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ABSTRACT

A presentation of the theory of linear models subject to
equality constraints on the parameters is set forth. No rank
conditions on the matrices appearing in the model are required
and reparameterization of the model is unnecessary in order to
use the methods developed. The bias which may arise due to false
restrictions or deficient rgnk of the input matrix is derived and
convenient methods for detecting the presence of this bias in
applications are given. Attention is given to accurate and
efficient computing procedures and an example is provided to

illustrate the application of these methods to data.



1. INTRODUCTION .

It is very common in economic investigations to assume that a
linear model gives an adequate representation of the data. Often, how-
ever, the investigator knows from the underlying theory that certain
restrictions exist among the parameters. It is the aim of this paper
to set out the important practical and theoretical aspects of con-
strained linear models theory using mathematical forms which are
computationally convenient.

We have specified our model so as not to put any limitations on
the dimensions or ranks of the matrices involved nor on the
relationship of the constraints to the input matrix. Also, we have
adopted an approach for our analysis which does not rely on a re-
parametrization of the model. We feel that these features are of
practical importance because they allow the investigator to specify
his model in exactly the form he wants and allows him to keep in touch
with his original input variables throughout the analysis.

Attention shall be given to determining the effect of incorrectly
specifying the restrictions and to matters of computational efficiency.
Almost all of the theoretical results used but not proved in this
paper can be found in Theil [3].

Section 2 contains notation and some matrix results which will be
used in the paper. Section 3 spells out the basic properties of the
estimators under the assumption that the model is correctly specified.
Section 4 gives two decompositions of an arbitrary linear function of
the parameters and gives a discussion of conditions under which bias

may occur and how to eliminate it. Section 5 discusses the singular

value decomposition of a general matrix, indicates how this can be



used to obtain the Moore-Penrose inverse of a matrix. These results
provide the tools necessary for implementing the methods of earlier
sections. Section 6 gives an example which illustrates the use of
the model and how the formulas should be applied to data.

The Model. Suppose that
y=XB +e and RB =1r,

where y is an (n X 1) v;ctor of observations, X is an (n X p)
matrix of fixed input variables, B is a (p X 1) vector of unknown
parameters, e is an (n X 1) vector of uncorrelated random
variables each with mean zero and variance 02 , R isa (gXx )
matrix of constants and r is a (q X 1) vector of constants. The
equations RB = r shall be referred to as the constraints and we
shall assume that they are a consistent set of equations.

In Section 2 we shall demonstrate that a more general model can
be handled by the methods we present. In fact, it will be shown that,
if Var(e) = Z o , where I 1is a known, positive semi-definite
(possibly singular) matrix and @ is unknown, the model can be re-

duced to the form we give

2. REDUCTION TO STANDARD FORM

: 2
In this section, we show how a model with Var(e) = ¢ I can be
reduced to the form given in the preceeding section and set forth our

notation and certain matrix relations to be used in the sequel.



The model appears in first form as

¥* * * * *
y =XpB+t+e and RB=r

* * * * * *
where y : (n x 1), X: (n xp),B: (px1), e: (o x1)
* * * * L
R: (¢ xp) and r : (q X 1) . We make no restriction on the

* * * *
order or rank of X and R Dbut we do require RP =r tobea
*
consistent set of equations. We shall take &(e ) = O and
*
Var(e ) = o° 5 , where £ is known and positive semi-definite.
The case when I is full rank is handled in the usual way by finding
* *

a non-singular matrix T: (n x n ) such that T Z T/ =1 . Then

n
the model may be transformed to

=Xp + e and RB=r,

* * *
where y =Ty : (X 1), X=TX: (axp), and e=Te: (ax 1) .

* * *
Then n=n, q=gq and Var(e) =T Var(e )T’ = FCTET = 02 I.

Notice that the original parameters P are not altered by this
transformation.
If ¥ is singular then we can find a non-singular matrix T

‘ In 0 * T(l)
such that T Z T = , n<n . Wepartition T =

0 0 T
% x (@)
where T(l): (n, n) and T(2)= (n -n, n ). Transforming the

model as before we obtain the relations

* *
Ty = T X T

* *
Ty = TR Pt I(e)e



Now Var(T,..e¥) =T, Var(e') T/, = 0 so that T e =0 and
(2) (2) (2) (2)
* *
T(e)x g = T(z)y become known linear restrictions on the parameters.
Appending these to the previous restrictions we obtain the

restrictions RB = r with
* *
T, X T
(2) (2)¥

R = « |2 (axp) and r= « | (@x1),

R r

* *
where q=q +n -n. We will assume, additionally, that the new

set of restrictions RB = r &re consistent. The remainder of the model

*
is obtained by setting ¥y )y*: (hx1), X= T(l)x : (nxp)

T(l
and e = T(l)e*: (nX 1) . Then Var(e) = T(l)Var(e*)T(l) - I
as required.

We have seen that whether or not I is of full rank there is a
non-singular transformation matrix T which may be used to reduce the
model to standard form. We will consider in Section 5 how T may be
obtained in practice.

We will make extensive use of the Moore-Penrose inverse in what

is to follow. We define it here and defer the discussion of
computation to Section 5.

Definition. (Theil [3], pp. 269-274). Let A be an (mX n)
matrix. Then there exists a matrix AT of order (nx m) which
satisfies AAT A=A, ATAAT =4, (Aa") =aat, and (ATA) =A'A.
The matrix A' is unique and is called the Moore-Penrose (pseudo)
inverse of A .

The following matrix notation shall be used in what is to follow.

If A is en arbitrary (mx n) matrix and a is an (nXx 1) vector

then let



A’ = the transpose of A,

2
“8." = a’a ]

+
Q=I-AA,

A
*

PA=AA+,and
¥*

QA=I-AA+,

whose dimensions are, respectively, (nx m) , (Lx 1), (axn),

(hxn), mxm), and (mx m) . The ranks of the last four
matrices are, respectively, rank (A), n-rank (A), rank (A), and

m-rank (A) .

Notation which is specific to the model (in standard form) is as

follows:

W=X(I-R+R)=XQR,

B = QR(XQ,R)+[y - XR+r} +R'r ,



SSE@) = (v - X8)' (v - X8) = |ly - %%,

e SSE(B)/(n -~ rank(W)) ,

o = SSE(B)/(n - rank(X))

-

whose dimensions are, respectively, (ax p) , (n+axp), (Ppx 1),

(px1), 1x1), (x1), ad (1Xx1).
The following matrix relations are easily verified using the four

properties of the Moore-Penrose inverse. Much of the verification may

be found in Theil ([3], pp. 269-27k) .

PA’ QA’ P:, Q: are symmetric and idempotent,
(@) = @H,
AT = )T,
@an)*a’ =a’aa’) =4,
R R+r = r provided RP =r are consistent,
R(B - R+r) =0 provided RB =r,

Q.R(ﬁ - R+r) = - R+r) provided R8 =r ,

+
PR'T = R'r,



2o
w”
It

(@]

In the remaining sections we will assume that the above relations are

known and will use them repeatedly without reference to this section.
3. STATISTICAL PROBERTIES OF B

The following theorems parallel the standard results in (un-
constrained) linear models theory. 1In each case, our theorem is
followed by the corresponding result for an unconstrained linear model
stated as a corollary. The proof of each corollary is obtained by
setting q =1, R=0 and r = O then applying the theorem which
preceeds it.

The reader who is primarily interested in applications of these
results is invited to read the statements of the theorems, skip the
proot's, and go on to the next section where he will find what we feel
is a more applications oriented interpretation of the properties of

~

the estimator B .
THECREM 1:

B = q(x QR)+(y -XR'r) +R'r



minimizes
SSE(B) = (v - XB)'(y - XB)
subject to the (consistent) constraints

RB =r.

PROOF: We will first verify that RE =r . Now there is a B

such that RE = r since we'assumed a consistent set of constraint

equations. Then

RE = R (X Q,R)+(y -XR'r) +RR'r

O+RRREB=RP=r.

We now verify that SSE(B) < SSE(B) provided B satisfies

R =r.

SSE(B) = || v - X B - X Qf 12

=\Iy-xn+r-qu5+xczR(5-B)l|2
“lly-xE7-xqF P+l x g - B) |°
+2(y - XR'r - X Qf) (X ) B - B)
= y-xpf-xaf P+ xqgF -8 I°



+2(y - XRr)I - (X Q)X qp)") (x @) B - B)
“ly-xBIPlxoB -8 IF+o0

2 8SSE(B) . [

COROLLARY:

is the unconstrained minimum of
SSE(B) = (v - x8)'(y - XB) .
THEOREM 2: There is a B of the form
B=ay+c

such that e(x'ﬁ) = A\'B for every P satisfying the consistent

equations RS =r if and only if there are vectors & and p such

that

§'X + p'R .

)‘l

8'X + p'R . As we will see in the next

PROQF: (If) Let '
section 8(1;5) = \’'B provided R =r . Note that B is of the

required form.

(Only if) If P 1is of the form

p = R+r + QR7
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then RB =r for all choices of 7 . We will take P to be of this
form and examine the consequences of various choices of 7 under the

assumption that there is a

such that &(A’B) = AP for all 7 . Under this assumption, for

all 7
+ . +
)\'AXRr+}\’AXQR7+)\’C=)"R1‘+)\’QR7~
First set y = 0, hence
\AXRTT + e = MRr,
so that
AMAX QR7 = k’QR7

for all choices of 7y . By successive choice of the elementary

vectors for 7 we obtain

)\IAX QR= XIQR

whence

)\I }\lA X Q‘R + )\IPR

AMAX + WVAX PR + X'PR

[MVAJX + [MAXR +VR']R

8’X + p’R . [
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COROLLARY: There is a 5 of the form
ﬁ:Ay'f'C

such that e(a’B) = A8 for all P if and only if there is a vector

§ such that
A o= 68X .

THEOREM 3: Let P be any estimator of the form P = Ay + ¢
and )\ be of the form )’ = §’X + p/’R . If e(x'B) = A’ for all B

satisfying the consistent equations RB = r then
Var (\'B) < Var(A/B) .

PROOF;: From the proof of the previous theorem we have

AVAX Q‘R = )‘,Q‘R . The variance of )\"5 is

Mag (X &) (x ap) " qgh o°

var (A'B)

M Qg (XX Q) g o7

The variance of A\’P is

Var(xB) = \’A A’) o°

= )\’A[P; + Q;;] A\ o°
= MA(X Q) (X QR)+A')‘ o + x’AQ;A’X @

= VMA(X QR)(QRX'X QR)+(X Qﬁ)’A'x o® + A Qw*‘“"‘ @
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= x'QR(QRX’X QR)+QRx 0@ + /A QW*A'X @
2 Var(A’B) . |

COROLLARY: Let P be any estimator of the form B = Ay + ¢

and ) be of the form A’ = 6’X . If g(a’B) = A’ for all B then
var(x’B) s Var(a’B) .
THEOREM L:

e(SSE@)) = [n - rank(W)] 2 provided RB =r .

PROCF.

sSE@) = || v - x B ||

- X q(x ) (y - XR'r) - X R'r |2

I
<«

= | Q;e + Q;X(B - R+r) H2 .
Now
GX(B - R'r) = qu(B - B'r) + QX Pp(8 - R'r) = 0

*
since wa = 0 and PR(B - R+r) = 0 provided RB = r . We now have

that
¥*
SSE(B) = e’

* *
where Q. is symmetric and idempotent with rank Q, =n - rank (W) .

Thus e(e’Q;e) = [n - rank(W)] e . il



COKOLLARY:

e(SSE(B)) = [n - rank(X)) o .

THEOREM 5: Let e be distributed as a multivariate normal

Nn[o, 021} and let o be chosen between zero and one.
a) If A is of the form )’ = §’X + p’R then
P[i'ﬁ -esABpsABrelzl-a,
where
e® = (Ve (W) ) §° Flas 1, n - rank(W))

provided R =r .

b) If A is a matrix of the form A/ = A’X +¢ ‘'R then
P(S 2 Flo; rank(A’Qy), n - rank(W)}|p=") s o,

where

) (VB - AB°Y (ar g (wrw) aun) T(AB - A8 )[rank(aq)]”

~2

g

S
provided RB° =r.

Fla; £ f2} denotes the « level percentage point of an F

random variable with f. degrees freedom for the numerator and f2

1

for the denominator.

PROOF: Part (a) follows from Part (b) when A’ is a (1X p)

row vector. To prove Part (b) we write

A= aK+ ‘R=8%XQ + (AXR"+ /)R =AW FTR



1k

so that S may be written
(AW - a7i°) (AW () wea) T (B - arw”)/1,

S =
SSE(E)/f2
N/fl
ot
where f, = rank(A QR) and f, =n - rank(W) (set l/fl =0 if

rank(AQR) =0) .
If A'W=0 then S =0 and Part (b) follows trivially. We will

therefore consider the case when A‘W # O . From the proof of Theorem
* *

L, D/aa = e'Qwe/02 . Since Qw is idempotent with rank f2 we have

by Theil ([3], p. 83) that D/cr2 is distributed as a X° randam

variable with f_, degrees freedom.

2
If B° is the true value of P and R8° = r we may write

AWE - B°) = aW[W {e + X(B° - R'r)} + R'r - B°]

AW We + AW[WXE® - R'r) - B° - R'r)]
= AW W e + aW[WWE® - R'r) - B° - R'r))

AW Whe + A/[W(B® - R'r) - W(B° - R'r)]

IP*
A we .

Then N becomes
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*
e’PwA(A'W(W'W)+W’A)+A’P;e

=
L}

»* * + 5%
e'PwA(A’PwA) A'BE

e’ (P;A)(P;A)*e )

In general rank(AB) < rank(A) so that in particular rank(p/W) =
* *
rank(A'PwW) < rank(A'Pw) < rank(A’W) whence f, = rank(A'QR) = rank(A'W) =
*
rank(A’Pw) . Again citing Theil ([3], p.83), N/ca is distributed as

X° with £, d freedom. Si * (@A) (Pa)t = 0 we have b
a 1 egrees freedom. ince Qw WA WA = we have by

Theil ([3], p. 84) that N and D are independent. / 5
N/o £

Tt follows that if A’W £0 and RB° =r then S = ———5—41 is
D/a f2

distributed as an F with fl numerator degrees of freedom and f2

for the denominator. ]

COROLLARY: Let e Dbe distributed as a multivariate normal

N, {0 021} and let @ be chosen between zero and one.
a) If \ is of the form )’ = §’X then
PAB - e WB < AB+el2 1-a,
where
e = (X)) o° Flo; 1, n - rank(X)} .
b) If A is a matrix of the form A’ = A’X then

P[S 2 Fla; rank(p), n - rank(X)} | B =Bl <o,
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where

o - (B - AB°) (x'xg*m*(zvé - nB°)/rank(p) |
(o2

4. SOURCES OF BIAS

In the preceeding section we saw that /B 1is unbiased for
A\’ provided )/ =8'X +p/R and RB =r . In this section, we will
examine the bias which resilts when either )/ f §'X + p’R or
RB £ r or both. As a result of this examination, we will be able to
characterize those (A’B)'s which are estimated unbiasedly by (»B)
even when RB f r and determine what additional information is
necessary to allow unbiased estimation of \’'B when the condition
A/ = §’X + p/R 1s not satisfied. We have deferred proofs of the less
obvious claims made in this section to the Appendix in order to focus
attention on the main points of the discussion.

Recalling the notation and relations given in Section 2 we can

write

B-q(xa)(y-xK'r) +R'r
S B - (T - qg(X Q)" X)Pg(B - B'r) - qu(B - R'T) + qp(x gp)'e

=B +B(B) + By(B) + qp(X gp)"e -

Consider the estimation of an arbitrary linear function of the para-
meters, \’B . It ts clear from the decomposition of 5 that

€(k;é) = \p + x'Bl(B) + X'Be(ﬁ) . We will consider the conditions
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on )\ and B which eliminate the two sources of bias X'Bl(ﬁ) and
\'B,(B) -

The first source of bias is due to specification error since
Bl(ﬁ) = Q0 for all .ﬁ satisfyihg RB = r . The second source is due
to the deficient rank of V since Q, =0 if rank(V) = p .

There do exist linear functions of the parameters, \’B , for
which x'Bl(B) = x’Bg(B) = O for arbitrary choice of B . These are
the parametric functions which are estimated unbiasedly by A'E

whether or not the restrictions RB = r are correctly specified.

Consider ) of the form )’ 6'QR(X QR)+X . It is not difficult to

verify that for such A

e(AB) = e(\B) = 1B,

and
~ ~ + 2
var(a/B) = Var(a’B) = M (X’X) A 0" .
An easy test for A of this form is to check whether

A/Qg (X Q)X = 7

+
This test follows from the fact that QR(X QR) X is-idempotent hence

A’ 1is of the form A’/ = 6’QR(X QR)+X if and only if

A/ Qg (X Q)"X =
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In general, bias of the form X'Bl(ﬁ) is best eliminated by not
using x'g to estimate /B if RSB ﬁ r . That is, do not use false
restrictions. (Toro-Vizcarrondo and Wallace [4] consider the question
of using possibly false restrictions to reduce mean square error
under the condition that rank(X) = p and rank(R) =q .)

The second source of bias x'Be(B) is eliminated when
A =6'X + p’'R since X =RQ, =0. (In fact, x'Be(ﬁ) = 0 for
all P satisfying RB = r if and only if A’/ = §’X + p’R by
Theorem 2). Discussions of estimability (Theil [3], pp. 147, 152)
revolve around this second component of bias and the conditions under
which it vanishes.

Consider, now, an attempt to estimate an arbitrary function of the

parameters \’/f using x'E when RB = r . Since

we can write

Moo= NPt MNPy MQy

A 3 S
At At Ay
It can be verified that

e(VB) = e(uf) + (i) + e(rgP)

var(\'B) = Var(\B) + Var(\f) + Var(xéi) .
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If the true tut unknown value of B satisfies RB = r then these

expectations and variances are
e(MB) =np,  Var(nB) = 0,

e0P) = np,  varGE) = A A0

e0gf) =0, Tarngf) = W (a0

Inspection of these expectations and variances indicates that the
component xig of x'g is the constant xiR+r (since RP =r implies
PR(B - R+r) = 0 ) regardless of the value taken on by the random
variable y . Thus, any information about xiﬁ contained in the
sample y is completely overridden by the restriction K =r .

The second component, xéﬁ , varies with y and is the portion
of A\'B estimated from the sample.

If the third component xé = x'QV of A 1is not zero, then 153
(and hence A’/B) cannot te estimated unbiasedly using Xﬁi . If the
estimation of /P is important to the econometric investigation the
investigator must augment V by row vectors which will yield xé as
a linear combination and recompute B using the additional information.

V can be augmented by appending adiitional data

Y2) = *ef T c@

and additional restrictions

BieP = T(2)
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to the original model. If observations with the rows of X(2) as

inputs can be obtained and restrictions R(Exﬁ = r(e) can be deduced
J

such that
A = a’X + b/’R
3 (2) (2)

then )\’B can be estimated unbiasedly by E computed from the

augmented model provided the trus value of B satisfies

R ) r
L)
R(2) T(2)

In summary, we recommend that the results of this section be used
in applications to estimate a linear parametric function A’/p as
follows. First, check that X’QR(X QR)+X % A’ since if equality holds,
the estimate based on x'E coincides with the unrestricted least
squares estimate x'é . This may be either a comfort or a
disappointment, depending on the application. The variance estimate
?2 has more degrees freedom than the estimator 32 but the extra

degrees of freedom may not be worth the extra bother of computing P .

Second, check that A'Qv = O to be sure x'g estimates AP
AP

unbiasedly. Thirdly, one may wish to compute xi = x'PR and xé

1}
o]

to determine the information which is due to the restrictions RP

and that which is due to the sample y .
5. COMPUTATIONS

For a given matrix A of order (mXx r) with m2n we may

decompose A as
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A=USYV ,

where U is (mx n), 8 is an (ax n) diagonal matrix, V/ 1is

(n x n) and

I =UU=VV=VV

This is called the singular value decomposition of A [2]. Let S5

denote the diagonal elements of S . Set s; = l/si if sy > o,

+ +
set s, = 0 if s; = O and form the diagonal S matrix from the elements

+
S5 - Then the Moore-Penrose (pseudo) inverse of A 1is given by
+ +
A =VSU
+
and the rank of A is the same as the rank of S . (If m<n

compute B = (A')+ using this method and set At =3 .)

A listing of a FORTRAN subroutine to obtain the singular value
decomposition of A may be found in [1]. The subroutine as listed is
for a COMPLEX matrix A , but we had no difficulty in converting it
to REAI*8 from the COMPLEX version. We have had good results using
an IBM 370/165 setting the parameters ETA = 1.D - 14 and
TOL = 1.D =~ 60; we take S(I) = 0 if S(I).LT.S(L)* 1.D- 13 .

If y and X are too large for storage in core but Y'y ,

X’y , and X’X can be stored then the computational formulas

B = qglagx'x o) o (X - XX R'r) + R'r

. - + 2
CEB’) = QIRNX @) Qg ©
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o

~
o3

= (yry - Bxry + B/ (n - rank(QX'X &)

may be used. IZ the formulas

P ooy - xB)(y - xB)(n - rank(X Q)

are feasible, their use should improve the accurscy of the
computations by avoiding unnzcessary matrix multiplications.

For the computation of the transformsation matrix T we will make

. 3 . **
the assumption that two matrices the size of Z: (n Xn ) may be
stored in core. The singular value decomposition subroutine can be
used to obtain U, S, V (sirce U =V in this case) and the diagonal
matrix S stored as a vector with diagonal =lements
Sy 2 s2 2 ...28 ,20. If % is non-singular, form the diagonal
n
x ¥ B -

(n x n ) matrix D with elements d, = \si) and T =DU/ . If

*
Y has rank n«<«n then S will have elements sl 2 52 2 ... 2 sn >

Spel = 0 = Sn% = 0 . IXorm the diagonsl (ilx r) matrix D(l) with
elements d, = (s.)—ﬁ and wartition U’ = W(L) where U/ is
i i CY (1)
(2)
(n x r*) and U/ is (o - nXn) Then T D,.\U/ and
- (2 T T (1) ~ ()@

T = U/,
(2) ~ "(2)
In mcst applicatione whers= Z 1s known it will te patterned in

*
such a way that knowladge o T for tmall u can be used to deduce

the form of T for the proklem at hand. Thus tre stcrage requirement

is not as stringent as it woull Tirst expzar.
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6. EXAMPLE

Consider a series of quarterly measurements on a variate y with

an unconstrained model given by

yti = a + bt + Qi + eti N

where the years are denoted by t =1, 2, ..., 32 and the quarters by
i=1 2, 3, 4. PFor the first thirty years the parameters were

estimated subject to the constraints

4
14 =09
Ql-Qh-_O
QE-QB-O

yielding the estimates
530 = (1.1581, .53227, 1.0386, -1.0386, -1.0386, 1.0386)’ .

We suspect that the last two restrictions are false and that the
data follow a quarterly effects pattern rather than the winter/summer
pattern used to estimate P from the first thirty years. Our

problem will be to estimate f subject to the constraint
Q + Q2 + Q3 + Ql+ =0

and test the hypotheses
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5.3279 . 26223 0
T = 0 0 10. 95k
-9.5715 -194. 47 0

was computed using the method suggested in the preceeding section.

By combining T A'Eio and T A’ with the data for the years

31 and 32 we obtain X and y as given in Table 1.

TABLE 1
y X
6.0307 5.3279 - 0.26223 1.3320 1.3320 1.3320 1.3320
11377 0. 0. 2.7385 -2.7385 -2.7385 -2.7385
-114.60 -9.5715  -19k.47 -2.3929 -2.3929 -2.3929 -2.3929
18.52 1. 31. 1 0. 0. © 0.
16.65 1. 31. 0. 1. 0. 0.
16.71 1. 31. 0. 0. 1. 0.
18.79 1. 31. 0. 0. 0. 1.
19. 00 1. 32. 1. 0. -0. 0.
17. 03 1. 32. 0. 1. 0. 0.
16.91 1. 32. o. 0. 1. 0.
19.61 1. 32 0. 0. 0. 1.

The estimate’ of
B = (&, b, Ql’ Qg) Q}) Ql&),
subject to
Ql + Q2 + Q3 + Ql+ =0

is



Hyt @ =&
using as much of the information from the previous study as possible.
The matrix QR( X Q )+X and variance-covariance matrix of B

R 30
can be obtained since we know the form taken by X and RB =r for
the first thirty years. Observe that 330 obtained in the previous
study must coincide with ‘E as defined in this paper since
rank(V) =p =6 .

The linearly independent rows of QR(X QR)+X are

1 o0 % A4 b LM
AN o= o 1 0 0 0 0

o o & -1/h -1/h 21k
so that A’B is estimated unbiasedly by
A’530 = (1.1581, .53227, 1.0386)’

with variance-covariance matrix

. 035057 -.0017241 0]
A’Var(é') A= -.0017241 . 00011123 0 cr2
0 0 . 0083333

The transformation matrix
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B = (1.161, 0.532, 0.821, -1.026, -1.056, 1.261) .

The (uncorrelated) estimates of Q, - Q5 and Q, - Q are .030 and
-.440 each with the same 6 d.f. estimated variance of .0207. The
respective Fé values are .435 and 9.35. We fail to reject Hl and

reject H, at a significance level of .025.

2

The vectors

(O: O: l) O: O: ‘l)

! =
kl
1'2 = (O: o, 0, 1, -1, O)

are each of the form

' = 8/P.  end A = 6/Q (X Q)X
W QX Qg) X -

Thus the estimates of Ql - Qh and Q2 - Q5 vary with the sample data
and are estimated unbiasedly even if the restriction is false.

If we use the outcome of our tests to re-estimate P subject to

Q t Q2 + Q3 + Qu =0

Ql-QL|~=O

we obtain the results given in Table 2.



TABLE 2
B
1.161 .53%2 .821 -1.041 -1.041 1.261
Var (8)
. 0058 -. 000027 0 0 0 o}
-. 000027 . 0000016 0 0 o] 0
0 0 . 0046 -. 00014 -. 00014 -.0043
0 0 -. 00014 . 00014 . 0001k -. 0001k
0 0 -. 00014 . 00014 . 00014 -. 0001k
0 0 -. 0043 -. 0001k -. 0001k . 0046
Pq
0 0 0 0 0 0
0 o " " " 7
0 0 1
0 0 /4 3[4 -1/k /b
0 0 1/k -1/k 3/k 1/4
0 0 /b /b /b /b
Pw
1 0 0 0 0 0
0 » /u " " 7
0 0 b - - -1
0 0 -1/4 1/k /4 -1/4
0 0 -1/4 /4 1/k -1/k
0 0 -1/k -1/4 -1/k 3/4
Q (X Q,R)+X
1 0 1/k 1/ 1/k /4
0 1 0 0 0 0
0 0 3/k -1/k -1/4 -1/k
0 0 -1/4 1/ 1/k -1/4
0 0 -1/b v e -1/%
0 0 -1/k -1/4 -1/4 3/k




APFENDIX

1. Verification of the properties of PR’ W Qv . Let A bea
(m x n) matrix and let T be (mXx m) and non-singular. It follows

that (TA)*(TA) = AA . To see this observe that

[(Ta)*(za) - A%A)/[(TA)"(TA) - A*A]
= (TA)'(TA)T - A*A] + ATTTITACT - (TA)T(TA)]
= (a)'r o+ At lo = 0.
Since

X 1 xR\ [ x
PR N E
where T 1s non-singular, we obtain
X qg| * [X Qg
V—(R ) (R )
X Qq ' X QX" oy " Xa
(R ) ( 0 RR') (R )
xq,R'l (XQRX')+ 0 X Q
(R )( 0 (RR')+)( R)

= PW + PR ’

o
¥

hence I = PR + Pw + Qv . Now
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Qv=(I-Pv)=(I-PR-Pw)
= (g - Bp) = (4 - (x @)T(x q) qp)

- (T - % = 4y

Since Q‘V’ Qw, Q‘R are symmetric and idempotent

9 = %Sk = %% = %y

= Qg Q%) = RYy = RYSR -

Lastly
PP = (X o) (X Q)P = (X Q)X 0 =0
PRQV=PR(I-PR-PW)=PR(Q,R-PW)=O-O=O

PWQV=PW(I-PR-PW)=Pw(Qw-PR)=O-O=O.

2. Verification that Var(\'B) = Var(\(B) # Var(ap) + Var(B) .
It is required to show that Py Cov(PB/)P, = Py cov (BB’ )Qy =
Py Cov(ﬁﬁ')qv =0.

Now Cov@g') = QR(X QR)+(X QR)+IQR0'2 . Since PRQ‘R = 0 we have

the first two equalities.



o~2p. Cov (BB’
 Cov(EB)q, = e (X ) (X ) ey

(x )"
ag) " (x o) (X &) (X @) qy

WIH) Qg

wHw (wow)ye e
—whww) W 4%

+
—www)™
0Q =0
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Three Fortran subroutines are described below which can be used
to analyze constrained linear models data. They are stored at TUCC
and may be called by users through Fortran programs. Briefly, REGR2
estimates P for the linear model y = XP + e subject to the
consistent constraints RB = r, REGR 3 estimates and gives the
decomposition of a set of linear functions of the parameters p , and
REGRL4 tests the hypothesis Hy: GB = GB,, where ﬁo satisfies the
equations BB = r . To illustrate their use, a Fortran program with
an input subroutine and some sample data are also given.

The following is the Job Control Language (JCL) required to access

the subroutines.

JCL TO RUN THE FORTRAN (G) COMPILER.

//JOBNAME JOB ACCOUNT,NAME
// EXEC FIGCG
//C.SYSIN DD *

(SOURCE PROGRAM)
//G.SYSLIB DD DSN=NCS.ES.B4139.GALLANT. GALLANT, DISP=SHR

// DD DSN=SYS1.FORTLIB, DISP=SHR
// DD DSN=SYS1.SUBLIB,DISP=SHR
//G.SYSIN DD *

(DATA CARDS)

JCL TO RUN THE FORTRAN (H) COMPILER.

//JOBNAME JOB ACCOUNT,NAME
// EXEC FTHCG
//C.SYSIN DD *
(SOURCE PROGRAM)
//G.SYSLIB DD DSN=NCS.ES.B4139.GALLANT. GALLANT, DISP=SHR

DD DSN=SYS1.FORTLIB,DISP=SHR
// DD DSN=SYS1.SUBLIB,DISP=SHR
//G.SYSIN DD *

(DATA CARDS)

N
SN



DGMPNT 10/6/71

PURPOSE
PRINT A MATRIX

USAGE
CALL DGMPNT(A,N,M)

ARGUMENTS
A - INPUT N BY M MATRIX
STORED COLUMNWISE (STORAGE MODE OF 0)
ELEMENTS OF A ARE REAI*8
N - NUMBER OF ROWS IN A
M - NUMBER OF COLUMNS IN A

3k
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REGR2  &fzafv:

PURPOSE
ESTIMATE B FOR THS LINEAR MODEL Y=X*B+E SUBJECT TO THE CONSTRAINTS

RE*¥B=R.

USAGE
CALL REGRE(ZPY,XPY,X?X,RR,R,N,IP,IQ,B,C,VAR,IDF,Pl,PE,P},Ph)

SUBROUTINZS CALLED
DGMPRD, DGMADD, DCMSUB, DAPLUS, DSVD

ARGUMELTS
YPY - INPUT SCALAR CONTATNING (Y-TRANSPOSE)*Y.
REAL*8 :

XPY - INPUT VECOTOR OF LENGTH IP CONTAINING (X-TRANSPOSE)*Y.
ELEMENTS OF XPY ARE RZAL*8

XPX - INBUT 1P BY IP MATRIX CONTAINING (X-TRANSPOSE)*X. STORED
COLIMIWISE (STCRAGE MODE OF O).
ELEMFITS OF XPX ARE REAI*8

RR - INDUT IQ FY IP MATEIX OF CONSTRAINTS. STORED COLUMNWISE
(STORAGE MODE OF 0) :
ELEMENTS OF RR ARE REAL*8

R - INPUT VECTOR OF LENGTH IQ CONTAINING THE RIGHT HAND SIDE OF
THE CONSTRAINT EQUATIONS.
ELEMENTS OF R AKE REALX8

N - NUMBER OF OBSERVATIONS.
INTEGER
IP - NUMBER OF PARAMETERS IN THE MODEL. IP MUST BE LESS THAN 101

INTEGER
IQ - NUMBER OF CONWSTRAINTS. IQ MUST BE GREATER THAN O AND LESS
THAN OR EQUAL TO IP.
INTEGER
B - ESTIMATE OF THE PARAMETERS SUBJECT TO THE CONSTRAINTS.
VECTOR CF LENGTH IP.
ELEMEHTS OF B ARE REAT*8
¢ - ESTIMATED IP BY IP VARIANCE-COVARIANCE MATRIX OF B. STORED
COLUMIWISE (STORAGE MODE OF O).
ELEMENTS OF C ARE REAL*E
VAR ~ ESTIMATED VARIANCE.
REAT*3
IDF - DECRAES FREEIOM (F VAR.
INTEGET :
Pl - ROW SPACT OF SPECIFIED FPARAMETRIC FUNCTIONS. ESTIMATED
UNETASEDLY BY B FRZVIDED THE TRUE VALUE SATISFIES RR*B=R.
P2 - ROW SPACE OF KEMAINING PARAMETRIC FUNCTIONS ESTIMATED
UNEIASEDLY EY E PRCVIDED THE TRUE VALUE SATISFIES RR¥*B=R.
P35 - ROW SPACE OF TARAMETKIC FUNCTIONS ESTIMATED SUBJECT TO BIAS
BY 3.
Pl,?2,P3 ARE SYMMETRIC IDEMPOTENT IP BY IP MATRICES STORED
COLUMIWISE (3TORACE MCDE OF 0). T©l+P2+P3=I, P1*¥P2=pP2*P>=
P1¥P%=0. ELEMENTS ARE REAL*8.



Ph

- ROW SPACE OF PARAMETRIC FUNCTIONS ESTIMATED UNBIASEDLY BY B
WHETHER OR NOT THE TRUE VALUE SATISFIES RR¥*B=R.

IDEMPOTENT IP BY IP MATRIX STORED COLUMNWISE (STORAGE MODE
OF 0). ELEMENTS ARE REAL*8

36
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REGR3  2/25/72

PURPOSE
DECOMPOSE AND ESTIMATE A SET OF IG LINEAR PARAMETRIC FUNCTIONS

USING THE OUTPUT FROM SUBROUTINE REGR2.

USAGE
CALL REGR3(G,B,C,P1, P2,P3,Pk, IG, IP,GB,GCG, I1,12,13,I4)

ARGUMENTS

G - INPUT IG BY IP MATRIX OF COEFFICIENTS. STORED COLUMNWISE
(STORAGE MODE 0).
ELEMENTS OF G ARE REAL*8

B - INPUT VECTOR OF LENGTH IP RETURNED BY REGR2.
ELEMENTS OF B ARE REAL*8

C - INPUT IP BY IP MATRIX RETURNED BY REGR2. STORED COLUMNWISE
(STORAGE MODE O)
ELEMENTS OF C ARE REAL*8

P1 - INPUT IP BY IP MATRIX RETURNED BY REGR2. ON RETURN CONTAINS
THE IG BY IP MATRIX G*¥Pl STORED COLUMNWISE (STORAGE MODE 0).

P2 - INPUT IP BY IP MATRIX RETURNED BY REGR2. ON RETURN CONTAINS
THE IG BY IP MATRIX G*P2 STORED COLUMNWISE (STORAGE MODE 0).

P3 - INPUT IP BY IP MATRIX RETURNED BY REGR2. ON RETURN CONTAINS
THE IG BY IP MATRIX G*P3 STORED COLUMNWISE (STORAGE MODE O).

P4 - INPUT IP BY IP MATRIX RETURNED BY REGR2. ON RETURN CONTAINS
THE IG BY IP MATRIX G*PlL STORED COLUMNWISE (STORAGE MODE O).
ELEMENTS OF P1, P2, P3, P4 ARE REAL*8.

IG - NUMBER OF LINEAR PARAMETRIC FUNCTIONS TO BE ESTIMATED.
INTEGER

IP - NUMBER OF PARAMETERS (LENGTH OF B).
INTEGER

GB - VECTOR OF LENGTH IG CONTAINING THE ESTIMATES OF THE LINEAR
PARAMETRIC FUNCTIONS, G*B.
ELEMENTS OF GB ARE REAL*8

GCG - ESTIMATED IG BY IG VARIANCE-COVARIANCE MATRIX OF CB. STORED
COLUMNWISE (STORAGE MODE O).
ELEMENTS OF GCG ARE REAL*8

Il - VECTOR OF LENGTH IG.

I2 - VECTOR OF LENGTH IG.

I3 - VECTOR OF LENGTH IG.

I4 - VECTOR OF LENGTH IG.
I1(I)=0 IF ROW I OF G SATISFIES GI¥*Pl=0.
I1(I)=1 IF ROW I OF G SATISFIES GI*P1=GI.
I1(I)=-1 IF NEITHER OF THE ABOVE ARE SATISFIED BY GI.
SIMILARLY FOR I2, I3, Ib.
ELEMENTS OF Il, I2, I3, IL ARE INTEGERS.

REMARK
BE SURE Pl, P2, P3, P4 ARE DIMENSIONED LARGE ENOUGH TO CONTAIN

MAX (IP*IP, IG*IP) ELEMENTS IN THE CALLING PROGRAM.



REGRY  3/15/72

PURPOSE
TEST H:GB=0 USING OUTPUT FROM REGR2 AND REGR>.

USAGE
CALL REGRY(GB,(GCG, IG, IDF,F, IR, SF,P1,P2,P3,Pk)

SUBROUTINES CALLED
DAPLUS, DGMPRD, BDIR, DSVD

ARGUMENTS
GB - INPUT VECTOR OF LENGTH IG RETURNED BY REGR3.

ELEMENTS OF GB ARE REAI*8.
GCG - INPUT IG BY IG MATRIX RETURNED BY REGR3. STORED COLUMNWISE
(STORAGE MODE 0).
ELEMENTS OF GCG ARE REAL*8.
IG - LENGTH OF GB; NUMBER OF ROWS AND COLUMNS IN GCG.
IG MUST BE LESS THAN 100.
INTEGER
IDF - INPUT INTEGER RETURNED BY REGR2; DENOMINATOR D.F. FCR F.
INTEGER
F - COMPUTED F STATISTIC
REAT*8
IR - COMPUTED NUMERATCR D.F. FOR F, RANK OF GCG.
INTEGER
SF - SIGNIFICANCE LEVEL OF F. (I.E. 1-CDF(F)).
REAL*8
P1 - IG BY IG MATRIX USED AS WORKSPACE.
P2 - IG BY IG MATRIX USED AS WORKSPACE.
P3 - IG BY IG MATRIX USED AS WORKSPACE.
P4 - IG BY IG MATRIX USED AS WORKSPACE.
ELEMENTS OF P1,P2,P3,P4 ARE REAL¥8.

REMARK
THE RESULTS RETURNED BY REGRL ARE INVALID IF B=O DOES NOT SATISFY

RR¥B=R. TO TEST H:GB=G*BO WHERE RR¥BO=R INPUT G*(B-BO) INSTEAD OF
GB.
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Sample Problem

Measurements are taken on the 12 angles of the following figure.

We assume that the following linear model is appropriate to describe

the data.
y =XB + e subject to RB =1r,

where y: (12x 1) and X: (12x 6) are given in Table 3, B
corresponds to angles 1, 3, 62 to 2, L, ﬁ3 to 5, 7 ﬁu to 6, 8,

BS to 9, 11, B6 to 10, 12,

1 0 1 0 1 0]

and



Lo
r = (180, 180, 180, 180)‘ .

We wish to test the hypothesis that the triangle is equilateral. That

is Hg: GB = 0 , where

It is interesting to note that the test of Ho can also be

interpreted as a test of no regression effect.
The quantities B , Var() , P , P, and Q,R(XQR)+X are given

in Table 4. The results of the test of H  are

R -2, 025
Gﬁ = ’

'Oo 500

var(GB)

( 0. 2749 0.1375
’
0.1375 0. 2749

and

2
Fl, =809 (p= 0.0081) .

It is also found that the rows of G are neither in the row space of
R nor in that of XQR , but are orthogonal to the row space of Qv .
This indicates that information from both the restrictions and the
data went into the estimation of the Gf and that, if the restrictions
are valid, the estimates are unblased. Finally, it is found that the
rows of G are not in QR(XQR)+X indicating that if the restrictions are

false then the estimates are biased.



L1

TABLE 3
ey
Angle Measurements: y Design Matrix: X
1 59.1 1 0 0 0 0 0
2 120.5 0 1 0 0 0 0
3 58.6 1 0 0 0 0 0
L 122.1 0 1 0 0 0 0
5 60. 4 0 0 1 0 0 0
6 119.8 0 0 0 1 0 0
7 61.3 0 0 1 0 0 0
8 118.7 0 0 0 1 0 0
9 60. 1 0 0 0 0 1 0
10 120.7 0 0 0 0 0 1
11 59.2 0 0 0 0 1 0
12 121.5 0 0 0 0 0 1




L2

TABLE 4

59. 158 120. 842 61,183 188.817 59.658 120.342

. 09164 -. 09164 -, 04582 . 04582 -. 4582 . oks582
-. 09164 + 09164 . 04582 -. 04582 . 04582 -. 04582
-. 04582 . 04582 ", 09164 -. 09164 -. 04582 . 04582

. 04582 -. 04582 -. 09164 . 09164 .ok582 -. 04582
-. 04582 . 04582 -, 04582 . 0582 . 09164 -. 09164

. ols582 -. 04582 . 04582 -. 04582 ~. 09164 . 90164




// EXEC FTGCG
//C.SYSIN DD #

OO0 00NNOOCO0O00O00000

MAIN:

CONSTRAINED LINEAR MODELS (C L M)

PURPOSE
70 ESTIMATE 8 FOR THE LINEAR MODEL Y=X®#B+E SUBJECT TO THE CONSTRAINTSCLM

RR®*B=R, TO DECOMPOSE AND ESTIMATE A SET OF 16 LINEAR PARAMETRIC
FUNCTIONS (G#B)+¢ AND TO TEST THE HYPOTHESIS H:G#3=G"BO.

INPUT

THE USER MUST SUPPLY AN INPUT SUBROUTINE OF THE FOLLOWING FORM ==
SUBROUTINE INPUT(NsIP+IQsIGsYPYeXPYsXPXsRR9R1G+GBO) :

WHERE
N -

1P

1¢ -
16 -~
YPY -
XPY -

XKPX =

"RR -

GBO -~

NUMBER OF OBSERVATIONS
INTEGER

NUMBER OF PARAMETERS IN THE MODEL .
INTEGER A :

NUMBER OF CONSTRAINTS .

INTEGER

NUMBER OF LINEAR PARAMETRIC FUNCTIONS TO BE ESTIMATED
INTEGER

SCALAR CONTAINING Y'Y

REAL*®8

VECTOR OF LENGTH 1P CONTAINING X'Y

ELEMENTS ARE REAL®8

VECTOR OF LENGTH IP®IP CONTAINING X*X STORED COLUMNWISE

ELEMENTS ARE REAL®8

VECTOR OF LENGTH 1Q®IP CONTAINING THE MATRIX OF CONSTRAINTS
STOPED COLUMNWISE

ELEMENTS ARE REAL®S8

VECTOR OF LENGTH IQ CONTAINING THE RIGHT HAND SIDE OF THE
CONSTRAINT EQUATIONS

ELEMENTS ARE REAL*8
VECTOR OF LENGTH 16#]P CONTAINING THE MATRIX OF COEFFICIENTS

FOR THE SET OF LINEAR PARAMETRIC FUNCTIONS STORED COLUMNWISE

ELEMENTS ARE REAL®S
VECTOR OF LENGTH IG CONTAINING THE RIGHT HAND SIDE OF THE

HYPOTHESIS EQUATIONS
ELEMENTS ARE REAL*S

THE ABOVE ARRAYS MAY BE DIMENSIONED IN THE SUBROUTINE AS FOLLOWS
REAL®8 YPY+XPY (1) 9 XPX(1)4RR(1)+R(1)+G(1),6BO(1)

SUBROUTINES USED:
DGMPNT ¢ REGR2+REGR3+REGR4 INPUT

IMPLICIT REAL®8 (A-Hy0-2)
REAL®8 XPY(10)+XPX(100) yRR(100)+R(10)+8(10)+C(100}+P1(100)+P2(100)CLM

REAL®8 P3(100)+P4(100)+G(100)+68({10)+GCG(100)+GE0(10)
INTEGER 11(€(10)412(10),13(10)+141()0)

CALL INPUT(N«IP«IQsIGsYPY s XPYs XPK’RROR!G!GBO)
WRITE(3+41000) .

WRITE(3+41006) N

WRITE(3s1007) 1IP

wWRITE(3,1008) 1Q

WRITE(3+1010) 16

WRITE(3+1001) YPY

WRITE(341002)

CALL OGMPNT (XPYsIPe 1)

WRITE(3+1003)

CALL DGMPNT{XPXs1lPeIP)

IF(1Q.EQ.0) GO TO 100

CLM
CLM
CLM
CLM
CLM
CLM

CLM
CLM
CLM
CLM
CLM

TCLM

CLM
CLM
CLM
CLM
CLM
CLM
cLM
CLM
CLM
CLM
CLM
CLM
CLM
cLmM
CLM
CLM
CLM
CLM
CLM
CLM
CLM
cLM
CLM
CLM
CLM
CLM
CLM
CLM
CLM

CLM

CLM
CLM
CLM
CLM

CLM
CLM
CLM
CLM
CLM
CLM
CLM
CLM
CLM
CLM
CLM
CLM
CLM
CLM
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190
200
210
220
230
240
250
260
270
280
2%0
300
310
320
330
340
350
360
370
380
3%0
400
410
420
430
440
450
460
470
480
490
500
510
520
530
S40
550
560
570
580
590
600
610
620



100

300
400

200

1000
1001
1002
1003
1004
1005
1006

WRITE(3+1004)}

CALL DGMPNT( RRsIQsIP)

WRITE(3,1005)

CALL DGMPNT( RsIQy 1)

GO TO 400

1Q=1

R(1)=0,.0

DO 300 I=1sIP

RR(I)=0.0 E

CALL REGR?(YPY.XPY:XPX;RR;RQN'lpoleBpCoVAR!IDF,P]QPZ.P3,P4)
IF(IG.NE.0) WRITE(3+1009) )
IF(IG.NE.0) CALL DGMPNT(GyIGsIP)

IF(IG.NE.O) WRITE(3+1031)

IF(IG.NE.O) CALL DOGMPNT (G30,1Gy]) ~
WRITE(3+1011)

CALL DGMPNT( BsIPs1)

WRITE(3s1012) .
CALL DGMPNT( ColIPyIP)

WRITE(3+1013) VAR

WRITE(3,1014) IOF

WRITE(3,1015)

CALL DGMPNT( PlsIPsIP)

WRITE(3+1016)

CALL DGMPNT( P2s1P+IP)

WRITE(3.1017)

CALL DGMPNT( P341P+1P)

WRITE(3+1018)

CALL OGMPNT( P4+IPs1IP)

1F(1G.EQ.0) STOP :
catL REGR3(GOBQC0P10929P3;P4)IGOIP'GBQGCG'II'120]3314)
WRITE(3,1019) )

CALL OGMPNTI(GBs1Gy1)

WRITE(3,1020)

CALL DGMPNT(GCGy16+106)

WRITE (3s1021)

CALL OGMPNT(Ply1GsIP)

WRITE(3+1022)

CALL OGMPNT(P241Gs1P)

WRITE(3y1023)

CALL DGMPNT(P3+16G+1P)

WRITE(341024)

CALL DGMPNT (P44s1GsIP)

WRITE(3+41025)

WRITE(3,1029) (I1(1)+1=1+10)

WRITE(3+1026) '

WRITE(3,1029) (I12(1)+1=14+16)

WRITE(341027)

WRITE(3,51029) (I3(1)+1=1+106)

WRITE(3+1028)

WRITE(3:1029) (14(1)+1=1+106)

D0 200 I=1+16

GB(1)=GR(I)=GENI(I)

CALL REGRQ(GBoGCGoIGQlDF,F'leSFQPl'PZOP3oP“)
WRITE(341030) FeIRsIOFsSF

STOP

CLM
CLM
CLM
CLM
CLM
CLM
CLM
CLM
CLM
CLM
CLM
LM
CLM
CLM
CLM
CLM
CLM
CLM
CLM
CLM
CLM
CLM
CLM
CLM
CLM
CLM
CLM
CLM
CLM
CLM
CLM
CLM
CLM
CLM
CLM
CLM
CLM
CLM
CLM
CLM
CLM
CLM
CLM
CLM
CLM
CLM
CLM,
CLM
CLM
CLM
CLM
CLM
CLM
CLM
CLM

FORMAT(919///% ANALYSIS OF ThE MODEL Y=X®Be¢E SUBJECT TO RR®bsR'//)CLM

FORMAT (///%0YPY = (Y-TRANSPOSE)®Yt//% *4D15.8)
FORMAT (///'0XPY = (X~TRANSPOSE)®Y?)
FORMAT(//7%0XPX = (X-TRANSPOSE)®X1)

FORMAT (///'0RR = COEFFICIENT MATRIX OF THE RESTRICTIONS RR#8=R?')

FORMAT (/77'0R - RIGHT HAND SI10E OF THE RESTRICTIONS RReB=R")
FORMAT (/770N —= NUMBER OF OBSERVATIONS'//' $415)

CLM
CLM
CLM
CLM
CLM
CLM

L

630
640
650
660
670
680
690
700
710
720
730
740
750
760
770
780
790
800
810
820
830
840
850
860
870
880
890
900
910
920
930
940
950
960
970
980
990

1000

1010

1020

1030

1040

1050

1060

1070

1080

1090

1100

1110

1120

1130

1140

1150

1160

1170

1180

1190

1200

1210

1220

1230

1240
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:

1007 FORMAT(///'01P - NUMBER OF PARAMETERS?1//% t.15) CLM
1008 FORMAT(///7'01Q - NUMBER OF " RESTRICTIONS'//? 1,15) cLM
1009 FORMAT(///%06G = COEFFICIENT MATRIX OF GeB*) CLM
1010 FORMAT(///'01G = NUMBER OF ROWS IN Gt//" *,15) CLM
1011 FORMAT(///'0B =~ ESTIMATE OF Y=x®B+E SUJJUECT TO RR=2B8=R?) CLM
1012 FORMAT(///7'0C - ESTIMATED VARIANCE-COVARIANCE MATRIX OF ESTIMATE')CLM
1013 FORMAT(///'0VAR - ESTIMATE OF VAR(E(I))*//¢ *,D15.8) CLM
1014 FORMAT(//7/%010F -~ NUMBER COF D.F. FOR vAR ESTIMATE'//? 1,15) CLM
1015 FORMAT(///%0P1 - ROW SPACE SPECIFIED BY RR#B=R!) CLM
1016 FORMAT(///%'0P2 - P1+P2 -IS ROW SPACE EST. UNBIASEDLY IF RR=B=R") CLM
1017 FORMAT(///'0P3 ~ ROwW SPACE ESTIMATED wITH BIASHY) CLM
1018 FORMAT(///'0P4 - ROW SPACE EST. UNBIASEDLY EVEN IF RR#B,NELR') CLM
1019 FORMAT(///7'0GB = ESTIMATE OF G#B¢Y) - ’ CLM
1020 FORMAT(///'0GCG -~ ESTIMATED VARIANCE-COVARIANCE MATRIX?) CLM
1021 FORMAT(///%06G=P11") ' CLM
1022 FORMATI(///'06%P2") CLM
1023 FORMAT(///106%P3") * CLM
1024 FORMAT(//7/7t06=P4") . CLM
1025 FORMAT(///%011 = ROWS = (0s1) IF ROWS G (ORTHOQG,IN) ROW SPACE P1')ICLM
1026 FORMAT(///'012 = ROWS = (0+1) IF ROWS G (ORTHOG.IN) ROwW SPACE P2')CLM
1027 FORMAT(///%013 = ROWS = {0s1) IF ROWS G (ORTHOGsIN) ROW SPACE P3")CLM
1028 FORMAT(///'014 - ROWS = 1 IF ROwS OF G ARE IN THE ROW SPACE P4t) CLM
. 1029 FORMAT(v.v/(0 *,]18)) CLM
1030 FORMAT(///%0F sDF14DF 24P - TEST OF HiGH=GBOY/Y0%+F15459215+F15.5) CLM
1031 FORMAT(///06GB0 =~ HYPOTHESIZED VALUE OF G#B*) CLM
END : CLM
SUBROUTINE INPUT(NoIpoIQ’IGvYPY,XPYyXPXvRQonGQGBO) CLM
REAL®S8 YPY.XPY(I)cXPX(l)vPR(l);G(l)oR(l)oX(lO)vaGBO(l) CLM
READ(1+15)N+IP+J0Q416 ’ CLM
YPY=0.0 ) CLM

00 10 1=1,1IP CLM
XPY(1)=0. CLM

DO 10 JU=1,1P CLM

10 XPX((J=1)e]Pe])=0. CLM
DO 20 I=1.N CLM
READ(1411) Ye(X{(J)sJ=1e1P) CLM
YPY=YPYeY®Y CLM

DO 30 J=1.1IP CLM

XPY (J)=XPY (J) eY®X (J) CLM

00 30 K=1.1P . CLM
1J=(K=1)2]1PsJ CLM

30 XPX (T =xPX (1J) ¢X (J) #X(K) CLM
20 CONTINUE CLM
0o 13 I=1,1Q ’ CLM

13 READ(ltll)R(I)Q(RR((J-l)°10’I)oJ=loIP) CLM
1IF(16G.EQ.0) RETURN CLM

Do 40 I=1.16 . CLM

40 READ()s11) (G((J=1191G+1)4J=1+1IP) CLM
READ(141)) (GBO(1)sI=1416G) CLM
RETURN CLM

1 FORMAT(7FS. 1) CLM
15 FORMAT (415) CLM
END CLM
/7/7G.SYSL1I8 DD DSN=NCS.ES-84139.GALLANT.GALLANT'DISP=SHR CLM
/7 DD DSN=SYS1.FORTLIH,01SP=5SHR CLM
// DD DSN=SYS1.SUBLIB4DISP=SHR CLM
/7/G.SYSIN DD * CLM
00012000060000400002 CLM
59.1 l. 0. o. 00 o. o. CLM
’ 120.50. le O 0. O 0. CLM
S8.6 1. 0. 0. 0. 0. 0. CLM
CLM
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