
ABSTRACT

LI, RUONAN. Functional Latent Factor Model. (Under the direction of Luo Xiao).

Multivariate functional data have become common in scientific studies. Functional

principal component analysis (fPCA) is a dimension reduction tool widely used in functional

data analysis. However, understanding dependencies between multiple functions from

fPCA remains challenging. This dissertation proposes a functional latent factor model that

induces dependencies between observed functions by decomposing the observed data

into the shared processes and the outcome-specific processes. In addition, longitudinal

functional data have also received much attention in recent years. We develop an inferential

framework for longitudinal functional data.

In Chapter 2, we propose a functional latent factor model for multivariate functional

data, extending the traditional latent factor model for multivariate data. The proposed

model uses unobserved latent processes to induce the dependence among the different

functions, and thus, for a large number of functions, may provide a more parsimonious and

interpretable characterization of the otherwise complex relations between the functions.

Sufficient conditions are provided to establish the identifiablity of the proposed model. The

performance of the proposed model is assessed by simulation studies and an application

to an electroencephalography data.

In Chapter 3, we extend the functional latent factor model to functional data nested in

groups. In addition to the shared and outcome-specific processes, this model also intro-

duces the group-specific processes to induce variation within each group. We evaluate the

performance of the proposed model through simulation studies and analyze the motivat-

ing TOMMORROW data, which contains twelve cognitive performance tests nested in five

cognitive groups.

Chapter 4 is a natural but nontrivial extension of the functional latent factor model to

the joint model of longitudinal and time-to-event data. The proposed joint model extracts

latent scores of multiple functions via the functional latent factor model, and then uses them

as baseline covariates in a Cox regression model to dynamically predict the risk of disease

progression. We demonstrate the performance of the proposed joint model in simulation

studies and in an application of five longitudinal biomarkers from the Alzheimer’s Disease

Neuroimaging Initiative (ADNI).

In Chapter 5, we propose an inferential framework for fixed effects in longitudinal func-

tional models and introduce tests for the correlation structures induced by the longitudinal



sampling procedure. The framework provides a natural extension of standard longitudinal

correlation models for scalar observations to functional observations. Using simulation

studies, we compare fixed effects estimation under correctly and incorrectly specified cor-

relation structures and also test the longitudinal correlation structure. Finally, we apply the

proposed methods to a longitudinal functional data set on physical activity.
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CHAPTER

1

INTRODUCTION

Data consisting of continuous and in�nite-dimensional functions or curves have received

much attention in recent years, known as functional data (Ramsay and Dalzell 1991; Ram-

say and Silverman 2005). Functional data, observed over a continuum, are trajectories

of stochastic processes. Consider the observed functional data f (Yi k , t i k ) : i = 1, . . . ,n ;k =

1, . . . ,m i g, where Yi k is the observation from the i th subject at time point t i k 2 T and T is a

compact interval. Methods of functional data analysis (FDA) assume that Yi k is a realization

of a underlying smooth trajectory X (t ), contaminated with some measurement errors. The

model is

Yi k = Xi (t i k ) + � i k ,

where Xi (t ) is a square-integrable random function in L 2(T ) and � i k is independent mea-

surement error with zero mean and variance � 2. We assume that Xi (t ) has the mean func-

tion � (t ) and the covariance function C (s, t ) = Covf Xi (s),Xi (t )g. One of the most important

tools in FDA is functional principal component analysis (fPCA) (Rice and Silverman 1991;

Capra and Müller 1997; Yao et al. 2003; Peng and Paul 2009; Xiao et al. 2016, 2018). It is

a ubiquitous tool for dimension reduction and functional linear regression of functional

data, expressing stochastic processes by a sequence of independent functional principal
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components with �nite dimensions.

In FDA, there are mainly two ways of collecting data. (a) In the dense design, data are

observed regularly at the same sampling points for all subjects; (b) In the sparse design,

observed irregularly spaced points vary across subjects. Hence, these are two different

scenarios. In this dissertation, we consider them separately because they usually require

different methodologies. Existing works mostly focuses on univariate functional data. Due

to advances in technology, multivariate functional data and longitudinal functional data

have become common in scienti�c studies, which is the research interest of this dissertation.

Section 1.1 and Section 1.2 provide the necessary background to support the technical

work related to multivariate functional data and longitudinal functional data, respectively.

We summarize our research projects in Section 1.3.

1.1 Multivariate functional data

Multivariate functional data are now common in scienti�c studies. Examples include neu-

roimaging data collecting information from multiple brain locations such as functional

magnetic resonance imaging signals (fMRI) (Petersen and Müller 2016; Ma et al. 2019),

diffusion tensor imaging (DTI) (Luo and Qi 2017; Zhu et al. 2012) and electroencephalog-

raphy tests (EEG) (Qiao et al. 2019; Zapata et al. 2021), multiple traf�c measurements to

monitor traf�c anomalies (Chiou et al. 2014), and multiple longitudinal biomarkers treated

as multivariate sparse functional data (Li et al. 2021, 2022a; Lin et al. 2021).

Multivariate functional data can be viewed as trajectories of stochastic processes de�ned

on a given in�nite dimensional function space, with more than two component functions.

Work in multivariate functional data analysis has focused on three core �elds: (a) correlation

analysis (Chiou and Müller 2014, 2016; Happ and Greven 2018; Li et al. 2020) to extract

features and explain variation of data; (b) clustering and classi�cation (Jacques and Preda

2014; Li et al. 2019) which indicates different functional groups; (c) functional regression

models, where multivariate functional data are used as predictors in Luo and Qi (2017) and

Wong et al. (2019), as response variables in Zhu et al. (2012), Zhu et al. (2017), and Kowal

et al. (2017).

Our works on multivariate functional data mainly focus on correlation analysis. There

are various approaches to quantify correlations between multivariate functions, which are

referred to in this dissertation as functional outcomes. Functional principal component

analysis (fPCA) (Chiou et al. 2014; Happ and Greven 2018; Li et al. 2020) is a commonly
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used method for multivariate functional data. While achieving dimension reduction, un-

derstanding dependencies between function outcomes from fPCA remains challenging.

Therefore, in recent years, there have been some efforts focused on decomposition models

(Chiou and Müller 2014, 2016; Li et al. 2022a) to induce separate dependencies between

functional outcomes. The aforementioned models study marginal dependence. There is

another interesting group of methods to directly model conditional dependence between

functional outcomes, namely functional graphical model (FGM) (Qiao et al. 2019; Zapata

et al. 2021), which extends graphic models to multivariate functional data.

Multivariate fPCA is the fundation of multivariate functional data analysis. Taking into

account between- and within-function correlations, multivariate fPCA allows a parsimo-

nious representation of data in a low-dimensional space, capturing as much of the cu-

mulative variance as possible. Next, I will provide details of Multivariate fPCA. De�ne a

J� dimensional Hilbert space H = L 2(T )�� � �� L 2(T ), where T is a compact interval with �-

nite Lebesgue measure, with the inner product hf ,gi H =
P J

j =1hf j ,g j i =
P J

j =1

R
T

f j (t )g j (t )dt

for any f ,g 2 H . We consider data (Yi 1(t ), . . . ,Yi J (t ))> 2 H , where i (1 � i � n ) is the subject

index, J is the number of functional outcomes, and t 2 T . Let Yi j (t ) be the observation at

time t for the j th functional outcome from the i th subject. Multivariate functional data

have the form,

Yi j (t ) = � j (t ) + Xi j (t ) + � i j (t ),

where � j (t ) is the mean function of the j th functional outcome, Xi (t ) = (Xi 1(t ), . . . ,Xi J (t ))> is

a zero-mean smooth J-variate random function that models the subject-speci�c deviation

from mean functions, and � i j (t )models random noises. De�ne C j j 0(s, t ) = Covf Xi j (s),Xi j 0(t )g.

With a linear operator � : H ! H , there exists complete orthonormal basis eigenfunctions

� d = (� 1d , . . . ,� J d)> 2 H with (� � d )(t ) = (
P J

j 0=1hC1j 0(t , �), � j 0d i , . . . ,
P J

j 0=1hCJ j0(t , �), � j 0d i )> =

� d � d (t ), where � 1 � � 2 � � � � � 0 are eigenvalues describing the amount of variability ex-

plained. By the multivariate version of Mercer's Theorem (Balakrishnan 1960), we have

C j j 0(s, t ) =
1X

d =1

� d � j d (s)� j 0d (t ).

Denote by f � d g1
d =1 the set of orthogonal eigenfunctions in H satisfying h� d , � d 0i H = � d d 0,

where � d d 0 = 1 if d = d 0and 0 otherwise. Under some assumptions, multivariate Karhunen-

Loève Theorem gives

Xi j (t ) =
1X

d =1

� i d � j d (t ), (1.1)
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where the random coef�cients � i d =
P J

j =1hXi j , � j d i are mutually independent functional

principal scores with E(� i d ) = 0and Var(� i d ) = � d . Last, we haveE(kXi (t )�
P D

d =1 � i d � d (t )kH ) !

0 for D ! 1 uniformly for all t 2 T . Thus, f � i d gD
d =1 in equation (1.1) can be estimated by

minimizing kXi (t ) �
P D

d =1 � i d � d (t )kH with respect to � i d 's.

1.2 Longitudinal functional data

Due to technological advancement, longitudinal functional data have become common in

scienti�c studies (Ramsay and Silverman 2005). For example, objective physical activity

measurements (Xiao et al. 2015; Goldsmith et al. 2015; Leroux et al. 2019; Smirnova et al.

2020; Li et al. 2022b) obtained from wearable accelerometers usually consists of multiple

daily pro�les measured at every minute of the day for hundreds of study participants at

a number of visits. This type of data structure gives rise to longitudinal functional data,

which resembles traditional longitudinal data, but has a function instead of a scalar as

the basic unit of observation. The average activity measured at multiple visits gives rise

to standard longitudinal data, whereas minute-by-minute activity pro�les observed at

multiple visits give rise to longitudinal functional data. Another example is diffusion tensor

imaging (DTI)(Greven et al. 2010; Goldsmith et al. 2011; Scheipl et al. 2015; Zhu et al. 2019),

where imaging data along brain tracts were collected for patients of multiple sclerosis and

healthy controls at a number of visits. The physical activity measurements and the DTI data

are usually collected at sparse longitudinal visits with densely observed functions, the data

structure the paper focuses on. This new and practical data structure requires specialized

methodological tools to address scienti�c problems using the original structure of the data.

A standard technique for analyzing longitudinal functional data is the parsimonious

modelling framework proposed by Park and Staicu (2015), which separates within-subject

correlation and longitudinal correlation. We brie�y review the proposed model in Park and

Staicu (2015). Denote by Yi j (s) the observed data for subject i (1 � i � n ), at the j th(1 �

j � n i ), visit that occurs at time Ti j 2 T and location s 2 S , where T and S are compact

domains. Consider Yi j (s) as

Yi j (s) = � i j (s) + Wi j (s) + � i j (s),

Wi j (s) =
1X

k =1

� i j k � k (s),
(1.2)

where � i j (s) is an unknown population mean function corresponding to Ti j , Wi j (s) is
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smooth random deviation from the mean at Ti j , and � i j (s) is a white noise with zero mean

and variance � 2
� . The functions f � k (s)gk � 1 are orthonormal basis with

R
T

� k1
(s)� k2

(s)ds =

� k1k2
and � i j k =

R
Wi j (s)� k (s)ds are associated random scores which are normally dis-

tributed with zero mean and covariance Gk (Ti j 1
,Ti j 2

) = Covf � i j 1k , � i j 2k jTi j 1
,Ti j 2

g and are

uncorrelated over i and k . Then the covariance of the process is a four-dimensional opera-

tor with the following structure

C (s1,Ti j 1
, s2,Ti j 2

) = Cov
�
Wi j 1

(s1),Wi j 2
(s2)jTi j 1

,Ti j 2

	
=

1X

k =1

Gk (Ti j 1
,Ti j 2

)� k (s1)� k (s2).

Assume that the sampling visits Ti j 's are independent over i . Park and Staicu (2015) mod-

els Gk (�, �) nonparametrically by � i j k = � i k (Ti j ) + ei j k , where � i k (Ti j ) is a zero-mean smooth

process with covariance function Cov
�
� i k (Ti j 1

), � i k (Ti j 2
)
	

=
P 1

` =1 � k `  k ` (Ti j 1
) k ` (Ti j 2

), and

ei j k 's are zero mean random errors with Var(ei j k ) = � 2
e,k . Notice that � k 1 � � k 2 � � � � � 0 are

eigenvalues and f  k ` (�)g̀ � 1 are orthonormal eigenfunctions that satisfy
R

T
 k ` 1

(T ) k ` 2
(T )dT =

� ` 1` 2
. It follows that � i j k =

P 1
` =1 � i k `  k ` (Ti j ) + ei j k , where � i k ` 's are uncorrelated random

scores with zero mean and variance � k ` . By collection all the components, model (1.2) is

approximated by

Yi j (s) = � i j (s) +
KX

k =1

LkX

` =1

� i k `  k ` (Ti j )� k (s) + � 2,i j (s),

where � 2,i j (s) �
P K

k =1 ei j k � k (s)+ � i j (s), and K and Lk 's are �nite truncation numbers which

give a parsimonious representation of the longitudinal functional data.

1.3 Outline and contributions

This dissertation includes three projects about multivariate functional data and one project

about longitudinal functional data. We refer to multivariate functions as functional out-

comes in the dissertation.

In Chapter 2, we propose a functional latent factor model that extends the traditional

latent factor model from multivariate data to multivariate functional data, where complex

covariance is decomposed into shared covariance and outcome-speci�c covariance. This

model uses latent random processes along with loading coef�cient vectors to automati-

cally induce dependencies between observed functions. For data with a large number of

functional outcomes, a sparse structure in loading vectors is further considered, which
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allows latent processes to be shared by a subset of observed outcomes. We illustrate the

performance of the proposed model through simulation studies and an application to

electroencephalogram (EEG) data obtained from 64 electrodes.

In Chapter 3, we extend the functional latent factor model in Chapter 2 to functional data

nested in groups, where data are observed irregularly at time points that vary from subjects

to subjects. The motivation is the multiple longitudinal biomarkers in the TOMMORROW

study, arising in Alzheimer's disease assessment. The data contain a total of twelve cognitive

performance tests nested in �ve cognitive groups. This model decomposes observed data

into three parts of latent processes that are independent of each other. The �rst part of latent

processes is shared among functional outcomes and each outcome is related to these latent

processes with different loading coef�cients; the second is group-speci�c latent processes

that induce variation only within each group; the third part of latent processes models

variation patterns exclusive to each functional outcome. We evaluate the performance of

the proposed method via simulation studies and analyze the motivating TOMMORROW

data.

In Chapter 4, we jointly model time-to-event data and functional data. The proposed

joint model extracts latent scores of functional outcomes via the functional latent factor

model, and then uses them as baseline covariates in a Cox regression model to dynamically

predict the risk of disease progression. It is a natural but nontrivial extension of the proposed

model in Chapter 2 to the joint model of longitudinal and time-to-event data. Through

simulation studies, we evaluate the performance of the proposed method. Finally, we apply

the proposed method to the �ve longitudinal biomarkers from the Alzheimer's Disease

Neuroimaging Initiative (ADNI).

In Chapter 5, we propose an inferential framework for �xed effects in longitudinal func-

tional models and introduce tests for the correlation structures induced by the longitudinal

sampling procedure. For longitudinal functional data with sparse longitudinal visits and

densely observed functions, the purpose of this project is to (a) generalize standard longi-

tudinal correlation models; (b) study the effects of misspeci�ed longitudinal correlation

structures on �xed effects inference for longitudinal functional data; (c) propose testing

methods for selecting the appropriate longitudinal correlation structure. We assess the

properties of the proposed �xed effects estimation using simulations and the longitudinal

functional data on physical activity.
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CHAPTER

2

LATENT FACTOR MODEL FOR

MULTIVARIATE FUNCTIONAL DATA

2.1 Introduction

1 Functional principal component analysis (fPCA) is a popular method for multivariate

functional data (Chiou et al. 2014; Happ and Greven 2018; Li et al. 2020). While achieving

dimension reduction, from fPCA it remains challenging to understand the dependency

among the functions, which we call functional outcomes in the paper. Therefore, there are

some efforts in recent years to directly model either the marginal dependence or condi-

tional dependence between the functional outcomes. For marginal dependence, Chiou

and Müller (2014) proposes a functional linear manifold model in which the functional out-

comes are linearly dependent and Chiou and Müller (2016) studies a pairwise interaction

model in which the functional outcomes are positively correlated. To study the conditional

dependence between the functional outcomes, functional graphical models have been

proposed (Qiao et al. 2019; Zapata et al. 2021).

1This chapter is joint work with Luo Xiao.
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Our motivating example is the EEG data (Zhang et al. 1995) taken from an alcoholism

study, which records EEG time series from 64 electrodes attached to human scalps under

different types of stimuli. As the EEG signals are manifest variables of the underlying

electric activities in the surface layers of human brain, it seems not only interesting but also

scienti�cally plausible to hypothesize that the correlations between the EEG signals might

be induced by a few underlying latent variables that correspond to the electric activities of

the brain.

The above consideration leads us to the latent factor models (LFM)(Thurstone 1947),

which are widely used to model multivariate data. LFM uses underlying latent variables

to automatically induce dependency among manifest variables as they are represented as

linear combinations of the latent factors. Compared to principal component analysis, one

advantage of LFM is that it often provides a more parsimonious characterization of the

dependency between the manifest variables. Therefore, we extend latent factor models to

multivariate functional data. The main idea is to use unobserved latent processes to induce

functional dependency among the observed functional outcomes. Speci�cally, we assume

one group of latent processes are shared among the functional outcomes and each func-

tional outcome is related to these latent processes with different loading coef�cients. Thus,

this group of latent processes model shared variation patterns among the functional out-

comes. As we shall show in our motivating EEG data example, two shared latent processes

are suf�cient to model the correlations among the 64 EEG signals. As a comparison, fPCA

would require the model �tting of thousands of cross-covariance functions (to be exact,

64� 63=2), which is obviously not only computationally expensive but also susceptible to

model over�tting. In addition, we use another group of latent processes to model variation

patterns exclusive to each functional outcome. As also shown in our motivating EEG data

example, multiple features extracted from this group of latent processes are found to be

related to alcoholic status as well. However, these features are exclusive to each functional

outcome and hence can be dif�cult to recover from fPCA, which extracts principal compo-

nent scores that are projections of all functional outcomes onto multivariate eigenfunctions.

Finally, the proposed model extends those in Li et al. (2021) and Li et al. (2022a), both of

which consider only one shared latent factor process.

The remainder of the paper is organized as follows. We �rst introduce the proposed

functional latent factor model in Section 2.2. In Section 2.3, we consider model estima-

tion and provide implementation details. A simple extension of the proposed model is

considered in Section 2.4. The linear mixed model representation of the proposed model

is derived in Section 2.5. Section 2.6 assesses the performance of the proposed model by
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numerical studies and Section 2.7 gives the application to the motivating EEG data. Finally,

we conclude the paper with a discussion in Section 2.8.

2.2 Model

We consider multivariate functional data f Yi 1(t ), � � � ,Yi J (t )g, where i (1 � i � n ) is the subject

index, J is the number of functional outcomes, and t 2 T is in a compact time interval. Let

f t 1, . . . ,tm g 2 T be a sequence of distinct observation time points and Yi j k = Yi j (t k ) be the

observation at time t k for the j th functional outcome from the i th subject. We propose a

functional latent factor model (FLFM),

Yi j k = � j (t k ) + Xi j (t k ) + � i j k ,

Xi j (t ) =
LX

` =1

� j `Ui ` (t ) + Vi j (t ), t 2 T ,
(2.1)

where � j (t ) is the mean function of the j th functional outcome, f Xi 1(t ), . . . ,Xi J (t )g is a

zero-mean smooth J-variate random function that models the subject-speci�c deviation

from mean functions, and � i j k 's are random noises. The correlations among the functional

outcomes are induced by the L mutually independent latent processes fUi 1(t ), . . . ,Ui L (t )g

and � j ` is the loading coef�cient of the j th functional outcome on Ui ` (t ); we call the

Ui l (t )'s shared latent processes. In addition, the random processes f Vi 1(t ), . . . ,Vi J (t )gare

also mutually independent from each other and Vi j (t ) models additional variation exclusive

to the j th functional outcome; we call the Vi j (t )'s outcome-speci�c latent processes. We

assume that Ui ` (t ) has zero mean and covariance function C ` (t , t 0) = CovfUi ` (t ),Ui ` (t 0)g,

Vi j (t ) has zero mean and covariance function Gj (t , t 0) = Covf Vi j (t ),Vi j (t 0)g, and they are

independent across subjects and from each other. Finally, we assume that random noises

� i j k 's have zero mean and variance � 2
j , and are independent from the above random

processes.

Let � j j 0(t , t 0) = Covf Xi j (t ),Xi j 0(t 0)gbe the cross-covariance function between the j th

and j 0th functional outcomes. We derive from model (2.1) that

� j j 0(t , t 0) =
LX

` =1

� j ` � j 0̀ C ` (t , t 0) + � j j 0Gj (t , t 0), (2.2)

where � j j 0 = 1 if j = j 0 and 0 otherwise. By equation (2.2), � j j (t , t 0) =
P L

` =1 � 2
j ` C ` (t , t 0) +

9



Gj (t , t 0), which shows that the variation of the functional outcomes is decomposed as the

sum of variation induced by the shared latent processes and that of the outcome-speci�c

latent processes. In particular, the loading coef�cient � j ` controls the contribution of the

` th shared latent process Ui ` (t ) to the j th functional outcome. Lastly, with equation (2.2)

for j 6= j 0, we see that cross-covariances among the functional outcomes are also induced

by the shared latent processes.

We de�ne the notion of functional intra-class correlation (FICC) as

FICC j =

R
T

P L
` =1 � 2

j ` C ` (t , t )dt
R

T

P L
` =1 � 2

j ` C ` (t , t ) + Gj (t , t )dt
,

which measures, for the j th functional outcome, the relative magnitude of the joint vari-

ation with respect to the total variation. If FICC j = 0, then the j th functional outcome is

independent from the other outcomes. If FICC j = 1, then the variation of the j th functional

outcome is fully accounted for by the shared latent factors. The model in Li et al. (2021) has

FICC j = 1 for all functional outcomes as it has no outcome-speci�c process.

We now consider model identi�ability for the proposed functional latent factor model.

Let c` =
R

T
C ` (t , t )dt and � �` = (� 1` , . . . ,� J` )> . We shall assume that c1 > c2 > . . . > cL > 0 and

� >
�` � �` 0 = � `` 0. Note that the speci�cation of the loading coef�cient is similar but slightly

different from standard latent factor models for multivariate data (Everitt 1984). For the

latter, the Ui l 's are scalar random variables and are usually assumed to have unit variance

and then the loading coef�cient vectors are only assumed to be orthogonal to each other

and ordered by their magnitude. But for FLFM, Ui l (t )'s are random processes and the unit

variation for functional data is not a natural parameter, so we impose the unit constraint

on the loading vectors instead. Finally, we let � = ( � �1, . . . ,� �L ) 2 RJ� L .

Theorem 2.2.1. Under model (2.1), suppose that the following conditions are satis�ed:

1. max j supt 2T EjXi j (t )j2 < 1 and max j � 2
j < 1 .

2. The covariance functions C ` (t , t 0)'s and Gj (t , t 0) are continuous.

3. c1 > . . . > cL > 0.

4. There exists a t 2 T , such that fC 1(t , t ), . . . ,CL (t , t )gare positive and different.

5. � > � = I L .

6. If any row of � is deleted, there remain two disjoint submatrices in � , both of rank L.

10



Then, model (2.1) is identi�able. Speci�cally, the model parameters f � j (t )g, fC ` (t , t 0)g, fG j (t , t 0)g

and f � 2
j gare identi�able, and � is identi�able up to multiplicative sign on its columns.

The proof of Theorem 2.2.1 is provided in Appendix A.1. Conditions (1) - (3) are standard,

while conditions (4) - (6) are similar to those in Anderson and Rubin (1956), which are

suf�cient conditions for model identi�ability of latent factor models for multivariate data.

Note that condition (6) implies that L � (J � 1)=2, which imposes a condition on the number

of shared latent processes. In general, we expect the number of shared latent processes in

the decomposition model to be much smaller than the number of functional outcomes.

For example, in the motivating EEG data, J = 64, while the selected model has L = 2

shared latent processes. In this paper, we focus on a data-adaptive learning of the loading

coef�cients, but if a more re�ned model in which the loading coef�cients are speci�ed,

Theorem 2.2.1 provides guidance on the speci�cation to ensure the model is identi�able.

2.3 Model estimation

We estimate the mean function � j (t ) by smoothing observations from the j th functional

outcome via penalized splines (Eilers and Marx 1996), under the working assumption

that the observations from the same subject are independent from each other; denote

the estimate by b� j (t ). Then, we construct sample covariance estimators of the auto- and

cross-covariance functions and use equation (2.2) to estimate the covariance functions

C ` 's, Gj 's, and also the loading coef�cients � j ` 's.

Let r i j k = Yi j k � b� j (t k ) and r i j = (r i j 1, . . . ,r i j m )> . Then bSj j 0 = n � 1
P n

i =1 r i j r>
i j 0 is the sample

covariance estimator of the discretized covariance function � j j 0 = f � j j 0(t k , t k 0)g1� k ,k 0� m 2

Rm � m . Also let C` = fC ` (t k , t k 0)g1� k ,k 0� m and Gj = fG j (t k , t k 0)g1� k ,k 0� m . By equation (2.2), � j j 0 =
P L

` =1 � j ` � j 0̀ C` + � j j 0(Gj + � 2
j Im ). Denote by C = f C` g1� ` � L the sequence of share covariance

matrices and G = f Gj g1� j � J the sequence of individual covariance matrices. Also let B =

f � �` g1� ` � L denote the sequence of loading vectors and � 2 = (� 2
1, . . . ,� 2

J)> . Then, C , B , G

and � 2 can be estimated by minimizing the least squares

L (C ,B ,G, � 2) = J� 2
JX

j =1

JX

j 0=1






 bSj j 0 �

LX

` =1

� j ` � j 0̀ C` � � j j 0

€
Gj + � 2

j Im

Š





2

F
, (2.3)

where k � kF is the Frobenius norm. We adopt the following iterative three-step estimation

method until reaching convergence:
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1. Given B , G and � 2, estimate C ; see Section 2.3.1;

2. Given C , G and � 2, estimate the sequence of loading vectors B ; see Section 2.3.2;

3. Given C and B , estimate G and � 2; see Section 2.3.3.

We next provide details for each estimation step and the corresponding iterative algorithm

is given in Appendix A.2.

2.3.1 Estimation of shared covariances

Suppose that the loading vectors B , the sequence of individual covariances G, and the

vector of error variances � 2 are given. To estimate the ` th shared covariance C ` , we simplify

the objective function (2.3) by projecting the multivariate data (Yi 1k , . . . ,Yi J k )> onto the

loading vector � �` . Let Y �
i ` k =

P J
j =1 � j ` Yi j k , � �

` (t ) =
P J

j =1 � j ` � j (t ), V �
i ` (t ) =

P J
j =1 � j ` Vi j (t ), and

� �
i ` k =

P J
j =1 � j ` � i j k . Then we derive from model (2.1) that

Y �
i ` k = � �

` (t k ) + Ui ` (t k ) + V �
i ` (t k ) + � �

i ` k . (2.4)

The projected data can be modeled as new L-dimensional multivariate functional data with

mean function � �
` (t ), covariance function C ` (t , t 0)+

P J
j =1 � 2

j ` Gj (t , t 0), and an error variance.

Note that due to the orthogonality of the loading vectors � �` 's, only the ` th shared latent

process remains in equation (2.4), V �
i ` 's are uncorrelated across ` , and the random errors

� �
i ` k 's are also uncorrelated across ` and k . Thus, we now have L univariate functional data

that are mutually uncorrelated.

We now construct an empirical estimate of C` as follows. Let b� �
` (t ) =

P J
j =1 � j ` b� j (t ),

where b� j 's are estimates of � j 's. Next let r �
i ` k = Y �

i ` k � b� �
` (t k ), r �

i ` = (r �
i ` 1, . . . ,r �

i ` m )> , and bS�
` =

n � 1
P n

i =1 r �
i ` r

�>
i ` . Notice that bS�

` is an empirical estimate of C` +
P J

j =1 � 2
j ` Gj + (

P J
j =1 � 2

j ` �
2
j )Im ,

and is unbiased if true mean functions are used. Therefore, given B , G and � 2, bC` :=
bS�

` �
P J

j =1 � 2
j ` Gj � (

P J
j =1 � 2

j ` �
2
j )Im is an estimate of C` . Actually, it can be shown that bC`

indeed minimizes the objective function (2.3) as a function of C` ; see Appendix A.3 for a

proof.

The empirical estimator bC` is noisy. Thus for an improved estimate, we conduct bivariate

smoothing of bC` via the sandwich smoother (Xiao et al. 2013), which employs tensor-product

B-splines to approximate the covariance function C ` and enforces a smoothness penalty to

reduce over�t. The sandwich smoother is preferred over other bivariate smoothers because
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it is computationally fast and the proposed iterative estimation procedure requires bivariate

smoothing repetitively.

2.3.2 Estimation of loading vectors

Given C , f � �` 0g̀ 06=` , G and � 2, minimizing the objective function (2.3) with respect to � �` is

equivalent to minimizing the following quadratic form,

L (� �` ) = � >
�`

–
X

` 06=`

tr (C>
` C` 0)� �` 0� >

�` 0 � n � 1
€ nX

i =1

Ri
> C` Ri

Š
+ diag

¦
� ` + tr (C` )�

2
©
™

� �` ,

where Ri = (r i 1, . . . ,r i J ) is an m � J matrix and � ` = (tr (C>
` G1), . . . , tr(C>

` GJ))> . Derivation of

the quadratic form is given in Appendix A.4. Denote the term in the above curly brackets by

� A` so that L (� �` ) = � � >
�` A` � �` . Then � �` is estimated by

b� �` := argmax
� >

�` � �` 0=� `` 0, � 1` >0

¦
� >

�` A` � �`

©
. (2.5)

Let P` = I �
P ` � 1

` 0=1 � �` 0� >
�` 0 be a projection matrix. Then it is easy to show that b� �` is the

eigenvector of the symmetric matrix P` A` P` associated with the largest eigenvalue.

2.3.3 Estimation of individual covariances

The covariance matrix Gj only relates to the j th outcome-speci�c random process. Thus

we only need to consider the following objective function,

L (Gj ) =





 bSj j �

LX

` =1

� 2
j ` C` � Gj � � 2

j Im








2

F
. (2.6)

Obviously, bGj := bSj j �
P L

` =1 � 2
j ` C` � � 2

j Im is an estimate of Gj . Similar to smoothing of bC` in

Section 2.3.1, we also conduct bivariate smoothing of bGj via the sandwich smoother (Xiao

et al. 2013).

Lastly, for � 2
j , the objective function (2.3) can be simpli�ed as L (� 2

j ) = m � 4
j � 2� 2

j f
bSj j �

P L
` =1 � 2

j ` tr (C` )� tr (Gj )g. The minimization of L (� 2
j ) leads to the estimate Ò� 2

j := maxf 0,m � 1(bSj j �
P L

` =1 � 2
j ` tr (C` ) � tr (Gj ))g.
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2.3.4 Initialization and convergence

The proposed iterative algorithm requires initial values of B , G and � 2. By averaging

data across observed time points, we construct new J-dimensional multivariate data as

zi = (r̄ i 1, . . . ,r̄ i J )> , where r̄ i j is the mean of r i j across functional domain. Then our initial

estimate of B is the set of L eigenvectors of the sample covariance of zi 's associated with

the top L eigenvalues. The initial values for Gj 's are all zero. The initial value of � 2
j can be

obtained from univariate functional principal component analysis on the j th functional

outcome. We use the fast covariance estimation method in Xiao et al. (2016) to estimate

initial error variance.

While the proposed estimation method is iterative, we can establish the following

property for its convergence.

Property 2.3.1. If L (C ,B ,G, � 2) is Lipschitz smooth and all blocks L (C ), L (B ), L (G)

and L (� 2) are Lipschitz smooth, then the limit points of the sequence generated by each

block are stationary points of minimizing the objective function (2.3).

The convergence of alternating minimization has been studied in Ortega and Rhein-

boldt (1970), Beck (2015), and Beck and Tetruashvili (2013). For estimation of the loading

coef�cient vectors � �` 's, the Lipschitz constant is the largest eigenvalue of the matrix P` A` P` ,

which is the Hessian matrix of L (� �` ). If we smooth the empirical covariance matrices with

�xed smoothing parameters, then the Lipschitz smoothness of estimation of covariances

also holds because the corresponding Hessian matrix always has a bounded spectral norm.

Therefore Property 2.3.1 holds and then the iterative procedure has convergence guaran-

tee, if �xed smoothing parameters are used. In our algorithm, we do allow the smoothing

parameters to be selected during each iteration, which could vary. However, as we only

provide a �nite set of possible values for smoothing parameters, we have not noticed any

convergence issue for the proposed algorithm in our simulation studies.

2.3.5 Selection of number of shared latent processes

The proposed method requires the speci�cation of L, the number of shared latent processes.

We apply K -fold cross-validation to select L. Speci�cally, divide the observed subjects

randomly into K equal-size folds. For a �xed L, �t the proposed method to data except for

the k th fold to estimate the cross-covariance functions; denote the estimate by b�
[� k ]

j j 0 . We also

obtain the empirical estimate bS[k ]
j j 0 using the k th fold data. The cross-validated integrated
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squared error is computed as K � 1
P K

k =1

P J
j =1

P J
j 0=1

R1

0

R1

0
f bS[k ]

j j 0(t , t 0) � b� [� k ]
j j 0 (t , t 0)g2dsdt . To

avoid over�tting, we apply the one standard error rule (Chen and Yang 2021) to choose L.

2.4 Extension: sparse loading coef�cients

In model (2.1), the j th functional outcome relates to the ` th shared latent process Ui ` (t ) via

the loading coef�cient � j ` , which determines the amount of variation in the j th functional

outcome that can be attributed to Ui ` (t ). Implicitly, the model assumes that the latent

processesUi ` (t )'s are shared by all functional outcomes and it might be desirable to allow

latent processes that are shared by only a subset of functional outcomes, which means that

the loading coef�cients for the other functional outcomes are zero. Therefore, we extend

the proposed model in Section 2.2 to estimate sparse loading vectors by modifying the

estimation procedure in Section 2.3.2. We propose to estimate sparse loading vectors by

the following objective function,

F (C ,B ,G, � 2) = L (C ,B ,G, � 2) + �
LX

` =1

k� �` k1,

where � > 0 is a tuning parameter. The penalty function is block coordinate decomposable.

The step for updating f � �1, . . . ,� �L gin the iterative approach now is

argmax
� >

�` � �` 0=� `` 0 for ` 0<` , � 1` >0

� >
�` A` � �` � � k� �` k1,

where A` is speci�ed in Section 2.3.2. We adopt the method of de�ated Fantope (d'Aspremont

et al. 2007; Vu et al. 2013; Chen and Lei 2015), which estimates sparse eigenvectors se-

quentially. The advantages of this method include convexity of the objective function and

orthogonality between estimated eigenvectors.

Following Chen and Lei (2015), de�ne a Fantope as F 1 = f H 2 RJ� J : 0 � H � I J and tr (H) =

1g. Then for any projection matrix � , the de�ated Fantope F � is de�ned as F � = f H 2 RJ� J :

H 2 F 1 and hH,� i = 0g, where h�, �i is the matrix inner product. Starting from b� 0 = (0) 2 RJ� J,
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the sequence of mutually orthogonal loading vectors are estimated sequentially as follows,

ÒH ` = argmax
H ` 2F b� ` � 1

¦
hA` ,H ` i � � kH ` k1,1

©
,

b� �` = the �rst eigenvector of ÒH ` ,

b� ` = b� ` � 1 + b� �`
b� >

�` ,

(2.7)

where k � k1,1 is the matrix ` 1 norm, i.e., sum of absolute values of matrix entries. We use

the alternating direction method of multipliers (ADMM, Boyd et al. (2011)) to solve the

objective function (2.7); details of the estimation algorithm are given in Appendix A.5. To

select � , we �rst select the number of latent factors L using cross-validation in Section 2.3.5

with � = 0. Then with a �xed L, we determine the value of � by another round of K -fold

cross-validation. The initial values of sparse � j ` 's are from estimation without sparsity.

2.5 Prediction

Under proper conditions, Mercer's theorem admits eigencomposition for covariance func-

tions C ` (t , t 0) and Gj (t , t 0) as

C ` (t , t 0) =
1X

d =1

� ` d � ` d (t )� ` d (t 0), Gj (t , t 0) =
1X

d =1

� j d  j d (t ) j d (t 0),

where f � ` d gd � 1 and f  j d gd � 1 are sets of orthonormal bases in L2(T )with
R

� ` d (t )� ` d 0(t )dt =

� d d 0 and
R

 j d (t ) j d 0(t )dt = � d d 0. By the Karhunen-Loève theorem, Ui ` (t ) and Vi j (t )

can be written as Ui ` (t ) =
P 1

d =1 � i ` d � ` d (t ) and Vi j (t ) =
P 1

d =1 � i j d  j d (t ), where � i ` d =
R

Ui ` (t )� ` d (t )dt and � i j d =
R

Vi j (t ) j d (t )dt are the functional principal scores of Ui ` (t )

and Vi j (t ), respectively. The eigenvalue � ` d is the variance of � i ` d and � j d is the variance of

� i j d .

We use the method of percentage of variance explained (PVE) to select �nite numbers of

eigenfunctions for approximating the covariance functions. For each ` , denote the selected

number of � ` d 's by D1` . We simultaneously select D1` 's by retaining all eigenvalues that are

larger than a certain value � � such that

P L
` =1

P 1
d =1 � ` d 1f � ` d � � � g

P L
` =1

P 1
d =1 � ` d

� PVE.
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Then D1` =
P 1

d =1 1f � ` d � � � g. For the outcome-speci�c covariance Gj , let D2j be the selected

number of  j d 's for each j . We retain f � j d : � j d � � �
j gsuch that

P 1
d =1 � j d 1f � j d � � �

j g � PVE�
P 1

d =1 � j d and then D2j =
P 1

d =1 1f � j d � � �
j g.

Then model (2.1) is approximated by

Xi j (t ) =
LX

` =1

� j `

¦ D1`X

d =1

� i ` d � ` d (t )
©

+

D2jX

d =1

� i j d  j d (t ).

Let Xi j = (Xi j (t 1), . . . ,Xi j (tm ))> , � i ` = (� i ` 1, . . . ,� i ` D1`
)> and � i j = (� i j 1, . . . ,� i j D 2j

)> . Let � ` d =

(� ` d (t 1), . . . ,� ` d (tm ))> ,  j d = ( j d (t 1), . . . , j d (tm ))> , � ` = ( � ` 1, . . . ,� ` D1`
) 2 Rm � D1` and 	 j =

( j 1, . . . , j D2j
) 2 Rm � D2j . Then Xi j =

P L
` =1 � j ` � ` � i ` + 	 j � i j . Let � = ( � �1 
 � 1, . . . ,� �L 
 � L ) 2

Rm J� D1 with D1 =
P L

` =1 D1` , and 	 = blockdiag f 	 1, . . . ,	 Jg 2Rm J� D2 with D2 =
P J

j =1 D2j . We

denote the score vector by � i = ( � >
i 1, . . . ,� >

i L )> 2 RD1 and � i = ( � >
i 1, . . . ,� >

i J )> 2 RD2. Notice that

the shared score � i ` has a diagonal covariance matrix � ` = diagf � ` 1, . . . ,� ` D1`
gand � i has a

diagonal covariance matrix � = blockdiag f � 1, . . . ,� L g. Similarly, the outcome-speci�c score

� i j has a diagonal covariance � j = diagf � j 1, . . . ,� j D2j
g and � i has a diagonal covariance

� = blockdiag f � 1, . . . ,� Jg. Let Xi = (X>
i 1, . . . ,X>

i J )> 2 Rm J . Then Xi = � � i + 	 � i . Let Yi j =

(Yi j (t 1), . . . ,Yi j (tm ))> and Yi = (Y>
i 1, . . . ,Y>

i J )> 2 Rm J be a vector obtained by vectorizing all

observations for subject i . For the mean function, denote � j = (� j (t 1), . . . ,� j (tm ))> and � =

(� >
1 , . . . ,� >

J )> 2 Rm J . For the random errors, let � i j = (� i j 1, . . . ,� i j m )> and � i = ( � >
i 1, . . . ,� >

i J )> 2

Rm J . Note that � i j has a diagonal covariance matrix � 2
j Im and � i has a diagonal covariance

matrix � 
 Im with � = diagf � 2
1, . . . ,� 2

Jg. Finally, we obtain the mixed model representation

as

Yi = � + � � i + 	 � i + � i ,

E

0

B
@

� i

� i

� i

1

C
A =

0

B
@

0M

0D

0m J

1

C
A and Cov

0

B
@

� i

� i

� i

1

C
A =

0

B
@

� 0 0

0 � 0

0 0 � 
 Im

1

C
A ,

where (� >
i , � >

i , � >
i )> 's are independent across subjects. Therefore, given the mean function

� , the eigenfunctions � and 	 , and variance components � ` d 's, � j d 's and � 2
j 's, the scores

can be predicted by

‚
b� i

b� i

Œ

=

‚
� > Q� 1� + � � 1 � > Q� 1	

	 > Q� 1� 	 > Q� 1	 + � � 1

Œ� 1 ‚
� > Q� 1

	 > Q� 1

Œ

(Yi � � ),
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where Q = � 
 Im .

2.6 Simulation studies

We evaluate the �nite sample performance of the proposed FLFM and compare it with

the method (denoted by MFPCA) in Happ and Greven (2018) via simulation studies in

Section 2.6.1. Another simulation study to evaluate the performance of FLFM with sparse

loading vectors (denoted by sFLFM) is given in Section 2.6.2.

2.6.1 Simulation I

Assuming Gaussian distributions for all scores and random errors, we generate data from

model (2.1) with J = 20. The functional time points t k 2 T are 101 equally spaced points

in [0,1]. The mean functions are � (t ) = ((3sin(2� t ))5, (3cos(2� t ))5, (3(t � 1)2)5, (3(t 2 � 0.5t �

1))5)> 2 R20 so that the �rst �ve mean functions are 3sin(2� t ). We vary the number of latent

factors L from 1 to 4. The speci�cation below applies to L = 3 and FICC = 2=3, where FICC

is introduced in Section 2.2. Details for settings with other values of L and FICC are given

in Appendix A.6. The values of the orthonormal loading vectors are

� �1 = (.4,0, .3, .1,� .5,0,0,� .2,� .2, .1,0,0, .4, .3,� .2, .3,0,0, .1,� .1)> ,

� �2 = (.3,
p

.03,� .1, .3,0,� .1, .1, .4, .2, .2,�
p

.03,� .3,0, .3, .2,� .3,
p

.05,� .3, .2,0)> ,

� �3 = (.2,� .2,0,0,0,
p

.1,
p

.1, .4,0,� .2,� .2, .3, .2,0, .3, .1,0, .4,0, .3)> .

Let � 1(t ) = (
p

2sin(2� t ),
p

2cos(4� t ),
p

2sin(4� t ))> , � 2(t ) = (
p

2cos(� t ),
p

2sin(3� t ),
p

2sin(5� t ))>

and � 3(t ) = (
p

2sin(� t ),
p

2sin(2� t ),
p

2sin(3� t ))> . Let � 1 = diagf 10,10,10g, � 2 = diagf 7,7,6g

and � 3 = diagf 4,3,3g. Then C ` (t , t 0) = � ` (t )> � ` � ` (t 0) for ` = 1,2,3. Let G(t , t 0) = 	 (t )> �	 (t 0),

where we have 	 (t ) = (1,
p

3(2t � 1),
p

5(6t 2 � 6t + 1))> and � = diagf 0.5,0.25,0.25g. Then

Gj (t , t 0) = � j G(t , t 0), where � j is controlled by FICC. Next, generate � i j k 's from N (0, � 2
j ),

where � 2
j is determined by signal-to-noise ratio (SNR), de�ned as f

RP L
` =1 � 2

j ` C ` (t , t )dt +
R

Gj (t , t )dt g=� 2
j for the j th functional outcome. We adjust � 2

j 's to maintain SNR= 5 for all

functional outcomes.

We use a factorial design with three factors: (a) the number of subjects n = 100,200,400;

(b) the number of shared latent factors L = 1,2,3,4; (c) FICC is either 1=3 or 2=3. Thus

there are 24 model conditions in total. For each condition, 100 datasets are generated. For

model �tting, the truncation parameters D1` 's and D2j 's are selected using a PVE of0.95. The
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number of shared latent factors L is determined by 5-fold cross-validation in Section 2.3.5.

For the MFPCA method, we use a PVE of 0.95 for selecting univariate functional princi-

pal components, and then the number of multivariate functional principal components

(denoted by M ) is �xed at 80 because aM larger than 80 does not improve the performance.

To quantify the estimation accuracy of covariance functions, we use the relative inte-

grated squared error (RISE). Let b� j j 0 be an estimate of � j j 0, then

RISE=

P J
j =1

P J
j 0=1

R1

0

R1

0

�
� j j 0(t , t 0) � b� j j 0(t , t 0)

	 2
dt dt 0

P J
j =1

P J
j 0=1

R1

0

R1

0

�
� j j 0(t , t 0)

	 2
dt dt 0

.

For prediction accuracy, we draw 100 additional subjects as the test dataset. Then the

prediction error for the test set is calculated as (100J)� 1
P 100

i =1

P J
j =1

R
f Y test

i j (t ) � ÒY test
i j (t )g2dt .

Figure 2.1 and Figure 2.2 present boxplots of RISEs using FLFM and MFPCA for es-

timating covariance functions. First, under all model conditions, RISEs decrease as the

number of subjects increases for both methods. Next, within each panel, RISEs of FLFM are

smaller than those of MFPCA, which indicates that FLFM is more accurate for covariance

estimation. Notice that for each sample size, RISEs of FLFM are stable with varying FICC

and values of L, while for MFPCA, RISEs are higher with a larger L or a smaller FICC. For

example, in the left top panel of Figure 2.1 corresponding to data with FICC = 1=3, L = 1

and n = 100, the median of RISEs for FLFM is around 0.05, while it is about 0.25 for MFPCA.

However, in the left top panel of Figure 2.2 corresponding to data with larger amount of

shared variation FICC = 2=3, the median of RISEs for FLFM is still around 0.05, while it

decreases to 0.10 for MFPCA.

Table 2.1 displays the mean and standard deviation of prediction errors for both methods.

FLFM outperforms MFPCA with smaller prediction errors under all model conditions. Note

that FLFM has comparable prediction errors with varying L, while MFPCA has slightly

larger prediction errors when L increases.

2.6.2 Simulation II

We now consider data with a large number of functional outcomes using J = 60. Generate

data from the same model in simulation I with L = 5. Under this condition, we generate

sparse loading coef�cient vectors � �` 's which are partitioned equally into three disjoint

blocks. The �rst blocks of � �1 and � �2, the second blocks of � �3 and the third blocks of � �4 and

� �5 are nonzero. All nonzero entries are generated from Unif [0.5,1]. We project f � �` g1� ` � 5
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Figure 2.1: Boxplots of RISEs based on data with FICC = 1=3 for estimate of covariance
functions in simulation I from 100 replications. Across each row, the number of shared
latent processes L increases from 1 (leftmost panel) to 4 (rightmost panel). Within each
column, the sample size n increases from 100 to 400.

onto an orthogonal space such that � >
�` � �` 0 = � `` 0 and still maintain the same sparsity pat-

terns as above. Details of � (t ), f � ` (t )g1� ` � 5 and f � ` g1� ` � 5 are shown in Appendix A.7. The

parameters � j 's and � 2
j 's are determined by FICC and SNR, respectively. For the outcome-

speci�c terms, settings of 	 (t ) and � are the same as those in simulation I.

We also use a PVE of0.95for FLFM and sFLFM to select number of principal components.

The number of shared latent factors L and the tuning parameter � that controls the sparsity

of loading vectors are determined by 5-fold cross-validation; described in Section 2.4.

Figure 2.3 displays boxplots of RISEs given by sFLFM, FLFM and MFPCA. Under all model

conditions, RISEs decrease as the number of subjects increases. FLFM and sFLFM give

much smaller RISEs than MFPCA, with sFLFM having slightly smaller RISEs than FLFM.

Prediction errors shown in Table 2.2 by FLFM and sFLFM are similar, while they are smaller

than those given by MFPCA. For data with such complex covariance structure, sFLFM
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Figure 2.2: Boxplots of RISEs based on data with FICC = 2=3 for estimate of covariance
functions in simulation I from 100 replications. Across each row, the number of shared
latent processes L increases from 1 (leftmost panel) to 4 (rightmost panel). Within each
column, the sample size n increases from 100 to 400.

is comparable to FLFM, and both of them outperform MFPCA on prediction accuracy.

For example, the prediction error for data with n = 100 and FICC = 1=3 is 0.35 by FLFM

and sFLFM, while it is 1.05 by MFPCA. In particular, the reduction in prediction error is

substantial for MFPCA as the number of subjects increases, while FLFM and sFLFM have

already achieved great accuracy with a small sample size.

2.7 Data application

We apply FLFM to an electroencephalogram (EEG) dataset, available on https://archive.
ics.uci.edu/ml/datasets/EEG+Database . The data were collected to examine the re-

lationship between EEG and genetic predisposition to alcoholism. In the data, there are

122 subjects with 77 alcoholic individuals and 45 controls. EEG signals, i.e., voltages at 256
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Table 2.1: Mean prediction error ( 100� standard error) in simulation I using FLFM and
MFPCA from 100 replications.

n = 100 n = 200 n = 400
L FLFM MFPCA FLFM MFPCA FLFM MFPCA

FICC = 1/ 3
1 0.87(0.08) 0.95(0.14) 0.85(0.04) 0.92(0.09) 0.84(0.03) 0.91(0.05)
2 0.87(0.08) 0.94(0.15) 0.85(0.05) 0.91(0.09) 0.84(0.03) 0.91(0.05)
3 0.88(0.14) 1.01(0.18) 0.85(0.07) 0.97(0.10) 0.84(0.05) 0.96(0.06)
4 0.90(0.08) 1.00(0.13) 0.89(0.05) 0.98(0.07) 0.88(0.04) 0.98(0.04)

FICC = 2/ 3
1 0.88(0.11) 0.94(0.11) 0.86(0.05) 0.91(0.06) 0.85(0.03) 0.90(0.04)
2 0.88(0.12) 0.94(0.12) 0.86(0.07) 0.91(0.07) 0.84(0.03) 0.91(0.04)
3 0.90(0.28) 1.04(0.16) 0.87(0.18) 1.01(0.11) 0.86(0.16) 1.00(0.07)
4 0.91(0.13) 1.01(0.10) 0.88(0.05) 0.99(0.06) 0.88(0.05) 0.99(0.04)

Figure 2.3: Boxplots of RISEs for estimate of covariance functions in simulation II from
100 replications; top row: FICC = 1=3; bottom row: FICC = 2=3. Across each row, the sample
size n increases from 100 to 400.

hertz (3.9-ms epoch) for one second, were recorded from 64 electrodes attached to the

scalps. Each subject had 120 trials under three types of stimuli. We focus on the average of

EEG signals from all trials under the single-stimulus experiments. Electrodes are ranked

by their standard positions (Standard Electrode Position Nomenclature, American Elec-

troencephalographic Association (1990)). The positions of electrodes and corresponding
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Table 2.2: Mean prediction error ( 100 � standard error) in simulation II using sFLFM,
FLFM and MFPCA from 100 replications.

FICC = 1=3 FICC= 2=3
n sFLFM FLFM MFPCA sFLFM FLFM MFPCA

100 0.35(0.07) 0.35(0.07) 1.05(0.10) 0.37(0.11) 0.37(0.12) 0.72(0.06)
200 0.34(0.04) 0.34(0.06) 0.96(0.04) 0.36(0.07) 0.36(0.09) 0.66(0.02)
400 0.34(0.04) 0.34(0.04) 0.90(0.02) 0.36(0.06) 0.35(0.07) 0.63(0.01)

Figure 2.4: EEG signals from an alcoholic subject (left panel) and a subject in the control
group (right panel). For each panel, voltages across a one-second interval were collected
from 64 electrodes, with one row corresponding to one electrode.

serial numbers are shown in Appendix A.8. EEG signals from an alcoholic subject and a

control subject are displayed in Figure 2.4. The plots show that the alcoholic subject had

large voltages on the �rst ten electrodes in the latter time of trials.

2.7.1 Analysis of EEG data

We apply FLFM to the EEG data. The 5-fold cross-validation with one standard error rule

gives two shared latent processes, i.e., L = 2. We also �t sFLFM, but the estimated loading

vectors do not show substantial sparsity. Therefore, the results from sFLFM are very similar

to those from FLFM and hence are not presented here. Figure 2.5a shows the estimated

loading vectors for shared latent processes. In the �rst loading vector, there are eleven

electrodes with values larger than 0.13. Since these electrodes are mainly located in the

frontal region, the �rst shared latent process characterizes relatively strong correlations

between EEG signals from electrodes in this region, which agrees with existing literature

that this brain region was active during the trials (Qiao et al. 2019; Solea and Li 2022). In
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the second loading vector, there are eleven electrodes with values of not less than 0.18 and

they all from the occipital region, revealing another brain region that was activated in the

trials. More details about the electrodes and their positions are provided in Appendix A.8.

Figure 2.5b presents the two estimated shared covariance functions and the associated two

shared latent processes explain 40.39%and 31.13%of total variation, respectively. Here,

total variation refers to variation in the data that comes from the smooth latent processes

but not the noises. The �rst shared covariance function shows strong variation between

voltages after 0.75 seconds, and the second shared covariance function has large values

between 0.25 and 0.5 seconds. Associating loading vectors with the shared latent processes,

we �nd that the frontal region is mostly active in the latter time of trials, while the occipital

region is active in the middle of trials. It is worth noting that standard multivariate fPCA

does not provide the above insights as it does not distinguish between shared variation and

individual variation. Another note is that as the estimated second shared latent process

accounts for more than 30 percent of the total variation, the MFMM model (Li et al. 2022a)

is inadequate for the EEG dataset as it only allows one shared latent process.

We compare the appropriateness of MFPCA and FLFM for the EEG data via cross-

validated prediction. For FLFM, using PVE of a value 0.95 for shared covariances and PVE

of a value 0.90 for outcome-speci�c covariances, we obtain 18 shared latent components

and 362 outcome-speci�c latent components. For MFPCA with PVE= 0.95 for univariate

functional principal components, cross-validation gives 80 principal components ( M = 80)

for multivariate analysis, and a larger M does not improve the performance of MFPCA.

Withdraw the i th ( i = 1, . . . ,n = 122) subject as the test data, and keep the remaining 121

subjects as the training data. We apply FLFM and MFPCA to the training data and predict the

test data. The mean (standard error) of prediction errors for FLFM is 1.153(0.073), compared

to 1.983(0.121) for MFPCA. The result suggests that FLFM �ts the EEG data better than

MPFCA.

2.7.2 Classi�cation

As mentioned earlier, there are 77 alcoholic subjects and 45 controls in the EEG data. The

data were previously analyzed in Li et al. (2010), Hung and Wang (2013) and Zhou and Li

(2014) by matrix regression models, treating the EEG signals as 256� 64 data matrices. For

the task of classifying whether a subject is alcoholic, Li et al. (2010) reported a leave-one-out

classi�cation error rate of 0.205; Hung and Wang (2013) reported the best leave-one-out

classi�cation error rate of 0.139, whereas the tuning parameters in their model were selected
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(a) Estimated loading coef�cient vectors with b� �1 at bottom and b� �2 at top.

(b) Estimated covariance functions of shared latent processes. Left panel: �rst covariance function
ÒC1; right panel: second covariance function ÒC2.

Figure 2.5: Estimated components of shared latent factors from the EEG data.

so that the classi�cation error was minimized; Zhou and Li (2014) reported a leave-one-out

classi�cation error rate of 0.230.

We use the 18 shared latent scores and 362 outcome-speci�c scores from FLFM as

predictors and �t the penalized logistic regression model by lasso (Tibshirani 1996). The

�tted model gives 22 nonzero coef�cients, one from the �rst shared latent process, one

from the second shared latent process and the others from outcome-speci�c processes. In

particular, EEG signals from some electrodes exhibit strong predictive power according

to the solution path of tuning parameters. More details about the electrodes are shown in

Appendix A.8. MFPCA (M = 80) is also applied to obtain the principal components. Our

proposed approach gives a leave-one-out classi�cation error rate of 0.156, while MFPCA

reports an error rate of 0.238. Based on the aforementioned discussion, the best leave-one-

out classi�cation error rate in existing literature is 0.139 given by Hung and Wang (2013).

The proposed method achieves an error rate comparable to the best one, indicating that

the scores extracted from FLFM are predictive of alcoholism and work better than those
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from MFPCA for the EEG data.

2.8 Discussion

We introduced a latent factor model for multivariate functional data. The model decom-

poses complex multivariate functions into shared latent processes and outcome-speci�c

latent processes, and has the potential of capturing more accurately the dependency among

the functional outcomes than principal component analysis. Indeed, for multivariate func-

tional data with a large number of functional outcomes such as the EEG data we considered

above, the proposed model may provide insights and extracts useful features that wouldn't

be revealed by principal component analysis.

The proposed method only focuses on regularly observed dense functional data. It

is of interest to extend FLFM to sparse functional data, such as multiple longitudinal

biomarkers for monitoring the progression of Alzheimer's disease (AD) study (Li et al.

2022a). Moreover, FLFM might also be useful for functional linear regression model with

multivariate functional responses and scalar covariates.
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CHAPTER

3

LATENT FACTOR MODEL FOR

MULTIVARIATE FUNCTIONAL DATA

NESTED IN GROUPS

3.1 Introduction

1 Li and Xiao (2022) proposes a functional latent factor model, which uses unobserved

latent processes to induce dependency among the different functions and thus separates

the shared and outcome-speci�c correlations. Li et al. (2021) and Li et al. (2022a) are special

cases of Li and Xiao (2022). Many existing literature study curves observed on a regular

grid taken at the same points. However, functional data are often collected irregularly in

which observed points vary from subjects to subjects. James et al. (2000) and Yao et al.

(2003, 2005) are early works on sparse functional and longitudinal data. In recent years,

functional data methods have greatly expanded their application to irregularly spaced

multivariate functional data, such as multiple longitudinal processes, but such data require

1This chapter is joint work with Luo Xiao and Sheng Luo.
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more methodology development.

Multiple longitudinal biomarkers, commonly arising in Alzheimer's disease (AD) studies,

are viewed as sparsely observed functional data (Lin et al. 2021; Li et al. 2022a). As an

example we consider the TOMMORROW study, summarized in Table 3.1. In the study,

neuropsychological testing battery containing 12cognitive performance tests was employed

to assess the progression of AD. Among those tests, high values of TMTA and TMTB re�ect

severe cognitive decline, while low values of the other indicate a high risk for developing AD.

Notice that the 12 cognitive performance tests are nested in 5 cognitive domains: executive

function, attention, visuospatial ability, episodic memory and language. Each domain

contains two to three biomarkers. In general, biomarkers nested in the same domain are

often more highly correlated.

Table 3.1: The 12 cognitive performance tests and their domains in TOMMORROW neu-
ropsychological battery.

Cognitive domain Tests
Executive function 1. Wechsler adult intelligence scale III digit span test–backward (WAISB)

2. Trail making test-part B (TMTB)
Attention 3. Trail making test-part A (TMTA)

4. WAIS III digit span test–forward (WAISF)
Visuospatial ability 5. Clock-drawing test (CDT)

6. Copy of BVMT �gures (BVMTF)
Episodic memory 7. California verbal learning test–short delay (CVLTS)

8. California verbal learning test–long delay (CVLTL)
9. Brief visuospatial memory test–delayed recall (BVMTD)

Language 10. Multilingual naming test (MiNT)
11. Sematic �uency (SF)
12. Lexical/ phonemic �uency (LF)

Utilizing the group property, the proposed model extends the functional latent factor

model to sparsely observed function data nested in groups. Multivariate functions are

referred to as functional outcomes in this paper. Similar to Li and Xiao (2022), we use the

shared latent processes along with different loading coef�cients to induce dependency

among functional outcomes and the outcome-speci�c latent processes to model variation

patterns exclusive to each functional outcome. As previously described, the longitudinal

biomarkers in the motivating TOMMORROW study are nested in 5 groups and biomarkers

nested in the same group often have higher correlation. Therefore, We introduce the group-
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speci�c latent processes inducing additional variation within each group.

It is challenging to extend the estimation method in Li and Xiao (2022) to irregularly

observed functional data. The reduced-rank model by expectation-maximization(EM)

algorithm is commonly used for such data. Zhou et al. (2008) applies an EM-based reduced-

rank model with penalized splines to study bivariate functional data. Penalized splines,

which provide stable estimates of nonparametric functions, facilitate faster convergence

than regression splines used in James et al. (2000) and Li et al. (2022a). However, Zhou

et al. (2008) selects smoothing parameters by K-fold cross-validation, making the model

selection dif�cult. Instead, we apply the EM algorithm with penalized B-splines (Eilers and

Marx 1996), where computational ef�ciency is achieved by local selections of smoothing

parameters.

The remainder of the paper is organized as follows. Section 3.2 introduces the proposed

latent factor model for grouped functional data. Section 3.3 describes the EM algorithm to

estimate parameters. Model selection for the proposed model is provided in Section 3.4.

Simulation studies are conducted in Section 3.5 to examine the numerical properties of the

proposed method. We discuss the TOMMORROW study results in Section 3.6 and conclude

with a discussion in Section 3.7.

3.2 Model

3.2.1 Functional latent factor model for data nested in groups

Let f Yi 1(t ), . . . ,Yi J (t )g be the multivariate functional response, where i (1 � i � n ) is the

subject index, J is the number of functional outcomes, and t 2 T is in a compact time

interval. Notice that the J functional outcomes are assigned to group g 2 f 1, . . . ,Gg, where G

is the total number of groups. Let Yi j k = Yi j (t i j k ) denote the observation of the j th outcome

for subject i at time t i j k with 1 � k � m i j . We construct the functional latent factor model

for data nested in groups (FLFM) as

Yi j k = Xi j (t i j k ) + � i j k ,

Xi j (t ) = � j (t ) +
L+GX

` =1

� j `Ui ` (t ) + � j Vi j (t ),
(3.1)

where � j (t ) is the �xed mean function for the j th outcome, the L + G mutually independent

latent processes fUi 1(t ), . . . ,Ui ,L+G (t )ginduce joint variations among multiple outcomes for

29



the i th subject, � j ` is the loading coef�cient of the j th functional outcome on Ui ` (t ), Vi j (t )

is the j th subject- and outcome-speci�c random deviation from � j (t ), � j is the outcome-

speci�c scaling parameter for the j th outcome, and � i j k is a white noise with variance � 2
j .

It is assumed that Ui ` (t )'s, Vi j (t )'s and � i j k 's are uncorrelated from each other and between

subjects. The proposed model extends Li and Xiao (2022) to borrow information across

groups. We separate Ui ` (t )'s into the part shared by all outcomes and the group-speci�c

part, because outcomes nested in the same group have higher correlations. With group-

speci�c processes, the proposed model can better extract the variation pattern of data. More

speci�cally, fUi 1(t ), . . . ,Ui L (t )gmodel shared variation patterns among functional outcomes,

which are called shared latent processes; fUi ,L+1(t ), . . . ,Ui ,L+G (t )gare induced by variation

within each group, which are called group-speci�c processes. The loading coef�cient � j `

controls the contribution of Ui ` (t ) to the j th functional outcome. For a �xed ` > L, Ui ` (t )

models group-speci�c variation for outcomes in one group, so f � j ` g1� j � J for a �xed ` > L

are nonzero only for j 's nested in the corresponding group. Taking TOMMORROW as an

example, the 12 biomarkers are nested in 5 groups. For ` = L + 1, � 1,L+1 and � 2,L+1 are

nonzero; for ` = L + 2, � 3,L+2 and � 4,L+2 are nonzero, etc. The above setting links Ui ` (t ) with

` > L to outcomes in its groups. Last, Vi j (t ) models additional variation exclusive to the

j th functional outcome so we call them outcome-speci�c latent processes. Notice that the

proposed model is reduced to the model in Li and Xiao (2022) with G = 0 and is reduced to

the model in Li et al. (2022a) with L = 1 and G = 0.

The continuous latent processes Ui ` (t )'s model joint variations. It assumes that Ui ` (t )

has zero mean function with covariance function C ` (s, t ) = CovfUi ` (s),Ui ` (t )g. The con-

tinuous latent processes Vi j (t )'s model outcome-speci�c variations with zero mean func-

tions. Here, we consider a homogeneous covariance function for all Vi j (t )'s that G(s, t ) =

Covf Vi j (s),Vi j (t )g. In practice, we consider a reduced-rank model with �nite numbers of

principal components when do eigendecomposition, and the numbers can be selected

through data adaptive method. Therefore, C ` (s, t ) �
P D1`

d =1 � ` d � ` d (s)� ` d (t ) with a �nite num-

ber D1` , where � ` 1 � . . . � � ` D`
� 0 are eigenvalues with associated orthonormal eigenfunc-

tions � ` d (t )'s that
R

T
� ` d (t )� ` d 0(t )dt = � d d 0, where � d d 0 = 1 if d = d 0and 0 otherwise. Simi-

larly, the eigendecomposition G(s, t ) �
P D2

d =1 � d  d (s) d (t ) with a �nite number D2, where

� 1 � . . . � � D2
� 0 are the eigenvalues with associated orthonormal eigenfunctions  d (t )'s

that
R

T
 d (t ) d 0(t )dt = � d d 0. By the Karhunen-Loève theorem, Ui ` (t ) and Vi j (t ) can be writ-

ten as Ui ` (t ) =
P D1`

d =1 � i ` d � ` d (t ) and Vi j (t ) =
P D2

d =1 � i j d  d (t ), where � i ` d =
R

T
Ui ` (t )� ` d (t )dt

and � i j d =
R

T
Vi j (t ) d (t )dt are the functional principal scores of Ui ` (t ) and Vi j (t ), respec-

tively. Here, we assume Gaussian distributions that � i ` d � N (0,� ` d ) and � i j d � N (0,� d ).
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Let � j j 0(s, t ) = Covf Xi j (s),Xi j 0(t )gbe the cross-covariance function between the j th

and j 0th functional outcomes. We derive from model (3.1) that

� j j 0(s, t ) =
L+GX

` =1

� j ` � j 0̀ C ` (s, t ) + � j j 0� 2
j G(s, t ). (3.2)

Assume that the j th functional outcome is nested in Group g 2 f 1, . . . ,Gg. With equa-

tion (3.2), � j j (s, t ) =
P L

` =1 � 2
j ` C ` (s, t ) + � 2

j ,L+g CL+g (s, t ) + � 2
j G(s, t ), which shows that the

variation of the functional outcomes is decomposed into the shared, group-speci�c and

outcome-speci�c variations. For j 6= j 0, � j j 0(s, t ) =
P L

` =1 � j ` � j 0̀ C ` (s, t )+� j ,L+g � j 0,L+g CL+g (s, t )

if the two outcomes are nested in the same group. Otherwise, � j j 0(s, t ) =
P L

` =1 � j ` � j 0̀ C ` (s, t ).

We now consider model identi�ability for the proposed model. Let c` =
R

T
C ` (t , t )dt

and � �` = (� 1` , . . . ,� J` )> . We shall assume that c1 > . . . > cL > 0, � j > 0 and � 1 = 1, � >
�` � �` 0 = � `` 0

for 1 � ` , ` 0� L , and k� �` k2 = 1 for L + 1 � ` � L + G. Notice that f � �` g̀> L are not orthogonal

to f � �` g̀ � L . It is a more general model than assuming orthogonality among all f � �` g̀ � L+G .

Suppose there is a group containing two outcomes. Then, the submatrix of (� �1, . . . ,� �L ) with

rows corresponding to the two outcomes, is of full rank 2. Thus, the orthogonality among all

f � �` g̀ � L+G leads to an infeasible model with two shared factors because there never exists

such a group-speci�c loading vector with two nonzero entries orthogonal to f � �` g̀ � L . Hence,

the orthogonal constraint for those loading vectors is removed. Let � = ( 
 1, 
 2) 2 RJ� (L+G)

with 
 1 = ( � �,1, . . . ,� �,L ) for the shared process and 
 2 = ( � �,L+1, . . . ,� �,L+G ) for the group-

speci�c process. De�ne 
 �
j � = (� j 1, . . . ,� j L )> be the row vector of 
 1.

Theorem 3.2.1. Under model (3.1), suppose that the following conditions are satis�ed:

1. max j supt 2T EjXi j (t )j2 < 1 and max j � 2
j < 1 .

2. The covariance functions fC ` (t , t 0)g1� ` � L+G and G(t , t 0) are continuous.

3. c1 > . . . > cL > 0.

4. There exists a t 2 T , such that fC 1(t , t ), . . . ,CL (t , t )gare positive and different.

5. � j > 0 for 1 � j � J and � 1 = 1.

6. � >
�` � �` 0 = � `` 0 for 1 � ` , ` 0� L , and k� �` k2 = 1 for L + 1 � ` � L + G .

7. For any pair j and j 0 in Group g (1 � g � G), there remain two sets of outcomes that do

not belong to Group g, J 1 = f j 1, j 2, . . . , j L gand J 2 = f j L+1, . . . , j 2L g, such that any groups
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of outcomes in J 1 are different from the groups of outcomes in J 2, and (
 �
j1�, . . . ,


�
j L �)

and (
 �
j L+1�, . . . ,


�
j2L �) are both of rank L.

Then, model (3.1) is identi�able. Speci�cally, the model parameters f � j (t )g, fC ` (t , t 0)g, fG j (t , t 0)g

and f � 2
j gare identi�able, and � is identi�able up to multiplicative sign on its columns.

The proof of Theorem 3.2.1 is provided in Appendix B.1. Conditions (1) - (3) are standard,

while conditions (4) - (7) are similar to those in Williams (2020), which are suf�cient condi-

tions for model identi�ability of latent factor models for multivariate data nested in groups.

Notice that condition (7) imposes a condition on the number of shared latent processes. In

general, we expect the number of shared latent processes in the decomposition model to

be smaller than the number of outcomes. For example, the TOMMORROW study involves

12 biomarkers nested in 5 groups, condition (7) imposes L � 4.5 for this data. The selected

model has L = 2 shared latent processes satisfying the conditions in Theorem 3.2.1.

3.2.2 Likelihood

For model estimation, we derive the likelihood function of data. Different from Li and

Xiao (2022) which estimates covariance functions directly by the method of moments,

we estimate eigenvalues and eigenfunctions of covariance functions by maximizing the

likelihood function. In light of the aforementioned discussion, we only consider the �rst

D1` principal components of Ui ` (t ) and the �rst D2 principal components of Vi j (t ). Here,

we shall treat L, D1` 's and D2 as tuning parameters and select them through data adaptive

methods. Equivalently, the multivariate longitudinal outcomes can be expressed as

Yi j k = � j (t i j k ) +
L+GX

` =1

� j `

¦ D1`X

d =1

� i ` d � ` d (t i j k )
©

+ � j

D2X

d =1

� i j d  d (t i j k ) + � i j k , (3.3)

where � i ` d 's and � i j d 's are independent scores, and are also uncorrelated from � i j k 's. With

Gaussian assumption, random scores � i ` = (� i ` 1, . . . ,� i ` D1`
)> and � i j = (� i j 1, . . . ,� i j D 2

)> are

mutually independent, following multivariate Gaussian distributions with diagonal co-

variance matrices � 1` = diagf � ` 1, . . . ,� ` D1`
g and � 2 = diagf � 1, . . . ,� D2

g, respectively. Let

� ` d ,i j = (� ` d (t i j 1), . . . ,� ` d (t i j m i j
))> and  d ,i j = ( d (t i j 1), . . . , d (t i j m i j

))> . Denote by � ` ,i j =

(� ` 1,i j , . . . ,� ` D1` ,i j ) and 	 i j = ( 1,i j , . . . , D2,i j ) the matrices of eigenfunctions at the ob-

served time points. Let xi j =
P L+G

` =1 � j ` (� ` ,i j � i ` ) + � j 	 i j � i j , and xi = (x>
i 1, . . . ,x>

i J )> . We take

� i = blockdiag f � 2
1Im i 1

, . . . ,� 2
JIm i J

gas the covariance matrix of measurement errors. Let yi j =

(Yi j 1, . . . ,Yi j m i j
)> be the vector of observations for the j th outcome and yi = (y>

i 1, . . . ,y>
i J )> .
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Then, the conditional likelihood of multivariate longitudinal data is

f (yi jxi , � i ) = (j2� � i j)
� 1=2exp

§
�

1

2
(yi � xi )

> � � 1
i (yi � xi )

ª
, (3.4)

f (� i ` j� 1` ) =
p

j2� � 1` jexp(� � >
i ` �

� 1
1` � i ` =2), and f (� i j j� 2) =

p
j2� � 2jexp(� � >

i j � � 1
2 � i j =2). Finally,

we derive the log-likelihood for the complete observed data as

nX

i =1

log
�

f (yi jxi , � i )
	

+
L+GX

` =1

log
�

f (� i ` j� 1` )
	

+
JX

j =1

log
�

f (� i j j� 2)
	

.

3.3 Model estimation

The expectation-maximization (EM) algorithm (Dempster et al. 1977) is an attractive choice

for maximizing the likelihood by treating random scores as missing values. The EM algo-

rithm works by alternating between two steps until convergence: estimating random scores

in the expectation of log-likelihood conditional on the observed data and the current esti-

mate of parameters (E-step), and maximizing the expected log-likelihood to estimate the

next parameters (M-step).

Let b(t ) = (B1(t ), . . . ,BK (t ))> be the vector of orthonormal B-spline basis functions, where

K is the number of equally-spaced interior knots plus the order (degree plus 1) of the B-

splines. We model the mean function � j (t ) by b(t )> � j , where � j is the coef�cient vector

of the j th mean function. For covariance functions C ` and G, we approximate their d th

eigenfunctions by � ` d (t ) = b(t )> � 1` d and  d (t ) = b(t )> � 2d , where � 1` d and � 2d are coef�-

cient vectors. We shall introduce notations of parameters which are used throughout the

EM algorithm. Let � = ( � 1, . . . ,� J), � = ( � �1, . . . ,� �,L+G ), � = (� 1, . . . ,� J)> , � 2 = (� 2
1, . . . ,� 2

J)> ,

� 1` = ( � 1` 1, . . . ,� 1` D1`
) and � 2 = ( � 21, . . . ,� 2D2

). Write � 1 = f 1 � ` � L + G : � 1` g, and � 1 =

(� 11, . . . ,� 1,L+G ). It worth noting that � >
1` � 1` = ID1` � D1`

for ` = 1, . . . ,L + G, and � >
2 � 2 = ID2� D2

duo to the orthonormality of eigenfunctions. Lastly, we use 
 = f � , � , � , � 2, � 1, � 2, � 1, � 2g

to represent the collection of all parameters.

3.3.1 E-step

We take � i = ( � >
i 1, . . . ,� >

i ,L+G , � >
i 1, . . . ,� >

i J )> as the latent random variables associated with

longitudinal outcomes. The random scores � i are treated as missing data and they are

estimated in the E-step. The expectation of the log-likelihood conditional on the observed
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data and the current parameter values b
 is

Q(
 ) =
nX

i =1

Ei

�
log

�
f (yi jxi , � i )

	
jyi , b


�

+
nX

i =1

L+GX

` =1

Ei

�
log

�
f (� i ` j� 1` )

	
jyi , b


�
+

nX

i =1

JX

j =1

Ei

�
log

�
f (� i j j� 2)

	
jyi , b


�
.

(3.5)

To calculate the expectation of the random scores � i , we consider the conditional distri-

bution given the observed data and the parameter values from the previous iteration. Let

g(�) be any smooth function of � i , the conditional expectation is given by Ei f g (� i )jyi , b
 g=
R

g(� i )f (� i jyi , b
 )d� i . See Appendix B.2 for f (� i jyi , 
 ).

3.3.2 M-step

In the M-step, new estimates are obtained by maximizing the function Q(
 ) with respect to


 . Speci�cally, f � , � , � , � 2, � 1, � 2gand f � 1, � 2gare estimated iteratively by minimizing the

expected negative log-likelihood in equation (3.5) associated with longitudinal processes

and � i , respectively. For longitudinal processes, we estimate f � , � , � , � 2, � 1, � 2giteratively

by minimizing �
P n

i Ei [logf f (yi jxi , � i )gjyi , b
 ]. It is equivalent to minimize

nX

i =1

JX

j =1

–
m i j

2
log(2�� 2

j ) +
1

2� 2
j

Ei

¦
yi j � Bi j � j �

€L+GX

` =1

� j ` Bi j � 1` � i ` + � j Bi j � 2� i j

Š©2
™

, (3.6)

where Bi j 2 Rm i j � K is the corresponding spline basis matrix evaluated at observed points.

The loading vectors can be obtained by minimizing quadratic forms with the constraints,

� >
�` � �` 0 = � `` 0 for ` , ` 0 � L and k� �` k2 = 1 for ` > L. Without loss of generality, we take f � �` g̀ � L

as an example. The loading vector � �` is updated by minimizing

nX

i =1

JX

j =1

Ei

¨

�
�
yi j � b� i j �

X

` 06=`

b� j ` 0b� ` 0,i j � i ` 0 � b� j
b	 i j � i j

�>
� j `

b� ` ,i j � i ` + � 2
j ` tr

�
b�

>

` ,i j
b� ` ,i j � i ` �

>
i `

�
«

.

Let qi j ` = (yi j � b� i j )> b� ` ,i j Ei (� i ` ) �
P

` 06=`
b� j ` 0tr f b�

>

` 0,i j
b� ` ,i j Ei (� i ` � >

i ` 0)g � b� j tr f b	
>

i j
b� ` ,i j Ei (� i ` � >

i j )g,

qi ` = (qi 1` , . . . ,qi J ` )> , and Ai ` = diagf tr (b�
>

` ,i 1
b� ` ,i 1� i ` � >

i ` ), . . . , tr(b�
>

` ,i J
b� ` ,i J � i ` � >

i ` )g. We apply a

projection matrix to release the orthogonality constraint between loading vectors, that

is P` = I �
P ` � 1

` 0=1
b� �` 0

b� >
�` 0. Let q` =

P n
i =1 P` qi ` and A` =

P n
i =1 P` Ai ` P` . The step to update
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f � �1, . . . ,� �L gin the iterative approach is

argmin
k � �` k2=1

¦
� >

�` A` � �` � q>
` � �`

©
.

The method of Lagrange multipliers is a good choice to �nd the local minimal, which is

shown in Appendix B.3. The loading vectors f � �` g̀> L can be estimated by a similar way but

without the projection matrix.

Different from the regression splines used in Li et al. (2022a) which is slow to converge,

we estimate � , � 1 and � 2 using P-splines (Eilers and Marx 1996) with smoothing parameters.

P-splines can provide stable estimators which facilitate fast convergence of the iterative

algorithm. First, we estimate � by minimizing

nX

i =1






 ey� j ,i j � Bi j � j








2

+ � j �
>
j P� j ,

where ey� j ,i j = yi j �
P L+G

` =1
b� j `

b� ` ,i j Ei (� i ` ) � b� j
b	 i j Ei (� i j ) is free of � j , P is a penalty matrix, � j

is the smoothing parameter and k � k is Euclidean norm. The above problem can be solved

directly via the pspline() function in the Rpackage face (Xiao et al. 2018). The smoothing

parameter � j is locally selected in each iteration by leave-one-out cross validation. Second,

we estimate � 1 using P-splines as well. Given � 1` 0, ` 06= ` , and � 1` d 0, d 06= d , � 1` d is estimated

by minimizing

nX

i =1

JX

j =1






 ey� 1` d ,i j � b� j `

q
Ei (�

2
i ` d )Bi j � 1` d








2

+ � 1` d � >
1` d P� 1` d ,

where ey� 1` d ,i j = E� 1=2
i (� 2

i ` d )f Ei (� i ` d )(yi j � b� i j )�
P

` 06=`
b� j ` 0b� ` 0,i j Ei (� i ` 0� i ` d )� b� j

b	 i j Ei (� i j � i ` d )�
b� j `

P
d 06=d Bi j

b� 1` d 0Ei (� i ` d 0� i ` d )gis free of � 1` d . Similarly, we estimate � 2d by minimizing

nX

i =1

JX

j =1






 ey� 2d ,i j � b� j

Ç
Ei (�

2
i j d )Bi j � 2d








2

+ � 2d � >
2d P� 2d ,

where ey� 2d ,i j = E� 1=2
i (� 2

i j d )f Ei (� i j d )(yi j � b� i j )�
P L+G

` =1
b� j `

b� ` ,i j Ei (� i ` � i j d )� b� j

P
d 06=d Bi j

b� 2d 0Ei (� i j d 0� i j d )g

is free of � 2d . The above minimizing problems can be solved directly via the gam() function

in the Rpackage mgcv(Wood 2011; Wood et al. 2016). The smoothing parameters � 1` d 's

and � 2d 's are selected by using generalized cross validation in each iteration. We repeat the

procedure for each column of � 1` 's and � 2 until convergence. Appendix B.3 demonstrates
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the technical details of estimating � and � 2 in M-step.

Furthermore, � 1` 's and � 2 are estimated by minimizing �
P n

i =1 Ei [logf f (� i ` j� 1` )gjyi , b
 ]

and �
P n

i =1 Ei [logf f (� i j j� 2)gjyi , b
 ], respectively. Estimating � 1` is equivalent to minimizing

f log(j� 1` j) + Ei (� >
i ` �

� 1
1` � i ` jyi , b
 )g, which leads to the estimator b� ` d = n � 1

P n
i =1 Ei (� 2

i ` d ). Simi-

larly, the estimator b� d = (n J)� 1
P n

i =1

P J
j =1 Ei (� 2

i j d ). Due to the orthonormality constraints

for eigenfunctions, following Li et al. (2022a), we eigendecompose b�
>

1`
b� 1`

b� 1` and b�
>

2
b� 2

b� 2

to obtain the �nal estimates of � 1` 's, � 2, � 1` 's and � 2, respectively.

3.4 Model selection

In the aforementioned discussion, L, D1` 's and D2 are tuning parameters which control

the model complexity. We consider information criteria for longitudinal information with

Akaike and Bayesian Information Criteria (AIC, BIC) to do model selection. It requires the

log-likelihood function of longitudinal data and the degrees of freedom of the model.

We set the marginal log-likelihood as ` (
 ) =
P n

i =1 logf f (yi j
 )g, where f (yi j
 ) is a normal

density shown in Appendix B.2. The EM algorithm iterates until the relative change in

the marginal log-likelihood is less than a prede�ned tolerance level. We approximate the

degrees of freedom by

df := df � + df � + df  + f J L � L(L + 1)=2g+ J � G + 2J � 1+
L+GX

` =1

D1` + D2,

where df � is the degrees of freedom for estimating mean functions, df � and df  correspond

to the degrees of freedom of eigenfunctions, J L� L(L + 1)=2 is the number of parameters for

the loading coef�cients f � �1, . . . ,� �L gwhere L(L + 1)=2 is due to orthogonal constraints, J� G

is the number of parameters for f � �L+1, . . . ,� �L+G gwhere G is due to the norm constraint,

2J � 1 is the number of parameters in the error variance � 2 and the scaling parameter � ,

and
P L+G

` =1 D1` + D2 corresponds to the number of eigenvalues. The �nal model is selected

by AIC = � 2` (b
 ) + 2df and BIC = � 2` (b
 ) + log(n ) � df. For simplicity, we set the same number

of principal components for eigenfunctions, i.e., D1` = D2 = D . Therefore, the two tuning

parameters L and D can be selected by a two-dimensional grid.
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3.5 Simulation studies

In this section, we conduct simulation studies to assess performance of FLFM, MFMM

(Li et al. 2022a), mface (Li et al. 2020) and MFPCA (Happ and Greven 2018). Notice that

MFMM has been modi�ed as a more general model with the tuning parameter � j for the j th

outcome-speci�c processes. The implementations for the two multivariate fPCA methods,

mface and MFPCA, are available in the mface.sparse() function of the mfacespackage

and the MFPCA()function of the MFPCApackage in R, respectively.

Assuming Gaussian distributions for all scores and random errors, we generate data

from model (3.3) with the number of longitudinal outcomes J = 10. The 10 outcomes are

nested in G = 5 groups and each group contains two outcomes. The number of visits per

subject are uniformly generated from 5 to 10 and the visit time t i j k = t i k . Specify the mean

functions � (t ) = ((2sin(2� t ))2, (2cos(2� t ))2, (2(t � 1)2)3, (2(t 2 � 0.5t ))3)> 2 R10 so that the �rst

two mean functions are 2sin(2� t ). Random errors � i j k 's are sampled from N (0, � 2
j ), where

the values of � 2
j 's are determined by the signal-to-noise ratio (SNR) which is maintained as

5. Because we have both joint latent processes and outcome-speci�c processes, we apply

the functional intra-class correlation (FICC) to measure the relative magnitude of the joint

variation with respect to the total variation, as

FICC j =

R
T

P L
` =1 � 2

j ` C ` (t , t ) + � 2
j ,L+g CL+g (t , t )dt

R
T

P L
` =1 � 2

j ` C ` (t , t ) + � 2
j ,L+g CL+g (t , t ) + � 2

j G(t , t )dt
,

where g is the group that the j th functional outcome belongs to. If FICC j = 1, variation

of the j th functional outcome is fully accounted by shared latent processes and group-

speci�c latent processes. We use the relative integrated squared error (RISE) to quantify the

estimation accuracy of covariance functions with

RISE=

P J
j =1

P J
j 0=1

R1

0

R1

0

�
� j j 0(s, t ) � b� j j 0(s, t )

	 2
dsdt

P J
j =1

P J
j 0=1

R1

0

R1

0

�
� j j 0(s, t )

	 2
dsdt

,

where � j j 0 is the true cross-covariance and b� j j 0 is an estimate of � j j 0.

3.5.1 Simulation I

We consider the same number of principal components for each layer, i.e., D1` = D2 = 2. In

this simulation, we use a factorial design with three factors: (a) the number of subjects n 2
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f 200,400g; (b) the number of shared latent factors L 2 f 1,2g; (c) the value of FICC 2 f 1=3,2=3g.

This gives a total 8 simulation scenarios. For each scenario, 100 replications are conducted.

The speci�cation below applies to L = 2. The values of the orthonormal loading vectors are

� �1 = (0.4,0.2, � 0.5,0.2,0.1,0.5,0.3,0.4,0,0)> and � �2 = (0.2, � 0.4,0.2,0.5,0,0, � 0.4,0.3,0.1,0.5)> .

For the group-speci�c part, (1) � 13 =
p

0.7 and � 23 =
p

0.3; (2) � 34 =
p

0.6 and � 44 = �
p

0.4;

(3) � 55 =
p

0.2 and � 65 = �
p

0.8; (4) � 76 = � 86 =
p

0.5; (5) � 97 =
p

0.1 and � 10,7 =
p

0.9. The

outcome-speci�c scaling vector � = (1,0.77,1.09,0.90,0.40,1.12,0.93,0.97,0.29,1.01)> . Let

C ` (s, t ) = � ` (s)> � 1` � ` (t ) for ` = 1, . . . ,7. For the shared part, we specify eigenfunctions as

� 1(t ) = (
p

2sin(� t ),
p

2sin(4� t ))> and � 2(t ) = (
p

2cos(� t ),
p

2sin(3� t ))> . For group-speci�c

covariance, we take � 3(t ) = (
p

2cos(2� t ),
p

2sin(2� t ))> , � 4(t ) = (
p

2sin(3� t ),
p

2cos(3� t ))> ,

� 5(t ) = (
p

2sin(5� t ),
p

2sin(3� t ))> , � 6(t ) = (
p

2sin(� t ),
p

2cos(3� t ))> and the last one � 7(t ) =

(
p

2sin(2� t ),
p

2cos(4� t ))> . For the outcome-speci�c covariance G(s, t ) = 	 (s)> � 2	 (t ),

we have 	 (t ) = (
p

3(2t � 1),
p

5(6t 2 � 6t + 1))> . The random scores � i ` 's are generated

from N (0, � 1` ) with � 11 = diagf 3.5,0.8g, � 12 = diagf 2.0,0.5g and � 1` = diagf 0.8,0.2g for

` = 3, . . . ,7. The outcome-speci�c random scores � i j 's are generated from N (0, � 2) with

� 2 = diagf 0.50,0.25g. The above setting of eigenvalues controls FICC as 2=3. For FICC = 1=3,

the eigenvalues of joint variation are halved and the eigenvalues of outcome-speci�c varia-

tion are double.

Fitting the proposed model, we �x the number of shared factors L as the truth and the

number of principal components D = 2. For MFMM, we also �x the number of principal

components as two. Figure 3.1 presents boxplots of RISEs for covariance estimation, using

FLFM, MFMM, mface and MFPCA. Under all model conditions, RISEs decrease with in-

creasing sample size for all methods. First, we compare FLFM with the two multivariate

fPCA methods, mface and MFPCA. RISEs of FLFM are smaller than those of mface and

MFPCA, which indicates that FLFM achieves better accuracy on covariance estimation. The

difference between FLFM and the multivariate fPCA methods becomes more pronounced

as the FICC decreases, which indicates that the performance of multivariate fPCA deterio-

rates when the outcome-speci�c variation accounts for a large proportion. However, FLFM

can recognize joint and outcome-speci�c variations separately. Second, we compare the

proposed method with MFMM that allows only one shared factor without group-speci�c

effect. Within each panel, FLFM is superior to MFMM. The performance of MFMM deterio-

rates asL and FICC increase. It demonstrates that MFMM is not suf�cient to �t data with

multiple shared processes. A more �exible model which allows for multiple shared factors,

i.e. FLFM, is desired. The estimated eigenvalues and eigenfunctions by FLFM for data with

L = 2, n = 200 and FICC = 2=3 are shown in Appendix B.4.
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Figure 3.1: Boxplots of RISEs in simulation I across 100 replications. First row: L = 1;
second row: L = 2. First two columns: FICC = 1=3, last two columns: FICC = 2=3.

Lastly, we use AIC and BIC to select the best model for data with true values of L = 2

and D = 2. The candidates are a combination of L and D , where L varies from 1 to 2 and D

varies from 1 to 3. Table 3.2 shows correct selection rates for AIC and BIC. Except for data

with FICC = 1=3 and n = 200, the correct selection rates are 1 for the other scenarios, which

indicates that AIC and BIC always select the true model. When FICC = 1=3 and n = 200, the

correct selection rates using AIC and BIC are 0.98. AIC sometimes prefers a more complex

model, while BIC prefers a simpler model. In conclusion, FLFM excels in correct selection

rate, and BIC is the �rst choice to avoids over�tting.

3.5.2 Simulation II: sensitivity analysis

In this simulation, we consider data with different number of principal components at each

level. Generate data from the following models,

1. L = 1 with D11 = 3, D12 = . . . = D16 = 2 and D2 = 2.

2. L = 2 with D11 = D12 = 3, D13 = . . . = D17 = 2 and D2 = 2.

In addition to the true model, we also �t data by a more complex FLFM model. For L = 1,

data are �tted by (1) FLFM t , the true model; (2) FLFMc , the more complex model with L = 1
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Table 3.2: Proportions of selected models by AIC and BIC among 100 replications for data
with L = 2 and D = 2 in simulation I. Bolded proportions are the correct selection rates.

n = 200 n = 400
FICC = 1=3 FICC= 2=3 FICC= 1=3 FICC= 2=3

(L,D ) AIC BIC AIC BIC AIC BIC AIC BIC
(1,1) 0 0 0 0 0 0 0 0
(1,2) 0 0.02 0 0 0 0 0 0
(1,3) 0 0 0 0 0 0 0 0
(2,1) 0 0 0 0 0 0 0 0
(2,2) 0.98 0.98 1 1 1 1 1 1
(2,3) 0.02 0 0 0 0 0 0 0

and D1` = D2 = 3. For L = 2, data are �tted by (1) FLFM t , the true model; (2) FLFMc , the more

complex model with L = 2 and D1` = D2 = 3.

Figure 3.2 demonstrates boxplots of RISEs for covariance estimation, using FLFM t ,

FLFMc , MFMM, mface and MFPCA. The patterns of boxplots are consistent with those

in simulation I under all model conditions. Within each panel, FLFM t and FLFMc have

competitive performance, and both of them are superior to the other three methods. The

superiority of FLFM t and FLFMc presents the feasibility of FLFM with the same number

of principal components at each level, although FLFMc is misspeci�ed and somewhat

over�tted. In this case, we only have two tuning parameters, L and D , which makes model

selection easier.

3.6 Application

The TOMMORROW study was conducted between 2013 and 2018, where a neuropsycholog-

ical battery was developed to identify individuals exhibiting the early stages of impairment.

The testing battery contains a total of 12 cognitive performance tests that assess 5 cognitive

domains to measure the progression of Alzheimer's disease (AD). The domains and tests

are summarized in Table 3.1. We focused on individuals with "high risk" of developing

mild cognitive impairment (MCI) due to AD. Individuals were followed for up to 48 months

with repeated neuropsychological assessments at baseline and 6-month intervals. We ex-

cluded 1568individuals individuals who had less than two follow-up visits. The �nal sample

consists of 2771 individuals and the average number of visits is 6.08. At each visit, the 12

neuropsychological tests were collected. It's worth noting that we allow some tests to be
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Figure 3.2: Boxplots of RISEs for covariance functions in simulation II across 100 repli-
cations. First row: L = 1; FLFM t : �tted by true model; FLFMc : �tted with bL = 1 and ÒD = 3.
Second row: L = 2; FLFMt : �tted by true model; FLFM c : �tted with bL = 2 and ÒD = 3.

missed when visiting. Due to different magnitudes, the 12 biomarkers were rescaled by

their standard deviation. Figure 3.3 displays spaghetti plots of six observed longitudinal

biomarkers. High scores of TMTA and TMTB are associated with high risk for AD, whereas

low scores of the other biomarkers indicate severe cognitive impairment. The all 12 longi-

tudinal biomarkers and the estimated mean functions by the proposed model are shown in

Figure B.3 of Appendix.

3.6.1 Estimated components by FLFM

We focus on exploring features of the 12 biomarkers in TOMMORROW using the proposed

method. With AIC and BIC of models shown in Table 3.3, BIC selects L = 2 and D = 2 for

FLFM to �t the data. Figure 3.4 presents the estimated loading coef�cients. The shared

coef�cients � �1 and � �2 indicate of two clusters of biomarkers: TMTA and TMTB in one

cluster, whereas the other biomarkers in another cluster. The biomarkers are positively cor-

related within the clusters and negatively correlated between clusters, which is reasonable

as high values for TMTA and TMTB and low values for the other biomarkers point to AD.

All the group-speci�c coef�cients are positive, indicating the positive correlation between

biomarkers nested in the same group.
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Figure 3.3: Six observed longitudinal biomarkers of two subjects. Gray lines: longitudinal
outcomes for 30 other subjects.

Table 3.3: Model comparison by AIC and BIC for TOMMORROW. L: number of shared
latent factors; D : number of principal components for each latent process.

(L ,D ) (1,1) (1,2) (1,3) (2,1) (2,2) (2,3)
AIC 421935 420334 420922 419522 417969 417777
BIC 422913 421617 422425 420641 419417 419552

The eigenvalues are shown in Table 3.4, where � �
d 's are rescaled to adjust for the different

norms between � �` 's and � . The shared, group-speci�c and outcome-speci�c variations

account for 50.8%, 17.8% and 31.4% of total variation, respectively. The large proportions

show the necessity of the decomposition model with three separate latent processes. The

estimated convariance functions are presented in Figure B.4 of Appendix. Associating load-

ing vectors with covariance functions, we can calculate proportions of variation explained

by each part for each longitudinal biomarker, which are shown in Table 3.5. It indicates

that the longitudinal biomarkers in Group 1, Group 4 and Goup 5 demonstrate intense

group-speci�c correlation. TMTB, BVMTF, CVLTS and CVLTL can be explained fully by joint

variation, while TMTA, WAISF, CDT and MiNT are explained mainly by outcome-speci�c

variation.
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Figure 3.4: Estimated loading coef�cient vectors by FLFM from TOMMORROW.
� �1 & � �2: shared by all biomarkers; � �3 � � �7: induced by group-speci�c features.

Table 3.4: Estimated eigenvalues of the latent processes by FLFM from TOMMORROW
with L = 2 and D = 2. For outcome-speci�c variation, � �

d = k� k2 � � d , rescaled based on the
norm of scaling parameters.

shared group-speci�c outcome-speci�c
� 11 � 21 � 31 � 41 � 51 � 61 � 71 � 1 � �

1
3.27 1.01 0.30 0.02 0.27 0.26 0.52 0.10 2.61
� 12 � 22 � 32 � 42 � 52 � 62 � 72 � 2 � �

2
0.12 0.03 0.05 0.02 0.07 0.02 0.02 0.01 0.13

Table 3.5: Proportion of variation explained by each part with respect to the total variation
for 12 biomarkers in TOMMORROW.

biomarker shared group-speci�c outcome-speci�c biomarker shared group-speci�c outcome-speci�c
Group 1 WAISB 0.66 0.18 0.16 Group 4 CVLTS 0.87 0.13 0.00

TMTB 0.70 0.30 0.00 CVLTL 0.86 0.14 0.00
Group 2 TMTA 0.35 0.05 0.60 BVMTD 0.50 0.00 0.50

WAISF 0.45 0.00 0.55 Group 5 MiNT 0.16 0.07 0.77
Group 3 CDT 0.20 0.09 0.71 SF 0.34 0.39 0.27

BVMTF 0.16 0.84 0.00 LF 0.31 0.23 0.46

3.6.2 Comparison of prediction performance of of different methods

We compare FLFM with mface and MFPCA for predicting the 12 longitudinal biomarkers.

We divide data into 10 folds to evaluate the performance of models. We �rst �t models

to data except for the q th fold to estimate parameters, and then compute the average

squared prediction error (APE) for each biomarker on the q th fold to evaluate the prediction

performance, as

APEq
j =

1
P

i 2nq
m i j

X

i 2nq

m i jX

k =1

f Yi j k � ÒYi j k g2,
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where ÒYi j k is the predicted value of the j th biomarker for subject i at time t i j k and nq is

the set of subjects in the q th fold. Figure 3.5 summarizes the boxplots of APEs in each

fold for the 12 biomarkers. Notice that we �t the proposed model with L = 1 and L = 2,

denoted by FLFM1 and FLFM2 respectively. FLFM1 and FLFM2 provide smaller APEs than

mface and MFPCA for all biomarkers, and FLFM2 outperforms FLFM1 for TMTA, CVLTL

and CVLTS. We conclude that the proposed model achieves better prediction accuracy than

multivariate fPCA methods. It demonstrates that FLFM exploits the structure of the longi-

tudinal biomarkers better. Furthermore, understanding correlations between biomarkers

can improve prediction accuracy.

Figure 3.5: Boxplots of APEs for 12 longitudinal biomarkers in TOMMORROW across 10
folds. FLFM 1: �tted with L = 1 and D = 2; FLFM2: �tted with L = 2 and D = 2.

3.7 Discussion

We extended the latent factor model for dense multivariate functional data to sparse multi-

variate functional data nested in groups. The model decomposes complex multivariate func-

tions into shared latent processes, group-speci�c latent processes and outcome-speci�c

latent processes. The proposed decomposition model exhibits a strong ability to capture
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the covariance structure of functional outcomes and is highly interpretable. The simulation

studies and real data analysis show that FLFM is superior to principal component analy-

sis in extracting useful features of data, because fPCA mainly extracts common features

between functional outcomes and may ignore outcome-speci�c covariances. In contrast,

FLFM can identify these structures separately.

The proposed model is estimated by an EM algorithm to maximize the likelihood func-

tion. It is also attractive to estimate it by the method of moments, aiming to improve the

computation ef�ciency. Furthermore, there is a substantial literature devoted to monitoring

certain clinical events and predicting the events using repeatedly measured biomarkers

during follow-up, including Alzheimer's disease studies (Li et al. 2022a) and kidney trans-

plant studies (Dong et al. 2021). The proposed model can be naturally extended to jointly

model the varying patterns of multivariate longitudinal outcomes and their association

with event time.
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CHAPTER

4

FUNCTIONAL LATENT FACTOR MODEL

JOINT WITH SURVIVAL DATA

4.1 Introduction

1Many scienti�c investigations are interested in studying the relationship between longitu-

dinal data and survival data. A well-known example is Alzheimer's disease (AD) research,

where repeatedly measured biomarkers are used to study the dynamics of AD progres-

sion. The motivating data are �ve longitudinal biomarkers from the Alzheimer's Disease

Neuroimaging Initiative (ADNI). The spaghetti plots of the biomarkers are shown in Fig-

ure 4.1: Disease Assessment Scale-Cognitive 13 items (ADAS-Cog13), Rey Auditory Verbal

Learning Test immediate recall (RAVLT.imme), Rey Auditory Verbal Learning Test learning

curve (RAVLT.learn), Mini-Mental State Examination (MMSE) and Functional Assessment

Questionnaire (FAQ). High values for ADAS-Cog13 and FAQ, and low values for the other

three biomarkers indicate severe cognitive impairment. In Figure 4.1, the two subjects were

diagnosed with AD at different time points. The values of RAVLT-immediate and MMSE

1This chapter is joint work with Luo Xiao and Sheng Luo.
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decrease on the red curves and the values of FAQ increase on blue curve.

Figure 4.1: Five observed longitudinal biomarkers of two AD subjects. Subject A (blue)
was diagnosed at 24.24 months and Subject B (red) was diagnosed at 60.65 months. Gray
lines: longitudinal biomarkers from the other 50 subjects.

Parametric models have been broadly used for jointly modelling longitudinal data and

survival data (Wulfsohn and Tsiatis 1997; Henderson et al. 2000; Tsiatis and Davidian 2004;

Lin et al. 2002; Rizopoulos et al. 2014). Recently, nonparametric methods for jointly mod-

eling time-to-event data and functional data that are in the form of curves or trajectories

have attracted some attention. Both univariate functional data (Yao 2007; Yan et al. 2017)

and multivariate functional data (Li et al. 2021, 2022a; Zou et al. 2021) have been studied.

Functional data are used as time-dependent random processes in the shared latent process

model (Yao 2007; Zou et al. 2021; Li et al. 2021). In contrast, functional data are used as

baseline covariates in the random effect model (Yan et al. 2017; Kong et al. 2018; Li et al.

2022a).

Functional principal component analysis (fPCA) (Silverman 1996; Yao et al. 2005; Xiao

et al. 2016, 2018) is a standard approach in functional data analysis, in which dominant

modes of variation are extracted to represent functional data. Principal components by

fPCA are used in Yao (2007), Yan et al. (2017) and Kong et al. (2018) to connect survival data

with longitudinal data. However, it remains challenging for fPCA to understand the depen-
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dencies among multiple functions. We refer to multiple functions as functional outcomes

in this paper. Considering that multiple functional outcomes exhibit complex relations, Li

and Xiao (2022) proposes a functional latent factor model (FLFM) that uses unobserved

latent processes to induce functional dependencies between different functions and thus

separates the shared and outcome-speci�c correlations. Our proposed functional joint

model (FJM) extracts latent scores of functional outcomes via FLFM as baseline covariates

in a Cox regression model to dynamically predict the risk of disease progression. It is a

natural but nontrivial extension of FLFM to joint models of longitudinal and time-to-event

data. Li et al. (2022a) is a special case of the proposed model, allowing only one shared

latent process.

The remainder of the paper is organized as follows. The functional latent factor model

and likelihood of the joint model are shown in Section 4.2. Details of model estimation

are provided in Section 4.3. Section 4.4 discusses model selection for the proposed model.

Simulation studies are conducted in Section 4.5 to compare the new approach with existing

methods. We analyze the ADNI data in Section 4.6.

4.2 Functional joint model (FJM)

4.2.1 Functional latent factor model (FLFM)

Let Yi j k denote the observation of the j th(1 � j � J), longitudinal outcome for subject

i (1 � i � n ), at time t i j k 2 T in a compact interval with 1 � k � m i j . Consider the functional

latent factor model (FLFM) for the multivariate latent processes with measurement errors

as

Yi j k = � j (t i j k ) +
LX

` =1

� j `Ui ` (t i j k ) + � j Vi j (t i j k ) + � i j k , (4.1)

where � j (t ) is the �xed mean function for the j th outcome, the L random processes

fUi 1(t ), . . . ,Ui L (t )g induce correlations among multiple outcomes for the i th subject, � j `

is the loading coef�cient of the j th functional outcome on Ui ` (t ), Vi j (t ) is the j th subject-

and outcome-speci�c random deviation from � j (t ), � j is the outcome-speci�c scaling

parameter for the j th outcome, and � i j k is a white noise with variance � 2
j . Assume that

Ui ` (t )'s, Vi j (t )'s and � i j k 's are all uncorrelated from each other and between subjects. Similar

to the model in Chapter 3, fUi 1(t ), . . . ,Ui L (t )gare shared latent processes, � j ` is the loading

coef�cient controlling the contribution of Ui ` (t ) to the j th functional outcome, and Vi j (t )'s

are outcome-speci�c latent processes.
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The continuous latent process Ui ` (t ) models the shared variation with zero mean func-

tion and covariance function C ` (s, t ) = CovfUi ` (s),Ui ` (t )g, and Vi j (t ) models the outcome-

speci�c variation with zero mean function and covariance function G(s, t ) = Covf Vi j (s),Vi j (t )g.

Similar to Chapter 3, we also consider a reduced-rank model with �nite numbers of prin-

cipal components for the longitudinal data, and treat the numbers as tuning parameters.

Thus, C ` (s, t ) �
P D1`

d =1 � ` d � ` d (s)� ` d (t ) with a �nite number D1` , where � ` 1 � . . . � � ` D1`
� 0

are eigenvalues and f � ` 1(t ), . . . ,� ` D1`
(t )gare associated orthonormal eigenfunctions with

R
T

� ` d (t )� ` d 0(t )dt = � d d 0, where � d d 0 = 1 if d = d 0 and 0 otherwise. The eigendecom-

position G(s, t ) �
P D2

d =1 � d  d (s) d (t ) with a �nite number D2, where � 1 � . . . � � D2
� 0

are eigenvalues and f  1(t ), . . . , D2
(t )g are associated orthonormal eigenfunctions with

R
T

 d (t ) d 0(t )dt = � d d 0. By the Karhunen-Loève theorem, Ui ` (t ) and Vi j (t ) can be writ-

ten as Ui ` (t ) =
P D1`

d =1 � i ` d � ` d (t ) and Vi j (t ) =
P D2

d =1 � i j d  d (t ), where � i ` d =
R

T
Ui ` (t )� ` d (t )dt

and � i j d =
R

T
Vi j (t ) d (t )dt are the functional principal scores of Ui ` (t ) and Vi j (t ), respec-

tively. We assume Gaussian distributions that � i ` d � N (0, � ` d ) and � i j d � N (0, � d ). Let

c` =
R

T
C ` (t , t )dt and � �` = (� 1` , . . . ,� J` )> . Here, we shall treat integers L, D1` 's and D2 as

tuning parameters and select them through data adaptive methods because we consider

a reduced-rank model. We assume that c1 > . . . > cL > 0 and � >
�` � �` 0 = � `` 0. The condition

L � (J � 1)=2 guarantees the model identi�ability of the proposed model, which has been

proved in Chapter 2 of this dissertation.

Let yi j = (Yi j 1, . . . ,Yi j m i j
)> be the vector of observations for the j th outcome and yi =

(y>
i 1, . . . ,y>

i J )> . Let � i ` = (� i ` 1, . . . ,� i ` D1`
)> with a diagonal covariance � 1` = diagf � 1` 1, . . . ,� 1` D1`

g

and � i j = (� i j 1, . . . ,� i j D 2
)> with diagonal covariance matrix � 2 = diagf � 1, . . . ,� D2

g. Let � ` d ,i j =

(� ` d (t i j 1), . . . ,� ` d (t i j m i j
)> and  d ,i j = ( d (t i j 1), . . . , d (t i j m i j

))> . Take� ` ,i j = ( � ` 1,i j , . . . ,� ` D1` ,i j )

and 	 i j = ( 1,i j , . . . , D2,i j ) as the matrices of eigenfunctions at the observed time points. Let

xi j =
P L

` =1 � j ` (� ` ,i j � i ` ) + � j 	 i j � i j , and xi = (x>
i 1, . . . ,x>

i J )> . � i = blockdiag f � 2
1Im i 1

, . . . ,� 2
JIm i J

g

is the covariance matrix of measurement errors. We have the conditional likelihood of the

multivariate longitudinal data as

f (yi jxi , � i ) = (j2� � i j)
� 1=2exp

§
�

1

2
(yi � xi )

> � � 1
i (yi � xi )

ª
, (4.2)

f (� i ` j� 1` ) =
p

j2� � 1` jexp(� � >
i ` �

� 1
1` � i ` =2), and f (� i j j� 2) =

p
j2� � 2jexp(� � >

i j � � 1
2 � i j =2).
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4.2.2 Joint model for disease progression and survival

The survival time corresponding to the i th subject is denoted by Si . It is assumed that

observations of Si can be right-censored. Thus, we observe Ti = min (Si ,Ci ), where Ci is the

censoring time independent of Si , and � i = 1fSi � Ci g is the event indicator. Notice that t i j k 2

[0,Ti ] without observations after Ti . We observe common baseline covariates for all subjects.

Denote by zi = (Z i 1, . . . ,Z i P )> 2 RP the vector of baseline covariates and � i = ( � >
i 1, . . . ,� >

i L )>

the latent random variables associated with shared latent processes.

The covariates associated with longitudinal outcomes are treated as random and only

shared components � i 's are considered to contribute to survival risk. Therefore, to model

the survival time, we consider the proportional hazards model as

h i (t ) = h0(t )exp(z>
i 
 1 + � >

i 
 2), (4.3)

where h0(t ) is the baseline hazard function, 
 1 is the coef�cients corresponding to baseline

covariates zi and 
 2 = (
 2,11, . . . ,
 2,1D11
, . . . ,
 2,L1, . . . ,
 2,LD1L

)> is the coef�cients vector associ-

ated with shared latent processes. To simplify formulas, the baseline cumulative hazard is

de�ned as � 0(t ) =
Rt

0
h0(u )du . We have the conditional likelihood of time-to-event data as

f (Ti , � i jh0,zi , � i , 
 1, 
 2) =
�
h0(Ti )exp(z>

i 
 1 + � >
i 
 2)

	 � i exp
�
� � 0(Ti )exp(z>

i 
 1 + � >
i 
 2)

	
. (4.4)

4.2.3 Likelihood of joint model

For model estimation, we consider the likelihood method of the multivariate longitudinal

outcomes and the event data. Let � i = ( � >
i 1, . . . ,� >

i L , � >
i 1, . . . ,� >

i J )> be the latent random vari-

ables associated with the longitudinal outcomes. The multivariate longitudinal data and

the time-to-event data are conditionally independent given � i . Therefore, the log-likelihood

for the complete observed data has the form

nX

i =1

•
log

�
f (yi jxi , � i )

	
+ log

�
f (Ti , � i jh0,zi , � i , 
 1, 
 2)

	

+
LX

` =1

log
�

f (� i ` j� 1` )
	

+
JX

j =1

log
�

f (� i j j� 2)
	 ˜

.
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4.3 Model estimation

The Monte Carlo expectation-maximization(EM) algorithm provides a convenient method

in joint modelling longitudinal data and time-to-event data (Wulfsohn and Tsiatis 1997;

Henderson et al. 2000). In the expectation step (E-step), we compute the expected log-

likelihood of the complete data conditional on the observed data and the current estimate

of parameters. In the maximization step (M-step), we maximize the expected log-likelihood

to estimate the next parameters. The procedure iterates between the E-step and the M-step

until the convergence of the parameters. Because we consider a reduced-rank model, we

shall treat integers L, D1` 's and D2 as tuning parameters and select them through data

adaptive methods.

Let b(t ) = (B1(t ), . . . ,BK (t ))> be orthonormal B-spline bases, where K is the number of

equally-spaced interior knots plus the order (degree plus 1) of the B-splines. We model

the mean function � j (t ) by b(t )> � j , where � j is the coef�cient vector of the j th mean

function. For the covariance functions C ` 's and G, we approximate their d th eigenfunctions

by � ` d (t ) = b(t )> � 1` d and  d (t ) = b(t )> � 2d , where � 1` d and � 2d are coef�cient vectors. We

introduce notations of parameters which will be used throughout the EM algorithm. Let

� = ( � >
1 , . . . ,� >

J )> , � = ( � �1, . . . ,� �L ), � = (� 1, . . . ,� J)> , � 2 = (� 2
1, . . . ,� 2

J)> , � 1` = ( � 1` 1, � � � , � 1` D1`
)

and � 2 = ( � 21, � � � , � 2D2
). Let 
 = ( 
 >

1 , 
 >
2 )> , � 1 = f 1 � ` � L : � 1` g, and � 1 = (� 11, . . . ,� 1L ).

Denote by 
 = f h0, � , � , � , � 2, 
 , � 1, � 2, � 1, � 2gthe collection of all parameters.

4.3.1 E-step

The complete observed data for the i th subject is Y i = f yi ,zi ,Ti , � i g. The random scores � i ,

treated as missing data, are estimated in the E-step. The expectation of the log-likelihood

conditional on the observed data and the current parameter values b
 is

Q(
 ) =
nX

i =1

Ei

�
log

�
f (yi jxi , � i )

	
jY i , b


�
+

nX

i =1

Ei

�
log

�
f (Ti , � i jh0,zi , � i , 
 )

	
jY i , b


�

+
nX

i =1

LX

` =1

Ei

�
log

�
f (� i ` j� 1` )

	
jY i , b


�
+

nX

i =1

JX

j =1

Ei

�
log

�
f (� i j j� 2)

	
jY i , b


�
.

(4.5)

To approximate the expectation of the random scores � i , we generate many samples from

the conditional distribution given the observed data and the parameter values from the pre-

vious iteration, and we have f (� i jY i , b
 ) / f (Ti , � i j� i , b
 )f (� i jyi , b
 ). Let g(�) be any smooth
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function of � i , the conditional expectation Ei f g (� i )jY i , b
 gis given by

R
g(� i )f (Ti , � i jbh0,zi , � i , b
 )f (� i jyi , b
 )d� i
R

f (Ti , � i jbh0,zi , � i , b
 )f (� i jyi , b
 )d� i

,

where f (Ti , � i jbh0,zi , � i , b
 ) is in equation (4.4), and f (� i jyi , b
 ) are shown in Appendix C.1.

Here, since the integral for the conditional expectation does not have a closed form, we use

Monte Carlo sampling to approximate the numerical integral as

Ei f g (� i )jY i , b
 g �

P R
r =1 g(� (r )

i )f (Ti , � i jbh0,zi , �
(r )
i , b
 )

P R
r =1 f (Ti , � i jbh0,zi , �

(r )
i , b
 )

,

where � (r )
i is the r th sample from the conditional normal distribution f (� i jyi , b
 ). We draw

R random samples for � i in each iteration.

4.3.2 M-step

In the M-step, new estimates are obtained by maximizing the functions Q(
 ) in the expec-

tation of the log-likelihood with respect to 
 . We estimate f � , � , � , � 2, � 1, � 2g, f h0, 
 g, and

f � 1, � 2g iteratively by minimizing the expected negative log-likelihood in equation (4.5)

associated with the longitudinal process, the survival process and � i , respectively.

The estimation of f � , � , � , � 2, � 1, � 2gand f � 1, � 2gare the same as what we did in Sec-

tion 3.3 of Chapter 3. What worth noting is how to estimate f h0, 
 g. We follow the work in Li

et al. (2022a) to minimize �
P n

i Ei [logf f (Ti , � i jh0,zi , � i , 
 )gjY i , b
 ] as

nX

i =1

”
� � i

�
log (h0(Ti ))+ z>

i 
 1 + Ei (�
>
i 
 2)

	
+ � 0(Ti )Ei

�
exp(z>

i 
 1 + � >
i 
 2)

	 —
.

Then, the baseline hazard h0(t ) is obtained as

bh0(t ) =

P n
i =1 � i 1f Ti = t g

P n
i =1 Ei

�
exp(z>

i b
 1 + � >
i b
 2)

	
1f Ti � t g

.

The coef�cient vector 
 is given by a one-step Newton-Raphson algorithm in iterations

with the q th iteration

b
 q = b
 q � 1 + I � 1
b
 q � 1

Sb
 q � 1
,

where Sb
 q � 1
is the score for b
 q � 1, and I b
 q � 1

is the observed information matrix. Taking si (
 )
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as the score function for subject i , we obtain it by taking derivatives of the log likelihood of

survival function (4.4) with respect to 
 as

si (
 ) = � i

�
z>

i ,Ei (�
>
i )

�>
�

VX

v =1

h0(t v )Ei

¦
(z>

i , � >
i )> exp(z>

i 
 1 + � >
i 
 2)

©
1f Ti � t v g,

where t v 's are the distinct observed event times. Then, we have S
 =
P n

i =1 si (
 ) and I 
 =

n � 1
P n

i =1 si (
 )s>
i (
 ) � S
 S>


 .

4.4 Model selection

The marginal log-likelihood ` (b
 ) of the data is approximated by

nX

i =1

–

log
�

f (yi jb
 )
	

+ log
�
R� 1

RX

r =1

f (Ti , � i jbh0,zi , �
(r )
i , b
 )

	
™

,

where f (yi jb
 ) is a normal density shown in Appendix C.1, and � (r )
i are drawn from f (� i jyi , b
 ).

Appendix C.2 demonstrates details of ` (b
 ). The EM algorithm iterates until the relative

change in the marginal log-likelihood is less than a prede�ned tolerance level. We approxi-

mate the degrees of freedom by

df := df � + df � + df  + f J L � L(L + 1)=2g+ 2J � 1+ P + 2
LX

` =1

D1` + D2,

where df � is the degree of freedom for estimating mean functions, df � and df  correspond

to eigenfunctions, J L� L(L + 1)=2 is the number of parameters for the loading coef�cients �

where L(L + 1)=2 is due to constraints on � , 2J � 1 is the number of parameters in the error

variance � 2 and the scaling parameters � , and P + 2
P L

` =1 D1` + D2 corresponds to the sum

of the number of coef�cients in Cox regression and the number of eigenvalues. The �nal

model is selected by AIC = � 2` (b
 ) + 2df and BIC = � 2` (b
 ) + log(n ) � df. For simpli�cation,

we set the same number of principal components for eigenfunctions, i.e., D1` = D2 = D .

Therefore, we use a two-dimensional grid to select the two tuning parameters L and D .

53



4.5 Simulation studies

In this section, we conduct simulation studies to assess performance of the proposed model

(FJM-FLFM) and the functional joint model in Li et al. (2022a) (FJM-MFMM). FJM-MFMM

is a reduced model of FJM-FLFM with only one shared latent factor ( L = 1).

4.5.1 Simulation settings

The longitudinal and survival models are considered as following,

Yi j (t ) = � j (t ) +
LX

` =1

� j `

DX

d =1

� i ` d � ` d (t ) + � j

DX

d =1

� i j d  d (t ) + � i j (t ),

h i (t ) = h0(t )exp
�
� >

i 
 2

�
.

We specify the number of longitudinal outcomes as J = 5, L = 2 and D = 2. The mean

functions are � (t ) = (2sin(� t ),2cos(� t ),2cos(2� t ),2(t � 1)2,2(t 2 � 0.5t ))> . The values of the

orthonormal loading vectors are � �1 = (0.8,0.4,0.4, � 0.2,0)> and � �2 = (0.1, � 0.7,0.5,0,0.5)> .

The outcome-speci�c scaling vector � = (1,0.74,0.64,0.25,0.39)> . The shared covariance

C ` (s, t ) = � ` (s)> � 1` � ` (t ) for ` = 1,2. Take eigenfunctions as � 1(t ) = (
p

2sin(2� t ),
p

2cos(4� t ))>

and � 2(t ) = (
p

2cos(� t ),
p

2cos(2� t ))> . For outcome-speci�c covariance G(s, t ) = 	 (s)> � 2	 (t ),

we have 	 (t ) = (
p

3(2t � 1),
p

5(6t 2 � 6t + 1))> . The random scores � i 's are generated

from N (0, � 1) with � 1 = diagf 1,0.5,0.4,0.2g, � i j 's are generated from N (0, � 2) with � 2 =

diagf 0.32,0.16g, and � i j k 's are sampled from N (0, � 2
j ) with � 2 = (0.29,0.18,0.14,0.04,0.07)> .

The value of � 2 is determined by the signal-to-noise ratio (SNR) which is maintained as 5 in

this setting. The above setting controls the functional intra-class correlation as 2=3, which

measures the relative magnitude of the joint variation with respect to the total variation.

For the survival model, the baseline hazard function h0(t ) = 1 and Cox coef�cients


 2 = (1,0.5,0.5,0.2)> . Then failure times Si 's are drawn independently from a standard

exponential distribution. Censoring times Ci 's are generated independently from Unif [0.2,1]

to control the censoring rate with a value of 55%. The number of visits per subject are

uniformly generated from 2 to 8 and the visit time t i j k = t i k . Moreover, for each subject the

baseline is t i 1 = 0 and only measurements at t i k � min (Si ,Ci ) are retained. We generate data

with 500 subjects, and the average number of visit times per subject is 6.4. For this data

generation model, 100 replications are conducted. We use the relative integrated squared
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error (RISE) to quantify the estimation accuracy of covariance functions with

RISE=

P J
j =1

P J
j 0=1

R1

0

R1

0

�
� j j 0(s, t ) � b� j j 0(s, t )

	 2
dsdt

P J
j =1

P J
j 0=1

R1

0

R1

0

�
� j j 0(s, t )

	 2
dsdt

,

where � j j 0 is the true cross-covariance and b� j j 0 is an estimate of � j j 0. The mean square error

(MSE) is calculated at observed points as J� 1
P J

j =1f (
P n

i =1 m i j )� 1
P n

i =1

P m i j

k =1(Yi j k � ÒYi j k )2g.

4.5.2 Simulation results

First, we �x the number of shared factors L = 2 and the number of principal components

D = 2 when applying FJM-FLFM. We also �x the number of eigenfunctions as two for

FJM-MFMM. Figure 4.2 presents boxplots of measurements for comparing FJM-FLFM

and FJM-MFMM. The proposed model FJM-FLFM outperforms FJM-MFMM in all four

measurements: RISE, MSE, AIC and BIC. Speci�cally, RISEs show that FJM-FLFM achieves

better accuracy in covariance estimation, and MSEs demonstrate that FJM-FLFM is superior

to FJM-MFMM in �tting the data. The smaller AICs and BICs of FJM-FLFM indicate that

FJM-FLFM is always the selected model for the data.

Figure 4.2: Boxplots of RISE, MSE, AIC and BIC across 100 replications.

Figure 4.3 shows the estimated Cox coef�cients for the survival data and the eigenvalues

of covariance functions for the functional data. Figure 4.4 shows the estimated eigenfunc-

tions given by FJM-FLFM. The �rst two columns display estimated eigenfunctions for

shared latent processes and the last column displays the estimated eigenfunctions for

outcome-speci�c processes. The estimates of parameters and eigenfunctions are close
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to the truth, indicating that the estimates from the proposed model are accurate in this

setting.

Figure 4.3: Boxplots of estimated Cox coef�cients and eigenvalues of covariance functions
by FJM-FLFM across 100 replications. 
 : Cox coef�cients; � : eigenvalues for shared pro-
cesses;� : eigenvalues for outcome-speci�c processes. Black lines: true value of parameters.

Finally, we use AIC and BIC to select the number of latent factors L and the number of

principal components D for FJM-FLFM when the truth is L = 2 and D = 2. Candidates are

combinations of L and D , where L varies from 1 to 3 and D varies from 1 to 3. Table 4.1

shows the correct selection rates for AIC and BIC. The rates of correct selection using AIC

and BIC are 0.95 and 0.97, respectively. Both are close to 1, but the rate of AIC is slightly

lower than that of BIC, so BIC is preferred for model selection.

Table 4.1: Proportions of model selections among 100 replications for data with L = 2 and
D = 2. Bolded proportions are the correct selection rates.

(L ,D ) (1,1) (1,2) (1,3) (2,1) (2,2) (2,3) (3,1) (3,2) (3,3)
AIC 0 0 0 0 0.95 0.01 0 0.04 0
BIC 0 0 0 0 0.97 0 0 0.03 0
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Figure 4.4: The estimated eigenfunctions by FJM-FLFM across 100 replications. Gray lines:
estimates from 100 replications; dashed black lines: mean functions of gray lines; solid red
lines: true eigenfunctions.

4.6 Application

The Alzheimer's Disease Neuroimaging Initiative (ADNI) measures the progression of

Alzheimer's disease (AD). The data were previously analyzed in Li et al. (2020) and Li

et al. (2022a). Individuals had repeat visits at baseline and at 6-month intervals for up

to 96 months of follow-up. We select subjects with amnestic mild cognitive impairment

(MCI, a risk status for AD) at baseline from the �rst two phases of ADNI. The �nal dataset

contains 803 participants with at least one follow-up visit. The average number of visits is

4.72 and 35.61%of participants were diagnosed with AD. The �ve longitudinal biomarkers

in ADNI that we use to study dynamics of AD progression are ADAS-Cog13, RAVLT.imme,

RAVLT.learn, MMSE and FAQ, shown in Figure 4.1. As with the data in Li et al. (2022a), we use

the following variables as baseline covariates: baseline age falling in [55.1,91.4] with mean

73.17 and standard deviation (sd) 7.29, gender with 41.97%of female, years of education

falling in [4,20] with mean 16.05 and sd 2.85, and the number of apolipoprotein E � 4 gene

(APOE4) appeared in 50% of participants, resulting in the vector of baseline covariates

zi = (agei ,genderi ,education i ,APOEi )> .

We apply FJM-FLFM, FJM-MFMM and the parametric joint linear model in Henderson
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et al. (2000) (MJM) to the ADNI data to jointly model the relationship between the multi-

variate longitudinal outcomes and the event time to AD. MJM is a parametric model only

providing linear estimates. Without loss of generality, we control � >
�` � �` = 10 for FJM-FLFM,

taking into account the magnitude of biomarkers. Table 4.2 shows the BICs given by FJM-

FLFM, FJM-MFMM and MJM. The proposed model with L = 2 and D = 2 is the selected

FJM-FLFM by BIC. The BIC of MJM is 101137, slightly smaller than that of FJM-FLFM, which

indicates that it is suf�cient for linear modeling of the ADNI data. The good performance

of MJM suggests that the true variation pattern of this ADNI data might be linear. However,

the linearity may also result from the lack of observations per subject. Figure 4.5 presents

the estimated mean functions of longitudinal biomarkers by the three models. Similar to

MJM which only provides linear estimates, the estimated mean functions by FJM-FLFM

and FJM-MFMM also show linear trends, indicating that participants' risk of developing

AD increases over time. Actually, when the variation pattern shows linearity, the estimates

of FJM-FLFM are closer to the truth because it applies penalized splines to estimate func-

tions, while the estimates of FJM-MFMM exhibit nonlinearity late in the study due to the

instability caused by regression splines. Table 4.3 shows the mean squared error (MSE)

given by the three models. FJM-FLFM has the smallest MSEs for RAVLT.imme, RAVLT.learn

and FAQ. It demonstrates that FJM-FLFM is superior to FJM-MFMM and MJM in �tting the

longitudinal outcomes.

Table 4.2: Model comparison by BIC for the ADNI data. L : number of shared latent factors;
D : number of principal components for each latent process. The bolded one is the selected
FJM-FLFM by BIC.

FJM-FLFM FJM-MFMM MJM
(L,D ) (1,2) (1,3) (2,1) (2,2) (2,3) (3,1) (3,2) (3,3) D = 2
BIC 101579 101584 101855 101416 101490 102230 101429 101451 102104 101137

Table 4.3: The mean squared error (MSE) of the �ve biomarkers given by the three models
for �tting the ADNI data.

model ADAS-Cog13 RAVLT.imme RAVLT.learn MMSE FAQ
FJM-FLFM 7.54 16.01 2.79 1.67 3.11
FJM-MFMM 7.16 16.85 2.81 1.65 4.29
MJM 7.85 18.49 2.84 1.66 3.69

58



Figure 4.5: The estimated mean functions. Dashed red lines: estimated by FJM-FLFM;
dashed blue lines: estimated by FJM-MFMM; solid black lines: estimated by MJM. Gray
lines: longitudinal outcomes for the 803 participants.

Applying the proposed FJM-FLFM with L = 2 and D = 2 on the ADNI data, we have b� �1 =

(1.89, � 2.33, � 0.40, � 0.48,0.79)> , b� �2 = (0.30,1.25,0.17, � 0.32,2.87)> and b� = (1,2.76,0.60,0.63,1.52)> .

The estimated eigenfunctions and eigenvalues are shown in Figure 4.6. The two shared

latent processes and the outcome-speci�c latent process account for 52.5%, 2.3% and

45.2% of total variation of the ADNI data, respectively. Figure 4.6 shows that the �rst-order

eigenfunctions slightly increase over time, while the second-order eigenfunctions are steep.

Recall that the loading coef�cients in b� �1 for ADAS-Cog13 and FAQ are positive and for the

others are negative. In addition, high values for ADAS-Cog13 and FAQ and low values for

the others re�ect a high degree of cognitive impairment. We conclude that participants

with positive � i 1 exhibit more severe cognitive deterioration over months.

Table 4.4 gives the estimated Cox coef�cients. Based on p-values, APOE4 is signi�cantly

associated with risk status for AD, whereas age, gender and years of education are not.

This agrees with the scienti�c fact that APOE4 is the strongest risk factor gene for AD.

All Cox coef�cients associated with longitudinal outcomes are signi�cant, indicating the

importance of the shared latent processes for AD diagnosis.
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Figure 4.6: The estimated eigenfunctions with associated eigenvalues by FJM-FLFM on
the ADNI data. Top row: �rst-level eigenfunctions for each latent process; bottom row:
second-level eigenfunctions for each latent process.

Table 4.4: The estimated Cox coef�cients by FJM-FLFM with two shared factors and two
eigenfunctions for each latent process.

coef�cients value p-value coef�cients value p-value
age 
 11 -0.00 0.51 � i 11 
 11 0.29 0.00
gender 
 12 0.04 0.80 � i 12 
 22 - 0.31 0.00
education 
 13 0.01 0.55 � i 21 
 23 0.40 0.00
APOE 
 14 0.23 0.02 � i 22 
 24 - 1.43 0.00
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CHAPTER

5

FIXED-EFFECTS INFERENCE AND TESTS

OF CORRELATION FOR LONGITUDINAL

FUNCTIONAL DATA

5.1 Introduction

1 Longitudinal functional data often exhibit complex within- and between-visit correlations.

To accommodate such correlations, various functional mixed effects models (Greven et al.

2010; Scheipl et al. 2015; Zhu et al. 2019; Di et al. 2009; Chen and Müller 2012; Park and

Staicu 2015; Zhang et al. 2016; Chen et al. 2017; Lee et al. 2019) have been proposed. These

approaches, after data transformation or projections, allow inference on the �xed effects

parameters using the linear mixed effects (LME) inferential machinery. Alternatively, boot-

strap of study participants (Zhu et al. 2019; Crainiceanu et al. 2012; Park et al. 2018) can be

used to construct con�dence bands and conduct hypothesis tests for �xed effect functions.

1This chapter is joint work with Luo Xiao, Ekaterina Smirnova, Erjia Cui, Andrew Leroux and Ciprian
Crainiceanu, and appeared as Li et al. (2022b) in Statistics in Medicine.
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In spite of the growing interest in this area of research, modeling longitudinal functional

data continues to be daunting. On the one hand, it is often dif�cult to specify within-visit

correlation structures which account for the continuity of the functional domain with

dense observations. On the other hand, the between-visit correlations may be modeled

�exibly using structured speci�cations that represent the known and usually relatively

sparse longitudinal sampling structure (e.g., nesting of functions within individuals).

With the above considerations, we consider a uni�ed inferential model framework

that builds on the marginal decomposition model proposed by Park and Staicu (2015),

which focused on modeling the covariance of longitudinal functional data, but did not

consider �xed effects inference or tests of correlations. The marginal decomposition model

used longitudinal time-invariant and data-adaptive eigenfunctions to model within-visit

correlations and a sequence of bivariate covariance functions (either parametric or non-

parametric) to model the longitudinal correlations, and is computationally simpler than

the approach in Chen and Müller (2012), which modeled longitudinal functional data with

a four-dimensional nonparametric covariance function. For longitudinal functional data

with sparse longitudinal visits and densely observed functions, it might be suf�cient and

preferred to model the longitudinal correlation with a simple parametric speci�cation.

More importantly, the separation of within-subject correlation and longitudinal correlation

in the marginal decomposition model not only allows us to compare �xed-effects inference

under different longitudinal correlation structures but also enables us to compare different

longitudinal correlation structures via hypothesis testing, the major contributions of this

paper. For the latter, we shall conduct multiple tests on the correlation structure of the

sequence of bivariate covariance functions for modeling the longitudinal correlations in

the above marginal decomposition model. For each test, we use the bootstrap-based ap-

proach for covariance testing proposed by Chen et al. (2019), which compared parametric

covariance functions versus nonparametric covariance function for modeling traditional

longitudinal data. To our best knowledge, we haven't been aware of any existing test of the

longitudinal correlations developed for longitudinal functional data. Moreover, the test in

Chen et al. (2019) is the only available test with an unspeci�ed nonparametric alternative

and can be applied to longitudinal data that are observed at irregular time points; see our

discussion in Section 5.3 on alternative tests that are applicable only to limited scenarios.

In terms of �xed-effects inference, the proposed framework may compare favorably

against the functional additive model proposed by Scheipl et al. (2015), which only consid-

ered multilevel functional models with multiple covariance functions. It is worth noting

that the aforementioned model can be computationally challenging to �t when using its
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spline-based formulation of functional random effects. Bootstrapped approaches such

as in Park et al. (2018) are usually computationally demanding, even for small datasets.

In addition, as shall be shown in our simulations, simple bootstrapping of subjects may

give inef�cient inference when the subjects have multiple visits exhibiting within-visit

correlations.

In summary, the contributions of this paper are to, for longitudinal functional data: (a)

generalize standard longitudinal correlation models; (b) introduce testing for longitudi-

nal correlation structures; and (c) study the effect of correctly and incorrectly speci�ed

correlation structures on the �xed effects inference.

The paper is organized as follows. In Section 5.2, we introduce the general functional

mixed effects model and the speci�c longitudinal correlation structures for modeling

longitudinal functional data. In Section 5.3, we address the problem of testing longitudinal

correlation structure. Section 5.4 assesses the properties of the statistical methods proposed

using simulations. Section 5.5 applies our methods to real data. We conclude the paper with

a discussion in Section 5.6. The computer code for the proposed method and an associated

RMD �le with demonstration details are available at https: // github.com / rli20ST758/ FILF.

5.2 Functional mixed effects models

Let T � R be a compact interval and the index s 2 T be called the functional index. Let yi j (s)

denote the observed response variable at s for subject i , 1 � i � n , at the j th, 1 � j � n i ,

visit that occurred at time Ti j . Denote by xi j = (xi j 1, . . . ,xi j p )> the vector of covariates for

subject i at visit j , and xi = (xi 1, . . . ,xi n i
)> the n i � p matrix of covariates for subject i .

Some of the covariates may depend on the visit number and some may not, but we use

the index j for all variables to simplify notation. For one data application on physical

activity, the covariates are age, body mass index (BMI), sex and weekend, and thus p = 4.

Let yi j = ( yi j (s1), . . . , yi j (sm ))> , where f s1, . . . ,sm gis a �xed grid in T . Let yi = (y>
i 1, . . . ,y>

in i
)> be

the mn i -dimensional column vector obtained by vectorizing all observations for subject i .

We denote by � i j (�) the conditional mean of the functional process yi j (�) given the

covariates xi j and assume that

� i j (s) = � 0(s) +
pX

r =1

xi j r � r (s), (5.1)

where � r (�) are smooth, unknown functions of s. Using the approach in Park and Staicu
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(2015), we decompose the functional residuals, yi j (s) � � i j (s) = Wi j (s) + � i j (s), where

Wi j (s) =
X

k � 1

� i j k � k (s), (5.2)

and � i j (s) is white noise with zero mean and variance � 2
� . The functions f � 1(�), � 2(�), . . .gform

an orthonormal basis and � i j k are associated random coef�cients. We assume that � i j k are

normally distributed with zero mean and covariance Gk (Ti j 1
,Ti j 2

) = Cov(� i j 1k , � i j 2k jTi j 1
,Ti j 2

)

and are uncorrelated over i and k . Then the covariance of the process is a four-dimensional

operator with the following structure

C (s1,Ti j 1
, s2,Ti j 2

) = Cov
�
Wi j 1

(s1),Wi j 2
(s2)jTi j 1

,Ti j 2

	
=

X

k � 1

Gk (Ti j 1
,Ti j 2

)� k (s1)� k (s2).

We also assume that the sampling visits Ti j are independent over i and j and have a smooth

probability density function, g(�). Then the basis functions � k (�) are eigenfunctions of the

marginal covariance operator

Cm (s1, s2) =

Z

C (s1,T,s2,T )g(T )dT =
X

k � 1

� k � k (s1)� k (s2),

where � k =
R

Gk (T,T )g(T )dT are eigenvalues and are assumed to be ordered decreasingly,

i.e., � 1 � � 2 � . . . � 0, and the random coef�cients � i j k satisfy � i j k =
R

Wi j (s)� k (s)ds.

Standard longitudinal models using working covariance often assume either indepen-

dence, exchangeability, or leave them unspeci�ed. A natural generalization of these as-

sumptions to longitudinal functional data is via the speci�cation of the working covariance,

Gk (�, �), for every eigenfunction, � k (�), indexed by k . The continuity of the functional domain

is accounted by within-visit correlation structures and the longitudinal sampling structure

is represented by between-visit correlations. We propose to model the within-visit covari-

ance nonparametrically and the between-visit covariance using approaches inspired by

standard and functional longitudinal data analysis. The rationale is that the functions are

often densely observed and exhibit complex correlation structure, for which a nonparamet-

ric approach would provide the needed �exibility, while the longitudinal sampling visits

are often sparse, for which a simpler correlation structure might be suf�cient and also easy

to interpret.
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5.2.1 Longitudinal working covariances

We consider three common correlation models including two parametric correlation struc-

tures, but the proposed method can easily be extended to other parametric correlation

structures.

The �rst is the working independence model, where Wi j (s) in equation (5.2) are assumed

to be independent and identically distributed for all i and j . Under this framework the

random scores � i j k = � i j k , where � i j k are uncorrelated across i and j for each k and

Var(� i j k ) = � 2
e,k . Then, we have Gk (Ti j 1

,Ti j 2
) = � 2

e,k 1f j1= j2g. Here 1f�g is an indicator function

which is equal to 1 if the statement is true and 0 otherwise.

The second is the exchangeable correlation model, that is � i j k = � i k + � i j k , where � i k are

uncorrelated with all � i j k and � i j k are mutually uncorrelated for all i , k and j . Denote � 2
0,k =

Var(� i k ) and � 2
e,k = Var(� i j k ), and then Gk (Ti j 1

,Ti j 2
) = � 2

0,k + � 2
e,k 1f j1= j2g. The exchangeable

model for longitudinal functional data is a particular case of the multilevel functional

principal component model (Di et al. 2009). Indeed, we may write Wi j (s) = Ui (s) + Vi j (s)

with Ui (s) =
P

k � 1 � i k � k (s) and Vi j (s) =
P

k � 1 � i j k � k (s).

The third is the unspeci�ed smooth correlation model, where Gk (�, �) is modeled nonpara-

metrically. In this case � i j k = � i k (Ti j ) + � i j k , where � i k (Ti j ) is a zero-mean smooth process

with covariance function Cov
�
� i k (Ti j 1

), � i k (Ti j 2
)
	

= Gk 0(Ti j 1
,Ti j 2

), and � i j k are zero mean ran-

dom errors with Var(� i j k ) = � 2
e,k . In particular, � i j k are mutually uncorrelated for all i , j and

k . The induced covariance function is Gk (Ti j 1
,Ti j 2

) = Gk 0(Ti j 1
,Ti j 2

) + � 2
e,k 1f j1= j2g. We further

decompose the covariance function Gk 0(Ti j 1
,Ti j 2

)asGk 0(Ti j 1
,Ti j 2

) =
P 1

` =1 � k `  k ` (Ti j 1
) k ` (Ti j 2

),

where � k 1 � � k 2 � . . . � 0and  k ` (�)are orthonormal eigenfunctions with
R

T
 k ` 1

(T ) k ` 2
(T )dT =

1f ` 1=` 2g. It follows that � i j k =
P 1

` =1 � i k `  k ` (Ti j ) + � i j k , where � i k ` are uncorrelated random

scores with zero mean and variance � k ` .

The unspeci�ed smooth covariance model contains the independent and exchange-

able models as special cases. Indeed, the working independence model corresponds to

Gk 0(Ti j 1
,Ti j 2

) = 0 while the exchangeable correlation model corresponds to Gk 0(Ti j 1
,Ti j 2

) =

� 2
0,k . Thus, for model estimation below, we will focus on the unspeci�ed covariance model

as the other cases can be treated as simpler cases.

5.2.2 Model estimation

We �rst consider estimation of � i j (�) using B-spline expansion of the coef�cient functions

� r (�). Speci�cally, let B(s) = (B1(s), . . . ,Bc (s))> 2 Rc be a collection of B-spline basis functions
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in the unit interval with c being the number of basis functions. Then � r (s) =
P c

d =1 � r d Bd (s),

where � r = (� r 1, . . . ,� r c )> is the unknown coef�cient vector. We use cubic B-splines and a

relatively large number of equally spaced knots, i.e., a large c, so that the approximation

bias is negligible. Let B = (B(s1), . . . ,B(sm ))> 2 Rm � c , then � i j = (� i j (s1), . . . ,� i j (sm ))> = B� 0 +
P p

r =1 xi j r B� r . Denote Xi j = (B, xi j 1B,. . . ,xi j p B) 2 Rm � ((p +1)c), � = ( � >
0 , . . . ,� >

p )> 2 R(p +1)c .

Then, we have � i j = Xi j � . Let Xi = (X>
i 1, . . . ,X>

in i
)> 2 R(mn i )� ((p +1)c) and � i = ( � >

i 1, . . . ,� >
in i

)> 2

Rmn i . Then, we have � i = Xi � .

Now we consider Wi j (s) =
P

k � 1 � i j k � k (s) in equation (5.2), where for each k � 1, � i j k =
P

` � 1 � i k `  k ` (Ti j ) + � i j k . As both terms involve in�nite sums, we propose to use a number

of eigenfunctions � k (�) that explains at least a given percentage of the variance explained

(PVE) in the marginal covariance function, Cm . Denote the selected number of � k (�) by K .

Next we determine the approximation of � i j k for all 1 � k � K simultaneously by ranking

� k ` , the variances of scores � i k ` . We retain the � k ` that are larger than � � , where � � is the

largest value that satis�es

P K
k =1

¦
� 2

e,k +
P

` � 1 � k ` 1f � k ` � � � g

©

P K
k =1

¦
� 2

e,k +
P

` � 1 � k `

© > PVE. (5.3)

This will discard � i k ` with small variances. According to our simulation studies, discarding

small variances leads to improved estimation. Let Lk be the number of eigenfunctions

selected for � i j k . Then approximately,

Wi j (s) =
X

1� k � K

(
X

1� ` � Lk

� i k `  k ` (Ti j ) + � i j k

)

� k (s).

Let W i j = (Wi j (s1), . . . ,Wi j (sm ))> 2 Rm , � k = (� k (s1), . . . ,� k (sm ))> 2 Rm , � i k = (� i k 1, . . . ,� i k L k
)> 2

RLk , and 	 i j k = ( k 1(Ti j ), . . . , k L k
(Ti j ))> 2 RLk . Then

W i j =
X

1� k � K

€
	 >

i j k � i k + � i j k

Š
� k .

Let 	 i j = blockdiag f 	 >
i j 1, . . . ,	 >

i j K g 2 RK � L , where L =
P K

k =1 Lk , and � i = ( � >
i 1, . . . ,� >

i K )> 2

RL . Note that � i k has a diagonal covariance matrix � k = diagf � k 1, . . . ,� k L k
g and � i has

a diagonal covariance matrix � = blockdiag f � 1, . . . ,� K g. Let � = ( � 1, . . . ,� K ) 2 Rm � K and
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� i j = (� i j 1, . . . ,� i j K )> 2 RK . Then

W i j = �
�
	 i j � i + � i j

�
.

Let W i = (W >
i 1, . . . ,W >

in i
)> 2 Rmn i , 	 i = (	 >

i 1, . . . ,	 >
in i

)> 2 R(K n i )� L , and � i = ( � >
i 1, . . . ,� >

n i i )
> 2

RK n i . Then

W i = (In i

 � )(	 i � i + � i ).

Finally, we obtain the mixed model representation

yi = Xi � + (In i

 � )(	 i � i + � i )+ � i ,

0

B
@

� i

� i

� i

1

C
A � N
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� Imn i
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A
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(5.4)

where (� >
i , � >

i , � >
i )> are independent across subjects. Therefore, given the eigenfunctions

	 i and � , the �xed effects � and variance components � k ` , � 2
e,k , and � 2

� can be estimated

using standard mixed effects software. To avoid over�tting, we impose a quadratic penalty

on each � r . Let P be a second order difference penalty matrix (Eilers and Marx 1996). To be

speci�c we use the penalty
P p

r =0 � r � >
r P� r , where � r is the smoothing parameter for the r th

function � r (�). The model can be �tted using the gam() function (Wood et al. 2016) or bam()
function (Wood et al. 2015) in the Rpackage mgcv(Wood 2019) and we use generalized

cross validation to select the smoothing parameters.

5.2.3 Longitudinal covariance estimation and model estimation algo-

rithm

We �rst obtain an initial estimate of � for the �xed effects, by �tting model (5.4) without

including the term (In i

 � )(	 i � i + � i ). This is equivalent to assume that all observations

yi j (s) are mutually independent. A small simulation study shows that the proposed method

is not sensitive to the initial estimate. Indeed, see Appendix D.1 for alternative methods of

the initial estimate for � .

With an initial estimate of � , the residuals r i j (s) = yi j (s) � � i j (s) can be calculated and

used for estimating the marginal eigenfunctions � k (�) and the longitudinal covariances.

First, the eigenfunctions � k (�) can be estimated by using the fast face algorithm (Xiao et al.

2016) of the sandwich smoother (Xiao et al. 2013) on the set of residuals. Speci�cally, let
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R i j = (r i j (s1), . . . ,r i j (sm ))> 2 Rm , R i = (R i 1, . . . ,R i n i
) 2 Rm � n i and R = (R 1, . . . ,R n ) 2 Rm � N ,

where N =
P n

i =1 n i . Then we apply the face algorithm to N � 1RR > . Then, given � k (�), we

calculate
R

r i j (s)� k (s)ds as the prediction for � i j k . For the working independence model, � k

can be estimated along with � k (�) directly from the face algorithm. For the exchangeable

model, we have � i j k = � i k + � i j k and a one-way nested ANOVA model can be used to

estimate � 2
0,k and � 2

e,k . Finally, when Gk (�, �) is unspeci�ed, we approximate it using tensor-

product B-splines and apply the fast covariance estimation method for sparse functional

data (Xiao et al. 2018) to the dataset f � i j k ,Ti j k ,1 � j � n i ,1 � i � n gto obtain estimates of

Gk 0(�, �) and � 2
e,k . We use10 marginal cubic B-splines with equally-spaced knots. Then, an

eigendecomposition of Gk 0(�, �) leads to estimates of eigenfunctions  k ` (�) and associated

eigenvalues � k ` . We retain all eigenfunctions with associated positive eigenvalues and then

use equation (5.3) to discard small eigenvalues.

Once we have got estimates of the marginal eigenfunctions and the longitudinal co-

variances, we re�ne the estimates of �xed effects by �tting the mixed model (5.4) to obtain

estimates of � , denoted by Ò� . Given the estimated variance parameters and treating the

smoothness penalty on the �xed effects function as prior distributions, Ò� has a posterior

multivariate normal distribution, which can be used to construct either point-wise or si-

multaneous con�dence bands for the �xed effects functions. We omit the details and refer

to the textbook (Wood 2006).

We summarize the steps of the proposed method with unspeci�ed smooth covariance

in Algorithm 1. The estimation algorithm with independent and exchangeable covariance

is available in Appendix D.2. Notice that the �xed effect is actually estimated twice (initial

estimate and re�ned estimate) but not iterative since we have found that more iterations

do not contribute to a better estimation. The reason for this is that as long as a good initial

estimate of �xed effects is obtained, subsequent estimation of covariances via residuals is

already suf�ciently accurate and does not have substantial improvement using residuals

with re�ned estimates. As shall be shown in our simulation study, our proposed initial

estimates are often comparable with the proposed re�ned estimates. Notice that we still

use the re�ned estimates as our �nal estimates because inference wouldn't be valid with the

initial estimates. Finally, a small simulation for the iterative procedure between estimating

the mean and covariance structure is shown in Appendix D.1
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Algorithm 1 Estimate �xed effects assuming unspeci�ed smooth covariance.

1. Estimate the initial �xed effects as � 0
i j (s) by existed methods assuming that all obser-

vations yi j (s) are mutually independent, and subtract the initial mean functions from
observed data to get residuals as r i j (s) = yi j (s) � � 0

i j (s).
2. Apply the face algorithm to r i j (s) to extract eigenfunctions � k (s) and principal scores
� i j k .
3. For each layer k , apply the sparse face algorithm (Xiao et al. 2018) to � i j k to extract
eigenfunctions  k ` (s).
4. With covariates xi j p and estimated eigenfunctions � k (s) and  k ` (s), �t the mixed
model (5.4) using the gam() or bam() function to obtain the �nal and re�ned �xed ef-
fects as � i j (s).

5.3 Tests of longitudinal covariances

We use the goodness of �t test in Chen et al. (2019) to test the structure of the covariance

Gk 0(�, �) in the following scenarios: (1) test the independent model against the unspeci�ed

covariance model; and (2) test the exchangeable model against the unspeci�ed covariance

model. The only other available method for carrying out the above tests is the multivariate

test in Zhong et al. (2017), which can only be applied to data with a common longitudinal

design and assumes an unstructured covariance that does not account for smoothness

in the alternative covariance. Thus when applicable, the multivariate test tends to be less

powerful than the above goodness of �t test. It is also worth mentioning that if the alternative

is also parametric, then likelihood-based tests such as the one in Crainiceanu and Ruppert

(2004) may instead be used.

We will consider two types of tests: test of an individual covariance or joint test of

multiple covariances. To illustrate the idea, consider the case when the null hypothesis

assumes independence. For the individual test, we may test H0k : Gk 0(�, �) = 0 against H1k :

Gk 0(�, �) is unspeci�ed for each k . For the joint test, we may test H0 : Gk 0(�, �) = 0 for all k � 1

against H1 : Gk 0(�, �) is unspeci�ed for at least one k � 1. The null model for the joint test

corresponds to the assumption that the longitudinal functions Wi j (�) are uncorrelated

across visits, j , within study participants.

The individual longitudinal covariance test can be written as

H0k : Gk 0(T,T 0) = eGk 0(T,T 0) versus H1k : Gk 0(T,T 0) 6= eGk 0(T,T 0), (5.5)

where eGk 0(T,T 0) is a parametric covariance function with a �nite number of unknown
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parameters. For example, to test the null hypothesis of an exchangeable covariance model,

we have Gk (Ti j 1
,Ti j 2

) = eGk 0(Ti j 1
,Ti j 2

) + 1f j1= j2g� 2
e,k , where eGk 0(Ti j 1

,Ti j 2
) = � 2

0,k . For testing

the null hypothesis of working independence, everything stays the same, except that
eGk 0(Ti j 1

,Ti j 2
) = 0.

We now brie�y describe the test proposed in Chen et al. (2019) Suppose that the null

covariance is G0 and the alternative is GA. First, we estimate the unknown parameters

under the null hypothesis and denote the resulting estimate by ÒG0. Under the alternative

hypothesis, we estimate GA nonparametrically using, for example, smoothing based on

tensor product of B-splines. If the estimator under the alternative hypothesis is ÒGA then the

test statistic is the Hilbert-Schmidt norm distance

Tn =



 ÒGA � K ÒG0






H S
,

where



 f






H S
=

q RR
f (T,T 0)2dT dT 0 and K ÒG0 is the smoothed null covariance estimate

using again tensor-product of B-splines. The rationale for smoothing ÒG0 is to remove the

potential bias induced by smoothing procedure used for obtaining ÒGA. Larger values of the

test statistic, Tn , will provide evidence against the null hypothesis. The null distribution

of Tn is obtained via wild bootstrap Wu (1986), i.e., the estimated error variance under the

alternative hypothesis is used to generate bootstrap samples.

To explore the overall structure of longitudinal covariances for modeling longitudinal

functional data, we propose a joint test of Gk 0(�, �) for all 1 � k � K . As we do not expect

a large K (only a small number of multiple comparisons), the approach we propose is

straightforward: conduct individual covariance tests and use a Bonferroni correction to

control the family-wise error rate. While not explored, one may also use more re�ned mul-

tiple testing methods such as the Benjamini-Hochberg method (Benjamini and Hochberg

1995).

5.4 Simulation studies

We use simulations to compare the performance of inferential approaches for the longi-

tudinal functional models using independent, exchangeable, and unspeci�ed covariance

assumptions. We will focus on estimation and inference for �xed effects as well as size and

power of the covariance tests introduced in Section 5.3. The longitudinal functional models

are compared with the standard functional data method implemented in the pffr() func-

tion (Scheipl et al. 2015; Ivanescu et al. 2015; Scheipl et al. 2016) of the Rpackage refund
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(Goldsmith et al. 2018). This approach was designed for functional data without residual

correlation and will be referred to as the ind_obs method, in the sense that the method

assumes independence in longitudinal observations. The methods implemented in the

pffr() function work very well in practice when residuals are not correlated. We also

compare methods with the bootstrap method (Park et al. 2018) to obtain the con�dence

bands for the coef�cient functions. The point estimators for the bootstrap approach are

obtained using the pffr() function.

5.4.1 Simulation settings

Data are generated from the model yi j (s) = � i j (s) + Wi j (s) + � i j (s), s 2 [0,1]. The functional

mean is � i j (s) = � 0(s) + xi 1� 1(s) + xi j 2� 2(s), where the number of covariates is p = 2, xi 1
i i d
�

N (0,1), and xi j 2 = aTi j + ei j , where ei j � N (� ei ( j � 1),1) with ei 0 = 0. We let a = 1 and � = 0.7.

The coef�cient functions are � 0(s) = 1 +
p

3cos(3� s), � 1(s) = 2 + cos(2� s) and � 2(s) =

2+ sin(� s). The number of visits per subject, n i , will be speci�ed later while the visit times,

Ti j , are generated uniformly from the unit interval and then ordered. Using the orthonormal

functions � 1(s) = 1 and � 2(s) =
p

2sin(2� s), Wi j (�) is generated from one of the three models

below:

1. Independent covariance: Wi j (s) =
P 2

k =1 � i j k � k (s).

2. Exchangeable covariance: Wi j (s) =
P 2

k =1(� i k + � i j k )� k (s).

3. Unspeci�ed covariance: Wi j (s) =
P 2

k =1

� P 2
` =1 � i k `  k ` (Ti j ) + � i j k

	
� k (s).

For the independent covariance, � i j 1
i i d
� N (0,4.5) and � i j 2

i i d
� N (0,3). For the exchangeable

covariance, � i 1
i i d
� N (0,3), � i 2

i i d
� N (0,2), � i j 1

i i d
� N (0,1.5) and � i j 2

i i d
� N (0,1). For the unspec-

i�ed covariance,  11(T ) =
p

2cos(2� T ),  12(T ) =
p

2sin(2� T ),  21(T ) =
p

2cos(4� T ), and

 22(T ) =
p

2sin(4� T ). We generate the random terms as � i 11
i i d
� N (0,2), � i 12

i i d
� N (0,1.5),

� i 21
i i d
� N (0,1.5), � i 22

i i d
� N (0,1), � i j 1

i i d
� N (0,1) and � i j 2

i i d
� N (0,0.5). The functional argu-

ments f s1, . . . ,sm gform a grid of 101 equidistant points in the unit interval. The mutually

independent random errors � i j (s) are generated from N (0, � 2
� ). The value of � 2

� is 1.5, which

is determined by a signal to noise ratio (SNR) with a value of 5. For the independent and

exchangeable covariances, we de�ne SNR in the functional data as
P

k � 1(� 2
0,k + � 2

e,k )=� 2
� ;

for the unspeci�ed covariance, we de�ne SNR as
P

k � 1

P
` � 1(� k ` + � 2

e,k )=� 2
� .

For simulations, we use a factorial design with three factors: (a) the number of subjects

is either 100 or 200; (b) the number of visits n i are generated from either Unif [3, . . . ,6] or
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Unif [8, . . . ,12]; and (c) the covariance model is either independent, exchangeable or unspec-

i�ed. There are 12 model conditions. For each condition, 500 replications are conducted

on an Intel Core i7-8700 with 32GB RAM using one core per simulation.

For tests of longitudinal covariances, data are generated similarly. However, under the

alternative we add terms to ensure that the null model is misspeci�ed. Speci�cally, we

consider

1. Deviation from independent covariance: � i j k ! � i j k + � zi k (Ti j ).

2. Deviation from exchangeable covariance: � i k + � i j k ! � i k + � i j k + � zi k (Ti j ).

The scalar � controls the magnitude of the deviation from the null model. The scores

� i k and � i j k are independent from the non-linear random function zi k (�), where zi k (T ) =
P 2

` =1 � i k `  k ` (T ). The terms � i k ` and  k ` (T ) are speci�ed as before.

In addition to the above simulation settings, we have also conducted simulations when

the number of covariates is four and the number of marginal eigenfunctions is also four.

The details of the simulation settings and results can be found in Appendix D.6.

5.4.2 Model estimation and evaluation criteria

The initial mean estimation is conducted using the pffr() function using 10 cubic B-

splines bases and the second order difference penalty. The marginal eigenfunctions � k (s)

are estimated by �tting the functional residuals via the fpca.face() function (Xiao et al.

2016) in the Rpackage refund with 20 knots. The unspeci�ed covariance model compo-

nents  k ` (T ) and � i k ` are estimated using the face.sparse() function in the Rpackage

face with 15 knots. The truncation parameters K and Lk (for the unspeci�ed covariance

model) are all determined using the pre-speci�ed level percentage of variance explained

(PVE) with a value of 0.95. The �nal mixed model is �tted using the bam() function (Wood

et al. 2015) in the Rpackage mgcv(Wood 2019).

The estimation accuracy for functional parameters is assessed using the mean integrated

squared errors (MISE) and the properties of the pointwise con�dence intervals. Speci�cally,

for a function � with estimate b� , MISE( b� ) = N � 1
s im

P Ns im

i s im =1

R
f b� i s im (s) � � (s)g2ds. For the

pointwise con�dence intervals, we report the integrated actual pointwise coverage (IAC) and

integrated actual width (IAW), where IAC is de�ned as N � 1
s im

P Ns im

i s im =1

R
I f b� i s im (s) 2 C Ip (s)gds

and C Ip (s) is the pointwise approximate con�dence interval for the functional parameter

� (s). For example, an approximate 95%pointwise con�dence interval C Ip (s0) for � 1(s0) can
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be constructed as � 1(s0) � 1.96� ÓSDf b� 1(s0)g. The length of the con�dence interval at s0 is

3.92� ÓSDf b� 1(s0)gand IAW = N � 1
s im

P Ns im

i s im =1

R
3.92� ÓSDf b� i s im (s)gds.

5.4.3 Simulation results for estimation

Tables 5.1, 5.2 and 5.3 display the results for estimating the coef�cient functions when the

data generating mechanism uses independent, exchangeable, or unspeci�ed covariances,

respectively. For each table, we compare results using �ve methods. The ind_obs method

refers to the method implemented in the pffr() function; we use the bootstrap method

(Park et al. 2018) to obtain the con�dence bands for the coef�cient functions; and the

independent, exchangeable and unspeci�ed methods refer to the proposed methods with

independent, exchangeable and unspeci�ed cvoariances, respectively. We �rst focus on the

point estimation, which is partially captured by the MISE in the three tables. Results indicate

that as the number of subjects and visits increase, MISEs decrease for all methods; see the

columns labeled
p

MISE in Tables 5.1, 5.2 and 5.3. Moreover, the MISE obtains the smallest

value when the correlation is correctly speci�ed. In particular, the reduction in MISE is

substantial for data with exchangeable and unspeci�ed covariance structures when the

correct model is used compared to one that does not account for correlation. For example, in

Table 5.2 which corresponds to data simulated from an exchangeable correlation structure,

for n = 200and n i � Unif [8,12], the
p

MISE is 0.028for � 2(s) for the method which accounts

for exchangeable correlation, while it is 0.066 for the bootstrap method which does not.

Finally, the unspeci�ed correlation model consistently provides good estimators, with the

corresponding MISE comparable to that obtains from the correctly speci�ed model. See

Appendix D.3 for additional simulation results.

For con�dence bands, all methods outperform the ind_obs method in terms of cov-

erage. The con�dence bands from the ind_obs method are on average too narrow and

are far below the nominal coverage level. The correctly-speci�ed and the unspeci�ed co-

variance models provide con�dence bands that are close to the nominal, though, slightly

conservative sometimes. The bootstrap method provides con�dence bands that close to

the nominal, though they require more computational times and have higher average width

for estimating slope functions and lower average width for estimating intercept functions.

When models are misspeci�ed (e.g., exchangeable model for unspeci�ed covariance data),

the average coverage of the con�dence bands tends to be close to the nominal, but at the

expense of much wider con�dence bands.

In terms of run times per simulation averaged by 500replications, the bootstrap method
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is the slowest and the ind_obs method is the fastest. Computational time increases with

more complex longitudinal correlation structures. However, when the dataset has a large

number of subjects and a large number of visits per subject ( n = 200 and n i � Unif [8,12]),

the computation time for �tting the proposed methods can be comparable to or longer

than that of the bootstrap method. The proposed method may be sped up via parallel

computing in the bam() function, but in our simulation we only use one core.

In summary, the unspeci�ed covariance models perform well in terms of inference for

the �xed effects in a variety of scenarios. However, in practice one may still want to know

whether a simpler correlation structure is reasonable for the data, as the correct model

slightly outperforms the unspeci�ed covariance model. In the next section, we provide

results for testing the longitudinal covariance.

5.4.4 Simulation results for longitudinal covariance tests

For the covariance tests introduced in Section 5.3, we report the empirical type I error rate

(estimated size) for nominal levels � = 0.05 and 0.10 based on 5000simulated datasets, and

the power at the � = 0.05 level with 1000simulated datasets. For the joint test, we use the

Bonferroni correction to account for the multiplicity of hypotheses tests. For the individual

covariance tests, the power curves are presented as functions of the deviation from the null,

de�ned as
� 2

R
Varf zi k (T )gdT

R
Varf � i k (T )gdT + � 2

R
Varf zi k (T )gdT

for each k . For the joint test, the deviation from the null is de�ned as

� 2
P

k

R
Varf zi k (T )gdT

P
k

R
Varf � i k (T )gdT + � 2

P
k

R
Varf zi k (T )gdT

.

The deviation from the null hypothesis is a number between 0 and 1.

Table 5.4 reports the empirical type I errors of the individual and joint tests, indicating

that all tests have empirical levels close to their nominal levels. Tests can be conservative for

exchangeable covariance with a larger number of visits per subject. We have also evaluated

the dependency of the testing statistics from different layers for a few simulation settings;

see Appendix D.4 for details. While we have found signi�cant positive correlations among

the testing statistics for most scenarios, the correlations seem small. Nevertheless, for the

joint test where the Bonferroni correction is used, multiple testing methods that account

for positive dependencies such as the Simes method (Sarkar and Chang 1997) might instead
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Table 5.1:
p

MISE, IAC for 95% pointwise con�dence interval and IAW for estimating
� 0(s), � 1(s) and � 2(s) based on independent covariance data using �ve methods across 500
simulations. Time (standard error) with second as a unit is the run time per simulation
averaged by 500 replications.

� 0(s) � 1(s) � 2(s)
Method Time

p
MISE IAW IAC

p
MISE IAW IAC

p
MISE IAW IAC

n = 100 & n i � Unif [3,6]
ind_obs 0 (0.0) 0.127 0.23 0.58 0.119 0.15 0.46 0.082 0.09 0.40
bootstrap 72 (0.1) 0.127 0.54 0.93 0.119 0.51 0.93 0.082 0.35 0.93
independent 3 (0.0) 0.125 0.80 0.98 0.115 0.51 0.95 0.073 0.33 0.95
exchangeable 7 (0.1) 0.125 0.82 0.98 0.115 0.52 0.96 0.073 0.34 0.95
unspeci�ed 8 (0.0) 0.125 0.80 0.98 0.115 0.51 0.95 0.073 0.34 0.95

n = 100 & n i � Unif [8,12]
ind_obs 1 (0.0) 0.086 0.16 0.58 0.079 0.10 0.46 0.052 0.07 0.45
bootstrap 150 (0.1) 0.086 0.36 0.94 0.079 0.34 0.94 0.052 0.23 0.95
independent 32 (0.1) 0.085 0.53 0.96 0.078 0.34 0.94 0.048 0.23 0.96
exchangeable 49 (0.4) 0.085 0.54 0.97 0.078 0.35 0.95 0.048 0.23 0.96
unspeci�ed 37 (0.1) 0.085 0.53 0.96 0.078 0.34 0.94 0.048 0.23 0.96

n = 200 & n i � Unif [3,6]
ind_obs 1 (0.0) 0.086 0.16 0.61 0.084 0.11 0.44 0.056 0.07 0.42
Bootstrap 138 (0.1) 0.086 0.38 0.95 0.084 0.36 0.94 0.056 0.25 0.96
independent 24 (0.1) 0.085 0.57 0.97 0.082 0.36 0.95 0.051 0.24 0.97
exchangeable 49 (0.4) 0.085 0.57 0.97 0.082 0.36 0.96 0.051 0.24 0.97
unspeci�ed 33 (0.1) 0.085 0.57 0.97 0.082 0.36 0.95 0.051 0.24 0.97

n = 200 & n i � Unif [8,12]
ind_obs 1 (0.0) 0.059 0.11 0.61 0.057 0.07 0.46 0.038 0.05 0.44
bootstrap 288 (0.4) 0.059 0.25 0.95 0.057 0.24 0.93 0.038 0.17 0.94
independent 264 (0.9) 0.058 0.38 0.97 0.056 0.24 0.94 0.036 0.16 0.95
exchangeable 381 (3.0) 0.058 0.39 0.98 0.056 0.24 0.94 0.036 0.17 0.96
unspeci�ed 275 (0.9) 0.058 0.38 0.97 0.056 0.24 0.94 0.036 0.16 0.95

be employed.

Figure 5.1 presents the power curves for the proposed tests, indicating similar patterns

for the two individual and the joint tests. The test for independent covariance has higher

power than the one for exchangeable covariance data. For both types of the null hypothesis,

power increases with the number of subjects and observation per subject. Power seems

to be particularly sensitive to the number of visits, n i , per curve. Indeed, with 100 study

participants and exchangeable covariance, for all three tests, the power for n i � Unif [8,12]

is close to one under a deviation around 0.25. In contrast, for n i � Unif [3,6], the deviation

needs to be closer to 0.7 to reach the same power. As expected, power depends on how
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Table 5.2:
p

MISE, IAC for 95%pointwise con�dence interval and IAW for estimating � 0(s),
� 1(s) and � 2(s) based on exchangeable covariance data using �ve methods across 500
simulations. Time (standard error) with second as a unit is the run time per simulation
averaged by 500 replications.

� 0(s) � 1(s) � 2(s)
Method Time

p
MISE IAW IAC

p
MISE IAW IAC

p
MISE IAW IAC

n = 100 & n i � Unif [3,6]
ind_obs 0 (0.0) 0.225 0.22 0.34 0.226 0.15 0.24 0.119 0.09 0.28
bootstrap 74 (0.1) 0.225 0.97 0.94 0.226 0.94 0.94 0.119 0.51 0.94
independent 3 (0.0) 0.223 0.80 0.86 0.220 0.50 0.69 0.107 0.33 0.82
exchangeable 6 (0.0) 0.215 1.44 0.97 0.202 0.90 0.95 0.063 0.29 0.95
unspeci�ed 11 (0.0) 0.215 1.42 0.99 0.208 0.87 0.93 0.064 0.29 0.94

n = 100 & n i � Unif [8,12]
ind_obs 1 (0.0) 0.206 0.15 0.27 0.205 0.10 0.17 0.092 0.07 0.26
bootstrap 152 (0.1) 0.206 0.91 0.95 0.205 0.90 0.95 0.092 0.39 0.94
independent 32 (0.2) 0.205 0.54 0.74 0.202 0.34 0.54 0.086 0.23 0.75
exchangeable 46 (0.2) 0.203 1.39 0.97 0.187 0.87 0.97 0.037 0.17 0.96
unspeci�ed 51 (0.2) 0.205 1.36 0.98 0.190 0.84 0.96 0.037 0.17 0.95

n = 200 & n i � Unif [3,6]
ind_obs 1 (0.0) 0.162 0.16 0.34 0.149 0.11 0.26 0.085 0.07 0.29
bootstrap 137 (0.2) 0.162 0.69 0.94 0.149 0.66 0.95 0.085 0.36 0.95
independent 23 (0.1) 0.160 0.57 0.85 0.147 0.35 0.72 0.079 0.24 0.82
exchangeable 44 (0.2) 0.151 1.02 0.97 0.141 0.64 0.95 0.047 0.21 0.95
unspeci�ed 54 (0.2) 0.152 1.01 0.99 0.142 0.63 0.95 0.047 0.21 0.95

n = 200 & n i � Unif [8,12]
ind_obs 1 (0.0) 0.147 0.11 0.28 0.140 0.07 0.20 0.066 0.05 0.25
bootstrap 288 (0.3) 0.147 0.65 0.95 0.140 0.63 0.95 0.066 0.28 0.95
independent 261 (0.9) 0.147 0.38 0.73 0.139 0.24 0.58 0.063 0.16 0.76
exchangeable 373 (1.5) 0.144 0.97 0.97 0.131 0.62 0.96 0.028 0.12 0.95
unspeci�ed 383 (1.5) 0.147 0.98 0.98 0.134 0.61 0.95 0.029 0.12 0.95

closely the true model matches the speci�ed alternative assumed by the test.

In summary, in all settings, the proposed tests maintain proper size and have the power

to detect alternative longitudinal covariance both when the null hypothesis assumes inde-

pendent covariance and exchangeable covariance.

5.5 Data application

Wearable devices such as accelerometers provide objective and detailed measurements

of physical activity and enable researchers to study how physical activity changes with
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Table 5.3:
p

MISE, IAC for 95% pointwise con�dence interval and IAW for estimating
� 0(s), � 1(s) and � 2(s) based on unspeci�ed covariance data using �ve methods across 500
simulations. Time (standard error) with second as a unit is the run time per simulation
averaged by 500 replications.

� 0(s) � 1(s) � 2(s)
Method Time

p
MISE IAW IAC

p
MISE IAW IAC

p
MISE IAW IAC

n = 100 & n i � Unif [3,6]
ind_obs 0 (0.0) 0.127 0.23 0.58 0.122 0.15 0.42 0.086 0.10 0.37
bootstrap 74 (0.1) 0.127 0.53 0.93 0.122 0.50 0.93 0.086 0.37 0.94
independent 3 (0.0) 0.125 0.81 0.97 0.118 0.51 0.95 0.076 0.34 0.95
exchangeable 7 (0.1) 0.125 0.82 0.97 0.118 0.52 0.96 0.076 0.34 0.95
unspeci�ed 19 (0.1) 0.081 0.62 1.00 0.077 0.31 0.93 0.052 0.22 0.94

n = 100 & n i � Unif [8,12]
ind_obs 1 (0.0) 0.081 0.16 0.61 0.070 0.10 0.49 0.063 0.07 0.36
bootstrap 152 (0.1) 0.081 0.34 0.94 0.070 0.31 0.94 0.063 0.28 0.95
independent 32 (0.1) 0.079 0.55 0.97 0.069 0.34 0.97 0.059 0.23 0.91
exchangeable 43 (0.3) 0.079 0.55 0.97 0.069 0.34 0.97 0.059 0.23 0.91
unspeci�ed 77 (0.4) 0.045 0.37 1.00 0.041 0.18 0.95 0.032 0.13 0.94

n = 200 & n i � Unif [3,6]
ind_obs 1 (0.0) 0.085 0.16 0.60 0.079 0.11 0.47 0.059 0.07 0.40
bootstrap 138 (0.1) 0.085 0.37 0.95 0.079 0.35 0.95 0.059 0.26 0.94
independent 24 (0.1) 0.084 0.56 0.97 0.077 0.36 0.96 0.055 0.24 0.94
exchangeable 45 (0.3) 0.084 0.57 0.97 0.077 0.36 0.96 0.055 0.24 0.94
unspeci�ed 116 (0.6) 0.054 0.43 1.00 0.050 0.21 0.94 0.036 0.15 0.95

n = 200 & n i � Unif [8,12]
ind_obs 1 (0.0) 0.056 0.11 0.64 0.052 0.07 0.49 0.044 0.05 0.37
bootstrap 288 (0.4) 0.056 0.24 0.94 0.052 0.22 0.94 0.044 0.20 0.95
independent 262 (0.8) 0.055 0.38 0.97 0.051 0.24 0.96 0.043 0.16 0.91
exchangeable 339 (1.5) 0.055 0.38 0.97 0.051 0.24 0.97 0.043 0.16 0.90
unspeci�ed 585 (3.6) 0.031 0.25 1.00 0.029 0.12 0.94 0.022 0.09 0.95

age, personal characteristics, and health status. In earlier studies based on cross-sectional

data, the systematic and random circadian rhythms of physical activity was analyzed as

functions of time of day and age (Xiao et al. 2015; Goldsmith et al. 2015).

In this analysis, our objective is to quantify the circadian rhythm of physical activity

over multiple days and how they relate to age, sex and body mass index (BMI) and provide

associated inference. Data were collected from the National Health and Nutrition Exam-

ination Survey (NHANES), a large cohort study conducted in two-year waves by the US

Centers for Disease Control and Prevention (CDC) to assess the health and nutritional

status of US population. We focus on the NHANES 2011-2012 and 2013-2014 data, where
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Table 5.4: Empirical type I error of covariance tests at the nominal � = 0.05 and 0.10 levels
based on 5000 datasets, by sample size (n ) and observations per subject ( n i ).

Null n i Layer
n = 100 n = 200

� = 0.05 � = 0.10 � = 0.05 � = 0.10

exchangeable

Unif [3,6]
�rst layer 0.055 0.105 0.046 0.098

second layer 0.050 0.099 0.045 0.093
joint test 0.053 0.103 0.043 0.090

Unif [8,12]
�rst layer 0.042 0.094 0.039 0.085

second layer 0.037 0.080 0.040 0.092
joint test 0.037 0.078 0.033 0.078

independent

Unif [3,6]
�rst layer 0.056 0.115 0.057 0.110

second layer 0.051 0.108 0.052 0.103
joint test 0.053 0.105 0.056 0.106

Unif [8,12]
�rst layer 0.053 0.103 0.057 0.108

second layer 0.054 0.103 0.055 0.102
joint test 0.056 0.104 0.058 0.108

each study participant was asked to wear the wrist-worn device all the time for seven

consecutive days. The physical activity data were collected and summarized in minute-

level Monitor-Independent Movement Summary (MIMS) units, a physical activity intensity

unit optimized to capture normal human motion (John et al. 2019). For each day of the

study participant, our initial data are MIMS measured at 1440minutes from midnight to

midnight. The �nal dataset consists of 513 study participants ( 208 men and 305 women)

with an average age of 57 years and an average BMI value of 28. Figure 5.2 displays the

physical activity pro�les of two randomly selected NHANES study participants. For each

study participant, we further subset the days with at least 95%estimated wear time, leading

to a total of 3187days of wear with an average of 6.21 days of wear per study participant.

For subject i at day j , the average MIMS at hour s of a day is our longitudinal functional

outcome, denoted by yi j (s).

Activity pro�les often vary for weekends (Saturday / Sunday) and weekdays (Monday-

Friday). Thus, we create a binary variable which is 1 for weekends and 0 for weekdays. Then,

we include sex (denoted by sexi ), age (agei ), BMI ( BMI i ), and weekend ( weekend i ) as the

covariates in this analysis. The mean function is � i j (s) = � 0(s) + sexi � sex(s) + agei � age(s) +

BMI i � BMI (s) + weekend i � weekend(s). The variable sexi is 0 for males and 1 for females. Both

age and BMI are centered so that � 0(s) is the population mean MIMS corresponding to

males of age57and with BMI of 28. The longitudinal covariate Ti j is the day of wear. Because
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(a) Null: exchangeable covariance.

(b) Null: independent covariance.

Figure 5.1: Power curves (type I error � = 0.05) for individual and joint tests of covariances,
under deviation from the null. Shown are: n i � Unif [3,6] (solid line) and n i � Unif [8,12]
(dashed line), for n = 100 (gray) and n = 200 (black).

Figure 5.2: Physical activity pro�les of two NHANES study participants over available days.
Panels in the top row are from a male with age 54 and BMI 20.5. Panels in the bottom row
are from a female with age 57 and BMI 31.54. Each panel displays MIMS of one day from
midnight to midnight, titled by day of the week.
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physical activity pro�les are periodic, i.e., physical activity counts are the same at the start

of the day and at the end of the day, the coef�cient function should also be cyclic and we

use cyclic P-splines. To investigate the longitudinal correlation structure of the data, we

�rst estimate the marginal covariance function via the fpca.face() function using cubic

B-spline basis functions with 10 knots. Using the procedure described in Section 5.2.2,

we identify that eight eigenfunctions explain 90%of the marginal variance. Using these

eight eigenfunctions, we conduct a joint test for the null hypothesis that all longitudinal

covariances Gk 0(�, �) can be induced by an exchangeable covariance between daily pro�les

within each subject. The p -values are 0.04, 0.25, 0.06, 0.49, 0.62, 0.49, 0.09 and 0.19, respec-

tively. Thus, with the Bonferroni correction, we do not reject the null hypothesis at the 0.05

level. The �nal model �t is obtained by using exchangeable covariances for all longitudinal

covariances.

The estimated coef�cient functions are displayed in Figure 5.3, along with the 95%

pointwise con�dence bands. The top left panel in Figure 5.3 displays the estimated mean

activity pro�le � 0(s) for males with age 57 and BMI 28. The shape is consistent with that

of published average activity plots over the course of the day. On average, individuals are

less active during night. Then, their activities increase sharply between 5AM and 11AM,

sustain between 11AM and 7PM, and decrease rapidly after 7PM. The top middle panel

indicates that females in this age group ( 50 to 70) have signi�cantly more activities than

males throughout most of the day except for midnight. The top right panel displays the

estimated coef�cient function for age, indicating a loss of activity for older individuals

from afternoon to 1AM. There is no substantial age effect in activity in the morning while

the most considerable age effect happens in the early night. These �ndings are consistent

with previous �ndings that older individuals sleep early at night and wake up early in the

morning, while younger individuals are more energetic at night. The bottom left panel

indicates that activity patterns tend to decrease with increasing BMI, especially in the

daytime. Compared to weekdays, weekends correspond to lower levels of activity in the

whole day, signi�cantly in the morning from 5AM to 11AM. These results are consistent

with common sense that individuals are less active on weekends morning.

Figure 5.4 displays the estimated mean activity pro�les for females and males, with

different age and BMI combinations. From the left two panels, we see that for a given BMI

value, there is a pronounced decrease in activity as a function of age, both for females

and males. Moreover, younger individuals have on average two activity peaks, while older

individuals tend to lose the second activity peak. It indicates that the change of physical

activity patterns with age is due to less activity in the afternoon and at night. The right two
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Figure 5.3: Estimated coef�cient functions for the NHANES dataset along with pointwise
95% con�dence bands under exchangeable longitudinal covariance structure.

panels indicate that the average activity pro�le decreases with increasing BMI. The negative

effect of age only works after noon while individuals with larger BMI have less activity

during all daytime. Moreover, the effect of two units on the BMI scale is roughly equivalent

to two years of age in terms of overall activity loss. Finally, the estimated covariances of

physical activity pro�les within each day and across days, respectively, and the top three

estimated eigenfunctions � k (s) are shown in Appendix D.5.

Figure 5.4: Left two panels: estimated mean activity pro�les of females and males with
BMI 28 at four different ages. Right two panels: estimated mean activity pro�les of females
and males with age 57 and with four different BMI values.
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5.6 Discussion

We introduced an inferential framework for estimating �xed effects functions for longitudi-

nal functional data with complex correlation structures. Methods are natural extensions of

standard longitudinal data methods with scalar observations and use the �exible marginal

decomposition model framework in Park and Staicu (2015).

Simulation studies indicate that the estimation procedure works remarkably well even

when the longitudinal correlations are misspeci�ed. However, the con�dence bands ob-

tained under misspeci�ed correlation models may have smaller than nominal coverage or

are wider than necessary. Our results indicate that using unspeci�ed correlation matrices

is the safer approach when it is computationally feasible. More work will be necessary to

improve the computational feasibility of these methods for larger sample sizes in terms of

the number of study participants, visits, and observations per curve.

We also introduced a testing framework for longitudinal correlations for longitudinal

functional data, which extended the testing method in Chen et al. (2019) The proposed

tests provide insight into what correlation structures are appropriate and may help reduce

the computational cost when a simpler longitudinal correlation is chosen.

This paper only considered scalar covariates and it would be of interest to extend the

proposed framework to include functional covariates.
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APPENDIX

A

SUPPLEMENT TO CHAPTER 2

A.1 Identi�ability of model

First, the mean functions � j (t )'s are obviously identi�able. Conditions (1) and (2) ensure

that � j j 0(t , t 0)'s and � 2
j 's are identi�able as well.

We now introduce some notation. By model (1) in the main manuscript,

� j j 0(t , t 0) =
LX

` =1

� j ` � j 0̀ C ` (t , t 0) + � j j 0Gj (t , t 0). (A.1)

For a �xed t , let � (t ) = (� j j 0(t , t )) = � 
 (t )� > +K(t ) 2 RJ� J, where 
 (t ) = diagfC 1(t , t ), . . . ,CL (t , t )g

and K(t ) = diagfG1(t , t ), . . . ,GJ(t , t )g.

We �rst establish the identi�ability of � , up to multiplicative sign on its columns. By

condition (4) in Theorem 2.2.1, there exists a t 2 T such that 
 (t ) has positive diagonal ele-

ments. Then along with conditions (5) and (6) in Theorem 2.2.1, � (t ) satis�es the conditions

in Theorem 5.1 of Anderson and Rubin (1956). Thus, if � (t ) = � (t )� (t )> + S(t ), where � (t )

is a J � L matrix and S(t ) is a diagonal matrix, then � (t ) = �
p


 (t )O for an L � L rotation

matrix O and S(t ) = K(t ). This means � (t )� (t )> = � 
 (t )� > is identi�able. Because the latter
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is the eigendecomposition and the eigenvalues are distinct, � is unique up to multiplicative

sign on its columns.

Thus, � j ` � j 0̀ is identi�able for any j , j 0, ` . The covariance functions � j j 0(t , t 0)'s are also

identi�able. We now work with equation (A.1) to establish that C ` (t , t 0)'s are also identi�able.

Let

� (t , t 0) = (� 12(t , t 0), � 13(t , t 0), . . . ,� 1J(t , t 0), � 23(t , t 0), . . . ,� 2J(t , t 0), . . . ,� (J� 1),J(t , t 0))> 2 RJ(J� 1)=2.

Similarly, for ` = 1, . . . ,L , let

Z` = (� 1` � 2` , � 1` � 3` , . . . ,� 1` � J` , � 2` � 3` , . . . ,� 2` � J` , . . . ,� (J� 1)` � J` )
> 2 RJ(J� 1)=2.

Now let Z = (Z1, . . . ,ZL ) 2 RJ(J� 1)=2� L . It follows from equation (A.1) that

� (t , t 0) = Z

0

B
B
B
B
@

C1(t , t 0)

C2(t , t 0)
...

CL (t , t 0)

1

C
C
C
C
A

.

Thus, the shared covariance functions C ` (t , t 0)'s are identi�able as long as the matrix Z has

full rank L.

Suppose there exists a vector a = (a1, . . . ,aL )> such that Za = 0, i.e.,

X

`

� j ` � j 0̀ a` = 0, for any j 6= j 0. (A.2)

By condition (6) in Theorem 2.2.1, if any row of � is deleted, there remains two disjoint

submatrices in � . Assume without loss of generality that the submatrices (� j ` )1� j � L ,1� ` � L

and (� j ` )L+1� j � 2L,1� ` � L are both of full rank. Then from equation (A.2), we derive that

� j 0̀ a` = 0, for any j 0> L and ` .

which gives X

`

� j 0̀ a` = 0 for any j 0> L.

Finally, the condition that (� j ` )L+1� j � 2L,1� ` � L is of full rank leads to a` = 0 for all ` . Therefore,

Z is of full rank and the shared covariance functions C ` (t , t 0)'s can be identi�ed.
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Finally, by equation (A.1) for j = j 0, Gj (t , t 0)'s are identi�able as well.

The proof of Theorem 2.2.1 is now complete.

A.2 Estimation algorithm of FLFM

The estimation algorithm of FLFM is presented in Algorithm 2.

Algorithm 2 Estimation of FLFM

input : L , N (maximal number of iterations), � > 0, B (0), G (0) and (� 2)(0)

output :C ` , � �` , Gj and � 2
j

for k  0 to N do
for ` = 1, . . . ,L do

UpdateC(k +1)
` via smoothing of bS�

` �
P J

j =1(� (k )
j ` )2G(k )

j �
P J

j =1(� (k )
j ` )2(� 2

j )
(k )Im

end
for ` = 1, . . . ,L do

Update� (k +1)
�` by maximizing � >

�` A
(k )
` � �` in the objective function (2.5)

end
for j = 1, . . . , J do

UpdateG(k +1)
j via smoothing bSj j �

P L
` =1(� (k +1)

j ` )2C(k +1)
` � (� 2

j )
(k )Im

Update(� 2
j )

(k +1) by maxf 0,m � 1(bSj j �
P L

` =1(� (k +1)
j ` )2tr (C(k +1)

` ) � tr (G(k +1)
j ))g

end

end if
P L

` =1 kC(k +1)
` � C(k )

` k2
FP L

` =1 kC(k )
` k2

F

_
P L

` =1 k� (k +1)
�` � � (k )

�` k2
2

P L
` =1 k� (k )

�` k2
2

_
P J

j =1 kG(k +1)
j � G(k )

j k2
F

P J
j =1 kG(k )

j k2
F

_
k(� 2)(k +1)� (� 2)(k )k2

2

k(� 2)(k )k2
2

� � 2

end
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A.3 Details in estimating shared covariance

Given f C` 0g̀ 06=` , B , G and � 2, the objective function (2.3) after variable splitting can be

equivalently reformulated as

L (C` ) =
JX

j =1

JX

j 0=1

§
� 2

j ` �
2
j 0̀ C` C

>
` � 2C`

€
n � 1

nX

i =1

� j ` � j 0̀ r i j r>
i j 0

Š

+ 2� j ` � j 0̀ C`

€X

` 06=`

� j ` 0� j 0̀ 0C>
` 0

Šª
+

JX

j =1

€
2� 2

j ` C` G
>
j + 2� 2

j ` �
2
j C`

Š
.

Ask� �` k2 = 1, we have
P J

j =1

P J
j 0=1 � 2

j ` �
2
j 0̀ C` C>

` = C` C>
` . Next,

JX

j =1

JX

j 0=1

€
n � 1� j ` � j 0̀

nX

i =1

r i j r>
i j 0

Š
= n � 1

nX

i =1

€ JX

j =1

� j ` r i j

Š€ JX

j 0=1

� j 0̀ r>
i j 0

Š
= bS�

` .

Last, the third term in the above double sum is zero as � >
�` � �` 0 = 0 whenever ` 6= ` 0. Taking

derivatives of L (C` ), we have

@L (C` )

@C`
= 2

¦
C` � bS�

` +
JX

j =1

� 2
j ` Gj +

€ JX

j =1

� 2
j ` �

2
j

Š
Im

©
,

which shows that the minimizer is indeed given by bC` .

A.4 Details in estimating loading coef�cient vectors

Given C , f � �` 0g̀ 06=` , G and � 2, we only consider terms associated with � �` when minimiz-

ing the objective function (2.3). Expanding the squared Frobenius norm, the objective

function (2.3) with respect to � �` is

L (� �` ) =
JX

j =1

JX

j 0=1

¦
� 2

j ` �
2
j 0̀ tr (C>

` C` ) � 2n � 1
nX

i =1

� j ` � j 0̀ tr (r i j r>
i j 0C` )

+ 2� j ` � j 0̀

X

` 06=`

� j ` 0� j 0̀ 0tr (C>
` C` 0)

©
+

JX

j =1

¦
2� 2

j ` tr (C>
` Gj ) + 2� 2

j ` �
2
j tr (C` )

©
.
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Ask� �` k2 = 1, the �rst term in the above double sum does not relate to � �` . The second term

(ignoring the constant � 2n � 1) in the above double sum can be simpli�ed as

X

j

X

j 0

� j ` � j 0̀ tr (r i j r>
i j 0C` ) =

X

j

X

j 0

� j ` � j 0̀ (r>
i j 0C` r i j )

=
€X

j 0

� j 0̀ r i j 0

Š>
C`

€X

j

� j ` r i j

Š
=

�
Ri � �`

�>
C`

�
Ri � �`

�
= � >

�` (R
>
i C` Ri )� �` ,

where Ri = (r i 1, . . . ,r i J ) 2 Rm � J. The third term in the above double sum is simpli�ed as

X

j

X

j 0

� j ` � j 0̀

X

` 06=`

� j ` 0� j 0̀ 0tr (C>
` C` 0) =

X

` 06=`

€X

j

� j ` � j ` 0

Š€X

j 0

� j 0̀ � j 0̀ 0

Š
tr (C>

` C` 0)

=
X

` 06=`

� >
�` � �` 0� >

�` 0� �` tr (C>
` C` 0) = � >

�`

¦ X

` 06=`

tr (C>
` C` 0)� �` 0� >

�` 0

©
� �` .

Lastly, we derive that

X

j

� 2
j ` tr (C>

` Gj ) = � >
�` diag

�
tr (C>

` G1), . . . , tr(C>
` GJ)

	
� �` ,

and
JX

j =1

� 2
j ` �

2
j tr (C` ) = � >

�` diag
�
tr

�
C`

�
� 2

	
� �` .

It follows that we derive the quadratic form of L (� �` ) in Section 2.3.2 as

L (� �` ) = � >
�`

–

� n � 1
€ nX

i =1

Ri
> C` Ri

Š
+

X

` 06=`

tr (C>
` C` 0)� �` 0� >

�` 0 + diag
�
� ` + tr (C` )�

2
	
™

� �` .

The �rst term R>
i C` Ri takes O(J m2) �ops and the cost of

P n
i =1 R>

i C` Ri is O(n J m2). For a

�xed ` , � �` 0� >
�` 0 in the second term requires O(J2) �ops and tr (C>

` C` 0) requires O(m 2) �ops.

The computational complexity of updating each � �` once is O(n J m2).

Specially, there is only one loading vector when L = 1. Then, the objective function (2.3)

as a function of � := � �1 is

� >

–

diag
�
� + tr (C1)� 2

	
� n � 1

€ nX

i =1

Ri
> C1Ri

Š
™

� ,

where � = (tr (C>
1 G1), . . . , tr(C>

1 GJ))> . Therefore, � is the eigenvector of [n � 1(
P n

i =1 Ri
> C1Ri ) �

diagf � + tr (C1)� 2g] associated with its largest eigenvalue.
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A.5 ADMM algorithm for de�ated Fantope

Separating the ` 1 penalty and de�ated Fantope constraint, an equivalent form of the objec-

tive function (2.7) is

min
H ` ,Z`

¦
I F � ` � 1

(H ` ) � h A` ,H ` i + � kZ` k1,1

©
,

s.t. H ` � Z` = 0,

where I F �
is the convex indicator function, which is 0 if H ` 2 F � and 1 otherwise. We

describe the ADMM algorithm that solves the above objective function in Algorithm 3. It is a

special case of the algorithm in Chen and Lei (2015). We de�ne two matrix operators used in

the algorithm: (1) The de�ated-Fantope-projection operator as P F �
(A) = argmin B2F �

kA �

Bk2
F ; (2) The soft-thresholding operator as S � (x ) = sgn(x )max(jx j � � ,0) for any � > 0.

Algorithm 3 ADMM algorithm
input : Integers for iteration � and � , � ` � 1, � > 0, � > 0
output :Z `

Initialize: � (1)  100,H (0)
`  0, Z(0)

`  0
for k = 1, . . . ,� do

Initialize: H (k ,1)
`  H (k � 1)

` , Z(k ,1)
`  Z(k � 1)

` , W(1)  0
for t = 1, . . . ,� do

H (k ,t +1)
`  P � ` � 1

f Z(k ,t )
` � (W(t ) � A` )=� (k )g

Z(k ,t +1)
`  S �=� (k )f H (k ,t +1)

` + W(t )=� (k )g

W(t +1)  W(t ) + � (k )(H (k ,t +1)
` � Z(k ,t +1)

` )
end

UpdateH (k )
`  

P �
t =1 H (k ,t )

` =� and Z(k )
`  

P �
t =1 Z(k ,t )

` =�
Update� (k +1)  2� (k )

end if kH (k )
` � Z(k )

` k2
F _ kZ(k )

` � Z(k � 1)
` k2

F � � 2

end

A.6 Values of parameters in simulation I

All settings take FICC = 2=3 as a standard. For scenarios with FICC = 1=3, the values of �

are half of those for FICC = 2=3.
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(1) L = 1

� = (.3,� .2, .2,� .1, .1, .2, .3, .4,� .3, .2, .1,� .1, .3, .2,� .2,� .1,
p

.02, .3, .2, .2)> ;

� (t ) = (
p

2sin(2� t ),
p

2cos(4� t ),
p

2sin(4� t )); � = diagf 20,20,20g.

(2) L = 2

� �1 = (.4,0, .3, .1,� .5,0,0,� .2,� .2, .1,0,0, .4, .3,� .2, .3,0,0, .1,� .1)> ,

� �2 = (.2,� .4,0,0,0, .2,
p

.07, .3,0,� .2, .2, .3, .2,0, .4, .1, .2, .3,0, .3)> ;

� 1(t ) = (
p

2sin(2� t ),
p

2cos(4� t ),
p

2sin(4� t )), � 2(t ) = (
p

2cos(� t ),
p

2cos(2� t ),
p

2cos(3� t ));

� 1 = diagf 12,12,11g, � 2 = diagf 9,8,8g.

(3) L = 4

� �1 = (.4,0, .3, .1,� .5,0,0,� .2,� .2, .1,0,0, .4, .3,� .2, .3,0,0, .1,� .1)> ,

� �2 = (.2,� .2,0,0,0,
p

.1,
p

.1, .4,0,� .2,� .2, .3, .2,0, .3, .1,0, .4,0, .3)> ,

� �3 = (.3,
p

.03,� .1, .3,0,� .1, .1, .4, .2, .2,�
p

.03,� .3,0, .3, .2,� .3,
p

.05,� .3, .2,0)> ,

� �
�4 = (.4,0,0,0,0,0,0, .3, .4, .2, .4, .1, .2, .3,0,0,0,0,� .3, .4)> and � �4 = (I20 �

P 3
` =1 � �` � >

�` )�
�
�4;

� 1(t ) = (
p

2sin(2� t ),
p

2cos(4� t ),
p

2sin(4� t ))> , � 2(t ) = (
p

2cos(� t ),
p

2sin(3� t ),
p

2sin(5� t ))> ,

� 3(t ) = (
p

2sin(� t ),
p

2sin(2� t ),
p

2sin(3� t ))> , � 4(t ) = (
p

2sin(� t ),
p

2cos(� t ),
p

2sin(3� t ))> ;

� 1 = diagf 8,8,8g, � 2 = diagf 6,6,5g, � 3 = diagf 4,4,4g, and � 4 = diagf 3,2,2g.

A.7 Values of parameters in simulation II

� (t ) = ((3sin(2� t ))15, (3cos(2� t ))15, (3(t � 1)2)15, (3(t 2 � 0.5t � 1))15)> 2 R60.

� 1(t ) = (
p

2sin(2� t ),
p

2cos(4� t ),
p

2sin(4� t ))> , � 2(t ) = (
p

2sin(� t ),
p

2sin(2� t ),
p

2sin(3� t ))> ,

� 3(t ) = (
p

2cos(� t ),
p

2sin(3� t ),
p

2sin(5� t ))> , � 4(t ) = (
p

2sin(� t ),
p

2cos(� t ),
p

2sin(3� t ))> ,

� 5(t ) = (
p

2sin(2� t ),
p

2sin(4� t ),
p

2sin(3� t ))> .

Taking FICC = 2=3as a standard, we have � 1 = diagf 6,6,6g, � 2 = diagf 6,5,5g, � 3 = diagf 5,4,4g,

� 4 = diagf 4,4,4g, and � 5 = diagf 4,3,3g

A.8 Additional information about EEG data

Figure A.1 shows the standard electrode position and corresponding serial numbers. The

electrodes marked as green are the top eleven electrodes (X, FP1, FPZ, FP2, AF7, AF8, AF1,

AFZ, AF2, F7, F8) in b� �1. The electrodes marked as yellow are the top eleven electrodes (PO8,

PO7, O2, O1, OZ, P8, P7, PO2, P6, PO1, POZ) inb� �2.

Among the 22 nonzero coef�cients given by the logistic lasso, one from the �rst shared

latent process, one from the second shared latent process and the others from outcome-
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Figure A.1: The electrode positions on the scalp and their corresponding serial numbers.
The green electrodes have the largest eleven values in b� �1, while the yellow electrodes have
the largest eleven values in b� �2.

speci�c processes for electrodes AF1, AFZ, AF2, F3, FCZ, FC4, FT8, T7, C5, CP3, CP6, P6,

P7, P8, PO7, PO8 and OZ. In particular, EEG signals from electrodes CP6, P6, AFZ and AF1

exhibit strong predictive power according to the solution path of tuning parameters.
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APPENDIX

B

SUPPLEMENT TO CHAPTER 3

B.1 Identi�ability of model

First, the mean functions � j (t )'s are obviously identi�able, and conditions (1) and (2)

ensure that � j j 0(t , t 0)'s and � 2
j 's are identi�able as well. By the proposed model, we have

� j j 0(t , t 0) =
P L+G

` =1 � j ` � j 0̀ C ` (t , t 0) + � j j 0� 2
j G(t , t 0). We separate the shared variation and the

group-speci�c variation, and de�ne � (t ) for a �xed t as

� (t ) =
€
� j j 0(t , t )

Š
= 
 1
 1(t )
 >

1 + 
 2
 2(t )
 >
2 + 
 3(t ) 2 RJ� J,

where 
 1(t ) = diagfC 1(t , t ), . . . ,CL (t , t )g, 
 2(t ) = diagfC L+1(t , t ), . . . ,CL+G (t , t )gand 
 3(t ) =

diagf � 2
1G(t , t ), . . . ,� 2

JG(t , t )gcorrespond to the shared, group-speci�c and outcome-speci�c

variations respectively, 
 1 = ( � �1, . . . ,� �L ) 2 RJ� L and 
 2 = ( � �,L+1, . . . ,� �,L+G ) 2 RJ� G are load-

ing coef�cient matrices. Let 
 �
j � = (� j 1, . . . ,� j L )> be the row vector of 
 1.

We �rst establish the identi�ability of 
 1, up to multiplicative sign on its columns. By

condition (4) in Theorem 3.2.1, there exists a t 2 T such that 
 1(t ) has positive diagonal

elements. Then along with conditions (5) - (7) in Theorem 3.2.1, 
 1
 1(t )
 >
1 satis�es the

conditions in Theorem 2.1 of Williams (2020), and thus it is identi�able. Because it is the
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eigendecomposition and 
 1(t ) is a diagonal matrix with distinct elements, 
 1 is unique up

to multiplicative sign on its columns.

Thus, � j ` � j 0̀ is identi�ed for any j , j 0and ` � L . The covariance functions f � j j 0(t , t 0)g

are also identi�able. We now establish that fC ` (t , t 0)g̀ � L are identi�able. For any pair of

outcomes nested in Group g (1 � g � G) is deleted, there remain two sets of outcomes

J 1 = f j 1, . . . , j L gand J 2 = f j L+1, . . . , j 2L gsatisfying condition (7) in Theorem 3.2.1. Let

� (t , t 0) =
�
� j1 j L+1

(t , t 0), � j1 j L+2
(t , t 0), . . . ,� j1 j2L

(t , t 0), � j2 j L+1
(t , t 0), . . . ,� j2 j2L

(t , t 0), . . . ,

� j L j L+1
(t , t 0), . . . ,� j L j2L

(t , t 0)
�>

2 RL2
.

There are L 2 elements in � (t , t 0) because it induces all cross-covariance functions between

outcomes nested in J 1 and J 2. Similarly, for 1 � ` � L , let

Z` = (� j1` � j L+1` , � j1` � j L+2` , . . . ,� j1` � j2L ` , � j2` � j L+1` , . . . ,� j2` � j2L ` , . . . ,� j L ` � j L+1` , . . . ,� j L ` � j2L ` )
> 2 RL2

.

Now let Z = (Z1, . . . ,ZL ) 2 RL2� L . Then, we have

� (t , t 0) = Z

0

B
B
B
B
@

C1(t , t 0)

C2(t , t 0)
...

CL (t , t 0)

1

C
C
C
C
A

.

The shared covariance functions fC ` (t , t 0)g̀ � L are identi�able as long as the matrix Z has

full rank L. Suppose there exists a vector a = (a1, . . . ,aL )> such that Za = 0, i.e.,

LX

` =1

� j ` � j 0̀ a` = 0, for any j and j 0 in J 1 and J 2 , respectively. (B.1)

By condition (7) in Theorem 3.2.1, if any pair of outcomes nested in Group g (1 � g � G) is

deleted, the two disjoint submatrices (
 �
j1�, . . . ,


�
j L �)

> and (
 �
j L+1�, . . . ,


�
j2L �)

> of 
 1 are both of

full rank. Then from equation (B.1), we derive that � j 0̀ a` = 0 for any j 02 f j L+1, . . . , j 2L gand

` � L , which gives
LX

` =1

� j 0̀ a` = 0 for any j 02 f j L+1, . . . , j 2L g.

The condition that (
 �
j L+1�, . . . ,


�
j2L �)

> is of full rank leads to a` = 0 for all 1 � ` � L . Therefore,

Z is of full rank and fC ` (t , t 0)g1� ` � L can be identi�ed.
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Last, we establish the identi�ability of 
 2, fC ` (t , t 0)g̀> L , � with � 1 = 1 and G(t , t 0).

Let � �
j j 0(t , t 0) = � j j 0(t , t 0) �

P L
` =1 � j ` � j 0̀ C ` (t , t 0), which is identi�ed. Without loss of gen-

erality, we take the �rst group with ` = L + 1 as an example. It follows that � �
j j (t , t 0) =

� 2
j ,L+1CL+1(t , t 0)+� 2

j G(t , t 0) for any j nested in Group 1, and � �
j j 0(t , t 0) = � j ,L+1� j 0,L+1CL+1(t , t 0)

for any j 6= j 0nested in Group 1.

First consider there are more than two outcomes in Group 1. Without loss of general-

ity, we assume the �rst R � 3 outcomes are nested in Group 1. We can get � 2,L+1=� 1,L+1 =

� �
23(t , t 0)=� �

13(t , t 0), � 3,L+1=� 1,L+1 = � �
23(t , t 0)=� �

12(t , t 0),. . . , and � R,L+1=� 1,L+1 = � �
2K (t , t 0)=� �

12(t , t 0).

With the norm constraint for loading vectors, � �L+1 is identi�able. Then, CL+1(t , t 0), G(t , t 0)

and � 2, . . . ,� R are identi�able as well.

Now consider R = 2 and � �
j j 0(t , t 0) at t , t 0 = 1,2,3. Let a = � �

12(2,2)=� �
12(1,1) and b =

� �
12(3,3)=� �

12(1,1), which are identi�able. It follows that CL+1(2,2) = aCL+1(1,1)and CL+1(3,3) =

b CL+1(1,1). Then, we have

� �
22(1,1) = f 1 � (1+ � 2

2)� 2
1,L+1gCL+1(1,1) + � 2

2� �
11(1,1),

� �
22(2,2) = a f 1 � (1+ � 2

2)� 2
1,L+1gCL+1(1,1) + � 2

2� �
11(2,2),

� �
22(3,3) = b f 1 � (1+ � 2

2)� 2
1,L+1gCL+1(1,1) + � 2

2� �
11(3,3).

It follows that � 2
2 = f a � �

22(1,1) � � �
22(2,2)g=f a � �

11(1,1) � � �
11(2,2)gis identi�able. Associating

with � �
22(1,1) in the above equation and � �

12(1,1) = � 1,L+1� 2,L+1CL+1(1,1), we have

� �
22(1,1) � � 2

2� �
11(1,1)

� �
12(1,1)

=
1 � (1+ � 2

2)� 2
1,L+1

� 1,L+1� 2,L+1
.

With the norm constraint, � �L+1 is identi�able. Then, CL+1(t , t 0) and G(t , t 0) are identi�able

as well. For the other groups, the identi�ability can be proved in the same way.

The proof of Theorem 3.2.1 is now complete.

B.2 Joint distribution of longitudinal outcomes and princi-

pal scores

We derive the joint distribution of f (yi , � i j� 1, � 2). Following Section 3.2.1, we have yi j =

� i j +
P L+G

` =1 � j ` (� ` ,i j � i ` )+ � j 	 i j � i j + � i j , where � i j = (� j (t i j 1), . . . ,� j (t i j m i j
))> is the vector of

the j th mean function at the observed time points and � i j = (� i j 1, . . . ,� i j m i j
)> is the vector
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of measurement errors. Let � i = ( � >
i 1, . . . ,� >

i J )> . We have

‚
yi

� i

Œ

� N

–‚
� i

0

Œ

,

‚
Cov(yi ) Cov(yi , � i )

Cov(� i ,yi ) Cov(� i )

Œ™

,

where Cov(yi ) =

0

B
@

P
` � 2

1` � ` ,i 1� 1` � >
` ,i 1+� 2

1 	 i 1� 2	 >
i 1+� 2

1Imi 1
, . . . P

` � 1` � J` � ` ,i 1� 1` � >
` ,i J

... . . .
...

P
` � J` � 1` � ` ,i J � 1` � >

` ,i 1, . . . P
` � 2

J` � ` ,i J � 1` � >
` ,i J +� 2

J 	 i J � 2	 >
i J +� 2

J Imi J

1

C
A ,

Cov(yi , � i ) =

0

B
B
B
B
@

� 11� 1,i 1� 11, . . . � 1,L+G � L+G,i 1� 1,L+G , � 1	 i 1� 2 0 . . . 0

� 21� 1,i 2� 11, . . . � 2,L+G � L+G,i 2� 1,L+G , 0 � 2	 i 2� 2 . . . 0
... . . .

...
...

... . . .
...

� J1� 1,i J � 11, . . . � J,L+G � L+G,i J � 1,L+G , 0 0 . . . � J	 i J � 2

1

C
C
C
C
A

,

and Cov(� i ) = blockdiag f � 11, . . . ,� 1L , . . . ,� 1,L+G , � 2, . . . ,� 2g. By conditional expectation, we

haveEi (� i jyi ) = Cov(� i ,yi )Cov(yi )� 1(yi � � i ), Cov(� i jyi ) = Cov(� i )� Cov(� i ,yi )Cov� 1(yi )Cov(yi , � i ).

B.3 Details on M-step

The loading vectors can be obtained by minimizing quadratic forms with some constraints.

The constraint is � >
�` � �` 0 = � `` 0 for ` , ` 0 � L , and it is k� �` k2 = 1 for ` > L. Without loss of

generality, we take f � �` g̀ � L as an example. The loading vectors f � �` g̀ � L are updated by

minimizing
P n

i =1

P J
j =1 Ei kyi j � b� i j �

P
` 06=`

b� j ` 0b� ` 0,i j � i ` 0 � b� j
b	 i j � i j � � j `

b� ` ,i j � i ` k2 subject to

� >
�` � �` 0 = � `` 0 for ` , ` 0� L . It is equivalent to minimize

nX

i =1

JX

j =1

Ei

¨

�
€
yi j � b� i j �

X

` 06=`

b� j ` 0b� ` 0,i j � i ` 0 � b� j
b	 i j � i j

Š>
� j `

b� ` ,i j � i ` + � 2
j ` tr

�
b�

>

` ,i j
b� ` ,i j � i ` �

>
i `

�
«

.

Let qi j ` = (yi j � b� i j )> b� ` ,i j Ei (� i ` ) �
P

` 06=`
b� j ` 0tr f b�

>

` 0,i j
b� ` ,i j Ei (� i ` � >

i ` 0)g � b� j tr f b	
>

i j
b� ` ,i j Ei (� i ` � >

i j )g,

qi ` = (qi 1` , . . . ,qi J ` )> , and Ai ` = diagf tr (b�
>

` ,i 1
b� ` ,i 1� i ` � >

i ` ), . . . , tr(b�
>

` ,i J
b� ` ,i J � i ` � >

i ` )g. We apply a

projection matrix to release the orthogonality constraint between loading vectors, that

is P` = I �
P ` � 1

` 0=1
b� �` 0

b� >
�` 0. Let q` =

P n
i =1 P` qi ` and A` =

P n
i =1 P` Ai ` P` . The step to update
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f � �1, . . . ,� �L gin the iterative approach is

argmin
k � �` k2=1

¦
� >

�` A` � �` � q>
` � �`

©
.

The method of Lagrange multipliers is a good choice to �nd the local minimal. Eigende-

composition gives A` = U` D` U>
` , where U` is the square matrix with eigenvectors and

D` = diagf d ` 1, . . . ,d ` Jgis the diagonal matrix whose diagonal elements are the correspond-

ing eigenvalues. Denote eq` = U` q` with elements eq` j . The solution for � �` is

b� �` = (A` + � � I )� 1q` =2,

where � � is the solver of
P J

j =1(
eq` j

d ` j +� )2 � 4� = 0. The loading vectos k� �` k2 = 1 for ` > L can be

estimated by a similar way but without the projection matrix.

Second, we estimate the scaling parameter � j by

b� j =

P n
i =1

”
(yi j � b� i j )> b	 i j Ei (� i j ) �

P L+G
` =1

b� j ` tr
�

b�
>

` ,i j
b	 i j Ei (� i j � >

i ` )
	 —

P n
i =1 tr

�
b	

>

i j
b	 i j Ei (� i j � >

i j )
	 .

Last, the variance of random noise � 2
j is updated by

Ò� 2
j =

1
P n

i =1 m i j

nX

i =1

Ei






 yi j � b� i j �

L+GX

` =1

b� j `
b� ` ,i j � i ` � b� j

b	 i j � i j








2

=
1

P n
i =1 m i j

nX

i =1

•
kyi j � b� i j k2 � 2(yi j � b� i j )>

� L+GX

` =1

b� j `
b� ` ,i j Ei (� i ` ) + b� j

b	 i j Ei (� i j )
	

+
L+GX

` =1

L+GX

` 0=1

b� j `
b� j ` 0tr

�
b�

>

` ,i j
b� ` 0,i j Ei (� i ` 0� >

i ` )
	

+ b� 2
j tr

�
b	

>

i j
b	 i j Ei (� i j �

>
i j )

	

+ 2
L+GX

` =1

b� j ` b� j tr
�

b�
>

` ,i j
b	 i j Ei (� i j �

>
i ` )

	 ˜
.

B.4 Additional �gures in simulation studies

Figure B.1 and Figure B.2 show the estimated eigenvalues and eigenfunctions by FLFM for

data with L = 2, n = 200and FICC = 2=3. Within panels in Figure B.1, the estimated eigenval-

ues are close to their nominal values. Within panels in Figure B.2, the mean eigenfunction

of 100 replications coincides with the true eigenfunction.
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Figure B.1: Boxplots of estimated eigenvalues by FLFM across 100 replications with L = 2,
n = 200 and FICC = 2=3. First two columns: eigenvalues from the shared processes; last
column: eigenvalues from the outcome-speci�c processes. Black lines: true eigenvalues.

Figure B.2: Estimated eigenfunctions by FLFM with L = 2, n = 200 and FICC = 2=3. Gray
lines: estimates from 100 replications; dashed black lines: mean functions of gray lines;
solid red lines: true eigenfunctions.

B.5 Extra �gure from TOMMORROW
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