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I. BASIC PRINCIPLES

1. Introductory remarks.

Most working statisticians are by now so familiar with
R. A. Tigher's technique of 'analysis of variance' that I
doubt whether they will discover much new in my contribution
to this conference. It was, however, svggested to me that
some discussion and actual examples illustrating the technique,
with varticular reference to the two somewhalt distinct pro-
blems of estimating the magnitude cf
(1) fixed linear eifects that may be present in
gstatigticel dnta, and

(ii) variable -inswexr 2rfects giving rise to addi-
tional variance -mponents,

would be complementary to a theucetical paper by Yald on the
game topic.

The two problemns may sometimes have been confused because
of %the very name 'analysis of variance', an 'analysis of
variance! table referring directly not to (ii), out to (1),
and, as has been commented by other writers, might perhaps
less ambiguously be called 'quadratic analysig' or ‘'analysis
of the sum of squares'.* In problems of type (ii) the esti-
mation of the different variance components is a further and
geparate procedure from the calculation of the primary analysis
of varisnce table, Examples of the two problems (i) and (ii)
are digcussed in sections II and III of this paper respectively,
but before coming to these I would like %o review very briefly
the basic principles of analysis of variance, both for refer-
ence and also to justify some of the names I shall use O
christen different types of data. BSome general acquaintance
with analysis of variance technique is assumed.

2. Algebra of Analysis of Variance.

I personally find it convenient theoretically to employ
the geometrical or vectorial representation of a sample of
obgervations, and have previously discussed analysis of
veriance from this point of view (1), The sample of n obser-
vations is represented in this picture by a vector with n

-

*» §. J. Q. Pitman once suggested 'analysis of sguariance', but
this phrase frankly appals me} :



. components corresponding to the n observations, and the
analysis of variance table merely corresponds to an appro-
priate analysis of the total sum of squares of the observa-
tions, i.e., of the square of the length of the vector, into
relevant perpendicular or orthogonal components, whose squares
then necessarily add to the total square. The orthogonal com~
ponents lie in directions in the sauple space so chosen to
correspond to the isolation of the fixed linear effects
referred to under (i), and it is a well-known feature of a
good analysis of variance design that this can conveniently

" be done., To be more explicit, let the row vector or matrix

8 denote the n observations (Xl . e e Xn), and the corresvond-
ing column vector 8'. Then thé isolatidn of the general mean
corresvonds to segregation of the comporent of 8 along the
direction given by the vector Z2 = (1, 1, . . . . . . 1). The
linear componeat of S expressible in terms of any vector Z is
obtained by writing 8 in the form

§ = D3 ¥ (1)
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waere V is orthogonal to Z, or ViZ = 0, or

b o= (807 (zzr)d (2)

‘ Thus in this trivial example where Z = (1,1,. . . . 1), we
have for the analysis of variaunce table, by squaring® both

gides of (1),

s8Y = (82')(z3')"1(z8') + vv'  (3)

or _ ' 2X§. = n¥3 + Z(XI, - 3'{)3 (4)
corresponding to tae special case of (1),
(x,) = (%) + (x;, - X) (5)

It is an obvious consequence of the linear form of (1)
that any 'real' linear dependence on Z, which would remain
after random and unbiased effects were removed, corresponding
to the expectation equation '

4815 = g[8 = E{bz} +E2V2 =Efv} 3, | (5)

is entirelv segregated into the commonent parallel to 2, since
no linea® superposition of a component narallel to Z can affect
any commonents of 8 orthogonal to 7. For example, if we add
any constant gquantity to %5) it affects only the general mean
component, and not the residual commonent (Xr - X). Conversely,

l' * j,e. Row by column matrix multiplication.
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if such superposition does not affect any components of 8,
these must be orthogonal to Z, a useful practical rule for
verifying if such orthogonality holds. It is also readily
shown that, if the observations 8 are uncorrelated* and all
have the same variance g%, the square of the component along
2 has expectation

5 ) + a2, (7)

i‘ore generally, we may not want to isolate each of individual
components such as bZ in (1), but to separate the groun
‘corresponding to any linearly indemendent set of P vectors
Zy. . « .Z,, which we way denote by a column matrix 2 of such
vectors Z7. . . Z%. Equations (1), (3), (3), and (5) still
hold provided that b is now interpreted as a row matrix of
coefficients by. . . Dy; equation (7) generalizes to

3(z2),8+ pa® | (8)

The observational field of multiple regression where the
p vectors Zq. . . 2, &Tre not in gpeneral orthogonal, is one
example where the cgmoonent/ﬁz iy removed en bloc in this way
in the analysis of variance table, but the same »rincinle
applies when, say, treatments or blocks are separated in a
randomized block lavout. The further reduction from the simul-
taneous set 2 to an equivalent set of mutually orthogonal
vectors is of course alwavs possible, and in fact becomes
relevant to the numerical wmethod of reduction of the equations
of estimation for/?, and the evaluation of standard errors.
It is made particular use of in the fitting of trends by the
nethod of orthogonal polynomials.

One further remark on the interpretation of Z, It .often
happens that Z is not orthogonal to another vector or group
of vectors W corresponding %o the other real effects in the
data, Waen this occurs, the effects associated with Z and #
are said to be confounded, and if we ignore the effects associ-
ated with W they will interfere with the estimation of tae
effects associated with Z. The only way to iree the Z effects
from W is to consider the components of Z orthogonal to W, and
in the above equations Z should be so interpreted. It is
custonary to eliminate the effect of the general mean in this
way, and it is an interesting property of randomized blocks,
Latin squares, and other familiar orthogonal layouts that the
orthogonality property holds after, ai¢ not before, such
eliminstion. For example, in a randomized block design, both
treatment means and block means are affected by the general
mean, and to thais extent are confounded; but the elimination
of the general mnean implies that we can only consider differ-
ences of ‘treatment means, or of block means, aad these two

* It is usual to asswie them independent, but absence of
correlation is suificient here,
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sets of differences are orthogonal, so that no further adjust-
ment of treatment means for block means is necessary. The
design of experiments, arranged to give orthogonal components
corresvonding to all, or nearly all, of the effects we are
investigating, has by now of course reached an advanced stage
(see, for example, Yates (7)). In connection with the present
viewooint, it is instructive for the student to consider what
vectors Z will isolate the effects to be estimated, beginning
with simple randomized blocks and proceeding to the more com-
plicated factorial experiments.

The above discussion comprises in shorthand form the
structural basis of analysis of variaace in quite general
termg and includes all forms of multiple regression, least
gquares and Fourier analysis. It so far covers only problem
(1), which I regard as the primary analyseis of variance pro-
blem. Before any illustrations of these principles, there is,
however, a point still to be treated under (i), the question
of accuracy and significance tests.

3. Accuracy and significance tesia.

We had inﬁgz foraula (6) for unbiased deviations,
ES =, | (2)

and uvnder the assumptions used to obtain (7) or (8), we obtain
by taking the exvectation of bb', the result

E{ (b -0)(0 -,./;),'} = ¢3(zz!)-1 (10)

which gives the variances and covariajces of the coefficients
by. « . by in terms of the variance ¢o°, e ghall for con-
venience refer to a sample of data where the observations are
unbiased and uncorrelated, and have apart from the fixed

linear effects to be estimated, a constant variance g2, as a
howmogereous gample, and problem (i), which is to e illustrated
in section II, represents analysis of the above tyne on such
homogeneous data., It is known that the estimates ©, which are
the usual least-squares estimates, have on this assumption ,
minimum variance of any linear combinations of the observations.

To obtain exact tests of signifiance, further assumntlons
are needed. The usual one is that the observations are inde-
peadent and normally distributed; this ensures (c.f. 1) that
the chance nosition of the vector 8 has a direction in the

gample snace randomly orientated, and the random angle it

makes with toe fixed 'plane! of vectors Z;. . . Z, has a known
distribution equivalent to Fisher's z dis%ributioh. This
assumption is a less fundamental one than the one correspond-
ing to the homogeneous sample, but is often a reasonable and
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‘ certainly a convenient one to make. It will allow exact con-
fidence or fiducial limits to be assigned to any of the /Z
and also allows a more complete justification of the method
of estimation imnlied above in terms of modern theories of
estimation and tests of significance. If necessary,; from the
known distribution of the multiple correlation coefficient R
between § and the set of vectors Z, when the latter are fizxed,
a distribution depending ounly on the 'truevcoefficient;g,

where
Rg = b gg: b'» ) /’1/5’2’= nIi:t’ﬂ Rg, (11)

. - \ 2 s . .
confidence limits can ve set for ~, bvt this requirement in
my opinlon rarely occurs. ’

As a variant on the above normal assumption, advantage
hag been taken of the device of randomization in many statis-
tical experiments, (a procedure carried out primarily with
the important object of eliminating blas and lack of independ-
ence in the observations), to investigate tests of signifi-
cance independent of the assumption of normality (see for
exaiwle, Welch (8)). However, this can hardly be recommended
as a routine procedure, and the assumptioh of normalitv is
the one usuvally made. It may be noted that transformations

‘ of scale to wmeke the assumption of constant variance* more -
reasonable sometimes have the effect of imnroving the normality
of the distribution.

* Heterogeneous varliance is referred to more generally later
in this paper.
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II. AWALYSIS OF HONOGEWEQUS DATA

4, Two War-time applications (Examples A and B).

. In choosing one or two exauples to illustrate straight-
forward analyses of variance of type (i), I have attenpted
to avoid the more well-worn illustrations, and the related
examoles A and B, which drose during the war, may be of some
interest.

Example A. A certain type of rocket projectile was fired
from a cylindrical barrel which was suspected, possibly owing
to imperfect construction, of causing a fixed 'barrel deviation'
‘relative to the projector, but could be turned round on its
axis and fired in any fixed orientation to investigate tails.

In a firing trial of this kind, such a re-orientation of the
cylindrical projector was made after every four rounds had
been fired, and the theoretical Yaslis of the analvsis was an
analysis of variance between and within such 'orientation'
groups of rounds, together with a regression analysis of the
mean of each group on two orthogonal unit vectors fixed in
the nrojector perpendicular to its axis and serving as a
coordinate svstem with respect to which the barrel deviation
was wmeasured. If these two vectors are denoted by i and jJ,
and the projector has been rotated a positive angle 0, (3
corregponding to a positive anti-clockwise rotation of 90°
from 1, and i initially pointing in the positive left-to-
right lateral diregtion) the components of the unknown varrel
deviation bii + bgj in the lateral and angle of sight direc-
tions will be : :

b, Cos @ - by Sin @, by 8in @ + by Cos @

respectively. The formal regression analysis can thus e
carried out on two quantities (Zl) and.(zg), whoise -respective
values for lateral and angle of sight projectile deviations

(waich tended to have the same variaace) are

%1 . %2
t Latérai B Cos 6 ~8in 6
; Angle of sight Sin © Cos ©

It ig obviously convenient to chgose a periodical set of values
of ©, such as steos of 45° or 20°, so that 2z, and z5 are not
only mutually orthogonal dbut orthogonal to the geneTal mean
component, In the siiple case of 20° steps, we thus have the
values for Z4 anc. Zgt : ' '

, v —

Orientation Zgateral T A§§l“ of Sligu
1809 -1 o | o 21
370° | 0 1 -1 o

=a
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In the analysis given below, the order was actually O = 3700,
600, 09, and 1800, and then repeated, the angles sevarated by
1800 being kept as close together as practicable to safeguard
against any slow change in the general mean.

The statistical analysis was as follows:--

TABLE I
 Lateral deviations (x) % Angle of sight deviations (y)
Totals of i : il Totals of ! ?
four rounds | z; 3z, il four rounds zy  2p |
(1) ‘ P (1) , |
-3.2l 0 1 {Zzz 8,77 -2.38 -1 0 !=syz 8.53
3.25 0 -1 |Zxzy -13.50 ¢ 2431 1 0 |Sys, -9.32
2471 1 0o : i =163 0 1
-3442 -1 0 %2 23 (569t 1,95 0 -1 {Iry? 15,7933
~3.83 0 1 |Ex)¥B2 - b =229 -1 0 |(Zy)%h2 0.001
1.97 1 0 - 2,55 o 1 .
~0,67 -1 0 =12/, 17.303 ! 3.9 0 -1 [ ZT2/), 10.Lk5
=0.05:% : (Tx)2/h2 - - 0I5 (Zy)2/2 0,001
| DF. | 8.5, i LS. D.F.! 5.8, .S,
é Between groups 7 17.303 | 2.472 Between groups 7 3 10.LL5 1.493
% Within groups 2L 6,266 | 0,261 i Within groups 2L+ 5.3L7 0.223
i ~ - —
I Total ; 31 23.569 : 0.760 Total 31 15.792 0,509

*¥These totals are small since the deviations are already measured from their
approximate mean values.
#¢0btained from the original set of deviations,

Coibined analysis |
T xaq 3,77 T xz5 ~13,50
Z yzq 8.53 - Yyzs - 9,32
Barrel deviation: 0.54 1 = 0,71 § (s.e. 0.09)
| D.F. S.5. .| ..
Barrel deviation ! 2 125,526 12,813
Remainder betwsan | !
groups 12). 2.122). ., - 0.177)~
ithin groups ‘ua)l0 11.6,13)1“/35 0.2142)0’229
t Total 62 139,361 ‘

Mobe: The abbreviations D.F., S.S., and M.S,, denote as usual degrees of freedom,
sum of squares and mean square.
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It will be seen that the barrel deviation accounts for
the significant variation, and the remainder term between
groups was pooled with the 'within groups' term to obtain
the residual 'dispersion', with estimated variance 0.239.

Example B. In connection with the investigation illus-
trated by Lxample A, some direct measurements were made of
immerfectioas in the construction of the c¢vlindrical nrojec-

tor; with reference to an axis of rotation which could be
defined in relation toothe cylinder, external gauge measure-
ments* were made at 45° angular intervals at each of 8 eaqui-
distant sections along the cylinder., A Fourier analysis of
the readings at each section was then taken up to the 20 terms,
according %o the scheme of coefficients (& , say)i--

Coefficients =

angle 6 ot =11 8in® | Cos ® | 8in30 ) Cos 20

00 1 o 1 0 1
45° 1 0.707| 0.707 1 0
9Q° 1 1 o 0 -1
135° 1 0.707| -0.707 -1 0
180° 1 o | -1 - 0 1
225° 1 -0.707 | ~0.707 1 o)
270° 1 -1 0 - o) -1
315° 1 -0.707! 0.707 | -1 0
sad L8 4 4 | 4 4

These may bPe shown to determine approximately the mean radius
(from an artificial zero), the two components of the shift of
the centre relative to the axis of rotation taken; and the two
commonents of 'ovality' of the section. Variation of these
constants along the cvlinder (no single.section being of any
special interest) was then summarized with the help of the
orthogonal sets of coefficients (cf. Fisher and Yates, (3))

un to the second order:-—-

Coefficients &

Section ' 1 T2 3 A} 5378 ‘ 7oy 8 Zﬁ?
wean (B=1) 1| 1| 1] 2| 201 1} 1y 1] 8
Linear ‘ 7 5 3 1] -1 -3 -5, =71 138
Parabolic vl 1| -3]-51]-5]|-3] 1 7 | 168

* The laboratory measureuaents were of an exploratory .
character, and interhal measurements on the cylinder would have
been preférable., Thev are used pere primarily as an illustration
of the statistical method of analysis,
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The vectors Z were then the commlete sets of combinations
o x 3 making 5 x 3 = 15 orthogonal sets of coefficients in all.
It is not certain that the remainder term,which was taken for
the error variance, did not coatain further systematic iteus,
but it seemed reasonable to assume that the most imvortant ones
had been isolated. Tor such an investigation the resulting
analysis of variance, with the omission of the general mean
term, is given below; (it does not refer to the same projector
as the data quoted in Example A).

TARLE II
, , | D.7. | H.8.
Change in radius éLinear 1 234,73
along cylinder Parabolic 1 - 9.3
Shift of centre (.. (Sine 1 |3042.0
along cylinder ﬁmean (Cosine 1 21,1
(Linear ggéggne % 4%%:%
aanss(Bne. | 1| 3550
SR fem (B |1 | B
o (825, | 1|3
(pezevolic (G060 1 | 456
vRemainder ferﬁ o 1 49 18.4

The mean shift of the centre, and its linear trend along
the cylincer, define the axis of rotation taken; apart from
these terms, it will be seen that there is a significant linear
change in radius, and a parabolic shift of the centre in a
plane at right angles to the axis and the initial angular
direction € = O

5., Example C.

To stress the fundamental assumption of a homogeneous
gample it may be worth quoting from a paper by Cochran, Autrey
and Cannon (5) one further example from a more familiar field
of experimentation. For full details reference should be made
to the original paper, but briefly the experinent was a dairy
cattle feeding trial of the change-over tyne involving three
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. tynes of rations ’cencted here by X, ¥, and Z), and three
consecutive periods I, II, and III. Groups of three cows
received rations according to the following scheme:--

Cow
Period | 1 3 3
1 X Y z
11 Y Z X
111 4 X Y

The analysis of variance table of total ration congumntion per
cow per period for five such groups of these cows, the grouns
being chosen on the basis of expected gimilar yielding ability
within a group was (Table 3 of the paper referred to)i--

TABLE IIl

Total consumption of digestible nutrients
per cow per period

'.’ ' D.F. 8.8. , | }.8.
Between groups 4 157,936 32,884
Between cows within '

£TouDs. 10 | 105,336 10,534
Between periods within

grouns 10 40,534 4,053
Between rations 3 533,889 366,934
Ration X group

interactions §‘8 12,021 1,503)7 451
Remainder 10 14,100 1,410)7°

Total ' 44 863,796

The relevant point here (noted by the authors) is that
there is no evidence of a ration x group interaction, so that
it ig reasonadle to pool this ter: with the rei:ainder to form
a homogeneous error term against which the other items may be
tested, If, however, the interactions term had been signifi-
cant, nmy later comments (Part III) on the analysis of hetero-
geneous data would becoue relevant, and the interpretation
less simple. '

In the case of the milk yields, an interesting feature
of the analysis was the detection of carry-over gffects of -
the rations between the periods. Such carry-over effects,
. when allowed for, are not orthogonal to the direct ration
effects in the above design, and in view of this confounding,
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the nroblens arise of the signifiance of the carry-over effects
freed from direct effects and the estimation of the direct
effects ‘reed from the carry-over effects, For detalls the
_reader is referred to the original paper; the general princioles

involved are covered by my remarks on confounding towards the
end of 2. : ’
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III. AYALYSIS OF “ETEROGETEOUS DATA

8. Residual heterogeneity. Example D,

Once we depart from the assumption of 'homogenelty! as
defined in I, a miscellany of situations may confront us, and
the practical statistician has often to treat any specific
oroblem on its own merits. Some definitions and results may,
however, be useful. Pirst of all, it is possible that
although we know the wminimum error variance realisable in our
material, the latter manifests a residual heterogeneity which
inflates this minimwa variance. Such cases can still be
treated by the methods of I and II, by treating this basic
heterogeneity as the level of variability appropriate to our
asgsumption of 'homogeneity!.

As an example, (ZTxample D), consider the analysis of
variance recorded in Table IV of (3). This renresents an
analysis of estimated variances, flrst transformed to the
log scale to render their variability indemendent of the
mean. The data consisted of estimates for each of three
grouns on 15 days, and the analysis of variance (for the
10%‘10 S.d.'S) WaSe~— '

0 T = —
g | D.F. | 8.S. M.S,

| Groups 2 lo.2887 | 0,1333

i Days 14 : 0.,1047 0.00748

| Residual 28 0.1005 0.60358

¢ Theoretical '

( variaace , 0.0030

! Total 44 | 0.4719

The theoretical variance given corresponds to that expected
from the logarithms (to base 10) of standard deviations each
based on 48 d.f., but while the residual variance is signifi-
cently higher, it may be used as the basic variance with
which to comnmare the other two items, both of which are
significant.
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7. Vertical heterogeneity. Example E.

The further point which arises however, goes beyond the
methods of I and II viz., if we consider the variation from
day to ‘day not for these varticular 15 days, but as informa-
tion on the day-to-day variance, what estimate is to be made?
Tais assumption of random superposed effects giving rise to
an extra variance component is what I have called problem (i1).
I shall characterize it by what I shall call "vertical hetero-
geneity", owing to this feature of variance cnmponents piling
up on each other in the different items of the analysis of
variance table, If we look back at formula (8), we shall now
make the rather special assumption that the Z form a group for
which the corresponding coefficients Lfare not fixed, but vary
in an uncorrelated and ungiased manner avout zero with the
same constant variance gz°. Averaging equation (8) for varia-
‘tion in the .4, we then obtain the general formula

] o f (trace 22') + po® (12)
where trace ZZ' denotes the sum of the diagonal elements of
7Z'. Thus if we had n observations in p + 1 sets, and form
an orthogonal analysis of variance table between and within
sets, we have for the first vector of Z (after elimination
of the general mean)

— _.'A‘l‘ ot - ] ° n n . n n . v
Z*“ (1 I’Tl,l"‘ﬁl, o--ﬂ.l, tllnes,—ﬁL, "ﬁ-;",.,',""ﬁ!‘,*;l*,‘, oo',t‘.)

and 2
9
. N ns , ©
trace 22' = I{ny(1 - g3)° + (n - ni)._;i;f: n-3ii

-

n

in agreement with a result given by Winsor and Clarke (11).
When all the ny are equal to q, this becomes pg, and (12)
becoies

-

P(v“gg’a + dgf, , (13)

a familiar result which may be used to estinate the 'days!
variance in Table IV above. The occurrence of the grouvs
term is irrelevant, owing to the orthogonality of the design
wien the number of observations in each cell is constant (in
tais case, 1). We obtain the estimatest--

3

3g4° + o5 ~0.00748
4
9y 0. 00130
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As far as I am aware, no sglution for exact confidence limits
(in Jeyman's sense) Ior 9s° is known, but in many cases we can
obtain limits for g, /dg if this is of interest. For our
bagic analysis was’ renrebented by '

(bg +4)2 + .V, (14)

where for convenience the essentially randon or error part
b.Z of bZ is separated from tae nart,FZ. When .#is variable,
the independence of .3Z from b7 implies that the 'analVSés
of variance! term b(Z2')b! canfot be pronortlonal to a X°
with p.d.f. unless A?(ZZ')4? is, but this condition is more
stringent than the one leading to (12), and is in general not
satisfied even in the simple case of p + 1 sets unless the
nunbers in the sets are equal. When the condition is satis-
fied, we can immediately obtain confidence limits for the
ratlo of the exefctatlon of b(22')b* to that of VV!, and
hence for g 8/« (7s1d has noted* that even in the case of
unequal clasS frequeaoles it is still theoretically possible
to set up X ° expressions leading to confidence limits; the
solution is, however, much more involved. ) We find for the
above example using tﬁe Figher and Yates tables (6) of the
variance ratio, ~0.,38, with upper and lower 5% confi-
dence linits 1.28 and 0.00.

In particular, where means of egual numbers of observa-
tions are built up from means of smaller equal groups, and we
suppose the extra varlations of each further contribution %o
heterogeneitvy to be normal, this allows confidence limits to
be readily obtained for the ratios of each extra variance to
the total variance of the immediately breceedlng iten, This
is, however, not quite what is required, since the oreceding
1te@ may itself have a composite variance; in view of the -
freoueﬂt occurrence of this situation in sampling investiga-
tlons, some further consideration of this problem would be
useful. 4An exact solution which appears to me theoretically
feasible is in terms of the confidence region for the simul-
taneous true ratios of successive items, obtainable from the
known simultaneous distribution of the observed ratios, and
leading to a corresponding confidence region for the ratios
of the component variances.

As a verv simple illustration (Zxample E) of this tyve
of sampling investigation, the Ffollowing analvsis of variance
(2) represents the a3a1y51s of of/o dry matter in subsamples
of fresh herbage, two subsamples being taken for chemical
analysis from each sample, and in turn two samples taken from
each plot.

P 1
*Cf. Puofesszor Vald's paper.. .
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TABLE V
F’ DlFo : IjI.s.
Among plots» 5 6.4244
Between samples 12 1.1377
Between subsainples 24 0.23853

If we denote the compogent ¥aria§ces between subsamples,
- sawples and plots by o%, 04, 0,° respectively, thg,thrge
lines in the above analysis correspond to 4dﬁJ+ 2¢ g
30§3+ 68, 623 whence we obtain the estimates:—-

3
% —~ 1,343

0g? ~ 0,483
g3 ~0,285

8. Use of interaction terms in tests of signifiance.

Wnen 'vertical! heterogeneity is present, the further
question arises as to how geauine linear effects of a tyve
still classifiable under (i) are to be tested. Formally, in
the common situation where the design is orthogonal with a
single observation (or equal numbers) in each initial category,
there is n¢ theoretical difficulty, for while the vooling of
the individual observations into new composite units may .
introduce extra variability, this does not necessarily invali-
date any further analysis carried out on such units, For such
analysis the extrs variability may become quite like residual
heterogeneity (§6). o '

Thus in Exammle E, where the five degrees of freedom for
plots actually represented the error term corresponding to
samples from the first two blocks of & randomized block lay-
out with six treatments and five blocks, the composite
character of the plot variance would not aifect a straight-
forward analysis of variance of the plot means into treat-
ments, blocks and interaction or error term 1f samples were
available from all the plots. A similar situvation arises
with experimental layouts containing main and subplots, when
it is well-known that the main-plot treatments should be
tested against their interaction with blocks, and not against
the sub-nlot error variance. '

But the onus must alwavs be on the practical statistician
to consider to what extent this switching of the assumptions
of a homogeneous set of data required in I and II to this
higher level of variability are likely to be justifiable.

When the data consists of a number of similar replicated
field experiments carried out with the same treatments or
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varieties over a numder of differen u sites, or over more than
one year, or both, and the interaction of treatwments with years
(or 31tes) is 81£n1flcaau, the question invariably arises:

'As the test of treatments against the exverimental error vari-
ance can only test the 31gn1f1aﬁce of their average effect over
the varticular vears (or sites) taken, and there is evidence

of real differences in the behavior o: the treatuents in the
different years (or on the different sites), is it legitinate
to test the treatments against the relevant interaction term

to judge its s1gn1flcanoe in comparison with these additional
variations?!,

IA answer, it has been stressed by various writers, in
particular by Yates and Cochran (8), that considerable caution
ie advigable in such analysis of multisle exneriments. Thus
if the treatments are themselves highly individual in their
effect, their ianteractions with site or year may also be, and
the assumption of a homogeneous interaction term for all
treatitents may not be justifiable. Yates and Cochran give s
detailed discussion of a mu;tlble varietal exveriment of this
tyve.

It is perhaps worth noting that such breakdown of the
more routine tyve of analysis of variance is in no sense
peculiar to these larger iultivle experiments. Their greater
range in place or time renders the basic homogeneity assump-
tions we require’ for a valid analysis more problematic, but
even in a single experiment these assumptions may occa3101ally
be untenable. When in a randomized block layout we test treat-
ments agaiiagt the treatiments x block 1ateraculon we assune
that the latter term is no,ogeneovs, if one treatwent difference
accounts for the greater part of the treatmenu variations, its
interaction with blocks might be a real effect which is 1ot
- houogeneous with the block interaction of the other itreatments,
and the situation is exactly similar to that envisaged in the
rmultinle experiment.

9., !'Horizontal! heterogeneity, and other complications.

Yates and Cochran in their paper also discuss the analvsis
of a second multiple experiment in which the basic error vari-
ances of the indivicdual experiments are not homogeneous. This
is another breakdown of the homogeneity assumption which is
more likely to occur in an experiment exteﬁclng over several
‘sites, but again rmay occasionally occur between blocks of a
single experiument Su1¢lCleﬂth to invalidate the routine
analysis (see (3) ». 141). By analogy with ny definition of
'vertical! heuerote‘eltv I shall for convenience refer to
sucih heterogeneity in variance between parallel groups or
blocks as 'horizontal' heterogeneity,
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If small, this type of heterogeneity may be neglected to
a first approximation, especially for orthogonal designs where
in any average estimates equal numbers of observations with
guch different variances occur, But if apnreciable, we encoun-
ter in any exact analysis problems of statistical inference of
congiderable comnlexity. They constitute a different class
from what I have labelled problem {ii), and I do not propose
to do more than note their existence. 1If, for instance, we
require the mean treatment effect y over a number of parti~-
cular sites, for each of which the treatment effect is esti-
mated to be x;, say, with error variance Jy estimated by sf%
the problem of giving exact confidence limites for y from X,
with unknown error variance I¢ 3, is equivalent to the one
recently discussed by Telch (;b). If, however, we assume
that there is no interaction with sites, the most efficient
estimate of the mean treatment effect is not the straight-
forward arithmetic mean, and the correct equation of estima-
tion is still not even entirely agreed on. If there is an
interaction, and we require the arithmetic wmean estimate of
the average effect over all possible sites, assuming the parti-
cular sites chosen to constitute a random sample of these, we
have vet a third problem in this class.

Other complications like non-orthogonality are becoming
better known in the analysis of variance of tyne (i), but
become even more complex when heterogeneitv is present. It
was in fact noted in S 7 that unequal clasgs numbers invalidate
any simple extension of the hypothesis of homogenelty to allow
for ‘vertical! heterogeneity, even in the orthogonal case of
a single classification into sets, so that the nractical
difficulties in analyzing more complicated cases of unequal
class numbers are obvious. :

While drawing attention to these various complications
and difficulties, I should not want to close without a
reninder of the great simplicity and value of the basic
technique discussed in I and II. The "exceptions" do not
eliminate the "rule'®,

*See also Cochran, W. G., J. Roy. Stat. Soc. (Supnl.),
4(1937) .103.
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