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ABSTRACT
LESTER RANDOLPH CURTIN., The H, - Distribution as a Model for the

Number of Children Ever Born. (Under the direction of
CHIRAYATH M. SUCHINDRAN and H. BRADLEY WELLS.)

The H1 distribution is examined as a possible model to
describe the distribution of the number of children ever born, or the
parity distribution, at any age-for a birth cohort of women,

Initially, the H, distribution is developed as a discrete
time contagion model and the probability function and moments are de-
rived. A continuous time model leads to a compound Poisson process
formulation of the H1 distribution. In both the discrete time and
continuous time formulation, the concept of parity-specific forces of
fertility is retained through the contagion function and the condition-
al intensity function.

Maximum likelihood estimates and moment estimates of the
parameters of the H1 distribution are derived. Maximuﬁ likelihood
estimates from truncated data are considered as well as maximum likeli-
hood estimates for the parameters of a modified H, distribution.

The modified H, distribution is applied to the age-specific
parity distributions of two relatively high fertility countries,

Costa Rica and Guatemala, by urban or rural classification of the
populations. The results indicate that the modified H1 distribution

provides a good approximation to the parity distribution at the ages

20 to 30 and to the truncated parity distributions at ages 30 to 45.



ii

"As an example of a relatively low fertility population, United - .
States cohort fertility data by race is examined. The results indicate

a failure of the I-l1 ~or the modified H., distribution to adequately

1
describe the parity distribution. For this data, a mixture of a bi-
nomial distribution and a H1 distribution was found to be a good

approximation to the parity distribution.
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CHAPTER 1

INTRODUCTION AND REVIEW OF -THE LITERATURE : -

1.1 Introduction

The development of demographic techniques for the study of
fertility has been hindered by the almost overwhelming complexity of
the subject. Fertility consists of the multiple occurrence of an
event, a live'birth, which depends on the characteristics of the
couple rather than a single individual. Each occurrence of the event
is subject to the interaction of biological, social, economic, and
psychological factors.

Another concern is the diffichlty of direct observation on
the distributions of the underlying variables of the reproductive
process. Important underlying variables of fertility which can be
observed are the age, parity, and marital status of a woman. This
study will be concerned with the investigation of a probability dis-
tribution that.can be related to the parity distribution, or the
distribution of the number of children ever born, conditional on the
age of the woman. The probability distribution will then be a model,
or representation, of cumulative cohort fertility and can be used to
analyze trends in cohort data. A good approximation of the parity
distribution would have applications to projecting populations, to
simulating fertility histories, and, possibly, to adjusting defective

data on fertility.



Simple distributions, such as the Poisson or the Binomial, do

not seem to provide a satisfactory fit to available data on the num-
ber of children ever bom in a specified-time interval. Allowance
for sterility, nonsusceptible periods, an& heterogeneity in the

' “population has led to-modified probability distributions which are
too cumbersome to be of much practical use. We will consider -one

- particular compound distribution as a description of the parity dis-
tribution conditional on age. Details of the research will follow

after a brief review of the literature.




1.2 Parity Specific Fertility

Parity is defined as the number of live births that a woman
has borne. A birth to a woman of parity m 1is said tobe a m+1
order birth. That these definitions are consistent with the occur-
rence of multiple births (e.g. twins, triplets) can be seen by the
following example. Suppose a woman of parity zero has twins. The
first twin born is a first order birth and the second twin born is a
second order birth. The woman's parity is then two.

The importance of parity as an underlying variable of fertil-
ity has been emphasized recently by Ryder (1965). Earlier, Quensel
(1939) has noted that a considerable proportion of the variation in
fertility that is attributed to age is apparently due to other fac-
tors such as parity and the duration of marriage. Attempts to adjust
for marriage and parity in fertility analysis include Wicksell (1931},
who introduced a mathematical formulation of marriagé, as we11.§§
Quensel (1939) and Hajnal (1950) who include an adjustment for parity.
Murphy (1965) developes a population model incorporating marriage and
parity that is based on population projection expressed as a matrix
operation. This leads to a stable population differentiated by age,
parity, and marital status.

Just as the crude birth rate ignores the age-distribution,
fertility measures such as the total fertility rate ignore the parity
distribution. Lotka and Spiegelman (1940), Whelpton {(1948), and
Heuser, et.al. (1970) have found that the changing compogition of
births by order explains a large portion of changes in fertility a-
mong American women. However, these studies are based on the analysis

of fertility by birth order and, in general, disregard the parity



distribution of the population.

Some parity adjusted measures have been computed. Whelpton
{1946} computes the net reproduction rate adjusted for age, parity,
fecundity,-and marriage although Karmel (1950) indicates that some of
these adjustments, the adjustment for marriage'in particular, are
somewhat arbitrary. Whelpton (1954) computes parity adjusted cumula-
tiQe birth rates and Park (1967, 1976) computes a period fertility
index thét is adjusted for age and ﬁarity. Oechsli (1975) computes
intrinsic rates adjusted for age, age and parity, age and marriage,
and age, parity, and marriage. He concludes, as does Karmel (1950),
that adjustment for parity without adjustment for marriage may be

misleading.

1.3 Probability Models for the Parity Distribution

Obviously, it is desirable to have a parametric representation
of the parit} distribution. A first step towards this goal is the.de-
velopment of a probability model for parity specific fertility.
Reviews of probability models of reproduction include Joshi (1965),
Sheps (1965, 1971) and Sheps, Menken, and Radick (1969). Probability
models of reproduction have been concerned with the number, sequence,
and timing of births to couples. These models are either determinis-
tic or stochastic in nature. Deterministic models describe average
relationships and results. Stochastic models can be used to gain
insight into the natural variations of a biolqgical system. The uses
of such models include:

(1) the interpretation of empirical data;

(ii1) the development of appropriate methods of measurement,




that is, the choice, interpretation, and interrelation-

ships of fertility indices; and

(iii) the identification of the nature of the interactions

A classification system for reproductive*models can be de-

of various factors.

veloped, as in Sheps, et.al. (1969), by considering the treatment of

time as continuous or discrete, by the population of interest being a

cohort or cross-sectional (period) population, and by the nature of

assumptions on the biological variables. The basic biological vari-

ables of interest are as follows.

1.

Fecundability. This is generally defined (e.g. Gini,
1924) as the probability of conception per unit time for
a woman who is susceptible to the risk of conception. It
depends on the occurrence of ovulation during a particu-
lar cycle, on the frequency and timing of intercourse as
related to ovulation (Glasser and Lachenbrucﬁ, 1968 .and
Lachenbruch, 1967), the use of contraceptives, character-
istics of the semen, and othef characteristics of the
woman and her spouse including age and health status,
which may act on fecundability through their effects on
the preceding factors (Hartman, et.al. 1962). Fecundabii-
ity can be considered homogeneous both over time (age)
and among women. Heterogeneity can be introduced by con-
sidering the variation between women and the variation
within each woman.

Outcomes of Pregnancy. A conception can end in a live

birth or a fetal loss (spontaneous or induced abortion).



The probability that a conception ends in a fetal loss
may depend.on maternal age, rank order of pregnancy, the
interval between conceptions,‘and the health of the
mother (Nesbitf, 1957). An individual's genetic charac-
teristics-may also-affect this probability (James, 1961).-

3. Infecundable or Non-susceptible Periods. The &uration of

nonsusceptible periods, consisting of the length of the
pregnancy period and the léngth of the infecundable
period following the pregnancy outcome, can be considered
fixed or random and may depend on.the outcome of the
pregnancy and other considerations such as the effect of
lactation (Tietze, 1961).

Probability models related to the parity distribution include
Dandekar (1955) who suggests a modified binomial for the number of
children born to specified age cohort of women in a fixed time period.
In deriving the distribution, Dandekar makes the following assump-
tions: (1) all women are susceptible‘to the rtisk of pregnancy and
all conceptions end in a live birth, (2) fecundability is constant
over time and does not vary among women, and (3) the length of the
nonsusceptible period following a live birth is constant. The modi-
fied binomial that Dandekar derives is an interrupted binomial
distribution (Johnson and Kotz, 1969) and no simple form is known for
the mean, variance, or probability generating function of this dis-
tribution (Patil and Joshi, 1968). Dandekar also obtains an infer-
rupted Poisson distribution as a limiting form of his modified
binomial distribution. Again, the mean, variance, and probability

generating function of this interrupted Poisson distribution are not




known (Patil and Joshi, 1968). Dandekar generates his model by con-
sidering an abrupt sequence of trials, that is, he considers some
women to be in a non-susceptible state (following a previous live
birth) at the beginning of the observation period. Estimation of
parameters in these models is by the method of maximum likelihood
using successive approximations (Rao, 1952). Dandekar's models do
not provide an adequate fit to his data.

Basu (1955) formulates Dandekar's model as a stochastic pro-
ces; and Dharmadhikari (1964) provides a generalized stochastic model
with Dandekar's model being a special case. Dharmadhikari points out
that Dandekar's implicity assumes that the successive waiting times
between live births, except for the first birth, are independent and
identically disfributed random variables which have an exponential
distribution with the origin shifted by the (constant) length of the
nonsusceptible period. This is then generalized by considering an
arbitrary distribution of waiting times.

Singh (1963, 1964) derives a modified binomial distribution
using an analogy between Neyman's (1949a) fishing model and the re-
productive process. Singh adds one assumption to the set of
Dandekar's, that is, (4) a woman may not be exposed to risk of con-
ception at any time during the observation period. Singh (1963)
allows for heterogeneity in the model by assuming that the monthly
probability of conception varies according to a Beta distribution
among women. Parameter estimates are obtained by the minimum chi-
square-procedure of Neyman (1949b) and the model provides a good fit
to the given data. Pathak (1966) extends Singh's model by allowing

for an abrupt sequence of trials. Singh and Bhattacharva (1970)



generalize Singh's models by allowing more than one kind of pregnancy .

outcome.

Singh (1968) has developed 2 model similgr to Singh (1963)
by assuming that the number of conceptions follows a Poisson distri-
bution. As an example of these types of modified distributions, let
X be a random variable corresponding to the number of live births in
a fixed time interval (0, T), 1let X be the monthly probability of
a live birth conception, let h be the constant length of the non-
susceptible period, and let 1-45 (0<q <1) be the probability of
never being fecund. Then Singh (1968) obtains

AT

P[X=0] (1.1)

l-a+ae”

i . . m
o Z e-A(T-lh) [A(Téulh)l B
. m=0 : ’

P[X=1i]

m!

. iile-A(T~ih+h) [A(T - ih + h)]"‘]
m=1

for x=1,2, ..., n-1 and P[X=n] = 1-P[Xsn-1]..

Here n is equal to the maximum number of live births observed in
‘the interval (0, T).

Other models for the parity distribution include James (1963)
who derives a model similar to Singh's (1963) model but he assumes
that a conception is not recorded until the end of the nonsusceptible
period. Brass (1958) assumes that the number of children bom in a
fixed time period-follows a Poisson distribution. He then assumes
that the parameter in the Ppoisson distribution varies according‘to a

gamma distribution and obtains a negative binomial distribution.

Brass then considers only fecund women and obtains a negative bi-



nomial (left-)} truncated at zero. By introducing heterogeneity into
Dandekar's (1955) modified Poisson distribution, Brass obtains a fur-
ther modification of the negative binomial distribution. Biswas
(1973) extends Brass' results and derives what appears to be a mix-
ture of negative binomial distributions. Shah (1970) considers the
canditional distribution of being at parity m at age X as a
mixture of a Poisson distribution and a gamma distribution. This can

be represented as
£(m: A, 8, plx) =ple * A™/m! ]+ (1-p)o(1-8)". (1.2)

Chandrasekaran and George (1962) fit a logistic curve to data on the
number of children ever born.

Sheps, et.al. {1969) show that the models of Dandekar (1955),
Basu (1955), and Singh (1963, 1964) can be developed under the as-
sgmptions of a renewal process as well as the model of Henry {1953)
who, under a set of assumptions, derives the expected number of
births of a specified order in a time interval (t,t+At) . In
general, renewal theory models require a sufficiently long reproduc-
tive period and a homogeneous population, that is, the model
parameters do not vary over time or among women. Other analytical
models by Henry (1957, 196la, b) for the number of births and con-
ceptions, in discrete and continuous time, allow for both homogeneous
and heterogeneous populations. Perrin and Sheps (1964) and Sheps
(1967) develop analytical fertility models based on the theory of
semi-Matkov processes and Markov renewal theory (Pyke 1961a, b}.

These models can be used to study the effects of underlying factors
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on the reproductive process (e.g. Sheps 1964, Sheps and Perrin 1963,
Potter 1969, 1970, and Potter et.al., 1970) Sheps and Menken {1971)
-apply computer simulation to their time dependent model to study
short term effects of changes in reproductiﬁe behavior,

Other stochastic models that lead to theoretical representa-
tions of the pari;y distribution have been developed by Chiang (1971},
Hoem (1968, 1970), and Nour (1972) . For Hoem (1968), an individual's
stay in parity m has an exponential distribution and occurrence/ex-
posure rates are used as estimates of the forces of transition. A
problem with occurrence/exposure rates is in defining the population
at risk. This causes the rates to be somewhat insensitive to short
term changes in fertility. Chiang (1968) assumes an underlying
multinomial distribution which yields estimates of forces of tran-
sition in the same form as occurrence/exposure rates. Chiang's (1971)
model is based on an age-dependent process. Nour (1972) presents a
model similar to Hoem's and concludes that (1) the models based on
the renewal process are inadequate and (2} the two most important
underlying variables of fertility are the age at first marriage, which
determines the population at risk, and the conditional probability
that a woman who is fecund at age x will conceive in the age inter-

val (x, x+ Ax), which determines the level and timing of births.

1.4 Discrete Contag}on Models

One objective of this study is to select a parametric
representation of the parity distribution conditional on age that
can be used in the analysis of data, population projection, and sim-

ulation. Some of the probability models discussed previously yield:
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representations of the parity distribution that are too theoretical
to be of much practical use in the analysis of data or for population
projection. Other of the fertility models rely on computer simula-
tion for results and again they are of little use in analyzing data.
The models that do yield parametric representations of the parity
distribution tend to be either too simplistic or too cumbersome and
difficult to use. |

The selection of a model to describe the parity distribution
requires some sort of systematic procedure. Ord and Patil (1972)
suggest a scheme for model selection as:

(i} formulate an initial model, say, a class or family of
distributions,
(ii) collect the data,
(iii) select a particular distribution,
(iv) test the goodness of fit of that distribution, and
(v) formulate hypothesis to ascertain the underlying chance
mechanisms which generate the distribution.

A reasonable choice of an initial model for biological
situations is some contagious distribution (Neyman, 1939). A con-
tagious or compound distribution is derived from a probability dis-
tribution function dependent on a set of given parameters by
regarding those parameters as random variables having specified
probability distributions. For example, a negative binomial distri-
bution is a coﬁtagious distribution derived from a Poisson distribu-
tion whose parameter has a gamma distribution.

The contagion function can be defined in the following manner

(Xemp and Kemp, 1974). Suppose that there are a finite number n of
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opportunities for an event to occur; then the probability that at
least one more event will occur given that k events have already
occurred is called the contagion function and it is equal to (n- k)
times the probability of the event occurring at the (k+1)-st op-
portunity given that the event has already occurred at each of the
first 'k opportunities. Fréchet (1939, 1943) has shown that the
contagion function is equal to the ratio of the (k+1)~th factorial
moment to the k-th factorial moment,

Feller (1943) states that a process may be affected by two
types of contagion. True contagion is where each "favorable' event
increases (or decreases) the Probability of future favorabie events.
Apparent contagion occurs when the population is not homogeneous. It
is intéreSting to note that the same distribution can be derived from
both types of ébntagién. In the development of a distribution for
rare events, a form of the negative binomial distribution was derived
by Greenwood and Yule (1920) who assumed apparent contagion. The
same distribution was obtained with an assumption of true contagion
by Eggenberger and Polya (1923).

The variety and number of possible contagious distributions
leads to the consideration of families of discrete distributions,

Mhny families of discrete distributions can be defined by the form of
thelr probability generating functions (p.-g.£'s) which can often be

éxpressed as hypergeometric functions. :

1.5 HXBergeometric Functions

The hypergeometric function, denoted zplkt,B;‘Y;X], is a

solution of the differential equation




2
xx-1) $E o {y-(@rBrx} g -aBF =0 (1.3)
dx
. Tr(esm) I(B+m) Iy _ X
Here  oFle 85 vixl = LTy Tt TGoem a0

which converges for |[x| < 1. The integral representation of the hy-

pergeometric function is, for y-B8>0,

1
‘e - T'(y) B=1 .1 A Y=B=l.y _ L \@
Fle B Y X1 = Ty Ty o ®) f to (1 -t) (1 -tx) dt. (1.5)

The differential equation

2
d”F dF
x =3 +(y-x) 9— ~aF =0 (1.6)

dx

has as one solution the function

. Sra+m) I X
lFl[CL, Ys X] - nZO F(G) F(Y"‘ﬂ) n! (1-7)

which also converges for |x| < 1. The function ;F [a;Y; x] is
called the confluent hypergeometric function and has the integral

representation
Folo; y; x] = T;('(I)_— letx(l £y V1071 ge (1.8)
11t s T T(a)l(y-o) - . .
0]

The derivatives of the hypergeometric and confluent hypergeometric

functions are readily available as
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d v x] - OB 1. '
Ex" zpl[al BJYJ X] - Y ZFl[a+1’ 8+1p {+1,X] (19)
d" (@n(B)n
d—xn~ 21'-’1[oa, Bs v; x] = -TYE—ZFl[a+n,B+n;y+n;x] (1.10)
4 Fla;v;x] = & F [a+1; v+ 1;x)] (1.11)
dx 1 1 L Y’ Y l 1 ’Y bl -
d" (o)n
——dxn 1Fples vs x] = Wn 1Fpla+n; y+n;x] (1.12)

where (a)n = afa+1) --- (a+n-1) = F'la+n)/T(a) .

Another useful relationship involving the confluent hypergeometric

fun'ctibn is known as Kummer's formula and is stated as
- - - = -x - r *
1F1lo ¥; - x] =e™7 F [v- 05 v x]. (1.13)

The hypergeometric and confluent hypergeometric functions are special

cases of the general hypergeometric function

o (al)n---(ap)n n_n
n=o(PyJn---(bgn n’

[al,...,a;b (1.14)

p? P10 Bgs Az] =

F
Pq

Amore concise account of hypergeometric functions can be found in
either Erdelyi (1953) or Slater (1965). Philipson (1960) relates the
confluent hypergeometric function to compound poisson processes.

Kemp (1968) looks at the function

G(s) = PFq[(a); (b); )\s]/qu[(a); (b); A] (1.15)

and establishes exhaustive conditions for G(s) to be a valid pgf.
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A generalized family of discrete distributions having the pgf G(s)

is then established by Kemp.

1.6 Families of Discrete Distributions

Recall that the Pearson system (Elderton and Johnson, 1969)

for continuous distributions is based on the differential equation

Bnf(x) _ (a-x)

(1.16)
ax 2
(b0 +b1x+b2x )

Ord (1967a) uses a similar difference equation to define families of

discrete distributions. His equation is

(a-x)f(x-1)
b0+b1x+b2x(x» 1)

f(x) - f(x-1) = (1.17)
Using this difference equation, Ord (1967b) suggests a rough graphi-

cal procedure for examining data. He defines the ratio
u(;}) = xf(x)/f(x-1) (1.18)

and plots wu(x) versus x for the ﬁoisson, binomial, negative bi-
nomial, beta-pascal, and beta-binomial. At times smoothing is re-
quired and the function v{x) = (1/2) (u(x) +u(x+ 1))} 1is graphed. A
summary of the use of the difference equation and the graphical pro-
cedure can be found in Ord (1972).

The ratio f(x+ 1}/£f(x) 1is quite similar to the difference
equation and can be used to define families of discrete distributions.
Gurland and Tripathi (1975) discuss several forms of this ratio and

the resulting probability generating functions. For example, the
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Katz (1963) family is defined by

£(x+ 1}/£(x) = (a+8x)/(x+ 1) (1.19)
which has the pgf
G(s) = 1FO[G/B;BZ]/IFOIOI/B;BI 3 (1.20)
An extension of this is the ratio
flx+1)/£(x) = (a+ Bx)/(x+}) (1.21)
which has the pgf

G(s) = JF [o/8, 1; A; B21/,F [/, 1; 4; g . (1.22)

Taking the limit as 8 goes to zero we obtain the CB family (Crow

and Bardwell, 1963) which is defined by the. ratio
flx+1)/£(x) = /() + x) (1.23)
and has the pgf .

G(s) = 1Fl[l; A; az]/lFl[i; As ol . {1.24)

Gurland and Tripathi consider two further extensions which they call

CB family is de-

the E, CB family and the E, CBfamily. The E

fined by

flx+1) = aly+x)
F) )R+ D (1.25)

and has the pgf
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G(s) = (Fylvs A5 0s1/4F lvs Aol (1.26)

This reduces to the CB family ror y=1. The E CB family is de-

2
fined by the second order difference equation

- - - . PR -

ao(x+2) (x+ 1} f(x+ 2)+u1(x+ A - ao)f(x+ 1)+q12(x+ v)f(x) =0 .( )
1.27

This has the pgf
G(s) = lFl[Y; A; ot alz]/lFl[Y; Aot al] . (1.28)

The Katz family, the CB family, and the E1 CB family all

have pgf's of the form

G(s) = qu[(a); (b); )\S.]/qu[(a); (b5 A] - (1.29)

Kemp (1968) calls these the generalized hypergeometric prob.ability‘

(ghp) distributions. Dacey (1972) has investigated this general fam-
ily of ghp distributions in considerable detail and has constructed a
method for ide.ntifying various members of this family. Kemp and Kemp

(1974) consider particular cases of the family with pgf
G(s) = qu[(a); (b); A(s - 1}] - (1.30)

They call these the generalized hypergeometric factorial moment (ghf}

distributions.

1.7 The H1 Distribution

One particular ghf distribution is called the Hl distribu-

tion after Katti (1966). This is a compound distribution formed by
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considering a binomial distribution with parameters n and p where
n has a poisson distribution with parameter A and P has a beta
distribution with parameters g a.ﬁd B. This is equivalent to a com- '
pound distribution formed by a poisson distribution with parameter
Ap -where p has‘a beta distribution. -The pgf of the --H1 distribu-
tion is G(s) = lFl [o; @+ B; A(s - 1]. Kemp and Kemp (1974) give the

following results for the factorial moments and probabilities.

£(x) = I'la+ x) I'(o+ B) 2"

—_— F [a+Jc'a+B+X'—-J\]
| 3 ’
IM'a) T(a+B+x) xf 11 (1.31)
T(a+1) I'(a+R) T _ x(a+r-1)
' = —— [ R e Sl S -
k') Ma) T(a+B+1) A a+B+r-1) ™ (r-1)
(1.32)
A sécond order difference equation, similar t& that for the E2 CB

family, that will be of some use is
(x+2) (x+ DE(XR+2) = (x+ 1) A+ a+ B+ x)E(x + 1) - Ma+ x)£(x) .
(1.33)
The negative binomial distribution is a limiting form of the
H1 distribution and the case @=B8=1 reduces to Feller's poisson-
rectangular distribution. Gurland (1958) uses the Hl distribution
to generalize a Poisson distribution thus extending the work of
Neyman (1939) and Beall and Rescia (1953). The density of the
[-!1 - dlstrlbutlon involves the confluent hypergeometnc function.

Therefore, maximum likelihood estimation of the parameters A, a, and

B 1is extremely difficult.

1.8 Aims of Present Research

Analytical techniques for dealing with fertility largely ig-
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nore the parity distribution. For example, most fertility indices

are functions of the age-specific fertility rates, but the age-
specific fertility rates are just weighted averages of the correspond-
ing age-parity-specific fertility rates where the weights are the
parity distribution for that age (or age group)~ Being able to'pTe-
dict {or simulate) changes in the parity distribution will enable one
to predict {or simulate) changes in the age-specific fertility rates
and in various indices of fertility. This motivates the desire for a
good probability model of the parity distribution at all ages.

We desire a relatively simple and workable model (probability
distribution) to describe the parity distribution at any time in the
reproductive age span. This study is concerned with the Hl - dis-
tribution as such a model. We are interested in the development, in
a deterministic fashion, of the H1 - distribution as a contagion
model to describe the parity distribution conditional on age. Various
aspects of the Hl and related (the H2 and H3) distributions will
be explored in Chapter II.

In Chapter III, a continuous time, discrete space random pro-
cess, e.g. the compound Poisson process, also gives rise to the H1
distribution as a representation of the parity distribution. From
this formulation, the distribution of waiting times and inter-arrival
times can be determined. It is important to note that in this formu-
lation the intensity function, ¢(t) or force of fertility, is not
parity-specific. However the conditional forces of fertility, ¢n(t),
corresponding to the age-parity specific fertility rates, are depend-
ent on parity. Thus this model incorporates the parity-specific

concept in an analagous fashion to models of contagion.
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Ong problem that arises is that fertility data collected are
not often given in parity specific detail. In Chapter IV, we devote
some time to the question of how to derive the parity distribution
from different types of fertility data. We also have the problem that
parity-specific information is usually right truncated at some maxi-+
.mum reported parity. This necessitates the consideration of estimates
of the H1 distribution based on truncated data. In Chapter V, the

model is applied to U.S. cohort data by single years of age and to

data in five year age groups from selected countries.




CHAPTER II

THE CONTAGION MODEL

2.1 Introduction

In this chapter the Hy - distribution is developed as a
contagion model to represent the parity distribution, conditional on
age, under a restrictive set of assumptions. The development of the
model suggests two additional compound distributions as alternatives
to the H1 distribution, namely, the H2 and H3 distributions.
Little work has been done with these distributions. The
probability density functions and probability generating functions
are examined and the moments are derived. Limiting cases of the den-

sity functions are briefly discussed and some simple descriptive com-

parisons are made.
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2.2 The Development of the Contagion Model

Suppose we observe a cohort of women aged t. Assume that
each woman has been susceptible to the risk of a live birth conception
for a fixed number, say N months and that the monthly probability
of a live birth conception is a constant, denoted p with 0<p <1l.
Under these conditions, the number of births to any woman is a random
variable having a binomial distribution with parameter n, and p
{Sheps and Menken, 1973).

A problem which arises is that the n_ will vary among women

t
due to the influence of such variables as age at marriage, non-
susceptible periods following a live-birth conception (the nine months
of gestation plus a period of post-partum amenorrhea), and non-suscep-
tible periods resulting from pregnancy wastage. Because of this we
can consider the ng to be a discrete random variable. Dropping the
subscript for age, we can initially consider n, the number of months
or time units susceptible to the risk of a live birth conception, as a
random variable having an (equally dispersed) Poisson distribution.
Using Gurland's (1958) notation for compound distributions, we write
the compound binomial as

Poisson(lp)a-Bin(n,p){;Poisson(l) (2.1}
which is read as a Poisson distribution with parameter Ap and is
equivalent to a binomial distribution with parameters n and p
where n is considered to be a random variable having a Poisson
distribution with parameter A.

Further heterogeneity among women can be introduced by con-

sidering the parameter p of the compound binomial distribution as a
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random variable with probability density function £(p). Since 'we
have 0<p<1, an obvious choice for the distribution of p 1is the
Pearson Type I, or Beta, distribution (e.g. Johnson and Kotz, 1970)

with parameters a and b. That 1is

F(a)T(b-a) _a 1

£(p) = L8l il L pyPe” (2.2)

" with 0<p<l and 0<a<b<e. The resulting distribution is the
Hl—distribution (Gurland, 1958, Katti; 1966) and can be expressed as

a compound Beta-Binomial distribution, e.g.

H1 (A, a, b) ~Bin(n, p) %Beta(a, b)a?oisson(l) ,
or

Hl(l, a, b) ~Poisson(Ap) ﬁﬁeta(a, b) . {(2.3)

The preceding discussion implies that the Hl-distribution is
derived from assumptions concerning non-homogeneity in the population.
The contagion model (2.3) is then a result of 'apparent" contagion
(Eeller, 1943). This does not preclude the development, in a manner
similar to Eggenberger and Polya (1923), of the Hl-distribution by
assuming "'true" contagion in parity specific fertility.

In some high fertility populations, the assumption that the
number of time units susceptible to conception follows an equally dis-
persed distribution (Poisson) may be replaced by an assumption of an
over-dispersed distribution, such as the negative binomial distribu-
tion, for the number of time units susceptible. This leads to a con-
tagion model where the compounded probability density function is

known as the Hz-distribution (Gurland, 1958; Katti, 1966). This
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distribution is also a compound Beta-Binomial distribution as well as

a compound negative binomial distribution. We have

Neg Bin(k, pp') ~ Bin{n, p) A Neg Bin(k, p'), {2.4)
and

Hz(k, p', a, b} ~ Bin(n, p) ﬁ Betaf{a, b) A Neg Bin(k, p') ,

or (2.5)

Hz(k, p', a,b) ~ NegBin(k, pp')ﬁ Beta(a, b} ,

with k>0, O<p'<1, and b>a>0.

In a population with low fertility or a large amount of con-
traceptive usage, the number of time units susceptible to the risk of
a live birth' conception may be under-dispersed and follow a‘binomiai
distribution. This compound Beta-Binomial model will be called the .
HS distribution to be consistent with the previous two compound Beta-

Binomial distributions and can be denoted

Hy(N, p', a,b) ~ Bin(n, p) 3 Beta(a, b) A Bin(N, p'}, (2.6)

or

HS(N’ p', a,b) ~ Bin(N, pp') 6 Beta(a, b), (2.7

with N an integer and N>0, 0O<p'<1l, and b>a>0.

The use of the simple discrete distributions as cdmpounding
distributions may be an over-simplification. The random variable n
is definéd in terms of discrete time units (e.g. months). This is
justified by the biological nature of the human reproductive system.

It should be noted, however, that the random variable n could be in- .

terpreted as the amount of (continuous) time that a woman is suscep-
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tible. 1In this case, the underlying distribution for the number of
births is no longer a binomial distribution. We will see later (in
Chapter III) that the distributions defined by (2.3) and (2.5) can

arise in a continuocus time setting.

2.3 Probability Distribution Functions

The probability distribution function (p.d.f.) can be obtained
from the probability generating function (p.g.f.) for each of the H,
H2 and H3 distributions. The p.g.f. is defined for a random variable

X as

0

g(s) = ] Prix=i]s . (2.8)

i=0

For the compound binomial distributions the p.g.f.'s are readily

available as, for the Poisson (Ap) distribution,

g,(s) = e P(s-1) (2.9)

for the negative binomial (k, pp'),
R -k
gy(s) = [1-pp'(s-1)] ", (2.10)
and for the binomial (N, pp'),

gz(s) = [L+pp'(s- ni¥ . (2.11)

We can consider the above p.g.f.'s as conditional on a fixed
value of p. The p.g.f.'s of the H - distributions are then obtained
by assuming £(p) as a Beta distribution and integrating over the
range of p. For example, the pgf of the H, distribution is derived

1

from
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gy (slp) =g, (s) =exp[Ap(s - )]. (2.12)
1
Then
1
8y (s) = f 8y (s|p)£(p)dp ,
1 1
0
which is
g (s) = F(ﬂ)?%)— a) fekp(_s-l)pa—l(l _p)b—a-—ldp ,
1 : 0
or
gy (s) = ;F [a; b; A(s-1)], (2.13)
1

where 1Fl(a; b; A{s-1) 1is the confluent hypergeometric function.
For the pgf of the H2 distribution, defined in (1.8), we
consider
gHZ(SFP) = g,(s) ,

and

>

: 1
8, 3) = O Jr [L-pp'(s - )] 1 - )2 1gp
0

or
gH2(5) = gFi(k, a5 b; p'(s-1)) , (2.14)
where 2Fl[k, a; b; p'(s-1)] 1is the hypergeometric function

defined in (1.4).

Similarly, for the H3 distribution we have

8 (512) = gp5) = [L=pp' s - 11",

and

A
gy (s) ='_L_%Té7-“_"'J [tepp'(s -] -2 Ngp
J .

or 0




gH3(.S) =,F [-N, a5 by -p'(s-1)] . (2.15)

The p.d.f's are then obtained from the derivatives of the

p-d.f's as

{x)
Pr(X=x] = P_= g _(s) (2.16)

X x!
s=0

Using (2.16) and the equations for the derivatives of
hypergeometric functions (§ 1.6.1) we then obtain, for the

Hl—distribution,

P .= &i (a)x F.[a+x; b+x;-A] (2.17)
Hyox © X (B)x 171 » ; )
while for the Hz-distribution
k) (a)
- (P')x ( X ) .
HZPX B x! (b)x 2Fl[k+x’ a+X, b+x; P ] H (2.18)
and for the Hs-distribution
(-N)_(a)
_ (‘P')x X X ) )
Hy x T By 2l A b p'l . (2.19)

We know that the hypergeometric functions are solutions of
certain second-order differential equations (given in § 1.6.1).
These differential equations can be used to derive second order
difference equations among the probabilities of the H-family. For
example, consider the function

F = zFl[-V-bx, a+x; b+x; p'] . (2.20)
The function F 1is associated with the differential equation
2

p'(p'-1) d F2 + [b+x- (a+2x-N+1)p']aiF—,~- (-N+x)(a+x)}F=0
d(p") P

(2.21)

27
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Now
dF _ (-N+x)(a+x) . -
37" Tbr) 2Fl[-N+x+1, a+x+l; b+x+l; p'l, (2.22)
and
2
d°F  _ (-N+x) (-N+x+1) (a+x) (a+x+1) . . L
7" (bx) (b+x+1) oFp [-N+x42, a+x+2; bex+2; p'].
d(p'}
(2.23)
For the H3-distribution we can write
Px=Ax-2F1[-N‘+ X, a+x; b+x; p'], {2.24)
where
-N) _(a)
_ pt (M, ),
A = O , (2.25)
X
then
s .cP) (-N+x) (a+x) : .
Px+l--Ax " ) 2Fl{-N+x+1, a+x+l; b+x+1l; p'], (2.26)
and
2
o (=N+x) (=-N+x+1) (a+x) (a+x+1) ] .
px+2" Ax x(x+1) (b+x} (b+x+1) ZFl{ Nex+2, a+x+2;

b+x+2; p'} - (2.27)

We now have

F=(A) P, (2.28)
dF _ -1 x
T (A) :ET‘Px+1 , (2.29)
and
2
d°F -1 x(x+1)
—= = (Ax) 5 Px+2 . (2.30)
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Substituting (2.28), (2.29), and (2.30) into equation (2.21)
and multiplying each side of the differential equation by A we

get, after simplifying,

(x+2)(x+1)(1-p')Px+2 - (x+1)[b+x-p'{a—N+2x+1}]Px+1+p'(N-x)(a+x)Px==0,
(2.31)
as the difference equation for the H3-distribution.

By letting F= [k+x;, a+x; b+x; -p'] we can get the

2F1
difference equation for the H2-distribution as

(x+2) (x+1) (1+p")P__, - (x+1)[b+x+p'{K+a+2x+1}]Px+1+p'(k#x)(a-t-x)Px =0
(2.32)

The differential equation associated with the confluent

hypergeometric function can be written as

v (-5 - oF = 0, (2.33)

which has F=.1F1[a; B; x] as one solution. By letting

F=1

the Hl distribution as

Fl[a-+x; b+x; -A] we can obtain the difference equation for

(x+2)(x+1)Px - (x+1)[A+b+x]Px+1+A(a+x)Px==0. (2.34)

+2
The above difference equations can be used to obtain
estimates of the parameters of the distributions. The} can also
be used as recurrence relations among the probabilities of each
distribution. For example, for the H, distribution, the proba-

1

bilities P0 and Pl can be calculated from the values of a, b,

and X and from tables of the confluent hypergeometric function
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(e.g. Slater, 1960). The equation (2.345 can theh be applied to
determine the remainder of the probabilities.

We note that for the H1 and the H2 distributions,
most of the above results have been obtained previously (e.g. Kemp
and Kemp, 1974). They are presenfed here for complete coverage of

the subject matter. Also, for completeness, it can be easily

" shown that the probabilities given by (2.17) sum to one. We have

T 1Fl(a +Xx; b+x; -A)

By Taylor's theorem (Wittaker and Watson, 1927) we see

pe
F(a; b; y+z) = ) {ggi ET-IFl[a-*x; b+x; z] .

Letting z=-A and y=21, so that z2+y=0, we obtain
} :
I P = F. [a;.b; 0] = 1.
x=0 Hl x 11

Similar results hold for both the H2 and H3 distributions.

2.4 Moments
The r-th factorial moments of a (discrete) distribution is

defined as

u-(r)=x£0x(x-1)--.(x-r+1)px and foy E1 . (2.35)

for T= 1,2,3,...,. The factorial moments of the Hl, H2’ and H3
distributions can be computed either from-an expression due to
Kemp and Kemp (1974) or from the p.g.f. as
d"g(s)
10PN for r=0,1,2,3, ... . (2.36)

T

ML=
(x) ds s=1
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For example, for the H1 distribution we have

r
Ky * {og 1R (e b AG -1 : (2.37)
S
s=1
so that
O O F la; b; 0] ®), (2.38)

This gives a simple recurrence relation for the factorial moments

of the Hl distribution as

_ Ala+7r)

Mee) T B P T RO LB (2.39)

Similar recurrence relations hold for the H2 and H3

distributions. For the H2 distribution

' _ p'(k+r)(a+r) , -
p(r+1) (b+1) u(r) for r=0,1,2,... , (2.40)
and for the H3 distribution
' -
p' (N-r) (a+r) ., for 1=0,1,2,...,N-1. (2.41)

u! =
(r+1) (b+r) (r)
The mean and variance of each distribution can now be

expressed as

2 _ la A(b-a)
cHl- = I:“b(bﬂ)} _ (2.42)
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. kp'a
qu = b ’
(b-a)

2 _ kp'a kp' p'(a+l)

UHZ = b E"' b(b'i'l) + (b"'l) il > (2.43)
uHS = E%’:a_ , and

2 _ Np'a Np'(b-a) p'(a+l)
0H3 = 5 l}a- b b+ 1) b+ 1) jl . (2.44)

Setting A=kp'=Np' so that w, =y, =W, , we can

1 2 3
establish the relationship
Ul-zi < oﬁ < oé . {2.45)
3 1 2

2 2
U < g and u < Qg so that
H2 H2 Hl H1

both the Hl and Hz distributions are over-dispersed. The H3

It may be noted that

distribution may be over-dispersed or under-dispersed. From (2.44)

we see W, < Gé only when N{1-a/b)>a+1l.  Since we have

3 3
0<a/b<l the inequality N>a+1 1is sufficient to assure that
2
W, <0
Hy “Hy

Ottestad (1942) has looked at the first differences in the
series of ratios of the factorial moments of certain discrete
distributions. These ratios are also used in estimation procedures
(e.g. Gurland and Tripath, 1974).

The ratios are defined by

- 1t
Mo “(1)’ and

u'
n = ._(I:'_.%l for =1,2, ... . (2.46)

H(x)




The first differences are then given by

§ = for r=1,2,... . (2.47)

r - N
The ratios of factorial moments can be easily determined from the

simple recurrence relations previously mentioned. Hence, for the

H1 distribution, equation (2.38) gives

A{a+1)

= = 2
nr. b+1) for r=0,1, 2, ... . (2.48)
It can be shown that
a+r a+r+1l - n
5T 5 1 for r=0,1,2, ... {2.49)
which gives the relation
Ng <Ny <Ny < .e. ~ (2.50)

for the H1 distribution. This also means that the first

differences (2.47) are strictly positive. In fact,

s _ A a, _ A(b-a)

§; =571l %) * boeD) (2.51)
and

_ _A a+rl, = A(b-a)

8,= 5+2(1 " 1) T B (b+2) (2.52)
so that

_ b+2 -

61— b 52 and thus 61>o.2 .
- _b+3 .
Similarly 62 el ey 63 and, in general,
s = brr*l . (2.53)

T b+r-1 "r+l
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We now can say that, for the H, distribution,

1

§, > 8, > 8, >>0 . (2.54)

1 3

For the H2 distribution, {2.40) gives

. P'(kzglsn)’ r=0,1,2,... . (2.55)

n

It can be shown that

{k+r) (a+r1) (k¥r+l)(a+r+l)
o) < BrreD) , (2.56)

which implies
Mg <Ny <Ny € vee
for the H2 distribution. However, no statement such as (2.54)

can be made for the H2 distribution.

Even less can be said for the H3 distribution. Equation

(2.41) gives

_ P'(N-7) (a+r)
T b+r

n for r=0,1, ..., N . (2.57)

We can see, after some algebra, that

(N=-1)(a+1) _ Na 1 Na
el b ' b+l {N' {arlx "b—]}-

This means that no < Ny whenever

Nap' < (N-1) (a+1)p"
b {b+1) *

that is, when

N> b(ba_"al)) : (2.58)




In a similar fashion it can be established that n, < n, when

b(a+3)+2
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N oo (2.59)
and that n, < s when
b(a+5)+4
N = oa) (2.60)

For the H3 distribution, the first differences (2.47) depend

entirely on the parameters and no simple inequality exists.

2.5 Limiting cases of the Hy distribution

Kemp (1968) provides some results on the limits of genera

hypergeometric functions that are useful in determining the limit

cases of the H1 distribution. The necessary results are

lim F [a,,...,a_, ¢+d; b_,...,b ; X d] =
Jim pfel p 1 g vl

qu[al, ea; bl,...,bq; x], (2.
lim _F a ,...,é i b.,...,b , c+d; xd] =
d_prqﬂ[l p’ 1 a ]

F [a,,...-,3a_; b, ,h 3 x}, 2
pq[l p 1 q oot

and

lim F [al,...,a ,d; b

drsco p+l q+1 p _ 1’7
qu[al,. ,ap; bl’ ’bq’ x] (2
~ which can be derived from
1ip Lletd*r) _ 2.

d++e T(c+d)d”

Some results on the limiting cases of the H1 and relate

distributions are known. For example, Kemp and Kemp (1974) state

1

ing

61)

.62)

.63)

64)

d
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that the negative binomial distribution is a limiting form of the
H2 distribution. GCurland (1958) looks at some limiting forms of the

H1 distribution. One result due to Gurland is

lim 1Fl[a; b; A(s-1)] = L, (2.65)
b+t ’
a fixed
which is the p.g.f. of a degenerate distribution corresponding to a
constant zero. Gurland also notes that for b large and a fixed

the p.g.f. of the le distribution tends towards the p.g.f. of a

generalized Polya-Aeppli distribution with

-a
g(s) = exp[l{l - M-SF”-}-)—} - 1} . (2.66)

Another result due to Gurland is
. .. : L. _ _ Af(s - 1)
lim lim lFl[a, b; A(s -1) = exP[}T_:ﬁf{J' (2.67)

We note that this can be written as

lim lim [a; b; A(s-1}] = exp(Ap(s-1)] . (2.68)
a-o b-eo

a/brp

lpl

This is the p.g.f. of a Poisson distribution with parameter Ap.
We can also take a similar limit for the p.g.f.'s of the H2 and

H. distributions. For the H., distribution, (2.63) yields

3 2

lim lim 2Fl[k, a; b; p'(s-1)} = IFo[k; ; pp'(s-1)/(1-pp')]
g boe 2.69
a/b+p (2.69)
which is the p.g.f. of a negative binomial with parameters k and

pp'. For the H3 distribution we get
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Lim lim F [-N, a; b; p'(1-s)] = [Fo[-N; 5 pp'(1-35)/(1-pp")]

0
a0 bhee (2.70)
a/b+p o

which is the p.g.f. of a binomial distribution with parameters N

and pp'.

The H distribution is 2 limiting form of both the H.,

and H3 distributions. Using (2.61) we have

lim lim
ko p'+0
kp'=A

JF [k, a3 by p'(s-1)] = (Fplas b5 Als - 1] (2.71)
and
lim 1lim 2Fl[-N, a;, b; p'(l-s)] = 1Fl[a; b; A(s-1}] . (2.72)

N+ p'+0
Np'+A

2.6 Descriptive Comparisons

The tables that follow give substance to the analytical
results of the previous ;ections. It is instructive to see in a
numerical fashion the changes in the probability functions and
moments that occur when the values of the parameters of the
distribution are changed.

We expect that Ng <N <Ny and 62 <l6l for the H1
distribution and this is in evidence in Table 2.1. We also see
that for A fixed and the ratio a/b fixed, so that the mean of
the Hl distribution is fixed, the variance decreases as the
parameters a and b increase. The ratios of the factorial moments

nl and n2 also decrease as well as the differences 61= nl- n0

and 62=n2-n1.



The case where. A and the ratio a/b are both fixed and
the parameters a aﬁd b are decreasing yields an interesting
result. In this instance the variance increases and there is more
probability in the upper tail of the distribution. Also, the
Hl distribution becomes bimodal with one mode at the -zero class.
The result is a relatively large probabilitylof being in the zero
class.

This has implications in the problem of estimating parameters
of the Hy distribution from observed data on the parity distribu-
tion by age. We find, especially at younger ages, that a proportion
of the population must be considered as never being susceptible to
the fisk of conception; either due to natural sterility or simply
not being married. This tends to increase the observed proportion
of the population of parity zero. If an allowance is not made for
this increased proportion of parity zero, then the estimates of a
and b may be smaller than the true parameters of the underlying
H, distribution. This possibility will be explored later in the

1

context of a modified Hl distribution,

Table 2.2 gives some idea of how large the parameters a and
b must be in order for the Hl distribution to approach it's
limiting form, the Poisson distribution. This table also gives
some indication of possible problems in using maximum likelihood
estimation. Relatively small changes in the observed population (due
to sampling variation) may produce very different estimates of the

parameters for a large proportion of the parameter space of a and b.

For the H2 distribution we have Mo < T < Ny- This is




reflected in Table 2.5 which also shows 62< 61 except for large
values of a and b or for small values of k. The variances,
as well as nl, Ny 61 and 62, decreases as k increases with
kp' remaining constant. The descriptive statistics also decrease
when the parameters a and b increase with k, p', and the
ratic a/b remaining constant.

The probabilifies in Tables 2.3 and 2.4 indicate the change
in the H2 distribution with changes in the parameters. It is
possible to see that the limiting form of the H, distribution, as
a and b increase, is closely approximated for relatively small
values of a and b. This again implies a problem in the estimation
of the parameters a and b in that large variation in the estimates
may yield relatively small variation in the predicted probability
density function. We also note the tendency of small values of a
and b to give a large probability for the zero class and thus a
tendency for the probability density function to be bimodal. More
specifically, as the mean increases but a and b decrease, the
variance increases and the p.d.f. becomes bimodal.

This situation is more defined in the H3 distribution.
Here it seems as though P[X=0]>P[X=1] whenever ac< b<1l. This
condition appears to be sufficient to assure that the H3 distri-
bution is bimodal. As with the H, distribution, the descriptive

2
statistics (in Table 2.6) for the H3 distribution increase as N
increases with Np, a, and b remaining constant while they decrease
for a and b increasing with N, p, and the ratio a/b remianing

constant. Finally, it is seen that 62 <61 but either 51 or 62

or both may be negative for the H; distribution.



TABLE 2.1
Descriptive Statistics fqr the Hl—di‘stribution
‘parameters Descriptive Statistics
a b u 02 n n ) )
1 2 1 2
.5 8 2. 3.333 2.667 2.857 0.667 0.150
5. 8. 2. 2.267 2.133 2.240 0.133 0.107
50. 80. 2. 2.030 2.015 2.029 0.015 0.014
.3 5 3. 7.0 4,333 4.6 1.333 2.667
3. 5. 3 4.0 3.333 3.571 0.333 0.238
50. - 50. 3. 3.118 3.039 3.077 0.390 0.038
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The H,-distribution

TABLE 2.2

1

= 2.0 3.0
A 3.2 3.2 3.2 5.0 5.0 5.0
a .5 5 50 .3 3 30
b .8 8 80 .5 5 50
b { Px Px Px Px Px Px
0 .2658 1555 1374 2568 0833 0528
1 1986 .2672 2706 1099 1655 1522
2 1845 2521 2687 1097 2021 2224
3 1486 1702 1791 1185 1894 2197
4 0999 0910 0902 171 1472 1649
5 0567 0407 0366 1014 0985 1002
6 D276 0157 0125 0765 0581 0514
7 0118 0054 0037 0508 0307 0228
8 0044 0016 0009 0300 D147 0090
9 - 0015 0004 0002 0159 0064 0032
10 0004 0001 * 0077 0026 0010
11 0001 * * D034 D010 0003
12 * * * 0014 0003 0001
13 * * * 0005 0001 *
14 * * * 0002 * *
15 * * * 0001 * *
* < ,00005
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Descriptive Statistics for the H2-distribution-

TABLE 2.3
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parameters: Descriptive statistics
k p' or Ny n, | 8, 8§, ”
4 .8 4.667 3.333 286 1.333 0.952
8 .4, 4.0 3.000 .571 .000 0.571
12 .267 3.778  2.889 .333 .889 0.444
4 .8 5 8 3.333  2.667 .360 667 0.693
8 .4 5 8 2.8 2.4 .8 .4 0.4
12 .267 5 8 2.622 2.311 .613 311 0.302
4 .8 50 80- 3.037 2.518 .044 .518 0.525
8 .4 50 80 2.533  2.267° 2.536 .267 0.270
12 .267 50 80 2.365 2.183 .367 .183 0.185
6 .833 9.167 5.056 133 .056 1.078
12 .417 8.083 4.694 5.367 1.694 0.672
18,278 7.722 4.574 111 .74 0.537
6 .833 3 5 5.667  3.889 .762 .889 0.873
12 417 3 5 4.833  3.611 .167 .611 0.556
18 278 3 5 4.556 3.518 .968 .518 0.450
6 .833 30 50 4.637  3.546 .102 .546 0.557
12 417 30 50 3.877 - 3.292 .590 292 0.297
18 30 50 '3.624  3.208 .419 .208 0.211

.278
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TABLE 2.4
Tﬁe Hz-distribution (w=2.0)
a=.5, .8 a=>5 b=38 a=50, b=280
p' .8 .4 .267 .8 .4 .267 .8 .4 . 267
k 4 3 12 4 8 12 4 8 12

ﬁ] .3108 ,2887 .2811 .2141  .1859 .1760 .1992 ,1696 .1591
1 L2065 .2048 .2034 L2610 .2656 .2666 L2633 .2684 .2696

2 .1601 .1715 1757 .2085 .2277 .2351 .2184 .2401 2487

3 .1166 .1297 .1352 .1382 .1518 .1572 .1454 1599 .1657

4 .0794 .0878 .0913 .0824 .0867 .0882 .0849 .0883 .0892

5 .0512 .0541 ,0551 .0460 .0446 ,0437 .0455 .0427 .0412

6 L0317 .0309 .0302 .p245  .0212 .0197 .0230 .0188 .0169

7 .0189 .0165 .0153 .0127 .0095 .0082 L0110 .0076 .0063

8 0110 .0084 .0072 | .0064 .0041 .0033 | .0051 .0029 .0022

9 .0062 .0041 .0032 .0032 .0017 .0012 .0023 .0011 .0007

10 .0034 .0019 .0014 .0015 .0007 .0004 .0010 .0004 .0002
11 .0019 .0008 .0006 .0007 .0003 .0002 .0004 .0001 .0001
12 .0010 .0004 .0002 .0004 .0001 .0001 .0002 .000O0 .0Q000
13 .0006 .0002 .0001 .0002 .0000 .0000 .0001 .0000 .0000
14 .0004 .0001 .0000 .0001 .0000 .0006 .0000 .0000 .0000
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TABLE 2.5
The Hz-dis_tribution (u=3.0)
a=.3, b=.5 a=3, b=5 a=30; b=350
835 .al7 278 | .835 .417 .278 | .833 .417 .27
x| 6 12 18 6 12 18 6 12 18

3775 2667 .2632 | .1180 .1006 .0948 | .0906 .0716 .0653
. | 1288 1204 1171 | .1851 1771 .1737 | .1773 .1671 ..1627
> | 1177 .11ss .1141 | .1902 .1967 .1987 | .2038 .2131 2163
s [.1001 1143 L1159 | 1607 .1755 1784 | .1797 .1969 2038
s | osss .1046 .1084 | .1209 .1321 .1365 | .1344 .1475 .1527
s | o780 .0873. .0913 | .0842 .0904 .0928 | .0899 .0950 .0968
6 | 0602 .0668 .0696 | .0554 .0570 .0574 | .0554 .0546 0539
o | oaaz 0474 .oass | .03a9 .0337 .0329 | .0321 .0287 .0271
s |.0311 .0314 .0313 | .0213 .0188 .0177 | .0177 .0140 .0125
o |.0212 .0197 .0188 | .0126 .0101 .0090 | .0094 .0065 .0054
10 loise .0117 .0106 | .0073 .0052 .0044 | .0048 .0028 .0022
11 |.o0s0 .0067 0057 | .0042 .0026 .0020 | .0024 .0012 .0008
12 | 00se .0037 .0029 | .0020 .0012 .0009 | .0012 .0005 .0003
5 |.003 .0019 .0014 | .0013 .0006 .0004 | .0006 .0002 .0001
4 |.0021 .co10 .0007 | .0007 .0003 .0002 | .0003 .0001 .0000




TABLE 2.6

Descriptive Statistics for the Hs-distribution
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parameters Descriptive Statistics
N p' a H 02 n n
1 2 1 2

4 .8 .5 2.0 2.0 2.0 1.428 0.0 -0.571
8 .4 .5 2.0 2.667 2.333 2.143 0.333 -0.190
12 .267 .5 2,0 2.889 2.444 2.381 0.444 -0.063
4 .8 5 8 2.0 1.2 1.6 1.12  -0.4 -0.48
8 .4 5 8 2.0 1.733 1.867 1.68 -0.135 -0.187
12 .267 5 8 2.0 1.911 1.956 1.867 -0.44 -0.089
4 .8 50 80 2.0 1.022 1.511 1.015 -0.489 -0.496
8 .4 50 80 2.0 1.526 1.763 1.522° -0.237 -0.241
12 . 267 50 80 2.0 1.694 1.847 1.691 -0.153 -0.156
6 .833 .3 3.0 4.833 3.611 3.067 -0.611 -0.544
12 .417 .3 3.0 5.917 3.972 3.833 -0.572 -0.139
18 .278 .3 3.0 6.278 '4.092 4,089 1.092 -0.004
6 .833 3 5 i 3,00 2.333 2.778 2.381 -0.222 -0.397
12 .417 3 5 3.0 3.167 3.056 2.976 0.056 -0.079
18 .278 3 5 3.0 3.444 3.148 3.175 0.148 0.026
6 .833 30 50 3.0 1.598 2.533 2,051 -0.467 -0.4381
12 .417 30 50 3.0 2.358 2.786 2.564 -0.214 -0.222
18 .278 30 50 3.0 2.611 2.870 2.735 -0.130 -0.135




The Hs-distribution (u=2.0)

TABLE 2.7
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a=.5, b=.8 a=35, b=8 a=50, b=80
p'=.8 .4 .267 .8 .4 .267 .8 .4 .267
X N=4 8 12 4 8 12 4 8 12
0 9231 .2431 .2505 | .0896 .1231 .1341 | .0653 .1024 .1144
1 1554 .1840 .1901 | .2445 .2625 .2651 | .2499 .2669 .2691
2 1955 .1973 .1933 | .3293 .2846 .2726 | .3695 .3084 .2934
3 2506 .1798 .1672 | .2498 .1977 .1870 | .2500 .2063 .1960
4 1754 .1204 .1120 | .0869 .0939 .0933 | .0653 .0874 .0893
5 .0556 .0570 0307 ,0351 .0240 .0292
6 .0167 .0219 L0066 .0101 - .0042 .0070
7 .0029 .0063 .0009 .0022 .0004 .0012
8 .0002 .0013 .0001 .0004 .0000 .0002
9 .0002 . 0000 - ©.0000
10 .0000 .0000 .0000
11 .0000 .0000 .0000
12 .0000 .0000 .0000
13

14
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TABLE 2.3
The Hs-distribution (u=23.0)
a=.3, b=.5 a3, b=5 a=30, b=>50
p'=.833 .417 267 .833 .417 . 267 .833 417 .267
X N=6 12 18 6 12 18 6 12 18
0 2423 .2486 2511 .0527 .0671 .0724 .0188 .0348 .0407
1 .0881 .0981 .1021 .1284 1494 1553 .09%6 .1306 .1387
2 0764 .0974 .1024 .1976 ,2042 .2041 L2311 .2300 .2278
3 .0964 .1182 .1193 L2322 .2093  .2022 .3007 .2515 .2395
_4 L1529 .1348 1282 .2105  .1697 .1610 2313 .1898 .1803
5 L2047 .1268 .1162 .1340 .1102 .1057 .0996 .1041 .1032
6 L1391 .0934 .0864 .0446 .0572 .0579 .0188 .0425 .0465
7 .0525 .0526 L0234 .0266 L0130 .0168
8 .0220 .0262 .0074 .0103 L0030 .0050
9 7.0066_ .0106 L0017 0033 .0005 .0012
10 .0014 .0035 .0003 .0010 .0001 .0002
11 .0002 .0010 .0000 .0002 .0000 .0000
12 .0000 .0002 .0000 .0000 .0000 .0000
13 .0000 .0000 .0G00 .
14 . 0000 . 0000 .0000




CHAPTER III

A POISSON PROCESS FORMULATION

3.1 Introduction

In the previous chapter a discrete time model led to the de-
velopment of the ﬁl- distribution as a representation of the parity
distribution conditional on age. In this chapter we shall show how
the Hl- distribution results from a particular continuous time pro-
cess, namely,-the homogeneous compound poisson process. This random
process implies certain probability distributions for the time between
births and for the waiting times to n-th live birth. In particular,
the inter-arrival times are independent and identically distributed.

Lundberg (1940) defines in general terms the time-homogeneous
compound Poisson process and derives several interesting results which
can be applied to the particular process that we shall consider. One
implication 6f these results is that a probability model allowing for
parity-specific forces of fertility may not be necessary. For the
random process considered, the force of fertility, or intensity func-
tion, at any time -t does not depend upon the number of events
(births) that occurred in the interval (0,t). However, the conditional
intensity of the n-th occurrence, given that n-1 events have al-
ready occurred is shown to be a function of the number of occurrences.
This is analogous to the contagion effect discussed earlier. Thus if

the time homogeneous compound Poisson process adequately describes the
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parity distribution, models using parity-specific forces of fertility,

such as Hoem (1970), need not be considered.
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3.2 The Time-Homogeneous Process

A compound Poisson process is defined by Parzen (1962) in the

following manner. Consider the stochastic process {X(t),t>0}. Let

N{t)
X(¢) = [ Y, (3.1)
n=1
such that {Yn,rl= 1,2, ... } are independent identically distributed

random variables and {N(t), t>0} 1is a Poisson process with intensi-
ty function vy(t). Then X(t) is said to be a compound Poisson

process. The function

n(t) = Jt y(t)dt (3.2)
0
can be defined as the mean value function of the underlying Poisson
process N(t).
We now define X(t) to be the number of live births in the

time interval (0,t) and N(t) to be the number of time units (e.g.
months) in the interval (0,t) that a woman is susceptible to the
risk of a live birth conception. We assume that there is no mortality
in (0,t). This assumption will be relaxed later. As before, we can
define p as the probability of a live birth conception in a time
unit given that the womaﬁ is susceptible to risk of a live birth con-
ception. This corresponds to Nour's definition of conditional fecund-
ability (Nour, 1972) and, in the context of the compound Poisson,
‘implies that

0 with probability (I - p)

1 with probability p
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for n=1,2, ...
The probability of a woman being susceptible to the risk of a
live birth conception in the interval (t, t +At) is given by
y(t)at + 0(At)
and the probability of a live birth conception, or the unconditional
fecundability, 'in the interval (t, t+ At) can now be defined as

py(t)at + 0(At) .

 We see that, at this stage, ({X(t),t >0} ~is simply a Poisson process

with intensity or "force of fertility" defined by

¢(t) = py(t)

and”the probability of n live births in the interval (0,t) is de-

termined by the Poisson distribution with parameter equal to

t
J ¢{t)dt . Hence,
0

Py (1) = LR o -pm(®) (3.3)

n!
since

t t
J $(t)dt = pJ y(t)dt =pm(t)
¥] 0

Hoem [1969] considers the general case of a non-homogenecus
Poisson process with the force of fertility, d(t), not specified..
Our interest lies in the special case where the Poisson process

{N(t), t>0} is assumed to be homogeneous so that

'm(t) = At (3.4)




and p, the conditional fecundability, is assumed to be a random var-
iable having a Beta distribution. This last assumption allows for
heterogeneity among women but does not allow for fecundability chang-
ing aver time.

The conditional distribution of X(t) given the value of p

is given by (3.3) with m(t) =At. That is
P (t]p) = lﬂlitl o~ PAL (3.5)
n n! ) )

The unconditional probability of a births in the interval (0,t) is

1
P (t) = J P, (t|p) £ (p)dp . (3.6)
0

Our assumption is that £(p) is the Beta distribution. Hence

1 n .
- [At]" T(b-a) (a) -pit n+a-1 b-a-1 , ~ -
pn(t) = J ) nl r(b) e P (1 - P) dP E)
0 ) (3.7)
or,
) n (a)
. i} chen- -

Pn (t) = = (b)n lFl [a+n;b+n; - At] (3.8

for n=0,1, 2, ... . This is simply the H distribution with

1
parameters a,b, and At . Note that the distribution of X(t) 1is the

Hl- distribution for any value of t. This means that the parity dis-
tribution at any arbitrary age can be represented by the Hl- distri-
bution so that, for a cohort of women, the parity distribution
conditional on the age of the cohort is given by the Hl- distribution
for every age.

The general form of gl(t) given by (3.6) has been examined
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by Lundberg (1940) who defines a compound Poisson process as a random

process that generates probabilities of the form

P (1) = J L e Mt apy (3.9)
)

Lﬁndberg's primary interest is when F(}) 1is the Gamma distribution.
In this case (3.9) determines the Polya Process. The case of F(A)
'as a Beta distribution is considered by Philipson (1960) and in this

case (3.9) yields an H, - distribution with parameters a,b,andt.

1
Thus (3.8) can be considered to be an extention of Phiiipson's Tesult
and a special case of_Lundberg'S general (time-homogeneous) compound
Poisson process. Further consideration of Lundberg's results will fol-
low in section 3.3.

Returning to the compound Poisson process that yields (3.8),

we note that the probability generating function of X(t) s

g(s) = lFl[a;b; At{s-1)]. {3.10)

Further heterogeneity among women can now be introduced by considering
the probability of a woman being suséeptible to tﬁe Trisk of a live
birth conception to vary among women. That is, the parameter X can
be considered to be a random variable with densﬁty function f£(}) .

The probability generating function of X(t} becomes

o2}

g(s) = f lFl[a;b; At(s - 1)] £{(A)dx . (3.11)
0
If we let
EN) = =1 -8 (3.12)

BT (k)
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i.e. the Gamma distribution with parameters k and 8, and define

pr = (8+1)7"

then the probability generating function (3.11) becomes

g(s) = 2Fl[k, a; b;p't(s-1)] (3.13)
which is the HZ- distribution.

3.3 The Conditional Intensity Function

This section involves the direct application of several
results due to Lundberg (1940). Lundberg defines a compound Poisson

process in terms of the probability density

Pn(t) = Preob[n events in (0,t)]

(T on" ot
Palt) = | L8 oM ayqy (3.14)
0

where the parameter A 1is defined as the risk and U(A) is defined

as the unconditional risk distribution such that

[ du(x) =1 . (3.15)
0
which has derivatives, for n=1,2, ...,
n
dP_ (t) @
PO(")(t) = ———-—On—— = [ -0"e M aun (3.16)
dt

0

Lundberg shows that the probability density function can be given by

_-0" L m)
P (t) = 25— p () . (3.17)
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Thé other result of_interest involves the conditional intensity. func-
tion ¢ (t) which can be defined as

¢ (t) = lim P [X(t+At)=n+ 1}X(t) =n] (3.18)
_ At—>0

where X(t) 1is the number of events in (0,t). Lundberg also derives

o (1) = -2, ™D ey/p, My (3.19)

and a recurrence relation

) ¢ﬁ(t)
¢n+1(t) = ¢n(t) e _ (3.20)

n

The stochastic process {X(t), t >0} that we are considering

can be defined as

P (t) = J QPn_f-)-— e P 4r(p) (3.21)
0

where the risk is the product of a constant risk A and a variable

risk p with the unconditional risk distribution F(p) being the

Beta distribution with parameters a -and b. In particular

Py(t) = J e Pt 4r(p) . (3.22)
0

which has derivatives

Potn)(t) = f (-Ap)“e')‘f’t dF (p) . _ (3.23)
0

Lundberg's result (3.22) immediately follows for any choice of F(p).

The .conditional intensity function is defined (c.f. Lundberg)
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as

q)n(t) = J pd U*(p) (3.24)
: 0

where U*(p) 1is the conditional risk distribution function and

p n
Ayt Ayt
J l%]_e dF(y)
0

ur(p) = — - ,
J [Art] - At dF (y)
n!
0
oT
rP _
y"e™ " dr(y)
U*(p) = p- (3.25)
f y"e " dE(y)
0
Substituting (3.25) into (3.24) we get
re -
0
¢n(t) = — . (3.26)

f y? e M ar(y)

Examination of the derivatives of PO(tJ in (3.23) leads to

p (n+1)
-10 (t) (3.27)
o (t) = L :
n N POin) (t) Z.

This is slightly different from (3.19) and leads to a modified recur-

rence relation, namely,
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¢, (t)
¢n+1(t) = ‘Pn(t) + W) . (3.28)

The above results hold for any distribution F(p). For the compound
Poisson process that yields the Hl— distribution .for x(t}, F(p) 1is
assumed to be a Beta distribution with parameters a and b. Inte-

gration of dF(p} over the range 0<p<1 leads to the following:

Po(t) = (F la;b;-at], (3.29)
(a)

(n) n n hoan-

PO (t) = [-A] TBT; 1Fl[a+n,b n; -it], (3.30)
and
F.la+n+1;b+n+1;-)\t]
_Afa+n) 11 . , . .
¢n(t] T b+n 1Fl[a+-n;b +n; -At] (3.31)

In terms of the probabilities Pn(t) given by (3.8), (3.31) can be

written as

n+1 pn +1(t)
t Pn(t)

8, (t) = (3.32)

which also holds for Lundberg's compound Poisson process. We see that

lim ¢n(t) =0

t >

which assures the process of a stationary distribution. However, in
practice we are concerned with a finite age span and the stationary

distribution is determined by the end of the reproductive period.

3.4 Mortalitz

Under the assumption that mortality is independent of fertil-

ity, the parity distribution at any age is determined only by the
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force of fertility. This is readily seen in Hoem's (1969) general

non-homogeneous Poisson process. Hoem defines the following:

Pmn(x,y) = probability that a person will be alive at age y
and parity n given that the person was alive at
agé x and of parity m, )

an(x,yJ = probability that a person will not be alive at age
y but attained parity n given that the person
was alive at age x and of parity m, and

Hmn(x,yj = probability that a person alive at age x and
parity m will have (n-m) further births in the

interval (x,y), and

a6 y) =P (x,y)+Q . (x,¥).

Letting ¢(s) be the force of fertility and u(s) be the force of
mortality with ¢(s) and u(s) “independeﬁt, thé assumption of a noﬁ-

homogeneous Poisson process gives

-k

Y y
Fo,msk (%0 ¥) = kL: f ¢(s)ds | exp -J {$(s) + u(s) }ds (3.33)
X X

Note that this can be expressed as

k

Po,ms k(X Y) = exp 'I u(s}ds |- I d(s)ds | exp ‘[ ¢(s}ds
X X x

(3.34)

which is the product of the parity distribution given survival to age

y and the probability of surviving the age interval (x,y) .



If we let age X be the age of onset of the reproductive age
span, and age y be any age before the end of the reproductive age
span with x<y, then the change of variables t ¥y-x will make
Hoem's'model comparable to the compound Poisson process 6f section 3.1
In fact, (3.38) with m=0 gives the probability of n births in the

interval as

n
1 t

t .
=T f ¢(s)ds | exp f o(s)ds | . (3.35)
o 0

This is the parity distribution of those surviving the interval

(0, t) . For the time homogeneous compound poisson process, we defined
¢{t) = pA (3.36)

and then assumed p was a random variable having a Beta distribution.
Substituting (3.36) into (3.35) and integrating over the range of p
yields the parity distribution Pn(t) given by (3.8) which was de-
rived under the assumption of no mortality in the interval (0, t).
Thus the assumption of no mortality in (0, t) can be replaced by the
assumption that mortality and fertility are independent. Pn(t) is
then interpreted as the representation of the parity distribution at

any age given survival to that age.




CHAPTER TV

DATA CONSIDERATIONS AND ESTIMATION . .

4,1 Introduction

There are two problems which must be considered in applying the
models described in Chapter II to fertility analysis. The first
problem involves the collection of data on fertility. Since we are
concerned about models of the parity distribution at every age, cohort
data is usually required to examine the appropriateness of the H,
distribution. Under an assumption that fertility has not been changing
over time, period or corss-sectional data may be used. It will also be
assumed that age and barity are reported correctly. o

The second problem is the estimation of the parameters of the
model. A complication which arises is that fertility data is often
given by five year age groups rather than by single years of age.
Also, parity specific data is often right truncated so that the tail
of the observed distribution is considered to be unknown. This

chapter will be addressed to these problems.
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4.2 The Parity Distribution

The parity distribution is defined.as the diétribution of the
number of children ever horn, It can be determined directly from
survey or census data or it can be estimated from data on age-parity
specific fertility rates. In the latter case, sevefalﬁassumptions
must be made. We must assume only one birth per calender year, no
multiple births, and no mortality for women during the reproductive
‘age span.

The assumptions are not as restrictive as they may first
appear. It is biologically possible to have two births within a one
year time period but this is not a likely event. It is even more un-
likely for the two births to occur in the same calender year. From
available U.S. data (Heuser, 1967) we see that only ten births per one
thousand births is a multiple (e.g., twin, triplet) birth. In
addition, the chance of a multiple birth increases with age and parity.
Since most of_(ﬁ.S.) fertility occurs at the younger ages and smaller
parities, the effect of multiple births is inconsequential. The
assumption of no mortality for women can be replaced by a less restric-
tive assumption of the independence of mortality and fertility.

In order to sée this we let x be the exact age of women and

m be the birth order or parity. The following functions will be

considered:
B{x) the number of births to women aged x.
Bm(x) the number of births of order m to women aged X and of

parity m-1.

K(x) the number of women aged X.
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Km(x) the number of women of parity m at exact age X.

F(x) the age-specific fertility rate (ASFR) .

Fm(x) the age-parity specific fertility rgte (APSFR), conditional -
on Km_l(x).

F;(x) the unconditional age parity specific fertility rate. ‘o-

q(x) the probability of a woman dying in (x, x+1).

qm(x) the probability of a woman of parity m dying in (x, x+ 1).
Pm(x) the parity distribution, or the proportion of women that are
of parity m at exact age X.

According to the above definitions, we have

P(x) = K ()/K(x) . (4.1)
B(x) = }B (x), and (4.2)
m
K(x) = {Km(x) . (4.3)
m .

The fertility rates are then

F 0O = Bm(xJ/Km_l(x) , (4.4)
F;(x) = Bm(x)/K(x), and (4.5)
F(x) = B(x)/K(x) . (d4.6)

The notion of Fm(x) as the conditional APSFR and F;(x) as

the unconditional APSFR can be established from the relationship

(x)

* _ m m-1 _
Fm(x) - K(X) - Fm(x) Pm-ltx) - (4-7)
It should be noted that
F(x) = [F (x) = [F (P, (x). (4.8)
m m
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Hence the ASFR is the sum of the corresponding unconditional APSFRs

and a weighted sum of the corresponding conditional APSFRs where the
‘weights are the parity distribution. |

Parity-specific data are usually given as F(x) and F;(x)
[for example, see Whelpton and Campbell, 1960)}. The . F;(x) are .
defined as the APSFRs and the .Fm(x), when they are considered, are
defined as "birth probabilities" (Shyrook and Siegel, 1973). We feel
it is more proper to interpret the Fm(x) as conditipnal APSFRs
rather than as probabilities.

We stated earlier that the assumption of no mortality in the
reproductive age span could be relaxed. This can be seen in the
development Of'the parity distribution as a function of the uncondi-

tional APSEFR.

CASE I Assume no mortality. Here we have
K(x) = K(x-1) = K(x+1)
and

K 00 =K (x-1) - B (x-1) » B (x-1). (4.9)

That is, the number of women ages x of parity m-1 is equal to
the number of women aged x-1 of parity m-1 minus the number of
women who had an m-th order birth in (x-1, x) plus the number of

women who had an {m+ 1)-th order birth in (x-1, x). Then
Pm_l(x) = Km_l(x)/Kgx)
and, under the assumption of no mortality,

Pm-l(x) = Km_l(x)/K(x -1 . (4.10)
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We then have

K (x-1) - B (x-1) + B (x-1)
_ _m-1 m m-1
Pm_l(x) -

(4.11)
K(x-1)

orTr

P(x) =P (x-1) - Frix-1) +2F (x-1) . cee (4442)

CASE I1  Assume that mortality 1is independent of parity so that

q(x) = qm(x) for all m. Then

K(x) = [1-q(x)}K(x-1) (4.13)
and

K G) = [1-q(0lk, (x-1) - [1-a(x)]B(x-1)

f [1-q(0]1B, () . (4.14)

Again we have that

P 00 =P (x-1) - F(x-1) s Fo (x=1). (4.12)

Thus the parity distribution at age X can be obtained from the
parity distribution at age Xx- 1 and the unconditional APSFR. This
also leads to the calculation of the parity distribution as the
differences in cumulative unconditional APSFR which is the method
found in standard texts (e.g., Shryook and Siegel, 1973). Given the
parity distribution and unconditional APSFR, the conditional APSFR

can be obtained from (4.7) as
Fm(x) = Fm(x)/Pm_l(x). {(4.15)

For data in five year age groups, the parity distribution
must be given. Estimation of the parity distribution from ‘APSFR is

very difficult. The problem here is that there can be several births
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in a: five-year interval. Thus the population at risk varies in an

unknown fashion during the five )}ear period. Since the parity distri- .
butién for a five year interval is the weighted average of the parity
distributions for the single year intervals, this unknown variatiom
precludes the: estimation.of the parity distribution for the five year e
intervals.

The APSFR'caﬁ be used to obtain the parity distribution at the
upper agé limit of the five year age interval. The cumulative un-
conditional APSFR is the same for five year or single year data at
the upper age limit of an interval. This means that the differences
in the cumulative APS#R can be used to estimate the parity distribu-
tions at the upper age limit. For example, the cumulative uncondi-
tionai APSFR for age groups-IS-ZO and 20-25 can be used to estimate

the parity distribution at age 20 and at age 25.

4,3 Estimation of Parameters

Once the parity distribution has been determined, the par-
meters of the H1 dist;ibution must be estimated. One procedure would
be the method of maximum likelihood to derive estimators. However,
we shall see that the maximum likelihood equations do not yield
explicit solutions for the estimators and an interative procedure
must be used to determine the maximum likelihood estimates (m.l.e.).
The method of moments can also be used. A look at the asymptotic
relative efficiency (a.r.e.)} of these two methods will indicate for
what region of the parameter space the method of moments can be

expected to give good results.
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4.3.1 Estimation of parameters from complete data.

_At this point we will assume that the data are available for
the complete_distribution. In particular, this assumption implies
that the data are not truncated. The case where the data is
truncated wiil be considered later (3 4.3;5).

When the parity distribution is given by single years of age,
we can consider the observed data as a probability distribution condi-
tional on age and then obtain estimates of the parameters of the H1
distribution for each conditional distribution, i.e., at every age.
When the parity distribution is given for five (or ten) year age
groups, the same procedure can be followed. In this instance, the
data~are, in a sense, aggregate data since the parity distribution
for a five {or ten) year age group is simply a weighted average of the
parity distribution by single years where the weights are the relative

age distribution within the five (or ten) year age group.

4.%.2 Maximum likelihood estimates

Consider a probability function for a discrete random variable

X as
f(x) = Pr[X=1x] (4.16)
for x=0,1, 2,...,N. The likelihood function for a sample of size
n is then defined as
on
L = Hf(xi) (4.17)

where xi is the observed value os the random variable for the i-th
individual in the sample. If we let n be the number in the sample

such that xi==x[for x=0,1, ..., N], then the likelihood can be
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written .
- N nx ‘
L=T] {f(x)} . : : (4.18)
x=0
The maximum likelihood estimators are obtained by maximizing with

respect to the parameters of the distribution. They can also be ...

obtained by maximizing the log-likelihood given by

- |
loglb = ] n logf(x) - (4.19) -
x=0 '

The p.d.f. of the Hl distribution is given by

% (a)
FIEC))

£(x) = X 1Fl[a+x; b+x; -i] (2.17)

X .
for x=0, 1,...,N - where N 1is the maximum reported value of the
random variable in the sample. The parameters of the distribution

are now

g '=(b;asx)

3)

dlogl _ (4.20)

for i=1, 2, 3. To obtain the partial derivatives of the log likeli-

hood function we need the following result.

B(a+x)k 3 k-1
%3 Ja TT (avrx+3j)
j=0

or

3 (a+x) k-1 (a+x) :
k _ k
= = ——— (4.21)

j=0 a+x+]
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for k=1, 2,... . This gives the likelihood equations as
dlogl | § n I ofk*l (@0
ab w0 X 1Fl[a+x; b+x; -A] k=1 j=0 (b‘+x)k Ki(b+x+])
- N x-1 n - . ..
-1 ogEycon (.72
x=1 j=0 ]
3logL _ § " 1 7 kil (arxh (nF
da o X 1Fl[a+x; b+x; -A) KZ1 §=0 (b +x)k ki{a+x+j)
N Xil n\: ]
) X_ -0, (4.23)
x=1 j=0 2%
and
dlogl _ ? I 1 O SO ) hr Sl (U
9A <0 X A 1Fl[a+x; bex; =X 2y (d+x), (k- 1)!
(4.24)

These equations do not yield explicit solutions for the m.l.e. and
an iterative procedure, such as that outlined in Elston and Kaplan
(1972), must be used to obtain the estimates.

The covariance matrix of the m.l.e. is given by the inverse
of the Fisher information matrix. The (i, j)-th element of the

Fisher information matrix is given by

.. 2
ij _ _glO logf(x)} _ dlogf(x) dlogf(x)
o E[aeiaei SR %, | (4.25)

Now we have

dlogf{x) _ 1 of (x)

= (4.26)
3ei £(x) 861




so that we can write

B E(x)  OF(X)
o 0 T a0, @8

) (4.27)
x=0

The calculation of the partial derivatives can be eased: by defining

_(-A) (a+x#+n-1)

Bn(x) " " n (b+x+n-1) n-lcx) (4.28)
for x=1, 2, ... , and
30(x) - Ax
where
A (a+x-1)
A T X x- D) "x-1 (4.29)
for x=1, 2, ..., and ;
Ao =1
. Then the p.d.f. can be expressed as
£x) = } B (%) (4.30)
n=0
and the partial derivatives can be written, for x=0,1, 2, ..., as
af(x) _ S n+x
i) [A]Bn(")' (4.31)
n=0
® n+x-1
of (x) _
L R DN CES Vi R NCOF (4.32)
n=Ix 1=0
and
A (x) @ n+x-1 -1
el R T S CES P OB (4.33)
n=1I i=0

X
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Here
0 if x=21

1 = (4.34)
1 if x=0

4.3.3 Method of Moments

Moment-type estimators for the parameters of the Hl distribu-

tion can be obtained using the recurrence relation (1.32) for the

ratios of factorial moments. Defining I==(T1, TZ’ TS)' = (b, a, A),
some simple algebra yields
b 2(ny - n,}/(n,-2n; +n,y}
T=|a| = ZnO(nl —nz)/(2n0n2 -nlnz-nlno) (4.35)
_P\’ 52“0”2 - N, - nNg)/(ny -2n  + ”0)_

The estimates £==(E, 4, A)!' are obtained by substituting sample
factorial moment ratios for the ny in (4.35).
The covariance matrix of ¢, denoted Et’ is computed in the

following manner. Let I be the covariance matrix of the central

moments. Then, for a sample of size n,

T T TR Y| toqgiy !
Hp WM MyoMaMy o Mgtz

1
L= Mg upHy My o MaM5 Mg UzH5 (4.36)

1 Byt ] ) 1 ) t
Mg M3H) Mg H3H; Hg H3M3

We require the Jacobian matricies for three transformations:
. t 1 1y — ' 1 1
Jp0 o (Mg, My, M3) My ¥i2yr My
. t 1 !
Jpr (s Bigyr Misy) ™ (Mgr Mps M)
and

Izt (ngs nygs n,) — (T, T,, T,)

L]
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The Jacobian matrices are defined in terms of partial

derivatives. For example,

AT, /eny AT /any T /on,)]
1 1 2

3(T,, Ty» Ty)

23 7 3y, Aps M) AT, /A, 3T, /any BT /dny). (437

LfTS/BnO | 3T3/3n1 8T3/8n2 '

For the moment estimators (4.35) we have

1 0 Eﬂ
3= |-} 1 o), (4.38)
2 -3 1
1 0 0
= |- 1
0 - ' 1/
, nz/u(z) /u(z)
— i
and
-T, 2(1+ 7)) -2-T,
5 - 1 2(ny-n,) - (2nymn )T, 2n, + (ng*ny)T, -2ng - (2ng )T,
3 g 2n0n1-n1n27 -M Ny 2n0n1-n1n2-n1n0 ZnOnl—nlnz-nan
| Mty 2Ty=Ng-N2 g=my -t
(4.40)
where
g = n1-2n1+n0 . : (4.41)
The covariance matrix gt is given by
= b ' 4.42
L=y 4 &yl L) (4.42)
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4.3.4 Asymptotic Relative Efficiency

For two estimation procedures for the parameters
g = (61, 62, ...,83)', the asymptotic relative efficiency (a.r.e)
is defined (Puri and Sen, 1971} as
1
f
v, |

E = - — (4.43)
v, |

where Vl is the covariance matrix for the first method and V2 is
the covariance matrix of the estimates for the second method.

We will consider the a.r.e. of the method of moment estimators
(4.35) relative to the m.l.e. of the parameters of the Hl distribution,
The covariance matrix of the m.l.e. is given by the inverse of the

Fisher information matrix. Letting [I(8) be the Fisher information

matrix, we have

JROTEEN G (4.44)

so that

/3
1

is the a.r.e. of the method of moments reltaive to m.l.e. for the
H1 distribution.

Table 4.1 shows the a.r.e. for several sets of the parameters
a, b, and A. For a and b fixed, the a.r.e. decreases as A
increases. With a and A fixed, the a.r.e. increases as b increases.
The a.r.e. also increases as a increases with A and the ratio a/b

fixed. Since the mean of the Hy distribution is given by

B, = Aa (2.42)
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we see that the method of moments will compare favorably to the

method of maximum likelihood when the mean i, is relatively small.
1
The lowest a.r.e. is when A 1is large and. a and b are small but

with the ratio. a/b close to one 50 that is relatively large.

W,
HL

4.3.5 Truncated data

We previbusly considered the probability function for a

discrete random variaBle as
f(x) = Pr[X=x] for x=0,1,2, ...
The right-truncated‘distribution can be expressed as
£%(x) = Prix=x] for x=0,1,..., ™, (4.46)

where

m
F*x)y = £(X)/ L Ey) - : (4.47)
y=0

The likelihood function for the truncated distribution is given as
mo o, n
L=T [{f (x)}} . (4.48)
x=0
For the Hl distribution, the expression

m (a8), Y
I £0) = I gy yraflerys bryi Al (4.49)

y=0 y=0 Y
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can not be simplified and, again, the likelihood equations will not

have an explicit solution.

" Moment-type estimators can still be used for truncated data
on the parity -distribution. In this instance, the complete distri-
bution is truncated by considering some maximum recorded parity, say
M, and n, becomes the number of women reporting a parity greater

M
than or equal to M. The moments of the observed distribution are




*
then computed using an arbitrary value M >M for the mean of the

last parity class. Théf is,

M-1
ext = T xXTE) o+ (MOTEM) . (4.50)
*=0

For example, if the maximum reported parity is M=6 then M*=7.5
might be used in computing the moments. This is done in the exmaple
in a following section (§ 4.5).
Another type of truncated data which can be considered is

doubly truncated data. For our purposes we need to consider

m

%) = £F(x)/ ) £f@y) ., x=1,2,..., m. (4.51)

y=1

Here the zero-class is considered unknown as well as the upper tail of

the distribution. The likelihood is given by
. m n .
L=TT (") * . (4.52)
x=1} -
An application of this type of likelihood is seem in the next section.

4.4 The modified H1 distribution

The zero-parity class of the parity distribution may be too
large due to natural sterility or due to a large proportion of un-
married women especially at the younger ages of the reproductive age
span). This problém has been observed by Singh (1963} who suggests
a simple procedure for dealing with it.

Since we are concerned with the Hl distributi?nvas a wodel
for parity specific fertility, we can define Tor Ty Tps «o- @S
the probabilities of a woman having parity 0, 1, 2, ... under the

Hl distribution and na, wr, ﬂE, ... as the corresponding
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probabilities under the modified H1 distribution. Then the

modified H, distribution is defined as

1
WB = (1-a) +oam
(4.53)
™ =qan., 1i=1,2,... s
i i

and (l-0) is interpreted as the proportion of women never
susceptible to the risk of conception. The parameters of the

modified H1 distribution can be estimated by the method of maximum

likelihood using the equation

oo n
L=T1 (%) X (4.54)
x=0

or, if the data are right truncated,

’ m m n .
L=TT (ny/ ) w17, (4.55)
x=0 y=0
Rather than estimate the parameters of both the Hl and modified Hl
distributions, a doubiy truncated distribution of the form (4.51)
can be considered. Now suppose that PO, Pl, PZ’ N pM—l are the
observed proportions at parity 0, 1, 2, ..., M-1 and Py is the
proportion of parity greater than or equal to M. The likelihood
(4.55) can be used to estimate the parameters of the H1 distribution.
Given these estimates, an expected distribution 50, 51, 52, s
can be calculated. If the Pi are from an Hl distribution, we
should have Pilsi =1 for i=0,1,2,... . If the Pi are from
-the modified H1 distribution,-then -Pi<§i and an estimate of o«
is given by

ai==Pi/Pi, for i=1, 2,3, ..., M. (4.56)
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4.5 An example

As an example of estimating the parameters of the H1 distri-
bution, we can use data presented in Keyfitz (1968, p. 389). The
data are the number of children ever born to women aged 45-49, in the
United States, for the year 1960 as reported in the U.N. Demographic
Yearbook (1963, p. 454}. Keyfitz fits a negative binomial distribu-
tion to the actual data by the method of moments.

For the H1 distribution, we consider three estimation
procedures: (i) maximum likelihood estimation assuming that the
data are right truncated, (ii) method of moments estimation, and
(iii) maximum likelihood estimation assuming the data are doubly
truncated. For the modified H1 distribution, we consider:

(iv) maximum likelihood estimation assuming the data are right
truncated and (v} maximum likelihood estimation assuming the data
are doubly truncated and using (4.56) to estimate «. The estimates
are presented in Table 4.2.

The observed and fitted truncated proportions are presented
in Table 4.3. Table 4.4 shows the observed number at each parity
and the fitted number for the negative binomial, Hl’ and modified H1
distributions. A chi-square statistic for the goodness of fit of
the various distributions can be computed but due to the large
sample size the chi-square statistic would be quite large. To indicate
the relative goodness of fit, the chi-square statistic can be computed
from the observed and expected proportions. Let the observed pro-

protion of parity i be denoted Oi and the expected proportion of

parity 1 be Ei; then
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2

X = 1,000 % (4.57)

i~
-
T
,_.

where n 1is the maximum reported parity. This is used as a goodness
of fit index that is standardized for a hypothetical sample size of
one thousand.

The chi-square index (4.57) is presented iﬁ Tables 4.3 .and
4.4 for the various distributions. If the chi-square values were
interpreted as test statistics, they_would show that the H1 and
modified H1 distributions do nmot fit the data. This lack of fit is
not necessarily due to the failure of the distributions as models
for the parity distribution. The lack of fit is due in part to the
data being from a population which is non-homogeneous with respect to
the demographic factors which affect fertility.

The X2 indéx does seem to indicate that, as an approximation
to the paritydistribution, the modified H1 distribution is superior
to either the negative binomial distribution or the Hl distribution.
However, it must be noted that in fitting the modified H1 distribution,
four parameters are estimated from six frequencies while the H1
distribution has only three parameters and the negative binomial

distribution has only two parameters. Thus the relative goodness of

fit would be expected to be better for the modified H1 distribution.




TABLE 4.1

Asymptotic Relative Efficiency (in percent) of the method
of moments relative to maximum likelihood
method for the H, distribution

1
a b b 1.5 50 s 6.0
.56 .9 50.09 29.14 19.98 16.98
.67 .75 53.35 34.95 28.28 27.43
5 .5 60.88  46.92 43.87  43.09
2 .25 73.17 63.58 60.81 61.14
5 .1 85.41 78.14 74.36 72.40
10 .05 91.49 85.84 81.90 79.06
2.78 .9 73.05 56.02 45.79 41.47
3.33 .75 78.12 65.63 59.14 57.11
55 5 .5 85.96 78.42 74.71 73.44
10 .25 93.13 88.72 85.89 84.08
25 1 97.31 95.08 93.21 91.62
50 .05 98.69 97.49  ~96.39 95.36
5 .9 83.87 71.74 62.96 59.23
6 .75 87.60 79.15 73.67 71.23
as .5 92.72 87.98 85.00 83.33
18 .25 96.80 94.37 92.52 91.12
45 .1 98.85 97.82 96.88 96.04
90 .05 99.46 98.94 98.45 57.97
7.22 .9 89.41 80.75 73.96 72.81
8.67 .75 92.06 86.13 81.85 79.90
65 13 .5 85.54 92.33 90.05 88.56
26 .25 98.15 96.63  95.39 94.37
65 L1 99.36 98.77 98.22 97.70
130 .05 99.70 99.41 99.13 98,86




79

TABLE 4.2

Estimates of the parameters of the
H., and modified H., distributions

1 1
' ‘Estimates
Distribution
b a COA a
(i) H1 4,208 "1.862 5.312 -
(ii) Hl 5.225 2.038 5.906 -
(1ii) Hl 5.913 3.114 4.589 -
(iv) mod H1 7.421 3.575 4.966 .940
(v) mod Hl 5.913 3.114 4.589 .942
Distributions;
{i) Hl’ right truncated (MLE)
(ii) Hl’ right truncated (moment estimates)
(iii) Hl’ doubly truncated (MLE)

{(iv) modified Hl’ right truncated (MLE)

{v) modified Hl’ doubly truncated (MLE)




TABLE 4.3

Observed and expected truncated proportions
for women aged 45-49, U.S., 1960

Right Truncated:

80

PARITY Index
0 1 2 3 4 S X2
Observed .191 .206 .261 .167 .094 .082 -
Neg Bin .174 .254 .232 .170 .108 .063 21.95
(i) Hl .184 .237 .220 171 117 .071 18.28
(ii) Hl .188 .243 .221 .168 113 .068 19.00
(iv) mod Hl .192 .221 .228 .178 .116 .065 15.10
(v) mod Hl .191 .219 .226 .179 .118 .067 15.24
Doubly Truncated:
PARITY Index
1 2 3 a 5 x?
Observed . 254 .322 .206 .116 .102 -
(i1i) Hl .271 . 280 .221 .146 .083 18.90




Observed and expected-number.(in‘thousands)

TABLE 4.4

at. a

given parity for women aged 45-49, U.S., 1960

. PARITY Index
Distribution
0. 1 2 3 4 5 6 X

Observed 937 1010 1283 819 463 404 274
Neg Bin 842 1229 1122 821 525 306 345 | 24.31
(1) H, 886 1144 1062 826 564 344 363 | 22.10
(1) H 909 1175 1071 814 545 329 347 | 21.33
(1i1) H 674 1140 1178 932 613 348 305 | 36.49
(iv) mod H, 944 1087 1119 876 568 319 277 | 14.52
(v) mod H 937 1074 1110 878 577 328 287 | 14.69
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CHAPTER V

APPLICATION TO OBSERVED PARITY DISTRIBUTIONS

5.1 Introduction

In this chapter, the H, distribution will be examined as a

model for the age-specific parity distributions from various countries.

As a first step, a modified H distribution of the form (4.53) will

1
be investigated. One parameter of this modified distribution is
interpreted as the proportion of women in a population who are never
susceptible to the risk of conception. This parameter converges to
zero if the underlying population can be described by the H, distri-
bution without modification.

The initial investigation indicates that the Hl’ or modified
Hl’- distribution provides a reasonable model for high fertility popu-
lations such as Cost Rica or Guatemala. For populations with lower

fertility, such as the United States, the H, distribution may not

1

provide an adequate description of the parity distribution. For the

U.S. data, a new model will be proposed.
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5.2 The Expected Trend with Age

In the Poisson process formulation of the Hl distribution
(Chapter III}, the ﬁarameter A is actually  A't where A' 1is a
constant and t 1is the time or age interval. Therefore, we expect
that the esfimétes of A, or A't, should increase monotonically for
each successive age or age interval. Since the underlying Poisson
process 1is tiﬁe homdgeneous, the remaining parameters should remain
constant. If the parameters vary with age, we can conclude that true
underlying stochastic process may be non-homogeneous .

In the development of the H, distribution as a contagion
model (Chapter II), the preliminary distribution is binomial with para-
_meters n and p. These parameteré are then assumed to be random
variables. The variable n, defined as the number of time units
susceptible to fﬁe risk of a live birth cenception, is assumed to
follow a Poisson distribution with parameter A. This parameter X
can now be interpreted as the mean number of time units susceptible to
the risk of a live birth conception. The number of time units
susceptible should increase with age and so, once again, phe estimates
of X should increase with age.

The binomial parameter p is defined as the conditional fe-
cundability or the probability of a live birth conception in a time
unit given that the woman is susceptible to the risk of conception.
Then p 1is assumed to follow a beta distribution (2.2) with para-
meters a and b. In this formulation of the H, distribution we
are not restricted to having the estimates of a and b remain con-

stant for each age. At any gilven age we can interpret the rtandom

variable p as a type of truncated mean, that is, the average
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fecundability over the interval from the beginning of the reproductive
age span up to the given age. If the fecundability follows a unimodal
distribution with age, then the truncated mean will also follow a
unimodal distribution with age. In our model we have E(p) =a/b. Thus
the estimate of the average fecundability is given by the ratio of the
estimates of a and b. This ratio should increase with age until a

maximum value is reached and then the ratio should decrease with age.

5.3 High Fertility Data

The data in this section are for the countries of Costa Rica
and Guatemala (U.N. Demographic Yearbook, 1975). The parity distri-
butions are given for five year age intervals for the calendar year
1973. The data are not cohort data so we need to assume that the pat-
tern of fertility has been fairly constant within each five year age
interval. The observed parity distributions are right truncated and
are available for rural or urban areas as well as for the entire {total)
population.

The procedure of Ord (1967) can be used as a preliminary step

in examining the data. The function Ord defines 1is
U(x) = xf(x)/f(x-1) . (1.18)

For our purposes, x (x=1,2,3,...) 1is the observed parity and f(x)
is the observed proportion of the women in the five year age interval
with parity x. Table 5.1 shows the function U(x) for each age

group of the total population of Costa Rica and of the total population
of Guatemala. At every age, U(x) 1increases as x increases. This
indicates the possibility of the H, distribution as a model. The

relatively small values of U(x) for x=1, that is, U(l) =
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f£(1)/£(0), implies that £(0) is larger than might be expected. In
order to account for this, the modified H1 distribution was examined.
The estimation of the parameters of the modified H, distribution is

described in section 5.3.1.

5.3.1 The Maximum Likelihood Estimates (m.l.e.)

The probabilities under the modified H1 distribution can be

written as

™ =, (1—a)+onr0,

and ‘ (4.53)
m* =g, i=1,2,3, ...,
i i ,

whefe the m, are the ﬁrobabilities under the H1 distribution and
0 <a <1. The parameters of the distribution defined by (4.53) are
8'=(a,b, A, o). These parameters are estimated for each age group.
The maximum 1ikelihood estimates (m.l.e.'s) are computed using-the
direct search method outlined in Elston and Kaplan (1972). In applying
this method for several sets of data, it is apparent that for the
modified Hl distribution, the likelihood surface is sometimes very
flat in the region of the m.l.e.'s. Thus the m.l.e.'s presented here
may not be the true m.l.e.'s but they are the best estimates currently
available. |

The m.l.e.'s of the parameters of the modified Hl distribu-
tion are given in Table 5.2 for Costa Rica and in Table 5.3 for
Guatemala. For Guatemala, the estimates of X increase for each age
interval. The same trend holds‘for.the data from Costa Rica with the
exception of the 45-49 year age interval. This may indicate recall

error in reporting the number of children ever born in this age inter-

val or this may be due to using cross-sectional rather than cohort
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data.

The estimates of a and b do vary with age indicating the
possibility of an underlying stochastic process that is non-homo-
geneous. The ratio a/b does appear to follow a unimodal pattern
with age for both urban populations. For the remaining ﬁbpulatioﬁé,
the ratio a/b follows a unimodal pattern with age when the following
age intervals are ignored: age 30-34 for the total population of
Costa Rica, age 40-44 for rural Costa Rica, and both ;ge 15-19 and age
40-44 for rural Guatemala. The deviation from the unimodal pattern
for these age intervals may be due to either sampling variation or
poor estimates of the parameters or to using cross-sectional data.

The estimates of @ converge rapidly to 1.0 for Guatemala.

In fact, for age greater than age 25 every estimate of ¢ is within
sampling variation of 1.0. The estimates of o for Costa Rica are,
for the most part, increasing with age. For both countries the rela-
tively low estimates at the younger ages may indicate that the modi-
fied H1 distribution effectively eliminates the need for dealing
with a separate function for the proportion ever married. This will

have to be investigated further.

We know that for the H distribution we have

1
= Aa/b
i |
and ) (2.42)
2 _la A(b - a)
%, T B {1 ICERY) }

For the modified H1 distribution it is easily established that
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o
1 qu
and 5 2 : (5.1)
ooy + all - a) My -
1 1 1

The fitted mean and variance under the modified H, distri-
“bution for‘Costa Rica and Guatemala are given in Table 5.4. As
expected, the mean and variance (of the nﬁmber'of children eﬁer born)
inc;ease with age except for the age interval 45-49. This may indi-
cate recall error in reporting the number of chiidren ever born or it
may be due to using cross-sectional data. It can also be seen that
the mean number of children ever born is greater for Guatemala than
for Costa Rica, which’means that Guatemala has a higher level of fer-

tility.

5.3.2 Goodness of Fit

The observed and expected parity distributions are given in
Table 5.5 for Costa Rica and in Table 5.6 for Guatemala. Due to the
large sample sizes iﬁvolved; no significance test for goodness of fit
will be attempted. However, we can compute a chi-square statistic for
use as a relative index of the goodness of fit, that is, the XZ
index (4.57).

In this section we are dealing with data in five year age
intervals. We expect that the goodness of fit should appear to be
korse in the middle ages of the reproductive age span where fertility
is not constant within the five year age interval. This is evident in
Table 5.7 for the data from Guatemala, especially for rural Guatemdla.

For Costa Rica, the lack of fit tends to increase with age. This

indicates either failure of the model or failure of the assumption
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that fertility has not been changing with time.

In examining the observed and expected parity distributions,
we can see that for the age intervals 40-44 and 45-49, for Costa Rica,
we have that the expected proportions exceed the observed proportions
at every parity in the range 0 to 7. This pattern is repeated for the
age interval 40-44 for Guatemala. For the age interval 45-49 for
Guatemala, the expected proportions are less than the observed propor-
tion at every parity in the range 0 to 7. This problem is due to the
data being considered right truncated. Table 5.8 shows that in each
of the above four age intervals, the truncated probabilities are

closely approximated by the truncated modified H, probabilities but

1
the expected proportion truncated (Table 5.6) are quite different from
the observed proportion truncated. It is obvious that a more refined

estimation procedure for dealing with this type of parity-specific

data must be developed.

5.4 Low Fertility Data

The data used in this section is cohort fertility data by

single years of age for the white, the non-white, and the total U.S.
population for the birth cohort of year 1920 (Heuser, et.al. 1975).
For the youngest ages of the reproductive age span the parity distri-
bution is concentrated at the smallest parities and the estimates of
the parameters of the expected distributions can not be computed. The
estimation procedures will begin for the parity distribution for age
20. The results for age 20 and for every third year following age 20
will be presented to give an indication of how the estimates and the

expected distributions may change with age.
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Ord's function U(x) 1is presented in Table 5.9 for ages 26
and 47. The pattern for age 26 is similar to the pattern of U(x)
for Cost Rica and Guatemala. Thus an H1 or modified H, distri-
bution may be reasonable for the U.S. data at this age. However, for
age 47 the value of U(x) for x=2, that is U(é]==2f(2)/f(1), is
too large for the white and for the total populations. Trial and
error has shown that the pattern of U(x) for this age can be dupliQ
cated when a mixture of a‘biﬁomial and an H1 distribution is

considered.

5.4,1 A Binomial Mixture Distribution

In low fertility countries, women terminate their reproductive
experience before the end of their reproductive age span. We can
think of the population of women as comprising two groups. One group
consists of women th‘are biologically capable of reproduction but are
voluntarily non-fecund. The second group of women remain susceptible
to the risk of conception. It is assumed that the parity distribution

of this second group follows an H. distribution while the parity

1

distribution of the first group may follow a binomial distribution
with parameter n and p. The model for the entire population is

then the mixture

mni=(1—a)81ri+aHlTri,i=0,1, 2, ... (5.2)

where g™y aTe the probabilities under the binomial distribution,
y ™ are the probabilities under the H
1

is the proportion of women who have effectively completed their

1 distribution, and (1 - q)

families.
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The mean and variance of the H1 distribution are given by

(2.42). The mean and variance of the binomial distribution are

g = TP,
and 2 (5.3)
gg = np(l - p)

It is not difficult to show that the mean and variance of the
mixture can be given in terms of the mean and variance of the binomial

and Hl distributions as

um=(1-a)us+auH1, _

and (5.4)
2 2 2 2 2
o = (1-a) 08+acﬂl+a(l-aJ (UHI‘*UB-UHIUB)

The choice of which binomial mixture to use as a model simpli-
fies to the choice of a value of n. In table 5.10 we see that as n
increases, the mean and variance of each component increase. The X
index (4.57) is minimized ?or r{=S. For n=5 the mean of the bi-
nomial component is closest to 2. For U.S. data, one might expect
this. Therefore, for the remainder of this section, the mixture dis-

tribution to be considered is (5.2) with n=5.

5.4.2 Maximum Likelihood Estimates

For the U.S. data, the m.l.e.'s of the pirameters of the Hl’

modified H and binomial mixture are presented in Tables 5.11, 5.12,

ll

and 5.13 respectively. For the H1 distribution, the estimates of

A are increasing with age for the non-white data and for the white

data with the exception of age 41 for the white data. If ages 35 and
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41 are ignored for the total population, then the estimates of A
increase with age for the total popuiation as well. The estimates of
a and b vary considerably with age for each of the three popula-
tions. The ratios ;/b are unimodal with_age for the white popu-
lation and, if the ages 35 and 41 are ignored, for the total popula-
tion. For the non—wh;te population the ratios a/b tend to decrease
as age increases. |

The es;imates for the parameters of the modified Hl distri-
bution follow the expected patterns with few exceptions. Note that
for the white population the estimates of a and b get quite large
for some ages. This indicates that the H, distributicon is converg-
ing to the Poisson-distribution for these ages. Again-the-problem of
estimating the farameters is apparent. We can be fairly confident
that the estimates for the non-white population and the total popula-
tion are good estimates but the estimates for the white population are
questionable. The problems in estimation may be due to the lack of
fit of the model. This will be discussed later.

The estimates for the binomial mixture appear to be good
estimates. For the H1 component, the estimates of A are increas-
ing with age.for all populations. The only exception is for the white
population for age 35 and older. Here the estimates of A vary some<-
what about a value of A=4.1 which may be the upper limit for this
particular population.

The estimates of a and b are certainly not equal for each
age, which indicates again the possibility of an underlying non-homo-

geneous stochastic process. The ratios a/b follow a unimodal

pattern for each population without exception. For the non-white




population, the relatively higher fertility population, the maximum
value of a/b 1is reached about age 23 while for the white population,
the relatively lower fertility population, the maximum value of a/b
is not reached until about age 41. The ratio a/b for the total
population, which is the mixture of the white and non-white popula-
tions, reaches a maximum about age 35. Further investigation is
needed to determine if the level of fertility can be related to the
age at which the maximum value of " a/b 1is reached.

For the binomial component of the mixture, the estimate of the
parameter p 1s increasing with age for the white and -for the total
populations while for the non-white population the pattern of p with
age is more varied. The mixing parameter tends to be U- shaped with
age. For the non-white population, the minimum value of a is
reached aboul age 26 while for the white population and the total popu-
lation the minimum is reached about age 32. Further interpretation of
the parameters must wait until the binomial mixture can be applied to
the parity distribution of other birth cohorts from the U.S and other

low fertility countries.

5.4.3 Goodness of Fit

Again, no probability statements will be made to asses the
goodness of fit, or lack of fit, of the Hl’ modified Hl’ or bi-
nomial mixture due to the large sampie sizes involved. The index X2
(4.57) will be used as a measure of relative goodness of fit. In
Table 5.14 we compare the fitted mean and variance for the three pos-

sible models for each of the three populations. For the total and for

the white populations, the fitted mean and variance for the mixture
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exceed the fitted mean and variance for the H1 and modified H1
distributions at every age. For the non-white population, the fitted
mean and variance are fairly equal for each of the three distributions
examined. This helps to explain the goodness of fit indices presente&
in Table 5.16. |
. In Tab;e 5.16 we see that the binomial mixture is clearly
superior to the modified Hy distribution. This is not due simply to
the fact that the mixture has five parameters while the modified H,
distribution has only four parameters.

The examination-of moments in Table 5.13 indicates that the
Hl and modified Hl distributions are not flexible enough to describe
a parity distribution with a relatively low mean numﬁer of children
ever born. The mean number of children ever born for the non-white
population is only slightly larger than that of the white population
but the variance of the number of children ever born is much larger
for the non-white population. The goodness of fit of the modified H

1

distribution seems to imply that the modified Hy distribution is a
proper model for the parity distribution when the variance of the
"number of children ever born is comparatively larger than the mean.
The truncation of a woman's reproductive age span decreases both the
mean and the variance of the number of children ever born. In this
case, the binomial mixture model appears to be.adequate to describe’
the parity distribution. Some examples of the observed and expected
parity distributions for U.S. data are presented in Table 5.15 while

the observed and expected truncated proportions are presented in

Table 5.17,
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TABLE 5.1
The function cx for the Costa Rica and Guatemala data
X
Population Age 1 2 3 4 5 6 7
COSTA RICA 15-19 . 0960 .6194 .6985 .7213 . 9091 * *
(Total) 20-24 L4372 1.4582 1.6388 2.0621 2.0255 2.4000 2.1000
25-29 . 6659 2.3419 2.4424 2.9793 3.6343 4.0204 3.9525
30-34 L6366 2.9964 3.2833 3.4159 4.4689 5.2580 5.6183
35-39 . 5868 2.7590 3.7782 3.9701 4,6695 5.5806 6.4605
40-44 .5868 2.4875 3.5014 4.0000 4.8951 5.7654 6.8071
45-49 .5392 2.2694 3.4024 4.0376 4.7870 5.7496 56,6444
GUATEMALA 15-19 . 2055 .6524 .6519 L4602 .7692
(Total) 20-24 7612 1.2293  1.4503  1.5388  1.6024  1.dddd  3.7692
25-29 .9975 2.6762 3.5393 3.6526 3.4568 3.7114 4.9595
. 30-34 .9922 3,1509 3.6437 4,8973 4.9664 4.9541 5.7570
35-39 1.1093 2.7670 3.4935 4.4761 5.7555 6.21706 6.4633
40-44 .9514 2.8889 3.6046 4,7170 5.2117 6.1625 7.1349
45-49 1.2415 2.3418 3.3634 4.4543 5.6530 6.1188 7.2869
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TABLE 5.2

Maximum likelihood estimates for the parameters
of the modified H1 distribution; Costa Rica

Parameters (M.L.E.)
Population Age a b a/b A o
All 15-19 i.431  3.071  .466  1.118 308
20-24 0.600 1.074  .559 2.382 .820
25-29 1.487 2.648 .562 5.044 .889
30-34 - 1.950 5.488 .559 7.754 .919
35-39 2.093 3.679 .569 9.386 .924
40-44 1.502 2.797 .537  10.887 .937
45-49 1.355 2.507 .540  10.210 .920
Urban 15-19 1.010 4.786 211 1.402 . 349
20-24 1.523 3.906 .390 2.640 .736
25-29 1.814 2.744 .661 3.239 .856
30-34 2.260 3.078 .734 4.498 .889
35-39 1.338 1.793  .746 5.261 .923
40-44 0.943 1.344 .702 5.925 .950
45-49 0.749 1.099 .682 5.826 .947
Rural 15-19 0.238 0.632 377 1.010 .553
20-24 1.884 2.740 .688 2.746 .747
25-29 0.423 0.600 .705 4.440 1.000
30-34 1.170 1.606 .728 7.262 .947
35-39 1.733 2.581 671  10.893 .946
40-44 1.199 1.703 704 13.311 .961
45-49 1.022 1.484 688 11.743 .946




TABLE 5.3

Maximum likelihood estimates for the parameters
of the modified H1 distributicon; Guatemala

Parameters (M.L.E)

Population Age a b a/b A el
All 15-19 2.001 4.145 .483 1.135 .556
20-24 1.764 3.069 -575 2.157 .926
25-29 0.301 0.351 .858 3.675 1.600
30-34 0.683 0.821 .823 5.575 1.000
35-39 1,167 1.616 .722 8§.124 .996
40-44 1.471 2.165 .680 9.245 .985
45-49 1.186 1.815 .653 10. 345 1.000
Urban 15-19 1.284 4.208 . 305 1.244 .493
20-24 0.801 1.085 .740 1.937 .830
25-29 0.382 0.485 .787 3.176 1.000
30-34 1.879 2.496 .753 5.265 .954
35-39 1.655 3.038 .545 9.141 .993
40-44 1.903 3.669 .519 10.826 .976
45-49 1.699 3.441 .494 11.032 .987
Rural 15-19 12.082 13.040 .926 .732 .556
20-24 0.026 0.030 .874 2.075 1.000
25-29 0.132 0.142 .931 3.819 .991
30-34 0.621 0.708 .877 5.921 1.000
35-39 0.846 1.032 .819 7.630 1.000
40-44 1.681 2.845 .696 10.286 .976
45-49 1.071 1.416 L7506 10.348 1.000
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TABLE 5.4

Comparison of the fitted mean and variance of the
modi fied Hl distribution; Costa. Rica and Guatemala

Costa Rica Guatemala
Fitted Fitted

Population Age . Mean Variance Mean . Vartance
All _ 15-19 .1608 L2423 .3046 .4135
[combined] 55 24 | 1.0910 1.9053 1.1477  1.5303
25-29 2.5183 4, 8369 3.1514 4.3688

30-34 3.9854 8§.4128 4.6360 7.0254

35-39 4.9320 °  11.2017 5.8444 . 11.02438

’ 40-44. 5.4772. 14.7675 6.1889 12.5640

45-49 5.0766 14,1119 6.7603 15.3720

Urban 15-19 . 1034 L1430 L1871 .2542

20-24 .7575 1.2123 1.1893 1.7665

25-29 1,.8314 2.,9349 2.5004 3.6379

30-34 2.9354 4.8734 3.7807 5.8804

35-39 3.6235 t.4492 4.9445 10.2165

40-44 3.9496 7.7495 5.4818 12.3377

45-49 3.7616 7.8743 5.3748 12.5241

Rural 15-19 .2106 . 3275 L3772 .4920

20-24 1.4109 2.4082 1.8140 2.2736

25-29 3.1285 5.6930 3.5203 4.4564

30-34 5.0107 10.2073 5.1947 7.4036

35-39 6.9191 16.5657 6.2511 10.4914

40-44 9.0010 25.4457 6.9919 13.8687

45-49 7.6474 22.2538 7.8245 15.9985
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Observed and expected parity distributions; Costa Rica

TABLE 5.5

Parity

Age Distribution 0 1 2 3 4 5 6 7 28

15-19 observed .8817 . 0840 0262 .0061 .0011 .0002 .0001 .0000 .0000
mod IH .8817 .0845 .0258 .0061 .0012 .0002 .0000 .0000 .0000

20-24 observed .4812 .2104 .1534 .0838 .0432 .0175 .0070 .0021 .0015
mod :_ .4816 L2113 . 1497 .0881 .0429 .0176 .0062 .0019 . 0007

25-29 observed 2284 .1521 .1781 .1450 .1080 .0785 .0526 .0297 .0272
mod _._M . 2292 .1581 .1650 .1476 .1158 .0805 . 0501 .0281 L0257

30-34 observed .1299 .0827 L1239 .1356 .1158 .1035 .0907 .0728 1452
mod :_ L1336 .0923 L1179 .1292 .1269 L1135 .0931 0704 L1231

35-39 observed .1181 . 0693 .0956 1204 .1195 L1116 .1038 .0958 . 1655
mod H,y . 1095 .0636 .0879  .1046 L1125 .1114 .1025 .0879 .2201

40-44 observed .0951 .0558 .0694 .0810 L0810 .0793 .0762 L0741 . 3881
mod :H .1092 0669 .0802 .0888 .0934 .0941 .0908 .0837 .2930

45-49 observed .1072 .0578 .0656 .0744 .0751 .0719 .0689 .0658 .4137
mod H .1354 .0734 .0842 .0909 .0940 .0934 .0888 . 0807 .2594

1
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TABLE 5.6

The observed and expected parity distribution; Guatemala

Parity
Age Distribution 0 1 2 3 4 5 6 7 =8

15-19 observed L7756 L1594 .0520 L0113 .0013 .0002 .0000 .0001 .0001
. mod zm .7756 L1612 .0492 L0114 L0022 .0004 . 0000 . 0000 0000

20-24 observed .3873 L2948 . L1812 .0876 L0337 .0108 .0026 .0014 .0005
mod :H . .3832 L2953 .1837 .0878 .03453 L0114 L0033 .0008 .0002

25-29 observed L1192 .1189 .1591 L1877 L1714 L1185 L0733 L0321 L0199
mod :H .1185 L1151 .1660 .1863 L1637 L1170 .0703 .0363 L0267

30-34 observed .0641 .0636 .1002 L1217 L1490 .1480 .1222 . 1005 L1307
mod :H L0629 .0663 .0925 .1242 .1455 .1459 L1262 L0954 L1410

.wm-wo observed " .0503 .0558 .0772 .0899 .1006 .1158 .1200 L1108 .2796
mod :H .0475 .0567 .0704 .0837 .1006 L1113 L1141 .1074 .3062

40-44 observed .osuu, .0450 .0650 .0781 .0921 .0960 . 0986 .1005 L3775
mod :H .0478 .0507 . 06061 .0806 .0935 .1028 L1063 .1028 . 3494

45-49 ohserved .0443 .0550 .0644 L0722 . 0804 0909 L0927 .0965 .4035
mod :H .0432 .0538 L0623 .0707 .0791 .0866 L0920 .0935 .4188
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TABLE 5.7

.Indicies for the goodness of fit of the modified

H1 distribution, Costa Rica and Guatemala

COSTA RICA GUATEMALA
Population Age X2 Index XZIndex
All 15-19 039
20-24 1.332 1.019
25-29 2.180 3.195
30-34 7.722 2.118
35-39 19.020 3.936
40-44 44 .G72 4.087
45-49 o 124,100 1.052
Urban 15-19 .302 .234
' 20-24 1,383 4,287
25-29 7.649 2.229
30-34 30.474 1.489
35-39 89.451 2.471
40-44 135.649 2.618
45-49 268.059 6.002
Rural 15-19 .221
20-24 .752 1.878
25-29 1.977 6.781
30-34 1.359 17.114
35-39 1.345 2.523
40-44 31.638 .746
45-49 6.537 15.732
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TABLE 5.8

Observed and expected truncated proportions (per 1,000) for selected ages, high fertility data

Country Age 0 1 2 3 4 5 6 7 x?
Costa Rica 30-34 - 152 . 97 155 159 135 121 106 85
) 152 105 134 147 148 129 106 80 6.83
35-39 142 83 115 144 143 134 124 115
140 82 113 134 144 143 131 113 1.81
40-44 155 91 113 132 132 130 125 121
o 154 95 113 126 - 132 133 128 118 0.67
45-49 183 99 112 127 128 123 118 112
183 99 114 123 127 126 120 108 0.43
Guatemala 30-34 74 73 11% 140 171 170 141 116
73 77 108 146 169 170 147 111 1.42
35-39 70 77 107 125 140 161 167 154
68 82 101 124 145 160 164 155 0.97
40-44 76 72 104 125 148 154 158 161
73 78 102 124 144 158 164 158 1.12
45-49 74 92 108 121 135 152 155 162
74 93 107 122 136 149 158 161 0.16
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TABLE 5.9
The function U‘ for selected ages, United States cohort data

Population  Age 1 2 3 4 5 6
All

26 .7308 L2711 1.2829 .7369 2.0441 2.4173

47 L3916 .9686 2.1704 L4061 2.7093  3.4884
White

26 7372 .2842 1.2151 .5453 1.8197 2.0187

47 5318 .2285 2.1662 . 3387 2.6132 3.2800

. Non white
26 .6687 . 1579 1.9861 .8050  2.8998 3.1701
47 .8671 .2741 2.2735 .1851 4.0454 4.8925




" the parity distribution of age 36, U.S. (white} data

TABLE 5.10

Comparison of various binomial mixtures for-

_Estimated Parameters | Binomial Component H, Component| Index
a P MEAN ~ VARIANCE | MEAN VARIANCE x?
.481 .489 2.356 1.000° | 2.697 4.254 4.756
.330 .410 2.050 1.210 3.007 6.039 3.141
.237 .350 2.100 1.365 3.424  8.379 5.822
.198 . 309 2.149 1.495 3.97F 11.868 | 15.830
.195 .276 2.208 1.509 | 5.029 16.832 | 42.868




104

TABLE 5.11

Maximum likelihood estimates for the parameters of the :H distribution, U.S. 1920 birth cohort data

ALL WHITE NON WHITE

Age a b a/ph A a b a/b A a b afb A

20 .235 .715 .329 . 811 .427 2.177 .196 1.164 .870 2.089 L4106 1.309
23 . 791 2,227 .355 1.936 .962 2.898 .332 1.920 .792 2.159 . 367 2.851
26 1.081 2.339 .462 2.471 1.28] 2.686 .477 2.307 .940 6.428 .146 11.095
29 1.9901 3.135 .635 2.523 3.043 4.472 .681 2,323 .903 5.430 . 166 12,478
32 2.834 4.108 .690 2.810 5.022 6.428 .781 2.474 .919 5.467 . 168 14,242
35 4,276 7.085 .604 3.631 5.835 7.448 .783 2.800 .968 7.886 .123 22.445
38 2.784 3.953 L704 3.328 3.536 4.331 817 2.889 .970 11:592 .084 35.322
41 0.061 .065 .940 2.534 030 .031 .961 2.519- .960 12.550 .076 39.804
44 2.599 3.681 .706 5.446 4,058 5.365 . 756 3.249 .987 14,352 .069 43.454
47 2.860 4.261 .671 3.635 4,904 6.879 .713  3.451 .989 15.456 .064 46.799
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Maximum likelihood estimates for the parameters of the modified H

TABLE 5.12

1

distribution, U.S. 1920 birth cohort data

ALL WHITE NON WHITE

Age a b a/y A a a b a/b A o a b a/b A o

20 2.011 4.354 .462 1.032 .559 .309 L3442 .903 .520 .487 (1.285 2.413 .533 1.188 .862
23 1.5t4 3.995 .379 2.121 855 2.059 2.535 .582 1.403 .782 .927 2,205 .420 2.068 ..@wu
26 1.254 2.521 wawu. 2.374  .964 1.890 uwaHm .553 2.161 .920 .912 5.598 .163 @ymua 1.000
29 3.129 4.573 .684 2,440 .958 4,383 mmawm .818 2,033 .955 .936 7.793 .121 17.576 1.000
32 111.709 15.173 .772 2.648 .945(43,809 45.508 ,963 2.091 .962 .978 §.510 .115 21.736 1.000
,mm 28.065 34.278 .819 2.804 .944 (49,175 54,750 .898 2.528 .,965 .981 9.771 .100 27.763 1.000
38 [ 15.422 21.449 .719 3.391 .953§50.000 51.301 .975 2.502 .964 .933 7.232 .129 22.273 1.000
411 11.619 16.731 .oma. 3.623 .953 ) 24.232 29.617 .818 ujouo . 065 .uao 9.904 .096 31.420 1.000
44 112,006 20.802 .577 4,391 .955 uq.uuw 49.096 .972 2.603 .963 .974 11.166 .087 35.253 1.000
47 21.468 .547 4.627 .957 ) 49.500 .988 2.562 .963 L9063 1.000

11.752

50.071

10.724 .090 33.955
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Maximum likelihood estimates

TABLE 5.13

for the parameters of the mixture (5.2), U.S. 1920 birth cohort data, with n=5

ALL WHITE NON WHITE
Age a b ab A p o a b a/b A P o a b a/h A P o
20 .152 1.000 .152 1.058 .132 .790 | .094 .177 .531 .070 .137 .703 1.288 2.734 .471 .786 .293 .840
23 .687 2.671 .257 2.408 .228 .871 | .116 .377 .wom 1.600 .167 .576 L1740 ,233 746 1.934 .084 .612
26 141 0292 483 2.571 .213 483 .140 .303 .462 2.374 222 .472 L181  .253 714 3.135 .129 .544
29 092 159 579 3.534 293 318 .069 .121 .571 3.370 299 (277 .378 .652 .579 4.389 .172 .640
32 073 J113 .648 3.961 .353 .312 ] .030 .046 .654 3.879 .362 .261 .886 2.544 .348 8.031 .144 .791
35 .089 .126 .705 4.139 .39 .351 .028 .038 .734 4.063 .398 .298 .935 3.011 .310 10.076 .145 .812
38 .267 381 .700 4.302 .409 .427 | .088 .114 772 4.142 .413 .353 1.053 3.74]1 ,282 12.212 .133 .799
41 .409  .609 .672 4.560 .420 .468 | .024 .029 .824 awoom .411 376 1.232 4.949 ,249 14.679 123 .772
44 .683 1.200 .569 5.336 .434 .511 ) .086 .105 .817 4.074 .412 .397 1.196 5.019 ,238 15.605 .126 .778
47 .B01 1.571 .510 6.057 .440 .523 | .123 .152 .808 4,131 .413 .400 1.074 4.266 .252 14.831 .135 793
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TABLE 5.14

Comparison of the fitted mean and variance for U.S. cohort data

ALL WHITE NON WHITE
Predicted  Age :H mod zm mixture :~ mod :H mixture :H mod :H mixture
Mean 20 . 267 . 266 . 266 .228 .229 .229 .545 .546 .545
23 .687 .687 .687 .637 .639 .638 1.046 1.046 1.046
26 1.141 1.13%9 1,149 1.100 1.099 1.104 1.622 1.602 1.5i1
29 1.602 1.598 1.649 1.582 1.588 1.615 2.075 2.127 1.937
32 1.938 1.930 2.016 1,933 1.936 2.000 2.394 2.498 2.362
35 2,191 2.168 2,290 2.194 2,191 2.286 2.755 2.787 2.677
38 2,344 2.326 2.493 2.359 2.349 2.467 2.955 2.874 2.881
41 2.382 2.397 2.550 2.420 2.423 2.543 3.046 3.002 2.961
44 2.433 2,422 2.614 2.457 2.437 2.566 2.989 3.025 3.033
47 2.440 2.425 2.665 2.461 2.439 2.573 2.993 3.048 3.101
Variance 20 . 351 . 350 .364 .296 ,292 . 294 .680 .682 .744
23 .953 .949 1.025 .847 .835 .937 1.643 1.630 1.777
26 1.596 1.573 1.984 1.460 1.458 1.784 3.691 3.601 3.332
29 1.959 1.933 2.916 1.796 1.800 2.595 5.432 5.889 4.857
32 2.269 2.221 3.695 2.074 2.089 3.354 6.779 7.551 6.653
35 2.581 2.443 4:633 2.351 2.376 4.105 8.860 9.250 8.286
38 2.810 2.691 4:913 2.593 2.562 4.675 10.550 9.646 9.549
41 2.723 2.831 5.248 2.653 2.0683 4,899 |[11.309 10.824 10.193
44 2.960 2.901 5.610 2.763 2.669 4,971 [10.867 11.208 10.783
47 2.994 2.912 5.961 2.770 2.669 5.022 {10.962 11.084 11,272
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TABLE 5.15

The observed and expected parity distribution

for selected ages, U.S. cohort data

Parity

Poputation Age' Distribution 0 1 2 3 4 5 6 27
All 26" observed .3942 .2881 .1831 .0783 .0340 0139 .0056 .0028
N mod H, .3948  .2900 .1755 .0862 .0356 .0126 .0039 .0014
' mixture .3942 .2886 .1817 . 0800 .0329 .0141 .0057 .0029

47, observed L1236 .1720  .2553 .1847 L1111 . 0602 .0350 .0581
mod H, .1282 1965 .2357 .1980 . 1265 .0674 .0308 .0189
! mi xture 1215 1834 .2368 .1962 .1104 .0570 0366  .0580
White 26! observed .3976 2931 .1882 .0761 .0294 .0107 .0036 .0013
mod H, .3976 .2966 .1783 .0824 .0313 .0101 .0028 . 0009
mixture .3074 .2934 . 1866 .0781 .0283 .0107 .0039 .0018
47 observed . 1100 .1685 .2720 . 1964 .1148 .0600 .0328 .0455
mod M. .1135 1938 2453 .2071 1312 . 0665 .0281 .0146

mixture .1105 .1785 .2567 .2088 1142 .0582 .0346 .0384
Non white 26 observed L3722 .2489 1441 .0954 L0669 .0388 .0205 L0132
mod M, .3700 .2348  .1521 .0972 .0607 .0369 .0218 .0265
mixture L3722 .2486 .1439 .0956 . 0660 .0396 .0202 .0139
47 observed .2310 .2003  .1276 . 0967 .0770 .0623 .0508 .1543
mod H .2399 .1818 .1396 .1074 .0823 .0629 .0478 .1383

mixture .2320 .1990 .1305 .0948 .0768 .0631 .0511 1527
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TABLE 5.16

Indicies for the goodness of fit of the modified
H, distribution and the mixture (5.2), U.S. cohort data

1
X% INDEX

Distribution . Age All White Non-white

mod H, 20 .081 .048 .034
23 .216 .066 .864
26 3.298 .566 18.561
29 24.126 14.995 - 12.266
32 55.203 34.334 6.103
35 73.554 40.478 4.168
38 79.972 36.468 7.461
41 89.541 48.027 5.691
44 83, 340 72.989 6.053
47 90. 323 75.786 6.710

mixture 20 .297 .185 1.096
23 .090 .165 .208
26 .088 .257 077
29 1.054 2.033 114
32 2.123 3.508 a4
35 2.389 2.867 .272
38 3.899 2.449 116
41 4.762 2.800 .935
44 3.627 3.820 .616
47 3.130 3.698 .144
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Observed and

TABLE 5.17

expected truncated proportions (per 1,000) for U.S. data, age 47

Population Distribution 0 1 2 3 4 5 6 xm
All observed 131 183 271 196 118 64 37
mod :H 131 200 240 202 129 69 3l 8.09
mixture 129 195 251 208 117 61 39 3.31
White observed 115 177 285 206 120 63 34
mod H, 115 197 249 210 133 67 29 9.68
mixture 115 18 267 217 119 61 36 2.39
Non-white observed 273 237 151 114 91 74 60
mod :H 278 211 162 125 96 73 55 5.74
mixture 274 235 154 112 91 74 60 0.11




CHAPTER VI

SUMMARY AND SUGGESTIONS FOR FUTURE WORK

6.1 Summary

This dissertation is concerned with the development of a
probability distribution which will describe the distribution of the
number of children ever born (the parity distribution) at any given
age for a birth cohort of women.

Chapters II and III are concerned with the development of the
H1 distribution (2.16) as-a model to describe the parity distribution
at any age, e.g. the parity distribution conditional on the age of the
women. The H1 distribution can arise as either a discrete time
model or a continuous time model.

In Chapter II, the H distribution is derived as a (discrete
time) contagion model. The development of the contagion model suggeéts
other distributions as possible models of the parity distribution,
namely, the H2 and H3 distributions. For each of the Hl’ HZ’ and
He distributions the probability function, the probability generating
function, and the moments of the distribution are derived. Also, for
each distribution a second order difference equation for the probabili-
ties is derived.

These results allow simple descriptive comparisons among the

three distributions. 1In particular, it is shown, by assuming that the

means of the three distributions are equal, that the variance of the
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H3‘ distribution is less than the variance of the Hl distribution

and the variance of the Hl distribution is less than the variance of

the H2 distribution.

In Chapter III, the Hl distribution is developed as a con-
tinuous time model. -In the development of a continuous time fertility
model, one must consider either age-parity specific forces of fertility
or a force of fertility that is not dependent on parity. By choosing
the latter, we show how the H1 distribution can arise as a time
homogeneous compound Poisson process. In this process, the force of
fertility conditional on parity is a function of parity. Thus the
- concept of parity-specific forces of fertility is retained in the
compound Poisson process without the need for a model with explicit
parity specific forces of fertility.

Chapters IV and V deal with the application of the Hl distri-
bution to data on the number of children ever born. Chapter IV shows
how age-parity specific fertility rates can be used to determine the
parity distribution at a given age. Also considered in Chapter IV is
the problem of‘estimating the parameters of the Hl distribution.

The maximum likelihood equations for the H, distribution do
not yield an explicit solution and an iterative procedure must be used
to obtain the maximum likelihood estimates. The method af moment
estimators for the Hl distribution is also defined and the asymptotic
relative efficiency of moment estimates relative to maximum likelihood
estimates is computed.

Data on the parity distribution are generally censored at some

maximum reported parity. To simplify estimation procedures, the data

are considered to be right truncated. A problem arises in the zero
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parity class due to the possibility of a proportion of women never
being susceptible to the risk of a live birth conception. This leads
to a modification of the zero parity class and to the corresponding
modified H1 distribution. An example of the estimation procedures
is presented using data found in Keyfitz (1968). - R

In Chapter V the modified H1 distribution is applied'to the
parity distribution from the relatively high fertility countries of
Costa Rica and Guatemala. The data on the parity distributions is
available by urban or rural classification. It is found that the
modified Hl distribution is a good approximation to the truncated
distribution for both countries and for both urban and rural classifi-
cation.

U.S. cohort data are used as an example of a relatively low
fertility country. The modified H1 distribution does not fit the
data as well as might be expected. This is possibly due to a propor-
tion of women voluntarily terminating their reproductive experience
after a certain desired family size is reached. In this case, a mix-
ture of a binomial distribution and a H, distribution seems to be an

1

appropriate model for the parity distribution.
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6.2 Suggestions for Future Research

There are thrée basic areas for future research.

1. Better estimation procedures. There is a need to ﬁbtain better
estimates of the ﬁarameters of the H, and modified H) dis-
tribution. Further work must be done in regard to censored data
and to data in five year age intervals.

2. Alternative models for the parity distribution. The probability
distributions which can be examined include

(i) The H and H distributions,

2 3
(ii) Mixtures of the }-I1 with the H2 and H3 distributions,
(iii}) A distribution similar to the H1 distribution but de-

veloped from a compound Poisson process where fecundability
is non-homogeneous in time (age), and

(iv) A Poisson-Inverse Gaussian distribution. This is included
because a form of the inverse-Gaussian distribution, known
as the Hadwiger function, is useful in graduating age-
specific fertility rates.

3, Applications of the appropriate model for the parity diséribution.
Once a workable model for the parity distr£bution is obtained,
possible ﬁpplications include:

(i) analysis of cohort trends in fertility,
(ii) project fertility énd thus population projection,
(iii) simulate fertility histories,
(iv) adjust defective fertility data,
(v) graduate single year fertility data from fertility data
given in five year age intervals, and

(vi) analysis of socio-economic differences in a given population.
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