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ABSTRACT

EDWARD JOHN STANEK III. The Relationship between Weighted Least
Squares Categorical Data Analysis, Seemingly Unrelated
Regression, and Growth Curve Analysis. (Under the direction
of GARY G. KOCH.)

Weighted least squares (WLS) is one strategy for analyzing
data from multi way contingency tables. Part of the appeal of WLS
methods is the similarity to general linear model methods for contin-
uous data. In this presentation, this appeal is strenghthened for
linear functions of categorical variables by developing the relation-
ship between weighted least squares methods, seemingly unrelated re-
gression analysis (i.e. multiple design models), and growth curve ana-
lysis. In particular, the Potthoff-Roy (1966) growth curve model is
shown to be a special type of seemingly unrelated regression model.
Seemingly unrelated regression models allow the immediate extension of
growth curve type properties (reduced variance of parameter estimates)
to estimators in other modeling settings. Straightforward extensions
of seemingly unrelated regression models provide the Tink between WLS
methods and the other modeling strategies.

Using these connections, several general classes of multiple
design models are explored in a categorical data framework. The rela-
tionship between the design matrices in the multiple design models is
shown to determine the properties of resulting parameter estimates.

As in more traditional growth curve analysis, the correlation between

dependent variables is illustrated to be an important factor in deter-



mining the reduction in variance for parameter estimates.

Following the deveiopment, four examples are presented to illus-
trate the methods. Several of the examples have been previously con{
sidered in the literature, although not from a multiple design per-
spective. Under a multiple design approach, model development is
direct and interpretable. In some cases, a different final model may.

be indicated.
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CHAPTER 1

A REVIEW OF SELECTED CATEGORICAL DATA LITERATURE
AND OUTLINE OF RESEARCH

1.1 INTRODUCTION

Categorical data commonly arise in a variety of experimental
studies for which the response variables can be formulated as simple
linear functions of the response categories. Examples include
settings where there is a single linear summary measure, and where
there are repeated measures. Often it is desirable to account for
categorical covariables in the analysis. Weighted least squares
methods, as outlined by Grizzle, et al. (1969), provide a unified
framework from which such analyses can be undertaken. This
investigation attempts to clarify some of the connections between
categorical analysis of covariance via weighted least squares,
and more traditional covariance analysis. In the process, links
are established between weighted least squares categorical data
analysis, growth curve analysis, and seemingly unrelated regression
methods.

Several examples will serve to clarify situations where such
analyses are of interest. One example is a study comparing nine
treatments for mastitis in dairy cattle. Aspects of its analysis
have been previously discussed by Koch et al. (1978). Cows were
fortuitously assigned to one of the nine treatment groups, and for

each cow, evidence of mastitis (yes or no) was recorded in each



quarter of the cow's udder before and after treatment. The proportion
of quarters with mastitis before and after treatment for each cow are ‘
summary variables of substantive interest. The nine treatments in this
study correspond to a cross-classification of penicillin given at one
of four dose levels and Novobiocin given at one of three dose levels.
Data resulting from the study could be summarized as in Table 1, where
infection status is indicated by Y (infected) or N (not infected).
Table 1.1

Summary Form of Data from Study of the Effect of
Treatments on Mastitis in Dairy Cattle

Quarter
of
Udder Time
N NN NNN Y 1
N NN YYY Y 2 PRE
NANN NNN Y 3
NN N NN N Y 4
N NN NNY Y ] -
NNN NYN Y 2 POST
NNY Y NN Y 3 1
Drug Cow N YN YYY Y 4 '
A 1 00090 010 0
A 2 010 000 0

A second example arises 1in a study in which sheep were
randomly assigned to four treatment groups in a trial to assess
the effect of treatment on litter size. Data from this study were
reported by Southward (1980). The response variable was the litter
size for each sheep, and this ranged from one to three (Table 1.2).

The average litter size per sheep is a natural surmary measure of

interest. .



Table 1.2

Summary Data for Study of Drugs on Sheep Litter Size

Type of Birth Total
Drug Single Twin Triple Litters
Control 11 32 9 52
Pessary 24 27 3 54
FSH-LH 12 31 15 58
Pessary & FSH-LH 14 32 9 55

In other studies, categorical response variables may be recorded
repeatedly for study subjects. Summary measures over the repeated
observations may be of interest. An example is provided by a study of
subjects who were randomly assigned to one of two experimental groups
and asked to classify certain objects as masculine or feminine. The
data in this study wereoriginally reported by Lessler (1962) and have
been previously discussed by Koch and Reinfurt (1971). Each subject
repeated the classification three times after the object was shown at
exposure times of 1/5 second, 1/100 second, and 1/1000 second. Sum-
mary measures, such as the average proportion of feminine classifica-
tions, are of interest in comparing experimental groups (Table 1.3).

Table 1.3
Summary of Response Patterns of Males to Objects of a

Culturally Masculine (M) and Latently Feminine (F)
Nature with Weak Intensity

1/5 sec M F
Exposure 1/100 sec M F M F
Time 1/1000 sec M F M F M F M F

Group A (subjects) 171 18 6 12 7 7 7 56
Group C (subjects) 184 38 10 14 7 7 20 114

Linear functions of categorical response variables may be of

interest in other studies where two or more categorical variables are



observed on each study subject. An example is given by the study of
mastitis in dairy cattle. For each cow, the presence of mastitis was
assessed both before and after treatment. An objective of analysis is.
a comparison between groups of the mean number of infected quarters
after treatment, while controlling for the mean number of infected
quarters before treatment.

The examples cited previously all involve categorical data
resulting from experimental designs. Many of the examples contain
more structure than is indicated in their summary description. Some
examples contain additional variables that may be of importance and
interest in the analysis. For example, the cows in the mastitis study
were members of one of 16 herds. Herds were categorized into those
having a stanchion milking system or a parlor milking system. Also,
each herd was classified into one of four groups based on herd manage-
ment. These additional variables may have an impact on assessment of
treatment group differences. In other studies, individual treatments
may be the result of a cross-classification of treatments (i.e.,
Placebo A, B, and AB). Examples are given by the study of mastitis
in dairy cattle and the study of drugs on sheep litter size.

The previous examples have been grouped into three settings
according to whether there is interest in a linear summary measure,
whether there are repeated measures, or whether there is a categorical
Covariable. These three settings are not mutually exclusive. In fact,
the underlying data that form the basis of the three settings are
similar. Conceptual distinctions between settings result mainly from

the different types of response functions and their interpretation.



Thus, a general class of analyses can be formulated that will be
applicable to the three settings.

Weighted least squares methods, as outlined by Grizzle, et. al.
(1969), provide a unified analysis framework from which each of the
previous examples can be evaluated. The method is flexible and general.
Summary variables corresponding to linear functions can be created,
and analyses in a similar spirit to analysis of covariance can be
undertaken. However, the desirability of including covariables
and the interpretation of results based on their inclusion is
not necessarily clear. Furthermore, the relationship between a
covariance adjusted test in a weighted least squares analysis and a
more traditional test from an analysis of covariance needs further
explanation.

This investigation attempts to clarify some of the connections
between categorical analysis of covariance via weighted least squares,
and more traditional covariance analysis. In the process, links are
established between weighted least squares categorical data analysis,
growth curve analysis, and seemingly unrelated regression models. The
remainder of this chapter provides a basic review of these three
methodologies. Following this review, an outline of subsequent
chapters is presented which summarizes the scope of this research.

1.2 A REVIEW OF CATEGORICAL DATA ANALYSIS WITH EMPHASIS ON WEIGHTED
LEAST SQUARES FOR LINEAR FUNCTIONS

1.2.1 Introduction

Several methods are available for analyzing contingency
table data. The methods can be most readily summarized in terms of

two alternative analysis frameworks. The frameworks differ in their



assumptions and the extent of generalizability for their results
(Koch et. al., 1980). Within a given framework, different methods are .
often available.

Two general perspectives are available depending upon whether
the data are assumed to result from sampling without replacement
from a finite population, or whether the data can be assumed to
resuit from samples selected either with replacement from separate
finite populations or without replacement from separate conceptual
infinite populations. The first framework gives rise to randomization
test statistics based on the hypergeometric distribution, while
the second sampling framework leads to a product multinomial
distribution. The type of model specified in the secopd sampling
framework influences the choice of methods for model development and
hypothesis testing. These general frameworks and methods are sum-
marized in Section 1.2.2.

Models constructed for linear functions in an infinite population
framework are often fitted by weighted least squares. Since weighted ‘
least squares methods applied to models of linear functions are the
focus of subsequent developments, a more detailed review of these

models and methods is presented in Section 1.2.3.

1.2.2 General Frameworks For Categorical Data Analysis

One general framework in which contingency table data can be
assessed is the finite population sampling framework. Consider a
general contingency table given by Table 1.4, where nij indicates the
number of subjects in the i-th sample with the Jj-th response for

i=1,...,s and j=1,...,r.



Table 1.4

General Contingency Table

Response Category (j)

1 2 . e r
Ty g e M
2. nyy Ly Nop Mo
Sample
(i)
S ns-l nsz o e o nsr ns.
N3 n2 Coe nr n.

When viewed from a finite population sampling framework, the
finite population consists of n subjects of which ",j have
response j for j=1,...,r. The responses for the n subjects are
considered fixed and representative only of themselves. The
contingency table is viewed as arising from selecting s successive
simple random samples without replacement from the finite population
of n subjects. The probability of observing a given contingency
table is found by simply counting the number of possible samples that
could produce the given table, and dividing by the total number of
possible samples. If we denote

Qé = (Qél Rgo + + - Qés) where n . = (ni] Nip oo v s nir)’ (1.1)

1xrs 1xr

then under the finite population sampling framework, the probability
of observing a table Ro will follow a multiple hypergeometric

distribution,



S r
Il ni! In J.!
_i=1 0t g=1 ¢
Pr(QO) = - . (1.2)
n ! 1 Tn..!
i=1 j=1 W

(The null subscript will be used to denote full vectors that include all
of the {nij} and will be dropped for a linearly independent subset.)

Under the finite population sampling framework, a probability
structure is constructed directly from the randomization. If tables
at least as extreme as the observed contingency table in some sense
have a small probability of occurring under the randomization, we may
conclude that the observed table is not compatible with the randomiza-
tion structure. In the case where r=2 and s=2, such a formal statement
will produce Fisher's Exact test. If sample sizes are large enough
that min(nij) > 5, an approximation to Fisher's Exact test can be
constructed by taking the squared deviation of the observed frequency,
Nyqs from its expected value under the randomization, and then
dividing by the sampling variance. The approximate test statistic
will follow a central chi square distribution with one degree of
freedom under the assumption of simple random sampling. For moderate
to small sample sizes, a continuity correction is often included in the
test statistic (Breslow and Day, 1980).

Randomization hypotheses can be constructed for more general
settings. For example, if there are h=1,...,q9 finite populations with
s=2 samples and r=2 responses in each, then randomization tests can be
constructed for a stratified mean over the q tables., If the weight
assigned to the h-th table is proportional to the sample size in the

i-th group, (i.e., Nhi for the h-th population) then the resulting




test statistic is the Mantel-Haenszel test statistic (1959).
Alternative statistics in this setting are also possible .
Randomization tests can be further extended by constructing linear
functions of the contingency table either across response categories,
or across samples, or both. Since a probability can be assigned to
each observed contingency table, and since each contingency table will
produce a single value of the function, one can assess how likely it
is that a value of the funcfion would result. This basic strategy has
been used by Mantel (1963) and more extensively by Landis et. al.
(1979) as the basis of a variety of tests.

One further type of analysis under a randomization framework 1is
possible. Landis et. al. (1979) noted that mu]tivariaté hypotheses
can be addressed by constructing several simultaneous functions for a
given contingency table. Koch et. al. (1982) suggested constructinga
randomization test for one function, given that the second function
satisfies a randomization hypothesis. Such a test can be termed a
covariance adjusted test and js similar to test statistics
proposed by Quade (1967). The test can be generalized to
encompass a set of functions, given that a second set of functions
satisfies a randomization hypothesis. The test statistic can be
constructed by taking the difference between two randomization test
statistics, where the first test statistic is constructed for a
randomization hypothesis on the joint set of functions, while the
second test statistic is constructed for a randomization hypotheses
on the second set of functions. The adjusted test statistic
asymptotically will follow a central chi square distribution, under

the randomization hypothesis. Koch et. al. (1982) indicated that if
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the two functions are correlated, the covariance adjusted test .

statistic may be preferable to the direct randomization test. Stanek
(1984) illustrated that if the response categories reflect a cross
classification of two dichotomous variables, and if the function
vectors correspond to the two variables, then a covariance adjusted
test statistic can be equivalently expressed 1ike a Mantel-Haenszel
test statistic, but with the Mantel-Haenszel variance replaced by a
post-stratified variance.

The previous discussion has focused on a variety of procedures
available under a finite population sarpling framework. Under this
framework, limited assumptions are required to perform an analysis.
Actual physical randomization is not essential, since it can be
incorporated in a null hypothesis. However, tests must be interpreted
with respect to the finite set of subjects under study. Generaliza-
tion to Targer populations can be developed and supported by external
arguments. Furthermore, although hypotheses can be tested, rejection ‘
of a hypothesis Jeads to rejection of the randomization framework, and
hence confidence intervals for effects can not be established. In
short, randomization tests fdr contingency tables can be constructed
under limited assumptions, but result in limited inference (see Koch
and Gillings, 1983).

A second framework from which contingency tables can be assessed
yields more general results but requires more assumptions. Consider
once again the general contingency table displayed in Table 1.4, Under
the second framework, assume that the {ny;} are either the result of a
simple random sample drawn without replacement from the i-th infinite

population, or a simple random sample drawn with replacement from a .
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finite population. The i=1,...,s samples are independent, since
populations and selections are assumed independent. The

observations in a given sample are also independent,

either because the population is assumed infinite, or because
sampling is done with replacement. Under these assumptions, the i-th

row of the contingency table will follow a multinomial distribution,

given by

n. .

ra,,

Prng) = ng, ! 1 (1.3)
rxl =t
r
where I Hij = 1. Since the i=1,...,s populations are assumed

J=1

independent, the joint distribution of the s populations is the

product of the multinomial distributions, given by

n. .
s oo, 1J
Prigg )= Im L1y (1.4)
rsx1 = Jg=t e
r
where = Hi' = 1 for all i=1,...,s. Hypotheses and tests can be
J=1

constructed for models specifying relationships between the s(r-1)
parameters, Hij’ i=1,0.0.583 J=1,...,r-1.

The type of model specified in this extended population setting
jnfluences the choice of methods used to estimate parameters and test
hypotheses. For example, theunderlying parameters for log linear models are
most commonly estimated using maximum likelihood methods. Methbds for
fitting these models are reviewed and compared by Imrey et. al. (1981,

1982) and Agresti (1983). For these models, maximum likelihood esti-

mation results in a set of partially linear equations of the form

'y = X' (1.5)
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where X is a désign matrix for the log linear modé] and m,

is a vector of estimated cell frequencies comparable to Ny The
expected cell frequencies are a function of the parameters in the
model, so that the above equations implicitly define the maximum
Tikelihood parameter estimates. The equations most often require an
iterative solution, which can be accomplished using a Newton-Raphson
procedure as f]]ustrated by Stokes and Koch (1983). Alternatively for
hierarchical models, estimation can be conducted using the raking
algorithm of Deming and Stephan (1940) or iterative proportional
fitting as discussed by Bishop et. al. (1975) and Fienberg (1980). For
contingency tables with large sample sizes, where "ij
i=1,...,s and j=1,...,r, weighted least squares methods can also be used

> 5 for nearly all

to produce parameter estimates as illustrated by Grizzle et.al. (1969)
and Imrey et. al. (1981). As noted by Imrey et. al. (1981), weighted
least squares methods may be less applicable than maximum 1ikelihood
methods for log linear models, since the asymptotic properties of the
weighted least squares methods may depend more on the asymptotic mult-
normality of the observed cell frequencies {nij}’ whereas the
asymptotic properties of the maximum 1ikelihood methods are linked to
the linear combinations of the cell frequencies, %'Qo'

A second class of models which can be used in an extended popula-
tion setting is the strictly Tinear model. It is this class of models
that is the focus of subsequent discussion and developments. The
linear models can be directed at cell proportions, or functions
of cell proportions. Either maximum likelihood or weighted least

squares methods may be used to obtain parameter estimates. Maximum

Tikelihood estimates can be obtained from a model] specification of the
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problem. The resulting equations are non-linear (see Appendix A) and
can be solved by iteration. Each iteration involves a matrix inversion.
On the other hand, weighted least squares estimates involve a single
matrix inversion. Since this method is the focus of later discussion,
it is reviewed more extensively in the next section.

An infinite population framework is a desirable starting point for
statistical analysis. Parameters can be estimated and confidence
intervals established. As a result of these features, more insight
may be gained as to the structure of the response. However, the gains
offered by an infinite population framework must be weighed against
the assumptions implicitly made in its use. In settings where the
representativeness of the study population is questionable, a finite
population sampling framework and accompanying methods may be more
appropriate.

1.2.3 A Review of Weighted Least Squares Methods in Modeling
Linear Functions from Contingency Tables

A review of the rationale for weighted least squares methods
for analyzing contingency table data is important inunderstanding the
development of the methodology and the limitations of its use. In
this section, the background for these methods is reviewed with
respect to linear functions. Initially, expressions for population
and sample means and variance will be summarized from a raw data
perspective and a contingency table perspective. The rationale for the
weighted least squares methods described by Grizzle et. al. (1969) will
be traced through the work of Wald (1943), Neyman (1949), and Bhapkar
(1966). Some properties of weighted least squares estimates will be

summarized following the developments by Bemis and Bhapkar (1983).



Finally, the general procedures for weighted least squares modeling
of linear functions will be discussed. The underlying framework for
the entire discussion is the infinite population sampling framework
described in the previous section.

Ary contingency table has a raw data counterpart to the cross
classified array. A raw data formulation of the table can be useful

in identifying the structure of the data. Consider i = 1,...,s

infinite independent populations. Assume that a simple random sample

of n, subjects is selected from the i-th population and that for
the 2-th subject (2 = ],...,ni ), the vector
Yie = Wi Vg - Yy (1.6)
1x(r-1)

is observed. Denote ‘
- (1 if the £-ti subject has the j-th response
Vide

0 otherwise

for j = 1,...,r-1 and define

r-1
Uspg = 1 - J_g_lu].n (1.7)

14

for all f=1,...,n. ;7 = 1,...,s. In the following, notation will be

i.
simplified by omitting subscripts subject to summation, unless the

omission may result in confusion. Thus, n. will be denoted as n.s and

n  will be denoted as n . The raw data on the ni subjects

in the i-th population can be summarized with the raw data matrix

S
nx(r-) [y (1.8)
Yin,

1

Since the n. subjects are assumed to be a simple random sample from
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an infinite population (or from a with replacement mechanism), the
response vectors Q;R will be independently and identically distributed.
If

AT PR PERERRU TS O (1.9)
1x(r-1)

denotes a vector of proportions in the i-th infinite population, where

T

r-1
=1 - > .., then the vectors U., will follow a multinomial
ir i1 ij ~ig

distribution given by

Lig(ny > T3)
where
E( Y, V=T | (1.10)
(r-1)x1  (r-1)x1
and
Var( U, ) =~Drr - . (1.11)
(r-1)x(r-1) ~i
where
My O 0
R0 e 0
~i
0 0 . 77§’(r_])

~r

and ﬁ% is given in (1.9).

Data resulting from the s samples can be summarized by concatenat-

ing the raw data from the separate populations. Thus define

%
nx(r-1) .
U



16

where n = ¢ n; . The population covariance matrix of Q can
i=]
be specified by taking the row expansion of E, denoted by

Y44
Yo
Uy = (1.13)
n(r-1)x1 H]n]
Es]
U,
Then
Vsr(rl\.lJR) = V,%r(’l\J)m) Qf\I,n] 2 9, (1.14)
n(r-1)xn(r-1)
0 V’ir(gzl) ®r\I,n2 Q
9 Y Var(Ug,) ‘X’%ns
where 3
4‘,‘3’(5 )= A5 Aby, R bys
TR S
Aby  Aby, A by (1.15)
Q br] é er ﬁ brs

An unbiased estimate of the parameter vector I in the i-th population
(the unrestricted maximum Tikelihood estimator) is just the sample

mean vector,
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- 1 n.
P =U, =z i U. =n./n, (1.16)
‘ (rll)xl ~n G i i’
where
Qﬁ = (n1.1 oo veo ni,(r-]))' (1.17)
. 1x(r-1)

A consistent estimate of the covariance matrix in the i-th population

is given by replacing T, by P, in (1.11), so that

var Uy ) = Bp - By B (1.18)
1 i 1 '
= - D == n,n
n, n; ny i~ ]
1 g =
“h 4o (Ug, - Uy (U - 55)

There are a total of at most s(r-1) parameters in the product

multinomial framework, since for the ith

population, each of the
n, observations are assumed independent and identically

. distributed. As a result, the raw data can be equivalently summa-

rized in terms of the proportions Pi» for i=1,...,5. This can be

accomplished by pre-multiplying the raw data matrix‘gR by a matrix

1 4
A Lo, 0 e 0
! (1.19)
0 =1 0
n2 ~ n2
1
0 0 0,
nS nS sXn

where ln denotes an nxl column vector of ones. The resulting data

. matrix is given by
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' 1
P ﬁl (nll PR n]ir—l)) (1.20)
_ vl 1
LA 52("21 Ngp «++ Mogr-1))
sx(r-1) .
' 1
Ps ﬁs {nsl g2 nsxr-l))
M
where E(p) - 0 =T (1.21)
sX{r-1)  sx(r-1) 2y
s
- l - ! =
and var(p.) - 51[2% . E}.] Ly . (22
(r-1)x(r-1) ~ -

A consistent estimate of the variance matrix can be obtained by re-

placing T& by p, and will be denoted as !p .

The row expansion of T
Rl v

and p are given by

“T

~1

IER = Iré (1.23)
s(r-1)x1

and

P (1.24)

Pr
s(r-1)x1

Also:
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vgy(gl) 9 9] (1.25)
var(pp) = 0 var(p,) 9 =V
s(r-1)xs(r-1) ~R
g 9 e varlp)

A consistant estimate of the covariance matrix of pg can be obtained

by replacing ygr(Ei
%i

The matrix p is equal to the first r-1 columns ot the contingency

~

) by Mp for i = 1,...,s, and will be denoted as V .

Table 1.1, with frequencies replaced by proportions. From the raw
data perspective, the entries in the table are like cell means for the
random variables {Uij}‘

Weighted least squares analysis of categorical data stems from
the synthesis by Bhapkar (1966) of the work of Wald (1943) and Neyman
(1949). Wald developed test criteria that had 1imiting chi square
distributions and were asymptotically equivalent to likelihood ratio
tests. We will review these results for product multinomial sampling

scheme. s

3

Consider a sample of size n = 21Ny arising from simple random
samples in s infinite populations where the joint distribution of the
n subjects is given by the product multinomial distribution (1.4).
Assume there is interest in a hypothesis that the parameter vector

. defined by (1.23)satisfies the relationship
AR T, =L B (1.26)

~ ~ ~

ux 1 uxs(r-1) s(r-1)xl1 uxt txl

where A is a non-stochastic matrix of rank u that specifies
uxs(r-1)

u linear functions of E’, X is a matrix of rank t of known constants,

and B is a vector of t unknown parameters. Model(1.26) is defined in
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terms of the unconstrained parameters [I. In some cases, a model
R

based on the full constrained vector of parameters,

W/ N / / / (1'27)
R ( XI'\ E’& oo 110,)

Y RT3
where

TI": - kﬂ;:‘ Tr"u.. o T7°_‘_3 »

PR

is more appealing. One can always re-express a constrained model

based on TrR in terms of a corresponding unconstrained model based on

-0

T as illustrated in Appendix B. Define of rank u-t to be

W
R (u-t)xu
W') =u. Then (1.26)

~

the orthocomplement of X so that rank (5?
implies the constraints
W A Te. = 0O (1.28)

(u-t)xu uxs(r-1) s(;:l)xl (u-t)x1

where we assume rank (WA )= u-t. Thus, the model (1.26) restricts

the parameter vector ¥ to lie in a s(r-1)-u+t dimensional subspace.
~R

Wald proposed a test statistic for the null hypothesis that Ty is
"R

contained in a subspace specified by a set of constraints of the

form WAT = 0 given by

~ o~

R
A -1 N
CrEATIWAT g 1A AT (1.29)
R IR ~ ~T R

where Ty was a vector of maximum Tikelihood estimates of the unres-
~R

tricted parameter vector I, and Vﬁ, is a consistent estimate of the
covariance matrix. Wald effectively showed that the lTimiting distri-
bution of Q as n-»wswas a chi square distribution with u-t degrees of

freedom under the null hypothesis. Furthermore, the statistic Q was

asymptotically "power equivalent" to the likelihood ratio test
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(see Bhapkar (1966) for a discussion). The test statistic
proposed by Wald was more general than (1.29) in the sense that
any functional constraint for Eh could be specified, so long as all
second order partial derivatives existed. Furthermore, Wald's sta-
tistic could be constructed for distributions other than the product
multinomial. However, this test was proposed under the assumption
that all n observations were identially distributed. A generaliza-
tion of Wald's statistic (1.29) to a product multinomial setting noted
by Bhapkar (1966) is through its identity to Neyman's minimum modified
chi square statistic. |

Neyman (1949) studied several statistics for the product multi-
nomial model (1.4) under a null hypothesis that the parameter vector
Bh fell in a subspace of the s(r-1) full parameter space. Neyman
began his investigation by noting that maximum likelihood estimates
possessed three desirable properties. An estimator possessing these
properties was termed best asymptotically normal (BAN). The three
properties were as follows: the estimates are consistent; as n>< , the
distribution of the estimator tends to a normal distribution; and the
asymptotic variance of a BAN estimator will be less than or equal to
the variance of any other consistent asymptotically normal estimator.
Other estimators, such as the minimum chi square estimators (MCE),
or the minimum modified chi square estimators (MMCE) possess these
properties, in addition to maximum likelihood estimators. Thus, when
sample sizes are large, the three sets of estimators are equivalent and
computational ease may determine the choice of the one to be used in
practice. Test statistics givenby the log 1ikelihood ratio, the minimum

chi square, and the minimum modified chi square are asymptotically
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equivalent. In this context for practical purposes, large sample

size refers to settings where all or nearly all nij =10.

Neyman developed these results under general functional con-
straints that possess continuous partial derivatives up to order two.
In fact, Neyman showed that minimum modified chi square estimates
were BAN even when based on the first order linear Taylor series
approximation of the constraints. If the constraints were given by

u-t functions of 77 such as

R
9, (yR) =0 (1.30)
g (I)=0
u-t R

then the first order linear Taylor series constraints are given by

3o | Pa) *{éi S P% SNy )(\’LA q) =0 (1.31)
= tn

form =1,..., u-t, and MMCE based on (1.31) are BAN. Neyman's
work was in the context of a product mu]tinomialﬁ Bhapkar (1966)
showed that the minimum modified chi square statistic of Neyman was
numerically identical to Wald's statistic. When functional con-
straints were nonlinear, the minimum modified chi square statistic
based on the first order Taylor series constraints was identical

to the corresponding Wald statistic. Thus, Wald's sta-
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tistic could be used to assess hypotheses concerning contingency
tables based on a product multinomial distribution.

As mentioned previously, the estimators MMCE, MLE and MCE are all
equivalent when sample sizes are large. For small or modest sample
sizes, the estimators are not equivalent. Rao (1963) has indicated that for small
sample sizes, maximum lTikelihood estimates have smaller variance than
minimum modified chi square estimates for certain situations. The
behavior of MMCE estimates in small samples is still not known. As
a result, there is a reluctance to use weighted least squares methods
when many of the nij are small.

Weighted least squares was initially used by Bhapkar (1966) to
generate a minimum modified chi square test statistic for a hypothe-
sis of marginal symmetry in a multi way table. Subsequent work by
Bhapkar and Koch (1968a,b) illustrated the use of the Wald statistic
for tests of hypotheses of no interaction in multi-way tables. The
major impetus for weighted least squares methods, however, resulted
from a paper by Grizzle, Starmer, and Koch (1969) who outlined
weighted Teast squares methods based on Wald's statistic as a general
approach for modeling data from multi-way contingency tables. The
framework of Grizzle et al. was for a more general model than

(1.26) of the form

Fm)=x B (1.32)
RR d;t tx1
uxl

where F (Jy) is a u dimensional vector of functions of T with con-
R "R ~R

tinuous second order partial derivatives. Functions discussed by the

authors were either linear, logarithmic, or some combination of the
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two. However, the methods have been extended to a much wider class
of functions including the exponential and compound functions dis-
cussed by Forthofer and Koch (1973).

Since subsequent developments relate to 1inear functions, only
linear functions will be considered here. In this case, Wald's sta-
tistic for a hypothesis that the parameter vector Zk satisfies the
relationship given by (1.26) is given by (1.29). Grizzle et al.
(1969) noted that the statistic (1.29) could be equivalently ex-

pressed as

Q=(Ap - x b ) Ay Ay
~ R uxt txl p “R
ux1 “R

- Xb) (1.33)

where b was a vector that minimized this criterion; ie. it is the
tx1

weighted least squares estimator

o= fxfay A T3 lAL a1 0.3
tx1 p ~ ~ p ~ “R

~R ~R
The quantities Ap - X bare residuals from a weighted least squares

R
fit of model (1.26),where the vector A p is a vector of dependent
“R

variables and the population variance given by (1.25) is replaced by
the consistent estimate of the variance. Thus the Wald statistic
(1.33) is a goodness of fit statistic for the model (1.26).

The statistic for the goodness of fit of the model (1.26) is
identical to the minimum modified chi square statistic for a hypo-
thesis corresponding to the constraints (1.28). When the statistic

(1.29) implies acceptance of the null hypothesis, MMCE estimates of
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IXR may be of interest if sample sizes are sufficiently large

(e.g., nij > 10). For small sample sizes, MMCE estimates of ]IR may
be fragile. Small sample sizes are linked to small sample sizes in
the context of Neyman's work on the equivalence of MLE, MCE and MMCE
estimators of Eﬁ. This linkage is the result of Bhapkar's (1966)
extension of Wald's statistic to the product multinomial through it's
identity with the minimum modified chi square statistic. However,
when primary interest is focused on functions of Eﬁ as in (1.26) as
opposed to Bﬁ itself, Koch et al. (1977) argued that much smaller
sample size requirements may be sufficient.

Bemis and Bhapkar (1983) have demonstrated that under a product
multinomial framework, weighted least squares estimates for B under
a general functional linear model like (1.32) (where (1.26) is a spe-
cial case) are BAN under quite general conditions. These conditions
are not in reference to sample size requirements for asymptotic pro-
perties of the individual cell parameter estimates.

Weighted least squares methods, as outlined by Grizzle, Starmer,
and Koch (1969) are summarized in Appendix C. The authors note that
the design matrix X in (1.26) is not like an ordinary design matrix
in general linear models problems, since it can incorporate both with-
in population variation and between population variation. The impli-
cation of the flexibility of weighted Tleast squares models (1.26) is
that care must be taken in choosing an appropriate model and construc-
ting hypotheses. While the methodology js easy to implement, con-

struction of meaningful models and interpretation of the results is



26

not so straightforward.

Many other applications of weighted least squares methods have
appeared in the literature. Of particular note are applications to
complex sample survey settings given by Koch et al. (1975), applica-
tions to repeated measurement problems as presented by Koch et al.
(1977), analysis of ordinal categorical data given by Semenya et al.
(1980), and use of weighted least squares as a covariance adjustment
procedure developed by Koch et al. (1982). Many of these applica-
tions were facilitated by the general weighted least squares program
called GENCAT of Landis et al. (1976).

1.3 A REVIEW OF SEEMINGLY UNRELATED REGRESSION MODELS

1.3.1 Introduction

Seemingly unrelated regression models refer to a class of
multivariate models that can be characterized as having separate and
possibly different design matrices for different dependent varijables.
Such models are also referred to as multiple design models, since
their structure implies multiple design matrices. Parameters for such
models are commonly estimated using a two stage procedure involving
ordinary least squares to produce estimates of dispersion, followed
by weighted least squares to produce location estimates. The esti-
mation is usually formulated for a column expansion of the dependent
variables. Since models are expressed in column expanded form, and
weighted least squares is used to produce estimates, there are simi-
larities between estimation techniques for seemingly unrelated re-

gression models, and weighted least squares estimation methods for




categorical data.

Section 1.3.2 provides a basic summary of seemingly unrelated
regression models including a description of estimation procedures
and properties of the estimators. Section 1.3.3 reviews extensions
of seemingly unrelated regression models that have appeared in the
literature. This review provides a background from which a further
extension of seemingly unrelated regression models is developed in
Chapter 2.

1.3.2 Seemingly Unrelated Regression Models

Seemingly unrelated regression models were introduced by
Zellner (1962a). Consider a standard multivariate setting in which
a vector of p responses is observed for each subject from a simple
random sample of n subjects. The sample is either assumed to be
drawn with replacement from a finite population, or from an infi-
nite population, so that the response vectors for different subjects
can be considered independent. Denote the vector of responses for

the j-th variate as lj and the matrix of responses as Y = (X]...x)
p

nx1 nxp
and assume a linear model of the form
Y = Xg A% + §' (1.35)
nxp nxt txp nxp
where
E() = Eg € ---£)=0 (1.36)
~ ~1 72 )
and
FlE g = Ty L (1.37)

for j,j' =1,...,p.

27
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The matrix X,is assumed to be a known design matrix of full rank t,

while the matrix Ai is a matrix of unknown parameters. The matrix

txp
7 is a positive definite dispersion matrix defined by

pxp |
2. = ((6“)) : (1.38)

A~

In column expanded form, the model can be expressed as

EY )= (%® LA (1.39)
c = c
npxl nxt  pxp ptx1l
where
Y
~1
é\ Bl)
’Y”c =l 0. and "?c = A where 53: Bas (1.40)
npx1
Y
for g =1,...,p
and where v,q_r‘(rc) =1, ® :\Z/ . (1.41)
nxn pXp

Kronecker products refer to left Kronecker products as in (1.15). The
column expanded form of the model (1.39) can be equivalently ex-

pressed as a set of p regression models given by




m
——~
-
g
L]

m
———
-
S
I

E(Y) =
p
nx1l

nxt

tx1

432
tx1

B
p
tx1

(1.42)

Potentially, not all design matrices in the p models given by (1.42)

need to be identical.

matrices is the model

E(Y)= X /3_ for j =1,...,p
J ;3
nx1 nxtj t; 1
or equivalently as
Y = X + €
~c npxt ¢ ~c
npx1 txl  npxl
where
X 0 0 ) =
~1 ~~ ~s
nxtl t1Xl
X 0 ,.2(,% e 9 ’/écz éz
npxt e w1 | BX
0 0 X B p
-~ - P t x1
nXtPf p
and
: =1
PERIIS
j=1
Also
E(e) =0 and var(€) =
3 bel c

A more general model with multiple design

(1.43)

(1.44)

(1.46)

29
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Here Zd represents a known design matrix of rank tj for the j-th
nxtj
variate. Zellner (1962a) called model (1.43) a "seemingly unrela-

ted regression model", since it can be expressed as p separate re-
gression models that are seemingly not related. It is a special case
of even more general models later discussed by Kleinbaum (1970) and
Roy et al. (1971).

Zellner (1962a) noted that under certian circumstances, estima-
tion under model (1.39) and model (1.43) could proceed identically.
It is well known that the weighted least squares estimates for ,é%

from model (1.39) simplify to the usual least squares estimates, i.e.

A -1 -1 1
B rlke ieon) e L N e L)1 e 2)Yy
- L™ 2 )we £y
- C
= [ e 1]y (1.47)
This simplification will occur for model (1.43) whenever Xd = X

for all j = 1,...,p, or when the covariance matrix g&is diagonal.
Other settings where the simplification will occur have been noted
by Srivastava and Dwivedi (]9?6). Under such conditions, parameter
estimates do not depend on 2 or an estimate of Z. If normality
is assumed, the least squares estimates given by (1.47) will also be
the maximum likelihood estimates.

In other situations, weighted Teast squares estimates of ,§C

in model (1.43) will not simplify to ordinary least squares esti-

mates. If we define
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o (o}
11 %12 ... S1p (1.48)

2;‘pxp - oél C%Z - oép

\dpl p2 pp

and

11 12 ... 1p (1.49)

o (e} S

-1 21 22 ... 2

Z lo o O‘p

pPXp .

pl p2 ... pp
o o o

then the weighted least squares estimates for é& in model (1.43) are

given by
~ . o ‘ (1.50)
- _ ’ / -
b = Uéﬂ)~ X (1ez)xT x(1,s 2V Y.
Wy 1z ' ! 4 g ¢
_ c -.\él c §|X7_ - c )(‘/X Z o X Y
2zl , 2 ? 2:; .
T XK T KK ST X %o Y5 %Y,
-~ - :)-_\
| AT Pz ) PP ? ?; ’
SRS SRR ot 3 B WD YL S5
:)-_

These are the best linear unbiased estimators of /Bc' Generally, the
covariance matrix E:is not known. In such settings, Zellner proposed

replacing 2 in (1.50) by an estimate given by
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511 S12 .- slp (1.51)
> 7 s sy, Sop
Spl Sp2 - spp
where sjj. for §,3' = 1,...,p is estimated from the residuals of

ordinary least squares analyses on the P separate regression equa-
tions. Under the assumption that tj = tj' for all j,j' = | S

this estimate is given by

_ ~ \/ .
Sy = T_?(‘!r 2ok ) (- %y 5, ) (1.52)
where

~ ; -\

~ 3

(1.53)
The resulting estimator for ék, which Zellner called a two stage

Aitken estimator, is given for model (1.43) by
b

- |~ _ / - LI - (1-54)
2 e s e ST (L e 5y,
b
An estimate of the variance of k% is given by
/ - -1
var (B) = [x'(Le g% )", (1.55)

A variety of properties were developed for the weighted least
~

squares estimates E% given by (1.50)and bc given by (1.54) in Zellner's

original (1962a) Paper and in subsequent papers (1962b and 1963). In
A
the original paper, Zellner demonstrated that the estimators Ec and

bc are asymptotically unbiased, and that both estimators have the

same asymptotic normal distribution. In addition, two special set-




tings were explored to illustrate the improved efficiency of the
method. Under the assumption that the design matrices are mutually

orthogonal, i.e.

55 Ej. = 0 for all ixi" = 1,...,P;5 (1.56)
and assuming
{
N F = = =P
; = o o L. (1.57)

PxP . . L.t
PP - -
Zellner demonstrated that

V&VQ%Q'= - .k varK (1.56)
- \+,nkv \\]

Thus, under these restrictive assumptions, for large numbers of

variates, one could expect a gain in precision proportional to 1- p.
The second special case §nvestigated was for a two (p=2) equa-

tion model. Design matrices were not restricted as in (1.56), but

the variance structure was as in (1.57). Under these conditions,

AN
the variance of bc is given by

X% -2 X%
va.r(\: ) (\ P‘L o, AIEAL o, ~ [AY N . (1.59)
-P ! \
SRS

Using a standard expansion for the inverse of partitioned matrices

(see Graybill (1969)),
~ . ‘ s 2 s Ny ! ]
el B = (o {2 O T - A T il CALENERD
-d) L U L A% (KLY % 1%, Y
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Zellner compared the generalized variance for E] with the genera-
lized variance of ‘EA which was estimated by ordinary least squares.
The generalized variance is given by the determinant of the covari-

ance matrix, so ¢ ‘ X n

A t 2 7 - 2 ,“/ < /
bvar (80 = (-6 [ 08T ] T,- A it bed e\ L (161)
Standard results on canonical correlations (see Muller (1982))

result in

|1, - A (%

t;

alottxn| = W (0 - g0 e (1.62)
u=\

where tj = min(tl, t2) and rS is the u-th squared canonical correla-

tion between X; and X,. In terms of generalized variances,

Ao Lo - (1.63)
bir(gw - \Viyﬂéﬁ\

ﬁ (1=42) ’

Thus, when the canonical correlation between the two design matrices

is zero (corresponding to (1.56)), a maximum reduction in the genera-

~

N
lized variance can be expected using b] (1.50) as opposed to EJ

(1.53). If the canonical correlations of the two design matrices
are one, then the generalized variance of the two regression esti-
mates will be the same. This will occur whenever 5] spans a sub-
space Ofllz'

In a subsequent paper, Zellner extended and elaborated on the
properties of the estimates gc (1.50) and éc (1.54). Zellner
(1962b) extended result (1.63) to a system of p equations and con-

~
cluded that the generalized variance of ka was always less than or

-

equal to that of bj' In addition, the relationship between vgy(@%)

and var(EJ) in (1.58) was extended by relaxing the assumption (1.56).

The denominator of the estimates 535 (1.52) for jxj' and tjktj, was

34
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also explored. Unbiased estimates of the population variance were
shown to result if the divisor (n-tj) in (1.52) was replaced by
. 2
n-tj—tj. + m1n(tj$j,),OH (1.64)
where,og is Hooper's trace (1959) and equal to the sum of the squared

canonical correlations between 5. and Xj"

m'ﬂ(tgﬁtg )
‘; = o (1.65)
ﬁ1 w=t

when this denominator (1.64) is used in(1.52), Kakwani (1967) has
shown that the estimator bc is unbiased for symmetric distributions,
even in small samples.

A further area 1nvest1gdted in Zellner's (1962b) paper was the
application of the estimation methods to the mean from a simple ran-
dom sample in a survey setting. Under the assumption that p=2, |
EAﬁln (a column vector of ones) and 5é£]=g where ggis given by

A
(1.48), the estimates b are given by

c
: b, - A
e T N = o ; (1.66)
o, S WY RV R Y
where
A * :
va.rk\o\\ = L\ - O \)ﬂ_. (1.67)
oS, ! N
and
. 1o :
V= L (1.68)
\
for j =1,2.

Analogous estimates for Ec (1.54) are given by
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b\ -\_;u - _-——_—-S"‘ —\77_
b - - i See (169)
—C
. 2 =\
b, e S AR S AT
W ~ ~ ~r s

where

V;r\\o‘\ = (\ — _s;_‘-___ \ Su . (1.70)

Under the model (1.43) and the assumptions §ﬂ=1

~

n and 5]52=g, the
population mean of the second variate is zero. Also, b1 will be an
asymptotically unbiased estimate of the population mean for the first
variate, where the bias will be of the order 1/n. If the vectors

Xi=(Y£] YLZ) follow a bivariate normal distribution, this bias
1x2

will be of the order 1/n2. Furthermore, regardless §f the normality
assumption, vgr(b]) (1.70) will asymptotically equal var(gl) (1.67).
As a result, certain seemingly unrelated regression models may
enable gains in precision for sample survey means. The estimator b]
in this model is directly related to a standard regression estimator
used in sample surveys (Cochran, 1977).

In a later paper (1963), Zellner further explored properties of
estimators like bc (1.54) in ; two (p=2) equation model (1.43).
Assuming that 5] and 52 are orthogonal and bivariate normality,

Zellner defined unrestricted parameter estimates bu] and Eﬂz as

! , (1.71)

buy / ] ]
et ) (X ) eyt ) ey
b Q % Q %e Q X% Y'&

?
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where the elements of éu are given by
(1.72)

Bl - LOn Y b ] Geie s (173
and t is given by (1.45). The estimates (1.72) are called the un-
restricted estimates of S, since the estimates of the elements are
based on residuals from ordinary least squares regressions including
in the estimation space, the full rank of a combination of the sepa-

rate equation estimation spaces. The expected value of the estimated

variance of Eul for a sample of size n is given as

' ~ P . -
E[_v?\;r&éu.\] = (~|)§;\ o, (1—p )El +(7\\—:Z\__} (1.74)
where |
. e (1.75)
£ 7 e o

(see also Zellner (1972)).

The idea of unrestricted estimates of Z;can be extended to the
general model (1.43) where residuals are formed by ordinary least
squares regressions for each variate as in (1.72), but where the
common design matrix is given by the basis of (5]: 52: cee Zp).
Estimators like Euc based on the unrestricted residuals as in (1.71)
have the same asymptotic properties as estimators based on the res-
tricted residuals (1.52). However, since estimators based on the

restricted residuals allow for more degrees of freedom in the error

space, (sihce the rank ({1: 52: ce ﬁp)z.rank(lj) for j=1,...,p),s
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the estimators based on restricted residuals were considered by
Zellner to be preferable.

Expression (1.74) can serve as a basis for evaluation of estima-
tors £h1 (1.71) as compared with‘E] (1.53) under the assumption of
bivariate normality and (1.56). When‘p2>ﬁ%2-, the expected value of
the estimated variance of §u1 (1.74) will be less than the expected
valueof the estimated varianceof E}. For reasonably small sample sizes
(n>24), correlation coefficients greater than 0.2 will result in
improved precision in the estimate of Eu]' Conversely, when
f?<.1/n-2, the estimator'E] will be preferable to the estimator Qul'

1.3.3 Extensions of Seemingly Unrelated Regression Models

Seemingly unrelated regression models have been studied and ex-
tended by a number of authors since Zellner's original work. Much of
the work on these models has appeared in the econometric literature.
Kleinbaum (1970) reviewed earlier developments and placed them in a
more general modeling context: Srivastava and Dwivedi (1979) provide
a survey of many of the subsequent developments. Early work explored
other possible estimation schemes under model (1.43). A variety of
authors examined the efficiency of Zellner's estimators (1.54) when
compared with other methods. In addition, the model was extended to
include heteroscedasticity, autocorrelation, error components, and
unequal numbers of observations for dependent variables. Goodness
of fit estimates for the models were also proposed.

Many of the subsequent developments are not of direct relevance
to the extensions that will be presented in this report. However,
the directions pursued in exteﬁding seemingly unrelated regression

models by econometricians suggest comparable extensions and applica-
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tions when applied to categorical data analysis. Although many of
these extensions will not be explored in the context of the present
work, they will potentially serve as the seed for later developments.
A brief summary will be presented in this section of more
recent seemingly unrelated regression literature.

One extension of Zellner's 1962a paper is particularly relevant to
subsequeﬁt work. Zellner and Lee (1965) considered two stage Aitken
estimation for models constructed in a product binomial setting. The
authors considered several possible models, including the Probit,
logit, Gompit and linear models. Taylor series expansions of functions
of proportions were used in obtaining weighted least squares estimates-
of regression coefficients based on a consistent estimate of the vari-
ance. Zellner and Lee illustrated the procedure explicitly for a
linear model of the porportions. Asymptotic large sample properties
of the estimated regression coefficients for models based on a trans-
formation of the sample proportions were also presented.

Subsequent to Zellner's (1962a) paper, other estimation
schemes have been proposed for the model (1.43). Three competitors
to Zellner's two stage Aitken estimator (1.54) were reviewed by
Kleinbaum (1970). Two of the competitors were iterative estimators,
one suggested Zellner (1962a), and the other developed by Telser
(1964). The other estimation scheme was based on maximum 1ikelihood
under the assumption of multivariate normality, as developed by
Kmenta and Gilbert (1968). These later authors compared the four
estimators in a Monte Carlo study. The two iterative estimators as

well as the maximum likelihood estimates were computationally identi-
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cal. The variance of Zellner's two stage Aitken estimate (1.54) was
comparable or smaller than the variance of the other estimators con-
sidered except for small samples when the correlation between depen-
dent variables was small. or when autocorrelation was present. The
simulation serves to substantiate some of the theoretical claims of
Zellner (1963).

The suggestion that restricted estimators (1.54) are preferable
to unrestricted estimators (1.71) was investigated by Revankar
(1976). Revankar considered a special case of the model(1.43) where
p=2, L, spans a subspace of X1- and the response vector Y, is bivari-

A

ate normal. In such a setting, if Z is known, the estimators b

are given by

-\
8 [elxy -z RO A A CHAY
[ X3 ~ ~N N A
%(‘. = =
o LAY - b o
o, AR Hl p o (&1%;&1[{"‘?&.(’\)&\) )'S‘J\!.

Restricted estimators and unrestricted estimators can be formed by
substituting Sjj' from either (1.52) or (1.72) for ng, in 1.76. The
expected value of the estimated variance of the unrestricted estimates

for Eu] 1s given by
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Through comparisons of the expected value of the estfmatedvarianceof
the restricted estimators with that of the unrestricted estimators,
Revankar concludes that when n<5 and bolA.S, restricted estimators
are generally preferable. In other cases, unrestricted estimators
are comparable, or preferable, to the restricted estimators. Thus,
Zellner's (1963) suggestion that restricted estimators are preferable
to unrestricted estimators does not hold uniformly. This result has
been further clarified by Conniffe (1982).

Additional investigations explored the efficiency of Zellner's
unrestricted estimators (1.71) relative to ordinary least squares
estimates (1.53). Srivastava (1970) and Kakwani (1972 ) used the
method of Nagar (1959) to obtain higher order finite sample moment
approximations to the variance of éc (1.54). Phillips (1977)
developed a more refined approximation to the finite sample distri-
bution function of Ec under similar assumptions as Zellner (1963).

Mehta and Swamy (1976) extended the results of Revankar (1974)
concerning the efficiency of Zellner's estimator Euc based on unres-
tricted residuals for a system of two equations. These authors con-
clude that when n>23 and \p\>~0.3 under the assumption of bivariate
normality, gains in precision can be expected when comparing Zellner's
estimator (1.71) with the ordinary least squares estimator (1.53).
Kariya (1981) has investigated the bounds of the variance matrix for
the estimators Ehj (1.71) from a finite sample as compared with the
variance of the asymptotic distribution for a two equation model with

nomality. Also, theestimator‘p’C (1.54) has been shown by Zellner (1971)
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to be the leading term in an asymptotic expansion of é% ffom a
Bayesian context under non-informative priors. Dichotomous quantal
response models have been investigated from a Bayesian perspective
(Zellner and Rossi (1983)). Revankar (1974) has also noted that in
the special case where X, is a subspace of X1+ the estimator Eﬁl
(1.71) can be alternatively expressed as an ordinary least squares
estimator from a mixed stocHastic model .

Other authors have investigated extensions of Zellner's original

model (1.43). Many of these extensions can be characterized by

different assumptions on the variance of Y . Under the standard
“NXp

seemingly unrelated regression model (1.43), the variance of Ic is

given by
(1.78)

E’u o, 1 s I
!::\ AN noon p En

Var( €¢)= var | ¢ -

e d ~ & - 9; :I I-

“‘\:‘ u N o;.'l. ‘\:‘ c’l? 1"\
e/ |%L w1 L
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Each row of the matrix Y is independent, although columns are corre-
nxp

lated. Several workers have investigated estimation methods under a
first order stationary autocorrelation model. A general stationary

first order correlation structure for the model (1.43) is given by

P
, = ey R . .
Eu J-Z.;l /OJJ EK-I,J S!IJ (1.79)
for £=2,...,nand j =1,...,p
where
E( S Seriv) i M.
23 1 0 otherwise

and where the structure of Elj is given in Guilkey and Schmidt
(1973). The error structure (1.79) allows the R-th observation for
the j-th variate to be correlated with the entire vector of observa-

tions on the (£-1)-th trial. Under the restriction that

Ay if § =g
P - (1.80)
JJ 0 otherwise,
the variance covariance matrix of §c will have the form

0‘ ] 1 t

nfihn bt 2R

var( £ ) = . a ' s !

<C 2k Tl o G RE,

c. P P! g, P p! ... P

pl ~p ~1 p2 ~p ~2 oo ~p ~pp

(1.81)

where
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i A
’ i — o = ) ... /O'i
&: \ ~; Jt—pi l—-p;‘ J—\T_/ET . (1.82)
O ) /0:) /OSV\—&
o o l - - P
@] (@] O - ]

Seemingly unrelated regression models with this error structure
(1.81) are discussed by Parks (1967) and Kmenta and Gilbert (1970)
while models with the more general error structure (1.79) are dis-
cussed by Guilkey and Schmidt (1973).

Other seemingly unrelated regression models discussed in the

literature have an error structure given by

1.83
£, S L, o - . O (1.83)
nxi ~ -~
vax E‘_?. = 9.. % -X-n ¢ - 9, o
Nnyx i . -
Se e Q l c¥?1;“,

next
This variance structure has been termed in the literature "hetero-
scedastic" although a comparison with(1.82)suggests that the exten-
sion implied by (1.83) has not been to provide a more heteroscedastic
variance structure, but rather to allow different numbers of observa-
tions for the different dependent variables. Seemingly unrelated
regression models (1.43) with a variance structure as in (1.83) have
been discussed by Taylor (1977, 1978) and Kariya (1981). Two stage
Aitken estimators in these settings generally have reduced variance

when compared with ordinary least squares estimators.

The error structure given by (1.83)can be readily extended in a



two equation model. Assume that ny observations are obtained on the
bivariate pair (yQI’ygz)’ and that an additional ny-Ny observations
are obtained for the second variable alone. Then under model (1.43),

assume that the variance structure for £ is given by

Su _S'\.n S -\;“ o (1.84)
vavr &) =
(N\ S ..-Y:.V‘\ a2 l.v\‘ Q °
Q’ Q 0'27' ~V\‘-f\\

This is the error structure for the models discussed by Swamy and
Mehta (1975) from a Bayesian perspective, and by Schmidt (1977) from
a sampling perspective. The model can represent a setting where
there is supplemental (or incomplete) data on one variate. As such,
model (1.43) with (1.84) is a special case of a class of models dis-
cussed by Kleinbaum (1970). Schmidt notes that the additional sample
size, (nz-nl), has little effect on the mean square error of the esti
mator foré@l. For small sample sizes (n=10) and a moderate correla-
tion between dependent variables (\p\4.6), the two stage Aitken esti-
mators performed as well or better than the maximum likelihood esti-
mators considered.

Other extensions to seemingly unrelated regression models have
incorporated an error component structure. Avery (1977) and Baltagi
(1980) consider settings where error component models are appropriate
for individual dependent variables that are connected in a seemingly
unrelated regression model (1.43). Finally, McElroy (1977) and Buse
(1979) discuss some measures of goodness of fit in connection with

seemingly unrelated regression models.

45



46

1.4 A REVIEW OF GROWTH CURVE MODELS

One class of multivariate models appearing in the literature
s known as growth curve models. Models in this class are not res-
tricted to problems involving growth data, but in fact are of more
general interest in repeated measurement studies. A characteristic
of such models is that attention is focused on modeling a subset
(or a set of variables that span a subspace) of the full vector of
repeated measures. The remaining variables (or the ortho complement
of the set of variables of primary interest) are incorporated in the
modeling in an effort to improve the precision of parameter estimates
for the primary variables. -

This review will concentrate mainly on the unconditional growth
curve model proposed by Potthoff and Roy (1964). A more complete
review of growth curve methods has been provided by Timm (1980).
Woolson and Leeper (1980) review growth curve models with respect to
incomplete data, while Gejsser (1980) provides a review of growth
curve models in the context of Bayes' estimation.

Potthoff and Roy (1964) provide a characterization of growth
curve models considered earlier by Elston (1962), Rao (1959), and
Rao (1958). Consider a standard multivariate setting in which a
vector of p responses is observed for each subject in a
simple random sample of n subjects. As in Section 1.3.2,
the sample is either assumed to be drawn with replacement, or from an
infinite population, so that the response vectors for different sub-
Jects can be considered independent. Denote the response vector for

the f-th subject as X, and assume the vectors Yoo £=1,...,n, follow
1xp ~
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a multivariate normal distribution with common covariance matrix
given by ¥ (1.48). 1In this context, Potthoff and Roy define a growth

curve model as

E(y)=X A P with var(xl) = 2 (1.85)
nxp nxt txg qxp ~ ~

where Y is a matrix of response variables, X is a fixed design
nxp

matrix of full rank t,égis a matrix of unknown parameters, and Rlis
a matrix of constants of rank q<p.

Potthoff and Roy proposed a method of estimating B in model
(1.85). Let G be an arbitrary symmetric matrix of rank p, and define

pXxp :
a transformation matrix by

g lp (pgtent, (1.86)
Then if the model (1.85 is post-multiplied by the matrix (1.86), the
resulting model (1.87) will appear in the form of a standard multi-

variate model (1.35),

prp et Pt = x

~

-1

El Y 6 (1.87)

where for the X-th subject,

ar{ngtrestentl- el e etsge g
(1.88)
The standard least squares estimates of 8 are given by
b o= oy gt el (1.89)
where the variance of the column expansion of b is
var(y) = (X0 evar Ly glere o)™ (1.90)

'tq%\
The Potthoff-Roy transformation enables model {1.85) to be reduced

so that standard multivariate methods can be applied. Such a strategy
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can be implemented for any symmetric G of full rank. The optimal
choice of G, in the sense of providing the minimum variance for linear
constrasts of 8, is given by setting G =Z. Unfortunately, ‘é’is usually
not known. Potthoff and Roy note that unless some additional
rationale is provided, it would be inappropriate to set G =S, the
sample covariance matrix.

Khatri (1966) and Rao (1965, 1966) independently provided a

rationale for replacing E}by/é. Consider a transformation matrix

H = (ﬂl : H2) of rank p such that

PXPp ~
P oA, - 1(‘ and P W, = O (1.91)
axp Pxq n AP Prpq  4n P

Post multiplication of (1.85) by (H

ELxud yu,) = (X Bi o) (1.92)
where
WToH, !
v’a\:r(\(! \—\\ = ~' ‘é ~ ‘i % K. ] (1.93)
I WL,

Model (1.92) is equivalent to model (1.85) so that equivalent test sta-
tistics can be constructed for hypotheses in the two models.

Khatri and Rao then considered a conditional model under the
assumption of multivariate normality given by

flywlvml=% 8« v oy y (1.5)

nxt txq NxP  PXp-q pqxq



(1.95)
/ ' -t
AR ARG AR ALY
= W nig Y Hw
since
/ - P by
Z- 2v iYW s Blw T, (1.96)

via Khatri's lemma (1966). One choice of H which will satisfy (1.91)
is indicated by Grizzle and Allen (1969) as

LI

H = (\i‘ " H, \:( E’(EE')’ Eco\u.mn basis nf{l_[_;ilﬂ?_‘z).‘ﬂ).(lﬂn

1334 pra  pxe=q Pxq
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Using this expression for H, the variance (1.95) under the conditional

model reduces to

-1 -1
var(tg th | Yo fp) = (R 27907

Model (1.94) is in the form of a standard multivariate analysis of

(1.98)

covariance model. Estimates of B can be obtained directly using
standard methods similar to those illustrated by Cox and McCullagh

(1982). If we define an unbiased estimate of zzas

In-tt+ p-)l s = ¥ UL 300071y (1.99)
then
LY -
b= (RxVK YL n - Heluisr i mis ] (1.100)
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where once again we make use of Khatri's lemma. If ﬁl is defined as
in(1.97), then

1 1 1 -1

s rsteeste (1.101)
Comparison of (1.101) with (1.89) suggests replacing G by S in the

Potthoff-Roy transformation (1.86). In fact, Khatri showed that under
the conditional model (1.94), the estimate (1.101) is the maximum
likelihood estimate of B, assuming multivariate normality. In addi-
tion, Tubbs, Lewis and Duran (1975) have developed(1.101) as the maxi-
mum 1ikelihood estimate of 8 under model (1.85), assuming multivariate
normality.

Growth curve type models have undergone some additional develop-
ment subsequent to the work of Potthoff and‘Roy, and Rao and Khatri.
Rao (1966) summarized previous work and discussed a variety of prob-
Tems with respect to growth curves. He also described the basis for
multivariate covariance adjustment procedures. Let Ec and éi be

separate vector statistics of rank tq and pq-q2 respectively, where

A

E(b) =8, and E(¥) =0 (1.102)
and
bc ~ N\o
var [~ )= T ~Te (1.103)
:{-“ _/A_U —/,>‘ze.

The vectors RC and E& can be thought of as the column expansion of

the parameter estimates for model (1.94). Assume/’gC is a vector of
Yc
parameter vectors and be of full rank. Then if df\“:‘ Q , an

unknown parameters, and {gr( bc) is partitioned to conform to the

estimator
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A - A
. \?J. = \9_0; - -JA\:\a -/\~u. §Q, (1.104)
with
A ~t
V’ér(\g‘cy = ‘/,\\,—\\ - —-/\,V—(‘L-—'/b—z.z-/b"?.\ (1.105)

will always have smaller variance than Ec as long as var 4Ec (1.103)
&)

is known. This is the motivation for covariance adjustment. If only

an estimate of the variance is available, ﬁc may still be an improved

estimate as compared with Qc' In such a setting, the particular set

of covariables, E;, included in the analysis may affect the choice

of an estimator of 8. This issue of choice of covariables has been

v discussed by Rao (1967) and later by Grizzle and Allen (1969).
Kleinbaum (1970) extended growth curve models to settings in-
voTving multiple design matrices. Let a vector of p responses be
. recorded for n; subjects in each s groups. Assume subjects and
groups are independent. The extended growth curve models can be
constructed by specifying separate growth curve models for each of
the s groups of the form

E( \e ) = Z&z

nixp

R E | (1.106)

where varly, N = Z for Y=V ,...0n and tz21\,...,s.
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Kleinbaum considered hypothesis testing and estimation procedures

for model (1.106) and for more general models with missing data.

1.5 SUMMARY AND OUTLINE OF THIS RESEARCH

1.5.1 Summary

It is evident from the review of the categorical data
Titerature that weighted least squares methods for analyzing contin-
gency table data form an important class of methods. The methods
are general, flexible and widely used. They have been adapted to a
variety of problems in different settings. Analyses based on linear
functions of cell frequencies are of interest for correlated marginal
mean scores, repeated measureément studies, and for analysis of co-
variance applications.

In a multivariate modeling setting, other specialized techniques
have been developed for certain types of models. Seemingly unrelated
regression models can be characterized as having possibly different
design matrices for different dependent variables. Parameters are
usually estimated in two stages. First, an ordinary least squares
regression is performed for each dependent variable to generate a set
of residuals. The residuals are then used to estimate a
covariance matrix. A weighted least squares analysis based on the
estimated covariance matrixt produces the seemingly unrelated
regression estimates. Since the estimation involves use of weighted
least squares, there are similarities between seemingly unrelated
regression estimation and weighted 1easf squares methods for cate-

gorical data. As reviewed in Section 1.3, seemingly unrelated regres-




sion models have received extensive development and application in
Economics.
A second specialized multivariate modeling technique is growth

curve analysis. As reviewed in Section 1.4, growth curve analyses

are discussed in terms of conditional models or unconditional models.

The conditional growth curve model wi]1‘produce jdentical parameter
estimates as the Potthoff-Roy model when based on an estimate of the
variance-covariance matrix from the model. Advantages of the condi-
tional growth curve model are that estimators can be produced in one
step, and that subsets of covariables can be selectively excluded
from the model. The motivation for the unconditional growth curve
model is rather ad hoc, although both models can be viewed as multi-
variate covariance models. As such, there is some similarity (at
least in concept) between a growth curve analysis and an-analysis of

covariance in a categorical data setting.

1.5.2 Outline of This Research

This investigation is focused on weighted least squares methods
for analyzing linear functions of categorical data. While weighted
least squares applications are possible in a variety of settings,
Timitations arise as a result of

1. A lack of clarity of the impact of different design
matrices.

2. An inability to meaningfully interpret parameter esti-
mates or test statistics and relate them to other linear
model counterparts.

3. An uneasiness concerning the methods with small cell

53
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frequencies.

The research in subsequent chapters is directed at removing or
ameliorating these Timitations. The thrust of the research is orient-
ed towards relating weighted least squares methods to other standard
multivariate methods in the literature. Connections are developed
between weighted Tleast squares methods for Tlinear functions,
seemingly unrelated regression methods, and growth curve
models. The first step in the development is to express the uncondi-
tional growth curve model as a special type of seemingly unrelated
regression model. Next, seemingly unrelated regression models and
growth curve models are extended so that they can be applied to
categorical data settings. In their extended form, certain weighted
least squares methods are shown to be identical to comparable seeming-
ly unrelated regression methods and growth curve techniques. The models
and connections are then developed to characterize properties of cer-
tain estimators and test statistics under a variety of classes of
design matrices. These models and estimators are jllustrated in a
variety of applications.

Chapter II develops the relationship between seemingly unrelated
regression and unconditional growth curve models. The models are
also extended to situations involving multiple sub-populations. In
Chapter III, the relationship between weighted least squares methods
and the extended methods of Chapter II is developed. In addition,
the effect on a targeted contrast estimate is evaluated for a variety
of classes of design matrices. Chapter IV illustrates the use of

models and estimators from Chdpter III in additional applications.
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Chapter V discusses four specific examples that illustrate some of the
previous methods. Finally, Chapter VI summarizes the results of the

- research and suggests further fertile directions for future research.



CHAPTER 2
SEEMINGLY UNRELATED REGRESSION MODELS

AND GROWTH CURVE MODELS:
RELATIONSHIPS AND EXTENSIONS

2.1 INTRODUCTION

The purpose of this chapfer is to illustrate the relationship
between certain seemingly unrelated regression models and ‘the uncon-
ditional Potthoff-Roy growth curve model, and then to extend such
models to a multiple population setting. InSection 2.2, the rela-
tionship between certain seehing1y unrelated regression models and
the Potthoff-Roy growth curve model is developed. When the post-

multiplication matrix P in the growth curve model (1.85) is given by

B =19 ) (2.1)
gxp qx(p-q)

then the growth curve model can be immediately expressed as an equi-
valent seemingly unrelated regression model. Section 2.2 illustrates
that two stage Aitken estimates based on unrestricted residuals for
parameters in such a model are identical to parameter estimates based
on the Potthoff-Roy transformation (1.86) replacing G by S (1.99).
This result is then genera]iiéd to growth curve models with arbitrary
matrix‘g. Two stage Aitken estimates in other seemingly unrelated
regression models are also shown to have the same form as estimates
from the Potthoff-Roy growth curve model. Since more general models

result from the seemingly unrelated regression formulation, the addi-
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tional models can be interpreted as covariance models in the same
sense as the growth curve model. Using these relationships, a subset
of covariates can be selected in the unconditional growth curve model
in an analogous manner to selecting a subset of covariates in the con-
ditional growth curve model as discussed by Grizzle and Allen (1969).
Section 2.3 extends seemingly unrelated regression models and
unconditional growth curve models to a multiple population setting.
The extension allows subsets of the dependent variates to have differ-
ent variance covariance matrices. Although numerous extensions to
seemingly unrelated regression models have already appeared in the
literature including an extension to a product binomial mode1
(Zellner and Lee(1965)), seemingly unrelated regression models in the
context of a product multinomial have not, to the author's knowledge,
been considered. In such a setting, two stage Aitken estimators for
the multiple population seemingly unrelated regression model, and
parameter estimates based on the Potthoff-Roy transformation in the
equivalent multiple population growth curve model are shown to be
jdentical. This extension of models to multiple population settings
is the key to relating seemingly unrelated regression methods to

weighted least squares methods for categorical data analysis.

2.2 THE RELATIONSHIP BETWEEN CERTAIN GROWTH CURVE MODELS AND
SEEMINGLY UNRELATED REGRESSION MODELS

Growth curve models and seemingly unrelated regression models
are two strategies for modeling multivariate data. In this section,
the equivalence of parameter estimates from growth curve models based
on the Potthoff-Roy transformation, and two stage Aitken estimators

from certain seemingly unrelated regression models is demonstrated.
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This connection does not appear to have been recognized in the litera-
ture, although some authors have discussed growth curve models from a
multiple design perspective (for example Grizzle et al. (1969) and
Kleinbaum (1970)). First, the equivalence is illustrated for a

growth curve model and the equivalent seemingly unrelated regression
model when P is given by{2.1. Then, this relationship is generalized

by allowing P to be an arbitrary matrix of rank q. Finally, some
gxp
additional seemingly unrelated regression models are identified where

certain parameter estimates have the same form as the growth curve
estimates.

Consider a seemingly unrelated regression model of the form

Y. =X .+ . i =1,...,

AT for j=1.....q

nxl nxt tx1 nxl1

Ij ) Ej for j = q+l,...,p (2.2)
nxl nxl1

where X is of full rank t. Let Xc and éc be formed by concatenating

the p columns of the data and parameter vectors, respectively,

so that
E() =[x e [1\]8 (2.3)
Q
and
vg‘r(’vc) = In ® é . (2.4)
pXxp

Note that if P is given by (2.1), model (2.3) can be expressed in terms

of P as

A

E(Y.) = (X ® P')B. (2.5)
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Then the weighted least square estimate of é% is given by (1.50) which

in this case simplifies to

b, ={lx' ® P]{l.e £Ix ® PV x e P)(Le Y

b =ilx @ plllne )X @ RIJ (L' e RNl e 0l
-(wxe R e PN
{oen e g gy (2.6)

The variance of Et is given by

* 1 =1

var(®) = (xnte (2 g7 (2.7)
Re-expressing Ec in matrix form,
A -
b =0y gl e (2.8)
tx(p-q) nxp

A comparison of (2.8) with (1.89) illustrates that when G =§, the esti-
mates from a growth curve model based on the Potthoff-Roy transforma-
tion with P given by(2.1)are identical to the estimates under the
seemingly unrelated regression model (2.2). Furthermore, the vari-
ance of the estimates is identical under the two models. If G is re-
placed by an estimate based on unrestricted residuals like (1.72)
which are given in this case by

(-t)s, = L0l v (2.9)

PXp  pxn nxp

then the seemingly unrelated regression estimate based on the unres-
tricted residuals will be identical to the Potthoff-Roy estimates. In

column expanded form, these estimators are given by

- [ '1 [} ‘1 ' -1 -1
o=t e RyRNTRS Y (200)

~

The equivalence of parameter estimators from the Potthoff-Roy

growth curve model and the seemingly unrelated regression model can
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be seen to hold more generally. If P is an arbitrary non-stochastic
qxp matrix of rank g, then P can be reduced to canonical form (2.1)
by pre and post multiplication by arbitrary but fixed nonsingular

matrices R and Q of rank q and p respectively so that
qxq pPXp

P*=RRQ=(L1Q ). Define Y*=YQ,B*=8R", and £ =¢cQ.

\ o

q gx(p-q) nXxp txq nXxp

Then the growth curve model (1.85) can be equivalently expressed as

L*= 2(' @,* E.* + §'* (2.11)
nxp nxt txg gxp nxp

where vg'r(Yi*) = .Q,' Z Q. Growth curve estimates foré* based on a
Potthoff-Roy transformation with G replaced by S*=Q' §,g where S

is defined by (1.99)are given by

SRCOS S Al
R SR AU i (2.12)

Estimates of B given by (1.101) result by post multiplication of (2.12)
by 5. Model(2.11) is identical to a seemingly unrelated regression
model (2.2, based on the transformed variables. If two stage Aitken

estimators of ,ﬁc* Tike(2.10) are re-expressed in matrix form, the

tgx1
resulting estimators are given by(2.12. Once again, these estimators

can be expressed in terms of the original parameterization by post
multiplication by R.

Other seemingly unrelated regression models can be viewed as
covariance models in the same sense as a Potthoff-Roy model. It is
easiest to consider such models when P is given by (2.3. Then, the

estimator EC given by (2.10) can be expressed as the concatenation
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of q column vectors of the form

P
- -\
b = (X RVRY ¢ Z A ey, (2.13)
A~ ~ ~ A K‘ﬁ(—\ ~ A ~ ~
txt

where j‘= 1,....9 and the elements ajk are defined by the elements

(§}1)'1§}2 = ((ajk)) for j =1,...,q9; k = 1,...,p where

gaxp
<\
13} ‘2
Aol 2 2w S S (2.14)
2 = axq = | axq
PxP
§,z\ %12- §:‘ 'S\.-n

and § is defined by(1.99. If p =2andq = 1, (2.13) reduces to

Sya (2.15)

b, = (x'%) %X Y, ’g:_\,(z\

~ )

which is a special case of the estimator presented by Zellner (1962a).
The same exoression for b, can be obtained for a class of
more general seemingly unrelated regression mode]s when design ma-
trices for the two variates are orthogonal, ie., ilixa = 0. Thus,
the Potthoff-Roy growth curve model is one model in a larger class of
models. Zellner (1962a, 1963) illustrated the reduced variance of
parameter estimates from two equation models for finite samples under
the assumption of multivariate normality and orthogonality of design
matrices. These relationships can be transferred directly to the
special growth curve model considered later by Potthoff and Roy.
An even broader class of seemingly unrelated regression models
produce growth curve type estimators for certain targeted parameters.
Revankar (1974) considered two equation seemingly unrelated regres-

sion models where the design matrix ‘Ka js a subset of the design

~

nxt,
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matrix for the first dependent variate

! ~ (2.16)
Xy = K\ RS S .\
nak, nxt, nx it -t2)

and where t1'>t2 and 51 and 52 are of full rank. 1If

’

Xe Lo = 0, (2.17)
t-‘XY\ n iLt\"ta_\
and éﬁ is partitioned into two vectors@11 and '§12 corresponding
tlxl t2x1 (tl-tz)xl

to the partitioning of the design matrix 51’ then two stage Aitken

estimators for £ﬁ2 based on unrestricted residuals are given by

~

b = (LL )L (Y, - e Y. ) . (2.18)

~ 2 ~ ~ by
3
(t.-t,_) X\ N

The implication is that covariance models like the Potthoff-Roy
model can be expressed more generally and still retain a variance
reduction for certain targeted parameter estimates. This allows
greater flexibility for analysis and may result in improved parameter
estimates. From the other perspective, certain seemingly unrelated
regression models can be motivated as covariance models to improve
estimates for one set of variates, over and above their use as an
efficient way of estimating seemingly unrelated regression equations.
The Potthoff-Roy growth curve model is an example of an uncondi-
tional covariance model. This covariance interpretation can be illus-
trated by transforming the dependent variates and parameters so that
P is in canonical form (2.1). In such a setting, the growth curve

model appears as the unconditional version of model (1.94). The addi-
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tional p-q variates, X‘ﬂz are included in an attempt to improve esti-
mates of parameters for the g primary dependent variables, 1'51' If
some of the additional variates, say r<p-q variates, are uncorrelated
with the q variates of interest, then such variates may be dropped
from the model. Such a procedure has been discussed by Grizzle and
Allen (1969) in the context of a conditional growth curve model, but
the analogue for a Potthoff-Roy model was not clear. Since the
Potthoff-Roy model (1.85) is equivalent to the seemingly unrelated
regression model (2.2) when P is given by (2.1), an analogue of Grizzle
and Allen's procedure for model (1.85) is immediate. The analogue con-
sists of dropping the variates from the seemingly unrelated regression
model, and proceeding with the estimation using two stage Aitken esti-

mators based on the p-r remaining variates.

2.3 EXTENSIONS OF SEEMINGLY UNRELATED REGRESSION MODELS AND GROWTH
CURVE MODELS TO MULTIPLE POPULATION SETTINGS

Seemingly unrelated regression models and growth curve models
have been extended in a variety of ways as indicated in Sections 2.2-
2.4. In this section, multiple population versions of seemingly un-
related regression models and growth curve models are developed.
These extensions are straightforward applications of the modeling
techniques to multiple populations, and are analagous in a sample
survey context to stratification. The development is in the same spirit
as Zellner and Lee's (1965) extension of seemingly unrelated regression
models to a product binomial framework. Seemingly unrelated regression
models discussed under the topic "heteroscedastic models" (Taylor
(1977, 1978) and Kariya (1981) ) are special cases of the

multiple population models. The models discussed
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by Swamy and Mehta (1975) and Schmidt (1977) which are similar to the
generalized growth curve models discussed by Kleinbaum (1970), are
also special cases of the extended models. These authors have con-
sidered multiple sample settings, but have assumed a common covariance
structure for the s populations. In this section, we first

extend seemingly unrelated regression models to a multiple population
setting. Subsequently, a growth curve model will be presented for a
multiple population setting. Finally, the equivalence of certain
parameter estimators in extended seemingly unrelated regression models
and growth curve models will be developed.

Consider s simple random samples of size n; from i = 1,...,s
distinct populations, where for the %-th subject in the i-th popula-
tion, A= 1""’"1’ a vector of p responses is observed. Henceforth,
the i-th population will be referred to as the i-th sub-population.
The term "population" will refer to the collection of s sub-popula-
tions. Denote the vector of responses for the j-th variate in the

i-th sub-population as lij and the sample matrix of responses for the

nixl
i-th sub-population as
eor U Mao o) (2.19)

for i = 1,...,s. Let the full data matrix for the s sub-populations

be given as



Y\
Y = e (2.20)
"x P Y,

"\$x ?

S
anzn

. 3
t=

where

(2.21)

and define the column expansion of the full data matrix as

<

i
3
”

(2.22)
ne 1 Y

L2l WY
where

L
I
2

(2.23)
N = Y..

X..
>y

for j =1,...,p. Now define a seemingly unrelated regression model

for a multiple population setting as
X, = ?S E‘- + E‘- (2.24)
np % \ npxt x|

nex\
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where

X, 0 - .. o b

~ ~ ~ SO RY .

nxt Y\\xtl (2 25)
K=lo % - - .0 5 Ri =
n?x‘t ~ ""tl ~‘t )—S..l-\

. . nxts n, % t:‘

9. 9, -t %? >,Ss_';

axty “s“tj

for j = 1,...,p, and Xij for i =1,...,s and j = 1,...,p is a design

matrix for the j-th variate in the i-th sub-population such that

: tj =vrank(§d) > rank({ij) = tij' Also,
é\\ ﬁ\,\
- - 2.26
@.C - l‘%?_ and é.\ - Bg_,’, ( )
tx| i tixl .
Be ﬁt‘}r
for 3 =1, ..., p are vectors of unknown parameters for

the j-th variate where

P s P
t= 2t 2% ¢

3! LT ? (2.27)
3 e
_ nx
Lo = 70 > &, = (2.28)
nex! n':t\ Y—\\:\ E‘:\
S 3




for 3 =1,...,p and gij fori=1,...,sand j =1,...,p is a column

. X
n; 1

vector of residuals for the j-th variate in the i-th sub-population
with
.., Ly fori=n (2.29)

Q otherwise

If we define the diagonal matrices

& ] 2.30
P}‘J’ ~Il| ( )
z = D
[ <,
Lad JA’ L:‘-‘I 1 .
nin .
S5y S—"‘“s

for j =1,...,p and j' = 1,...,p, then a seemingly unrelated re-
gression model can be summarized for a multiple population setting as

E(Y.) =X B, var(y) =Z. = ((Z . ) (2.31)

~s ]
npxnp JJ

Estimation under the multiple population model (2.31) can proceed
analogous to Section 1.3.2 using weighted least squares. Since 2; is
generally unknown, the elements a can be estimated from the

hNE
sample. These estimates can be constructed from residuals of ordina-
ry least squares models based on design matrices Xg for

"iXtij

i=1,...,833J=1,...,p where

X, = any column basis of (5ij). (2.32)
~ 1 n.xt.
1]

67
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Denoting the parameter estimates from such models as
1

b = (X!, Xo..)” N U 2.3
E°ij (l°1J §-1J’ &°TJ Xwa (2.33)
an unbiased estimate of o, is given by
Jj'
’
= _ ~ (2.34)
5.‘,:‘\'\; - K',., \I,\_) ’X\‘OL:) \?:v.‘\l{» K;_S/ - Xo;‘:\/ \DOLS’
S nx QYRS ST ~ ~
©
where
. 2
=n, - t,. -t,., + coy tea,) 08 )
kijj' n. t1J t13‘ m1n(t1J, t1J )/91H (2.35)

Here‘p$ is defined by Hooper's trace and is equal to the sum of the
H

squared canonical correlations between the rows of lij and Kﬁj"
Alternative consistent estimates of z;c could be used in con-
structing estimates for égc' In particular, the unrestricted esti-

mates can be constructed by setting

X, = any column basis of (Xil Xio oo Xip) (2.36)
’\"i ~J ~J ~
nixt] nixt2 "iti
where rank (X,:) = Kejs and defining
nxd,
- ] ' ] '] i
S0 (k) My [n XoiXai¥es)” Xogltss  (2.37)

for i =1,...,s and j',j = T,...5p. In the same spirit, if there is
interest in a general class of models, G, where

lGi = any column basis of (5611 éGiZ - zGip) (2.38)

and rank (KGi) = ﬁGi > K°i’ then unrestricted estimators of the form
(2.37) can be constructed with KGi a"d.zei replacing Koi and 5,1.
Since any of the above estimators for 2; are consistent and asympto-

tically unbiased, the resulting estimators for ,§C will be BAN. The
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small sample properties of estimates of'é% based on the unrestricted
estimates of g;using {oi (2.36), or based on unrestricted estimates
of T using X.. (2.38) may be inferior to estimates based on(2.34)
For sufficiently large sample sizes, the estimates should be equiva-
lent. On the other hand, there is evidence in some settings that the
use of unrestricted estimators may produce estimates with preferable
small sample properties (Revankar (1976)).

Growth curve models can be extended in a straight forward
manner to a multiple population setting. Consider s simple random
samples of size n; (i=1,...,s) from s distinct sub-populations where

a vector of p responses is observed for each subject. Define a matrix

of responses for the i-th sub-population as Y, (2.20). Then a

n.xp
i
growth curve model for the multiple population setting is given by
E(Y, )= X B Py (2.39)
ngxp o ngxty o tixay qyxp
where
var(\fg) =§1. (2.40)

for %= 1,....04 and i = 1,...,s. This model is a multiple popula-
tion version of Kleinbaum's (1970) generalized growth curve model.

The model can be transformed to a more standard multiple design multi-
variate model by post-multiplication of the rows in the i-th model by

a transformation matrix

6l ey (p, 6t et (2.41)

~ Al Al Al .

The resulting set of models will be given by
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‘1 ' "1 ' "1 -
E&i S PiRy &5 RTT)= X B (2.42)

NSRS H

for i = 1,...,s. Alternativelv, the s models given by (2.42) can

be transformed through post-multiplication by the matrix

1
Byo= My 0 Hip ) (2.43)
piXpi pixqi pix(pi-qi)
where Biﬂil = lqi and giﬁiZ = Q to produce the multiple design model
B Bip s Xy B = (3850 Q) (2.44)

for i = 1,...,s. Conditioning on Xiﬁiz in each model will result

in the multiple population versions of the Khatri-Rao growth model,
Models (2.39) and(2.44) allow both the design matrix and the con-

trasts of dependent variables to be different for each of the

S sub-populations. A subclass of models (2.39) of general

interest are models for which

p

~i

P for all i =1,...,s. (2.45)
qxp

q;Xp ‘

This set of models is of particular interest since in this case,
transformation matrices ﬂi can be defined as in (1.97) so that

H. =H for all i =1,...,s. (2.46)

~i
The resulting transformed variables in model (2.44) will correspond to
the same set of functions of the original p dependent variables for
all s sub-populations. As a result, for the subclass of
models described by (2.45), more general design matrices may be of
interest of the form

E(X,) = X B P (2.47)
nxp nxt txq gxp
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where var(Y;y) = Z;i = ((0}__|)) for L=1,..., nss i=1,...,s, and
~ DXp JJ

the design matrix X is assumed to be a known non-stochastic matrix of

full rank t, while P is a known matrix of rank q. The design matrix

X in(2.47) is more general than the set of design matrices Xi in(2.39)

since X can be chosen to model across sub-population parameters as

well as within sub-populations parameters.

The equivalence of certain seemingly unrelated regression models
and growth curve models developed in Section 2.2 also holds for the
extended multiple population models given by (2.31) and (2.47). Consider
a seemingly unrelated regression model in a multiple population
setting given by

. =X .+ . i =1,...,
XJ X 423 EJ for j =1 q
nxl nxt tx1 nxl

Xj = éj for j = q+l,...,p (2.48)
nxl nxl

where

i = X (2.49)

n xt
S

is of full rank t, rows of lj are independent for all j = 1,...,p and
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E(g; £50) = Z;ij' (2.50)
nxn

as is given in(2.29 and (2.30). In column expanded form, model (2.48)

can be expressed as

E(Y) = (X e PIA, (2.51)
~ nxt pxa
where the variance is given by
var(Y) = ((Z. ) = Z, (2.52)
JJ npxnp

and P is defined as in (2.1). As a result of the special form of

model (2.48), weighted least square estimates ofg@& can be simplified

by partitioning xc and the corresponding covariance matrix

npxl
E:C into components representing the first q dependent variates,
npxnp

and the remaining p-q dependent variates. Define the partitioned

form of the covariance matrix of the column expansion of Y as

nab
Z_c = ;cl
npxnp ngxnq nqxn p q) (2.53)
z:-c2
n(p-q)xng n p q xn (p-q)
and
-1 - 1
?gc :ggc (2.54)
npxnp naxnq nqxn p-q)

>,
‘=¢C
n(p-q)xng p 9)xn(p-q)
Also, let xc be partitioned into a vector of the first q variates,
npx1



and the remaining (p-q) variates as follows:

lﬁl
voo= ngx (2.55)
ch
n(p-q)x1
Then, the weighted least square estimate of /Sk for model (2.51) is
given by
1 2 -1 1 2
be =[ore BT B \we ) e BT Tk
th1 2! 3 2t 3
Z. Z z. I
e 1)sHx & 1 )]'1 (X' ® I)T Y+ (x' @ I)S2Y
(2.56)
The variance of these estimates is given by
var(b. ) =[(w e 1)l xe 1))
~ ‘<C ~ ~q’ &¢ ‘'~ ~q ] . (2.57)
tgxtq
Explicit expressions for ‘Zfl can be given in terms of the elements
~C
npxnp
of the inverse of Z# for i = 1,...,s. This can be accomplished by
PXp
noting that the elements of ?:C, given by & for i = 1,...,5 3
ARD
j=1,...,p and j' = 1,...,p, are the same elements as those in the

Covariance matrix for a row expansion of Y , given by

~

nxp

73



Zl(glnl 9, ,9
Ze |0 Eel o o (2.59)
npxnp
E Q Z;s ® 'Ln

S

A row or column expansion of the dependent variables simply results

in a re-ordering of the columns and rows of the covariance

matrix. If the inverse elements of the matrix Eii for i = 1,...,s
are defined as
-1 i35
2 = o)) (2.59)
~

for j =1,...,pand j' = 1,..

.sPs then the upper left hand matrix
1

-1
Ej in a partitioning of the matrix > can be expressed as
~C ~c
ngxnq
1\ ‘o \c\
N %C- Z."c ) T ZQ
- 2\ e % (2.60)
Ze % b
ngqx nq . N
q1 .Q?. aq
ZL ?:\_t'. ~c
where
1 Q
o
1y ST Q (2.61)
2. = 2yyf
Lo o o1, O
nxn ~ o '”
O 0 T

for j =1,...,q and j' = 1,...,9. An analogous expression for

74
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2
Eit is given by
ngxn(p-q) " |
q+4 Vaed) e
Zc e D (
~ ~ 2.61)
kN
- 2(g+ IKQ*L\ (A
ZC 2 zc_ - Z—c
nqx n{P-9Y K
ap

c

am*f\ j[,qu*a\ -
3

N~

where the matrices EE?J are defined as in (2.61) for j = 1,...,q and
~C

j'" = gtl,...,p. These expressions are useful in relating the seeming-
1y unrelated regression estimates EC (2.56) to estimates under a com-
parable Potthoff-Roy model.

Estimates of égc for model(2.47) can also be constructed using the
Potthoff-Roy transformation (2.41). Consider a model analogous to

(2.48)so that P is defined as in(2.1. Assume that G, = % . so that the

set of transformation matrices (2.41) simplify to

1
N -1 ~
S (Zh (2.62)
~ - ~ 1
(e-q)xq gxq

for i = 1,...,s and where ELZ and z:} result from a partitioning
~1 ~i
(p-a)xq qxq
of Ejl such that
~i
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~ 7 2.63
gxq qx(p-q) (2.63)
2' 3
Z i 2
(p-a)xq (p-a)x(p-q)
The transformed model can be expressed as
Y ~q
~ bt
a,xp :
Z, kgﬁy (2.64)
E = X J=]
1 nat txq
\-{\.l - -1
Nax P 2: (2:_

where
1 vy (2.65)
9 _-
vari Y., ) . B k ?EL \
(%) A%

for L= 1,....ni and i = 1,....,s.



The Potthoff-Roy transformed model (2.64) appears similar to the
seemingly unrelated regression model (2.48). Since the covariance
matrix differs for different sub-populations, weighted least
squares can be used to obtain estimates of 2B from a row expansion
of (2.64). Let the row vector IiL be partitioned into two components
so that

2 -\ (2.66)

Also denote thé rows of X as

nxt
X o= () (2.67)
nxt 1xt

Then the row expanded form of model (2.64) is given by

Bl Yo +(7§j\—‘ T Yo ) = Kzgqaﬂd\ B. (2.68)

ax! axq  qx\p-q) £ Lt

nq x| v’\qxq‘t c\tﬂ\
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where '
' 1 -1 2 ' 1 -1
varVisg M2 2 Yo = (ZH) (2.69)
gxq

for A= 1,...,n1. and 1 = 1,...,5. Weighted least squares estimates

of @C are given by

1 2]. ..1
~C ((ﬁ'ls lqn ~1 s 1"1 Q 0 ((£u.® lq))
0 1ol 0 %
QL ... 0
~ Zz ~
0 0 ..S'el
~s s
( Xl I 2181 O Yl X‘\ ?— /
el [£®h, 8 9N i \ZNE V)
1 gx1l
0 ® In“' 0
o o
(2.70) .
9 1) ..EIQ In
~AS ~ S

Using (2.58) - (2.62), bc (2.70) can be equivalently expressed (by expan-
sion and simplification) as

s , L . s _ (2.71)
I ) I Sy

txn, nxt qxq txn, ngxp pxi
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where Xi’ i=1,...,5 is defined as in(2.49), Yi' i=1,...,s is de-
fined by {2.20), and g?'J denotes the j'th column of zfl given by
px1 ~i
~N
(2.59). An expansion of the estimates of EE (2.56) from the seem-

ingly unrelated regression model (2.48) can be simplified to expres-

sion (2.71). Furthermore, the variances of the parameter estimates

under the seemingly unrelated regression model and the Potthoff-Roy

model are identical. As a result, when Qi = 2., and P o=(I ' 0),

~1 l\.q“"‘

gxp
the multiple population growth curve model (2.47) based on a Potthoff-
Roy transformation is identical to the multiple population seemingly

unrelated regression model (2.48).

The equivalence of the models (2.47) and(2.48)when P = (l
gqxp
can be extended to situations where‘gi X 221‘ In fact, if ii is an

gt

estimate of 221 in the i-th population, then replacing gi by éi in
both models will result in identical estimates of Sh' This is true
for any §i of full rank p. On the other hand, a conditional model

like the Khatri-Rao model (1.94) for the multiple population setting
(2.47) will not generally result in the same estimates off@c as the
other two models. Some of these differences are discussed for spe-

cial cases in Chapter 3.



CHAPTER 3

CATEGORICAL DATA ANALYSIS VIA EXTENDED SEEMINGLY
UNRELATED REGRESSION MODELS FOR TWO FUNCTIONS

3.1 INTRODUCTION

Certain growth curve models have been shown in the previous
Chapter to be identical to particular seemingly unrelated regression
models. These models can be extended to situations in which the
covariance matrix differs for different sub-populations as in Section
2.3. In-this chapter, weighted least squares analysis of categorical
data following the methodology of Grizzle, Starmer and Koch (1969)
will be shown to be an example of the extended seemingly unrelated
regression methodology. This will be true when linear functions of
the response vector are constructed within each sub-population. As
a result, certain categorical data models are identical to the ex-
tended Potthoff-Roy growth curve models. Furthermore, a wider class
of seemingly unrelated regression models can be explored in terms of
their impact on estimates and interpretation. This is examined for
a class of analyses of two function vectors.

The chapter is organized in the following manner. First,
weighted least squares analysis of categorical data is briefly re-
viewed and placed in the context of seemingly unrelated regression
methodology. Linear functions of response vectors are then examined

and interpreted as functional categorical variables, and as "contin-
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uous" variables. This discussion is restricted to linear functions
constructed within a sub-population. Next, seemingly unrelated re-
gression models are discussed for settings in which there are two res-
ponse functions in each sub-population. One function is assumed to be
of primary interest and parameter estimates are illustrated for a
general multiple design model. Using these results, the impact of
different patterns of design matrices on the estimators is considered.
If the design matrix for the first function, ZA’ is arbitrary and

the design matrix for the second function, 52, is zero, the model is
jdentical to the extended Potthoff-Roy growth curve model. Other
patterns of design matrices that are considered include models when

X1 = %o Xy is orthogonal to X,, X is in a subspace of X,, and X, is

~2 1
in a subspace of 52. Whenever possible, the discussion is related to

similar discussions in the seemingly unrelated regression literature.
Finally, a conditional model analagous to the Rao-Khatri growth curve
model is illustrated. Parameter estimates from this model are con-

trasted with estimates from the previous models.

3.2 WEIGHTED LEAST SQUARES ANALYSIS OF CATEGORICAL DATA AS PART OF
SEEMINGLY UNRELATED REGRESSION METHODOLOGY

Weighted least squares methods for categorical data were dis-
cussed in Section 1.2.3. We will summarize some aspects of the dis-
cussion here to review notation and fix ideas. Consider s infinite
independent sub-populations. Assume simple random samples of n;
subjects are selected from the i-th sub-population (i=1,...,s), and

for the R-th subject, the unrestricted random vector
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Uiga = (Ui£1 Yiga -+ Ui,g,(r-1)) (3.1)

1x(r-1)

for %= ]""’ni and i = 1,...,s, is observed. The Uiﬂj for

J=1,...,r=1 are indicator random variables and their counterparts

r-1
for the r-th outcome are (1 - J_ U.Q.) = U,  for all i and £ . Let
Fr B EN igr
g = (M T e TTi(r-l)) (3.2)

Ix(r-1)
be a vector of proportions for the r-1 categories in the i-th infinite
sub-population, and denote the overall vector of proportions as
o =M m ... 7). 3.3
xs(r-1) 2 ~S (3.3)
Throughout this chapter, models will be formulated for un-restricted
parameter vectors. These models can be related to models based on

the restricted parameter vectors as illustrated in Appendix B.

Under this structure, the response vector Q. will follow a

1
multinomial distribution given by
~12*~m
1x(r-1)
where
()= T
and
var(igs ) R -Tm. (3.4)
(r-1)x(r-1) ~1

An unbiased estimate of the parameter vector ﬁ% is given by
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n.
- 1 1 .
l"\in-*- '——n—z— E]l* for i = 1,...,8 (35)
(r-1)x1 2=l

while a consistent (and asymptotically unbiased) estimate of the

variance is given by

n,
~ 1 1 - M '
var(Us, ) = 2 Ui Ui Wi~ Y
(r-1)x(r-1) ioR=l
= D- - U, .U! . (3.6)

. Jekadox
~H1 ~ ~

Weighted least squares methods were illustrated by Grizzle et al.
(1969) as a general method of modeling functions of the parameter
vector g:(3.3). Although a variety of functions may be of interest,
only linear functions of the parameter vector will be considered here,

General linear functions of the parameter vector will be denoted as

FE = A ) (3.7)
w wxslr-N  sle-Ind

where A is a matrix of known constants of rank . Such functions can
be constructed both within and across sub-populations. However, in
this chapter, discussion will be restricted to identical sets of
functions constructed within sub-populations. Such functions are
characterized by a block diagonal form for the matrix A,

A = (A ® ls)and Al = ((ak.)), k

u xs(r-1) J

o 1,...,u; (3.8)
ux(r-1) J

1:...,r-1

where 51 is a matrix of known constants of rank u, and L= su.
Functions of this form (3.8) are identical for each sub-population.

s
If we denote the concatenated raw data array for the n = 2 n.
{1
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subjects as

L’\J—‘ g'u* (3 . 9)
E = | Aabe-n) where ga =
nxle-0 U, . x{r-n Liak
Ny x{r-t)
L,;_)S gin;*
st(r-\)

then a matrix of raw functions corresponding to functions defined

by (3.8) is given by

dgu "L ) o b =n%(r—l) 4 (3:10)
nxl nxl nx1 1xu (r-1)xu
L1
1xu
g
.Esl*
F
~sns*
where
P = Bk
nxl nlxl
fz*k for k = 1,...,u, (3.11)
n2x1
Es*k

n_x1
S




Fi™ (Fink Fiok o Finjk), for i =
1xn, B
i k =
and
Fie = (Figr Figz o Fiad)
1xu
for i = 1,...,s and R= 1,...,n..

i
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...S and

.. aU

The expected value and variance of the function vectors can be ex-

pressed in terms of the expected value and variance of the underlying

T, as

(r-1) parameter vectors, I

E(Fi)= T Al and (3.12)
1xu 1x(r-1) (r-1)xu
var(Egy,) = Ay var(Ug )4 = (S )
uxu
for i = 1,...,S
k =1,...,u
k' =1,...,u

Estimates of the mean function vector in each

given by
FiamFiaFig Fiy) ford
Ixu
where n.
A i
T o1
Fia® o ?;1 Pk Tork

sub-population are

L]
—
-

.S (3.13)

1,...,u

while consistent (and asymptotically unbiased) estimates of the

variance are given by
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n.
~ 1 A ~
- l 3 f} = )
v’gr(i”*)— n. 2 (Eisz*' »F.i-*) (Eix*' fi-*) (3.14)
i =1
= A1 var(gdg) ﬁ = ((Si )) for i =1,...,s

k =1,...,u and
k' = 1,...,u.

Expressions (3.13) and (3.14) are written both in terms of the raw
function vectors and in terms of the underlying vectors of indicator
random variables. The equivalence of these expressions in either nota-
tion is noteworthy in 1light of concern over the effect of small
sample sizes on weighted least squares analyses. If sample sizes are
small, some (or even many) of the elements in vg}(gjn*)may be zero
due to zero observed cell frequencies. These zero cells are assumed
to be due to sampling variability rather than impossible outcomes.
Some discussion in the latter case is given by Koch et al. (1977).

A
Zero elements in var(U, ) may not be of concern in the estimation of

~1R*
vgy(Fi!*), unless some of the functions degenerate to a single
value for all fg= 1,...,ni. However, some workers may be reluctant
to employ weighted least squares methods on linear functions when

many zero cells are present.

Expressing the mean and variance of the function vector in terms
of the raw function vectors provides some insight as to when sparse
contingency tables are of concern in modeling linear functions. The

k-th element of the linear function vector can be expressed as
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Fiak = ¥ine [ % (3.15)
1x{r-1) a
k2
k(r-1)

At most, the value of one of the Ui ., for j = 1,...,r-1 is one while

)
the remainder are zero. Thus, the mean for the k-th function in the

i-th sub-population is given by

A -1 n; r-t
= 1 i (3.16)
F = .——zaK.Z Um. =-—‘Z°~-“l'
£k LT Jzn 3 MG R
where n;
Ny fi; LJ193
, L=

This is the expression of the mean for grouped data. Thus, the esti-
mates of the mean function vector and variance given by (3.13) and
(3.14) can be thought of as grouped data formulas, ignoring the under-
lying contingency table structure from which they arose. If there are

zero observations in any one group (n.. = 0 for some i and j), group

id
mean and variance estimates for the function vector will be meaningful
as long as observations are recorded for other non-zero scores, akj'
for some j' =1,...,r-1 and j x j'.

When the r-1 categories are formed from a partitioning
of an underlying continuous distribution, and the elements akj corres-

pond to scores relating to the underlying distribution, the grouped

data interpretation is particularly relevant. Furthermore, in the
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extreme case in which an underlying continuous distribution is parti- .
tioned into fine categories such that (r-1) >» max(ni) for i =1,....s
and max (_jii1 nij) =lfori=1,...,sand j =1,...,r. an analysis can
still be g;sed on fuction vectors estimated by (3.13) and (3.14). If

the scores akj correspond to the observed value of an observation

falling in the j-th category, then the expressions for Fi.kand

A

vgr(Fi.k)in (3.13) and (3.14) will reduce to the simple sample mean
and an estimate of the sample variance. A different strategy commonly
used in this setting would be to ignore the categories with zero
frequencies, and assign scores corresponding to the rank or value of
the observed categories. 1In any case, concern over sparse contin-
gency tables need not focus on the observed cell frequencies when
models are constructed for linear function vectors. More appropri-
ately, attention should be concentrated on the function vectors them-
selves. Asymptotic properties of estimators of the function vectors,
and of parameters from models of the function vectors, relate to .
asymptotic properties of the functions (which are linear combinations
of the cell frequencies) as opposed to the cell frequencies themselves.

The preceding remarks serve to motivate restricting attention to
data in terms of a matrix of raw functions (3.10). Denote the column
expansion of the raw function matrix as

F

~1

nxl1
fc - 52 (3.17)
nux1l nxl

nxl
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‘ where Ek is defined in (3.10). Note that due to the underlying sub-
nx1l
population structure and independence of rows of the raw data matrix,

the variance of the k-th and k'-th function vectors is given by

. o lnl 0 e 0 (3.18)
kk'
V,avr(EkE;(l) = Q, 0‘2 .'Ivn 9,
kk' 2
nxn »
0 0 oy
where 0% is defined in(3.12. Now consider a multiple design
kk'
model of the form
Ec = X B. * & (3.19)
nuxl nuxt txl nuxl

where E(§E) =0, and

X Q

£y 0 - 0 zdk (3.20)
‘ | nxt1 nIth
X = 7 , and Y = ~
nuxt Y 5 9 A;t 2ok
nxt2 k n2xtk
9 g A4 Xk
nxt, nsxtk

for k = 1,...,u. Here Xik is a design matrix for the k-th variate

n.xt
ik ~
in the i-th sub-population of the form Zﬁk = lik 2] lni, such that
) n1.xtk 1xtk

tk = rank(xk) >3 rank(gik) = to, Denote the parameter vector é& as
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A,
P A (3.21) ®
'\.C éz. , ék = ﬁ
¢ x| fKKI gt N3

B B

for k =1 ,..., u where

(3.22)

The multiple design model considered here has the same structure as
the extended multiple design model of Section 2.3. As a result,
methods outlined in Section 2.3 can be used to obtain parameter esti-
mates using seemingly unrelated regression methodology.

Now assume that the design matrix for one of the function vectors

is given by ' .

1 0 0 (3.23)
bl
I = Y !
nxs N, 0
o o ... 1

~ ~n

' S
and that the design matrices for the remaining function vectors each
span a subspace of this design matrix (3.23). In this case, the

design matrix for the k-th function vector can be expressed in terms

of (3.23) as
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;‘( - I xn {o\— K-: \., FEE [EN (3.24)

:;Kt Ars Sty
where X, is a constant matrix of full rank t, with i-th row X:
and where for at least one value of k, X = I,. Since the rank(X, )« s
for all k = 1,...,u, rank( X ) = t = us.

nunrt

Let us further assume the seemingly unrelated regression esti-
mates are constructed from an unrestricted estimate of the dispersion
matrix. An unrestricted estimate of the dispersion matrix is formed
from residuals of an ordinary least squares fit of the unrestricted

model given by
F =(Te L) Bu *+ Eu (3.25)

nuxi
where T is given in(3.23. The extra subscript u is included to indi-
cate the unrestricted model. This model is the column expansion of a

heterogeneous standard multivariate linear model. The model (3.25)

can be re-expressed in standard form as

E = 1-: ém + g‘,“' (3.26)
niw NnzS (3TN AR W

The covariance matrix for function vectors from different
sub-populations in this model differ. As a result, residuals are
formed from separate ordinary least squares models fit to a sub-popu-
lation. Since the design matrix has the form T (3.23), the separate

models are given by

Foo= 1 AL+ £ for i = 1,...,8 (3.27)
noxu ~np w nxow
and residuals from ordinary least squares are given by
A 4 -~
€. =LUI., - L1 1)1 1= (3.28)
~ AT 2 Pt Pl A P

LU XS
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Consistent asymptotically unbiased estimates of 0% » can be con-

kk'
structed from the unrestricted residuals as
n.
it £l b = A S r Eovr B (3.29)
~i n]. <iu f:iu n1. =1 ~ ~T Sk 7% ’
UXu uxn. n.xu

]
]

for i = 1,...,s. A comparison of this estimate (3.29) with

the estimate of the covariance matrix used in weighted

least squares analyses (3.14) following the methods

of Grizzle et al. (1969) demonstrates their identity. Since the ana-
lyses conducted under a weighted least squares categorical framework
and the seemingly unrelated regression framework are both based on a
weighted Teast squares algorithm applied to a row or column expanded
raw data array, and since the covariance matrices are identical
(assuming zk satisfy (3.24) for k = 1,...,u and based on the unres-
tricted estimate of the covariance matrix), the two analyses are

identical. In a more general sense, as long as estimates of the

covariance matrix are based on residuals from the unrestricted

model (3.26), seemingly unrelated regression models of the

form(3.19)with 5k given by(3.24)are equal to weighted least squares
categorical models regardless of whether or not Ek = Ls for some
k =1,...,u. In such models, the covariance estimates will still be
consistent and asymptotically unbiased. However, the small sample
properties of estimators from such models may be less desirable than
comparable seemingly unrelated regression models based on restricted
residuals.

Since the design matrices in weighted least square categorical

data models of linear functions are always of the form (3.24), models
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are often expressed for mean functions as opposed to the raw data
array. The mean functions are simple means of the functions in each
sub-population. Thus, instead of expressing the multiple design

model as (3.19) for a column expansion of F (3.10) with the covariance
nxu

of adjacent columns given by (3.18), the multiple design model is

expressed in terms of the s vectors of sample means given by

ol A A o]
E = (E £y F ) (3.30)
SXU 1 ~2 ~U
where
Flok
A A
v © Fauk
sx1 . for k = 1,...,U,
Fs-k

and ?}_kis given by (3.13)for i = 1,...,s. The multiple design model

for a column expansion of these means based on design matrices as in

(3.24) is given by

12

~1
sx1

—

Lo ° ko = X B. tE. (3.31)

suxl sx1 suxt txl sux1l

-n}>
P

[ dual PINCICRE

sx1
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where
Y8 g (3.32)
sxt1
X - 9 %2 9
suxt sxt2
9 9 X
sxtu

fgc is given as in(3.21), and E( E;) = 0. Also, the covariance of the
tx1 suxl
k-th and the k'-th mean function vectors is given by

9
kk'
0 - 0
" (3.33)
L2 0'2
var(F, F ,) = 0 kk' ... 0
~~k~k n
2
Cs
0 0 - kk'
n
S
where U% is defined in(3.12. An estimate of the covariance matrix
kk'
can be constructed from estimates of C? based on the unrestricted
kk'

residuals from model (3.26) which are given by (3.29. Denote the result-

ing estimated covariance matrix by

v v

~11 ~]12 toe ~1u
ar(F )
var({r = v v .V (3.34)
SU)C(SU ~21 ~22 M2u
v v

~ul  ~u2 T qu
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where
v 0 0
Lk
Y T 0 vy 0
kk
SXS
0 0 Vv
Skk!
35
and v, = 'kk' and s, is given by the elements of (3.29).
Ty — LR
kk n. kk

i
Discussion of a variety of seemingly unrelated regression models

in subsequent sections will relate to special cases of model (3.31)

with variance estimated by (3.34).

3.3 CHARACTERIZATION OF SEEMINGLY UNRELATED REGRESSION MODELS FOR
TWO FUNCTION VECTORS BY PATTERNS OF DESIGN MATRICES

Extended seemingly unrelated regression models for s sub-

populations and two function vectors are examined in detail in this
section. The basic model is given by (3.31) with covariance matrix
estimate given by (3.34). The parameter estimates resulting from
a weighted least squares fit of the model are examined with regard to
differing patterns of design matrices. We assume primary interest is
focused on parameter estimates for the first function, and that the
second function is included in an effort to improve these estimates.
For certain patterns of design matrices, Ll and 52’ additional insight
can be gained by considering special patterns of the covariance matri-
ces. First, parameter estimates are developed for a general two
function seemingly unrelated regression model. Then, parameter esti-

mators are discussed for certain patterns of the design matrix. All
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of the models discussed here can be readily implemented using the
weighted least squares program for categorical data called GENCAT
(Landis, 1976).

3.3.1 Parameter Estimates for a General Two Function Seemingly
Unrelated Regression Model

For two function vectors, let a general seemingly unrelated re-

gression model of function means be denoted as

~

Bl % 008 = X A (3.35)
N ~ 2sxt  txl
E(Ec) = iXI sxt t,x1
52 9 2(,2 /§2
sx1 sxt t2x1

(2s x t) (tx1)
where t1 + t2 = t and with an unrestricted variance estimate given by

v 0 - 0 iv, 0 ce 0
1 Pl (3.36)
{
]
A A Vll V12 0 V211... 0 lO V212.. 0
var(F ) =/~ ~ = (
~ ‘~C SXS  SXS |
2sx2s N . : I:
y : : . : :
Vo1 Yo - i
SXS  SXS 0 0 ... v 00 ... Vg
5114 12
~~~~~~~~ __l_- — — —— o —— —
v, 0 ... o0 lv. o0 0
15 i Loo
|
0 v . 0 0 v . 0
221 : 222
I.
|-
|
c 0 ... Ve o 0 ... v
211 S22

The design matrices 51 and{ﬁz, are assumed to be of full rank, tl and
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t, respectively. Weighted least squares estimates of A can be

2 txl
expressed directly as
- (e Dvar(E Ty e arEN'E (3.37)
~ ~ '~C ~ ~ ~ '~C ~C * )
Furthermore:
vg} ﬁ {x var '1 l}‘l . (3.38)

These expressions can be expanded in terms of 51,‘52, and the inverse

A2
of ygr(gc). First, denote

) P
{Yif(ﬁc)]_l a2 (3.39)
n ~/

where
R T

kk' '
v2kk

n)<
o
w
0
o
o

vskk

for k =1, 2 and k' =1, 2,
and vikk' is the inverse element corresponding to the variance of the
k-th and the k'-th functions in the i-th sub-population. The inverse
elements vikk' can be evaluated by considering the inverse of the

A
variance based on a row expansion of [ given by
SX2



v v 0 0
1 12
v v 0 0
x|t
var(FR j] =
~ 0 0 v v
2sx1 211 212
0 0 v v
291 2y,
0 0 0 0
\ 0 0 0 0

98

0 0 -1
0 0
(3.40)

0 0

0 0
v v

511 512
\ v

S21 S22

Since this matrix is block diagonal, inverse elements for the i-th

block are given by

] v,

v
11 22 T2 |-y,
2]

Setting r "

1 9

the inverse elements can be expressed as

i (3.41)
120 fori=1,....s.
m
(3.42)
i
-1
v (3.43)
12
1 for i =1,...,s
V.
Toa
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Since there is a one to one correspondence between the inverse ele-
ments in a row expansion of the function vector, and a column expan-
sion of the function vector, the block diagonal components of the in-

verse given in(3.39)can be expressed as

e L (3.44)
Vi (l—rl)
11
11 -1 -1
yit o= =(1_-D )"V
s 0 1 0 SIS
?
v, (1-r7)
2,72
o0 i
v l-r
11
( -5 o . 5 (3.45)
-2y,
‘1— ! =1 -\
s':/s _,.:- = ‘D tk;s_ D[’B \,{n.
o) 0 ~
&\_“:) Va
LY

and
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N 0 0
(‘_\,‘a\ v,
w S (3.46)
22
= \ .0 T -D
~ O &\_ ) v, ( ~% ~,> ~a
\
0 o T (\’r:)vsl
where
re 0 0
1
D = 2
~£2 0 ro ... 0 (3.47)
SXS
2
0 0 rs

. : AT -l .
Replacing the expression for {vgy(ﬁc)] by (3.39) and X by the multiple

design matrix in(3.35),

(3.48)
(Liar 0™ = g aM b 12|t of gt 512
txt . tixt) Txt,
—————— (-_._—._——
j
K A Xt Toxt
2t Tt
txt
where
11 ] 11 —1 ] 12 22 1 12 1 11 -1
S TG g P P v g )]
14
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s12 = xr v xhxe viZ g 22 2 (g2l (3.50)
< ~l ~ <1 ~l ~ ~2x ~
t.xt
1772
and
22 _ y ul? y 12 ¢ ull -1 ., ,12 1
ti = (52 Vo - XUt (X)) 4y Zé} (3.51)
xt
2" 72
Also,
11 = 12 2
A N Xy F, + X!V F
N ==l <1~ Al ~]l ~ A2
X'lvar(B)]F, -
v w2l £ . 22 =
L VTR LV, (3.52)
so that
1l o 1D L A2y G125 L ALy 128 L 2y, 222
t"l =S VTR AT VTR AT TRy XV,
1xl
(3.53)
and
N _ 21 11 = 22 o, w21 2 21 ., 12 % 22 ,, ,22 %
By =8 (VR AT RV R ST H U Ry LU
t2x1
(3.54)

Substituting expressions (3.49) and (3.50) in (3.53) and simplifying,

1 {1012y 22 o0 2007 Ly yeylly 3Dy lR)E
X {‘L A X 57 X VUL X)) 51\1«3}5

12¢; v <22 y.i[y22_,21 \ -1y 12] 2
AL £ B0 ) TR
(

S |
By = Xy X)X
t.x1

1

voylly =1y

The estimate forAQZ can be expressed in a similar manner. An estimate

of the variance of,B1 is given by

A A , ]'l ,
var( By = [ 0 %) - 4 ¥

~ ~ ~



102

In general, substitution of expressions (3.44) - (3.46) for !}1, !12,
and X?Z will not result in a simplified form of the estimate ,é&
(3.55) or of its estimated variance (3.56). For particular patterns
of 51 and 52, simplified expressions may result.
Certain simplifications can be more easily recognized by con-
A

sidering an alternative expansion of A@l. If we denote El as the

orthocomplement of 51, then applying Khatri's lemma (1.96),

' 1,, 11 _ 11,-1 srully=1 -1,
B BT )TN L S 0T I 00T
(3.57)
and
22 ,12 v yll -1,, 12
yoo-v 51(51! 3.(1) )4(1\/ (3.58)
=x12{(!12)-1!22( 111 E vl )-1&!11]}(\1‘11)-1\,12
_ -1,.,12,..11,-1 vrylly- -1,,,,11,-1,,12
= Vo S h Ty [ oty ) w )7y
since
Define
_yl2,,11,-1 rrylly-1 -1 0 /y11-1 12
L A A U1 R (U I A XY
so that
22 21 v yll -1, 4,12 -1
! 'X 51(51! 351) .)flv !22 11' (3.61)

Note also that §22 can be alternatively expressed (see Graybill, 1969)

as
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- ] "1 "1
= [52%22 + 1%
via Khatri's lemma. Substituting expressions {3.57),(3.60) and (3.61)

into (3.55)and simplifying,

By - v a7ty MR - T, (3.63)
-y y11 ’&1)-1 Xt yvlz X, §,22 X5 T, y111 (!12)-1 E+(!11)-1!12€2
g M P S 0

where Il is defined in(3.60) and zi Hl = 0. (3.64)

Setting
T, - !12([22)-1 ."!2\—_‘«,&(‘,{.22)\'1’31’9'(!,22)_1 !21 (3.65)

where Ez is defined as the orthocomplement of 52, the estimated

variance Off@l (3.56) can be equivalently expressed as

A ~

er(8) = Lx ™ ey ] (3.66)
Using these results, some simplifications for particular design

matrix patterns are considered in subsequent sections.

3.3.2 Parameter Estimates When X, is Arbitrary and X, = Q

When the design matrix for the second function vector is zero,
the multiple design model reduces to the extended Potthoff-Roy growth

curve model considered in Section 2.3. However, since %2 = 0,
(o™
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expression(3.48) is singular, and the parameter estimator for éﬂ

given by (3.55) is not directly valid. If the model(3.35)is expressed

as
a3 ,.)\(,1
E(F.) = . R, (3.67)

A

where vgr(?c) is given by {3.36), an estimate of the parameter,{?1 can

be constructed as in Section 3.3.1. This estimate is given by

5 gy g1l oy y-1 o, 11 E 0, 11 y-1,, 12 2
SRR VST i SD I Sl FRd O il YD M S Tl
- (yr yll -1, (117 % 11,-1 ,12 2
= g Ty B - odhT R, )
(3.68)
with estimated variance given by
AR Y L gy yll -1
var(By) = (5 0 %) (3.69)

Comparison of this expression for,él with (2.56) reinforces the fact
that model (3.67) is just a special case of model (2.49. Furthermore,
the parameter estimates are identical to parameter estimates for the
extended Potthoff-Roy growth curve model, as demonstrated in Section
2.3.1.

It is of interest to consider several examples of the estimator

A
/§1 under some special patterns of the covariance matrix (3.36).

First note that using expressions (3.42) - (3.45),
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2
(!}1)-1V12 = D V..V -1 ) -riVy

ST e N R (€ I 1)
112
-rly
0 272y, 0
\
212
2
-raV
0 0 2 511
VS
12
-'V.i SXS
_ 1 12
= Vo Yoy = ( v ))
22
Thus, when
_ Y'izV_i _V_i
— - (3.71)
12 122

’ ~
for all i = 1,...,s, the estimator forlﬁl can be expressed as

11y \-1y, J1IF S .2
X)X VLR - kE ] (3.72)

The estimator (3.72)appears as an ordinary weighted least squares

A

'§1 = (51 v
estimator of the single function vector'EI, but with (El - kEZ) re-
placing El' In a context where EZ represents some baseline measure-

~
ment, and El represents a corresponding measurement after some treat-

A

ment, if k = 1, then the quantity El - EZ is the simple after-before
difference in the response function. The assumption that k =1 is
reasonable if the varijability of the measurements is roughly the

same before and after the treatments, (i.e., Vi o=y ) and there
11 22
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is a constant high correlation (riz) between function vectors within
sub-populations. Note that the assumption of constant correlation in
function vectors from sub-population to sub-population may make sense
for randomized complete block designs where all treatments are given
in each sub-population, but may not be reasonable for incomplete
block designs when treatment effects are expected.

Even under the assumption(3.71) and assuming k = 1, the estimator
3.72) from the seemingly unrelated regression model (3.67) is not the

same as an estimator based on the simple difference in functions.

Assuming Vi TV for all i = 1,...,s, an estimate of the variance
11 22
of the difference between two functions in the i-th subpopulation is
given by
A 2 ol 2
- = - 3.73)
var(F].l FiZ) 2v. (1 ri) . (

11

f->o.5, the estimated

If the functions are positively correlated and r
variance of the difference will be less than the variance estimate
for the single function %}1. The corresponding estimates of variance
in the context of model (3.67) will be given by the inverse of ele-
ments of (3.44) which have the form

v. (1-rd) _ (3.74)

i i
Comparison of (3.73) and (3.74) suggests that the element variance
under model (3.67) will always be smaller than the element variance
under a weighted least squares model based on simple differences.

This result will hold under (3.71) when k=1 and v. =v.

11 T2
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for all i = 1,...,s.

A second special case of interest occurs when

V. = ka‘_ (3.75)

for all i = 1,...,s. In this setting, the covariance matrices

«are identical for all sub-populations. If the covariance

structures in the sub-populations differ only by scale factors,
proper experimental design can generate such a setting by allocating
proportionate samples to sub-populations. An estimator of,§1 for

model (3.67) in this case is given by

5 gy yvlyqr V122
22
The estimated covariance matrix for,él is given by
A A . -
var( B) = vy, (1-r%) (1 x0T (3.77)

This estimate (3.76) is the same estimate forégl discussed by Revankar
(1974). The corresponding variance of a similar estimate based on a
weighted lTeast squares model for the single function vector El is

given by
(x! x.)7% (3.78)

The two estimators will differ. Furthermore, the variance of the
estimates based on model (3.67) under assumption (3.75) will always
be less than or equal to the variance of the corresponding estimators
constructed from a weighted least squares model for the single

function vector F, .
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3.3.3 Parameter Estimates When 11-=’52

When the design matrices for the two function vectors are equal,
the multiple design model (3.35) reduces to the form of a standard
multivariate linear model. However, since the covariance matrices
differ for different sub-populations, parameter estimates are
still based on weighted least squares for a column expansion of the
raw mean function matrix. These parameter estimates are given by
(3.55) with corresponding variance estimates given by (3.56). The
estimators can be simplified when certain patterns are assumed for the
covariance matrix (3.36).

One pattern that results in a somewhat simplified expression for

the parameter estimates corresponds to:

(1 - =k, (3.79)
V. I-r7)
111 1
and
:
— = k2 (3.80)
12

for all i = 1,...,s. Note that the assumptions (3.79) and (3.80) are

not equivalent to assuming that v. > Vs , and r; are independent
12

of i. However, using assumptions (3.79) and (3.80),

11 _ 12 _
Vohskg I and yiE ek, 1 (3.81)

12

Replacing y}l and V°" by their equivalent expressions in (3.55) and

(3.56) results in a parameter estimate for 531 given by
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. 1y = 2 VI -1 -1,, -1
By = (6 X)X+ qu ) - Tq(ll Yoo " X)) Kl T K
(3.82)
with variance estimate given by
k2
~ o - 1 __2_ t 22 '1 1 '1
var(£y) = {:k1(51 51){1{ SRR P! 51%] .
(3.83)
Note that from(3.79) and (3.80),
k V3
K= = = 12 (3.84)
1 v
22

As a result, the first term in the estimate,éa (3.82) is equal to the
estimate ofA§1 from the extended Potthoff-Roy growth curve model given
by (3.72) under a similar assumption (3.71). The estimator,éi (3.82)
based on the equal design matrices for the two function vectors also
includes an additional component which is proportional to the weighted
least squares estimates of,§2 based solely on the second function 52.
As a result, the estimator of él under a Potthoff-Roy growth curve
model (3.67) with the assumption (3.84) can be interpreted as an
estimator of‘§1 under a standard multivariate model where the compo-
nent corresponding to the parameter estimates based on a regression
of the second function has been ignored. This makes sense under the
Potthoff-Roy model (3.67). since under that model, the parameters for
the second function are zero.

Under assumptions (3.79) and (3.80), and the additional assumption

that

- . (3.85)
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the standard multivariate model becomes standard in the usual sense,
since these assumptions (3.79, 3.80 and 3.85) are equivalent to

assumption(3.75. Under this assumption, the estimate of,g1 is given

by
B, = (x x) L f +2(X' X )T - x 00 x )T eV, (3.86)
SIS RO LR RS AR S| ~1[~s 18 %) X By (8.
= (x:x) e F
where
aY A _ . _1
var( ) = vy, (x x)7L (3.87)

3.3.4 Parameter Estimates When il is Orthogonal tog(/2

When the design matrices for the two function vectors are ortho-
gonal, the estimate of,§1 given by (3.55 will simplify under the addi-
tional assumption (3.80). Models with orthogonal design matrices
are of the same form as the initial models considered by Zellner

(1962a). Under the assumption (3.80), a parameter estimate forégl is

given by
A v yll -1,, ,11r2 11,-1,,12 &
210 U TR + whRE, (3.88)
where
A A -
ar(8) = (g M (3.89)

The parameter estimates (3.88) and covariancenatrixestimates(3.89)arethe
same as the parameter estimates (3.68) and covariance matrix estimates (3.69)
under the extended Potthoff-Roy mdel(3.67). In fact, theextended Potthoff-

Roy growth curve model is like a full rank version of a special type
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of seemingly unrelated regression model with orthogonal design ma-
trices. Under the assumption(3.75) of identical covariance
matrices for each sub-population, the estimate of 531 simplifies to
(3.76)with cevariance matrix given by (3.77). The estimated
variance (3.77) is analogous to the population variance (1.58) given

by Zeliner (1962a) for a similar setting.

3.3.5 Parameter Estimates When X, is a Subspace of 3

Consider a multiple design model as in(3.35 where the design
matrices for the first and second function vectors are given res-

pectively by

=W Xy ) | (3.90)
sxt;  sxt, sx(tz—tl)

e

and 52 = 52 where ill 52 = (F-t)xt .
sxt2 21 1

t

In this case, the design matrix for the second function vector lies
in a subspace of the design matrix for the first function vector. It
may not always be true that the design matrices for the first and
second function vector will be expressed as (3.90) even though the
design matrix for the second function vector lies in a subspace of
the design matrix for the first function. However, equivalent design
matrices can always be expressed in this form using appropriate Gram

Schmidt decompositions (Timm, 1975) of the design matrices and re-
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parameterization. Estimates of A@l = ’éll are given by
tx1 t2x1
12
(t,-t 1

replacing 14 and 12 in(3.55)by their corresponding expressions (3.90).
Alternatively, the estimates are given by (3.63), which can be simpli-

fied under assumption (3.79) to

B - (v y 1-1y, 1 122
’§1 B (,)\(.1 ,)\(,1) Z'l El + kl v 'EZ (3.91)
| -1y, 12 22 ., 12\-1¢ & 1 122
R ST W R g 12
" W 0T LT S g
where
_1 12 cy -1 12
T LT )T (3.92)
22 _ ] "1 ‘1
§1 B [52(!22 + Il) ,\)_(2] s (3.93)
and
Fal A _ . 1 _1
ar(8y) = X Le Ty ] (3.94)

with iz given by (3.65). Under the additional assumption (3.80), the

estimates simplify to

A A koAl K A
- ' -1 ' e __2_— _ _2_ ' -1 ' 22 ' -1l =
£y = () x)7 P ] £l kl% A1) 7K K 8 X0 E,
= x) Tt x Fos
G40 X
(3.95)
K
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since Xé W, = 0. [If we denote the residuals from a weighted least

~

squares analysis of the second function as

& = [} '1 "]. ) -], 2
€y = Ue 085 Voo 1) 50015, (3.96)
then
A k
= ' -1,.,8 _g A
Aél (§1 51) il(El X %2) . (3.97)

The estimator ,§1 (3.97) has a particularly simple form. The

parameter estimates appear as if they were ordinary least squares
A

regression coefficients, where the increment Eg'eiZ has been added to
1

th sub-population. Replacing the design

the mean function in the i

matrix X, by (3.90) and simplifying,

A lé . -1 , 2 k2 A
B1 = A1) = (Ka%) X \E; + %, T (3.98)
B [} '1 ]
B2 (X11%11)7 74
= (o) IeF. + -k—g[(x'x )y LOF o eviix )y oyl F
sot2) 2oty T LlAgka) Aaky - (Klopks) Xolss 73
.k
) "1 ] T 2 ¥ "1 I 2
(X11%01) %0 By H()in 1) 81 By
or
N N k A
- ] '1 T 2 ) '1.’-_ ) '1 "1| -1"'\'
Bri= Q%) Xy Ep Fl'{()ﬁz X)Xy Eom (X5 Yoo X0) 77 X5 Vo) 52]
(3.99)
and
.k .
A — 1 -1 § 3 2 ' -1 ¥ =
Brz = Gip X)) X B 00 X)) T B, (3.100)

1

”n
Similarly, an estimate of the covariance matrix ofgg] can be expressed

as
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var(8.) = [k, (x: x) 1- l<-g-(X'vzzx )7L xex,) 0 B
ar( 8, 1122 200 Lo UK K,) T (XoX, 9
2 1 (3.101)
\ 9 ko X11%11
= (L x )y H EE(x'v22x )L xex )]—1 0
K Sate Ltz k2l K2) Tk, Q

o

1 ' ‘1
?1(’511’511)

The two estimates éﬂl and éﬂz are independent . A comparison of the
estimator 5511 (3.99) with the estimator 231 (3.82) from a model where
the two design matrices are identical illustrates that the two esti-
mators are equivalent. The estimator for éﬁl is the same estimator
one would get if the 141 component of the design matrix 51 in (3.90)
was deleted. A comparison of the expressions for the covariance esti-
mates (3.101) and (3.83) illustrates that the covariance 0ﬂ§11 is
also identical to the covariaceestimates one would get if 541 had
been deleted. The two covariance estimates are equivalent.

On the other hand, the estimate of ,le (3.100) is equivalent
to the parameter estimate of ,@1 (3.72) under an extended Potthoff-
Roy growth curve model under the assumptions (3.79) and (3.80). Simi-
larly, the variance of the estimators given by (3.101) and (3.77) are
identical. As a result, when the design matrix has a structure given
by (3.90) and assumptions (3.79) and (3.80) are valid, parameter esti-
mates for the two components of 451 appear as if they were estimated

under two different models. The parameter estimate for éll appears

as if it was estimated under a model where 51 = 52. The parameter
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" estimate for 512 appears as if it had been estimated under a model

for which the design matrices were X1

Under the additional assumption (3.85), the covariance

and &2 = Q.

matrices in different sub-populations are all the same, and the set of
assumptions (3.79), (3.80) and (3.85) 1is equivalent to (3.75). In

this case, estimates of ,§1 are given by

A A1 (55.&2)-15'%1
1 B, ) (5250 %01 - ;;-2%2) (3.102)
with estimated variance given by
v (gKo) 2 (3:103)
A
var( g,) = 0 V11(1'r2)(£i1511)-1

These estimates are comparable to estimates presented by Revankar
(1976) (see 1.76) under similar assumptions.
One other special case is noteworthy in considering models with

design matrices of the form (3.90). If the design matrices are of the

form
ll = ls (3.104)
and
.
X5 = 2
0 s
s-téytz

then estimates of ,6& given by (3.55) simplify to
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In this case,

2 Iy L2 fy 11 el
IR I F N e NI CRL'S

Substituting (3.106) in (3.105) and simplifying,

S (K5V05%, (3.107)

) yo1e 3
1= 0t 2221k,

Replacing !11, !}2, and 322 by their corresponding expressions given

n (3. 44), (3.45), and (3.34),

,31 EL+ Joo ... 0l o F, . (3.108)
0 0y O
|
: S :
. ol .

0 0 0 0 0 0
_______ l_—_.______..___
(Vi +1
0 0 o‘I 2,5 0 0

v
| t. +1
| 222
‘ -v
‘ t +2
0 0 ol 0 215 - 0
' Vi 42
| 259
0 .
| :
] -V
0 0 01 0 0 512
v
522

Also
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Only parameter estimates for the first function lacking a correspond-
ing parameter in the second function are affected. The effect is to

reduce the variance of these parameter estimates by a factor (l-riz).

3.3.6 Parameter Estimates When X, is a Subspace of,\)s2

Consider a multiple design model as in (3.35) where the design

matrices for the first and second function are given by

% (3.110)
sxt
and
Xo = Xy 1 X))

sxt, sxt1 sx(tz-tl)
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Once again, an estimate of Agl is given by (3.55). This estimator

will simplify under assumptions (3.79) and (3.80) to

A -1 kS A
By = [T - ‘1‘,’312{22] 3] (3.111)
k2 -1 -1 22,4
"E (K1%1) X1 - A1i¥i¥az = Ay ksl E,
where
22 vu-1 22 -1
2 X1%02%4 LAY (A1 A (3.112)
! -1 r 22
22242051 7YY Ao1 Aoy

If in addition we assume the covariance matrices in each sub-popula-

tion are equal, the estimate of ‘él will simplify to

= ' '1 1 z
R o= (XXX Fy (3.113)
since in this case
k
- 1 ] -1
22 _ (B Brp\ - APRALS LY 9
2 13 "2
A, A 0 Lxex,)!
~21 22 ~ k3 ~22~22
(3.114)
An estimate of the variance of )§l (3.113) is given by
N o) _ , _1
ygr(,@l) = vll(lli ) . (3.115)

The estimate of A§1(3-113) when the covariance matrix is

equal for each of the sub-populations is identical to the estimate of
A§1 (3.86) under a standard multivariate model when design matrices
for the two function vectors are equal. When the variance covariance

matrix is constant from sub-population to sub-population, additional
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parameters included for the second function will not affect parameter

estimates for the first function,

Under a general covariance structure, the estimate for
will simplify in one other situation. When the design matrix for
1

the first function is arbitrary, and the design matrix for the second

function is the identity matrix,
| (3.116)

then the estimate for ’él in the multiple design model reduces to a

This can be shown using

simple weighted least squares estimate.
12 (3 50) given by

alternative expressions for S11 (3.49) and §

it - (_li!}lll - 5'!}?52<£éx?252)‘15§y?151f)‘1 (3.117)
and
22y -1

12 11y y2hy 0y
£ = - 8 B,
1 and §12can be simplified to

¢

Under assumption (3.116), S
11 - 1 "1 '1
= (31404 (3.118)
and
12 _ ,yiy-1y y-1yiy21,,,22,-1
i - (Ellllﬁl) Ely, (Ys ) .
Substituting these expressions in (3.53), -1
A 11 _ 21,22) 12 2
By = ) iy L - X %) WIeTE, + (3.119)
—1 ' 12 21,,22,-1,,221 %
(~1~11~ 51(.! V (V ) ! ] 52
_oryy-ly yclyr y-1 £
= (Y% K i B
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where

ar(8) =87 - oG

‘A~

)7L, (3.120)

When 52 is the identity matrix, the parameter estimates corresponding
to the first function vector are the same estimates one would obtain
from a weighted least square analysis ignoring the second function

vector compietely.

3.4 AN EXAMPLE OF A CONDITIONAL KHATRI-RAO GROWTH CURVE MODEL FOR
TWO FUNCTIONS OF CATEGORICAL RESPONSE VARTABLES

The previous section has jllustrated the impact of a variety of
design matrix patterns on parameter estimates for the first function
vector in a seemingly unrelated regression model (3.35). The function
vectors have as elements the mean response function for each of
s independent sub-populations. Estimates of the
covariance matrix are constructed for each mean response function in
each sub-population as illustrated in (3.29), (3.34), and (3.36).

Two patterns of design matrices emerge from Section 3.3 as character-
izing a variety of estimators under different situations. One set of
estimators resultswhen the design matrices are given as in (3.67)
corresponding to the extended Potthoff-Roy growth curve model. A
second set of estimators resultswhen identical design matrices are
used for both function vectors as illustrated in Section 3.3.3. Other
patterns of design matrices discussed in Sections 3.3.4 - 3.3.6 often
result in sets of parameter estimators taking the same form as esti-
mators from these basic models.

In Section 1.4, two types of growth curve models were reviewed.

The unconditonal Potthoff-Roy model (1.87) served as a basis of the
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extended growth curve model (2.42). This model is identical to
seemingly unrelated regression models of the form (2.48), and, as
illustrated in Section 3.3, is an impdrtant model in providing a
Characterization of parameter estimates for other multiple design
models. The unconditional growth curve model will result in identical
parameter estimates as the conditional growth curve model (1.94) under
certain conditions (see Section 1.4). The conditional growth curve
model can be extended to settings involving a sub-population as indi-
cated (but not developed) in Section 2.3. In this section, the condi-
tional Khatri-Rao growth curve model is developed for a setting ana-
Togous to the two function model given by (3.67}, with variance given
by {3.36). The purpose of the development is to illustrate similari-
ties and differences between the conditional and unconditional
approaches in a setting with differing covariance matrices for
different sub-populations.

The Khatri-Rao growth curve model is a conditional model. The
model can be constructed by re-formulating model (3.67) in a standard

multivariate form, where

la) ~ Lol

— _ — _ : -y
sx2 sx1 sxl sxt) tlxl sx1 SX2
and where
£
ER ) €, and E(Ei) =L Ei =(€i1 Eia)

(3.122)

e ..

S
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and

A conditional model for El given Ez can be expressed by conditioning

A

on 52,
E(E 1 E) = X, B E 13:1 - (3.124)
sxt1 sxl

The conditional covariance can be expressed directly if sample sizes

are assumed large enough in each sub-population that the mean function
vectors are distributed multivariate normal with covariance in the i-th

sub-population given by (3.123). This conditional covariance is given
by

11) 1

£) = (Y (3.125)

D>

vgr( li

where M}l is given in (3.44). Using this expression for the condi-
tional covariance matrix, weighted least squares estimates of ] and

can be formed directly as

Bl - (M) ¥Ry M) (3.126
; ) £
which can be simplified to
Br| = ) v LuEs P I gt vt &,
¢ SRV L vt i
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where

22 _[%,,11 . -1,,,11, 2
2 < (B L o) e e ] (3.128)

An even simpler expression for él is given by expressing '—‘31 in
A
terms of ¥, as follows

A

11 -1 = ® -1 z
B = (VX THLE - Y U)X T (3.129)
The estimated variance of ‘Ql is given by
A oB oy - yiylly -1 115 (225,11 wlly (-1
var(B)) = OV )T L [0 ES 0 K (%) T )
(3.130)

A
while the estimated variance of ¥ is given by expression (3.128).

The two estimators are correlated, with an estimated covariance matrix

given by

RS>

Cév(él ) = —(X!V (3.131)

It is of interest to compare the estimates of @1 (3.129) under
the conditional Khatri-Rao model with the estimate of 531 (3.68) from
the extended Potthoff-Roy growth curve model. The two estimators are

similar, but not necessarily identical. If

A
i1z G

~ ~

(3.132)
then the estimators will be identical. However, even when the esti-
mators are the same, the estimated variance of the estimators given

by (3.69) and (3.130) will differ. Furthermore, since the matrix

X (xrvilx )1 (3.133)

is positive semi-definite, the generalized variance of the estimate
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of él from the Potthoff-Roy model will always be less than or equal .
to the generalized variance of the estimate of Aél from the Rao model.
Using Theorem 8.43 in Graybill (1969), these generalized variances are

given for the Potthoff-Roy model as

Var(B)] = | xiyt | (3.134)
~ "'1 lev ~1 :
and for the Khatri-Rao model as
Fa) A A 2
\ygr(gl)} = \li!}{él\ E'KIIEZ (3.135)
=118 £, 11 wlly v=1,,,112
EQY, fg‘fzy, 51(%11 51) 5 v 52

Conditions can be postulated under which both the estimators of
A K_B 68) and (3.129)] will be identical, and the covariance of the
estimators will be identical. One such set of conditions is given
by the assumptions (3.79 and 3.80) and the additional assumption that

[a)

Eé spans a linear manifold (subspace) of’él. Under these conditions

522 (3.128) is zero, so the expressions for é]} in (3.127) and

var‘(,B (3.130) simplify to ‘
A N
£ = o) M, (3.136)

and
var(£,) = (i), (3.137)

In general. however, estimators ongl under the conditional and uncon-
ditional models will be expected to differ. Since the generalized
variance of such estimators under the unconditional model will always
be less than or equal to the generalized variance of corresponding
estimators under the conditional model, the unconditional model may be

preferable. This model is given by the seemingly unrelated regression '



CHAPTER 4

SOME APPLICATIONS OF EXTENDED SEEMINGLY UNRELATED
REGRESSION MODELS TO CATEGORICAL DATA PROBLEMS

4.1 INTRODUCTION

A variety of special classes of seemingly unrelated regression
models have been investigated in Chapter 3. The classes of models
are defined by patterns of design matrices for two linear functions.
In most cases, simplified expressions for parameter estimators occur
only when restrictive assumptions are placed on the covari-
ance matrix. In some settings, such assumptions may be realistic.
However, if sample sizes differ substantially between sub-populations, .
it is unlikely that covariance matrices will be homogeneous
across sub-populations. Furthermore, if some sub-populations are
subjected to one set of conditions related to response, while the
remainder are not, covariance matrices may be expected to
differ between the different sub-populations. As a result, although
the development of estimators in Chapter 3 is of interest in gaining
insight into classes of methods, the special cases investigated in
Chapter 3 may not shed light on a particular example at hand.

In this chapter, a variety of other special cases are investi-

gated where we assume more specific design matrices, but more general

conditions on the covariance matrix. In Chapter 5 following .
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these developments, some examples of the methods are illustrated using
several real data sets. In most cases, the discussion is oriented
towards the actual form of the estimators, illustrating how one

can reduce the variance of a targeted parameter estimate. The
variety of cases considered is broad. The purpose is to illustrate

a wide range of applications, as opposed to exhausting any one avenue
of research.

Initially, the algebraic form of the estimators is illustrated
for a multiple design model for two linear functions, where the
design matrix for the first function (54) is aq jdentity matrix, and
the design matrix for the second function ({2) is arbitrary. A
special case of interest is then illustrated where the design matrix

for the second function is a column of ones (X, = 1 ). Functional
sx1

asymptotic regression methods (FARM), (Imrey, et al. 1981, 1982) are
illustrated as a way of extending the models to situations where X,
js anarbitrary designmatrix . For linear functions, a hierarchyof models
fitted to consecutive parameter estimates is equivalent to fitting
a singlemodel formed by taking a product of model reduction matrices.
Parameter estimates under general two function multiple design
models can be expressed explicitly using the FARM methods. For
general multiple design matrices, the expressions for the parameter
estimates are the same as those given in Chapter 3. These expressions
are general but offer little insight towards interpretation of the
parameters. As a result, parameter estimates are expanded explicitly
for an additional basic multiple design model where 51 = LS” and

0
1x{s-1)
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X2 = 1 . The eqguivalence of this model to an alternate model based
e sxl

on a linear combination of the function is then illustrated. The
alternate model is not a multiple design model. However, the equiva-
lence of the two models provides additional insight in interpretation.
In order to clarify the application of models discussed in the
two previous sections, a special case of general interest is developed
in detail. The case illustrated is a randomized controlled trial with
pre and post treatment measurements. The treated group and the con-
trol group correspond to two sub-populations, while the pre and post
measurements form the basis of two functions. Parameter estimates
are illustrated and contrasted under a variety of plausible models.
In each case, the estimators from the multiple design models are
shown to have reduced variance when compared with estimators based on
post-pre difference.
Up to this point, seemingly unrelated regression models have
been investigated for particular cases where there are two linear
functions. Such seemingly unrelated regression models are described
for multiple functions in Section 4.5. If the first function is of
primary interest and other functions are included in an attempt to
improve parameter estimates of the first, then parameter estimators
for the first function can be specified in a general form. Under cer-
tain special types of functions, the problem can be reduced to a two
function case. One such special case occurs under a randomized com-
plete block design, where treatments are ordinal. Another special
case occurs when the second function is expanded into s functions,

where each of the functions is defined by the value of
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the second function for the i-th sub-population, and zero for all
other sub-populations.

A final area examined involves missing data in connection with
seemingly unrelated regression models. In a two function problem.
estimators for one function can be developed as in Chapter 3 even
though data on both functions is not available for all sub-populations.
In a more general sense, data from multiple studies can be combined

even though the studies differ as to the variables collected.

4.2 SEEMINGLY UNRELATED REGRESSION MODELS FOR TWO LINEAR FUNCTIONS
WHEN THE DESIGN MATRIX FOR THE FIRST FUNCTION IS FULL

In Section 3.3, parameter estimates for the first function vector
are characterized for a variety of patterns of design matrices. In
most cases, the design matrix patterns consisted of certain relation-
ships between the design matrix for the first function, 51’ and the
design matrix for the second function 52. In this section, parameter
estimates are characterized for some additional settings where the

rank of the first design matrix is s =(the number of sub-populations).

4.2.1 Parameter Estimates When X, = 1, and %, is Arbitrary

When the design matrix for the first function vector is an iden-
tity matrix, and the design matrix for the second function vector is
arbitrary, the vector of parameter estimates for the first function
takes aparticularly simple form. From(3.63, an estimate of ,@1 for

the two linear function model is given by
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L ~2

where Il is given by (3.60) as

11 1 11 -1,,12
1= Aty Dt w2,

§?2 is defined by (3.62), and [11 and !}2 are given by (3.44) and(3.45
respectively. The matrix El is the orthocomplement ofl1 which was

introduced by expression(3.57) for Khatri's lemma given by

1l -1 11 _ 11 11
Lo = X O X)) X0 = (V) ~1H‘1 (v 1—_]
Since X1 ls’
I - KOG e - o (4.1)
M sXs
and hence
Il =0 (4.2)
In this case, §?2 given by (3.62) simplifies to
22 — 1 ‘1 "1
2 7 Balky) : (4.3)
As a result, the estimator for A@l reduces to
A2 11,-1,12 w1y y-lyiy-172
By = B+ (WO - 00055%,) 15005 1 Es (4.4)

_ = 11,-1,,12 »
=B (V)T

where ~§2 is given by the vector of residuals from a weighted least

square regression of F, on X, by(3.96) as
~2 ~2
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éz = UL - 000500 X505, ] P
The parameter estimate for the i-th row of 4?1 has the form
A A Vi A
Aiy = Fip - v].12 €2 - (4.5)
22

The estimated covariance of A%l is given by (3.56) which simplifies to

A 2 - -1 ] -1 '1 ] ‘1
var(£1) = ¥11-Yi Y0 [ s %o 5 0a0%0) " 20k02 | Yar- (4.6)
When 52 = 0, the estimates of Aél are given by
_= 11,-1,12%
Bl =FE + (U, (4.7)
with
A A _ -1
var(y) = dqq - Liloolor- (4.8)

In this case, it is clear that the parameter estimates for the first
function vector have reduced variance as compared with the original
function vector. The reduction in variance is proportional to the
squared correlation between the first and second function vector in a
given sub-population.

For an arbitrary design matrix 52, the parameter estimates for
A1 given by (4.4) will differ little from the original function
vector El whenever the model for the second function vector fits the
second function. If the model fits, the residuals, §2. should all be

small. If the variance of the first function is less than or equal to

the variance of the second function, then



132

(4.9)

<
I\J
——

k]

so the additional term given by E o Will be small. If the
22

variance of the first function is much larger than the variance of the

second function, then Vlg may be large, but since the residuals for

22

the second function are small both due to the fit of the model and
due to the smaller variance of the second function, then the differ-
ence between the estimated parameters and the original function
should also be relatively small.

Under a general design matrix for the second function vector,
the estimated variance of the parameter estimates will not simplify.
It is of interest to note that while the variance of the original
vector of functions fi is block diagonal, the parameter estimates
corresponding to the first function vector are correlated. An expres-
sion for the estimated variance and parameter estimates when 52 = is
is developed in the next section.

4.2.2 Parameter Estimates When X; = I, and X, = 1

When 52 = is’ the parameter estimates for the first function
vector and its estimated variance can be expressed directly. In

this case,
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where
Pa) A 2
var(/Sil) =V, 1-r - 1 (4.11)
11 v S 1
il S =—
22\51 Vi
22
and
A A V. Vi
Ov( A By) = 12 ' 12 (4.12)
S
V1 V1' (\2;- 5 j
22 22\ 1i=1 Y
for i X i'
Ifv, =Z=v,, forall i=1,...,s, the term

i 22

22

Me
naltd
—t
N
n
M
7.3 =
N

(4.13)
is approximately equal to the mean of the second function vector. The
parameter estimate for the i-th sub-population looks Tike a usual re-
gression estimate. The parameter estimate is given by the original
value of the function minus the slope times the difference between the
overall mean for the second function, and the observed second function.

Also, when v, = the variance of i-th parameter estimate reduces

Vans
29 22

to
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1S

Vgr(/gil) = v].11 [} - r?(§:lﬁ } . (4.14)

A corresponding expression for the covariance between two estimators

is given by
A A V. V.,

cov( B ,B.) = 12 112 (4.15)
S Vy

From (4.14), one can see that the variance of the parameter estimates
will be less than the variance of the original functions as long as
the first and second function vectors are correlated. Furthermore,
if an overall mean model provides a good fit to:the second function,
then the parameter estimates from such a model will be nearly identi-

cal to the original function estimates.

4.2.3 Re-Parameterization and FARM Methods

Functional asymptotic regression methods (FARM) as outlined by
Imrey, et al. (1981, 1982) can be used in a step by step manner to
fit consecutive reduced models to a vector of parameter estimates.
Commonly, FARM methods are employed in logistic regression or log
Tinear model applications following initial estimation based on like-
lihood ratio methods. However, the idea of consecutively modeling
parameter vectors where each model produces a reduced vector of para-
meters is useful in characterizing multiple design models.

Consider a multiple design model for two linear functions given
by (3.35. Weighted Teast squares parameter estimates are given by

B.37 as
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B ~
%§- ~ = 39X vgr(f )'IX 1y vgf(? )'lf
~ - A ~ ~ '\-c ~ ~ ~ "C ~C
£,

with variance estimated by (3.38)

Now consider a subsequent linear model for the parameter estimates

given by
N
n A [ 8 ¥
E(B) =E| A |= = 7Y _ (4.16)
- B 0 z Y, ~

~2 ~s ~2 ~

Weighted Teast square parameter estimates for }: are given by

¥ = [zvadrg) 2] var (3t B (4.17)
- v 2 2 '1 "1 ' ] A = '1 A 2 -1 -1 1 A E —l—A-
= Lyvar (G ™) e e () TR N var (B XY var (E) T
- 1y N 2 _1 -1 1V n :_ ‘1:\-
[2'x'var(E ) 32] 2k var(F) T
- 1y a2 -1 -1 tvi A 2 12
1% 0 \var(E )" [ X2, 0 Zi%p 9 ar(E) E.
U Y. 9 %I 0 L)X
with estimated variance given by
n % iy, 2 Z -1 -1
var (¥) = | 2xvar(E) Tz ] (4.18)

The estimators K are identical to weighted least squares parameter

estimates obtained by fitting the model

A

E(gc)=(5]§1 0 ) ¥ (4.19)
9 Xi
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directly.
As an example, consider a re-parameterization of the function

=1

vectors under settings like Section 4.2.2. When 5 = is and X deo

1 ~2

A
L=y
AV ) )
|y .
— N,
U=y ver

Now assume ZJ corresponds to a re-parameterized design matrix of

rank s and ZZ = ll’ Then a FARM model of the form (4.16) fit to the
izt

parameter estimates é will result in the parameter estimates
yll 112 -1 w112 w128
v [EY L BTN U5 4T, (a1
~ 21 1y 22 212 w22e |-
L% XK, Lk * XU,

Analogous models can be constructed when rank(gl) < rank(ﬁl) and

rank(gz) < rank(zz). If the resultant design matrices X.Z. and

XZ;Z fit into one of the classes of design matrices described in
Section 3.3, the estimators resulting from such design matrices will

have the same form and properties as other estimators in the class.

4.3 Parameter Estimates When 54 o Ls- and 52 = ls
0
1x(s-1)

Section 4.2.3 provides general expressions for estimators from
a model like (4.19). If X; = I and X, = 1., the form of the first

set of estimators is given by (4.20). 1In this section, we develop



A
. the basic form of an estimator '@-1 under a model where X1 = Ls
9
1x(s-1)
and 52 = ls. Under this model, the orthocomplement of %1 is
given by
g
W, = (s-1)x1
~1 1 (4.22)

so that from (3.60), T, can be simplified to

0 0
(s-T)x(s-1) (s=1)x1
e ) (4.23)
0 - ri
1x(s-1) —
Ve (1-r)
22
: 22 . e
Using (4.23), S°° simplifies to
522 = 1 = 1
SZ-'I 1 + 1 ZS: 1 + rg
‘ i=1 v].22 Ve (1-r¢) =1 Y 29 (l-r*g)vS
22 22
(4.28)
Also,
g et s (L 9 ) (4.25)
(s-1)x1
and
T S I ST IR o o (4.26)
V'IL
Vo
O] o 0
VL
. tx -
O ) - —vi-‘tz 0O
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so that A§1 can be simplified to

o = 11,-1 ,12 &
By=(l., O ME +(UH ™ veF '1 (4.27)
<1 ' <Ml ( 1 ~ 2
' 2
22 L Yi s N
(s—l)x(s-l)l v (1-r9) ~1
P\\ 22 512 S
(s-1)x1
(s-1)xs
V. N
S R VAR Y P U 1 F,
V. V. 2
19 192 v522(1-rs)
1x(s-1)
(SHEY! Lx s
or
(4.28)
A a3 V: r" A
Bi‘ - Fi.| — (X3 S -
2 S *
V;'u. VS\L\\ -_ rsj 7. A x Y,
1=t Vi;_?_ V’u.&\_r:\

A
Ifv., = v » for all i = 1,...,s. then AB.. can be simplified to
5s 2 il



B, = o — [ ) £ (4.29)
N \i-le /]

A
An estimate of the variance of ,51.1 is given by

A
var(B.) =v; 31-r5 - 1 _ (4.30)
11 (:§: il j
; 2
i i (1-r&)v
2t 322
A A
and the covariance of A , and ﬁ%.l by
A Va‘ V;_,‘
covl B Be) = 2 e O (4.31)

S z

\A ” | 5.

‘22 V"u_ Z < + —-—-————z
e (‘ -'s )Vs,_z

vac (B = VH‘X- \ o (521 i.\ - [:fgf‘ } i} (4.32)

while the covariance simplifies to

139

v22 for all i = 1,...,s, the estimated variance reduces to
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\ A A Vi&l V"I — 2
COV(BL.,BL'.X = - _r LT . (4.33)
S Veo \ - ks..’_‘_ Y,
S

The expressions for the estimators of £§1 given by (4.28) and
(4.29) are more complicated than the expressions for the estimators
given by (4.10). These expressions, (4.28), are of particular in-
terest since they are identical to parameter estimates under a dif-
ferent model that at first may not appear to be related. The model

from which the estimates are developed is of the form

A f
£ ) B
F2 1x(s-1)
e A l —————
!
0 I 1, ﬁ%
~ ‘ ~~

Consider a transformation of this model formed by pre-multiplying

both sides of (4.34) by the matrix

1 1
A=1 e ( 0 1 > . (4.35)
The resultant model is given by
E §3 . %1:‘?2 L 1.\ /8, )\ (4.36)
F F, 0
1x(s-1) ,82
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The two models (4.34) and (4.36) are equivalent, although each model
is based on different linear functions and involves different design
matrices. The model given by (4.36) is not a multiple design model,
even though the weighted least squares parameter estimates from this
model can be obtained from its multiple design counterpart. These
parameter estimates are given by expression (4.28) with estimated
variance given by (4.30) and (4.31).

In general, a two function model of the form

. ( % %5 él (4.37)
0 X B,

can be expressed as an equivalent multiple design model by pre-multi-

My M
N (o

plication by the matrix

1 -1
A=l.esly o (4.39)
The resulting multiple design model is given by

B-E X
E - (4.39)

P o X B,

no
(&
o
&
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4.4 AN APPLICATION TO A CONTROLLED TRIAL WITH PRE AND POST
MEASUREMENTS

The previous sections provided some further details of parameter
estimates under some special settings. Unfortunately, detailed expres-
sions given by (4.10) and (4.28) were indicated only in the simplest
settings. In more complicated settings, the algebra involved in the
expansion of the parameter estimates gets more complicated.

In this section, the algebraic form of a targeted parameter esti-
mate is illustrated for a special setting under four models. The
example is highly structured, but plausible in actual practice. The
example serves to illustrate the intefp]ay between function formula-
tion and design matrix specification. In addition, the structure of
the parameter estimates aids in interpretation and evaluation of the
models.

Let the study design consist of random assignment of equal num-
bers of subjects to a treatment and control group. Assume the
study is double blind and that subjects are evaluated prior to treat-
ment and after treatment. Let treatment for the first group (sub-
population) consist of an active drug, and treatment for the second
group consist of a placebo. Assume that the response variable is
categorical (i.e., severity of symptoms, brain wave pattern, etc.).
Also assume that interest is limited to a single linear function of
the categories. Sample sizes in the two groups are assumed to be
sufficiently large that the mean function vectors follow approximately
a multivariate normal distribution.

Denote the first function vector as the post treatment measure-

ments for the two groups, and the second linear function as the pre-
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treatment measurements for the two groups. Let a third linear

function be defined by the post-pre function difference. Thus, the
third function corresponds to the chahge from pre to post treatment.
The three mean functions and their respective covariance

matrices are given in (4.40).

A (4.40)
F Post Response for Treated group . =a v 0
A 11 ) = _(1
To=la s var(F)={ "11
~1 F21 Post Response for Control group 0 v
2
11
2_ F12 Pre Response for Treated group A & vy 0
o=, ; vgy(52)= 22
F..| Pre Response for Control group 0 v
22 2
22
EB = (EI-EZ)= ?13 Post-Pre Response for Treated group
?23 Post-Pre Response for Control group
V;\"(§3\ = V‘53 ¢ = v'\\f V‘”——lv‘lz_ %
0 Vi, o Veu T Var” PVare
and
A A VI O
A I 2 - e
CS.«V(E‘,E.L> - i
O Vz\‘i.
A ~ V‘u__ V‘ O
MIARAE - _ (M °
c.iv PO - (@) V\:V 0 v
2 2.y
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Several models may be of interest in assessing treatment effects:
Four such models are considered in this section. The first model in-
volves only the function of post-pre response differences. This model
is given as follows:
A 1 1\ B Reference Post-Pre Difference for the Control
=y 31
E(F3)— 10 Group
~ 532 Increment in Post-Pre Difference for the
Treatment Group.
(4.41)
The hypothesis of no treatment effect is equivalent to the hypothesis
that H,: [332 = 0.
Under an assumption of no placebo effect, a second model may be
fit to the function of post-pre response differences. The second
model 1is given as follows:

E(F

. (4.42)
3) =( ) ,§32 Post-Pre Difference for the Treatment Group.

0
Once again, a hypothesis of no treatment effect is equivalent to the
hypothesis that H_: [332 = 0.

The models (4.41) and (4.42) are simple models for the change
from pre to post treatment. It is possible that the pre measurements
may contain additional information useful in assessing a treatment
effect. This will be true if the pre treatment measurements are
correlated with the post-pre treatment change. A model comparable
to model (4.41), but incorporating the pre treatment is given by the

multiple design model:
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~ (4.43)
F 1 1 0
E 33 =11 o0 0‘\ ﬁ%l Reference Post-Pre Difference for the
52 Control Group
o 0 1 /832 Increment in Post-Pre Difference for the
0 o0 1 Treated Group

ﬁ%l Mean Pre Treatment Value

A model comparable to model (4.42) incorporating the pre treatment

is given by:
E3 1 O ﬁ32 Post-Pre Difference for Treated Group
E ~ = .
52 0 O
0 1 ,521 Mean Pre Treatment Value. (4.44)
0 1 |

Tests of no treatment effect in models (4.43) and {4.44) are equivalent
to the hypothesis that H,: A332 = Q.

Models (4.41) and (4.42) are simple Tinear models for a simple
function. Parameters can be estimated directly by weighted least
squares. Models (4.43) and (4.44) are multiple design models. Para-
meter estimates for the first function are given by special cases of
(4.10) and (4.28) respectively. In terms of the post-pre treatment
differences, the estimators for the treatment effect, /332, and their

estimated variance are summarized in Table 4.1.
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TABLE 4.1 .

PARAMETER AND VARIANCE ESTIMATES FOR TREATMENT EFFECT, ﬁ332, UNDER ONE
FUNCTION AND TWO FUNCTION MODELS

Period Baseline

Model f23 512-522 Parameter Estimate Variance Estimate
4.41 % 0 X 0 F.-F v y
13 23 133 + 23
4.42 T g 50 F v
13 133
4.43 X0 =0 E\‘g— Ezs _(V‘u*\ﬁu}&ﬁ;é.‘) Vi ¥V, - \E/‘u‘\'vz:.;x
V‘u.+ v‘z?. 33 » m:;
A 2 A A
4.44 T 0 20 ﬁa- v‘l’-'X_VzuFu*-v"nKEz—En\] v, - V‘:; V?_”
Vo .V, YV —-v® » V. Vv vE
tay 222 23'5\/\?.?. stl z’3k\/,_“-‘\’ ‘n.\— T2

A1l four models are plausible under the experimental design. The
actual model choice depends upon whether or not there are differences .
in pre treatment measurements between the two treatment groups, and
whether or not there is an effect over time from pre to post in the
control group. The pre treatment response function will influence
the post-pre treatment group difference (ﬁ%z) only -if the pre
treatment measurements are correlated with the post-pre treatment
change. Thus, when neither time effects nor post-pre effects in
the control group are present, models (4.42) or (4.44) will be
indicated. If differences exist between treatment groups at
baseline (pre treatment), but no differences are apparent between
pre and post measurements among the control group, model (4.42)

may apply. However, in such a setting, conclusions about treatment .
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effects should be made cautiously since treatment groups are not
directly comparable. If there are post-pre differences in the control
group, then models (4.43) or (4.41) may be of more interest,
depending upon whether or not there are baseline differences

between the two groups. In practice, the choice of a model may not
be so clear cut, since a statement such as "no baseline differences"

involves both statistical and philosophical considerations.

Ilhe multiple design models considered can be expressed equiva-
lently in terms of the pre and post treatment response functions by

pre-multiplication of the model equations by the matrix

1 1 1 0 1 O
A-lze(o 1>= 0O 1 0 1 (4.45)
0 0 1 O
0 0 0 1
The resulting model corresponding to (4.43) is given as follows:
Fll Post Treat 1 1 1\ [By;\ Reference Post-Pre Differ-
a ence for Control Group
F21 Post Control =1 0 1 ,532 Increment in Post-Pre Dif-
E . ference for Treated Group
F12 Pre Treat 0 01 }321 Mean Pre Treatment Value ,
Fop | Pre Control 0 01 (4.46)

Furthermore, if model (4.4p6) is re-parameterized by post multiplica-

tion of the design matrix by

1 0 -1
R = 01 0 (4.47)
0 0

and pre multiplication of the parameter vector by E:l, then the

resulting model is given by
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}>

Fi;\ Post Treat 1 1 0 ﬁ%1+ 51\ Reference Post Treatment
Control Value
E F21 Post Control=l 0 0 ﬁ%z Increment in Post-Pre Dif-

ference for Treated Group

>

12 Pre Treat 0 Mean Pre Treatment Value.

(e}
et
™
N
—

Fa2| pre Control {0 0 1 (4.48)

This model is a multiple design model in terms of the post treatment
function F, and the pre treatment function F,. The parameter esti-

mate for a treatment effect is identical to the parameter estimate

for model (4.43) in Table 4.1. Re-expressing this estimate in terms
of 51 and F,,
A A A v +y A A
-F F _|'1 2 F _T
Pz = F11Fpy (V_12_+V_1£> (F1z - F22) (4.49)
122 "2
where 2
A A v, +v )
var(/géz) TV oV, - ( 1) 212 (4.50)
11 11 Vi + v, .
22 22

In a similar manner, an analogous model to (4.44) can be con-

structed in terms of El and f}. Such a model is given as follows:

?11 1 1) [ B;,| Post-Pre Difference for Treated
2 Group

E F21 = 0 1
= 0 1 [321 Mean Pre Treatment and Untreated
RY- Value
F22 01 (4.51)

However, this model cannot be re-parameterized to produce an equiva-

lent multiple design model.
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4.5 SEEMINGLY UNRELATED REGRESSION MODELS WITH MORE THAN TWO
FUNCTIONS )

Most of the development to this point has been concerned with a
two function seemingly unrelated regression model. A two function
model is of special interest since expressions for parameter estima-
tors under such a model can be simplified. A variety of special cases
where simplifications result are discussed in Section 3.3 and Sections
4.2 - 4.4, As indicated in Section 3.2, more general models such as
(3.31) can be constructed for u functions. In certain applications,
models based on more than u>2 functions are of interest. However, a
general investigation of these models is more complex, even when
attention is focused on parameter estimates for one linear function.
The complexity arises since the joint covariance matrix of
the u functions does not consist of four block diagonal matrices,
but rather u2 blocks of diagonal matrices as in (3.34). For a certain
special type of model analogous to the Potthoff-Roy growth curve
model, however, the form of the parameter estimates can be explicitly
expressed.

This section is organized in three parts. First, the general
form of an estimator from a multiple function Potthoff-Roy type model
is developed. Next, a simple three function model will be discussed
and illustrated as a special case of the multiple function Potthoff-
Roy model. Finally, we illustrate how multiple function models of a

special form can be expressed as equivalent two function models.
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4.5.1 Multiple Function Potthoff-Roy Type Models

Consider an extended seemingly unrelated regression model given

by
E(fC ) = E El = 51 0 ,§1 = X Ve, (4.52)
suxl sx1 sxt1 tlxl suxt txl
k) | 9 X2 £,
le - sxt2 t2x1
Eq 0 9
sxl
£y 9 0
sx1
where t = tl + t2,11>2 and
Mll !12 e Mlu (4.53)
SXS SXS SXS
var(E.) = Ya Y 0 Y
SXS SXS SXS
Yui w2 e Yuu
SXS SXS SXS
where
v 0 .. 0
L
Yek: 0 Y2, 0
SXS
0 0 v v
Skk!

Assume X, and X, are of full rank and that none of the u functions

are degenerate. Let vér(fc) be partitioned into a 2s x 2s matrix in
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the upper left hand corner and the remainder, and denote this parti-

tioned matrix as

A L2
vgr(fc) = [ Van MAB (4.54)
25x2s 2sx2(u-2)
Jga Vs
2(u-2)x2s 2(u-2)x2(u-2)
where
n Y12
a7y q
~21 ~22
and MAB’ MBA and MBB are defined analogously. Partition the function

vector and model in a similar manner so that model (4.52) can be ex-

pressed as follows:

E(F) = E | Ep = [ X B (4.55)
2sx1 tx1
Fq g
S(U'Z)Xl S(U'Z)Xt
where
9} 9
X = (4.56)
2A 0 %, .

We will first define the weighted least square parameter estimates

,@A under the condition that

Xa= Log - (4.57)

In this case,
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2. Ty 31y -1, N F -l
B = 4 var() 4 ] var (B0 7Y F, (4.58)
fg
- -1 -14-1 -1 =1 4 - %
= [ WanYasteaten)” ] (Maa-Yaetanten) :l-..aa\.(}m(\faﬁ\./m\../an.n)j:g
A
X -1 2
= fa- Vg Ve f
and
A A _ _1
var(2a) = Yan - Yas Yee Yo (4.59)

The weighted least squaresparameter estimates gfven by (4.58)will be
nearly identical in value to the original function vector as long as
the model (4.55) adequately fits the data. The generalized variance of
the parameter estimates, given by the determinant of (4.59, will be
less than the generalized variance of the original function vector fA
as long as !AB # 0. Models with more general design matrices where
51 is of rank t1 and 52 is of rank t2 can be constructed using FARM
methods as in Section 4.2.3 based on the estimated parameters ‘éA
(4.58) with variance given by (4.59).

Model (4.52) is the multiple function counterpart of the growth
curve model (2.47). Through inclusion in the model of additional corre-
lated functions with zero expected value, the variance of the estima-
ted functions is reduced when compared with the variance of the ori-

ginal function vector.
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4.5.2 An Example where a Multiple Function Model Can Be
Re-expressed as a Potthoff-Roy Type Model

On occasion. a linear model constructed for several functions
can be re-expressed as a Potthoff-Roy type model. The original linear
model may not appear to be a multiple design model, or a Potthoff-Roy
type of model. In this section, we discuss an example where re-
expression of the model is possible. The example concerns a study
of subjects who were randomly assigned to one of two experimental
groups and asked to classify objects as masculine or feminine. Each
subject repeated the classifications three times after the object was
shown at exposure times of 1/5 second, 1/100 sécond, and 1/1000
second. The data are summarized in Table 1.3. Three linear functions
are of interest for each experimental group, where the three functions
consist of the proportion of feminine response classification at the
three exposure times. Koch et al. (1971) indicates that the

following linear model adequately fits the data.

Experimental

Group Time A A

A 1/5 E F11 = E(EC) =/1 0 0 ﬁﬁl = 5 B
C 1/5 F21 1 10 B2

A 1/100 ?12 1 01 ,821 (4.60)
o 1/100 F22 1 11

A 1/1000 F13 1 0 2/

o 1/1C00 F23 1 1 2

where Fij is the j-th function for the i-th sub-population, and the

parameters are interpreted as
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j?ll = reference value for Group A at 1/5 second
B 12 = increment for Group C

;321 = an equal increment effect for successive exposure rates
of 1/100 and 1/1000 seconds.

Model (4.60) does not appear to be a multiple design model or a
Potthoff-Roy model. This model is a reference cell model, although
it is not a simple reference cell model, since the design matrix
specifies effects both across functions and within functions between
sub-populations. A corresponding deviation from means model can be

expressed by re-parameterization. If we define

1 -1 -1
R = 0 2 0 (4.61)
0 0 1
1 0.5 1
R1= 10 05 0 (4.62)
0 0 1 R
then model 4.60 can be equivalently expressed as
2 -1 '
E(F) =XRR A (4.63)
= X* B*
where
X*=XR=/1 -1 -1 (4.64)
1 1 -1
1 -1 0
1 1 0
1 -1 1
1 1 1
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and
. |
. [Pu Bii* Bip*t 0.5 By (4.65)
= * = R
B 7By |~ 2
*
B

* *
The interpretation of /312 and ;321 is the same as the interpretation

o
it

.

0.5 ,821

21 ﬁHZ

of /312 and /321. The parameter /9;1 is the overall mean, as opposed
to a reference value of Group A. The design matrix (4.64) is more
convenient than the design matrix in model (4.60) in illustrating the
relationship with multiple design models. The first two columns of
5* are average effects which relate equally to all three functions.
The first parameter is an average of each function over sub-popula-
tions, and then averaged over functions. The second parameter is the
difference in each function between sub-populations, and then averaged
over functions. The third column of the design matrix relates to a
common effect for each sub-population within a function, but to dif-
ferent effects for each functicn.

With this interpretation of the columns of Zf, the design matrix
seems to characterize two alternate response functions. One function
is the average of the three original functions. It is constructed
separately for the two groups. A second function is a linear trend
function over the three original functions. These two functions are
given by the constant and linear trends of a set of orthogonal poly-
nomials. If we include the quadratic function so as to retain the
same overall number of functions, then pre-multiplication of both

sides of model (4.63) by
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(4.66) .

1 0 1 0 1 0
0 1 0 1 0 1
111 210 0 0 1 0
A=l, @ {-1 0 1= 0 -1 0 0 0 1
-2 -l 10 2 0 -1 0
0 -1 0 2 0 -1
will produce the model
fal o A i ot *
54 F14 F11+F12+F13 3 -3 0 /511 (4.67)
A 2 A a2 %
EVES 7R Fou Fo1*F 20 23 33 01 By
A 2 2 A *
fe F15 Fl11%F13 0 0 215,
Foe F o1t s 0 0 2
\ Fl6 F11*2F 12713 \ 0 0
Foe SRV 0 0 0

Model (4.67) is of the same form as the multiple function seemingly

unrelated regression model given by (4.52) where

3 -3
X, - ( (4.68) ®

X —
3 3
and
2
Xo = (4.69)
2 .

Specifying the actual linear functions being modeled, i.e., a constant
function over time, and a lTinear function over time, helps clarify
this relationship. Furthermore, model (4.67) is more straightforward
than model (4.60) since the design matrix is expressed as separate
design matrices for each function, and not as some combination over
functions and sut-populations. In addition, model (4.67) illustrates

the growth curve interpretation directly. If the quadratic function '
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is not correlated with the constant or linear functions, then model
(4.67) reduces toa two function model based on E4 and ES' In this case,

the results in Section 4.2 and 4.3 are directly applicable.

4.5.3 The Equivalence of Some Special Multiple Function Models and
Two Function Models

In this section we illustrate how a special type of mu]tip]e
function model can be reduced to a two function model. Consider a
setting where a study design calls for one function to be recorded in
each of s clinics, but that each clinic voluntarily records a second
function. The second function may consist of a completely different
variable for each of the other clinics. Alternatively, the additional
function may refer to the same variable (i.e., age), where different
age categories have been specified by the different clinics, (i.e.,
age <50, age<35, age<45, etc.). In such a setting, a multiple de-

sign model can be specified of the form

o)

eE) =€ [ =[x 0 ¢ o | & (4.70)

sxl

F, o 1 0 ... ol B

1x1

Fy o 0 1 ... off A

1x1

F 0 0 0 1} 8

S ~

1x1 s+l

where
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i 0 0 vy 0 0
A A
VEF(FC) - 11 12
~ 0 Vo 0 0 vy 0
11 13
0 0 vSll 0 0 vs
1(s+1)
v 0 0 v 0 0
1591 159
0 v 0 0 Y 0
231 233
0 0 Vo 0 0 - Vg
s+1,1 s+1,s+1
(4.71)

This model is identical to a two function model with 52 = ls where
the second function consists of a composite of the additional func-
tions recorded in the sub-populations. As noted in Section 3.3.6, if

X, = I , the parameter estimates corresponding to X, appear as usual

~2 ~S 1
weighted least squares parameter estimates as if the second set of
functions were ignored. However, if there is a relationship between
some of the additional functions measured by the clinics so that a

design matrix'l(/2 can be specified of rank s, then modeling can pro-

ceed as outlined for two functions as in Sections 3.3, 4.2, and 4.3.
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4.6 SOME APPLICATIONS WITH MISSING DATA

Missing data may be a common problem in categorical data applica-
tions. For repeated measurement studies, some study subjects may have
one measurement missing due to failure to attend a clinic for a given
visit. In other situations different numbers of measurements may be
recorded at different clinics, so that missing data is structured in
the design. As a result, missing data can be considered as stochastic
or fixed by the design. A large amount of work has been done concern-
ing missing data in categorical data settings (see for example Koch,
et al. (1972), Imrey, et al. (1976) and Stanish, et al. (1978)). No
attempt is made here to summarize past work or to exhaust efforts at
incorporating missing data in extended seemingly unrelated regression
applications. Instead, the purpose of this section is to indicate
how the general methodology outlined in the previous sections can be

readily extended to settings where there is missing or incomplete data.

4.6.1 Missing Data for One Function in One Sub-Population for a Two
Function Seemingly Unrelated Regression Model

Assume interest is expressed in two linear functions of a cate-
gorical response variable for s sub-populations. Let the first res-
ponse function be recorded in all s sub-populations, but assume the
second response function is recorded for only the first s-1 sub-popu-
lations. For example, in the first (s-1) clinics, response and sex
may have been recorded for all subjects, while in the s-th clinic,
only response may have been recdrded. Now consider a general multiple

design model of the form
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0
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The model (4.72)can be fit directly by weighted least squares. The in-

verse elements of yér(fc) are given by

1 L1
v o o 0 (v¥ o ... o0
2 ! 2
N 11 12
ArFy = | O v ... 0 o0 , 0 v .. 0
'\C . . ’ .
|
(s-1 s-1
v 11 2 ! 0 v 12
o v i 0 0
_1 ——————————————— TR T T T T T s ——
l K
viog o o | v o 0
2
0o v 12 0 0 , 0 v 22 0
: I X
: ! :
s-1 | s-1
0 0 v 129 b0 0 v 22
- [y
(4.77)
)’_21 122
where
LYY ‘
R TP for i = 1o.os-ls V= 3
Y for i = 1,...,s-1 (4.78)
V“lz\‘_‘-;“\
and AT \ for i = 1,...,s-1
Vkuk“"‘ﬂ
where \1:' - V'.:_,_
L M ‘
W i A3 11 12

The general estimate of g, is given by (3.55) or (3.63) where V"7, V°7,

2L 4nd v%2 are defined in@.77. When X = I_and X, =1 , the

! S s-1

estimates for él simplify to



162

o>
]

5

’J

'~
sy W, A
b i Ve \ .
U=yt

w’“l >
\
<1<
b
—
" |
|
©
e

«T>
]
'<
A b
(ﬁ
—

As a result, the parameter estimates for sub-populations with no
missing data take the same form as parameter estimates with complete .
data (4.10), while the parameter estimate for the sub-population with

only one response function is simply the response function itself.

4.6.2 Missing Data Arising From Supplemental Samples

A second setting that can be approached as a missing data problem
occurs when additional information is available from supplemental
samples. To illustrate this setting, consider an example discussed
by Koch et al. (1972) that is based on data taken from Dyke and
Patterson (1952). The data consist of three samples (sub-populations)

that were selected to investigate the relationship between reading .
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materials and knowledge of cancer. Two types of reading materials,
i.e., books and magazines, were investigated in the first sample, while
the second sample only considered books and the third sample only con-
sidered magazines. In each case, respondants were classified as having
good or poor knowledge of cancer, in addition to being classified
according to whether they read the various types of reading materials.
For the discussion here, we will assume that interest is Timited to

two functions of the data representing the proportion with good cancer
knowledge given they read books Fl, and the proportion with good cancer
knowledge given they read magazines, F2. The orientation will be to
demonstrate how a simple multiple design model can produce an overall
estimate of these two proportions.

The functions considered are not linear functions of the vector
of sub-population proportions. However, such functions and their
asymptotic covariance matrices can be constructed by a se-
quence of transformations. An example of such a construction is given
in Koch, et al. (1972). It is of interest to note in this context
that strictly linear functions of the sub-table proportions are not a
necessary requirement of the methods outlined in previous chapters.
Linear functions consisting of orthogonal functions over repeated
measures have been emphasized due to their connection with growth
curve problems. However, as long as an estimate of the same set of
functions (or a subset of the functions) and an estimate of their
covariance matrix is available for each sub-population, seemingly un-
related regression models as discussed in earlier chapters are

applicable.
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In the present example, let the resulting function vector be

denoted as follows:

Fll Proportion in the first sample with good cancer (4.80)
A knowledge given they read the newspaper
F = A
~¢ F21 Proportion in the second sample with good cancer
knowledge given they read the newspaper
FIZ Proportion in the first sample with good cancer
knowledge given they read magazines
F32 Proportion in the third sample with good cancer
knowledge given they read magazines
where
vgr(% Y= [v 0 v 0 (4.81)
0 v 0 0
211
v 0 v 0
L2 122
0 0 0 v
322

Since data aremissing for the first function in the second sample and
the second function in the third sample, and since the second and
third samples are independent, one of the covariance terms in 4.81) is
identically zero.

A multiple design model of interest in this setting is given as

follows:
1 0 B, (4.82)
ef) = [ 1 0 B, |
0 1
0 1

where /31 represents the proportion with good cancer knowledge given
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books have been read, and /82 represents the proportion with good
cancer knowledge given magazines have been read. Weighted least

squares estimates can be formed as in Section 3.3.

4.6.3 Missing Data in a Survey Context

Consider a sample survey setting where a simple random sample
is selected from a finite population. Assume that for each subject
selected in the sample, a dichotomous response variable and a dicho-
tomous covariable are observed, and that the values of the covariable
are also known for the remainder of the population. Data from such

a survey may be summarized in the following form:

TABLE 4.2

SUMMARY OF DATA FROM A SURVEY

COVARIABLE
C o
Sub Response Response
Population R R R R
1 Sample
2 Remainder off
Population

If the finite population under study is viewed as a simple random
sample from some larger super-population, and if inference is directed
at the super-population, then the sample and remainder of the popula-

tion can be considered as if they were two independent samples (or
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sub-populations) from the super-population. Under the assumption of
simple random sampling, the response vectors for the sample and the
remainder of the population would follow independent multinomial dis-
tributions. Now construct two functions, where the first function
corresponds to the probability of response, and the second function
corresponds to the presence of the covariable. The first response
function is missing in the second sub-population.

Assume there is interest in an estimate of the response propor-
tion in the super-population based on the data from the two sub-popu-
lations. One estimate of the response proportion is given by the

estimate of from the multiple design model,
1 N

F 1 0
2 1 A
E(E) =B, |= E| 12 (4.83)
F 2 B
~2 F22 0 1 2
where
A jol
var(F ) = fv v 0 . (4.84)
~C I 1y,

Expanding expressions for ,51 from Section 3.3.1 and simplifying,

5 - N k v\nVL \\%\L_ i) (4.85)

Vi v
(%S

where

var (B) = v, i\ - r\(v_"rv_t-) ] (4.86)
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and 2

In many cases, the variance of the second response function in the

second sub-population, , will be small compared with vy since

v
222 22
the sample is usually a small proportion of the population. In that

case, the factor

V1
—_ = (4.87)
V1,,7V2
22 22
so that
A A V112 A A
B, = IE11‘v1 (Fip = Fpp) (4.88)
22
with
A~ A 2
var(/Sl) = v, (1-r%). (4.89)

11

The estimate B in (4.88) looks like a regression estimator from a

1
sample survey.



CHAPTER 5

SOME EXAMPLES OF SEEMINGLY UNRELATED REGRESSION MODELS
WITH CATEGORICAL DATA

5.1 INTRODUCTION

Several examples of seemingly unrelated regression models that
incorporate a growth curve type structure to improve estimators are
presented in this chapter. Some of the examples have been considered
previously in the literature, although none have been discussed from
a multiple design growth curve perspective. In addition to illustra-
ting some of the principles discussed in the previous chapters, the
examples help identify a process through which sensible multivariate .
models can be built.

Four examples are presented and discussed in this chapter. The
first example concerns the study of nine treatments for mastitis in
dairy cattle (Koch, et al. (1978)). Pre treatment and post treatment
measurements were taken on each quarter of the udder for each cow in
the study. As a result, the study obtained multiple measures at a
given point in time as well as a repeated set of measures over time.
The analysis is directed at evaluating the effects of the different
treatments. With this objective in mind, a variety of linear functions
of the data may be of interest. The discussion of the example focuses

on selection of functions and subsequent model development. .
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The second example concerns a controlled trial to assess the
effect of three treatments on the number of sheep offspring. Data
for this example are summarized in Table 1.2. Each sheep has from one
to three offspring. The total number of offspring for each treatment
is a natural response function of interest. The analysis considers
inclusion of an additional linear function to improve estimates of
treatment effects.

A third example considers three repeated measurements in an ex-
periment to classify objects as culturally masculine or feminine.
Data for this example are summarized in Table 1.4. Analysis strate-
gies are discussed iﬁ Section 4.5.2. The exampie illustrates an ana-
lysis previously discussed by Koch et al. (1983b), as well as consi-
ders an alternative two function analysis.

The final example involves estimation of a population mean using
a multiple design model for a sample survey (Matteson, et al., 1983).
The survey consists of a simple random sample of practicing dentists
in the state of North Carolina. The purpose of the survey was to
assess current radiographic film ordering practice in the state. From
the population frame, dentists were classified as specialists or
general practitioners. Dentists sampled were asked to indicate
whether they worked in a solo private practice or in some other prac-
tice setting. A multiple design model similar to the model discussed
in Section 4.6.3 is employed incorporating the information from the
sample frame to obtain an estimate of the proportion of dentists in

solo practice in a conceptual super population.
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5.2 A STUDY OF NINE TREATMENTS FOR MASTITIS IN DAIRY CATTLE

Many of the principles of model development that incorporate
multiple functions and multiple design models can be iNlustrated by
the study of treatment for mastitis in dairy cattle (Koch, et al. .
(1978)). Data for this study can be summarized as in Table 1.1. The
table illustrates the dependence of the four quarters of the udder as
well as the repeated measures over time. However, in this form there
are 256 response categories. The actual number of cows enrolled in
the study, nys ranged from 20 to 42 for the i = 1,...,9 treatment
groups. An analysis that retained the full 256 response categories
in the contingency table would be difficult to‘interpret and impracti-
cal to conduct without greatly augmented data. Furthermore, such an
analysis is probably not of interest. Instead,~ most response functions . -
of substantive interest can be constructed from a collapsed set of 25
response functions. Data for each treatment group can be summarized

for these functions in terms of the two way tables as in Table 5.1.
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TABLE 5.1

SUMMARY QOF 25 LINEAR FUNCTIONS OF THE
RAW DATA FOR DAIRY CATTLE WITH TREATMENT:
400 mg NOVOBIOCIN, 100000 IU PENICILLIN

Post-Treatment Number of Infected Quarters

0 1 2 .3 4
Pre 0 6 0 0 1 0
Treatment 1 2 2 1 0 0
Number of 2 1 0 2 1 0
Infected 3 1 1 1 0 0
Quarters 4 4 1 0 2 1

Similar tables for the eight remaining treatmenf groups are given by
Koch, et al. (1978).

The first step in the analysis is to formulate a set of primary
functions and a set of secondary functions of interest. The primary
functions should be able to answer questions concerning the object of
the study, i.e., comparison of the treatment groups. Secondary
functions may be included as covariables in an attempt to improve the
parameter estimates for the primary functions. Since the object of
the study is to compare the different treatment groups, an obvious
primary function of interest is average number of post treatment in-
fected quarters. This function can be constructed for the i-th treat-
ment group by stringing the columns of Table 5.1 into a single column

vector, U and then pre-multiplying the column vector by

25x1
Ay =1 (11111)® (01234). (5.1)
1x25 i



172

2 S
This function, which will be denoted as F, , represents the average ‘

9x1
number of post treatment infected quarters. A second function of in-

terest as a covariable in the analysis is the average number of pre
treatment infected quarters. This function can be constructed by pre-

multiplication of the single column vector by the matrix

AZ = 1 (01234) @ (11111). (5.2)
n.
i

A

2
This function will be denoted as £, . A third function, Ess

9x1
might be of primary interest in the analysis is the average post-pre

that

treatment difference in infected quarters. This function can be con-

structed by taking the simple difference between the average number of

A

—

post treatment infected quarters,lgl, and the average number of pre
treatment infected quarters, fljz. ‘ )
Other functions may be constructed in an effort to improve the
precision of parameter estimates for the primary functions of interest.
An additional function that may also be cnsideredis the quadratic shape
effect for the post treatment number of infected quarters. This

function will be denoted as Eﬁ and is formed by pre-multiplication of

n; by the matrix

54 =1 (11111) 8 (2-1-2-12). (5.3)

n.
1

These four functions and their estimated variance are given in Table

5.2.
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TABLE 5.2

ESTIMATED RESPONSE FUNCTIONS AND VARIANCES
FOR MASTITIS STUDY

Treatment Function Estimate Variance Estimate

Novo Peni

mg IV %1 Eg E3 E4 El Ez %3 E4
None None 1.81 1.69 -0.12 -0.65| 0.050 0.088 0.078 0.071
None 100,000] 0.79 1.88 1.10 0.36| 0.021 0.044 0.044 0.067
None 200,000 | 0.94 1.74 0.79 0.06| 0.028 0.071 0.088 0.081
None 400,000| 0.71 1.80 1.09 0.77] 0.032 0.060 0.063 0.075
400 None 0.73 1.92 1.19 1.00{ 0.037 0.058 0.068 0.057
400 100,000 | 1.04 2.00 0.96 0.52]0.059 0.093 0.111 0.105
400 200,000 | 0.89 1.96 1.07 0.81|0.059 0.092 0.082 0.091
400 400,000 | 0.58 1.85 1.27 0.73|0.027 0.100 0.141 0.102
600  None 0.65 1.45 0.80 0.85)0.051 0.092 0.148 0.126

A variety of models concerning the four functions are possible.

We will focus attention on two function multiple design models. One

Fa A
function will be either £1 or F3, since these functions are of primary

interest. The second function, either ﬁz of E,. will be evaluated by
a preliminary screen as to its impact on the primary variables.
Attention will be restricted to multiple design models for
several reasons. First, the impact of multiple design models on para-
meters for the primary function vector can often be assessed directly

from the functions prior to model fitting. This is not true for all
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multiple design models, but it is tfue for multiple design models
where the design matrix for the second function vector is a subset of
the first design matrix, or zero. For these classes of models, in-
clusion of the second function vector can reduce the variance of
parameter estimates for the first function by a factor proportional
to (1-r§) where r? is the squared correlation between the first and
second function. A second reason to restrict attention to multiple
design models is their simplicity. Each function is modeled separate-
ly. Models may be more easily specified and understood. Finally,
multiple function models cover a wide range of models that may be of
interest to the investigator. Specification of:the third function
for the difference between post and pre treatment number of infected
quarters enables multiple design models to be specified for EB and
éz that are equivalent to other non-multiple design models expressed
in terms of El and EZ' Some examples of these equivalences have been
indicated in Section 4.4.

An overview of the impact of two function multiple design models
on parameter estimates for the first function can be gleaned by com-
puting the pairwise squared correlations between the different

functions. These squared correlations are summarized in Table 5.3.
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TABLE 5.3

SUMMARY OF SQUARED CORRELATIONS FOR PAIRS OF
FUNCTIONS FROM THE MASTITIS STUDY

Treatment
Novobiocin Penicillin| Squared correlation of Function Pairs
None None 0.21 0.16 0.49 0.00
None 100,000 0.12 0.46 0.58 0.10
None 200,000 0.02 0.38 0.69 0.02
None 400,000 0.11  0.45  0.55 0.2l
400 None 0.08 0.26 0.50 0.03
400 100,000 0.08 0.45 0.51 0.14
400 200,000 0.22 0.45 0.44 0.07
400 400,000 0.02 0.81 0.81 0.22
600 None 0.00 0.25 0.65 0.01

The squared correlations are largest for the quadratic function of

A

A
54 with 51, and for the average pre treatment

For both of these function pairs, correlations

post treatment, i.e.
function, F2 with Fa

n

A

are sufficiently large that variance reductions of 30% or more may be
anticipated for certain parameter estimates for the first function.
These variance reductions will occur for the parameters when the de-
sign matrix for the second function is a subset of the design matrix
for the ffrst function as outlined in Section 3.3. If the design

matrix for the second function is an identity matrix, parameter esti-
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mates corresponding to the first function will be identical to esti-
mates based on a one function model. 1In other words, the potential
gains in precision suggested by the correlations in Table 5.3 are

mediated by the complexity of the design matrix for the second

1>

function. Since correlations are largest for the function pair E3,

o)

52, Tinear models will be first developed for this pair of functions.
The next step in the analysis is to develop a model for the
second function vector. As demonstrated in Section 3.3.6, parameter
estimates for one function are unaffected by a second function when
the design matrix for the second function is an identity matrix.
This property allows the second function to be modeled directly by a
multiple design model with {1 = Lg. It is desirable to fit the most
parsimonious model possible to the second function. Since the second
function in this case is the function of average numbers of pre treat-
ment infected quarters, and since cows were haphazardly assigned to

treatment groups, a simple overall mean model was initially fit to the

second function. The design matrix for this model is given by

52 = 39 . (5.4)
The goodness of fit of the model is Q = 2.604 which is clearly non-
significant when compared with a chi square distribution with eight
degrees of freedom (p = 0.957). Parameter estimates for the first
function are given in the second column of Table 5.4. The variance
of the parameter estimates and goodness of fit is given in Table 5.5.
The parameter estimates in most cases are similar to.the estimates of

the original function vector, E3. The variance of the parameter

estimates in some cases is reduced by as much as 60%.




TABLE 5.4

A

SUMMARY OF PREDICTED FUNCTIONS 53 FOR MULTIPLE DESIGN

MODELS FIT TO

F4 AND F, FOR THE MASTITIS STUDY

177

Functions Design Matrices
£3 Pre-Post lg lg (5.5) (5.6)
£2 Pre Lo 19 Lq lq
TREATMENTS

Novo Penicillin

mg IU

Predicted Function Eé

Post-Pre Infected Quarters

None  None
None 100,000
None 200,000
None 400,000
400 None
400 100,000
400 200,000
400 400,000
600 None

-0.12 -0.03 -0.04 0
1.10 1.05 1.04 1.05
0.79 0.87 1.04 1.05
1.09 1.10 1.04 1.05
1.19 1.11 1.04 1.05
0.96 0.82 1.04 1.05
1.07 0.98 1.04 1.05

1.27 1.24 1.04 1.05

0.80 1.18 . 1.04 1.05
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TABLE 5.5

LTy

SUMMARY OF ESTIMATED VARIANCE OF PREDICTED FUNCTIONS,
AND GOODNESS OF FIT FOR MULTIPLE DESIGN MODELS FIT
TO E, AND F, FOR THE MASTITIS STUDY '

~3 2

FUNCTIONS DESIGN MATRICES
Es Pre-Post 19 19 (5.5) (5.6)
) Pre Ig g L L

éstimated Variance of Predicted
Functions )
None None 0.078 0.043 0.043 0
None 100,000 0.044 0.023 0.009 0.009 ’
None 200,000 0.088 0.03% 0.009 0.009
None 400,000 0.063 0.033 0.009 0.009
400 None 0.068 0.039 0.009 0.009
400 100,000 0.111 0.059 0.009 0.009
400 200,000 0.082 0.049 0.009 0.009
400 400,000 0.141 0.036 0.009 0.009
600 None 0.148 0.060 0.009 0.009
Goodness of fit NA 2.60 6.68 6.72
df 8 15 16

p-value 0.957 0.997 0.978
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Since the model with 52 given by (5.4) adequately fits the
second function fZ’ the next step in the analysis is to model the pri-
mary function of interest, 53.

Initially. a simple model with a single common treatment effect
was fit to the post-pre treatment differences. The design matrix for

the first function vector in such a model is given by

Kl =

o

(5.5)

ot = bl ped bl el e e
[ S S T N o o R

The goodness of fit of the model is given by Q = 6.68, to be compared
with a chi square distribution with 15 degrees of freedom (p = 0.967).
Parameter estimates and their estimated variance are given in column
four of Table 5.6. Inspection of the parameter estimates for this
model suggests that /311 = 0. This motivates fitting a further re-
duced model in which the design matrix for the first function is given
by

(5.6)

R e N S A =}
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Parameter estimates and variance estimates for this model are given

in column six of Table 5.6.

TABLE 5.6

SUMMARY OF PARAMETER ESTIMATES AND VARIANCE ESTIMATES
FOR AN OVERALL TREATMENT EFFECT FROM THE MASTITIS STUDY

Functions Primary  F, 53 £3 £3 I3 3
in Model Secondary -- f4 -- 52 -- 52
Design Primary (5.5) (5.5) (5.5) (5.5) (5.6) (5.6)
Matrix Secondary - (5.8) -- 19 -- 19
Parameter ,8” 1.81 -0.115 -0.115 -0.04  -- --
Estimates 2§]2 -1.03 1.16 1.17 1.08 1.05 1.05
Variance A, 0.050 0.078 0.078 0.043 -- -
Estimates 2?12 0.055 0.088 0.083 0.044 0.010 0.009
Tests of No Q 19.39 15.34 15.57 24.43 110.25 122.5
Treatment (df=1)
Effect
Goodness Q 4.31 13.74 1.93 6.68 2.10 6.72
of df 7 13 7 15 8 16
Fit p-value 0.743 0.392 0.963 0.967 0.978 0.978
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The model provides a good fit of the data. as evidénéed by a goodness
of fit Q = 6.72 with 16 degrees of freedom (p = 0.978). As a result,
one would conclude that there was no statistically significant evi-
dence of differences in treatment effects between drug combinations

and that an estimate of the common treatment effect is given by

A

B, = 1.05, var( B,,) = 0.010. (5.7)

12)
A similar procedure can be followed in developing models for the

A N
—

second function pair El’ 54. Once again, the first step in the ana-
lysis is to set 51 = Lg and develop a model that adequately fits the

second function. Initia]]y, a simple overall mean model was fit to

A

g

a goodness of fit statistic given by Q = 29.38 with 8 degrees of free-

This model provided a poor fit to the funétion, as evidenced by

dom (p = .0003). Although an augmented model, with a design matrix
for the second function given by (5.5) improved the fit (Q = 8.77,
df = 7, p = 0.270), a model for f4 containing a common treatment
effect for Penicillin in the absence of Novobiocin, and a common
treatment effect for Novobiocin improved the fit of §4. The design

matrix for this model is given by

X, = [1 00 (5.8)
110
110
110
10 1
1 0 1
10 1
1 0 1
1 0 1
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The goodness of fit for this model i’s given as Q = 4.81 with six '

degrees of freedom (p = 0.568). The design matrix(5.8) is post hoc

but is useful in i]]ustfafing the influence of a more comp]ex'design

matrix for the second function on parameter estimates for the first. .
The second step in the analysis is to model the post treatment

function El

as (5.8). Initially, a reduced model with a single common treatment

where the design matrix for the second function is given

effect (where X

~

1 is given by (5.5) was fit to F The goodness of fit

~1°
for the model is given by Q = 13.74 with 13 degrees of freedom
(p = 0.392). Parameter estimates for the first function vector for
this model are given in column two of Table 5.6L

Inspection of Table 5.6 indicates that nothing is gained by in-

cluding the quadratic post function in the model for the number of post ‘ .

A A

treatment infected quarters (El, 54). In fact, the test statistic
for treatment effects based simply on the %1 is larger than the test
statistic including f4 as a covariable (19.39 versus 15.34). This
result is not unexpected, since the design matrix for the quadratic

A
paa

function 54 given by (5.8} spans a larger space than the design matrix
for %1. Such a situation is discussed in Section 3.3.6.

A striking difference between the models summarized in Table 5.6
occurs in the variance of the average treatment effect between the
primary function design matrices (5.5)and(5.6. This difference is a
reflection of one model (5.5) including the control group in the ana-
lysis, and the other model (5.6) excluding it. Since the variance of

a treatment effect is a function of the variance in the control group

and the variance in the treatment group, and since the pooled treat-
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ment group has approximate]y’eight times as many observations as the
control group, including or ignoring the control group will affect

the variance by about a factor of eight. This factor accounts for the
differences in the variance between models (5.5) and (5.6).

Comparisons of the pairs of models fof E3 either including the
covariable or not including the covariable illustrates little effect
on average treatment effect estimates, but a reduction in the variance
of the effect. This is to be expected since the models are of the
type discussed in Section 3.3.5, where fhe design matrix for the
second function is a subset of the design matrix for the first. Para-
meter estimates of treatment effects from such-mode]s are analogous
to Potthoff-Roy growth turve type estimators.

A final remark is of interest before proceeding with the next
example. Originally, four possible function pairs were considered for

~ A

modeling. The function pairs (El. 54) and (F Ez) were chosen from

~3’
Table 5.3 since these function pairs had the largest squared correla-

tion. Large squared correlations indicated the potential for reduced

variance of treatment effects under certain multiple design models.

A

This potential was realized for the (E3, ~2) pair, but not for the

Fa fa

(El, 54) pair due to the extent of the design matrix for §4. However,
the squared correlations in Table 5.3 provide an indication of the
potential for variance reduction as compared with a model based on the
single function El or f3 respectively.

Table 5.6 indicates parameter estimates and variances (columns

one and three) for average treatment effects under these models.

While the average treatment effects are comparable, the variance of
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»

the average treatment effect is smaller for El than for E3 (0.055 ‘

versus 0.088). As a result, even though the reduction in variance
suggested by the correlations is less for El' the resulting estimator

may be preferable.

As noted in Section 4.4, some models constructed for the

2 2

function pair (?1, Ez) are equivalent to alternative models con-

~

structed for the function pair (%3, ?2). In particular, a multiple

design model for (El, Ez) where X, is defined by (5.5) and Xp = 1g will

produce an identical parameter estimate for the average treatment

effect as a model based 0”»(E3’ Ez). This parameter estimate and
estimated variance is given in column four of Table 5.6. A similar
equivalence exists between the multiple design model given for

A

(E3, E,) in column six of Table 5.6, and a model for (El, Ez) based ‘

>

on a design matrix given by

b
0
X =  1x1 (5.9)
l18: 8
9
1 o9xl

5.3 A STUDY OF FOUR TREATMENTS ON SHEEP LITTER SIZE

A second example of interest in illustrating the previous methods
is a controlled trial to assess the effect of two treatments on the
number of sheep offspring. Data for this example are summarized in
Table 1.2, and discussed by Koch et al(1983b). Fachsheephas from one to
three offspring. A natural function of interest is the average number

of offspring per sheep. In this section we examine the effect of in- ‘
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cluding a second function as a covariable to improve parameter esti-
mates of the first.

The first step in the analysis is to identify primary ana secon-
dary functions of interest. One primary and one secondary function
can be identified. The primary function of interest is a.]inear
function corresponding to the éverage number of offspring per sheep.

A secondary function can be constructed corresponding to a quadratic

function of offspring. In order to illustrate construction of these

functions, let the proportion with the i-th treatment and the j-th
n..
response be denoted as pij = ﬁll~where n, is the number of sheep
; :
in the i-th treatment group. Then arrange the vector of response

proportions for the four treatment groups into the single column

vector given by

[3a~]

p o=, (5.10)
12x1 ~2
L3
Eq
where
Pi1 (5.11)
i %\ P .
piB
The vectors Bi .i=1,...,4, will follow independent multinomial dis-

3x1
tributions. A linear function of the number of offspring can be con-

structed for each treatment group by pre-multiplying the vector P by
12x1
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Aj=(123)e I,

We will denote this function as £+ the primary function of interest.

(5.12)

A

‘A quadratic function, EZ’ can be constructed for each treatment group
by pre-multiplying the vector P by

62 = (-1 2 "'1) ® 1'4

The first function is expressed in terms of natural polynomials,

(5.13)

while the second function is expressed in the form of an orthogonal
polynomial. The natural polynomial form for %1 is intuitively appeal-
ing since the function can be directly interpreted as the average
number of offspring per sheep. This function is equivalent to adding

a constant to a linear function constructed in terms of orthogonal
polynomials coefficients. Linear models and test statistics based on
the two orthogonal polynomial functions, or on the natural and ortho-
gonal polynomial function are equivalent, since in this case the linear
natural polynomial and the quadratic orthogonal polynomial are ortho-

gonal. As a result, a model using(5.12) to construct F, and(5.13 to

1
A

construct %2 retains the desirable interpretation for El while pre-

serving the orthogonality of the functions. These two functions,

their estimated variance, and an estimate of the squared correlation

are given in Table 5.7.
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TABLE 5.7

ESTIMATED RESPONSE FUNCTIONS, RESPONSE VARIANCE.
AND SQUARED CORRELATIONS FOR THE SHEEP LITTER STUDY

Function Estimate| Variance Estimate | Squared Correlation
Linear Quadratic| Linear Quadratic

Treatment Ey £, F £, (E;5E5)

Control 1.96 0.846 | 0.00737 0.0410 0.006

Pessary 1.61 0.500 | 0.00646 0.0417 0.433

FSH-LH 2.05 0.603 | 0.00798 0.0386 0.007

Pessary &

FSH-LH 1.91 0.745 | 0.00745 0.0398 . 0.028

From Table 5.7, we note that the variance of the quadratic function is
roughly six times the variance of the linear function. Correlations
between the two functions are very small, with the exception of the
Pessary treatment group (r2 = 0.433). As a result, 1ittle potential
gain can be anticipated by inclusion of the quadratic function.

The second step in the analysis is to model the second function.
A simple overall meanvmodel adequately fits this function, as evidenced
by a goodness of fit Q = 1.71 which was non-significant (p = 0.635)
when compared with a chi square distribution with three degrees of
freedom. The resulting parameter estimates for the first function
corresponding to a multiple design model with 51 = 14 and 52 = 14 are

given in Table 5.8.
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TABLE 5.8
ESTIMATES OF PARAMETERS AND VARIANCE FOR El
UNDER THE MODEL X, = I, AND Xo = 1, FOR

THE SHEEP LITTER STUDY

Parameter Variance
Treatment Estimate Estimate
Control 1.96 0.00733
Pessary 1.66 0.00433
FSH-LH 2.05 0.00794
Pessary & FSH-LH 1.90 0.00730

A comparison of the function estimates from Table 5.8 with the raw
data function estimates in Table 5.7 illustrates that only the vari-
ance estimates for the Pessary treatment group are substantially
changed. This is expected since correlations between the two functions
were large only for that group.

The final step in the analysis is to fit a model to the primary

A
function F,, where the design matrix for the second function is given

by 52 = 34. A main effects model is initially specified where
51 =1 0 O (5.14)
1 01
110
1 1 1

This model provides a good fit to the data, with a goodness of fit
given by Q = 2.61 (df = 4, p = 0.699). Parameter estimates and their

estimated variance are given in Table 5.9.
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. ' TABLE 5.9

PARAMETER ESTIMATES AND ESTIMATED VARIANCE FOR
REDUCED MODELS FOR THE SHEEP LITTER STUDY

Function Désign Matrix
Linear E; (5.14) (5.14)
Quadratic fz -- 14
Reference
Control 511 1.91 1.91
Parameter
FSH-LH /312 0.20 0.18
Estimates
Pessary B3 -0.25  -0.23
Reference
Contro]l /311 0.00551  0.00532
Variance
. FSH-LH 812 0.00730 0.00655
Estimates
Pessary 1913 0.00729 0.00668
Test of No
FSH-LH Q (df=1) -5.42 5.06
Treatment
Pessary Q (df=1) 8.71 8.20
Effect

Table 5.9 also includes estimates of parameters and their associated
variance under a single function model with design matrix given by
(5.14) The goodness of fit for this model is given by Q = 1.48 (df = 1,
p = 0.224). Parameter estimates under the two models are essentially
the same. The difference in parameter estimates can be attributed to
residuals from the fit of 52 = %4 to the second function. A slight
reduction in the variance of the parameter estimates is observed under

. the multiple design model, but this reduction is not sufficient to
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offset the difference in parameter estimates, as eVidenced by the
larger test statistics for treatment effects under the single function
model as compared with the multiple function model. As a resh]t, if
interest is limited to parameter estimates corresponding to the design
matrix (5.14) for El’ a single function model may be preferable to the
multiple function model. Koch et al.(1983b) has indicated that

the multiple function model may be preferable if estimates of the cell
proportions are desired for the full 12 cells of the original contin-
gency table. In this case, all estimates provided by the multiple
function model have reduced variance when compared with all estimates

from a single function model.

5.4 A PSYCHOLOGICAL STUDY ON SEX SYMBOLISM

A third example that illustrates some of the principles developed
in earlier chapters concerns a study on sex symbolism. Subjects were
randomly assigned to one of two treatment groups. The subjects
assigned to treatment group A were not told the purpose of the study,
while the subjects assigned to treatment group C were told the purpose.
Each subject was asked to classify certain objects as masculine or
feminine after the objects were viewed 1/5, 1/100, and 1/1000 second.
The resulting data consists of a cross-classification of the three di-
Chotomous response patterns over time. These data are summarized in
Table 1.3.

The data have teen discussed previously by Lessler (1962), Bhap ar
and Koch (1968), Koch and Reinfurt (1971) and Koch (1983). In previous

discussions, linear models have been developed to characterize varia-
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tion between experimental groups and across time. The models have

been based on three linear functions corresponding to the proportion
feminine response at the three time points, 1/5, 1/100, and 1)1000
second. A final model used to characterize the variation is given by
(4.60. In Section 4.5.2, an equivalent Potthoff-Roy type model based

on three alternative response functions is developed. In this section,
we illustrate these alternative modeling strategies. Some additional
insight can be gained by constructing the alternative functions and
developing muitiple design models.

The final model fit to the data as described by Koch (1983) is
given by (.60, The model adequately fits the déta as evidenced by a
goodness of fit of Q = 0.870 (df = 3, p = 0.833). Parameter estimates
and their estimated variance are'given in Table 5.10. The parameter
estimates from the re-parameterized model are also presented in this

table.
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TABLE 5.10

PARAMETER ESTIMATES AND ESTIMATED VARIANCE FOR
PROPORTION FEMININE RESPONSE MODELS
FOR SEX SYMBOLISM STUDY

Design Matrix

(4.60) (4.64)

Parameter Mean ;ﬁ 0.266 0.351
Estimate Group C Effect B,| 0.111  0.0554
Linear Time Effect B3| 0.0289  0.0289

Variance Mean Bl 6.20 - 2.61
Estimate Group C Effect ,82 10.1 2.62
(x 1074 Linear Time Effect B, | 0.601 0.601

As noted in Section 4.5.2, the re-parameterized model (4.64) is equi-
valent to a multiple design model based on three different functions
corresponding to a constant, linear, and quadratic trend over time with
respect to the proportion feminine response. These polynomial response
functions are of interest, since they characterize the variation over
the three time intervals. Construction of such functions is illus-
trated in Section 4.5.2. The time intervals are not equally spaced,
but on a 10910 scale, they have approximate equal spacing (-0.7, -2,
-3). The polynomial functions are constructed for an equal spacing
approximation to this 10910 time scale.

The equivalent Tinear model to (4.64) in terms of polynomial
functions is given by the multiple design model (4.67. Since this is

a multiple design model, it is of interest to retrace its development
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in an analogous manner to the deve]opment of Section 5.2 and 5.3.
As a first step in the analysis, we calculate the functions, their

variance, and their pairwise squared correlations (Table 5.11).
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TABLE 5.11

ESTIMATED RESPONSE FUNCTIONS, RESPONSE VARIANCE. AND
SQUARED CORRELATIONS FOR THE SEX SYMBOLISM STUDY

Response Function Estimate

Constant Linear Quadratic

A

£ Es Ee
Experimental A 0.884 0.0563 -0.0282
Group C 1.216 0.0635 -0.0127

Variance Estimate

A ’ Y oy

£y Es L6
Experimental A 0.00517 0.000534 0.00119 .
Group C 0.00427 0.000499 0.00095

Squared Correlations

A A

[aualtd

Experimental A 0.00262 0.000415 0.00746
Group C 0.00253 0.00456 0.118

Inspection of Table 5.11 can serve as a guide to subsequent analyses.
There is an apparent difference in the constant response function bef
tween experimental groups. The linear response function appears to

be non null, but of equal magnitude for the two experimental groups.
The quadratic response function appears to be approximately zero for
both groups. In addition, correlations between response functions are

very small, indicating little potential for growth curve type models ‘
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to improve the estimates of a targef function of interest.

The next step in the analysis is to develop a model for the
three response functions. This development proceeds in a step by step
manner, beginning with models for functions of secondary interest. The
first function to be modeled is the quadratic function. Table 5.11
suggests fitting a Potthoff-Roy type model where design matrix is
given by
(5.15)

O 0O 0O 0 W Ww
el ===
O OoON N O O
]
~N

The goodness of fit of this model is given by Q = 0.838 (df = 2,
p = 0.658). The effect of model (5.15) on parameter estimates fok the

constant and linear function is given in Table 5.12.
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TABLE 5.12

PARAMETER ESTIMATES AND ESTIMATED VARIANCE FOR CONSTANT
AND LINEAR FUNCTIONS FOR SEX SYMBOLISM STUDY

Design Matrix

(5.16) (5.15) (5.17) (4.64) (5.18)

1311 0.350 0.350 0.350 0.351 3.50
/912 0.0553 0.0554 0.0553 0.0554 0.0553

Parameter

Estimate /921 0.0299 0.0287 0.0300 0.289
[?22 0.00178 0.00139 --- -——- ---
/?11 2.622 2.616 2.616 2.612 2.622
2312 2.622 2.616 2.622 2.616 2.622

Variance

Estimate /821 0.646 0.606 0.645 0.601 ——
/922 0.646 0.606 --- -— -———

Goodness Q = NA .838 .049 .870 NA

of df = 2 1 3
Fit p-value .658 .825 .833

For comparison, parameter estimates are also given for a model with a

design matrix given by
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X= /3 -3 0 0 0 (5.16)
03 3 0 0 0

0 0 2 -2 0 0

0 0 2 2 0 0

0 0 0 0 1 0

0 0 0 0 1

The parameter estimates and variance estimates are altered slightly
under model (5.15)as compared with the estimates under model (5.16. The
low correlations between the quadratic function and the other func-
tions, in addition to the adequate fit of model (5.15), suggests that
the quadratic function may not be a meaningful function for inclusion
in further analyses.

Eliminating the quadratic function from subsequent analyses can
be accomplished effectively by setting the design matrix for the qua-
dratic function equal to an identity matrix. This is equivalent to
retaining only the constant and linear functions in an analysis.
Since the group effect for the linear function is not statistically
significant in model (5.16), a reduced model is postulated with design

matrix given by

X = (3 -3 0 0 0 (5.17)
3 3 0 0 0
60 0 2 0 0
0 0 2 0 0
0 0 0 1 0
0 0 0 0 1

The goodness of fit for this model is Q = 0.049 (df = 1. p = 0.825).
Parameter estimates for the constant and linear functions are given in
column 3 of Table 5.12. For comparison, the parameter estimates from

a growth curve type model (4.64) are included in column 4. The good-






