ABSTRACT
KHUWAILEH, BASSAM ABDULLAH AYED. Scalable Methods for Uncertainty
Quantification, Data Assimilation andTarget Accuracy Assessment for MuRhysics
Advanced Simulationf Light Water ReactotgUnder the direction dDr. Paul. J. Turinsky).

High fidelity simulation of nuclear reactors entails large scale applications characterized
with high dimensionality and tremendous complexity where various physics models are
integrated in the form of coupled models (e.g. neutronic with thelmgdrbulic feedbhck).

Each of the coupled modules represents a high fidelity formulation of the first principles
governing the physics of interest. Thereforewdevelopments in high fidelity muiphysics
simulation and the corresponding sensitivity/uncertainty queatifin analysis are paramount

to the development and competitiveness of reactors achieved through enhanced understanding
of the design and safety margins. Accordingly, this dissertation introduces eftacidnt
scalable algorithms for performing efficientUncertainty Quantification (UQ), Data
Assimilation (DA) and Target AccuracyAssessmenf(TAA) for large scale, muHlphysics

reactor design and safety problems.

This dissertation builds upon previous efforts for adaptiore simulatiorand reduced
order nodeling algorithmsand extends these effottiswvards coupled muHlphysics models
with feedback. The core idea is to recast the reactor physics analysis in terms of reduced order
models. This can be achieved via identifying the important/influential degrieéreedom
(DoF) via the subspace analysis, such that the required analysis can be recast by considering
the importantDoF only. In this dissertation efficient algorithms for lower dimensional
subspace construction have been developed for single paysianultiphysics applications
with feedback Then the reduced subspace is used to solve realistic, large scale faw®ard (

and inverse problem®A andTAA).



Once the elite set oDoF is determined, the uncertainty/sensitivity/target accuracy
assessmemand data assimilation analysis can be performed accurately and efficiently for large
scale, high dimensional mulphysics nuclear engineering applications. Hence, in this work a
KarhunenLoeve (KL) based algorithm previously developed to quantify theettainty for
single physics models is extended for large scale +phitsics coupled problems with
feedback effectMoreover, a nodinear surrogate basédlQ approach islevelopedused and
compared to performance of the KL approach and brute force NMamte(MC) approach.

On the other hand, an efficieData Assimilation (DA) algorithmis developedo assess
information about mo d e | O-sectipna and mhermdgydraulics nuc |l e
parameters. Two improwgents aréntroduced in order tperform DA on the high dimensional
problems. First, a goariented surrogate model can be used to replace the original models in
the depletion sequence (MPAQT COBRA-TF - ORIGEN). Second, approximating the
complex and high dimensional solution space \aitlower dimensional subspace makes the
sampling process necessary fok possible for high dimensional problems.

Moreover, safety analysis and design optimization depend on the accurate prediction of
various reactor attributes. Predictions can be erdthby reducing the uncertainty associated
with the attributes of interest. Accordingly, an inverse problem can be defined and solved to
assess the contributions from sources of uncertainty; and experimental effort can be
subsequently directed to furthemprove the uncertainty associatethvthese sources. In this
dissertationa subspacbasedgradientfree and nonlinear algorithrior inverse uncertainty
guantificationnamely the Target Accuracy Assessment (TAA$ been developeahd tested

The ideasproposed in thisdissertationwere first validated using lattice physics

applications simulated using SCEG.1 packaggPressurizedNVater Reactor (PWR) and



Boiling Water Reactor (BWR) lattice modgl&Jitimately, the algorithms proposed her were
applied to perforndQ andDA for assemblyevel (CASL progression problem number 6) and
core wide problems representing Watts Bar Nuclear 1 (WBdXycle 1 of depletion (CASL
Progression Problemuxinber 9) modled viasimulated using VERACS which consists of
several multiphysics coupled modelsThe analysis andalgorithms developed in this
dissertation were encoded and implemented in a newly devetopédit algorithms for

Reduced Order Modeling based Unaenty/Sensitivity Estimator (ROMUSE).
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CHAPTER 1. INTRODUCTION

Enhancing the efficiency of existing nuclear power reactors and developing new reactor
designs require rigorous modeling and simulation tools that allow engineers to further
understand physical phenomena more thoroughly and precisely than ever beforeetdowe
developing such precise and robust Virtual Reactor tools (VR) requires the employment of
accurate, yet computationally realistic, mathematical models.

Modeling nuclear reactors is a complex process due to the fact that the structure of reactors
is highly heterogeneous. Fuel, gap, cladding, coolant, moderator, fuel grid, gaps, control rods,
and other structural materials must be considered as separate mediums in the modeling process.
Therefore, core wide calculations are performed in three sthseach dealingwvith a
different scale of the reactor core. As showfigurel, typically the core calculations can be
divided into pincell (this stg is bypassed in modern lattice physics codesgembly and core
wide calculations. For pigell calculations,a fine group crossection library is used to
calculate intregroup quantities (e.g. neutron flux). The ultimate goal of thecpih
cdculations is to produce spatialdependent mukgroup crosssection to be used in the next
level of the calculations.

The rext level of the calculations is the lattice physics calculations (assembly level
calculations) which are performed using the mgiftyp crosssections produced by the
previous step. At this level the spatial meshing is finer than that used foelpaalculations.

This is due to the fact that assemblies have many different mediumactmaints for the
heterogeneity along with the azithal dependence that must be captufée. resultant of the

lattice physics calculations is the production of the-fgaup crosssections.



Finally, corewide calculations use the assemblyeraged nuclear data cressctions
library, to deermine theneutron flux distribution and power levels over the entire core (nodal
power)[1]. All modeling steps use mathematical models that are intelg@dether to form
the so called Virtual Reactor (VR). MIges the availableuclear data crossections and other
parameters obtained via experiments that are subjected to various sources of undertainty;
simulate various reactor operation conditions.(eagious fuel cycles, plant startup, power
maneuvering, and core reload/fuel dischardeence, in order to provide rmeingful
simulation results; these parameters (e.g. esesfons)should be providedlong with thé
associated uncertaintieS herefaoe, quantities predicted via the VR are subjected to
uncertaintieshat might be significant in the process of reactor design and safety maigss.
leads to the fact that uncertainty quantification and sensitivity analysis are vital and important
tobeavail able for any tool of high fidelity nu
parameters are considered a major source of uncertainty in the attributes of interest, efforts
have been concentrated towards precisely determining these pardimeserefforts led to the
application of inverse methods, adaptive core simulation and model calibration in nuclear
reactor modeling and simulation using the experimental observables.

This dissertation builds upon previous efforts for adaptive core sionldeveloped by
H. S. AbdelKhalik, M. A. Jesse, andP. J. Turinsky[2, 3] and reduced order modeling
algorithms developed by Y. Bang and H. S. AbldkAlik [4] for uncertainty quantification of
single physics model®wards coupled muHlphysics models with feedback effett. the
following subsections, previous efforts will beeviewed and discussed, then new

developments will be summarized as an igiiction for dapters 2 through.6
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1.1 Motivation

Recently, there has been increasing demand in the nuclear industry, safety, and regulation
communities for precise confidence bounds to be provided with high figeétictions For
example, the U. S. Nuclear Regulatory Commission requires conservatisms on the design to
assure adequate safety margins. In order to achieve thagsiesate high fidelity calculations
accompanied by an uncertainty evaluation mustrbeigeed so that the conservative design
assumptions are replaced by model based estimates of the mahgiriargest effort in this
direction might be represented by the Code Scaling, Applicability and Uncertainty (CSAU)
which demonstrates the use of mbttased analysis to quantify the uncertaintiBsS][

However, CSAU eceived a number of criticisms best summarized in RgfA number of


http://energy.gov/articles/modeling-and-simulation-nuclear-reactors-hub
http://energy.gov/articles/modeling-and-simulation-nuclear-reactors-hub

guestions reported in Ref][summarized the most important conteabout CSAU. The most
importantcomments which areoncers to this work are:
1- The generality of the CSAU formalism.
2- Too many uncertainty factors are ignored due to the high computational costs of

encountering them.
3- Excessve use of engineering judgenten

Establishing a unified framew to estimate uncertaintiesafety marginand parameter
calibration is important and fundamentébr the improvement ofeactor modeling and
simulation Therefore this dissertation develops a fram@k that can encountdarge scale
uncertainty quantification problem@&orewide uncertainty quantification)Moreover, the
generality and theonditiors of applicability of the proposeftameworkarediscussedThis
would provide a more realistic and ysicsbased measure of reactor safety and design
calculations which help the practical implementation of risk informed regusafiboreover,
having simulatiorbased margins helps in accelerating the licensing process when using high
fidelity computer codeg in safety analysis. For exampleggign margins can be improved by
reducing predictive uncertainty in key reactor attributes. However, the improvement of the
uncertainties in such important attributes requaresbust experimental effovtith potentially
a huge investment in time and/or money. Nevertheless, with the availability of solid and
efficient simulation tools the experimental effort can be directed in the most efficient and
optimized manner so that the tiffieancial investment is minimized anthe safety
competitiveness gain is maximized.

High fidelity nuclear reactor simulation involves solving equations desgriamious
chemical phenomena, heat generation and heat transfer by convection and conduction, fluid
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hydraulics, and radiation trarsp. However, these equations are typicabnlinear, entails
properties that are functions of the solution state (@ugaup dependensotopic number
density in transport calculation is a function of the neutron flux distribution), and they are often
strongly coupled to each other. Unfortunately, nuclear engineering design and safety analysis
includes dozens of phenomena that need to be simulated via nonlinear tigptsdcaunge

scale, multiphysicsmodels operating at a diversity of tiraed spatiakcales. Therefore, in

order to perform high fidelity simulations, and hence improving the design and safety margins,
scientist should tackle these problems providing the most efficient and timely reasonable
techniques to account for these complications.

Current modeling and simulation tools solve these problesitsg uhe operator split
methods where the models are loosely coupled by decoupling phenomena and solving the
resulting modified equations separately. If the coupled models are weakly dependaahon
other, then each model can be simulated while fixing the other models (réfeyute 2),
followed by a solution of the second system giverréiselt of the first model solution. On the
other hand, if the coupled models are strongly dependent on each other and/or the coupled
physics operate on disparate time scales then the former coupling technique usually converges

very slowly if at all P].

(LN
NV,

Figure2. Two coupled multphysics models.




A higher degree of coupling can be achieved via solving the models simultaneously
employing a tightly coupled solon procedure by formulating a combined nonlinear algebraic
system of equations which can be solved using a strongly convergent nonlinear solver such as
the Jacobiaifree Newton methods. Efforts in this direction can be exemplified by the-Multi
physics Obgct Oriented Simulation Environment (MOOSE) tool developed by Idaho National
Laboratory P]. MOOSE provides the user with several coupling schemes

Uncertainties in keyeactor safety and desigttributes originate from a variety of sources
that must be identified, analyzed and improved. In order to efficiently reduce the uncertainties
associated with key reactor attributes, the uncertainty sources must be identified along with
their contributios to the overall uncertaint¥his is possible through the combined activities
of uncerainty quantification analysis, datasamilation and target accuracy assessni2dia
assimilation(i.e. parameter calibrationinks the wealth of precise integral gariments and
modeling which result in accurate and more reliable calibrated parameters g@&pg.
conductivityandcrosssections) However, the application t¢iie dataassimilationprocess for
nuclear engineering applicatis has a number of challengesh as the huge computational
burden associated withhte mo de |l 6 s dhe scplabiitx of thenethod fdr multi
physics problemdVore details about the data assimilation methods and challasgesated
with themwill be introduced in later sections.

Target accuracy requirements can be defined based on the input from the safety, regulation
and industrial bodies. Such target accuracies can be used along with the high fidelity and multi
physics simulation tools tssess the requirements on the uncertainty sources, hence, directing
the subsequent experimental efforts in the most efficient and useful manner. After all, it is
obvious that the Uncertainty Quantification (UQ) and Inverse Uncertainty Quantification
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(IUQ) methods are at the heart of the development of reliable, safe and more competitive
nuclear power plants.

The followingsubsectionswill briefly introduce the available ¢lories and methodologies
for UQ and 1UQ including data assimilation and targetcacacy assessment) Moreover,
problems and challenges related to the application of these methods will be highlighted and
briefly discussed. Finally, Reduced Order Model{RM) [10-12] will be introduced as a
facilitator of the UQ and the 1UQ analysis through a brief introduction on the usefulness of the
ROM techniquego their current and potential applications in nuclear engineering modeling,

simulation and uncertainty quantification.

1.2 Uncertainty Quantification

The ability to quantify the uncertainty in quantities predicted by computational models is
importantand paramount to various inference problems involved in nuclear engineering
analysis. The UQ analysis quantifies the uncertainty in a certain response of iRebesnd
identifies all plausible and important sources of uncertainty along with theniledirdns to
the overall uncertainty.

Generally, computer codes are used to simulate various phenomena involved in the analysis
of nuclear reactors. Using best estimate calculations that are combined with well estimated
uncertainties provides more re#iisevaluation of plant safety margins for licensing. In
addition to that, there is nothing, in the uncertainty quantification methods and techniques that
is limited to a specific reactor type or plant scenario (where conservatism varies for different
reador types, conditions and experts opinion). Once developed and agreed on, these methods
and techniques can be applied to any reactor type (e.g. high temperatcwelgdseactors or
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liquid metal reactors) and any reactor condition (e.g. stetatg calalations, severe accident

scenari os or operational transientséetc).

determined and uncertainties redutdeugh robust and efficient experiments. This will lead

to better response to emergencies due to thierhetderstanding of the key phenomena.

Major sources of uncertainty might be classified as follow:

a Modeling Uncertainties: originating from the assumptions and/or simplifications entailed in
the model.For example infor nuclear physics calculations the various -seielding
approximations used ithe multigroup cross sections generation introduce uncertainties
into the selfshielded libraries.

b- Numerical Uncertainties:df example in deterministic methods the usérufe difference
methods forspatial meshingintroduce uncertaintieand lack of full convergenceof
iterative methods.

c- Input Data Uncertainties:réquently the major source of uncertainty in the key reactor
attributes is due to uncertainties in evaluatettlear data such as microscopic cross
sections, fission spectra, neutron yield -par) and scattering distributions that are
contained in ENDF/B. Data assimilation/adjustments have been used to improve the
knowledge of this source of uncertainty so thaty cause less uncertainty in the response
or attribute of interestlf3].

Models most times contain parameters that alogained by fitting the model for
experimental results. Since experiments contain uncertainty, even with a perfect conceptual
model, the modeill have uncertainty due to the associated parameters' uncertainties. In this
work, the conceptual model will be assumed perfect, and parameters will refer to model
parameters and input data. Various methods are available for uncertainty quantifi¢egsm.
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methods are either statistical or determinist#; 15]. Statistical methods (such as Monte Carlo
simulations, adaptive sampling ... etc.) propagate the uncertainties in a stochastic manner,
where the sources of uncertainties are sampled from previously asgenoleability Density
Functions)PDFs. Therefore, the uncertainties can be determined by statistically analyzing the
samples of responses of interests (finding the low order moments of the collected data). The
Monte Carlo (MC) sampling approach has been widely recognized asadsteversatile
approach to mpagate the uncertainties due foany reasons: first, its computational cost
depends on the number of samples rather than the dimensionality of the uncertainty sources
space; second, it can be implemented in ainosive maner; and third, no assumptions
have to be made about the model order, e.g. linear vs. nonlinear. However, the stochastic nature
of the MC sampling entails statistical uncertainties that would affect the results of the UQ
analysis; moreover, the statistiegproach does not provide information about the uncertainty
contribution per uncertainty source.

On the other hand, deterministic methods usually require the accessibility to the sensitivity
profile of theRol with respect to the source of uncertaintygreover, covariance libraries of
the uncertainty sources must be provided. These two pieces of information are then combined
linearly (e.g. sandwich rule) or ndimearly depending on the model of interest. However, the
sensitivity profiles are usuallyalind to obtain especially for high dimensional problems. For
example, nuclear engineering applications often involve models characterized with large input
parameter dimensionality (e.g. nuclear data esessions) and/or high dimensional response
space (@. 3-dimensional meskwise neutron angular flux distribution). Generally, there are
two approaches to evaluate the sensitivities; the forward approach and the adjoint approach.
The adjoint (variational) approach is preferred whenever the model is chizextteith a high
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dimensional input parameter space with feal. The adjoint approach entails the calculation

of madjoint profiles each corresponding to one of the responses (observables). Therefore, the
computational cost of applying the adjoint approach depends on the number of responses.
Nevertheless, if the dimensionality of tR®l-space is high and/or the adjpimodel is not
available, then the forward approach (brute force) might be used. Although the forward
approach is always available to use, its computational cost depends on the number of inputs
(dimensionality of input parametespace). Unfortunately, newohics applications are
characterized with a huge dimensionality in the input space (e.g. nuclear datsectass)

and in certain applications huge dimensionality in the response space (e.g. mesh wise neutron

angular flux distribution).

1.3Data Assimilaton

Data Assimilation (DA) is the mathematical process by which the actual experimental
measurements are incorporated in virtual models in order to improve their performance and
simulation of the real physical phenomena. Data assimilation uses a vanetgree methods
to calibrate model s parameters which can
statistical methods; a comprehensive representation of these methods is presentetiSh Ref. |
The deterministic methods, such as the least squares methods solve the calibration problem as
an optimization problem that seeks a parameter set that minimizes the residual between
model 6s p déhd expetimental sbseavables. Moreover, deterministic methods are
computationally efficient and provides mathematical guarantee of the numerical convergence.

Deterministic methods provide estimates of covariance matrix that characterize the parameters
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sd; however, much less details are provided about the posterior statistical distribution of the
parameter setlp].

On the other hand, statisticmethods are more attractive for applications where precise
information are required about the statistical properties of the parameters of interest. These
methods are categorized into Frequentist approaches and Bayesian approaches for model
calibration ad parameter estimation. Frequentist parameter estimation approaches relies on
the assumption that the experimental observation is one possible outcome of infinite repetitions
of the same experiment or phenomena. Moreover, the unknown parameters arasrbateg
fixed values; hence, no probah# can be associated with thenoweéver, true and false
conclusions can be assigned with corresponding probabilities of each value (true and false).
Bayesian parameter estimation approaches assume that timeefgaisaare considered as
random variables with associated probapitiensity functions. Therefore, the result of the
Bayesian approach is a posterior Probability Density Function (PDF).

Data assimilation has been used for parameter estimation andcaboietion in nuclear
engineering applications. Rel&25] used various data assimilation techniques for neutronics
and thermal hydraulics for key parameter estimation. More specifically, Rgfuged the
subspace methods in the context of data assimilation for large scale problems. The method
introduced therein regularizes the data assimilation problem via a lower dimessiosde
approximation obtained via a gradidrdsed approach. However, in this work the data
assimilation problem will be efficiently solved utilizing other features of the subspace method.
First a surrogate model will be used to replace the original compleelm8econd, the

problem will be regularized via a subspace obtained by a gredéenapproach.
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In the remainder of this text, the data assimilation problem will be solved by the Bayesian
approaches. Before introducing the details of the Bayesian ap@®afor parameter

estimation and model calibration, the Bayesian interpretation of probability is reviewed here.

Assume that the prior densipy(q) i ncl udes all the information

(q) prior to obtaining the experimental measurement or observation. This prior information
might be coming from similar experiments or analytical approximations. From a Bayesian
point of view the information coming from an observat{®) can be incorporated into the

likelihood function as follow:

p(vig)=

where p(q,v) is the joint probability of the random parameter and observétign So given

a certainobservationv,

obs?

the posterior density function afcertain state of thgaramete(q)

given an observatiom,,, is :

— p(q’vobs)

P(QIVobs)-m

(o]

where p, (Vos) = f A% Vo) A0 = fipvedl § o(9 i hence, the posterior density

RP RP
function ofg can be given as

v y=_Plesla) ()
S NE L @

RP

Several algorithms implement the Bayesian approach for parameter estimation. Among
these e the Markov Chain Monte Carlo (MCMC) Algorithms. Refl5] contains a

comprehensive study and details about these algorithms. The main shag obthe MCMC
12



is that these algorithms generate samples from the posterior density function based on rejecting
others, hence whenever the probability space is complex and high dimensional the MCMC
methods fails to generate useful samples which resuthe irejection of a large portion of the
samples. In order to evaluate the likelihood of a sample; the model of interest must be run
which means that rejecting many samples mean inefficiency in the computational cost of the
method and slow convergenceaity.

Two Adaptive Metropolidhased algorithms can be used in order to perform parameter
estimation and reduce the above difficultidbe first is the Delayed Rejection Adaptive
Metropolis (DRAM) 7] and the DiffeRential Evolution Adaptive Metropolis (DREAN2H].

In this work DRAM will be used to utilize available plant data (measuremantsintegral
experimentsin order to estimate the key parametand estimate the probability distribution
that describes their effect on the overall uncertainty in certain key reactor atiribut

Ref.[20-26] are samples of the efforts to utilize the power of the data assimilation
methodologies into nuclear reactor modeling and simulation. In these previous efforts, the
mathematical framework oflata assimilationwas formulated and tested for calibrating
modelingparameters$or light water reactors and fast reactfi2§].

Previous effoit [22-24] were made to apply a consistent method for further improving and
understandinghe nuclear data important for reactor modeling such amébasticdiscrete
levels, evaporation temperatures for shielding applications and resolved resonance parameters
of actinides (e.g. peak positiong)hese early studiesdicated the validity othe method
proposed thereibut, on the other hanthey highlighted a number ohallenges folarge scale
practical applications such #se way of getting the sensitivity coefficients and the need of
reliable covariance information.
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Moreover,n Ref. [25 a new approach waeveloped and implemented to link the integral
experiments to basic nuclear parameters used for the generation of poirtectasss data
files. By performing the data assimilation of few nuclparameterge.g. scatteringadius,
resonance parametergptical model parameters, Statistical Haudegshbach model
parameters and RPeguilibrium Exciton model parameters) allowed performing the data
assimilationon a few parameters set while applying the results on all-gnaltip nuclear data
crosssectionsOn the other handnd for large scale problems, Réf1] introduced the use
of the subspace methods for the regularization of the data assimpaoblem which results
in reducing the computational cost of the problem and allows the analyst to encounter a
relatively large number of parameters for the calibration study. More details about the former
contributions will be given in the coming siects whenever convenient.

This dissertation introduces efficient techniques for the application of Metropolis
algorithmsin large scalenuclear engineering applicationehedetails of DRAM areoutlined
in chapter 5 The advancements introduced here can be summarized by first, replacing the
complex models with goairiented surrogate models and obtaining necessary samples from a
lower dimensional subspace instead of sampling from high dimensional complex spaces that

characterize the problerDetails will be provided irchapters.

1.41Inverse Uncertainty Quantificatidifarget Accuracy Assessment)

Nuclear reactor design and safety calculations require rigorous calculations of several
important reactor attributes such as the multiplication factor, and reactor power and
temperature distributions. Therefore, new developments in uncertainty reducgon ar

paramount to improve the competitiveness of nuclear energy against other energy sources
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making it an economic and safe energy alternative. Nuclear data are considered to be a major
contributor to the uncertainties in the calculated reactor attributesefbine, it is natural to

seek algorithms that identify the key nuclear data whose reduced uncertainties would have the
highest impact on the uncertainties of reactor attributes of interest. Nuclear data experiments
could then be established to reducedhec er t ai nty of the identiye
the cost of experiments noticeably vary from one isotepetionenergys peci y-c Ccr os
section to another, one must take into account both the cost of the experiment and the potential
beneyt mtyreductioneom theaitributes of interest. This is possible via a constrained
optimization problem that minimizes a cost function, representing the cost of the experiments,
while being constrained by the reduced uncertainty sought for the attributa(®rest. This

problem was tackled and appeared under the name nuclear data target accuracy assessment,
initially developed by Uschev in 197046. We refer to this problem as the inverse
sensitivity/uncertainty quantiycation (Il UQ)
assessment. The IUQ problem has been applied for current and future rd&:®0k These

studies considered different integral quantities such as the hoaliipn factor, reactivity
coeecients and various important reaction rates. Based on a target uncertainty for the
attributes, as deyned by design/economic co
current nuclear data evaluations need further ingmments; see Refl§] for an example of a
comprehensive study. l deal l 'y, al/l par ameter s
uncertaiy of the attribute of interest must be included in the IUQ analysis, for example:
nuclear fuel and structural material crasg ct i on s , yssion products
potentially important source of uncertainty must be included. Hence the nunpagaofeters

might grow very large, which increases the computational cost of the IUQ analysis and weaken
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the identifiabilty of the problemds solutio
el imination of par amet er lytothéd aérall dnoertaingdp]. cont r |
The sensitivity of each response is calcul at
parameters arselected based on their contribution to the overall uncertainty. However, the
sensitivity proyle may not remain constant
Hence the contribution might change as the input parameters change. This means that

el iminating paramet er s t h ahe urtertaintyodies snitteni y c a
assumption that the uncertainty contribution of each source is constant. This assumption cannot

be always asserted and/or guaranteed. Therefore, many sourcesedhinty must be

involved in the IUQ analysis.

Previous sections discussed the necessity of high fidelity simulations, efficient uncertainty
guantifications and design optimization for the development of advanced reactor designs. This
section highlightson different techniques to perform uncertainty quantification and design
optimization efficiently and the challenges involved in applying these techniques to reactor
design and safety problems. Mainly, the huge dimensionality involved in the reactor design
and safety problems forms the major challenge. Hence this work is devoted to develop efficient
Reduced Order Modeling (ROM) based algorithms for the performance of the forward and
inverse sensitivity/uncertainty quantification analysis for light watectoea (LWRS). The
inverse uncertainty quantification analysis help to evaluate the impact of each neutren cross
section parameter uncertainty on the most important integral responses related to the core in

general and nuclear fuel cycle and forward/inveiesgletion calculations in specific.
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1.5Reduced Order Modeling

1.5.1 Overview
Forward and inverse statistical problems can be solved by either the Bayesian or frequentist

approaches. However, either approach can be a computationally intensive endeavor,

particularlywhenfaced with largescale complexnodelssuch as high fidelity nuclear reactor
simulators (coupling neronics with thermahydraulics).Therefore, subspace based reduced
order modeling can offer several ways feducingthe computationalast of such problems:

1- Reducingthe cost ofthe forward simulationwhich implies replacing the original model
with surrogate models seducedorder models

2- Reducing the effective dimensionality of tinut parametespace. Hence dealing with a
small nunber of DoF when solving the forward and/or inverse problems (UQ and IUQ)

3- Redudng the number of forwardimulations required.g., more efficient sampling For
example in théBayesian stting, these methods includdagive and multistage Markov
ChainMonte Carlo (MCMC) based algorithms
Therefore Reduced Order Modeling (ROM) can be one of the most important techniques

that make the analysis of complex and computationally expensive models possible. Hence this

dissertation introduces efficient ROM bdsalgorithms that can be used for solving high
dimensional single and mulbhysics forward and inverse sensitivity/uncertainty
guantification problems in nuclear engineering applications.

Reduced Order Modeling (ROM) achieves that by reducing the igatimensionality of

the variables associated with the various physics models, including physics input parameters,

state functions, and responses of interest. The reduced dimensions are determined such that the

resulting reduction errors (differencebeeve t he r espective variabl ecd
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space and those reconstructed from the reduced dimensions) medefiped user tolerance

limits with an overwhelmingly higtprobability [29, 30, 34]. Mathematically the reduced
dimensions are described by a subspace, whose basis dimension is in many cases considerably
smaller than the dimension of the original space. Symbolically, this can be described as
follows: let then input parameters, e.g., cressctions, be represented by a vector, R";

and similarly, then components of the state, e.g., mgitoup flux, with a vectof | R™, and

the p responses, reaction rates for a numifenuclides that are tracked later by a depletion

code, byyl RP. The reduced variableg, 7,, andy. are, respectively, given b =UI X

, f,=U} #,andy, =U]y, where thax columns of the matrixtJ | R™" represent a basis

nr,

for the active parameter subspace. Similarly,itheolumns ofU, i R™ ", and thery columns

of U, i R™Y represent bases for the active subspaces for the state and responses, respectively.

Considering the parameter space by way of an examplie,réfers to the number of dominant
or effective components in theimpesthatonetarr spa
represent within a specified accuralypossible parameter variations that are responsible for
the response and state vaoas using onlyx degrees of freedom. The reduced degrees of
freedom are used to reconstruct the parameters in the original space as follows:

x=UUlXx ¥ X,
where nowHX- ?(H te, is denoted as the reduction error. It has beenem in earlier work

thatrx may be selected to meet a udefined uppebound €, [30, 34].

The reduced dimensions are determined such that the resulting reducisr{difference

between the respectivear i abl eds wvariation in the origin
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the reduced dimensions) meet qefined user tolerance limits with overwhelmingly high
probability. Mathematically, the full dimensional spate approximatd by a lower
dimensional subspace (active subspace).

In order to calculate the basis of the active subspace, a plethi@ehniques have been
developed in different science and engineering fieRB3[]; for an overview of such
techniques, the reader may consult R&4] fnd the references therein. ROM approaches may
be classified into two broad categories, parametric and nonparametric approaches. In
parametric approache$ie model variations for the variable of interest are fitted to a response
surface that is described by a{oletermined set of functions with unknowwefficients These
functions represent a basis for the active subspace, where the unkoefficientsare
determined using an optimization search that minimizes the discrepancies between the
vari abledés variations as calcul ated by the
response surfac86¢ 39]. Nonparametric approaches avoid the use of asssat@d functions
instead theyse pattern recognition techniques to represent the dominant variations using a
smaller number of degrees of freedom. Projeebased techniques belong to this category
[40, 41]. Ref. [34] shows that the conventional linear algebra toolkit, including theuking
value decompositiogSVD) algorithm and randomized Range Findinlgagkithms (RFAS),
can be used to identify an active subspace that approximates, with high probability, the
dominant variations to a quantifiable accuracy for a general smooth nontiodat [34]. If
applied at the state level (i.e., flux in neutronics modeling), one can recast the model equations
using their weak form to conain the state variations to the identified active subspace. An
example of such an approach is the Pe@alerkin rendition that is often employed for finite
elementsbased modelsif)]. Central to any nonparametric approach is the ability to determine
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a basis for the active subspace. Many approaches have been developed to find such basis, e.g.,
the approximate balanced truncation methat8}, [Krylov subspace method4d] and the
proper orthogonal decomposition (POEB[49]; Ref. [34] contains an excellent review of
projectionbased ROM techniques. The most common approach to constructing the subspace
is the method of sapshots, where snapshots of the model are captured at successive points in
tme8321 or by perturbing the mothedortespondimgstate p ar :
or response variation84-40]. For sufficiently complex models, this approach may still be
impractical, as the single execution of the model is considered to be computationally taxing,
especially for models characterizlbyg slow convergence rate. Hence, this work investigates
the utilization of the nowwonverged iterates within the context of reduced order modeling in
nuclear engineering applications.

For example, the Boltzmann equation is used to solve for the néutxanside the reactor
core. This is a partial integmifferential equation in space, time, energy, and angle. To
separate out the time dependence, the equation can be recast in the form of a generalized
eigenvalue problem, where the eigenvalue is tedual to one when the reactor is critical. For
details on its construction, the reader is referred to R6[. The power iteration method is
often used to calculate the fundamental eigenvalue (i.e., multiplication factor) and the
corresponding fundamentaigerfunction (i.e., neutron flux distribution). However, the
convergence rate of the power iteration is determined by the dominance ratiosndefihed
as the ratio of the second largest eigenvalue to the maximum eigenvalue. The power iteration
converges very slowly for problems with relatively large dominance ratios, a situation that is
common in problems of practical intereSar this reaso, a number of acceleration methods
have been developed and utilized; however, multiple iterations are still required to satisfy
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stopping criteriaTherefore, whenever a snapshot based technique is used the application of
ROM is hindered by the fact thadte repeated execution of such models is computationally

taxing.

1.5.2 Reduced Order Modeling Bas&ensitivity Analysis, Uncertainty Quantificatiamd
Data Assimilation

Various efforts have demonstrated the use of dimensionality reduction in nuclear
engineering applications, mostly, in sensitivity analysigcertainty quantificatiomnd data
assimilation For example the forward uncertainty propagation using déerministic
approach has a computational cost that is proportional to the dimendioa iofput space
(uncertainty source space), hence a justified dimensionality reduction on this space would
result in a more efficient forward uncertainty propagation. An early proposal of this technique
is represented in Ref33-35]. Ref. [34] provided mathematical justification of the technique
and applied it for uncertainty quantification in neutronics applications. Re34] perform a
KarhunenLoeve (KL) expansioibased uncertainty quantification for single physics
neutronics modsl The principal KL expansion basis vectors are determined using a gradient
based version of the Range Finding Algorithm (RFA) to identify important Degrees of
Freedom DoF) in the form of subspace basis vectors. Thasle (basis vectors) are then used
to propagate the uncertainty in the nuclear data esessons efficiently. Chaptéoverviews
the analysis and the algorithm provided in R8#, B]; moreover, the chapter introduces an
extension of the proposed algorithm imalti-physics coupled models.

Bang and AbdeKhalik utilized an intersection based algorithm to further reduce the

number ofDoF for serially coupled models (no feedback) to be reckoned with in subsequent
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analysis Figure3) [50]. The intersection based algorithm depends on the down selection of
theDoFthat satisfy a set of constraints. These constraints are problem dependent. For example
in the case of uncertainty quantification application, the two constraints areibBseith

high uncertainty components and high sensitivity components tamnealusly. Hence,
extracting theDoF that satisfy these two constraints will result in a smaller s&odf yet
without noticeableaffecting the accuracy of the method. However, the proposed algorithm
does not take into account coupled models with feedlefieicts (closedoop coupling);
moreover, the algorithm requires the availability of the sensitivity information which is either
not available or computationally expensiie obtain Therefore,chapter 3introducesan
improvement of the intersectidmasedalgorithm by extending it to closddop coupled
models via an iterative algorithm that takes into account the feedback effect. Moreover, a
gradientfree algorithm is proposed ichapter 3which enables the utilization of the

intersectionbased algorithmvith models where the sensitivity information are not available.

L=l )

Figure3. Two serially coupled models.
The low dimensional subspace approximation (active subspace) is used to simplify
complex and computationally expensaealysis such as uncertainty quantification. In order
to exemplify the process of subspdmsed uncertainty quantification introduced in Ré¥,. [

consider the following model:

y=f(%).
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If we assume that theensitivity equations associated with thedel is linear, the
uncertainty in the input parameter vecter)(can be propagated towards tRel vector (y)
using the sandwich equation as follow:

C,= Sy,XCXSTy N (2
whereC, is the covariance matrix of the input paramete) énd S ,, represents the
sensitivity profile of theRol (y) with respect to the input parametéar); Howeve, taking
into account that the covariance mat@lx is symmetric then its singular value
decomposition can be written as follow:

C,=U. B U,
where U, is the matrix of orthonormal basis of the space spanned by the columns of matrix
C, and Eéx is a diagonal matrix of the corresponding singular values. Henqd2ecan be
rewritten as follow:

C,=S,U.Bc, U, 3

:Syx UCXECX %X Dx 13—/;
—

cy2 cyar
— /12 ~12T T
- Syx(:lx Cx Syx
Now if we assume that we have the basis of a lower dimensional subpaicat (

approximate the uncertainty space (i.e.space) then Eq42) can be rewritten as follow:
C,=S,C(UUT WU Cls) ?3)
where (U”U”'T +U"U “’T) 3 with U'l R™" and r <n if the components af are highly

correlated (e.g. the case with nuclear data esestions), whereis the full dimension of the
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input parameter space (uncertainty source space) . The basis vectors represent the degrees of
freedom DoF) in thex-space that are characterizeith high uncertainty and high sensitivity.

From Eq.(3) the uncertainty in the attribute of interest can be segmented into two parts; the
first part is comig from the active subspace and the minor (negligible) part is coming from

the inactive (orthogonal subspace). If the active subspace is chosen correctly then the part

coming from the orthogonal component will be negligibly small:

— 2 ) 1/2] 2 /2
C,=S,C2UUTCrT S, 45, G20 UT AT S,

=(s,c2u)(s,c2u ) {s,cru)(s,c2u)

yX X

From now onU will be used to denoteU . If the lower dimensional subspace
approximation is selected properly, then the uncertainty component associated with the
orthogonal component will be negligibly small, and hence the uncertainty Rah@e. y)

can be approximated as follow:

.

C, =(s,c?v)(s,cry 4)
This conclusion leads to the realization that the uncertainty can be evaluatedwid e | s 6

executiongnstead ofm executions. Each model execution would quantify the uncertainty in

the Rol due to a certain basis vector (degree of freedom in the uncertainty sources space).

Notice that the ternﬁsyxclx’2 U) can be written as:

S,,CPU=g8, G| S,CA ©)
whered' is thei'" column of the matrixJ. On the other hand, the linearity assumption
implies the following:

S,CrU=y(% €u) Ax%) I,
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Hence the reduced uncertainty propagation(&gcan be rewritten as:

Cy:gxl... iV 8-@ —yDT §§RTy (6)

Hence, this process can be viewed as a soashunenLoéve techniques with the
neglected componenDF) being selected based in theantribution to the uncertainty and
sensitivity. In addition to thatin multi -physics coupled models, the importaBtoF must
satisfy one more condition; taking into account the nature of iplajisics coupled model any
selectedDoF must have aignificantly possibility to appear in the interface space between
the coupled models This down selection will be explained in more details in the following
subsection.

The error in this evaluation can be estimated as follow:

c, {s,cey)(s,c2y)|

yxX ' x yX ' x

.-

= H(syxclx’2 u)(s,c2u)

=[s, cruuTcFs |
=[s,.c2(1 wuT)ers]
The Range Finding algorithm (RFA) can be used to estimate an error upper bound in the
L2-norm of the above error term,[30, 34]. This process has two major advantadiest, it
does not require the accidsbty to sensitivity profiles;second it requires onlyr mod el 6 s
execution instead of, wherer <«n.

Generally, Ref. 4, 34, 51] can be consulted for a comprehensive representation of the

techniques proposed by Abdehalik and Bang in their effort to facilitate the
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sensitivity/uncertainty quantification analysis for high dimensional reactorsiggy
applications.

Moreover, sensitivity analysis can be simplified significantly given the fact the
computational cost of the sensitivity analysis depends directly on the dimensionality of the
input and response spacéd-p2]. As mentioned before the computational cost of the adjoint
apprach depends directly on the response space dimensionality while the forward sensitivity
approach depends on the dimensionality of the input space. Therefore, efforts have focused on
how to capture lower dimensional subspace approximations to represeputrend response
space using the RFA. These methods first appeared under the name Efficient Subspace
Methods (ESM) developed i2,[51]. This work, explored the potentialities of applying the
subspace methods feensitivity analysis, uncertainty quantification and data assimilation in
nuclear engineering application. It showed the potentiality of ESM facilitating the
uncertainty/sensitivity/data assimilation applications in nuclear engineering.

In addition to bhat Ref.[21] employed the subspace basedduced Order Modeling
methoddor the facilitation of the data assimilation problem. In ourtegtdata assimilation
concernghe adjustment of macro and midroe v e | model 6s parameters
crosssections and fuel thermal conductivityctoring intheir priori uncertainty limitsin
order to enhance the agreement between model posdicind measurements for key reactor

attributes. Denoting that the experimentally measurediributes y,,, and the calculated

responsey., , then he data assimilation probleamms to minimize the disagreement between
the measures and calculated values:

yexp_ (Vcal €' Xﬂ

min,

2 p—
o @l AL
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where Dx is the parameter adjustment vect8y is a regularization parametend S is the

sensitivity coefficient matrixRef. [21] combines the sensitivity information atie parameter
covarianceinformation in order to determine thH@oF which have large sensitivity and
uncertainty components. Afterwards the data assimilation problem can be solved efficiently
along thes®oF via the regularization of the problem.

In this dissertatiopwe will imply a gradient free approach to determine the impoDaFt
wheretheseDoF are used to replace the original models with surrogates that have negligible
computational cost to run. In the next sectioasous techniques for surrogatenstructon

will be overviewed.

1.5.3 Reduced Order Modeling Bas€&walOrientedSurrogate Construction

Often, the analysis of models requires frequent running of the models of interest. However,
these models are complex and associated with high computational besgfofe, the
substitution of the original models with surrogates is an important and common practice in the
analysis of complex modelé&\s mentioned earliehigh fidelity models can be replaced by
simpler surrogates that have negligible computational twsun. Ref. [53] categorized
surrogates into thregroups p3]:
1- Datafit models,
2- Reducedrdermodels,
3- Hierarchical models

Datafit models are generated by tlegression of simulation dafraining set) Examples
of datafit models are the dylor expansion based models, where the training set data are used

to determine the coefficients of the suitablylor series expatisn of the model of interest
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overthe interval of interesAnother example is the Gaussiamocessesurrogate$s54]. These
surrogategequire modeling choices that specify the mean and covariance of the surrogate
Gaussiarprocess.

Reduceebrder models arebased uporpr oj ecting the model 6s eq
reduced dimension subspace (active subspabepasis of the active subspacempirically
determined via a training set of mod@elorward and/or adjoint runs.

Hierarchical surrogateare designed tgpana rangeof applicatiors; these models are
derived from the high fidelity models in conjunction with ignoring certain high fidelity aspects.
For example the computational cost of a model carrdoleicedby consideing coarse
discretization grids oloose convergence criteria. Therefore, hierarchical surrogates can be
useful whenever the loss of accuracy is negligible with respect to the application of interest.
Combining the first and second types of surrogate madedsgoaloriented view helps in
overcoming the difficulties associated with the model complexity and high computational cost
due to high parameter dimensionality.

Goaloriented surrogate construction is introduced in .R&b5 where reduced
dimensionality analysis is used to determinelbé€ that preserve applicatiespecific features
instead of preser vi ng-origdtedDoFselectoh)0Thes®oE ard ur e s
then used to construct the so called gw#énted surrogate of the original complex model.
Goaloriented surrogate models have been used in nuclear engineering applications for
uncertainty quantification purposes as represented in Hefviere goaloriented surrogate
models are used to replace the neutronics model for purposes of uncertainty quantification.
Ref. [4] finds the uncertaintgensitivity specificDoF and then uses them in constructeng
second order surrogate in the form:
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2

Dy =5/ © (% X
If the surrogate isntended for uncertainty quantification purposes, then the variations in
parameterx can be viewed as a random perturbation sampled from the distribution assumed
by the covariancenatrix C, :
Dx CY%
where X being a random vector sampl&dm a normal distributiorto generate a random

sample of thenput parameter. However, definitige columns of matrixu as the basis of the

input parameter active subspaBm®F with high uncertaintysensitivity componentthen the
perturbation vectox can be projected onto the basis of the active subspace which reduces the
effective di mensi ormpadmetergpacef t he model sé i npu
Dx =CY?UU"x
Therefore, an efficient goariented surrogate can be constructed as follow:
Dy =5/CYUU" x (FJev U™ V'x 2-b(47)" @)

Given thatUl R™ and & =U" x IR"then 5 =5'C?Ul R" and &), = HCY?U IR".

Hence in order to determine the unknown elements ofand b,, the model needs to be run

2r times so that the coefficients are determirefer toFigure4 andFigureb).
A similar goatoriented surrogate model construction will be introducedhhetes 5 and

6 and used for data assimilation and target accuracy assessment, respectively.
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Figure4. Original model: with high dimensional input space argh computational cost.

= : Surrogate
Model

Figure5. Goal oriented surrogate model: with few parameters and low computational cost.

1.6 SCALE

In this subsection and theoflowing one(1.7) thetheory and implementation oéactor
core simulation tools that will be used to validate the ideas proposed throughout this
dissertationwill be discussedn this subsection SCALE6.YA Comprehensive Modeling and
Simulation Suite for Nuclear Safety Analysis and Dgdigid] depletion sequenddRITON) will
be of concern while in the followingubsectionVERA-CS (Virtual Environment for Reactor

ApplicationsCore Simulatoy [58, 59] will be discussed
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SCALEis a comprehensive modeling and simulatool developedtOak RidgeNational
Laboratory (ORNLYor nucleardesign andgafety analysisSSCALE provides a comprehensive,
verified and validated, toofor criticality safety, reactor physics, radiation shielding,
radioactive source term chatarization, and sensitivityhcertanty analysis whichis
constructed in & p l-amdp | alggic which allows the user to use combination of the
available89 computational modulesncluding three deterministic and three Monte Carlo
radiation transport solverSCALE depletion sequence (TRON) is the specific sequence that
will be used to test and validatige ideas introduced in this dissertatairthelattice physics

level.

1.6.1 TRITON

TRITON sequence consists of several SCALE modulesstiygportsransport, depletion,
and sensitivityuncertainty analysi§57]. TRITON calculates thgroblemdependentross
section withmulti-group transport calculations far, 2-, and3- dimensionakonfigurations
The Xdimensional geometryransportcalculations are performed using XSDRNRiihile
NEWT is used for2-dimensionaltransport calculationi.€. lattice physics) In addition
TRITON also includes Monte Carlo depletiorodules such akKENO V.a and KENQGVI.
Coupled with the transport capabilitiagailable through XSDRNPM, NEWT and KENO;
along withORIGEN depletion capabilities and SCALE migtioup crosssection processing
calculationsgollectively they provide rigorous firsfprinciples approacto predict the burnup
of variousisotopes in configurations that have a strong spatial dependence on the neutron flux.
Moreover source terms and decay heat, as well asgemp homogenized crosectionsised
by nodd core calculationscan be determined.
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Sensitivity analysis is available througie TSUNAMI2D sequence in TRITONvhich
provides problendependent -@limensionalforward and adjait transport solutions via
NEWT. The adjoint transport solution is theredsto calculate theensitivity coefficients, and
the calculation of the uncertainty keff and otherrelative responses due to cressction
provided covariance data. Theodule that is used to calculate tsensitivity of the response
of interest with respect to the nuclear dat&s/AMS, which is capable ofleterminingthe
sensitivity coefficientsas a function of nuclide, reaction typejaterial regionand energy
group Once the sensitivity data are olotad the uncertainty can be esttethvia the sandwich
equation (refer t&q.(2)). The implicit effects of the crossectionare treated @he sensitivity
codficient level rather than ahe covariance matrix levelvere the sensitivity coefficients

have the following components

(S Xg)complete (% 59) explicit ( % §9) implicit

whereR s the response of interegt,is the energy group,s a nuclide of interest andis the
reactiontype of interest. In a more detailed view of the equation above, the imgrait

accounts fotheindirect effect of perturbing certain crossection on the response:

&s,, iR 0 .4 .5, R 3§ 'mS
S g ) % = a%a j 2 i
( RSx.a / complete ¢ R 5 §+ iCh R L@hS Jy’h S xgH

In this dissertationthe lattice physics basedepletion sequenc@{DEPL) will be used to
deplete the reactor core (or assembly) mod&lsle TSUNAMI-2D will be used to generate
the sensitivity information required throughout this wolkDEPL is the 2dimensional
TRITON sequene which uses NEWT for the transport calculatioasd also provides the

capability to generate lattigghysics data for nodal core calculatiofbe T-DEPL sequence
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consists of three main modules: NEWT, COUPLE and ORIGEN. NEWT generates the
transport fluxdistribution which is then used to compute the regivaraged, mukgroup
crosssections along with the mulgroup flux for each of theepld¢ed materials. COUPLE
generates the-@roup crosssection for each of the depletion materials. Finally, ORIGEN
depletes each of the isotopes based on the normalized material flux (or power) using the 1
group crosssections computed by COUPLE the followingsubsections, more details are
given about the main modulesTRADEPL sequencg57).

T-DEPL uses a predictecorrector approachvhere thecrosssection processg and
transport calculationsse isotopicconcentrations at the midpoint alepletion subntervak
(assuming the reaction rates are constant and equal to their values at the beginning of the
subinterval) After that crosssections and neutron #udistributionsare calculated at this
midpoint andused to deplete the fuel over the full subinterl@pletion calculations are then
extended to the mpoint of the next suimterval, followed by crosssection processing and
transport calculations at timew midpoint.This process goes on for all depletion-sotervak.

The following two subsections 1.6.2 1.6.3 will highlight the two major components the

depletion sequenc&-DEPL).

1.6.2 NEWT
NEWT solves the timéndependent form of the linear Boltznmaequation (transport

equation):
wWip(r, B «rsE)r. Ewo(rs E) )
wherey (r‘,\E’,E) is the neutron angular flux at positiérper unit volume, in direction®

per unit solid angle and at enerdfy per unit energy.
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S (r‘,E) is the macroscopic total cressction at position and energyk .
Q(r,\El, E) is the neutron source term at positfoper unit volume, in directioN® per unit

solid angle and at enerdy per unit energy. This source includes the fission source,
scattering source and any external neutron source.

NEWT solves E(q8) via the multigroup discred-ordinates method usinge Method Of
Characteristics (MQ) in which the transport equation is solved analytically along
characteristic directions wiin a computational ce[l57]. The MQC represents the spatial
variables along theharacteristic directions (raysjiese rays substitute the conventional finite
difference representation with these characteristic variations that incorporate both the position
informaion () and the directional informationE'). These characteristics are represented by

the saxis as follow:

W1 p(r, ) ij):/%.

Therefore, Eq(8) can be rewritten in terms of the-axis as follow:

YSB, gsey(sg dss ©

ds
Eq. (9) has the following solutiong[l]:
y(sB)=y(Be ™ v ™ s Eé*7* d
0
In this cases represent the distance along a specific characteristics dire(ﬁ)naﬁd

yO(E) is an energy dependent known angular flus=t which can be obtained from the

boundaryconditions For more information on the MO Ref. p1 - 62] can be consulted.
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NEWT useshis angular flux distribution via numerical integrattorobtain the neutron scalar

flux distribution:

1.6.3 ORIGEN

The ORIGEN-ARP sequenceompleteshe pointdepletion calculations using problem
dependent cross sectioidhe poblemdependent crossection libraries are generated using
the ARP Automatic Rapid Processing) modulemployingan interpolation algorithm that
operates on prgenerated libnaes created for a range of fuel properties and operating
conditiong[63].

In determining the time dependence of nuclide concentrations in the nuclear resstor co
ORIGEN solves therdinarydifferential equation representing the rates of appearance and
disappearance of each isotope. Generally, isotopes in the reactor core appears due to various
mechanisms: radioactive decay of other isotopes, fission of helamyents into lighter
elements, and neutron captufde disappearance mechanisms are: radioactive decay of the

isotope itself fissionand thecapture of neutrons transformitige isotope into another. The
time rate of change of the concentration for aigaler nuclide () is determined solving the

following coupled ordinary differential equations:

dN . -
oAbl Hrano N [0 /4N fori=1,2,-- (10
i=1 k 2

where

N, : Atom density of the'" isotope.
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f : Spaceenergyaveraged neutron flux.

/. : Decay constant of tH& isotope.

l; : Branching ratio from thg" isotope.

f. : Branching ratio for neutron absorption by #itisotope which lead to the formation the
i isotope.

s, : Flux-averaged neutron absorption crssgtion the™ isotope.

1.7VERA-CS

VERA-CS(Virtual Environment for Reactor Applicatioi@®ore Simulatoyis a steady state
Light Water Reactors (LWRs) core simulatapplicablefor predicting over a range of
operating conditionscludingvariousfuel cycles plant startup, power maneuvering, and core
reload/fuel discharg&/ERA-CS can be, relatively, considered a higtelity core simulator
which provides the capability to performdémensional geometry simations along with
considering coupling effects (e.g. thershgdraulics feedback)6l]. VERA-CS has various
computational models that might bendoined to perform the analysis of interest. In this
dissertation, a specific VERES depletion sequence will be usEdjure6 shows the models
involved in this depletion sequenaghere MPACT is a transport solvédtat determines the
neutron flux distribution and the pin power distribution necessarf@ @BRA-TF, which is a
thermathydraulics solver which determines thesl andcoolanttemperature distributian
along with thee coolant density distribution which are gasfeedbacko the transport solver.
Neutronics andhermathydraulicsmodels areteratedusing operator splitting approaahtil

a certain stopping criteriae satisfied After that ORIGEN (refer to sectiod.6.3 performs

36



the fuel depletion calculations, hence updating the material composition of the fuel to be used
in the next time stepnterface parameters transfer is handled by the Data Transfer Kit (DTK).
More details about each of these components is given in thegsobsectiong1.7.1, 1.7.2

while more details about the interface aaeterawill be providedin the comingchapters.

LIME Coupled Multi-Physics
Driver

| |

[ r

X
\
r MPACT DTK OCI;I.:‘-IA—TF ORIGEN

b

—-——-'-‘-—’

Figure6. Depletion with thermahydraulics feedback using VERBS (Predictoicorrector
method).

1.7.1 MPACT

MPACT is a corewide transportsolver (Michigan Parallel Analysis based on
CharacteristicTracing). MPACT solves an integral form of theear Boltzmann equation
acrosdor heterogeneous material regiarhich enables the simulator to generategimdevel
power distributions that ameecessaryor detailed thermahydraulicupdate. The Boltzmann
equation is solved via the thed of characteristics (MOCH4-65] with discrete ray tracing
within each fuel pin. MPACT can provide two solutitypes:
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1- A 3-D MOC solution: where the 8imensional Boltzmann equation is solved. However,
for high fidelity core wide calculations this solution is computationally expensive and
might require the allocation of huge memory and computer capabilities. Hensecond
solution type is provided.

2- A A-20Dsolution: in which MOC solutions are performed by dividing the problem into
radial planes (2D solution) and the axial solution is performed using a-toder one
dimensional (1D) diffusion 08P3 approximation (1D solution).

For simplicity, the 3dimensional mone@nergetic Boltzmam equationwith isotropic
scattering in a homogeneous mediisngoing to be used to highlight the difference between

the 3D and 2ELD methods ilMPACT:

= : VSf — ) ,
W Ar, W (5. %E@, )d W—f\;;pfﬁ'/, oo @

In Eq(11) :

T =(x,,2) is the position vector which indicates the radial, axial spatial index:

:jé(x,y)i R
%Od:z ¢z

while W= W W} is the direction-of-flight variable Figure7 shows an example of a

cylindrical homogenous system volume. The geometry consists of a radialRliaed an

axial elevation(z). Figure8 resembles a control volume in the rectangular geometry.
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Figure7. 3-dimensional cylindrical geometry (system volume V).
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Figure8. 3-dimensionakectangulageometry (system volume V).

The 2D1D method does not solve Etjl); insteadit solvesa combination of 2D version
along with 1D version which makeahe process mre computationally efficientThe 2D

version resembles the radiaks! solution assumingn isotropicaxial leakage term:
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The axial current term carelapproximated as follasywith appropriate boundary
conditions
L(9° AW (r. Y
4p
On the other hand, the 1D axial transport version which resembles the axial distribution

can be formulated as foll@wv

W _ S, .. , . VS B
WAL s WA Jow B w e B e

In MPACT, the axial transporquation(Eq.(12)) is not solved directly; instead ti8P1,
SP3 approximatios is solved. Th&P1 approximation to Eq12) is given by the 1D axial
diffusion equationSolving the SP1 andSP3 approximation ismuch simplerthan solving
Eq(12). The above analysis highlights the differebe¢éween the 3D and 2D approximate
methods. For more details about the solution methodology and various options available in

MPACT, the reader is referred to R§85).

1.7.2 COBRATF

COBRA-TF (COolantBoiling in Rod ArraysTwo Fluids) is a themalhydraulics
simulator that was originallgeveloped by the Pacific Northwest Laboratory (PNL) and is
currently a part of VERACS COBRA-TF is designed tgerform a two fluid, thredéelds

approach (i.econtinuousvapor, continuous fluid and fluid dropletdispersedn vapo) for
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Light Water Reaiors (LWRS) This subsection briefly summarizese two-fluid model used
in COBRA-TF [67].

COBRA-TF, modelseach of these fieldssing separatequilibrium equationshowever,
liquid and droplet fields are assumed toilequilibrium with each other,emce, they share
the samenergy equatian In general these equations are formulated viéeS@n coordinates
or asubchannel methodThe consevative equations are solved simultaneousking the
Semtlmplicit Method for Pressurkinked Equations (SIMPLE)69].

Eq{(13) presents the phasic mass conservation equation. The equation is writterkfor the
field, where the left hand sidepresentshetime rate of change t¢fie mass and the advection

of the field mass into or out of thigferentialvolume. The first term of the right hand side (i.e.
L.) is the mass transfer out /into of ph&s&inally, M. represents the massnsfer in the

mesh cell due tturbulent mixng and void drift. Note that CBRA-TF uses a simple turbulent

diffusion-based model to calculate the axial turbulent transfeossthe subchannel gaps
(when using the subhannel method), is the velocity field andr, is the densitywhile a,

is the void fraction for th&" phaseFor more information about the diffusion approximation

and void drift modelsthereader is referred to Re6].

+ 85 aM) £, M (13

'El'c

The interphase mass transfer term accounts for evaporation /condensation and

entrainment/dentrainment. Hence thetermcan be expanded into three components:

(1 ) "Gs"
= hHh 'GS¥

a J_ J_
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The vapor field is denoted while the liquid film and entrained droplet fields are denoted
by | ande, respectivelyln the above three equationfs" is the volumetric mass transfer due
to phase changand S™ denotes the continuous liquid ¢éotrained droplet volumetric mass

transfer The # term is the fraction of phase changattained droplets, vapol). Note that

this termwill be defined basion theexplicit process of interest:

h,,.. is the evaporation term anfe ., is the condensation ternQ,, is the volumetric heat

evap

transfer from the wall to the liquid phase aHd, is the heat of vaporization.

On the other hand, Hd4) represents the phasic momentum conservation equatien.

left hand sidelenoteshe time rate of change of theomentum andhe advection terrmpte
that Eq(14) resembles the Cartesiano o r d icase.u, & A\s are the Cartesian directional

components of the velocity fieldnote that in Cartesian coordinates the momentum

consevation equation will consisbf three separate equatfor the momentum transfer in

each direction) The pressure force(a,BP), turbulent andviscous shear stres§

5.(ak(é +T) )) ), gravitational force(a, £9), and momentum loss/gain due to phase

change, drag force and momentum transhéf + M M) are represented by the right hand

side.
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=a, £g - aPb "'(Q@i [TI](» M+ My M+

The viscous sheatrsss term can be expanded ifitod-fluid shear and watfluid shear:

v]

(a.4) =
(a.t) =4 +(o.8)

(a, f) =t ?(a l”'a').

O ol

r...r. [ are the volumetric wall dragf the entrained, vapor driquid phasegnote that

COBRA-TF does not model the liquithuid viscous shear stresses). Thg term is the
momentum gain/loserm due to phase change, wtitiis term carbe expanded in terms of the
three possible phase changes as follow:

M! = GV

M= - Gl AV S™V
Mi= - &V SEV

Moreover, p ¢ is the interfacial drag term which can be, also, expanded into threg terms

and M, is the axiamomentum resulting from the turbulent mixing.

Finally, the energy conservation equation is represented 335qn which the left hand
sidedenoteghe energy time rate of change and change in energy dine tadvection into and

out of the differentialvolume. The right hand side represents the phase conduction and

turbulent heat flux { Dga(ék qj) ), energytransferdue to phase chan@g,h, ), volumetric

heat transfer through the wald(, ) andfinally, the pressure work terna( ”EP).

Blaom) o ai¥) = 4@ dfg b G, +k%v (19
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COBRA-TF solveghe conservation equatiorisqs(13), (14), (15)) after applyng various

assumptions such:as
1- No modeling for the heat conduction in the fluid®,(= 0).

2- Energy exchange happens only in the lateral and orthogonal directions.

3- Liquid-liquid viscous shear stresses are not modeled.

4- A simple turbulent diffusion model is used to esite the turbulentansfer of axial
momentum acrossub-channel gaps.
For more informaon about the assumptions in COBRA and the numerical methods

used to obtain the solutiptine reader is referred to Re7].
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CHAPTER 2. EFFICIENT SUBSPACE APPROXIMATION FOR
SINGLE PHYSICS MODELS

Note: The work presented in this section was developed in collaboration with C., Wang
Bang and H. S. Abd&halik.

Given the complexity of modern predictive modeling and simulation tools, new
developments in reduced order modeling are continuously being pursued by computational
scientists as an effective means to render practical the repeated evaluations of thedssocia
physics models. Reduced Order Modeling (ROM) achieves that by reducing the effective
dimensionality of the variables associated with the various physics models, including physics
input parameters, state functions, and responses of interest. The redmeadions are
determined such that the resulting reduction errors (difference between the respective
variabl ebébs variation in the original space a
meet predefined error tolerance limits with an overwheigly high probability 9, 30].
Mathematically, the reduced dimensions are described by an active subspace, whose dimension
is considerably smaller than the dimension of the original full space. To construct the active
subspace, most ROM algorithms require the repeated execution of trerdomedel, a
process that could be computationally taxing especially for complex systems, such as nuclear
reactor calculations. This chapter introduces a new approach to reduce the computational cost
required to construct the active subspace.

This work proposes a modification to the algorithm developed previous|$4 that is
instead of collecting the snapshots based on the converged sadhgioonrconverged iterates
of the solution (noftonverged snapshots), obtained by randomly perturbing the input

parameters after each iteration, are collected and used to construct a lower dimensional
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subspace. We propose to use this subspace in ligwe @ne constructed with the converged
snapshots as done in earlier work. Note that in the proposed algorithm, the snapshots will not
represent the converged solution for the given parameter perturbations. However, the premise
is that the variability of tb norconverged snapshots can be used to capture the subspace
constructed from the converged solutioAs.will be shown later, it is possible to prove that

the proposed algorithm yields a subspace that is inclusive of the subspace generated using the
conwerged snapshots.

The basis constructed from the noonverged iterates is validated by comparing its
performance with that constructed using the converged snapshots. The application used here
is based on aecently developed version géneralized pertudtion theory, called exatb-
precision generalized perturbation theoryGET) [56]. The BEGPT utilizes the constructed
reduced basis to efficidgtcompute the high order variations of given responses with respect
to the input parameters perturbations, such as -sexdsons perturbations, temperature
variations and control rod insertions. In this chapter, the reduced basis obtained by the
converge and the norwonverged snapshots are combined separately w&GRPE to calculate
the variations of the multiplication factor and neutron flux distribution for a range of nuclear
crosssection variations. The following sections discuss the main idea, Isdebéi
implementation, applications, and numerical tests conducted with SCALEG6.1 pasKage [

This algorithm emulates the salled Range Firidg Algorithms (RFAs) from linear
algebra. An RFA attempts smswer the following question:ié&n a large number of vectors
stacked as columns in a matAx can one find a matrid with a smaller number of columns
whose range contains all the originalcias in A to a usewefined tolerancg An RFA
generates a number of snapshots, each representing a random linear combination of the
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columns of the matrixA, and subsequently employs a rank revealing decomposition to
determine the matridJ and its rank, i.e., the minimum number of columns to whose range
all the original vectors belong within a us#fined error tolerance. The number of snapshots
needed is equal to the rankor slightly larger, depending on the type of RFA algorithm
employed #1]. More importantly, the algorithm does not specify how the snapshots should be
generated; it only requires that they are generated in a manner thatsemsth high
probability their linear independence. This means that if one has anotherBnatrose range

is believed (say based on physics argument) to be equal to the r@ngmefcan use random
linear combinations of the columns®to determinghe range oA. We take this observation

a step further by noting thatH is selected such that the rangeBak inclusive of the range

of A, the identified active subspace fBrwill be inclusive ofAG s acti ve subspa
observation can be asses$d®/ calculating the angle between the two subspaces (described

later). This represents the core idea of the proposed algorithm. In our context, thén(tatrix
be denotedlater as U .) aggregates snapshots of the converged fluxitisol, whose

computationatostof generatinglepends not only on the rank of the active subspace but also
on the model complexity which translates into the cost required to obtain a converged solution

for each snapshot.
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2.1 Algorithm
Consider the followingferative representation of angenvalue problem:

LFO =L g0 (16)

KD
whereL andF are the neutron loss and production operators, respectively. This equation is

often solved using power iterations wgbme form of acceleration; whefes indexj denotes

the iteration index. A lower dimensional subspace in the state space, i.e., the jlusah be

constructed using the range finding algorithm (RF3J] [by solving Eq.(16) a number of

times, wherein model input parameters are randomly perturbed in each run and the flux
variaion from the referencanperturbed case is recorded. The process is repeated until the
accumulated snapshots span a subspace that represents the flux variations within certain user
defined error tolerancd], 34] (i.e. an ative subspace).lle dimension of this active subspace

is found to be considerably smaller than the dimension of the original space. Symbolically, this

can be described as follows: let thecomponents of the state, e.g., maitoup flux, be
represented with a vectdri R". The reduced variabldé are represented by a vector given
by:

f=U"f
where ther columns of the orthonormal matrikli R™" represent a basis for the active
subspace. Thpremise here is that all dominant flux variations can be represented as linear
combinations of the basis vectors of the active subspace, i.e., the colun3oé reduced

variables can be subsequently used to reconstruct shmfits original full dimensional space

as follows:
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F=uu"Fu",
where Hf :ﬂ is denoted as the reduction ermeasured using arehorm To be effective,
2

one needs to find anvalue that renders this error considerably small. Earlier work has proven

thatr may be selected to meet a udefined upper bouna, . [30]. The basis of the active

subspace for the state varialflein Eq.(16) may be constructed using the following algorithm:
1. Generatem random perturbed realizations of the input parameters represented by the
matrices{L }" and{F}" , where:
F=F ¥F andL, =L «,
2. For every parameter perturbation, solve(E@), record the converged solutiohi R",
and aggregate in a matnx. .

3. Calculate the singular value decomposition (SVD) ofntlenapshotsf theflux variation

from the reference value
g7, Df+ Qfgim UsS
U, is a unitary matrix with orthonormal columns which carrdgarded as basis vectors

of the column space af ...

4. Generatg extra snapshots of the solutieariation DI‘T:, as done in steps 1 and 2 (this step

is done once to bound the reduction etrtirthe inequalitybelow is not satisfied, then the
dimension of the active subspace is too small to satisfy thedefeed error bound, and

one must go back to step 1 and add more snapshots, i.e., imofe&e
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The orthonormal basis matrld. can be obtained using any rank revealing decomposition.

5. If the inequality is satisfied, sat. =m; the determined active subspace is expected to

satisfy the usedefined error bound with probability- 10 °.
This algorithm emulates the Range Finding Algorithm (RFA) from linear algebra.

Symbolically, this may be described as follotre computational cog . of constructing
the active subspace using the conventional algorithm described above is a function of both the
rank of the active subspace (step 4) and the complexity of the model (step 2) since a converged
solution is sought:

Coonvergea= f (T:X)
wherexi s a variable characterizing the effect
iterations s required for convergence.

The matrixB however (to be denoteldter ast ) aggregates random vectors which
belong to a subspace that is inclusive of the range(tifis property will be proved later). The
advantage here is that the cGgf, onere Of Obtaining the columns d8 is less dependent on
the model complexity since convergence is not pursued, and is ther&iortian of the rank
only:

Cron-convergea— T (F)
To implement the proposed algorithm, step 2 of the above algorithm is modified such that

the nonconverged solution snapshots are collected in lieu of the converged snapshots, which
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might be computationally taxing. To differentiate between these two stésspa the
remainder of this chapter, we emplGysubspace to denote tbenvergedsubspacgenerated
using converged snapshots, while lrsubspace implies the use of the womvergedterates
to construct the active subspace (i.e. constructmgnaonvergedsubspacke
Consider the computational cost associated with each iteration to be fixed and gtven by
(1. e. model 6s compl exi ty) .siteFatons toaconserga,ghee mo ¢

computational cost is:
CmodeI—C =S 3C (17)
Assuming that for a certain error tolerance the dimension of the subspace salgtitas

total cost required to construct tBesubspace is:

CConverged: r C ?C' model- (18)

The proposed algorithm randomly perturbs the input parameters following a fixed number
of iterations! that are much less than the total number of iterations needed for convérgence
(i.e., | <s, wherel can be a single iteration), and records the-cmmverged iterates as
snapshots. This process is repeated in a similar fashion to the algorithm above until-the user

defined error bound is satisfied. Assuming the dimension dftbebspace determined img

manner is given by, , the total cost required would be given by:

CNon—converged: r N ?C model-I? (19)
wherecC, 4.n=! T . If the following inequality holds:
[3ry, s B, (20

I Needed to satisfy stopping criteria

51



then the computational cost required to construct the active subspace would be reduced by a

factor of 1- (I ¥,)/6 1). Itis expected that, will be larger thanr., as will be shown

later. The abserr, isto r., the higher theamputational savings. The savirggunknown a

priori and is expected to be modidpendent; therefore, one must determine it numerically for
the given modelAlso note that for models with log/(i.e., models that require few iterations

to converge), the expected computational savings will be diminished, implying that the
proposed algorithm will be of value to models with slow convergence which is the main
motivation for this work.

Figure9 compares the differences between the conventional and proposed algorithms for
active subspace construction. figure 9a, each cascade of squares represents one model
execution, with each square representing a single power iteriatieigure9b, the parameters
are perturbed after each iteration (i.e1l) to construct theN-subspace. Note that in the
proposed algorithm the natonvergedlux iterate is used to initialize thiik for the following

iteration.

Figure9. Algorithm schematic for: (alC-Subspace (b)N-subspace.
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Define two matricedi . and 0 , whose columns represent tfhex variations from the
conventional and proposed algorithm, respectively. All variations are calculated relative to a
given reference converged solutiGn Matrix 0 . can be usgto construct a basis for tiz
subspace by performing the SVD of the forin, = U. S A. Generally, the error in flux
variation Df " associated with subspace representation using the Basigiven by:

DF," {1 WuT) A (21)
where
Df, =f -. (22)
Earlier work showed that one can increase the dimension GFtubspace until this error

is bounded by a uselefined limit. See Ref.34] for more details. TheN-subspace is
constructed by the SVD of the matiix,; 0 , = U, § \, where the calmns of matrixU,,
form a basis for the matrit , and its rank is determined in a similar manner tadseibspace
using the RFA. Our goal is to show that the rangél gfis a supersetf the range oU. for
linear eigenvalue probleme.,
R(U:)T R(U,) (23
Before proving thisthe detailed steps of the proposed algorithm are given below:

1. Generatem random perturbed realizations of the input parameters represented by the
matrices{L,} ", and{F}" , where:

F=F ®¥F and L, =L
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2. For every parameter perturbation, solve (E@). using a fixednumber of iterationsl

(where | «s, Sbeing the number of iterations required for convergerar®] aggregate

the iterates in a matri |, with the | ™ iterate (")) given by:

4 a ¢
e e 9 F@ ~(
ael ael ;l ~8§
f<'>_§?up. b Fae—lLF'a S
& & "B
b5 ] b, ¢ -
S 9

3. Calculate the singular value decomposition (S\@bthem snapshotsf the flux variation

from the reference value
gDf V... D). DI gim, Ug§ W
U, is a unitary matrix with orthonormal columngich can be regarded as basis vectors

of the column space of matrix .

4. Generate extra snapshots of the solutidméj“), as done in steps 1 and 2 (this is done

once) If the inequality below is not satisfied, then the dimension of the active subspace is
too small to satisfy the useefined error bound, consequently, go back to step 1 to add

more realizations, i.e., increase [29):

eto.>10f max, |1 UWl) B s

U, is the orthonormal basis matrix which can be obtained using any rank revealing

decompositiong,, is the usedefined error tolerance.
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5. If the inequality is satisfied, saf, =m; the determined active subspace is expected to

satisfy the usedefined error bound with probabilii- 10" .

Notice that the tightly converged iterative solution of(E6).can be represented as:

8 a g
e e Q 7(1) ~(

a f 0=

> ae — =0
Fo-®L g el 2L pd1 oo O
_a(s_l L a?L % 6‘ 980'

%€ e 28 ¢ 00

F5 ) b ¢ ~(

= F :

where 7, is the initial guess,f™® is the solution after one iteration arfd® is the tightly
converged solution snapshot. Also, notice that:

FOTR(LF) =4

7O RAE.(LE... L eY)) ... 8=
7 |R8U: (L?Z (L#Lﬁ(#)l)z)s )I 8¢
where R(LF) is the range of matrix” ' obtained after one iteration. This is denotedgby

while g, denotes the range of the matrix obtained afirations (os multiplications ofL"

). The range of an arbitrary matrirY ( somet i mes call ed tAer matr |

is the set of all possiblenear combinationsf its columns From linear algebrahe range of

a matrix either shrinks or stays the same after successive multiplic&@pnBHis assertion is

proven as follow:
Forbl R(AB) Y $Xsuch thatb =ABX ABYX) , thereforebi R(A). Hence:
R(AB)I RA). (24)

For | <sthe argument above leads to the following conclusion:
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al gl .

Therefore, if we aaume that the RFA can capture the subspaces that repgesand g
accurately, then the naronverged iterates will formulate a subspace that is inclusive of the
subspace that contains the convergaautions. Consequently, one may express this
observation as follows:

C-subspacé N -subspe. (25)

A more intuitive viewpoint is given by considering the convergence of the power iteration.

It is known that the higher overtones of the flux equate to the eigenvectors and die off each
power iteration asthe higherv er t ones 6 ei genvalues to the f ul
implies the converged flux solution will be contaminated with higher overtones if the power
iteration is terminated prematurely. This in turn implies a larger subspace that includes the
converged subspace.

The proposed algorithm employs the RFA to determineGksubspaceand theN-
subspaceHowever, RFAapproximates these subspaces within-dedined accuracyso the
C-subspace anN-subspacebtained by the RFA satisfies the statenwrEq(25) upon the
condition that they represent the rangesind g, , respectively, with relatively highccuracy.

One way to test the statement of 28§) is to measure the angle between the two subspaces. If
the N-subspaceas perfectly inclusive of th&C-subspace then the angle between the two
subspaces must be zero. A measure of the sine of the dominant angle between the two

subspaces has been developed elsewf6fegnd is calculated by the following equation:

sin¢)=|U U, UcUg, (26)
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where J is the dominant angle between the two subspaces of interest which are spanned by
the columns of the two matricés,, and U..

The premise of this chapter is to produce an Efficient version of the Rangad-indi
Algorithm (ERFA). So for a general model (iye= f (X)), the following steps summarize the
use of the ERFA to construct a lower dimensional subspace (active subspace) for the response
i.e.7. (ERFA):
1. Generatk random perturbed realizations of the input parameters of the model of interest:

X =gl x|

2. For every parameter perturbation, execute the model of interest using adixder of
iterations | (where | «<s, S being the number of iterations required for tight
convergence)the variations from the referencessponse value araggregate in the

matrix Y:

Y[ B W
3. Calculate the singular valukecomposition (SVD) of the aggregated resp@msgshots:
Y =USV'.
Ul R™ is a unitary matrix with orthonormal columns which can be regarded as basis
vectors of the column space of mathix.
4. Generate extra snapshots of tesponse’ , as done in steps 1 and 2 (this is done once)
If the inequality below is not satisfied, then the dimension of the active subspace is too
small to satisfy the useatefined error bound, consequently, go back to step 1 to add more

realizations, i.e., increasd 29):

57



e,>10/2 max. 1 w07) B, . @

U is the orthonormal basis matrix which can be obtained using any rank revealing

decomposition.
5. Iftheinequality is satisfied, seét=k ; the determined active subspace is expected to satisfy
the userdefined error bound with probability 10° .

Theflow chartbelow (Figure10) summarizes the 5 steps listed above. Note that the main
difference between the ERFA and the RFA is that the ERFA utlbreidelity snapshotso

find a subspace that is spanned by thé&tiansof the high fidelity snapshot
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Figure10. ERFA flow char.

59



2.2Numerical TestLattice Physics

Our goal in this section is to demonstrate that reduction errors oNbeatid C-subspaces
can be uppebounded. Next, we demonstrate the computational savings rgduttm the use
of theN-subspacéor two cases with different dominance ratios, representing both a PWR and
a BWR lattice model. Next, we verify the assertion that\k®ibspacés inclusive of theC-
subspace. Finally, we employ both tGe and N-subspaceéo calculate flux and eigenvalue
variations for a range of conditions using a recently developed method, referred to-&s-exact
precision generalized perturbation theory. Modifications were implemented into the
SCALEG6. 106s 5IrEWider to@adoenaté the process of building the active subspace
via the proposed algorith(Refer to Sectionl.6.2.

Two different eigenvalue problems are used for demonstration. One is characterized by a
relatively high dominance ratio (BWR lattice) while the other is characteriza lbwer
dominanceatio (PWR quarter lattice). The response of interest is the 44 energy group angular
flux. For the quarter PWR fuel lattice, the numerical solution employs 790 spatial cells, each
with 24 angular directions. The resulting angular flux has 834,240 comgdnentbelong to
a spac®®**% over space, energy, and angles. For the BWR fuel lattice, the numerical
solution has 1284 spatial cells, each with 24 angular directions. Similarly, the response of

interest is the 44 energy group aragulux, which is characterized by a vector of 1,355,904

@1,355,904

components, i.e., belongs . The fission §,), elastic scattering ), fission

spectrum ) andaverage total (prompt plus delayed) number of neutrons released per fission

event (7)) cross sections are perturbet3(%) to obtain the active subspackhe nuclde
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considered in this study ar&U, *>U, *SU, *2U, 1H, 0, and the naturally occurring

isotopes of B, Zr, Fe Sn Na, Al, Si, K andN. Figurel1 depicts the two lattices.

The angular flux active subspace is constructed using both the converged sn&pshots (
subspace) and the naonverged flux snapshotbl{subspace)The two subspaseare then
compared in terms dheir associated computational cost and the rank required to achieve a

certain error uppebbound associated witime subspace representation using the basis matrix

U . This upper bourfds given by Eq(28) with a probability ofl- 10 °[29] (we selectp =10

euppe,:lo\/g max,, (1 UUT) a

Figurel2andFigurel3apply Eq.(28) using both the basis matricels. and U, obtained

):

(28)

2

by both the PWR and BWR lattices, respectivétigure12 plots the error upper bouné, ..

) versus the ranks of the matrices and U,, for the PWR fuel lattice. As predicted by Eq.
(25), the N-subspace is bigger in size than tesubspace. For example, for a udefined

error upper bound df0 %, the corresponding ranks of tNesubspace and thi@subspace are

100 and 78, respectively. Although thesubspaces bigger than the&C-subspace, thél-
subspace izonsiderably less computationally expansive to construct as demonstrated by
equationq17) through(19). This is mainly due to the fact that tNesubspace is constructed

usingnonconverged snapshots of the model 6s sol ut

2 It is important to note that E@8) employsthe Euclidean norm which sums up the squared errors for all the
flux components. Given the enormous dimension of the flux vector, the individual component errors are typically
much smaller than the upper bound.

61



Figure 13 compares thé&l-subspace and the-subspace in a relatively high dominance
ratio system (i.e. BWR fuel lattice). Since the convergence of this system is slower than that
of the PWR system, thé-subspace is expected to be larger when compared@shbspace.

Table | summarizes the numerical results for both the PWR and BWR systems. The BWR
system requires an average of 279 outer iterations for its eigenvalue (multiplication factor) to
convege to within10®, while the PWR requires only an average of 55 iterations for the same
convergence criterion. Taking into consideration the total computational burden involved in
each basisonstruction algorithmTablel indicatesghe computational cost to constritiog N-
subspace to be about 43 times less than that &-8wspace for the PWR system. However,
given the low convergence ratetime case of the BWR siems, the computational cost to
constructhe N-subspace is 166 times less than that of¥seibspace. This demonstrates the

power of the algorithm when the cost of the converged solution is relatively high.

0000000

Figurell (a) PWR quarter fuddttice. (b) BWR fuel lattice.
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Tablel. Computational costs requiréor constructing thé&-subspace an@-subspace.

Subspace PWR BWR
Rank Computational Cost Rank Computational Cosit
C-subspace r.=78 Coonverged= DOXCXTE . =53 Converged = 27 IXCXDE
N-subspace rN = 100 CNon—converged: IxCx10C rN = 89 CNon—converged: 1xCx89

Next we verify the assertion made by &) that is theN-subspacés inclusive of theC-
subspace. This can be achieved by calculating the dominant angle betweendhlespates
using Eq(26). When heN-subspacand theC-subspaces are properly approximated, the angle
between the two subspaces should be zero, since the former is inclusive of tHadattet 4
shows the dominant angle (in radians) between the two subspaces for the PWR fuel lattice
calculated as a function of the rank. As would be expected, increasing the rank improves the
approximation of the respective subspaces resultingtiadual decline of the dominant angle.
The implication of this graph is that if one chooses a rank that is too smal;shbspace
would not adequately represent tiesubspace and therefore the associated reduetrors
would be noticeably higher thatose calculated using th@é-subspace. As the rank is
increased however and the angle between the two subspaces diminishes, the reduction errors
associated with both subspaces are expected to become more comparable to each other. This
provides a good uttly for the dominant angle as a metric that determines the proper size of

theN-subspace
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Figurel4. The dominant angle reduction as the rank increases (PWR).

Finally, we investigate the use of the proposed algorithm to reratkrction for
applications that require repeated execution of the model. For example, in lattice physics
calculations, the fewgroup crosssections are functionalized in terms of various thermal
hydraulic and reactivity control core conditions, so repesddng of the Boltzmann equation
is required as iterations with the therrhgdraulic equations solver and critically search
routine are completed. For demonstration, we employ a recent method, referred to-ts exact
precision generalized perturbatiomeory (BEGPT) [B6]. The EGPT calculates high order
sensitivities using the active subspace, which are then used to constructs a surrogate that
repaces the solution of the Boltzmann equation. A prerequisitedGPE is the calculation
of an active subspace for the flux. The quality of the active subspace as measured in terms of
its associated redtion error in the sense of E(R7), determines the quality of the surrogate
predictions. We employ both tl& andN-subspacén conjunction with BGPT to calculate

flux and eigenvalue variations for a rargfeconditions.
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In general, one can estimate the variations in a respdtiet is a function of the neutron
flux via the GPT analysis with the linearity assumption:
R= f(F)
If other physicsbased restrictions are available then tb&y be represented as constraints
on the flux solution:
g(f) =1
The GPT variational analysis uses a Lagrangian (auxiliary function) to represent the

variation in the response given a set of constraints. In the current analysis, and for the

eigenvalue problem:
F=R-[(oF) B AL FA~ (29

where |” and b" are the Lagrange multipliers associated with the eigenvalue problem.
Eq(29) suggests thahe Lagrangefunction (F ) represents the respondg® (vhenever the
exact solutions { and /) are employed:; therefore, for any parameter perturbation the
variationin the converged value of theagrangian function is equal to that of the response of
interest (i.e.dF = R).

ErGPT is a hybrid methodlmgy combining the generalized perturbation theory (GPT) and
the RFA to reduce the computational cost required to calculate the exact response variations
in support of nuclear reactor calculations, when both the numbers of responses and parameters
are verylarge. The method is predicated on the assumption that the flux variations can be

approximated by a small active subspace whose rank is much smaller than the dimension of

the full flux space (i.er <n). Given that the dimension of the reduced fig =U" R’
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is much smaller than the original dimension of the ki R", one can recast GPT in terms

of a set ofr pseudo responses, i.Rp —<qi,1?>, fori =,.-,r andq is thei™ column of

seudo i

matrix U, such that the reduced varialid#, can be estimated as follow:

Df, =(1,,, B) UTIR™, ¥R (30)
with
7=§ & ®p) - (Pt
2(6‘1’ IPq1> <*1G Pﬂ,> <*1,C-Pﬁ|?€
é : : u
¢:2<G,I [pq1> <.G pql> <|Ggq|;91dRrr
gG. Bg) - (G.OPG) - (G B
where | ., is r by r identity matrix, andDP { ID /-F D F D #J is the perturbed

neutron transport operator With:%. The ¢ is the precomputed solution of the GPT

equation for the pseudo resporiRg

r
eudo i* i=

In addition,{G,*} . need 6 be computed only once

for the given active subspace. The variatidbh can be accurately approximated using an
iterative approach proposed in Ré&f6] with very low computational cost. ThereforesGPT
can directly employ the basis vectors fraisubspace and-subspace to efficiently calculate
the responses variations:

DF U B Y@, T)* (31)

We use the same PWR fuel lattice model described before to examihk #ral C-

subspaces viadg5PT. The eigenvalue in E46) is calculated and comparedHigurel5. The
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exact eigenvalue and flux are calculated by executing the PWR lattice model one more time
with the perturbed parameters (e.g. control rod insertion). The multiplication factor

discrepancy k) reported inFigure15is defined as follow:

D< :K‘nodel Igurrogate

where this error is calculated for different subspace sizes, where each subspace size would

result in differentk As can be observed Figure 15, both subspaces can predict the

urrogate*
eigenvalue accurately, i.e. the discrepancy is less than 100 pcm, when the dimeasiwe of
subspace is bigger than @he estimation accuracy is examined using 20 different test samples
illustrated inFigure16 andFigure17, showing a maximum error of approximately 100 pcm
which is representative of the modeling errors of transport calculafibestest samples are
created usig different reference fuel compositionsigure 18 and Figure 19 show similar

results for the neutron flux. It is noted that the higlkeesirs appear in the thermal range below
0.01 eV where the importance of neutrons is very low. This is to be expected as the active
subspace identifies the dominant flux variations, implying that higher errors are to be expected

in energy ranges where theutron importance is low.
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2.3 Numerical Test: Dimensional Assembly Model Calculations

In this section a 3dimensional depletioproblem with thermahydraulics feedback is
used toexemplify theapplication of theERFA on coupled problems wherkey reactor
attributes are pasd from one model to another in the sequence of modelsitmalate reactor
operating conditionge.g. reactor fuel depletion)rhis example will help to exploréhe
possibility of obtaining thactive subsace baed on lav fidelity snapshots a8-dimensional
coupled simulatiomproblems

CASL progression proble®isusedasan illustrativeexample of single assembly model
neutronicsolution(MPACT) coupled withthermathydraulics feedbackQOBRA-TF), where
the material composition is updated over certain time steps via the solution of a generalized

form of the Bateman equations (ORIGEN). This sequence of models is coupled under the
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umbrella ofthe Virtual Environment for Reactor Applicatior@ore Similator (VERA-CS)
describednore thoroughlyn sectionl.7[58, 59, 65, 67] (for more information about VERA
CS, MPACT and COBRATF refer to sectiond.?).

CASL progression problemis asinglePWR 17x17assemblyWestinghouse fuel design
with uniform fuel enrichmentesembling fuel used iwatts Bar Unit 1 Cycle &t Hot Full
Power (HFP)Theexample used here usssoron concentration of3D0 ppm and00% power
level withno axial blankets adifferent enrichmentegions Overall, the total number of fuel
rods is264 fuel rodswith 24 guide tubeand a single instrument tubethe center(NOTE:
There are no control rods or removable burnable absartsin this problem [68]. For more
i nf ormati on a lparameters, frefer able b1 e mdé s

In this numerical example the response of interest would be the pin power distribution
(calculated by MPACT). In order to provide than powers MPACT calculates the spim
level power distributions using the methodcbfracteristics (MOGChn a 3dimensional (3D)
or a 2 Dimensional/l inensional (2D/1D)fashion as previously described. For results

reported here, the 2D/1D method isdisath the axial component treatethploying SP1.
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Table2. CASL Problem 6 Specification§§.

Parameter Name Value
Fuel PelleRadius 0.4096 cm
Fuel Cladding Inner Radius | 0.4180 cm
Fuel Clad Outer Radius 0.4750 cm
Guide Tube Inner Radius | 0.5610 cm
Guide Tube Outer Radius | 0.6020 cm
Instrument Tube Inner Radius| 0.5590 cm
Instrument Tube Outer Radius| 0.6050 cm
OutsideRod Height 385.10 cm
Fuel Stack Height (active fyel | 385.76 cm
Plenum Height 16 cm
End Plug Heights (x2) 1.67 cm
Fuel Uuo:
Clad / Caps / Guide Tube Materi Zircaloy-4

The pin powes arecalculated at each axial level, hence, 17x17 elemalasgwith 49
fuel axial levels out of 58 total axial levelshich produces a large number of pin power
responsesgi.e. 17x17x49 = 14161). The basis of the active space of the pin powers will be
calculated via the RFA and then compared to the basislai@duviathe ERFA. The

comparison is madey comparing the error values calculated by(&)., whereU is the basis

of the pin powe distribution vector andﬁi is a high fidelitysnapshot of the pin power
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distribution By projecting the high fidelity snapshots on the space of interest, the orthogonal
component (i.ethe component of the high fidelignapshotshat cannot be expresseda

combination of the basis of intergs¢flects how well is the subspace represémdifferent

variations of the quantity of interest (e@). Mathematically, théollowing inequality should

be satsfied[29-30]:

2 N 5
e,>10/2 max. |1 w0T) B, . @

In the above guation: D|5J :I? R, whereP, is the reference pin power distribution. The

basis will be calculated viasaet ofhigh fidelity snapshotebtained byi 2-D D MIPACT runs
coupledwith COBRA-TF and ORIGEN(;.e. Thesubspace for tight stopping criteria solutions
will be represented by thieasis U.: C-subspacepand the subspace for the loose stopping
criteria solutionswill be represented by the basi$, : N-subspace)Table 3 indicates the
stopping criteria employed.

In order to test the performance of the ERFA for time dependent problems testib
will be used. The firssubtest suggests the use of thedimhependent snapshatsing loose
stopping criterido build theN-subspace (computational savings come from the fact that loose
stopping criteria requirkess computational timeJThis test means that the depletion problem
will be solved at all pointén the fuel irradiation periodhowever, theN-Subspace basis is
calculated using a set of looselynverged pin powers (at each tistep).The secongdubtest
usestightly converged (high fidelity) timéndependent snapshots to build a subspatteut
consdering fuel depletiorficomputational savings come from the fact that solving the problem
for one time point requires less computational resources thangtteproblem at every time

pointon the interval of interestThis means that the variationsthre pin powers distribution
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for thetime-independent problem (fresh fuel assemh) be used to build the basis of the
N-subspace.

Table3. Stopping criteria for VERACS analysis of 3D assembly.

Response Loose Convergence Criteria | Tight Convergence Criteria|
Eigenvalue 100 (pcm) 5 (pcm)
Temperature 10 (©) 1(C)
Boron 1 ppm 0.1 ppm
Conentration

Figure20 shows a comparison of the errapper bound associated with each bdsighis
case the pin power distribution variations at 30 GWd/MTU are approximated by the $sapsho
obtained viaconvergd power distribution at 30 GWd/MTU {gubspace), neoonverged
distribution at 30 GWd/MTU (MNsubspace: timeependentand converged snapshotsOad
GWdA/MTU (N-subspace: timéendependent).The figure shows thafN-subspace: time
dependentpower snapshetcan be used to capture thariations (important DoFs) of the
power distribution at 30 GWd/MTUn a superior manner to the {dbspace: time
independent)Hence, the nowonverged snapstecan be used to construct the basis of an
activesubspace of theariations of the power distributioit rank 50 the error upgy bound
in the 2norm is aroundl W/cm. Note thatthe pin power distributiorat the reference
composition haa maximum o274.1W/cm and a minimum d3.7W/cm. Forthe worst case
scenariathe error in the B norm will be concentrated in the smallest power component
(i.e. 33.7W/cm), implying acorresponding tative error ofbelow 3%. However, usually this
error is distributeagnoreevenlyamong all the components.
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Figure20. Error in theL2 norm of the 3D pin power distributiorfthe N-subspace vs. the-
subspace)Refer toEq(32).
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CHAPTER 3. EFFICIENT SUBSPACE APPROXIMATION FOR
MULTI -PHYSICS COUPLED MODELS WITH FEEDBACK

Note: The work presented in this section was developecbllaboration with J. Hiteil. S.
AbdelKhalik and Y.S. Bang(Ref. [71]).

Recently, the requirement of high fidelity models thatareompaniedvith uncertainty
capabilities has contributed tacreasingthe complexity ofreactor modeling and simulation
tools thereforenew developments in reduced order modeling are continuously being pursued
by computational scientists as an effective means to render practical the repeated evaluations
of the associated physics models. In the context of this dissertatiooedenigler modeling is
capable of reducing the effective dimensionality at the parameter, state and response levels
which reduces the number of degrees of freedom to deal with whenever performing certain
types of analysis (e.g. uncertainty quantificatiorward and adjoint sensitivity analysis).
Moreover, reduced order modeling can utilize such reduction in replacing the original models
with surrogates that are accurate in representing the original model to within a certain user
defined error tolerance his chapter will focus on performing gradidr@sed and gradient free
reduced order modeling for coupled mudtiysics models.

Referencd 34] devdops a gradient based reduction approach while the previous section
introduced a gradiefitee reductionapproach T2]. Gradientbased reductiorrandomly
samplegshe derivatives of the responses with respect to input paranagigrsubsequently
determingthe dominant direction®egrees of FreedorDoFs)in the parameter spavea a
linear algebraic algorithm called the Range Findingofithm (RFA)which represats the
randomization collection of gradient samples and thebsequent filtering of dominant

directions. The space spanned by those dominant direcisocsllectively referred to as the

77



fiparameters active subspaceThe derivatives are evaluated usiag adjoint sensitivity
analysis procedure, which is mostly suitable for neutron transport calcul@tioresgenerally
calculations involving linear operatonshere the number of parameters is high (i.e. nuclear
data crossections) with few responsesioferest (e.g. multiplication factor and pin powers)
therefore, the adjoint approach is computationally efficient for neutraailcsilations As
discussed ichapter 2the second type of reduction, i.e., gradieee reduction, employs RFA

to reducehe dimensionality of the state or response spaces via multiple randomized executions
of the forward modeuising high fidelity snapshots (RFA) or low fidelity snapshots (ERFA)
In chapter 2both of these types of reductions were applied to single physidsls. In this
chapter, we integrate these two types of reduction algorithms to allow reduction of multi
physics models. The idea is to perform three R¥j#e reductions at each physicsphysics
interface, one based on the upstream phygielientfree reduction algorithiyn another for

the downstream physig¢gradientbased reductignand a third for the interaction thergoé.
finding the important DoFs for both the upstream and downstream physiosdover, a
mathematical proof will be presentedshow the convergence of the proposed algor{thitin
increasing DoFs)In the following sections, our proposed algorithm will be referred to as

Multi-Physics Range Finding Algorithm (MPRFA).

Without the loss of generalitthis chapter will considertavo looselycoupled modelsase
(A andB) where the output of modél serves as input for modBland the output of modé&
serves as input for model (8eeFigure21). However,conclusions made in this chapter can be

extended to any number of coupled mplhiysics models.
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Figure21. A schematic of coupled models.

ModelsA andB might represent any two coupled physics modads.example, model A
may depend on the output of model B, e.g. model A transport operatorseniss
dependencies on the thernmgldraulics (Model B) operator prediction of fluid and fuel
temperature. However, this sections assumes that these models represent a set of coupled
source problems of the following form:

AX =y andBy =x"

whereA andB are matrices that represent the effect of the corresponding models. This entails
the assumption that the effect of these modules can be approximated by the linear dperators
andB. To makethis linearity assumption more plausible, note thahdy can be considered

perturbations from some reference stdereover, theassumption that both operatésand
B are rank deficient implies that the associated system of equation has infinitely many
solutions, hence in order to determine a unique solution, a constraint is required such as

normalization.
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Since each operatof (andB) is rank deficient then the cowal system is rank deficient.
In order to prove this; one can consider the effect of the coupling process as a successive
application of the operatoré @ndB) as follow:
y =AX
X"=By BAX
y*=AX* ABY
These last two equations indicate that the oper&érd and AB-1 must be singular for
there to be a nontrivial solutioBA is a combined operator equivalent teeaoupling step
Eq. (23) and the proof therein shows that:
rank(B) 2 rankBA)
which means that if one of the coupled models is rank deficient (i.e. singular operator) then the
coupled system is rank deficiente(i singular combined operator) which guarantees the

availability of nontrivial solution.

3.1 GradientBased MultiPhysics Range Finding Algorithm

In section 1.5 the idea of minimizing the size of the subspace was discussed. Previous
efforts demonstrated the use of the intersection subspace for serially coupled mddels [
However, in the case of closéabp coupled modeld~{gure21), theinterface parameters (

andy) are updated at each coupling step making the parameters functions of each other:
y=f(x) andx=g(y)
Therefore, the intersection subspace technique presented irbBlefiops not take this

closedloop coupling into account. Hence, in this section an iterative intersection subspace
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based algorithm is introducedd take into account the coupled nature of the models which

better represents the actual mupltiysics couphg required in nuclear reactghysics

modeling and simulation. Thedgorithm may be broken up into three stages as foll@&Bs (

MPRFA):

Stage 1: Gadientf r ee Reduction of Upstream Model 6s C

1. Creatkr andom realizations of the model Ad&6s in
X =[)—((1) . _y((k)]
wherex® represents thé" random sample of model A inputs, and execute madkl
times.
2. Collect the corresponding outputs in a matyix[y®---y*] .
3. Given a usedefined error tolerance fg; defined byé€, , employ ERFA to determine the
necessary size of the active subspace, defined jowhich uppefbounds the error such that:
|[v- 9|, ¢, wherey is the output constrained to the active subspace.
4. Determine an orthonormal basis for the active subspace using the SVD decomposition:
Y :UA,ySA,yVAT,y

5. If the subspace is intended to be used for UQ analysis, then use the singular value
decomposition of thg covariance matrix to find thBoF with highest component of the

uncertainty in the-space:

C,=U; S UL, (33

where UCy i R, Ie, Is the rank of the subspace or the prapenber oDoFthat carry most

of the uncertainty components as determined by the RFA.
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Stage 2. GradientBas ed Reduction of Downstream Model

6. To limit the number of model B adjoint calculations, define a pseudo response for model

B, defined as a random linear combination of its outputs:

Xpseudo: a Wixi’

where{w} are randomly generated.

7. Employ the adjoint of model B to calculate the derivatives of the pseudo response with
respect to model B 0 srsy (the purrentestimd®eeoptles gize oftthe i s

active subspacef X, can be initially any valuk) times and aggregate the derivatives in a

matrix:

(1) (2) i)
uxpseudo N pseudo_

D:[ S bS 0. _seutic
Y M yu

Stage 3. Intersection Subspaekased Reduction at the Modeto-Model Interface.

8. Calculate the intersection between  and (UCy if available)D subspaces by forming:

N=U,,U",,D or N=U; U (U,,u", D) (34)
9. Construct an orthonorméahsis by performing SVD decomposition:
N=USV',
where theU matrix represents a basis for the intersection subspace at the first interface

between the models in the directiorAAB (i.e.y-space)And repeat steps 1 through 9 for

the interface B\ A (i.e.x- space).

For M coupledmodels, similar steps must be performed at each model to model interface

The more interfaces we have, the more physical constraints are applied on the reduced space.
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The flow chart belowWFigure22) sunmarizes the steps listed above:

Generatk random perturbed realizations of the input paramexgrg
for modelA and collect the correspondinesponse snapshots.(

[
L

4
Collect the correspondingseudo response snapshots for m&del

d seudo
(s )

v

Repeat the same steps fg
the other interfaceB A A)

Apply other
constraints (e.g.
Covariance).
Calculate the basis of

theaggregated
snhapshots via SVD
Eq(34).
Tolerance
k=k+1 «~ No F satisfied
v
Setr =k ; the determined active subspace is expecteq \/
satisfyEq.(27) with aprobabilityl- 10° X {
Yes
End

Figure22. GB-MPRFA flow diagram.
In order to prove the convergence of the algorithm presented above, assume that models
A and B are loosely coupled. Assume that the model A can be linearized as follow:
y=AX,

while model B can also be linearized as follow:

X

= By
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Coupling the two models can be viewed as a linear process applied over and over on the

vector X :
y' = AX
X" =By =BAX
Yy =AX* ABAX
The vectoryi is in the range of matriA while Yi+1 is in the range of matriRBA:
yi R =RA)
vy R =RABA)

Forbi R(AB) Y $xsuchthab=ABX -ABYX) , thereforebi R(A). Hence:

R(AB)I RA)
hence;
R(ABA)I RA)
er

Hence, over the coupling process the rank of the interface spaces will either shrink or
remain the same, therefore, for linear problems it is safe to say that the MPRFA converges.

One more point in the MPRFA that needs elaboration is stage number 2; that is to explain
why does thesampling of a pseudo responsapable of capturing the impartt DoFs with
respect of each of the realysical responses?

Consider the following exampl&igure23). Before determining the important DoFs in the

X -space with respect to the responsgg, (the MPRFA defines a pseudo response that is a

random combination of all responsesrfiponents of the vectpy.
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ypseudo = a. w jy j (35)
j

wherew, are randomly generated factong. is thej" element of the response vectand
m is the dimension of the response vedarThe goal is to calculate tlsensitivity profile

for the pseudo response:

uypseudo
pX
Considering Eq35), thederivative of thggseudo response can be expanddd|bsv:

i
auypseudo

Wy, oy
o FW e W
ik T H X

which can be written in a matrixvector product form:

auypseudo O eIJyl 9\ i s .
— | | - SI seu 0: SV\I’ !
g% lJX + lJ. w A pseud

where W is a vector with th&" samples of the factors. So if the pseudo response deriigtive
sampled at different poin{to account for notinearity effects) in the input parameter space (

X) then the resultant is a matrix of random samples of the pseudmsesgerivatives

ggpl)seudol e |_Slpseud0 8 S pseu

—5 Model —y—}

Figure23. lllustration example.
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So this process is a rangeding process where the range of maBixs approximated

via the range of matri that is the Range Finay Algorithm (RFA) approximates

pseudo?

R(S) using R(S..q) - In other words if is large enough, thew, . .. Samples have enough

pseud
information about the original responses vedot[y, -+, ¥,]" So that its features can be
retrieved. Also, note that due to local linearity of each point in the input space, one can use

only oresample ofs'__  (i.e. sample of ) per sampling point in the parameter space

pseudc

Therefore, the range & (i.e.R(S,cuq0 ) Would represesttherange of the variations of

pseudc
S (i.e. R(9)).

Ref.[73] represents an algorithm that can be used as an extension for ki€ BBA.
The referencentroduces a basis filtering algorithm that can filter the subspace basis from

any DoFs that arennecessarwith respect to the application of interest.

3.1.1 Case StudyCASL Progression Problegi lattice.

In this numerical test guaststatic latticephysics depletion problerhased on CASL
progression pblem number & used to demonstrate the application of the proplgétRFA.
The model is composed of two physics modelseatrontransportcalculationsmodel to
estimatehe neutron fluxdistribution and a depletion model to estimate ¢bacentration and
contentsof various isotopes with time. The calculation of the reaction rates required for
depletion calculations and the isotopliependent resonance treatment are assumed to be part
of the depletbn model; thus rendering the two interfaces to benthgtronflux and the

macroscopic crossections. Many other choices for the interfaces variables could be
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envisioned. We focus here on a single choice in support of this initial studyi€eLiten
trangort calculations are performed by the NEWT module which is a part of SCALE 6.1. The
depletion calculations are performed using multiple modules, incliDgAMI, NITAWL,
MALOCS, WAX, COUPLE, ORIGEN, and OPU$7]. Figure 24 illustrates the coupling

between the two physics modelBhe following nuclei are considered in the depletion
calculations’3U ,>2U, 22U ,%%5U, IINp, %ePu, %5PuU, %Pu,’Pu?2Pu, %2Cm,%eAm,
22Am %3Am, 20, 1H, 120, and naturally occurring isotopes @ .

For the current example, the following cragstions were perturbed: fission spectrum),(

fission (S,), elastic scatteringg.), and average total (prompt plus delayed) number of

neutrons released per fission evemt). A quarter PWR lattice is considered ($ggure25)

which includes 64 fuel pins. The dimension of the cross sections subspace is 239,360 (i.e.

S [R***9. The scalar flux lives in a space of dimensions 100,056 (ji.&R'**%).

= Transport
Calculations

Depletion
Calculations é

Figure24. Transport model (Physiés) coupled with épletion model (Physid3).
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In order to compare the MPRFA to tlperformance of the RFA (study each model
separately without considering the coupling) the following two aspects will be highlighted.
First, the size of the intersection subspace associated with the coupled physics model will be
compared to the size of tlsbspace associated with a single physics model. Second, the
intersection subspace will be used to calculate model responses for generakectioss
perturbations. If the intersection subspace is not captured correctly, i.e., it is missing directions
tha are important to the coupled physics model, one would expect the response variations
calculated using the reduced model to be in gross error (exceeding traefused error
tolerance) when compared to the variations calculated using the exact model.

To investigate the first property, we employ the standard ERFA (refehdpter 2
algorithm to calculate the size of the active subspaces for the flux andsemigms as
calculated independently by the two models, and compare their respective st Hie
intersection subspace calculated by the MPRFA algorithm, as shdvwguire26 andFigure
27. Singlephysics space is calculated using the ERFefer tochapter 2 while the multt

physics subspace is constructed using @@MPRFA proposed in this sectioiResults
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suggest that greater reduction for the respective spamede achieved when codes are
coupled. This is an attractive quality as it implies the computational cost per physics model
can be significantly reduced when models are coupled, which represent the real scenario under

which the models are utilized.

102 . ; . . :
—e—ERFA ]
—&— GF-MPRFA | 1

Relative Error Upper Bound in Scalar Flux distribution - L2 Norm

0 50 100 150 200 250 300
Rank - [Degrees of Freedom]

Figure26. SinglePhysics vs. MultPhysics Active Subspacé ).
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Figure27. Cross section subspace as obtained from the single physics examination compared
to the one obtaineddm the multiphysics examinatioqS).

Regarding the adequacy of the intersection subspace, we compare the response variations
as constrained to the singhysicsdetermined subspa¢ERFA)and the MPRFAdetermine
subspace. Recall thtte proposedpproach assumes that variations that are deemed dominant
by a single physics, but not by the other physics, will be dropped out during the iterative search
for the solutiorbecause their effect is not significant frome tcoupling point of viewTo test
this assertion, we compare overall model variations fanélgronflux distribution (a function
of energy and spaceand eigenvaluglmultiplication factor) for a given crossection
perturbation. The exact variation footh the flux and eigenvalue can be calculated by simply
executing the forward model until convergence. Next, we project theseosen perturbation
along two subspaces (the subspace from the ERFA and the MPRFA subspace) and repeat the
execution till tghtly converged. The first subspace is determined by a single physics, expected

to be bigger than the second subspace determined by the MPRFA algorithm. The
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corresponding variations in the eigenvalue and the flux are compared with the exact variations.

The initial crosssection are projected according to:

SEET U

(36)

where U is the orthonormal matrix associated with the respective subspaces as calculated by

the three stages of ti@&B-MPRFA algorithm.

Table4 compares the change in the multiplication factor calculated using both approaches.

First, k; for the original model is calculated (denoted as the full space modelj, Tine

subspace for the depletion cycle is calculated using both the stdfidBAl and also using

the proposedsB-MPRFA. Finally, we calculate the relative deviation from the reference

solution for each method and compare. The overall effect of apply@B-MPRFA is to

render a greater reduction at the interfaces than can be done u&R¥F#eThus, when using

theERFA the Dk, are larger than those calculated using@iBeMPRFA (even if theERFA

is usingr = 1000) implying that the values calculated using GB-MPRFA is superior to

the ERFA.

Table4. Error in k. due to crossection approximation using Eg6)

Depletion | Reference | Reduced Spac|{ Reduced spac{
step (Full Space)| (GB-MPRFA) (ERFA)
GWD/MTU r=100 r=1000

: Ke Dk, [pcm] | Dk, [pem]

0 1.17320403 -3731 -47 815
10.880 1.09931821 -97.234 -118174
20.680 1.02163022 -71.299 -72.820
26.390 0.95841733 -41.231 -29.15
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3.2 GradientFree MultiPhysics Range Finding Algorithm

Since many computational models are not equippedseitkitivity calculation capability,
a GradientFree MPRFA GF-MPRFA) will be introduced here to compensate for the gradient
based step introduced in the MPRFA algorithm. The second stage in the MPRFA performs a
gradientb a s e d reduction of downstream model 0s
recognizing thédoF in the spaces of interest (eygspace inFigure21) that are important to
the responses of the downstream physics which is obtained by sampling the derivative of a
pseudo response of the downstream physics (e.g. rBoakeFigure 21); however, one can
identify these degrees of freedom using a graiest approach. The logic is based on the
linearity assumption, where the effect of moBelanbe approximateds follow:

=By

X

If so, then the range finding algorithm (RFA) can be used to calculate the basis of the
column and row spaces of matBxas follow:

1. Sampl e the mdikedmples; i nput (
2. Collect the corresponding response snapshts (, = g>‘<l---7<k )i

3. Compute the SVD of the snapshots matX¥{{,, =U >S5S ™V ") where the columns of

matrix U form the orthonormabasis of the columapace of matriB. If this basis is
calculated accurately using the RFA, then any snapsltio¢ xaspace can be represented

as follow:
Xl — UnxrX =nxl 3
X =Uregt (37)

So one can create extra sknwitbosthhe bhesedtmrin mo d e |
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4. Random snapshots of the redupedameterz~, which are used to create extra snapshots

(Xa), can be sampled from a PDF determined by the previeps Extra(m- r)

X

snapshots are required to complete the space:

X gara = U TS (38)

extra
where y is the matrix of the reduced parameter snapshots. Now aggregfairtaz/o
snapshot matrices one can have a full snapshots matrix that can be used to revwal the

space of matrix B without the need teass sensitivity information:
X =8 o X e GRSV, (39

extra

The columns of matrix/, form the orthonormal basis of the row space of m&riMatrix

U, is the orthonormal basisf the column spacehich is used later in the reduction of
the other interfacex{space irFigure21).
In general, if the linearity assumption is not accurate then mAtmust be sampled so
that its variations are captured. In this case the computational cost of capturing the-gradient

based subspace is proportionalr§é,. Hence this method introduces computational savings
wheneverr, I, < min{n ,m} or whenever the sensitivity capability is not available (e.g. the

adjoint model is not available) angr, < min{n} . However, if the linearity assumption is

sufficient, then the methodology presented above is sufficient to substitute the gradient based
step in the GBMPRFA with a gradient free step. The following is a summary of a gradient
freeMPRFA (GF-MPRFA): Refer toFigure28.

Stage 1: Gradientf r ee Reduction of Upstream Model 6s
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1.Creatckr andom realizations of tamatrimodel AOGs 1in
X =[)—((1) . _y((k)]
wherex® represents thé" random sample of model A inputs, and execute madkl

times.

2. Collect the corresponding outputs in a matyix[y®-.-y®].

3. Given a usedefined error tolerance fgr defined bye,, employ ERFA to determine the
necessary size of the active subspace, definad pwhich uppesbounds the error such
that:”y- f/”z te,, where ¥ is the output constrained to the active subspace.

4. Determine an orthonormal basis for the active subspace using the SVD decomposition:

Y :UAnyAnyAT'y

5. If the subspace is intended to be used for UQ analysis, then use the singular value

decomposition to find thBoF with highest component of the uncertainty in yrepace:

C,=Uc S U, (40)
where Ui R, fe, is the rank of the subspace or the proper numb&oéfthat carry

most of the uncertainty components as determined by the RFA.
Stage 2. GradietFr ee Reduction of Downstream Model 0s

6.Creattkr andom realizations of the model B6s in
Y =[§®... 3®]
wherey® represents thid random sample of model B inputs, and execute modeliges.
7. Collect the corresponding outputs in a matd, ., =[X® -+ x"“]

8. Determine an orthonormal basis for the active subspace using the SVD decomposition:
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Xmodel = U B xSB ,xV; X

9. Create extra snapshots using E8) and aggregate them witk Eq.(39) can be used

model*

to calculate the orthonormal basis of the row space of the matrix opBrdamotedVB,X.

If the linearity assumption is sufficient, then these columns represent a subspace that is
equivalent to the one calculated by stage 2 irGBeMPRFA.
Stage 3. Intersection Subspaekased Reduction at the Modeto-Model Interface.

10. Calculate the interséion between the subspaces represented by the basisnd (Ucy
if available)V, subspaces by forming:

N=U,, B, 7,

y

11. Construct an orthonormal basis by perform Sdéaomposition:
N=USV',
where theU matrix represents a basis for the intersection subspace at the first interface
between the models in the directiarA B. And repeat steps 1 thugh 11for the interface

B A A (i.e.x- space).
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( Start )

Generat&k random perturbed realizations of th
input parameters) for modelA and collect the
corresnondinmesnonse snanshots.(

>y

Collect the correspondinggsponse
shapshots for modd& (x).

!

Perform the gradient free step on mogel
by calculating the basis of the raw spac

Apply other

constraints (e.qg.

Covariance).

Calculate the basis of
theaggregated
snapshots via SVD

Eq(34).

Repeat the same steps fg
the other interfaceB(A A)

Tolerance

k=k+1

No

satisfied

Setr =k ; the determined
active subspace is expectg
to satisfyEq(27) with a

?

probabilityl- 10°

l

End

Yes

Figure28.GF-MPRFA flow diagram
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3.2.1 Case Study: Gradiesftreevs. GradienBased.

A simple numerical test is used to demonstrateGReMPRFA algorithm application.
CASL VERA progression problem number la is used in a fuel depletion calculation
application to demonstrate a myptnysics coupled models applicatiord]. The problem
represents a single two dimensional PWR pin cell eigenvalue prolsigyard 29). The
probl embés fuel r e p-tygeduelnThes fuet chnsistsVde usaniummadipxide u s e
with helium gap, Zircaloy cladding and water with soluble boron as moderator. The depletion
problem issimulated using the TRITON sequence in SCALEG6.1 packadeTRITON is the
depletion sequence provided with SCALEG6.1;¢he q u euttimaedgeal is to solve Eq10)
to determine the time dependent isotopic content of reactor fuel. The sequence consists of two
major solution steps, a transport SolldEWT) and a set of modules to solve @€q). In this
numerical test the two major solution steps will be considered as two different coupled multi
physics nodels where the space of crasstional variation over the time steps is investigated
via the two algorithms (GBAPRFA and GFMPRFA) separatelyFigure 24 illustrates the
coupled models with the interface parameters. In this numerical test, the nuclear data cross
sections & 1R?'%¥?%) space is constructed using both the-KBBRFA and the GRMIPRFA. A
comparison between the two spaces is depicted via the error criteria defined by the following

term:

eupperzlo\g max, (! UUT)‘(%{L . (41)

Figure30 plots the error upper bound criterig,f,.,). One can notice that both bases can

approximate the variations & equivalently, hence, the GAPRFA can replace the GB

MPRFA whenever the gradient capability is not available.
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Figure29. CASL VERA problem number 1 simulated using SCALES6.1.

-+ GF-MPRFA
--©-- GB-MPRFA

Error Upper Bound

107 I I I |
0 20 40 60 80

Rank-[Degrees of Freedom]

140

Figure30. GB-MPRFA vs. GFMPRFA

3.3 Case Study3-D Depletion Problem with Therm&lydraulics Feedback.
In this section the MPRFA will be used to apply dimensionality reduction on an example
of amulti-physics coupled problem in three dimensional coordinates. The problem of interest

is described in sectioB.3, however, in this section the goal is different. While secBich
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performed reduction at the response level (pin paiistribution level) this section will seek
reduction at the input parameter legaliclear data crossections) The depletion problem has
many parameters that can be considered as an input (e.g. nuclear dasaaross, fission
yields, thermahydra u | i ¢ s p aetq, meveverr sinceéhis dissertation is partially
concerned about the uncertainty quantification for large scale problems, it is obvious that the
nuclear data crossectons and their dimensionality asemajor challenge to be confited by

this dissertation. Hence, this section will utilize GE-MPRFA to reduce the dimensionality

of the nuclear data crosgctions space.

As described in section.3, VERA-CS is used to perform the fuel depletion with thermal
T hydraulics feedback. The reader is referred to sedtibfor more details on VERACS and
its components.

Since VERACS does not have amadjoint basedsensitivity analysis capability, our
attention will be towards the Gradielitee MPRFA (GAMPRFA). Three responses of interest
will be considered (multiplication factor, maximum pin power and maximum pin temperature)
while the important DoFs of the nuclear crggstions will be determined accordingly.

TheGF-MPRFA requires two pieces of informan: a covariance library for the measured

nuclear data crossectiony C,, in theGF-MPRFA) andsnapshots of the interface parameters

(i.e. neutron flux distribution, pin powers, pin temperatures,-tle@ndent isotopic number
densities)which represent andy interfacesin the GF-MPRFA (refer to sectior3.2).

Running VERA-CS for depletion problems momputationally expansive (assembly and
core wide levels), therefor&jgure 31 compareghe performance of the GAPRFA along
with that of the ERFAN terms of theelative error upper bound in retrieving the cresstion

variation vectors
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2
eupper = 10\//:7 maszl,...p

Obviously, theERFA offers a pooralternativeto GF-MPRFA. For example aa rank

2

(number of DoFs) 080 theERFA approximates the variations of the cregstion (over the
fuel depletion process) with a relative erapper bounaf 95.6% (a very bad approximation)
while theGF-MPRFA does the approximation with a relative erapper boundf 0.038%
Depending on th subsequent application, one might choose the proper algorighEBRFA
vs. GF-MPRFA). In chapter 4 the GIMPRFA will be used to perform efficient uncertainty

guantification and surrogate construction.
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Figure31l GF-MPRFAvs. ERFA.
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CHAPTER 4. EFFICIENT MULTI -PHYSICS UNCERTAINTY
QUANTIFICATION

In order to achieve high fidelity simulation, engineers have to precisely parameterize
mathematical models in terms of all available parameters. For example, nuclear data cross
sectionlibraries must be evaluated on finer energy intervals, wider range of isotopes and at
different temperature values. However, this increases the dimensionality of the problem;
therefore, thaleterministicuncertainty quantification process become more caatiomally
expensiveOn the other hand, the increased complexity of the high fidelity nuclear reactor
simulators results in computationally expensive models which hinders the application of Monte
Carlo uncertainty quantification approaches.

In establifing the nuclear datspecific uncertainty libraries one can distinguish four
different classes dtel relatedsotopes 19:

1. Major isotopes (i.e2%°U, 228, and?*%Pu),

2. Other imtopes of Uranium and Plutonium,

3. Minor actinides up td*Cm (i.e.,ZNp, 2*!Am, 242Am, 243Am, 24°Cm, ?*4Cm and?**Cm),
4. Higher mass minor actinides.

5. Fission Products, control asttuctural materials.

Except for the # group, the uncertainties in the other groups have been studied and
reported in various libraried , 75, 76]. The fundamental issughen using a linear response
model or building a surrogate model to reduce computer resources requireamassfrom
the high dimensionality of the input parameteac® or more specifically, the uncertainty
source space. In order to circumvent this issue, Reduced Order MagrREDM) techniques

can be employedo reduce the required execution tiig7, 4]. In order to perform
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dimensionality reduction, a physics based approach can be utilized to idkatifmportant
dimensions (degrees of freedom) in the form of the basis of a lower dimensional subspace
approximation (active subspace). An important uncertainty source is the one that has both high
sensitivity and large uncertainty.

One finalissue needt be addresseditow can ongyet a physichased active subspace
efficiently? This question was not specifically addressed in previous eftitg]. However,
previous sections addressed this question for single physics problems and fgrhyzitts
loosely coupled problems. Moreover, once the active subspace is generated, it carfdre use
many applications and problems that are within the range of its validity.

In this chapter two approachedor multi-physics uncertainty propagation will be
introduced, discussed and tested on both lattice physics-dmdeBsional reactor physics
problems The fird approach is a linear approatiatutilizesthe obtained subspace along with
a KarhunenLoeve (KL) expansiofbasedapproach to quantify the uncertainty in attributes
calculated by multphysics coupled models. The second approach isregsiie model based
approach that replaces the original complex model with a sisylegate form(e.qg.
polynomial, Gaussian processrrogatgand then quantifiethe uncertainty via a Monte Carlo
approachThe dimensionality reduction will be used taluee the computational burden of
evaluating the uncertainties whenever the uncertainty source space is high dimensional or there
is no access to the sensitivity informatard the model is characterizedrigh computational
cost Ref. [7/7] and Ref. §] proposed the use of reduced dimensionality for efficient
performance of uncertainty quantification; however, the work was limited to single physics

applications while the current work extenthe method to mulphysics coupled models.
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Moreover the current work proposes a metric to measure the contribution of each source of

uncertainty in the overall uncertainty in tRel.

4.1 Efficient Uncertainty Quantification for Single Physics
Beforegetting into the multphysics uncertainty quantification algorithm, it is useful to re
introduce the work presented in Ref].[To start, considethe following model:

y=1(%),

If we assume that the model is linear, the uncertainty in the input parameter ¥gctor (
be propagated towards tRel vector (j) using the sandwickquation as follow:

C,=S,C.S, (42
whereC, is the covariance matrix of the input parametgiafid s, represents the sensitivity
profile of theRol (y) with respect to the input paramet&).(However, taking into account
that the covariance matri€, is symmetric then its singular value decomposition can be
written as follow:

C,=Uc B Q,
where U, is the matrix of orthonormal basis of the space spanned by the columns of matrix
C, and ng is a diagonal matrix of the corresponding singular values denoting the variances.
Hence, Eq42) can be rewritten as follow:
C,=S, U F: U §J

=S, U. B, B B
—

1/2 2t
CX CX
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— 12 ~12T T
—Syxclx C.” S,
Now if we assume that we have the basis of a lower dimensional sub&patieat

approximatsthe uncertainty space (i.e. tkespace)then Eq(42) can be rewritten as follosv
C,=S,Cr(UUT «u7)crs] (43)
where (U”U"'T +U"U “'T) 34 with U'l R™" and r <n if the components of are highly

correlated (e.g. the case with nuclear data esestions), whera is the full dimensiorof the

input parameter space (uncertainty source space). The basis vectors represent the degrees of
freedom DoF) in thex-space that are characterized with high uncertainty and high sensitivity.
From Eq.(43) the uncertainty in the attribute of interest can be segmented into two parts; the
first part is coming from the active subspace and the minor (negligible) part is coming from
the inactive (orthogonal faspace). If the active subspace is chosen correctly then the part

coming from the orthogonal component will be negligibly small:

C,=S,CPUUTCITS, 45, C2U UT QT S,

=(s.cru)(s,cru) £s,.cru)(s,ru)

yX X

From now onU will be used to denoteU . If the lower dimensional subspace
approximation is selected properly, then the uncertainty component associated with the
orthogonal component will be negligibly small, amehce the uncertainty in the Rae. y)

can be approximated as follow:

C,=(s,C0)(s,CrU) (44)

This conclusion leads to the realization that the uncertainty can be evaluatedodals

executiongnstead ofn executions. Each model execution would quantify the uncertainty in
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the Rol due to a certain basis vector (degree of freedom in the uncertainty sources space).

Notice that the terrr(SyxClx’2 U) can be written as:

S, C2U=gs,Ca’l-| S, Ca (45)
where ' is thei™ column of the matrixJ. On the other hand, the linearity assumption
imposes the following:

SyxC:]izL_'li :7(% -*C]szq) Ty(_)(S) _#’
hence, the reduced uncertainty propagatioidbycan be rewritten as:
. ; T
C,~8y' 0§ g8 P BR, (46)

Hence, this process can be viewed as a soashunenLoeve techniquewith the
neglected component ([Bs) being selected based upon their contribution to the uncertainty
andsensitivity. In additionin multi -physicscoupled models the importaDbF must satisfy
one more condition; taking into account the nature of the +phitsics coupled model, any
selectedDoF must have aignificantly possibility to appear in the interface space between
the coupled models This down selection will be explained in more details in the following

sub-section.

The error in this evaluation can be estimated as fd#w

E. :‘cy {s,cu)(s c“zu)T‘

yX X

“Jls,cov (s,
=[s,CcrruuTcls |
=[s,.c?(1 -wuT)eyTS] ).

105



The Range Finding Algorithm (RFA) can be used to estimate an error upper bound in the
L2-norm of the above error terdq, 30, 34]. This process has two major advantadiest, it
does not require the accessibility to sensitivity profiees;ond,it requires onlyr mod el 6 s

execution instead aof, wherer «<n.

4.2 Efficient Sensitivity Analysis

This dissertation introduces a techniguessuming a linear modelp estimate the
individual uncertainty contribution in the overall uncertainty of fel using the same
snapshots used for thaaertainty quantification process described above. In order to see how

this is possi H45againl et 6s examine E(Q.
SyxC:ll2 Syxc>£2ul| yxcizur g:Syx %ﬁl | | C)i%r :gn[,/_'/l |' |_Md
where i =CY?0,. One can think of the vectd; as a vector of weights that gives every

element a certain contribution in the overall uncertainty. Following this logic one can formulate
the following linear system of equas that can be solved to obtain a reduced order estimate
of the sensitivity coefficients:

R'=W's],, (47)
where W =[#|---| 7. If we are looking at the uncertainty in a singel (7), thenY" and

S;X will be vectors instead of matrices. The main issue now is th& Bqepresents an

underdetermined system, which means that it has infinitely many solutions (if any!).
Fortunately, we can construct a full rank systemaqfagions that has a unique solution. In
order to do so we have to realize that once we have the active subspadg)massc@n write

any input snapshots as a linear combination of the basis vectors:
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X“=Hag cA@m Yg 48)

i=1 i3
Now the response variatioly, ) can be written in terms of the derivatives of Red with

respect to the redudénput variable &§™):

WY M _—
Dy L& o+ —=+. aB,7%
ha, 12 g

hence, the variations matri¥ () can be used to formulatdinear equations with unknowns

(the sensitivity coefficientsS, ) where S ,is a vector if the problerhas only one Ro
Therefore, the matrix system of equations can be written as follow:
T —
R'=AS, , (49

where,

T

A=g@' @ ¢
The vectorDa' can be calculated using E¢8):
Da'=U" @ 4'C’u.

Once the system in Hg9) is solved forS ,, the reduced order sensitiviti€, can be

ya
estimated using the chain rule and(E§):
S,=S,-Sx =S.U. (50)
Once we have a reduced order estimate of the sensitivity profile, the sandwich equation

can be used to calculate an estimate of the uncertainty contribution for each source in the input

space.
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4.3 Efficient Uncertainty Quantification for MukiPhysics Coupled Models

For multiphysics coupled models, considégure 21, where the interface between the
modds has two distinct types of parameters: the dependent parantetarsl(y ) which are
dependent on each other (iyeis a response of model#&dX is a response of model Bhd
on the other hand, independent parameters such afich are necessary for model B but
their values are not affected by any of the two models. In order to quantify the uncertainty at
the interfaces é&tween the coupled models a two steps algorithm will be adapted. The

assumption in this section is that the parameterand y are high dimensional parameters

while the independent parametgr is low dimensional (i.e. the corresponding uncertainty can

be quantified using the Monte Carlo based uncertainty quantification).

First, the uncertainties due to the high dimensional pararxetsill be propagated at all
coupling steps (i.e. time steps). Consider tha@hés the initial (0" coupling step) covariance

matrix for thex parameter. These covariance data are the initial covariance library that is
associatedavith the experimental values of parameter(e.g. uncertainties in the evaluated
nuclear data libraries such as ENDF libraries). So the uncertaintyparameter can be
expressedassuming a linear modeia the sandwich equatias follow:
0 —_ 0 0 T
C, = SyXCXSOyX

Hence, for the Stcoupling steps (i.e. time step):

CL=5,Cs) =9,8,C8. § &)

As explainedbefore Eq.(51) can be rewritten in terms of the singular value

decomposition (SVD) of the covariance mat@f = U ,#Z2, U,:
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v o
=SS UE B U $Is=08 ¥ TG @

Let U, denotethe matrix with its columns forming the basis vectors representingwles |
dimensional subspace approximation of tispace as determined by the ERFA or and
MPRFA. If the columns ofU, are orthonormal thenJ!U'" +U U T =, wherel is the
identity matrix. Eq(52) can be renritten as:

C. = Siysoyxcfi'l’z( uu/ +U“XUAXT) ci'* sy sy
C,=(s 8" U Ul T sl ) { 88,00 Sy S). (59

So if the orthogonal component can be ignored, therf@3can be approximated as:

Ci - (SO L C())(,l/Z U\XUXT C())(,l/ZI,' S;f( Sg) :( Sgy ij C))(,l/z Ul( Sgy% Cf))(,llznl);:

=(SR)(s,R) 1 B)( R

Hence, for thé™" coupling step, the updated covariance matri@sdnd C‘y):
c=( &) ®2)
i i i \T
C, _( Ry)( FDV)
Important note: in themulti-physics application of efficient uncertainty quantificatibe
rank r is the minimum rank of the interface spacesandy- spaces); therefore, the basis
vectors used must correspond to the space with the minimum rank. In the analysis before we
assimed that the rank of thespace is the minimum rank and that the covariance data in the

x-space are known a priori. However, if the rank ofyfspace is the minimum rank, then the
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covariance in thg-space must be determined first by propagating tleerssinties from the
x-space towards thespace.

Based on the analysis introduced above and on details indRahd for any number of
multi-physics coupled models (refer kagure 21), the Mult-Physics Efficient Uncertainty
Quantification algorithm can be summarized as follMP (EUQ):

A- Use a Monte Carlo based approach to quantify uncertainty due to the independent

parametersz (i.e. C,. ) for all imesteps(assuming thaf is independent o% ).

B- Use the MPRFA to find the basis of a lower dimensional subspace approximation (active
subspace) for the interface parametersciady spacesl).
1- Starting with thex-space, Eq(46) can be used to propagate the uncertainties intg-the

space.

C=g7 -y B W AR 59
2- Calculate the contriliion of each uncertainty sourasing the reduced order sensitivity
estimategiven byusing Eq(49) and Eq(50).
3- Then using the same logic in (), the uncertainties in thespace Cy) can be

propagated towards thxespace.

Co=go gt 0 g, 9

C,=C, €, (56)

4- Calculate the contriliton of each uncertainty sourcsing the reducedrder sensitivity
estimate given bi£q. (49) and Eq(50).

5- Repeat steps 1 through 3 for each coupling step.
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The second approach is based@placing the original model with a surrogate moHet.

example E(q7) is a posible form of a surrogate model that can replace the original model.

ThereforeMonte Carldbaseduncertainty quantification can leasilyapplied on the surrogate

model by collecting sanigsof the responses of interdsefer to Ref[4, 35]).

1-

The following steps represent tBarrogateBasedUncertaintyQuantification(SBUQ):

Run the model to collect draining setof the response of intere¢Dy) and the
corresponding input snapshdt®x) wherethe input snapshots are generated within the
range of the covariance matiie.DXx =CY’x and x is a random vector.

Calculate the coefficients of thereduced ordersurrogate modelia curve fitting
(regression analysispnce the model form and coefficients are determined, calculate the

errorintroduced by the following surrogate form:
% A —= % _ 2
Dysurr :QTC:)L(/ZUUTX a§TC)1(/2UUT X 0 gr _E( %" _)z (57)

3 0
whereUl R™andDa U™ x R'thenS| = S'CI°UI R" andS], = SCU iR".
Determine theresiduals(e,,) distribution (e.g. normal , independent and identically
distribution

&= -yb
Use thesurrogate model to collect Monte Carlo based samples of the response of interest.

And determine the statistical features of the samplehatothe variance and mean are

determined.
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4.4 Case StudylLattice Assembly Depletio(CASL Progression Proble®)

In this section, a simple numerical test is used to demonstratdRREUQ algorithm
application. CASL VERA progression problem number 2 (ref&igare81) is used in a fuel
depletion calculabn application to demonstrataulti-physics coupled models application.

The problem is a single Westinghouse 17x17 fuel lattice. The depletion prokdemnulated
usingthe TRITON sequence ithe SCALEG6.1 package[/]. Figure24illustrates the coupled
models with the interface parameters. In this numerical test, the uncertainties in the nuclear
data crossections &) will be propagated through the coupled modelshéMP-EUQ. First

]R21824

the active subspace of the nuclear datss section spac& (i ) is identified using the

GB-MPRFA and then theMP-EUQ is used to propagate the uncertainties throughout the

depletion sequence to determine the uaety in the multiplication factorl(, ) and the one

group neutron flux in the fuel integrated over the fuel regigp, § at the End of Cycle (E).

Figure 32 shows the error upper bound associated with approximating the full dimensional

space with a lower dimensional space with different rankg%80;.

B1per :10\/;3 max, (1 vuT) " (59)

Different subspace ranks are used to propagatentertainties and then compared to the

uncertainty estimated using the sandwich equaifiablg5).
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2-Norm Error Upper Bound in the Cross-Section Vector

1 1 1 1
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Figure32. The error upper bound the 2norm of the crossection vector due to
representing the lower dimensional subspace approximation of thesexisgms space.

Table5. Uncertainty propagation via théP-EUQ.

Response | Reference Sandwich MP-EUQ MP-EUQ MP-EUQ
Value (EcC) Equatbn r=10 r =100 r=190

Ko 0.95661125 691 pcm 381pcm 602 pcm 669 pcm

f el 3.16896E03 1.0891% 0.5321% 0.8043% 0.9908%

4.5 Case StudyEfficient Uncertainty Quantification for-B AssemblyDepletionwith
ThermatHydraulics Feedback

The current application deals with an example of depletion calculations with thermal
hydraulics feedbaclkigure6 shows an illustration of the depletion calculations with thermal
hydraulics feedback using VERBS [02]. This application will consider the major sources of
uncertainty such as: nuclear data cresstions, thermal conductivity, gap heat conduction.
However, due to the huge dimensionality of the nuclear dataseations, thé/1P-EUQ will
be used to proggte the uncertainties. This approach requires running the model a number of
times that is proportional to the dimension of the lower dimensional subspace approximation
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(i.e. active subspace) of input parameter space (i.e. nuclear datsertess spageThis
approximation is based on capturing B that have large uncertainty components and large
sensitivity components. Moreover, since this is a nphifisics coupled application; there is a
certain set oDoF that can appear at the interface betwibentwo models. ThedeoF can be
captured using the Mui?hysics Range Finding AlgorithiMPRFA) outlined in Ref. [5] and
chapter 3. However, since VERBS has no sensitivity calculation capability, t&é-
MPRFA which was introduced inhapter 3 will baused in this chapter.

Before introducing the details of the applicatgpecific GF-MPRFA, let us reexamine
Figure 6 and briefly discuss the inteda subspaces and their physical interpretation. From
Figure 6 one can notice that therare 7interface parameter spaces which are explained as
follow:

a: heat generation spatial distribution.

b: average fuel temperaturé,(), average coolant temperature surrounding the Tod énd

average coolant density surrounding the rod §patial distribution.

Z: independent thermdlydraulics parameters.
L : onegroup neutron flux distribution and ocigeoup microscopic crossections.
Y: OR | G Eihdépendent parametefgssion product yields and hdites).
d: isotopic numbedensities.
X: many group crossections.
Assuming that the main source of uncertainty isXkspacehen first, the importarDoF
in the X-space must be determined. Th&®F must satisfy three conditions: first, being
possibly generated by ORIGEN; sadp has large uncertainty component along them; and

third, being effective from MPACT point of view (i.e. large sensitivity component along these
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DoF). The VERA-CS depletion sequendest assumes a constant flux which is corrected by
the predictorcorrector and subtep methods. The predictoorrector method calculatéise
depletion otthe fuel at a time step)using the igroup flux and crossectiors attheprevious
time step 1{.1), which produces a me predicted igroup flux, crosssectiors, and isotopic
concentratios using the predicted concentrationtatand then averages the two. Once the
isotopic concentrations are obtained, a transport calculation is performed to obtéaadye s
state flux atti. The substep method is applied to perform multiple depletion calculations
between transport calculations.

Thed-space (which is considered to be the major source of uncertainty in all other spaces)
is a high dimensional space, lsena reduction in that space will result in more efficient
uncertainty propagation.

In this application we have three distinct sources of uncertainty:

1- Z: independent thermdlydraulics parameters
2- Y: ORI G Eihdépendent parameters (fission product welddhalf-lives),

3- X: many group microscopic crosgctions.

TheZ andY spaces are expected to be low dimensional, hence the associated uncertainty
can be propagated efficiently via a Monte Carlo based approach. Howevesghee is high
dimensional, therefore, th@F-MPRFA will be applied first to reduce its dimensionality
before the propagation of its uncertainty throughout the coupled system.

One important note should be highlighted: the combination af-$gace and th¥-space is
the microscopic crossections spaceS-space).

Now let us consider the following applicatigpecific steps of th&F-MPRFA:
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Stage 1: Gradientf r ee Reducti on of Upstream Model 6s C
1. Createk random realizations of crosections X-space) inputs aggregated in a matrix (the

| and Y parameters):
X :[;((l) "';((k)]

where x"” represents th# random samplef the crosssection vector.

2. Collect the corresponding ORGE NG s respon SOB:{SH(”--'LHW] aad thmat r i x .

corresponding macroscopic cressction valueg :[_§’---_“§] use the RFA to construct

orthonormal basis for the active subspace using the singular value decomposition (SVD):
#=y g

where Ugl' RS, and ry is the rank of the subspace or the proper numbé&rost that

approximate the variations generated by ORIGEN as determined by the RFA.

3. Using the singular value decomposition find theF with highest component of the

uncertainty in theX-space.

Cy=U. S U (59
where U | R, re, is the rank of the subspace or the proper numbBoéfthat carry

most of the uncertainty components as determined by the REAs the covariance

matrix of thed-space parameters.
Stage 2. GradientFr ee Reduction of Downstream Model 6s
4. Collect the correspondifgPACT - COBRA-TF responses in a matrix. =[L?..-L"’] and
use the RFA to construct orthonormal basis for the active subspace using the singular value
decomposition (SVD):
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L=Ur St Vi g
5. Generate cﬂim(d) - k) extra snapshots in the subspace spanned by the colurths pf

responsel. snapshotsefer to sectior8.2, page 94) ) without running the model and

perform the SVD on the snapshots matrix witin{(d) snapshots)

L= " ey 5 T

2) ¥} F,L- d F,L- d
where Vep gl RTV9, andr,_ ; is the rank of the subspace or the prdpeF important

to the response MIPACT - COBRA-TF.

Stage 3. IntersectiorSubspaceBased Reduction at the Modeto-Model Interface.

6. Calculate the intersection between the column spac¥s of , U; and U as follow:

N=U, Ay & ;
7. Construct arorthonormal basis by performing the SVD decomposition:
N =USV,

where the columns of matrid represent a basis for the intersection subspace at the first

interface between the models in the directtdPACT 1 COBRA-TF A ORIGEN

involving the information carried by thé-spaced-space

Once the basis of the active subspace is determined (i.e. colurdf®oé can use it in
Eq.(46) to propagate the uncertainties from the nuclear data-sext®ns towards the various
guantities of interest. Moreover,af andb- Z- or Y- spacegthermathydraulics- neutronics
interfacesyre high dimensional spaces (which is not the case iagpigatior) then theGF-

MPRFA (refer to tvapter 3) can be used parsue dimensionality reduction on these spaces.
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Once the high dimensional subspaces are approximated by lower dimensional subspaces, the

uncertainty in the nuclear data cresstionsK-space), fission yieldsY(-space) and thermal

hydraulics parameterZ {space) can be propagated through the Quantities of Interest (Qols)

using the following general steps:

1. Run the coupled system of models for the reference case state.

2. Propagate the uncertainty due to reandY - spaces via a Monte Carlo approach.

3. Determine the lower dimensional subspace approximation for the high dimensional
subspaceX-spacé using theGF-MPRFA.

4. Propagate the uncertainties due toXhgpaceusing he MREUQ (the macroscopic cress
sections) and the badisthrough MPACT- COBRA-TF - ORIGEN coupled models.

5. 1 through 3 are repeated for all time steps (fuel depletion steps).

The analysis and algorithmsed in this chapter wessncoded and implemented a

newly developed tool kit algorithms for Reduced Order Modeling based
UncertaintySensitivity Estimator (ROMUSE). In this section and the sections that follow,
ROMUSE will be used in conjunction with VERBS to verify and test the algorithms
developedn this dissertation.

Progression problem 6 is a steady state model of aivghsuse 17x17 PWR fuel
assemblyIn this caséhe assembly is hypothetically operatadl00% of rated power andl a
1300 PPM boron concentratiarith no axial blankets or diffent enrichment regions. Overall,
the total number of fuel rods is 264 fuel rods, with 24 guide tubes, and a single instrument tube
at the center. (NOTE: There are no control rods or removable burnable absorber rods in this
problem) B8] . For more information abdable2 Righre pr obl

33 shows the proximity of the assemblithin the core In this numerical test CASL
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progression problem 6 is going be depleted to 30 GWd/MTuking 24 depletion timsteps

(0,0.1, 0.2, 0.5,-10x1, 1230x2GWd/MTU).

It is important to emphases here that the nuclear dataseosens covariance library that
will be used in this section is a 44 energy group library while VEF&uses a 47rgup
library. Therefore, it is obvious that the perturbations generated by the 44 group library must
be mapped to the 47 group structuriis is achievedia linear interpolation that is based on

the assumptioof constant lethargy intervals.

295 nuclices, 47 energy groups, reactionsare treateqabsorption, fission, nfission,
transport, scattering) besides the fission spectrum and (n,2n) redetidmg into account that
some reactions are not valid for certain nuclides the full rankefptoblerd s | npu't i s
295*47*7. Actually, for the problem of interest, the dimension is 49, &3 R*"”). So first
the lower dimensional supace approximation using ti&F-MPRFA (refer to sectiorB.2) is
applied tothe three coupled models hevéheretheZz-s pace [ g a pfuekctteermdiu c t i v i
conductivityand grid loss coefficienly 1 s p a ck& , nfaximum pin power, maximum pin
temperatureandX-s pace [ n u c-$eetians Tha pobleam i<runansparallel using

58 cores on the NCSU HPC.
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Figure34. A flow chartillustrating the series of coupled modelsMERA-CS Depletion with
thermathydraulics feedback

Figure34 shows a schematic of the coupled modulédERA-CS. The current case study
will estimate the uncertainty in the responses of interest (multiplication factor, maximum pin
temperature and maximum pin poweue to the nuclear data cresections and few thermal

hydraulics parameters (gap conduityiy fuel thermal conductivityand the grid loss
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coefficien). The uncertainty is going to be estimatkee to each of the parameters and then
the joint uncertainty is estimated.

Three methods will be used to estimate the uncertaintiesMth-PhysicsEfficient
Uncertainty QuantificatiofMP-EUQ) which is a lineaKarhunen loeve expansiorbased
approach derived in sectidn3, Surrogate Baseddncertainty QuantificatioSBUQ) detailed
in section4.3, and thebrute forceforward Monte Carlo uncertainty quantificatiomhe brute
force Monte Carlo methad used to verify the results by comparing the Monte Gafionated
uncertainty with the uncertainty estimated byMe-EUQ andSBUQ.

First, thesurrogates will be constructed and then evaluated before being used to sample the
responses of interesh this testthe surrogate fornrepresented in E7) is used however,
with the addition o third order term.Specifically, he following surrogate form is going to

be used:
oy =5, ® (8 b (§ ¥ (60)

where Ui R™, Dz U"x R", § =S C/UI R, § =3c’u irR" and
S]. = SC/?U IR'. Hencethe unknown elements &, ,S,, and S,, must be determined

via regression analysiBor more information about the notatiarsedin Eq(60) the reader is

referredto Eqg. (57) and the description thereiieq(60) ignores the crosproduct terms
(correlation terms between model 6s parameter
computational burden; therefore, E@O) assumes that the reduced parameters are not
correlated due to the fact that the reduction presfs®. GF-MPRFA, GB-MPRFA and

ERFA) removethe linear correlations between the original parametdrsnce, creating a
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reduced set of paramesethat have no (or extremely waacorrelation. In the case study

represented in this section, a simple test will be implemented to assert this assumption.
First, theGF-MPRFA (refer to sectiof3.2) will be used to determine the basis of életive

subspace approximation fdne nuclear data crosections variationgU) after which the

perturbations DX ) are prgected on the space spanned by the columns of matdsinally,

the coefficient{ S,, S,,, S,, ) are determined along with the confidence intervals and the

surrogate fornirelated uncertainty.

The surrogate parameter§ (, S,,, S,,) are statistical parameters that are subjette

variance and standard deviation which can be approximated §lEgssuming that the

residual error is unbiased aadindependentdenticaldistributed random error.(.d) [15]:

V(@)°sg &(7) @) . (61
where
2S,r urr
q=65, . c(q):”gf ands’=—L R'R,
é= Hg n-p
65,

andR s the residual obtained by comparing the responses obtained by the surrogate and the

responses generated by VERAS (the original model). On the other harwl(q) is the

sensitivity matrix (if the surrogate generates multiple respshor a vector (for single
response case) which can be calculated efficiently using the finite difference method. Finally,

n-p is the number of DoFs.
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Once the uncertainties in the surrogate parameters are determined, they can be used to
calculate botltonfidence intervals and the uncertainties in the responses of interest due to the
surrogate form (surrogate forinrelated uncertainty).

TheGF-MPRFA was used to obtain the reduced dimensional input parameter Sphlee.

6 show a comparison between tHé &nd 3 order surrogates in terms of the surrogate form
related uncertainties, norm of residuals and thelveds distribution. The surrogate foiim

related uncertainty is calculated by a Monte Carlo approach where the surrogate parameters
are sampled based on the uncertainties estimated BAE&rom the GEMPRFA, a subspace

of rank 50 (50 DoFs) is sufficient to capture the variatmfriee crosssections in the depletion

cycle of interest with andi norm error upper bound of 1%.

In general, the surrogatgiality can be evahted by examining the residual errors obtained
by comparing the responses predicted by the surrogate on one side and the original model on
the other side. For example, the current surrogate is constructed for theepfrposertainty
guantification;itherefore 40 extrarandom samples generaaployingthe covariance matrix
are usedThe perturbations are created in all the paramsiaraltaneouslycrosssections,
fuel thermal conductivitygrid-loss and gap conductivityhence, tsting the assumption
introduced within Eq60). Figure35 throughFigure37 shows the residuals asgated with
the surrogateomputed for diférent parameter sets igh are generated by varyiradl the
parametersimultaneously(i.e. thegap conductivity tfigap, the fuel thermal conductivity
(kcond and with perturbations generategimploying the covariance library which is the
fd4groupcow library which is distributed with SCALEG6.3}]). The surrogateesponsesre

compared to the responsésultiplication factor, maximum pin power, arimum pin
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temperaturegjenerated Vi¥ ERA-CS Thereforethe residuals arsatisfactory for the purpose

of interest (less than 10% of the initial uncertainty in the quantity of interest).

Figure 35 throughFigure 37 show that the third order surrogates of the form represented
by Eq(60) can predict the multiplication factokef), maximum pin power, maximum pin
temperaturavith sufficient accuracy relative to the uncertainty estimation application (refer to
Table7 throughTable9).

These surrogates will be used to quantify the uncertainty in the responses on interest
(including the surrogate formrelated uncertainty) and then compared with the uncertainties
estimated via a forward Monte Carlo approach and finally compared withnitertainty

estimated by th&1P-EUQ (refer to sectiod.3).

Figure 38 through Figure 52 and the figures reported in Appendix domparethe
performance of the VERAS based Monte Carlo appieh against the surrogate nebased
Monte Carlo approacfSBUQ). Statistical samples drawn using VERXS original models
sequences and then compared to samples drawn from the surrogate model replacing the
original VERA-CS.First, Appendix Ashows thdrequency distribution dferr, maximum fuel
pin power and maximum fuel pin temperatdte to the gap conductivity uncertainty (£50%)
the thermal fuel conductivity (£1%) , grid spacer loss coefficient4%), and nuclear data
crosssections (44groupcovXhese figures compares the uncertainties in the multiplication
factor (ker), maximum pin powerand maximun pin temperature due to theufcertainty
sources of interest: gap conductivity domént, fuel thermal conductivity,grid-loss

coefficients,nuclear data crosk sections and due to joint sampl&nly 8 depletion/time

124



sngshots are represented by the figures reportegphpendixA (O, 5, 10,14, 18, 22, 26, 30
GWd/MTU). The full comparison is represented Tgble7 throughTable.

Figure 38, Figure40, Figure 43, Figure44, Figure45, Figure46, Figure47, Figure 48,
Figure49, Figure50, Figure51 andFigure52compargheRo 1 al ong wi t h N& wun
as predictedy the original model and the surrogate model at all the depletion steps (mean
v a | u g Petail$ df the uncertainties estimatdd the MREUQ (linearKarhunen loeve
based approach), SBUQ (Monte Carlo samplifigoBler surrogates) and forward MCUQ
(Monte Carlo sampling via original model) are showitable7 throughTable9.

One can notice thé&br the multiplication factorlkes) the uncertainty estimated via thi-
EUQar e within one sdftherudcartaictieskesimated tiathe Mon{e Rarld )
approache@MCUQ andSBUQ); however, for the maximum fuel pin power and the maximum
fuel pin temperature some of the uncertainty values estimated BYRHEUQ are far away
from one standard deviation. The reason for that might be due to the fact thi&-tBeQ is
a linear approach assuming that the respohggerest is a linear function of the parameters.
The results infable 7 indicates that the linear assumption is sufficient for the multiplication
factor, while Table8 andTable9 indicate that the linear assumption is not sufficient for the

maximum pin power anchaximum pin temperature.
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Table6. Features of the Surrogate

Surrogate RMS Number of | Number of | Residuals | surrogate
order Construction extra distribution formi
Data Points| Validation related
Data Points uncertainty
2order | g_A 154pcm 100 40 iid 18.2 pcm
e A 0036 iid 0.09W/cm
W/cm
e Al7C° iid 14.36C°
3order | g_A 13pcm 150 40 iid 13.0 pcm
e A 0.009 iid 0.01W/cm
W/cm
e A 8.4C° iid 8.36C°
40
30
E 20 -
10+
-20 : : : : : : :
0 5 10 15 20 25 30 35 40

Samples

Figure35. Residuals in predicting ther (g_ ) for a range of the gap conductivity and

crosssections Kgap, kcond and S) for 40 samples (surrogate vs. VEFDS).
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Figure36. Residuals in predicting theaximumpin power( &, ) for a range of the gap
conductivity and crossectionghgap, kcond and S) for 40 samples (surrogate vs. VERFS).
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Figure37. Residuals in predicting theaximum pin temperaturge; )for a range of the gap

conductivity and crossections lgap, Keond @and S) for 40 samples (surrogate vs. VERA
CS).
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Figure48. Burnup dependent maximum pin power along with uncertdinly d u e
loss coefficient uncertainty.
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Table7. Summary of th&-eff uncertainty results joint parameters (MCU@s. MREUQ

vs. SBUQ)
Depletion (irradiation) | STD | MP-EUQ 39 Order Surrogate | Monte Carlo
r=50 500 samples 500 samples

0.0 GWdAMTU S, | 589pcm 625 pcm 606cm
S, - 39 pcm 43 pcm

0.1 GWdAMTU s, | 588pcm 595 pcm 578 pcm
S, - 21 pcm 36 pcm

0.2 GWdAMTU s 523pcm 557pcm 565pcm
. - 23 pcm 44 pcm

0.5 GWdMTU s, | 501 pcm 551 pcm 559pcm
S, - 43 pcm 42 pcm

1.0 GWdAMTU s, | 503pcm 534 pcm 549pcm
S, - 32 pcm 71 pcm

2.0 GWdAMTU s, | 911 pcm 542 pcm 541pcm
S, - 53 pcm 65 pcm

3.0 GWdAMTU S, | 494 pcm 532 pcm 539pcm
S, - 43 pcm 62 pcm

4.0 GWdAMTU s, | 911 pcm 527 pcm 541pcm
Ss, - 53 pcm 56 pcm

5.0 GWdMTU S, | 523 pcm 525 pcm 531pcm
Ss, - 46 pcm 36 pcm

6.0 GWdAMTU s, | 503 pcm 522pcm 529pcm
Ss, - 54 pcm 67 pcm

7.0 GWAMTU s, | 500 pcm 518 pcm 531 pcm
S, - 49 pcm 43 pcm

8.0 GWdMTU S, | 512 pcm 530 pcm 532 pcm
S, - 43 pcm 45 pcm

9.0 GWdAMTU S, | 499pcm 529 pcm 533 pcm
S, - 41 pcm 32 pcm
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Table 7 Continued

10.0 GWAMTU s, | 488pcm 514 pcm 524 pcm
Ss, - 39 pcm 42 pcm
12.0 GWdAMTU S, | 491pcm 526 pcm 538 pcm
S, - 23 pcm 34 pcm
14.0 GWdAMTU s, | 513pcm 536 pcm 544 pcm
S, - 41 pcm 39 pcm
16.0 GWdAMTU S, | 490 pcm 542pcm 536 pcm
S, - 21pcm 38 pcm
18.0 GWdAMTU s, | 909 pcm 545 pcm 544 pcm
S, - 31pcm 33 pcm
20.0 GWAMTU S, | 912 pcm 541pcm 547 pcm
S, - 36 pcm 39 pcm
22.0 GWAMTU S, | 524pcm 552pcm 543 pcm
Ss, - 22 pcm 24 pcm
24.0 GWAMTU S, | 528pcm 567 pcm 565 pcm
Ss, - 39 pcm 42 pcm
26.0 GWAMTU S, | 532 pcm 560 pcm 579 pcm
S, - 45 pcm 51 pcm
28.0 GWAMTU S, | 559 pcm 610 pcm 607pcm
Ss, - 39 pcm 53 pcm
30.0 GWdAMTU S, | 591 pcm 622pcm 641pcm
S, - 34 pcm 42 pcm
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Table8. Summary of thdlaximum Pin Poweuncertainty results joint parameters (MCUQ
vs. MREUQ vs. SBUQ).

Depletion STD | MP-EUQ 39 Order Surrogate Monte Carlo
(irradiation) r=50 500 samples 500 samples
0.0 GWdAMTU S 2.08 W/cm 2.76 W/cm 2.3 Wicm
Ss.. - 0.09 W/cm 0.11 W/cm
0.1 GWdMTU Sm | 19 W/cm 2.10 W/cm 2.5 W/cm
Se - 0.05 W/cm 0.09 W/cm
0.2 GWdMTU Sm | 18 W/cm 2.17 W/cm 2.48 W/cm
Se. - 0.11 W/cm 0.12 W/cm
0.5 GWdMTU Smp 2.9 W/cm 3.26 W/cm 3.13 W/cm
Ss.. - 0.1 W/cm 0.13 W/cm
1.0 GWdAMTU Smp 3.8 W/cm 4.87 Wicm 5.11 W/cm
Se., - 0.08 W/cm 0.09 W/cm
2.0 GWdMTU S 4.2Wl/cm 5.47 W/cm 5.97 Wicm
Ss.. - 0.11 W/cm 0.14 W/cm
3.0 GWdAMTU Smp 3.7 Wicm 5.08 W/cm 5.99 W/cm
Ss.. - 0.12 W/cm 0.1 W/cm
4.0 GWAMTU Sm | 21 W/cm 2.66 W/cm 3.65 W/cm
Se., - 0.06 W/cm 0.08 W/cm
5.0 GWAMTU Smp 2.22 W/cm 2.48 W/cm 2.9 Wicm
Ss.. - 0.1 W/cm 0.13 W/cm
6.0 GWdMTU Smp | 21 W/cm 2.20 W/cm 2.64 W/icm
Se - 0.11 W/cm 0.12 W/cm
7.0 GWAMTU Smp | 21 W/cm 2.49 W/cm 3.52 W/cm
Ss.. - 0.09 W/cm 0.11 W/cm
8.0 GWdAMTU S 2.8 W/cm 3.48 W/cm 3.87 W/cm
Se. - 0.05 W/cm 0.1 Wicm
9.0 GWdMTU | s | 2.9 Wicm 3.45 W/cm 3.9 W/icm
Ss., - 0.1 Wicm 0.13 Wicm
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Table8 Continued

10.0GWdMTU | s | 2.38W/cm 3.31 W/cm 3.94 W/cm
Ss.. - 0.11 W/cm 0.13 W/cm
120 GWAMTU | s | 3.9 Wicm 4.52 Wicm 4.89W/cm
Se. - 0.09 W/cm 0.11 W/cm
14.0 GWdMTU Sm | 41 Wicm 5.73 W/cm 5.76 W/cm
Ss.. - 0.08 W/cm 0.09 W/cm
16.0 GWAMTU | s | 5.9 W/cm 8.39 W/cm 8.62 W/cm
Se. - 0.07 Wicm 0.11 W/cm
18.0 GWAMTU | s | 8.43 W/cm 10.35 W/cm 10.3 W/cm
Ss.. - 0.1 W/cm 0.11 W/cm
20.0 GWdMTU | s | 16.2 W/cm 18.59 W/cm 18.% W/cm
Ss., - 0.08 W/cm 0.09 W/cm
22.0 GWdAMTU S mp 15.21 Wicm 20.52 W/cm 20.% W/cm
Se. - 0.09 W/cm 0.1 W/cm
24.0 GWAMTU | s | 196 W/cm 22.44 W/cm 22.81 W/cm
Ss.. - 0.08 W/cm 0.11 W/cm
26.0 GWdMTU | s = | 20.7 W/cm 25.00 W/cm 24.9 W/cm
Ss.. - 0.09 W/cm 0.11 W/cm
28.0 GWAMTU | s 21.43 27.63 W/cm 28.9 W/cm
W/cm
Ss.. - 0.07 W/cm 0.12 W/cm
30.0 GWAMTU | s~ | 2345 W/cm 30.15 W/cm 29.7% W/cm
s - 0.11 W/cm 0.13 W/cm
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Table9. Summary of thdlaximum Pin Temperaturencertainty results joint
parameters (MCUQ vs. MBUQ vs. SBUQ).

Depletion STD | MP-EUQ 39 Order Surrogate Monte Carlo
(irradiation) r=50 500 samples 500 samples
0.0GWAMTU | s . 92 C 99 C 112C°
S, - 8C 10 C
0.1GWAMTU| s . 87C 91C 92 C
S - 7C 9C
0.2GWdAMTU | s 850C 94C 92 C
S, - 8C 11 C
0.5GWAMTU | s 88 C 9% C 97 C
S, - 8 9C°
1.0 GWAMTU | s 95 C 105 C 104 C
S, - 5¢C 7C°
20GWdMTU | s . 94 C 106 C 105 C
S, - 6C 9 @
3.0GWAMTU | s . Q0 C 102 C 101 C
S, - 9C 10C
40GWAMTU | s 820C 94 C 95 C
S, - 6C° 7C
5.0 GWAMTU | s . 79 C° Q0C 95 C
S, - 6C° 11C
6.0 GWdMTU | s . 61 C 750 76 C
S, - 5C° 11C
7.0GWAMTU | s . 63 C 74 C 75 C
S - 4 C° 9C
8.0 GWAMTU | s 60 C 750 75 C
S, - 5¢C 8C
9.0 GWAMTU | s 67 C 9C 78 C
S - 8 9C°

1%}
3
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Table9 Continued

10.0 GWAMTU| s 70C 81C 78 C
s, . 7¢C° 140
12.0 GWAMTU| s 68 C° 80C 81C
S, - 6C 7C
14.0 GWAMTU| s 66 C° 86 C 88C°
S, - 11 C 12 C
16.0 GWAMTU| s 70C 88 C 89C
S, - 11 C 10 C
18.0 GWAMTU| s . 70C° 2C 91 C
S, - 10C 9C
20.0 GWAMTU| s . 65 C° 830C 99C°
S, - 11 C 13C
22.0 GWAMTU| s . Q0C 101 C 106C°
S, - 7C 0
24.0 GWAMTU| s . 79C° 107 C 109 C°
S, - 8C 11C
26.0 GWAMTU| s 90C° 113C 12 C
S, - 9C 0
28.0GWdMTU| s | 101 C 121 C 130 C
S, - 12C 16 C
30.0 GWAMTU| s 101C° 119C 139 C
S, - 13C° 21C

4.6 Case Study: Efficient Uncertdy Quantification for 3D CoreDepletion with Thermal
Hydraulics FeedbacfCASL PogressiorProblem 9)

Problem 9 is a full cor@atts Bar Nuclear {WBN1) with neutronics coupled to thermal
hydraulics feedbackn this problem both fuel and burnable absorbers are depleted throughout
the first cycle. However, due to computational resources limitation, this chefptperform
the uncertainty quantification study upon a part ofleyt usinga few depletion steps

Specifically, he core is depleted 60 effective full power days (EFPDia 9 depletion steps
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(0, 9, 32, 45, 60, 80, 100, 120, 160 ERFPDable 10 shows a summary of the cgoeoblem
features whileFigure 53 represents the layout and enrichment regions of the problem of
interest.

As in the previous sectid®3], the GF-MPRFA is used to obtain the reduced dimensional
input parameter spade the form ofbasis & the lower dimensional sspace which isthen
used to perform linear uncertainty propagation viaMiReEUQ. In addition,the basis is used
to construct the surrogate necessarySBtJQ. Table11 show theresults of the error tesff
the 29order surrogates in terms of the surrogate fogtated uncertaintig@glefined in Eq61)

), Root Mean Square (RM3)nd the residuals distribution. The surrogate férmelated

uncertainty is calculated by a Monte Carlo approach where the surrogate parameters are

sampled based on the uncertainties estimated b{6Eq.From theGF-MPRFA, a subspace
of rank 60 (® DoFs) is sufficient to capture the variations of the esgssions in the depletion

cycle of interest with andi norm error upper bound @%.

In general, the surrogate quality can be evaluated by examining the residual errors obtained

by comparing the responses predicted by the surrogate on one side and the original model on

the other side. For example, the current surrogatenstructed for the purpose of uncertainty
guantification; therefore, 40 extra random samples generated employing the covaaamnce

are usedThe perturbations are created in all the parameters simultaneouslygectisss,
grid-loss and gap condueity), hence, testing the assumption introduced within(Ge.
Figure54 throughFigure56 shows the residuals assted with the surrogate computed for
different parametesets wirch are generated by varyiadl the parametersimultaneouslyi.e.
thegap conductivitylfgap), andwith perturbations generatethployingthe covariance library
whi ch 44groufgcdwe |fi br ary whi ch i s &) $he surrdgate e d
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responsesare compared to the responsgsultiplication factor, maximum pin power,
maximum pin temperature) generated via VERA The figuresshow that the third order
surrogates of the form represented by(&®). can predict the multiplication factokef),
maximum pin powerand maximum pin temperature with sufficient accuracy relative to the
uncertainty estimation application (referftable12 throughTable14).

Just like the previous sectiometse surrogates will be used to quantify thestamty in
the responses on interest (including the surrogate-fogfated uncertainty) and then compared
with the uncertainties estimated via a forward Monte Carlo approach and finally compared

with the uncertainty estimated by tN#-EUQ (refer to setton 4.3).

Figure 57 through Figure 68 and tte figures reported inpgpendix B compare the
performance of the VERAS based/onte Carlo approach against the surrogate model based
Monte Carlo approachSBUQ). Statistical samplesre drawn using VERACS original
model®sequences and then compared to samples drawn from the surrogate model replacing
the original VERACS. Due to omputer resource limitations, Monte Carlo sampling via
original model was limited to 50 samples which resulted in large uncertainties associated with
limited sampling. First, Appendix Bshows thdrequency distribution Okerr, maximum fuel
pin power and maximum fuel pin temperatdree to the gap conductivity uncertainty (£50%)
grid spacer loss coefficient4%) and nuclear data cressctions (44groupcovYhese figures
compares the uncertainties in the multiplication facter),( maximum pin powerand
maximum pin temperature due to the foumcertainty sources of interest: gap conductivity
coefficient,grid-loss coefficients, nuclear data créssections and due to joint sampl€mly
3 depletion/time snashots argresentd by the figures reported idppendixB (0, 8Q 160

EFPD. The full comparison is representedtable12throughTablel4. Figure 57 through
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Figure68comparethd&k o1 al ong wi t h N u rbytherotiginal madgl bar s
and the surrogate model at ) ®&dtdlsottheencatainidset i on
estimated ia the MP-EUQ (linear Karhunen loevebased approachgBUQ (Monte Carlo
sampling2™ order surrogates) and forwatCUQ (Monte Carlo sampling via original model)

are shown iMable12throughTablel4. One can notice that for the multiplication factas)

the uncertainty estimated via the N PUQ ar e wi thin one standard
uncertainties estimated via the Monte Cagproache$MCUQ and SBUQ)however, for the

maximum fuel pin power and the maximum fuel pin temperature some of the uncertainty
values estimated by thdP-EUQ are much greater separated tbae standard deviation. The

reason for that might be due to tleetf that theMP-EUQ is a linear approach assuming that

the response of interest is a linear function of the parameters. The reJaldah2 indicates

that the linar assumption is sufficient for the multiplication factwhile Table1l3andTable

14 indicate that the linear assumption is not sufficient for the maximum pin power and
maximum pin temperature.

Table10. Problem 9 features and design properties.

Property Value Details
Fuel Assemblies 193 Modeled in quarter
symmetry
Enrichment 3.1%, 2.6%, 2.1% 17 Assemblies with
3.1%
19 Assemblies with
2.6%

20 Assemblies with
2.1%
Control Rods 8 banks of B4C Total of 18 rods in
guarter symmetry.
Burnable hserts 6,12,4,3,2poison nsertsof | These burnable poiso

Pyrexburnable inserts consisuf 24,
20, 16, 12, 8od-lets
respectively.
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Figure53. Core layout in quarter symmet§9].
Tablel1l. Features of the Surrogate.
Surrogate RMS Number of | Number | Residuals | surrogate
order Construction| of extra | distribution| formi
Data Points | Validation related
Data uncertainty
Points
2"order | e 4 20.07pcm 120 30 id 35.16pcm
Keft
& A 001Wicm iid 0.01 W/cm
iid 1.12C°

e A 3.0661C°
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Figure64. Burnup dependent maximum pin power along with uncertdinly due t o
loss coefficient uncertainty.

Maximum Pin Temperature [C] Maximum Pin Temperature [C]
- Along With the Uncertainty Bars 900 - Along With the Uncertainty Bars - Surrogate

900

Maximum Pin Temperature [C]

Maximum Pin Temperature [C]

50 100 150 200 0 50 100 150 200
Burnup - [EFPD] Burnup - [EFPD]

Figure65. Burnup dependent maximum pin temperature along with uncerbdititye to the
grid-loss coefficient uncertainty.

151



K-eff- Along With the Uncertainty Bars K1- Of}‘- Along With the Uncertainty Bars - Surrogate

1.01
1.008 | 1 1.008 1
1.006 - 1 1.006 1
1.004 1 1.004 1
1.002 1 1.002 1
b= b=
) 1 ‘\Fi.\,_\—.\" ] ) 1 ’\.\‘H\.\i 4
M N 4 ——
0.998 1 0.998 1
0.996 1 0.996 1
0.994 | b 0.994 1
0.992 + 1 0.992 1
0.99 : ' : 0.99 : ‘ :
0 50 100 150 200 0 50 100 150 200
Burnup - [EFPD] Burnup - [EFPD]

Figure66. Burnup dependeritralong with uncertaintid due t o joi nt sar

Maximum Pin Power [W/cm] Maximum Pin Power [W/cm]

65 - Along With the Uncertainty Bars 65 - Along With the Uncertainty Bars - Surrogate

6 6 1

E 551 E E 55 |
L L2

B s : Z s 1
5 5

E 4.5 B E 45 ]
=N R
£ =

A~ 4r & 4 B
£ =
= =

E3s E3s 1
3 3

= 3 = 3 J

25§ 25/ —

| ‘ ‘ ‘ . ‘ ‘ ‘
0 50 100 150 200 0 50 100 150 200
Burnup - [EFPD] Burnup - [EFPD]
Figure67. Burnup dependemhaximum pin powealong with uncertaintid due t o j o
samples.

152



Maximum Pin Temperature |C]

Maximum Pin Temperature [C]
- Along With the Uncertainty Bars - Surrogate

- Along With the Uncertainty Bars
1000 ‘ : : 1000
900 | P WS § 900 F oo
) o
@ 800 E 800 1
g | E
S 00l | £ 700
g 700 , 5 00
g \ £ q
= 600t = 600
£ ‘ £ |
| o |
£ \‘ |
S 500¢ £ 500
g J = |
= | o= |
§ 400 “‘ % 400 ‘J ,
e =
300L 3004
200 : : : 200 : ‘ :
0 50 100 150 200 0 50 100 150 200
Burnup - [EFPD]

X axis

Figure68. Burnup dependent maximum pin temperaalomg with uncertaintl &  d u e

joint samples

153



Table12. Summary of théer uncertainty results joint parameters (MCUQ vs. MBUQ

vs. SBUQ)
Depletion (irradiation) | STD | MP-EUQ | 2" Order Surrogate | Monte Carlo
r=60 500 samples 50 samples
0.0EFPD s, | 389pcm 425 pcm 401pcm
Ss, - 19 pcm 63 pcm
9 EFPD S, | 399pcm 395 pcm 417pcm
Ss, - 21 pcm 66 pcm
32 EFPD . 390pcm 415pcm 399pcm
. - 25pcm 74 pcm
45 EFPD Sy 380pcm 420pcm 398pcm
Ss, - 19pcm 52 pcm
60 EFPD « | 379pcm 399pcm 391pcm
s - 32 pcm 71 pcm
80 EFPD S, | 357pcm 398pcm 392pcm
S, - 23 pcm 65 pcm
100 EFPD s, | 351pcm 394 pcm 390pcm
Ss, - 23 pcm 62 pcm
120 EFPD S, | 349pcm 391pcm 387pcm
Ss, - 23 pcm 58 pcm
160 EFPD S, | 341pcm 389pcm 381pcm
S, - 26 pcm 46 pcm
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Table13. Summary of théaximum Pin Poweuncertainty results joint parameters

(MCUQ vs. MREUQ vs. SBUQ).

Depletion STD | MP-EUQ 24 Order Surrogate Monte Carlo
(irradiation) r=60 500 samples 50samples
0.0EFPD S 0.06W/cm 0.081W/cm 0.083 W/cm
Ss.. - 0.009 W/cm 0.08 W/cm
9 EFPD S | 0-035W/cm 0.71W/cm 0.062W/cm
Se - 0.005 W/cm 0.1 W/cm
32 EFPD S | 0-054W/cm 0.09W/cm 0.084 W/cm
Se. - 0.011 W/cm 0.12 W/cm
45 EFPD Smp 0.16W/cm 0.21 W/cm 0.186 W/cm
Ss.. - 0.01 W/cm 0.13 W/cm
60 EFPD Sm | 0-12W/cm 0.5 Wicm 0.35 W/icm
Se. - 0.008 W/cm 0.09 W/cm
80 EFPD Smp 0.19W/cm 0.42 W/cm 0.44 W/cm
Ss.. - 0.011 W/cm 0.14 W/cm
100 EFPD Smp 0.21W/cm 0.38W/cm 0.42 W/cm
Ss., - 0.012 W/cm 0.1 W/icm
120 EFPD Smp | 0-14 Wicm 0.26 W/cm 0.184 W/cm
Ss.. - 0.006 W/cm 0.08 W/cm
160 EFPD Smp 0.1W/cm 0.2W/cm 0.14 W/cm
s - 0.001 Wicm 0.05 W/cm

%))
3
°
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Table14. Summary of thélaximum Pin Temperaturencertainty results joint parameters
(MCUQ vs. MREUQ vs. SBUQ).

Depletion STD | MP-EUQ 2" Order Surrogate Monte Carlo
(irradiation) r=60 500 samples 50samples
0.0EFPD S 14C° 21.7C° 19.6C°
S, - 0.2C° 3C°
9 EFPD S 15C° 24.2C° 22.7C°
S, - 0.19C° 3.1¢C°
32 EFPD S 16C° 24C° 223C°
S, - 0.23C° 2.9C°
45 EFPD S 18C° 28C° 26.9C°
S, - 0.3C° 2.8C°
60 EFPD S 21C° 32.1C° 32C°
S, - 0.7C° 3.7C°
80 EFPD S 22C° 32C° 31C°
S, - 0.4cC° 35C°
100 EFPD S 18C° 37C° 36C°
S, - 0.8C° 3.9C°
120 EFPD S 19C° 40.1C° 38C°
S, - 0.5¢C° 3.4C°
160 EFPD S 21C° 34.8C° 33C°
S, - 0.6C° 2.8C°
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CHAPTER 5. SURROGATE BASED DATA ASSIMILATION FOR
PRESSURIZED WATER REACTORS

Data assimilation is a mathematical methodology used for establishing a connection
between experimentahd operational data and simulatmmmpleted employinghathematical
models Any mathematical model is an approximate representation of thelveabmaon of
interest The purpose of data assimilation isitigprove the performance tfie mathematal
modelsbyc al i brating the model 6s parameters.

Modelbased assimilation @xperimental measuremeri.e. data assimilationhas been
used in various engaering fields for the enhancement of the predictionade by
mathematicaimodels and simulations. Sectitr8reviewed the literature and methodologies
commonly used for data assimilation in nuclear engineering and closely related engineering
fields[16, 17].

Overall two major problems were highlighted in sectibr8. First, the computational
burden associated with running the high fidelity models (reactor core simulators). Sbeond
curse of dimensionality associated wille number of model parametetisat will need tobe
calibratel. The computational cost of theath assimilation increases withe number of
parameters to bealibratedIn nuclear reactor simulation, the number of neutronics parameters
is large due to the fact that the nuclear datassections libraries are detailed for high fidelity
modelingand simulation

Data assimilatiorutilizing the long operational experience with light water reaatotsd
improve simulation fidelity In this section the Delayed Rejection Adaptive Metrigpol

algorithm (DRAM) [15] will be usedin conjunction with reduced order modgjjrsuch that
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the end result is a practical amgplicable algorithnfior data assimilation for large scale reactor
simulation applicatios

Reduced order modeling can facilitake ttwo major problems noteshrlier. Surrogates
(such as the reduced order surrogates construcigthpter 4 can addresthe first problem
(the computational burden associatedh running the high fidelity reactor core simulafors
On the other hand, reducing the dimensionality of gaameters ofnterest using the
algorithmspresentedby chapter 2 and chegy 3 will addresshe second probm ¢the curse of
dimensionality. Ref. [16] introduced high order predictive model calibration algorithm and
applied them to relatively large scale applicatiomdevRef.[17] performed data assimilation
for few thermal hydraulics parameters of using lower order surrogate to replace the actual
thermal hydraulics simulator (i.e. COBRFF). This dissertation wouldse second and third
order polynomial surrogate models to substitute for the original coupled models (MPACT
COBRA-TF and ORIGEN). Moreover, in this section, a 3 dimensional depletion problem with
thermathydraulics feedback considered. Finally, cresstins (high dimensional parameter)
will be calibrated along with the few thermal hydraulics parameters considered here. An
assembly problem and a 3 dimensional core problem are used to exemplify the proposed
algorithms.

Before dscussing the application dROM in conjunction witrDRAM algorithm, a brief
summary of the major steps of the DRAM algorithm is represented here as introduced by Ref.
[15] (refer to sectiorl.3for more details about the notations below)

1. Set an initial state for the parameters of intera8),(

2. Determine theaumber of chain iterate$i(,
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N

. Calculate the termx” =argmin g (v -f (x))z, whereV is the observatignf is the
i=1

representative model, and N the number of observations.

. 2 SS
. SetSS, =a ( v - if( ﬁ)) and canpute the initial variance estimagé = Xp , andn-P

i=1 -

is the number of independent DoFs.
. Estimate the covariance matitx= sé(cT (xo) c( xo))_land R = chol(C) is theCholesky

factorization
. Fork=1,..,M

a. Samplez, ~ N(O,l) and update the parameter accordingly X* +Rg,

b. Sampleu, ~U(0,1),

c. ComputeSS. ='ar']‘ ( V- if( X))2

i=1

(53~ s34)

a

d. Computea(x*|xk‘1)=min§,é e
&
¢

e. If u,<a
Setx* = X and SS, = Sg,
Else

1. Set the design parametgy =0.2,

2. Samplez, ~ N(0,1) and update thsecond stagparameter accordingly
X*=xX" 9Rz,
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3. Sampleu, ~U(0,1),

4. ComputeSS, :g";N'l ( v - if( f))z

i=1

5. Computeaz(x*z|x‘“1,x*)=min§q,p(i( |v)J()*(|X2)(1- E(Xl)%)) .
gep(x‘l|v)\](x|>51)(l- a(x|%1'))

wherel is the proposal distribution.
6. If U <a,
Setx =xX* and SS, = SG,
Else
Setx* =x“'and SS, = S§,,

End if

End if
f. Update s ~Inv- gammé @, R), where Inv-gamma is the inverse gamma
distribution and:
a,, =0.5(n, ) andh, :O.S( ns? +S§) , where n,=2a andn is thenumber of
measurementssed.
g. If mod(k k,)=1
UpdateC, =s, cov( XX, %) , wheresyis a design parameter that is a function

of thedimension(p) of the parameter space ( 2288is commonly used )

Else

0
Il

Cros
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End if

h. UpdateR, = chol(C,),

Fromthe algorithm above one can notice that several steps makes DRAM limited to small
medium dimensionality problems with reasonable computational cost. Steps 3, 4, 6.c and 6.e.4
require the evaluation of (the model of interest). If the model is complex and characterized
with high computational cost, then these steps will hinder the practicaliyeddRAM
algorithm. Therefore, in this section a subspaased surrogate modefo will be used to
replace the model of interestf {. Section 1.5.3 introduceda methodology previously
developed for goabriented surrogate modeling. In this section @fe MPRFA will be used
to construct the basis of the lower dimensional subspace approximation. Once, the basis is
determined U ), a3 order goaloriented subspace can be constructed as follow:

fof 5 o (8§ YD(SX
where f is the response of interest (e.g. multiplication factor, maximum fuel pin power an
maximum fuel pin temperature), B is the variation in the parameters of interest from the
reference values (e.g. cressctions, gap conductivity and grid loss coefficient).

In order to reduce the number of model runs requwezbnstruct the surrogate form, the
GF-MPRFA is used to calculate the basmatrix (U) of the lower dimegional subspace
approximation forthe parameters spaceéhe goal of the surrogate here is to perform data
assimilation analysis. Therefotee uncertainty and mean ofobgparametemight be updated
hence theGF-MPRFA must take this into consideration. In chaptertde goaloriented

surrogate was constructed via perturbations generated along the covaata@efer to
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sections4.3and4.4). In this sectionthe application of interest implies that the perturbations (
DX ) begenerated randomly within the interval of interest.

An efficient goaloriented surrogate can be constructed as follow:

2

B oa &% w5 & o
fof pTUU” W, EBUUT x.p 9 WU x,,D
1 nd g al 8 ? and (62)

¢
=b' Da (+_2T{7 ‘Q)Za (‘gr b‘)aDa

where Dx_ , is a random input vector sampled to generate a random sample of the input
parameter. Given thatUi R™ and Dg U" 3, H' then 5 = pU IR’
b, = BHU IR" and b, = HU IR". Hence in order to determine the unknown elements of
b,., b,, and b,, the model needs to be r@ntimes so that the coefficients are determined.

Moreover,n the calculation of the posteriBrobabilityDensity FunctiofPDF) via Eq(1)
, the comptational cost of calculatindpe denominator is dependent on the dimensionality of

the parametespaceR" (i.e. p). Hence, by recasting the problem into a loweratisional

subspace approximatigne.R"), the number of calibrated parameters is reduced froom,

where the uncertainty information can be mapped from the reduced space to the full

dimensional space as follow:

C, =Uc,U" (63)

where C, is the covariance matrix in the full dimensiomaErameter space ard, is the

covariance in the reduced space as determined by the assimilation droadsigion to that,

running the data assimilation analysis using the surrogate model has a negligible computational
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cost compared to theompuational cost associated wisimulating usinghe original model
(high fidelity simulator).
The following is a summaryf the algorithm for Subspadgased Data Assimilation
(SBDA):
1. Construct the basis of the lower dimensional subspace approximattbe gérameter
space ().

2. Construct the goabriented surrogate modef ().

3. Run DRAM with the surrogate modef and rgplace the input parameter spd@) with

the reducedpaceRr’.

In the following sectios, theSBDA will be usedo perform parametedsalibrations. The
parameters of interest are the nuclear data-@®stsons (flgh dimensional parameter) and two
thermathydraulics parameters (gap conductivity and grid loss coeff@ienh this
dissertation, we deal with the data assimilation algorithm (i.e. DRAM) as a black box, the real
contribution is by replacing the original high fidelity model with a surrogate thatdwgigjible

computationatost to run.

5.1 Case StudyEfficient Data Assimilatiorfor 3-Dimensional Assembly Depletion with
ThermatHydraulics FeedbacCASL Progression Problen) 6

In this case study a few parameters calibration is performed vi&8BB&A. The core
simulator of interest is VERAS (referto sction1.7). Figure6 presents the models that

makeupVERA-CS. Referring to the figure; the parameters of inter@stthis case studly are

the gap conductivity If,,)) and the grid loss cdéicient (g,). These two parameters
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represents th&-space m Figure 6. In addition the nuclear datarosssectionswill be
calibrated along with th&-space parameterEhe crosssectionparameters are represented by
theX-spacean Figure6. In this example the cresections of interest are the fission, absorption
andscattering cross sections fafew isotopesassummarizedn Table 18. The number of
energy groups used lthe VERA-CS crosssectias library is 47 Therefae, the number of
parameters to be calibrated &l6 crosssecton parameters and two therraydraulics
parametersThe DRAM i QUESOagorithm (encoded in DAKOTA 6.278, 79]) will be
employedo solve the inverse probleasing 100,000 samples per chain.

First, the goal oented surrogatés constructedn the form represented by K62). The
surrogate is constructed as described in sedtiband evaluated viaxamining the norm of

residuals andtheir distribution In this case study, theneasured attributesre: the

multiplication factor k. ), thecoolantinlet temperaturéT,_ ., ), the coolant outlet temperature

(T,.ue), @nd the fission reaction rate e fuel assemblgenter FER). In this case study,

synthetic datavill be used instead akal dataUsing the synthetic data implidsat the actual
solution of the datassimilation problems known a priorienablingthe data assimilation
methodto be verified Five depletion steps are used to generatesyin¢heticneasurements of
interest.Hence, each responses is measured at each of the depletion step (8,01.®30
GWd/MTU). Tablel6 summarizes the measurements and their unctes

The problem of interest is the same as the assembly problem destisieetior4.4. The
surrogate will be constructed similarly with the difiece that the perturbations are generated
randomly within the interval of interefiigap (£50%) gioss (£4%) crosssections(x5%)). The

surrogate fornrelated uncertaintgrefer to
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Table 15 for details about thesurrogate error analy3iss incorporated in the overall
measuremdruncertainty as follow:

C,=C,, € (64)

surrogate  f

whereC is the surrogate form variance a@q ; is the variance in the response due

surrogate  f

to the parameter sgqtand C, is the overall variance.

Figure69 throughFigure71 presenthe residual erroralong with their distribution. For
thesurrogate model to be useful, the residual errors need to be an order of magnitude smaller
than theexperimentalincertainties.

The surrogate is then used feimultaneouscalibration of thethermathydraulics
parameters along with tlreosssections of interest. The synthatieasurementsre generated
via the high fidelity simulator (VERACS)wh er e speci fic known parar
are usedThereforeas noted abovieideal solution tahedata assimilatioproblemis known
a priori and the performance of th@BDA can be evaluated by comparing the known
perturbations anthe mean variations generated by DRAM in conjunction withdineogate
(SBDA). The responsesstimated byERA-CSare considered as synthetic measurements to
be assimilated.
For the thermahydraulics parameters, aniform distribution was used as a prior

distribution sampled using the uncertaintiegorted in
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Table19 with the reference valgeof the parameter&igure 73 andFigure 74 shows the
chains and their distributierfor the thermahydraulics parameters (grid loss coefficient and

gap conductivity)Figure75indicates that there is no correlation between the gap conductivity

(h

Lap) @nd the grid loss coefficieng(,.). From chater 4, it wasioticed that thenultiplication

factor is not sensitive to the grid loss coefficient. Therefdhe variations in thegrid loss
coefficientarenotidentifiableusing the current responses of interbi&ireover, it was found

that the effect of the grid spacer loss coefficient is the weakest among all other parameters

regarding the other responses of interesblant inlet temperature, coolant outlet temperature

and the fission rate at the reactor cente
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Figure69. Residual errors along with their distributiokesr.
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Table15. Surrogate features.

Surrogate RMS Construction| Validation | Residuals Suz.rc;gfgfegorm
order Data Points Points distribution uncertainty
&, A
22.3 kA iid 0.01 [pcm]
[pcm]
eroutA
0.0016 T A iid | %-0031[C]
[CO] outle
39 order e A 180 40
0.00M04 ToeA 11.d | 0.0021 £
[C
Er A 0.008
0.000022 FRA i.id
Table16. Measurements and their uncertainties
Measurement 0.0 0.1 5 10 30
GWd/MTU | GWdA/MTU | GWd/MTU | GWdA/MTU | GWd/MTU
K, 1.243546 | 1.2005734 1.13999 1.08474 0.921887
ff +0.00696 +0.00668 +0.00631 +0.00624 +0.00641
T [CY 325.307 325.288 325.263 325.311 325.2D
outlet +0.0077 +0.0051 +0.00409 +0.00473 +0.0058
T [C 291932 291942 291.982 2920124 292211
inlet +0.0012 +0.00095 +0.0008 +0.00143 | +0.00101
FR 1.4050 1.3262 1.13510 1.07830 0.872
+0.0102 +0.0071 +0.002 +0.0025 +0.0014

In the case of nuclear data cr@estions a Gaussian prior distribution based on the
covariance library (44groupcoVjT] is usedA total of 18 different isotopaeaction pairs are
considered for calibration. Taking into account that the surrogate uses 47 group sfrefeure

to Table17), the number of crossections parameters is 18x47 = &d&er toTable18). In
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order to evaluate the performance of 8#&DA the actual perturbation (which is known) is
compared with the perturbation expected by $IBDA. A consolidated metrics defined to
evalude the performance of th®BDA with calibrating the crossections parameters. The

metriccalculates the average difference between the actual and estimated perturbation:

£0% - BF
DA _ ¢ D ssgn
ex,i - G (65)

wheree! is the assimilation performance metfiar the interactiorx and theé" isotope while

H syn - . . - th . .
D §" is the synthetic variation for thd" reaction the g energy group and th& isotope.
D 8" is the variation predicteioly theSBDA, for X" reaction g energy group ani'isotope.
G is the number of energy groups considefable 18 reports theaverage differencée,’

along with the maximum difference between the actual perturbation and the one estimated by
the SBDA. The maximumaveragealifference(refer to Eq(65)) is 38% occurring for thd-e-
56 absorption crossections.Table 19 summarizeghe data assimilation results fa few

important parameteiacluding the two thermahydraulics parameters
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Tablel7. 47 group structure.

Energy
Boundary

Energy
Boundary

g

Energy
Boundary

Energy
Boundary

20 MeV

13

78.9 eV

25

2.3824 eV

37

0.5032 eV

6.0653 MeV

14

47.8512 eV

26

1.8554 eV

38

0.35767 eV

3.6788 MeV

15

29.023 eV

27

1.4574 eV

39

0.2705 eV

2.2313 MeV

16

13.71 eV

28

1.2351 eV

40

0.18443 eV

1.3534 MeV

17

12.099 eV

29

1.1664 eV

41

0.14572 eV

0.8208 MeV

18

8.3153 eV

30

1.1254 eV

42

0.11157 eV

4.9787 MeV

19

7.33822 eV

31

1.0722 eV

43

0.08197 eV

0.1832 MeV

20

6.47602 eV

32

1.0137 eV

44

0.0569 eV

67.38 KeV

21

5.715 eV

33

0.97100 eV

45

0.0428 eV

10

9.119 KeV

22

5.04348 eV

34

0.9099 eV

46

0.0306 eV

11

2.0347 KeV

23

4.4509 eV

35

0.7821 eV

47

0.0124 eV

12

0.13 KeV

24

3.9279 eV

36

0.62506 eV
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Table18. Assimilation performance measure for tfaious crossections parameters being

calibrated.

Parameter Value Maximum Estimation
Difference

(psy - BY ar
e e 1.7% 1.9%[g=10]
e e 1.5% 3.1% [g=14]
e 3% 2.1% [g=31]
e 2.3% 2.8%[g=9]
e 3.1% 2.1%[g=37]
e 2.1% 2.3%[g=16]
& 1o 1.7% 2. 5%[g=23]
e 1o 0.89% 1.1% [g=22]
1o 0.9% 1.4%[g=28]
€2 oo 3% 2.9%[g=20]
e, 2.7% 2.9%[g=12]
& w0 3.2% 3.5%0[g=1]
& 1.8% 3.894g=43]
e 1.6% 1.9%[g=32]
. 0.97% 1.9%[g=40]
& e 1.8% 1.9%[g=45]
e 2.3% 3.4%[g=24]
& 2.7% 3.2%[g=12]
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Table19. Data assimilatiomesults forafew important parameters

Parameter Reference Value | Actual Perturled | SBDA Estimated
Value Perturbation

hgap 5678.3+ 2250 6835.02 6846.2 + 901.86
Jioes 0.907 + 0.03628 0.92206 0.909 +0.03478
Sr 1125.219+2.66 1258.435 1270.231+ 1.99

[ 0.03060.012396 eV
ST 0.892701%0.00528 0.93246 0.9013+ 0.00387

[ 2.23131.3534 MeV
S?”’ 239 1361.29%# 34.51 1441.313 1434.458+ 27.13

[ 0.03060.012396 eV
SS'“ 75.34618+0.07494 82.47610 79.208+ 0.0569

[ 0.03060.012396 eV
sg-lﬁ 4.32982%0.04336 4.629821 4.5891+ 0.02981

[ 0.03060.012396 eV

5.2Case Study: Efficient Datassimilation for 3Dimensional Core Wide Depletion with
ThermatHydraulics Feedback. CASL Progression Problem 9.

In this case study a few parameters calibration is performed ViS8BBE&. The core
simulator of interest is VERAS (refer to sectiod.7). Figure6 presents the models that

makeup VERACS. Referring to the figure; the parameters of inter@sthis case study are

the gap conductivitylf,, ), and the grid loss @dficient (g,,). These two parameters represent

the Z-space inFigure6. In addition, the nuclear data cressctions will be calibrated along
with theZ-space parameters. The cregstion parameters are represented bytspace in

Figure6. In this example the crossections of interest are the fissiabsorption and scattering
crosssections for a few isotopes as summarizetable22 . The umber of energy groups in
the VERACS crosssections library is 4qrefer to Table 17). Therefore, the number of

parameters to be calibrated 86 crosssection parameters and two thershgtiraulics
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parameters. The DRANI QUESO algorithm (encoded in DAKOTA 6.2§, 79]) will be
employedo solve the inverse piotem using 100,000 samples per chain.

First, the goal oriented surrogate is constructed in the form represented(®%).Ethe
surrogate is constructed as described in sedtidand evaluated via examining the norm of

residuals and their distribution. In this caswdy, the measured attributes are: the

multiplication factor K., ), and therelativefission reaction rat8 dimensional distributioat

the (FR). The matrixFR is 49*17*17 equivalent to measuring the fission rate over 49 axial
levels (within the 56 axial levelspyntheticdata will be used instead of real data. Using the
synthetic data implies that the actual solution of the data assimilation problem is kpoam a
enabling the data assimilation method to be verified. Five depletion steps are used to generate
the syntheticmeasurements of interest. Hence,heagesponsas measured atach of the
depletion step (0, 9, 32, 45, 120, 160 EFfF@ble16 summarizes the measurements and their
uncertainties.

The problem of interest is the same as the assembly problem described inddclibe
surrogate will be constructed similarly with the difference that the perturbations are generated
randomly within the interval of interedighp (¥50%), gioss(+4%), crosssections£5%) ). The
surrogate forrrelated uncertaintis obtained by E§64) (refer toTable 20 for details about
the surrogate error analykiblote that the RMS for thHeR reflects the RMS of a vectéormed

from the 49*17*17 matrix mentioned earlier; that is:
6« = RMS( ve¢FR}),
whereVeCis a process that transfers a matrix into a vettoe to the computationatsources

limitation, a 29 polynomial surrogate is usgdence the surrogate forrelated uncertainty is
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higher than the case of & ®rdersurrogate. The effect of a higher surrogtaten-related
uncertainty is a larger error in calibrating the parameters of interest along with higher
uncertainty. Therefore nithis section the DA problem will be solved twice; once with
including thesurrogae formrelated uncertainty and then without includingsbherogate form
related uncertaintyComparingthe results of the two cases wifidicate theeffect of the
surrogate errors on the calibration stuBigure 76 andFigure 77 present the residual errors
along with their distributionFigure 77 is a sample figure showing the residual error
distribution for the fission rate at the core central pdiot. the surrogate model to be useful,
the residual errors need to be ander of magnitude smaller than threxperimental
uncertainties.

The surrogate is then used for simultaneous calibration of the theyahaulics
parameters along with the cressctions of interest. The synthetic measurements are generated
via the high idelity simulator (VERACS) where specific known parametéperturbations
are used. Therefore, as noted above the ideal solution to the data assimilation problem is known
a priori and the performance of tf@BDA can be evaluated by comparing the known
petturbations and the mean variations generated by DRAM in conjunction with the surrogate
(SBDA). The responses estimated by VERAS are considered as synthetic measurements to
be assimilated.

For the thermahydraulics parameters, a uniform distribution wased as a priori
distribution sampled using the uncertainties repomebable 19 with the reference values of
the parameterd-igure 78 and Figure 79 shows the chains and their distributions for the
thermathydraulics paameters (grid loss coefficient and gap conductiviigure80indicates

that there is no correlation between the gap conductiVify)(and the gridspacerloss

176



coefficient (g.,).- From chapter 4, it was reat that the multiplication factor is not sensitive to

the grid loss coefficient. Therefore, the variations in the gpiacernoss coefficient are not
identifiade using the current responses of interest. Moreover, it was found that the effect of
the grid spacer loss coefficient is the weakest among all other parameters regarthiieg the

fission rate at the reactor center
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Figure76. Residual errors along with their distributiemkess
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