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ABSTRACT

In this paper, a cleavage paramdBgr based on energetic considerations, is defined to characterise crack initiation in a
brittle elastoplastic medium, and discussed in the context of the famRice's paradox». We start fronfrancfort-Marigo
elastic fracture theory, based on a minimum energy principle, which gene@iiffigh’s theory. In this theory, the energy
depends on the displacement field as well as the geometrical crack surface. The cleavage parameter is defined and determ
as the value of the discrete gradient of an incremetdatoplastic potential. For that purpose, it is necessary to compute two
solutions : the solution of the problem with the initial crack, and the solution of the problem after a finite crack propagation
«Al » taking into account the local unloading due to this propagation.

This paramete€, is applied to the analysis of a centred cracked plate submitted to a loading first increasing (to open the
crack) and then decreasing (to close the crack). The constitutive &asieplastic with an isotropic hardening. A very fine
mesh is used in the area of the crack tip, apdrametric analysis is realised to study the effect of this mesh and Aff the
propagation. Therefore an important ressilbbtained : thé5, parameter is neither mesh dependent, Alodependent.

During the unloading(5, decreases very quickly from a maximum value to zero, and we can affirm then that no propagation
is possible, although the value of the J-integral is non zero.

The G, parameter can be related to Be parameter proposed t§fouri & Miller in 1976. As suggested by Ricthe
value of this parameter seems to vanish to zero with the Iedgbl the finite crack propagation. It means that, for an
elastoplastic media, there would be no energy available for crack propagation. We will show that we would have obtained tt
same result for th&, parameter with a standard mesh, but also that, if the mesh is sufficiently refined, the final result is not
zero. Therefore, thi&, parameter can be used as a cleavage fracture parameter.

INTRODUCTION

The J-integral based theories are not appropriate when applied to the analysis of cracked structures submitted
unloading after loading, and more generally, in the case of non proportional loading. Briefly said, they are only valid in the
context of Deformation Theory of Plasticity, but not in the context of Incremental Theory of Plasticity. Moreover, when
appropriate, some constraint effects can be observed on the fracture toughness, the low values on specimen correspondin
high values of constraint. This situation needs to develop other approaches.

A first possibility is to develop the global approach. If we consider the J-parameter as the coefficient of the first term in
the asymptotic development of the stress field, it is possible to introduce a second parameter, as the coefficient of the secc
term, and to develop an approach based on these two parameters (approach J/T, J/@px&diyeeffects can then be
explained, but the behaviour of the material is still limited to the Deformation Theory of Plasticity, which is very restricted. If
we consider J as an energetic parameter (energy release rate), it is possible to extend it to Incremental Theory of Plastic
Many parameters calledpath-independent integralhave been propose@*(of Atluri, Jch of Kishimoto-Aoki-Sakata,Jm
of McClintock etc.) but no consensus has been obtained. The physical interpretation of these parameters is not clear, and th
are numerical difficulties to calculate them, §&e

A second possibility is to develop the local approach of fracture, taking into account the local mechanism of fracture ir
the microstructure of the material. The limits of the global approach can then be overcome. Different models can be use
according to the fracture mechanismRice andTracey, Weibull, Gurson, Rousselier etc. This approach is very much
developed at the present time and seems promising, but it needs a careful identification of the model parameters, and there
some numerical difficulties related to the dependence of the results with respect to the mesh size especially near the crack ti

In this paper we reconsider théerergetic Approach of elastoplastic fracture mechanics, starting fierancfort and
Marigo elastic fracture theory [2], based on a minimum energy principle, which gene@lif#iss theory. This theory can
be extended to the case of brittle fracture irlastoplastic medium, and an energy release rate, Ggtexhn be defined. We
will apply, on a simple case, this parameter to the analysis of the problem of unloading, where the J approach is not vali
Then thisG, parameter will be discussed in the context of tfaradox of Rice which leads to the conclusion that (Bg
value must tend to zero with the crack propagation.



THE ENERGETIC APPROACH OF ELASTOPLASTIC FRACTURE MECHANICS

Francfort and Marigo Elastic Fracture Theory

A widely used approach in fracture mechanics to predict whether a crack propagates or not in an elastic medium relies
Griffith’s criterion, see [2]. This approach is limited to progressive and continuous crack growth and cannot be used to predic
crack initiation in a norraked medium and discontinuous propagation. This is the reasoRramgfort andMarigo have
proposed a new elastic fracture theory [3], where these two phenomena can be predicted. One of its essential features con:
in adiscretisation of the load history : the true evolution of the structure during a load increment is taken into account only

through the state of the structure (displacement figldd cracks positiorS) at the beginning and the end of the considered
load increment. More precisely, they consider the total energy E of the structure dependingSfdefined as follows

E(u,S)=E, (u)+ G, AreaS) @
where E is the (elastic) strain energy ar@, the toughness. Considering only the case pfegcribed displacement
loading, they postulate that the displacement fiekt the end of the current load increment and the newly cracked surface
AS during the increment realise a minimafE. If S represent the cracks positions at the tintae displacement fieltd

and the cracks positionS= S [J AS at the end of the current load increment realise
Min  E(u, S™ O AS)
AS

udcA(s™0as)

(2)

whereCA (S T OA S) represents the displacements cinematically admissible with the loading and the cracks.

In case of progressive crack propagation, the Griffiterium and the theory éfrancfort andVarigo are equivalent [4].
The Griffith criterion can be retrieved by restrictid§ (4l in 2D) to a sufficiently small propagatia® (dl in 2D), and we
can define an energy release 1@tgas the opposite of the variation of the potential en@vgwith respect tas:

W, (ds) - w,(0)
G, (dS) @ AreddS)

G, 3)

Extension to a Brittle Elastoplastic Medium

The minimisation principle can be linked to incremental formulations with global internal variables as soon as the fir
term (elastic energy) along with thenematic admissibility conditions are identified as the fie¢dmhotz’ energy F and the
second term (the energy dissipated when the crack propagates) is identified as the dissipation potential D, see [5].

Exploiting this link, we extendrrancfort andVarigo theory in the case of afastoplastic material by introducing the
energetic contribution due to plasticity into the fidelmhotz’ energy and the dissipation potential, assuming that fracture

mechanisms and plasticity are independent [4]. If weadhe internal variables for plasticitg,, the hardening energip,
the plastic dissipation potential, arth(S) the indicator function ofCA(S), we define

FUua,9 = ED(U’ a) +Ey(a)+] CA(S) (u)
QD(AG AS) = D, (Aa)+G, AredAS) (4)

Using the same process than the one used in the elastic case, we define an in@kasteplalktic potential \&s :

w(as) = (Al\élviArb[F(u‘ +Au,a” +Aa,S” OAS)+ D, (Aa)—wmmu] 5)
and an energy rat8, for a sufficiently small propagatiaif, as:
w(ds) - w(0)
G (dS) = - < G
»(dS) AreddS) c ©

Numerical Aspects

The solution of the problem can be computed by using the finite element methadl. gropagation corresponds to
one element behind the crack tip. The finite element calculatidd,afeeds to release this element, for each step of the
problem resolution, and to obtain once again the convergence on the equilibrium. Unilateral conditions have to be taken in
account on the crack lips in order to avoid interpenetrating. The numerical convergence must be very severe to obtain a ve
accurate solution and to be able to calculate the very small variation of the energy W during the crack prapagation



APPLICATION TO THE PROBLEM OF UNLOADING ON A SIMPLE CASE

Definition of the Problem

Let us consider a Centred Cracked Plate submitted to a loading in mode | that is first increasing and then decreasing
zero. The material islastoplastic with &on Mises criterion and a linear isotropic hardening. The data related to geometry,
loading and material are presentedrdg. 1. Due to symmetries only a quarter of the structure is represented, and the plane
strain hypothesis is assumed.
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Fig. 1 - Geometry, loading and material data

The mesh is presented Big. 2, a zoom of the mesh in the crack tip area is present&iigo, and a zoom of the mesh
near the crack tip is presented Big. 4. We can see that the mesh is very refined. More than 10000 nodes are used and the
size of the smallest element near the crack tip is about one micron. Different values of thd siné theelement located at
the crack tip and corresponding to different meshes are investigated as follows
e M1 : mesh forAl = 0.0500 mm, M2 : mesh forAl = 0.0125 mm, M3 : mesh forAl = 0.0062 mm,
e M4 : mesh forAl = 0.0025 mm, M5 : mesh forAl = 0.0012 mm

We consider 4 values for the maximum loading after which the loading decreases :
e Umax =0.016 mmJmax = 0.030 mmJmax = 0.050 mmUmax = 0.100 mm,

For each loading and for each mesh we make the computation in 20 steps (10 steps when the loadésgaindr&s
steps when the loading decreases). After that and for each step, one element is released to obtain the propagation of the cr:

Fig. 2 - Mesh of aquarter of the structure Fig. 3- Zoom of the crack tip area



Fig. 4- Zoom of the mesh near the crack tip

Results Obtained

OnFig. 5 the variation of5; as a function of the loading is presented for the 3 meshes M3, M4 and M5 and for different
maximum value®f the loading. We can see tliaé G, value steadily increases while the loading is increasing, and
afterwards this value falls down suddenly to zero while the loading is decreasing. THanvhlee stabilises at this zero
value corresponding to thectosure» of the crack tip, when unilateral conditions are taken into account. The values obtained
for the 3 meshes seem to converge to a non zero value.

OnFig. 6 we can see that the curve obtained with the mesh M5 is very close to the curve extrapolated with all the result
in order to obtain the result correspondingitequal 0. So in this case, we can conclude thaGthealue is not zero and that
we can usés, as a fracture parameter.

U=0.030 : M5 mesh
U=0.050 : M5 mesh
U=0.100 : M5 mesh
U=0.030 : Limit curve
-+ U=0.050 : Limit curve
-+ U=0.100 : Limit curve

U=0.030 : M3 mesh
U=0.030 : M4 mesh
U=0.030 : M5 mesh
U=0.050 : M3 mesh
U=0.050 : M4 mesh
U=0.050 : M5 mesh
U=0.100 : M3 mesh
U=0.100 : M4 mesh
U=0.100 : M5 mesh
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Fig. 5 - Resultsfor different Al : Umax = 0.100 mm Fig. 6 - Convergence of theresults

As we know, as soon as the loading decreases, it becomes non proportional, and the J-approach cannot be applied. Sc
variation of theGG, parameter during unloading is very interesting and it is possible to take advantage of thatGpde@d,
means that there is no energy available in the structure to make the crack propagate. So the conclusion is that in such a «
the initiation of the crack is impossible.

It has to be pointed out that this result can be obtained only if unilateral contact conditions are prescribed at the crack ti
and more precisely on the side of the finite element corresponding to the crack propagation. These conditions are triggered
soon as the crack tip area become in compression, and without any contact on the crack lips. Indeed, the crack remains o
during the unloading, due to the plastic deformation accumulated during the loading. The change of sign of the openin
stresses behind the crack tip corresponds precisely to the zero value of the p&sgmeter

Furthermore, we have a problem of numerical accuracy in the case of unloading after the higher maximudmaxue
= 0.100 mm. Indeed, we can notice some negative valug, afhich is impossible. The reason for this problem is that it is
difficult to obtain convergence with, at the same moment, unilateral conditions and very high deformations near the crack tiy
This point needs to be improved.



RECONSIDERATION OF THE « PARADOX OF RICE »

Background

The G, parameter represents the energy available in the structure to obtgiropagation, divided bgll. In 1966, Rice
considered a continuously growing crack inedastoplastic material where the flow strength saturates to a finite value at large
strain, and demonstrated that this value must be zero, see [6]. This Bahede>of Rice». This result cannot be applied to
a stationary crack or to a non bounded flow strength material, but in K&38j and Miller [7], considered this case and

they found a result in agreement with the Paradox of Rice. They proposed a parametG”Aadﬂﬁded ax’\W/Al, AW being

the work of the opening forces released during a small amdwitthe crack, and foundG” equal 0 wheml goes to zero.
Although theG;, definition is more general, it can be proved, in the case of al&oplastic media and for a sufficiently

small propagationl, thatG; is equal oG, In 1977, Rice used the res@f = 0 to generalise his paradox [8].

In 1980, Nguyen presented the analysis of the problem of plane crack extendi@ssipative continuum within the
classical thermodynamic description [9]. He introduced the thermodynamic crack extension force F (equivalent &g to the
parameter) and pointed out the hypothesis leading to the result F = 0. InBL®&hHd Dang Van [10], showed that the
Paradox of Rice is valid for a large classetdstoplastic materials, including hardening materials which show a power law
relation.

It seems that all these works lead to the conclusiorGhat0 in the large context of incremental theory of plasticity and
that it is now a general and well accepted result. The woHfairi and Miller is often mentioned in synthetic papers on
elastoplastic fracture mechanics [1], [11], as a definite proof of this result. Nevertheless, if we reconsider it 25 years after, it
not so clear, in particular because some numerical aspectsrobtiadisation used bigfouri and Miller are insufficient.

Discussion

Observation : if we return to the curves presented onRlge 5, we observe that the results converge to a non zero value,
and this observation is confirmed on ffig. 6 giving the extrapolated curve. Now if we look very carefully at the beginning
of the curves on thEig. 5, that is to say when the loading is small, it seems that there is a certain dependency of the result:
with respect to the mesh or to thevalue. To make it clear, let us make a zoom on this region, and let us consider the case
corresponding to the smallest value of the maximum loading applled 0.016 mm. Then, we obtain the result presented on
Fig. 7, which amplifies significantly the effect detected on Hig. 5. The curves are obviously meshAirdependent, and
then we could conclude theG, parameter seems to tend to zero, in agreement with the Paradox of Rice.
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Fig. 7 - Resultsfor different Al : Umax = 0.016 mm Fig. 8 - Zoom of Fig. 7

Explanation : an important parameter has to be defined in order to understand these MNgsutRp/ Al (Rp being the
radius of the plastic zone). Obviously, the value of this parameter must be sufficiently high, and because tRe fadius
increasing from zero with the loading, it will be impossible to obtain a precise res@j ibithe loading is very low. That
means that the value Af (even very low but fixed), will always be too high compared to the loading or to the Rylivge
can verify this point onFig. 8 (zoom ofFig. 7 for very low loading) where the different curvedNumerical G, » are
distributed, with respect tl, between the low curve « limit €, » (low, but not zero) and the high curv&«elastic(or J)».



These curves are located in a very large area and we can conclude that the result obtained for a very low loading can
be precise. We will always have an apparent dependence of the result with reapect to

Moreover, it is possible to exhibit a relation betweelp« and the accuracy of the results notddps». For that
purpose Rp is calculated from an analytical formula corresponding to the case of an infinite medium and a perfect plastic
material. The accuradyps is obtained from the relative difference between the calculated value and the extrapolated value o
G,. Then, we obtain the following table giving an idea of the mesh refinement corresponding to a givenBadue of

Np |5 |20 |50 [120
Eps |50% |20% | 10% | 5%
We can see that it is necessary to refine the mesh in the plastic zone with a lot of elements (morg ithae B@nt to
obtain accurate results. So if the mesh is not refined enough, or the valuesadtfsmall enough, the results will always show

a Al dependency. It will be always the case for very low loading. Of course if the loading is higher, this phenomenon
disappears and a precise result can be obtained.

Validation

Some aspects of the methodology proposed need a validation. The first aspect is related to the propagation of the cre
in one step and on a length It is of course necessary to verify if the results depend on the mesh or not, or more precisely if
they depend on the number of elements released, for asjivem Fig. 9, the variation o5, as a function of the loading is
presented fotJmax = 0.016 mm and for the M2 mesh (corresponding to 0.0125 mm). In this case, only one element is
released. Two other results are presente&ign9, for the M2b and the M2c meshes. These two meshes correspond to the
same length of propagatioal(= 0.0125 mm), but the meshes are more refined, 2 elements are released for the M2b mesh
and 4 elements are released for the M2c mesh. We can see that the 3 curves are very close from each other. Therefore we
no effect of the mesh (or the number of elements released) for aAdiven

Another aspect concerns the calculation of@eparameter as the difference between the total energy of the structure
before the propagation and the total energy of the structure after propagation. As this difference is very small in comparisc
with the value of the energy it is necessary to verify if the result is significant. So, we suppose that we are in the context of tt
Deformation Theory of Plasticity (we assume a non linear elastic constitutive law for the material), and we compare the value
of G-theta, the energy release rate calculated by the Theta method [12], - that is to say J-integral - on 4 different crowns ar
with the values of thé€s, parameter, calculated for the 4 valuesAbfOn theFig. 10, we can see that the 8 curves are very
close from each other. That means that@&ycalculation is very precise.
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Dependence of the Results on the Har dening Coefficient

We have obtained the following result consideringetastoplastic material with linear hardenin@, is not zero, in
contradiction with the Paradox of Rice. A clear explanation has been presented and we can affirm that the Paradox of Rice
not valid in this case. Does this result depend on the hardedimdact, the Paradox of Rice concerns only a continuously
growing crack in arlastoplastic material where the flow strength saturates to a finite value at large strain. What would be the



conclusion for a stationary crack and a bounded flow strength material, or more simply a perfect plastic?riatexrewer

this question, two different cases of hardening are considemsw case with a low value of the hardening coefficient (h =

100.), and one case with a zero value of the hardening coefficient (h = 0.) corresponding to the case of perfect plasticity.
OnFig. 11 the variation ofG, as a function of the loading is presented for the 4 meshes M2, M3, M4 and M5, for the

case Umax = 0.100 (we do not consider here the decreasing of the loading), and for the small value of the hardenin

coefficient. Now, we can see thhe G, values seem to tend to zero with except at the end of the loading. This is due

probably to the non zero value of the hardening coefficient. Indeed we can verifykig.th2, that when this coefficient is

zero, theG, values are clearly going to zero with Therefore, in this case the Paradox of Rice is verified.
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CONCLUSION

As the Griffith’s approach is limited to progressive and continuous crack growth and cannot be used to predict crack
initiation in a noneraked medium and discontinuous propagatisancfort andMarigo have proposed a new elastic fracture
theory, which generalises the Griffith approach, and where these two phenomena can be predicted. We have extended !
theory to brittle fracture in aelastoplastic medium, and we have defined an energy release rat&pasdhe opposite of
the variation of the (incremental) potential energy W of the structure. This pardsgédtas been applied to the analysis of a
centred cracked plate submitted to a loading first increasing and then decreasing. We have obtained the following results

¢ theG, value steadily increases while the loading is increasing, and afterwards this value falls down suddenly to zero whil
the loading is decreasing, then Bg value stabilises at this zero value corresponding to thesure» of the crack tip,
when unilateral conditions are taken into account,

e the curve obtained with the M5 mesh (the more refined) is very close to the curve extrapolated with all the results in orde
to obtain the result correspondingAio(crack propagation) equal to zero, that is to:S@p converge to a finite value,

¢ when the loading decrease§, = 0 means that there is no energy available in the structure to make the crack propagate,
and in such a case the initiation of the crack is impossible.

So, we have conclude that, in the case of a stationary crack anddiastoplastic material with linear hardening, Ge
parameter is not identically zero and that we can use it as a fracture parameter. This conclusion has been discussed in
context of the Paradox of Rice. Indeed, as@earameter can be related to Be parameter proposed Ifouri & Miller
in 1976, as suggested by Ritlee value of this parameter should vanish to zero with the lexigtf the finite crack
propagation. Nevertheless the analysis of the results obtained with very fine meshes reveals that

¢ if we consider the results obtained for very low values of the applied loading, these results are necessary mesh dependt
or Al dependent, and it seems that these values tend to zera\Wess to zero,

¢ this apparent dependence could be explained if we consider the pafpietecorresponding to the mesh refinement in
the plastic zone area, which must be sufficiently highmust be about 1% of the plastic zone size.



The conclusion is that in the case of a stationary crack ielastoplastic material with linear hardenitiie G,
parameter is not zero, and the Paradox of Rice is not applicable. The result obtadfiearibgnd Miller can be explained by
an insufficient refinement of the mesh in the plastic zone.

In order to validate the methodology proposed we have shown that the results obtained do not depend on the number
elements released for a given crack propagatibrand that the methodology used to calcul&gis accurate. Indeed,
assuming the deformation theory of plasticity hypothesis, we have compared the values of G-theta calculated on differe
crown areas, to the values@f calculated for different values af, and we have found that the results are very close.

Then, we have considered the case of a stationary crack and in a perfect plastic anatevéahave verified that tif&,
parameter tends to zero with the crack propagatiomherefore, in such a situation, the Paradox of Rice is verified.
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