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SUMMARY

This paper outlines the use of discrete, autoregressive/moving-average (ARMA) models for
identification and estimation of parameters in models derived from analysis of uniformly
digitized earthquake ground motion acceleration data. Such models are of equal generality as
compared to continuous-time models and have a number of significant advantages for purposes
of digital analysis and simulation. The structure of ARMA models is briefly described, their
relation to continuous models noted, and results of their application to a number of recorded

accelerograms summarized.

1. Introduction

Most existing models for the analysis and simulation of earthquake ground motion records
are formulated in continuous time, using linear differential equations with inhomogeneous
forcing functions given by white noise which, in certain cases, has been assumed to be
correlated. Typically, the order of the linear differential equations and the degree of
correlation in the noisy forcing function 18 specified for theoretical or practical reasons.
The coefficients of these differential equations are expressed in terms of the natural fre-
quencies and damping constants of second-order harmonic oscillators, where appropriate values
for these parameters are usually obtained by matching certain predominant spectral character-
istics of real earthquake records with those obtained from the differential equation models.
Simulated accelerograms are then generated digitally by numerical integration of the differ-
ential equation or impulse response function (with white noise input), or else by using the
theoretical Fourier amplitude spectrum (based on the transfer function) to weight a super-
position of a large number of sinusolds at equispaced frequencies with randomly generated
phase angles. The white noise input or filtered noise output is generally multiplied by an
appropriate envelope function to incorporate non-stationary characteristics (i.e., build-up
and decay). In view of the current availability of large quantities of uniformly digitized
earthquake acceleration data for analysis, and the widespread Interest in generating artifi-
cial digitized accelerograms for structural response studies, it appeared worthwhile to con-
sider the use of models formulated explicitly in discrete time. Autoregressive/moving-
average (ARMA) models are an important class of discrete models which can be represented as
stochastic linear difference equations of finite order. ARMA models are of equal generality
with linear continuous-time models (differential equations), but they have a number of
significant advantages for purposes of digital analysis and simulation. A large body of



literature, exemplified by the work of Box and Jenkins [1], gives systematic procedures for
identifying the order of the ARMA model which best describes a particular time series (such
as a digitized accelerogram) based on time-domain analysis of the actual data (i.e., without
a priori assumptions). Moreover, maximum-likelihood techniques are available for estimating
optimal parameter values directly from the data, with specifiable confidence intervals for
the estimates. The sequence of residuals--i.e., deviations from the fitted model, or "one-
step-ahead forecast errors''-— provides a basis for quantitative statistical tests of goodness
of fit, and represents a direct estimate of the underlying nolse sequence driving the observ—
ed process. These time-domain analytic techniques are somewhat less sensitive than frequency-
domain techniques (e.g., spectral analysis) to certain violatioms of stationarity assumptions
and to the effects of digitizing a continuous record. ARMA models can be used directly for
discrete simulation by simple iteration of the difference equations, with appropriate dis-
crete noise input, thus simplifying the procedure of obtaining artificial accelerograms with
characteristics similar to specified real accelerograms.

In this study, the ARMA model-identification and parameter-estimation techniques of Box
and Jenkins were applied to a number of California earthquake records, and the results
suggest that two particular ARMA models are worth considering in some detail. These are the
second-order-autoregressive/flrst-order-moving-average (ARMA(2,1)) model and the fourth-order
autoregressive/first-~order-moving-average (ARMA(4,1)) model, which may be considered to
correspond to continuous-time models described, respectively, by second- and fourth-order

differential equatilons.

2. The ARMA (2.1) Model
The ARMA (2,1) model for a statlonary correlated process a 1s defined by the 2nd-order-

autoregressive/lst-order-moving-average difference equation:

T LR I P e e A (1)

in which it is assumed that e, ~ N (0,02) 1s independently and identically distributed. That
15 to say, the input 1s stationary discrete white noilse. In terms of the backward shift

operator B (defined by kat = xt—k) eq. (1) can be revwritten:

(1 - 0B - ¢232)at = (L -8B, (2)

or equivalently in the factored form:

- rlB)(l - rzB)at = (1 - elB)et , 3)
where T and r, are the roots of the characteristic polynomial,
2 - ¢.r ~ ¢, =0 4)
1 2 :

A requirement for stationarity (stability) of the process a, 1s that the autoregressive roots

g and T, lie within the unit circle, or equivalently, that |¢2] <1, ¢l + ¢2 < 1 and

oy = ¢ < 1.

The autocorrelation function of the process a, i1s symmetric in lag k so that
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= cov [at,a

Pk t+k
-2 - = 5
=0, cov [at’at+k] ok k=1,2, (5)
where the variance of the output process a, »

2} 2

2 -9, 1+ el)se 6)
o, = var [at] =m- .
2 @-¢p?-

is proportional to the variance oi of the random forcing function e, . It is well known that
for k > 2 the autocorrelation function pk must satisfy the homogeneous difference equation
of eq. (1) or,

P ~ ¢1°k—1 - ¢2°k—1 =0 k> 2 o

with initial values given by
o =1
2.0 o -2 ®
o - by L+087-0 61 1 5
1
-4y + =016 - 86,1+ 0,

We note that h depends on the moving average parameter 91 but that for k > 2 eq. (7) does
not explicitly include 91 « In the ARMA (2,1) model of eq. (7) we are dealing with a system

of 2nd-order linear difference equations whose solutions can be written as
k k
P = ¢1F) + T, T s Ty distinct 9)
where ¢y, ¢, are derived from the initial values in eq. (8). When ¢i < —4¢'2 the characteris-

tic roots of eq. (4), 2] and r, , are complex conjugates. The autocorrelation function can
then be written in the form

/2 €08 (KAg = uy)

10
cos (=uy) k20 0

P = (=65)
where

(11

has the interpretation of a frequency and
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(12)

has the interpretation of a phase angle. Since the autocorrelation of lag 1 depends on both
autoregressive and moving average parameters in eq. (8), it follows that only the phase Hy
depends on the moving average parameter. One of the useful results of this study derives
from eqs. (10), (11), (12) and the close analogles that the discrete model frequency and
phase have with thelr continuous differential equation counterparts. Up to this point, the
discrete model does not include an explicit time dimension for the lags k = +l1,+2, ..., etc.
If we let T = kAt, 1l.e., each lag 1s separated by a time interval of length At then eq. (10)

can be rewritten in the form

T xd
o - 103(_¢2)§K€ cos T -y
plt) = e cos -y
(13
-Ew T cos ( 1-£ -u
= e ° for T = At,2At,
cos -u
d
where W, has the interpretation of a natural frequency, and £ that of a damping ratio
xd 2
it mO‘Jl - £ may be thought of as the resonant frequency with mo glven by
o (log (-4, 02 + 2 (14)
0 At 2 d
and & by
~log (~4,)
E =
(15)

(log (4)) + 4

We again note that only Ud’ the phase, depends on the moving average parameter, 61 ; the

natural frequency w, and the damping constant & depend only on the autoregressive coeffi-

(0]
cients. It is clear from equations (11), (12), (14), (15) that one can obtain the frequency
Wy s damping constant &, and phase ud directly from estimates of the autoregressive and

moving average parameters ¢l N ¢2 N 61 of the discrete models in eq. (1) and eq. (7) without

any need to estimate the spectrum of the underlying process.

Many earthquake acceleration models in the literature have been based on 2nd-order
linear filters., The properties of these models can be put in correspondence with discrete
ARMA models by utilizing the well-known correspondeunce between the statistical characteristics
of the discrete (sampled) process a, and the underlying continuous process a(t). In particu-
1, and

lar, the (discrete) autocorrelation function (acf) of a_, defined as Py = cor [at,a

t’ t+k
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the (continuous) acf of a(t), defined as p(T) = cor [a(t),a(t + T)], are equal at all points
where both are defined, i.e., at integral multiples of the sampling interval. That is,

o = p(kAt) , k = 0,1,2, ... (16)
where At 1s the sampling interval, and o = p(0) = 1. If a(t) is "low-pass-filtered" prior
to sampling to eliminate power at frequencies greater than half the sampling frequency

(1.e., at all w > %E) ~— or 1f a(t) initially contains negligible power at these frequencies——
then the power spectral density functions (psdf's) of a, and a(t), which are the Fourier

transforms of the corresponding acf's, will approximately coincide for frequencies in the
m

range0_<_|w|<_E.

In general, a continuous random process described by an nth order differential equation,
when sampled at regular intervals At, gives rise to a discrete time series which is exactly
described as an ARMA (n,n - 1) process. Various formulas can be used to obtain approximate
conversion relationships between the parameters of the differential equation and the para~-
meters of the corresponding ARMA model -- e.g., the differential operator, d/dt, can be
approximated by a rational function of the backshift operator B, such as the backward differ-
ences, (1 - B)/At, or the trapezoidal formula, 2(1 — B)/(l + B)At. However, in the second-
order case the exact conversion relationships can be readily obtained by enforcing eq. (16)

and utilizing the results given in Section 2. In particular, if the sampling frequency 1s at

least twice the resonant frequency (i.e-, ﬂ > Real {“’o\ll - 52 }) » then the frequencies and

damping factors of the discrete and continuous acf's can be equated separately in eq. (16) to
yleld the following one-to-one conversion relationships between the autoregressive parameters

(¢1,¢2) of the discrete process and the parameters (wO,E) of the continuous process (see [2]
for details):
a

9, = -exp (-2u EAt) Q7

2 exp (—wOEAt) cos (mo dl - EzAt) if £<1 (18)

-
=
n

2 exp (-wOEAt) cosh (wo\’gz - lAt) if £>1 (19)

=g
—
"

In the continuous-to-discrete conversion, after determining ¢l and ¢2 from w

be determined from ¢l s ¢2 and 0y (where P = p(At)) by solving:

and &, 01 can

0

(20)

Equation (20) is equivalent to eq. (8) expressing the autocorrelation of lag 1 in terms of

model parameters.
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4. The ARMA (4.1) Process and Tts Interpretation
The ARMA (4,1) process is defined by the 4th-order-autoregressive/lst-order-moving-

average linear difference equation:
T e T B 2 LT B JL R e (21)

in which e, ~ N(O,oi) as before. In terms of the baclward shift operator this can be

rewritten in factored form as:
- rlB)(l - rzB)(l - r3B)(l - rl‘B)at = (1 - BlB)et (22)

where Ty rz, r3, and r, are the roots of the characteristic polynomial

4 3 2

r - ¢1r - ¢2r - ¢3r - ¢4 =0 . (23)
If a time series is identified as an ARMA (4,1) process and the estimates of the

autoregressive parameters are such that the characteristic polynomial has at least one

complex pair of roots, then a unique factorization of the 4th-order autoregressive factor

into two 2nd-order factors can be performed [2]. The result can be expressed:
1-¢,,B=-4¢ B2 1 - ¢,.B ~ Bz = (1 - 6.B)
11 12 218 7 9908 )3 = 1Bee (24)

vhere ¢y = (T r) s dpp = () s dgy = (ryFr) o, and dyy = (omyry)

Physically, the ARMA (4,1) process represented in eq. (24) can be considered to arise
from the action of an ARMA (2,1) filter and an AR (2) filter in series, as follows: white
noise e first passes through an ARMA (2,1) filter to produce an Intermediary process which
serves as the input to an AR (2) filter whose output is a.. The use of 2nd-order filters in
series (in a different context) has been reported by Murakami and Penzien [3], among others.

i3 of Ea

The data consilsted of California Institute of Technology corrected accelerograms
digitized at .02 seconds. Four earthquake records, comprising a total of six components were
studled. Identification and parameter estimation for the ARMA models was performed using the
systematic procedures of Box and Jenkins [1] employing the TIMES program documented in [41.
Forty seconds of record were examined, utilizing five-second (250 data point) windows. With
one exception, all segments were fitted by ARMA (4,1) models, for which a set of "average"
ARMA parameter values could be determined such that they would fall well within the 95%
confidence intervals for the parameter estimates of nearly every segment. A detailed deserip-
tion of the data analysis including identification and estimation techniques, discussion of
ARMA (4,1) and (2,1) models, and time-variation of parameter estimates within analysis win-

dows can be found in [2]. Here space limits us to stating only the conclusions reached.

6. Conclusions
The application of the time-domain analytic techniques of Box and Jenkins to segments of
digitized earthquake accelerograms appears to be a potentlally useful method of characteriz~

ing recorded earthquakes by linear models with a small number of parameters. It should be
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emphasized that the discussions of the ARMA (2,1) and ARMA (4,1) models in this paper were
entirely motivated by the experimental results -- no a priori assumptions were made concern-
ing the order of appropriate ARMA models for earthquake analysis. The fact that the Box-
Jenkins method includes systematic model-identification techniques which do not require such
assumptions 1s one of its principal advantages relative to other model-fitting procedures
commonly applied to earthquake data. Therefore, the applications of Box-Jenkins techniques
to other earthquake records should not necessarily be expected to yield only ARMA (2,1) and
ARMA (4,1) models. However, the fact that five of the six components studied here were best
fitted in all thelr segments by an ARMA (4,1) model suggests that it may be appropriate for
California earthquakes. Moreover, these models have appealing connections with simple hypo-
thetical physical models discussed elsewhere in the literature. The ARMA (2,1) model may be
considered to include the various basic forms of the linear-oscillator model; and the ARMA
(4,1) model, in its representation as two linear oscillators with different natural frequen-
cles acting in seriles, 1s somewhat more complex. It appears that the principal source of
nonstationarity of the earthquake acceleration data lies in the time-dependence of variance

of the driving noise process, rather than in the filtering parameters.

It may be significant that the one component which was fitted by the simpler ARMA (2,1)
models —- the E1 Centro 1940 component —- was also the oldest record studied, suggesting that
this difference might be in part due to differences in the way the data may have been record-
ed or processed. Also, it should be noted that all the data used in this study had been
"corrected” in various ways, including low-pass filtering to prevent aliasing in spectral
analysis. Since the Box-Jenkins techniques emphasize time-domain analysis, this low-pass
filtering was not necessary (although other aspects of the correction process, such as the
equal spacing of data points, were essential); therefore, it is possible that to some extent
the models identified here reflect the corrective filtering rather than the physical process
itself.
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