?

p(H) = %eXp (—‘Hf) , (2.11)

TOg; oy
does not depend on F. For simplicity, we initially assume ¢% is known to the receiver.
Although this does not appear consistent with the assumption that Z 4 is unknown, it can
be justified by observing ¢% can be accurately estimated from the data received using
the receiver impedance Z;. To illustrate, we will relax this assumption later in the next

chapter.
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2.3 Joint MAP and ML Estimators

In classical estimation theory, unknown parameters are modeled as deterministic; in
Bayesian estimation, they are modeled as random variables. The problem introduced
in Sec. 2.2 is a hybrid estimation problem [77, pg. 329], because € contains both random
and deterministic parameters. Several authors have investigated hybrid estimation prob-
lems [12,60,67-69]. Estimators and Cramér-Rao-type bounds for hybrid estimation were
formulated in [69] in the context of passive source localization. In this section, we apply
similar tools to the problem formulated in Sec. 2.2.

Before discussing estimators, it is convenient to introduce sufficient statistics that
summarize the information in the observations v, = [vp1,vp0,...,vLr]" relevant to
estimation of 6. In classical estimation, a statistic V. = f(vy) is sufficient to estimate
0 based on vy if p(vp|V,0) = p(v.|V). In Bayesian settings, a statistic is sufficient if
p(vr,8|V) =p(vp|V)p(B|V). It is well known that classical sufficiency implies Bayesian
sufficiency; it also clearly implies sufficiency for the hybrid estimation problem, which is

defined in an analogous way.

Lemma 1 (Sufficient Statistic) : For 0 fized and unknown, the statistic V.= [V, V5|7,

where
1 & 1
= S_ZUL»NE:’ Vy 2 < Z VLaTy (2.12)
R 2 =K 41
and
K T
St 2 D)l S & D) |uf, (2.13)
t=1 t=K+1
is sufficient (in the classical sense) to estimate @ based on the observations (2.8). o
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Proof : From the Neyman-Fisher Factorization Theorem [45, pg. 117], it suffices to
show the conditional pdf of the observations can be factored in the form p(v;|0) =

g(V,0)h(vy). From (2.8), the pdf of the observations can be written as

(WUEL)T (VL|0) = €exp <__Z|ULt—H$t|2—U_ Z |"ULt—FH1't|2>

Tn 2 no=K+1

o
= exp|—— (|Hay|* — vp o H vL,tfo*)] X
[ Tno=n
- T T 2
1 ¥ * T T =1 VL,
exp | —— Z (|Fth|2 —vp e FH — v FYH ) exp <_M>
e On
s S i
= exp _0_; (|H]? = V'H — V1H*) — —j (|[FH]? - V;'FH — VQF*H*)} exp (— |‘;L2| ) .

To complete the proof, equate the first exponential with (102)Tg(V,0) and the second
with h(VL).

For simplicity, we will hereafter consider the observations to be the sufficient statistics

V1 and V;. From (2.8), the conditional pdf of these observations is

1

. _ H —1
p(V|Ha F) - T2 det(CV) CXp | — (V_H’V) CV (V_ IJ’V) ) (214)
where
T T % 0
vV = [Ul,Ug] , My = [H,FH] s CV = ) (215)
0
So

We now use these observations to estimate H and F' under the hybrid assumptions
H is a random variable with pdf (2.11), and F' is an unknown constant. For these as-

sumptions, it is natural to consider an estimator that maximizes the hybrid log-likelihood
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function [77, pg. 329], [69],

A

o(V) = arg max Inp(V,H; F) . (2.16)
c 2

This results in a joint maximum a posteriori probability estimate of H and maximum-

likelihood estimate of F', which are presented in the following theorem.

Theorem 1 (Joint MAP and ML Estimators) : Given the sufficient statistics V;
and Vy in (2.12), the joint maximum a posteriori probability (MAP) and maximum-

likelihood (ML) estimators for H and F', respectively, are

. R . T V5 T 510'2
0 2 [fyap, Fur| = |V h a 95 2.17
MAP; 'ML c 1’CV1 , where ¢ Sla%{—i-ag ) ( )
and 0% and o are the variances of the channel path gain and noise, respectively. o
Proof : From (2.16), (2.14) and (2.11), we can write
0 = argmoax[lnp(V]H; F)—i—lnp(H)]
H -1 |H|?
= argmax —(V=py)" Cy (V-py) ——
On

B Sl 2 SQ 2 1 2
_a@%mPFM—H|—%M—Fm—;?m
argmgmxﬁ(H, F), (2.18)

n

[I>

where S; and S5 are defined in (2.13). If we denote the real and imaginary parts of the

parameter vector by @ = 0, + j0;, the complex gradient is given by [45, Sec. 15.6]

OL(H.F) , L [L(H.F)  L(HF)
00— 2| a0, 77 5e,

(2.19)
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With this definition, in order for H, F' to maximize L£(H, F') it is necessary that

OL(H,F) S S Lo "
OLH,F) 5 .

The second equation implies Vo — FFH = 0 or H = 0. The only solution satisfying the
first condition is Hy = c¢Vq, Fy = V3/(cV}). The only solution that satisfies the second

condition is Hy = 0 and F, = —V}*/(aV). Substituting each back into the log-likelihood,

we have

Si(1 — ¢)? AV |2 S
e ry = P NP S e g
n UH Un
S S.
L(HF) = 2P - 2P

where the second equality follows from S0% /02 = ¢/(1—c). Since L(H,, Fy) > L(Hy, F3)

for all V1, V5,0 < ¢ < 1, we conclude that Hy, F} is the global maximum of L(H, F)).

The hybrid ML estimator for Z4 can be found by substituting F v in (2.9) based on
the invariance principle of MLE [45, pg. 176]. However, it is not difficult to show that
this ML estimator is biased. In the next section, we investigate optimal estimators when

multiple packets are available for joint processing.

2.4 Estimators for Multiple Packets

We now consider estimators that combine observations from multiple training packets.
Consider a sequence of L packets, where H; denotes the channel during the i-th packet

transmission. We assume the channel path gains are unknown, jointly-distributed Gaus-

31



sian RVs, such that H = (Hy,..., Hy)T ~ CN(0,Cy). For simplicity, we assume Cy
is known at the receiver, although this assumption will be relaxed later. We assume
F' changes more slowly with time, and can be regarded as fixed over the L packets. If
each packet is formatted as in (2.8), then the observations during the i-th packet can be

written as

Hizy +niy, 1<t<K,
VLt = (2.21)

FHZ-xt—l—ngi,i, K<t§T,

where ny,; ~ CN(0,02/51) and ngy; ~ CN(0,02/S2) are mutually independent for all
7 and t. The aim of this section is to use these observations to estimate the parameters

6= [H" F)T.

2.4.1 Estimators for General Cqg

Let Vi;, Vo; denote statistics for the i-th packet defined analogously to (2.12). Proceeding
as in Lemma 1, we can show V; = (Vi1,..., Vip)T and Vo = (Vay, ..., Vor)T are sufficient
statistics to estimate H and F' based on (2.21). We can therefore consider the observations

to be

Vl - H—l—Nl,

where Ny ~ CN(0, (¢2/51)1) and Ny ~ CN (0, (62/52)I) are independent noise vectors.

As in the last section, we estimate H and F' under the hybrid assumptions that F is
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an unknown constant and H is a random vector with pdf

pH) = exp (-H"CH'H) . (2.23)

1
det(ﬂ' CH)
Again, we consider estimators that maximize the hybrid log-likelihood function

A

O(V1,Vy) = arg max Inp(Vy, Vo, H; F) | (2.24)

gcCL+1
which are presented in the following theorem.

Theorem 2 (Multi-packet Joint MAP /ML Estimators) : Given the sufficient statis-

tics Vi and Vg in (2.22), the joint MAP/ML estimators for H and F' are, respectively,

A -1
- St [Furl*Ss - S1 52 pra
HMAP £ [(; + T 1 + CHI ;Vl + ;FMLVQ (225)

and Fyrr,, where Fyrp, is a zero of the rational function

S S " S
g(F) & (U—;V1 + a—jF*vg) A (F)A(F) (U—;(V2 —FV)) + CﬁlV2> ,(2.26)
and
S, |F2S i

A(F) & KU—; + 2) I+ CHl} . (2.27)

Proof : From (2.22) and (2.23), we can write

LH,F) 2 Inp(Vy,Vy,H; F)
S S _

— _a_;yvl —H? - U—jyv2 — FH)? -HIC{'H+ K (2.28)
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where K is a constant. In order for H, F' to maximize £(H, F') it is necessary that

OLH, F) S S f el
H,F
% = %HH(VQ —FH) = 0. (2.29)

n

Solving the first equation for H, we obtain (2.25). To find F', we substitute (2.25) into

(2.29), which yields (2.26), thereby completing the proof.

Since g(F') is a ratio of polynomials, it may have multiple zeros, so the theorem does
not necessarily specify unique estimators. Given multiple zeros F1, ..., F},, however, we
can easily identify the MAP /ML solution: For each F;, we can, in principle, calculate a
corresponding estimate of H; from (2.25). The MAP /ML solution will be the pair H;, F;
that maximizes £(H;, F;). We conjecture the ML zero is always the one that maximizes
Re[V{'V. F}].

In principle, Theorem 2 requires us to extract and compare all of the zeros of g(F).
However, the form of equations (2.25) and (2.29) suggests a simpler, alternative approach
to approximate the MAP/ML estimators. Note the second equation in (2.29) can be
rewritten as

F=H"V,/H'H . (2.30)

Thus, we could attempt to solve the equations iteratively by setting Fy = 0 and solving
for Hy using (2.25). This is equivalent to estimating H using only V;. Using Hy, we
can then form improved estimate of F, say Fi, from (2.30). We can then iterate between

these two equations to improve the estimates.
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2.4.2 Special Cases of ¢,°Cqg

We now consider three extreme cases of o,2Cy in which Theorem 2 yields explicit,
closed-form estimators for H and F. First suppose Hi,..., Hy is an i.i.d. sequence, so

Cu = o4 In this case, g(F) = 0 reduces to

S2 S10'2
Vi+aF V)" (Vo —cFV)) = 0,a=22 c= 52— 2.31
(Vi+aF"Vy)" (Vy — cFV;y) A= g CT Gty o2 (2.31)
Expanding the product and defining P;; £ (1/L)VAV;, we obtain
P12 + (O!PQQ — CPH)F — CYCP21F2 = 0. (232)

If we multiply both sides by —Py; = —P;, and define £ £ P, F, this equation becomes

acE? — (aPy — cPn)E — P> = 0. (2.33)

This is a quadratic equation with real coefficients, which has two real roots:

OKPQQ — CP11 + \/(OéPQQ - P11)2 + 40(C’P12|2

E = 2.34
2ace ( )

It follows the ML estimate of F' is given by one of the following two roots,
F _ O[PQQ — CPH + \/(Oépgg — CP11)2 + 4OJC|P12‘2 . (235>

QCOéPQI

We conjecture the positive root above is always the ML estimate; however, as noted
earlier, we can determine which root is the actual solution by calculating the MAP H for

each possible F', and then choosing the pair H, F' that gives the larger value of L(H, F').
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The second extreme case we consider is an arbitrary non-singular Cyg in the low noise
limit, 02 — 0. In (2.26), applying the approximation 02Cg' ~ 0 to the equation g(F) = 0

leads to

(Vi+aF* V)" (Vo —FV)) = 0. (2.36)

Comparing this to (2.31), we see this equation is identical to the case of i.i.d. H; for
c = 1. It follows immediately that the ML estimate of F' is given by one of the following

two roots,

OéP22 — P11 + \/(QPQQ — P11>2 —|—4OC‘P12|2

F =
20éP21

(2.37)

This result suggests that the ML estimator for arbitrary non-singular Cg is asymptoti-
cally the same as the i.i.d. ML estimator in (2.35) in the low-noise limit, o2 — 0.
Finally, the last extreme case we consider is Hy = Hy = --- = Hp, so [Cul;; = o
for all 4, j. Strictly speaking, Theorem 2 does not apply here since it implicitly assumes
Cpy is invertible. However, the MAP /ML estimators follow directly from Theorem 1, by
regarding all L packets as one large packet of size LT'. In this case, Theorem 1 yields the

estimators

L 2
121':1 Va,i ¢ 2 S10%

’ - Q.2 , 2 2.38
¢ ZiL:I Vi Si0% + 02 ( )

L
Hyap = CE Vl,i, Fyrp =

=1

2.5 Properties of the Joint MAP /ML Estimators

The performance of estimators is often measured by low-order central moments, such as
bias and mean-squared error. In this section, we explore the behavior of these moments

for the joint MAP/ML estimators in Theorems 1 and 2, as well as the consistency of
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these estimators.

2.5.1 Single-Packet Estimators

We first consider the single training packet estimators in Theorem 1. Note Fyr in (2.17)
is a ratio of complex Gaussian random variables, and so has the complex Gaussian ratio
distribution [6,14,42,58,59,80]. Ratios of Gaussian variables often have heavy tails, in the
sense that no finite moments exist [6,42,49,80]. For example, if U and V are independent,
real, standard Gaussian random variables, the ratio U/V is a standard Cauchy random
variable, which has no finite moments of order greater than or equal to one; only fractional
moments exist.

Complex Gaussian ratios are somewhat better behaved: Hyder et al [42] showed that
a ratio of zero-mean complex Gaussian RVs generally has a finite mean but an infinite
variance. Astély et al [6] derived a similar result for a ratio of independent complex
Gaussian RVs, and proved its mean-square is unbounded. In [80, Th. 2], we show the
moments E[(V,/V})*|H] do not exist for any H for k > 1. Proceeding in a similar way,
it is easy to show that Fjp, in (2.17) has infinite variance. To study the bias, we would
like to calculate the mean of a ratio of complex Gaussian RVs with non-zero means and
arbitrary correlation. The following result, which is proved in the Appendix, provides

closed-form expression for the mean of a general complex Gaussian ratio.

Theorem 3 : Suppose X = (X1, X5|T is a complex Gaussian random vector with mean

and covariance

2
H1 01 pPo1032

* 2
M2 p 0102 03
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If s # 0 and o9 > 0, then

X
FE {_1} = ’lﬂ + (@ — ﬂ) e 72 , (2‘39)
Xy H2 o2 2
where Yo = |pg|?/02. In addition, the first absolute moment, E|X,/Xs| is finite. o

Using this result, we can show the ML estimator in (2.17) is unbiased.
Theorem 4 : The ML estimator in (2.17) satisfies E[Fy] = F for all F € C. o

Proof : Applying Theorem 3 to the conditional pdf (2.14), we obtain for any F'

st - 5[] - o {2}

F _SyH?
= _EHKl_e o3 )] = F, (2.40)
C

where the last step follows from

S1|H|? 1 Si|H|? H|?
EH[eXp(— 1|2|)] = —ep( 1|2|>exp<—| 2|>dH
H2 2
= /—Qex ( J)dl—]:g—z:l—c,
c O o log

where 02 £ (Sy/02 +1/0%)""

While the single-packet estimator Fyr is unbiased, it follows from the results above
that its mean-squared error is infinite, and therefore cannot be used to measure perfor-
mance. We therefore measure the performance of this estimator for L = 1 by the mean
absolute error (MAE), i.e., E[|Fyp — F|.

Thus far, we have considered only the single-packet (L = 1) estimator in Theorem

1. However, these results also imply unbiased (suboptimal) estimators for L > 1. First,
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note that all of the results of this section also apply to the estimator (2.38) for L > 1
under the conditions H; = Hy = --- = Hp, since this estimator is derived from Theorem
1. We further note the results of this section imply a simple, unbiased estimator for the

general multi-packet problem

R 1 Vo
Iy & — ! 2.41
Y el ; Vi (241)
whose performance will be explored via simulations in the next section.
2.5.2 Consistency
Except for the special case Hy = Hy = --- = Hy, it appears difficult to evaluate the

mean of Fyy for L > 1, although numerical examples suggest it may be biased (more on
this in the next section). To gain insight into why the estimator might be biased, it is
helpful to consider the behavior of Fp for ii.d. H when L becomes large. As L — oo,

the coefficients in (2.33) converge in probability,
lim P11 = 0-12'—[+O-727,/Sl 5 lim P22 = ’F|2U%I+0-721/SQ y lim P12 = O'%_IF 5
L—o0 L—oo L—o0

so the roots (2.35) converge to

a|F?o% — cdo? +\/(a|F[20% — cdo%)? + daco b | F|?

F =
2cco? F*

where d £ 1 — (02/510%)?, so cdo?, = (0% + 02/S;) — ao?/S,. Since neither root is F,
it follows Fyz is not consistent in L. However, if the second term in the square root is

multiplied by d, the positive root becomes

a|F?o?% — cdo¥ + /(a|F|20% — cdo?)? + 4adcol, | F|? _ 20| F|?0% _F (2.42)
2cao? F* 2cao? F* c
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This suggests a modified estimator

~

B A OéPQQ — CP11 + \/(CKPQQ — CP11)2 + 4C¥Cd‘P12’2
C pu—

20[P21 ’

(2.43)

which is consistent in L. For large signal-to-noise ratios (S10% > 02), we note ¢ and d are
approximately 1, and the positive root in (2.35) coincides with this consistent estimator.

In the next section, we will compare the performance of F W and F’c via simulations.

2.5.3 Hybrid Cramér-Rao Bound

To evaluate estimator performance, it is useful to consider a fundamental lower bound

on the error covariance

C, 2 By,v,imr {(é - 9) (é _ 9>H] ,

where Ev, v, mr denotes expectation with respect to the pdf pv, v, m.r(vi, va, h; F)
in (2.28). A Cramér-Rao Bound for the hybrid estimation problem was presented in
(77, pg. 329], [69]. Let L(H, F') be the log-likelihood in (2.28), and define the pseudo-

Bv, v, mr [(8£(H,F)) (3E(H, F)>T

information as

50" 90" (2.44)

The hybrid CRB (HCRB) states that, if the pseudo-information vanishes, then the error
covariance is lower bounded®

C, > T, (2.45)

!The HCRB is given for real parameters in [77, pg. 329]. Here we use the approach described in [45,
Sec. 15.7] to state this bound in an equivalent form convenient for complex parameters.
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for any 6 = [ﬂT, F |7 such that F'is unbiased, where Z is the hybrid information matrix

A
Z = Evur

(aﬁ(H,F)) <0£(H, F)>H (2.46)

00" 00"

For the estimation problem (2.22), from (2.29) it is easy to verify that the pseudonoise

vanishes and the hybrid information is

Sle;\QSz) I+ Cat 0
T _ ( o7 H b (2.47)
O1xr f—ng"[CH]
Thus, the HCRB is
siHFPS: \ 14 o=1]
|:( o2 ) + CH ] 0L><1
Cy > " , ) (2.48)

U’ﬂ
01><L Sy Tr[CH]

Note that uncertainty in H affects the estimators differently, in the sense that doubling
Cy increases the lower bound on H error covariance, but decreases the bound on the F
error covariance. This is intuitively reasonable, since a larger Tr[Cy] essentially increases

the signal-to-noise of the observation of F.

2.6 Numerical Results

In this section, we explore the performance of the estimators in Secs. 2.3-2.5 through
numerical examples. We take the training sequence z; in (2.8) to be a unit-magnitude
Zadoft-Chu sequence of length T" = 64. The unknown antenna impedance is Z,4 = 50€2.
The load impedance (2.6) is Z; = 5012 for the first K = T'/2 = 32 symbols of each training

packet, and Zy = 709 for the remaining symbols. From (2.9), it follows F' = 1.1667.
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Figure 2.2: Relative MSE of ﬁMAp versus SNR.

Suppose the channel H is an i.i.d. sequence, so Cg = 0%I, and define the post-detection

signal-to-noise ratio (SNR) of a training symbol as
p 2 78 (2.49)

In Fig. 2.2, we plot the relative mean-squared error (MSE) of the MAP channel
estimator versus p for L = 1,5,10 and 20 training packets. Here the relative MSE is
defined as E[|| Hyap — H ||?]/Lo?, where Hyap is given in (2.25) and Fyp is the
positive root in (2.35). Also shown for comparison is the corresponding HCRB bound on
Ha p, which equals the diagonal elements of the upper-left matrix block in (2.48). Note
the single-packet estimator is 3 dB away from the HCRB, since the estimator (2.17) uses
only half of the training symbols. When even a few packets are combined, however, the

improved estimate of F' enables the receiver to quickly approach the HCRB to within
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Absolute Error
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Post Detection SNR, in dB

Figure 2.3: Relative MAE of 3 Wi and FU versus SNR.

a fraction of a dB. In particular, for L = 20, the efficiency is around 92% for all SNR
plotted.

Next consider the performance of Fi;p. As noted earlier, the L = 1 estimator (2.17)
has infinite variance, whereas Fur appears to have finite variance for L > 2. In order to
compare all estimators with the same error metric, we therefore consider the relative mean
absolute error (MAE), E[|EFy . — F|]/|F|. In Fig. 2.3, we plot the MAE of Fy;;, versus
SNR for various numbers of packets L. Also shown is the simple, unbiased estimator Fy,
defined in (2.41). Since Fyyp and Fyr coincide for L = 1, their MAE does as well. However,
Fur significantly outperforms Fyforall L > 1. In particular, at an MAE of 0.01, Fur
saves 5 dB relative to FU for L =5, and 7.5 dB relative to FU for L = 20.

As noted earlier, Fy;;, has infinite MSE for L = 1, but we conjecture MSE is finite
for L > 2. The reason for this conjecture is that F Wi has a Gaussian random variable in

the denominator for L = 1, and the inverse Gaussian distribution has infinite variance.
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Real Part of FML, L>1, SNR = 20dB
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Figure 2.4: Histograms of Re[Fy ;] and Im[F),;] for L = 5,10, 20.

For L > 1, however, the denominator of F);; is chi-square with L degrees of freedom,
and the inverse chi-square has finite variance for L > 2. Some support for this conjecture
can be seen in Fig. 2.4, which plots the empirical distribution Fyyp for L = 5,10 and 20,
which appear well-described by Gaussian densities in the vicinity of the mode.

If we assume the MSE of Fy, is finite for L > 2, we can compare the performance
to the HCRB. In Fig. 2.5, we plot the relative MSE, E[|Fy, — F)?]/|F|? versus SNR
for L = 5,10,20. For comparison, we also plot the HCRB on Fy;, given in the lower
right block of the matrix in (2.48). Note that Fjy is less than a dB from the HCRB
for high SNRs for . = 5, and nearly achieves the HCRB for L = 10 and 20. At low
SNRs, however, Fiyr, diverges somewhat from the HCRB. One possible explanation for
this behavior would be the presence of a bias in Fiz, at low SNRs. Some support for this
hypothesis was given in Sec. 2.5, where we showed that Fy1 is inconsistent in L, in the

sense that the estimator does not converge to F' as L — oo. To remedy this situation,
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Figure 2.5: MSE of FML and FO versus SNR for selected L > 2.

we defined a modified estimator Fi in (2.43) that is consistent in L, and which is also
plotted in Fig. 2.5. Note Fe performs as well or better than Fyp for all SNR and L in
the figure. In particular, Fe outperforms Fur at low SNR.

To better understand the impact of bias, in Fig. 2.6 we plot the absolute relative bias,
defined by |E [FML - F} /F|, versus SNR for L = 5,10 and two values of F:

Fy = 11667, F, = 1.2+0.4j . (2.50)

Note all four curves for F;;, seem to coincide, and suggest a bias that decreases with SNR
but does not appear to depend on L or F'. For comparison, we also plot the corresponding
curves for the consistent estimator, Fe. Compared with F W, the bias of Fo at low to
medium SNRs appears two orders of magnitude smaller, and does not appear to depend

on L. We do not know if F is unbiased, but these results suggest it has a smaller bias
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Figure 2.6: Relative Bias of F’ML versus SNR and L.

than Fyyr.

Thus far, we have considered a fast-fading scenario, in which H is i.i.d. As a final
example, we now consider a slow fading channel, where H; = --- = Hy. In Fig. 2.7, we
plot the relative MSE of H map versus SNR for several values of L. The performance of
Hyyap for iid. His also included for comparison. Not surprisingly, the strong correlation
in H under slow fading conditions leads to a much smaller MSE for L. > 1, since each
channel is now observed L times. However, it is interesting to note that the opposite is
true of Fyz. In Fig. 2.8, we plot the MAE of Fyrr under the same conditions as Fig. 2.7.
Here the i.i.d. channel leads to considerably better estimates of F', since independent

channel observations help us average out variations due to H.

46



Hyap fid L=1

02k Hyap fid L=5
N HMAP iid L=10
L HMAP iid L=20
N ~ - R — .HMAP corr. L=1
S S S “ ~ = = Hyap COIT. L=5
10° ¢ Mo T Shar = = Hy,p COIT. L=10
(I:I,.I) b - T ~ < -HMAP corr. L=20
= < ~
~
~ < <
104 F RS
~
105 F
0 5 10 15 20 25
Post Detection SNR, dB
Figure 2.7: MSE of Hirap versus SNR for a correlated channel.
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Figure 2.8: MAE of I3 Wi versus SNR for a correlated channel.

2.7 Conclusions

In this chapter, we considered joint channel and receiver antenna impedance estimation

for fading, multipath channels with a single antenna at both the transmitter and receiver.
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We formulated this task as a hybrid estimation problem, where the channel is modeled as
an unknown Gaussian random variable, and the impedance is a deterministic parameter.
We derived the joint maximum a posterior: and maximume-likelihood estimators for the
channel and impedance, respectively, as well as the hybrid Cramer-Rao lower bound for
any unbiased impedance estimator. Numerical results suggest these estimators perform
close to the lower bound when either the SNR or the number of packets is large; however,
performance degrades for a small number of packets when the SNR is low. We showed the
impedance estimator is generally inconsistent, and numerical results suggest the presence
of a non-negligible bias at low SNRs. Motivated by this observation, we proposed an
alternate impedance estimator that is provably consistent and appears to be unbiased,
which outperforms the joint ML estimator in all of our simulations. In general, we find
that temporal correlation of the channel reduces channel estimation error, but increases
impedance estimation error. Our results suggest that this approach can utilize existing
training data in wireless communications systems to accurately estimate the receiver
antenna impedance, in exchange for a very small, controlled increase in channel estimation

error.
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Chapter 3

A Principal-Components Approach

to Antenna Impedance Estimation

In the previous cha In the previous chapter, a hybrid estimation framework for joint
channel and antenna impedance has been developed. However, this joint ML estimator
for antenna impedance is provably inconsistent. In this chapter, we consider the same
engineering problem of estimating antenna impedance at a single-antenna receiver but
formulate this problem in a classical estimation setting. Under this formulation, the true

ML estimator is provably consistent, asymptotically unbiased and consistent [45, Th. 7.3].

3.1 Introduction

Antenna impedance matching at mobile receivers has been shown to significantly impact
capacity and diversity of wireless channels [26-29,51,79]. This matching becomes chal-
lenging as antenna impedance changes with time-varying near-field loading, e.g., human

users [7,57,74]. To mitigate this variation, joint channel and antenna impedance esti-
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mators at single-antenna receivers have been derived under classical estimation [80], and
hybrid estimation assumptions [81]. However, multiple antennas are often deployed at the
transmitter of modern wireless communication systems, e.g., LTE and WiFi [32,50, 84].
In this chapter, we investigate the effects of transmit diversity on antenna impedance
estimation at a single-antenna receiver.

We develop a classical framework of antenna impedance estimation, for single-antenna
receivers in Raleigh fading channels. Based on observation of training sequences via syn-
chronously switched load at the receiver, we derive the true maximum-likelihood (ML) es-
timators for antenna impedance over multiple packets under different channel correlation
assumptions. For the i.i.d. Rayleigh fading channel, this ML estimator uses the eigenvec-
tor corresponding to the largest eigenvalue of the sample covariance matrix. When the
channel is temporally correlated, the ML estimator is not in closed-form. Thus, necessary
conditions are given for the MLE, and we employ numerical methods in finding the MLE.
We explore the performance (e.g., bias and efficiency) of these estimators through nu-
merical examples. The impact of channel correlation on impedance estimation accuracy
is also investigated numerically.

The rest of the chapter is organized as follows. We present the system model in
Sec. 3.2, and derive the true ML estimators for the antenna impedance in Sec. 3.3.
We then investigate the more general problem of multiple packets, derive the true ML
estimator and a simple method of moments (MM) estimation in Sec. 3.4, and explore the
performance of these estimators through numerical examples in Sec. 3.5, and conclude in

Sec. 3.6.
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Figure 3.1: Circuit model of a single-antenna receiver

3.2 System Model

Consider a narrowband, multiple-input, single-output (MISO) channel with N transmit
antennas and one receive antenna. A circuit model of the receiver is illustrated in Fig. 3.1,
which models a scenario in which amplifier noise dominates [29,51,79]. In Fig. 3.1, the

antenna is modeled by its Thevenin equivalent
v o= Zat+ 0, , (31)

where v,i € C are the voltage across, and current into, the antenna terminals. The

antenna impedance is

Zy = Ra+3X4, (3.2)

where R4 and X4 are the resistance and reactance, respectively. In (3.1), v, € C is
the open-circuit voltage induced by the incident signal field, which can be modeled in a

flat-fading environment as [27] [78, eq. 1],

v, = g'x, (3.3)
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where x € CV is the vector of symbols sent from the N transmit antennas, and g € C¥ is
a vector of channel fading path gains. As in the last chapter, we consider a Rayleigh fading
environment in which the transmit antennas are spaced far apart, so the path gains can
be modeled as independent, zero-mean Gaussian random variables, g ~ CN (0, 031 N)-
We assume the estimation algorithms observe a noisy version of the load voltage in

Fig. 3.1, given by [29,51,79]

= =2 3.4
UL, ZA+ZL +nL ) ( )

where the observation noise ny, is a zero-mean, Gaussian random variable, ny, ~ CN(0, 0%).
In estimation theory, the performance of estimators is usually a function of the signal-to-
noise ratio (SNR), which is conventionally defined as the squared-magnitude of the signal
divided by the noise variance, i.e. | Z1v,|*/(0%|Za+ Z1|?). As noted in [43], however, since
circuit power depends on both voltage and current, this SNR formula does not correctly
predict the ratio of the physical signal and noise powers in the receiver front-end. For
a given v,, the ratio of the physical signal power to noise power at the load is given

by [64, eq. 4.65¢]
Rp|v,|?
U%’ZA + ZL|2
where o2 represents the noise power at the output of the amplifier and Ry, = Re{Z;} .

As in [43], we correct this discrepancy by defining % in a way that ensures the SNR and

physical power ratio (3.5) coincide:
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With this definition, it is convenient to redefine the observed signal as

s VEL o VR,

u = v, =

71

+n, 3.6
71 7, (3.6)

where n ~ CN(0,02) now represents the noise referred to the amplifer output. The
model (3.6) now correctly connects estimator performance to the physical signal-to-noise
ratio (3.5). This connection is essential in order to accurately predict the impact of
impedance mismatch on system-level performance metrics, such as capacity and channel
mean-squared estimation error, in the remainder of this chapter.

Suppose the channel gains and antenna impedance are unknown to the receiver. We
would like to estimate these parameters using the observations of known training se-
quences. As in the last chapter, we assume the transmitter sends a known training se-
quence, X1, ...,xr € CV. During transmission, the receiver shifts synchronously through
a sequence of known impedances Zy,1,..., Zp . If g and Z4 are fixed for the duration of

the training sequence, the received observations are given by

\/ RL,t gTXt f=1

Uy = ———+n;,

, 3.7
Za+ 2y (3.7)

where n; ~ CN(0,02) are independent and identically distributed.
As in the last chapter, we consider load impedances that take on only two possible

values [80],

Zh 1§t§K7
Zr, = (3.8)
Zy, K<t<T.

where Z; and Zs are known. Again we assume Z; = Z; is the load impedance used to
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receive the transmitted data, and is matched to our best estimate of Z,; additionally
Z1, = Zy is an impedance variation introduced in order to make Z4 observable.

With this choice of load impedance, we can express the observations in a simpler, bi-
linear form. Note that in order the perform optimal detection of the transmitted symbols

in (3.6), the receiver needs an estimate of the coefficient of x,

VR R, - o2
h £ Y oo 0,021 2 = 9 3.9

where Ry = Re{Z;}. It therefore makes sense to estimate h directly, rather than the path

gains g. Expressing the observations (3.7) in terms of h, we obtain the bilinear model

tht—i—nt, ]_StSK,

Fhlx,4+n,, K<t<T,

where we define

poa VIZi+ Z4) (3.11)

\/FQ(ZQ + ZA) .

The goal of this chapter is to derive estimators for h, Z4 and o} based on the observa-

tions (3.10). From the invariance principle of maximum-likelihood estimation (MLE) [45,
pg. 185], knowing the MLE of F' is equivalent to knowing that of Z4 and vice versa. It
therefore suffices to derive estimators for h, F' and o?. In the last chapter, we proposed a
hybrid approach to jointly estimate h and F for the special case N = 1 and o2 known. In
this chapter, we consider an alternative approach for N > 1 and o7 unknown, in which we
solve this problem in two successive steps: First, we consider joint maximum-likelihood
estimation of F' and o3, treating h as a nuisance parameter. Second, given estimates of

F and o2, we then estimate h using minimum mean-squared error estimation. Since the
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second step involves well-known techniques, we focus exclusively on estimators for I’ and
o? in the next few sections; estimators for h will be explored through numerical examples

in Sec. 3.5.

3.3 Maximum-Likelihood Estimators

In this section, we derive joint maximum-likelihood estimators for the channel variance
o? in (3.9) and the antenna impedance, represented here by the parameter F' in (3.11).

Before doing so, it is convenient to reduce the observations (3.10) to sufficient statistics.

Lemma 2 (Sufficient Statistics) : Consider the observations u £ (uy,...,ur)T in

(3.10), where F and o? are unknown constants. Suppose the matrices

thxt , By = Z xix! (3.12)

t=K+1
are non-singular, where xy, ..., X7 18 the training sequence. Then
y1 = By Zutxt , y2 = B! Z WXy (3.13)
t=K+1

are sufficient statistics to estimate F and o; based on the observation u. Moreover, y;

and yo are conditionally independent given h, with conditional distributions

yi~ CN(h7 UiBfl) y Y2 o CN(Fh,O'ZB;l) :

Proof : From (3.10), note the observations u = (uy,...,ur)? are conditionally inde-

pendent given h, with conditional distributions u; ~ CA'(hTx;,02) for 1 <t < K, and
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uy ~ CN'(Fh'x;, 02) otherwise. The conditional distributions of y; and y, in the lemma
follow immediately by substituting these conditional pdfs into (3.13).

From the Neyman-Fisher Theorem [45, pg. 117], to prove sufficiency it suffices to
show p(u; F,0?) can be factored into a product g(yi,ye, F,o3)f(u), where f does not
depend on yi,y2, F or o}, and g does not depend on u.

To this end, we can express this pdf in terms of the conditional pdf as

p(w F,0?) — E[p<u|h; F aiﬂ |

where E[-] denotes expectation with respect to h. Since uy,...,ur are conditionally

independent given h, we can write

(ro2) - p(w; Foof) =

K
1
exp <_§Zlut_hTXt|2 Z |uy — Fh xt|2>]

t=1 ntK—l—l

K
exp <——2 Z {Ih"x;]> — u;h"x; — u;h"'x} })

n:

r 2
X eXp <__ > {IFh"xy|” — uf Fh''x; — u, F*h'x; )] exp (—@)
g,

nt K+1 n

K T
E |exp (—2 {2 Re[h”Byy1] + 2Re[F*h"Bsy,] — Z Ih"x,|* - Z |Ftht\2}>]
t=1

On t=K+1
X exp (——2> .
On

Equate the first term with (702)Tg(y1,y2, F,07), and the second with f(u). Note f

does not depend on y;,ys, F, or o7, while g depends on yi,ys, F' and o7 (through the

expectation), but not u. This completes the proof.

Training sequences for MIMO channel estimation are often chosen to be orthogo-
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nal and equal-energy, so 23:1 x;x? = (PT/N)Iy. In this section, we assume the load
impedance (3.8) switches halfway through the training sequence, so K = T'/2, and the

training sequences are also equal-energy and orthogonal over the first and last K symbols,

PT

which implies

where By, By are defined in (3.12). For example, this can be achieved by using a normal-
ized discrete Fourier transform (DFT) matrix [16, eq. 10].
With these assumptions, we now derive the maximum-likelihood estimate of the pa-

rameter vector

F
0 = , (3.15)

based on the single-packet sufficient statistics (3.13), where F is defined in (3.11) and o7

in (3.9). This estimate is defined by

0y = argmgmxp(yl,yQ;B). (3.16)

The following theorem shows that these estimators can easily be calculated from the

principal component of a sample covariance matrix.

Theorem 5 (Single-Packet ML Estimators) : Let y, andys be the sufficient statis-

tics in (3.13), where F' and o} are unknown constants. Consider the sample covariance

1 |yi'yr yily
s & [P0 (3.17)

vy, yily,

Let my be the largest eigenvalue of S, and 6, = [E, Es]T any associated unit eigenvector.
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Then the mazimum-likelihood estimates of F' and o are given by

R F E,/E
o} |Ey[? max{m — 02,0}

provided E, # 0, where 0> = 02(2N/PT). For Ey = 0 and n, > o the likelihood is

maximized in the limit as F' — oo. o

Proof : From (3.14) and Lemma 2, y; and y, are conditionally independent given h,
and their conditional distributions are y; ~ CA'(h,0%Iy) and y» ~ CN(Fh,o*Iy),
where 02 £ ¢2(2N/PT). Since h ~ CN (O, 0?1y) is independent of the noise in (3.13),

it follows y = (y1,y2)7 is a zero-mean Gaussian random vector with covariance

o2 + o)1 o2 F*1
Efyy"] = (7 Iy nt AN _ Coly. (3.19)
o2 Fly (2| F|*> + o)1y

where ® is the Kronecker product and

2 2 2 *
C 2 C = o o . (3.20)
o2F  o?|F]? + o

It follows

1

p(y1,y20) = dermC oLy P (—y"lCeIx]ly) ,

= det(rC) Nexp (—y"[CT' @ Iyly) ,

= det(rC) Nexp (-NTr [SCT']) , (3.21)

where S is defined in (3.17), and Tr[AB] = Tr[BA] [45, pg. 571].
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Note C can be written in terms of its eigensystem as
C = plelef +,u2e2e§ s (322)

where 11 > ps are the ordered eigenvalues and ey, e; are the associated unit eigenvectors.

From (3.20), it is easy to verify the following explicit formulas,

o= op(L+|F))+o*, py = o

! ! ! - (3.23)
e, = —— , €y = ——— : .
VIHIFP | g VIHIFP |
To find maximum-likelihood estimates of F' and o, we proceed in two steps: First,
we find conditions on py, ey, e; that achieve the maximum in (3.16). (Note the value of

po is fixed at 02.) Second, we use (3.23) to translate these conditions into values of F

and o. From (3.20), observe
C*' = ulerel +puyltesel | (3.24)

so the log of the likelihood (3.21) can be expressed in terms of the eigensystem as

Inp(y1,y2;0) = —Nlndet(nC)— NTr [SC_l}
N H N H
— NIn(rjups) — ey Se;  Ney'Se,
231 M2

= —Nn(mpupe) + (' — pi') Nej'Se; — puy ' N Tr[S] , (3.25)
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where the last equality follows by observing U £ [ey, e,] is unitary, and

Tr[S] = Tr[U”SU] = el’Se; +el'Se, . (3.26)

From (3.23), the coefficient iy — p;! in (3.25) is non-negative. Since S is Hermitian
and positive semi-definite, it has real eigenvalues, say n; > 7 > 0. From the Rayleigh-Ritz
theorem, e/ Se; < n; with equality if and only if e; is an eigenvector of S corresponding

to ny. Since Tr[S] = ny + 12, it follows

N N
mp(y,y20) < —Nln(rppu)— —0 — —2
H1 2
N
= N lln (ﬂ> _ ﬂ} — Nln(mnps) — e : (3.27)
i H 2

with equality if and only if 7 = s or e is an eigenvector of S corresponding to 7;. Note
the function Inx — x is concave and uniquely maximized at x = 1. It follows that the
bracketed term in (3.27) is maximized over u; > pus = o by choosing p; = max{n;, oc?}.

Finally, we translate these conditions into values of F' and o?: If 7 < o2, then
p1 = pa = o and the likelihood (3.25) does not depend on F. From (3.23), it follows the
likelihood is maximized by 67 = 0 and any value of F’; In particular, (3.18) maximizes
the likelihood. However, if 1, > o2, then pu; = 1, is optimal and hence e; must be an
eigenvector (E1, )T of S corresponding to 7. For E; # 0, the unique solution of the
equations o7 = n; and e; = (Fy, Fy)" in (3.23) is given by (3.18). For F; = 0, no finite

F' solves these equations; rather, the solution is approached in the limit as F' — oc.

The theorem above shows the maximum-likehood estimators can be expressed in
terms of eigensystem of the sample covariance S. Since S is a 2 x 2 Hermitian matrix, it

is possible to derive closed-form formulas for the eigensystem. This leads to closed-form
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expressions for the estimators, which are given in the following corollary.

Corollary 1 (Closed-Form ML Estimators) : Denote the elements of the sample co-

variance S in (3.17) by *

S _ i yfl}ﬁ Y§Y1 N S11 Sie . (3.28)

YfIY2 Y§{Y2 Sa1 S

The mazimum-likelihood estimators in (3.18) can be expressed in closed-form as

Sao — S11 + \/(522 — S11)2 + 4[512]2

Ja — 3.29
o |Furl? - 9
O, = —= - nax {Sll + Sl2FML — 0 ,0} s (330)
| Fap]? + 1
provided Sio # 0. ©

Proof : Since S is Hermitian, S1; and Sy, are real and non-negative and S15 = S3,. The

eigenvalues are given by the two non-negative roots of the polynomial

det[S —nI] = n* — (S11 + Sa2)n + S1152 — |S12]?

of which the larger is

_ Sao + S11 + \/(511 — S22)% + 4]512|2
5 .

(3.31)

T

Next we find a unit eigenvector e; = [Ej, EQ]T associated with 7. Any such vector

!Note the entry S;; = yfyi/N corresponds to Pj; in our prequel [81, eq. 31], where 1 <14,j < 2.
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must satisfy |E1|* + |F»|*> = 1 and

St —m Si2 Ey 0
Sa1 Sae — M Es 0

It is easy to verify that one solution of these equations is

Ey _ 1 St2
E, Vim = Sul + 15 |, — s,

(3.32)

From (3.18), it follows

~ m— S . |771 - 511’2 2
F = — , 0, = max —0°,0¢ ,
ME Sia " |771 - 511|2 + |Sl2|2 {771 }

Substituting (3.31) into the first equation gives (3.29); substituting ; = S1; + SioFyr

into the second gives (3.30).

We note (3.29) is similar to estimators that arise in the so-called errors-in-variables
regression literature, cf. [31, pg. 294, Case 4] and [40, Tab. 1, Cases 1&5]. In Appendix B.1,
we also show that F v equals the ML estimator of F' when both h and F' are modeled
as unknown constants. Intuitively, this implies that modeling h as a zero-mean Gaussian
with an unknown variance, and modeling h as an unknown constant, both lead to the
same ML estimate of F.

Finally, in order to evaluate the efficiency of these estimators, we now derive the

Cramér-Rao Bound for the error covariance of these estimators,
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where Ey, ,¢ denotes expectation with respect to the pdf p(yi,y2;0) in (3.27). The
Cramér-Rao Bound is given by

C, > Z(6)",

where 0 is any unbiased estimator of @ = [0y,6,]" = [F,02]7, and Z(8) is the Fisher

information matrix (FIM) [45, pg. 529]

_1_
20:C a0,

(3.33)

zo), - N |c Sl O

where C is given in (3.20). Here we use the approach described in [45, Sec. 15.7] to state

the FIM in an equivalent form convenient for complex 6.

It follows
N(1+|F|? ot (14 02/c? Fo?
70) = — <+’2’)22 profe)Fon (3.34)
o7 (1 +[F?) + 07] F*o? 1+ |F|?
hence the CRB is given by
2(1 4+ |F|? 2 |o?(1 4 |F)? —Fo?o?
I(6) — or(14|F[?) +0* |o°(1+[F]) h (3.35)

4 2
Noy(1+ |F]?) —F*g%0?  o}(0? + 0?)
We are interested primarily in bounds on the mean-squared error of unbiased estima-

tors of F and 0. These are given, respectively, by the diagonal entries of (3.36):

2 2 2 4 2
CF(O) é O-O-h(1+|F| )+0‘ 7 Cog(e) é (Uh(

1
No,

L+ |F|?) 4 0°) (o + 0?)
N1 +|F]?)

(3.36)
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3.4 Estimators for Multiple Packets

In the last section, we derived estimators for F' and o7 based on a single training packet. In
this section, we consider estimators based on multiple packets where the channel evolves
in an unknown way from packet to packet.

Suppose the transmitter sends a sequence of L identical training packets to the re-
ceiver. During reception of each packet, the receiver load shifts in the same way as
described in (3.8). As in the last section, we assume the channel is constant within a
packet, but varies from packet to packet in a random way. Under these assumptions, the

signal observed during the k-th packet can be described by a model similar to (3.10):

hfxt+nk,t, 1<t< K,
Upp = (3.37)

thxt—i—nk,t, K<t§T,

where F' is still defined by (3.11), hy is the channel during the k-th packet, and the
noise variable ny ; ~ CA(0,02) are i.i.d. We can express these observations in a compact

matrix form as

U, =HX, +N; ,U, = FHX, + N, (3.38)
where X; = [x;,...,xg] € CV*K Xy & [xg41,...,%X7] € CNX(T-K),
H 2 |hy,...,h]" eCHV | (3.39)

and U, € C*K U, € CEXW-K) N, € CE*K and Ny € CE*V=K) are defined anal-
ogously. Tt follows N; and N are independent random matrices with i.i.d. CN(0,c2)

entries. Here H models Rayleigh fading path gains which are uncorrelated in space but
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not necessarily in time. This implies the columns of H are i.i.d. zero-mean Gaussian
random vectors with an temporal correlation matrix 0iCg € C**F. Here we assume
the correlation structure of H is known except for the power, so Cyg is known but o7
is unknown. As in the last section, we assume X; and X, are known at the receiver,
K =T/2, and the training sequences are equal-energy and orthogonal over the first and
last K symbols, which implies
X, XF = X, XE = (%) Iy . (3.40)
The goal of this chapter is to derive estimators for H, F' and o7 based on the ob-
servations (3.38). As in the last section, we approach the problem in two steps: In this
section, we consider joint maximum-likelihood estimation of F and o7, treating H as a
nuisance parameter. In Sec. 3.5, we will explore estimators for H given F' and o7 through

numerical examples. The following lemma generalizes Lemma 2 to multiple packets.

Lemma 3 (Multi-Packet Sufficient Statistics) : Consider the observations Uy, Uy
defined in (3.38), where X1, Xy are known training sequences and F and o} are unknown

constants. Then

2N 2N
Y, 2 (ﬁ) Uxs, v, = <ﬁ> U, X7, (3.41)

are sufficient statistics to estimate F' and Cyg based on the observation Uy, Us. Moreover,
Y, — H and Yy, — FH are independent random matrices with i.i.d. CN'(0,0?%) entries,

where 0* £ 2No? | P. o

Proof : From (3.38) and (3.40), we have Y; = H + (2N/PT)N;X#. Note the rows of
(2N/PT)N; X! are i.i.d. with covariance o2 (2N/PT)?X X = 5?1, where the last step
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follows from (3.40). Similarly, Y, = FH + (2N/PT)NyX¥  where the last matrix has
i.i.d CN(0,0?) entries. It follows Y; — H and Y, — FH are independent random matrices
with i.i.d. CA(0, 0?) entries.

From the Neyman-Fisher Theorem [45, pg. 117|, to prove sufficiency it suffices to
show p(Uy, Uy; F, 02) can be factored into a product g(Y1, Yo, F,0}?) f(Uy, Uy), where f
does not depend on Y1, Yo, F or o7, and g does not depend on Uy, Us,.

To this end, we can express this pdf in terms of the conditional pdf as
p(U1, Uy Fro}) = Eu|p(Uy, Uo[H; Foop) |

where Eg|-| denotes expectation with respect to H. Since Uy, U; are conditionally inde-

pendent given H, we can write

(ro2) - p (U, Uy; F,07)

n n

1 1

— By

1
exp (—;{—Tr[UfI HX,| — Tr[(HX,)7U, ] + Tr[X¥HPHX,| — Tr[UY FHX ]

n

—Tr[(FHX,)"U,] + Tr[|F‘2X§HHHX2]}>] exp <—% { U1 |7 + || Uy II%})

= Fn 5
n

exp (i {2ReTr[HHU1X{f ] + 2ReTr[F*HY U, XY — Tr[HPHX, X!
g

1
—rFPTr[HHHXzX;f]})] o (-2 (1O +1 0213 )

— By

1
exp (;{meTr[HHYl] + 2ReTr[F*H"Y,] — (14 |F|*) | H H%})]

1
<ep ({101 2+ 102 3}) 3.42)
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where || A ||2= Tr[A# A] denotes the Frobenius norm. Here the third equality follows
from the identities 2ReTr[A] = Tr[A] + Tr[A¥] and Tr[AB] = Tr[BA], and the fourth
equality follows from (3.40) and the definition of o2. In (3.42), denote the first factor
by (702)Tg(Y1, Yy, F,07), and the second by f(Uj, Us,). Note f does not depend on
Y, Y., F, or o7, while g depends on Y1, Ys, F and of (through the expectation), but

not Uy, Us,. This completes the proof.

We now present maximum-likelihood estimators for the parameter vector (3.15)

F
6 2 , (3.43)

based on the sufficient statistics (3.41), where F' is defined in (3.11) and o7 in (3.9). This

estimate is defined by
Oy 2 arg meaxp(Yl,Yg;H) ) (3.44)

The following theorem shows that these estimators can be calculated from the result j

of a scalar optimization.

Theorem 6 (Multiple-Packet ML Estimators) : Let Y, and Yo be the sufficient

statistics in (3.41), where F' and o} are unknown constants. Consider the matriz

s Sii(p)  Sia(p)
So1(p)  Saz(p)

S(u) (3.45)
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where Sy;(u) = Tr [,UCH (uCx + 02IL)71 Yin] ,1<4,5 <2. Define

£ argmax [n(p) — o®Indet[uCy + o°1.]] | (3.46)

a n>0

where n(u) is the largest eigenvalue of S(p):

a Sa(p) +Su(p) + v (S11(1) — Saa(11))? + 4]S12(0)]? .

() ! (3.47)
Let 6, = [Ey, Eb)T be any unit eigenvector of S(ji) corresponding to the eigenvalue
n(fr). Then the mazimum-likelihood estimates of F' and o} are given by
) F Ey/E
Oy = ]iu = 2/ B , (3.48)
ey | B 1

provided Ey # 0, where 0> 2 02(2N/PT). For By, = 0 and i > 0 the likelihood is

maximized in the limit as F' — o0. o

Proof : For any matrix A, denote the kj-th element and k-th row by [A];; and [A]y,
respectively. Let Cy = VHdiag[\;,..., 1]V be an eigendecomposition of Cy, where
A > ... > A > 0 are eigenvalues of Cyg, and V is a unitary matrix such that VV# =
VHV =1, It follows the elements of VH are independent with [VH];; ~ CN(0,02)\).

For 1 < k < L, let wiy 2 [VYy]; and wie = [VYy)i. From Lemma 3, wy; and
wyo are conditionally independent given [VH],, with conditional distributions wy; ~
CN([VH];,0%Iy) and wyy ~ CN(F[VH],0%1;). Since [VH], ~ CN(Oy, i\ Iy) is

independent of the noise in (3.41), it follows wy, = (Wx1, Wi2)T is a zero-mean Gaussian
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random vector with covariance

o\, + 0?1 gl )\ I
Cw, 2 E[wlw] = (i7" I O eIy (3.49)
O'}QLF/\]CIN (0'%|F|2>\k+0'2)1]\[

where

oI\, + 02 o2 F*\
c, & |7F L (3.50)
oiF)\,  or|FP\ + o?

As in the derivation of (3.23) in the proof of Theorem 5, note Cy can be written in

terms of its eigensystem as
Cr = prierel + pupesell | (3.51)

where ;1 > po are the ordered eigenvalues and ey, e, are the associated unit eigenvectors.

From (3.50), it is easy to verify the following explicit formulas,

pr = pA\e+0’, pp =0

1 1 1 —F
e = ———— . ey = . (3.52)

VIHIEP | p VIHIFP ]

where p £ 02(1 + |F|?). Note only pg; depends on k. As in the derivation of (3.25) in
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the proof of Theorem 5, we have

Inp (Wi, Wi2; 0) = —NIn(mugaps) + (u5" — ) Ney'Sper — g ' N Tr[Sy]
= —NIn(ro?[ur + o)) + %ef&ﬁel — 02N Tr[Sy]
= B+ % MZL—)_\:UQefISkel —o?In(puAg + 0?) (3.53)
where B} does not depend on y or e; and
s, 2 % W Wi Wi wi _ % (VY YEVH] (VY YIVH], (354

WkQWkHl Wkgw,g [VYQY{{VH]kk [VYQY%JVH]MC

Since wy, ..., wy are independent, the joint probability of Y; and Y5 is then given by

L
Inp(Yy,Y2;0) = Zlnp(wkl,ka;H)
k=1
L
N HUAR H 2
= B+ ;; [mel Skel — 1Il<,U)\k +o0 )
N L
= B+ = efS(p)e; — o? Zln(,u)\k +0)]| , (3.55)
k=1
where B does not depend on the parameters and
L LA
S(u) 2 Y s 3.56
) 2 3. (3.56)
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is the matrix in (3.45). To see this, let A = diag(\;,...,Ar) and observe

L
LA
[S(w))i; = Zm[VYinVH]kk
k=1

Mh

21\ 1 NVHvH
A (A + L) VY YV

k=1

Mh

[,UCH (MCH + O'QIL)_I Yin} r

e
I

1
- Ty [#CH (MCH+021L)*1Yin] . (3.57)

To find maximum-likelihood estimates of F and o7, we proceed in two steps: First, we
find conditions on p and e; that achieve the maximum in (3.55). Second, we use (3.52)
to translate these conditions into values of F' and o7.

For each p, the maximum of (3.55) over e; is clearly a unit eigenvector corresponding
to the largest eigenvalue of S(11). As in the proof of (3.31), it is easily shown this eigenvalue
is given by n(u), defined in (3.47). It follows that the maximum-likelihood estimate of p
1s

L
fi = argmax |n(p) —UQ;IH(MM +o?)|
which equals (3.46), since 3_r_ In(uX, + 0%) = Indet[uCy + 0°1y).

Finally, we translate these conditions into values of F' and o3: If i = 0, S(fi) van-
ishes and Inp(Y1, Yo;0) does not depend on F. From (3.52), it follows the likelihood is
maximized by 67 = 0 and any value of F'; In particular, (3.48) maximizes the likelihood.
However, if i > 0, then S(/1) is not zero and e; must be an eigenvector of S(fi) corre-

sponding to n(j1) > 0. For E; # 0, the unique solution of the equations ji = o2(1 + |F|?)
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and e; = (B, E»)T in (3.52) is given by (3.48). For E; = 0, no finite F solves these

equations; rather, the solution (and maximum) is approached in the limit as F' — oco. ¢

The theorem above reduces the problem of calculating the multi-packet estimators
to the problem of solving the scalar optimization (3.46). In general, it appears that this
optimization must be performed numerically. However, we now show this optimization
admits a simple, closed form solution in several scenarios of practical interest.

First consider the case of fast-fading, where Cyg = I. In this case, the estimators can

be expressed in a simple form similar to those in Corollary 1.

Corollary 2 (ML Estimators for Fast-Fading) : Let Y; and Yo be the sufficient

statistics in (3.41), where F' and o} are unknown constants. Consider the matriz

T [V, YH] Te[Y,YH
poa 1|0 e (3.58)
L [y Y] e [Y,YH]

If Cyg =1y, the ML estimators (3.48) can be expressed in closed-form as

Too — Ti1 + v/ (Tog — T11)? + 4] T1a|?

P — 3.59
ML T ) ( )
2 | Fal A 2
o, = A—maX{TH +T12FML — 0 ,0} s (360)
|Favrl? +1
provided Ty # 0. ©

Proof : In Theorem 6, the ML estimators are given in terms of i and €;, which jointly

maximize the function

f(p,er;0?) = elS(p)e, — o? Z In(py, + o?) . (3.61)
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For Cy =1, we have Ay =--- A\ =1, so

S(p) = T, (3.62)

and f reduces to

LQe{{Tel —o?In(p + o)

o) = [,
f(u7e170-) Iu_|_0_

The maximum of el’Te, over e; is clearly the largest eigenvalue of T, say 7, and is

achieved when e; is any associated eigenvector. By direct differentiation, we observe

M
p+o?

—o’In(u+0°),

is maximized by

fi = max{m —o°,0} . (3.63)

Similar to the proofs of (3.31) and (3.32) in Corollary 1, we can derive closed-form

formulas for 7, and e;

Top + Ty + \/(Tn — T52)% + 4|T15|?

mo = 5 (3.64)
E 1 T
& = | | = _ o (3.65)
E, VIm = Tul? +[Thol m — T
If T15 # 0, substituting /i and e; into (3.48) yields
. - T — Ty 2
Fyr = n = , O = I ul maX{m —02,0} ’ (3.66)

T2 e Im — T11|? + |Th2)?
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Substituting (3.64) into the first equation gives (3.59); substituting n; = T1; + TioFyr

into the second gives (3.60).

For a general non-singular temporal correlation matrix Cy, the ML estimators (3.48)
can easily be approximated under high SNR conditions, such that ¢? ~ 0. In Theorem 6,
the ML estimators are given in terms of fi and €;, which jointly maximize the function
f(u,e1;0%) in (3.61). If Cyg is any non-singular matrix, For small o2, we can expand this

function as

L
A
f(p,er;0?) Z [LQefSkel — o In(py, + 02)}

pt PN + O
L 52
= Z {(1 — —) el’S e, — o? ln(u)\k)] + O(c*)
—1 oy
= Lg(p,e;;0°) — o*Indet[Cx] + O(c*) , (3.67)
where
o2
g(u,e;0?) = e [T — ?S} e—o’ln(u) , (3.68)

where T is given in (3.58) and

1 | Tr [Ca Y, YH] Tr[CHY, Y
S 2 - (G V1Y [H12]. (3.69)
Tr [CHYLYH] T [l Y, Y]
We define the approximate “low-noise ML estimators” to be the estimators (3.66) with

i1 and é; replaced by the e, that jointly maximize g. The following result provides a

simple characterization of these estimators.
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Theorem 7 (Low-Noise ML Estimators) : Let Yy and Yo be the sufficient statistics
in (3.41), where F' and o} are unknown constants. Suppose p, > 0 and e, € C? satisfy the
following two conditions: (1) e, is a unit eigenvector of P = T — (62 /11,)S corresponding
to its largest eigenvalue, and (2) p, = efSe,. Then u,, e, are the global mazima of

g(p,e;0?%), and the low-noise ML estimators are given by

Py — Py + \/(Pag — P11)? + 4| P2

F = 3.70
&,% = MmaX{PH—FPHFML—O’Z,O} y (371)
|Frr|? +1
provided Pis # 0. Moreover, the value of p, is unique. o

Proof : If ;1 and e maximize g(u, e;0?) subject to the constraint ee = 1, they must
be a critical point of the Lagrangian L(u,e;o0?) = g(u, e;0?) — nefle for some real 7. It

follows p and e satisfy

0=V.L = 2" [T—(0°/p)S] — 2ne”

L 2 2
_OL —ZefSe+ T (3.72)

0= -2
op It It

for some 7). For a given u, the first equation is satisfied only when 7 is an eigenvalue of T —
(0%/11)S and e is a corresponding unit eigenvector. From (3.68), it is n must be the largest
eigenvalue of T — (02/u)S, since otherwise e would not achieve maxe.cre—q g(€, 115 02).
Similarly, for a given e, the unique solution of the second equation is u = e” Se.

We now prove y,, €, is the global maxima of g(e, u; 0%). For any p > 0, let 7, denote

the largest eigenvalue of T — %ZS, and e, be any associated unit eigenvector. We claim
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> ' implies
efSeu > eﬁSeM/. (3.73)

To see this, note the Rayleigh-Ritz Theorem implies

. o2 . o2
Nw = eM/ T — WS €. > eN T — ?S e, .
Since
2 2 1 1
T—U—/S:T—J—S+02(———I>S, (3.74)
H v [
it follows

w poow
H o’ 2 1 H
> e, T—ES e, to M—; eMSeu
2 (1 1 H
= 77(”) +o ; - J €. Se# ) (375>

and hence from the Rayleigh-Ritz Theorem

1 1
- (E N E) [e,/Se,s —e;/Se,| > n(u) —e

=T
| —
!
|
| %
2]
—_
¢)
‘g\
\%
]
—~
o
EN|
D
~—

thereby proving the claim.
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Now let e,, i, satisfy the necessary conditions. For all ¢ > 0

n(w)

ef {T — %QS} e,

ef {T — a—jS} e, + o? (i — %) efSeM

n(pto) + 0 (i — %) el/Se,

(o) + 0 (1 = %) 0, (3.77)

where the first inequality follows from the Rayleigh-Ritz Theorem, and the second from

(3.73). From (3.73), 6 > 1 if

Similarly, this inequality

= o

also holds for p < p,, since the coefficient of ef Se,, above

is then negative. Thus, for all e and pu, we have

4L

gle, ;0%

<

o2
el [T — —S] e—o*In(pu)
L
Ny — ‘72 ln(/vb)
2 Ho 2
Mo + 0 (1 - ;) — o In(p)

Ho

1

Ho

’ (3.78)

g(eo,uo;oz)JrazKl— >+1n( )}

Recall In(1 4 x) < z for all z > —1, with equality if and only if x = 1. For z = p,/pu — 1,

this implies the bracketed term is negative for all y # p,. Thus, e,, i, achieves the global

maximum of g and the value of p, is unique.

<

Temporal correlation generally exists in Rayleigh fading channels, e.g., Clarke’s model

[9,21,86]. To illustrate this correlation in time, we vectorize H € CL*¥ defined in (3.39),

hA

vec H ~ CN (047, 07Ix @ Ch) (3.79)
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where Cy, is the normalized temporal correlation matrix, such that its diagonal entries
are all 1’s and other entries are scaled accordingly. If Q is known a priori, the channel H

can be decorrelated in time to generate an independent? channel matrix Hy,

H, £ Q"H, h; £ vecHy;~CN (0y,07Iy ®D) | (3.80)

where unitary matrix Q and diagonal matrix D are from the eigensystem of the channel

correlation matrix Cy, i.e.,

CLQ = QD, D = diag(dy,...,ds) , (3.81)

and Tr[D] = L. Note h, in (3.80) is temporally independent but not necessarily identical,
since di’s may differ.

Since Cy, is Hermitian, its eigen-values are real. We further assume that Cy, is positive
definite, so d > 0 for 1 < k < L. Without loss of generality, we sort d;’s in descending
order in D. We assume dj’s are known, because second-order statistics of the fading
channel remain the same except an unknown scaling factor in o?. Thus, the orthonormal
eigen-vectors of Cp, remain unchanged for all passive antenna impedance in Z4. We define

A for mathematical convenience,

A 2 Doy = diag(\,.... ) , (3.82)

where o7 € R* is unknown and we define,

M2 N-L. (3.83)

2Uncorrelated Gaussian random variables are also independent [45, pg. 558].
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Note, due to the Kronecker product, there are only L distinct diagonal elements in A,
each with multiplicity V.

We combine the vectorized sufficient statistics in (3.41) at the load into a matrix in

(CQXM
T T
y h
v, & |"Y = +N, (3.84)
Y5 Fh'
where we define vectorized sufficient statistics (3.41),
yi 2 vecY; = h+ N1, Yo 2 vecYy = Fh+ ng, , (3.85)

and the noise is i.i.d., such that vec Ny ~ CN(0ys, 021ops).
Consider the decorrelated observation (3.84) as
hj
V £ [vi,....,vy] = V,(Iy®Q") = +N. (3.86)
Fhl
It follows that vecN = [(Iy ® Q) ® L] - vec Ny ~ CN(0, 0%Ioy) [19, Th. 2.13]. With a
slight abuse of notation, we define the sample covariance using (3.84) and (3.86),

Su S
v,viE e |7 TR (3.87)

SQl 322

1

Séiiv V= Ly o
M M M

where the third equality is achieved by noting Q is unitary (3.81) and Q*Q” =1I,. One

observes that S remains the same regardless decorrelation or not. We write the density
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function of (3.86),

M M
p(V;0) = H det(nC,,) " exp <— Z VﬁC;lem> : (3.88)
m=1 m=1

where the covariance matrices have the following pattern, for 1 < k < M,

A + 02 A F*

Cn(0) £ E[v,vl] =
MaF Al FP + 02
1 2 H H
= )\m 1 F*| +o ]:2 = [ieje; + useqe, | (389)
F

with A,,’s defined in (3.82), and the eigen-vectors and eigenvalues are, respectively,

1 1 1 — k"
e = —— , ey = ———— :
VIFHIFP? | VIFIFPR |
m(0) = Ap(L+|F*)+0%, py = 0. (3.90)

We observe that the eigen-vectors of C,, are the same, regardless the value of o7 € RT;

so is its smallest eigenvalue. We find the the log-likelihood function as

m=1

M M
L£(@) = Inp(@;V) = In [H det(7C,,) ' exp (— vaiC;lvm>]
m=1
M M
= - IndetC,,— Y viC,'v,,+C, (3.91)
m=1 m=1

where C' is a constant independent of 8. More details on this can be found in Appendix

B.2. The entries of Fisher information matrix (FIM) have been derived, for 1 <i,j < 2,
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using [45, pg. 529] and extension of (15.60) in Kay [45, pg. 531],

0C,,
1
§ Tr[ -~ 80* i o 5. } . (3.92)

Using the identities on complex gradients of C,,, in the Appendix, we derive the FIM as

&2 (02)? (dkah + 1) Fao?
2
= [deoi(1+ |F]?) + 07 F*o} L+ |F]?

Mh

Z() = N(1+|F]) . (3.93)

For any unbiased estimators @, the classical Cramér-Rao bound (CRB) is then calculated

as the inverse of FIM,

E {(é -0) (6~ O)H} > c6) = ') . (3.94)

It appears challenging to derive the CRB in closed-form for general channel correlation
Ch. However, we next investigate a special case, i.e., i.i.d. fading channels, where both

the maximum-likelihood (ML) estimators and the CRB are in closed-form.

3.4.1 ML Estimators for Temporally i.i.d. Fading

If the temporal correlation matrix C,, = I, the multi-packet ML estimator for F' is
trivial extension of the single-packet ones, which are given in (3.29). Note the multi-
packet sample covariance S in (3.87) should be used in this ML estimator. Similarly, the
multi-packet CRB, under i.i.d. fading, is the single-packet CRB in (3.36) scaled by 1/L,

i.e., The CRB for F and o7 are the diagonal entires of (3.36), respectively,

a o)+ Ca(p) 2 TLFIFP) +0%) (0] + o)
N Lo} R NL(1 + |F|?)

Cr(0) (3.95)
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Next we consider the general problem where Cy, is not diagonal. We derive necessary

conditions for the ML estimators and numerical methods in finding them.

3.4.2 ML Estimators for General C;,

In can be shown that the complex gradient of £(0) is [45, eq. 15.60],

- 9C,,
@0* Z { e 50 “C, v — Tr (cml 5 )} . (3.96)
=1

A necessary condition for joint ML estimators is that the complex gradient vanishes.
In the Appendix B.2, the components of the complex gradient are shown to have the

following form,

dL(6) S W A W 1
= —FY S SN -
OF* — 1,m+0'2 — %mv F And" A+ 0|V
9L(0) 1 A 1MAmH1{ ]
— _(1+|F E _+_§ v 1 F*| Vi, (3.97
doy, ( 7] )U?L oy Him Uf%m IH%,m I | ( )

where \A,,’s are defined in (3.82). Note the necessary conditions above suggest the joint ML
estimators are not solvable in a closed-form without additional assumptions on d,’s and
o%. Thus, we use numerical methods to find these ML estimators. In particular, a variation

of the complex Newton-Raphson iteration can be used to find the true MLE [83, eq. 11],

0p+1 = Op - H_l(ep)

(3.98)
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where the complex Hessian of the log-likelihood function is,

02L(0)  92L(0)

HO) © 0°L(0) _ |aFor aroe? (3.99)
00" 00" 0°L(6)  °L(6) '

OU%BF 80}2180,21

whose entries are derived after some lengthy yet straightforward algebra,

02L(6) L A4+ 02) 1,
S e A Av,, .
OF*OF mz_l 1 5 mEZ:le M
L) Fo2 i A 1 A g |1 [
OF*do7} o} =3, o} mzl T [EF 4o
M M
ree) e a0 DD
do;, 00, (o7) 1 Him (o7) L F
and
A | Am Al F|? — N\, — 02 —22 (A + 02)F*
a2 du PnOnlE ) A+ 0?) 100
Him | =20 O+ 0DF =+ 02) O] F|2 = A — 02)
After some straightforward algebra, we verify that
—E[H(0)] = Z(0) , (3.102)

where Z(0) is the Fisher information matrix given in (3.93), derived using a different
approach [45, eq. 15.52]. This serves a confirmation that the complex Hessian expres-
sions derived above are correct. The starting point of iteration-based numerical methods

matter, and we propose to start from the ML estimators for the i.i.d. case (3.29). When
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it converges (3.98), we have the true ML estimator for F' which we denote as Fur.

Now we give another estimator for F' based on method of moments,

. Sop — S Sog — S11)2 + 4]S12/?
Fug = 22 11+\/(2§12 11)? + 4]S12| ’ (3.103)

conditioned on S12 # 0, where S;;’s are entries of the sample covariance (3.28). It can be
shown that this MM estimator is also a true ML estimator by treating both h and F' as
deterministic3. One observes that F Wi is the same regardless the channel is correlated
or not, e.g., see (3.87). The performance of above estimators are evaluated in the next

section.

3.5 Numerical Results

In this section, we explore the performance of estimators in the previous section through
numerical examples. Consider a narrow-band MISO communications system with N = 4
transmit antennas, whose carrier frequency is 2.1 GHz. This frequency is chosen based on
the first E-UTRA down-link operating band in LTE specifications [2, pg. 40, Table 5.5-1].
The duration of each data packet equals to a subframe of LTE, i.e., Ty = 1 ms [24, pg.
5] [1, Fig. 4.1-1]. Block-fading channel is assumed, such that during one data packet, the
channel information remains the same, but it generally varies from packet to packet [16].

For each data packet, a training sequence precedes data sequence [53, Fig. 1(a)].
We take the two partitions of the training sequence X = [X;,X,] from a normalized

discrete Fourier transform (DFT) matrix of dimension K = T'/2 = 32, e.g., [16, eq. 10].

3Details see Remark in Sec. 3.3 and Appendix B.1. Although Fyu in (3.103) is another ML estimator,
we call it the MM (method of moments) estimator to distinguish it from the MLE found via Newton-
Raphson iterations (3.98).
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Figure 3.2: Relative MSE of ML Estimators in i.i.d. Fading with N = 4.

In particular, the first part X; is chosen as the first NV rows, while X5 the next N rows,
and X; X = KTy for i = 1,2. The unknown antenna impedance is that of a dipole
Za = T3+ j42.5Q. The load impedance (3.8) is Z; = 502 for the first K = 32 symbols
of each training sequence, and Z5 = 60 + j20 (2 for the remaining T'— K = 32 symbols.
From (3.11), it follows F' = 0.9646 — j0.1032.

From (3.5) with Z; = Z;, (3.9) and (3.14), we define the average post-detection
signal-to-noise ratio (SNR) of a received symbol as

Ry R

Next we numerically explore the performance of the true ML estimators in (3.18) for
i.i.d. Rayleigh fading channels, i.e., C, = 1.

In Fig 3.2a, the relative root MSE (RMSE) of the ML estimator Fyz, in (3.29) ap-
proaches its corresponding Cramér-Rao bound (CRB) within a dB to for one packet.

This gap vanishes with a sufficient number of training packets, e.g., L = 5. Also plotted
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is the joint ML estimator derived under the hybrid estimation framework [81, eq. 29]. At
low SNR, Far beats the joint ML estimator, despite the latter assumes more knowledge,
i.e., knowing o?. Thus, more knowledge does not guarantee better estimation accuracy
unless used optimally, and the hybrid framework is not the optimal formulation of this
problem in terms of estimation efficiency.

In Fig. 3.2b, we plot the MSE of the MLE c;,QL in (3.18) and its CRB (3.95). Observe
that Oji becomes efficient at high SNR for all L plotted. Also, the relative CRB’s saturate
at 1/(N - L) as SNR increases asymptotically, i.e., p — oo. This is confirmed by its
expression in (3.95). Note o7 is a nuisance parameter, which has to be estimated in this
classical estimation framework. We next explore the performance of F' estimators under
correlated fading channels.

Assume Clarke’s model, and the normalized channel correlation matrix is [9, 21, 86],

[ RO]  R[-1] - R[-L+1]
o _ R.[l] }?[0] R[—L.+2] | 109
R[L—1] R[L—2 -~ R[] |

where R[l] = Jo(27w fiTs|l]), Jo(-) is the zeroth-order Bessel function of the first kind,
T, = 1 ms is the sampling interval, and [ is the sample difference. The fading frequency
(maximum Doppler frequency) is f; = v/, where v is the velocity of the fasting moving
scatterer and A the wave-length of the carrier frequency.

LTE supports peak date rates of 100/50 Mbps (downlink/uplink) for velocity up
to 350 km/h; for velocity between 350 and 500 km/h, a high-speed railways version

of LTE, i.e., LTE-R, maintains reliable communication at lower capacity [38, Table 1].
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Figure 3.3: Relative RMSE and Absolute Bias of Fay in Fast Fading, N = 4.

Consider first a fast fading scenario, i.e., a high-speed environment where the velocity is
at v = 300 km/h [24, pg. 11]. The fading frequency is calculated as f; = 583.3Hz. Note

the normalized correlation matrix Cy under this setting is,

1.0000 —0.3971 0.2856 —0.1720 0.0556
h — )

and its eigenvalues are, [0.5527,0.5766, 0.6267, 1.0822, 2.1618]. The correlation matrix Cy,
is real symmetric Toeplitz, so its first row contains all the distinct entries, and other rows
are structured repetitions of the first row. These eigenvalues indicate the decorrelated
channels are not identical but comparable in fast fading, with L orders of temporal
diversity from L packets.

Under this fading, we plot in Fig. 3.3a the RMSE of EFj; in (3.103), compared to its
general CRB (3.94). Since the channel is correlated, the Fa is generally sub-optimal

to the true MLE. We observe the FMM is about 1 dB away from the CRB for L = 1.
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They eventually achieve the CRB as L increases further to 5 and 10. Note Fu can be
interpreted as discarding the temporal correlation over packets and view the L channels
i.i.d.. Thus, for L = 1 the Fyy is also true ML estimator (3.29). For L = 5,10, the little
gap between the RMSE of Fyar and its CRB does not justify the extra computational
complexity in finding the Fyp, e.g., via Newton-Raphson (3.98). Thus, we defer plotting
of FML till later; see Figs. 3.5a and 3.5b.

We plot the relative absolute bias of Fyyy in Fig. 3.3b, i.e., |[E[Eya — F]|/|F|. The
random fluctuation at all L and SNR suggests its true bias is buried below these curves.
Thus, although it remains unclear if Fag is unbiased, its bias (if any) is tiny and can be
ignored practically.

Next we investigate a more correlated case. When the fading is moderate, e.g., v = 50

km/h and f; = 97.2 Hz. The correlation matrix Cj, and its eigenvalues are, respectively,

1.0000 0.9089 0.6602 0.3210 —0.0199

and [2.3661 x 1078, 7.0552 x 107*, 0.0646, 1.3589, 3.5757]. Under this fading conditions,
5 correlated channels provide about 2 orders of diversity.

In Figs. 3.4a and 3.4b, the MM estimator Eyy; are plotted with four combinations of
N = 2,4 and L = 5,10. The general trend is that for a given L and total transmit power
constraint in (3.14), having 4 transmit antennas is better than having 2 both in terms
of RMSE and excess power. This is due to the fact that transmit antennas provide i.i.d.
fading and hence spatial diversity. The CRB (3.94) under correlated fading generally
differs for different L or N. However, for the particular cases in Fig. 3.4a, this difference

is less than 0.3% at low SNR, and vanishes as SNR increases. So we only plot the N = 2
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Figure 3.4: Effects of Transmit Diversity under Medium Fading, N = 2, 4.

CRB’s. The Fyys is within a fraction of a dB to its CRB for all values of N, L, and SNR.

In Fig. 3.4b, we plot the excess (transmit) power needed due to mismatch in Z L, 1.e.,

~10log, (4RA B [RL/yZA+ZLy2]) , (3.106)
where the load is conjugately matched to an estimate of Z 4,

R . R Zo/Ri /Ry - Fxyng — Z
ZL é ZZ, ZA _ 2 1/ 2 MM 1

1—\/R1/R2'FMM ’

(3.107)

and Z4 is calculated via the invariance principle of MLE, given K = T /2. If an excess
power of 0.5 dB or smaller is desired, a RMSE of 5% suffices to achieve this goal. This
can be used as a rule of thumb on how accurate F' needs to be estimated.

When the fading is extremely slow, e.g., v = 5 km/h and f; = 9.72 Hz. The highly

89



T
Fum FuL CRB, L=5 Fum FuL FuL iid, L=5
N o= — = .FMM_ - .FML CRB, L=10 || §\ - - .FMM— - .FML FMLud,L—lo
N X
~ Loy o - m———— - - - =
N X
~ X
~ N
~ N
~ A
ul ~ w ~
]
s ~ < N
g ~ = N
o RS 2 s
= ~ 2 N
T ~ < N
< ~ 3} N
o N
[ ~ S
~ N
~ N
102+ ~ 1 102+ ~
~ N
~ ~
~ N
~ N
< 4
~
~
5 10 15 20 25 5 10 15 20 25
Post Detection SNR, in dB Post Detection SNR, in dB

(a) Relative RMSE of F' Estimators for N = 4. (b) Relative MAE of F' Estimators for N = 1.

Figure 3.5: Benefits of ﬁ’ML over FMM in Slow Fading, N = 1,4.

correlated Cy, and its eigenvalues are, respectively,

C 1.0000 0.9991 0.9963 0.9916 0.9851
h — )

and [2.172 x 107, 6.501 x 1071°, 6.098 x 107¢, 0.0186, 4.981]. These temporal channels
are highly correlated, even between the first and last channels. Essentially 5 temporal
packets results in only one order of diversity. This is a worse case for temporal diversity.

Next, we explore the benefits of Fiyz over Fyry under slow fading. Specifically, L =
5,10 packets are chosen, and N = 4 spatial diversity is available at the transmitter
in Fig. 3.5a. Here the F v, found via Newton-Raphson iteration® in (3.98), exhibits
negligible improvement over the simple Fi7p,. From (3.82) and previous numerical results,

another rule of thumbs is that, to be 1 dB within the CRB, a total of 4 orders of diversity,

4To improve numerical stability, we here find Far by assuming O'A]QI is known and only estimates of
F are iteratively updated using the upper left entry of the complex Hessian (3.99). This serves a lower
bound on the ML estimator not knowing 7.
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temporal and/or spatial, is needed.

The classical CRB for F' given o7 is the inverse of the upper left entry of the FIM in
(3.93), which we denote as Cp,2(6). It has been shown that Cpj,2(6) is a lower bound
on Cr(0), the upper left entry of (3.94). This is intuitive, as Cp,2(0) assumes more
knowledge, i.e., knowing o7, than Cr(6). However, for all points considered in Fig. 3.5a,
these two CRB’s differ by about 0.3% at low SNR and merge at high SNR. Thus, the 1
dB gap between F v (or F wr) and the CRB is because CRB is loose for finite sample
size. Thus, in terms of estimating F, little benefit is gained by knowing o7 when when
enough (spatial) diversity exists, e.g., N = 4. This condition is often satisfied, since
modern wireless communication systems tend to deploy multiple antennas at the down-
link transmitter, e.g. base stations for LTE and 5G and access points for WLAN [32, 50,
84].

When only one transmit antenna is used, in Fig. 3.5b relative Mean Absolute Error
(MAE) is plotted instead of the RMSE, due to the heavy tails of the single-packet Fur 80,
Sec. V-A]. Here ﬁ’ML provides about 1 dB of gain at low SNR, but converges to 3 WIM S
SNR increases beyond 10 dB. Compared to the i.i.d. fading, high correlation costs about
3 dB in general.

Once antenna impedance has been estimated using (3.107) and the load is matched
to this estimate. Starting from the next packet, the receiver could perform the minimum
mean-square error (MMSE) estimator for channel estimation [16]. It can be shown that

the relative MSE for this estimator over L packets is,

-1 -1
JL(O-}%) _ Tr |:(Ch + IL) i| 0'72178ym (3 108)
o} L 02 ym + PToy /N’ '

where Cyp, and o7 from (3.79) are assumed known. The factor Tr [(C;}l + IL)_I] /L to
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Figure 3.6: Benefits of Fyas on MMSE Channel Estimation, L = 10, N = 4.

the one packet MMSE; i.e., J; given in (1.34). is the benefit from multi-packet smoothing

We fix the total transmit power such that for a perfectly matched receiver, the receive

SNR (3.104) is

2
o P Uh,opt
’Yopt -

2 (3.109)
which we call the optimal SNR. Then we calculate the gain for MMSE channel estimation
using (3.107) compared to the originally mismatched receiver. We consider three cases of
mismatch, where the power loss (to the optimal SNR) is 1, 3, and 5 dB, respectively. As
shown in Fig. 3.6b, there is always a benefit in using our impedance estimation algorithm
for all scenarios considered. These original power losses are compensated partially at low
SNR and nearly completely at high SNR.

Hassib and Hochwald derived a lower bound on ergodic capacity when channel esti-

mation errors exists [37, Th. 1]. In particular, if the MMSE estimate in (1.28) is treated

as correct during data transmission for one packet, then the ergodic capacity is lower
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bounded by [37, eq. 21]

h'h
Cl = E|:10g2 (l—l—’yeff N ):| s (3110)

where the distribution is over h ~ CN(0,1y) and the effective SNR is derived as (1.43),

P(o? — ) 1

A h

5 2 = 5. : 3.111
Telt 03 sym TP N1 7 1+ (1+1/4)N/T ( )

where 7 = Po? /o2 is defined in (3.104). It has been shown that the capacity lower

n,sym

bound in (3.115) can be simplified into a closed-form [71, eq. 20],

al N
Cl = 10g2(6)€N/%HZEk( > s (3112)

k=1 VYeft

where E,(a) is the exponential integral for nonnegative integer n and Re{a} > 0,

o ,—at
Eu(a) = /1 etn dt . (3.113)

It can be shown for n > 2, E,(a) is a function of Fi(a), e.g.,

oo —at 00 1 —at |°° o] 1
By(a) = / S— —/ etd- = — % +/ Zdect
Lt . t t o, St

= e —a- Efa),
o0 gmat 1 [ 1 1 [e o™ 1
E = dt = —— —at d— = —= _ —d —at
= 5[6 “—a Eya)] |
o0 gmat 1 [ 1 1 [e o™ 1
E - dt —_ — = _atd = —— — _d —at
4((1) /1 4 3/1 3 3( 13 ) /1 I e >
1
= gl —a Bya)] . (3.114)
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Figure 3.7: Ergodic Capacity in (3.115), L = 10, N = 4.

With above simplifications of E,(a) and after some straightforward algebra, the capacity

lower bound for N = 4 transmit antennas can be written as,

] N 2 N N N
C = 252€ ( —1) +§+r< >exp< )El( ) , (3.115)
2 Yeft 3 Yeft Yeft Yeft

where 7(z), a function of z € RT, is defined as

T2 2-2-2+2°—1). (3.116)

Note in Figs. 3.7a and 3.7b, the load impedance is originally mismatched, with 5
dB and 3 dB power loss, respectively. The horizontal axis is the post-detection SNR
(3.104) for the mismatched receiver. After our proposed antenna impedance estimation
(3.107), the receiver quickly compensates its impedance mismatch (3.115) and improves
(ergodic) capacity, which is shown as C(Fyy) in Figs. 3.7a and 3.7b. The solid black

line represents the capacity of the mismatched receiver, while the black dash line is the
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capacity upper bound, where the load is optimally matched and no channel estimation
errors occur. One observes that C'(Fyy,;) hones in this capacity upper bound for all SNR
and fading conditions plotted. Compared to the mismatched receiver, the capacity gain

is about 50% at low SNR and about 20% at high SNR for the 5 dB power loss case.

3.6 Conclusion

In this chapter, we consider antenna impedance estimation at the receiver of a MISO
system. A classical estimation framework is developed incorporating Rayleigh fading
assumption. We then derive in closed-form the maximum-likelihood (ML) estimator for
F under i.i.d. fading and a method of moments (MM) estimator in correlated channels.
We show this MM estimator is also another ML estimator by treating the fading channels
as deterministic. Furthermore, necessary conditions and a Newton-Raphson iteration
algorithm are derived to find the ML estimators under correlated channels.

Numerical results demonstrate that the MM estimator approaches its corresponding
Cramér-Rao bounds (CRB) given sufficient degrees of diversity, spatial and/or temporal.
A rule of thumb is to appraoch the CRB within 1 dB, 4 degrees of diversity is needed. This
MM estimator also enjoys negligible bias for all SNR and fading conditions considered in
this chapter. These findings suggest a fast PCA-based algorithm, i.e., MLE in i.i.d. fading
and the MM based estimator in correlated fading, that estimates antenna impedance in
real-time for all Rayleigh fading channels. We also found that a relative RMSE (or MAE)
of 5% or less in estimating F' leads to an excess power of 0.5 dB or smaller.

We demonstrate, via numerical examples, the gains of channel estimation accuracy
due to our proposed antenna impedance estimation algorithm. Ergodic capacity is boosted

by this same algorithm, compared to an originally mismatched receiver, and hones in a
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capacity upper bound. Thus, this proposed algorithm enables accurate impedance esti-
mation and mismatch compensation quickly, in a matter of milliseconds.

In the next chapter, we investigate the most general and thus more important problem,
i.e., antenna impedance estimation at multi-antenna receivers. In particular, we extend

mathematical solutions developed in this chapter to its MIMO counterpart.
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Chapter 4

Antenna Impedance Estimation at

MIMO Receivers

In previous chapters, we considered impedance estimation at single-antenna receivers.
However, modern receivers are often equipped with multiple antennas for multiplexing
and/or diversity benefits. Therefore, in this chapter, we investigate the general and more

important problem of estimating the antenna impedance matrix at MIMO receivers.

4.1 Introduction

This chapter considers antenna impedance estimation algorithms using training data
for multiple-input, multiple-output (MIMO) communication systems. We assume the
receiver switches its impedance in a predetermined fashion during each training sequence.
In i.i.d. Rayleigh fading channels, the maximum-likelihood (ML) estimator is derived for
the impedance matrix as a function of the top block eigen-vector of the sample covariance

matrix. This ML estimator is shown to be a method of moments (MM) when the fading
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channel is temporally correlated. Fundamental lower bounds, e.g., Cramér-Rao bounds,
on these estimators are derived and important properties of these estimators, e.g., bias
and efficiency, are explored through numerical simulations. The trade-off between channel
and impedance estimation is demonstrated empirically.

The rest of the chapter is organized as follows. We present our system model in
Sec. 4.2, derive a set of maximum-likelihood estimators for the MIMO antenna impedance
and channel covariance matrix in Sec. 4.3, and derive method of moment (MM) estimators
of these matrices under multiple packets scenarios and discuss ML estimators in Sec. 4.4.
We then explore important properties of the estimators through numerical examples in

Sec. 4.5, and summarize our conclusions in Sec. 4.6.

4.2 System Model

Consider a narrowband multiple-input multiple-output (MIMO) communications link
with M receive antennas and N transmit antennas. The receiver model is illustrated in
Fig. 4.1. This circuit model is identical to the ones widely used to model a scenario,
where amplifier noise dominates [29,51,79]. This model is also a special case of the more
general and complex models, which include additional noise sources, e.g., sky-noise and
downstream noise [26,27,43].

In Fig. 4.1, we model the antenna array by its Thevenin equivalent,
vV = ZAi+V0 s (41)

where v,i € CM are the voltage across, and current into, the antenna array terminals. In

particular, the antenna impedance is a symmetric matrix in C**™ due to the reciprocity
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Figure 4.1: Circuit model of a multiple-antenna receiver

theorem of electromagnetics [11],

Za = Ra +jXa, (4.2)

where R and X5 are the resistance and reactance matrices, respectively. The incident
electromagnetic field induces open-circuit voltage v, € CM in (4.1). Under flat-fading

conditions, the open-circuit voltage v, is modeled as [27]
v, = Gx, (4.3)
where x € CV is the transmitted symbol and G € CM*¥ is the matrix of fading path

gains. Similar to the previous two chapters, we consider a Rayleigh fading environment,
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where transmit antennas are sufficiently separated. Thus, columns of G are modeled
as 1.i.d. zero-mean, complex Gaussian random vectors, g; ~ CN(0,X;). As shown in

CM*M ig observed

Fig. 3.1, noisy voltage signal v, € CM across load impedance Z; €
[29,51,79],

vy, = ZL (ZA+ZL)_1GX—|—HL, (44)

where the noise n;, € CM is a zero-mean, circularly-symmetric, complex Gaussian random
vector with covariance E[nynf] = 3, which is hereafter denoted by n; ~ CN(0,X}).
As mentioned in the previous chapter, performance of estimators typically depend
on the signal-to-noise ratio (SNR) in estimation theory, which is conventionally defined,
for example, as Tr[v,vEX!] [27, Sec. II-A]. In circuit theory, however, power depends
on both voltage and current [43, eq. 22]. This estimation-theory SNR formula does not
correctly predict the ratio of the physical signal power and noise power in the receiver
front-end. For a given v,, this ratio of physical signal power to noise power across the
load is given by
p 2 Oi%Tr RV (Za +20) ' vovl! (Za + 2) " RY?] (4.5)
where o2 represents the noise power at the output of the amplifier and Ry = Re{Z} is
the load resistance. As in the previous chapter, we correct this discrepancy by defining

3, in a way that ensures the SNR and physical power ratio p coincide:

¥, 2027 R'ZY .
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With this definition, it is convenient to redefine the observed signal as
w £ R/?Z;'v, = R/*(Za+Z,) 'Gx+n, (4.6)

where n ~ CN(0, 521,,) represents physical noise power referred to the amplifier output.
This signal model (4.6) correctly connects the estimator performance to physical signal-
to-noise power ratio. As mentioned before in the previous chapter, this connection is
essential to accurately predict the impact of impedance mismatch at MIMO receivers on
important system-level metrics, such as channel capacity.

Suppose the channel gain matrix and antenna impedance matrix are unknown to
the receiver. As in the previous two chapters, our objective is to jointly estimate these
two matrices using observations of known training sequences. Suppose the transmitter
sends a known training sequence of length T, i.e., x1,...,xp € CV to the receiver, during
which the receiver synchronously shifts its impedance as Zy, 1, ..., Zp 7. Also assume both
the fading path gain G and impedance Z, remain fixed during each transmission. The

received observations take the following form,
1/2 -1
W; = RL,t (ZA + ZL,t) GXt +n;, (47)

where ¢t = 1,2,...,T and the additive noises n; ~ CN(0,02I,,) are independent and
identically distributed (i.i.d.).

We again assume the load impedance takes on two possible matrices,
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Similar to the previous two chapters, we assume Z; = Z; is the load impedance used
to receive the transmitted data, and is matched to our best estimate of Z 4; additionally
Z; = 7, is an impedance variation introduced in order to make Z, observable. To
estimate Z 4, Z1 # Z- is required.

Note that in order the perform optimal detection of the transmitted symbols in (4.6),
an accurate estimate of the entire matrix coefficient of x is ideal, not simply the fading
path gain matrix G. This motivates the definition of an effective channel matrix that

communication algorithms need,
H 2 R/ (Za+7,) ' GeCMN | (4.9)
whose columns are also i.i.d. zero-mean, complex Gaussian, h; ~ CN (0, Xy,), and
Sh = R (Za+7Z1) 'S (Za +Z,) "R (4.10)

With this choice of load impedance in (4.8) and definition of H (4.9), we can express
the observations in a simpler, bilinear form. The voltage observation (4.6) at the load is

then,

HXt + n; , 1 S t S K
w, = (4.11)

Fth+nt, K"‘lStST

(CMXM

where n; ~ CN(0,021),) are independent over time ¢ and we define F € as a

one-to-one mapping of Z for mathematical convenience, conditioned on Z; # Zs,

F = RY*(Zo+Za) " (Z1 +Za)R;*. (4.12)
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We present this chapter as a generalization of the previous chapter to MIMO receivers.
Here the goal is to derive maximum-likelihood (ML) estimators for H, Z 4 and X, based
on the observations (4.11). From the invariance principle of maximum-likelihood estima-
tion (MLE) [45, pg. 185], knowing the MLE of F is equivalent to knowing that of Z 4 and
vice versa. Theoretically it suffices to derive estimators for H, F and Xj,. Specifically, we
follow the two-step procedure as described in the last chapter: First, we consider joint
maximum-likelihood estimation of F and X, treating H as a nuisance parameter. Sec-
ond, given estimates of F and X;,, we then estimate H using minimum mean-squared
error estimation. Again we focus exclusively on estimators for F and 3, in the next two

sections; estimators for H will be explored through numerical examples in Sec. 4.5.

4.3 Maximum-Likelihood Estimators

In this section, we derive maximum-likelihood (ML) estimators for F and X, based on
observations in (4.11). It is often convenient to find sufficient statistics before deriving

the ML estimators.

We write (4.11) in matrix form, after defining X; = [x;,Xs,...,xx] € CV*K and
X < [XK11,XK12y---,X7] € CNX(TfK)7
W; = HX;+N; > Wy, = FHX, + N, , (413)

where N and Ny are defined analogously, independent and have i.i.d. entries CN (0, 02).
The known training sequences for MIMO channel estimation are often equal-energy

and orthogonal. We further assume K = 7T'/2 and equal-energy and orthogonal training
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over the first and last K symbols i.e.,
X, XF = XoXE = ——1Iy, (4.14)

This can be achieved by using a normalized discrete Fourier transform (DFT) matrix,

e.g., [16, eq. 10]. We present a sufficient statistic in the next lemma.

Lemma 4 (Sufficient Statistic) Consider the observations Wy and Wa defined in

(4.13) and known training sequences in (4.14). Then

2N 2N
Y, = <ﬁ) WX Y, = (ﬁ) WX (4.15)

are sufficient for estimating unknown matrices F and Xy,. Moreover, Y1—H and Yo—FH

are independent random matrices with i.i.d. CN'(0,0?) entries, where 0% = 2No?/PT. o

Proof From (4.13) and (4.14), we have Y; = H + (23) N;X{’. To show the entries of

the last matrix are i.i.d., we vectorize it,

2N 2N
(ﬁ) vec (NIX{{) = (ﬁ) (XT ® IM) vecIN; € CMN , (416)
which is zero-mean and has covariance matrix (%)2 (X’{X{ ® IM) *Iyn = oIy,

where by definition 02 = 2No¢2 /PT. Note an identity of Kronecker product vec (ABC) =
(CT @ A) vecB is used [19]. This shows that Y; — H is a random matrices with i.i.d.
CN(0,0%) entries. Similarly, Yo — FH = (2¥) N,X¥ is also a random matrices with
i.i.d. CN(0,0?) entries. The independence between these two matrices follow from that
noises are independent over time (4.13).

From the Neyman-Fisher theorem [45, pg. 117], to prove sufficiency of (4.15) it suffices
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to show that p (Wi, Wy; F, 3) factors into a product g (Y, Ys, F,3y) f (W1, Ws),
where f does not depend on Y,Y,, F, ¥, and g does not depend on W1, W,. We prove

this using the conditional pdf
p(Wi, Wy F 3y) = Eulp(Wi, WolH; F, 3)] (4.17)

where the expectation Egl-| is with respect to H (4.9). Since W, and Wy are condition-

ally independent given H, we have

(7T‘7721>NTP (Wi, Wy, F X))

1 1
— By {eXp (‘; W, — HX,||* — — Wy — FHX2||2>]

n n

= Fy 5
O_’I’L

(Tr [WHHX,] Tr[XFHIW,] Tr[XVHYHX,]
exp + _

2 2
On On

T [WEFHX] | T [XPHIFIW,] T [XfHHFHFHXQ])]

2 2 2
On On On

1 2 1 2
exp (=5 IWI* = 2 W)

(2 Re'Tr [H'W,X{] Tr [H'HX,X{T] | 2ReTr [HYF/W,X{]
exp

— By

2 2 2
On On On

2
On n

Tr [HYFHFHX, XY ] )

1 1
exp (= oz IWill = 25 Wl

— By

o2 o2

(2 ReTr [HYY, + HYFYY,] Tv [H'H + H'F/FH] )]
exp

1 1
exp (=5 WAl = 5 IWal ) (1.18)

where [|A]|> = Tr[Af A] denotes the Frobenius norm. Also, the third equality follows

from the identities 2 Re Tr[A] = Tr[A] + Tr[Af] and Tr[AB] = Tr[BA], and the fourth
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equality follows from (4.14) and the definition of o2. In (4.18), denote the first factor by
(ro2)¥Tg (Y1,Ys, F,3y) and the second by f (W1, W3). Note g depends on Y;,Ys, F
and Xy, (through the expectation) but not on Wy, Wy. And f depends on W1, Wy, only,

not Y1, Y, F,X;. This completes the proof.

Based on the sufficient statistics in (4.15), we want to estimate the following complex

parameters

0 = vec [F 24 : (4.19)

where F is defined in (4.12) and 3y, in (4.10). Here we present the maximum-likelihood

(ML) estimator, such that
Oy = argmgxp(Yl,Yg;H) . (4.20)

The next theorem shows the ML estimator can be calculated via block eigen-decomposition

using the sufficient statistic given in (4.15).

Theorem 8 (Single-Packet ML Estimators) Let Y; and Yy be the sufficient statis-

tics in (4.15). Suppose F and Xy, are unknown. Consider the sample covariance matriz,

H H
s 2 % YT XS o (4.21)
Y, YH Y, Y[
The eigen-decomposition of S can be written as
SUS = Us diag(ul, e ,,ugM) s (422)

where diag(-) denotes a square diagonal matriz with its input as diagonal entries, and
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the etgen-values p > 0 are in descending order. Define the unitary eigen-vector matrix

Us as a 2 by 2 block matriz, i.e.,

Ui U,
U, 2 | T (4.23)

Us21 U522

where Ug;; € CM>*M and i,j = 1,2. Then, the mazimum-likelihood estimate of 0 is,
émém%muﬁd, (4.24)
where 0* £ 2No? /| PT and, conditioned on Ugy; is non-singular,
Far = UoUl By = Ugy (diag(u, .., ) — 0%Ty) " UL (4.25)

Here (-)* is an element-wise operator on real matrices, such that [(A)*];; £ max{[A];;,0}.

Proof Consider the sufficient statistic in (4.15), and define

A | Y1 H+ N, hi+n;;p -+ hy+my
VvV £ = = . (4.26)

Y2 FH + N2 Fh1 + npy; - FhN + n; n
Due to uncoupled transmit antennas, the N columns of H are also i.i.d. zero-mean,
circularly-symmetric, complex Gaussian random vectors, i.e., hy ~ CN (07, Xy,) for all
1 <k <N, where ¥, £ F [hkth } Thus, the prior information for channel H can be

written as,

1
H) =
P ) = Iy e =)

exp [— (vec H)" (Iy ® 3,") vec H] : (4.27)
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The covariance matrix of V is defined as,

1 Sy + 0% SuFH
z & <EVVH) = n " . (4.28)
th FEhFH + UQIM

Since ¥ is Hermitian, it decomposes into the following block eigen-system [62],

I
s = [V = [IM FH} + 0%, = B,D,BY + B,D,B! | (4.29)

F

where D; € CM*M and B; € C*™*M (for 4 = 1,2) are the block eigenvalues and or-

thonormal block eigenvectors of 32,

Iy _1 —FH4 1
Bl - A1 ? 3 B2 = A2 ° )
F Iy
1 1
D, = A73¥,A7 +0%Iy, Dy = o1y, (4.30)
and A; and A, are Hermitian matrices defined as,
A, 2 FAF 41y, Ay, 2 FFY 41, . (4.31)

Note both A; and A, are positive definite; also F# Ay = A{F¥ and FA; = A,F.
Since eigenvalues of D; are also eigenvalues of X [62, Th. 1.1], and observe from (4.29)

that D, is already diagonal, we write down the (scalar) eigenvalue decomposition of 3,

A, O QBY
T = UAU" £ [BIQ Bz} Lo i (4.32)
Onrscnr Ao BY
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where D1Q = QA;, A; = diag(\(,...,\y) is diagonal, Q € CM*M ig unitary, and
Ay = 0?I);. Note \; > o2 for all 1 < j < M. In other words, the covariance matrix X
has 2M real eigenvalues, where the largest M eigenvalues are greater than or equal to
o2, while the smallest M eigenvalues are exactly o2.

Under the assumptions above, we assume o2 is known but A; and U are unknown.
If we find the joint ML estimator for A; and U, the ML estimators for 6 (4.19) follows
by the invariance principle of MLE [45, Th. 7.4, pg. 185]. From (4.32), we firstly find the

inverse of covariance ¥ using it scalar eigen system,
>t = UATiU? (4.33)
We then write the density function of V £ [vy,...,vy] in (4.26) as
p(V;0) = det(rX) VN exp ( ZVHE VZ>
-N
N ) 2M ul’Su;
= det(nX) Mexp (-NTr[SE]) = 7TH A exp | —N SV
j=1 J
2M -N M
11 N Tx(S)
= <7TH)\]'> exp [NZ(;—)\—]) u]HSuj_T
j=1 j=1

where in the second the sample covariance matrix defined in (4.21) can be equivalently

written in terms of V. = [vy,...,vy],
S = —VVH sz , (4.35)

and in the third equality we define U = [uy,...,uy]. Since we have A > o?for 1<

J < M, the coefficients # — )\l are non-negative and in decreasing order. The likelihood
J
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function is maximized, when u; is chosen to be the eigenvector corresponding to the jth
largest eigenvalue of the sample covariance S. Assume the eigenvalues of S are ordered

in descending order, [u1,. .., fiop], the maximum of (4.34) is,

2M -N M w N 2M
_ j
n}lzji_xp(V) = <7TJ1_[1 /\j> exp (—N V] Z Mk)

j=1"7 k=M+1
M -N N M
< (WUQMHMJ'> exp <—NM = Z Mlc) ) (4.36)
j=1 k=M+1

T

where the last step is because xe™™ is uniquely maximized at x = 1, and equality is

achieved by letting

~

Aj = max{p;,0’}, 1<j<M. (4.37)

Now it remains to show that (4.34) can be achieved by actual estimates of F and 3y,.

Assume that the SUg = Ugdiag(uq, .. ., pans), where

U Us
U, 2| T (4.38)

Ule U522

Then we verify that the following estimates achieve the maximum in (4.34),

~

3 = Ugdiag(hy, ..., A, 02, ..., 02)UT . (4.39)
Thus, the joint ML estimators for F and X, are, conditioned on Uyg;; is non-singular,
Frur = UaUl, B, = Uy, (diag(p, .. par) — 02Ly) T U (4.40)

The derivation for F ;= U, U is straightforward from (4.29), as F only depends
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on the eigen-vector matrix and not the eigen-values. The derivation of 35, follows also

(4.29),
. I T R
S—oLy = | | S |1y FH]
F L
1 Lo N .
[IM FH] (B-0Lu) || = (Lu+F7F) 5y (T + F7F)
F
A aa\ 1 1 /. oo\ —1
¥, — <IM+FHF> [IM pH (2—0212M> ! (IM+FHF) . (4.41)
] F

which reduces to (4.40) after plugging in F.’s formula and some simplification. This

completes the proof.

In order to study the efficiency of the joint ML estimators for F and 3y, a natural
next step is to find tight fundamental lower bounds on these estimators. Two fundamental
lower bounds are investigated next.

It has been shown that the (complex) Fisher information matrix (FIM) on 6 is given

by [82, eq. 37], which extended results on real parameters to complex ones [45, eq. 15.52],

»12=
00;: = 00,

z@), = N |z e 0

(4.42)

where X is given in (4.29). The error covariance matrix Cy of any unbiased estimator 6

is lower bounded by the Cramér-Rao bound (CRB), i.e., the inverse of Z(8),

Cy, 2 By, vao [(é—@) (é—@)H} > 7(6)7!, (4.43)
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where the expectation is with respect to pdfin (4.34) and A > B means A — B is positive
semi-definite. The formula in (4.43) is unlikely to simplify further without additional
assumptions. Hence we evaluate the CRB numerically in simulations.

Another useful lower bound is the Miller-Chang bound (MCB) [56]. The formula for
this bound is given below, but details of its derivation are given in the Appendix. It
can be shown that square of Frobenius norm of any unbiased estimator for F, for all

H € CM*N (5.5), is lower bounded by the MCB,

M(F) = o*Tx (B |[(HH) ) Tr (FFY + 1)

o0, N< M,
= (4.44)

2 Tr (B1) Tr (FFY +1y) , N> M,

where N > M means the number of antennas at the transmitter is greater than that
at the receiver, and the final expression follows from that H*H” is a complex M x M
Wishart matrix of degree N (4.27) and the mean of its inverse is derived by Maiwald and
Kraus [55, eq. 39]. Note the independence between columns of H is essential. If N < M,
the inverse mean of H*H” is unbounded, then one packet is likely insufficient for any
unbiased estimator of F' to have finite error in Frobenius norm. This motivates finding

estimators when observations from multiple packets are available.

4.4 Estimators for Multiple Packets

In the last section, we derived the maximum-likelihood estimators for F and X} using
observations of training sequences from one packet. In this section, we consider estimators

based on multiple packets, where channel varies from packet to packet.
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As in the previous chapter, suppose the transmitter sends L identical training packets
to the receiver. During transmission of each training packet, the receiver shifts it load
impedance as described in (4.8). Similar to previous chapters and last section, block fading
is assumed, i.e., the channel remains constant within a packet but randomly varies from
packet to packet. Similarly to (4.11) the signal observations at the I-th packet can be

described as

HlXt+nl7t, 1§t§K
Wl,t = (445)

FHlXt+nl7t, K+1§t§T

where the random noise vectors n;; ~ CN (0, UZIM) are independent over packets 1 <
Il < L and time 1 <t <T. We can express above observations in a compact matrix form,

with a slight abuse of notation?,

W, 2 HI,®X,)+N;, W, 2 FH(I, ® X;,) + Ny , (4.46)

where W, € CM*EK W, ¢ CM*UT=K) X, and X, are defined above (4.13), N; and
N; are independent random matrices with i.i.d. entries CA(0,02), and we define the

multi-packet channel as, again slightly abusing notation,

H 2 H - H. (4.47)

Here H; € CM*¥ is the channel matrix for the [-th packet, whose columns are spatially
i.i.d. complex Gaussian CA(0,X},) across transmit antennas but temporally correlated

across packets. If the normalized channel correlation is Cy,, then the space-time correla-

Tdeally, we would use notations like Wip.1, Hip, Nip1 and etc to distinguish them from their
single-packet counterparts. We hereafter drop the subscript mp for simplicity when confusion is unlikely
to occur.
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tion of H is better shown as
VeCHNCN(OMNL,Ch(X)IN@Zh) . (448)

In this section, we assume Cy, is known.

Similar to the previous section, the goal of this section is to derive estimators for
both F and Xy, or 6 as defined in (4.19), treating H as a nuisance parameter. Then,
we explore estimators for H given F and Xy, through numerical examples. The following

lemma generalizes Lemma 4 to multiple packets.

Lemma 5 (Multi-Packet Sufficient Statistic) Consider the observations W1 and Wy

defined in (4.46) and known training sequences in (4.14). Then

2N

2N
Y, = (—) W, (IL®X{{) , Yy = (ﬁ

PT ) W, (I, ® X3) | (4.49)

are sufficient for estimating unknown matrices F and Xy,. Moreover, Y;—H and Yo—FH

are independent random matrices with i.i.d. CN'(0, 0?) entries, where 0> = 2No?/PT. o

Proof From (4.13) and (4.14), we have Y; = H + (3] ) N; (I, ® X{’). To show the

entries of the last matrix are i.i.d., we vectorize it,

2N IN .
(ﬁ) vee [N; - (I ® Xy')] = <ﬁ> (I, ® X3) @ Iy vec Ny € CMNE - (4.50)

which is zero-mean and has covariance matrix (%)2 (I, @ XiXT @ Lyy) 02lyne = 0Ty
Note Kronecker product is associative and vec (ABC) = (CT ® A) vecB is used [19].
This shows that Y; — H is a random matrices with i.i.d. CN(0,0?) entries. Similarly,

Y, - FH = (2X) N, (I, ® XI) is also a random matrices with i.i.d. CA/(0, 0?) entries.
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The independence between these two matrices follow from that noises are independent
over time and across packets (4.45).

From the Neyman-Fisher theorem [45, pg. 117], to prove sufficiency of (4.15) it suffices
to show that p (W, Wy F, 3}) factors into a product ¢ (Y1, Yy, F,3y) f (W1, W),
where f does not depend on Y1,Ys, F, 3}, and g does not depend on W1, W,. We prove

this using the conditional pdf

p(Wi, Wy, F. 3) = Egp(Wi, WoH; F,3,)] , (4.51)

where the expectation Fy[-] is with respect to H. Since W; and Wy are conditionally
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independent given H, we have

(ng)MLTp (W1, Wy F X))

1 1
= Eg {exp (—; W, —H (I, ®X,)|* - —~ W, —FH (I, ® X2)||2)]

n n

= Fy

2 2
On In

o <Tr (WIH L @ X)) | Tr[(1 @ X YW

T [ X{)HTH (I @ X)) | T [WFH (I © X))
2 2

O-n Un
L Te[(1 @ XE) HTRIW,] T (T @ XE) HTFTFH (I © X)) )]
o - o

1 1
exp (= Wil = 2 Wl
(2 ReTr [HYW, (I; @ XI)]  Tv [H7H (I, ® X, X})]
exp —

= bn 2 2
o2 o2

2
On

L 2ReTr [HHFHW2 (oX{)] T [H'F'FH (I, ® X,X1)] )]

1 o 1 2
exp (=25 Wil = 2 Wl

n n

2ReTr [HHY1 + HHFHYQ} Tr [HHH + HHFHFH]
= Fy |exp = — =
1 5 1 2
exp [ —— [[Wall" = 5 [[Wa[[" ) (4.52)
O—TL O-TL

where ||A|> = Tr[A¥ A] denotes the Frobenius norm. Also, the third equality follows
from the identities 2 Re Tr[A] = Tr[A] + Tr[Af] and Tr[AB] = Tr[BA], and the fourth
equality follows from (4.14) and the definition of ¢%. In (4.52), denote the first factor by
(ro2)MET 4 (Y, Yy, F,3y) and the second by f (W1, W3). Note g depends on Y1, Yy, F
and Xy, (through the expectation) but not on W1, Wy. And f depends on Wy, Wy only,

not Yy, Yy, F, 3. This completes the proof.
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Note Y; and Y, in (4.49) are a sufficient statistic regardless what the correlation
matrix Cy, is. But Cy will play a role in the density function after the expectation
over H. As the last section, our ultimate goal is to find the maximum-likelihood (ML)

estimators for 6,

0 = vec [F Eh} : (4.53)

where F is defined in (4.12) and Xy, in (4.10). Using the multi-packet sufficient statistics

in (4.49), the multi-packet ML estimators for 8 shall satisfy the following optimal criteria,
0y = argmaaxp(Yl,Yg;O) ) (4.54)

However, as we learned from the last chapter, these ML estimators are unlikely in closed-
form in general. Thus, we defer discussion on the ML estimators but first seek another

set of estimators, i.e., the method of moments estimators [45, Ch. 9].

Lemma 6 (Method of Moments Estimators) Let Y, and Y, be the sufficient statis-

tics in (4.49). Suppose F and Xy, are unknown. Consider the sample covariance matriz,

A 1 Y1 Yf[ Y1 Yf

Spp = — € CHMx2M (4.55)
NL vy, yH v, YH
The eigen-decomposition of S can be written as
SmpUs = Ugdiag(pu, ..., pom) (4.56)

where diag(-) denotes a square diagonal matriz with its input as diagonal entries, and

the eigen-values p > 0 are in descending order. Define the unitary eigen-vector matrix
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Us as a 2 by 2 block matriz, i.e.,

Ugsn U
U, 2 H . , (4.57)

Us21 Us22

where Ug;; € CM*M and i, j = 1,2. Then, the method of moments (MM) estimates of F

and Xy are, respectively, conditioned on Ugyy is non-singular,
. B . _ n
FMM = U521U5111 s EhMM = Usll (dlag(/lq, . ,,uM) — O'ZIM) Ufll s (458)

where 0* £ 2No? /| PT and the function (-)T is defined in Theorem 8.

Proof The multi-packet sufficient statistics can be collected as

Y H
v, 2 || = +N, € C2MXNL (4.59)

Y, FH

where the noise is i.i.d., that is vec Ny ~ CN (02p/n1, 0%Ioprnz), as proven in Lemma 5.

It is straightforward to show that

1 S+ 020 S, F
ElSm| = 7E[V.VI] = i Y i . (4.60)
F¥, FXyF + 021y,

Apparently, the second moments of sufficient statistics Y; and Yy are functions of un-

known parameters 6, or F and 3y, (4.19),

E[S.,] = T(8) = > [IM FH] + 0?Ian (4.61)
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where T : C2M* — C2M*2M ({enotes a mapping. Then, from basic principles of MM

estimation [45, Sec. 9.4], we find @7y, by the inverse of aforementioned mapping,
Orns = T (Shy) (4.62)

The formula of MM estimates in (4.58) follows directly from the proof of Theorem 8.

This completes the proof.

The MM estimators are provably consistent, easy to determine, and does not require
knowing Cy,. However, they are generally sub-optimal to the corresponding ML estimators
[45, Ch. 9]. Next we show a special case where the ML estimators and the MM estimators
coincide, and then discuss how to find the ML estimators in general fading conditions if

Cy, is known.

Corollary 3 (ML Estimators for Fast Fading) If the Rayleigh fading channel is tem-
porally i.i.d., that is Cy = I, in (4.48), then the multi-packet MM estimators given in

(4.58) for F and Xy, satisfy (4.54) and hence are the mazimum-likelihood estimators.

Proof Conditioned on Cy, = I, the channel matrix H in (4.48) would satisfy,
vecH ~ CN (OMNL7INL & Eh) . (463)

Note the similarity between the distribution of this multi-packet H and the distribution
the single-packet channel matrix follows in (4.27). The proof follows Theorem 8, except

the number of i.i.d. columns in H is NL rather N.

Next we discuss finding the ML estimator 651, under general fading conditions. We

assume the temporal correlation Cy, is known, and L packets can be decorrelated by its
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eigen-vector matrix Q, i.e.,
Q7"CLQ = D £ diag(dy,...,dL) . (4.64)

Note Cy, is normalized with 1’s on its diagonal, i.e., Tr[Cy]| = Tr[D] = L. Consider the

decorrelated observation, i.e,.

H
VAV (Qaely) = | | +NecN (4.65)
FH,

where vec N = [(Q* ® Iy) ® Inps] vee N, ~ CN (Oopsnr, 02Iapsnr) s ii.d. and,
VeCHd NCN(OMNL,D®IN®Eh) (466)

The understand this, for each 1 < k£ < L, we have N i.i.d. complex Gaussian random
vectors that follow CN (0, dxXy), where dj, are defined in (4.64).

The pdf of V £ [vy,...,vyyz] is

L N
= H det(n3;) "N exp (— Z Vggl)NJriZle(k—l)N-&-i)

i=1
L
H t(r2y,) Y exp (=N Tr[SpX 1) (4.67)

=1

where we define for 1 < k < L,

N
1
I NZ (k=1)N+iV k 1)N+i (4.68)
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and

dk’zh + 0'21M dkthH
¥ = . (4.69)
dkFEh dkFEhFH + 0'2IM

In order to find the ML estimators, we define the log-likelihood function as

L
L) £ Inp(B;V) = In Hdet(ﬂEk)_N-exp (=N Tx[Si 2 ')
k=1
L
= C—-) (IndetX, + NTr[S,%;."]) | (4.70)
k=1

where C' is a constant independent of 6. A necessary condition for joint ML estimators

is that the complex gradient vanishes, i.e.,

OL(8)
00"

~ 0. (4.71)

However, it is unclear if a closed-form solution to this condition exists. Thus, we use
numerical methods to find these ML estimators. In particular, a variation of the complex

Newton-Raphson? iteration can be used to find the true MLE [83, eq. 11],

oL(0
O = 0,~ 97 (0,) 20| (4.72)
00 0—0,
where the complex Hessian of the log-likelihood function is,
0°L(0)
H(B) = : 4.73
(®) 00" 00" (4.73)

2This is called the quasi-Newton method in a tutorial on Wirtinger calculus (or CR calculus) [47].
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The multi-packet FIM follows directly from (4.42),

8Ek 10X
1Z,.,(0)];; = N- zTr[ - 0 - o | ° (4.74)
where 3, is the k-th covariance matrix defined in (4.69). Similarly, the error covariance
matrix C, of any unbiased estimator 0 is lower bounded by the Cramér-Rao bound

(CRB), which is the inverse of Z,,,(8),
R . H
Cp 2 By, yuo [(0 -0)(6-0) } > T,,(0)" (4.75)

where the expectation is with respect to pdfin (4.67) and A > B means A —B is positive
semi-definite.

For any estimator of F, we find an estimator for antenna impedance via (4.12), i.e.,

1

Za = (Zl - ZzRgl/QFMMR}ﬂ) (RQWF Ry — IM>_ , (4.76)

However, due to the reciprocity theorem of electromagnetics [11, pg. 144], Za is sym-
metric and so should any reasonable estimate of it. Here we replace Za by its nearest
symmetric matrix, i.e.,

Za 2 %(Z,ﬁiﬁ) . (4.77)

Based on this new estimate, the receiver matches its load impedance for minimum
noise-figure, which reduces to maximum power transfer under our noise model [25, eq. 10],

7, = Z* . Consequently, we calculate an excess (transmit) power needed for this matching

122



compared to the truly optimal one, i.e., Zy o = Z7,
;) _ -H . /. —1
10logy, ( Tr [(ARa) " 2g] /ETr (z;; + ZA> Ra (z;; + ZA> Sel ). (478)

where Ra £ Re{Zx}.
In the next section, we compare the performance of estimators derived in this chapter
against their corresponding lower bounds, and explore the potential benefits of these

estimators on system-level metrics, such as channel capacity.

4.5 Numerical Results

In this section, we explore the performance of estimators in the previous section through
numerical examples. Consider a narrow-band MIMO communications system with N = 4
transmit antennas and M = 2 receive antennas, whose carrier frequency is 2.1 GHz.
This frequency is chosen based on the first E-UTRA down-link operating band in LTE
specifications [82]. The duration of each data packet equals to a subframe of LTE, i.e.,
T, = 1 ms. Block-fading channel is assumed, such that during one data packet, the
channel information remains the same, but it generally varies from packet to packet [16].

For each data packet, a training sequence precedes data sequence [54, Fig. 1(a)]. We
take the two partitions of the training sequence X = [Xy, X5] in (4.14) from a normalized
discrete Fourier transform (DFT) matrix of dimension K = T'/2 = 32, e.g., [16, eq. 10].
In particular, the first part X; is chosen as the first NV rows, while X5 the next N rows,

and X; X = KIy for i = 1,2. The unknown antenna impedance is that of a uniform
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linear array (ULA) [27], i.e.,

72.8521 + j1.6869  —15.7457 — j27.8393
Za = Q. (4.79)
—15.7457 — j27.8393  72.8521 + 51.6869

The load impedance is Z; = 50I;; Q) for the first K = 32 symbols of each training
sequence, and Zs = (50 + j20)I; + 10 x 1 Q for the remaining 7' — K = 32 symbols,

where 1 is the M by M all one matrix. From (4.12), it follows that

0.9804 — j0.1613 0.0261 — j0.0334
F = . (4.80)
0.0261 — j0.0334 0.9804 — j0.1613

In this section, we explore important properties of the estimators derived in previous
sections. The average post-detection SNR of a received symbol is defined from (4.6)

as [16, Sec. VIII],

» ETr[Hxx"H"]  Po? (4.81)
T ETr[n,nl] o2 '

where o2 is the noise variance at each port of the M-port receiver and 0% is the mean

of diagonal entries of ¥}, in (4.27),

1
oy = 7 Tr[Xh] . (4.82)
As shown is Fig. 4.2, the relative root mean-square error (RMSE) is plotted against
SNR (4.81). The ML estimator in ¥, for a given L = 5 packets, becomes efficient as the
number of transmit antenna increases, i.e., more spatial diversity. We also observe that
the Miller-Chang bound (MCB) is tighter than the CRB and touches the RMSE for all

values of L and SNR plotted in Fig. 4.2. Although the ML estimators are asymptotically
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Figure 4.2: Relative MSE of FML versus SNR in i.i.d. Fading, L = 5.

unbiased and efficient, i.e., it achieves its corresponding CRB, the MCB (if exists) better
predicts the RMSE of Fy, for finite sample size in L. For different N the CRB generally
have different values as indicated by the formulas of Fisher information matrix in (4.42),
but their numerical evaluations seem indistinguishable in Fig. 4.2.

Next, we investigate the performance of estimators derived previously under different
Rayleigh fading conditions, i.e., fast, medium, and slow fading [82]. In particular, Clarke’s

model is assumed [9,21,86] and the normalized channel correlation matrix is,

R[0] R[-1] -+ R[-L+1]
R[1] R[0] -+ R[-L+2]
Ch = | , (4.83)
R[L—-1] R[L-2] --- R[0]
where R[l] = Jo(2mw fiTs|l]), Jo(-) is the zeroth-order Bessel function of the first kind,
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Figure 4.3: Properties of FMM for a 4 by 2 MIMO, L =10

T, = 1 ms is the sampling interval, and [ is the sample difference. The fading frequency
(maximum Doppler frequency) is f; = v/, where v is the velocity of the fasting moving
scatterer and )\ the wave-length of the carrier frequency.

In Fig. 4.3a, we plot the relative RMSE of the method of moments (MM) estimators
Faar (4.58), for a MIMO with N = 4 transmit and M = 2 receiver antennas. The
velocity of the fastest moving scatterer is v = 300,50 and 5 km/h, which represents a
fast, medium, and slow fading scenario, respectively. The MM estimator F o is about 3
dB aways from its CRB under slow fading, and this gaps narrows to less 1 dB for medium
and fast fading. Thus, a faster fading results in improved estimation accuracy, which is
always lower bounded by their corresponding CRB. This is intuitively reasonable as fast
fading means more temporal diversity. Similar to Fig. 4.2, the CRB depends very little
on fading conditions; for the three drastically different cases considered, their evaluated

CRB’s are indistinguishable.
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Figure 4.4: Excess Power of F s for 4 by 2 MIMO.

Plotted in Fig. 4.3b is the relative absolute bias of these MM estimators, i.e.,

E||Fyar —Flli _ Z(E‘Vec <FMM_F)D
]2 > | vecF]| 7

(4.84)

where || - ||; is the entry-wise ¢; norm, and ) (-) represents the summation of all entries
of a vector. Random fluctuation is observed for all data points plotted. This suggests
the true bias, if any, is below these curves. Although this figure does not show Fo is
unbiased, its bias is small and can be ignored practically.

Next we evaluate the excess power defined in (4.78). A faster fading channel results in a
smaller excess power. This means the transmitter may save power for an intended receive
SNR, due to an improved impedance match between antenna and load. For example, the
gain between our fast and slow fading cases is about 3 dB at low SNR. If a 0.5 dB excess

power is considered good match in practice, then this goal is achieved at relatively low
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SNR for all fading conditions. Further, the excess power vanishes to 0 dB at high SNR,
suggesting the receiver is capable of compensating for its impedance mismatch quickly,
e.g., over L = 10 packets or 10 ms. Next we give two examples which demonstrates the
benefits of this impedance estimation algorithm in terms of ergodic capacity.

As derived by Hassibi and Hochwald, a lower bound on (ergodic) capacity exists,

which incorporates the MMSE channel estimation error [37, eq. 21], i.e.,

1
C, = F [Iog2 det (IM + Vet - NEBHng)} , (4.85)

where vec H,, ~ CN(0,1,/n), X is the normalized version of 3y, such that Tr[3;]/M =
1, and with (4.81) the effective SNR is defined as,

Po?, PTo%, 1

Tt = T PTol T N(Pod +02) | 1+ (1+1/4)N/T "

(4.86)

Shin and Lee derived an upper bound for this ergodic capacity in closed-form, putting

the expectation between log,(-) and det(-) by Jensen’s inequality [71, Th. II1.2], i.e.,

¢ < log, (é [(ﬁ)kk!ak (5 - o (IN)D | (4.87)

where M < N is assumed and oy (A) denotes the sum of all the k-rowed principal minor

determinants of a square matrix A [41, pg. 17]. In particular, we have [71, Th. 11.3],

N N!

Consider a 4 by 2 MIMO system again, i.e., N = 4 and M = 2. This ergodic capacity
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Figure 4.5: Ergodic Capacity over SNR for 4 by 2 MIMO.

upper bound boils down to

3
C; < logy |1+ 279 + vaﬁ ~det(Xy) | - (4.89)

Although calculating an upper bound instead of the exact ergodic capacity is less than
ideal, it should qualitatively demonstrate the capacity boost using our proposed antenna
impedance estimation algorithm.

In Fig. 4.5, ergodic capacity upper bound (4.89) are plotted against SNR of an orig-
inally mismatched receiver. The power loss due to mismatch is chosen as 5dB. After
applying our algorithm and matching to the estimate of Za (4.77), a significant gain on
ergodic capacity C (f‘ wma) is observed, compared to the mismatched receiver (the black
solid line). This gain ranges from about 50% at low SNR to 20% at high SNR. The black

dash line represents an upper bound on ergodic capacity, where the receiver is always
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Figure 4.6: FErgodic Capacity over d/\ for 4 by 2 MIMO, SNR = 10dB.

optimally matched and observes the channel without errors. This upper bound, although
unachievable by any practical system, is closed in by C (F var) to around 1 dB or less for
all SNR and fading conditions considered. Also note at low SNR, faster fading leads to
a marginally capacity boost, which vanishes as SNR increases.

Plotted in Fig. 4.6 is the ergodic capacity upper bound in (4.89) versus antenna
element-separation d/A. The SNR for the originally mismatched receiver is fixed at 10
dB, while other settings remain identical as in Fig. 4.5. Similar observations are also made
here, as the C' (f‘ amar)’s hone in the practically unachievable upper bound (the black dash
line) within a fraction of 1 bit/s/Hz. This upper bound seems to depend very little on
antenna spacing, yet the other capacity curves tend to drop for closely spaced arrays.
Compared to the mismatched receiver, our algorithm improves capacity by over 30% for

all data points.
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4.6 Conclusion

In this chapter, we derived the maximum-likelihood (ML) and method of moments (MM)
estimators for MIMO antenna impedance using training sequences in various fading codi-
tions. In particular, under i.i.d. fading, the ML estimator is derived as the ratio of the
top block eigen-vector of the sample covariance matrix. We also derive two fundamen-
tal lower bounds on these estimators, and explore the performance of these estimators
through numerical examples. The ML and MM estimators become efficient (to CRB)
when sufficient spatial and/or temporal diversity exists. A typical rule of thumb is the
number of diversity is four times the number of receive antennas. Additionally, trade-off
between channel correlation and impedance estimation accuracy is investigated. Our nu-
merical results indicate that the MIMO antenna impedance can be accurately estimated
in a matter of milliseconds. This estimate is able to compensate partially at low SNR and
almost all power loss due to mismatch. In the example of ergodic capacity, if the original

mismatch at the receiver is significant, large capacity boost can be observed in general.
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Chapter 5

Likelihood Ratio Tests for Detecting

Antenna Impedance Variations

5.1 Introduction

In previous chapters, we have developed estimation techniques that learn in real-time
the unknown antenna impedance using observations of training sequences in multiple-
input, multiple-output (MIMO) receivers. However, it remains unclear what triggers the
receiver to perform this estimation. In other words, the following question needs to be
answered: How does the receiver know that antenna impedance has changed and impedance
estimation becomes necessary? In this chapter, we address this problem by formulating
it as a hypothesis test. In this test, we decide if the covariance matrices of observations
remain the same or not, over two consecutive blocks of packets. In particular, we apply
well known likelihood ratio tests to tackle this problem.

The rest of this chapter is organized as follows. We present the system model in

Sec. 5.2, and formulate this problem using hypothesis testing and develop a detector
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Figure 5.1: Circuit model of a multiple-antenna receiver

using likelihood ratio test in Sec. 5.3. The performance of this detector is then explored
via numerical examples in Sec. 5.4. We summarize our conclusions and point out future

directions in Sec. 5.5.

5.2 System Model

Consider a narrowband multiple-input multiple-output (MIMO) communications link
with M receive antennas and N transmit antennas. The receiver model is illustrated in
Fig. 5.1. This circuit model is identical to the ones widely used to model a scenario, where

amplifier noise dominates [29,51,79]. More complex models are considered in [26,27].
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In Fig. 5.1, we model the antenna array by its Thevenin equivalent,
Vv = Zai+v,, (5.1)

where v,i € CM are the voltage across, and current into, the antenna array terminals.

In particular, the antenna impedance is a symmetric matrix in CM*M

Za = Ra+)X4a, (52)

and Ra and X are the resistance and reactance, respectively. The incident electromag-
netic field induces open-circuit voltage v, € CM in (5.1). Under flat-fading conditions,

the open-circuit voltage v, is modeled as [27]
v, = Gx, (5.3)

where x € C¥ is the transmitted symbol and G € CM*¥ is the fading path gain. With
sufficiently separated transmit antennas, the columns of G is i.i.d. zero-mean, complex

Gaussian, i.e., g; ~ CN(0,3X;). As shown in Fig. 5.1, noisy voltage observation v, across

load impedance Z; € CM*M is assumed [29,51,79),
v, = RV (Za+Z;) ' Gx+n, , (5.4)

where the observation noise n;, € CM is a zero-mean, circularly-symmetric, complex
Gaussian random vector with variance E[nynj'] = o2 Iy, which is hereafter denoted by
n; ~ CN (0,07 Iy). The subscript s represents the noise for each received symbol.

Suppose the transmitter is a base station, with N uncoupled transmit antennas. The
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transmitter sends a known training sequence of length 7, i.e., xi,...,xp € CV to the
receiver. Also assume block fading, such that the fading path gain G remains fixed during
each packet, of which the training sequence is a part [16]. An effective channel matrix

that communication algorithms need is defined as,
H 2 RY*(Za+2Z;)'GeCMN . (5.5)

The columns of H are also i.i.d. zero-mean, complex Gaussian, i.e., h; ~ CN(0,X},),
where

Sh = RY?(Za+Z) ' 5 (Za+2Z,) "R (5.6)

Consider observations of 7' training symbols at the load. We write (5.4) in matrix

form, after defining X £ [x1,Xy, ..., x| € CN*T,
V, — HX+N, . (5.7)

It is reasonable to assume that the base station (transmitter) has more antennas than
the mobile device (receiver), i.e., N > M. Conditioned on 7' > N, and XX € CV*V is
full-rank, the following statistic is sufficient for estimating H, which has been shown in
Lemma 4 in Chapter 4,

Y = v, X7 (xx)7 . (5.8)

The training sequences for MIMO channel estimation are often equal-energy and orthogo-
nal, i.e., XX*# = (PT/N)Iy. This can be achieved by using a normalized discrete Fourier

transform (DFT) matrix, e.g., [16, eq. 10]. Then, Y becomes,

Y = H+ N, (5.9)
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where n = vec N ~ CN (0,021,,x), P/N is the total transmitted power for each training

symbol, and the noise variance is,

No?
— Pan : (5.10)

5.3 Antenna Impedance Variation Detection

In this section, we utilize well known detection techniques to sense variations of an-
tenna impedance over time. The goal is to detect changes in antenna impedance due to
time-varying user interference in the near-field and then apply our previously developed
antenna impedance estimation algorithms to compensate these changes.

We consider two consecutive blocks of packets, with each block containing L packets.
Thus, 2L consecutive packets are utilized for this detection task. We assume the antenna
impedance Z remains fixed during each block of packets, but abrupt changes may occur
from block to block. This is a tractable approximation of the possibly continuously time-
varying antenna impedance.

In the remainder of this section, we use resources readily available at the receiver,
e.g., training sequences allocated to channel estimation, and formulate this detection
problem using hypothesis testing. Specifically, we apply likelihood ratio tests for equality
of two covariance matrices of training sequences to detect variations in antenna impedance
matrix Za.

Firstly, we consider a scenario where the receiver does not know a priori the signal
covariance matrices. This is the worse-case scenario for this detection task. We later
comment on appropriate techniques to use when one of these two covariance matrices is

known.
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Collect the sufficient statistics (5.9) of received training sequences over the L packets

for both blocks,

lI>

Y, £ {Yl YL:| ., Yy |:YL+1 Y2L:| , (5.11)

where, for 1 <1 < 2L,

Y, = H + N, e CM*VN | (5.12)
The covariance matrix of Y; is defined as, where 1 = 1, 2,

1
2@' = EE [YzY{{} = 2h,i+0-7211M : (513>

Note the signal covariance matrix is a function of the antenna impedance matrix, i.e.,
Shi = RY2(Zai+Z1) ' Sg(Zas) (Zai+Z) "RY? (5.14)

where the subscript ¢ = 1,2 of Z, ; represents the possibly different antenna impedance
matrices in these two blocks. The load impedance Zj, is assumed fixed. The covariance of
fading path gains 3, in general may depend on Z, 4, e.g., under black block radiation [48,
eq. 3.8].

Thus, we formulate the detection of antenna impedance variations by the following

hypothesis testing,

Hy @ X = 3,

Hy + ¥ # 3. (5.15)
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If the null hypothesis Hj is true, then the antenna impedance matrix remains identical
in the two blocks considered, i.e., Za1 = Za . Otherwise, if the alternative hypothesis
H, is true, a change in antenna impedance occurs, i.e., Za 1 7# Za 2, which needs to be
estimated for mismatch compensation.

Bartlett’s modified likelihood ratio test! has been widely used for the hypothesis test
given in (5.15), e.g., [44, Sec. 2.4] [63],

S det (Sl)L det (Sz)L L AMXL (5.16)
det (S, + Sz)" ’

where det(-) is the determinant operator, and the sample covariance matrices are defined
as, fort=1,2,
1

If the test statistic Ay in (5.16) is less than or equal to a predetermined threshold,
say 6, then the null hypothesis Hj is rejected, i.e., the detector thinks a change has
occurred. Conditioned on Hj is true, i.e., there is a change in the covariance matrix, this
change has been correctly detected. But if Hy is true, i.e., no change has occurred, we
encounter an event of false alarm. For fixed M and L — oo and under the null hypothesis
Hy in (5.15), a scaled natural logarithm of the test statistic A, converges to a chi-square
distribution [44, eq. 2.12]. This result could be used to select §(«) based on a desired false
alarm probability a € (0, 1). Furthermore, if ¥; is assumed known, we could use another
test given by Bartlett [13, Sec. I1Ia]. This can be justified by that antenna impedance
has been accurately estimated and the signal covariance matrix is known.

Note the test in (5.16) is derived for i.i.d. observations from complex Gaussian distri-

!Note the discrepancies between the test statistic in (5.16) and [44, eq. 2.11] are due to our assumptions
of complex Gaussian with known zero-mean, yet they consider real Gaussian, whose mean is unknown
and estimated.
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butions, CN(0,3;) for i = 1,2. We would like to learn, under correlated Rayleigh fading,
how its performance deteriorates if temporal correlation is ignored. In the next section,

we investigate these aspects of this test statistic given in (5.16) via numerical examples.

5.4 Numerical Results

In this section, we explore the performance of the test statistics given in the previous
section through numerical examples. Consider a narrow-band MIMO communications
system with N = 4 transmit antennas and M = 2 receive antennas, whose carrier
frequency is 2.1 GHz. This frequency is chosen based on the first E-UTRA down-link
operating band in LTE specifications [82]. The duration of each data packet equals to
a subframe of LTE, i.e., Ty = 1 ms. Block-fading channel is assumed, such that during
one data packet, the channel information remains the same, but it generally varies from
packet to packet [16].

For each data packet, a training sequence precedes data sequence [54, Fig. 1(a)]. We
take the training sequence X in (5.7) from a normalized discrete Fourier transform (DFT)
matrix of dimension 7' = 64, e.g., [16, eq. 10]. Specifically, X is chosen as the first N rows
of this DFT matrix, and XX = %I ~. Before a change occurs, the antenna impedance
is that of a uniform linear array (ULA) with half-wavelength inter-element spacing [27],

ie.,

72.8521 4 j1.6869  —15.7457 — 5j27.8393
Za = Q. (5.18)
—15.7457 — j27.8393  72.8521 + j1.6869

In other words, we assume 3, in (5.13) is that calculated using (5.18) (and its correlation

matrix) with the noise variance o2 defined in (5.10). If a change occurs, the antenna
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Figure 5.2: RoC Curves for 4 by 2 MIMO under i.i.d. Fading.

impedance becomes that of ULA with 0.1 wavelength separation, i.e.,

73.0945 — j2.2728  —67.5019 — j1.6580
ZAcgd = Q. (5.19)

—67.5019 — 51.6580  73.0945 — 52.2728

Its covariance matrix 3y in (5.13) is then calculated accordingly. The load impedance is
fixed at Zy = 50I,, €2, so we do not assume knowing Z .

The average post-detection SNR of a received symbol is defined from (5.4) as [16, Sec.
VIII],

, o ETr Hxx"H"]  Po?

: (5.20)

H - 2
ETr [nynf] o2
where o2 _ is the noise variance at each port of the M-port receiver and 0% is the mean

of diagonal entries of ¥y, in (5.6) calculated with Za (5.18),

1
o = MTr[Eh}. (5.21)
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Receiver operating characteristic (RoC) curves are often plotted for hypothesis test-
ing. These curves show the trade-off between probability of detection, say P,;, and prob-
ability of false alarm, say Pj,, of a given detector. We first explore the impacts of SNR
and number of packets L to the detector in (5.16) in Figs. 5.2a and 5.2b, respectively.
With increased SNR, the detection probability P; improves for a given false alarm rate
Py,. Also, diminishing return is observed as SNR increases beyond 10 dB in Fig. 5.2a. So
with reasonable SNR, this detector is limited in performance by diversity. In Fig. 5.2b, we
address the question how many packets are needed, say at SNR = 10 dB, to approach the
perfect classification at the upper left vertex, where P; = 1 and P, = 0. One observes
the trend is more diversity (larger L) leads to narrower gap between the RoC and the
perfect classification. With L = 50, it seems the detector in (5.16) is in the small vicinity
of the upper left vertex. Next we consider more practical scenarios, where consecutive
packets are generally correlated.

Clarke’s model is assumed for temporal correlation as in previous chapters [9,21,86],

and the normalized channel correlation matrix is,

R[0] R[—1] R[-L +1]
R[1] R[0] -+ R[-L+2
Ch = : (5.22)
RIL—1] R[L—2] -  R[0]
where R[l] = Jo(2m fiTs|l]), Jo(-) is the zeroth-order Bessel function of the first kind,

T, = 1 ms is the sampling interval, and [ is the sample difference. The fading frequency
(maximum Doppler frequency) is f; = v/, where v is the velocity of the fasting moving

scatterer and A\ the wave-length of the carrier frequency.
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Fig. 5.3a demonstrates the impact of fading conditions on this detection task. Faster
fading results in better trade-off between P; and Pj,. In particular, the RoC curve for fast
fading (red line) is similar to that of the i.i.d. fading (also red line) shown in Fig. 5.2b,
in that they reach the upper left corner. For the medium fading, i.e., v = 50 km/h,
reasonable detection versus false alarm trade-off can be achieved, e.g., P; > 0.9 and
P, < 0.1. However, this trade-off is less favorable when the fading is very slow, e.g.,
v =5 km/h. Under this slow fading condition, the RoC curve (green line) is closer to the
chance line, flipping a fair coin, than the other fading conditioned plotted. For example,
if Py, = 0.1 is required, the detection probability is only slightly above 30%. On the
other hand, a high detection rate, e.g., P; = 0.9, entails a high false alarm probability
over 70%. In order to improve this improves, in Fig. 5.3b, we combine more packets than

= 50. We observe that added diversity indeed produces a better detection and false
alarm trade-off, and P; > 0.9 and Py, < 0.1 is achieved with L = 500 packets. With our
system settings given at the beginning of this section, this means, in the worse-case, the
detector in (5.16) results in practically useful detection and false alarm trade-off using
observations within 1 second. If the fading is identical or faster than the medium fading
(v = 50 km/h), then this same trade-off can be obtained using observations within 0.1

seconds.

5.5 Conclusion

In this chapter, we formulated the problem of sensing variations in antenna impedance
over time using hypothesis testing. In particular, we apply well known likelihood ratio
tests for equality of covariance matrices. For example, Bartlett’s modified likelihood ra-

tio test is demonstrated to achieve a practically useful trade-off between probability of

142



o
©

o
©

Probability of Detection
o o o
N w

o
-

°
3

o
o

I
~

[,

W

o

v=300

— =50

v=5
Coin Toss

0

I
0.1

I
0.2

. . . . .
0.3 0.4 0.5 0.6 0.7
Probability of False Alarm

|
0.8

|
0.9

|
1

o
©

o
©

Probability of Detection
o o o
N w

o
[

o
3

o
=2}

o
S

[N
1

o

o

= | =500
— =200
L=50
Coin Toss

0

I
0.1

I
0.2

I I I I I
0.3 0.4 0.5 0.6 0.7
Probability of False Alarm

| |
08 09

|
1

(a) Different Fading, SNR = 10 dB, L =50. (b) Slow Fading, Multiple L, SNR = 10 dB.

Figure 5.3: RoC Curves for 4 by 2 MIMO under Correlated Rayleigh Fading.

detection and probability of false alarm in general. Specifically, if the Rayleigh fading is
not extremely slow, accurate detection with low false alarm rate can be obtained within
a fraction of a second, assuming a set of system parameters consistent to LTE. If the
fading is slow, then combination of more packets is needed for similar detection vs false
alarm trade-off, which leads to a longer delay.

Future directions may include more accurate covariance estimation techniques when
observations are highly correlated. Furthermore, other types of tracking algorithms may
be developed. For example, we could assume a dynamic model for the time-varying
antenna impedance and then apply appropriate filtering techniques, e.g., the extended

Kalman filter.
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Chapter 6

Conclusion

In this dissertation, we consider the problem of antenna impedance estimation at MIMO
receivers. We first develop a hybrid estimation framework for joint estimation of chan-
nel information and antenna impedance at single-input, single-output (SISO) receiver in
Rayleigh fading channels. Based on observation of training sequences via synchronously
switched load at the receiver, we derive the joint maximum a posteriori and maximum-
likelihood (MAP /ML) estimators for channel and impedance over multiple packets. How-
ever, this joint ML estimator is found inconsistent. We modify it to make it consistent,
which improves channel estimation also.

Next, we consider a multiple-input, single-out (MISO) system, where multiple an-
tennas are deployed at the transmitter. Here we decouple impedance estimation from
channel estimation and formulate this problem in a classical estimation setting. Then,
we derive the maximum-likelihood (ML) estimator for the antenna impedance over mul-
tiple packets. We also investigate the benefits on impedance estimation due to the added
spatial diversity at the transmitter.

Further, we generalize this to the multiple-input, multiple-out (MIMO) problem,
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where multiple antennas exist at both the transmitter and receiver. We derive the ML
estimator for the antenna impedance matrix under i.i.d. fading channels. Additionally,
a simple method of moments (MM) estimator is derived under correlated fading condi-
tions. We compare the performance of these estimators to a fundamental lower bound in
Cramér-Rao bound (CRB). More importantly, we find this antenna impedance estima-
tion algorithm is fast and is able to compensate mismatch in milliseconds, via numerical
examples. The ergodic channel capacity is studied, which demonstrates a sizable perfor-
mance boost for a receiver using our impedance estimation algorithm, compared to the

originally mismatched receiver.
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Appendix A

Proof of Theorem 3 in Chapter 2

We now prove (2.39) in Theorem 3 of Chapter 2. Note the conditional mean of X; given
X, is given by [45, Sec. 15.8]

g
E[Xy|X,] = M1+%(X2 — fi2) -
2

It follows that the mean of the ratio can be written as

o[ - (25 - 2 o)

@) w

It only remains to evaluate E [ug/X5]. The pdf of X is given in polar coordinates by

r re® — pei¢|?
f(T’, 9) = —5exp (—%)

O3 03
r r?2 4+ 0% — 2urcos(f — ¢
= —exp (— 5 ( )) ; (A.2)
03 o2
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where 5 = vel?. It follows

Uem
/ / re’ 9

(r,0)drdd

—’l" — U 1 2 2”{ cos(0—¢)
= - €Xp ; e 2
0

2 2 2
@ 20 [T (_) n(%)a
9% Jo P P

2 > 2
= /B eI (—Ux) dr ¥

0'20

e 109 qg| dr

(A.3)

where I;(+) is the first-order modified Bessel function of the first kind and the change of

variable x = r /o9 is applied. Equation (a) follows from

L™ ecost0-6) 4—i(0-5) L[ -
— e? g = — >V e IV )
T Jo T ) .

1 [ 1 [
= —/ ezcoswcosqﬂdvﬁ—j—/
T ) . 7 -

2 s
= —/ ezcowcosd)d@/)
0

™

= 2]1(2) s

eV sin yhd)

(A4)

where the first step follows from periodicity of the integrand and the change of variable

1 = 6 — ¢, the third step by observing that one of the two preceding integrands is even

and the other is odd, and the last step from [3, eq. 9.6.19]. Equation (b) follows by

observing

2 & 2
i 6_“:2]1 (—vx> de =

(o) 0 (o)

EY Ao

2k+2

- 22 k'k:+1
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where the first step follows from the series [3, eq. 9.6.10]

The expression in (2.39) now follows by substituting (A.3) into (A.1) and observing

v = |pal.
We define

pPO1

X £ (X1 — ) — U_(X2 — pi2) - (A.6)

2
It follows that X is complex Gaussian, X ~ CN (0, (1 — |p|*)o?), and independent to X,
due to the fact uncorrelated complex Gaussian RV’s are also independent [45, pg.558].
The first absolute moment of general complex Gaussian ratio, with arbitrary means and

correlation, is derived to be finite,

> & _ B X + py + po1(Xe — pz) /o9
X2 X2
1
< @+E[‘X+M1—p01M2}E[—}
02 02 |X2|

(0P 09 o3 203

|plo i V(L= [p]P)on exp (—;—2) Iy ( e ) < oo, (A7)

where the last inequality follows from the finiteness of Iy(-), and the formula of E[1/]|X5]]

for arbitrary complex Gaussian RV, Xy ~ CN (vei?, 02), is from [80, eq. 37]. Similarly,
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we can prove the second moment is unbounded,

E ﬁj _ gl Xﬂ”‘%j
Xo 02 X
poy |’ ‘ P12 2] { 1 }
S L N R D E|—y
02 02 |X2|
> A=) E| ] s Wil 21 (A

where the unboundedness of E [1/ ]Xgﬂ is applied [80, eq. 40]. Finally, with Lyapunov
inequality, we have for k > 2,

QENN¢

This completes the proof. o

Xy
X
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Appendix B

Details on Chapter 3

B.1 Another ML Estimator for F

Consider another classical estimation framework, where no information on channel dis-
tribution is available. Thus, both the channel h and F' are modeled as deterministic
unknowns.

We define the unknown parameters as

¢ £ , (B.1)

where both h and F' are viewed as deterministic. The log-likelihood function of V (3.84)

18

L(¢) £ oolnp(Vi;h, F) = —(y1 —h)"(y1 —h) — (yo— Fh)"(yo — Fh) . (B.2)
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In order to find the ML estimator for {, it is necessary that the gradient vanishes,

oc h"(y; — Fh)

Solving the first equation for h and plugging into the second, we obtain a complex
quadratic equation of F', i.e., (y{{ + Fyf) (y2 — Fy1) = 0, which, using (3.87), simplifies
into

812F2 + (Sll - SQQ)F - 521 = O . (B4)

This is the same complex quadratic equation and leads to the same consistent estimator

in (3.29).
B.2 Derivation of Complex Gradient and Complex
Hessian

Given that the k-th correlation matrix is

N + 02 e
c.0) = | ’ B
)\kF /\k‘FP—i‘O}QL
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we derive the following identities related to the complex gradient of C, w.r.t. 6.

e
« Tk = Mk 0 1] = A€ |0 1+ [F2| ,
oF 0 F F
— aCk _ _ 8Ck )\k
CklaF* _ (Ul 1ele{{—|—u21e2e§) OF- = Zel {0 /1+|F|2} ,
071501@071 _ ﬁe 0 JIT]FP (ur'erel + 17 esell)
ko gF* k [0 1 1 ©1©1 2 €269
= —5€ee + ee, = —— —F\ 24\ ,(BS
W o2 13 F e ont ) o (B)
and
oC 0 0 0
S5 = M Y [1 F} , (B.6)
1 F* 1
and, assuming \; = dyo7,
0C I F"
ooz = = d(1+|FP)eref’
h PP
_,0Cy _ _ 0Cy, di(1 + F|?
klaf‘}% = (#1 1e1e{{—|—u21e2e§) 80,21 - ( ,Ul‘ Hele{{a
,0C, di(1+ |F]?)
Cklﬁckl = “—%elef . (B?)
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Appendix C

Details on Chapter 4

C.1 Details on Miller-Chang Bound

We start from the vectorized sufficient statistics given in (3.41),

vec'Y h
2 (Y1 - +n, (C.1)

Y2 vec Yo vec FH

A%

where h 2 vecH ~ CN (0yn, Iy ® 3Bp) (2.11) is the vectorized channel information,
and n is a zero-mean, complex Gaussian random vectors independent to h, i.e., n ~
CN (0,02T5n).

Define a log-likelihood function (LLF) of the conditional PDF,

L(E) = Inp(vlhf)

1 1
= —5 - h)" (y1 —h) - —5 (y2 —vec FH)" (y; — vecFH) , (C2)
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A
where f = vec F and the unknown parameters are

¢ (©3)
f
Note two identifies exist for vectorizing FH, i.e.,
veecFH= (Iy@F)h= (H @ Iy)f. (C.4)

In order to calculate the Miller-Chang bound (MCB), we need the Hessian of £(§). But

first, the complex gradient w.r.t. £ is calculated as,

85}(19 = % (y1 —h)+ % (IN ® FH) (y2 — vecFH) |
&gf(f) = % (H* ®1y) (y2 — vecFH) . (C.5)

Then the complex Hessian of £(£) is

92L(hf)  92L(hf
PLE) o |Fwt Fewr| 1 |[ve (FF+1y) HToF" o)
oe*oeT | octms) ocmp| 0 o2 . . '
e 8f*(ahT) af*E‘)fT) H ®F HH” @1,
The Miller-Chang bound is defined as [56, Sec. III, eq. 30],
9L !
M) = -6 |{ o]
0€ 0
o, (In-P)®A'+P®Iy -HT (H'H")  @F
= Tnth (C.7)

_ (H*I_IT)*1 H® FH (H*HT)il ® A2
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where the expectation is over h (2.11), the second equality uses the matrix inverse lemma
70, pg. 275, eq. A1.42], P = HT (H*HT)_1 H* is a complex projection matrix [45, pg.
231], and we have previously defined A; = Iy, + FIF and A, = I, + FF in (4.31).

The lower bound pertaining estimating f is the trace of the lower right block matrix, i.e.,
M(F) = o®Tr (E [(H*HT)‘1 ® AQD — 2Ty (E [(H*HT)_l]) Ti[As],  (C.8)

where we have used Tr[C ® D] = Tr[C]| Tr[D] [19, Tab. II].

C.2 Another Classical ML Estimator

Lemma 7 The system by setting the gradients in (C.5) to zero leads to an ML estimator

for F, which satisfies the following necessary condtion, i.e.,
Y. Y2 —FY, YY + Y, YIF —FY, YEF = Oy (C.9)

Proof We set the gradients (C.5) of the log-likelihood function £(&) to zero. The first

equation of (C.5) results in a matrix equation,
H = ATYY, +FPY,) (C.10)

where A; = I, + FAF (4.31) has been defined previously. Next letting the second

equation equal zero, we have

(Yo —FH)H” = 0p,n . (C.11)
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The proof completes after plugging the first matrix equation into the second and some

straightforward simplification.

Among all the roots of this matrix equation (C.9), the one, along with its correspond-
ing H estimates, that maximizes the log-likelihood function given in (C.2) is the ML
estimator for F.

If we assign the sample covariance defined in (4.21) symbolic submatrices as

Si1 S
g 11 D12 ’ (C.12)

So1 Soo
where S;; € CM*M | then the above matrix equation becomes,
Sgl - FSH + 822F - Fsle = 0M><M . (C].S)

It can be shown this is the same necessary condition that Fyz, in (4.40) satisfies, i.e., it is
a function of a eigen-vector matrix that block diagonalizes S. It remains unclear, though
we conjecture it is true, if solutions of the above equation lead to a unique estimator as
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