
ABSTRACT

WU, SHAOHAN. Joint Antenna Impedance and Channel Estimation in Multiple-input,
Multiple-output Receivers. (Under the direction of Dr. Brian L. Hughes.)

Over the past two decades, several authors have demonstrated that impedance match-

ing between the receive antenna and front-end can significantly impact channel capacity

in wireless, multipath channels. In order to implement capacity-optimal matching, the

receiver must know the antenna impedance. However, this impedance can often vary

significantly with time in an unpredictable way in response to near-field loading of the

antenna. To address this problem, we propose an approach to joint antenna impedance

and channel estimation suitable for fading, wireless channels. The goal of this work is

to use the extensive resources available in most wireless systems for channel estimation

to estimate the antenna impedance as well as the channel. In this approach, we assume

the receiver switches its load impedance in a predetermined way during reception of a

known training sequence. Based on the observations of this training sequence at the re-

ceiver, we derive joint estimators for both the antenna impedance and channel, as well as

Cramer-Rao lower bounds (CRB) on the error performance of any unbiased estimator.

First, we consider two different estimation approaches for single-antenna channels.

The first is based on a hybrid Bayesian and classical estimation framework that leads

to a joint maximum a posteriori and maximum-likelihood estimate of the channel and

impedance, respectively. The estimators are simple and perform well at high signal-to-

noise ratios; however, numerical results suggest that the hybrid estimators are generally

inconsistent, and perform poorly at low signal-to-noise ratios. Our second approach fo-

cuses on classical estimation of the impedance, followed by minimum-mean-squared error

estimation of the channel conditioned on knowledge of the antenna impedance. The latter



approach leads to a simple, efficient estimator based on a principal-components analysis

(PCA) of the received data covariance matrix.

We then consider multiple-input, multiple-output (MIMO) wireless channels, with

multiple antennas at the transmitter and/or receiver, as well as spatially and temporally

correlated fading. We extend the PCA-based estimators to MIMO channels, and we

also explore alternative iterative estimators based on the Newton-Raphson method, as

well as simpler estimators based on the method of moments (MM). We investigate the

performance of these estimators through a series of experiments, under conditions similar

to those of long-term evolution (LTE) cellular channels. Our results suggest that the

performance of our estimator is highly sensitive to the available diversity in the channel.

In the presence of rich diversity, however, both estimators perform close to the CRB

under a broad range of conditions of practical interest. Through numerical examples,

we further show that these estimators can be used together with adaptive matching at

the receiver to significant enhance the signal-to-noise ratio and capacity of MIMO fading

channels.
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Chapter 1

Introduction

Over the past two decades, several authors have demonstrated that antenna impedance

matching at the receiver can significantly impact capacity and diversity in wireless com-

munication channels [26–29, 51, 79]. For multiple-input, multiple-output (MIMO) chan-

nels, multi-port matching techniques that optimize capacity for different front-end con-

figurations have been investigated in [26–29, 51, 79]. These works show that capacity is

sensitive to receiver impedance matching, and optimal matching can dramatically in-

crease the capacity of MIMO channels relative to conventional single-port matching.

To implement the capacity-optimal matching in [26–29,51,79], the receiver must know

the antenna input impedance ZA. In practice, this is complicated by the fact that ZA

varies with loading conditions in the antenna near-field. For example, the position of a

hand on a cellular handset can significantly affect the input-impedance of handset anten-

nas [7,57,74]. For this reason, several authors have proposed the use of adaptive matching

networks that estimate and adapt to variations in antenna impedance. In [57, 74], the

authors propose adaptive matching techniques based on empirical capacity estimates at

the receiver. Capacity is optimized by periodically adjusting the receiver impedance, and
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calculating the impact on empirical capacity estimates. Capacity is then optimized by

searching for the receiver impedance that maximizes the observed capacity. This approach

has several advantages: it is general, requires only information that is easily available at

the receiver, and numerical results suggest it converges to the optimal capacity in a mat-

ter of seconds. On the other hand, because this approach requires a search of the receiver

impedance space, it is also computationally-intensive, and convergence is slow compared

to other common communication tasks, such as channel estimation, which often converges

in milliseconds.

In this dissertation, we explore a new, more direct, approach to capacity-optimal

adaptive matching, based on direct estimation of the receiver antenna impedance ZA.

This approach seeks to first estimate ZA at the receiver, and then use the analytical

results of [26–29, 51, 79] to calculate the capacity-optimal matching for this estimate. In

contrast to the empirical capacity metric considered in [57, 74], ZA does not depend on

the transmitted data, and thus should be easier to estimate. More importantly, since this

approach calculates the optimal matching network, rather than searching over all possible

networks, it should use far less data and computation than in [57, 74], and so has the

potential to optimize capacity more quickly.

Most current wireless receivers have no mechanism to estimate antenna impedance.

However, they do have extensive resources for channel estimation, in the form of train-

ing sequences and pilot symbols. These resources are often underutilized, in the sense

that they are designed for worst-case conditions which rarely occur (e.g., high-speed

trains in dense urban multi-path). In this work, we consider diverting some of these

resources to estimate the receiver antenna impedance in addition to the channel path

gains. We consider an estimation approach in which the receiver perturbs its impedance

during reception of a known training sequence. Using these observations, the receiver
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then performs joint channel and antenna impedance estimation based on the received

data. Finally, the impedance estimates are used by the receiver to adaptively adjust the

antenna matching network in order to maximize the resulting ergodic capacity, using the

results of [26–29,51,79].

The problem of measuring impedance has been extensively investigated in the circuits

literature; see [7,8,15,33,34,65,72,85] and the references therein. Most of these works fo-

cus on measuring the impedance of the transmit antenna using special circuits that sense

reflected power due to mismatch [15, 34, 65]. Among these papers, the most relevant to

our work are [7, 8, 36], which consider dynamic measurement of the antenna impedance

in handsets. In these works, ZA is measured by first perturbing the receiver impedance,

and then calculating the resulting impact on average received power. In this work, we

also perturb the receiver’s load impedance. However, rather than using special circuits,

we estimate ZA by applying estimation theory to observations based on known training

sequences. This approach has several important advantages: (1) it uses resources which

are already present in most wireless systems; (2) no additional measurement circuits are

needed, except the ability to perturb the receiver’s load; and (3) estimation theory pro-

vides tools to evaluate how performance depends on the training sequences and receiver

perturbations, which may enable optimization over these parameters.

The rest of this introduction is organized as follows. In Sec. 1.1, we briefly review the

relevant prior literature on adaptive matching and impedance estimation. In Sec. 1.2, we

provide an overview of some important wireless performance metrics, such as channel

capacity, and discuss how these metrics are affected by antenna impedance mismatch

and channel estimation errors. This overview motivates the performance metrics used in

later chapters of this dissertation.
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1.1 Relevant Prior Research

Prior research on adaptive matching can be grouped into three broad categories: (1)

circuit architectures and algorithms for adaptive matching; (2) adaptive matching at the

transmitter, and (3) adaptive matching and/or antenna impedance estimation at the

receiver. We now give a brief overview of the literature in each area.

1.1.1 Circuits Architectures and Algorithms for Adaptive Match-

ing

In the circuits literature, several tunable matching network architectures have been pro-

posed in order to realize adaptive or reconfigurable receivers. While this dissertation does

not consider hardware design of matching networks, these works could provide a way to

physically implement the adaptive matching component of this work. Most of the pro-

posed architectures are based on a cascade of L-networks or π-networks [15,33,34,65,85],

which usually consist of off-chip high-Q fixed inductors and tunable capacitors.

For certain tunable matching networks, several authors have also studied tuning algo-

rithms to adjust the tunable network components to minimize the signal reflected by the

matching network, as measured by the voltage standing wave ratio. Several authors have

considered approaches based on the genetic algorithm and simulated annealing; for a dis-

cussion of these and related methods see [34]. In particular, Gu et al [34] have proposed

an analytical algorithm that can adaptively adjust a tunable π-network to minimize the

signal reflection for any given transmit antenna impedance.
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1.1.2 Adaptive Matching at the Transmitter

In the circuits literature, several authors have also considered the application of adaptive

matching at the transmitter [33, 34, 72]. In these works, the transmit antenna serves as

the load for a power amplifier. These systems typically incorporate some kind of special

circuit capable of detecting load mismatch, combined with a closed-loop control system

that seeks to adjust a tunable matching network to maximize the radiated power. For

further information, see [33,34,72] and references therein. Several types of special circuits

have been considered to detect mismatch, such as directional couplers [15] and received

power meters [34, 65].

As in this dissertation, the authors above seek to adaptively adjust the antenna match-

ing network in order to optimize system performance. However, the problems considered

in [33, 34, 72] differ in two important ways from our work: First, all of the studies above

focus on adaptive matching at the transmitter, where the transmitted signal is known and

noise may be assumed to be negligible, whereas we consider the corresponding problem at

the receiver, where the received signal is a priori unknown and corrupted by observation

noise. Second, the studies above all employ special circuits to directly measure antenna

mismatch, whereas we explore the possibility of estimating mismatch indirectly using

observations of known training sequences at the receiver.

1.1.3 Adaptive Matching or Impedance Estimation at the Re-

ceiver

By contrast, relatively few papers have considered receivers equipped with tunable match-

ing networks [7, 36, 57, 74, 75]. As noted earlier, in [57, 74], the authors propose adaptive

matching techniques based on empirical capacity estimates at the receiver. The match-
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ing network seeks to optimize capacity by periodically adjusting the receiver impedance,

and calculating the impact on an estimate of empirical capacity. Since the algorithms

used in these papers involve either a random search or exhaustive sweep of the receiver

impedance space, they tend to be computationally intensive and slow to converge to the

optimal capacity, relative to other communication tasks.

More recently, two other studies have considered direct estimation of the receiver an-

tenna impedance. In [7], Ali et al propose an approach to measure the antenna impedance

that compares the received signal power at different frequencies and different loads. Per-

haps most similar to this dissertation is the work of Hassan and Wittneben [36], who

have considered joint channel and impedance estimation for MIMO receivers [36]. In this

work, the authors vary the receiver load impedance and rely on known training sequences

to jointly estimate the channel and the antenna impedance.

Similar to this dissertation, [7] and [36] both share the goal of estimating the an-

tenna impedance directly, and both involve changing the receiver load to do so. However,

these works differ significantly from this dissertation in modeling, technical approach

and performance metrics. Ali et al assume a deterministic receiver circuit model that

directly observes power, whereas we assume a noisy receiver which observes only the

demodulated and sampled output of the receiver front-end. Their approach involves solv-

ing deterministic nonlinear equations via simulations and measurements, whereas our

approach is grounded in estimation theory. The results of [36] also differ from ours in

several important ways: First, the authors use a different model of noise in the receiver

front end, which includes both antenna and load resistor noise, whereas we consider

a scenario in which amplifier noise dominates. Second, [36] considers only uncorrelated,

fast-fading conditions, whereas we consider the more general and realistic case of spatially

and temporally-correlated fading. Third, [36] considers estimation of the channel fading
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path gains and antenna impedance, whereas we consider a different parameterization of

the channel, that estimates quantities that are more relevant to those needed by the

communication algorithms, and which leads to better behaved estimators. Fourth, [36]

considers least-squares estimation, whereas we consider maximum-likelihood estimation

as well as fundamental lower bounds on performance, such as the Cramér-Rao bound

(CRB). Finally, through numerical examples, we also investigate the impact the channel

and impedance estimation error on the ergodic capacity and on the receiver signal-to-

noise ratio when used in conjunction with adaptive matching.

1.2 Technical Background

In this dissertation, we study joint antenna impedance and channel estimation techniques

for MIMO receivers and their impact on the channel capacity. In this section, we briefly

review some important technical background that will be needed to correctly model the

relationship between the channel capacity, impedance matching and channel estimation

error in the chapters that follow.

1.2.1 Channel Capacity

Consider a point-to-point MIMO system in which a transmitter with N antennas sends

data to a receiver with M antennas. In a narrowband channel, the signal observed at the

receiver can usually be modeled as

y = Hx + n , (1.1)
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where x ∈ CN is a vector of transmitted symbols, n ∈ CM represents observation noise,

and H ∈ CM×N is a matrix of channel fading path gains. When rich multipath is present

and the transmit antennas are sufficiently separated, the columns of H, denoted by hi, are

often modeled as independent, zero-mean, circularly-symmetric Gaussian random vectors

with a known covariance Σh = E[hih
H
i ]. In the sequel, we denote this distribution by

hi ∼ CN (0M ,Σh). Similarly, the observation noise n is also modeled as a zero-mean

white Gaussian random vector, n ∼ CN (0M , σ
2
nIM).

For the MIMO receiver model (1.1), one of the most important metrics of wireless

system performance is the (ergodic) channel capacity - the largest rate at which infor-

mation can be reliably transmitted over this channel subject to a fundamental bound

on the transmit power, E[xHx] ≤ P . According to information theory, the capacity can

be calculated by maximizing the mutual information of the channel over all probability

distributions of x that satisfy the transmit power constraint. To define the capacity of

(1.1), it is convenient to first consider the special case where H is a known, deterministic

matrix. In this case, the mutual information can be written as [73]

I(x; y) = h(y)− h(y|x) = h(y)− h(n) , (1.2)

where h(y) is the differential entropy of the observation y [73, Sec. II], and the second

equality follows from the assumption that n is independent of x. Thus, maximizing I(x; y)

is equivalent to maximizing the differential entropy h(y).

By Lemma 2 of Telatar [73], the maximum value of h(y) is always attained by a

zero-mean Gaussian input distribution, say x ∼ CN (0N ,Q), where Q = E[xxH ] and the

transmit power constraint implies Tr[Q] ≤ P . This implies that y is also a zero-mean

Gaussian vector with covariance E[yyH ] = HQHH + IM , and hence the differential
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entropy is

h(y) = log2 det
(
πeE[yyH ]

)
= log2 det

(
HQHH + σ2

nIM
)

+M · log2(πe) . (1.3)

It is straightforward to show that h(n) = M log2(πeσ2
n), and hence the channel capacity

can be expressed as

C = max
Q:Tr[Q]≤P

log2 det

(
IM +

1

σ2
n

HQHH

)
. (1.4)

When H is known to the transmitter, the optimal covariance Q consists of a matrix that

allocates power among the singular vectors of HHH according to a water-filling power

distribution [73, Sec. III-B].

In fast-fading scenarios, it is often more appropriate to model H as a random matrix,

that is known at the receiver but not at the transmitter [73, Sec. IV]. This is referred to

as channel side information at the receiver (CSIR). If H is random matrix, the capacity

of the MIMO channel becomes [27]

C = max
Q:Tr[Q]≤P

E

[
log2 det

(
IM +

1

σ2
n

HQHH

)]
, (1.5)

where E[·] denotes the expectation with respect to the probability distribution of H.

When the elements of H are independent and identically distributed (i.i.d.), it was shown

in [73, Th. 1] that the optimal covariance is given by

Q =
P

N
IN , (1.6)

where the total power P is equally distributed among the N transmit antennas. In [27],
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this result was extended to any H with i.i.d. columns, as considered here. In this case,

the capacity reduces to [73, Th. 1]

C = E

[
log2 det

(
IM +

P

Nσ2
n

HHH

)]
. (1.7)

Note the capacity depends on the number of transmit and receive antennas, the transmit

power constraint P , the observation noise variance σ2
n, and also implicitly on the column

covariance, Σh. This last dependence can be expressed more explicitly by observing, as

in [27], that Hw , Σ
−1/2
h H is a random matrix with i.i.d. CN (0, 1) elements. It follows

that the ergodic capacity can be expressed in the alternate form [27, eq. 15]

C = E

[
log2 det

(
IM +

P

Nσ2
n

ΣhHwHH
w

)]
, (1.8)

from which it is clear that capacity depends only on N,M and the matrix P
Nσ2

n
Σh.

In general, Σh will depend on both the fading characteristics of the channel and the

impedance matching between the receiver antenna and load. This dependence is explored

in greater detail in the next section.

1.2.2 Impedance Matching

We now briefly review the dependence of the column covariance Σh on the fading charac-

teristics of the channel and impedance matching between the antenna and receiver front

end.

First consider a receiver with a single antenna. The front-end of this receiver can

be modeled as a load impedance ZL connected to the receive antenna, as illustrated in

Fig. 1.1. Here the antenna is represented by a Thevenin-equivalent impedance ZA and
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Antenna Load

ov
AZ v LZ

a

b

i

Figure 1.1: Circuit model of a single-antenna receiver

open-circuit voltage vo [64, pg. 186]. From elementary circuit theory, the power delivered

to the load in this system is [64, eq. 4.65],

PL =
1

2
Re{v∗i} =

|vo|2RL

2|ZL + ZA|2
, (1.9)

where RL = Re{ZL}, and v and i are voltage across, and current into, the load ZL, which

are given by

v =
voZL

ZL + ZA
, i =

vo
ZL + ZA

. (1.10)

In microwave network analysis, it is often more convenient to express circuit relation-

ships in terms of generalized scattering parameters [64, eq. 4.60], defined by

a ,
v + iZR

2
√
RR

, b =
v − iZ∗R
2
√
RR

, (1.11)

where a and b are the incident and reflected power waves, respectively. Here ZR = RR +

jXR is a complex reference impedance, which can be chosen to suit the problem at hand.

We can calculate the power delivered to the load directly from the power waves (1.11)

11



via the formula

PL ,
1

2

(
|a|2 − |b|2

)
=

1

8RR

(
|v + iZR|2 − |v − iZ∗R|

2)
=

1

8RR

(v∗iZR + vi∗Z∗R + v∗iZ∗R + vi∗ZR)

=
1

2
Re{v∗i} . (1.12)

When there is no transmission line, the reference impedance is often chosen as the conju-

gate of load impedance [66], ZR = Z∗L. This leads to simplified expressions for the power

waves [64, eq. 4.66],

a = vo

√
RL

ZL + ZA
, b = 0 , (1.13)

where the reflected power wave is always zero. As observed in [64, pg. 187], b = 0 does not

necessarily mean the load is matched to the generator; in fact, the power delivered to the

load is maximized only when the antenna and load are conjugately matched, ZL = Z∗A.

Nevertheless, power waves provide a convenient way to express power in terms of the

squared-magnitudes of the incident and reflected waves.

Next, we consider a system with M antennas at the receiver. In this case, the antenna

and load are described by M ×M complex impedances matrices, ZA and ZL, and the

open circuit voltage is a complex M -vector vo. We assume that the open-circuit voltage

can be modeled as

vo = Gx , (1.14)

where x is the vector of transmitted symbols and G ∈ CM×N is a complex matrix of fading

path gains that depends only on the fading characteristics of the channel. It follows that
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the voltage observed across the load can be modeled as [29,51,79],

y = R
1/2
L (ZA + ZL)−1 Gx + n , (1.15)

where n ∼ CN (0M , σ
2
nIM) represents amplifier noise. It is easy to see that this observation

model is consistent with the channel model (1.1) introduced in the last section, provided

we define

H = R
1/2
L (ZA + ZL)−1 G , (1.16)

If the columns of G are independent Gaussian random vectors, say gi ∼ CN (0,Σg), then

the columns of H will also be i.i.d. zero-mean vectors with covariance

Σh = R
1/2
L (ZA + ZL)−1 Σg (ZA + ZL)−H R

1/2
L . (1.17)

Note the original observation model is inferred from Ivrlač and Nossek [43, eq. 16],

v′L = ZL (ZA + ZL)−1 Gx + ZLR
−1/2
L n , (1.18)

where the ZLR
−1/2
L before n is the matrix generalization of [82, eq. 4], such that the

variance of entries therein represents power. Pre-whitening the noise of this signal results

in (1.15).

This signal model (1.15) properly connects the total received signal power, i.e., mean
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of Frobenius norm of the signal [37, eq. 10], to that of circuit theory [43, eq. 22],

Pr , E
[
||Hx||2F

]
= E Tr

[
xHGH (ZA + ZL)−H R

1/2
L R

1/2
L (ZA + ZL)−1 Gx

]
= Tr

(
(ZA + ZL)−H RL (ZA + ZL)−1E

[
GE[xxH ]GH

])
= P Tr

[
(ZA + ZL)−H RL (ZA + ZL)−1 Σg

]
= P Tr [Σh] , (1.19)

where an identity of Frobenius norm is applied in the second step [41, eq. 5.6.0.2],

||A||2F = Tr(AHA) , (1.20)

the second to last equality uses (1.6).

It has been shown that, for a given open-circuit voltage vo, multi-port conjugate

matching is the optimal matching condition in terms of maximum power transfer [25,

eq. 10] [64],

ZL,opt = Z∗A . (1.21)

However, if optimizing ergodic capacity (1.8) is the goal, then the optimal matching

condition may differ from (1.21), as ergodic capacity depends on the structure of the

signal correlation matrix Σh (1.17), not only its trace. The optimal load impedance

ZL,opt then should depend on both ZA and Σg.

When the incident signal arrives isotropically, the signal correlation is proportional

to the antenna radiation resistance, which we approximate as its resistance [48, eq. 3.8],

i.e., Σg ∝ RA. With this assumption, the channel correlation matrix under conjugate

matching (1.21) leads to an optimal signal correlation Σh,opt that is proportional to IM .

This optimal matching in (1.21) maximizes received power, decouples the signal, and
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simultaneously maximizes ergodic capacity.

Thus far, we have assumed perfect knowledge of H at the receiver. However, practical

wireless communication systems estimate the fading channel with errors, despite exten-

sive resources allocated to channel estimation. These channel estimation errors decrease

ergodic capacity [37]. Thus, in the next section, we overview two important channel

estimators and their mean-square errors.

1.2.3 Channel Estimation

Training-based MIMO channel estimation has been well studied [16]. Here we briefly

review the linear least-squares (LS) and the linear minimum mean-square error (MMSE)

estimators. Consider a frequency-flat block-fading MIMO system with N transmit and M

receive antennas. From (1.1), we consider T ≥ N training symbols under i.i.d. complex

Gaussian noise,

Y = HX + N , (1.22)

where X = [x1, . . . ,xT ] ∈ CN×T is subject to the same power constraint as in (1.1),

i.e., Tr(xix
H
i ) ≤ P , and vec N ∼ CN (0, σ2

nIMT ). The task of training-based channel

estimation is to recover the channel information matrix H from observations in Y, using

knowledge of the training sequence X.

The LS estimator for H is [16, eq. 4]

ĤLS = YXH
(
XXH

)−1
. (1.23)
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The average mean-square error (MSE) of ĤLS can be calculated as [16, eq. 7],

JLS ,
1

MN
E
[
||H− ĤLS||2F

]
=

1

MN
Tr
[(

XXH
)−1

XE
[
NHN

]
XH

(
XXH

)−1
]

=
σ2
n

N
Tr
[(

XXH
)−1
]
, (1.24)

where E[NHN] = Mσ2
nIT . It has been shown that under power constraint Tr(XXH) ≤

T ·P , the MSE is minimized when orthogonal training sequences are used [16, eq. 8], i.e.,

XXH =
P · T
N

IN . (1.25)

Among all possible orthogonal training sequences, a normalized submatrix of the discrete

Fourier transform (DFT) matrix has entries with identical magnitude [16, eq. 10], e.g.,

X =

√
P

N



1 1 · · · 1

1 WT · · · W T−1
T

...
...

...
...

1 WN−1
T · · · W

(N−1)(T−1)
T


, (1.26)

where WT = ej2π/T . In other words, the i-th row j-th column entry of X is Xij =

W
(i−1)(j−1)
T for 1 ≤ i ≤ N and 1 ≤ j ≤ T . The minimized MSE is

JLS,min =
σ2
n

N

N

P · T
Tr [IN ] =

N

T

σ2
n

P
. (1.27)

This can be interpreted as the average MSE (for each entry of H) is inversely proportional

to SNR. Note the absolute (i.e., not relative) MSE in JLS,min does not depend on the
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receiver characteristics. Also, intuitively, it is scaled by the ratio of N/T , i.e., for fixed

N more training symbols reduces MSE linearly. The optimal MSE for LS estimator in

JLS,min is often not the lowest. The linear MMSE estimator exhibits lower MSE than the

LS, at the cost of losing local unbiasedness, which is a common approach in statistics,

e.g., see [46] and references therein.

The linear MMSE can be defined as [16, eq. 22],

ĤMMSE = YAo , (1.28)

where Y is the observation (1.22) and Ao is chosen such that the MSE is minimized,

Ao = arg min
A∈CT×N

E
[
||H−YA||2F

]
. (1.29)

We explicitly write out the expectation of the MSE as a function of A, using (1.20),

J(A) , E
[
||H−YA||2F

]
= E Tr

[(
HH −AHYH

)
(H−YA)

]
= Tr

[
RH −RHXA−AHXHRH + AH

(
XHRHX +Mσ2

nIT
)

A
]
, (1.30)

where the channel correlation matrix is defined as

RH = E
[
HHH

]
=

(
M∑
i=1

σ2
H,i

)
IN , M · σ2

HIN . (1.31)

Note the second equality follows from the independence of columns of H, but the diagonal

entries of Σh might not be identical; see (1.17). To find Ao, set the gradients to zero [30,
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Tab. V],

∂J(A)

∂A
= − (RHX)T +

(
XHRHX +Mσ2

nIT
)T

A∗ = 0N×T , (1.32)

which leads to [16, eq. 25]

Ao =
(
XHRHX +Mσ2

nIT
)−1

XHRH . (1.33)

Then the average MSE of this MMSE estimator is

JMMSE ,
1

MN
J(Ao)

=
1

MN
Tr
[
RH −RHX

(
XHRHX +Mσ2

nIT
)−1

XHRH

]
=

1

MN
Tr

[(
R−1

H +
1

Mσ2
n

XXH

)−1
]

=
Nσ2

n · σ2
H

Nσ2
n + PTσ2

H

, (1.34)

where the third step follows from Woodbury matrix identity, and with (1.25) and (1.31),

we find the MMSE estimator has zero-mean and i.i.d. estimation errors [16, eq. 27],

(
R−1

H +
1

Mσ2
n

XXH

)−1

=

(
1

Mσ2
H

IN +
1

M

PT

Nσ2
n

IN

)−1

=
σ2
n ·MNσ2

H

Nσ2
n + PTσ2

H

IN . (1.35)

This error definitely depends on the receiver characteristics. It is straightforward to show

the MMSE estimator has reduced MSE compared to the LS, i.e,

JLS,min
JMMSE

= 1 +
N

T

σ2
n

Pσ2
H

> 1 . (1.36)

Furthermore, it has been implied that the MMSE estimate ĤMMSE in (1.28) follows
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a zero-mean, circularly-symmetric, complex Gaussian distribution [37, eq. 20],

vec ĤMMSE ∼ CN

(
0MN ,

σ2
Ĥ

σ2
H

IN ⊗Σh

)
, (1.37)

where the estimation error is uncorrelated to the estimates [37],

σ2
Ĥ

, σ2
H − JMMSE =

PTσ2
H

Nσ2
n + PTσ2

H

σ2
H . (1.38)

Now we combine the three pillars of technicality reviewed above to form the unified

metric for this dissertation, i.e., channel capacity with impedance mismatch and channel

estimation errors.

Consider a data transmission phase, where channel information has been estimated

using MMSE. The MMSE estimate of the channel Ĥ is treated as correct, such that

yd = Ĥxd + Hexd + nd , Ĥxd + ne , (1.39)

where He = H − Ĥ is the channel estimation error, the noise is ZMCSCG, i.e., nd ∼

CN (0, σ2
nIM). The equivalent noise (and error) has power

σ2
e =

1

M
E Tr

[
nen

H
e

]
=

1

M
E
[
nHd nd

]
+

1

M
E Tr

[
Hexdx

H
d HH

e

]
= σ2

n +
1

M
Tr
(
E
[
xdx

H
d

]
E
[
HH
e He

])
= σ2

n +
1

M
Tr

[
P

N
IN ·MJMMSEIN

]
= σ2

n + P · JMMSE . (1.40)

Hassibi and Hochwald derived a lower bound on ergodic capacity when channel esti-

mation errors exists [37, Th. 1]. In particular, if the MMSE estimate in (1.28) is treated

as correct during data transmission for our setting, then the ergodic capacity is lower
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bounded by [37, eq. 21]

C ≥ Cl = E

[
log2 det

(
IM + ρeff ·

1

N
ΣhHwHH

w

)]
, (1.41)

where the distribution of Ĥ is given in (1.37), and the effective SNR is defined as,

ρeff ,
Pσ2

Ĥ

σ2
n + P · JMMSE

=
Pσ2

H

σ2
n

PTσ2
H

PTσ2
H +N(Pσ2

H + σ2
n)

. (1.42)

Comparing this capacity lower bound to that in (1.8) with perfect channel information

at the receiver, we find, if defining ρ , Pσ2
H/σ

2
n as the SNR,

ρeff = η · ρ , η ,
1

1 + (1 + 1/ρ)N/T
. (1.43)

where η is defined as the efficiency.

Observe that a larger training symbol to transmit antenna ratio, i.e., T/N , leads to

a higher efficiency and higher ergodic capacity. Recall that the signal correlated Σh(ZA)

is a function of antenna impedance and becomes a scaled identity matrix under optimal

matching (1.21).

1.3 Outline of this Dissertation

This dissertation considers joint channel and antenna impedance estimation in fading,

multipath channels, as well as the application of these estimates to capacity-optimal

adaptive matching. The rest of this dissertation is organized as follows.

In Chapter 2, we first develop a hybrid estimation framework for single-input, single-

output (SISO) channels. In this framework, the channel gain is modeled as a Gaussian
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random parameter, while the antenna impedance is deterministic. We observe these pa-

rameters by synchronously switching the receiver load during the observation of known

training sequences. Based on these observations, we derive the joint maximum a poste-

riori and maximum-likelihood (MAP/ML) estimators for the channel and impedance.

We investigate the bias, consistency, and efficiency of these estimators analytically and

through numerical experiments. Our results suggest that the hybrid approach generally

leads to inconsistent estimators, which perform poorly at low signal-to-noise ratios.

In Chapter 3, we consider multiple-input, single-output (MISO) channels, where mul-

tiple antennas are deployed at the transmitter but not the receiver. Based on the results

of the previous chapter, we consider a different estimation methodology, in which chan-

nel estimation is decoupled from impedance estimation. In particular, we first derive

the maximum-likelihood (ML) estimator for the antenna impedance over multiple train-

ing packets, as well as the Cramer-Rao lower bound (CRB) on the performance of any

unbiased estimator. We then consider minimum-mean square estimation of the chan-

nel, conditioned on knowledge of the antenna impedance. Numerical results suggest that

the performance of these estimators are consistent and perform better than the hybrid

approach at low signal-to-noise ratios. However, they are sensitive to the spatial and

temporal diversity available in the fading channel. When diversity is limited, these esti-

mators tend to be inefficient and the mean-squared error can be infinite. In the presence

of rich diversity, however, both estimators perform close to the CRB under a broad range

of conditions of practical interest.

In Chapter 4, we consider a general multiple-input, multiple-out (MIMO) channel,

where multiple antennas are used at both the transmitter and receiver, and where channel

fading path gains may be both spatially and temporally correlated at the receiver. Ex-

tending the approach of Chapter 3, we derive the ML estimator for the antenna impedance
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matrix, as well as a simpler estimators for correlated fading based on the iterative Newton-

Raphson and the method-of-moments (MM). In addition, we also derive the Cramér-Rao

bounds (CRB) for these estimation problems, and compare the performance of these esti-

mators to this fundamental lower bound. Due to the greater diversity available in MIMO

channel, our numerical results suggest that these estimators perform close to the CRBs

for most estimation conditions of practical interest.

Lastly, we conclude this dissertation by summarizing our contributions and possible

future research directions.
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Chapter 2

A Hybrid Approach to Joint

Channel and Antenna Impedance

Estimation

2.1 Introduction

We now develop a hybrid framework for joint channel and antenna impedance estimation

in single-input, single-output (SISO) channels. In this approach, the channel path gain

is modeled as a complex Gaussian random variable, while the antenna impedance is a

deterministic parameter. We assume the receiver switches its load during reception of a

known training sequence. Based on the received signal over multiple training packets, we

derive the joint maximum a posteriori and maximum-likelihood (MAP/ML) estimators

for the channel and impedance, respectively. Through numerical examples, we investigate

the bias, consistency, and efficiency of these estimators, as well as the impact of channel

correlation on estimation accuracy.
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Antenna Load

ov
AZ Lv LZ

Figure 2.1: Circuit model of a single-antenna receiver

The rest of this chapter is organized as follows. We present the system model in

Sec. 2.2, and derive the joint MAP/ML estimators for the channel and antenna impedance

in Sec. 2.3. These estimators are then extended to multiple packets in Sec. 2.4. We study

the properties of these estimators, such as bias and efficiency, in Sec. 2.5; illustrate their

performance through numerical examples in Sec. 2.6; and summarize our conclusions in

Sec. 2.7.

2.2 System Model

Consider a narrowband communications link with one transmit antenna and one receive

antenna. We adopt the receiver model illustrated in Fig. 2.1, which has been widely

used to model scenarios in which amplifier noise dominates at the receiver [29, 51, 79].

More complex models that consider multiple noise sources and impedance matching are

considered in [26,27].

In Fig. 2.1, the antenna is modeled by the Thevenin equivalent

v = ZAi+ vo , (2.1)
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where v, i ∈ C are the voltage across, and current into, the antenna terminals. Here

ZA = RA + jXA , (2.2)

is the antenna impedance, and RA and XA are the resistance and reactance, respectively.

In (2.1), vo ∈ C is the open-circuit voltage induced by the incident signal field, which can

be modeled in a flat-fading environment as [27]

vo = Gx , (2.3)

where x ∈ C is the transmitted symbol and G ∈ C is the fading path gain.

We assume the estimation algorithms observe a noisy version of the load voltage in

Fig. 2.1. With a slight abuse of notation, we write this as [29, 51,79]

vL =
ZLGx

ZA + ZL
+ n , (2.4)

where the observation noise n is a zero-mean, circularly-symmetric, complex Gaussian

random variable with variance σ2
n, which we hereafter denote by n ∼ CN (0, σ2

n).

Suppose the channel gain G and antenna impedance ZA are unknown to the receiver.

In many communication systems, the channel is often estimated in part from training

sequences embedded in the transmitted data. In this chapter, we would like to jointly es-

timate both unknown parameters by combining training sequences with known variations

in the receiver load impedance ZL.

We assume the transmitter sends a predetermined training sequence, x1, . . . , xT , and

the receiver shifts synchronously through a sequence of known impedances ZL,1, . . . , ZL,T .

If G and ZA are modeled as fixed over the duration of the training sequence, the received
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observations are given by

vL,t =
ZL,tGxt
ZA + ZL,t

+ nt , t = 1, . . . , T , (2.5)

where nt ∼ CN (0, σ2
n) are independent and identically distributed (i.i.d.). In this chapter,

we consider load impedances that take on only two possible values,

ZL,t =

 Z1, 1 ≤ t ≤ K ,

Z2, K < t ≤ T .
(2.6)

where Z1 and Z2 are known. Here we assume ZL = Z1 is the load impedance used to

receive the transmitted data, which is matched to our best estimate of ZA, and ZL = Z2

is an impedance variation introduced in order to make ZA observable.

The estimation problem above can be simplified with a slightly different parameteri-

zation of the unknowns. If Z1 is the load impedance used to transmit the data, then the

channel estimate needed by the communication algorithms would normally be defined

as [80, eq. 13],

H ,
Z1G

ZA + Z1

. (2.7)

With this definition, the sequence of observations can be described compactly as

vL,t =


Hxt + nt , 1 ≤ t ≤ K ,

FHxt + nt , K < t ≤ T ,

(2.8)

where

F ,
1 + ZA/Z1

1 + ZA/Z2

. (2.9)
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Note F is a one-to-one mapping of ZA provided Z1 6= Z2, so knowing F is equivalent to

knowing ZA. Intuitively, F can be viewed as a ratio of the channel transmission coefficients

associated with the loads Z1 and Z2; more precisely, F = T2/T1 where Ti = 2Zi/(ZA +

Zi), i = 1, 2. Note that redefining the estimation problem in terms of H and F renders

the observation bilinear in the unknowns. In the channel estimation literature, since G

usually results from a random superposition of multipaths, H is usually modeled as a

Gaussian random variable. On the other hand, F would appear to be more appropriately

modeled as a fixed unknown constant. In practical applications, observing F may actually

be more convenient than observing ZA directly.

With these definitions, we can now precisely state the estimation problem considered

in this chapter. We would like to estimate the complex-valued parameters

θ , [H,F ]T (2.10)

based on the observations (2.8). Here, H is a zero-mean Gaussian random variable, H ∼

CN (0, σ2
H) and F is deterministic. Note the prior probability density function (pdf) of

H,

p(H) =
1

πσ2
H

exp

(
−|H|

2

σ2
H

)
, (2.11)

does not depend on F . For simplicity, we initially assume σ2
H is known to the receiver.

Although this does not appear consistent with the assumption that ZA is unknown, it can

be justified by observing σ2
H can be accurately estimated from the data received using

the receiver impedance Z1. To illustrate, we will relax this assumption later in the next

chapter.
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2.3 Joint MAP and ML Estimators

In classical estimation theory, unknown parameters are modeled as deterministic; in

Bayesian estimation, they are modeled as random variables. The problem introduced

in Sec. 2.2 is a hybrid estimation problem [77, pg. 329], because θ contains both random

and deterministic parameters. Several authors have investigated hybrid estimation prob-

lems [12,60,67–69]. Estimators and Cramér-Rao-type bounds for hybrid estimation were

formulated in [69] in the context of passive source localization. In this section, we apply

similar tools to the problem formulated in Sec. 2.2.

Before discussing estimators, it is convenient to introduce sufficient statistics that

summarize the information in the observations vL , [vL,1, vL,2,, . . . , vL,T ]T relevant to

estimation of θ. In classical estimation, a statistic V = f(vL) is sufficient to estimate

θ based on vL if p(vL|V,θ) = p(vL|V). In Bayesian settings, a statistic is sufficient if

p(vL,θ|V) = p(vL|V)p(θ|V). It is well known that classical sufficiency implies Bayesian

sufficiency; it also clearly implies sufficiency for the hybrid estimation problem, which is

defined in an analogous way.

Lemma 1 (Sufficient Statistic) : For θ fixed and unknown, the statistic V = [V1, V2]T ,

where

V1 ,
1

S1

K∑
t=1

vL,tx
∗
t , V2 ,

1

S2

T∑
t=K+1

vL,tx
∗
t , (2.12)

and

S1 ,
K∑
t=1

|xt|2 , S2 ,
T∑

t=K+1

|xt|2 , (2.13)

is sufficient (in the classical sense) to estimate θ based on the observations (2.8). �
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Proof : From the Neyman-Fisher Factorization Theorem [45, pg. 117], it suffices to

show the conditional pdf of the observations can be factored in the form p(vL|θ) =

g(V,θ)h(vL). From (2.8), the pdf of the observations can be written as

(πσ2
n)T · p (vL|θ) = exp

(
− 1

σ2
n

K∑
t=1

|vL,t −Hxt|2 −
1

σ2
n

T∑
t=K+1

|vL,t − FHxt|2
)

= exp

[
− 1

σ2
n

K∑
t=1

(
|Hxt|2 − v∗L,txtH − vL,tx∗tH∗

)]
×

exp

[
− 1

σ2
n

T∑
t=K+1

(
|FHxt|2 − v∗L,txtFH − vL,tx∗tF ∗H∗

)]
exp

(
−
∑T

t=1 |vL,t|2

σ2
n

)

= exp

[
−S1

σ2
n

(
|H|2 − V ∗1 H − V1H

∗)− S2

σ2
n

(
|FH|2 − V ∗2 FH − V2F

∗H∗
)]

exp

(
−|vL|

2

σ2
n

)
.

To complete the proof, equate the first exponential with (πσ2
n)Tg(V,θ) and the second

with h(vL).

For simplicity, we will hereafter consider the observations to be the sufficient statistics

V1 and V2. From (2.8), the conditional pdf of these observations is

p(v|H;F ) =
1

π2 det(CV)
exp

[
− (v − µV)H C−1

V (v − µV)
]
, (2.14)

where

v = [v1, v2]T , µV = [H,FH]T , CV =

σ2
n

S1
0

0 σ2
n

S2

 . (2.15)

We now use these observations to estimate H and F under the hybrid assumptions

H is a random variable with pdf (2.11), and F is an unknown constant. For these as-

sumptions, it is natural to consider an estimator that maximizes the hybrid log-likelihood
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function [77, pg. 329], [69],

θ̂(V) , arg max
θ∈C2

ln p(V, H;F ) . (2.16)

This results in a joint maximum a posteriori probability estimate of H and maximum-

likelihood estimate of F , which are presented in the following theorem.

Theorem 1 (Joint MAP and ML Estimators) : Given the sufficient statistics V1

and V2 in (2.12), the joint maximum a posteriori probability (MAP) and maximum-

likelihood (ML) estimators for H and F , respectively, are

θ̂ ,
[
ĤMAP , F̂ML

]T
=

[
cV1,

V2

cV1

]T
, where c ,

S1σ
2
H

S1σ2
H + σ2

n

, (2.17)

and σ2
H and σ2

n are the variances of the channel path gain and noise, respectively. �

Proof : From (2.16), (2.14) and (2.11), we can write

θ̂ = arg max
θ

[
ln p(V|H;F ) + ln p(H)

]
= arg max

θ

[
− (V − µV)H C−1

V (V − µV)− |H|
2

σ2
H

]
= arg max

θ

[
−S1

σ2
n

|V1 −H|2 −
S2

σ2
n

|V2 − FH|2 −
1

σ2
H

|H|2
]

, arg max
θ
L(H,F ) , (2.18)

where S1 and S2 are defined in (2.13). If we denote the real and imaginary parts of the

parameter vector by θ = θr + jθi, the complex gradient is given by [45, Sec. 15.6]

∂L(H,F )

∂θ∗
,

1

2

[
L(H,F )

∂θr
+ j
L(H,F )

∂θi

]
. (2.19)
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With this definition, in order for H,F to maximize L(H,F ) it is necessary that

∂L(H,F )

∂H∗
=

S1

σ2
n

(V1 −H) +
S2

σ2
n

(V2 − FH)F ∗ − H

σ2
H

= 0 ,

∂L(H,F )

∂F ∗
=

S2

σ2
n

(V2 − FH)H∗ = 0 . (2.20)

The second equation implies V2 − FH = 0 or H = 0. The only solution satisfying the

first condition is H1 = cV1, F1 = V2/(cV1). The only solution that satisfies the second

condition is H2 = 0 and F2 = −V ∗1 /(αV ∗2 ). Substituting each back into the log-likelihood,

we have

L(H1, F1) = −S1(1− c)2

σ2
n

|V1|2 −
c2|V1|2

σ2
H

= −S1

σ2
n

|V1|2(1− c)

L(H2, F2) = −S1

σ2
n

|V1|2 −
S2

σ2
n

|V2|2 ,

where the second equality follows from S1σ
2
H/σ

2
n = c/(1−c). Since L(H1, F1) ≥ L(H2, F2)

for all V1, V2, 0 < c < 1, we conclude that H1, F1 is the global maximum of L(H,F ).

The hybrid ML estimator for ZA can be found by substituting F̂ML in (2.9) based on

the invariance principle of MLE [45, pg. 176]. However, it is not difficult to show that

this ML estimator is biased. In the next section, we investigate optimal estimators when

multiple packets are available for joint processing.

2.4 Estimators for Multiple Packets

We now consider estimators that combine observations from multiple training packets.

Consider a sequence of L packets, where Hi denotes the channel during the i-th packet

transmission. We assume the channel path gains are unknown, jointly-distributed Gaus-
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sian RVs, such that H = (H1, . . . , HL)T ∼ CN (0,CH). For simplicity, we assume CH

is known at the receiver, although this assumption will be relaxed later. We assume

F changes more slowly with time, and can be regarded as fixed over the L packets. If

each packet is formatted as in (2.8), then the observations during the i-th packet can be

written as

vL,t,i =


Hixt + n1,t,i , 1 ≤ t ≤ K ,

FHixt + n2,t,i , K < t ≤ T ,

(2.21)

where n1,t,i ∼ CN (0, σ2
n/S1) and n2,t,i ∼ CN (0, σ2

n/S2) are mutually independent for all

i and t. The aim of this section is to use these observations to estimate the parameters

θ , [HT , F ]T .

2.4.1 Estimators for General CH

Let V1i, V2i denote statistics for the i-th packet defined analogously to (2.12). Proceeding

as in Lemma 1, we can show V1 = (V11, . . . , V1L)T and V2 = (V21, . . . , V2L)T are sufficient

statistics to estimate H and F based on (2.21). We can therefore consider the observations

to be

V1 = H + N1 ,

V2 = FH + N2 , (2.22)

where N1 ∼ CN (0, (σ2
n/S1)I) and N2 ∼ CN (0, (σ2

n/S2)I) are independent noise vectors.

As in the last section, we estimate H and F under the hybrid assumptions that F is
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an unknown constant and H is a random vector with pdf

p(H) =
1

det(πCH)
exp

(
−HHC−1

H H
)
. (2.23)

Again, we consider estimators that maximize the hybrid log-likelihood function

θ̂(V1,V2) , arg max
θ∈CL+1

ln p(V1,V2,H;F ) , (2.24)

which are presented in the following theorem.

Theorem 2 (Multi-packet Joint MAP/ML Estimators) : Given the sufficient statis-

tics V1 and V2 in (2.22), the joint MAP/ML estimators for H and F are, respectively,

ĤMAP ,

[(
S1

σ2
n

+
|F̂ML|2S2

σ2
n

)
I + C−1

H

]−1(
S1

σ2
n

V1 +
S2

σ2
n

F̂ ∗MLV2

)
(2.25)

and F̂ML, where F̂ML is a zero of the rational function

g(F ) ,

(
S1

σ2
n

V1 +
S2

σ2
n

F ∗V2

)H
AH(F )A(F )

(
S1

σ2
n

(V2 − FV1) + C−1
H V2

)
, (2.26)

and

A(F ) ,

[(
S1

σ2
n

+
|F |2S2

σ2
n

)
I + C−1

H

]−1

. (2.27)

Proof : From (2.22) and (2.23), we can write

L(H, F ) , ln p(V1,V2,H;F )

= −S1

σ2
n

|V1 −H|2 − S2

σ2
n

|V2 − FH|2 −HHC−1
H H +K (2.28)
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where K is a constant. In order for H, F to maximize L(H, F ) it is necessary that

∂L(H, F )

∂H∗
=

S1

σ2
n

(V1 −H) +
S2

σ2
n

(V2 − FH)F ∗ −C−1
H H = 0 ,

∂L(H, F )

∂F ∗
=

S2

σ2
n

HH(V2 − FH) = 0 . (2.29)

Solving the first equation for H, we obtain (2.25). To find F , we substitute (2.25) into

(2.29), which yields (2.26), thereby completing the proof.

Since g(F ) is a ratio of polynomials, it may have multiple zeros, so the theorem does

not necessarily specify unique estimators. Given multiple zeros F1, ..., Fm, however, we

can easily identify the MAP/ML solution: For each Fi, we can, in principle, calculate a

corresponding estimate of Hi from (2.25). The MAP/ML solution will be the pair Hi, Fi

that maximizes L(Hi, Fi). We conjecture the ML zero is always the one that maximizes

Re[VH
2 V1Fi].

In principle, Theorem 2 requires us to extract and compare all of the zeros of g(F ).

However, the form of equations (2.25) and (2.29) suggests a simpler, alternative approach

to approximate the MAP/ML estimators. Note the second equation in (2.29) can be

rewritten as

F = HHV2/H
HH . (2.30)

Thus, we could attempt to solve the equations iteratively by setting F0 = 0 and solving

for H0 using (2.25). This is equivalent to estimating H using only V1. Using H0, we

can then form improved estimate of F , say F1, from (2.30). We can then iterate between

these two equations to improve the estimates.
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2.4.2 Special Cases of σ−2
n CH

We now consider three extreme cases of σ−2
n CH in which Theorem 2 yields explicit,

closed-form estimators for H and F . First suppose H1, . . . , HL is an i.i.d. sequence, so

CH = σ2
HI. In this case, g(F ) = 0 reduces to

(V1 + αF ∗V2)H (V2 − cFV1) = 0 , α =
S2

S1

, c =
S1σ

2
H

S1σ2
H + σ2

n

. (2.31)

Expanding the product and defining Pij , (1/L)VH
i Vj, we obtain

P12 + (αP22 − cP11)F − αcP21F
2 = 0 . (2.32)

If we multiply both sides by −P21 = −P ∗12 and define E , P21F , this equation becomes

αcE2 − (αP22 − cP11)E − |P12|2 = 0 . (2.33)

This is a quadratic equation with real coefficients, which has two real roots:

E =
αP22 − cP11 ±

√
(αP22 − P11)2 + 4αc|P12|2

2αc
. (2.34)

It follows the ML estimate of F is given by one of the following two roots,

F =
αP22 − cP11 ±

√
(αP22 − cP11)2 + 4αc|P12|2

2cαP21

. (2.35)

We conjecture the positive root above is always the ML estimate; however, as noted

earlier, we can determine which root is the actual solution by calculating the MAP H for

each possible F , and then choosing the pair H, F that gives the larger value of L(H, F ).
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The second extreme case we consider is an arbitrary non-singular CH in the low noise

limit, σ2
n → 0. In (2.26), applying the approximation σ2

nC
−1
H ≈ 0 to the equation g(F ) = 0

leads to

(V1 + αF ∗V2)H (V2 − FV1) = 0 . (2.36)

Comparing this to (2.31), we see this equation is identical to the case of i.i.d. Hi for

c = 1. It follows immediately that the ML estimate of F is given by one of the following

two roots,

F =
αP22 − P11 ±

√
(αP22 − P11)2 + 4α|P12|2

2αP21

. (2.37)

This result suggests that the ML estimator for arbitrary non-singular CH is asymptoti-

cally the same as the i.i.d. ML estimator in (2.35) in the low-noise limit, σ2
n → 0.

Finally, the last extreme case we consider is H1 = H2 = · · · = HL, so [CH]ij = σ2
H

for all i, j. Strictly speaking, Theorem 2 does not apply here since it implicitly assumes

CH is invertible. However, the MAP/ML estimators follow directly from Theorem 1, by

regarding all L packets as one large packet of size LT . In this case, Theorem 1 yields the

estimators

ĤMAP = c
L∑
i=1

V1,i , F̂ML =
1

c

∑L
i=1 V2,i∑L
i=1 V1,i

, c ,
S1σ

2
H

S1σ2
H + σ2

n

. (2.38)

2.5 Properties of the Joint MAP/ML Estimators

The performance of estimators is often measured by low-order central moments, such as

bias and mean-squared error. In this section, we explore the behavior of these moments

for the joint MAP/ML estimators in Theorems 1 and 2, as well as the consistency of
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these estimators.

2.5.1 Single-Packet Estimators

We first consider the single training packet estimators in Theorem 1. Note F̂ML in (2.17)

is a ratio of complex Gaussian random variables, and so has the complex Gaussian ratio

distribution [6,14,42,58,59,80]. Ratios of Gaussian variables often have heavy tails, in the

sense that no finite moments exist [6,42,49,80]. For example, if U and V are independent,

real, standard Gaussian random variables, the ratio U/V is a standard Cauchy random

variable, which has no finite moments of order greater than or equal to one; only fractional

moments exist.

Complex Gaussian ratios are somewhat better behaved: Hyder et al [42] showed that

a ratio of zero-mean complex Gaussian RVs generally has a finite mean but an infinite

variance. Astély et al [6] derived a similar result for a ratio of independent complex

Gaussian RVs, and proved its mean-square is unbounded. In [80, Th. 2], we show the

moments E[(V2/V1)k|H] do not exist for any H for k > 1. Proceeding in a similar way,

it is easy to show that F̂ML in (2.17) has infinite variance. To study the bias, we would

like to calculate the mean of a ratio of complex Gaussian RVs with non-zero means and

arbitrary correlation. The following result, which is proved in the Appendix, provides

closed-form expression for the mean of a general complex Gaussian ratio.

Theorem 3 : Suppose X = [X1, X2]T is a complex Gaussian random vector with mean

and covariance

µ =

 µ1

µ2

 , C =

 σ2
1 ρσ1σ2

ρ∗σ1σ2 σ2
2

 .
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If µ2 6= 0 and σ2 > 0, then

E

[
X1

X2

]
=

µ1

µ2

+

(
ρσ1

σ2

− µ1

µ2

)
e−γ2 , (2.39)

where γ2 , |µ2|2/σ2
2. In addition, the first absolute moment, E|X1/X2| is finite. �

Using this result, we can show the ML estimator in (2.17) is unbiased.

Theorem 4 : The ML estimator in (2.17) satisfies E[F̂ML] = F for all F ∈ C. �

Proof : Applying Theorem 3 to the conditional pdf (2.14), we obtain for any F

E[F̂ML] = E

[
V2

cV1

]
= EH

[
E

{
V2

cV1

∣∣∣∣H}]
=

F

c
EH

[(
1− e−

S1|H|
2

σ2
n

)]
= F , (2.40)

where the last step follows from

EH

[
exp

(
−S1|H|2

σ2
n

)]
=

ˆ
C

1

πσ2
H

exp

(
−S1|H|2

σ2
n

)
exp

(
−|H|

2

σ2
H

)
dH

=
σ2

σ2
H

ˆ
C

1

πσ2
exp

(
−|H|

2

σ2

)
dH =

σ2

σ2
H

= 1− c ,

where σ2 , (S1/σ
2
n + 1/σ2

H)
−1

.

While the single-packet estimator F̂ML is unbiased, it follows from the results above

that its mean-squared error is infinite, and therefore cannot be used to measure perfor-

mance. We therefore measure the performance of this estimator for L = 1 by the mean

absolute error (MAE), i.e., E[|F̂ML − F |].

Thus far, we have considered only the single-packet (L = 1) estimator in Theorem

1. However, these results also imply unbiased (suboptimal) estimators for L > 1. First,
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note that all of the results of this section also apply to the estimator (2.38) for L > 1

under the conditions H1 = H2 = · · · = HL, since this estimator is derived from Theorem

1. We further note the results of this section imply a simple, unbiased estimator for the

general multi-packet problem

F̂U ,
1

cL

L∑
i=1

V2,i

V1,i

, (2.41)

whose performance will be explored via simulations in the next section.

2.5.2 Consistency

Except for the special case H1 = H2 = · · · = HL, it appears difficult to evaluate the

mean of F̂ML for L > 1, although numerical examples suggest it may be biased (more on

this in the next section). To gain insight into why the estimator might be biased, it is

helpful to consider the behavior of F̂ML for i.i.d. H when L becomes large. As L → ∞,

the coefficients in (2.33) converge in probability,

lim
L→∞

P11 = σ2
H + σ2

n/S1 , lim
L→∞

P22 = |F |2σ2
H + σ2

n/S2 , lim
L→∞

P12 = σ2
HF ,

so the roots (2.35) converge to

F =
α|F |2σ2

H − cdσ2
H ±

√
(α|F |2σ2

H − cdσ2
H)2 + 4αcσ4

H |F |2
2αcσ2

HF
∗

where d , 1− (σ2
n/S1σ

2
H)2, so cdσ2

H = c(σ2
H + σ2

n/S1)− ασ2
n/S2. Since neither root is F ,

it follows F̂ML is not consistent in L. However, if the second term in the square root is

multiplied by d, the positive root becomes

α|F |2σ2
H − cdσ2

H +
√

(α|F |2σ2
H − cdσ2

H)2 + 4αdcσ4
H |F |2

2cασ2
HF

∗ =
2α|F |2σ2

H

2cασ2
HF

∗ =
F

c
. (2.42)
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This suggests a modified estimator

F̂C ,
αP22 − cP11 +

√
(αP22 − cP11)2 + 4αcd|P12|2

2αP21

, (2.43)

which is consistent in L. For large signal-to-noise ratios (S1σ
2
H � σ2

n), we note c and d are

approximately 1, and the positive root in (2.35) coincides with this consistent estimator.

In the next section, we will compare the performance of F̂ML and F̂C via simulations.

2.5.3 Hybrid Cramér-Rao Bound

To evaluate estimator performance, it is useful to consider a fundamental lower bound

on the error covariance

Cθ̂ , EV1,V2,H;F

[(
θ̂ − θ

)(
θ̂ − θ

)H]
,

where EV1,V2,H;F denotes expectation with respect to the pdf pV1,V2,H;F (v1,v2,h;F )

in (2.28). A Cramér-Rao Bound for the hybrid estimation problem was presented in

[77, pg. 329], [69]. Let L(H, F ) be the log-likelihood in (2.28), and define the pseudo-

information as

EV1,V2,H;F

[(
∂L(H, F )

∂θ∗

)(
∂L(H, F )

∂θ∗

)T]
. (2.44)

The hybrid CRB (HCRB) states that, if the pseudo-information vanishes, then the error

covariance is lower bounded1

Cθ̂ ≥ I−1 , (2.45)

1The HCRB is given for real parameters in [77, pg. 329]. Here we use the approach described in [45,
Sec. 15.7] to state this bound in an equivalent form convenient for complex parameters.
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for any θ̂ = [ĤT , F̂ ]T such that F̂ is unbiased, where I is the hybrid information matrix

I , EV,H;F

[(
∂L(H, F )

∂θ∗

)(
∂L(H, F )

∂θ∗

)H]
. (2.46)

For the estimation problem (2.22), from (2.29) it is easy to verify that the pseudonoise

vanishes and the hybrid information is

I =


(
S1+|F |2S2

σ2
n

)
I + C−1

H 0L×1

01×L
S2

σ2
n
Tr[CH]

 . (2.47)

Thus, the HCRB is

Cθ̂ ≥


[(

S1+|F |2S2

σ2
n

)
I + C−1

H

]−1

0L×1

01×L
σ2
n

S2Tr[CH]

 . (2.48)

Note that uncertainty in H affects the estimators differently, in the sense that doubling

CH increases the lower bound on Ĥ error covariance, but decreases the bound on the F̂

error covariance. This is intuitively reasonable, since a larger Tr[CH] essentially increases

the signal-to-noise of the observation of F .

2.6 Numerical Results

In this section, we explore the performance of the estimators in Secs. 2.3-2.5 through

numerical examples. We take the training sequence xt in (2.8) to be a unit-magnitude

Zadoff-Chu sequence of length T = 64. The unknown antenna impedance is ZA = 50Ω.

The load impedance (2.6) is Z1 = 50Ω for the first K = T/2 = 32 symbols of each training

packet, and Z2 = 70Ω for the remaining symbols. From (2.9), it follows F = 1.1667.

41



0 5 10 15 20 25

Post Detection SNR, in dB

10-4

10-3

10-2

M
S

E

H
MAP

 L=1

H
MAP

 L=5

H
MAP

 L=10

H
MAP

 L=20

HCRB

Figure 2.2: Relative MSE of ĤMAP versus SNR.

Suppose the channel H is an i.i.d. sequence, so CH = σ2
HI, and define the post-detection

signal-to-noise ratio (SNR) of a training symbol as

ρ ,
σ2
H

σ2
n

. (2.49)

In Fig. 2.2, we plot the relative mean-squared error (MSE) of the MAP channel

estimator versus ρ for L = 1, 5, 10 and 20 training packets. Here the relative MSE is

defined as E[‖ ĤMAP − H ‖2]/Lσ2
H , where ĤMAP is given in (2.25) and F̂ML is the

positive root in (2.35). Also shown for comparison is the corresponding HCRB bound on

ĤMAP , which equals the diagonal elements of the upper-left matrix block in (2.48). Note

the single-packet estimator is 3 dB away from the HCRB, since the estimator (2.17) uses

only half of the training symbols. When even a few packets are combined, however, the

improved estimate of F enables the receiver to quickly approach the HCRB to within
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Figure 2.3: Relative MAE of F̂ML and F̂U versus SNR.

a fraction of a dB. In particular, for L = 20, the efficiency is around 92% for all SNR

plotted.

Next consider the performance of F̂ML. As noted earlier, the L = 1 estimator (2.17)

has infinite variance, whereas F̂ML appears to have finite variance for L > 2. In order to

compare all estimators with the same error metric, we therefore consider the relative mean

absolute error (MAE), E[|F̂ML − F |]/|F |. In Fig. 2.3, we plot the MAE of F̂ML versus

SNR for various numbers of packets L. Also shown is the simple, unbiased estimator F̂U ,

defined in (2.41). Since F̂ML and F̂U coincide for L = 1, their MAE does as well. However,

F̂ML significantly outperforms F̂U for all L > 1. In particular, at an MAE of 0.01, F̂ML

saves 5 dB relative to F̂U for L = 5, and 7.5 dB relative to F̂U for L = 20.

As noted earlier, F̂ML has infinite MSE for L = 1, but we conjecture MSE is finite

for L > 2. The reason for this conjecture is that F̂ML has a Gaussian random variable in

the denominator for L = 1, and the inverse Gaussian distribution has infinite variance.
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Figure 2.4: Histograms of Re[F̂ML] and Im[F̂ML] for L = 5, 10, 20.

For L > 1, however, the denominator of F̂ML is chi-square with L degrees of freedom,

and the inverse chi-square has finite variance for L > 2. Some support for this conjecture

can be seen in Fig. 2.4, which plots the empirical distribution F̂ML for L = 5, 10 and 20,

which appear well-described by Gaussian densities in the vicinity of the mode.

If we assume the MSE of F̂ML is finite for L > 2, we can compare the performance

to the HCRB. In Fig. 2.5, we plot the relative MSE, E[|F̂ML − F |2]/|F |2 versus SNR

for L = 5, 10, 20. For comparison, we also plot the HCRB on F̂ML given in the lower

right block of the matrix in (2.48). Note that F̂ML is less than a dB from the HCRB

for high SNRs for L = 5, and nearly achieves the HCRB for L = 10 and 20. At low

SNRs, however, F̂ML diverges somewhat from the HCRB. One possible explanation for

this behavior would be the presence of a bias in F̂ML at low SNRs. Some support for this

hypothesis was given in Sec. 2.5, where we showed that F̂ML is inconsistent in L, in the

sense that the estimator does not converge to F as L → ∞. To remedy this situation,
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Figure 2.5: MSE of F̂ML and F̂C versus SNR for selected L > 2.

we defined a modified estimator F̂C in (2.43) that is consistent in L, and which is also

plotted in Fig. 2.5. Note F̂C performs as well or better than F̂ML for all SNR and L in

the figure. In particular, F̂C outperforms F̂ML at low SNR.

To better understand the impact of bias, in Fig. 2.6 we plot the absolute relative bias,

defined by |E
[
F̂ML − F

]
/F |, versus SNR for L = 5, 10 and two values of F :

F1 = 1.1667 , F2 = 1.2 + 0.4j . (2.50)

Note all four curves for F̂ML seem to coincide, and suggest a bias that decreases with SNR

but does not appear to depend on L or F . For comparison, we also plot the corresponding

curves for the consistent estimator, F̂C . Compared with F̂ML, the bias of F̂C at low to

medium SNRs appears two orders of magnitude smaller, and does not appear to depend

on L. We do not know if F̂C is unbiased, but these results suggest it has a smaller bias
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Figure 2.6: Relative Bias of F̂ML versus SNR and L.

than F̂ML.

Thus far, we have considered a fast-fading scenario, in which H is i.i.d. As a final

example, we now consider a slow fading channel, where H1 = · · · = HL. In Fig. 2.7, we

plot the relative MSE of ĤMAP versus SNR for several values of L. The performance of

ĤMAP for i.i.d. H is also included for comparison. Not surprisingly, the strong correlation

in H under slow fading conditions leads to a much smaller MSE for L > 1, since each

channel is now observed L times. However, it is interesting to note that the opposite is

true of F̂ML. In Fig. 2.8, we plot the MAE of F̂ML under the same conditions as Fig. 2.7.

Here the i.i.d. channel leads to considerably better estimates of F , since independent

channel observations help us average out variations due to H.
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Figure 2.7: MSE of ĤMAP versus SNR for a correlated channel.
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Figure 2.8: MAE of F̂ML versus SNR for a correlated channel.

2.7 Conclusions

In this chapter, we considered joint channel and receiver antenna impedance estimation

for fading, multipath channels with a single antenna at both the transmitter and receiver.
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We formulated this task as a hybrid estimation problem, where the channel is modeled as

an unknown Gaussian random variable, and the impedance is a deterministic parameter.

We derived the joint maximum a posteriori and maximum-likelihood estimators for the

channel and impedance, respectively, as well as the hybrid Cramer-Rao lower bound for

any unbiased impedance estimator. Numerical results suggest these estimators perform

close to the lower bound when either the SNR or the number of packets is large; however,

performance degrades for a small number of packets when the SNR is low. We showed the

impedance estimator is generally inconsistent, and numerical results suggest the presence

of a non-negligible bias at low SNRs. Motivated by this observation, we proposed an

alternate impedance estimator that is provably consistent and appears to be unbiased,

which outperforms the joint ML estimator in all of our simulations. In general, we find

that temporal correlation of the channel reduces channel estimation error, but increases

impedance estimation error. Our results suggest that this approach can utilize existing

training data in wireless communications systems to accurately estimate the receiver

antenna impedance, in exchange for a very small, controlled increase in channel estimation

error.
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Chapter 3

A Principal-Components Approach

to Antenna Impedance Estimation

In the previous cha In the previous chapter, a hybrid estimation framework for joint

channel and antenna impedance has been developed. However, this joint ML estimator

for antenna impedance is provably inconsistent. In this chapter, we consider the same

engineering problem of estimating antenna impedance at a single-antenna receiver but

formulate this problem in a classical estimation setting. Under this formulation, the true

ML estimator is provably consistent, asymptotically unbiased and consistent [45, Th. 7.3].

3.1 Introduction

Antenna impedance matching at mobile receivers has been shown to significantly impact

capacity and diversity of wireless channels [26–29, 51, 79]. This matching becomes chal-

lenging as antenna impedance changes with time-varying near-field loading, e.g., human

users [7, 57, 74]. To mitigate this variation, joint channel and antenna impedance esti-
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mators at single-antenna receivers have been derived under classical estimation [80], and

hybrid estimation assumptions [81]. However, multiple antennas are often deployed at the

transmitter of modern wireless communication systems, e.g., LTE and WiFi [32, 50, 84].

In this chapter, we investigate the effects of transmit diversity on antenna impedance

estimation at a single-antenna receiver.

We develop a classical framework of antenna impedance estimation, for single-antenna

receivers in Raleigh fading channels. Based on observation of training sequences via syn-

chronously switched load at the receiver, we derive the true maximum-likelihood (ML) es-

timators for antenna impedance over multiple packets under different channel correlation

assumptions. For the i.i.d. Rayleigh fading channel, this ML estimator uses the eigenvec-

tor corresponding to the largest eigenvalue of the sample covariance matrix. When the

channel is temporally correlated, the ML estimator is not in closed-form. Thus, necessary

conditions are given for the MLE, and we employ numerical methods in finding the MLE.

We explore the performance (e.g., bias and efficiency) of these estimators through nu-

merical examples. The impact of channel correlation on impedance estimation accuracy

is also investigated numerically.

The rest of the chapter is organized as follows. We present the system model in

Sec. 3.2, and derive the true ML estimators for the antenna impedance in Sec. 3.3.

We then investigate the more general problem of multiple packets, derive the true ML

estimator and a simple method of moments (MM) estimation in Sec. 3.4, and explore the

performance of these estimators through numerical examples in Sec. 3.5, and conclude in

Sec. 3.6.
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Figure 3.1: Circuit model of a single-antenna receiver

3.2 System Model

Consider a narrowband, multiple-input, single-output (MISO) channel with N transmit

antennas and one receive antenna. A circuit model of the receiver is illustrated in Fig. 3.1,

which models a scenario in which amplifier noise dominates [29, 51, 79]. In Fig. 3.1, the

antenna is modeled by its Thevenin equivalent

v = ZAi+ vo , (3.1)

where v, i ∈ C are the voltage across, and current into, the antenna terminals. The

antenna impedance is

ZA = RA + jXA , (3.2)

where RA and XA are the resistance and reactance, respectively. In (3.1), vo ∈ C is

the open-circuit voltage induced by the incident signal field, which can be modeled in a

flat-fading environment as [27] [78, eq. 1],

vo = gTx , (3.3)
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where x ∈ CN is the vector of symbols sent from the N transmit antennas, and g ∈ CN is

a vector of channel fading path gains. As in the last chapter, we consider a Rayleigh fading

environment in which the transmit antennas are spaced far apart, so the path gains can

be modeled as independent, zero-mean Gaussian random variables, g ∼ CN (0, σ2
gIN).

We assume the estimation algorithms observe a noisy version of the load voltage in

Fig. 3.1, given by [29,51,79]

vL =
ZLvo

ZA + ZL
+ nL , (3.4)

where the observation noise nL is a zero-mean, Gaussian random variable, nL ∼ CN (0, σ2
L).

In estimation theory, the performance of estimators is usually a function of the signal-to-

noise ratio (SNR), which is conventionally defined as the squared-magnitude of the signal

divided by the noise variance, i.e. |ZLvo|2/(σ2
L|ZA+ZL|2). As noted in [43], however, since

circuit power depends on both voltage and current, this SNR formula does not correctly

predict the ratio of the physical signal and noise powers in the receiver front-end. For

a given vo, the ratio of the physical signal power to noise power at the load is given

by [64, eq. 4.65c]

RL|vo|2

σ2
n|ZA + ZL|2

, (3.5)

where σ2
n represents the noise power at the output of the amplifier and RL = Re{ZL} .

As in [43], we correct this discrepancy by defining σ2
L in a way that ensures the SNR and

physical power ratio (3.5) coincide:

σ2
L ,

|ZL|2σ2
n

RL

.
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With this definition, it is convenient to redefine the observed signal as

u ,

√
RL

ZL
vL =

√
RLvo

ZA + ZL
+ n , (3.6)

where n ∼ CN (0, σ2
n) now represents the noise referred to the amplifer output. The

model (3.6) now correctly connects estimator performance to the physical signal-to-noise

ratio (3.5). This connection is essential in order to accurately predict the impact of

impedance mismatch on system-level performance metrics, such as capacity and channel

mean-squared estimation error, in the remainder of this chapter.

Suppose the channel gains and antenna impedance are unknown to the receiver. We

would like to estimate these parameters using the observations of known training se-

quences. As in the last chapter, we assume the transmitter sends a known training se-

quence, x1, . . . ,xT ∈ CN . During transmission, the receiver shifts synchronously through

a sequence of known impedances ZL,1, . . . , ZL,T . If g and ZA are fixed for the duration of

the training sequence, the received observations are given by

ut =

√
RL,t g

Txt

ZA + ZL,t
+ nt , t = 1, . . . , T , (3.7)

where nt ∼ CN (0, σ2
n) are independent and identically distributed.

As in the last chapter, we consider load impedances that take on only two possible

values [80],

ZL,t =

 Z1, 1 ≤ t ≤ K ,

Z2, K < t ≤ T .
(3.8)

where Z1 and Z2 are known. Again we assume ZL = Z1 is the load impedance used to
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receive the transmitted data, and is matched to our best estimate of ZA; additionally

ZL = Z2 is an impedance variation introduced in order to make ZA observable.

With this choice of load impedance, we can express the observations in a simpler, bi-

linear form. Note that in order the perform optimal detection of the transmitted symbols

in (3.6), the receiver needs an estimate of the coefficient of x,

h ,

√
R1

ZA + Z1

g ∼ CN
(
0, σ2

hIN
)
, σ2

h =
R1 · σ2

g

|ZA + Z1|2
, (3.9)

where R1 = Re{Z1}. It therefore makes sense to estimate h directly, rather than the path

gains g. Expressing the observations (3.7) in terms of h, we obtain the bilinear model

ut =


hTxt + nt , 1 ≤ t ≤ K ,

FhTxt + nt , K < t ≤ T ,

(3.10)

where we define

F ,

√
R1(Z1 + ZA)√
R2(Z2 + ZA)

. (3.11)

The goal of this chapter is to derive estimators for h, ZA and σ2
h based on the observa-

tions (3.10). From the invariance principle of maximum-likelihood estimation (MLE) [45,

pg. 185], knowing the MLE of F is equivalent to knowing that of ZA and vice versa. It

therefore suffices to derive estimators for h, F and σ2
h. In the last chapter, we proposed a

hybrid approach to jointly estimate h and F for the special case N = 1 and σ2
h known. In

this chapter, we consider an alternative approach for N ≥ 1 and σ2
h unknown, in which we

solve this problem in two successive steps: First, we consider joint maximum-likelihood

estimation of F and σ2
h, treating h as a nuisance parameter. Second, given estimates of

F and σ2
h, we then estimate h using minimum mean-squared error estimation. Since the
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second step involves well-known techniques, we focus exclusively on estimators for F and

σ2
h in the next few sections; estimators for h will be explored through numerical examples

in Sec. 3.5.

3.3 Maximum-Likelihood Estimators

In this section, we derive joint maximum-likelihood estimators for the channel variance

σ2
h in (3.9) and the antenna impedance, represented here by the parameter F in (3.11).

Before doing so, it is convenient to reduce the observations (3.10) to sufficient statistics.

Lemma 2 (Sufficient Statistics) : Consider the observations u , (u1, . . . , uT )T in

(3.10), where F and σ2
h are unknown constants. Suppose the matrices

B1 ,
K∑
t=1

x∗tx
T
t , B2 ,

T∑
t=K+1

x∗tx
T
t , (3.12)

are non-singular, where x1, . . . ,xT is the training sequence. Then

y1 , B−1
1

K∑
t=1

utx
∗
t , y2 = B−1

2

T∑
t=K+1

utx
∗
t , (3.13)

are sufficient statistics to estimate F and σ2
h based on the observation u. Moreover, y1

and y2 are conditionally independent given h, with conditional distributions

y1 ∼ CN (h, σ2
nB
−1
1 ) , y2 ∼ CN (Fh, σ2

nB
−1
2 ) . �

Proof : From (3.10), note the observations u , (u1, . . . , uT )T are conditionally inde-

pendent given h, with conditional distributions ut ∼ CN (hTxt, σ
2
n) for 1 ≤ t ≤ K, and
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ut ∼ CN (FhTxt, σ
2
n) otherwise. The conditional distributions of y1 and y2 in the lemma

follow immediately by substituting these conditional pdfs into (3.13).

From the Neyman-Fisher Theorem [45, pg. 117], to prove sufficiency it suffices to

show p(u;F, σ2
h) can be factored into a product g(y1,y2, F, σ

2
h)f(u), where f does not

depend on y1,y2, F or σ2
h, and g does not depend on u.

To this end, we can express this pdf in terms of the conditional pdf as

p(u;F, σ2
h) = E

[
p(u|h;F, σ2

h)

]
,

where E[·] denotes expectation with respect to h. Since u1, . . . , uT are conditionally

independent given h, we can write

(πσ2
n)T · p

(
u;F, σ2

h

)
= E

[
exp

(
− 1

σ2
n

K∑
t=1

|ut − hTxt|2 −
1

σ2
n

T∑
t=K+1

|ut − FhTxt|2
)]

= E

[
exp

(
− 1

σ2
n

K∑
t=1

{
|hTxt|2 − u∗thTxt − uthHx∗t

})

× exp

(
− 1

σ2
n

T∑
t=K+1

{
|FhTxt|2 − u∗tFhTxt − utF ∗hHx∗t

})]
exp

(
−|u|

2

σ2
n

)

= E

[
exp

(
1

σ2
n

{
2 Re[hHB1y1] + 2 Re[F ∗hHB2y2]−

K∑
t=1

|hTxt|2 −
T∑

t=K+1

|FhTxt|2
})]

× exp

(
−|u|

2

σ2
n

)
.

Equate the first term with (πσ2
n)Tg(y1,y2, F, σ

2
h), and the second with f(u). Note f

does not depend on y1,y2, F, or σ2
h, while g depends on y1,y2, F and σ2

h (through the

expectation), but not u. This completes the proof.

Training sequences for MIMO channel estimation are often chosen to be orthogo-
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nal and equal-energy, so
∑T

t=1 xtx
H
t = (PT/N)IN . In this section, we assume the load

impedance (3.8) switches halfway through the training sequence, so K = T/2, and the

training sequences are also equal-energy and orthogonal over the first and last K symbols,

which implies

B1 = B2 =

(
PT

2N

)
IN , (3.14)

where B1,B2 are defined in (3.12). For example, this can be achieved by using a normal-

ized discrete Fourier transform (DFT) matrix [16, eq. 10].

With these assumptions, we now derive the maximum-likelihood estimate of the pa-

rameter vector

θ ,

F
σ2
h

 , (3.15)

based on the single-packet sufficient statistics (3.13), where F is defined in (3.11) and σ2
h

in (3.9). This estimate is defined by

θML , arg max
θ

p(y1,y2;θ) . (3.16)

The following theorem shows that these estimators can easily be calculated from the

principal component of a sample covariance matrix.

Theorem 5 (Single-Packet ML Estimators) : Let y1 and y2 be the sufficient statis-

tics in (3.13), where F and σ2
h are unknown constants. Consider the sample covariance

S ,
1

N

yH1 y1 yH2 y1

yH1 y2 yH2 y2

 . (3.17)

Let η1 be the largest eigenvalue of S, and ê1 = [E1, E2]T any associated unit eigenvector.
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Then the maximum-likelihood estimates of F and σ2
h are given by

θ̂ML =

F̂ML

σ̂2
h

 =

 E2/E1

|E1|2 max{η1 − σ2, 0}

 , (3.18)

provided E1 6= 0, where σ2 , σ2
n(2N/PT ). For E1 = 0 and η1 > σ2 the likelihood is

maximized in the limit as F →∞. �

Proof : From (3.14) and Lemma 2, y1 and y2 are conditionally independent given h,

and their conditional distributions are y1 ∼ CN (h, σ2IN) and y2 ∼ CN (Fh, σ2IN),

where σ2 , σ2
n(2N/PT ). Since h ∼ CN (0N , σ

2
hIN) is independent of the noise in (3.13),

it follows y = (y1,y2)T is a zero-mean Gaussian random vector with covariance

E
[
yyH

]
=

(σ2
h + σ2)IN σ2

hF
∗IN

σ2
hF IN (σ2

h|F |2 + σ2)IN

 = C⊗ IN , (3.19)

where ⊗ is the Kronecker product and

C , C(θ) =

σ2
h + σ2 σ2

hF
∗

σ2
hF σ2

h|F |2 + σ2

 . (3.20)

It follows

p (y1,y2;θ) =
1

det(π[C⊗ IN ])
exp

(
−yH [C⊗ IN ]−1y

)
,

= det(πC)−N exp
(
−yH [C−1 ⊗ IN ]y

)
,

= det(πC)−N exp
(
−N Tr

[
SC−1

])
, (3.21)

where S is defined in (3.17), and Tr[AB] = Tr[BA] [45, pg. 571].
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Note C can be written in terms of its eigensystem as

C = µ1e1e
H
1 + µ2e2e

H
2 , (3.22)

where µ1 ≥ µ2 are the ordered eigenvalues and e1, e2 are the associated unit eigenvectors.

From (3.20), it is easy to verify the following explicit formulas,

µ1 = σ2
h(1 + |F |2) + σ2 , µ2 = σ2

e1 =
1√

1 + |F |2

1

F

 , e2 =
1√

1 + |F |2

−F ∗
1

 . (3.23)

To find maximum-likelihood estimates of F and σ2
h, we proceed in two steps: First,

we find conditions on µ1, e1, e2 that achieve the maximum in (3.16). (Note the value of

µ2 is fixed at σ2.) Second, we use (3.23) to translate these conditions into values of F

and σ2
h. From (3.20), observe

C−1 = µ−1
1 e1e

H
1 + µ−1

2 e2e
H
2 , (3.24)

so the log of the likelihood (3.21) can be expressed in terms of the eigensystem as

ln p (y1,y2;θ) = −N ln det(πC)−N Tr
[
SC−1

]
= −N ln(πµ1µ2)− NeH1 Se1

µ1

− NeH2 Se2

µ2

= −N ln(πµ1µ2) +
(
µ−1

2 − µ−1
1

)
NeH1 Se1 − µ−1

2 N Tr[S] , (3.25)
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where the last equality follows by observing U , [e1, e2] is unitary, and

Tr[S] = Tr[UHSU] = eH1 Se1 + eH2 Se2 . (3.26)

From (3.23), the coefficient µ−1
2 − µ−1

1 in (3.25) is non-negative. Since S is Hermitian

and positive semi-definite, it has real eigenvalues, say η1 ≥ η2 ≥ 0. From the Rayleigh-Ritz

theorem, eH1 Se1 ≤ η1 with equality if and only if e1 is an eigenvector of S corresponding

to η1. Since Tr[S] = η1 + η2, it follows

ln p (y1,y2;θ) ≤ −N ln(πµ1µ2)− Nη1

µ1

− Nη2

µ2

= N

[
ln

(
η1

µ1

)
− η1

µ1

]
−N ln(πη1µ2)− Nη2

µ2

, (3.27)

with equality if and only if µ1 = µ2 or e1 is an eigenvector of S corresponding to η1. Note

the function lnx − x is concave and uniquely maximized at x = 1. It follows that the

bracketed term in (3.27) is maximized over µ1 ≥ µ2 = σ2 by choosing µ1 = max{η1, σ
2}.

Finally, we translate these conditions into values of F and σ2
h: If η1 ≤ σ2, then

µ1 = µ2 = σ2 and the likelihood (3.25) does not depend on F . From (3.23), it follows the

likelihood is maximized by σ̂2
h = 0 and any value of F ; In particular, (3.18) maximizes

the likelihood. However, if η1 > σ2, then µ1 = η1 is optimal and hence e1 must be an

eigenvector (E1, E2)T of S corresponding to η1. For E1 6= 0, the unique solution of the

equations σ2
h = η1 and e1 = (E1, E2)T in (3.23) is given by (3.18). For E1 = 0, no finite

F solves these equations; rather, the solution is approached in the limit as F →∞.

The theorem above shows the maximum-likehood estimators can be expressed in

terms of eigensystem of the sample covariance S. Since S is a 2× 2 Hermitian matrix, it

is possible to derive closed-form formulas for the eigensystem. This leads to closed-form
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expressions for the estimators, which are given in the following corollary.

Corollary 1 (Closed-Form ML Estimators) : Denote the elements of the sample co-

variance S in (3.17) by 1

S =
1

N

yH1 y1 yH2 y1

yH1 y2 yH2 y2

 ,

S11 S12

S21 S22

 . (3.28)

The maximum-likelihood estimators in (3.18) can be expressed in closed-form as

F̂ML =
S22 − S11 +

√
(S22 − S11)2 + 4|S12|2

2S12

, (3.29)

σ̂2
h =

|F̂ML|2

|F̂ML|2 + 1
max

{
S11 + S12F̂ML − σ2, 0

}
, (3.30)

provided S12 6= 0. �

Proof : Since S is Hermitian, S11 and S22 are real and non-negative and S12 = S∗21. The

eigenvalues are given by the two non-negative roots of the polynomial

det[S− ηI] = η2 − (S11 + S22)η + S11S22 − |S12|2 ,

of which the larger is

η1 =
S22 + S11 +

√
(S11 − S22)2 + 4|S12|2

2
. (3.31)

Next we find a unit eigenvector e1 = [E1, E2]T associated with η1. Any such vector

1Note the entry Sij = yH
j yi/N corresponds to Pji in our prequel [81, eq. 31], where 1 ≤ i, j ≤ 2.
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must satisfy |E1|2 + |E2|2 = 1 and

S11 − η1 S12

S21 S22 − η1


E1

E2

 =

0

0

 .

It is easy to verify that one solution of these equations is

E1

E2

 =
1√

|η1 − S11|2 + |S12|2

 S12

η1 − S11

 . (3.32)

From (3.18), it follows

F̂ML =
η1 − S11

S12

, σ̂2
h =

|η1 − S11|2

|η1 − S11|2 + |S12|2
max

{
η1 − σ2, 0

}
,

Substituting (3.31) into the first equation gives (3.29); substituting η1 = S11 + S12F̂ML

into the second gives (3.30).

We note (3.29) is similar to estimators that arise in the so-called errors-in-variables

regression literature, cf. [31, pg. 294, Case 4] and [40, Tab. 1, Cases 1&5]. In Appendix B.1,

we also show that F̂ML equals the ML estimator of F when both h and F are modeled

as unknown constants. Intuitively, this implies that modeling h as a zero-mean Gaussian

with an unknown variance, and modeling h as an unknown constant, both lead to the

same ML estimate of F .

Finally, in order to evaluate the efficiency of these estimators, we now derive the

Cramér-Rao Bound for the error covariance of these estimators,

Cθ̂ , Ey1,y2;θ

[(
θ̂ − θ

)(
θ̂ − θ

)H]
,

62



where Ey1,y2;θ denotes expectation with respect to the pdf p (y1,y2;θ) in (3.27). The

Cramér-Rao Bound is given by

Cθ̂ ≥ I(θ)−1 ,

where θ̂ is any unbiased estimator of θ = [θ1, θ2]T = [F, σ2
h]
T , and I(θ) is the Fisher

information matrix (FIM) [45, pg. 529]

[I(θ)]ij = N Tr

[
C−1 ∂C

∂θ∗i
C−1∂C

∂θj

]
, (3.33)

where C is given in (3.20). Here we use the approach described in [45, Sec. 15.7] to state

the FIM in an equivalent form convenient for complex θ.

It follows

I(θ) =
N(1 + |F |2)

[σ2
h(1 + |F |2) + σ2]

2

σ4
h (1 + σ2

h/σ
2) Fσ2

h

F ∗σ2
h 1 + |F |2

 ; (3.34)

hence the CRB is given by

I(θ)−1 =
σ2
h(1 + |F |2) + σ2

Nσ4
h(1 + |F |2)

σ2(1 + |F |2) −Fσ2σ2
h

−F ∗σ2σ2
h σ4

h(σ
2
h + σ2)

 . (3.35)

We are interested primarily in bounds on the mean-squared error of unbiased estima-

tors of F and σ2
h. These are given, respectively, by the diagonal entries of (3.36):

CF (θ) ,
σ2σ2

h(1 + |F |2) + σ4

Nσ4
h

, Cσ2
h
(θ) ,

(σ2
h(1 + |F |2) + σ2) (σ2

h + σ2)

N(1 + |F |2)
. (3.36)
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3.4 Estimators for Multiple Packets

In the last section, we derived estimators for F and σ2
h based on a single training packet. In

this section, we consider estimators based on multiple packets where the channel evolves

in an unknown way from packet to packet.

Suppose the transmitter sends a sequence of L identical training packets to the re-

ceiver. During reception of each packet, the receiver load shifts in the same way as

described in (3.8). As in the last section, we assume the channel is constant within a

packet, but varies from packet to packet in a random way. Under these assumptions, the

signal observed during the k-th packet can be described by a model similar to (3.10):

uk,t =


hTk xt + nk,t , 1 ≤ t ≤ K ,

FhTk xt + nk,t , K < t ≤ T ,

(3.37)

where F is still defined by (3.11), hk is the channel during the k-th packet, and the

noise variable nk,t ∼ CN (0, σ2
n) are i.i.d. We can express these observations in a compact

matrix form as

U1 = HX1 + N1 ,U2 = FHX2 + N2 (3.38)

where X1 , [x1, . . . ,xK ] ∈ CN×K , X2 , [xK+1, . . . ,xT ] ∈ CN×(T−K),

H , [h1, . . . ,hL]T ∈ CL×N , (3.39)

and U1 ∈ CL×K ,U2 ∈ CL×(N−K),N1 ∈ CL×K and N2 ∈ CL×(N−K) are defined anal-

ogously. It follows N1 and N2 are independent random matrices with i.i.d. CN (0, σ2
n)

entries. Here H models Rayleigh fading path gains which are uncorrelated in space but
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not necessarily in time. This implies the columns of H are i.i.d. zero-mean Gaussian

random vectors with an temporal correlation matrix σ2
hCH ∈ CL×L. Here we assume

the correlation structure of H is known except for the power, so CH is known but σ2
h

is unknown. As in the last section, we assume X1 and X2 are known at the receiver,

K = T/2, and the training sequences are equal-energy and orthogonal over the first and

last K symbols, which implies

X1X
H
1 = X2X

H
2 =

(
PT

2N

)
IN . (3.40)

The goal of this chapter is to derive estimators for H, F and σ2
h based on the ob-

servations (3.38). As in the last section, we approach the problem in two steps: In this

section, we consider joint maximum-likelihood estimation of F and σ2
h, treating H as a

nuisance parameter. In Sec. 3.5, we will explore estimators for H given F and σ2
h through

numerical examples. The following lemma generalizes Lemma 2 to multiple packets.

Lemma 3 (Multi-Packet Sufficient Statistics) : Consider the observations U1,U2

defined in (3.38), where X1,X2 are known training sequences and F and σ2
h are unknown

constants. Then

Y1 ,

(
2N

PT

)
U1X

H
1 , Y2 ,

(
2N

PT

)
U1X

H
2 , (3.41)

are sufficient statistics to estimate F and CH based on the observation U1,U2. Moreover,

Y1 − H and Y2 − FH are independent random matrices with i.i.d. CN (0, σ2) entries,

where σ2 , 2Nσ2
n/P . �

Proof : From (3.38) and (3.40), we have Y1 = H + (2N/PT )N1X
H
1 . Note the rows of

(2N/PT )N1X
H
1 are i.i.d. with covariance σ2

n(2N/PT )2X1X
H
1 = σ2IN , where the last step
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follows from (3.40). Similarly, Y2 = FH + (2N/PT )N2X
H
2 , where the last matrix has

i.i.d CN (0, σ2) entries. It follows Y1−H and Y2−FH are independent random matrices

with i.i.d. CN (0, σ2) entries.

From the Neyman-Fisher Theorem [45, pg. 117], to prove sufficiency it suffices to

show p(U1,U2;F, σ2
h) can be factored into a product g(Y1,Y2, F, σ

2
h)f(U1,U2), where f

does not depend on Y1,Y2, F or σ2
h, and g does not depend on U1,U2.

To this end, we can express this pdf in terms of the conditional pdf as

p(U1,U2;F, σ2
h) = EH

[
p(U1,U2|H;F, σ2

h)

]
,

where EH[·] denotes expectation with respect to H. Since U1,U2 are conditionally inde-

pendent given H, we can write

(πσ2
n)LT · p

(
U1,U2;F, σ2

h

)
= EH

[
exp

(
− 1

σ2
n

‖ U1 −HX1 ‖2
F −

1

σ2
n

‖ U2 − FHX2 ‖2
F

)]
= EH

[
exp

(
− 1

σ2
n

{
−Tr[UH

1 HX1]− Tr[(HX1)HU1] + Tr[XH
1 HHHX1]− Tr[UH

2 FHX1]

−Tr[(FHX2)HU2] + Tr[|F |2XH
2 HHHX2]

})]
exp

(
− 1

σ2
n

{
‖ U1 ‖2

F + ‖ U2 ‖2
F

})

= EH

[
exp

(
1

σ2
n

{
2ReTr[HHU1X

H
1 ] + 2ReTr[F ∗HHU2X

H
2 ]− Tr[HHHX1X

H
1 ]

−|F |2Tr[HHHX2X
H
2 ]

})]
exp

(
− 1

σ2
n

{
‖ U1 ‖2

F + ‖ U2 ‖2
F

})

= EH

[
exp

(
1

σ2

{
2ReTr[HHY1] + 2ReTr[F ∗HHY2]− (1 + |F |2) ‖ H ‖2

F

})]

× exp

(
− 1

σ2
n

{
‖ U1 ‖2

F + ‖ U2 ‖2
F

})
, (3.42)
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where ‖ A ‖2
F= Tr[AHA] denotes the Frobenius norm. Here the third equality follows

from the identities 2ReTr[A] = Tr[A] + Tr[AH ] and Tr[AB] = Tr[BA], and the fourth

equality follows from (3.40) and the definition of σ2. In (3.42), denote the first factor

by (πσ2
n)Tg(Y1,Y2, F, σ

2
h), and the second by f(U1,U2). Note f does not depend on

Y1,Y2, F, or σ2
h, while g depends on Y1,Y2, F and σ2

h (through the expectation), but

not U1,U2. This completes the proof.

We now present maximum-likelihood estimators for the parameter vector (3.15)

θ ,

F
σ2
h

 , (3.43)

based on the sufficient statistics (3.41), where F is defined in (3.11) and σ2
h in (3.9). This

estimate is defined by

θML , arg max
θ

p(Y1,Y2;θ) . (3.44)

The following theorem shows that these estimators can be calculated from the result µ̂

of a scalar optimization.

Theorem 6 (Multiple-Packet ML Estimators) : Let Y1 and Y2 be the sufficient

statistics in (3.41), where F and σ2
h are unknown constants. Consider the matrix

S(µ) ,

S11(µ) S12(µ)

S21(µ) S22(µ)

 . (3.45)
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where Sij(µ) , Tr
[
µCH (µCH + σ2IL)

−1
YiY

H
j

]
, 1 ≤ i, j ≤ 2. Define

µ̂ , arg max
µ≥0

[
η(µ)− σ2 ln det[µCH + σ2IL]

]
, (3.46)

where η(µ) is the largest eigenvalue of S(µ):

η(µ) ,
S22(µ) + S11(µ) +

√
(S11(µ)− S22(µ))2 + 4|S12(µ)|2

2
. (3.47)

Let ê1 = [E1, E2]T be any unit eigenvector of S(µ̂) corresponding to the eigenvalue

η(µ̂). Then the maximum-likelihood estimates of F and σ2
h are given by

θ̂ML =

F̂ML

σ̂2
h

 =

E2/E1

|E1|2µ̂

 , (3.48)

provided E1 6= 0, where σ2 , σ2
n(2N/PT ). For E1 = 0 and µ̂ > 0 the likelihood is

maximized in the limit as F →∞. �

Proof : For any matrix A, denote the kj-th element and k-th row by [A]kj and [A]k,

respectively. Let CH = VHdiag[λ1, . . . , λL]V be an eigendecomposition of CH, where

λ1 ≥ . . . ≥ λL ≥ 0 are eigenvalues of CH, and V is a unitary matrix such that VVH =

VHV = IL. It follows the elements of VH are independent with [VH]kj ∼ CN (0, σ2
hλk).

For 1 ≤ k ≤ L, let wk1 , [VY1]k and wk2 , [VY2]k. From Lemma 3, wk1 and

wk2 are conditionally independent given [VH]k, with conditional distributions wk1 ∼

CN ([VH]k, σ
2IN) and wk2 ∼ CN (F [VH]k, σ

2IL). Since [VH]k ∼ CN (0N , σ
2
hλkIN) is

independent of the noise in (3.41), it follows wk , (wk1,wk2)T is a zero-mean Gaussian
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random vector with covariance

Cwk , E
[
wH
k wk

]
=

(σ2
hλk + σ2) IN σ2

hF
∗λkIN

σ2
hFλkIN (σ2

h|F |2λk + σ2) IN

 = Ck ⊗ IN ,(3.49)

where

Ck ,

σ2
hλk + σ2 σ2

hF
∗λk

σ2
hFλk σ2

h|F |2λk + σ2

 . (3.50)

As in the derivation of (3.23) in the proof of Theorem 5, note Ck can be written in

terms of its eigensystem as

Ck = µk1e1e
H
1 + µ2e2e

H
2 , (3.51)

where µk1 ≥ µ2 are the ordered eigenvalues and e1, e2 are the associated unit eigenvectors.

From (3.50), it is easy to verify the following explicit formulas,

µk1 = µλk + σ2 , µ2 = σ2

e1 =
1√

1 + |F |2

1

F

 , e2 =
1√

1 + |F |2

−F ∗
1

 . (3.52)

where µ , σ2
h(1 + |F |2). Note only µk1 depends on k. As in the derivation of (3.25) in
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the proof of Theorem 5, we have

ln p (wk1,wk2;θ) = −N ln(πµk1µ2) +
(
µ−1

2 − µ−1
k1

)
NeH1 Ske1 − µ−1

2 N Tr[Sk]

= −N ln(πσ2[µλk + σ2]) +
Nµλk

σ2[µλk + σ2]
eH1 Ske1 − σ−2N Tr[Sk]

= Bk +
N

σ2

[
µλk

µλk + σ2
eH1 Ske1 − σ2 ln(µλk + σ2)

]
(3.53)

where Bk does not depend on µ or e1 and

Sk ,
1

N

wk1w
H
k1 wk1w

H
k2

wk2w
H
k1 wk2w

H
k2

 =
1

N

[VY1Y
H
1 VH ]kk [VY1Y

H
2 VH ]kk

[VY2Y
H
1 VH ]kk [VY2Y

H
2 VH ]kk

 . (3.54)

Since w1, . . . ,wL are independent, the joint probability of Y1 and Y2 is then given by

ln p(Y1,Y2;θ) =
L∑
k=1

ln p (wk1,wk2;θ)

= B +
N

σ2

L∑
k=1

[
µλk

µλk + σ2
eH1 Ske1 − ln(µλk + σ2)

]

= B +
N

σ2

[
eH1 S(µ)e1 − σ2

L∑
k=1

ln(µλk + σ2)

]
, (3.55)

where B does not depend on the parameters and

S(µ) ,
L∑
k=1

µλk
µλk + σ2

Sk (3.56)
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is the matrix in (3.45). To see this, let Λ , diag(λ1, . . . , λL) and observe

[S(µ)]ij ,
L∑
k=1

µλk
µλk + σ2

[VYiY
H
j VH ]kk

=
L∑
k=1

[
µΛ
(
µΛ + σ2IL

)−1
VYiY

H
j VH

]
kk

=
L∑
k=1

[
µCH

(
µCH + σ2IL

)−1
YiY

H
j

]
kk

= Tr
[
µCH

(
µCH + σ2IL

)−1
YiY

H
j

]
. (3.57)

To find maximum-likelihood estimates of F and σ2
h, we proceed in two steps: First, we

find conditions on µ and e1 that achieve the maximum in (3.55). Second, we use (3.52)

to translate these conditions into values of F and σ2
h.

For each µ, the maximum of (3.55) over e1 is clearly a unit eigenvector corresponding

to the largest eigenvalue of S(µ). As in the proof of (3.31), it is easily shown this eigenvalue

is given by η(µ), defined in (3.47). It follows that the maximum-likelihood estimate of µ

is

µ̂ , arg max
µ≥0

[
η(µ)− σ2

L∑
k=1

ln(µλk + σ2)

]
,

which equals (3.46), since
∑L

k=1 ln(µλk + σ2) = ln det[µCH + σ2IL].

Finally, we translate these conditions into values of F and σ2
h: If µ̂ = 0, S(µ̂) van-

ishes and ln p(Y1,Y2;θ) does not depend on F . From (3.52), it follows the likelihood is

maximized by σ̂2
h = 0 and any value of F ; In particular, (3.48) maximizes the likelihood.

However, if µ̂ > 0, then S(µ̂) is not zero and e1 must be an eigenvector of S(µ̂) corre-

sponding to η(µ̂) > 0. For E1 6= 0, the unique solution of the equations µ̂ = σ2
h(1 + |F |2)
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and e1 = (E1, E2)T in (3.52) is given by (3.48). For E1 = 0, no finite F solves these

equations; rather, the solution (and maximum) is approached in the limit as F →∞. �

The theorem above reduces the problem of calculating the multi-packet estimators

to the problem of solving the scalar optimization (3.46). In general, it appears that this

optimization must be performed numerically. However, we now show this optimization

admits a simple, closed form solution in several scenarios of practical interest.

First consider the case of fast-fading, where CH = IL. In this case, the estimators can

be expressed in a simple form similar to those in Corollary 1.

Corollary 2 (ML Estimators for Fast-Fading) : Let Y1 and Y2 be the sufficient

statistics in (3.41), where F and σ2
h are unknown constants. Consider the matrix

T ,
1

L

Tr
[
Y1Y

H
1

]
Tr
[
Y1Y

H
2

]
Tr
[
Y2Y

H
1

]
Tr
[
Y2Y

H
2

]
 . (3.58)

If CH = IL, the ML estimators (3.48) can be expressed in closed-form as

F̂ML =
T22 − T11 +

√
(T22 − T11)2 + 4|T12|2

2T12

, (3.59)

σ̂2
h =

|F̂ML|2

|F̂ML|2 + 1
max

{
T11 + T12F̂ML − σ2, 0

}
, (3.60)

provided T12 6= 0. �

Proof : In Theorem 6, the ML estimators are given in terms of µ̂ and ê1, which jointly

maximize the function

f(µ, e1;σ2) , eH1 S(µ)e1 − σ2

L∑
k=1

ln(µλk + σ2) . (3.61)
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For CH = IL, we have λ1 = · · ·λL = 1, so

S(µ) =
Lµ

µ+ σ2
T , (3.62)

and f reduces to

f(µ, e1;σ2) = L

[
µ

µ+ σ2
eH1 Te1 − σ2 ln(µ+ σ2)

]
.

The maximum of eH1 Te1 over e1 is clearly the largest eigenvalue of T, say η1, and is

achieved when e1 is any associated eigenvector. By direct differentiation, we observe

µη1

µ+ σ2
− σ2 ln(µ+ σ2) ,

is maximized by

µ̂ = max
{
η1 − σ2, 0

}
. (3.63)

Similar to the proofs of (3.31) and (3.32) in Corollary 1, we can derive closed-form

formulas for η1 and e1

η1 =
T22 + T11 +

√
(T11 − T22)2 + 4|T12|2

2
(3.64)

ê1 =

E1

E2

 =
1√

|η1 − T11|2 + |T12|2

 T12

η1 − T11

 . (3.65)

If T12 6= 0, substituting µ̂ and e1 into (3.48) yields

F̂ML =
η1 − T11

T12

, σ̂2
h =

|η1 − T11|2

|η1 − T11|2 + |T12|2
max

{
η1 − σ2, 0

}
, (3.66)
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Substituting (3.64) into the first equation gives (3.59); substituting η1 = T11 + T12F̂ML

into the second gives (3.60).

For a general non-singular temporal correlation matrix CH, the ML estimators (3.48)

can easily be approximated under high SNR conditions, such that σ2 ≈ 0. In Theorem 6,

the ML estimators are given in terms of µ̂ and ê1, which jointly maximize the function

f(µ, e1;σ2) in (3.61). If CH is any non-singular matrix, For small σ2, we can expand this

function as

f(µ, e1;σ2) =
L∑
k=1

[
µλk

µλk + σ2
eH1 Ske1 − σ2 ln(µλk + σ2)

]

=
L∑
k=1

[(
1− σ2

µλk

)
eH1 Ske1 − σ2 ln(µλk)

]
+O(σ4)

= Lg(µ, e1;σ2)− σ2 ln det[CH] +O(σ4) , (3.67)

where

g(µ, e;σ2) , eH
[
T− σ2

µ
S

]
e− σ2 ln(µ) , (3.68)

where T is given in (3.58) and

S ,
1

L

Tr
[
C−1

H Y1Y
H
1

]
Tr
[
C−1

H Y1Y
H
2

]
Tr
[
C−1

H Y2Y
H
1

]
Tr
[
C−1

H Y2Y
H
2

]
 . (3.69)

We define the approximate “low-noise ML estimators” to be the estimators (3.66) with

µ̂ and ê1 replaced by the e, µ that jointly maximize g. The following result provides a

simple characterization of these estimators.
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Theorem 7 (Low-Noise ML Estimators) : Let Y1 and Y2 be the sufficient statistics

in (3.41), where F and σ2
h are unknown constants. Suppose µo > 0 and eo ∈ C2 satisfy the

following two conditions: (1) eo is a unit eigenvector of P , T− (σ2/µo)S corresponding

to its largest eigenvalue, and (2) µo = eHo Seo. Then µo, eo are the global maxima of

g(µ, e;σ2), and the low-noise ML estimators are given by

F̂ML =
P22 − P11 +

√
(P22 − P11)2 + 4|P12|2

2P12

, (3.70)

σ̂2
h =

|F̂ML|2

|F̂ML|2 + 1
max

{
P11 + P12F̂ML − σ2, 0

}
, (3.71)

provided P12 6= 0. Moreover, the value of µo is unique. �

Proof : If µ and e maximize g(µ, e;σ2) subject to the constraint eHe = 1, they must

be a critical point of the Lagrangian L(µ, e;σ2) = g(µ, e;σ2) − ηeHe for some real η. It

follows µ and e satisfy

0 = ∇eL = 2eH
[
T− (σ2/µ)S

]
− 2ηeH

0 =
∂L

∂µ
= −σ

2

µ2
eHSe +

σ2

µ
, (3.72)

for some η. For a given µ, the first equation is satisfied only when η is an eigenvalue of T−

(σ2/µ)S and e is a corresponding unit eigenvector. From (3.68), it is η must be the largest

eigenvalue of T − (σ2/µ)S, since otherwise e would not achieve maxe:eHe=1 g(e, µ;σ2).

Similarly, for a given e, the unique solution of the second equation is µ = eHSe.

We now prove µo, eo is the global maxima of g(e, µ;σ2). For any µ > 0, let ηµ denote

the largest eigenvalue of T − σ2

µ
S, and eµ be any associated unit eigenvector. We claim
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µ > µ′ implies

eHµ Seµ ≥ eHµ′Seµ′ . (3.73)

To see this, note the Rayleigh-Ritz Theorem implies

ηµ′ = eHµ′

[
T− σ2

µ′
S

]
eµ′ ≥ eHµ

[
T− σ2

µ′
S

]
eµ .

Since

T− σ2

µ′
S = T− σ2

µ
S + σ2

(
1

µ
− 1

µ′

)
S , (3.74)

it follows

eµ′

[
T− σ2

µ
S

]
eµ′ + σ2

(
1

µ
− 1

µ′

)
eHµ′Seµ′

≥ eHµ

[
T− σ2

µ
S

]
eµ + σ2

(
1

µ
− 1

µ′

)
eHµ Seµ

= η(µ) + σ2

(
1

µ
− 1

µ′

)
eHµ Seµ , (3.75)

and hence from the Rayleigh-Ritz Theorem

σ2

(
1

µ′
− 1

µ

)[
eHµ′Seµ′ − eHµ Seµ

]
≥ η(µ)− eHµ′

[
T− σ2

µ
S

]
eµ′ ≥ 0 , (3.76)

thereby proving the claim.
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Now let eo, µo satisfy the necessary conditions. For all µ > 0

η(µ) = eHµ

[
T− σ2

µ
S

]
eµ

= eHµ

[
T− σ2

µo
S

]
eµ + σ2

(
1

µo
− 1

µ

)
eHµ Seµ

≤ η(µo) + σ2

(
1

µo
− 1

µ

)
eHµ Seµ

= η(µo) + σ2

(
1− µo

µ

)
θ , (3.77)

where the first inequality follows from the Rayleigh-Ritz Theorem, and the second from

(3.73). From (3.73), θ ≥ 1 if µ ≥ µo.

Similarly, this inequality also holds for µ < µo, since the coefficient of eHµ Seµ above

is then negative. Thus, for all e and µ, we have

g(e, µ;σ2) , eH
[
T− σ2

µ
S

]
e− σ2 ln(µ)

≤ ηµ − σ2 ln(µ)

≤ ηµo + σ2

(
1− µo

µ

)
− σ2 ln(µ)

= g(eo, µo;σ
2) + σ2

[(
1− µo

µ

)
+ ln

(
µo
µ

)]
. (3.78)

Recall ln(1 + x) ≤ x for all x > −1, with equality if and only if x = 1. For x = µo/µ− 1,

this implies the bracketed term is negative for all µ 6= µo. Thus, eo, µo achieves the global

maximum of g and the value of µo is unique. �

Temporal correlation generally exists in Rayleigh fading channels, e.g., Clarke’s model

[9,21,86]. To illustrate this correlation in time, we vectorize H ∈ CL×N defined in (3.39),

h , vec H ∼ CN
(
0M , σ

2
hIN ⊗Ch

)
, (3.79)
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where Ch is the normalized temporal correlation matrix, such that its diagonal entries

are all 1’s and other entries are scaled accordingly. If Q is known a priori, the channel H

can be decorrelated in time to generate an independent2 channel matrix Hd,

Hd , QHH , hd , vec Hd ∼ CN
(
0M , σ

2
hIN ⊗D

)
, (3.80)

where unitary matrix Q and diagonal matrix D are from the eigensystem of the channel

correlation matrix Ch, i.e.,

ChQ = QD , D = diag(d1, . . . , dL) , (3.81)

and Tr[D] = L. Note hd in (3.80) is temporally independent but not necessarily identical,

since dk’s may differ.

Since Ch is Hermitian, its eigen-values are real. We further assume that Ch is positive

definite, so dk > 0 for 1 ≤ k ≤ L. Without loss of generality, we sort dk’s in descending

order in D. We assume dk’s are known, because second-order statistics of the fading

channel remain the same except an unknown scaling factor in σ2
h. Thus, the orthonormal

eigen-vectors of Ch remain unchanged for all passive antenna impedance in ZA. We define

Λ for mathematical convenience,

Λ , D⊗ σ2
hIN = diag(λ1, . . . , λM) , (3.82)

where σ2
h ∈ R+ is unknown and we define,

M , N · L . (3.83)

2Uncorrelated Gaussian random variables are also independent [45, pg. 558].
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Note, due to the Kronecker product, there are only L distinct diagonal elements in Λ,

each with multiplicity N .

We combine the vectorized sufficient statistics in (3.41) at the load into a matrix in

C2×M ,

Vs ,

yT1

yT2

 =

 hT

FhT

+ Ns , (3.84)

where we define vectorized sufficient statistics (3.41),

y1 , vec Y1 = h + ns,1 , y2 , vec Y2 = Fh + ns,2 , (3.85)

and the noise is i.i.d., such that vec Ns ∼ CN (0M , σ
2
nI2M).

Consider the decorrelated observation (3.84) as

V , [v1, . . . ,vM ] = Vs (IN ⊗Q∗) =

 hTd

FhTd

+ N . (3.86)

It follows that vec N =
[
(IN ⊗QH)⊗ I2

]
· vec Ns ∼ CN (0, σ2I2M) [19, Th. 2.13]. With a

slight abuse of notation, we define the sample covariance using (3.84) and (3.86),

S ,
1

M

M∑
k=1

vmvHm =
1

M
VVH =

1

M
VsV

H
s ,

S11 S12

S21 S22

 . (3.87)

where the third equality is achieved by noting Q is unitary (3.81) and Q∗QT = IL. One

observes that S remains the same regardless decorrelation or not. We write the density
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function of (3.86),

p (V;θ) =
M∏
m=1

det(πCm)−1 exp

(
−

M∑
m=1

vHmC−1
m vm

)
, (3.88)

where the covariance matrices have the following pattern, for 1 ≤ k ≤M ,

Cm(θ) , E
[
vmvHm

]
=

λm + σ2 λmF
∗

λmF λm|F |2 + σ2


= λm

1

F

[1 F ∗
]

+ σ2I2 = µ1e1e
H
1 + µ2e2e

H
2 , (3.89)

with λm’s defined in (3.82), and the eigen-vectors and eigenvalues are, respectively,

e1 =
1√

1 + |F |2

1

F

 , e2 =
1√

1 + |F |2

−F ∗
1

 ,

µ1,m(θ) = λm(1 + |F |2) + σ2 , µ2 = σ2 . (3.90)

We observe that the eigen-vectors of Cm are the same, regardless the value of σ2
h ∈ R+;

so is its smallest eigenvalue. We find the the log-likelihood function as

L(θ) , ln p (θ; V) = ln

[
M∏
m=1

det(πCm)−1 exp

(
−

M∑
m=1

vHmC−1
m vm

)]

= −
M∑
m=1

ln det Cm −
M∑
m=1

vHmC−1
m vm + C , (3.91)

where C is a constant independent of θ. More details on this can be found in Appendix

B.2. The entries of Fisher information matrix (FIM) have been derived, for 1 ≤ i, j ≤ 2,
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using [45, pg. 529] and extension of (15.60) in Kay [45, pg. 531],

[I(θ)]ij =
M∑
m=1

Tr

[
C−1
m

∂Cm

∂θ∗i
C−1
m

∂Cm

∂θj

]
. (3.92)

Using the identities on complex gradients of Cm in the Appendix, we derive the FIM as

I(θ) = N(1 + |F |2)
L∑
k=1

d2
k

[dkσ2
h(1 + |F |2) + σ2]

2

(σ2
h)

2
(
dkσ

2
h

σ2 + 1
)

Fσ2
h

F ∗σ2
h 1 + |F |2

 . (3.93)

For any unbiased estimators θ̂, the classical Cramér-Rao bound (CRB) is then calculated

as the inverse of FIM,

E

[(
θ̂ − θ

)(
θ̂ − θ

)H]
≥ C(θ) = I−1(θ) . (3.94)

It appears challenging to derive the CRB in closed-form for general channel correlation

Ch. However, we next investigate a special case, i.e., i.i.d. fading channels, where both

the maximum-likelihood (ML) estimators and the CRB are in closed-form.

3.4.1 ML Estimators for Temporally i.i.d. Fading

If the temporal correlation matrix Ch = IL, the multi-packet ML estimator for F is

trivial extension of the single-packet ones, which are given in (3.29). Note the multi-

packet sample covariance S in (3.87) should be used in this ML estimator. Similarly, the

multi-packet CRB, under i.i.d. fading, is the single-packet CRB in (3.36) scaled by 1/L,

i.e., The CRB for F and σ2
h are the diagonal entires of (3.36), respectively,

CF (θ) ,
σ2σ2

h(1 + |F |2) + σ4

NLσ4
h

, Cσ2
h
(θ) ,

(σ2
h(1 + |F |2) + σ2) (σ2

h + σ2)

NL(1 + |F |2)
. (3.95)
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Next we consider the general problem where Ch is not diagonal. We derive necessary

conditions for the ML estimators and numerical methods in finding them.

3.4.2 ML Estimators for General Ch

In can be shown that the complex gradient of L(θ) is [45, eq. 15.60],

∂L(θ)

∂θ∗j
=

M∑
m=1

[
vHmC−1

m

∂Cm

∂θ∗j
C−1
m vm − Tr

(
C−1
m

∂Cm

∂θ∗j

)]
. (3.96)

A necessary condition for joint ML estimators is that the complex gradient vanishes.

In the Appendix B.2, the components of the complex gradient are shown to have the

following form,

∂L(θ)

∂F ∗
= −F

M∑
m=1

λm
µ1,m

+
1

σ2

M∑
m=1

λm
µ2

1,m

vHm

1

F

[−λmF λm + σ2

]
vm ,

∂L(θ)

∂σ2
h

= −(1 + |F |2)
1

σ2
h

M∑
m=1

λm
µ1,m

+
1

σ2
h

M∑
m=1

λm
µ2

1,m

vHm

1

F

[1 F ∗
]

vm , (3.97)

where λm’s are defined in (3.82). Note the necessary conditions above suggest the joint ML

estimators are not solvable in a closed-form without additional assumptions on dk’s and

σ2. Thus, we use numerical methods to find these ML estimators. In particular, a variation

of the complex Newton-Raphson iteration can be used to find the true MLE [83, eq. 11],

θp+1 = θp −H−1(θp)
∂L(θ)

∂θ∗

∣∣∣∣
θ=θp

, (3.98)
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where the complex Hessian of the log-likelihood function is,

H(θ) ,
∂2L(θ)

∂θ∗∂θT
=

 ∂2L(θ)
∂F ∗∂F

∂2L(θ)

∂F ∗∂σ2
h

∂2L(θ)

∂σ2
h∂F

∂2L(θ)

∂σ2
h∂σ

2
h

 , (3.99)

whose entries are derived after some lengthy yet straightforward algebra,

∂2L(θ)

∂F ∗∂F
= −

M∑
m=1

λm(λm + σ2)

µ2
1,m

+
1

σ2

M∑
m=1

vHmAvm ,

∂2L(θ)

∂F ∗∂σ2
h

= −Fσ
2

σ2
h

M∑
m=1

λm
µ2

1,m

+
1

σ2
h

M∑
m=1

λm
µ3

1,m

vHm

1

F

[−2λmF λm − λm|F |2 + σ2

]
vm ,

∂2L(θ)

∂σ2
h∂σ

2
h

=
(1 + |F |2)2

(σ2
h)

2

M∑
m=1

λ2
m

µ2
1,m

− 2(1 + |F |2)

(σ2
h)

2

M∑
m=1

λ2
m

µ3
1,m

vHm

1

F

[1 F ∗
]

vm , (3.100)

and

A ,
λm
µ3

1,m

λm (λm|F |2 − λm − σ2) −2λm(λm + σ2)F ∗

−2λm(λm + σ2)F −(λm + σ2) (λm|F |2 − λm − σ2)

 . (3.101)

After some straightforward algebra, we verify that

−E [H(θ)] = I(θ) , (3.102)

where I(θ) is the Fisher information matrix given in (3.93), derived using a different

approach [45, eq. 15.52]. This serves a confirmation that the complex Hessian expres-

sions derived above are correct. The starting point of iteration-based numerical methods

matter, and we propose to start from the ML estimators for the i.i.d. case (3.29). When
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it converges (3.98), we have the true ML estimator for F which we denote as F̂ML.

Now we give another estimator for F based on method of moments,

F̂MM =
S22 − S11 +

√
(S22 − S11)2 + 4|S12|2

2S12

, (3.103)

conditioned on S12 6= 0, where Sij’s are entries of the sample covariance (3.28). It can be

shown that this MM estimator is also a true ML estimator by treating both h and F as

deterministic3. One observes that F̂MM is the same regardless the channel is correlated

or not, e.g., see (3.87). The performance of above estimators are evaluated in the next

section.

3.5 Numerical Results

In this section, we explore the performance of estimators in the previous section through

numerical examples. Consider a narrow-band MISO communications system with N = 4

transmit antennas, whose carrier frequency is 2.1 GHz. This frequency is chosen based on

the first E-UTRA down-link operating band in LTE specifications [2, pg. 40, Table 5.5-1].

The duration of each data packet equals to a subframe of LTE, i.e., Ts = 1 ms [24, pg.

5] [1, Fig. 4.1-1]. Block-fading channel is assumed, such that during one data packet, the

channel information remains the same, but it generally varies from packet to packet [16].

For each data packet, a training sequence precedes data sequence [53, Fig. 1(a)].

We take the two partitions of the training sequence X = [X1,X2] from a normalized

discrete Fourier transform (DFT) matrix of dimension K = T/2 = 32, e.g., [16, eq. 10].

3Details see Remark in Sec. 3.3 and Appendix B.1. Although F̂MM in (3.103) is another ML estimator,
we call it the MM (method of moments) estimator to distinguish it from the MLE found via Newton-
Raphson iterations (3.98).
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Figure 3.2: Relative MSE of ML Estimators in i.i.d. Fading with N = 4.

In particular, the first part X1 is chosen as the first N rows, while X2 the next N rows,

and XiX
H
i = KIN for i = 1, 2. The unknown antenna impedance is that of a dipole

ZA = 73 + j42.5 Ω. The load impedance (3.8) is Z1 = 50 Ω for the first K = 32 symbols

of each training sequence, and Z2 = 60 + j20 Ω for the remaining T −K = 32 symbols.

From (3.11), it follows F = 0.9646− j0.1032.

From (3.5) with ZL = Z1, (3.9) and (3.14), we define the average post-detection

signal-to-noise ratio (SNR) of a received symbol as

γ , E[ρsym] =
R1

σ2
n|ZA + Z1|2

Tr
(
E
[
xxH

]
E
[
g∗gT

])
=

σ2
h · P
σ2
n

. (3.104)

Next we numerically explore the performance of the true ML estimators in (3.18) for

i.i.d. Rayleigh fading channels, i.e., Ch = IL.

In Fig 3.2a, the relative root MSE (RMSE) of the ML estimator F̂ML in (3.29) ap-

proaches its corresponding Cramér-Rao bound (CRB) within a dB to for one packet.

This gap vanishes with a sufficient number of training packets, e.g., L = 5. Also plotted
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is the joint ML estimator derived under the hybrid estimation framework [81, eq. 29]. At

low SNR, F̂ML beats the joint ML estimator, despite the latter assumes more knowledge,

i.e., knowing σ2
h. Thus, more knowledge does not guarantee better estimation accuracy

unless used optimally, and the hybrid framework is not the optimal formulation of this

problem in terms of estimation efficiency.

In Fig. 3.2b, we plot the MSE of the MLE σ̂2
h in (3.18) and its CRB (3.95). Observe

that σ̂2
h becomes efficient at high SNR for all L plotted. Also, the relative CRB’s saturate

at 1/(N · L) as SNR increases asymptotically, i.e., ρ → ∞. This is confirmed by its

expression in (3.95). Note σ2
h is a nuisance parameter, which has to be estimated in this

classical estimation framework. We next explore the performance of F estimators under

correlated fading channels.

Assume Clarke’s model, and the normalized channel correlation matrix is [9, 21,86],

Ch =



R[0] R[−1] · · · R[−L+ 1]

R[1] R[0] · · · R[−L+ 2]

...
. . . . . .

...

R[L− 1] R[L− 2] · · · R[0]


, (3.105)

where R[l] = J0(2πfdTs|l|), J0(·) is the zeroth-order Bessel function of the first kind,

Ts = 1 ms is the sampling interval, and l is the sample difference. The fading frequency

(maximum Doppler frequency) is fd , v/λ, where v is the velocity of the fasting moving

scatterer and λ the wave-length of the carrier frequency.

LTE supports peak date rates of 100/50 Mbps (downlink/uplink) for velocity up

to 350 km/h; for velocity between 350 and 500 km/h, a high-speed railways version

of LTE, i.e., LTE-R, maintains reliable communication at lower capacity [38, Table 1].
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Figure 3.3: Relative RMSE and Absolute Bias of F̂MM in Fast Fading, N = 4.

Consider first a fast fading scenario, i.e., a high-speed environment where the velocity is

at v = 300 km/h [24, pg. 11]. The fading frequency is calculated as fd = 583.3Hz. Note

the normalized correlation matrix Ch under this setting is,

Ch =

1.0000 −0.3971 0.2856 −0.1720 0.0556

...
. . . . . . . . .

...

 ,

and its eigenvalues are, [0.5527, 0.5766, 0.6267, 1.0822, 2.1618]. The correlation matrix Ch

is real symmetric Toeplitz, so its first row contains all the distinct entries, and other rows

are structured repetitions of the first row. These eigenvalues indicate the decorrelated

channels are not identical but comparable in fast fading, with L orders of temporal

diversity from L packets.

Under this fading, we plot in Fig. 3.3a the RMSE of F̂MM in (3.103), compared to its

general CRB (3.94). Since the channel is correlated, the F̂MM is generally sub-optimal

to the true MLE. We observe the F̂MM is about 1 dB away from the CRB for L = 1.
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They eventually achieve the CRB as L increases further to 5 and 10. Note F̂MM can be

interpreted as discarding the temporal correlation over packets and view the L channels

i.i.d.. Thus, for L = 1 the F̂MM is also true ML estimator (3.29). For L = 5, 10, the little

gap between the RMSE of F̂MM and its CRB does not justify the extra computational

complexity in finding the F̂ML, e.g., via Newton-Raphson (3.98). Thus, we defer plotting

of F̂ML till later; see Figs. 3.5a and 3.5b.

We plot the relative absolute bias of F̂MM in Fig. 3.3b, i.e., |E[F̂MM − F ]|/|F |. The

random fluctuation at all L and SNR suggests its true bias is buried below these curves.

Thus, although it remains unclear if F̂MM is unbiased, its bias (if any) is tiny and can be

ignored practically.

Next we investigate a more correlated case. When the fading is moderate, e.g., v = 50

km/h and fd = 97.2 Hz. The correlation matrix Ch and its eigenvalues are, respectively,

Ch =

1.0000 0.9089 0.6602 0.3210 −0.0199

...
. . . . . . . . .

...

 ,

and [2.3661×10−8, 7.0552×10−4, 0.0646, 1.3589, 3.5757]. Under this fading conditions,

5 correlated channels provide about 2 orders of diversity.

In Figs. 3.4a and 3.4b, the MM estimator F̂MM are plotted with four combinations of

N = 2, 4 and L = 5, 10. The general trend is that for a given L and total transmit power

constraint in (3.14), having 4 transmit antennas is better than having 2 both in terms

of RMSE and excess power. This is due to the fact that transmit antennas provide i.i.d.

fading and hence spatial diversity. The CRB (3.94) under correlated fading generally

differs for different L or N . However, for the particular cases in Fig. 3.4a, this difference

is less than 0.3% at low SNR, and vanishes as SNR increases. So we only plot the N = 2
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Figure 3.4: Effects of Transmit Diversity under Medium Fading, N = 2, 4.

CRB’s. The F̂MM is within a fraction of a dB to its CRB for all values of N , L, and SNR.

In Fig. 3.4b, we plot the excess (transmit) power needed due to mismatch in ẐL, i.e.,

−10 log10

(
4RA · E

[
R̂L/|ZA + ẐL|2

])
, (3.106)

where the load is conjugately matched to an estimate of ZA,

ẐL , Ẑ∗A , ẐA =
Z2

√
R1/R2 · F̂MM − Z1

1−
√
R1/R2 · F̂MM

, (3.107)

and ẐA is calculated via the invariance principle of MLE, given K = T/2. If an excess

power of 0.5 dB or smaller is desired, a RMSE of 5% suffices to achieve this goal. This

can be used as a rule of thumb on how accurate F needs to be estimated.

When the fading is extremely slow, e.g., v = 5 km/h and fd = 9.72 Hz. The highly
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Figure 3.5: Benefits of F̂ML over F̂MM in Slow Fading, N = 1, 4.

correlated Ch and its eigenvalues are, respectively,

Ch =

1.0000 0.9991 0.9963 0.9916 0.9851

...
. . . . . . . . .

...

 ,

and [2.172×10−14, 6.501×10−10, 6.098×10−6, 0.0186, 4.981]. These temporal channels

are highly correlated, even between the first and last channels. Essentially 5 temporal

packets results in only one order of diversity. This is a worse case for temporal diversity.

Next, we explore the benefits of F̂ML over FMM under slow fading. Specifically, L =

5, 10 packets are chosen, and N = 4 spatial diversity is available at the transmitter

in Fig. 3.5a. Here the F̂ML, found via Newton-Raphson iteration4 in (3.98), exhibits

negligible improvement over the simple F̂MM . From (3.82) and previous numerical results,

another rule of thumbs is that, to be 1 dB within the CRB, a total of 4 orders of diversity,

4To improve numerical stability, we here find F̂ML by assuming σ̂2
h is known and only estimates of

F are iteratively updated using the upper left entry of the complex Hessian (3.99). This serves a lower
bound on the ML estimator not knowing σ2

h.
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temporal and/or spatial, is needed.

The classical CRB for F given σ2
h is the inverse of the upper left entry of the FIM in

(3.93), which we denote as CF |σ2
h
(θ). It has been shown that CF |σ2

h
(θ) is a lower bound

on CF (θ), the upper left entry of (3.94). This is intuitive, as CF |σ2
h
(θ) assumes more

knowledge, i.e., knowing σ2
h, than CF (θ). However, for all points considered in Fig. 3.5a,

these two CRB’s differ by about 0.3% at low SNR and merge at high SNR. Thus, the 1

dB gap between F̂MM (or F̂ML) and the CRB is because CRB is loose for finite sample

size. Thus, in terms of estimating F , little benefit is gained by knowing σ2
h when when

enough (spatial) diversity exists, e.g., N = 4. This condition is often satisfied, since

modern wireless communication systems tend to deploy multiple antennas at the down-

link transmitter, e.g. base stations for LTE and 5G and access points for WLAN [32,50,

84].

When only one transmit antenna is used, in Fig. 3.5b relative Mean Absolute Error

(MAE) is plotted instead of the RMSE, due to the heavy tails of the single-packet F̂ML [80,

Sec. V-A]. Here F̂ML provides about 1 dB of gain at low SNR, but converges to F̂MM as

SNR increases beyond 10 dB. Compared to the i.i.d. fading, high correlation costs about

3 dB in general.

Once antenna impedance has been estimated using (3.107) and the load is matched

to this estimate. Starting from the next packet, the receiver could perform the minimum

mean-square error (MMSE) estimator for channel estimation [16]. It can be shown that

the relative MSE for this estimator over L packets is,

JL(σ2
h)

σ2
h

=
Tr
[(

C−1
h + IL

)−1
]

L

σ2
n,sym

σ2
n,sym + PTσ2

h/N
, (3.108)

where Ch and σ2
h from (3.79) are assumed known. The factor Tr

[(
C−1

h + IL
)−1
]
/L to
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Figure 3.6: Benefits of F̂MM on MMSE Channel Estimation, L = 10, N = 4.

the one packet MMSE, i.e., J1 given in (1.34). is the benefit from multi-packet smoothing

We fix the total transmit power such that for a perfectly matched receiver, the receive

SNR (3.104) is

γopt =
Pσ2

h,opt

σ2
n,sym

, (3.109)

which we call the optimal SNR. Then we calculate the gain for MMSE channel estimation

using (3.107) compared to the originally mismatched receiver. We consider three cases of

mismatch, where the power loss (to the optimal SNR) is 1, 3, and 5 dB, respectively. As

shown in Fig. 3.6b, there is always a benefit in using our impedance estimation algorithm

for all scenarios considered. These original power losses are compensated partially at low

SNR and nearly completely at high SNR.

Hassib and Hochwald derived a lower bound on ergodic capacity when channel esti-

mation errors exists [37, Th. 1]. In particular, if the MMSE estimate in (1.28) is treated

as correct during data transmission for one packet, then the ergodic capacity is lower
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bounded by [37, eq. 21]

Cl = E

[
log2

(
1 + γeff

hHh

N

)]
, (3.110)

where the distribution is over h ∼ CN (0, IN) and the effective SNR is derived as (1.43),

γeff ,
P (σ2

h − J1)

σ2
n,sym + P · J1

= γ · 1

1 + (1 + 1/γ)N/T
, (3.111)

where γ = Pσ2
h/σ

2
n,sym is defined in (3.104). It has been shown that the capacity lower

bound in (3.115) can be simplified into a closed-form [71, eq. 20],

Cl = log2(e)eN/γeff

N∑
k=1

Ek

(
N

γeff

)
, (3.112)

where En(a) is the exponential integral for nonnegative integer n and Re{a} > 0,

En(a) =

ˆ ∞
1

e−at

tn
dt . (3.113)

It can be shown for n ≥ 2, En(a) is a function of E1(a), e.g.,

E2(a) =

ˆ ∞
1

e−at

t2
dt = −

ˆ ∞
1

e−at d
1

t
= − e−at

t

∣∣∣∣∞
1

+

ˆ ∞
1

1

t
de−at

= e−a − a · E1(a) ,

E3(a) =

ˆ ∞
1

e−at

t3
dt = −1

2

ˆ ∞
1

e−at d
1

t2
= −1

2

(
e−at

t2

∣∣∣∣∞
1

−
ˆ ∞

1

1

t2
de−at

)
=

1

2

[
e−a − a · E2(a)

]
,

E4(a) =

ˆ ∞
1

e−at

t4
dt = −1

3

ˆ ∞
1

e−at d
1

t3
= −1

3

(
e−at

t3

∣∣∣∣∞
1

−
ˆ ∞

1

1

t3
de−at

)
=

1

3

[
e−a − a · E3(a)

]
. (3.114)
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Figure 3.7: Ergodic Capacity in (3.115), L = 10, N = 4.

With above simplifications of En(a) and after some straightforward algebra, the capacity

lower bound for N = 4 transmit antennas can be written as,

Cl =
log2 e

2

[(
N

γeff

− 1

)2

+
8

3
+ τ

(
N

γeff

)
exp

(
N

γeff

)
E1

(
N

γeff

)]
, (3.115)

where τ(x), a function of x ∈ R+, is defined as

τ , 2− x · (2 + x2 − x) . (3.116)

Note in Figs. 3.7a and 3.7b, the load impedance is originally mismatched, with 5

dB and 3 dB power loss, respectively. The horizontal axis is the post-detection SNR

(3.104) for the mismatched receiver. After our proposed antenna impedance estimation

(3.107), the receiver quickly compensates its impedance mismatch (3.115) and improves

(ergodic) capacity, which is shown as C(F̂MM) in Figs. 3.7a and 3.7b. The solid black

line represents the capacity of the mismatched receiver, while the black dash line is the
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capacity upper bound, where the load is optimally matched and no channel estimation

errors occur. One observes that C(F̂MM) hones in this capacity upper bound for all SNR

and fading conditions plotted. Compared to the mismatched receiver, the capacity gain

is about 50% at low SNR and about 20% at high SNR for the 5 dB power loss case.

3.6 Conclusion

In this chapter, we consider antenna impedance estimation at the receiver of a MISO

system. A classical estimation framework is developed incorporating Rayleigh fading

assumption. We then derive in closed-form the maximum-likelihood (ML) estimator for

F under i.i.d. fading and a method of moments (MM) estimator in correlated channels.

We show this MM estimator is also another ML estimator by treating the fading channels

as deterministic. Furthermore, necessary conditions and a Newton-Raphson iteration

algorithm are derived to find the ML estimators under correlated channels.

Numerical results demonstrate that the MM estimator approaches its corresponding

Cramér-Rao bounds (CRB) given sufficient degrees of diversity, spatial and/or temporal.

A rule of thumb is to appraoch the CRB within 1 dB, 4 degrees of diversity is needed. This

MM estimator also enjoys negligible bias for all SNR and fading conditions considered in

this chapter. These findings suggest a fast PCA-based algorithm, i.e., MLE in i.i.d. fading

and the MM based estimator in correlated fading, that estimates antenna impedance in

real-time for all Rayleigh fading channels. We also found that a relative RMSE (or MAE)

of 5% or less in estimating F leads to an excess power of 0.5 dB or smaller.

We demonstrate, via numerical examples, the gains of channel estimation accuracy

due to our proposed antenna impedance estimation algorithm. Ergodic capacity is boosted

by this same algorithm, compared to an originally mismatched receiver, and hones in a
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capacity upper bound. Thus, this proposed algorithm enables accurate impedance esti-

mation and mismatch compensation quickly, in a matter of milliseconds.

In the next chapter, we investigate the most general and thus more important problem,

i.e., antenna impedance estimation at multi-antenna receivers. In particular, we extend

mathematical solutions developed in this chapter to its MIMO counterpart.
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Chapter 4

Antenna Impedance Estimation at

MIMO Receivers

In previous chapters, we considered impedance estimation at single-antenna receivers.

However, modern receivers are often equipped with multiple antennas for multiplexing

and/or diversity benefits. Therefore, in this chapter, we investigate the general and more

important problem of estimating the antenna impedance matrix at MIMO receivers.

4.1 Introduction

This chapter considers antenna impedance estimation algorithms using training data

for multiple-input, multiple-output (MIMO) communication systems. We assume the

receiver switches its impedance in a predetermined fashion during each training sequence.

In i.i.d. Rayleigh fading channels, the maximum-likelihood (ML) estimator is derived for

the impedance matrix as a function of the top block eigen-vector of the sample covariance

matrix. This ML estimator is shown to be a method of moments (MM) when the fading
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channel is temporally correlated. Fundamental lower bounds, e.g., Cramér-Rao bounds,

on these estimators are derived and important properties of these estimators, e.g., bias

and efficiency, are explored through numerical simulations. The trade-off between channel

and impedance estimation is demonstrated empirically.

The rest of the chapter is organized as follows. We present our system model in

Sec. 4.2, derive a set of maximum-likelihood estimators for the MIMO antenna impedance

and channel covariance matrix in Sec. 4.3, and derive method of moment (MM) estimators

of these matrices under multiple packets scenarios and discuss ML estimators in Sec. 4.4.

We then explore important properties of the estimators through numerical examples in

Sec. 4.5, and summarize our conclusions in Sec. 4.6.

4.2 System Model

Consider a narrowband multiple-input multiple-output (MIMO) communications link

with M receive antennas and N transmit antennas. The receiver model is illustrated in

Fig. 4.1. This circuit model is identical to the ones widely used to model a scenario,

where amplifier noise dominates [29,51,79]. This model is also a special case of the more

general and complex models, which include additional noise sources, e.g., sky-noise and

downstream noise [26, 27,43].

In Fig. 4.1, we model the antenna array by its Thevenin equivalent,

v = ZAi + vo , (4.1)

where v, i ∈ CM are the voltage across, and current into, the antenna array terminals. In

particular, the antenna impedance is a symmetric matrix in CM×M due to the reciprocity
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Figure 4.1: Circuit model of a multiple-antenna receiver

theorem of electromagnetics [11],

ZA = RA + jXA , (4.2)

where RA and XA are the resistance and reactance matrices, respectively. The incident

electromagnetic field induces open-circuit voltage vo ∈ CM in (4.1). Under flat-fading

conditions, the open-circuit voltage vo is modeled as [27]

vo = Gx , (4.3)

where x ∈ CN is the transmitted symbol and G ∈ CM×N is the matrix of fading path

gains. Similar to the previous two chapters, we consider a Rayleigh fading environment,
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where transmit antennas are sufficiently separated. Thus, columns of G are modeled

as i.i.d. zero-mean, complex Gaussian random vectors, gi ∼ CN (0,Σg). As shown in

Fig. 3.1, noisy voltage signal vL ∈ CM across load impedance ZL ∈ CM×M is observed

[29,51,79],

vL = ZL (ZA + ZL)−1 Gx + nL , (4.4)

where the noise nL ∈ CM is a zero-mean, circularly-symmetric, complex Gaussian random

vector with covariance E[nLnHL ] = ΣL, which is hereafter denoted by nL ∼ CN (0,ΣL).

As mentioned in the previous chapter, performance of estimators typically depend

on the signal-to-noise ratio (SNR) in estimation theory, which is conventionally defined,

for example, as Tr[vLvHL Σ−1
L ] [27, Sec. II-A]. In circuit theory, however, power depends

on both voltage and current [43, eq. 22]. This estimation-theory SNR formula does not

correctly predict the ratio of the physical signal power and noise power in the receiver

front-end. For a given vo, this ratio of physical signal power to noise power across the

load is given by

ρ ,
1

σ2
n

Tr
[
R

1/2
L (ZA + Z1)−1 vov

H
o (ZA + Z1)−H R

1/2
L

]
, (4.5)

where σ2
n represents the noise power at the output of the amplifier and RL = Re{ZL} is

the load resistance. As in the previous chapter, we correct this discrepancy by defining

ΣL in a way that ensures the SNR and physical power ratio ρ coincide:

ΣL , σ2
nZLR−1

L ZH
L .
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With this definition, it is convenient to redefine the observed signal as

w , R
1/2
L Z−1

L vL = R
1/2
L (ZA + ZL)−1 Gx + n , (4.6)

where n ∼ CN (0, σ2
nIM) represents physical noise power referred to the amplifier output.

This signal model (4.6) correctly connects the estimator performance to physical signal-

to-noise power ratio. As mentioned before in the previous chapter, this connection is

essential to accurately predict the impact of impedance mismatch at MIMO receivers on

important system-level metrics, such as channel capacity.

Suppose the channel gain matrix and antenna impedance matrix are unknown to

the receiver. As in the previous two chapters, our objective is to jointly estimate these

two matrices using observations of known training sequences. Suppose the transmitter

sends a known training sequence of length T , i.e., x1, . . . ,xT ∈ CN to the receiver, during

which the receiver synchronously shifts its impedance as ZL,1, . . . ,ZL,T . Also assume both

the fading path gain G and impedance ZA remain fixed during each transmission. The

received observations take the following form,

wt = R
1/2
L,t (ZA + ZL,t)

−1 Gxt + nt , (4.7)

where t = 1, 2, . . . , T and the additive noises nt ∼ CN (0, σ2
nIM) are independent and

identically distributed (i.i.d.).

We again assume the load impedance takes on two possible matrices,

ZL =


Z1 , 1 ≤ t ≤ K ,

Z2 , K ≤ t ≤ T .

(4.8)
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Similar to the previous two chapters, we assume ZL = Z1 is the load impedance used

to receive the transmitted data, and is matched to our best estimate of ZA; additionally

ZL = Z2 is an impedance variation introduced in order to make ZA observable. To

estimate ZA, Z1 6= Z2 is required.

Note that in order the perform optimal detection of the transmitted symbols in (4.6),

an accurate estimate of the entire matrix coefficient of x is ideal, not simply the fading

path gain matrix G. This motivates the definition of an effective channel matrix that

communication algorithms need,

H , R
1/2
1 (ZA + Z1)−1 G ∈ CM×N , (4.9)

whose columns are also i.i.d. zero-mean, complex Gaussian, hi ∼ CN (0,Σh), and

Σh = R
1/2
1 (ZA + Z1)−1 Σg (ZA + Z1)−H R

1/2
1 . (4.10)

With this choice of load impedance in (4.8) and definition of H (4.9), we can express

the observations in a simpler, bilinear form. The voltage observation (4.6) at the load is

then,

wt =


Hxt + nt , 1 ≤ t ≤ K

FHxt + nt , K + 1 ≤ t ≤ T

(4.11)

where nt ∼ CN (0, σ2
nIM) are independent over time t and we define F ∈ CM×M as a

one-to-one mapping of ZA for mathematical convenience, conditioned on Z1 6= Z2,

F = R
1/2
2 (Z2 + ZA)−1 (Z1 + ZA) R

−1/2
1 . (4.12)
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We present this chapter as a generalization of the previous chapter to MIMO receivers.

Here the goal is to derive maximum-likelihood (ML) estimators for H,ZA and Σh based

on the observations (4.11). From the invariance principle of maximum-likelihood estima-

tion (MLE) [45, pg. 185], knowing the MLE of F is equivalent to knowing that of ZA and

vice versa. Theoretically it suffices to derive estimators for H,F and Σh. Specifically, we

follow the two-step procedure as described in the last chapter: First, we consider joint

maximum-likelihood estimation of F and Σh, treating H as a nuisance parameter. Sec-

ond, given estimates of F and Σh, we then estimate H using minimum mean-squared

error estimation. Again we focus exclusively on estimators for F and Σh in the next two

sections; estimators for H will be explored through numerical examples in Sec. 4.5.

4.3 Maximum-Likelihood Estimators

In this section, we derive maximum-likelihood (ML) estimators for F and Σh based on

observations in (4.11). It is often convenient to find sufficient statistics before deriving

the ML estimators.

We write (4.11) in matrix form, after defining X1 , [x1,x2, . . . ,xK ] ∈ CN×K and

X2 , [xK+1,xK+2, . . . ,xT ] ∈ CN×(T−K),

W1 = HX1 + N1 , W2 = FHX2 + N2 , (4.13)

where N1 and N2 are defined analogously, independent and have i.i.d. entries CN (0, σ2
n).

The known training sequences for MIMO channel estimation are often equal-energy

and orthogonal. We further assume K = T/2 and equal-energy and orthogonal training
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over the first and last K symbols i.e.,

X1X
H
1 = X2X

H
2 =

PK

N
IN , (4.14)

This can be achieved by using a normalized discrete Fourier transform (DFT) matrix,

e.g., [16, eq. 10]. We present a sufficient statistic in the next lemma.

Lemma 4 (Sufficient Statistic) Consider the observations W1 and W2 defined in

(4.13) and known training sequences in (4.14). Then

Y1 =

(
2N

PT

)
W1X

H
1 , Y2 =

(
2N

PT

)
W2X

H
2 , (4.15)

are sufficient for estimating unknown matrices F and Σh. Moreover, Y1−H and Y2−FH

are independent random matrices with i.i.d. CN (0, σ2) entries, where σ2 , 2Nσ2
n/PT . �

Proof From (4.13) and (4.14), we have Y1 = H +
(

2N
PT

)
N1X

H
1 . To show the entries of

the last matrix are i.i.d., we vectorize it,

(
2N

PT

)
vec
(
N1X

H
1

)
=

(
2N

PT

)
(X∗1 ⊗ IM) vec N1 ∈ CMN , (4.16)

which is zero-mean and has covariance matrix
(

2N
PT

)2 (
X∗1X

T
1 ⊗ IM

)
σ2
nIMN = σ2IMN ,

where by definition σ2 = 2Nσ2
n/PT . Note an identity of Kronecker product vec (ABC) =(

CT ⊗A
)

vec B is used [19]. This shows that Y1 −H is a random matrices with i.i.d.

CN (0, σ2) entries. Similarly, Y2 − FH =
(

2N
PT

)
N2X

H
2 is also a random matrices with

i.i.d. CN (0, σ2) entries. The independence between these two matrices follow from that

noises are independent over time (4.13).

From the Neyman-Fisher theorem [45, pg. 117], to prove sufficiency of (4.15) it suffices
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to show that p (W1,W2; F,Σh) factors into a product g (Y1,Y2,F,Σh) f (W1,W2),

where f does not depend on Y1,Y2,F,Σh and g does not depend on W1,W2. We prove

this using the conditional pdf

p (W1,W2; F,Σh) = EH [p (W1,W2|H; F,Σh)] , (4.17)

where the expectation EH[·] is with respect to H (4.9). Since W1 and W2 are condition-

ally independent given H, we have

(πσ2
n)NTp (W1,W2; F,Σh)

= EH

[
exp

(
− 1

σ2
n

‖W1 −HX1‖2 − 1

σ2
n

‖W2 − FHX2‖2

)]
= EH

[
exp

(
Tr
[
WH

1 HX1

]
σ2
n

+
Tr
[
XH

1 HHW1

]
σ2
n

−
Tr
[
XH

1 HHHX1

]
σ2
n

+
Tr
[
WH

2 FHX2

]
σ2
n

+
Tr
[
XH

2 HHFHW2

]
σ2
n

−
Tr
[
XH

2 HHFHFHX2

]
σ2
n

)]

exp

(
− 1

σ2
n

‖W1‖2 − 1

σ2
n

‖W2‖2

)
= EH

[
exp

(
2 Re Tr

[
HHW1X

H
1

]
σ2
n

−
Tr
[
HHHX1X

H
1

]
σ2
n

+
2 Re Tr

[
HHFHW2X

H
2

]
σ2
n

−
Tr
[
HHFHFHX2X

H
2

]
σ2
n

)]
exp

(
− 1

σ2
n

‖W1‖2 − 1

σ2
n

‖W2‖2

)

= EH

[
exp

(
2 Re Tr

[
HHY1 + HHFHY2

]
σ2

−
Tr
[
HHH + HHFHFH

]
σ2

)]

exp

(
− 1

σ2
n

‖W1‖2 − 1

σ2
n

‖W2‖2

)
, (4.18)

where ‖A‖2 = Tr[AHA] denotes the Frobenius norm. Also, the third equality follows

from the identities 2 Re Tr[A] = Tr[A] + Tr[AH ] and Tr[AB] = Tr[BA], and the fourth
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equality follows from (4.14) and the definition of σ2. In (4.18), denote the first factor by

(πσ2
n)NTg (Y1,Y2,F,Σh) and the second by f (W1,W2). Note g depends on Y1,Y2,F

and Σh (through the expectation) but not on W1,W2. And f depends on W1,W2 only,

not Y1,Y2,F,Σh. This completes the proof.

Based on the sufficient statistics in (4.15), we want to estimate the following complex

parameters

θ , vec

[
F Σh

]
, (4.19)

where F is defined in (4.12) and Σh in (4.10). Here we present the maximum-likelihood

(ML) estimator, such that

θML , arg max
θ

p (Y1,Y2;θ) . (4.20)

The next theorem shows the ML estimator can be calculated via block eigen-decomposition

using the sufficient statistic given in (4.15).

Theorem 8 (Single-Packet ML Estimators) Let Y1 and Y2 be the sufficient statis-

tics in (4.15). Suppose F and Σh are unknown. Consider the sample covariance matrix,

S ,
1

N

Y1Y
H
1 Y1Y

H
2

Y2Y
H
1 Y2Y

H
2

 ∈ C2M×2M . (4.21)

The eigen-decomposition of S can be written as

SUs = Us diag(µ1, . . . , µ2M) , (4.22)

where diag(·) denotes a square diagonal matrix with its input as diagonal entries, and
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the eigen-values µk ≥ 0 are in descending order. Define the unitary eigen-vector matrix

Us as a 2 by 2 block matrix, i.e.,

Us ,

Us11 Us12

Us21 Us22

 , (4.23)

where Usij ∈ CM×M and i, j = 1, 2. Then, the maximum-likelihood estimate of θ is,

θ̂ML , vec
[
F̂ML Σ̂h

]
, (4.24)

where σ2 , 2Nσ2
n/PT and, conditioned on Us11 is non-singular,

F̂ML = Us21U
−1
s11 , Σ̂h = Us11

(
diag(µ1, . . . , µM)− σ2IM

)+
UH

s11 . (4.25)

Here (·)+ is an element-wise operator on real matrices, such that [(A)+]ij , max{[A]ij, 0}.

Proof Consider the sufficient statistic in (4.15), and define

V ,

Y1

Y2

 =

 H + N1

FH + N2

 =

 h1 + n1,1 · · · hN + n1,N

Fh1 + n2,1 · · · FhN + n2,N

 . (4.26)

Due to uncoupled transmit antennas, the N columns of H are also i.i.d. zero-mean,

circularly-symmetric, complex Gaussian random vectors, i.e., hk ∼ CN (0M ,Σh) for all

1 ≤ k ≤ N , where Σh , E
[
hkh

H
k

]
. Thus, the prior information for channel H can be

written as,

p(H) =
1

det (πIN ⊗Σh)
exp

[
− (vec H)H

(
IN ⊗Σ−1

h

)
vec H

]
. (4.27)
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The covariance matrix of V is defined as,

Σ ,
1

N
E[VVH ] =

Σh + σ2IM ΣhFH

FΣh FΣhFH + σ2IM

 . (4.28)

Since Σ is Hermitian, it decomposes into the following block eigen-system [62],

Σ =

IM

F

Σh

[
IM FH

]
+ σ2I2M = B1D1B

H
1 + B2D2B

H
2 , (4.29)

where Di ∈ CM×M and Bi ∈ C2M×M (for i = 1, 2) are the block eigenvalues and or-

thonormal block eigenvectors of Σ,

B1 =

IM

F

A
− 1

2
1 , B2 =

−FH

IM

A
− 1

2
2 ,

D1 = A
1
2
1 ΣhA

1
2
1 + σ2IM , D2 = σ2IM , (4.30)

and A1 and A2 are Hermitian matrices defined as,

A1 , FHF + IM , A2 , FFH + IM . (4.31)

Note both A1 and A2 are positive definite; also FHA2 = A1F
H and FA1 = A2F.

Since eigenvalues of Di are also eigenvalues of Σ [62, Th. 1.1], and observe from (4.29)

that D2 is already diagonal, we write down the (scalar) eigenvalue decomposition of Σ,

Σ = UΛUH ,

[
B1Q B2

] Λ1 0M×M

0M×M Λ2


QHBH

1

BH
2

 , (4.32)
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where D1Q = QΛ1, Λ1 = diag(λ1, . . . , λM) is diagonal, Q ∈ CM×M is unitary, and

Λ2 = σ2IM . Note λj ≥ σ2 for all 1 ≤ j ≤ M . In other words, the covariance matrix Σ

has 2M real eigenvalues, where the largest M eigenvalues are greater than or equal to

σ2, while the smallest M eigenvalues are exactly σ2.

Under the assumptions above, we assume σ2
n is known but Λ1 and U are unknown.

If we find the joint ML estimator for Λ1 and U, the ML estimators for θ (4.19) follows

by the invariance principle of MLE [45, Th. 7.4, pg. 185]. From (4.32), we firstly find the

inverse of covariance Σ using it scalar eigen system,

Σ−1 = UΛ−1UH . (4.33)

We then write the density function of V , [v1, . . . ,vN ] in (4.26) as,

p(V;θ) = det(πΣ)−N exp

(
−

N∑
i=1

vHi Σ−1vi

)

= det(πΣ)−N exp
(
−N Tr[SΣ−1]

)
=

(
π

2M∏
j=1

λj

)−N
exp

(
−N

2M∑
j=1

uHj Suj

λj

)

=

(
π

2M∏
j=1

λj

)−N
exp

[
N

M∑
j=1

(
1

σ2
− 1

λj

)
uHj Suj −

N Tr(S)

σ2

]
, (4.34)

where in the second the sample covariance matrix defined in (4.21) can be equivalently

written in terms of V = [v1, . . . ,vN ],

S =
1

N
VVH =

N∑
i=1

viv
H
i , (4.35)

and in the third equality we define U , [u1, . . . ,uN ]. Since we have λj ≥ σ2 for 1 ≤

j ≤M , the coefficients 1
σ2 − 1

λj
are non-negative and in decreasing order. The likelihood
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function is maximized, when uj is chosen to be the eigenvector corresponding to the jth

largest eigenvalue of the sample covariance S. Assume the eigenvalues of S are ordered

in descending order, [µ1, . . . , µ2M ], the maximum of (4.34) is,

max
uj

p(V) =

(
π

2M∏
j=1

λj

)−N
exp

(
−N

M∑
j=1

µj
λj
− N

σ2

2M∑
k=M+1

µk

)

≤

(
πσ2M

M∏
j=1

µj

)−N
exp

(
−NM − N

σ2

2M∑
k=M+1

µk

)
, (4.36)

where the last step is because xe−x is uniquely maximized at x = 1, and equality is

achieved by letting

λ̂j = max{µj, σ2} , 1 ≤ j ≤M . (4.37)

Now it remains to show that (4.34) can be achieved by actual estimates of F and Σh.

Assume that the SUs = Us diag(µ1, . . . , µ2M), where

Us ,

Us11 Us12

Us21 Us22

 . (4.38)

Then we verify that the following estimates achieve the maximum in (4.34),

Σ̂ = Us diag(λ̂1, . . . , λ̂M , σ
2, . . . , σ2)UH

s . (4.39)

Thus, the joint ML estimators for F and Σh are, conditioned on Us11 is non-singular,

F̂ML = Us21U
−1
s11 , Σ̂h = Us11

(
diag(µ1, . . . , µM)− σ2IM

)+
UH

s11 . (4.40)

The derivation for F̂ML = Us21U
−1
s11 is straightforward from (4.29), as F only depends
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on the eigen-vector matrix and not the eigen-values. The derivation of Σ̂h follows also

(4.29),

Σ̂− σ2I2M =

IM

F̂

 Σ̂h

[
IM F̂H

]
[
IM F̂H

](
Σ̂− σ2I2M

)IM

F̂

 =
(
IM + F̂HF̂

)
Σ̂h

(
IM + F̂HF̂

)

Σ̂h =
(
IM + F̂HF̂

)−1
[
IM F̂H

](
Σ̂− σ2I2M

)IM

F̂

(IM + F̂HF̂
)−1

, (4.41)

which reduces to (4.40) after plugging in F̂ML’s formula and some simplification. This

completes the proof.

In order to study the efficiency of the joint ML estimators for F and Σh, a natural

next step is to find tight fundamental lower bounds on these estimators. Two fundamental

lower bounds are investigated next.

It has been shown that the (complex) Fisher information matrix (FIM) on θ is given

by [82, eq. 37], which extended results on real parameters to complex ones [45, eq. 15.52],

[I(θ)]ij = N Tr

[
Σ−1 ∂Σ

∂θ∗i
Σ−1∂Σ

∂θj

]
, (4.42)

where Σ is given in (4.29). The error covariance matrix Cθ̂ of any unbiased estimator θ̂

is lower bounded by the Cramér-Rao bound (CRB), i.e., the inverse of I(θ),

Cθ̂ , EY1,Y2;θ

[(
θ̂ − θ

)(
θ̂ − θ

)H]
≥ I(θ)−1 , (4.43)
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where the expectation is with respect to pdf in (4.34) and A ≥ B means A−B is positive

semi-definite. The formula in (4.43) is unlikely to simplify further without additional

assumptions. Hence we evaluate the CRB numerically in simulations.

Another useful lower bound is the Miller-Chang bound (MCB) [56]. The formula for

this bound is given below, but details of its derivation are given in the Appendix. It

can be shown that square of Frobenius norm of any unbiased estimator for F, for all

H ∈ CM×N (5.5), is lower bounded by the MCB,

M(F) = σ2 Tr
(
E
[(

H∗HT
)−1
])

Tr
(
FFH + IM

)
=


∞ , N ≤M ,

σ2

N−M Tr
(
Σ−1

h

)
Tr
(
FFH + IM

)
, N > M ,

(4.44)

where N > M means the number of antennas at the transmitter is greater than that

at the receiver, and the final expression follows from that H∗HT is a complex M ×M

Wishart matrix of degree N (4.27) and the mean of its inverse is derived by Maiwald and

Kraus [55, eq. 39]. Note the independence between columns of H is essential. If N ≤M ,

the inverse mean of H∗HT is unbounded, then one packet is likely insufficient for any

unbiased estimator of F to have finite error in Frobenius norm. This motivates finding

estimators when observations from multiple packets are available.

4.4 Estimators for Multiple Packets

In the last section, we derived the maximum-likelihood estimators for F and Σh using

observations of training sequences from one packet. In this section, we consider estimators

based on multiple packets, where channel varies from packet to packet.
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As in the previous chapter, suppose the transmitter sends L identical training packets

to the receiver. During transmission of each training packet, the receiver shifts it load

impedance as described in (4.8). Similar to previous chapters and last section, block fading

is assumed, i.e., the channel remains constant within a packet but randomly varies from

packet to packet. Similarly to (4.11) the signal observations at the l-th packet can be

described as

wl,t =


Hlxt + nl,t , 1 ≤ t ≤ K

FHlxt + nl,t , K + 1 ≤ t ≤ T

(4.45)

where the random noise vectors nl,t ∼ CN (0, σ2
nIM) are independent over packets 1 ≤

l ≤ L and time 1 ≤ t ≤ T . We can express above observations in a compact matrix form,

with a slight abuse of notation1,

W1 , H(IL ⊗X1) + N1 , W2 , FH(IL ⊗X2) + N2 , (4.46)

where W1 ∈ CM×LK , W2 ∈ CM×L(T−K), X1 and X2 are defined above (4.13), N1 and

N1 are independent random matrices with i.i.d. entries CN (0, σ2
n), and we define the

multi-packet channel as, again slightly abusing notation,

H , [H1 · · · HL] . (4.47)

Here Hl ∈ CM×N is the channel matrix for the l-th packet, whose columns are spatially

i.i.d. complex Gaussian CN (0,Σh) across transmit antennas but temporally correlated

across packets. If the normalized channel correlation is Ch, then the space-time correla-

1Ideally, we would use notations like Wmp,1, Hmp, Nmp,1 and etc to distinguish them from their
single-packet counterparts. We hereafter drop the subscript mp for simplicity when confusion is unlikely
to occur.
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tion of H is better shown as

vec H ∼ CN (0MNL,Ch ⊗ IN ⊗Σh) . (4.48)

In this section, we assume Ch is known.

Similar to the previous section, the goal of this section is to derive estimators for

both F and Σh, or θ as defined in (4.19), treating H as a nuisance parameter. Then,

we explore estimators for H given F and Σh through numerical examples. The following

lemma generalizes Lemma 4 to multiple packets.

Lemma 5 (Multi-Packet Sufficient Statistic) Consider the observations W1 and W2

defined in (4.46) and known training sequences in (4.14). Then

Y1 =

(
2N

PT

)
W1

(
IL ⊗XH

1

)
, Y2 =

(
2N

PT

)
W2

(
IL ⊗XH

2

)
, (4.49)

are sufficient for estimating unknown matrices F and Σh. Moreover, Y1−H and Y2−FH

are independent random matrices with i.i.d. CN (0, σ2) entries, where σ2 , 2Nσ2
n/PT . �

Proof From (4.13) and (4.14), we have Y1 = H +
(

2N
PT

)
N1

(
IL ⊗XH

1

)
. To show the

entries of the last matrix are i.i.d., we vectorize it,

(
2N

PT

)
vec
[
N1 ·

(
IL ⊗XH

1

)]
=

(
2N

PT

)
[(IL ⊗X∗1)⊗ IM ] vec N1 ∈ CMNL , (4.50)

which is zero-mean and has covariance matrix
(

2N
PT

)2 (
IL ⊗X∗1X

T
1 ⊗ IM

)
σ2
nIMNL = σ2IMNL.

Note Kronecker product is associative and vec (ABC) =
(
CT ⊗A

)
vec B is used [19].

This shows that Y1 − H is a random matrices with i.i.d. CN (0, σ2) entries. Similarly,

Y2 − FH =
(

2N
PT

)
N2

(
IL ⊗XH

2

)
is also a random matrices with i.i.d. CN (0, σ2) entries.
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The independence between these two matrices follow from that noises are independent

over time and across packets (4.45).

From the Neyman-Fisher theorem [45, pg. 117], to prove sufficiency of (4.15) it suffices

to show that p (W1,W2; F,Σh) factors into a product g (Y1,Y2,F,Σh) f (W1,W2),

where f does not depend on Y1,Y2,F,Σh and g does not depend on W1,W2. We prove

this using the conditional pdf

p (W1,W2; F,Σh) = EH [p (W1,W2|H; F,Σh)] , (4.51)

where the expectation EH[·] is with respect to H. Since W1 and W2 are conditionally
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independent given H, we have

(πσ2
n)MLTp (W1,W2; F,Σh)

= EH

[
exp

(
− 1

σ2
n

‖W1 −H (IL ⊗X1)‖2 − 1

σ2
n

‖W2 − FH (IL ⊗X2)‖2

)]
= EH

[
exp

(
Tr
[
WH

1 H (IL ⊗X1)
]

σ2
n

+
Tr
[(

IL ⊗XH
1

)
HHW1

]
σ2
n

−
Tr
[(

IL ⊗XH
1

)
HHH (IL ⊗X1)

]
σ2
n

+
Tr
[
WH

2 FH (IL ⊗X2)
]

σ2
n

+
Tr
[(

IL ⊗XH
2

)
HHFHW2

]
σ2
n

−
Tr
[(

IL ⊗XH
2

)
HHFHFH (IL ⊗X2)

]
σ2
n

)]

exp

(
− 1

σ2
n

‖W1‖2 − 1

σ2
n

‖W2‖2

)
= EH

[
exp

(
2 Re Tr

[
HHW1

(
IL ⊗XH

1

)]
σ2
n

−
Tr
[
HHH

(
IL ⊗X1X

H
1

)]
σ2
n

+
2 Re Tr

[
HHFHW2

(
IL ⊗XH

2

)]
σ2
n

−
Tr
[
HHFHFH

(
IL ⊗X2X

H
2

)]
σ2
n

)]

exp

(
− 1

σ2
n

‖W1‖2 − 1

σ2
n

‖W2‖2

)
= EH

[
exp

(
2 Re Tr

[
HHY1 + HHFHY2

]
σ2

−
Tr
[
HHH + HHFHFH

]
σ2

)]

exp

(
− 1

σ2
n

‖W1‖2 − 1

σ2
n

‖W2‖2

)
, (4.52)

where ‖A‖2 = Tr[AHA] denotes the Frobenius norm. Also, the third equality follows

from the identities 2 Re Tr[A] = Tr[A] + Tr[AH ] and Tr[AB] = Tr[BA], and the fourth

equality follows from (4.14) and the definition of σ2. In (4.52), denote the first factor by

(πσ2
n)MLTg (Y1,Y2,F,Σh) and the second by f (W1,W2). Note g depends on Y1,Y2,F

and Σh (through the expectation) but not on W1,W2. And f depends on W1,W2 only,

not Y1,Y2,F,Σh. This completes the proof.
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Note Y1 and Y2 in (4.49) are a sufficient statistic regardless what the correlation

matrix Ch is. But Ch will play a role in the density function after the expectation

over H. As the last section, our ultimate goal is to find the maximum-likelihood (ML)

estimators for θ,

θ , vec

[
F Σh

]
, (4.53)

where F is defined in (4.12) and Σh in (4.10). Using the multi-packet sufficient statistics

in (4.49), the multi-packet ML estimators for θ shall satisfy the following optimal criteria,

θML , arg max
θ

p (Y1,Y2;θ) . (4.54)

However, as we learned from the last chapter, these ML estimators are unlikely in closed-

form in general. Thus, we defer discussion on the ML estimators but first seek another

set of estimators, i.e., the method of moments estimators [45, Ch. 9].

Lemma 6 (Method of Moments Estimators) Let Y1 and Y2 be the sufficient statis-

tics in (4.49). Suppose F and Σh are unknown. Consider the sample covariance matrix,

Smp ,
1

NL

Y1Y
H
1 Y1Y

H
2

Y2Y
H
1 Y2Y

H
2

 ∈ C2M×2M . (4.55)

The eigen-decomposition of S can be written as

SmpUs = Us diag(µ1, . . . , µ2M) , (4.56)

where diag(·) denotes a square diagonal matrix with its input as diagonal entries, and

the eigen-values µk ≥ 0 are in descending order. Define the unitary eigen-vector matrix
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Us as a 2 by 2 block matrix, i.e.,

Us ,

Us11 Us12

Us21 Us22

 , (4.57)

where Usij ∈ CM×M and i, j = 1, 2. Then, the method of moments (MM) estimates of F

and Σh are, respectively, conditioned on Us11 is non-singular,

F̂MM = Us21U
−1
s11 , Σ̂hMM = Us11

(
diag(µ1, . . . , µM)− σ2IM

)+
UH

s11 , (4.58)

where σ2 , 2Nσ2
n/PT and the function (·)+ is defined in Theorem 8.

Proof The multi-packet sufficient statistics can be collected as

Vs ,

Y1

Y2

 =

 H

FH

+ Ns ∈ C2M×NL , (4.59)

where the noise is i.i.d., that is vec Ns ∼ CN (02MNL, σ
2I2MNL), as proven in Lemma 5.

It is straightforward to show that

E [Smp] =
1

NL
E
[
VsV

H
s

]
=

Σh + σ2IM ΣhFH

FΣh FΣhFH + σ2IM

 . (4.60)

Apparently, the second moments of sufficient statistics Y1 and Y2 are functions of un-

known parameters θ, or F and Σh (4.19),

E[Smp] = T (θ) =

IM

F

Σh

[
IM FH

]
+ σ2I2M , (4.61)
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where T : C2M2 → C2M×2M denotes a mapping. Then, from basic principles of MM

estimation [45, Sec. 9.4], we find θ̂MM by the inverse of aforementioned mapping,

θ̂MM = T−1 (Smp) . (4.62)

The formula of MM estimates in (4.58) follows directly from the proof of Theorem 8.

This completes the proof.

The MM estimators are provably consistent, easy to determine, and does not require

knowing Ch. However, they are generally sub-optimal to the corresponding ML estimators

[45, Ch. 9]. Next we show a special case where the ML estimators and the MM estimators

coincide, and then discuss how to find the ML estimators in general fading conditions if

Ch is known.

Corollary 3 (ML Estimators for Fast Fading) If the Rayleigh fading channel is tem-

porally i.i.d., that is Ch = IL in (4.48), then the multi-packet MM estimators given in

(4.58) for F and Σh satisfy (4.54) and hence are the maximum-likelihood estimators.

Proof Conditioned on Ch = IL, the channel matrix H in (4.48) would satisfy,

vec H ∼ CN (0MNL, INL ⊗Σh) . (4.63)

Note the similarity between the distribution of this multi-packet H and the distribution

the single-packet channel matrix follows in (4.27). The proof follows Theorem 8, except

the number of i.i.d. columns in H is NL rather N .

Next we discuss finding the ML estimator θ̂ML under general fading conditions. We

assume the temporal correlation Ch is known, and L packets can be decorrelated by its
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eigen-vector matrix Q, i.e.,

QHChQ = D , diag(d1, . . . , dL) . (4.64)

Note Ch is normalized with 1’s on its diagonal, i.e., Tr[Ch] = Tr[D] = L. Consider the

decorrelated observation, i.e,.

V , Vs (Q∗ ⊗ IN) =

 Hd

FHd

+ N ∈ C2M×NL , (4.65)

where vec N = [(Q∗ ⊗ IN)⊗ I2M ] vec Ns ∼ CN (02MNL, σ
2I2MNL) is i.i.d. and,

vec Hd ∼ CN (0MNL,D⊗ IN ⊗Σh) . (4.66)

The understand this, for each 1 ≤ k ≤ L, we have N i.i.d. complex Gaussian random

vectors that follow CN (0M , dkΣh), where dk are defined in (4.64).

The pdf of V , [v1, . . . ,vNL] is

p(V;θ) =
L∏
k=1

det(πΣk)
−N exp

(
−

N∑
i=1

vH(k−1)N+iΣ
−1
k v(k−1)N+i

)

=
L∏
k=1

det(πΣk)
−N · exp

(
−N Tr[SkΣ

−1
k ]
)
, (4.67)

where we define for 1 ≤ k ≤ L,

Sk ,
1

N

N∑
i=1

v(k−1)N+iv
H
(k−1)N+i , (4.68)
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and

Σk =

dkΣh + σ2IM dkΣhFH

dkFΣh dkFΣhFH + σ2IM

 . (4.69)

In order to find the ML estimators, we define the log-likelihood function as

L(θ) , ln p (θ; V) = ln

[
L∏
k=1

det(πΣk)
−N · exp

(
−N Tr[SkΣ

−1
k ]
)]

= C −
L∑
k=1

(
ln det Σk +N Tr[SkΣ

−1
k ]
)
, (4.70)

where C is a constant independent of θ. A necessary condition for joint ML estimators

is that the complex gradient vanishes, i.e.,

∂L(θ)

∂θ∗
= 0 . (4.71)

However, it is unclear if a closed-form solution to this condition exists. Thus, we use

numerical methods to find these ML estimators. In particular, a variation of the complex

Newton-Raphson2 iteration can be used to find the true MLE [83, eq. 11],

θp+1 = θp −H−1(θp)
∂L(θ)

∂θ∗

∣∣∣∣
θ=θp

, (4.72)

where the complex Hessian of the log-likelihood function is,

H(θ) ,
∂2L(θ)

∂θ∗∂θT
. (4.73)

2This is called the quasi-Newton method in a tutorial on Wirtinger calculus (or CR calculus) [47].
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The multi-packet FIM follows directly from (4.42),

[Imp(θ)]ij = N ·
L∑
k=1

Tr

[
Σ−1
k

∂Σk

∂θ∗i
Σ−1
k

∂Σk

∂θj

]
, (4.74)

where Σk is the k-th covariance matrix defined in (4.69). Similarly, the error covariance

matrix Cθ̂ of any unbiased estimator θ̂ is lower bounded by the Cramér-Rao bound

(CRB), which is the inverse of Imp(θ),

Cθ̂ , EY1,Y2;θ

[(
θ̂ − θ

)(
θ̂ − θ

)H]
≥ Imp(θ)−1 , (4.75)

where the expectation is with respect to pdf in (4.67) and A ≥ B means A−B is positive

semi-definite.

For any estimator of F, we find an estimator for antenna impedance via (4.12), i.e.,

ẐA =
(
Z1 − Z2R

−1/2
2 F̂MMR

1/2
1

)(
R
−1/2
2 F̂MMR

1/2
1 − IM

)−1

. (4.76)

However, due to the reciprocity theorem of electromagnetics [11, pg. 144], ZA is sym-

metric and so should any reasonable estimate of it. Here we replace ẐA by its nearest

symmetric matrix, i.e.,

Z̃A ,
1

2

(
ẐA + ẐT

A

)
. (4.77)

Based on this new estimate, the receiver matches its load impedance for minimum

noise-figure, which reduces to maximum power transfer under our noise model [25, eq. 10],

ẐL = Z̃∗A. Consequently, we calculate an excess (transmit) power needed for this matching
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compared to the truly optimal one, i.e., ZL,opt = Z∗A,

10 log10

(
Tr
[
(4RA)−1 Σg

]
/E Tr

[(
Z̃∗A + ZA

)−H
R̃A

(
Z̃∗A + ZA

)−1

Σg

])
, (4.78)

where R̃A , Re{Z̃A}.

In the next section, we compare the performance of estimators derived in this chapter

against their corresponding lower bounds, and explore the potential benefits of these

estimators on system-level metrics, such as channel capacity.

4.5 Numerical Results

In this section, we explore the performance of estimators in the previous section through

numerical examples. Consider a narrow-band MIMO communications system with N = 4

transmit antennas and M = 2 receive antennas, whose carrier frequency is 2.1 GHz.

This frequency is chosen based on the first E-UTRA down-link operating band in LTE

specifications [82]. The duration of each data packet equals to a subframe of LTE, i.e.,

Ts = 1 ms. Block-fading channel is assumed, such that during one data packet, the

channel information remains the same, but it generally varies from packet to packet [16].

For each data packet, a training sequence precedes data sequence [54, Fig. 1(a)]. We

take the two partitions of the training sequence X = [X1,X2] in (4.14) from a normalized

discrete Fourier transform (DFT) matrix of dimension K = T/2 = 32, e.g., [16, eq. 10].

In particular, the first part X1 is chosen as the first N rows, while X2 the next N rows,

and XiX
H
i = KIN for i = 1, 2. The unknown antenna impedance is that of a uniform
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linear array (ULA) [27], i.e.,

ZA =

 72.8521 + j1.6869 −15.7457− j27.8393

−15.7457− j27.8393 72.8521 + j1.6869

 Ω . (4.79)

The load impedance is Z1 = 50IM Ω for the first K = 32 symbols of each training

sequence, and Z2 = (50 + j20)IM + 10 × 1 Ω for the remaining T − K = 32 symbols,

where 1 is the M by M all one matrix. From (4.12), it follows that

F =

0.9804− j0.1613 0.0261− j0.0334

0.0261− j0.0334 0.9804− j0.1613

 . (4.80)

In this section, we explore important properties of the estimators derived in previous

sections. The average post-detection SNR of a received symbol is defined from (4.6)

as [16, Sec. VIII],

γ ,
E Tr

[
HxxHHH

]
E Tr [nLnHL ]

=
Pσ2

H

σ2
n

, (4.81)

where σ2
n is the noise variance at each port of the M -port receiver and σ2

H is the mean

of diagonal entries of Σh in (4.27),

σ2
H ,

1

M
Tr[Σh] . (4.82)

As shown is Fig. 4.2, the relative root mean-square error (RMSE) is plotted against

SNR (4.81). The ML estimator in F̂ML, for a given L = 5 packets, becomes efficient as the

number of transmit antenna increases, i.e., more spatial diversity. We also observe that

the Miller-Chang bound (MCB) is tighter than the CRB and touches the RMSE for all

values of L and SNR plotted in Fig. 4.2. Although the ML estimators are asymptotically
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Figure 4.2: Relative MSE of F̂ML versus SNR in i.i.d. Fading, L = 5.

unbiased and efficient, i.e., it achieves its corresponding CRB, the MCB (if exists) better

predicts the RMSE of F̂ML for finite sample size in L. For different N the CRB generally

have different values as indicated by the formulas of Fisher information matrix in (4.42),

but their numerical evaluations seem indistinguishable in Fig. 4.2.

Next, we investigate the performance of estimators derived previously under different

Rayleigh fading conditions, i.e., fast, medium, and slow fading [82]. In particular, Clarke’s

model is assumed [9,21,86] and the normalized channel correlation matrix is,

Ch =



R[0] R[−1] · · · R[−L+ 1]

R[1] R[0] · · · R[−L+ 2]

...
. . . . . .

...

R[L− 1] R[L− 2] · · · R[0]


, (4.83)

where R[l] = J0(2πfdTs|l|), J0(·) is the zeroth-order Bessel function of the first kind,
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Figure 4.3: Properties of F̂MM for a 4 by 2 MIMO, L = 10

Ts = 1 ms is the sampling interval, and l is the sample difference. The fading frequency

(maximum Doppler frequency) is fd , v/λ, where v is the velocity of the fasting moving

scatterer and λ the wave-length of the carrier frequency.

In Fig. 4.3a, we plot the relative RMSE of the method of moments (MM) estimators

F̂MM (4.58), for a MIMO with N = 4 transmit and M = 2 receiver antennas. The

velocity of the fastest moving scatterer is v = 300, 50 and 5 km/h, which represents a

fast, medium, and slow fading scenario, respectively. The MM estimator F̂MM is about 3

dB aways from its CRB under slow fading, and this gaps narrows to less 1 dB for medium

and fast fading. Thus, a faster fading results in improved estimation accuracy, which is

always lower bounded by their corresponding CRB. This is intuitively reasonable as fast

fading means more temporal diversity. Similar to Fig. 4.2, the CRB depends very little

on fading conditions; for the three drastically different cases considered, their evaluated

CRB’s are indistinguishable.
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Figure 4.4: Excess Power of F̂MM for 4 by 2 MIMO.

Plotted in Fig. 4.3b is the relative absolute bias of these MM estimators, i.e.,

E||F̂MM − F||1
||F||1

=

∑(
E
∣∣∣vec

(
F̂MM − F

)∣∣∣)∑
| vec F|

, (4.84)

where || · ||1 is the entry-wise `1 norm, and
∑

(·) represents the summation of all entries

of a vector. Random fluctuation is observed for all data points plotted. This suggests

the true bias, if any, is below these curves. Although this figure does not show F̂MM is

unbiased, its bias is small and can be ignored practically.

Next we evaluate the excess power defined in (4.78). A faster fading channel results in a

smaller excess power. This means the transmitter may save power for an intended receive

SNR, due to an improved impedance match between antenna and load. For example, the

gain between our fast and slow fading cases is about 3 dB at low SNR. If a 0.5 dB excess

power is considered good match in practice, then this goal is achieved at relatively low
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SNR for all fading conditions. Further, the excess power vanishes to 0 dB at high SNR,

suggesting the receiver is capable of compensating for its impedance mismatch quickly,

e.g., over L = 10 packets or 10 ms. Next we give two examples which demonstrates the

benefits of this impedance estimation algorithm in terms of ergodic capacity.

As derived by Hassibi and Hochwald, a lower bound on (ergodic) capacity exists,

which incorporates the MMSE channel estimation error [37, eq. 21], i.e.,

Cl = E

[
log2 det

(
IM + γeff ·

1

N
Σh̃HwHH

w

)]
, (4.85)

where vec Hw ∼ CN (0, IMN), Σh̃ is the normalized version of Σh such that Tr[Σh̃]/M =

1, and with (4.81) the effective SNR is defined as,

γeff =
Pσ2

H

σ2
n

PTσ2
H

PTσ2
H +N(Pσ2

H + σ2
n)

= γ
1

1 + (1 + 1/γ)N/T
. (4.86)

Shin and Lee derived an upper bound for this ergodic capacity in closed-form, putting

the expectation between log2(·) and det(·) by Jensen’s inequality [71, Th. III.2], i.e.,

Cl ≤ log2

(
M∑
k=0

[(γeff

N

)k
k!σk (Σh̃) · σk (IN)

])
, (4.87)

where M ≤ N is assumed and σk(A) denotes the sum of all the k-rowed principal minor

determinants of a square matrix A [41, pg. 17]. In particular, we have [71, Th. II.3],

σk (IN) =

(
N

k

)
=

N !

k!(N − k)!
. (4.88)

Consider a 4 by 2 MIMO system again, i.e., N = 4 and M = 2. This ergodic capacity

128



5 10 15 20 25

Post Detection SNR, in dB

2

4

6

8

10

12

14

16

18

20

C
ap

ac
ity

, b
its

/s
/H

z

C(F
MM

), v=300

C(F
MM

), v=50

C(F
MM

), v=5

C Mismatch
C Perfect

Figure 4.5: Ergodic Capacity over SNR for 4 by 2 MIMO.

upper bound boils down to

Cl ≤ log2

[
1 + 2γeff +

3

4
γ2

eff · det(Σh̃)

]
. (4.89)

Although calculating an upper bound instead of the exact ergodic capacity is less than

ideal, it should qualitatively demonstrate the capacity boost using our proposed antenna

impedance estimation algorithm.

In Fig. 4.5, ergodic capacity upper bound (4.89) are plotted against SNR of an orig-

inally mismatched receiver. The power loss due to mismatch is chosen as 5dB. After

applying our algorithm and matching to the estimate of ZA (4.77), a significant gain on

ergodic capacity C(F̂MM) is observed, compared to the mismatched receiver (the black

solid line). This gain ranges from about 50% at low SNR to 20% at high SNR. The black

dash line represents an upper bound on ergodic capacity, where the receiver is always
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Figure 4.6: Ergodic Capacity over d/λ for 4 by 2 MIMO, SNR = 10dB.

optimally matched and observes the channel without errors. This upper bound, although

unachievable by any practical system, is closed in by C(F̂MM) to around 1 dB or less for

all SNR and fading conditions considered. Also note at low SNR, faster fading leads to

a marginally capacity boost, which vanishes as SNR increases.

Plotted in Fig. 4.6 is the ergodic capacity upper bound in (4.89) versus antenna

element-separation d/λ. The SNR for the originally mismatched receiver is fixed at 10

dB, while other settings remain identical as in Fig. 4.5. Similar observations are also made

here, as the C(F̂MM)’s hone in the practically unachievable upper bound (the black dash

line) within a fraction of 1 bit/s/Hz. This upper bound seems to depend very little on

antenna spacing, yet the other capacity curves tend to drop for closely spaced arrays.

Compared to the mismatched receiver, our algorithm improves capacity by over 30% for

all data points.
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4.6 Conclusion

In this chapter, we derived the maximum-likelihood (ML) and method of moments (MM)

estimators for MIMO antenna impedance using training sequences in various fading codi-

tions. In particular, under i.i.d. fading, the ML estimator is derived as the ratio of the

top block eigen-vector of the sample covariance matrix. We also derive two fundamen-

tal lower bounds on these estimators, and explore the performance of these estimators

through numerical examples. The ML and MM estimators become efficient (to CRB)

when sufficient spatial and/or temporal diversity exists. A typical rule of thumb is the

number of diversity is four times the number of receive antennas. Additionally, trade-off

between channel correlation and impedance estimation accuracy is investigated. Our nu-

merical results indicate that the MIMO antenna impedance can be accurately estimated

in a matter of milliseconds. This estimate is able to compensate partially at low SNR and

almost all power loss due to mismatch. In the example of ergodic capacity, if the original

mismatch at the receiver is significant, large capacity boost can be observed in general.
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Chapter 5

Likelihood Ratio Tests for Detecting

Antenna Impedance Variations

5.1 Introduction

In previous chapters, we have developed estimation techniques that learn in real-time

the unknown antenna impedance using observations of training sequences in multiple-

input, multiple-output (MIMO) receivers. However, it remains unclear what triggers the

receiver to perform this estimation. In other words, the following question needs to be

answered: How does the receiver know that antenna impedance has changed and impedance

estimation becomes necessary? In this chapter, we address this problem by formulating

it as a hypothesis test. In this test, we decide if the covariance matrices of observations

remain the same or not, over two consecutive blocks of packets. In particular, we apply

well known likelihood ratio tests to tackle this problem.

The rest of this chapter is organized as follows. We present the system model in

Sec. 5.2, and formulate this problem using hypothesis testing and develop a detector
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Figure 5.1: Circuit model of a multiple-antenna receiver

using likelihood ratio test in Sec. 5.3. The performance of this detector is then explored

via numerical examples in Sec. 5.4. We summarize our conclusions and point out future

directions in Sec. 5.5.

5.2 System Model

Consider a narrowband multiple-input multiple-output (MIMO) communications link

with M receive antennas and N transmit antennas. The receiver model is illustrated in

Fig. 5.1. This circuit model is identical to the ones widely used to model a scenario, where

amplifier noise dominates [29,51,79]. More complex models are considered in [26,27].
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In Fig. 5.1, we model the antenna array by its Thevenin equivalent,

v = ZAi + vo , (5.1)

where v, i ∈ CM are the voltage across, and current into, the antenna array terminals.

In particular, the antenna impedance is a symmetric matrix in CM×M ,

ZA = RA + jXA , (5.2)

and RA and XA are the resistance and reactance, respectively. The incident electromag-

netic field induces open-circuit voltage vo ∈ CM in (5.1). Under flat-fading conditions,

the open-circuit voltage vo is modeled as [27]

vo = Gx , (5.3)

where x ∈ CN is the transmitted symbol and G ∈ CM×N is the fading path gain. With

sufficiently separated transmit antennas, the columns of G is i.i.d. zero-mean, complex

Gaussian, i.e., gi ∼ CN (0,Σg). As shown in Fig. 5.1, noisy voltage observation vL across

load impedance ZL ∈ CM×M is assumed [29,51,79],

vL = R
1/2
L (ZA + ZL)−1 Gx + nL , (5.4)

where the observation noise nL ∈ CM is a zero-mean, circularly-symmetric, complex

Gaussian random vector with variance E[nLnHL ] = σ2
n,sIM , which is hereafter denoted by

nL ∼ CN (0, σ2
n,sIM). The subscript s represents the noise for each received symbol.

Suppose the transmitter is a base station, with N uncoupled transmit antennas. The
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transmitter sends a known training sequence of length T , i.e., x1, . . . ,xT ∈ CN to the

receiver. Also assume block fading, such that the fading path gain G remains fixed during

each packet, of which the training sequence is a part [16]. An effective channel matrix

that communication algorithms need is defined as,

H , R
1/2
L (ZA + ZL)−1 G ∈ CM×N . (5.5)

The columns of H are also i.i.d. zero-mean, complex Gaussian, i.e., hi ∼ CN (0,Σh),

where

Σh = R
1/2
L (ZA + ZL)−1 Σg (ZA + ZL)−H R

1/2
L . (5.6)

Consider observations of T training symbols at the load. We write (5.4) in matrix

form, after defining X , [x1,x2, . . . ,xT ] ∈ CN×T ,

VL = HX + NL . (5.7)

It is reasonable to assume that the base station (transmitter) has more antennas than

the mobile device (receiver), i.e., N ≥M . Conditioned on T ≥ N , and XXH ∈ CN×N is

full-rank, the following statistic is sufficient for estimating H, which has been shown in

Lemma 4 in Chapter 4,

Y = VLXH
(
XXH

)−1
. (5.8)

The training sequences for MIMO channel estimation are often equal-energy and orthogo-

nal, i.e., XXH = (PT/N)IN . This can be achieved by using a normalized discrete Fourier

transform (DFT) matrix, e.g., [16, eq. 10]. Then, Y becomes,

Y = H + N , (5.9)
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where n , vec N ∼ CN (0, σ2
nIMN), P/N is the total transmitted power for each training

symbol, and the noise variance is,

σ2
n ,

Nσ2
n,s

PT
. (5.10)

5.3 Antenna Impedance Variation Detection

In this section, we utilize well known detection techniques to sense variations of an-

tenna impedance over time. The goal is to detect changes in antenna impedance due to

time-varying user interference in the near-field and then apply our previously developed

antenna impedance estimation algorithms to compensate these changes.

We consider two consecutive blocks of packets, with each block containing L packets.

Thus, 2L consecutive packets are utilized for this detection task. We assume the antenna

impedance ZA remains fixed during each block of packets, but abrupt changes may occur

from block to block. This is a tractable approximation of the possibly continuously time-

varying antenna impedance.

In the remainder of this section, we use resources readily available at the receiver,

e.g., training sequences allocated to channel estimation, and formulate this detection

problem using hypothesis testing. Specifically, we apply likelihood ratio tests for equality

of two covariance matrices of training sequences to detect variations in antenna impedance

matrix ZA.

Firstly, we consider a scenario where the receiver does not know a priori the signal

covariance matrices. This is the worse-case scenario for this detection task. We later

comment on appropriate techniques to use when one of these two covariance matrices is

known.
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Collect the sufficient statistics (5.9) of received training sequences over the L packets

for both blocks,

Y1 ,

[
Y1 · · · YL

]
, Y2 ,

[
YL+1 · · · Y2L

]
, (5.11)

where, for 1 ≤ l ≤ 2L,

Yl = Hl + Nl ∈ CM×N . (5.12)

The covariance matrix of Yi is defined as, where i = 1, 2,

Σi ,
1

NL
E
[
YiY

H
i

]
= Σh,i + σ2

nIM . (5.13)

Note the signal covariance matrix is a function of the antenna impedance matrix, i.e.,

Σh,i = R
1/2
L (ZA,i + ZL)−1 Σg(ZA,i) (ZA,i + ZL)−H R

1/2
L , (5.14)

where the subscript i = 1, 2 of ZA,i represents the possibly different antenna impedance

matrices in these two blocks. The load impedance ZL is assumed fixed. The covariance of

fading path gains Σg in general may depend on ZA,i, e.g., under black block radiation [48,

eq. 3.8].

Thus, we formulate the detection of antenna impedance variations by the following

hypothesis testing,

H0 : Σ1 = Σ2 ,

H1 : Σ1 6= Σ2 . (5.15)
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If the null hypothesis H0 is true, then the antenna impedance matrix remains identical

in the two blocks considered, i.e., ZA,1 = ZA,2. Otherwise, if the alternative hypothesis

H1 is true, a change in antenna impedance occurs, i.e., ZA,1 6= ZA,2, which needs to be

estimated for mismatch compensation.

Bartlett’s modified likelihood ratio test1 has been widely used for the hypothesis test

given in (5.15), e.g., [44, Sec. 2.4] [63],

λL ,
det (S1)L det (S2)L

det (S1 + S2)2L
· 4M×L , (5.16)

where det(·) is the determinant operator, and the sample covariance matrices are defined

as, for i = 1, 2,

Si =
1

NL
YiY

H
i . (5.17)

If the test statistic λL in (5.16) is less than or equal to a predetermined threshold,

say θ, then the null hypothesis H0 is rejected, i.e., the detector thinks a change has

occurred. Conditioned on H1 is true, i.e., there is a change in the covariance matrix, this

change has been correctly detected. But if H0 is true, i.e., no change has occurred, we

encounter an event of false alarm. For fixed M and L→∞ and under the null hypothesis

H0 in (5.15), a scaled natural logarithm of the test statistic λL converges to a chi-square

distribution [44, eq. 2.12]. This result could be used to select θ(α) based on a desired false

alarm probability α ∈ (0, 1). Furthermore, if Σ1 is assumed known, we could use another

test given by Bartlett [13, Sec. IIIa]. This can be justified by that antenna impedance

has been accurately estimated and the signal covariance matrix is known.

Note the test in (5.16) is derived for i.i.d. observations from complex Gaussian distri-

1Note the discrepancies between the test statistic in (5.16) and [44, eq. 2.11] are due to our assumptions
of complex Gaussian with known zero-mean, yet they consider real Gaussian, whose mean is unknown
and estimated.
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butions, CN (0,Σi) for i = 1, 2. We would like to learn, under correlated Rayleigh fading,

how its performance deteriorates if temporal correlation is ignored. In the next section,

we investigate these aspects of this test statistic given in (5.16) via numerical examples.

5.4 Numerical Results

In this section, we explore the performance of the test statistics given in the previous

section through numerical examples. Consider a narrow-band MIMO communications

system with N = 4 transmit antennas and M = 2 receive antennas, whose carrier

frequency is 2.1 GHz. This frequency is chosen based on the first E-UTRA down-link

operating band in LTE specifications [82]. The duration of each data packet equals to

a subframe of LTE, i.e., Ts = 1 ms. Block-fading channel is assumed, such that during

one data packet, the channel information remains the same, but it generally varies from

packet to packet [16].

For each data packet, a training sequence precedes data sequence [54, Fig. 1(a)]. We

take the training sequence X in (5.7) from a normalized discrete Fourier transform (DFT)

matrix of dimension T = 64, e.g., [16, eq. 10]. Specifically, X is chosen as the first N rows

of this DFT matrix, and XXH = PT
N

IN . Before a change occurs, the antenna impedance

is that of a uniform linear array (ULA) with half-wavelength inter-element spacing [27],

i.e.,

ZA =

 72.8521 + j1.6869 −15.7457− j27.8393

−15.7457− j27.8393 72.8521 + j1.6869

 Ω . (5.18)

In other words, we assume Σ1 in (5.13) is that calculated using (5.18) (and its correlation

matrix) with the noise variance σ2
n defined in (5.10). If a change occurs, the antenna
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(a) Different SNR’s, L = 10.
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(b) Multiple L, SNR = 10 dB.

Figure 5.2: RoC Curves for 4 by 2 MIMO under i.i.d. Fading.

impedance becomes that of ULA with 0.1 wavelength separation, i.e.,

ZA,cgd =

 73.0945− j2.2728 −67.5019− j1.6580

−67.5019− j1.6580 73.0945− j2.2728

 Ω . (5.19)

Its covariance matrix Σ2 in (5.13) is then calculated accordingly. The load impedance is

fixed at ZL = 50IM Ω, so we do not assume knowing ZA.

The average post-detection SNR of a received symbol is defined from (5.4) as [16, Sec.

VIII],

ρ ,
E Tr

[
HxxHHH

]
E Tr [nLnHL ]

=
Pσ2

H

σ2
n,s

, (5.20)

where σ2
n,s is the noise variance at each port of the M -port receiver and σ2

H is the mean

of diagonal entries of Σh in (5.6) calculated with ZA (5.18),

σ2
H ,

1

M
Tr[Σh] . (5.21)
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Receiver operating characteristic (RoC) curves are often plotted for hypothesis test-

ing. These curves show the trade-off between probability of detection, say Pd, and prob-

ability of false alarm, say Pfa, of a given detector. We first explore the impacts of SNR

and number of packets L to the detector in (5.16) in Figs. 5.2a and 5.2b, respectively.

With increased SNR, the detection probability Pd improves for a given false alarm rate

Pfa. Also, diminishing return is observed as SNR increases beyond 10 dB in Fig. 5.2a. So

with reasonable SNR, this detector is limited in performance by diversity. In Fig. 5.2b, we

address the question how many packets are needed, say at SNR = 10 dB, to approach the

perfect classification at the upper left vertex, where Pd = 1 and Pfa = 0. One observes

the trend is more diversity (larger L) leads to narrower gap between the RoC and the

perfect classification. With L = 50, it seems the detector in (5.16) is in the small vicinity

of the upper left vertex. Next we consider more practical scenarios, where consecutive

packets are generally correlated.

Clarke’s model is assumed for temporal correlation as in previous chapters [9,21,86],

and the normalized channel correlation matrix is,

Ch =



R[0] R[−1] · · · R[−L+ 1]

R[1] R[0] · · · R[−L+ 2]

...
. . . . . .

...

R[L− 1] R[L− 2] · · · R[0]


, (5.22)

where R[l] = J0(2πfdTs|l|), J0(·) is the zeroth-order Bessel function of the first kind,

Ts = 1 ms is the sampling interval, and l is the sample difference. The fading frequency

(maximum Doppler frequency) is fd , v/λ, where v is the velocity of the fasting moving

scatterer and λ the wave-length of the carrier frequency.
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Fig. 5.3a demonstrates the impact of fading conditions on this detection task. Faster

fading results in better trade-off between Pd and Pfa. In particular, the RoC curve for fast

fading (red line) is similar to that of the i.i.d. fading (also red line) shown in Fig. 5.2b,

in that they reach the upper left corner. For the medium fading, i.e., v = 50 km/h,

reasonable detection versus false alarm trade-off can be achieved, e.g., Pd > 0.9 and

Pfa < 0.1. However, this trade-off is less favorable when the fading is very slow, e.g.,

v = 5 km/h. Under this slow fading condition, the RoC curve (green line) is closer to the

chance line, flipping a fair coin, than the other fading conditioned plotted. For example,

if Pfa = 0.1 is required, the detection probability is only slightly above 30%. On the

other hand, a high detection rate, e.g., Pd = 0.9, entails a high false alarm probability

over 70%. In order to improve this improves, in Fig. 5.3b, we combine more packets than

L = 50. We observe that added diversity indeed produces a better detection and false

alarm trade-off, and Pd > 0.9 and Pfa < 0.1 is achieved with L = 500 packets. With our

system settings given at the beginning of this section, this means, in the worse-case, the

detector in (5.16) results in practically useful detection and false alarm trade-off using

observations within 1 second. If the fading is identical or faster than the medium fading

(v = 50 km/h), then this same trade-off can be obtained using observations within 0.1

seconds.

5.5 Conclusion

In this chapter, we formulated the problem of sensing variations in antenna impedance

over time using hypothesis testing. In particular, we apply well known likelihood ratio

tests for equality of covariance matrices. For example, Bartlett’s modified likelihood ra-

tio test is demonstrated to achieve a practically useful trade-off between probability of
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(a) Different Fading, SNR = 10 dB, L = 50.
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Figure 5.3: RoC Curves for 4 by 2 MIMO under Correlated Rayleigh Fading.

detection and probability of false alarm in general. Specifically, if the Rayleigh fading is

not extremely slow, accurate detection with low false alarm rate can be obtained within

a fraction of a second, assuming a set of system parameters consistent to LTE. If the

fading is slow, then combination of more packets is needed for similar detection vs false

alarm trade-off, which leads to a longer delay.

Future directions may include more accurate covariance estimation techniques when

observations are highly correlated. Furthermore, other types of tracking algorithms may

be developed. For example, we could assume a dynamic model for the time-varying

antenna impedance and then apply appropriate filtering techniques, e.g., the extended

Kalman filter.
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Chapter 6

Conclusion

In this dissertation, we consider the problem of antenna impedance estimation at MIMO

receivers. We first develop a hybrid estimation framework for joint estimation of chan-

nel information and antenna impedance at single-input, single-output (SISO) receiver in

Rayleigh fading channels. Based on observation of training sequences via synchronously

switched load at the receiver, we derive the joint maximum a posteriori and maximum-

likelihood (MAP/ML) estimators for channel and impedance over multiple packets. How-

ever, this joint ML estimator is found inconsistent. We modify it to make it consistent,

which improves channel estimation also.

Next, we consider a multiple-input, single-out (MISO) system, where multiple an-

tennas are deployed at the transmitter. Here we decouple impedance estimation from

channel estimation and formulate this problem in a classical estimation setting. Then,

we derive the maximum-likelihood (ML) estimator for the antenna impedance over mul-

tiple packets. We also investigate the benefits on impedance estimation due to the added

spatial diversity at the transmitter.

Further, we generalize this to the multiple-input, multiple-out (MIMO) problem,
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where multiple antennas exist at both the transmitter and receiver. We derive the ML

estimator for the antenna impedance matrix under i.i.d. fading channels. Additionally,

a simple method of moments (MM) estimator is derived under correlated fading condi-

tions. We compare the performance of these estimators to a fundamental lower bound in

Cramér-Rao bound (CRB). More importantly, we find this antenna impedance estima-

tion algorithm is fast and is able to compensate mismatch in milliseconds, via numerical

examples. The ergodic channel capacity is studied, which demonstrates a sizable perfor-

mance boost for a receiver using our impedance estimation algorithm, compared to the

originally mismatched receiver.
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Appendix A

Proof of Theorem 3 in Chapter 2

We now prove (2.39) in Theorem 3 of Chapter 2. Note the conditional mean of X1 given

X2 is given by [45, Sec. 15.8]

E[X1|X2] = µ1 +
ρσ1

σ2

(X2 − µ2) .

It follows that the mean of the ratio can be written as

E

[
X1

X2

]
= E

[
E[X1|X2]

X2

]
=

ρσ1

σ2

+

(
µ1 −

ρσ1

σ2

µ2

)
E

[
1

X2

]
=

µ1

µ2

+

(
ρσ1

σ2

− µ1

µ2

)(
1− E

[
µ2

X2

])
. (A.1)

It only remains to evaluate E [µ2/X2]. The pdf of X2 is given in polar coordinates by

f(r, θ) =
r

πσ2
2

exp

(
−
∣∣rejθ − vejφ∣∣2

σ2
2

)

=
r

πσ2
2

exp

(
−r

2 + v2 − 2vr cos(θ − φ)

σ2
2

)
, (A.2)
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where µ2 = vejφ. It follows

E
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µ2

X2

]
,
ˆ 2π

0

ˆ ∞
0
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f(r, θ)drdθ
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dx
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= 1− e−v2/σ2

2 , (A.3)

where I1(·) is the first-order modified Bessel function of the first kind and the change of

variable x = r/σ2 is applied. Equation (a) follows from

1

π

ˆ 2π

0

ez cos(θ−φ)e−j(θ−φ)dθ =
1

π

ˆ π

−π
ez cosψe−jψdψ

=
1

π

ˆ π

−π
ez cosψ cosψdψ − j 1

π

ˆ π

−π
ez cosψ sinψdψ

=
2

π

ˆ π

0

ez cosψ cosψdψ = 2I1(z) , (A.4)

where the first step follows from periodicity of the integrand and the change of variable

ψ = θ − φ, the third step by observing that one of the two preceding integrands is even

and the other is odd, and the last step from [3, eq. 9.6.19]. Equation (b) follows by

observing

2v

σ2

ˆ ∞
0

e−x
2

I1

(
2v

σ2

x

)
dx =

2v

σ2

ˆ ∞
0

e−x
2
∞∑
k=0

(
1
2

2v
σ2
x
)2k+1

k!(k + 1)!
dx

= 2
∞∑
k=0

(v/σ2)2k+2

k!(k + 1)!

ˆ ∞
0

e−x
2

x2k+1dx

= 2
∞∑
k=0

(v/σ2)2k+2

k!(k + 1)!

k!

2
= ev

2/σ2
2 − 1 , (A.5)
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where the first step follows from the series [3, eq. 9.6.10]

I1(z) =
∞∑
k=0

(z/2)2k+1

k!(k + 1)!
.

The expression in (2.39) now follows by substituting (A.3) into (A.1) and observing

v = |µ2|.

We define

X , (X1 − µ1)− ρσ1

σ2

(X2 − µ2) . (A.6)

It follows that X is complex Gaussian, X ∼ CN (0, (1− |ρ|2)σ2
1), and independent to X2,

due to the fact uncorrelated complex Gaussian RV’s are also independent [45, pg.558].

The first absolute moment of general complex Gaussian ratio, with arbitrary means and

correlation, is derived to be finite,

E

[∣∣∣∣X1

X2

∣∣∣∣] = E

[∣∣∣∣X + µ1 + ρσ1(X2 − µ2)/σ2

X2

∣∣∣∣]
≤

∣∣∣∣ρσ1

σ2

∣∣∣∣+ E

[∣∣∣∣X + µ1 −
ρσ1µ2

σ2

∣∣∣∣]E [ 1

|X2|

]
≤ |ρ|σ1

σ2

+

√
π(1− |ρ|2)σ1

σ2

exp

(
− v2

2σ2
2

)
I0

(
v2

2σ2
2

)
< ∞ , (A.7)

where the last inequality follows from the finiteness of I0(·), and the formula of E[1/|X2|]

for arbitrary complex Gaussian RV, X2 ∼ CN (vejφ, σ2
2), is from [80, eq. 37]. Similarly,
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we can prove the second moment is unbounded,

E

[∣∣∣∣X1

X2

∣∣∣∣2
]

= E

[∣∣∣∣ρσ1

σ2

+
X + µ1 − ρσ1µ2

σ2

X2

∣∣∣∣2
]

=

∣∣∣∣ρσ1

σ2

∣∣∣∣2 + E

[∣∣∣∣X + µ1 −
ρσ1µ2

σ2

∣∣∣∣2
]
E

[
1

|X2|2

]
≥ σ2

1

(
1− |ρ|2

)
E

[
1

|X2|2

]
→ ∞ , ∀|ρ| 6= 1 , (A.8)

where the unboundedness of E
[
1/ |X2|2

]
is applied [80, eq. 40]. Finally, with Lyapunov

inequality, we have for k > 2,

(
E

[∣∣∣∣X1

X2

∣∣∣∣k
]) 1

k

≥

(
E

[∣∣∣∣X1

X2

∣∣∣∣2
]) 1

2

→ ∞ . (A.9)

This completes the proof. �
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Appendix B

Details on Chapter 3

B.1 Another ML Estimator for F

Consider another classical estimation framework, where no information on channel dis-

tribution is available. Thus, both the channel h and F are modeled as deterministic

unknowns.

We define the unknown parameters as

ζ ,

h

F

 , (B.1)

where both h and F are viewed as deterministic. The log-likelihood function of Vs (3.84)

is

L(ζ) , σ2
n ln p(Vs; h, F ) = −(y1 − h)H(y1 − h)− (y2 − Fh)H(y2 − Fh) . (B.2)
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In order to find the ML estimator for ζ, it is necessary that the gradient vanishes,

∂L(ζ)

∂ζ∗
=

(y1 − h) + F ∗(y2 − Fh)

hH(y2 − Fh)

 = 0L+1 . (B.3)

Solving the first equation for h and plugging into the second, we obtain a complex

quadratic equation of F , i.e.,
(
yH1 + FyH2

)
(y2−Fy1) = 0, which, using (3.87), simplifies

into

S12F
2 + (S11 − S22)F − S21 = 0 . (B.4)

This is the same complex quadratic equation and leads to the same consistent estimator

in (3.29).

B.2 Derivation of Complex Gradient and Complex

Hessian

Given that the k-th correlation matrix is

Ck(θ) =

λk + σ2
n λkF

∗

λkF λk|F |2 + σ2
n

 , λk , dkσ
2
h ,
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we derive the following identities related to the complex gradient of Ck w.r.t. θ.

∂Ck

∂F ∗
= λk

0 1

0 F

 = λk

1

F

[0 1

]
= λke1

[
0
√

1 + |F |2
]
,

C−1
k

∂Ck

∂F ∗
=

(
µ−1

1 e1e
H
1 + µ−1

2 e2e
H
2

) ∂Ck

∂F ∗
=

λk
µ1

e1

[
0
√

1 + |F |2
]
,

C−1
k

∂Ck

∂F ∗
C−1
k =

λk
µ1

e1

[
0
√

1 + |F |2
] (
µ−1

1 e1e
H
1 + µ−1

2 e2e
H
2

)
=

λkF

µ2
1

e1e
H
1 +

λk
µ1µ2

e1e
H
2 =

1

σ2
n

λk
µ2

1

1

F

[−Fλk σ2
n + λk

]
, (B.5)

and

∂Ck

∂F
= λk

0 0

1 F ∗

 = λk

0

1

[1 F ∗
]
, (B.6)

and, assuming λk = dkσ
2
h,

∂Ck

∂σ2
h

= dk

1 F ∗

F |F |2

 = dk(1 + |F |2)e1e
H
1 ,

C−1
k

∂Ck

∂σ2
h

=
(
µ−1

1 e1e
H
1 + µ−1

2 e2e
H
2

) ∂Ck

∂σ2
h

=
dk(1 + |F |2)

µ1

e1e
H
1 ,

C−1
k

∂Ck

∂σ2
h

C−1
k =

dk(1 + |F |2)

µ2
1

e1e
H
1 . (B.7)
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Appendix C

Details on Chapter 4

C.1 Details on Miller-Chang Bound

We start from the vectorized sufficient statistics given in (3.41),

v ,

y1

y2

 =

vec Y1

vec Y2

 =

 h

vec FH

+ n , (C.1)

where h , vec H ∼ CN (0MN , IN ⊗Σh) (2.11) is the vectorized channel information,

and n is a zero-mean, complex Gaussian random vectors independent to h, i.e., n ∼

CN (0, σ2
nI2MN).

Define a log-likelihood function (LLF) of the conditional PDF,

L(ξ) , ln p (v|h; f)

= − 1

σ2
n

(y1 − h)H (y1 − h)− 1

σ2
n

(y2 − vec FH)H (y2 − vec FH) , (C.2)
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where f , vec F and the unknown parameters are

ξ ,

h

f

 . (C.3)

Note two identifies exist for vectorizing FH, i.e.,

vec FH = (IN ⊗ F) h =
(
HT ⊗ IM

)
f . (C.4)

In order to calculate the Miller-Chang bound (MCB), we need the Hessian of L(ξ). But

first, the complex gradient w.r.t. ξ is calculated as,

∂L(ξ)

∂h∗
=

1

σ2
n

(y1 − h) +
1

σ2
n

(
IN ⊗ FH

)
(y2 − vec FH) ,

∂L(ξ)

∂f∗
=

1

σ2
n

(H∗ ⊗ IM) (y2 − vec FH) . (C.5)

Then the complex Hessian of L(ξ) is

∂2L(ξ)

∂ξ∗∂ξT
,

∂2L(h,f)
∂h∗∂hT

∂2L(h,f)
∂h∗∂fT

∂2L(h,f)
∂f∗∂hT

∂2L(h,f)
∂f∗∂fT

 = − 1

σ2
n

IN ⊗
(
FHF + IM

)
HT ⊗ FH

H∗ ⊗ F H∗HT ⊗ IM

 . (C.6)

The Miller-Chang bound is defined as [56, Sec. III, eq. 30],

M(ξ) = −Eh

[{
∂2L(ξ)

∂ξ∗∂ξT

}−1
]

= σ2
nEh


(IN −P)⊗A−1

1 + P⊗ IM −HT
(
H∗HT

)−1 ⊗ F

−
(
H∗HT

)−1
H∗ ⊗ FH

(
H∗HT

)−1 ⊗A2


 (C.7)
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where the expectation is over h (2.11), the second equality uses the matrix inverse lemma

[70, pg. 275, eq. A1.42], P , HT
(
H∗HT

)−1
H∗ is a complex projection matrix [45, pg.

231], and we have previously defined A1 = IM + FHF and A2 = IM + FFH in (4.31).

The lower bound pertaining estimating f is the trace of the lower right block matrix, i.e.,

M(F) = σ2
n Tr

(
E
[(

H∗HT
)−1 ⊗A2

])
= σ2

n Tr
(
E
[(

H∗HT
)−1
])

Tr[A2] , (C.8)

where we have used Tr[C⊗D] = Tr[C] Tr[D] [19, Tab. II].

C.2 Another Classical ML Estimator

Lemma 7 The system by setting the gradients in (C.5) to zero leads to an ML estimator

for F, which satisfies the following necessary condtion, i.e.,

Y2Y
H
1 − FY1Y

H
1 + Y2Y

H
2 F− FY1Y

H
2 F = 0M×M . (C.9)

Proof We set the gradients (C.5) of the log-likelihood function L(ξ) to zero. The first

equation of (C.5) results in a matrix equation,

H = A−1
1 (Y1 + FHY2) , (C.10)

where A1 = IM + FHF (4.31) has been defined previously. Next letting the second

equation equal zero, we have

(Y2 − FH)HH = 0M×N . (C.11)
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The proof completes after plugging the first matrix equation into the second and some

straightforward simplification.

Among all the roots of this matrix equation (C.9), the one, along with its correspond-

ing H estimates, that maximizes the log-likelihood function given in (C.2) is the ML

estimator for F.

If we assign the sample covariance defined in (4.21) symbolic submatrices as

S =

S11 S12

S21 S22

 , (C.12)

where Sij ∈ CM×M , then the above matrix equation becomes,

S21 − FS11 + S22F− FS12F = 0M×M . (C.13)

It can be shown this is the same necessary condition that F̂ML in (4.40) satisfies, i.e., it is

a function of a eigen-vector matrix that block diagonalizes S. It remains unclear, though

we conjecture it is true, if solutions of the above equation lead to a unique estimator as

F̂ML in (4.40).
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