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1. Summary, It is shown in this note that for testing linear
hypotheses in categorical data Wald's method [1943] is equivalent to the mini-
mum -xi method due to Neyman [1949], and for testing nonlinear hypotheses it
is equivalent to using Neyman's linearization technique along with the minimmum

-xﬁ statistic,

2. Introduction. Suppose s independent random samples of experi-
mental units are taken from s populations, n, 5 is the size of the sample
from the j th population and 'n’i 3 is the observed frequency in the i th category
of the j th sample, i = 1,2,...,r , J = 1,2,..., 8. If we assume that Pi;]
is the probebility that an experimental unit drawn at random from the § th
population belongs to the i th category, and that either the sampling is with
replacement or, if without replacement, sampling fractions are negligible, then
the probability distribution of the observed frequencies is given by
8 n_., r ny j

(2.1) o= I od: 1 p, s
, T Py
3=1 iillnij., i=1

where- I, Dyy = Mgy 8 given integer, and I'Z'.j_:piJ = 1

Let

(2.2.) qij=nij/no;j , N=Zd Bog and rJ=no;j/N‘
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Suppose now we have to test the hypothesis

(2.3) o F@)=0 , k=12, ..., t,

where F's are t independent given functions of p's and p' = [pll’pal""’p(r 11

U eees pls’PES”"’p(r-l)s] . It is assumed that F's possess continuous
partial derivatives up to the second order with respect to p's and that the
rank of the t x (rs-s) matrix [aFk(R)/BpiJ] is t< (rs-s); Tt is then well-
known (e.g. refer to [2]) that Ho can be tested in various asymptotically
equivalent ways by using either the minimum -2 , minimum -xi or the likeli-
hood-ratio statistic, together with any set of BAN [2] estimates of p's
obtained subject to constraints (2.3). In general, equations giving maximum
likelihood or minimm -¥* (or xﬁ) estimates are fairly complicated to solve and
iterative methods have to be used; the minimum -xﬁ estimates, though, can

be obtained fairly easily by solving only linear equatims whenever the con-
straints (2.3) are linear in p's. If the functions F, are not linear, Neyman
[2] has shown that the problem can still be reduced to the linear case by con-

structing the minimum -xi statistic using the minimum -xi estimate subject

to the 'linearized' constraints

(2.4 *( ) (g) s % (‘7%¥"'> ( )
. F = F + & - = 0

k = l,2,-.c,t.

The purpose of this note is to point out that the minimum -xi
statistic, in the linear and also in the nonlinear case (using 'linearization'),
is equivalent to the statistic proposed by wald [3] for a much more general

problem but as adapted to the categorical set up.



3. Eguivalence of Wald and Neyman Statistics:

We shall assume that the constraints (2.3), together with the basic
constraints Z‘.ipiJ = 1, have at least one set of solutions Epij} for which
Pij >0 for all i =1,..., rand j =1, ..., 8 If so, the event
(ni;] > 0, all i,j}has probability approaching one as N = with I‘J's
remaining fixed (or, more generally, j - aJ with za.'j > 0 and Zjaj = 1),
For asymptotic purposes, then, we assume that all niJ are positive. If F's

are linear, say,

s T s r-l 8
(3.1) Fp)=3s =z £.p., +f =2 Z (£..-F Jp. +L+ZFf =0
kR) j=1 1=1 kij*ij k 31 1=1 kij "krj’tij “k 31 krj

k =1,2,...,t,
it is known (e.g. see [1]) that the minimum -xi statistic is

-1

(3.2) &€ ’
where
s r
c, = L Z f. + £ ’ 2'=[c C,...,C]
CO kijUg® “k 172 %
8 1 r r )( r
(3.3) g.,= 22 n {zf..1F,. -(z¢f £, .0,.))
KL T 5 Tod Yy K LT R SR L P LA R
and G = [gkz] , kK 2=12,...,t.
If the constraints Fk are not linear, let
EF‘k(g)
(3.14) hyy = if 1i=1,.,., r=1 and O for i =r.
i3 .
. . /R=g

Then the 'linearized' constraint (2.4) is lineer of the form (3.1)

with £'s replaced by h's in (3.4) and



s r-1

f =¥F(g) - = .
x = Fil2) =1 3e1 Mesy Uy

The minimum -xi , subject to the linearized constraints (2.4), is then

(3.5) B¢

with h' = [hl,ha,...,ht] ;b= Fk(g,) and @G given by (3.3) with f's
replaced by h's in (3.4).

Now Wald's general theorem [3] (under same regularity conditions) is
as follows:
ILet tb(xl,... e 61,... ,eu) be the joint probebility distribution of the

random variables x's, involving unknown parameters 6's and

B(8) = [-%89 Fiog ¢ ] 0 B =1,2..., u

Beabeﬁ

A
which is assumed to be positive definite. Then if § is the maximum likeli-

hood estimate of @ , the statistic
A AL AN AL L A
(3.6) n 1'(8) (82 B (@' (8 171 (9 ,

where
B'(Q) = [F () 5 .ov) Fi(Q)]
and
x, (g)
1,2(,@) = [—B—é—_ (k=1,...,%; 0=1,...,u) ,
(0 txu
has a'limiting chi-square distribution with t degrees of freedom as

n ~»« when the t independent conditions

Fk(Q) =0 k =1,2,...,%,



are satisfied.

Now for the categorical data with ¢ given by (2.1),

n=Nand u=rs-s, It is easy to verify that

a -1

W

(p)

i
= |+
W0

0

where

-1
alk +try

L

E, = alagonel (pygieeey Ppy 4) 80d L= [Ml(p yy0(rg)

Then g'l(g) = NE (p) , where

(31 911’1
(3.7) E (p) = Q
°
-

and R,:'j = [p]J 9 eesey Pr_l,j] .
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So to test the hypothesis ¥ given by (2.3), Waeld's statistic, in

view of (3.6), is

(5.8) n' [H(QDE(QE (TR
with h given as in (3.5), and
F, (p)
= k
=[5
R=4
5

- [“kia ] '

tx(rs-s)

2"_3:2‘51’

-1
rs
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Hence
I;I'(g) - [E’l(g)’ 1;12(9.), ceay Ll,t (9,)] ’
where

B(2) = [y Bp s oo Byl

and Eij = Fhkld’ ceey hk(r-l)j] . Therefore

H(g) E(g) B'(a) = [n} (9) E (g) h,(a) ]t

xt

n

-1 ., '
(3.9) [ Zyngy by (R4 - 2483) Byl ;

txt

where Q’«j = diagonal (qu, seey q_r_l,'j) and a& = [qu soey qT-l,,j) .

It is then easy to see that Wald's statistic (3.8) thus reduces to Neyman's
statistic (3.5) in view of (3.3) and (3.4).
If the hypothesis is linear, given by (3.1), h=¢, iy = Fxay - firy ?
so that
By = Sy~ Gy £
where iij = [f14 coes fk(r-l)j] and ' = [lllx(r-l) .

The matrix (3.9) is then equal to the matrix G in (3.3) and the assertion

follows,
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