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The paper gives a general method by which a uniformly most powerful
similar test for outliers from a merber of the exponential family of
distributions may be found. It is then shown that under certain circumstances,
if the test can be phrased in terms of a test statistic, then the exact null

hypothesis distribution of the statistic may be found recursively.



1. INTRODUCTION

The problem of testing a set o data for outliers is one of the
oldest in statistics, methods having been proposed well over a century
ago. In the intervening period, it has attracted much attention, and
numerous test statistics devised, mostly on intuitive grounds. Specific
criteria for optimality of a test statistic have been set out by Paulson,
(1952), and by Ferguson (1961). Paulson considered a test statistic
optimal if it maximizes the probability of a correct decision. From
this he deduced an optimal test statistic, the maximm studentized deviation
for a single outlier from the normal distribution with unknown parameters.
Essentially the same statistic was also found by Kudo (1956) and by
Ferguson (1961). Ferguson also approached the problem of optimality
by requiring local optimality of the power function, and arrived at the
sample skewness and kurtosis as test statistics. Truax (1953) showed
that the test statistic defined by Cochran (1961) maximizes the probability
of a correct decision in the case of a ganma distribution with known shape
parameter. Karlin and Truax (1960) consider the more general problem of
an outlier from a distribution with a single unknown parameter, and
deduce the form of optimal test statistics when this parameter is a
location parameter, and when it is a scale parameter.

All the work referred to above deals with the problem of nuisance
parameters by imposing intuitively reasonable invariance requirements.
However these requirements seem to be ad hoc, and the difficulties of
specifying suitable invariance restrictions increase when the mumber

of nuisance parameters is large or when there is additional external



information on them.

Rather less progress has been made with the distributional aspects
of these outlier criteria. Exact distributions of the optimal test criteria
have been found only when there is prior information in which direction the
outlier will appear. Grubbs (1950) and Hawkins (1969) derive this distribu-
tion for the situations of known and unknown variance given a normal model,
while Hawkins (1972) derives that for the gamma distribution with known
shape parameter.

The objective of this paper is to draw together and generalize
these results. Section 2 shows how the optimal outlier statistic for
a general member of the exponential family may be found, and in section
3 it is demonstrated that in some but not all cases, distributional
arguments used in earlier work may be generalized to cover these optimal

criteria.

2. OPTIMAL OQUTLIER TESTS

Let xixz...xn be a random sample from the continuous exponential
density
n
£, x]®) = c(@exl ) o5u;0) + d@)] ... (1)
j=1

where ¢ = (¢1¢2...¢n) is a vector of nuisance parameters. Following
Ferguson (1961) and McMillan (1971), we extend this null model to accommodate
outliers by supposing that there exist n known non-negative constants
aj85.. 48y vhich are not all equal; an unknown permutation {j(1) j(2) oo j):
of the integers {1,2...n}; and an unknown parameter © such that
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@ fxi(XIesi) = c*(0,¢)explay (5,0t (x) + jzl ¢5u; () + @* )] ... (@)

If 0=0, this specializes to the null case while if 6=0 there is a
tendency for any observation i having a large aj(i)e to deviate
in the direction of large values of t(x). The function t(x) is chosen
to reflect prior belief about where outliers are likely to occur. For
example, if 0>0, then t(x) = x is appropriate for outliers which
are expected to occur on the right side while t(x) = xz is appropriate
if outliers may occur on either the right or the left. These two are
the likely "sensible' choices for t(x), though any other choice will
vield a corresponding test.
The problem of testing for the presence of outliers thus reduces
‘ to that of testing the null hypothesis HO: 0=0. We will assume, given
' the flexibility in choice of t(x), that the alternative hypothesis is
le 6>0, and will assume for the moment that the unknown permutation
{7(1),j(2)...5@m)} is {1,2...,n}.
Under the model (2), the statistics T = Z? ait(Xi) and U, = ? uj(Xi)

J
j=1 to k are jointly sufficient for 0 and the nuisance parameter

dpevety -
In some applications, there may be additional data relevant to ¢.
We will assume that such data are incorporated into U; -- the discussion
following is essentially unaffected by the addition.
To deal with the problem of the nuisance parameters, we will impose
the requirement that the test be similar. This leads in the customary
way (Cox and Hinkley 1974 p. 135) to the use of the conditional distribution
of T given U=y, which (Lehmann 1959 p. 52) is



leE(k) = C,(0)exp(6t)d(t,u) ... (3)
from which the uniformly most powerful similar test rejects Hy if
T > k(Q) )

where the particular form of k(g) is dependent on the density (3) and
the significance level (Lehmann 1959 p. 70).

Returning now to the question of the unknown permutation j(i),
for any pernutation j(i), let T(j} denote Zi aj(i)t(xi). Then applying
the extended Neyman-Pearson lemma (Ferguson 1961) to (3) shows that the
uniformly most powerful similar test rejects HO if

aﬁxj T(G) > k@) ... (5
Applying this to testing for the presence of & identically distributed
outliers, let Yi = t(Xi) and let Y(l) 2 Y(z) 2 ... 2 Y(n) be the
order statistics of the Y, . Let aj(i) = 1 for the outliers and 0
for the good observations. Then the best test rejects Hy if
2
igl Y(i) > k().
The test is biased if it is not known a priori that 6>0. The uniformly
most powerful unbiased similar test clearly rejects H0 if
L 2
izl Y(i) >k @) or izl Y(i) < kW

and kl(g), kz(g) are defined uniquely by the requirements of umbiasedness

and size,



In the situation that Hy 1is rejected and it is concluded that £
outliers are present, the next question of interest is which of the observa-
tions are the outliers. Once again, the extended Neyman-Pearson lemma shows
that the probability of a correct decision is maximized if we classify as

outliers those Xi corresponding to Y(l)’Y(Z)”"YCR) .

3. DISTRIBUTION THEORY

The £ outlier statistic rejects if | Y(i) > k(¥). A standard
approach for finding tests of size < o is based on Bonferroni's inequality.

Let k() be chosen such that for unranked Y.,
2
PLL Y; > kW= o/(p).
j=
Then the event J Y5 > K@) is simply

all Permgtations [izl Yi(i) > KO
j@)

and since the Y, are exchangeable, has probability < a. ... (6)

If %=1, this approach yields, in the known cases, a test whose
size is either a or a quantity very close to « (Pearson and Chiandrassihar
1936, Doornbos 1956, Cochran 1941, Quesenberry and Javid 1961) but if 2>1,
the procedure tends to be unpleasantly conservative (cf, for example, the
tables in Grubbs 1950).

However there is at hand a procedure which, in some cases, can yield

tests of size exactly o. This method, particular cases of which appear



in Hawkins 1969, 1972, is as follows:

Recalling that U has elements U, = EJ -1 Yy (Xj) fix i and let U}
have rth element 2331 r(X .). Suppose that

i) The family £ CXI¢) under consideration is complete.

ii) The condition Y > k() can be rewritten as hn(x ,g) > k, where
k depends on the size of the test, but not on X, or U.

iii) There exists a function hn(X U*) such that hn(X Ug) < hn(Xi,g)
is equivalent to hn(X ) < hn(X ’E)

iv) hn(Xj,~*) is a strictly monotonically increasing function of
SRt
hl‘:_l (xj Jgi) °

The significance of these assumptions is as follows: Assumption
i is standard and almost innocuous. It may be verified for any particular
family. Assumption ii is the assumption that the test can be rephrased in
terms of a test statistic. One would certainly hope (though with occasional
disappointment) that this was possible. The finding of such a test statistic
in a particular case reduces to finding a pivotal quantity whose distribution
does not depend on the nuisance parameter ¢. Since the family is assumed
complete, it follows that hn(xi9g) is unique up to an arbitrary strictly
monotonic transformation.

The third assumption may be viewed in two ways. One is to note
that testing Xi as an outlier is really a two-sample test, in which
one wishes to test whether X.i and X1’°°°Xi-1’xi+1"“'Xn come from
the same distribution. Clearly X; is the minimal sufficient statistic

for the first sample, and may be considered to have information about



' 6. The vector U”i‘ is sufficient for the second sample and if one can
find a similar test statistic hg(xi,ug) large values of which lead
to rejection of the null hypothesis, then one would anticipate that assumption
iii would be satisfied. Alternatively, the region hﬁ(xi,ug) > k may be
regarded as a tolerance region for the "'future" observation Xi (Guttman
1970), and one would be inclined to reject Xi as an outlier:if Xi
were not contained in such a region. We note in passing the very strong
resemblance between Fraser and Guttman's (1956) method of obtaining
good tolerance regions and the present method of identifying outliers.

Finally, assumption iv, together with its predecessors assumes

the existence of a strictly monotonic function H say such that
hn(XJ.,g) < h,(X;,0) s equivalent to Dy ; (%;,U$) < Hih ()}, The
relationship hn(XE,Q) < hn(Xi,g) means that X, is more outlying than

' Xj - Now if X. is indeed a contaminant, then we would use U} as the
sufficient statistic for ¢, and test Xj using hn_l(stUg). Thus
assumption iv is an assumption that the decision on which of X; and
Xﬁ is more outlying may be based on h (X;;0) and hn_1(X5,g§) only.

If pivotal quantities hn(Xi,g)9 h;(xi,gg) can be found, then
the verification of assumption iv involves simple mathematics only.
Given assumptions i, ii, iii and iv, let R, = hn(Xi,g). Then
the test rejects H0 if R(l) » the largest order statistic of the

R, , is large. This order statistic is distributed as follows:

P[r<R(1)<r+dr] =

al% 5 P[A; IP[B, [A;].

where A.i is the event r<Ri<r+dr and Bi the event Rj <'R.:.L for



all j=i.
Now P[Ai]

P[r<Ri<r+dr]

g(r)dr + o(dr)

where g(r) is the probability density function of an arbitrary R, .

This may be found by conventional methods, and does not involve order

statistic densities.
The event

BiIAi

P[B i[Ai]

(Rj <R; all j=i | r<R;<r+dr)

P[Rj<r all j=i | Rj=r] + 0(dr)
P[h;;(xj ,UB)<r all je=i | hﬁ(xi,U%;)ﬂ].

Now U* is sufficient for ¢ given the sample with X, included.
Since the probability that hn_l(xj ,gg} < k is, by the similarity imposed,
independent of ¢, it follows from the completeness of the family and
sufficiency of Ut that h 1(Xj sU$) is distributed independently of
g; (Basu 1956). It is also clear that hn-lcxj ,Ug) is independent
of Xi , and so hn-lcxj ,U;) is independent of hg(Xi,UQ).

Thus P[B,[A;] = P[hy _; (X;,UD) Hy(r) all j=i]

F_y U (1)} + 0(dr)

where Fn-1(°) represents the cumilative distribution function of a

R(l) statistic based on a sample of size n-1. Letting fn(r) denote

the density of R(l) for sample size n,

n
£,(x)dr i—zl g, (r)dr Fn-i{Hn(r)} + o(dr)

£, (1) ng, (r)E _{{H (M)}
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Thus the densities fn(r), and hence the cumulative distribution
functions Fn(r) may be found recursively. In order to do this, one
must establish fn(r) for some n directly. This is usually easily
done for some n sufficiently small such as n=2,

Thus the distributional procedure involves verifying assumption
i for the particular distribution; finding if possible the pivotal quantities
hn(Xi,U), hg_l(xi,ug) and then determining whether assumptions iii and iv
hold. If this is the case, then the above procedure may be used to find

the distribution of the outlier statistic R(l) = max hn(Xi,Q) under HO .

4. APPLICATION TO DISCRETE DISTRIBUTIOHMS

If the Xi come from a discrete member of the exponential family
then a modification of the above procedure is needed since the necessary
pivotal quantities hﬁ(xi,Uﬁ) do not in general exist. This non-existence
is a direct consequence of the fact (Fraser and Guttman 1956) that in
general non-randomized B expectation tolerance regions do not exist
for discrete distributions.

Nevertheless, a modification of the method of section 3 may be
applied by working directly with the conditional distribution of the
Xi given U. This procedure will not be set out in general temrms,

but will be illustrated below for some particular discrete distributions.
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5. EXAMPLES

i. Normal distribution

Suppose that under HO , the Xi have density
. 2,2
fy (x|g,0)a exp{-4(x-£)"/0"}
i

€, 0 constituting the nuisance parameter ¢ for this case.
In the general form of the problem, there may also exist W, a

czxg quantity independent of the sample. Sufficient statistics for

£ and o are then

n
X= 3 X/n
j=1 J
a 2
S=W+ §J X-X°.
=1

If an outlier on the right is anticipated, then a suitable choice

is k(x) = x, and the test reduces to
X(l) > k(X,9).
A pivotal quantity corresponding to this region is

h (X;,0) = (4-0)/v8 =R, .

T = ] XX
Let X. = . =X,
1 j=1 1 1
jei
n 2
S; =W+ jzl (X;-X;)
jel

be the components of U% , and let
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Then (Quesenberry and David 1961)
R, = (n-1)B./n{i + (n-1)B%/n}?
IR Th i
and the right side constitutes the pivotal quantity h;;(xi,gg) .

Furthermore it is clear from inspection that
2 3
R (5,08 = (-Dhy 3 (X3,00/n{1 + (-Dhy, X;,09)/n}7

The right side is clearly monotonic in hn_l(xj ,Ui). With the well-
known completeness of the normal distribution this verifies all four
assumptions, and it follows that the method of section 3 can be applied.

The remaining details of the solution of the problem are set out in
Hawkins (1969).

Special cases occur when one of £ and o is known. The case
¢ known may be handled at once by assuming that W has infinitely
many degrees of freedom v and redefining S as {W + Z(Xj —7()2}/\).

If & is known but not ¢ (a case that might arise from, say, a considera-
tion of matched pairs data) then without loss of generality, take &=0, The

sufficient statistic for o is

n 2
St =W+ ] X
i=1
b, (K, U) = Xy/v8"

BECK,,UD) = X;/{SL(1 + Xo/S}))?
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and again all requirements hold. This case does not seem to be covered
in the literature.

Now suppose that it is not known a priori on which side the outlier
is likely to occur. In the general theory, we might proceed by setting

2

t(x) = x” , which is equivalent to supposing that the outlier is

N{g/(1-29), 02/(1-26)}. The test then rejects Hy if for some i
XZ
;> kX,S).

Now in looking for a pivotal quantity, we require some function
of Xi’ X and S whose distribution does not depend on £ or o
(similarity requirement). One such quantity is (Xi-'k’)/ /S = Ri . From
the completeness of the normal family, it follows that any other pivotal
quantity must be a function of Ri (Basu 1956). The event Xi > k(X,S)

is then equivalent to

X; >0 and (xi-Y)//s > kl(f{'l/S)

or X, <0 and (K—xi)//s < kz()'c'l/S).

Now P[X.,>0 and R:>k; (X,v8) [X,8] = P[R;>k; (X, v5) 1X,SIP[X;>0|R. >k, (X, v5) X, S].
As the latter term is dependent on & and o, while the former is not

it follows that a pivotal quantity does not exist, and so the theory of

section 3 cannot be applied.
An alternative approach is to use t(x) = x, but leave the sign

of ¢ umspecified. In this case, the uniformly most powerful similar

unbiased test rejects if for some i hn(Xi,U) = I(Xi-X')//SI > k.
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This is a monotonic function of ICXi—Ki)/VSiI, but the condition
hn(xj,g) < h (X,.» is not equivalent to [(Xj-Xi)/VSi] < | XX /5.
This i easily verified by noting that if [(Xj-ﬁi)/vsil = [(Xi-?&)/JSil
then either hn(Xj,g) = hn(xj,g) or hn(Xj,Q) = (n+1)hn(xi,g)/(n-1)
the two possibilities corresponding to X; and Xj being on the same,
and on different sides of X.

Thus the theory of section 3 cannot be applied. It should be noted
that this difficulty with the impossibility of rephrasing the condition
on hn in terms of hg arises commonly with two-sided tests for outliers,
and it seems that a fundamental extension of the theory is required to
resolve it.

Suppose however that & is known a priori, and without loss of
generality may be taken to be zero. Then the two tests discussed above

reduce to the equivalent critical regions

2
Xi > k(8")

and |X;| > k(§").
The pivotal quantity hn(Xi,S') = X?/S' is independent of o,
and yields no difficulties. This situation is equivalent to that of

testing for outliers from a garma distribution and will be treated as

a special case of that problen.

ii. Gamma distribution

£x(xla,8) = 6% Lexp(-6x)/T (@),
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‘ For an outlier on the right, t(x) = x and the sufficient statistics
are X = Hixi and X = }:iXi/n° If the shape parameter o is known
but B is unknown, then the test rejects if X(l) > k(X), yielding the
pivotal quantity
b, (X;,0) = X/,

which is Cochran's test statistic for the xz distribution. The distribution
of X(l)[Y is derived in Hawkins (1972), and so further details will not be

discussed here.

Difficulties arise if the shape parameter o is unknown in that
there does not seem to be a well-known pivotal quantity hn(Xi,g), and
this author has been unable to find one. Thus a full analysis is not

possible at this stage.

6. DISCRETE DISTRIBUTIONS

Let us now turn to the situation in which Xi takes on only discrete
values which we will assume to be integers. As noted earlier, suitable
pivotal quantities do not exist, and so the analysis is carried out on

the conditional distribution of the {X;} given U.

i. Poisson distribution

Suppose that fx_(x[x) = e'AAx/x!. For an outlier on the right,
i
we use t(x) = x. A sufficient statistic for A is U= Zixi , and

so the test rejects if

X(1) > k().
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Conditionally on Usm, X; follows a marginal binomial distribution
¥, — m- m
fxi(xlb=m) = (’;) @-1)"Xmm |

fn(xIm) = P[X &) =x|U=m]

nP[X1=x|U=m] e P[stxa j=29'°'9mlx]_=x’ U=m]°

n@ m-1)" %/ . Fn_l(xlm-x).

ii. Binomial distribution

Here £y (x|p) = (Jp"(1-p)™™ ( r known). The sufficient statistic
i
for p is U= ZiXi » and the test statistic for an outlier on the right
rejects if

X(l) > k().

Conditionally on U=m, each Xi has a marginal hypergeometric dis-

tribution

fxi(x|U=m) = (;) (nr:;)/ (n;;) ° B _y&x[m-n).

Exactly as in the Poisson case,

£ (x|m) = P[X(l)=x|U=m]

ne (EED/C) - Fyy6xomen).

iii. Negative binomial distribution

fy &lp) = (PR r oo
i
An exactly analogous approach yields U= J.X, , and given Usm

£ (x|m) = n(';) ('n;f;) / (-n;) * F 1 &[m-x).

It is clear that this approach will apply to all members of the
generalized power series distribution (GPSD) family, (Johnson and Kotz 1969),
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the only differences between different GPSD's arising in the conditional

distribution fxi(xlU---m)°

7. NON-EXCHANGEABLE VARIABLES

Finally, consider the situation in which the X; are not identically

distributed, but are independent. One possible model would be

£y (Xch)a exp Z 93143 (%)
341

where the qu are known functions of x. This situation would cover,
for example, a linear hypothesis where the X have mean ZJ i 13 s

and would also cover a slippage test for ozxz variables with different
but known degrees of freedom. The sufficient statistic U has jth element

21 Jl(X :). If an outlier model specifies that for some particular i,
£y CXI¢ 8)a explot(x) + 2' ¢35 (0]
then an optimal test, as before, will reject if
t(X;)> k. ().

Now, we note, k depends on i since the Xi are no longer exchangeable.
If it is not known a priori which observation is suspect, then the uniformly

most powerful similar test has critical-region
n
U e > @)

If the event t(X;) > k,(U) can be rephrased as .(X.,0) > k
X5 i s Rl R

where k does not depend on U, X; or i, but only on the size of
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the test, then it is clear that the critical region becomes
n
U s O > 1.
i=

This substantiates the use of such statistics as the maximum studentized
residual (cf. for example Daniel 1960 Ellenberg 1973) in a linear hypothesis.
While it may be a theoretical possibility to extend the results
of section 3 to find the exact distribution of max hni(xi,g), it is not
a practical one since it seems that this distribution will involve additional
parameters from the Uji . Thus the distributional aspects of this problem
seem best left alone, and handled by means of approximate Bonferroni
bounds.

A similar conclusion seems true for exchangeable but non-independent
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