Abstract

SELEE, TERESA MARGARET. Stochastic Matrices: Ergodicity Coefficients, and
Applications to Ranking. (Under the direction of Ilse C. F. Ipsen.)

We present two different views of (row) stochastic matrices, which are nonnegative
matrices with row sums equal to one. For applications to ranking, we examine the
computation of a dominant left eigenvector of a stochastic matrix. The stochastic
matrix of interest is called the Google matrix and contains information about how
pages of the Internet are linked to one another. The dominant left eigenvector of the
Google matrix yields a ranking for each Web page, which helps to determine the order
in which search results are returned. These results are presented in Chapter 1.

Chapter 2 presents results for coefficients of ergodicity, which measure the rate at
which products of stochastic matrices, especially products whose number of factors
is unbounded, converge to a matrix of rank one. FErgodicity arises in the context
of Markov chains and signals the tendency of the rows of such products to equalize.
We present unified notation and definitions for coefficients of ergodicity applied to
stochastic matrices, extend the definitions to general complex matrices, and illustrate

a connection between ergodicity coefficients and inclusion regions for eigenvalues.
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Chapter 1

Introduction

Stochastic matrices have been studied in many contexts, in part because of their rela-
tion to Markov chain theory and the study of products of stochastic matrices. Addi-
tionally, stochastic matrices have many useful properties, such as a dominant eigenvalue
of 1 and a dominant right eigenvector as a vector of all 1’s. In this work, we consider
two different applications for stochastic matrices. Chapter 2 describes an application
to ranking with respect to Google and the PageRank vector. The material in Chapter
2 was published in December 2007 in the SIAM Journal on Matrix Analysis and Ap-
plications (54). Chapter 3 contains results on the coefficient of ergodicity, which can
be thought of as a bound on the subdominant eigenvalues of a matrix.

For applications to ranking, we present a simple algorithm for computing the PageR-
ank (stationary distribution) of the stochastic Google matrix G. The algorithm lumps
all dangling nodes into a single node. We express lumping as a similarity transforma-

tion of G and show that the PageRank of the nondangling nodes can be computed
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separately from that of the dangling nodes. The algorithm applies the power method
only to the smaller lumped matrix, but the convergence rate is the same as that of the
power method applied to the full matrix G. The efficiency of the algorithm increases as
the number of dangling nodes increases. We also extend the expression for PageRank
and the algorithm to more general Google matrices that have several different dangling
node vectors, when it is required to distinguish among different classes of dangling
nodes. We analyze the effect of the dangling node vector on the PageRank and show
that the PageRank of the dangling nodes depends strongly on that of the nondangling
nodes but not vice versa.

We also consider stochastic matrices and their relationship to ergodicity coefficients.
These coefficients were originally introduced in the context of rates of convergence of
finite, inhomogeneous Markov chains. In general, ergodicity deals with the long term
behavior of dynamical systems. Thus for systems of finite, inhomogeneous Markov
chains, ergodicity refers to the long-term behavior of products of stochastic matrices.
In this paper we focus only on finite dimensional matrices. For some information on
infinite dimensional stochastic matrices, see Isaacson and Madsen (57), Pax (80), Paz
and Reichaw (82), and Rhodius (89).

An ergodicity coefficient 7 (.S) is defined for an n x n stochastic matrix S, as

71(S) = max HSTZH1

llz][1=1
zTe=0

where the maximum is taken over all z € R™ and e is a column vector of all 1’s Notice

that this form of an ergodicity coefficient is simply the norm of a matrix restricted to
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a subspace. In addition to being continuous and bounded, 71(S) is submultiplicative,
and bounds the magnitude of the second largest eigenvalue of S. Thus 71(5152) <
71(S1)71(S2) and |A| < 7(S) for all eigenvalues A # 1 of S for stochastic matrices
S1 and S5. These two properties combine to yield an upper bound on the magnitude
of subdominant eigenvalues of the product of stochastic matrices. The upper bound
is computed as the product of the ergodicity coefficients of the individual matrices.
That is, for any eigenvalue A\ # 1 of the stochastic matrix 515, |A| < 71(5152) <
71(S1)71(S2). This inequality gives an eigenvalue bound for products of stochastic
matrices, and is useful since, in general the eigenvalues of a product of matrices are
not equal to the product of the eigenvalues of the matrices.

Chapter 3 discusses coefficient of ergodicity from a linear algebra point of view. We
choose to express these coefficients as matrix norms restricted to a subspace, although
we mention other expressions, as well. We present properties, and explicit forms for
various ergodicity coefficients and simplify results and notation from the last 100 years,
writing everything in language more familiar to the numerical linear algebra commu-
nity. We conclude with new and existing applications, including condition numbers,

eigenvalue and singular value bounds.



Chapter 2

PageRank Computation, with
Special Attention to Dangling
Nodes

2.1 Introduction

The order in which the search engine Google displays the Web pages is determined, to a
large extent, by the PageRank vector (19; 77). The PageRank vector contains, for every
Web page, a ranking that reflects the importance of the Web page. Mathematically,
the PageRank vector 7 is the stationary distribution of the so-called Google matriz, a

sparse stochastic matrix whose dimension exceeds 11.5 billion (39). The Google matrix
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G is a convex combination of two stochastic matrices

G=aS+(1—-a)E, 0<a<l,

where the matrix S represents the link structure of the Web, and the primary purpose
of the rank-one matrix F is to force uniqueness for . In particular, element (i, 7) of
S is nonzero if Web page ¢ contains a link pointing to Web page ;.

However, not all Web pages contain links to other pages. Image files or pdf files,
and uncrawled or protected pages have no links to other pages. These pages are called
dangling nodes, and their number may exceed the number of nondangling pages (31,
section 2). The rows in the matrix S corresponding to dangling nodes would be zero if
left untreated. Several ideas have been proposed to deal with the zero rows and force .S
to be stochastic (31). The most popular approach adds artificial links to the dangling
nodes, by replacing zero rows in the matrix with the same vector, w, so that the matrix
S is stochastic.

It is natural as well as efficient to exclude the dangling nodes with their artificial
links from the PageRank computation. This can be done, for instance, by “lumping”
all the dangling nodes into a single node (70). In section 2.3, we provide a rigorous
justification for lumping the dangling nodes in the Google matrix G, by expressing
lumping as a similarity transformation of G (Theorem 2.3.1). We show that the
PageRank of the nondangling nodes can be computed separately from that of the
dangling nodes (Theorem 2.3.2), and we present an efficient algorithm for computing
PageRank by applying the power method only to the much smaller, lumped matrix (sec-

tion 2.3.3). Because the dangling nodes are excluded from most of the computations,
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the operation count depends, to a large extent, on only the number of nondangling
nodes, as opposed to the total number of Web pages. The algorithm has the same
convergence rate as the power method applied to G, but is much faster because it
operates on a much smaller matrix. The efficiency of the algorithm increases as the
number of dangling nodes increases.

Many other algorithms have been proposed for computing PageRank, including
classical iterative methods (2; 16; 68), Krylov subspace methods (34; 35), extrapolation
methods (17; 18; 48; 61; 60), and aggregation/disaggregation methods (20; 55; 69); see
also the survey papers (8; 66) and the book (67). Our algorithm is faster than the
power method applied to the full Google matrix G, but retains all the advantages of
the power method: It is simple to implement and requires minimal storage. Unlike
Krylov subspace methods, our algorithm exhibits predictable convergence behavior
and is insensitive to changes in the matrix (34). Moreover, our algorithm should
become more competitive as the Web frontier expands and the number of dangling
nodes increases. The algorithms in (68; 70) are special cases of our algorithm because
our algorithm allows the dangling node and personalization vectors to be different, and
thereby facilitates the implementation of TrustRank (41). TrustRank is designed to
diminish the harm done by link spamming and was patented by Google in March 2005
(113). Moreover, our algorithm can be extended to a more general Google matrix that
contains several different dangling node vectors (section 2.3.4).

In section 2.4 we examine how the PageRanks of the dangling and nondangling
nodes influence each other, as well as the effect of the dangling node vector w on the

PageRanks of dangling and nondangling nodes. In particular we show (Theorem 2.4.1)
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that the PageRanks of the dangling nodes depend strongly on the PageRanks of the
nondangling nodes but not vice versa. Finally, in section 2.5, we consider a (theoretical)
extreme case, where the Web consists solely of dangling nodes. We present a Jordan
decomposition for general rank-one matrices (Theorems 2.5.1 and 2.5.2) and deduce

from it a Jordan decomposition for a Google matrix of rank one (Corollary 2.5.3).

2.2 The ingredients

Let n be the number of Web pages and k the number of nondangling nodes among the

Web pages, 1 < k < n. We model the link structure of the Web by the n x n matrix

H, H
o= 11 2 |

0 0
where the k& x k matrix Hy; represents the links among the nondangling nodes, and

H5 represents the links from nondangling to dangling nodes; see Figure 2.1. The n—k

zero rows in H are associated with the dangling nodes.

Figure 2.1: A simple model of the link structure of the Web. The sphere ND repre-
sents the set of nondangling nodes, and D represents the set of dangling nodes. The
submatrix Hy; represents all the links from nondangling nodes to nondangling nodes,
while the submatrix Hjs represents links from nondangling to dangling nodes.
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The elements in the nonzero rows of H are nonnegative and sum to one,

Hyp >0, Hy; >0, Hye+ Hipze = e, where e= |:],

and the inequalities are to be interpreted elementwise. To obtain a stochastic matrix,
we add artificial links to the dangling nodes. That is, we replace each zero row in H

by the same dangling node vector

wq
w = : w >0, |w|| = whe = 1.
Wa
Here wy is k x 1, wy is (n — k) x 1, || - || denotes the one norm (maximal column sum),

and the superscript 7' denotes the transpose. The resulting matrix

Hy,, H 0
S=H+duw" = H " , where d= ,
ewl ewl e

is stochastic, that is, S > 0 and Se = e.
Finally, so as to work with a stochastic matrix that has a unique stationary distri-

bution, one selects a personalization vector

v = : v >0, vl =1,
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where vy is k x 1 and v, is (n — k) x 1, and defines the Google matrix as the convex
combination

G=aS+(1-a)eT, 0<a<l.

Although the stochastic matrix G may not be primitive or irreducible, its eigenvalue
1 is distinct and the magnitude of all other eigenvalues is bounded by « (32; 47; 60;

61; 107). Therefore G has a unique stationary distribution,
G =77, m >0, 7| = 1.

The stationary distribution 7 is called PageRank. Element i of 7 represents the PageR-
ank for Web page 1.

If we partition the PageRank conformally with G,

then m; represents the PageRank associated with the nondangling nodes and m, repre-
sents the PageRank of the dangling nodes.

The identity matrix of order n will be denoted by I,, = [e; - - - €,,], or simply by I.

2.3 Lumping

We show that lumping can be viewed as a similarity transformation of the Google

matrix; we derive an expression for PageRank in terms of the stationary distribution
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of the lumped matrix; we present an algorithm for computing PageRank that is based
on lumping; and we extend everything to a Google matrix that has several different
dangling node vectors, when it is required to distinguish among different classes of
dangling nodes.

It was observed in (70) that the Google matrix represents a lumpable Markov chain.
The concept of lumping was originally introduced for general Markov matrices, to speed
up the computation of the stationary distribution or to obtain bounds (25; 40; 59; 62).
Below we paraphrase lumpability (62, Theorem 6.3.2) in matrix terms: Let P be a

permutation matrix and

M, Cee Ml,k+1
PMPT =

My - Mygign

be a partition of a stochastic matrix M. Then M is lumpable with respect to this
partition if each vector M;;e is a multiple of the all-ones vector e, 7 # j, 1 <14,j < k+1.

The Google matrix G is lumpable if all dangling nodes are lumped into a single
node (70, Proposition 1). We condense the notation in section 2.2 and write the Google

matrix as

(ETRNET Uy
G = : where wu = =aw + (1 — a)v, (2.1)
eul eud Usg

G11 is k x k, and G2 is (n — k) x k. Here element (i, j) of G1; corresponds to block

M;;, 1 <1,j < k; row i of G2 corresponds to block M; 41, 1 <4 < k; column 7 of eul

10
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corresponds to Mjy1,, 1 <4 < k; and eul corresponds to M1 1

2.3.1 Similarity transformation

We show that lumping the dangling nodes in the Google matrix can be accomplished

by a similarity transformation that reduces G to block upper triangular form.

Theorem 2.3.1. With the notation in section 2.2 and the matriz G as partitioned in

(2.1), let
0
I, 0 1 1
X = ‘ , where L =1, — kéeT and é=e—e =
0 L -
1
Then
G G Grae
XGX ' = , where GW = H 2
0 0 ul ule

The matriz GV is stochastic of order k + 1 with the same nonzero eigenvalues as G.

Proof. From
X '= . L'=1,p+ee,

it follows that

XGX_l B G11 G12(I -+ éeT)

erul  equd (I + eel)

11
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has the same eigenvalues as G. In order to reveal the eigenvalues, we choose a different

partitioning and separate the leading k£ 4+ 1 rows and columns, and observe that

G12(I + éeT)61 = Glge, u2T(I + éeT)61 = u2Te

to obtain the block triangular matrix

XGXx! Yo
0 0

with at least n — k — 1 zero eigenvalues. O

2.3.2 Expression for PageRank

We give an expression for the PageRank 7 in terms of the stationary distribution o of

the small matrix GO,

Theorem 2.3.2. With the notation in section 2.2 and the matriz G as partitioned in

(2.1), let
G Gige
o I [ ol o>0, lo|| =1
ul ule

and partition o’ = [gfk O'k+1:| , where o1 4s a scalar. Then the PageRank equals

Gia
T_ | T T
=107y O .

L5

12
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Proof. As in the proof of Theorem 2.3.1, we write

[elONel®)
XGX! = ,
0 0
where
G
G =" (I +eéeM)ey- - en_i]
T
U

The vector {UT UTG(Z)] is an eigenvector for XGX ! associated with the eigenvalue

A = 1. Hence

ﬁ' = |:O'T O'TG(Z):| X

is an eigenvector of GG associated with A = 1 and a multiple of the stationary distri-

bution 7 of G. Since G has the same nonzero eigenvalues as G, and the dominant

eigenvalue 1 of G is distinct (32; 47; 60; 61; 107), the stationary distribution o of G

is unique.

Next we express 7 in terms of quantities in the matrix G. We return to the original

partitioning which separates the leading k& elements,

I, 0
ﬁT - [U{k <Uk+1 O'TG(z)):|
0 L

Multiplying out

it = {U%:k <Uk+1 0TG(2’> L]

13
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shows that 7 has the same leading k£ elements as o.

We now examine the trailing n — k components of #7. To this end we partition the

matrix L = I,,_; — ﬁée and distinguish the first row and column,

1 0
I —

1 _ 1 .7
—e I ——ee

Then the eigenvector part associated with the dangling nodes is

I = |:O-k+1 O’TG(2):| L = |:O-k+1 — ﬁUTG(z)e oTG® (I — ﬁeeT)
To remove the terms containing G in z, we simplify

(I +ée)ea - enile= (I +éeh)ée = (n—k)é.

Hence

GPe = (n—k) é (2.2)

14
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and

1 T ~(2) T Giz| . T G2 T G2
’ G¥Ye = o e=o0 e—o e1
n_
uy uy uz
G2
= Og41— 0 €1,
uy

Gia
Ok+1 = 0O €
Therefore the leading element of z equals
1 Gio
21 = Opa1 — o'GPe = o7 ey.
n—=k T
Uy

For the remaining elements of z, we use (2.2) to simplify

GPeel = Gq? — éel.
n—k T

G? (I— ! eeT) =G —
k

n —

Replacing

15
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in G@ yields

and

Uy

Since 7 is unique, as discussed in section 2.2, we conclude that # = 7 if 77e = 1.
This follows, again, from the fact that o is the stationary distribution of G* and

JT[isz]e = Oft1- O

2.3.3 Algorithm

We present an algorithm, based on Theorem 2.3.2, for computing the PageRank 7 from

the stationary distribution ¢ of the lumped matrix

G(l)z G Gige
uff uge

16
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The input to the algorithm consists of the nonzero elements of the hyperlink matrix H,
the personalization vector v, the dangling node vector w, and the amplification factor
a. The output of the algorithm is an approximation 7 to the PageRank 7, which is

computed from an approximation & of o.

Algorithm 2.3.3. % Inputs: H, v, w, « Output: 7
% Power method applied to G():
Choose a starting vector 67 = {&{k <A7k+1] with ¢ > 0, ||o]| = 1.
While not converged
oL, = aol, Hiy + (1 — a)vl + aspwf
end while
% Recover PageRank:

2T | AT AT T A T
T =161, a0 Hi+ (1 — a)vy + alpiiws |-

Each iteration of the power method applied to GV involves a sparse matrix vector
multiply with the k& x k matrix Hy; as well as several vector operations. Thus the dan-
gling nodes are excluded from the power method computation. The convergence rate
of the power method applied to G is « (56). Algorithm 2.3.3 has the same convergence
rate, because GV has the same nonzero eigenvalues as G (see Theorem 2.3.1), but is
much faster because it operates on a smaller matrix whose dimension does not depend
on the number of dangling nodes. The final step in Algorithm 2.3.3 recovers 7 via a
single sparse matrix vector multiply with the & x (n — k) matrix His, as well as several

vector operations.

17
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Algorithm 2.3.3 is significantly faster than the power method applied to the full
Google matrix G, but it retains all advantages of the power method: It is simple to
implement and requires minimal storage. Unlike Krylov subspace methods, Algorithm
2.3.3 exhibits predictable convergence behavior and is insensitive to changes in the
matrix (34). The methods in (68; 70) are special cases of Algorithm 2.3.3 because they
allow the dangling node vector to be different from the personalization vector, thereby
facilitating the implementation of TrustRank (41). TrustRank allows zero elements in
the personalization vector v in order to diminish the harm done by link spamming.
Algorithm 2.3.3 can also be extended to the situation in which the Google matrix has
several different dangling node vectors; see section 2.3.4.

The power method in Algorithm 2.3.3 corresponds to Stage 1 of the algorithm
in (70). However, Stage 2 of that algorithm involves the power method on a rank-two
matrix of order n — k+ 1. In contrast, Algorithm 2.3.3 simply performs a single matrix
vector multiply with the &k x (n — k) matrix His. There is no proof that the two-stage

algorithm in (70) does compute the PageRank.

2.3.4 Several dangling node vectors

So far we have treated all dangling nodes in the same way, by assigning them the same
dangling node vector w. However, one dangling node vector may be inadequate for
an advanced Web search. For instance, one may want to distinguish different types of
dangling node pages based on their functions (e.g., text files, image files, videos, etc.);
or one may want to personalize a Web search and assign different vectors to dangling

node pages pertaining to different topics, different languages, or different domains; see
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the discussion in (70, section 8.2).

To facilitate such a model for an advanced Web search, we extend the single class
of dangling nodes to m > 1 different classes, by assigning a different dangling node
vector w; to each class, 1 < i < m. As a consequence we need to extend lumping to a
more general Google matrix that is obtained by replacing the n — k zero rows in the
hyperlink matrix H by m > 1 possibly different dangling node vectors wy, ..., w,,. The

more general Google matrix is

k k1 .
k Fiy Fio - Fimn
T T T
ki | euy, eujp - UL 1
F= ,
T T T
km CUpy  CUpyo - eum,m—i—l
where
Ui1
u; = = aw; + (1 — a)v.
Ui m+1

Let ™ be the PageRank associated with F',

#TF =#T,

=N
v
=

7] = 1.
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We explain our approach for the case where F' has two types of dangling nodes,

k ky ko
k| Fn Fiao P
F= k| et eul, euly

T T T

We perform the lumping by a sequence of similarity transformations that starts at the
bottom of the matrix. The first similarity transformation lumps the dangling nodes

represented by uy and leaves the leading block of order k + k; unchanged,

k4 ke ko

k+ K 1 0
1= )

ko 0 L,

where L; lumps the k5 trailing rows and columns of F,

Ly=1——¢e", Li'=I+¢é", é=e—e =

20
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Applying the similarity transformation to F' gives

k k1 1 ko — 1

k Fin Fio Fize Fis
k euls  eul. ulele  eul

XlFXl_l _ M 11 12 (ujze) 13
1 ugl U2T2 ug?,@ ﬂ2T3
ko —1 0 0 0 0

with
F135F13L1_1 [62 6k2:| s Q%EU%LII |:62 ek2:| , j:1,2

The leading diagonal block of order k + k; + 1 is a stochastic matrix with the same

nonzero eigenvalues as F. Before applying the second similarity transformation that

lumps the dangling nodes represented by u;, we move the rows with u; (and corre-

sponding columns) to the bottom of the nonzero matrix, merely to keep the notation

simple. The move is accomplished by the permutation matrix

P = [61 * €k Ckdki+1 Ch41 - Ckyky Ch4ki42 '€n]-
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The symmetrically permuted matrix

PX FX'P =

Fiy Fise
T T
Uy Ua3€

T T
euy; (upze)e euq, | etiyy

Fiy | Fi
T -7
Ug | Uas
T ~7

0 0

0 0

retains a leading diagonal block that is stochastic. Now we repeat the lumping on

dangling nodes represented by uy, by means of the similarity transformation

E+1 Kk

kE+1 I 0
Xo= |y 0 Lo
ko —1 0 0

where Lo lumps the trailing k; nonzero rows,

22
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The similarity transformation produces the lumped matrix

k 1 1

k Fiy Fize  Fige

1 Uz UpE  Upe

XoP X FXTPPIXS =1 ull  uhe ule

By —11 O 0 0

ko —1\ 0 0 0

ki —1 ky—1
Fip Fi
gy i
Ul g
0 0
0 0

Finally, for notational purposes, we restore the original ordering of dangling nodes by

permuting rows and columns k£ + 1 and k + 2,

Py=lei---ex erya Chy1 Chys: -

The final lumped matrix is

Fy Fiee Fise

u Uo€  Uiq€
P XoP X\ FX'PIX'PT = 1 Ui 13

U1€ Ugr€ Uys€

The above discussion for m = 2 illustrates how to extend T

any number m of dangling node vectors.
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Theorem 2.3.4. Define X; as

k(=) + "k kpei L=+ 30 ok

k+(i—1)+ 00k I 0 0
Kp—it1 0 L; 0
L—i+ 0k 0 0 I
and
Pi=ler  rex €y €hy1 Crpic1l Crpip1tCnl, r==Fk+ Z k;.
j=1
Then

F
PpXpPp1 X1 - PX FXPE o X1 PT = ,

m - m

where the lumped matriz

Fiy Fie --- Fl,m+1€
T T T
Uy Upe€ o0 Up €
FO = ’
T T T
_uml Uppo€ vt um,m+16_

1s stochastic of order k 4+ m with the same nonzero eigenvalues as F'.
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Theorem 2.3.5. Let p be the stationary distribution of the lumped matrix

-F11 Fie - Fl,m+1€-
pOZ | e U : (2.3)
_“Z;Ll Upge - uz;b,m-i-le_
that is,
prFW =p p>0, =1

With the partition p? = [plTk pg—i—l:k—i—m} , where ppit.kem s m X 1, the PageRank of

F equals
Fio -+ Fipmn
T T
r | o | Y2 o W
™ =1 Pk P
T T
| U2 um,m—i—l |

2.4 PageRanks of dangling versus nondangling nodes

We examine how the PageRanks of dangling and nondangling nodes influence each
other, as well as the effect of the dangling node vector on the PageRanks.

From Theorem 2.3.2 and Algorithm 2.3.3, we see that the PageRank 7 of the
nondangling nodes can be computed separately from the PageRank 7 of the dangling
nodes, and that m depends directly on m;. The expressions below make this even

clearer.
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Theorem 2.4.1. With the notation in section 2.2,

al = ((1 —a)vl + pw{) (I —aHy)™,

7r2T = Oz7T1fH12 +(1- a)vg +a(l— ||7T1||)wg,

where

p= al — (1 — Oéj?l){(] — aHll)_le > 0.
1+ Qwq (I — ozHH)—le

Proof. Rather than using Theorem 2.3.2 we found it easier just to start from scratch.
From G = o(H + dw”) + (1 — a)vT and the fact that 77e = 1, it follows that 7 is the

solution to the linear system

whose coefficient matrix is a strictly row diagonally dominant M-matrix (2, equa-
tion (5)), (16, equation (2), Proposition 2.4). Since R = I — aH is also an M-
matrix, it is nonsingular, and the elements of R~! are nonnegative (9, section 6).
The Sherman—Morrison formula (36, section 2.1.3) implies that

e aR 'dwTR™!
(R—adw) —Rl—i‘m

Substituting this into the expression for 7 gives

a(l —a)wTR™td
1 —awR™d

7l =1 —-a)wR™ + w' R (2.4)
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We now show that the denominator 1 — aw? R~'d > 0. Using the partition

B = (1= at) ! (I —aHy)™" o —aHy) " Hy
= — =
0 I

yields

1—aw'R'd=1-a(aw] (I—aHll)_lngejnge) : (2.5)

Rewrite the term involving His by observing that Hyie + Hise = e and that I — aHy;

is an M-matrix, so

0<a(l —aHy) "Hype=e—(1—a)(I —aHy) e (2.6)

T

Substituting this into (2.5) and using 1 = w’e = w{ e+w} e shows that the denominator

in the Sherman—Morrison formula is positive,
l—aw'R'd=(1-a)(1+awf (I- oHy) ™! e) > 0.

Furthermore, 0 < o < 1 implies 1 — aw?R7'd > 1 — .

Substituting the simplified denominator into the expression (2.4) for 7 yields

vI'R™1d

T T -1
— (1-a)J"R
™ =(—ap taq +awl (I — aHy) e

w! R (2.7)
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We obtain for m

vI'R™d -
I —aHy;) ™
1+ awl (I - aHll)—lewl) (= atin)

7l = ((1 —a)l +a
Combining the partitioning of R71, (2.6), and vle +vle = 1 gives

[—aHy)™ ol —aHy) " Hy| |0
0<vTR'd = {U{ U2T} ( af) ( 1) 12
0 I e

= avl (I —aH;) "Hise +vie

= 1—(1—awi(I—-aHy;) e

Hence n{ = ((1 —a)vf + pwl) (I — aHyy)™ with p > 0.

To obtain the expression for my, observe that the second block element in
(I — aH — adw”) = (1 — a)v’

equals

T T TT _ T
—am Hig +m —amyew; = (1 — a)v,.

The result follows from 7f e + 74 e = 1.

Remark 2.4.2. We draw the following conclusions from Theorem 2.4.1 with regard

to how dangling and nondangling nodes accumulate PageRank; see Figure 2.2.

e The PageRank m; of the nondangling nodes does not depend on the connectivity

among the dangling nodes (elements of ws), the personalization vector for the
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s

Figure 2.2: Sources of PageRank. Nondangling nodes receive their PageRank from v,
and wy, distributed through the links Hy;. In contrast, the PageRank of the dangling
nodes comes from vy, wy, and the PageRank of the nondangling nodes through the
links ng.

Wi

H12

dangling nodes (elements of vy), or the links from nondangling to dangling nodes

(elements of His).

To be specific, m; does not depend on individual elements of ws, vy, and His.
Rather, the dependence is on the norms, through ||ve| = 1 — |jv1]|, ||we| =

1-— H’UJ1||, and H12€ =€ — Hne.

e The PageRank 7; of the nondangling nodes does not depend on the PageRank
7o of the dangling nodes or their number, because m; can be computed without

knowledge of 5.

e The nondangling nodes receive their PageRank 7 from their personalization
vector v; and the dangling node vector wy, both of which are distributed through

the links Hi;.

e The dangling nodes receive their PageRank mo from three sources: the
associated part vy of the personalization vector; the associated part ws of the
dangling node vector; and the PageRank 7 of the nondangling nodes filtered

through the connecting links His.
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The links H;5 determine how much PageRank flows from nondangling to dangling

nodes.

e The influence of the associated dangling node vector w, on the PageRank 75 of the
dangling nodes diminishes as the combined PageRank ||7|| of the nondangling

nodes increases.

Taking norms in Theorem 2.4.1 gives a bound on the combined PageRank of the

nondangling nodes. As in section 2.2, the norm is ||z|| = z7e for z > 0.

Corollary 2.4.3. With the assumptions of Theorem 2.4.1,

(1 = Aol + affwnfla
1+ afw ||z

lm | =

)

where ||z||g = 2T (I — aHyy) e for any 2 > 0 and

(1= o)zl < el < =L
Proof. Since (I — aHy;)™" is nonsingular with nonnegative elements, || - ||z is a norm.
Let || - ||oo be the infinity norm (maximal row sum). Then the Hélder inequality (36,
section 2.2.2) implies for any z > 0,
e < =T = )™l < 1Ea||2||-

As for the lower bound,

Izl = N2l — az" Hue > (1= a)]l2]].
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HIZ

Figure 2.3: Sources of PageRank when w; = 0. The nondangling nodes receive their
PageRank only from v;. The dangling nodes, in contrast, receive their PageRank from
vy and wo, as well as from the PageRank of the nondangling nodes filtered through the
links H12.

Corollary 2.4.3 implies that the combined PageRank ||7;|| of the nondangling nodes
is an increasing function of ||w||. In particular, when w; = 0, the combined PageRank
|71 || is minimal among all w and the dangling vector ws has a stronger influence on the
PageRank m, of the dangling nodes. The dangling nodes act like a sink and absorb more
PageRank because there are no links back to the nondangling nodes; see Figure 2.3.

When w; = 0 we get

= (1—awl(I—aHy)™, (2.8)

7r2T = Oz7T1fH12 +(1- a)vg +a(l— ||7T1||)wg

In the other extreme case when ws = 0, the dangling nodes are not connected to

each other; see Figure 2.4:

™ = (=) +pw!) [ —aHy;)™, (2.9)

T = am Ha+(1—a)v;.
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In this case the PageRank 7 of the nondangling nodes has only a positive influence

on the PageRank of the dangling nodes.

W1

H]Z

Figure 2.4: Sources of PageRank when wy = 0. The dangling nodes receive their
PageRank only from vy, and from the PageRank of the nondangling nodes filtered
through the links His.

An expression for m when dangling node and personalization vectors are the same,
i.e., w= v, was given in (26),

av R~

T—(l-a)(1+- 200 ¢
™= a)(+1—avTR—1d

) vI'R7L, where R=1-— «oH.

In this case the PageRank vector 7 is a multiple of the vector v* (I — aH)™t,

2.5 Only dangling nodes

We examine the (theoretical) extreme case when all Web pages are dangling nodes. In
this case the matrices S and G have rank one. We first derive a Jordan decomposition
for general matrices of rank one, before we present a Jordan form for a Google matrix
of rank one.

We start with rank-one matrices that are diagonalizable. The vector e; denotes the

jth column of the identity matrix I.
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Theorem 2.5.1 (eigenvalue decomposition). Let A = yzT # 0 be a real square matriz

with X = 27y # 0. If z has an element z; # 0, then X 'AX = Xejel, where

1 1
X = I+ye§-p — ;ejo’ X lt=7_— eje;fp — XyZT+
J

1+ y;
Tyj€jZT.

Proof. The matrix A has a repeated eigenvalue zero and a distinct nonzero eigenvalue
A with right eigenvector y and left eigenvector z. From )\ye]T = AX = )X eje]T and
X7'A = ¢;2" it follows that X'X = I and X~'AX = Aeje]. O

Now we consider rank-one matrices that are not diagonalizable. In this case all

eigenvalues are zero, and the matrix has a Jordan block of order two.

Theorem 2.5.2 (Jordan decomposition). Let A = yz' # 0 be a real square matriz
with 2Ty = 0. Theny and z have elements y;z; # 0 # yrzk, j < k. Define a symmetric
permutation matriz P so that Pe, = e;jy1 and Pej = ej. Sety = Py and i = Pz—ejy,.

Then X 'AX = ejel, | with

R 1 _ 1. 1+y;
X=P (I + ye]T — A—ejuT) , X' = ([ - eje? + A—yuT — AiyjejuT) P.
Uj Yk Yk

Proof. To satisfy 2Ty = 0 for y # 0 and z # 0, we must have y;z; # 0 and ygzi, # 0
for some j < k.

Since A is a rank-one matrix with all eigenvalues equal to zero, it must have a
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Jordan block of the form [8 (1]] To reveal this Jordan block, set 2 = Pz,

X = (I + Qe;‘r — AiejﬂT) , X 1= <I — eje;p + Aij&ﬁT — l;gjejﬁT) )
U Yk Yk
Then the matrix A = §27 has a Jordan decomposition X *AX = ejel,,. This follows
from u; = z;, gel,| = AX = Xesel, |, and X 1A = e;27.
Finally, we undo the permutation by means of X = PX, X~! = X~'P, so that
X1X =T and XTTAX = eje?,,. O

Theorems 2.5.1 and 2.5.2 can also be derived from (51, Theorem 1.4).
In the (theoretical) extreme case when all Web pages are dangling nodes, the Google

matrix is diagonalizable of rank one.

Corollary 2.5.3 (rank-one Google matrix). With the notation in section 2.2 and (2.1),

let G = eu”. Letu; # 0 be a nonzero element of u. Then X 'GX = e;e] with

1
X = ]—I—eejr— —ejuT

Uj
and
X t=71-— eje]T —eul + 2ejuT.

In particular, 77 = e;fFX—l =7,

Proof. Since 1 = u’e # 0, the Google matrix is diagonalizable, and the expression in

Theorem 2.5.1 applies. O

Corollary 2.5.3 can also be derived from (107, Theorems 2.1, 2.3).
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Chapter 3

Ergodicity Coefficients

3.1 Introduction to ergodicity coefficients

Ergodicity coefficients were originally introduced in the context of rates of convergence
of finite, inhomogeneous Markov chains. In general, ergodicity deals with the long term
behavior of dynamical systems. Thus for systems of finite, inhomogeneous Markov
chains, ergodicity refers to the long-term behavior of products of stochastic matrices.

An ergodicity coefficient 71(.5) is defined for an n x n stochastic matrix S, as
71(S) = max HSTzHl

llz][1=1
2Te=0

where the maximum is taken over all z € R™ and e is a column vector of all 1’s Notice
that this form of an ergodicity coefficient is simply the norm of a matrix restricted to
a subspace. In addition to being continuous and bounded, 7 (S) is submultiplicative,

and bounds the magnitude of the second largest eigenvalue of S. Thus 71(51.5;) <
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71(S1)71(S2) and |A| < 7(S) for all eigenvalues A # 1 of S for stochastic matrices
S1 and S5. These two properties combine to yield an upper bound on the magnitude
of subdominant eigenvalues of the product of stochastic matrices. The upper bound
is computed as the product of the ergodicity coefficients of the individual matrices.
That is, for any eigenvalue A # 1 of the stochastic matrix S15;, |A| < 7(5152) <
71(S1)71(S2). This inequality gives an eigenvalue bound for products of stochastic
matrices, and is useful since, in general the eigenvalues of a product of matrices are
not equal to the product of the eigenvalues of the matrices.

This chapter discusses coefficient of ergodicity from a linear algebra point of view.
We choose to express these coefficients as matrix norms restricted to a subspace, al-
though we mention other expressions, as well. We present properties, and explicit
forms for various ergodicity coefficients and simplify results and notation from more
than 75 references spanning more than 100 years, writing everything in language more
familiar to the numerical linear algebra community. We conclude with new and existing

applications, including condition numbers, eigenvalue and singular value bounds.

3.2 Definitions and Notation

We adopt the following notation for this chapter. We denote matrices as capital letters,
e.g., A. All vectors are assumed to be column vectors, and are denoted by lowercase
letters, e.g., a. Unless otherwise noted in a theorem or proof, the (7, ) entry of A is
a;j, and the ith element of vector a is a;.

We use the common notation of I as the appropriate-sized identity matrix. We use
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0 as a matrix, vector, and scalar, depending on the situation. The column vector e; is
the canonical vector with an 1 in the i** position and 0’s elsewhere. The column vector
of all ones is denoted e. We denote the transpose of x € R™*! as 27 € R, and the
conjugate transpose of x € C™*! as z* € C*".

We define a (row) stochastic matrix, S € R™™ so that s;; > 0 for all 7,5 and
the elements in each row of S sum to 1 (Z;;l sy =1fore=1,... ,n), or Se = e.
Further, we define a doubly stochastic matrix P € R™*™ as a matrix that is both row
and column stochastic, so that p;; > 0 for all ¢, j and the elements of each row and each
column sum to one, so that Pe = e and PTe = e. A probability vector v is defined so
that v; > 0 for all ¢ and >, v; = 1.

We also employ several norms throughout this chapter. The one-norm of a column
vector x is ||z|l1 = >, ||, and the infinity-norm of a column vector z is ||z« =
max; |x;|. The p-norm of a column vector x is ||z||, = (>, |xi|p)1/p. The one-norm of
a matrix A is the maximal column sum, ||A||; = max; ), |a;;|, and the infinity-norm
is the maximal row sum, [[All = max; }_;[a;|. In general, the p-norm of a matrix
A e C™"is ||All, = max,|,—1 ||Az||, for # € C". The Frobenius matrix norm is
|Allr, with [|A]|% = > i |a;;|* = trace(A*A) (76, p 279).

Finally, we use the terms ergodicity coefficient and coefficient of ergodicity inter-

changeably.
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3.3 Weak ergodicity

To understand the history and development of coefficients of ergodicity we begin with
a short discussion of the history of weak ergodicity for products and sequences of
stochastic matrices. Seneta (95, §1),(97, §1), (98, §§4.3-4.4) credits Kolmogorov (65)

with the following definition of weak ergodicity for a sequence.

Definition 3.3.1. Let {Si}, k > 1, be a sequence of n x n stochastic matrices, and
define TP = S, 1Sy 0 Syir, with (i,7) entry tg’r). The sequence {Sy} is weakly
ergodic if for alli,j,s =1,...,n and p > 0,

(t(p’r) tys)’r)) — 0 asr — oo.

is

Essentially, a sequence of stochastic matrices is weakly ergodic if, as the number of
factors in a product approaches infinity, the rows of the product tend to equalize.

Throughout the ergodicity literature, there appears to be some debate over the
origins of necessary and sufficient conditions for weak ergodicity. Seneta gives excellent
summaries of the discussion of the history and development of these conditions in (95,
§1), (97, §1), and (98, Ch 3-4). For additional information, some ergodicity papers
include those by Cohn (23; 24), Dobrushin (28), Hajnal (42; 43), Kingman (63), and
Paz and Reichaw (82). These papers are available in English, and we’ve found them
to be more accesible and available than some of the older or foreign-language papers,
including some from the 1920s-1950s by Bernstein, Doeblin, Dynkin, Sapogov and
Sarymsakov (10; 11; 12; 13; 14; 15; 27; 29; 30; 92; 93; 94).

38



Chapter 3. Ergodicity Coefficients

3.4 (General ergodicity coefficients for stochastic ma-
trices

As Lesanovsky (72) points out, there are two forms for ergodicity coefficient that came
about due to different problems and applications. We first present the more basic
definitions, which is somewhat restrictive since the ergodicity coefficient in this case
only takes values between 0 and 1. Second, we introduce an expression that, although
bounded, is not restricted to lie in [0, 1]. This second definition provides a foundation
for the most common form of the ergodicity coefficient, and allows for extension beyond

stochastic matrices (see Section 3.6).

3.4.1 First class of ergodicity coefficients

Definition 3.4.1 (p 509 in (95), Def 4.6 in (98)). A coefficient of ergodicity, pu(-) is a

continuous scalar function defined for stochastic matrices S, so that 0 < p(S) < 1.

Along with this definition, we define a special case of the ergodicity coefficient called
a proper ergodicity coefficient. When an ergodicity coefficient of a stochastic matrix is
proper, we know that it achieves its minimum value of 0 if and only if the matrix has

rank equal to 1.

Definition 3.4.2 (Definition 4.6 in (98)). For a stochastic n xn matriz S, a coefficient

of ergodicity is proper if
u(S) =0 < S=ecvt

for some probability vector v.
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The only way for a stochastic matrix S to be a rank-one matrix is for all rows of S
to be identical. Thus, the statement rank(S) = 1 is equivalent to S = ev” in Definition
3.4.2.

There is some contradictory notation associated with the term proper defined in
Definition 3.4.2. Sometimes the coefficient is defined as i(S) = 1 — u(S) and is called
proper if: [i(S) =1 <= rank(S) =1 (21), (43, §2), (53, p 56), (63, §4), (95, §2).

We now define weak ergodicity of products of stochastic matrices. From the defi-
nition of weak ergodicity of a sequence of stochastic matrices given in Definition 3.3.1,
we learn that a sequence is weakly ergodic if as the number of factors in a products
grows, the rows of the product tend towards equality. When the rows are equal, we
have obtained a rank-one matrix, since our original matrices are stochastic. Proper er-
godicity coefficients are zero for stochastic, rank-one matrices. Combining the concepts
presented in this paragraph, we get the following relation between weak ergodicity and

ergodicity coefficients.

Theorem 3.4.3 (p 136 in (98)). The product T®") = S,,1S,.0- - Spy, formed from
a sequence of n X n stochastic matrices {Sk}, k > 1, is weakly ergodic if for p > 0, as

r — 00,
L (T(m)) -0
for a proper ergodicity coefficient u(-).

Some examples of proper ergodicity coefficients for a stochastic matrix S € R"*"
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include (98, p 137)

1 n n
n(S) =5 m.?%XZ |sik — sk =1 — mianin{s,-k, Sjk}
2 1) 1)
k=1 k=1
a(S) = max max|[s;x — s;i|
k i
n
B(S)=1- Zminsik
—1

We present a basic relation between these proper ergodicity coefficients and an

improper ergodicity coefficient, v(S) =1 — max min s;,. It is easy to see that (95) is

1/3 2/3
not proper. Consider the rank-1 stochastic matrix S = /32 . Then ~(S) =

1/3 2/3
1 —max{1/3,2/3} =1/3 # 0, so v(S) is not proper.
Theorem 3.4.4 (p 56 in (53), pp. 137-138 in (98)). Let y(S) =1 — max min s;, be

an improper ergodicity coefficient. Then

a(S) <7(S) < B(S) <A(5)

Proof. We will present this proof as three separate parts:
1. a(S) <7 (S)
2. 1(5) < B(S)
3. B(S) <(9)

We begin with the first inequality, and the least intuitive of the three parts.
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1. OZ(S) < 7'1(5).

First, recall o(S) = maxy, max;; |s;x — s;| and 7 (S) = %maxij Y r—y |sik —sjx|. Choose

indices [, m and r so that a(S) = sp, — i > 0. We begin with

n n
271 (S) = maxz |sik — Sjk| > Z |Smk — Sik]-
R k=1

The absolute values are removed by breaking up the sums as

271(S) = ) (Smk — su) + > (516 — St

kEPm ke P

where P,, is the set of all indices k with s, > si and P; is the set of all indices &

with s, < six. Breaking up the sums further yields

271(5) > Z Smk — Z Su + Zslk - Zsmk-

k€EPm k€EPm keP; keP;

Since S is a row stochastic matrix, D, cp Smk = 1 = D pcp Smk and Y, p Sy =

1-— ZkE’Pm Sik- Thus,

27,(S) > (1 - Zsmk> - Y st (1 -y slk> > S

keP, kEPm kEPm keP;
:2<1— E Smk — E Slk)-
keP; k€EPm

Thus

Tl(S) Z 1-— Z Smk — Z Sik-

keP; kEPm
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Now, we relate this to our a(S) = S — sp. Since a(S) > 0, the index r must be

in P,,. Then again using the fact that 1 — ZkePl Smk = D _pep,, Smk

Finally, we pull out the 7** term from each of these sums to obtain

n(5) = Z Smk + Smr — Z Stk — Sir = Z Smk — Z sie + a(S).

kEPm kEPm kEPm kEPm
k#r k#r k#r k#r

Since the indices k € P,,, are those with s,,; > s; we see that

> kePo Smk — D kePm Stk > 0 and conclude
k#r k#r

71(S) > «a(S).

2. m(S5) < B(5)

In Corollary 3.5.6 we will prove that there are two explicit forms for 7 (5),
1 n n
S)= - ik — Sir| =1 —min min{s;, it
71(5) Qm;}X];Bk ikl y kz:; in{si, s}

For now, we choose to simply focus on the choice of 71 (S) = 1—min;; Y, _, min{s;, s, }
and recall 3(S) =1— > 7_, min; s;. We now prove 1 — 7(S) <1 — 3(95).

Choose [ and m as the indices ¢ and j of the rows of S that achieve the minimum
in the expression for 1 — 71(S). Then 1 — 74(S) = > ;_, min {si, Smx}, and clearly,

Y opoymin{sy, Smrt > >, min; s =1 — 3(9).
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3. B(S) <y(9)

Recall §(S) =1—> 7, min; s, and (S) = 1 — max; min; s;,. The value of 1 — 3(S5)
is the sum of the smallest elements in each column. This value is greater than or equal

to the largest value from the set of smallest elements taken from each column, or

n

g min s;; > max min s;g.
i E i

k=1

For additional relations between these coefficients see (80), (95, §1).

3.4.2 Second class of ergodicity coefficients

This second form provides the framework for the most common form of an ergodicity

coefficient.

Definition 3.4.5 ((72), §2 in (97), §3.1 in (98)). For every n x n stochastic matriz S,

and metric d defined on the set D = {zx:x € R",x >0, ", z; = 1}

d (275, y"S)
7(5) ws%% d (27, y7)
aty

1s called an ergodicity coefficient.

Unfortunately, there exist situations where the two forms of ergodicity coefficients,
w(S) and 7(S5), can contradict one another (72). First consider choosing the metric

d(zT,yT) = |27 — yT||; which satisfies both ergodicity coefficient definitions because
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it is continuous, bounded between 0 and 1, and generated by a metric d (see Section
3.5.1). Contrast this with u(S) = s11. Clearly u(S) is continuous and 0 < p(S) < 1,
however, u(S) = s;; cannot be generated by a metric d on D, which contradicts
Definition 3.4.5. Finally, choose d(zT,y") = |27 — y”||o (see Section 3.5.2), so that
7(S) can take values greater than 1, and thus contradicts the initial definition of an
ergodicity coefficient in Definition 3.4.1.

There are two conventional choices for the metric d in Definition 3.4.5. For more

information on these, and other metric choices, see (72; 86; 87; 91), (97, §2) .

1. Let

forx,y € D, x >0,y > 0.

This choice of coefficient, often called Birkhoff’s Contraction Coefficient, will
not be our main focus in this work. For more information, Hajnal (44, (7))
discusses some basic properties of this ergodicity coefficient. Seneta devoted a
section of his book to this coefficient (98, §3.4). More recently, Artzrouni and
colleagues, wrote several papers that employ this form of an ergodicity coefficient
(3; 4; 5). Instead of stochastic matrices, this coefficient is often employed with
row-allowable matrices (3; 4; 5), (98, Chapter 3), which are nonnegative matrices

with at least one positive entry in each row (98, Definition 3.1).

2. Let d(z,y) = ||z — y||, for any vector norm on R". Then

—NTs
7(S) = sup —H(x v) Hp.
eyeb T =yl
TFY
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The continuity of || - ||,, with z = 2 — y, allows us to re-write this expression as
7(S) = sup HZTSHP (3.1)

lIz]lp=1

zte=0

taken over all such z € R".

We believe the expressions for normed ergodicity coefficients presented here first
appeared in a 1956 paper by Dobrushin (28, §1.4-1.5), although Rhodius (87, §1)
cites Seneta (97, §2) with the introduction of the normwise form of the ergodicity

coefficient in equation (3.1).

The expression in equation (3.1) is the form of the ergodicity coefficient for stochas-
tic matrices that seems to appear most often. Unfortunately, there is some confusion
associated with this definition, because many authors, e.g. (38; 45; 46; 71; 72; 85; 87;
88; 89; 91; 97; 99; 101; 105; 109; 110), have assumed that ||z| = HxTH for vector z.
We choose not to make this assumption and instead present new notation in order to
be consistent with later defined explicit forms for specific p-norms. We will use the
following definition for z € R", with .S € R"*":

7,(5) = max HSTZ"

llz][p=1
z*e=0

p’ (3.2)
where the subscript p has been added to 7(S) to indicate our focus on the p-norm. In
addition to changing the order of the matrix-vector multiplication, we have changed
the supremum to a maximum. We can make the switch from supremum to maximum

because 7,(S) is a continuous, real-valued function on a bounded subset of a finite-
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dimensional space (37, p 206-207).
The ergodicity coefficient defined in equation (3.2) is our focus throughout the

remainder of this work.

3.5 Specific ergodicity coefficients for stochastic ma-
trices

Recall the coefficient of ergodicity expression from (3.2), 7,(S) = max,| _1 7.9 HSTsz
for z € R™ and stochastic S € R™*"™. This section focuses on bounds, relations and
explicit expressions for two common choices for p-norm, p = 1 and p = oco. Addition-
ally, we mention results for the ergodicity coefficient for stochastic matrices with the

general p-norm.

3.5.1 Ergodicity coefficients of stochastic matrices in the 1-

norm

To place emphasis on the choice of the ly-norm, write 7,(-) from equation (3.2) as 7 (),

and obtain

n(S) = max [[5"z]], (3.3)

zte=0
where the maximum ranges over all z € R™ (97, §2) (98, §4.3). This form of the
ergodicity coefficient is also commonly referred to as the Dobrushin or delta coefficient

(58; 81; 109).

The ergodicity coefficient 71(.S) is the norm of a matrix restricted to a subspace.
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Specifically, e is a right eigenvector of S associated with dominant eigenvalue 1, (Se =
e). The following argument shows that left eigenvectors associated with eigenvalues
A # 1 are orthogonal to e. Let v be a left eigenvector of A # 1 of S, (vT'S = AvT). Then
from AvTe = vTSe = vTe and A # 1, we conclude that vTe = 0. Since left eigenvectors
associated with eigenvalues A # 1 are orthogonal to e, the subspace associated with
71(S) is the space spanned by left eigenvectors associated with eigenvalues A\ # 1.

We have already shown that 7;(-) is an ergodicity coefficient in the sense of Defini-
tion 3.4.5 in Section 3.4. We now illustrate that the original definition, Definition 3.4.1,
also holds, by proving that 0 < 7(S) < 1 and 7,(S) is continuous for any stochastic

matrix S.

Theorem 3.5.1 (§4.3 in (98)). The function 11(-) is a coefficient of ergodicity in the

sense of Definition 3.4.1. That is, for stochastic matrices S, S7 and S
1.0<n(8)<1
2. |1 (1) = 1 (S2)] < [[S1 = Sal -

Proof. 1. We prove this directly using the definition of a norm. Clearly

0 < 7 (S5) = max,|,=1,,7e=0 HSTzHl. Moreover,

max|572], < max |57z,
llz]l1=1,2Te=0 llzll1=1

because the left side of the inequality is more restrictive than the right side. We
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conclude

0<7(5) = max 1572, < o, 1572], = 157, = 151 = 1.

2Te=0

2. Without loss of generality, assume 7(S1) > 71(S2). Also, let the maximum of

71(S1) be assumed by vy, so that 7(5;) = HSlTyHl, with |ly|l; = 1 and y%e = 0.

We write
i) = o, 321, = 8,
2Te=0
Then

0% n(51) ~m(5) = 15Tyl — s, 7], < 5Tl - 1sFull,
zTe=0

Because ||y|l; =1 and HSTHl = [|.5]|oc We obtain
Is7oll, = lIs3ull, < (ST = D) wl, < ||Si =827 =181 - Sl

We have now proven that |71 (S1) — 71 (52)| < ||S1 — S2|| ., and thus the coefficient
of ergodicity 7 (S) is continuous.
Clearly, 7 (5) satisfies the conditions for an ergodicity coefficient as stated in Defi-

nition 3.4.1. O

The ergodicity coefficient 71(5) is a proper ergodicity coefficient for any stochastic

matrix S.
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Theorem 3.5.2 (Definition 4.6 in (98)). The function 71(+) is a proper coefficient of

ergodicity in the sense of Definition 3.4.2. That is, for stochastic matriz S € R™*",
71(S) =0 <= rank(S) = 1.

Proof. If 71(S) = 0 then ||STz||, = 0 for any z with z”e¢ = 0 and |[z]; = 1. In
particular, let z = %(ei —e;), with i,j = 1,...,n, i # j, so that any two rows of ST
are identical. Thus, S is a rank-one matrix.

If rank(S) = 1, then S can be written S = ev’ for some probability vector v. Then

STz = vel'z = 0 if 2 is chosen so that 2Te = 0. Hence 71(S) = 0. O

The ergodicity coefficient can provide bounds on the subdominant eigenvalues of
a matrix or product of matrices. We now show that 7(-) is an upper bound on all

non-unit eigenvalues of stochastic matrices and that 7 (-) is submultiplicative.
Theorem 3.5.3 (§5.2 in (6)). For stochastic matrices S, S1 and Sy

1. |A] < 7 (S) for all eigenvalues X # 1 of S

2. 11(515) < 11(S1)71(52)

Proof. 1. If X # 1 is a real eigenvalue of S, then there is a real left eigenvector x

with 7S = AzT and ||z||; = 1. Since z is a left eigenvector and e is a right

T

eigenvector for a different eigenvalue, v and e are orthogonal, so v* e = 0. Hence

Al = Wllelh = el = |72, < max [|57a]|, = n(S).
zTe=0

Hence, 71(.5) is an upper bound for all subdominant eigenvalues of S.
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If A # 1 is a complex eigenvalue, then its eigenvectors v are complex as well.
Seneta (97, §3.2) proves the bound by making use of our Lemma 3.5.4 to show
that the explicit expression for 71 in Theorem 3.5.5 holds when the maximum
ranges over complex vectors. A different approach is presented in (6, §5.2) and
(91, Theorem 3.1), in which seminorms are constructed that give a representation

of the complex eigenvector as a real vector.

2. Let y achieve the maximum of 7,(515,), so that 71(S1S,) = H(Sng)TyHl with
[yl =1 and y"e = 0. Define = = STy/ ||STy||,. Clearly,
Izl = ||STy|l, /||STy|l, = 1 and aTe = y"Sie/||STy|, = v"e/ ||STy]|, = 0.
Then
71(519:) = H(5152>TyH1 =851yl =[Sz [Tl Il

= [157ylly [I1S22]l; < 7 (S1) ma(S2).

Thus 7(.5) is submultiplicative for stochastic matrices S.

O

According to papers published in 1972 by Zenger (114) and in 1993 by Seneta (103,
p 191), the ergodicity coefficient as an eigenvalue bound originated with E. Deutsch (6,
p 295) in a paper by Bauer, Deutsch, and Stoer. In the 1970’s Seneta (96) and Pykh
(84) stated the eigenvalue bound but did not prove it. In 1979 it was stated and proven
by Seneta (97, §3) who is sometimes credited with the introduction of this eigenvalue
bound, e.g. Rhodius (87; 88). In their 1985 paper, Rothblum and Tan (91, §1) give a
survey of various subdominant eigenvalue bounds. The eigenvalue bound also appears

in (45; 89).
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The origin of the submultiplicative property of the ergodicity coefficient is unclear.
In 1993 Seneta (103, p 191) credited this property to a 1956 paper by Dobrushin (28).
This property has also been ascribed to Kingman, based on a paper from 1975 (63,
(4.10)). Additionally, the submultiplicative property is given by Seneta (97, §2), (98,
Lemma 4.2), Paun (79), Rhodius (89), and Tan (110).

Explicit expressions for 7;(S)

In a paper from 1906 (74, pp 358-359), (73; 75), Markov may have been the first to
present an explicit form of the ergodicity coefficient 7(S) in a construction of the Weak

Law of Large Numbers. Markov defines a quantity 0 < H < 1 where
1 Z | | (3 4)
H = — max Si S; .
2 4 . S

for a stochastic matrix S. Seneta comments on this use of H, and Markov’s work in
(104; 105). It is not clear why Markov did not realize that H can take the values 0
and 1, so that 0 < H < 1.

In a 1956 paper on the Central Limit Theorem for Markov chains Dobrushin (28)

defined quantities N(.5) and «(.S) for any stochastic matrix S, with

_ ISz — Syl
=sup ————

N(S
(5)=sup T

and a(S) = I%}H;min{sikasjk}

to show that

NS)=1—-a(S)=1- rrlgjinzk:min{s,-k, Sjk}-
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These two definitions may explain why Seneta’s refers to 71(.5) as the “Markov-
Dobrushin coefficient of ergodicity” (105). Perhaps Paz in 1971 (81) was the first to
introduce the term ¢-coefficient for §(.S) = 1 — min;; ) -, min{s;, s;5}, which was later
adopted by other authors, including Tan (110) and Rhodius (85; 88; 89). Notice, you
have seen the expressions for H and 1 — «(S) in Subsection 3.4.1 as 71(.5) (also note,
the « in this section differs from the « in Subsection 3.4.1).

Before presenting the theorem for the explicit form, we state and show that a vector
x that satisfies 27e = 0, can be represented as a linear combination with non-negative
coefficients of vectors of the form e; — e;. This lemma forms the basis of the proof of

Theorem 3.5.5.

Lemma 3.5.4 (Lemma 2.4, p 62 in (98)). Let x € R™ satisfy v # 0 and z7e = 0.

Then x can be written
Yij
= 5 (e —¢))

Jor yi; > 0 and Zi#]— Yi; = ||z|ly withi,5=1,... n.

Proof. We prove this lemma by induction on the length n of the vector x. When

1
n = 2, assume x; > 0 so that x = , because 27e = 0. If y15/2 = 21, then

-1

xTr = ylgé(el — 62) and Y12 = 2LU1 = HLE‘Hl > 0.
Now assume the lemma holds for some n > 2 and we will show it holds for n+1. Let

x be a vector of length n+1 with 27e = 0 and z # 0. Without loss of generality, assume
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x has already been permuted so that z,, > 0, 2,41 < 0 and x,, = max;_y__,+1 |z;|. Then

T1n—1 T1n—1 Olzn—l
T = Tn = |z, + 2001 | — Tnt1 1
LTn+1 0 -1
R Tin—1 R T T . . .
Set T = , where £ # 0 and 2°e = z'e = 0. Applying the induction
Tn + Tn+1

hypothesis to & yields

. Yij . N N .
T = Z ?J (e; —e;j) with g;; > 0 and Zyi]— = ||z, -
i#j i#]
We now need to relate & to our n+1 dimensional vector z. Let ¥y, p11 = —22541 > 0,

then

Y G+ Ynnt = 21 = 22041 = [z1ma | + |20 + Tsa| = 22001
i

Since x,, > 0 and x,.1 < 0, then x,, + z,41 > 0, so

Zgij + Ynn+1 = ||x1:n—1||1 + Ty + Ty — 2xn+l = ||ZI§'||1
i#j

To complete the proof, notice that = takes the appropriate form, since

Ol:n—l

x gz Yn,n+1 1
T = —Tpg1 |1 IZ—](ei—ej)JrTJr(@n—@nH) :Zyij§(€i_€j)-
0 i#j i#j
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Applying this form of vector x, we express an explicit form for 7(S).
Theorem 3.5.5 (§3.1, §4.3 in (98)). For every stochastic matriz S € R™*™

71(5) = %mi?x HST (i — ej)Hl

Proof. Let y = %(ei—e]—) for some i # j,4,5 = 1,...,n. Clearly, ||y||; = 1 and yTe = 0.
Then

1
n(S) = max |||, > ||§Ty ], = 5 max [ (e: — e5)]
IIZTII1_—§ 2 ij

Now for the other direction, we apply Lemma 3.5.4 to some vector x chosen to
achieve the maximum of 71(S). That is, 74(S) = HSTchl, with ||z||; = 1 and zTe = 0.
Then from the lemma, x = -, Yij3 (e, — ¢;) and > iz Yij = llz[li = 1. The triangle

inequality applied to x implies
Yij 1
A(S) = 157, < 3% mx [ (e )], = 2 max 87 e ).
i#]
U
Notice that since max;; HST (e; — ej)Hl = max;; » ., |Si — S| then 7 (S) = H
where H was defined in equation (3.4). Thus, this expression for 71(S) dates to 1906

and Markov (74, pp 358-359), (73; 75).

We now give a second explicit form for 7(5).
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Corollary 3.5.6 (§3.1, §4.3 in (98), pp 1733-1734 in (52)). For every stochastic matriz
S E RHXH

n(S)=1- Irganin{s,-k, Sik}-
k=1

Proof. We begin with the explicit expression, from Theorem 3.5.5,

71(S) = 2 max;; || ST (e; — ej)Hl, by defining indices [, m so that

271 (S) = [|8" (em — e)||, = [[(em — )" S| . =D Ismk — suel.
k=1

Re-writing this expression by breaking up the sum to remove the absolute values yields

271(S) = ) (Smk — su) + > (S1k — Smt)

kEPm k €Py

where P,, is the set of all indices k with s, > s; and P; is the set of all indices &

with i > s,k Breaking up these sums even further yields

211(5) = Z Smk — Z Sik + Zslk_ Zsmk~

k€EPm k€EPm keP; keP;

Since S is a row stochastic matrix, >, p Smk =1 =D 1cp, Smk and

Zkepl Sp=1— Zker Six, We obtain

271(S) = (1 — Zsmk> =) st (1 -y slk> > Sk

keP; k€EPm k€EPm keP;
:2(1— E Smk — E Slk>-
keP; kEPm
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Thus

7'1(5) =1- Z Smk — Z Sik -

keP; kEPm,
The elements of S in the above sums are the smaller of the pair (s, six) for each k,

i.e., forall k € Py, s < sie and for all k € Py, six < Sk Thus, 7(S) can be written

7'1(5) =1- Zmin{smk, Slk} .
k=1

Because ||ST (e, — )], = max;; || ST (e; — ¢;)]|,. we obtain

71(S) = max [1 — Z min {s;x, sjk}]
Y k=1
=1 — min Z min {s;, Sjk}
ij
k=1

O

In the ergodicity literature, the choice of expression for the coefficient often depends
on the application. This may explain why some authors, (28; 43; 52; 57; 82; 84), chose

1 —7(S) =ming; Y ;_, min{s;, s;x}, which also takes values in the range [0, 1].

Scrambling matrices: the restriction that 7(S5) < 1

When using 71(S) as an upper bound on eigenvalues, it is important to know when
71(S) < 1, since it is this case that gives the most information. Knowing 74 (S) =1 is
not helpful for bounding eigenvalues of stochastic matrices since we know their largest

eigenvalue in magnitude is 1. We present definitions and properties to illustrate when
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T 1(5 ) < 1.
We begin with a review of several matrix definitions that are useful for this discus-
sion. Recall, the definitions for irreducibility and primitivity of matrices, and regular

(or aperiodic) matrices.

Definition 3.5.7 (p 671 in (76)). A square matriz A is irreducible if there does not

exist a permutation matrix P such that

PTAP = , where X and Z are square matrices.
0 Z

Definition 3.5.8 (p 674 in (76)). A square, nonnegative, irreducible matriz A is prim-
itive if Ay > |\|, where Ay is the dominant eigenvalue of A and X is any other eigenvalue

of A.
There is a special name for primitive matrices that are also stochastic.

Definition 3.5.9 (p 694 in (76)). A primitive stochastic matriz S is called regular or

aperiodic.

One might think that investigation into the eigenvalues of a stochastic matrix S
could provide insight for when 71 (.S) might be less than 1. Unfortunately, this approach
is not helpful. It follows from Theorem 3.5.3 that if S has another eigenvalue with

magnitude 1, then 71(S) = 1. There are other cases when 71(S) = 1 even if S only has
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one eigenvalue with magnitude 1. Consider

1/4 1/4 1/4 1/4
0 0 1 0
0o 0 0 1

1 0 0 O

with eigenvalues 1, —0.6058, —0.7021 £+ 0.6383:. The matrix S is a primitive matrix, so
we know that S has a simple eigenvalue 1, and has only one eigenvalue with magnitude
equal to one.

It is not clear how to discuss the value of the ergodicity coefficient using the concepts
of irreducibility, primitivity, or regularity. Thus we present a definition for stochastic

matrices that yields the property 71(S5) < 1.

Definition 3.5.10 (§2 in (43), §3.2 in (95), p 82 in (98)). A stochastic matriz S is

scrambling if 71(S) < 1.

There are several easy ways to identify scrambling matrices. First, notice that the
set of scrambling matrices is a subset of the set of regular matrices (see Definition
3.5.9) (43; 98). Secondly, it follows from the explicit forms for 7;(S) in Theorem
3.5.5 that a matrix cannot be scrambling if each column contains a single nonzero
element. Thus permutation matrices are not scrambling matrices. Finally, if no two
rows are orthogonal, then a stochastic matrix is scrambling (97, §4). This is another
way of saying that given any two rows, there is at least one position where both have
a positive element in the same column (43, §2).

One particular case of scrambling matrices is Markov matrices.
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Definition 3.5.11 (§3.2 in (95)). A stochastic matriz S is a Markov matriz if

max (min s,-j> > 0.
j i

Basically, a Markov matrix is a stochastic matrix with an entirely positive column.
Clearly Markov matrices are also scrambling matrices, since all rows have a positive
element in the same position.

We observe that both the Markov and scrambling properties are preserved by mul-

tiplication.

Theorem 3.5.12 (Lemma 2 in (43), §4 in (97)). If S and Q are stochastic matrices

and either of them is scrambling, then SQ and QS are also scrambling.

Proof. This follows from the submultiplicative property, 71(SQ) < 71(5)711(Q), pre-

sented as item 2 of Theorem 3.5.3. O

Corollary 3.5.13 (§3.2in (95)). If S and Q are stochastic matrices and either of them

is a Markov matriz, then SQ and QS are also Markov matrices.

3.5.2 Ergodicity coefficients of stochastic matrices in the oo-

norm

In this section we focus on the case p = oo from expression (3.2) and get

T (S) = ”IIllla)_cl 1572 (3.5)
i
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where the maximum ranges over all z € R™ (97, §2). This choice of norm is of particular
interest because it is easy to compute.

Unlike 71(S) which takes values between 0 and 1, 7,,(S) has no such fixed upper
bound. This is an example of a coefficient of ergodicity that does not satisfy the
original definition (see Definition 3.4.1), however it is still an ergodicity coefficient
based on Definition 3.4.5.

One of the easiest example of 7,,(S) > 1 comes from the n x n matrix S, for n even.

Then the first n/2 rows of S are the same, and the remaining n/2 rows are the same.

10 00
10 --- 00 n
S = , with 7 (5) = 5 (3.6)
00 --- 01
00 - 01

Tan presents an example for a 6 x 6 stochastic matrix with 7..(S) > 1 in (109, p 861),
and Seneta has a specific example for a 62 x 62 stochastic matrix in (97, §3).

We now present results to give some insight into 7.(5). Similar statements were
proven for 71(S) in Section 3.5.1. We show that 7..(.S) is bounded, continuous, well-
conditioned and submultiplicative. Additionally, 7, (S) is proper and an upper bound

on subdominant eigenvalues of S.
Theorem 3.5.14 ((7) & (8) in (109)). For stochastic matrices S, Sy and Ss

1.0 < 75(S5) < IS
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2. |7os(S1) = Tos(52)] < |51 = S2lln

3. 7.(S) = 0 if and only if rank(S) = 1

. 1N < 7(S) for any real eigenvalue A # 1 of S
5. Too(5152) < Too(S1) Too(S2)

Proof. The proofs for each of these items are analogous to proofs presented in Section
3.5.1 for 7(S). Specifically, the proof of items 1 and 2 is analogous to the proof of
Theorem 3.5.1, the proof of item 3 is analogous to the proof of Theorem 3.5.2, and the

proof of items 4 and 5 is analogous to the proof of Theorem 3.5.3. O

We present the results of Tan (109) in which he describes an explicit form for 7., (.5).

Theorem 3.5.15 (§2 in (109)). For stochastic S € R"*"
Too(S) = max ¢(s)

where s is some column of S and

(o n
E S; — g Si, if nois even
i=1 =241
¢(s) =
n—1
2 n
E S; — E si, if n is odd
S =
assuming the elements of s have been permuted so that sy > -+ > s, > 0, where s; is

the it" element of column s of stochastic matriz S.
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Proof. First, write for arbitrary column s of S

Too(S) = max HSTZH = max max |z's|
o0
ll2]lo=1 5 lzllo=1
2Te=0 2Te=0

Also, define ¢(s) for any nonnegative s as

o(s) :mgn;\si—sk\, for k=1,... n.

We now present the proof in three parts:
1. |2"s| < [|z]l@(s) where zTe =0,

2. When the elements of s have been permuted so that s; > --- > s, > 0 then

( % n
E S; — E s;, if n is even,
i=1

i=5+1
¢(s) =
g S; — g s;, if nis odd,
(=1 =13

3. ¢(s) = max |27s|.
llz]|co=1
2Te=0

For all parts of the proof, notice that s is a nonnegative vector because it is some

column of the stochastic matrix S.

1. For any k, 27s = > | 2 (si — sx) because z'e = 0.
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Since k is arbitrary,

75| =

n
> zi(si— si)
i=1

= min
k

n
Z Zz'(Si - Sk)
i=1

Finally, we obtain

n
< (max |zl\> IIlkll’lZ |si — sk
1

i=1

= [|2lloo(s)

2. Assume, without loss of generality that S has been permuted so that the elements

of a specific

column s are ordered s; > -+ > s, > 0. We want to find 2 € R™ so that |27s| = ¢(s).
This requires ||2]|oc = 1 and 2Te = 0. Then if n is even, choose z = + (e —e) SO
that the first n/2 elements are +1 and the remaining n/2 elements are F1. If n is odd,
choose z = + (e 0 —e) with the first n/2 elements as +1, the middle element is 0,
and the last n/2 elements are F1.

In order for [27s| = 37 | |s; — sk, choose k = % or k = 2 + 1 when n is even and

choose k = $(n+1) if n is odd.

3. From part 2, the vector z that achieves the maximum of ‘ZTS‘ under the restric-

tions ||z]|cc = 1 and

64



Chapter 3. Ergodicity Coefficients

2Te = 0is of the form z = + (e —e) orz==+ (e 0 —e), depending on whether the

matrix has an even or odd number of rows, respectively. Then ¢(s) = max.. -1 ‘ZTS‘

2Te=0
We conclude
_ T _ T.| _
To(S) = max ||S7z||  =max max [2"s| = max¢(s)
llz]lco=1 o s lzllo=1 s
2Te=0 2Te=0
for arbitrary column s of matrix S. 0

Based on the explicit form from Theorem 3.5.15, Tan also presents bounds on

Too ().

Theorem 3.5.16 (Proposition 4 in (109)). For n x n stochastic matriz S,

a(S) < 7(9) < 5 al9), if n is even
and
a(S) < 10 (S) < 251 a(9), if nis odd.

Recall from Section 3.4 that a(S) = maxy max;; |s; — Sjk|.

Proof. For all n, the lower bound is straightforward when 7., (.S) is written appropri-
ately. With the explicit form from Theorem 3.5.15 and the formula ¢(s) = ming Y ", |s; — sk,
fork=1,...,n,

Too(S) = max ¢(s,,) = max minz |Sim — Sim
m m 1 =
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where s,, denotes the m** column of S, and 5jm denotes the 4t element of s,,. Then

n
a(S) = m]?xmin |sik — sji| < maxmlinz [Sim — Sim| = Too(S).
iJ m
i=1

Without loss of generality, assume the rows of S have been permuted, such that the
elements have been ordered, and sy, > So, > - -+ > Spm > 0. Then from the explicit
forms for 7.,(5) and ¢(-) in Theorem 3.5.15 we prove the upper bound for even values
of n:

Too(S) = max ¢(s,,)

m

mr?LJX [(Slm - Snm) + (S2m - Sn—l,m) + -+ (Sn/2,m - S(n+2)/2,m)}

S max [(Slm - Snm) + (Slm - Snm) +---+ (Slm - Snm)]

When n is odd we obtain

Too(S) = max ¢(s,)

m

= mn%x [(Slm - Snm) + (52m - 3n—1,m) T+t (S(n—l)/2,m - 8(n+3)/2,m)}

S max [(Slm - Snm) + (Slm - Snm) + -+ (Slm - Snm)]

O

Another common bound on 7. (5) follows from the previous relationship between
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Too(S) and «(S). Rhodius (85) and Lesanovsky (72) credit Tan (109) with this result.

Corollary 3.5.17. For n x n stochastic matrix S,

if n is even,

N
S

max 7 (S) =

s(n—1), ifnis odd.

Proof. From Theorems 3.4.4 and 3.5.1 we know that «(S) < 7(S) < 1. Then from

Theorem 3.5.16 when n is even, we have

and for odd values of n

O

It is easy to see that this is a tight bound. Recall the n x n matrix for even n,

presented earlier in this section:

10 0 0
10 --- 00 n
00 --- 01
00 - 01
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3.5.3 Ergodicity coefficients of stochastic matrices in the p-

norm

We briefly consider the general ergodicity coefficient for a stochastic matrix in the

p-norm.

7,(5) = Hrzrﬁfufl HSTsz (3.7)

z*e=0
where the maximum ranges over all z € R" (97, §2).
Like 71(5) and 7.(5), we have several properties and relationships for 7,(S). Al-
though previously listed only for p = 1 and p = 0o, we now present several properties

and relationships that hold for all positive integer values of p, including continuity,

submultiplicativity, proper, upper bounds, and eigenvalue bounds.

Theorem 3.5.18 (§1 in (110), (85)). For stochastic matrices S, Sy and Sy and positive

integer values of p
1.0 <7(8) < |57,

2 17 (80) = 7 (S0)] < || (81 — 82)"

p

3. 7,(S) = 0 if and only if rank(S) = 1
4. |\l < 7,(S) for any real eigenvalue X\ # 1 of S
. Tp (5152) S Tp (Sl) Tp (Sg)

The proofs for each of these items are analogous to proofs presented in Section 3.5.1

for 7.(9).
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In 1979, Seneta (97) investigated the values of 7,(5) for various dimensions of S.
Specifically, for S € R?**?, for any p-norm, 7,(S) = |\o| where ), is a subdominant

eigenvalue of S.

Theorem 3.5.19 (p 585 in (97)). For S € R?**? with eigenvalues |A\i| > |\a|. Then

7,(S) = |Xo| for all p-norms.

Proof. Let
S1 1— S1
S = , for 0 < 51,8, <1
S92 1— S92

have eigenvalues 1 and s; — s9. Clearly s; — s5 is less than one, unless S = I, in which

T

case both eigenvalues of S are 1. Since 7,(5) requires z* e = 0, z must take the form

Z=a« , for a # 0.

The value of « is chosen to meet the second restriction on 7,(S), that ||z||, = 1 for
p=1,2,.... From
1= [|z[l, = |ef = |a] 2!/7
-1
p

we obtain |a| = 277, When p = o0, |a| = 1.
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Then

7,(S) = max HSTZHP

2llp=1
2Te=0
S1 So «Q
= , with |a = 271/7
1—s51 1—59 -«
p
1
= || (51 — 82)
-1
p

= |al|si — sof 2'/7

= |51 — s3]

The maximum value of 7,(5)

In addition to the basic properties in Theorem 3.5.18, some work has been done on the
maximal value of 7,(.5). In 1988 Rhodius (85, p 145) determined maximal values of the
ergodicity coefficient of stochastic matrices, for any p-norm. The first theorem in this
section relates the ergodicity coefficient to the set of extreme points of n X n stochastic
matrices. The remaining corollary and theorems in this section develop computable
bounds for the ergodicity coefficient by exploiting the structure of the extreme points
of the set of n x n stochastic matrices. Before we can present any of these results,
we prove some properties of the set of n x n stochastic matrices, S,,, and the set

H={z|zeR"zTe=0and ||z[, =1}.
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Lemma 3.5.20. The set S,, of n X n stochastic matrices is convex and compact. Its

extreme points are stochastic matrices that have a single one in each row.

Proof. 1f Sy and S, are stochastic matrices then so is aS;+ (1 —a)Ss for any 0 < a < 1,

because the elements of aS; + (1 — «)Ss are in [0, 1] and
(S1+ (1 —a)Sy)e =aSie+ (1 —a)Se =ae+ (1 —a)e =e.

Therefore the set S,, is convex.

Because of its n — 1 zero elements, a canonical vector e; cannot be expressed as
convex combination of other stochastic vectors. Therefore stochastic matrices whose
rows are canonical vectors are extreme points of S,,.

The set S,, is bounded because for any stochastic matrix S we have
ISl < ISIPISIS P = 1S3/ < n'/,

where the first inequality follows from (49, (6.19)), and the second from the fact that
the elements of a stochastic matrix are bounded above by 1.

To show that S, is closed, let {S} be a sequence of stochastic matrices that con-
verges to a matrix Z, i.e. ||Sy — Z||, — 0 as k — oo. Because this implies (S;);; — Zi;
and the elements (Sj);; are in the closed interval [0, 1], Z;; must also be in [0, 1]. We
still need to show that the elements in each row of Z sum to 1. For any ¢ > 0 there

exists a k so that

1Sk = Z)elly

g > ||Sk — Z” >
8 el

= nlle — Zel,.
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Therefore Ze = e. We have shown that the limit of any converging sequence of stochas-
tic matrices is also a stochastic matrix. Therefore the set S,, is closed. Since a closed
and bounded subset of a finite dimensional vector space is compact, S,, must be com-

pact. U

We also prove the set of real vectors x, with z7e = 0 and ||z||, = 1 is compact.

This result will be necessary in the proof of Theorem 3.5.22.
Lemma 3.5.21. The set H = {z |z € R",2Te =0 and ||z||, = 1} is compact.

Proof. We will prove ‘H is closed and bounded, and since a closed and bounded subset
of a finite dimensional vector space is compact, we will have proven H is compact.
Clearly H is bounded since ||z, = 1.
To prove that H is closed, let x; be a sequence of vectors in H that converge to z,

so ||z — z||, — 0 as k — oco. For any € > 0 there exists a k such that

[w=aTel ey,
e e el

)T

e > ok = 2l = ||(an - 2

if é + % = 1. Therefore z7e = 0, which means z € H. Thus the set H is closed because

the limit of any converging sequence of vectors from H is also a vector in H. O

Theorem 3.5.22 (Theorem 1(a) in (85)). Let S, be the set of all n x n stochastic

matrices, and S € S,. For any p-norm,

1],

(3.8)

max 7,(S) = max max
SES lzllp=1 Q€ExtrS,

zTe=0
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where Extr §,, is the set of all extreme points of S,,.

Proof. For a stochastic matrix S € R™*™ and z € R", the p-norm ergodicity coefficient

is defined as

7(S) = max |57,
zTe=0

We are interested in finding the maximum 7,(S5) for all n x n stochastic matrices, so

max 7,(5) = max max HSTzH = max max HSTZH .
SESn SESn l2]p=1 P |jZ]p=1 S8, P
2Te=0 2Te=0

The order of the maxima can be switched since S,, and H are both compact sets, for
H={z]|z€R"2Te=0and |z|, =1}, as proven in Lemmas 3.5.20 and 3.5.21, and
because || - || is continuous. The extreme value theorem states that a continuous real-
valued function on a nonempty compact space is bounded and attains its maximum
(108, p 807).

Now we examine a function on the set of all 2 € R" with ||z]|, = 1 and 27e = 0.
Specifically, the function [|STz||, is convex. On a compact, convex set the maximum
of a convex function is attained at an extreme point (50, p 535). Thus, it follows for
z € R" with ||z, = 1 and 27e = 0 that
o8

QzH

maXHSTzH = max
p p

SES, Q€EExtr Sy,

and we obtain (3.8)

max7,(S) = max max TZH .
SES, »(9) ll2llp=1 QEExtrSnHQ P
zTe=0
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O

As a corollary to the above theorem, we exploit the form of matrices () € Extr S,
to write Q7z, as well as
Q"

max7,(S) =  max max_ ||Q" ||

ses, lIz]lp=1,2Te=0 QEExtrS, P

in an alternate form. We proceed with an example.
A stochastic matrix @ € S, is in Extr S, if Q) has a single 1 in each of its rows. It

follows that for any vector z € R",

Z’iEDl <
Q"z =
Z’iEDn “i

where D; contains indices of all rows that have a 1 in position j, i.e., i € D, if ¢;; = 1.

For

1 0 0 21
Q=110 0| andz= ]2
001 2z

Then Dy = {1,2} and D3 = {3} because ¢11 = ¢21 = ¢33 = 1, and
21+ 29

QT2 = 0

z3
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Corollary 3.5.23 (Theorem 1(b) in (85)). For Q € Extr S, and for z € R™ with

1z]l, =1 and 2Te = 0,

max 7,(5) = max max
SES, Izlp=1 QEExtrS,

2Te=0

Substituting the expression for Q7 z from Corollary 3.5.23 into equation (3.8) from
Theorem 3.5.22 yields

max 7,(S) = max max HQTZH = max _ max
SES, Izllp=1 QE€ExtrS, p lzllp=1 Q€Extr Sy
2Te=0 2Te=0

We now present a second theorem in which a specific function achieves its maximum.
We assume for z € R™ with ||z]|, = 1 and 27e = 0 that the elements of z are ordered, so

that zy,...,2,>0and 2z41,...,2, < 0forsomel=1,...,n—1. Then from Corollary

3.5.23, for ) € Extr S,

n

QT2 =D Dz <D [al =12l = (lzaally + lzsanlly)? -

J=1 [i€D; j=114€eD;
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T

From 0 = z"e = z{,e + 2/, |.,e and the assumption that the first / components are z

are nonnegative, it follows that

HZ1;1H1 = Zize = _Zzl-l:ne = ||Zl+1:n||1 .

Hence

1Q7=]7 < 2(llz1all,)”

and taking the p™ root of both sides, we have
!
T 1/ — 91/ .
07, < 27 el =203
i=1

This results leads us to the next theorem.

Theorem 3.5.24 (Theorem 2 in (85)). For 1 <[ <mn, define the function f(-,1) as
flz,) =27 (21 + -+ z),

where ||z|l, =1, 2Ye =0, ;>0 fori=1,...,0l and z; <0 fori=1+1,...,n. Then

f(z,1) achieves a mazimum when zy = -+- =z, and 241 = -+ = 2.

Proof. Choose x € R" to achieve a maximum of f(z,1), where ||z||, = 1, 2Te = 0,

T1,...,x; >0, and x4, ..., 2, <0,

max  f(z1) = f(,)
ll2]lp=1
zTe=0

21,..,2120

Zl+17"'7z7l§0
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Define y € R™ such that

ylz-..:yl:%(xl—i—..._i_xl)
and
yl-‘rl:"':yn:ﬁ('xl—l—l_’_”'_’_z‘n)-

Then yTe = 0 and f(y,1) = f(x,1).

We now turn our attention to [|y||, using the above formulas for y; in terms of x;.

Then
l n 1 l P 1 n p
||y||§:Z\yz‘|p+ Z il =1 72%‘ +(n—1) P Z T
i=1 i=l+1 i=1 i=l+1
From z; > 0 for ¢ = 1,...,l, we have %2221 x| = %22:1 x;. Then the Holder

inequality can be applied to Zi’:l x;/l, so that

l 1/117 1 1 1/4
€
»os(se) ()
P

with the requirement that 1/¢+ 1/p =1 for 1 < p,q < co. Solving for ¢ = -5 and

raising both sides of the inequality to the p!" power, yields
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) =179 we write

3=

Now, from the simplification 22:1 =1

<Z %) < Zx (=

Through a similar argument we obtain the second relation needed for ||y||?

p
1
< —— (o’ + -+ |z
n—1

1 n
e DI

i=l+1

Returning to [|y||?,

l n
S 3 el
=1 i=l+1
= [|lz[lp =1

Since f(z,1) = f(y,1) and |ly||, < 1, we obtain

£ w/lyllp ) = mf(y,l) - mf(x, ) > f(x0).
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However, since by assumption z achieves the maximum of f(z,1), then f (y/||yll,, 1) <
f(@,1), so
W/ yllp: 1) = f(z,0).

O

We now combine the previous two theorems and corollary to obtain a value for

maxges, Tp(.S9)-

Theorem 3.5.25 (Theorem 3 in (85)). For stochastic matrices S € R™™ and positive

mteger p

)1—1/p

(
(

N3

, if n is even,

S) =
gneg,ffp( )

N[

1-1/ 1/p . .
) p ((nﬂ)l,pi(n_l)lfp) . ifn is odd.
where the maximum ranges over all n X n stochastic matrices S.

Proof. Combining the results from Theorem 3.5.22, Corollary 3.5.23, and Theorem
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3.5.24

o T
max () = max  max Q72

2Te=0

= max max : ,
llz|][p=1 QEExtr S,

2Te=0
ZiEDn < p
= max max  f(z,1).
1=1,....n—1 l|z]lp=1
2Te=0
214..,21220
Zl+17"'7z7l§0

Recall from Theorem 3.5.24, that f(z,1) is defined as f(z,1) = 2YP (2, 4+ -+ z),

where ||z|l, = 1, 2Te = 0, 2, > 0fori=1,....,l and z;, < O fori =1+ 1,...,n.
Theorem 3.5.24 says the function f(z,1) achieves a maximum when z; = --- = z and
241 =" = Zp, SO
max  f(z,1)= max 2P (z 4+ -4 2z)=2YP.1. 2.
llz[lp=1 llz[lp=1
2Te=0 2Te=0
214..,21220 214..,21220
2141520 <0 2141520 <0
Then

max7,(S) = 27 max Iz,
SeSn I=1,....n—1

It remains to solve for [z, so that maxges, 7,(S) does not depend on [ or z. From

2Te =0, we obtain lz; + (n — 1)z, = 0, so

—lz1

P )
n—1
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Substituting this value for 2, into the equation [|z||) =1 gives

p
lzf+(n—l)< L ) ~ 1.

n—1

1 1/17
lz1 =
1 (ll-P+<n—l>1-p) ’

and substituting the expression for /z; into the above expression for max f(z,[) yields

Solving for [z gives

z*e=0
21,..,2120
Rl41se0 2n<0

for l =1,...,n— 1. The values of [ that maximize 2/ (I'? + (n — {)}7P) are | = n/2

when n is even, and [ = (n +1)/2 if n is odd. O

3.5.4 Connections between 7(5) and 7,,(5)

In this section we present relations between 71(S5) and 7,,(S). The situation when
Too(S) < 71(S) has been investigated, specifically because under this condition, 7. (.S)
is a tighter bound for subdominant eigenvalues.

In section 3.5.2, we presented a relation between 7,,(S) and «(.S) from Tan in 1982
(109, Proposition 4). Recall the result from Theorem 3.5.16 for n x n stochastic matrix

S with n > 2

a(S) < 70(5) < 5 al9), if n is even,
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a(S) < 70(S) < 2L a(9), if n is odd,

where «(S) = max; max;; [s;, — Sjx| (see Section 3.4). In Theorem 3.4.4 we proved
a(S) < 1 (9) for all stochastic matrices S. We combine these two results to prove the

following relation between 71(S) and 7. (.5).

Theorem 3.5.26. For stochastic matriz S € R™"™ with n > 2
—71(5) < 70(S5) < 57'1(5), for n even,

and

- < = 71(S), for n odd.

Proof. We start by proving the first inequality 27(S) < 7.5(5), which holds for both

even and odd values of n. According to Theorem 3.5.5, we can choose i # j so

71(S) = £ ||S” (es — €;)||,- This together with ||z[|; < n||z. implies
27'1(5) = HST (ei - 6]‘)H1 S n HST (ei - ej)Hoo .
Since y = ¢; — e; satisfies y"e = 0 and ||y|| = 1 we obtain

21(S) <n HSTyHOO <N T (5).

We now show that, the second inequality follows directly from Theorems 3.4.4 and
3.5.16. Theorem 3.4.4 implies o(S) < 71(S). Theorem 3.5.16 implies 7.(S5) < Fa(S)

for even n and 7(S) < 252a(S) for odd n. Combining these two relations yields:
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T (S) < 5 11(9), if n is even,

Too(S) < 21 7 (9), if n is odd.

We next present a special case where 7,.(S) = 271(S)

Theorem 3.5.27. For every even n > 2 there is a stochastic matriz S for which

Too () = 571(5).

Proof. The matrix S from expression (3.6),

10 0 0

10 0 0
S pumy

00 - 01

00 - 01

has the first n/2 rows equal to el and the remaining n/2 rows equal to eI, where n is

even, and 7., (S5) =

0|3

The explicit form for 71(.S) in Theorem 3.5.5 implies

7(8) = 3 157 (ensa = o), = 1.
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So

U
For the special cases of 2 x 2 and 3 x 3 stochastic matrices, we show 71 (S) = 75 (.5).
Theorem 3.5.28 (§3.3 in (97)). For stochastic S € R**? and S € R3*3,
T1(S) = T (S).

Proof. For n = 2 this result follows from Theorem 3.5.19, since 7,(S) = |A2|, when S
has two eigenvalues |A;| > |Aa].
We now proceed with the case where n = 3. Theorem 3.5.5 implies 71(S) =

L maxi<; <3 HST (e; — ej)Hl. Theorem 3.5.15 shows that

7oo(S) = max [[S7 (e = )| -

T
In general, ST (e; — e;) takes the form (a B —a— ﬁ) . We distinguish two

cases:
1. a and ( have the same sign.

2. a and [ have different signs.

When « and 3 have the same sign, then |—a—/f| = |a|+|5| and max {|a/|, |5],| — o — 5|} =

|| + |3]. Hence,

1
71(S) = 5 |87 (e — )|, = 5 (Jal + 18] + | = = B]) = |a| + |,

2

N | —
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and

Too(5) = max {|al, [3], | — a = 6]} = |af + [3].

So, 71(S) = Too(.5).
When a and 3 have different signs, assume without loss of generality that || > |3].

Then | —a — | = [a| = |8] and max{[a], |5],| = a = §[} = [a]. Hence,

1
71(8) = 5 [[S" (e — )|, = 5 (lal + 18]+ — a = B]) = |a],

2

N | —

and

Too(5) = max {lal, [B], | — a = B[} = |a].

So, 11(S) = Too (). O

3.6 Ergodicity coefficients for general matrices

In 1984 Seneta (100) extended the coefficient of ergodicity from stochastic to general
matrices. Since different general matrices do not have a common dominant eigenvalue
and eigenvector, the definition and notation has an added vector. We present a slightly
altered version of Seneta’s notation in order to be consistent with previous notation

for stochastic matrices.

Definition 3.6.1 ((1) in (100)). Let A € C™" and w € C™. Then for integer
I1<p<oo

o, 4) = max 4%,
w*,g:(]
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where the maximum ranges over z € C™.

This is similar to notation for stochastic matrices. Recall (3.2) which gave us

7(S) = max [|S7z]
zTe=0

P Y

where the maximum ranges over z € R”. The new notation for A € C™*" specifies
the choice of norm as well as the vector used to define our subspace. For stochastic

matrices, we would write

(5) = 7p(e, 5)

but only for certain values of p. The difference between 7,(S) and 7,(e, S) is that the
former is maximized over the space of z € R", but the later is maximized over z € C".
In 1984 Seneta (100, §2) acknowledged this difference, and argued that in the cases of
p = 1 and p = oo, there is no difference between maximizing over the real and the
complex n-dimensional spaces because the vector z that attains the maximization is a
real vector.

Several years later, an even more general definition of an ergodicity coefficient
developed from Rothblum and Tan (91, §7) and Hartfiel (46, §3). Specifically, this
ergodicity coefficient for rectangular, complex matrices is maximized over the space

orthogonal to a specified matrix.

Definition 3.6.2. Let A € C™" and W € C™**. Then for integer 1 < p < oo

IV, A) = ma, A%,
Z*V{}ZO
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where the maximum ranges over z € C™.

We will use this more general definition throughout this section. We begin with an
upper bound on the ergodicity coefficient and two bounds on the difference between two
coefficients. Additionally, we are proving that 7,(W, A) is continuous, well-conditioned,

and subadditive.

Theorem 3.6.3. For A € C™" and W € C™**
1. 0 < (W, A) < ||A*|,
2. |7 (W, A1) = 7 (W, Ap)| < 7 (W, Ay — Ay)

3. |7 (W, A1) = 7, (W, Ag)| < [|(Ar — A2)|

p

Proof. 1. 0< Tp(W, A) = maxnf”pil ||A*ZHp < max|;||,=1 HA*ZHp = ||A*||p

z2*W=0

2. Without loss of generality, assume 7,(W, Ay) > 7,(W, Ay). Let y € C™ achieve the
maximum for 7, (W, Ay), i.e., 7,(W, A1) = [[Ajyll,, with [ly[|, =1 and y*W = 0.

Then

(V. A) = (V. A2) = Ay, — max 14521,
z2*W=0

< [l1Atyll, — 1A3yll,
< (A1 — 42)" g,

< max |[|(4A; — A2)*z||p
llzlp=1
z*W=0

=Tp (W, Ay — Ay)
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3. This follows directly from items 1 and 2.
O

We now present a lemma that will be used to prove a weak submultiplicative state-

ment as well as the subdominant eigenvalue bound.

Lemma 3.6.4 (Lemma 7.1-1 in (36)). Let A € C™" have eigenvalues \; # \; for
integers i,j with 1 <i <k, k+1<j <n. Let X € C"* have columns that span an

invariant subspace associated with \;, 1 <1i < k. Then for B € CF*¥,

AX = XB.
The eigenvalues Ay, --- , A\, are eigenvalues of both matrices A and B, and the eigen-
values Agy1, -+ , Ay are eigenvalues of A only.

R
Proof. Let X have the QR factorization X = @) , with Q € C"*™ and R € CF**,
0

R R
From AX = X B and the QR decomposition of X, we obtain Q7 AQ = B.
0 0
T, T
Let QTAQ =T = | " ™"
Toy Too

From the equations T3 R = RB, T5 R = 0 and the fact that R is nonsingular, we
conclude that T5; = 0. Then, the eigenvalues of T7; are the eigenvalues of B. The

eigenvalues of A are the eigenvalues of T, which are the eigenvalues of 777 and T5. [

We now obtain a weak submultiplicative statement for general square matrices.
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Theorem 3.6.5. Let A € C™" and W € C™F* satisfy Lemma 3.6.4, and choose
[,m >0. Then
7p (W AT™) <7 (W A') 7 (W, A™)

Proof. Let y € C" achieve the maximum for 7, (W’, A“’m). That is,

, with ||y|l, = 1 and y*W = 0.

p

7 (W, Al+m) _ H(A*)Hmy

Let © = (A*)"y/ [(A*)" yl,, so that |[z|, = 1. Then from AW = WC we obtain
AW = WC™. Along with y*W = 0 we get

WAy () Wy
AT, ~ AT,

W*x 0.
Then

7 (VV, Al+m) _ H(A*)Hmy

=@y, < (WAt 5 oA

O

We can also say something about the submultiplicativity of the ergodicity coefficient

if it operates on the product of two different matrices.

Theorem 3.6.6. For A € C™", B € C™", and W € C™**
(W, BA) < ||A™[, (W, B).

Proof. Let y € C™ achieve the maximum for 7, (W, BA). That is, 7, (W, BA) =
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1(BA) yll, = IA*B*y||,,, with [ly|l, = 1 and y*W = 0. Then

(W, BA) = [[A"Byll, < [|A*[,[[B*yll, < [[A"[|, [ |1B%z[l, = |A*[l, 7(W, B).
z2*W=0

O
Like its stochastic counterparts, 7,(W, A) can bound subdominant eigenvalues of
A. See Theorems 3.5.3 and 3.5.14 for results with 7(S) and 7.(S5), respectively.

Additionally, Theorem 3.7.9 from Rothblum and Tan (91, p 54) presents a version of

this result for square, nonnegative matrices.

Theorem 3.6.7. Let A € C™™ and W € C™*, where the columns of W span an

invariant subspace and |Ai| > -+ > |Ag| > |Aksa| = - > ||, Then
|Ai| < 7,(W, A), fori=k+1,...,n.

Proof. Let z be a unit left eigenvector of A for some eigenvalue \;, so that ||z||, =1
and z*A = \;z*. We see that z*W = 0 because W spans the space of the first k

eigenvalues. Then

= [ = [l el = [, = 4%l < s, 14°21, = (0%, 4
Z*W=0

fori=k+1,...,n. O

We show that the ergodicity coefficient in Defintion 3.6.1 for A € C"*" with eigen-

values [A1| > |[Ao| > -+ > |\,| can bound all the subdominant eigenvalues, i.e., all
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eigenvalues # ;.

Corollary 3.6.8. For A € C™*", let w be a right eigenvector of A1, i.e., Aw = \w.

Then for every eigenvalue A such that A # A\
Al < 7 (w, A)

for1 <p<oo.

Proof. Let z be a unit left eigenvector of A for some A\ # A so that z*A = A\z* or

A*z = Az and | 2|, = 1. Then
Aw = 2" Aw = M\ 2fw.
Because A # )\ it follows that z*w = 0. Finally,

A =\ = }X} 2], = HXZHP = ||A*z||p < ”rzrﬁaicl ||A*z||p = 7y(w, A).
w*2=0

3.6.1 Relations between different p-norm ergodicity coefficients

We now show that an ergodicity coefficient in one p-norm can provide upper and lower
bounds on ergodicity coefficients in a different p-norm. This result follows from vector
norm relations. We begin with a result for p-norms before extending the relations
between different p-norms to ergodicity coefficients. Rhodius presents similar results

for ergodicity coefficients in (88, Theorem 1).
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Theorem 3.6.9 (pp 27-28 in (33), (6.4) in (49)). If x € C™*!, and p < q then
1_1
lelly < lally < 0G0,

Proof. We will first prove the upper bound on ||z||,. We begin by re-writing the p-norm

of z as

n n
H$||§:Z\xi|p22\xi|p'1:<|x1|p |:rn|7”>
=1 =1

Applying the Holder inequality with % + % =1,

|21 [P 1

]I} <

|z |P 1
k l

" 1/k
(St
1=1

Choosing k = ¢q/p, the above expression is re-written as

n p/q
_b _p
=1

Finally, taking the p** root of both sides of the inequality yields the upper bound as
stated in the theorem

|z, < nG=a) |2l
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Now for the lower bound on ||z||,, let y; = |z;|/||z]|,- Then y; > 0and Y1, v = 1.
Clearly it follows that 0 < y; < 1 for each i = 1,...,n, and if ¢ > p, then y! < y? for

all 2. Finally, from
Zz p || - P
=Tl Zy’ 2 W=
i=1

we obtain the bound

n
lzllg = D il < |8
i=1

which is of the form we are trying to prove when both sides are raised to the 1/¢

power. ]
We now extend these results for p-norms to the general ergodicity coefficient 7,(W, A).

Corollary 3.6.10. For A € C™™ and W € C™*

)7, (W, A) < 7, (W, A) < nG=3) 7, (W, A)

mH
”dl>—'

n(

with p < q.

Proof. Recall
(W, A) = max [[A*z]|,

llz]lp=1
Z*W=0

where the maximization ranges over z € C™.
To prove the lower bound, choose y € C™ to achieve the maximzation of 7, (W, A),

so that 7,(W, A) = ||A*yl|, with [y|l, = 1 and y*W = 0. From Theorem 3.6.9, if p < g,
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then ||z, < n/P=1/9|z||, for any complex vector =, which is rewritten as

Lo w1
]| ][

Then since |ly|l, = 1,

140, _ (1o 14,

T,(W,A) = < )
! yllq 1yl

Again from Theorem 3.6.9, since [|z||; < [[z[|,, then [[A*y[|, < [|[A*y||, since A*y is a

complex vector. Finally,

1Ay,

A*
(%_%) H qu <
||y||p

< <nl=3)r W, A).
il oW 4)

SR
S~—

1
p

7,(W,A) <n

Dividing both sides by n//P=%/9) yields the form in the theorem:
nla )7, (W, A) < 7,(W, A).

For the second inequality, choose y € C™ to acheive the maximzation of 7,(WW, A),
so that 7,(W, A) = [|[Ayl|, with [[y||, = 1 and y*W = 0. From Theorem 3.6.9, for any

complex vector z, since ||z||, < ||z||,, we obtain

1 1

< .
2], — [lllq

Then since ||y, =1,

14, _ 147wl

(W, A) = < )
P 1yl yllq
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Again from Theorem 3.6.9, since ||z, < n(1/P=1/9||z||, for any complex vector z, and

because A*y is a complex vector, we have

14l (o 14700

4q S n(%_%)T WA .
ol il (W 4)

Tp(mfa A) <

O

When p = 1 and ¢ = oo, we obtain the bound L7.(W, A) < 71(W, A) < n7oo (W, A).
When A is a stochastic matrix, and W = e, this bound is not as tight as the one given
for stochastic matrices in the 1-norm and oo-norm in Theorem 3.5.26, which says

Too(S) < 271(S) if nis even and 7. (S) < %527 (S) if n is odd.

3.6.2 Explicit forms for 7,(w, A) for specific values of p

In this section we present work from 1984 by Seneta alone (100), as well as in col-
laboration with Tan (106). In these works, Seneta and Tan develop explicit forms
for 7,(w, A), with p taking the values 1, co and 2. The expressions presented hold
for w € R™ and A € R™*". Also in 1984, Rothblum (90) presented another view to
finding the explicit solutions in the cases of p = 1 and p = oo for square, nonnegative,
irreducible matrices. His approach focuses on quantifying the extreme points of inter-
section of a unit ball with a hyperplane, in order to solve a maximization, and is not
presented here. Rothblum’s argument is similar to that of Rhodius in 1988 for 7,(.5)

(85), which is given in section 3.5.3.
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Explicit forms for 7 (w, A)

In 1984 Seneta (100) developed an explicit form for 7 (w, A) for real, rectangular ma-
trices A. We begin with the special case that w; # 0 for all i. Lemma 3.5.4 shows that
for any = # 0 that satisfies 27e = 0, we can write z = > it Yij3(e;—e;) for y;; > 0 and
also ||y = 32,4, vij.- We now present a new lemma in which we write z with 27w = 0

in a form similar to that presented in Lemma 3.5.4.

Lemma 3.6.11 (p 192 in (100)). If z,w € R™ have z # 0, wlz = 0, and w; # 0 for
wy

1=1,...,n, write D = -Th@nxzzyij”
i#j

D! (62' — ej)
D=1 (e — ¢;)

fory;; >0
I
W,

and ||zlly = 345 is-

Proof. As in the proof of Lemma 3.5.4, we will prove this lemma by induction on the
w1
length n of the vector x. We begin with n = 2. In this case D = . From
Wa

0= 27w = 27 De = w21 + wazs, we know wyz1 = —wss. Without loss of generality,

1
assume wyx; > 0, then Dx = wixq , 50 x = wiz; D7 (e; — ey). However, since

-1

-1 L/wn -1
D e —ey) = and || D~'(e1 — e2)|l; = |1/w1] + |1/wsl, then

l/wg

1 1 ) D7(e; — ey)

= D_1 - =
T =wiz D7 (e = e) wlxl(\wll wa| ) [[D~Her =€)y
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with y10 = wixy (ﬁ + |w—12‘> > 0. Finally, because |wix1| = |wayzs],
w1 T wiT Wk

o = ][22 — [ 222 — o
w1 W2 W2

Now assume the lemma holds for some n > 2 and we will show it holds for n+1. Let
x be an n + 1 dimensional real vector with z # 0, 27w =0, w; #0fori=1,...,n+1
and diagonal matrix D defined so that De = w.

From 27w = 0 we obtain 27 De = 0. Then Dx is orthogonal to e. Without
loss of generality, assume Dx is permuted so that w,x, > 0, w, 17,01 < 0 and

WpTy = MaAXi=1, ... n+1 |’UJZSL’Z‘ Then

(Dx)l:n—l (Dx)lzn—l O1:n—1
Dx = WLy, = | wpn + Wpp1Tpa1 | — Wnt1Tnta 1 )
Wp4+1Tn+1 0 -1

and multiplying by D~! yields

T1n—1

= |, + Leszan | — w2, D7 (€, — €ng)- (3.9)

Wn

0
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T1n—1

Let z = | g, + YntiZnt1 | Then

Wn

0

n—1
Wyt 1L
T n+1+4n41 T
21 Wiy = E w;x; + Wy | Ty + ——m | =27 w.
5 Wy,
i=1
Recall 27w = 0, so z{nwl;n = 0, and since z.,, € R™ we can apply the induction

hypothesis to z1., and write

n

Dli(ez 6]’)
AR Yij
= Dt o

where Dy, contains the first n rows and columns of D, and yi; > 0, [[z1:alli = > 20 ¥ij-
We now relate z to z1.,. Clearly ||z|li = ||z1nll1 = 32,2, vij- Also, by extending all

the canonical vectors to be in R"*! instead of R",

n+1

el —¢€)
= i HD L, (3.10)

2 =l

Going back to the vector x in expression 3.9, and specifically, to —w,, 112,11 D™ (e, —

nt1). From D7 (e, —enp1) = - — # , we obtain || D71 (e,, — epy1)]]; =

Wn, W,

1 1
Ynn+l = —Wn4+1Tn+1 ‘w— +

nl o wnia]

1 1
lwn| * wnga]”

Then writing
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the vector —w, 417,41 D (e, — €,41) becomes

D_l(en - 6n—i—l)

_wn-i-lxn-‘rlD_l(en - 6n—i—l) = yn,n-l—l ||D_1(€ (311)

n 6n+1)||1‘

Clearly y,, ,+1 > 0 from our initial assumption that wy,412,41 < 0.

Combining the expressions in (3.10) and (3.11), we write x from (3.9) as

D7 (e; —¢j) D Ye, — eny1)
T = Yij — +yn,n 1 — .
2 TID=1(e; — e5) D en — ety

i#]
Since y;; > 0 for all 4, j, we have satisfied the first part of the theorem. It remains to
prove that ||z|; = Z:;Zl Yij-
Begin by examining 3, yi; = ||2[1,
1

i+ ‘—
W,

Wp+1
Tn + Tn41
Wp,

|zlli = l|z1m-1]l1 + |Wn Ty + Wy 1Tt

and because w,r, +w, 17,11 > 0 we can remove the set of absolute value signs around

this sum in the expression for ||z||; to obtain

Zyij = [[T1m-1lls + !
' w

| | (wnxn + wn+1$n+1) .
i#j "

Additionally, from y,, ,+1 we obtain

Wn+1Tn+1 Wp+1Tn+1

|wa waga]

Ynn+l =
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Finally,
Zy” +y L= ||5l71 1”1 4 Wn T, 4 Wnt1Tnt1  Wniilngl  Wnt1dngd
7, n,n+1 — n—
vy ! |0, |wy| |0, ] w11
i |wy] |Wht1]
_ Hxl 1”1 + |’LUn£L'n| |wn+1$n+1|
— m—
|0, W1
= [[21n-1lli + |Zn] + |[Tn41]
= [l
We have proven the theorem because [|z([1 = 3_,; vij- O

When w = e, then D = I and we recover Lemma 3.5.4.
Like in section 3.5.1, we apply the expression in Lemma 3.6.11 to a vector z with

2Tw =0 to find an explicit form for 7;(w, A).

Theorem 3.6.12 (p 193 in (100)). Let A € R™ ", w € R™ and w; # 0 for alli. Then

1 (w = max HATD_I(t?i_ej)Hl
1(w,A) = iz ||[D7e —e5)l]; ‘

Proof. Recall the definition of an ergodicity coefficients from Definition 3.6.1:

7 (w, A) = max HATzHl
l[z[li=1

T

2zt w=0

for € R™. Choose z with 27w = 0 and ||z||; = 1, so that we can apply Lemma 3.6.11
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to write

z = ZyijD_l (e — ej)/HD_l (e: — €j)

]

1’

with d; = w; for i =1,...,m. Then

ATD_l(eZ- — €j)

ATD (e; —€))
Yij —
D, — o)),

1D~ (ei = ¢l

< max
i#£]

147zl =

Zym

Ly

From Lemma 3.6.11, |[2[|; = >_,; ¥;;, and by assumption, ||z|; = 1. Finally, choose !

and m, so
D™ (e; — ep)
1D~ (e — em)ll;

achieves the maximum of ||A"D™(e; — ¢;)||, / ID™*(e; — €;)]],- Then

z =

_ o NATDT e — e
nle A = e,

O

It is easy to see that this result is analogous to that for 7 (.S) in section 3.5.1. As
mentioned previously, 71(S) can be written as 71(e, S). In this situation, w = e, so
D = 1. Then from ||e; — ¢;]j1 = 2,

|ST"D~(e 1

=)
mi(e, ) = max [D(e; — ej)]||1 "= 5 hgx |57 (ei — 6)’)“17

which is the result presented in Theorem 3.5.5.

In order to avoid the restriction that w; # 0 for ¢ = 1, ..., m we present the following

corollary to Theorem 3.6.12.
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Corollary 3.6.13 (p 194 in (100)). Let A € R™™ and w € R™, w # 0. Choose

wy
permutation matrix P so that Pw = , where w; € R! contains the nonzero

0
elements of w and 1 <1 < m. Then

71 (w, A) = max {7'1 (wy, Ay),

Al

A
with PA = l , Ay € R and A, € Rm=0xn,
Am—l

Proof. Again, recall the general definition for 7 (w, A), for z € R™

7 (w, A) = max ||A"z]|,.
’ Izl =1 !

2Tw=0

Permute z € R™ accordingly, so Pz = , for z € R and z,,,_; € R™~!. Then
Zm—l

ATz = ATPTPz = AT 2+ AL 1200 (3.12)

If z;, =0, then HATzHl < [[Am-illy [[zm—ill, and [|z]|s = [[zm—l1 imply

1A7=]],

2]

< [[Amall, -

Equality holds if Pz =e; for some [ +1 <1¢ < m.

Now consider the possibility that z; # 0. Then 0 = 27w = 27 PT Pw = zl'w;. Since
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zlw; = 0, we can apply Lemma 3.6.11 to obtain

Ye; — e;)
"= T

Y
i#] — € Hl

for >°,.; vij = |lz1ll1 and Dy is a diagonal matrix with the elements of w; on the diagonal.

Substituting this form of z into (3.12) gives

AT D ey — ¢
HATzHl < ||lzllx maX H €J>H1

+ JAZ ||, i1

1D €j>H1
Then
[AT2, falh  [[AFD e = ¢y [Eh
< + A
T T ] ||z||
TH-1(,.
S ||Zl||1+||zm_l||l max max HAl l_)i (62 lHl
12]1 i# || D; (ei—e] Hl

The result follows since (||2]|1 + ||zm—i/l1) /|lz|li = 1 and from Theorem 3.6.12,
T1 ('LU[,Al) = maXi;ﬁj HAlTDl_l(ez - 6]’)H1 /HDl_l(ez - ej)H1~ [
An explicit form for 7 (w, A)

In the same paper from 1984 (100) in which he developed an explicit form for 7 (w, A),

Seneta also presented an explicit form for 7., (w, A) for real, rectangular matrices A.

Theorem 3.6.14 (§3 in (100)). For A € R™" and w € R™, mazimizing over z € R™

Too(w, A) = max HATZH = max max ‘eTATz}
2]l co=1 iz || =
wT 2=0 wT z= 0

103



Chapter 3. Ergodicity Coefficients

Let a” be some row of AT from el AT, so that a; is the j element of el AT. Assume
the w;’s are permuted (along with the rows of AT) so that w; # 0 for j = 1,...,k

and ¢~ < -+ < 2 and choose | to be the smallest integer such that 22:1 la;/w;| >

k
> i1 laj/ws]. Then

_Lljz‘> forizl,..,,l—l
-1 k ]
wiz (Zi:l |wi — Zi:l+1 |wl|> , fori=l
zZi =
‘%" fori=1+1,...,k
sign i, fori=k+1,...,n

Proof. Our goal in this proof is to break-down and permute the vectors a and w into
an appropriate form so that we can determine the elements of vector z that achieve
the maximization of ‘eiTATz‘.

For arbitrary scalar a and a’ as a row of AT

la"z| = |(a” — aw”) 2| §Z|aj—awj|, (3.13)

j=1
where a; is the j element of a”. This inequality holds from the triangle inequality
and the fact that max|z;| = 1. Then we can re-write the right-hand side of expression

(3.13) as
+ ) ayl, (3.14)

j=k+1

Y _a
wj
The value of a that minimizes the right-hand side of expression (3.14) is the median of

the a;/w;’s. With [ as stated in the theorem, a;/w; is the median of the a;/w;’s, and
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a = a;/w;.

Now expressions (3.13) and (3.14) become

k a n
2| < lej| — —a|+ Z |,
” w; )
j=1 i=k+1
-1 a a k a a n
! j j !
bl (2-5) 4 Yl (2-2) = Y ol
=1 ! J j=l+1 7 ! j=k+1
Finally, the value of z that achieves the minimum of }aTz‘ is
(
=il fori=1,...,01—1

-1 k .
le (Zi:l |wil =32z |w2|) , fori=1I

fori=101+1,....k

Zi =

sign a;, fori=k+1,....n

An explicit form for m(w, A)

In 1984 Seneta and Tan (106) developed an upper bound on 75(w, A) for real, rectan-
gular matrices, A and real vectors w. Several years earlier, Seneta (97) investigated
the special case of 75(5) for stochastic matrices. Seneta (97, p 586) briefly discusses
his an idea for a proof that an n X n stochastic matrix S has 75(S) = )&/2 where )\
is the dominant eigenvalue of a positive semidefinite matrix. A similar argument to

Seneta’s (97, p 586) is used by Tan (110) for an ergodicity coefficient operating on a
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different vector. Tan’s result is presented in our Theorem 3.6.20 for 7 (7r, ST), where
7 denotes the stationary distribution of S.

In this section we present a different approach for general matrices than Seneta
presented in (97). Additionally, we extend Seneta’s and Tan’s definition to complex
matrices and vectors. First, however we recall the definition of the adjugate of a matrix.
The formula relating determinants and adjugates will play a crucial role in the proof

of Theorem 3.6.19.
Definition 3.6.15 (p 479 in (76), p 137 in (78)). For A € C"*", the adjugate of A or
adjoint matriz, denoted adj[A], is the transpose of the matrixz of cofactors, and

det(A) - I = A - adj[A].

We derive three different characterizations for the ergodicity coefficient m(w, A),
however we first begin by expressing 75(W, A) as an unconstrained maximization prob-
lem. We then show that 7o(w, A), when applied to a matrix A with m rows, is expressed

as the two-norm of a matrix with m — 1 rows.

Theorem 3.6.16. Let A be a complex m x n matriz, W € C™* with orthonor-

mal columns, and m x m unitary matriz (Q with Q = <W Q2>. Partition A*Q =

(AZ AE-k) , where Ay is k xn and A, is (m — k) x n. Then

(W, A) = [[ A2
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0
Proof. Let z be am x 1 vector with ||z||s = 1 and 2*W = 0. Then Q*z = , where

~

z
2=Q5zis (m—k)x1,|Z|=1, so
* * * * * O * 2
Az =A"QQ 2= | Az A, ) =A .z
2z
To obtain an expresssion for 75(w, A), we take the maximum,
n(w,A) = ~max [[A%z[]y = max [[A} . Zlls = [[A7, kll2 = [|Am—kll2-
[lz]l2=1,2*w=0 lI2]l2=1

O

Corollary 3.6.17. Let A be a complex m X n matriz, w an m X 1 vector with w # 0,
and Q a m X m unitary matriz with leading column Qe; = w/||w||y. Partition A*Q =

(a Ajn_l), where Ap,—q is (m — 1) X n. Then

To(w, A) = [[Am_1]2-

Proof. Let z be a m x 1 vector with [|z]]s = 1 and z*w = 0. Then Q*z = , where

z

zis(m—1)x 1, [|2|2 =1, and

0
Atz = A QQ 2 = (a Afn_l) — A* 5
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To obtain an expresssion for m5(w, A), we take the maximum,

Tg(w,A) — max ||A*Z||2 = max ||A:n—12||2 = ||A:n—1||2 = ||Am—1||2-
Izll2=1,z*w=0 12]l2=1

O

With the help of Corollary 3.6.17 we derive a second characterization of m(w, A):
A vector y that achieves the maximum for m5(w, A) is expressed as the solution of a

linear system with right-hand side w.

Theorem 3.6.18. In addition to the conditions of Corollary 3.6.17, let T = 1o(w, A) =

|A*yllo where ||y||la =1 and y*w = 0. Then
(AA* —T2I)y: e ——

Proof. We represent the singular value problem |[|A,,_1|2 from Corollary 3.6.17 as an
eigenvalue problem,
ata  a*Ar

QTAA™Q = : where B= A, 1A, .
Am_la B

Since Q*AA*() is Hermitian positive semi-definite, so is its leading principal submatrix

B. Thus, 7% = ||A;,_1||3 = || BJ|3 is a dominant eigenvalue of B, and

0
=y AAYy = Y QQ*AA* QQ*y = §*Bj,  where Q'y=

Y
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This means that the (m — 1) x 1 vector ¢ is a unit-norm eigenvector of B for the

dominant eigenvalue 72, i.e. (B — 72I)§ = 0. Therefore

* 2 * * 2 * a*a'_7-2 a*A;kn—l O
(AA* =Ny = Q[Q AAQ—-T1]Qy=Q
A,_1a B-T1%1 i

@A @Ay A
- Q Y l1=0 Y = a4, 19Qe.
(B — 2)j 0

It remains to express the last quantity in terms of A, y, and w. From A*Q =

0
(a Afn_1>a Q'y = , and Qe; = w/||w||2 it follows
Y

* Ak ~ O % O
a’An, Y = (a*a a*Afn_l) =a (a A’:n_l)

A~ ~

) )
= QTAA'QQ"y = e]QTAA™Yy = w AA y/||wl|2.

Hence

.o w*AA*y
a* Ay, _1yQer = el
2

O

Theorem 3.6.18 in turn leads to a third characterization, which was introduced
by Seneta and Tan (106). In contrast to our derivation, theirs relies on Lagrange

multipliers for the solution of the constrained maximization problem

To(w, A) = MAX||,[|,—1 ||A*2||2-

z*w=0
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Theorem 3.6.19 (Proposition 1 in (106)). Let A be a complex m X n matriz, w
an m x 1 vector with w # 0. Then (12(w, A))? is the largest root of the polynomial
w*adj|AA* — M|w of degree m — 1 in A.

Proof. We distinguish two cases, depending on whether y is an eigenvector of AA* or

not.

e If y is not an eigenvector of AA*, then 72 = y*AA*y cannot be an eigenvalue of
AA*, so that the matrix AA* — 721 is nonsingular. The relation between inverse

and adjugate implies

_ dj[AA* — 2w

= (A =) e = .

y= T = A =)

Multiplying the above by w* yields 0 = w*y = w*adj[AA* — 72I]w. This means

that 72 is a root of w*adj[AA* — 721 |w.

e If y is an eigenvector of AA* then 72 = y*AA*y is an eigenvalue of AA*. Let
AA* = VQV* be an eigenvalue decomposition, where V' is unitary, and € is
diagonal. For any scalar A, we obtain adj|AA* — A\I] = Vadj[Q — AI]V*, because
adj(XY) = adj(Y)adj(X) for square matrices X and Y, and adj(V') = det(V)V*

for a unitary matrix V. Thus
w*adj|AA" — M|w = w*Vadj[Q — M|V w.

Assume that the diagonal elements wy, . ..,w,, of { are ordered so that w; = 72

and y = Ve;. From 0 = y*w = ejV*w follows that the leading element of V*w is
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Z€ro,

T
V*w:<0 Wy ... wm) .

The matrix 2 — A\ is a diagonal matrix, and so is its adjugate,

Hj;él (wj —A)
adj[Q — | =

Hj;ém (Wm — A)

Substituting the expressions for V*w and adj[Q2— ] into w*adj|AA* — A |w gives

m

wadj[AA" = Mw = Y |w* ] (w;—N)
=2 j=1,7#1i

= Z|wz’|2(w1—>\) I =N

j=2,j#i

Therefore 72 = w; is a root of w*adj[AA* — M|w.

Since each product (wi —A) [T72,;; (wj — A) in w*adj[AA* — Al]w consists of m — 1

factors, the quantity w*adj|AA* — Mw is a polynomial of degree m — 1 in \. We

2

still need to argue that w; = 77 is the largest root of this polynomial. Applying the

partitioning in Theorem 3.6.17 to the adjugate gives

ata— N a*A;_,
adj|AA" — \]| = Qad] Q.
Ap—1a B —\
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From Qe; = w/||wl|s follows

* * *
ata— N a*Al_,

w*adj[AA* — Mw = ||w||3eT adj e1 = ||w||3 det(B — \I).

Am_la B -\
Since 72 is the largest root of det(B—\I), it must also be the largest root of w*adj[AA*—

Mw. O

Tan presents an explicit form for 7 (7r, ST) where 7 is the stationary distribution
of the stochastic matrix S (110, Theorem 2). We extend this expression to complex,
rectangular matrices and arbitrary vectors. Our expression for 7 is much simpler than
the one presented by Tan in (110, Theorem 2), and suggests 7o(w, A) can be interpreted

as the norm of A* projected onto the subspace orthogonal to w.

Theorem 3.6.20. Let A € C™" and w € C™ with w # 0. Then

oAy — 1AL = 0w Al

[w][2
If in addition ||w|s = 1 then T2(w, A) = ||A(I — ww*)]|s.

Proof. Without loss of generality we can assume that the rows of A and the elements
of w have been permuted so that the trailing element of w is nonzero, i.e. w,, # 0.
Let z € C™ be a vector with ||z| = 1 and w*z = 0. The idea of the proof is to
use the constraint w*z = 0 to remove the trailing element from z, and convert the
maximization into one over vectors of length m — 1.

Partition the rows of A, and the elements of w and z so as to distinguish the trailing
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element,

N <1 wi
A" = Al A, | > = ) w =

Zm W,

Here A; has m — 1 columns, and z; and w; are column vectors with m — 1 elements.

From w*z = 0 and w,, # 0 follows z,, = —wjz1 /W,,. Substituting this into A*z gives

WY A WY
A2 = Az + amzm = Ayzg — L2 = <A1— “ 1) 2.
m m

Setting R = Ay — a,wi /W, gives A*z = Rz.

Substituting the expression for z,, into ||z||2 = 1 gives

WL Wy wW1Wy

I U ] 2 % * 1% % 1%

l=2z"2=2z{z1+ |2m|” = 2121 + 2] m |2z1—z1 <I+ )zl.
m

Setting P = I 4+ wyw}/|wp,|? gives 2; Pz = 1.

Since z*AA*z = zfR*Rz and 1 = ||z]|2 = 2Pz, the problem of maximizing
2*AA*z subject to ||z|o = 1 and w*z = 0 has been converted to the problem of
maximizing x*R* Rz subject to z* Pz = 1.

Because P is Hermitian positive definite, it has a Cholesky factorization P = L*L.
With y = Lz we obtain 1 = 2*Px = y*y and Rx = RL™'y. Thus the problem of
maximizing =* R* Rz = || Rz||3 subject to z* Pz = 1 has been converted to the problem

of maximizing || RL™y|, subject to ||y|l2 = 1. In other words,

mo(w, A) = [|RL73 = [RPT'R"]>.
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Since P~ = I —w w}/||wl||3, one can show that RP™'R* = A(I —ww*)A*/||w]|3, which
gives the desired expression for 7 (w, A)>.

If ||w]|2 = 1 then I — ww* is idempotent and Hermitian, so that

IA( — ww™) A[|2 = A — wuw) 3.

3.7 Ergodicity coefficients for matrices with special
properties

This section is a collection of different results for special types of matrices. We begin
with a subsection on matrices with a constant row sum. Results for these matrices
follow by extending results for stochastic matrices, which are a specialized class of
constant row sum matrices. This subsection is followed by one focusing on doubly
stochastic matrices, or matrices with elements in [0, 1] whose rows and columns both
sum to 1.

The final subsection focuses on subdominant eigenvalues bounds for nonnegative,
irreducible matrices. These matrices have been the subject of investigation because,
from Perron-Frobenius theory, they have a unique dominant eigenvalue with unique,
normalized positive dominant left and right eigenvectors. When a nonnegative, irre-

ducible matrix is also stochastic, it is called ergodic or regular (see Definition 3.5.9).
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3.7.1 Constant row sum matrices

Alpin and Gabassov (1), Pykh (84) and Seneta (97, p 584), (103, pp 189-191) have all
investigated the set of constant row sum matrices, since they are a simple extension

from stochastic matrices. For a matrix A € R™"*" with constant row sum a,
1 n
7i(e, A) = 5 max > " |ais — ajs| = a—min ¥ min {a;,, a;,}
ij ij
s=1 s

which are extensions of the explicit forms for 7;(S) in Theorem 3.5.5 and Corollary
3.5.6, or a special case of Theorem 3.6.12. An eigenvalue bound follows for all eigen-
values \ # a of A,

IA| < 7i(e, A) (3.15)

as an extension of Theorem 3.5.3 or a special case of Corollary 3.6.8.

In the cases where A € R"™" does not have constant row sums, two options are
proposed to change A into an (n+ 1) x (n + 1) matrix with equal row sums without
changing the spectrum, except for adding another known eigenvalue. One option adds
a column, in which each entry is the negative of the respective row sum. A final row
of zeros is then added so that a = 0 (1), (84, p 75), (97, p 584). Seneta (97, p 584)
presents a second option in which the added column adjusts the row sums to some set
value a (often chosen as the maximum row sum of A). An additional row of all zeros,
except the (n 4+ 1,n + 1) position, which is a. This latter case may be of interest if
A € R™™ has nonnegative elements, since the new (n+ 1) x (n + 1) matrix could also
be nonnegative if a is chosen appropriately.

Rothblum and Tan (91) present ergodicity coefficients and eigenvalue bounds of
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scaled, square, nonnegative, irreducible matrices. We begin with a lemma illustrating
that any square, nonnegative, irreducible matrix can be transformed into a constant

row sum matrix.

Lemma 3.7.1 (p 57 in (91)). For nonnegative irreducible matrices A € R™™ with
dominant eigenvalue \; > 0, there exists a diagonal matriz D with positive elements,

so that D™YAD has constant row sums \.

Proof. From Perron-Frobenius theory, we know that A has a positive right eigenvector
associated with A\;, so Au = \u with u; > 0 for i = 1,...,n. We can write u = De
so that D is a diagonal matrix with d; = u; for ¢ = 1,...,n. Then ADe = A\ De.
Multiplying both sides of the equation ADe = A\ De by D~! on the right, yields

D7 'ADe = \je, and so D7'AD is a nonnegative matrix whose rows sum to \;. O

The matrices A and D~'AD are similar and have the same eigenvalues since D is a
similarity transformation. This conclusion leads to a new eigenvalue bound which may
or may not be easier to compute than the eigenvalue bound in Theorem 3.7.9. This is
the same result as in expression (3.15) when p = 1 and the matrix is nonnegative and

irreducible.

Corollary 3.7.2 (p 63in (91)). Let A € R™™ be a nonnegative irreducible matriz with
eigenvalues \;, labeled so that \y > |Xa| > -+ > |\,|. Let D = diag(w), where w > 0

1s a right eigenvector of A associated with A\i. Then

IAi| < Tf (e,D_lAD) , fori=2...,n.
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Proof. Lemma 3.7.1 implies that D~*AD has constant row sums and hence, e is a
dominant right eigenvector. Since A and D~!AD have the same eigenvalues, we obtain

from Theorem 3.7.9,
Al = |\ (D_lAD)} < Tf (e, DT'AD), fori=2,...,n.

O

We present an example that applies this type of similarity transformation to stochas-
tic matrices, to show that the transformed matrix can provide tighter bounds on the
modulus of subdominant eigenvalues than the original matrix. Recall that stochastic
matrices are a special case of constant row sum matrices. From his 1983 paper, Seneta
(99, p 346) illustrated that one can obtain tighter bounds on the non-unit eigenvalues
of a stochastic matrix with a similarity formed from the stationary distribution. Tan
also used the stationary distribution in conjunction with ergodicity coefficients in (110)
to examine properties and develop explicit forms. His results are mentioned in section
3.8.

Let S € R™™ be a stochastic matrix with a positive stationary distribution 7
(m; > 0 for all i), so that 778 = «T and 77e = 1. Then define stochastic S € R"*"
with elements $;; = m;s;;/m for 4,j = 1,...,n. The matrix S is obtained from a

similarity transformation on S7,

1
S=0Q's7TQ, for Q = :

Tn
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so S and S have the same eigenvalues. From Qe = 7, STm = 7 and Q~'7 = e it follows
that Se = e, SO S is stochastic.
In some cases, the ergodicity coefficients for S may provide a better bound than

the ergodicity coefficients for S. For example, take the following matrices from Seneta

(99, p 346)
1 5 3 3 5
2 16 32 32 13
1 5 3 3 5
2 16 32 32 . 13
S = with T =
0 &8 32 3 3
8 16 16 26
g0 5 3 3 3
8 16 16 26
Since
5 1 1
13 5 3 00
5 5 5 3 3
13 4 AaT 16 16 16 16
Q= , then S =Q'S°Q =
3 5 5 3 3
26 16 16 16 16
3 5 5 3 3
26 16 16 16 16

With eigenvalues 1,3/16, 0,0 for matrices S and S, the ergodicity coefficients are:

1 13 N 3
’7'1(5) = 5 T1 (ST) = _16 T1 <S> = g
and
— T —? 3 —= —3
Too(S) =1 Too (S ) =3 Too (S) =6

Thus 7 (S ) and 7, (S ) provide the tightest upper bounds on the subdominant eigen-
values of S, ST and S.
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3.7.2 Doubly stochastic matrices

In this section we focus on doubly stochastic matrices, P. A doubly stochastic matrix
is both row and column stochastic, so that both rows and columns sum to 1, with
0 <p;; <1forallij (50, p 197).

From Theorem 3.5.2, 71(S) = 0 if and only if rank(S) = 1. We present this relation

for doubly stochastic matrices.

Theorem 3.7.3 (Property 1 in (80)). For doubly stochastic P € R™",
7(P) =0 <= rank(P) =1
and
7 (P") =0 <= rank(P) = 1.
If rank(P) =1, then P = Leel.

From Theorems 3.5.3 and 3.5.14, we know that || < 7,(P) for any eigenvalue A # 1
of P, with p = 1, 0o. Since the dominant eigenvalue of P is 1, the ergodicity coefficient
is useful as an eigenvalue bound when 7,(P) < 1. In his paper from 1983, Seneta (99)
compares the values of 71 (P) and 7., (P), in particular when 7., (P) < 1.

First, Seneta noticed that 7(P) = 1 implies that 7 (PT) = 1. To prove this we

will be using the explicit form for 7;(P) from Corollary 3.5.6,

n(P)=1- HZIHZ min {p, pji} ,
=1
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as well as the explicit form for 7 (P) from Theorem 3.5.15,

Too(P) = max ¢(p)

p

where p is a column of P and

( n

) n

E pi — E pi, if n is even
i=1

i=5+1
¢(p) =
n—1
D) n
Zpi — pi, if nis odd
=1 j=nt3
\ 2
assuming the elements of p have been permuted so that p; > --- > p, > 0. For

the remainder of this subsection we define the notation k& = n/2 for even n, and

k= (n—1)/2 for odd n.

Theorem 3.7.4 (p 344 in (99)). For doubly stochastic P € R™ ",

n(P)=1 = 7. (P") =1

Proof. From the explicit form for 71 (P), we see that when 71 (P) = 1 there exists some
i,7 so that p; = 0 or p;; = 0 for every [ = 1,...,n. This means there is at least one
row in P with at least k zeros for n even (or k + 1 zeros for n odd). Then, there is at
least one column in PT with at least k zeros for even n (or k + 1 zeros for n odd).
We now use the fact that PT has at least one column with at least k zeros for even

n (or k + 1 zeros for n odd). The function ¢(p) is maximized when at least half the
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elements of a column of P are 0’s. This is true since ¢(p) is computed by subtracting
the sum of the smallest k& values from the sum of the largest k. When the smallest k
values are 0, then ¢(p) = S5, pi = S, pi. Since PTe = e, the sum Y7, p; = 1, and
Too (PT) = max, ¢(p) = 1. 0

From 71 (P) = 1 we learn that there is at least one row in P with at least k zeros
for n even. In the following corollary, we make no assumptions on 7, (P), but instead

assume some row of P has the desired property of at least k zeros for n even.

Corollary 3.7.5 (p 344 in (99)). If a doubly stochastic matrix P € R™" has at least

one row with k zeros when n even (or k+ 1 zeros when n is odd), then T (PT) =1.

This statement for 7,.(P) was already proven in the proof of Theorem 3.7.4. We
present a simple example to show that 71(P) < 7 (PT) = 1 is possible. Hence the

converse of Theorem 3.7.4, 7o (PT) =1 = 7(P) = 1, does not hold. Let

1/3 0 0 2/3
0 5/6 0 1/6
0 0 5/6 1/6

2/3 1/6 1/6 0

Then 71 (P) =5/6 < 1 =1 (P7).

A special class of doubly stochastic matrix arises in the study of the spectral theory
of doubly stochastic matrices (83), in which every row contains the same elements. The
elements are not required to be in the same order in each row/column. For matrices

of this form, we show that 7, (P) < 7 (PT).

121



Chapter 3. Ergodicity Coefficients

Theorem 3.7.6 (p 345 in (99)). Let P € R™" be a doubly stochastic matriz in which
each row and each column of P have some permutation of the same elements, labeled

p1>->p,>0. Then 1 (P) < 7o (PT)-

Proof. We determine the explicit expressions for 7, (PT) and 71 (P) for this particular
matrix P, and exploit the fact that the rows and columns of P contain the same
elements.

We start with the expression for 7. (PT). Let p be a row of P. If n is even and

k=%, then > 7" p; = 1 implies

k n
Zpl =1~ Z Di,
=1 i=k+1
and .
)= pi— > pi=1-2Y p
i=1 i=k—+1 i=k+1

Since all rows contain the same elements, 7. (PT) =1-2%", . p. Similarly, if n
is odd and k = (n +1)/2, then 327 p; = 1 — S o Pi — Pryr implies 7o (PT) =

1-2 Z?:/wrz Pi — Pr+1- Thus,

=230, if n is even,

1-2 Z?:Hg Di — Pr+1, if nis odd.

With regard to the expression for 7(P), p; > -+ > p, > 0 implies Zle P >

> i i1 Pi for neven, and Zle Pi+Pr1 = D iy io pi for nodd. Thus, for the elements
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pij Of P,

- 2 i Dis if n is even,
Z min {pg, pji} >
= 2 Z?:]H.z pi + pra1, if nis odd.

Hence,

m(P)=1- n%m Z min{p;, pj }
=1

1—=2370 i pis if n is even,
1-2 Z?:/wrz Pi — Pry1, if nis odd.

= Too (PT)

A corollary follows immediately.

Corollary 3.7.7 (p 345 in (99)). Let P € R™™ be a symmetric stochastic matriz in

which each row of P contains the same elements, labeled py > -+ > p, > 0. Then
71 (P) < 7o (P) and 7 (P7) < 70 (PT).
Proof. If P is symmetric, then P = PT, and Theorem 3.7.6

71(P) < Too (PT) = Too(P)
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and

T (PT) =7(P) < T (PT) )
O

The question remains whether we can find a symmetric stochastic P with 7 (P) <
Too(P), when each row of P contains the same elements (99, p 345-346). Forn = 2,3,4,
T1(P) = Too(P), which can be verified directly. We have already proven 71 (P) = 7. (P)
for all stochastic 2 x 2 matrices (see Theorem 3.5.19). We now show that when n = 5,
T1(P) < Too(P). Let
b1 P2 P3 Pa D5
P2 P3 P4+ Ps D1
P=1ps p1 ps 1 po

Ps Ps P11 D2 P3

Ps P1 P2 P3 P4

where p; > --- > ps. Then the explicit form for 7., (PT) = To(P) in the proof of
Corollary 3.7.5 gives, 7o(P) = 1 — 2py — 2p5s — p3. The explicit form for 71(P) in the
proof of Corollary 3.7.5 implies, 71 (P) < 1 — 2py — 2ps — p3 = Too(P). Thus, there exist
symmetric stochastic matrices P € R™*" for which 7 (P) < 7 (P), so long as n > 5.
In 1984 Seneta and Tan (106) determined 7»(P) for doubly stochastic P. In this

theorem we present explicit forms for 7(P) and 7 (PT).

Theorem 3.7.8 (p 3 in (106)). Let P € R™™ be a doubly stochastic matriz. Then

n(P) = (P") = v/ (PPT).
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where Ay (PPT) is the second largest eigenvalue of PPT.

Proof. We argue the case for m(P) only. Since P and PT are square, \; (PPT) =
by (PTP).
The expression for the ergodicity coefficient can be written as
72(P) = max HPT2H2 = max VzTPPTz.

[|z]]2=1 2Tz
Te

1
2Te=0 0

Choose normalized y as the eigenvector for Ay (PPT). Then PPTy = Xy (PPT) y and
yTy = 1. If \; (PPT) > Xy (PPT), then y"e = 0. Then

y PPy =X (PP") y"y = Xy (PPT)
and
7(P) = \/W
O

Clearly, 72(P) and 75 (PT) are both less than or equal to 1. If PPT is primitive
(76, p 674), then 75(P) < 1 because the second largest eigenvalue of PPT is less than
1. If P > 0, then PP" > 0 and PP > 0, and both 7(P) and 7 (P) are < 1 from

Perron-Frobenius theory (76, p 667).
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3.7.3 Nonnegative, irreducible matrices

In this section we present results of Rothblum and Tan (91) that relate ergodicity
coefficients to subdominant eigenvalues. We also present bounds for ergodicity coeffi-
cients by Gross and Rothblum (38) that are based on approximations of the dominant
eigenvalue and eigenvector.

For nonnegative irreducible matrices Rothblum and Tan (91) bound the absolute
value of the subdominant eigenvalues. Rothblum and Tan stray from convention and
define an ergodicity coefficient (91, p 57) as the maximum modulus of the subdominant
eigenvalues. They also define two ergodicity coefficients, one that operates on real
vectors, and one that operates on complex vectors. We introduce the following notation,
which differs from that of the original authors (91, p 59). For nonnegative irreducible

A € R™"™ and dominant right eigenvector w of A,

T (w, A) = ”rzrﬁ?iil HATsz, where z € R"
2T w=0

and

T,(w, A) = max HATZH , where z € C"
H»;Hp:l P

z*w=0
Obviously 7f(w, A) < 7,(w, A) since R® C C". We also note here, that unlike other
ergodicity coefficients for general matrices (see Definition 3.6.1), Rothblum and Tan re-
quire the vector in 7,(w, A) and 7.*(w, A) to be the positive dominant right eigenvector

of the nonnegative, irreducible matrix A.

Rothblum and Tan show that the ergodicity coefficient over all real vectors bounds
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the modulus of both real and complex subdominant eigenvalues.

Theorem 3.7.9 (Theorem 3.1 (91)). Let A € R™ " be nonnegative irreducible matriz
with dominant eigenvalue Ay, and dominant right eigenvector w. For all eigenvalues
A # A of A,

A < 7w, 4).

This is proven by Bauer, et al (6, §5.2) as well as Rothblum and Tan (91), all of
whom construct a seminorm that can represent a complex eigenvector as a real vector.
Rothblum and Tan (91) exploited a known norm relation to develop a computable
upper bound on the modulus of all eigenvalues of a matrix, based on the Frobenius

norm || Bl|3 = >, [bi|? for any B € C™*", since || B|| is easy to compute.

Lemma 3.7.10 (Lemma 5.4 in (91)). For any matriz B € R™",
Al < [[Bll2 < |IBllr

for all eigenvalues \ of B.

Proof. In subsection 3.9.2, Theorem 3.9.6, we state the well known theorem that |A| <
|B||, for all eigenvalues A of B, with B € C"*". So the first inequality, |A| < ||B||2
follows directly. It remains to prove the inequality ||Blls < || B||F.

With b7 denoting the i row of B, the Cauchy-Schwarz inequality implies

n n
2 2
IBzl3 =Y |6/ =" <> lIbills 1213 = || BlF )3

i=1 i=1
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| B2

]l

Hence, < ||B]|F for all = # 0. O

We now present computable upper bounds on the maximum modulus of subdomi-
nant eigenvalues using the ergodicity coefficient and the expression || < ||B|l2 < ||Bl|»

in Lemma 3.7.10.

Theorem 3.7.11 (Theorem 5.5 in (91)). Let A € R™™ be a nonnegative, irreducible
matrix with dominant eigenvalue Ay > 0 and dominant right eigenvector w. For all

x € R", and all eigenvalues A # Ay of A,

A< 7w, 4) < |[(4 = wa")"

(3.16)

p

and in particular for p = 2,

A < TQR(w,A) < H (A — wa)T

< H(A . wa)THF. (3.17)

The right hand side of expression (5.17) attains a minimum when x = ATw/||w||3.

Proof. We have already proven the first inequality in expression (3.16). It remains to
prove the second inequality. If 27w = 0, then (A — wa)Tz = ATy —qwTz = ATz,

and

7w, A) = max HATsz = max H(A—wa)Tz

llz][p=1 lzllp=1 p
2Tw=0 2Tw=0
T T
< max (A - wa) zl| = H (A - wa)
llzllp=1 P P

Expression (3.17) follows from expression (3.16) and Lemma 3.7.10.
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We still need to find the value of 2 that minimizes ||(A — wz")T|| .. The Frobenius

norm can be obtained by summing 2-norms of columns,
2
|(a=we)"| = A —wa"|l} = Z [(4—weT)er]; = Z lAe; — w3

2
Thus, min, (A — w:ET)TH corresponds to n independent minimization problems || Ae;—
F

wxil|2. We can view ||wz; — Ae;||2 as a least squares problems with n x 1 coefficient

matrix w of full column rank and right hand side Ae;. The unique solution is

_ 1
T = (wTw) ! wl Ae; = 2eZ-TATw
[[w]]3
Thus = ATw/||w|3. Therefore,
1 T
A—wal =A— —wwl'A= (I — %2) A,
lwl3 [w[3
where [ — i “ilTQ is the orthogonal projector onto the subspace orthogonal to w. O

We now turn our attention to the results of Gross and Rothblum (38), who are
concerned with computable approximations to the normalized dominant eigenvector of
a nonnegative, irreducible matrix. We begin with a relation between two ergodicity

coeflicients with different vectors.

Lemma 3.7.12 (Lemma 4.1 in (38)). Let B € R™*" and f € R". For every pair of

real vectors u and v such that fTu = ffv =1,

7, (u, B) < 7, (v, B) + 2Bl | fllllv — ull,
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where 1/p+1/q = 1.

Proof. There exists a y such that 7.5(u, B) = HBTpr, with ||ly|, = 1 and yTu = 0. If
BTy = 0, then the expression in the lemma is trivial because Tf(u, B) > 0 and norms
are nonnegative.

Suppose y — v yf =0, then y = vTyf and vy = vTyu’ f = vTy because v’ f = 1.
Thus, vy = 0, and hence y = 0. But ||y||, = 1, and we have proved by contradiction
that y — vy f # 0.

If BTy # 0, we define the vector z = (y —vTyf) /||y — vapr which satisfies

|z|l, = 1 and 27v = 0. Then

1B (y ="y f)|,
ly —oTyf|l,

(v, B) > || BT[] =

Because y'u = 0, we can rewrite the above expression as

|By = —w"yB"s

Hy —(v—u)yf

(v, B) > P

p

From the triangle inequality and the fact that the norm of a product is less than or

equal to the product of the norms, we obtain

1B yl, -

(w=w"]| sl 1B, 171,

ol + |0 = )" ool

7, (v, B) >

p

For any matrix A € R™*",

‘BTHP = ||Bll, if 1/p+ 1/q = 1. We also know that
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7(u, B) = ||BTy|| and |ly||, = 1, which allows us to write

R
7' (u, B) = [lv —ull Bl 11,

R
(v, B) >
P L+ flo—all, [ £l

This expression can be rearranged as
i, B) < 70, B) [1+ o = ull, 1 fll] + o = ull, | B, 171l
from which it follows that
7, (u, B) < 7,7(v, B) + 2|lv — ull [| BT | 1l

because Theorem 3.6.3 implies 7% (v, B) < HBTHP. O

We apply the results of this lemma, along with the eigenvalue bound in Corollary

3.6.8 to obtain a new upper bound on subdominant eigenvalues.

Theorem 3.7.13 (Theorem 4.3 in (38)). Let A € R™™" be a nonnegative irreducible
matrix with dominant eigenvalue Ay > 0 and dominant, positive eigenvector w. Choose

f € R" so that fYw = 1. Then for all eigenvalues \ # \; of A,
Al < 7w, A) < 8w, A) + 2 [|A]], | Fllpllo = wll,

for each v € R" satisfying fTv = 1.

The proof follows directly from Theorem 3.7.9, which states [A| < 7% (w, A) for all

eigenvalues A # A\; of A when w is a dominant eigenvector, and Lemma 3.7.12 which
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states 70 (w, A) < 7 (v, A) + 2 [All, [ fllpllv — wl|, when ffw= fTv=1for f € R™.

3.8 Ergodicity coefficients with the dominant left
eigenvector

In this section, we examine an ergodicity coefficient that varies from those presented
previously. In 1983, Tan (110) defined a new ergodicity coefficient 7.7 (7, S7) where
7 is a dominant left eigenvector of S. The following year, Tan (111) extended this
ergodicity coefficient to nonnegative, irreducible matrices A.

We proceed with results derived by Tan in 1983 (110), whose purpose was to de-
velop a “computable bound on the geometric convergence rate to ergodicity” of an
ergodic stochastic matrix, although he also presented results for non-ergodic, or re-

ducible stochastic matrices.

Definition 3.8.1 (p 278 in (110)). A stochastic matriz S is ergodic if limy_.., S¥ =

er”, where T is the stationary distribution of S.

We now state Tan’s ergodicity coefficient, defined to operate on a dominant left

eigenvector of a stochastic matrix S.

Definition 3.8.2 (p 278 in (110)). For a stochastic matriz S € R™*",

7, (7, 8") = max [|Sz],
z|lp=1
T 2=0

where m is a dominant left eigenvector of S, and the mazimization ranges over z € R™.
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When S is an ergodic (irreducible) matrix, all elements of 7 are positive.
Like previous coefficients, it is straightforward to argue that Tf (7r, S T) is continuous
and bounded. We also present several additional results similar to those proven for

71(S) in Theorem 3.5.18.

p

Theorem 3.8.3 (p 279 in (110)). For stochastic matrices S, Sy, Sa
1.0 <7 (m,87) < IS,

2. |fi(m, ST) = ofi(m, )| < 7 (. (81 = $2)7) <1181 = Sall,

5.7 (=, (57)7) < 7 (., (57)') 7 (. (57)")
(

5. TR (7r, ST) = 0 if and only if rank(S) =0

p
6. |\ <7 (m, ST) for real eigenvalues X # 1

The proof of these items are identical to previous proofs. Since Tf (7r, ST) is just a
special case of 7,(w, A) we also know that the results from section 3.6 hold.

In addition to these properties, Tan focused on computation of explicit forms for
stochastic S € R™ "™ in the cases of the 1-, 2-, and co-norms. When S is not ergodic,

then S is reducible and can be permuted into a specific block form.

Lemma 3.8.4 (p 223 in (9)). If stochastic S € R™ " is reducible, then there exist a

permutation matrix P, so that S can be permuted to

N
PSPT = (3.18)
C B
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where A € R¥*F k< n, is irreducible and a block diagonal matriz with square matrices

on the diagonal, B € R"=0>x=k) “and each row of C € R"*k has a positive entry.

The matrix PSPT is a Markov chain, whose first k states are recurrent, and last
n — k states are transient.
We now present two lemmas for the values of the stationary distribution when S is

in the form of (3.18).

Lemma 3.8.5 (Lemma (3.20), p 223 in (9)). When a reducible stochastic matriz is in
the form of (3.18), then |\(B)| < 1, for all eigenvalues A\(B) of B.

Proof. The eigenvalue of S and PSPT are the same. Additionally, since A and B are
square and on the diagonal of PSPT, the combined eigenvalues of A and B are the
eigenvalues of S. The matrix S being a stochastic matrix implies that the elements of
B are nonnegative and the row sums are less than or equal to one. However, because

each row of C' has a positive entry, then each row of B has a row sums less than 1.

Thus |A(B)| < 1, for all eigenvalues A(B) of B. O

Lemma 3.8.6. Let S be an n x n reducible stochastic matriz, permuted as in (3.18).

Then the stationary distribution of S equals

9 0

for m € R*, withm; >0 fori=1,... k.
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Proof. Since S' is stochastic, Se = e, or

Hence Ae = e, so clearly A is a stochastic matrix. Since A is irreducible, Perron-
Frobenius implies A has a dominant positive left eigenvector 71 .

Additionally from 77S = 77, we obtain

which yields 71 B = 7l Since the dominant eigenvalue of B is strictly less than 1 from

Lemma 3.8.5, then 71 B = 73 can only hold if 77 = 0. Then

1
mT =
0
]
Similar to the results in section 3.6.2, we will present bound for 7{*, 72 and finally

74%. We begin with an explicit form for 7{* (7, ST) when S is irreducible. This theorem

is a generalization of Theorem 3.6.12 with A = ST and w = 7.

Theorem 3.8.7 (Remark p 284 in (110)). If S is irreducible with dominant left eigen-
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vector w, such that m; >0 fort=1,...,n, then

SD-1 (e; —e;)]l
R ST — H ? J 1
i (7 57) = e s =

where D is a diagonal matriz with D(i,i) = m; fori=1,...,n.

The situation where S is reducible and of the form in (3.18) is analogous to Corollary

3.6.13 since any dominant left eigenvector of S has at least one zero entry.

Corollary 3.8.8 (Theorem 3 in (110)). Let S € R™ " be a stochastic reducible matriz

7.(.T

as in (3.18), with stationary distribution 77 = | ' |. Then
0

i (7?, ST) = max {TlR (7T1,AT) , HB||1} )
We now present an explicit form for 7 (71', ST). This theorem is a special case of
Theorem 3.6.14 again with A = ST and w = 7.

Theorem 3.8.9 (Theorem 1 in (110)). Let S € R™ ™ be a stochastic, reducible matriz

as in (3.18) with stationary distribution m € R™. Then

72 (m,87) = max ||Sz|, = max max ‘e?Sz :
12 c0=1 > i |zfleo=1
7T 2=0 7T 2=0

where the mazimum ranges over z € R". Let s = el'S be a row of S, so that s,
is the j" element of eI'S. We assume the rows (and columns) of S and 7 have been

permuted, so that sy/m < -+ < sg/m. From Lemma 3.8.6 it follows that m; > 0 for
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1=1,...,k. Definel as the smallest integer so that 22:1 > % Then

-1, fori=1,...,1—1
-1 k )
o (ijl T = D et 7rj>, fori=1
zZi =
L fori=1+1,...k
sign. s, fori=k+1,... n.

\

When the matrix is irreducible, the above theorem applies with & = n.

3.9 Applications

In the following subsections, ergodicity coefficients are utilized as condition numbers,
eigenvalue and singular value bounds, and in the case of specific eigenvalue bounds,

Lehmann bounds.

3.9.1 Condition Numbers

In 2001, Cho and Meyer (22) compared eight different condition numbers for the sta-
tionary distribution of a stochastic matrix, two of which involved an ergodicity coeffi-
cient. More recently, Kirkland, et al., (64) expand on the analysis of condition numbers
by Cho and Meyer (22), and introduce a new form of an ergodicity coefficient.

We begin with a result from Seneta (101) that illustrates how the ergodicity coeffi-
cient of a stochastic matrix can bound the condition number for the stationary distri-

bution of stochastic linear systems 77,5 = 77. This theorem shows that the normwise
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absolute error in the perturbed solution is bounded by ||E||o when 71 (5) < 1.

Theorem 3.9.1 (§2 in (101)). Let S and S+ E be stochastic, irreducible matrices with

7S =7l 7T (S+ E) =71 and rfe =7Te = 1. If 7 (S) < 1, then

E
17—, < 1Bl
1—7’1(5)

Proof. From 77(I — S) =0 and 77(I — S) = 7T E we obtain
F-m)"(I-5)=7TE. (3.19)

Because S is irreducible and 71(S) < 1, the dominant eigenvalue 1 is simple and

we can write S = er? 4+ (), where the magnitude of the eigenvalues of Q is less

than 1. Substituting this expression for S in (3.19) and using 7fe = 77

F-m)"(I-Q) =7"E.

e = 1 gives

Because all eigenvalues of () are less than 1 in magnitude, I — @) is nonsingular and

we can solve for (7 — 7r)T,
G- = 7B - Q).

Then write (I — Q)™ = >7°, Q" (76, p 126), and let y© = 77 E. Transposing both

sides, then taking norms, we obtain

17 ==l = > (@)

1=

<@’y

) .
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We now need to relate the above expression to 7((). From the fact that S and S+ E

are stochastic, we know that Se = e and (S + E)e = ¢, so Ee = 0. Thus y’e = 0, and

Hw—wul<ZH Q)" <||y||1maxzH AL ZT

The submultiplicative property, #5, of Theorem 3.5.18 implies

> (@) =3 @)

Then

17 =l < ol 3 [ @) = (22

Since yTe = 0 we can obtain y7Q = TS, and 71(Q) can be replaced by 71(S). Finally,
bound ||y||, = HET Hl < |E|ls |I7]l; = ||E||sc- The fact that ||7||; = 1 comes from
the fact that 7 is the dominant eigenvector of an irreducible matrix, so w; > 0 for all

i, and by assumption, 77e = ||7||;. We obtain the result

E
17—, < El
1-— T (S)

O

In order to discuss the next form of an ergodicity coefficient as a condition number,
we define a new ergodicity coefficient. The coefficient, 7 has two subscripts that denote

the two different norms being used.
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Definition 3.9.2 ((1.10) in (64)). For any 1 <p < oo and A € R™" define

p 1A7=]],
Tp,1(€7A> :zl%lea:}%) ||ZH1

where the maximization ranges over z € R™.
We also need to recall the definition of a group inverse of a matrix.

Definition 3.9.3 (p 641 in (76)). The group inverse of a matriz A € R™ ", if it exists,

is the unique matriz denoted A¥ that satisfies
AAPA = A APAA* — A% AA* — AFA.

The group inverse of a matrix exists if and only if its range and nullspaces are compli-

mentary subspaces in R™.

We now show that the new coefficient defined in Definition 3.9.2 is also a condition

number.

Theorem 3.9.4 (Proposition 2.1 in (64)). Let S and S = S + E be stochastic, ir-
reducible matrices with 7S = 77 and 71(S + E) = 7T, and nle = pAz'Te =1. If
A=1-19, then

I =7, < 74 (e, A7) 1]l
p p,

where A% = (I — S+ 67TT)_1 — er? denotes the group inverse of A from Definition

3.9.5.

Proof. Since A = I — S is an M-matrix, we know its generalized inverse exists. It is

easy to verify that A% = (I - S+ eWT)_l —en?l.

140



Chapter 3. Ergodicity Coefficients

~ ~T .
From 778 = 77 and 77(S + E) = pi we write

—pzT =7l8 —pAz'T(S+ E) = <7rT —pAz'T) S —];iTE.

~T
The above expression for 77 — pi" , combined with A = I — S gives
~T ~T
<7rT—pz' )A:—pz' E.

Multiplying by the generalized inverse A% = (I - S+ 67TT)_1 +er? and taking trans-
poses of both sides, yields

T — ];z (A#) pz

T

~T
because 7' e = pi e = 1. Taking the p-norm of both sides, |7 — pz

H ETpZ

Ify= Esz then y’e = 0 because Fe = (S S) e = 0 since S and S are stochastlc

Then because yle =0

A |(4") "y (49"
m—pi|| = lylhi————" < [lyl max L=yl (e, A*
==, o, K P pa (€ 47)
As a final step,
Iyl = | 7| < 1E, 2] = 1
because pAiTe = 1 and since pAzZ > 0 for all 7, then ‘ pAz = 1. Thus, we have acheived
1

the inequality as stated in the theorem,

|7 =] <7 (e 4%) 12
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O

Seneta (102) presents a third example where ergodicity coefficients serve as condi-
tion numbers. His result follows directly from result by Kirkland, et al., in Theorem
3.9.4 with p = 1. Notice when p = 1, the new ergodicity coefficient Tlfl (e, A#) reduces
to 71 (A%).

Corollary 3.9.5 (Theorem 2 in (102)). Let S and S = S+ E be stochastic, irreducible
matrices with 7S = 71 and 77 (S + E) = ﬁT, and e = ]/)\iTe =1. IfA=1-S5,
then

I =7, <71 (A7) [ Ello
where A% = (I -S4+ 67TT)_1 — en” denotes the group inverse of A from Definition

3.9.5.

3.9.2 Eigenvalue bounds

We present new and existing eigenvalue bounds and show their relationship to the
ergodicity coefficient. We begin with the well-known statement that the eigenvalues of

a matrix are bounded above by the norm of the matrix.

Theorem 3.9.6 (p 497 in (76)). For A € C™™ we have
Al < ||Allp, for all eigenvalues X of A.

Lemma 3.9.7 (p 518 in (76)). For A € C™" with eigenvalues |\| > [Aa| > -+ > |An],

choose vectors w and v so that v*w = 1 where w and v are right and left eigenvectors
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of the dominant eigenvalue of A, A\1. Then wv* is a spectral projector and A —wv* has

dominant eigenvalue .

We now present an eigenvalue bound related to ergodicity coefficients, that makes

use of Theorem 3.9.6 and Lemma 3.9.7.

Theorem 3.9.8. Let A € C™*" have eigenvalues |A\1| > |Na| > -+ > |\,|. Let w and
v be right and left eigenvectors of the dominant eigenvalue A1, chosen so that v*w = 1.
Then

Tp(w, A) < [|A" —vw*||,.

Proof. Recall 7,(w, A) = max|.|,—1ws=0 ||A*2][, for 2 € C". From w*z = 0 we get
(A —wv*)" 2z = A*2 —vw*z = A*z and
Tp(w, A) = max [[(A—wv*) 2|, =7, (u, A — wv”)

ll2]lp=1
w*z=0

and from Theorem 3.6.3 we know 7, (w, A — wv*) < [[(A —wv*)"|| . O

This result is shown for p = 1, 00 in (100). From Lemma 3.9.7 we know that A —wv*
has dominant eigenvalue Ay, and from Theorem 3.9.6 we know that ||A — wv*||, is an
upper bound on all eigenvalues of A — uv*, including the dominant eigenvalue \s.

A similar result for stochastic matrices follows directly.

Corollary 3.9.9. For stochastic S € R"™ "™ with dominant right eigenvector e and

dominant left eigenvector (stationary distribution) w1, we have

7,(5) < HST - 7TeTHp.
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By assuming certain properties on A, we now present upper and lower bounds and
equivalence statements for 7,(W, A) when W spans an invariant subspace associated
with the largest eigenvalues in magnitude. We begin with an upper and lower bound

on the ergodicity coefficient of a diagonalizable matrix.

Theorem 3.9.10. Let A € C" be a diagonalizable matriz and define W € C™* to
have columns spanning an invariant subspace associated with eigenvalues of A, when

A has eigenvalues | \| > -+ > |Ag| > | Apxa]| = -+ |[A\n|. Then

Ak < 7p(W, A) < (A XTI (1X211

v
where A = XAX™! with X = <W Xl), Xt = . Since X € C™" and
Xo
W € C™k, then X; € C™0=k vV ¢ CH" and X, € CR>xn  Additionally,
A1 Ak+1
Ay

A= , where Ay = € CH* and Ny = €

Ay

)\k )\n

C(n—k)x(n—k)‘

Proof. The lower bound was proven in Theorem 3.6.7. It remains to prove the upper

bound.
Choose y to achieve the maximum of 7,(W, A), so that 7,(W, A) = [|A*y|, with

y*W =0 and ||y||, = 1. Then

Ay=X AXy:(V* X;) Y.
A3
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However, since W*y = 0,

) 0 0
Aty = (0 X;) y.
A5 ] \XT

Then
(W, A) < [[Ayll, < [1X511, 1A, 1XTI, lylle = e IXT I 1X5

because the 2-norm of a diagonal matrix is the magnitude of the largest value, and we

defined ||y, = 1. O
We now present a corollary to the previous result in which A is assumed normal.

Corollary 3.9.11. Let A € C™" be a normal matriz and define W € C™* to have
normalized columns spanning an invariant subspace associated with eigenvalues of A,

when A has eigenvalues |Ay| > -+ > |Ag| > |[Agg1]| > -+ || Then
[ Aeri| = 72(W, A).
Proof. From Theorem 3.9.10 we know that
[Aesr| < (W, A) < [Aea| (1 XT N 1]

v
where A = XAX ! with X = <W X1)> X1t=

X
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Since A is a normal matrix, it is unitarily similar to a diagonal matrix (76, p 547).

Then X* = X~ and || X ||z = [|[X*|]2 = 1. Thus, || X7, = || X3]l, = 1 and

[Aer1] = (W, A).

O

We now prove an upper bound on the ergodicity coefficient using the Schur decom-

position of a matrix.

Theorem 3.9.12. Let A € C™*" have eigenvalues |\i| > -+ > |Ag| > [Apy1] = -+ [\
and let W € C™* have normalized columns spanning an invariant subspace associated

with eigenvalues of A. Then

A1 S (W, A) < [ Xpa| + || V]|2

where N is the departure from normality for A.

Proof. The lower bound was proven in Theorem 3.6.7. It remains to prove the upper
bound.

To prove the upper bound, we need the Schur decomposition A = VTV* where

V' is a unitary matrix, written V* = and 7' = A + N is an upper trian-
Vs

A1
A
gular matrix with A = , where Ay = € CF* and Ay =

Ak
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k41

€ Cn=k)x(n=k) and strictly upper triangular matrix N.

An
Choose y to achieve the maximum of 7,(W, A), so that 7,(W, A) = [|A*y|, with

y*W =0 and ||y||, = 1. Then

Ay W+
Ay =VTV*y=V + N Y.
Ay Va
From W*y = 0,
0 0
Ay=V + N Yy
Ay Va
Then
i} 0
(W, A) = |47, < [Vl + N [[Valla
Ay
2
but since V' is unitary, |V'||2 = ||Vz|l2 = 1. The from the triangle inequality and because
[A2l[2 = [Arsal,

(W, A) < [Apsa| + || N2
]

We now present some results from Walker (112) that bound subdominant eigenval-
ues of positive matrices using a similar idea to Theorem 3.9.8. The difference is that
the deflated matrix is also a positive matrix. We begin by recalling part of Perron’s

Theorem.
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Theorem 3.9.13 (p 667 in (76)). Define A € R™™ as a matriz with strictly positive

entries. Then for dominant eigenvalue Ay of A we know the following:

e )\ is the unique dominant eigenvalue, and \y > 0

o There exists real eigenvectors u,v > 0, where Au = \u and vT A = \oT.

Theorem 3.9.14 (pp. 133-134 in (112)). Define A € R™ ™ with strictly positive
entries and a unique dominant eigenvalue A1, and dominant right and left eigenvectors
w and v chosen so that v'u = 1. Then the matriz

AuvT
1+c¢

A=A

is positive for any ¢ with 1 4+ ¢ > A\ max; ua“)’ The eigenvalues of A. are
ij

C)\l

—_— A), ... A).
1+C>)\2( )7 7>\n( )

Proof. We begin by proving that A, is a positive matrix by examining the (k, 1) element

of A,
AU
(A = am — "
ALugY;
> Qg — >\ mas . WU
1 LI aig
. Qi
= Qg — UgpU; MI1N
v UVj
(075
> — UV ——
ULU
=0
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since u; > 0 and v; > 0.

We know that A, has dominant eigenvalue Re (A\y (A)) when cA; /(1 + ¢) < Re (A2 (A4)),
because in this situation, Re (As (A)) = A2(A) follows from Perron’s Theorem applied
to A.. O

We now present another corollary to Theorem 3.9.8.

Corollary 3.9.15. If A and A. are positive matrices and if there exists a scalar ¢ such
that
C)\l/(l + C) < Re ()\2 (A))

and 14+c¢ > A\ max; ; %, then, Re (A (A)) = Ao(A) is the unique dominant eigenvalue
of A., and

7p(u, A) < [|[AZ]],
for dominant right and left eigenvectors u and v of A, with viu = 1.

Proof. This follows as in the proof of Theorem 3.9.8 from 7,(u, A) = max|.;;,—1 HATsz

u* z=0

for z € R™. If uTz = 0 then

Ao’ Auv\ T

ATy = (AT - 200 ) (a2 ) ATy

1+¢c 1+c¢

Hence ATz = ATz whenever u”z = 0.
Theorem 3.6.3 implies
7,(u, A) = max |[|[ATz]| = max ||ATz|| =1, (u, A) < ||AT] .
ut z=0 ut z=0
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3.9.3 Connection of » to Singular Values

Without loss of generality, let A € C™*", with m > n, have singular values ordered in
decreasing magnitude,

01203220

n-

The variational characterization for the singular values of a matrix A (50, Thm 7.3.10)
implies that the i** largest singular value of A is
o; = min max  ||Azz, i=1,...,n, (3.20)

Wi, wi—1€CT 2€C" || z]|2=1
zlwy,...,wi—1

where the minimum ranges over all (n — i 4+ 1)—dimensional subspaces P of C". The
extreme values are 0y = max,|,=1 ||Az[|2 and o, = min|,,=1 [|A2[|2. From expression
(3.20) we relate singular values to the ergodicity coeflicient 7,(W, A) from Definition
3.6.2. We employ the fact that the singular values of A are the same as the singular
values of A*.

We show that (W, A) is bounded above and below by singular values of A.

Theorem 3.9.16. For A € C™" with m > n, and W € C™* n >k,

Ok+1 § TQ(VV, A) S 1.

Proof. Denote the singular values of A as o(A), and the singular values of A* as o(A*).
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From 0,(A) = 01(A*) and the variational characterization, we know that

max [|A*z||s = 01(A") = 01(A) = max ||Az||,.

l[2ll2=1 l[zll2=1

Then
01(A) = 01(A%) = max ||[A*z|y >

X max [|A"z[2 =72 (W, A).
[lzll2=1 llz]l2=1
z*W=0

Additionally, from the variational characterization we obtain,

Uk+1(A> - O'k+1(A*> - w17--I-I}ui)E€C” ze(cgﬁ?fﬁZ:l ||A*Z||27
zlwi,...,wy

and so,
min max ||A%z]2 < max [[A%z|2 = (W, A).
wi,...,wp€EC™ 2€C™ ||2]|2=1 llz]|l2=1
zlwy,...,w Z*W=0

We also obtain

Orvi(A) = min 7,(W, A).

O

The ergodicity coefficient 7,(w, A) from Definition 3.6.1 is a special case of 7,(WV, A)
from Definition 3.6.2 with W € C™*!. Therefore we now present similar bounds on the

ergodicity coefficient 75(w, A) in terms of the singular values of A.

Corollary 3.9.17. For A € C™" with m > n, and w € C™*1,

oy < mp(w,A) <oy
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and

o9 = zirel%:gn To(w, A).

We extend the result in Theorem 3.9.16 and Corollary 3.9.17 to eigenvalue bounds
by adding the restriction that A be a normal matrix. This result differs from Corollary

3.9.11, because in this corollary we have no restrictions on the columns of W.

Corollary 3.9.18. If A is an n X n normal matriz with ordered eigenvalues |\| >

c > M| and W e Ck n >k,

Ak (A)] < (W, A) < [Ai(A)].

If w e C!
Ao| < mo(w, A) < [N

Proof. If A is normal, then o; = |\;| fori=1,... n. O

3.9.4 Connection of m» to Lehmann Bounds

In this section we illustrate why the ergodicity coefficients defined in Definitions 3.6.1
and 3.6.2 can be viewed as Lehmann bounds.

For normal matrices A we show that 7o(WW, A*) is a special case of a Lehmann
bound. In general, Lehmann bounds provide eigenvalue inclusion regions in terms of
a matrix restricted to a subspace. Parlett (78, §10.5) presents Lehmann bounds for
Hermitian matrices. Beattie and Ipsen extend Lehmann bounds to general matrices

(7). We first define a Lehmann bound in terms of the singular value of a matrix.
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Definition 3.9.19 (Corollary 2.3 in (7)). Let A € C™" be a normal matriz, a € C,

and X an n x m matriz with orthonormal columns. Then each disk
A A=a| <o (A—al)X)}, 1<i<m

contains at least m — i + 1 eigenvalues of A.

Theorem 3.9.20. For n x n normal matrix A and o € C, the ergodicity coefficient
7 (W, (A — al)") is a Lehman bound. Specifically, for every matriz W € R™* |k < n,

with rank(W) = k, the disk
{AiA—al <7 (W (A-al))}

contains at least n — k eigenvalues of A.

Proof. In Definition 3.9.19, let ¢+ = 1 and m = n — k. Choose X € C™("=%) with
orthonormal columns and range(X) = {2z : 2*WW = 0}. Then we obtain the relationship

between 7, and o; from the definition of ™ and the variational characterization

01 (A = al) X) = max [[(A —al) Xy, = | hax (A = o) Xyl

lyllz2=1 [Xyl2=1
= max (4 - aD)2ll, =7 (W (A~ a1)).
Z*W=0

We have now shown that the ergodicity coefficient in the 2-norm is a singular value
of a matrix restricted to a subspace. Further, 7 (W, (A — al)") defines a Lehmann

bound. O

Corollary 3.9.21. If A is normal then the coefficient 75 (w, (A — oI)*) is a Lehmann
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bound based on Definition 3.9.19. Specifically, for every vector w € C"*', the disk

XA =a| <7 (w, (A= al)")}

contains at least n — 1 eigenvalues of A.

Proof. The proof follows directly from Theorem 3.9.20 with k = 1.

154



Chapter 4

Conclusions and Future Work

We have presented two applications for stochastic matrices. Chapter 2 describes an
application to ranking with respect to Google and the PageRank vector. The material
in Chapter 2 was published in December 2007 in the SIAM Journal on Matrix Analysis
and Applications (54). Chapter 3 contains results on the coefficient of ergodicity, which

can be thought of as a bound on the subdominant eigenvalues of a matrix.

4.1 Contributions from Chapter 2

The Google matrix is a stochastic matrix whose entries contain information about the
probability of moving from one webpage to another webpage. Associated with this
matrix is the PageRank vector, or dominant left eigenvector of the Google matrix.
This vector provides a ranking of all webpages, regardless of search topic. The values
of PageRank can aid in the search engine process, but find those values is a compu-

tationally demanding process, due to the size of the Google matrix (more than 11.5
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billion rows and columns in 2005 (39)).

We present a new approach to computing the PageRank vector by exploiting the
structure of the Google matrix. Specifically, there are webpages called dangling nodes
that have no outlinks to other webpages (some examples include image, audio, and pdf
files). These webpages associated with dangling nodes are “lumped” into a single node.
We showed that the lumping can be expressed as a similarity transformation, and that
we can compute the PageRank of the nondangling nodes separately from that of the
dangling nodes. Our PageRank algorithm applies the power method to the smaller
lumped matrix, but the convergence rate is the same as that of the power method
applied to the full Google matrix. The efficiency of the lumping algorithm increases as
the number of dangling nodes increases. We also extend the expression for PageRank
and the algorithm to more general Google matrices that have several different dangling
node vectors, when it is required to distinguish among different classes of dangling
nodes. We analyze the effect of the dangling node vector on the PageRank and show
that the PageRank of the dangling nodes depends strongly on that of the nondangling

nodes but not vice versa.

4.2 Contributions and Future work for Chapter 3

Ergodicity coefficients were originally introduced to estimate the rate at which a prod-

uct of stochastic matrices converges to a rank-1 matrix. An ergodicity coefficient for a
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stochastic matrix S € R™ "™ can be defined as

7,(5) = Hl;rlllficl HSTZHP for z € R".
2Te=0

It is the p—norm of a matrix restricted to a subspace. Throughout Chapter 3, we
sought to present unified and consistent notation. Our goal was to give new proofs and
explanations for a numerical linear algebra audience.

There is still much to be done in terms of ergodicity coefficients. The main goal
of Chapter 3 was to present a new, or often forgotten, topic to the numerical linear
algebra community. We believe this coefficient could be useful for many applications,
but first, people need to understand what the ergodicity coefficient is and how it has
been used in the past.

Much has been done on coefficients of ergodicity for stochastic matrices, specifically
in the cases of p = 1 (Section 3.5.1) and p = oo (Section 3.5.2). Rhodius (85),
Seneta (97), and Tan (110) focused on 7,(S) for all p-norms. They were able to prove
several properties, including continuity and submultiplicativity, as well as showing
that that 7,(5) is proper, has a computable upper bound, and is an eigenvalue bound.
Additionally Rhodius (85, p 145) was able to derive a maximum value for 7,(5) for all
stochastic matrices S (Section 3.5.3).

Even though so many contributions have been made for ergodicity coefficients of
stochastic matrices, we still believe there is room for more results. It could be useful
to compare the value of the ergodicity coefficient to the value of the second largest

eigenvalue. Although we know 7,(S) is an upper bound on subdominant eigenvalues,
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no one has quantified their relationship.
Following Seneta (100), Rothblum and Tan (91, §7), and Hartfiel (46, §3), we
expand on previous work and present properties in Section 3.6 for a more general

ergodicity coefficient defined for A € C™*" and W € C™** as

(W, A) = max [[Az|, for z € C™.

lIz]lp=1
2*W=0

In addition to showing that 7,(W, A) is continuous, subadditive, and weakly submulti-
plicative, we also presented relationships between this ergodicity coefficient and both
eigenvalue bounds, and singular value bounds.

There are many areas where work could still be done on 7,(W, A). We have devel-
oped several explicit forms for 75 (w, A), one of which extends to (W, A) (see Section
3.6.2). However, we have not made progress deriving explicit forms for any other p-
norms for 7,(w, A) or 7,(W, A). Like ergodicity coefficients for stochastic matrices, it
would be interesting to see how tight the eigenvalue and singular value bounds are for
7,(w, A) and 7,(W, A).

Another possible area of interest is ergodicity coefficients as condition numbers
(Section 3.9.1). Seneta (101; 102) and Kirkland (64) show how an ergodicity coefficient
of a stochastic matrix can bound the condition number for the stationary distribution
of stochastic linear systems 7S = 77 It is possible than an ergodicity coefficient can
be used in place of a condition number in other situations as well.

There are surely other areas where the coefficient of ergodicity might be useful.

These ideas for future work are just a starting point and places where obvious contri-
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butions could be made. We believe that other applications exist which could benefit
from inclusion of the ergodicity coefficient, but will not begin to list what they might

include.
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