ABSTRACT

WANG, JU. On the Cohomology of Poisson Pseudoalgebras. (Under the direction of Bojko
Bakalov).

As generalizations of Lie conformal superalgebras (abbreviated LCA) in higher dimen-
sions, Lie superpseudoalgebras (abbreviated LPA) are Lie superalgebras in a specific pseu-
dotensor category ./ *(H ), where H is a cocommutative Hopf algebra. By definition, .#*(H)
consists of a collection of left H-modules being the objects, together with vector super-
spaces of "polylinear" maps between them, such that the composition of these maps is
associative, the action of symmetric groups on these maps is equivariant, and there exists a
unity map that is compatible with the composition. In particular, for a LPA structure on
a specific vector superspace V, one can only consider the "subcategory" P(V) of .Z*(H)
with V being the only object. This "subcategory" P(V)is called an operad (a pseudotensor
category with only one object). It governs the LPA structures on V because of the following
construction: we can associate to P(V') a universal Lie superalgebra W(P(V')) such that
there is a one-to-one correspondence between the LPA structures on V and the odd el-
ements X € W(P(ITV)) satisfying [X, X] = 0, where I1V is the same space as V but with
reverse parity. In fact, this operadic approach also works for Lie conformal superalgebras
and Poisson vertex superalgebras (abbreviated PVA): the €hom operad governs the LCA

structures and the classical operad P¢! governs the PVA structures.

Enlightened by this approach, we construct a new operad PS5/, called the generalized
classical operad, that governs the Poisson H -superpseudoalgebra (abbreviated PPA) struc-
tures. The proof that P¢' is an operad is based on the o-products formulation, which is
an equivalent way to describe the axioms of an operad. Given an LPA V, one can take the
symmetric algebra S(V') and extend the pseudobracket on V by the Leibniz rules to make
S(V') a PPA. With this construction, we get important examples of PPA analogous to the PVA
setting: the free superboson PPA, the free superfermion PPA, the affine PPA and the W),
PPA. In the case when H =F[J,,..., Oy], the LPA structure is indeed a LCA in dimension N,
the corresponding PPA can be thought of as a PVA in dimension N.

For the second half of this thesis, we study the reduced variational PPA cohomol-
ogy Hpp(P, M). After some discussions on the general theory and the basic cohomology

Hpp(P, M), we generalize the energy operators to the reduced and basic variational PPA



cohomology for H =F[J,,...,dy]. By Cartan’s formula, the energy operators are trivial on
the basic cohomology. Using this observation and the spectral sequence associated to a
free resolution of Cpp(P, M), which is obtained from the Koszul complex of the H-module
Cl',(P,M)for n> 1, we prove the second main result that under certain assumptions on
the PPA P and the P-module M, the energy operators N, and N, have only eigenvalues 0
and 1 on the the reduced variational PPA cohomology Hpp(P, M) when H =F[J,, 3,]. This
theorem gives strong constraints on the cohomology in high dimensions for some PPA.
As an application of this theorem, we show that when H = F[J,, 3,], the only nontrivial
cohomology of the free superfermion F, with coefficients in the adjoint module is the 0-th

cohomology, which is 1-dimensional.
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CHAPTER

INTRODUCTION

The study of Poisson algebras has a long history and is closely related to Hamiltonian
systems. By construction, a Poisson algebra has both an associative algebra structure and a
Lie algebra structure, such that two of them are intertwined by the Leibniz rules. A good
example of a Poisson algebra to have in mind is the set of smooth functions C°°(M) on
a symplectic manifold (M, w). The associative product of f,g € C°°(M) is just the usual
point-wise product of two functions, while the Lie bracket (often called the Poisson bracket)

is given through the closed non-degenerate 2-form w:

{f g}=0w(Xs Xe), (1.0.1)

where X, is the Hamiltonian vector field of f (for details see [20]). Although a Poisson
algebra need not be commutative, we will focus on commutative ones (which show up in
important examples like the one above) if not otherwise specified. Often times, when given
a Lie algebra, one way to construct a commutative Poisson algebra is to take the symmetric
algebra of the Lie algebra and extend the Lie bracket by the Leibniz rules. For the super

case one only needs to add signs properly to the algebra structures in the discussion above.



There is a similar relation between Poisson vertex algebras and Lie conformal algebras.
Conformal algebras, first introduced by Victor G. Kac [17], provide an axiomatic description
of the operator product expansion of chiral fields in conformal field theory. Meanwhile, they
appear naturally as formal distribution Lie algebras and are a useful tool to study infinite-
dimensional Lie algebras. Specifically, a Lie conformal algebra is a left F[J ]-module A with
a A-bracket [-;-] : A® A — F[A] ® A that satisfies the sesquilinearity, skew-symmetry and
the Jacobi identity (see Definition 2.3.4 in Chapter 2). Since their introduction, conformal
algebras have been intensively studied by different authors. For example, the finite simple
and semisimple Lie conformal algebras are classified in [12]. The conformal modules and
their extensions are studied in [10; 11]. The cohomology theory of conformal algebras
with coefficients in an arbitrary module is developed in [6]. Combining both an associate
algebra structure and a Lie conformal algebra structure with the Leibniz rules, Poisson
vertex algebras are studied a lot in recent years: for instance the application of Poisson
vertex algebras on the integrability of Hamiltonian partial differential equations [7]; the

cohomology theory of Poisson vertex algebras [4; 5; 14], etc.

Motivated by the work on Poisson vertex algebras and with a hope to generalize their
applications to Hamiltonian PDEs, the main goal of this thesis is to generalize Poisson
vertex algebras to "higher dimensions", to what we call Poisson (super)pseudoalgebras, and
to study the energy operators on the cohomology of Poisson (super)pseudoalgebras. An
indispensable ingredient of a Poisson pseudoalgebra is the Lie pseudoalgebra, which is the
generalization of Lie conformal algebras in higher dimensions. In a Lie pseudoalgebra, one
substitutes the F[J ]-module in a Lie conformal algebra with a cocommutative Hopf algebra
H-module L, and replaces the A-bracket with the pseudobracket [*]: L& L - (H® H)®y L.
The detailed axioms of the pseudobracket can be found in Definition 2.3.3. The theory of
finite pseudoalgebras is developed in [1]. In particular, all finite simple and semisimple
Lie pseudoalgebras for H being the universal enveloping algebra of a finite-dimensional
Lie algebra 0 are classified in [1]. In a more general perspective, a Lie H-pseudoalgebra
can be viewed as a Lie algebra in the pseudotensor category .#*(H) (cf. Example 2.2.3
and Definition 2.3.3). Furthermore, there is a unifying operadic perspective, which states
that these algebra structures (Lie superalgebras, Lie conformal superalgebras, vertex su-
peralgebras and Poisson vertex superalgebras, we consider super cases here) on a vector
superspace V, correspond to some specific elements in the universal Lie superalgebra of
some specific operads [3; 14; 25]. An operad can be thought of as a pseudotensor category

with only one object. Explicitly, a linear, unital symmetric superoperad P, abbreviated



as an operad, is a collection of vector superspaces P(n) (of morphisms), together with a
composition of elements in P(n)’s and a right action of symmetric group S,, on P(n), such
that the composition is associative, the right action of the symmetric group is equivariant
and there exists a unity that is compatible with the composition (cf. Subsection 3.1.1). The
universal Lie superalgebra W (P) associated to P is W(P)=D,,-_; W, (P) where:

W,(P)={feP(n+1)|f’=f,foranyoeS,,, }, (1.0.2)

with the bracket:

[f,g]l=fOg—(—1)PVP8enf. (1.0.3)

The square product O is defined as:

fog=> (forgl €W (1.0.4)

Uesm+1,n

The (m, n)-shulffles S, , is the subset of of S,,,, ,:
Smn={0€S,,lc(1)<---<o(m), c(m+1)<---<o(m+n)}. (1.0.5)

Let V be a vector superspace with parity p, the only object in the operad P. Consider a
Lie conformal superalgebra (abbreviated LCA later) structure on V, in which case we have
an even derivation d on V. We can choose the operad €hom(V') to be the family of vector
supserspaces:

Chom(V)(n)=Homgpzpen (V" FIAy,...,A,]1®pz V), (1.0.6)

together with the compositions given by (3.3.3) and the right action of S,, by permuting the
tensor factors in V®”" and A’s simultaneously. Then there is a one-to-one correspondence
between the LCA structures on V and the odd elements X € W;(€hom(IT1V)) such that
XOX =0, where I1V is the vector superspace V but with reverse parity p = 1— p. Explicitly,
the correspondence is given by

[ayb]=(=1)"'"X; _;_s(a®b), (1.0.7)

forany a, b € V. We say the €hom(I1V') operad governs the LCA structures on V. Essentially



the same operad governs the Lie superpseudoalgebra (abbreviated LPA later) structures on
V if we replace F[J] with H and F[A,,...,A,,] with H®" in (1.0.6). Similarly for the Poisson
vertex superalgebra structures (abbreviated PVA later) on V, one can choose what we call
the classical operad P¢!(V), which consists of a family of vector superspaces P°!(V)(n) of
linear maps:

Gn)x V" S VIA,..., 2,0/ + A +--+A,), (1.0.8)

where G(n) denotes all n-graphs without tadpoles. Any linear map f € P¢!(V)(n) should
also satisfy two cycle conditions and two sesquilinearity conditions (see Subsection 3.5.1
for details). The composition of these maps is given by (3.5.7) and the action of symmetric
groups is permuting the graph I' € G(n) (by definition permuting the vertices of the graph),
the tensor factors in V®”" and A’s simultaneously. Then the one-to-one correspondence
between the PVA structures on V and the odd elements X € W;(P¢/(I1V)) such that XOX =0
is given explicitly by, forany a, b € V,

ab=(-1Y“X**(aeb), [ab]=(-1)""X} 35 j(a®b) (1.0.9)

One sees that essentially X evaluated on the disconnected 2-graph gives the A-bracket
and on the connected 2-graph gives the usual product. It is worth to note that a similar
correspondence also appears for the vertex superalgebra structures on V. The operad
governing such structures on V is called the chiral operad P¢"(V)[3]. The classical operad
P¢!(V)is closely related to the associated graded operad gr P°"(V) of P¢!(V). It is shown
in [3] thatif V has an increasing Z, -filtration by F[J ]-submodules, there exist an injective
homomorphism ¢ from gr P¢"(V) to P¢!(grV). Moreover, if this filtration on V is induced

by a Z, -grading of F[J]-modules, then ¢ above is an isomorphism [2].

Another construction from the universal Lie superalgebra W (P)is: given an odd element
X € W(P(ITV)) such that XOX = 0, one has a cohomology complex (C = @jzo C/,adX),
where C/ = W;_,(P(ITV)). For the €hom(I1V') operad, this complex is just the cohomology
complex of the LCA V with A-bracket given by X, _,_, in (1.0.7), with coefficients in the
adjoint module. For the classical operad P¢!(V), we get what is called the classical Poisson
cohomology, which is shown to be isomorphic to the variational Poisson cohomology,
provided that as a differential algebra, V is a finitely generated algebra of differential poly-
nomials [4].



In this thesis, the first new result is the construction of a new operad called the general-
ized classical operad and denoted as P5'(V) (where H is a cocommutative Hopf algebra
that is purely even). This operad governs the Poisson superpseudoalgebra (abbreviated PPA
later) structures on the vector superspace V. In particular, H need not be commutative
here. This new operad tells us exactly what the Leibniz rules should be for a PPA (see 4.2.1),
which one has no clue only from the PVA case. The one-to-one correspondence part is
similar to the PVA case once the operad P/(V) is set up, while it is a bit more technical to
construct the operad PIj’ (V) itself. For this purpose, pick the family of vector superspaces

P£YV)(n) to be all linear maps
Yh.ver s H® @y, V,

for each T € G(n), where s denote the number of connected components of I'. We require

that YT also satisfy two cycle conditions:

Y'=0 if T hasa cycle, (1.0.10)
and if C is a cycleinT, then
Z yh\e =, (1.0.11)
ecC

where I'\ e denotes the graph obtained by deleting edge e from I'. Another condition that Y
should also satisfy is the componentwise H -linearity. For any connected component I, C T,

suppose there are n; vertices in I,. The componentwise H -linearity can be written as:
Yihe-(n,®-®v,)=h- Y (1,®--®v,). (1.0.12)

Here hy - (v, ® --- ® v,) means h;. acts by coproduct on v;’s where i belongs to the vertex set
of I.. That is

he (1, ®®1,)=(1®-® hy(1)® @ Ny () ® - ® L)V, ® - ® 1,). (1.0.13)

For the right hand side of (1.0.12), h; acts only on the tensor factor H that corresponds to

the connected component I} in H** @y, V.



Next, we define the action of symmetric groups and the composition, while the unity
is just the identity map id, € PIf,’ (V)(1). The symmetric group S, acts on P}‘;’(V)(n) by
permuting the graph T, the tensor factors in V®" and the tensor factors in H®*. ForI' € G(n)
and o €S, o(I) is the graph obtained by permuting the vertices of I' by o. Note that this
will also induce a permutation & € S, of the connected components of I'. We let & act on

H®*. Explicitly, the action can be written as:
(Y (@ 8v,)=(F &, )Y (o, ® 8 1,). (1.0.14)

The composition is defined in terms of o-products, which is an equivalent way to giving
the composition directly provided that the associativity axiom holds. In general, Y o; X is
defined as inserting X into the k-th input of Y (see (3.1.11)). We start with the o,-product
for X € PE/(V)(m), Y € PS/(V)(n). Given a graph I € G(m + n—1), let A"-(T') € G(n)
denote the graph obtained by clasping the first m vertices into a single vertex in I, and let
A"-1(T') € G(m) denote the graph formed by the first m vertices and edges of I' (cf. the

cocomposition maps in (3.4.1)). Suppose that

ml

XA O @0 1,) =D (f1®+® fi) 8 X,(1, 8- 8 1), (1.0.15)
i

Yqul...l(r)(wl ® - ® wn):Z(gjl ®"'®gjt)®H yj(w1®~-~® wn)’ (1.0.16)
J

where x; : V®" — V and Vi V®" — V arelinear maps, and s, ¢ are the number of connected

components of A!-!(I') and A}*'-!(T), respectively. Then the o, -product is given by

(Yo, X)' (1) ®++ ® Uy i)
:(Y(X L,. 1))r(vl®"'®vm+n 1)
—Z (ﬁl ®-- ®ﬁs R1l®-- ®1)( (g]1)®g]2® ®g]t))®Hy]( ( ®:---

®vm ® fil(—2)®"'®ﬁ's(—2) : vm+1®"'®vm+n—1)))- (1.0.17)

For detailed explanations of (1.0.17), see Subsection 4.1.1. It is worth mentioning here that
the transformation (id ® S)A(f;x) = fikq) ® fik—2) plays an important role in the formula;
moreover, fi_ act disjointly on v, ® -+-® v, for different k. It is shown in Chapter
4.1 that Y o, X is indeed well defined and it is an element of Pﬁl(V)(m +n—1). One can



generalize the o,-product to the o -product. The formula is similar and is given by (4.1.23).
The additional step there compared to the o,-product is to keep track of the correct con-
nected component when combining the "coefficients" in H®¢*'~), Now that we have all
o-products, the composition of Xj, ..., X,, and Y is defined to be a sequence of o-products:

Y(Xl,. . "X}‘l) - (' . '((Y 0 XI)OM1+1 XZ).“)OM”,I-FI Xn, (1.0.18)

where M, is given by (3.1.2). With all ingredients ready, we proved that P<'(V) given above
is indeed an operad, which is done in Theorem 4.1.1. We verified the three axioms of being
an operad in terms of o-products. After this new operad Pﬁl (V) is established, we gave the
definition of a PPA. A PPA V is a commutative associative H -differential superalgebra with

a Lie superpseudobracket that satisfies the left Leibniz rule: for any a, b,c € V,
[axbcl=[axblc+(=1)PPPaxc]b, (1.0.19)
where [a x b]c is defined as

[axble = (f;®8i)® vi(a® b)giC), (1.0.20)

if [axb]=>,(f;®g;)®y vi(a® D) forsome f;,g; € H and linear maps v;: V@V — V.1Itis
not hard to see that [a x b]c is well defined. The right Leibniz rule below follows from the

left Leibniz rule:
[ab*c]=a[bxc]+ (=1 PPplaxc], (1.0.21)
where

albxcl= (djy® 1)@y (d;_ya)w;(bec), (1.0.22)
J

if[bxc]= Zj(dj ®l;)®y w;(b ® c). As in the PVA case, there exists a one-to-one corre-
spondence between the PPA structures on V with odd elements X € Wl(PIfIl (ITV)) such that
X0OX = 0. Explicitly, the correspondence is given by: for any such X and a,b €V,

ab=(=1)P9X " @aeb), [axb]=(-1YX"* *(a®b). (1.0.23)

After proving this theorem, some important examples of PPAs were given explicitly. When



H is commutative, we get direct analogues of PVAs in higher dimensions. In this case we
have H =F|[J,,...,0y] in place of F[J] and the A-bracket now becomes the vector version
A-bracket. Other examples, including the free superboson PPA, the free superfermion PPA,
the affine PPA and the W,, PPA, are obtained by taking the symmetric algebras of some
corresponding LPAs. For these examples, we assume H to be the universal enveloping

algebra of a finite-dimensional Lie algebra d.

After the construction of PPAs, we moved on to study the variational cohomology of a
PPA. We considered the cochain complex Cpp(P, M) =P, 5, C} (P, M) where P is a PPA and
M is a P-module. An n-cochain y € C/',(P, M) is a linear map from P®" to H®" ® ; M that
satisfies the H -multilinearity, the symmetry conditions and the Leibniz rule (cf. Section
6.1). The differential is given by (6.1.9). The cohomology of this complex is what we call
the reduced variational PPA cohomology of P (abbreviated the reduced cohomology of
P). If one replaces all ®; with ® in the cochain complex and the differential map above,
the resulting complex and its cohomology will be called the basic complex and the basic
cohomology, respectively. The relation of these two types of cohomology, together with
the information on the basic cohomology will help us compute the reduced cohomology.
This idea has been utilized already in [5; 6; 7; 13]. For this purpose, we studied the energy
operators on the two types of cohomology above when H is commutative, specifically
H =TF[d,,...,0y]. The energy operator N, is defined through a Virasoro element L; with

respect to ;. A Virasoro element L; is an element of P such that (in i-notation):

[LizLi]1=(0;+2A;)L;, (1.0.24)
and
Ligy:=1[Liz"l|320 =% (1.0.25)
8
L= [L , €End(P) is diagonalizable. (1.0.26)

A P-module M is called conformal with respect to L; if (1.0.25) and (1.0.26) hold with the

J-bracket replaced with the A-action. One can extend the f;-mode LM, ai (Liz)|3_, to

an energy operator N; on M [)Ll, e /In] by letting

M
=L () +Zé\k, T (1.0.27)



Then the energy operator N; on the reduced complex Cpp(P, M) is defined as:

~~~~~~~~~~~~

> i3, (@8 @ Liya 88 ay), (1.0.28)
fory € C;P(P, M). This induces an endomorphism, still denoted as NN;, on the reduced
cohomology since it commutes with differential map. One can also define the energy
operators N; on the basic complex Cpp(P, M) via the Lie derivative by L;:

N, —i((L i) (1.0.29)

i a A,l i) zzo' U,

It turned out that N; is given by the same formula (1.0.28) on the basic complex as N; on
the reduced complex. By Cartan’s formula, we have the important result that N is trivial on
the basic cohomology, or equivalently, the image of a cocycle under N; is a coboundary.

To relate the reduced and basic cohomology, we explored the spectral sequence associ-
ated to the Koszul complex built from the basic cochain complex EI?P(P, M). By construction,
regrading (N?I?P(P, M) (n>1) as an H-module with g; acting by (6.1.26), the Koszul complex
is:

N

0— Cn (BM) S En (b)) 22, 25 En p an() 2 &1 (B M) -0, (1.0.30)

with the differential ¢, given by (6.1.48). Moreover, d,,...,0y is a (NT}’,"P(R M)-regular se-
quence (for n > 1) and G;P(P, M)/(&'l 5}Z‘P(R M)+---+ 0y G;P(R M)) =Cpp(PM) (for n>0)
provided that P, as a differential superalgebra, is a superalgebra of differential polynomi-
als in even or odd variables (cf. Proposition 6.1.2). Hence, by Corollary 6.1.1, one has the
following exact sequence:

N

~n N ~n ) v P2 ~p M) 91 =y € n
0— Cr (M) Cr (P M) =) 222 En (p (D 2 En (P M) S (P M) —0,
(1.0.31)

where € : C;P(P, M)— C},(P,M)is the quotient map. Considering this exact sequence for all
n > 1, oneindeed has a double complex, to which we can associate a spectral sequence. This
spectral sequence collapses at the (N +2)-th page (cf. Lemma 5.3.1). We have shown that

there exists a medium exact sequence on the N -th page of this spectral sequence (Theorem



5.3.3). This is true for any spectral sequence associated to a double complex arising from
an exact sequence, which can be thought of as a generalization of the well-known fact
that a short exact sequence induces a long exact sequence on cohomology (which is the
N =1 case). We have applied these results to (1.0.31) for the case H =F[J,, J,]. Under this
assumption, the spectral sequence collapses at the 4-th page and one has the following
exact sequence on the 2-nd page of the spectral sequence (see the proof of Theorem 6.2.1):
0— H(H"(C)e H"(C)) & H"(C)/im"e, 2 ker""(g,), & H(H™Y(C))—0.
(1.0.32)

Furthermore, we chose polynomials of N; (i = 1,2) for each (p, g)-term on the 0-th page of
the spectral sequence. By doing so we obtained an endomorphism of the double complex
that commutes with the differentials of the double complex in both directions. This endo-
morphism induces an endomorphism on each page of the spectral sequence (Proposition
6.2.5). In particular, the induced endomorphism commutes with the differential d, on the
r-th page for all r. It is also true that this endomorphism commutes with the connecting

homomorphism 8,, in (1.0.32) above.

With there results discussed above, as the second main result of this thesis, we proved
that the energy operators N, and N, have only eigenvalues 0 and 1 on the reduced coho-
mology (see Theorem 6.2.1). This theorem imposes strong constraints on the cohomology
in high dimensions for some PPAs. As an application of this theorem, we computed the
reduced cohomology of the free superfermion PPA F, with coefficients in the adjoint mod-
ule when H =F[J,, 3,]. The only nontrivial cohomology group turns out to be at degree 0
(Theorem 6.3.1):

dim(H,,(F, F))=0,0, n>0. (1.0.33)

The thesis is organized in the following way.

In Chater 2, we reviewed the following basic materials of Lie pseudoalgebras: the def-
inition, basic properties and two examples of Hopf algebras, the Fourier transform, the
definition of pseudotensor categories, the definition of Lie pseudoalgebras and examples
of Lie pseudoalgebras.

In Chapter 3, we reviewed the following material related to operads: the definition of an

operad and the o-product formulation, the construction of the universal Lie superalgebra

10



of an operad, the €hom operad that governs the LCA structures and the classical operad
P¢! that governs the PVA structures.

In Chapter 4, we constructed the new operad PHC,’ , which is called the generalized classi-
cal operad. We proved our first main result: P<' so defined is indeed an operad. Then we
defined the PPA structure and showed that PS' governs the PPA structures. We gave some
important examples of PPAs at the end of the chapter.

In Chapter 5, we reviewed the definition of a first quadrant cohomological spectral
sequence and the spectral sequence associated to a double complex. In the last section
of the chapter, we applied the spectral sequence tool to an exact sequence and showed
that for an exact sequence of complexes that contains K nonzero complexes, one has a
medium exact sequence on the (K —2)-th page.

In Chapter 6, we first discussed some general theory of PPA and defined the Virasoro
elements in a PPA P, which is then extended to energy operators on the cochain complex
and the cohomology (both reduced and basic) for H = F[J,,...,dy]. In particular when
H = TF[7J,, ,], we proved the second main result of this thesis: the energy operators N,
and N, only have eigenvalues 0 and 1 on the reduced cohomology. With this theorem,
we computed the cohomology of the free superfermion PPA F, (for H = F[J,, 6,]) with
coefficients in the adjoint module.

In Chapter 7, we listed some of the open problems that are related to the topic (but

beyond the scope) of this thesis for future reference.

Unless otherwise specified, all vector spaces, linear maps and tensor products without
any subscript are considered over an algebraically closed field F of characteristic 0. The
set of all non-negative integers is denoted as Z,. We may sometimes suppress the word
"super" and just say, for example, "Poisson pseudoalgebras" instead of "Poisson superpseu-
doalgebras" to avoid making the word overwhelming. It should be clear from the context
if a super case, or just the even case is considered (or maybe just not important in that
discussion).

11



CHAPTER

2

LIE PSEUDOALGEBRAS

As an important building block of Poisson pseudoalgebras, we review some basic facts of
Lie pseudoalgebras needed in further discussions in this chapter. With appropriate signs
added, these notions can be extended to the super case without much difficulty. For more

detailed and in depth discussions of Lie pseudoalgebras, we refer the reader to [1].

2.1 Hopf algebras

The construction of Lie pseudoalgebras starts with a left module of a Hopf algebra. In this

section, we review some notions of Hopf algebras that can be found in [1] and [28].

2.1.1 Definitions and properties of Hopf algebras
Definition 2.1.1 ([28]). A Hopfalgebra H is a bialgebra with an antipode.

We denote the coproduct of H by A: H — H ® H, the antipode by S : H — H and the
counit by €. With Sweedler’s notation (cf. [1; 28]), we have the following equalities which

will be useful in the computations later:

12



A(h):h(1)®h(2), (211)

and the coassociativity of A:

We also have the axiom of the antipode and the counit:

e(h) = h(_l)h(z) = h(l)h(_z) (2].5)
which imply:
h(l) ® h(_z) ]’l(g) =h®l= h(l) ® h(z) h(_3) (218)

A Hopf algebra is called cocommutative if its coalgebra structure is cocommutative, that
is 7y ® hyp) = hp)® hyy). In this thesis, we will only consider cocommutative Hopf algebras. It is
worth to know a non-cocommutative (four dimensional) example would be the Sweedler’s
Hopf algebra (cf. [9]).

Definition 2.1.2. An H -differential (super)algebra A is an associative (super)algebra which
is also a left H-module such that the multiplication is a homomorphism of H -modules, that
is:h-(xy)=(hyx)(hyy) foranyhe H and x,y € A.

2.1.2 Fourier transform

Given an arbitrary Hopf algebra H, we define the Fourier transform the map % : H® H —
H®H,

Z(feg)=(f 1S SIDAR)= fg 1) ® o) (2.1.9)

13



The inverse Z': H® H — H ® H is given as:

F(feg)=(fe1)Alg)= g1 ® 8y (2.1.10)

Straightforward calculation using (2.1.4) and (2.1.7) shows that:

feg=7(Z(fo8)=(fg)®Agy): (2.1.11)

An important consequence of (2.1.11) is: let H ® H be a right H module with the action
by coproduct, and M a left H module. Suppose (f ® g)®y m € (H® H)®y M, it can be

written as:

(feg)®ym=(fg-1®1)®y gym (2.1.12)

We call this process straightening by making the second tensor factor equal to 1.

2.1.3 Two important examples of Hopf algebras

In this section we lay out two well-known important examples of cocommutative Hopf

algebras: the group algebra and the universal enveloping algebra of a Lie algebra.

Example 2.1.1. Given a group G, the group algebraF[G] is a cocommutative Hopf algebra
with the coproduct: A(g)= g ® g, the counit (g) =1 and the antipode S(g)= g~ forany g €
G.

Example 2.1.2. For a Lie algebrad, its universal enveloping algebra U (d) is a cocommutative
Hopf algebra with the coproduct: A(a)=a ® 1+ 1® a, the counit e(a) =0 and the antipode
S(a) =—a forany a €0. In particular, if 0 is a one dimensional Lie algebra spanned by 0,
U (0) is the polynomial algebra F[0 .

Remark 2.1.1. For an arbitrary Hopf algebra H, if g € H is such that A(g) =g® g, itis
called a group-like element of H. Note by (2.1.5) and (2.1.6), €(g)=1 and g~' = S(g). The set
of all group-like elements G(H) of H forms a group. In addition, all elements h € H such
that A(h) = h® 1+ 1® h are called primitive, and they form a Lie algebra P(H) with the
commutator bracket. The group G(H) acts on P(H) by inner automorphisms: g-p =gpg~!
forany g€ G(H) and p € P(H).

Remark 2.1.2. It is a theorem of Kostant that any cocommutative Hopf algebra over an
an algebraically closed fieldF of characteristic 0 is isomorphic to the smash product of the
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universal enveloping algebra U(P(H)) and the group algebra F[G(H)] [28]. For the purpose
of Lie pseudoalgebras, we can and will reduce to the case when H is a universal enveloping

algebra [1].

2.2 Pseudotensor categories

In this section, we review the definition of a pseudotensor category, which was first intro-

duced by Lambek [19] under the name multicategories.

Definition 2.2.1 ([8]). A pseudotensor category is a class of objects ./ together with vector
spaces of "polylinear"” maps Lin({L;};c;, M) between these objects, equipped with actions of
the symmetric groups among them and composition of these maps, satisfying the following

three properties:
1. The composition of maps is associative;

2. There exists a unit element 1), € Lin({M }, M) for any object M, such that: 1(f) =
f(®ier 11,)=f forany f € Lin({L;}ic;, M);

3. The compositions are equivariant with respect to the natural action of the symmetric

group.

Example 2.2.1. A familiar example is the vector spaces with the maps defined as the usual

Hom spaces:
Lin({L;}ie;, M) := Hom(®;¢; L;, M),

where the symmetric group S; acts by permuting the elements in®,.; L; and the compositions
of maps are just the usual ones. In this case we have a pseudotensor category of vector spaces.

Example 2.2.2. Another example is to consider objects as left H-modules, where H is a
cocommutative bialgebra with coproduct A. Still take the Hom space but over H this time:

Lin({L;};e;, M) := Homy(®;e; L;, M).
Note that H acts on ®,c; L; by the iterated coproduct:

h'(g1®"'®gn):h(l)g1®"'®h(n)gn’
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which is well defined because of the coassociativity of the coproduct. The symmetric group
action and compositions are as in the previous example. In this case, we get a pseudotensor

category of left H -modules.

Example 2.2.3. Another pseudotensor category, which allows us to introduce the notion of a
Lie pseudoalgebra, can be defined as follows. Consider left H -modules as above and define
the maps as:

Lin({L;};er, M) := Homye:(Rje; L, H®' @5 M).

Here we consider Rc; L; as a left H®' -module by letting the jth copy H in H®' actson L;.
H®' ', M is a left H®' -module by letting a - (b ®; m) = (ab)®y m fora,b € H®'. The
action of the symmetric group is by permuting the factors in®;c; L; and H®' simultaneously.
To write the composition of maps explicitly, let f € Homye:(R;c; L;, H®! ® ; M) and g; €
Homyer(Rje), Nj, H®'i®y, L;), andm: ] =U]; — I be a surjection that sends J; toi € I . Then

for®c; nj €Ric;N;, we have

(F@es8®1es n)= D (®ier ) (AT(b) &y v,

St

Si Si Si f Si
gi(®j€]inj):Zai Ry li y a; EH], li eLi’
Si

and
f(®ieflf")=zbt®H v, b'eH®, v>'eM,
t

where S denotes the multiple index | |, s; and A™ is the iterated coproduct determined by
7. For example, if - {1,2,3} — {1,2} is such that (1) = 7(2) = 1 and (3) = 2, A™ = A® id; if
m(1)=1 and 7(2) = 7(3) =2, A® = id® A. The idea is to expand the i th component to match
J; partin J.

Intuitively, we may think that the composition happens on both the "coefficient" H®!
part and the "vector" M part. The composition of vector parts follows the usual compo-
sition as in earlier examples. The composition of coefficient parts is incorporating the
corresponding coefficients from lower level maps into the coefficients of higher level maps
after expanded by an iterated coproduct. With this composition, we get a pseudotensor

category which is denoted as .Z*(H).

16



Definition 2.2.2. An operad is a pseudotensor category with only one object.

Remark 2.2.1. Note that above we only consider the even case. In Chapter 3, we will discuss
superoperads, which are essentially the same except appropriate signs are added. Another

equivalent description for superoperads is also presented there.

2.3 Lie pseudoalgebras

2.3.1 Definition of Lie pseudoalgebras

Definition 2.3.1 ([1]). A Lie algebra in a pseudotensor category ./ is a pair (L, 3), where
L is an objectin #, and B € Lin({L, L}, L) satisfies the skew-symmetry and Jacobi identity
below:

» skew-symmetry:  =—0 .3, whereo,, =(12) € S,.
* Jacobi identity: f(B(-,), )= B, B())—01B(, B(,-)), hereo, =(12)(3) € S;.

Definition 2.3.2 ([1]). A Lie H -pseudoalgebra is a Lie algebra in the pseudotensor category
M*(H).

Remark 2.3.1. We can also define an associative algebra in a pseudotensor category M
as a pair (A, u), where A is an object in ./ and u € Lin({A, A}, A) is a product such that
u(ul,-), )= ul, ul-,-)). The commutativity condition is just u = o, where g, =(12) € S,.

For a Lie pseudoalgebra, we specify all properties encoded in Definition 2.3.2 and have

a more explicit version of the definition below:

Definition 2.3.3 ([1]). A Lie pseudoalgebra is a pair (L, ), where L is an object in .#*(H),
and f3 € Lin({L, L}, L). B is called a pseudobracket and written as|-*-], satisfying the following
properties foranya,b,c €L, f,g€ H ando =(12)€ S, :

* H-bilinearity:
[faxgb]=(fe®g)®naxb] (2.3.1)
o Skew-symmetry:

[bxa]=—(0 ®, idaxb]; 2.3.2)
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* Jacobi identity:

[ax[bxc]]—(o®id)®y id)[bx[axc]]|=[[axb]*xc]. (2.3.3)

Note that [ax[b * c]] and [[a * b]* c¢] are in H®*® ®;; L and should be computed using the
composition in ./ *(H).

In the next example we see that a Lie conformal algebra is a special case of a Lie pseu-
doalgebra. First recall the definition of a Lie conformal algebra introduced by Kac [17].

Definition 2.3.4 ([17]). A Lie conformal algebra over a fieldF is an F[J]-module A equipped
with a linear map overF, called the A-bracket, [-,-]: A® A — A[A] subject to the following
axioms:

* Sesquilinearity:

[0a;b]=—Ala,b],
[a;0b]=(0 + A)a,b]; (2.3.4)
e Skew-symmetry:
[axb]=—[b_,_sal; (2.3.5)
e Jacobi identity:
[axlb,cll=lar by, cl+[bylasc]]. (2.3.6)

To define a Lie conformal superalgebra, we only need to add appropriate signs in the
axioms above in Definition 2.3.4: the sesquilinearity stays the same; multiply by (—1)P(@r(®)
the right-hand side of the skew-symmetry equation; and insert a factor (—1)?@?) before
[b,[a;c]]. Here p(a) here denote the parity of a. A and u are regarded even. These signs

follow the Koszul-Quillen rule: every time we swap two odd elements, we change the sign.

2.3.2 Examples of Lie pseudoalgebras

Below we list a few examples of Lie pseudoalgebras (cf. [1]).
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Example 2.3.1. Lie conformal algebras: a Lie conformal algebrais a Lie F |0 ]-pseudoalgebra.
The pseudobracket is identified with the A-bracket via: A =—0 ® 1. For example, the Virasoro
Lie conformal algebra is defind as the F[0 |-module:

Vir=F[3]L, [L,L]=(3+2A)L. 2.3.7)

We will see later that Vir is indeed a special example of W (0) (cf. Example 2.3.3) after we
identify the A-backet with the pseudobracket.

Example 2.3.2. Current Lie pseudoalgebras: Let H' be a Hopf subalgebra of a Hopf algebra

H
H

for short, is defined to be H ®, A, with the pseudobracket extended by H -bilinearity from
that of an H' -pseudoalgebra, which is given as follows: forany f @ a, g®y b€ HQ®y A,

H, and A be an H' -pseudoalgebra. A current H -pseudoalgebra Cur 7}, A, also written as Cur A

[(f ® a)x(g ® b)] = (f ® g)®y 1)axb]
=D (ffi®ggey(ley ) (2.3.8)

if [axb]=>_(fi ®g:)®y e;. One can verify that Cur A with this pseudobracket is a Lie
H -pseudoalgebra. In particular, if H' is the base field F, a Lie F -pseudoalgebra g is indeed
just a usual Lie algebra, and Cur g = H ® g with the pseudobracket:

[(f®a)x(g®b)]l=(f®g)eu(l®]a,b].

Example 2.3.3. Primitive pseudoalgebra of vector fields W (0): Let H = U (0) be the universal
enveloping algebra of a finite-dimensional Lie algebrad. Then W (0) is defined as W (d) = H®0
with the pseudobracket: for f ®a,g® b € H®0,

[(fea)x(g@b)]=(f®g)®y(1®[a,b])~(fe®ga)®y(1eb)+(fb@g)ey(1®a). (2.3.9)

One can check that W (0) is a Lie pseudoalgebra. In fact, for an N -dimensional Lie algebra d
(N > 1), the annihilation algebra of W () is H*®y W (0) = H*®0, which is the Lie algebra Wy, .
Elements of Wy are continuous vector fields on the topological algebra Oy =F|[t,,..., tx]],

the formal power series over F in indeterminates t,, ..., ty.
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For Lie algebras of vector fields, we also consider some subalgebras of Wj,: the vector
fields Sy that annihilate the standard volume form, the vector fields Hy that annihilate the
standard symplectic form, and the vector fields K that preserves the standard contact
from up to some formal power series in 0. The famous theorem by E. Cartan (see [15])
concludes that any infinite-dimensional simple linearly compact Lie algebra is isomorphic

to one of the topological Lie algebras Wy, Sy, Hy or K.

Similarly to the Lie algebra case above, one can also define subalgebras of W (d) whose
annihilation algebras are Sy, Py and Ky, respectively (here Py is a non-trivial central ex-
tension of Hy). For details of the construction, we refer the reader to [1]. Here we will call
these subalgebras of type S(0), H(?) and K (0). A Lie pseudoalgebra of vector fields is called
primitive if it is one of: W (0), S(9), H(0) or K (). The classification theorem for the finite
(finitely generated as an H-module) simple Lie U (d)-pseudoalgebras by B. Bakalov et al. is
the following:

Theorem 2.3.1 ( [1]). For a finite-dimensional Lie algebra 0, any finite simple Lie U(?)-
pseudoalgebra is isomorphic to a current pseudoalgebra over a finite-dimensional simple

Lie algebra or over one of the primitive pseudoalgebras of vector fields.
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CHAPTER

3

OPERADS

In this chapter, we review some material from [3]. We recall another equivalent definition
of an operad by formulating the composition in terms of circle products. This allows us to
construct the universal Lie superalgebra associated to an operad. It turns out that, depend-
ing on the operad taken, there is a one-to-one correspondence between some elements in
the associated universal Lie superalgebra and some specific algebra structures. For more

detailed reviews about operads, readers can see [21] and [22].

3.1 Definitions of an operad

3.1.1 Axioms defining an operad

An operad is a pseudotensor category with only one object. We list the axioms explicitly

below for a (linear, unital, symmetric) superoperad.

Let P(n), n >0, be a collection of vector superspaces with parity p. Suppose f € P(n),
g; € P(m;) for my,...,m,, >0and M, = m; +---+ m,,. The composition of f and g; is the
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parity preserving linear map:

P(n)® P(m,)®---® P(m,)— P(M,),
[88:® - ®g,— f(§1® - ®g,)

* Associativity axiom: suppose h; € P(l;) for j = 1,...,M,. The associativity of the

composition is the following equation:

f(&® - ®g,) & ®hy))=(f(g® - ®g) I ®®hy,). (3.1.1)

In the left-hand side of (3.1.1), for kK =0,..., n, let
k
M, :z g, (3.1.2)
=1

then

(8:1®®g,)(h®--®hy)

where the sign

+= (_1)2i<j,Mi_1<k§Mi p(g;)phi) (3.1.4)

follows the Koszul-Quillen rule mentioned earlier.

¢ Unity axiom: there exist a unit 1 € P(1) such that:

fde®---®1)=1(f)=f, foranyf eP(n). (3.1.5)

e Equivariance axiom: there is a right action of the symmetric group S,, on P(n), n > 1:

P(n)xS, — P(n),
fro—-f.
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The equivariance axiom holds if: forany 7, €S, ,...,7, €S, ,

where

(0T T W1 @@ Uy, ) =T (T1( @ @ Upg, )@+ ® T, (U, 41 ®

and

0(81®®8,)=€,(0)8r11)® " ® go1(m))-

Here the sign factor €4(0) is defined again by the Koszul-Quillen rule:

eg(0)= l_l (—1)P&PLE),

i<jlo(i)>o(j)

A direct calculation shows that:

€g(0T) = €1(g)(T)E4(T).

parity p such that the associativity, unity and equivariance axioms above hold.

(3.1.6)

® Uy, ))
(3.1.7)

(3.1.8)

(3.1.9)

(3.1.10)

Definition 3.1.1. A superoperad P is a collection of vector superspaces P(n), n > 0, with

We will use the term operad in place of superoperad for simplicity in the following

3.1.2 o-product formulation

in Section 4.1, we use X, Y, Z in place of f, g, h in this subsection),

o;:P(n)x P(m)— P(n+m—1),
Yo, X=Y(1®--018X®1®:--®1),
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For an operad P, one can define the o;-product as the insertion at the ith position. To be

precise, for any Y € P(n) and X € P(m) (In order to be consistent with the notations used

(3.1.11)



where X is inserted at the i-th position in the tensor product above. By the associativity
axiom, we have forany Y € P(n), X, € P(my), k=1,...,n:

Y(X,®--®X,)=(((Yor X1)opn, 1 X)) om, 41 X (3.1.12)

assuming all o;-products are known. In fact, the associativity axiom is equivalent to the
following identities: for any X € P(m), Y € P(n)and Z € P(l):

(—l)p(y)p(x)(z Oj X) Oitm—1 Y, if 1 < ] < i,
(Zo;Y)o; X=1Zo;(Yo; ;;, X), ifi<j<i+n, (3.1.13)

(—1)PIPE(Z o, 0y X)o; Y, ifi+n<j<n+l.
Moreover, the unity axiom (3.1.5) is equivalent to:
lo,Y=Yo;1=Y, forany i=1,...n. (3.1.14)
And the equivariance axiom (3.1.6) is equivalent to:
Y9 0, X7 =(Y o) X) . (3.1.15)

Note that the o;-products of permutations are defined similarly as above (cf. (3.1.7)): for
oceS,andTt€eSs,,;:

oo;t=0(l,...,1,7,1,...,1)€8,,, 1, (3.1.16)

where 7 is inserted at the i-th position. One can check if these axioms hold by checking
(3.1.13), (3.1.14) and (3.1.15). In particular, for (3.1.13), the third identity is equivalent to the
first one after flipping the equality; this further simplifies the verification process. Another

observation is that the o,-product is associative, which is obvious from (3.1.13).

3.2 Universal Lie superalgebra associated to an operad

Before introducing some examples of operads, we review the construction of the universal
Lie superalgebra associated to an operad.

Suppose P is an operad. For n > —1, Define W, to be the set of all permutation invariant
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elements in P(n + 1), that is:
W,={fePn+1)|f°=f,foranyo €S, }. (3.2.1)

Let W(P)=@&D,._, W, be a Z-graded vector superspace. Next, we define the O-product as
follows: forany f € W, and g e W,,,

fog= > (for8) " € Wan. (3.22)

Uesm+1,rz

Here S, ,, is called the subset of (m, n)-shuffles of S, ,;:
Smn=10€S, ,|c(1)<---<o(m), c(m+1)<---<o(m+n)}. (3.2.3)

A quick example that will be useful later is for f, g € W, their O-product is by definition:

fog=> (fog)"

0682_1
=fo,g+(for )% +(fo g)""
=fo,g+(fo,8)®+(fo, g
=fo,g+fo,g+(fo,g)?. (3.2.4)

The last equality follows from the equivariance axiom (3.1.15), S, ; = {(1),(23),(123)} and the
fact that (23) = (132)(12) and (132) = (12) 0, (1). Another example iswhen f € W, S,,,.; _, =0,
then fOg =0 is trivial. Consider the commutator bracket of the O-product:

[f,g]=fog—(—1)PVr®gnf. (3.2.5)

Theorem 3.2.1 ([3]). W(P) is a Z-graded Lie superalgebra with the bracket given by (3.2.5),
called the universal Lie superalgebra associated to the operad P.

3.3 Operad governing Lie conformal superalgebras

In this section, we review the €hom operad, which governs the Lie conformal superalgebra
structures from Chapter 2.
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3.3.1 The ¢hom operad

Let V be a vector superspace with an even endomorphism J. The €hom(V') operad is
defined as the following collection of vector superspaces:

Chom(n)=Homg;zpen (V" F[A},...,A,]1®ps V), 120, 3.3.1)

with the parity induced by that of V. In the right-hand side of (3.3.1), V®" is an F[J]®"-
module since by assumption V is an F[J]-module, the action is componentwise. Here
Al,..., A, are commuting indeterminants that are even. F[A,,..., A, ] is aleft F[d]®"-module:
0,=1®---®0 ®---®1 (0 is at the i-th position) acts as multiplication by —A;. Meanwhile it
is a right F[d]-module: d acts as multiplication by —A; —---—A4,,.

For small n, it is not hard to see that €hom(0) = V/0V and €hom(1) = Endg(V). In

.....

fron, (1 ®®00;®-0v,)==A;f, 1 (Vi...0,). 3.3.2)

..........

Note, in particular, that any element in €hom(2) can be identified with a A-bracket that

satisfies the sesquilinearity (2.3.4) in the definition of a Lie conformal superalgebra.

The composition in €hom is defined as follows: let f € Chom(n), g; € Chom(m;), i =

1,2,...,n.Set M; :Zj.zl m; and y, =Z?2M;1+1Aj fori=1,...,n.Then

=% fym (8., )LMI(UI ®---® UM1)®"'®(gn)7LMn71H ..... AMn(VM,HH ®---®uy ), (3.3.3)
where the sign = is given by the Koszul-Quillen rule:

4+ = (_1)2,-<j PEPUaM;_y+1)++p(vn,)) (3.3.4)

The unity is the identity map on V: id, € €hom(1), which implies the unity axiom im-
mediately.

The right action of S, on €hom(n) is defined by permuting the A’s and the tensor factors
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simultaneously: forany o €S,

=€,(0) fxa_l(l),...,/xg_l(n)( Ug-1(1)® " ® Ug-1(n))s (3.3.5)

where €,(0) is given by (3.1.9).

It is not difficult to check that the associativity axiom and the equivariance axiom hold
with the composition and the right action of S, defined above; see [3]. Hence, €hom is an

operad.

3.3.2 The ¢hom operad governs Lie conformal superalgebras

To see that the €hom operad governs Lie conformal superalgebras, consider the following
construction: for a vector superspace V with parity p, and an even endomorphism 2, let p =
1— p denote the reverse parity of p, and I[1V denote the same space as V but with parity p.
0 is also an endomorphism of ITV . For the operad ¢hom(I1V), let WO(ITV) = W(¢Chom(I1V))
be the universal Lie superalgebra associated to it, and consider the set of elements:

S={X e W(IIV))| X is odd and XOX = 0}. (3.3.6)
Theorem 3.3.1 ([14], [3]). There exist a bijective correspondence S «— A given by:
[a,b]=(—1)"X, _, s(a®b), anya,beV, (3.3.7)

where A is the set of all A-brackets [-5-]: V x V. — V[A] on the Lie conformal superalgebra V .

Proof. Pick any X € S and let A, u be the indeterminates. By definition, X, , : IV ® IV —
F[A, u] ®p(s; [1V. Moreover,

X, (0a®b)=—AX, (a®D),
Xyula®db)=—uX, (a®b)=(A+0)X,  ,(a®Db), (3.3.8)

which is equivalent to the sesquilinearity of the A-bracket. The assumption that X is odd
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with respect to p indicates:
p(laxb])=p(a)+p(b)+1, (3.3.9)
which is equivalent to:
p(la,b]) = p(a)+p(D), (3.3.10)

that is the A-bracket is parity preserving (with respect to p). The skew-symmetry of the

A-bracket is equivalent to the assumption that X is symmetric, that is X (12) = X since:

—(=1)P PO b, sal= (1) [b al
= (—1)*+P@p X Ab®a)
= (—1)HP@p(b)+p(b)+pla )p(b)Xﬁ.u (a®b)
=(-1“X; (a®b)
=[a,b]. (3.3.11)

It is left to see that the Jacobi identity is equivalent to XOX = 0, which follows from the
calculation below: by (3.2.4),

(XOX)y(a®b®c)=(Xo, X),, (a®b®c)+(X0, X),,(a®b®c)
+(X 0, X)32) (a®b®C)
=X (X (a® D)@ )+ (1K o (a® X, (b ® )
+ (1P PERPEIX (b @ X, (a®c))
:(_I)P(a)w(u)ﬂ?(b)[[alb ]l+u cl+ (_l)l—p(a)ﬂ?(b)w(a)[al[ bu cll
+ (_1)P(a)(l—n(b))+p(a)+n(b)[ bu[a;xc 1]

=P ([azblucl—lalb,cll+ )P PP b lascl).  (33.12)

Thus XOX =0 is equivalent to the Jacobi identity. O

28



3.4 The cooperad of n-graphs

3.4.1 n-graphs

The goal of this section is to review some basic notions about graphs from [3], which are
necessary ingredients of the operad that we will introduce later. For n > 1, an n-graphT'is a
set of vertices V(I') labeled from 1 to n and a collection of oriented edges E(I') between them.
Let G(n) denote all graphs without tadpoles (edges that start and end at the same vertex),
and Gy(n) be the set of all acyclic n-graphs, which are graphs in G(7n) with no (unoriented)
cycles, including multiple edges. By convention, we let G,(0) = G(0) be the set consisting of
a single element (the empty graph, with no vertex).

Example 3.4.1. For n=1, the only graph in Gy(1) = G(1) is a single vertex. When n = 2, there
are 3 graphsT in Gy(2):

e o —>e o«—o
1 2 1 2 1 2
() ET)=0 (b) EM)={1—2} (© EM)={2—1}

For n =3, the graphs in Gy(3) are the following, with any combination of directions on the
edges:

o o o oo o o oo o o o
1 2 3

1 2 3 1 2 3 1 2 3
(a) (b) (© (d)

For an n-tuple of positive integers (m,, ..., m,), and M; defined as in (3.1.2), we define
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the cocomposition map A" as follows [3]:

A" G(M,) — G(n)x G(my) x --- x G(m,),
T — (A" (D), A"""(T), ..., A"="n(T)), (3.4.1)
where:

1. AJ"""(T) is the graph obtained by clasping the m; vertices in group k into a single

vertex, or in other words, for each 1 < k < n, identifying all m, vertices in Group k;

2. Foreach 1<k <n, A" (I)is the graph obtained by taking all m, vertices in Group
k and all edges between them.

We will call A;"~"""(T') Subgraph k of T.

Example 3.4.2. Consider the following graphT € G(10) with (m,, m,, ms, my) =(2,4,1,3),

where the dashed circles denote the groupings. By definition of the cocomposition map, after

relabeling the vertices starting from 1, we have:

A§413(I‘) _ /—\ /\

o Y ° ®

AP = o o

1 2
AFB(M) = ° o— o °
1 2 3 4

30



1
APRD)= oo o
1 2 3

Another notion we will need is the external connectedness defined below:

Definition 3.4.1 ([3]). For an n-tuple of positive integers(m,, ..., m,), let M; be defined as
in(3.1.2), andT € G(M,,). Foravertexk €{1,...,M,} and a group j €{1,...,n}, suppose k is
in group i, that means M;_,+1 < k < M;. We say that j is externally connected to k if there
exists an unoriented path (without repeating edges) between j and i in A" """ (T), and the

edge connecting i is the image under A of an edge inT that starts or ends at k.

The set of j’s that are externally connected to k is denoted by &(k) as asubsetof {1,..., n}.

Given a set of variables x,..., x,,, we define:

X(k)= Z X; . (3.4.2)

jeé(k)

Example 3.4.3. For the graphT € G(10) from Example 3.4.2, we have:

X(7)=X9)=0, X(i)=x;+x,+x, forallotheriec{l,...,10}. (3.4.3)

3.4.2 Properties of the cocomposition map of n-graphs

The properties of the cocomposition map of n-graphs listed in this section will be needed
in the sequel. In fact, (G(n), A) defines a cooperad, which is a dual notion of an operad [21].
The notion of a cooperad is not needed later, so we focus on the properties themselves

here.

Lemma 3.4.1 ([3]). For any positive integers m,,..., m,, there is a natural bijection:
A:EM)— E(A ™ D)U EA™ " (D)U--- 1 E(AM™-"(T)). (3.4.4)

Proof. This is true because an edge in I' is either contained in one of the n subgraphs, or it

connects two different subgraphs; hence, its image under A is in A;"""(T). ]
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Lemma 3.4.2 ([3]). Foran oriented cycle C € E(') in an n-graphT, either A(C)C E (A;"l“‘m")
forsome1<i<norA(C)NE(A,""™(T)) is an oriented cycle in Ay """ (T).

Proof. If C is contained in some Subgraph i, then A(C)C E (A;nl'“m”). Otherwise, the set of
edges connecting different subgraphs in T, which is A(C)N E(A;"""(I)), gives an oriented
cycle in Ay (). O

For the rest of this subsection, we review the coassociativity and the coequivariance of
the cocomposition map. The coassociativity is essentially the associativity of the cocompo-
sition map.

For positive integers my, ..., m,, let M; be defined as in (3.1.2), and [,,..., I be M,
positive integers. For i €{0,...,M,} and j €{1,...,n}, let

L= Z 1, (3.4.5)
n=1

M;

K= > I (3.4.6)

m:Mj_1+1

Proposition 3.4.1 ([3]). (Coassociativity) The cocomposition map A given by (3.4.1) of

graphs satisfies the following coassociativity conditions: for a graphI' € Gy(L,, ),
1. A" (AYM () = AS-5(T) € G(n);
2. A= (AL (1)) = AL (ARK (D) € Gomy) fori=1,...,n;
3. Ay )= AMM AR € Gly, ;) fori=1,..,nand j=1,...,m;.

A detailed "pictorial" proof can be found in [3]. The claims become natural if the intu-
ition behind is understood: A, simplifies the graph by clasping the subgraphs into vertices
based on the groupings given and A, (i # 0) just picks the i-th subgraph.

The symmetric group S, (n > 1) acts on an n-graph I' € G(n). For a permutation o €S,
the action o(I') is defined by relabeling (permuting) Vertex i to o(i). This action restricts to
an action on Gy(n).

Example 3.4.4. Suppose that o =(12)(354) € S5 and T € Gy(5) is the graph below:
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Then o(T') is the graph:

. /\

- o———0 [ ) o+—©O

The coequivariacne of the cocomposition map is the following:
Proposition 3.4.2 ([3]). (Coequivariance) For any positive integers m,, ..., m, (n > 0), any

permutations o €S, 7, €S,,,, i =1,...,n,andI' € GO(Z?Z1 m;), we have

A"t ((o( ..., T,))E)) = (0 (A0 (D), Toam(Bntin) @), - Taam(Bntion D),
(3.4.7)

where o(74,...,7,) is given by (3.1.7).

A "pictorial" proofis given in [3]. The intuition here is similar to the coassociativity case.
One only needs to keep track of the subgraphs (and the simplified graph under A;) under
these permutations and the result will follow.

3.5 Operad governing Poisson vertex superalgebras
Similarly to the Lie conformal superalgebra case, one can construct an operad goverining

Poisson vertex superalgebras, which will be called the classical operad and denoted as
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P¢!. We review the definition of the classical operad and its connection to Poisson vertex

superalgebras. The details can be found in [3].

3.5.1 The classical operad P°!

Let V be a vector superspace with parity p and an even endomorphism &. The classical
operad P¢! is defined as the collection of vector superspaces P¢(n) with the parity induced
by the parity of V: f € P¢!(n)if it is a map

FiGM)X Vo = VA, AN + A+ + 1), (3.5.1)

.....

polynomial in A,,...,A,, denote the image of (I', v; ® ---® v,,) under f. Then f satisfies:

* two cycle conditions:

1. For any I & Gy(n), thatis T contains a cycle,
ff=o. (3.5.2)

2. For any oriented cycle C c E(T) of T,

D> fhe=o. (3.5.3)

ecC

* two sesquilinearity conditions:
suppose I'is the disjoint union of its s connected components, I' =T; LI--- LT}, and for

component k, the vertices in it are denoted as V.

1. Forany i, j € V; forsome k €{1,...,s},

0 0
a_)(,lf;i ..... )Ln(l)1®"'® Un): 6_A]f’1rl ’’’’ An(l/l®"'® Un)' (354)
2. Forany k €{1,...,s},
L @@ eu)==A,f, (&8, (3.5.5)

where &, = Zier(l ®--®0J®---®1) (0 at the i-th position in the tensor product)
and A, =Y., A

i€V
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Remark 3.5.1. Applying the two cycle relations on a cycle of length 2, one sees that changing
the orientation of a single edge in an n-graph T amounts to a sign change of . The second
sesquilinearity condition (3.5.5) is also true for the whole graphT rather than on a connected
component k, that is:

L (1 ®®U,). (3.5.6)

.................

The composition of maps in P¢! is defined as follows. For positive integers m, ..., m,, (n >
1), let f € P¢/(n) and g; € P°!(m;)fori =1,...,n. Set M; = Z;zl m; for i =0,...,n and
U; :ZMi Ajfori=1,...,n.SupposeI € G(M,); then

J=M;1+1
(f(gl,...,gn))rz ven VAL A /(0 + A1+ + Ay )

is defined to be:

.....

..mp my...mp
:fl‘lAlf..yun (F)(((| x1=p1+0 (gl)§11+X(1),(..FEAM1+X(M1)) ®-® (

(& @y, ))

&) )
Tn=pin 40 S Ay + X (Mg +1),e Apg, +X (M)

_ A m.. ( ) Aml...mn(r)
=£f.° ((|x1 H1+a(gl)zll+xu) ..... AM1+X(M1)(V1®“'®VMl))‘X’---
AT
®(| P +a(gn)AM X (M 1), AM,I+X(M,,)(UM5—1+1®”'®UMn)))’ (3.5.7)

where + is the sign defined by (3.3.4), X (i) is defined by (3.4.2), and for polynomials P(A) =
> pmA™and Q(u) = g,u" with coefficients in V, we define:

(s PO+ )@ (], QU+ )= D (u+8)" )@ (A+3)"q,). (3.5.8)

m,n

Note that, in particular, for f € P¢(n), g € P¢/(m), n,m > 1, we have f(g,1,...,1)€ P¢!(n+
m—1),and foranyI'e G(n+m —1):

(f(g’ .. F (vl®"'®vn+m—l)

1 7Ln+m—1
Aml 1 Ai’nll(r)
fz Ai Km+1 Y (g)tﬁ/lcl +8G, e A+ Ay 0 (N® - ®Vy)® V)@ ® vn+m—1)’ (3.5.9)

where G;, i = 1,...,m is the subgraph obtained by taking the connected component of
I' that contains Vertex i but with the part in the subgraph formed by the first m vertices
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removed. Note that (3.5.9) is indeed f o, g.

The unity is the identity map on V: 1:=id, € P¢/(1), as G(1) consists of a single graph
with only 1 vertex. The right action of S,, is defined as follows: for a permutation o € §,, and
I'e G(n), we have

(), (meev)=f7 (o e--ev,) (3.5.10)
where
O'(Al, ceey A«n):(lg—l(l)) ceey 10—1(,,)) (3.5.11)

is just permuting A’ s with o and o(v; ® .- ® v,,) is given by (3.1.8).
It is shown in [3] that the composition given by (3.5.7) is well defined and P¢! is indeed
an operad.

Theorem 3.5.1 ([3]). The vector superspaces P°'(n), n >0, together with the composition
map (3.5.7) and the symmetric group action (3.5.10) form an operad.

3.5.2 The P operad governs Poisson vertex superalgebras

Recall the definition of a Poisson vertex superalgebra.

Definition 3.5.1. A Poisson vertex superalgebra (abbreviated PVA) is a triple (V,0,{-3'}),
where V is a commutative associative superalgebra, 0 is an even derivation of V, and {-,-} is
a A-bracket such that the following left Leibniz rule is satisfied:

{a,bcY={a,b}c + (1P a, c}b. (3.5.12)

As in the €hom case in Section 3.3.2, for a vector superspace V with parity p, and an
even endomorphism J, let p = 1—p denote the reverse parity of p, and I1V denote the
same space as V but with parity p. For the operad P¢/(I1V), let W¢/(IIV)= W (P¢!(I1V)) be

the universal Lie superalgebra associated to it, and let

S={X e W (IIV)| X is odd and XOX = 0}. (3.5.13)

36



Theorem 3.5.2 ([3]). There is a bijective correspondence between S and the Poisson vertex

superalgebra structures on 'V, given by:
ab=(-1Y“X*(aeb), [ab]=(-1)"X} 5 j(asDb), (3.5.14)

foranyX €S anda,beV.

Note that the first sesquilinearity (3.5.4) implies that X m; only dependson A,+A,=—0,

hence we can omit A, and A, and just write X*™*

and ab € V. The proofis given in [3]. A
similar proof is given for the Poisson superpseudoalgebra case in Chapter 4 (cf. Theorem

4.2.1).
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CHAPTER

4

POISSON PSEUDOALGEBRAS

In this chapter, we state the first main result: the construction of the generalized classical
operad PHC,’. The composition in this operad is stated in terms of o-products, and we prove
that P¢' is indeed an operad with the given composition and symmetric group action.
Similar to the LCA and PVA case in Chapter 3, there exists a bijective correspondence
between odd elements X in WHQ’l(H V) such that XOX =0 and some algebra structures on
V', which we call Poisson superpseudoalgebras (abbreviated PPA). At the end of the chapter,

we list some examples of PPAs.

4.1 The generalized classical operad Pﬁl

4.1.1 Definition of P’

Let H be a cocommutative Hopf algebra that is purely even, and V' be a vector superspace
with parity p, which is also a left H-module. An element Y of PS/(n) is defined to be a
collection of maps Y for anyI' € G(n):

YH Ve S H® ey, V,
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where s is the number of connected components of I' € G(n). One also imposes that Y'
is linear on V®", satisfies the two cycle conditions in (3.5.2) and (3.5.3), and the follow-
ing componentwise H -linearity: suppose I' =1I; U--- LI where I}, is the k-th connected
component of T, then

Yihe - (1, ®-®v,)=h- Y (1, ®--®v,). (4.1.1)

On the left-hand side h; - (v, ® ---® v,,) means h;. acts by coproduct on v;’s where i belongs
to the vertex set V(I;) of the k-th connected component; explicitly,

Iy (1 @ ®v,) = A" ) (v @ ® v,)

=(1®®h1® @ hy(y,)® L)1, ®-® V). 4.1.2)

Here A"~ Y(h,) is the iterated coproduct (cf. (2.1.4)) of h; and is identified in H®" by
inserting 1’s for vertices that are not in V(I}) as in the last line of (4.1.2), and n, is the

number of vertices in V(I}). For the right-hand side of (4.1.1), we have
he Y (9 -00,)=(1®9018h®18---01)®, 1) Y (18- -®1,), (4.1.3)

where h;. appears at the k-th position in the tensor product 1®---®1® 1. ®1®---® 1.

Now we define the composition, unity, and the action of the symmetric groups S,,. We
start with easier ones. The unity is the identity map on V: 1:=idy € P5/(1) (same as in the
classical operad case). The right action of S, is defined as follows: for a permutation o € S,
and I € G(n), we let o(T') be the graph obtained by permuting the vertices {1,...,n} of T
using o, that is relabeling vertex i as o (i) forall i =1,..., n. Then o induces a permutation
o € §; on the connected components of I'. Putting all information together, the action of S,

is given as:
YV (v,®--®v,)=(0®y 1)(Y"m(0(v1 ®® vn))). (4.1.4)

Remark 4.1.1. If the vertices of T are labeled by v,,...,v, € V, then Y7 is obtained by

permuting v,,..., v, in both the domain and target of Y correspondingly.

Example 4.1.1. Consider the graphT € G(5) below:
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)

G.
N

For the permutation o =(12)(35) € Ss, the graph o (') is:

2

o
[
we

Since there are 3 connected components inT, the first connected component {1,3} becomes
the second{2,5} in o (') after rearrangement; the second connected component{2,4} becomes
the first {1,4}; and the third connected component {5} stays the third {3}. Thus, the induced

permutation of the connected components is 0 =(12) € S;.

Next, we describe the composition of maps in terms of o-products (cf. Section 3.1.2).
The o, -product is defined as follows. Let X € P¢/(m), Y € P¢!(n), where m,n > 1. Given a
graphI'e G(m + n—1), suppose that

ml

XA 00 @0 v, Zf”@ ® f;)®y Xi(1,® - ® v,,), (4.1.5)
i

and

YA 0w @@ w,)= > (8@ ®8;,) @ yj(w, @8 w,), (4.1.6)
J

where x; : V" — V and Vi Ve" — V are linear maps, and s, t are the numbers of
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connected components of A?*'-!(T') and A*'!(T) respectively. Then

(Yol X)F(UI ®---® Um+n—1)
=Y(X,1,... 1) (1, ® - ® V1)
:Z((fil(l) ®® fin®1®-® 1)(A(S_1)(gj1)®gj2 ®"'®gjt)) ®u yj(xi(vl Q-+
i,j

® Um) ® ((fil(—z) Q- ﬁs(—Z)) : (UWH-l @@ Uppin-1 ))) (4.1.7)

The explanations for the notation used in (4.1.7) are as follows.

1. Recall from (2.1.3) that we have (id ® S)A(fix) = fix1) ® fik(—2)- In the special case when
no vertexin {m+1,...,m+ n—1} is (externally) connected to any vertex in the k-th
(ke€{1,...,s}) connected component of A”!(T'), we set fi1)® fixz = fir® 1.

2. Explicitly, A¥"(g;)) = g10)® - ® gj1(5), Which is the iterated coproduct of g;;. In
particular, A® =id is the identity map when s = 1.

3. Identifying v; with vertex i, we let f;;_, act on the verticesin {m +1,...,m+n—1}
that are (externally) connected to any vertex of the k-th connected component of
A"'-1(T') by the iterated coproduct.

To better illustrate the formula, consider the example below.

Example 4.1.2. Let X € P£(3), Y € P£'(4), and the graphT € G(6) be shown below:

As defined in Section 3.4.1, we have:

=AM )= oo °

>~ @
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The numbers of connected components in [} and T, are both 2. In addition, the vertex that is
externally connected to (any vertex of) the first connected component of 1 is v,, and vs for

the second. Suppose that

X", 0,0 0) Zf,1®f, )®u xi(v, ® 1, ® 13), (4.1.8)

and

Yo (w, ®---® w,) Zgﬂ@g]z ®y yi(w, ®---® w,). (4.1.9)
j

Then

(Yo, X)'(v,®++® VG):Z((fil(l)®ﬁ'2(l)®1)(A(gjl)®gj2))
®p Vi(Xi(1 ® 1, ® 15)® fi1(—2)Us ® fin—2) V5 ® Ug). (4.1.10)

Remark 4.1.2. (4.1.7) can be extended to the case when X € Pgl (0), in which X can be
regarded as a vector in V. If we define A=) = € to be the counit map, then for X € P5'(0),
Ye Plf,’(n), andT € G(n—1), equation (4.1.7) becomes:

(Yo, X)' (1, ®--® v, ) :Ze(gjl)(gﬂ@”'@gjt)@H Yi(X®v®: @, ). (4.1.11)
J

To see that (4.1.7) is well defined, we have the following lemmas.

Lemma 4.1.1. Suppose thatT € Gy(m +n—1) and A}~ (T') € Gy(n). If there are s connected
components in A"'-(I') and t connected components in A*'-(T), then there are s+t —1

connected components inT.

Proof. By assumption, there are ¢ connected components in A*!-!(T), of which the first
one corresponds to the connected components in I that are connected to some vertex of
A"-U(T). The other ¢ —1 connected components in A*'-!(T) are disjoint from A*!-(T),

hence they remain the same inT.
Consider the first connected component of A*!-'(T'). Note that this first connected

component will split into at most s connected components in I', since each of its vertices is

connected to some connected component of A;’“"'l(l"). On the other hand, we claim that the
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first connected component in AJ*'!(I') will split into at least s connected components inT.
Indeed, if it is less than s, there will be a path in T from one of the s connected components
of A"'/(T') to another, and this path will have to first traverse outside A™'-!(T') and then
back to another connected component of A!-!(T). But this contradicts with the condition
that AJ"'-1(T') € Gy(n). O

Lemma 4.1.2. In (4.1.7), the actions of f; j_,) and fiy_,) are disjoint if j # k and A)"'-'(T') €
Gy(n).

Proof. Note that 1< j, k < m. If there exits some vertex l € {m +1,...,m+ n—1} that both
fij—z and fix,) (k # j) acton, then [ is connected to both j and k, which are identified as
the same vertexin A*!-!(T'). This gives a cycle in AJ*'(T'), which contradicts that A" (') €
Go(n). O

Lemma 4.1.2 indicates that the order of the actions of f;;_,)'s does not matter in (4.1.7).
Next we show that Y o, X € PS!(m+n—1).

Proposition 4.1.1. Y o, X, defined by (4.1.7), is an element of P'(m + n—1).

Proof. Suppose thatT' € G(m+n—1)hasa cycle C.If C € A"-!(T), then X" =0 since
X € P&!(m); thus (Y o, X)' =0 by (4.1.7). Otherwise, C corresponds to a cycle C’ € A"-!(I)
(cf. Lemma 3.4.2 and ignore the orientation). This makes Y2 ') = 0 since Y € Ptl(n);
thus (Y o; X)' =0 by (4.1.7). This shows that (Y o, X) satisfies the first cycle condition.

For the second cycle condition, consider a cycle C € A”!-!(T). For any edge e € C, let
I'\e be the graph obtained by removing e from graphT. Then A*!-!(I'\e)is the same for all e;
hence (4.1.6) is fixed for all e. While X will be evaluated on graphs A”'!(T'\e) = A™-!(T')\e,
and removing an edge e € C from A”!-}(T') does not change the number of connected
components of A”!-(T), in formula (4.1.7), only the part involving f;; and x; may vary with
different e. However, since the transformation (id ® S)A is linear on f;;, we can evaluate
it on all X21""'\¢ together before composing with Y25"'1), Since >, _. XA1"'\e = 0, we

get >, (Y o X)'\* =0.

If the cycle C is not contained in A”"!(T'), then A(C) is still a cycle in A7"!(I'\ e) for any
edge e € E(A"-1(T)). Forsuch e, (Y o, X)"\¢ = 0since Y4 "\&) = 0. Thus, 3, (Yo, X)"\¢ =
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Zee(CnAgzlml(r))( Y o; X)"\?. Note A™!-1(T'\e) is the same for all e € (C N A["-}(I")), which im-
plies by (4.1.7) that only the g, and y; parts may vary with different e € (Cn Aj*'~(T)). The
vertices externally connected to any connected component of A"!-!(I'\e) stay the same
forall e €(C N Af"'-(I). Since A®~Vis linear and Y-, caap-1ry YA M\e = 0, we obtain

D ecicnam-1py(Y o1 X)1¢ = 0. This shows that the second cycle condition is satisfied.
0

It is left to check the componentwise H -linearity of Y o, X. Pick a connected component
K ofI'e G(m+n—1).If K is contained in the subgraph formed by vertices {m +1,...,m +

n—1} and is the k-th connected component in A?"-/(T') (k > 1 in this case), we have:

(Y°1X)r(h1< (n®---® Vm+n—1)):(Y°1X)F(V1 ® @V ® g (Vi1 ® -+ ® Upyyn1))-
(4.1.12)

The componentwise H -linearity of Y indicates:

YA O @ hy - (wy @@ w,))=hg - Y " O(w, @ w,® @ w,)

=Z(gﬂ®---®thjk®---®gjt)®H Vi @8 w,),
j

(4.1.13)
where hg acts only on g . Together with (4.1.5), this implies that
(Yo, X) (hg (11 ®++ ® Uy i)
:Z((ﬁ1(1)®"'®ﬁs(l)®1®"'®1)(A(S_1)(gjl)®gj2®"'®thjk®"'®gjt))
]
Qp yj(xi(vl ® - ®Up)®((firc)® * ® fis(2) (V41 ®++® Um+n—1)))
=hy - (Y 0, X)' (1), ® - ® Uy py))- (4.1.14)

Next consider the case when K intersects both subgraphs formed by the first m vertices
and the last n—1 vertices. Suppose that K is the k-th connected component of A?!-(T)
(also the k-th of I in this case). Let K; be the part of K that intersects with A7*'-!(T), and K,
be the part of K that intersects with the subgraph formed by the last n —1 vertices and the

edges among them. We have:

(Yo, X) (hg (1, ® @ Upypn 1)) =(Y 01 X) (B, - (1, @+ ®@ 1) ® B, * (U1 ® -+ ® Uy 1))
(4.1.15)
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By the coassociativity of the coproduct, one can choose hy, = hgqy and hg, = hg) from
A(hg) = hg1)® hg(p). Both X and Y satisfy componentwise H -linearity:

AWLI'”I T Aml'"l T
XA )(hK(l)'(Ul®"'® Up)) = hgy- X7 D e-ev,)

=D (fu® @ I fi @+ ® fi;) 8 Xi(1, @@ 1) (4.1.16)
where hy, only acts on f;;;), and

Aml'“l
YA O (n, 0 ® V) ® (hi(2) (Va1 ® Vppin1)))

:Z(gjl ® - ®8;)®y yj(xi(1® - ® V) ® (hi2) (Vg1 @+ ® Vpyy 1)) (4.1.17)
J

From here we obtain:

(Yo, X) (g (1 ® -+ ® Upyn))

:Z((ﬁ'l(l) ® - ® hxyy fiky® - ® fis1)®1®-+-® 1)(A(s_1)(gjl)®gj2 ®"'®gjt)) ®n J’j(xi(V1®
i,j

= ® V) ® ((fi1c2) @ ® (fikc) P (y—2) ® @ fis—2)) " (ko) (V1 ® -+ ® vm+n—l))))
(4.1.18)

By (2.1.8), we have:
hK(l)(l) ® hK(l)(—Z) hK(Z) = hK(l) ® hK(—Z)hK(S) - hK ® ]. (4119)

Since the actions of f;;_,’s are disjoint, we can replace hyy;) with hy, and replace hy )z
and hy ) with 1, which makes (4.1.18) as desired:

(Yo, X)'(hg - (11 ®+® Uppi 1)) = he - (Y 0, X)' (1) ® -+ ® Uy y))- (4.1.20)

In the special case when K is contained in A?!-!(T), we have hyy) = hx, hgay—z =1, and
hg =1in (4.1.18) (cf. the first explanation of the notations below (4.1.7)). Then (4.1.20)
just follows from the componentwise H -linearity of X. O

Similarly to the o,-product, we can define o,-products for 2 < k < n as follows. Suppose
that X € PS!(m), Y € Pt(n), and T € G(m + n—1). Now X will be evaluated on A}-'"!-(T)
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where m shows up at the k-th position. We write:

XAk..lml.,.l(r)(vl ® - ® Vm)zz(ﬁl ®"'®ﬁs)®H xi(Vl ®---Q Um), (4.1.21)
i

and

YA(I)“.lmlml(r)(LUl ® - ® w Z g]1 Q- ®g]t ®H y](wl R QUW ) (4122)
J

where now s denotes the number of connected components of the subgraph A}~!"!-1(T),
t denotes the number of connected components of Aj-'"!-!(T'), and x;, y; are linear maps.
Suppose that the vertexin A;~'"""(T') obtained by clasping the m vertices {k,..., k+m—1}
inT is contained in the g-th connected component of A;~'”*!-/(T). Then the o,-product is
defined as follows:

(Yoch)r(Ul®"'® vm+n71)
=Y(1,..,,X,1,.., 1) (", ® - ® Vpsp1)

—1% > pp((18--@18 fi @8 fiyy@18--81)(g; ®g,@ 0 A (g, )eog;))
i,j

®n Vi((fii®® fis o) (1 ® @ U 1 ® X (Ut ® @ U1y 1) ® Uy @ ® Uy 1))y
(4.1.23)

where the sign (—1)”15( follows from the Koszul-Quillen rule:
(_1)!715( — (_1)P(X)(P(U1)+'"+P(Uk—1))’ (4.1.24)

and py , is the map identifying the connected components of Aj-'"!-!(I') and A}~'"!-}(T)
as connected components in I'. The explanations below (4.1.7) also work here except that
we focus on A}~!"!-1(T') now instead of A*'--!(T). In addition, in (4.1.23), we insert g —1
1’s before f;,1), and the f;; s act only on the vertices {1,...,k—1}U{k+m,...,m+n—1},
which is consistent with the o, -product case.

We compute (Y o4 X)! in the following example.

Example 4.1.3. Let X € P2'(3) and Y € P5'(5), with the graphT € G(7) as shown below:
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By definition of the cocomposition map, we have

F3 = Aéml(l"): ) )

we

L A(l)lsu(r) _ ./\ /\.
5

o———0 ([ J
1 2 3 4
Suppose that
X5(v, 8 1, ® 1) Z fi1® fi2® fi3) ®n xi(1, ® 1, ® 13),
i
and

Yo, @+ ® ws)= > (818 82)® ¥j(w; 8-+ @ w).
J

By (4.1.23), one computes:
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(Vo3 X)' = (—l)p:"x Zpgyg((ﬁl(l) ® fiz0)® fi31y® 1)(&j1)® 8j12) @ &j1(3) ® gjz))®H

yj((fil 1® fio—2)® fis—2)) V1®V2®x(V3®V4®V5)®V6®V7))

:(—l)pSXZ(fz 1® [ ® fis) @ 1812 ® 1) @ &3 ®g]2))
ij

Vil(fiz2) 1) ® (fir(—2) 12) ® X;(V3 ® 1y ® U5) ® U5 ® (fiz—2) " 17))- (4.1.27)

In this example, pgyg identifies the 1-st connected component of T as the 2-nd connected
component of T, and identifies the 2-nd connected component of 1 as the 4-th connected
component of T, etc., which explains why we get( f;»1)® f11)® fis1)®1)(g j12)®8 j11)®& j13)®& j2)
in (4.1.27).

One can show the following results are also true analogously to the proofs of Lemma
4.1.1, Lemma 4.1.2 and Proposition 4.1.1. The o, -product can be thought of as a o, -product

(possibly up to a sign change) after relabeling the vertices of T.

Lemma4.1.3. LetT € Gy(m +n—1) and Aj~'""(T') € Gy(n). If there are s connected com-
ponents in A;'"1-}(T') and t connected components in Aj~'"-\(T), then there are s+t —1

connected components inT.

Lemma4.1.4. In (4.1.23), the actions of f; j_») and f;,_, aredisjointif j # |l and Aj-'""1(T')
Go(n).

Proposition 4.1.2. Y o, X, defined by (4.1.23), is an element of PS'(m +n—1).

Now we have definitions for all o, -products for any integer k > 1. Then, forany f € P:!(n)
and g; € P¢!(m,), we define the composition by (3.1.12). We will show in the following sub-
section that this definition makes sense by verifying the associativity axiom.

cls
4.1.2 Pj'isanoperad
In this subsection, we prove our first main theorem.

Theorem 4.1.1. The vector superspaces P:'(n), n >0, the actions of the symmetric groups S,
given by (4.1.4), and the composition maps given by (3.1.12), form an operad.
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To prove the theorem, we will verify (3.1.13), (3.1.14) and (3.1.15), which will be done
in the following lemmas. The unity axiom is obvious, so we focus on the associativity
and equivariance axioms. For the notation, let Z € P£/(1), Y € P5!(n), and X € P5'(m)
throughout the rest of this subsection.

Lemma4.1.5. If1< j<i, then(Zo; Y)o; X =(—1)P"PX)(Zo; X) 01y Y.

Proof. ByProposition4.1.2,both(Zo;Y)o;X and(Zo;X)o;,,,_; Y areelements ofPIj’(m+n+
1—2).GivenagraphT € G(m+n+1-2),letT, := A}.~~-1m1--~1(r) € G(m)andT, :=Al-1"-1(T) e
G(n+1—1) where m appears at the j-th position; let I} := A%'"l"l"'l(fl) € G(n)and I :=
Al-1"-1(T)) € G(I) where n appears at the i-th position. Note that in order to compute
(Zo; Y)o; X)', we need to evaluate X'2, Y and Z". Assume that there are r, ¢, s connected

components in [}, [}, [, respectively. Suppose that

X208 @ )= D (fur @+ ® fo) @y Xo(1, @@ 1) (4.1.28)

Y (w,®--@w,) =Z(g,31 ® - ®gp)®y Yp(w ®---® W,), (4.1.29)
p

Z%u, @@ u;) =Z(h,,1 ® - ®hy,)® 2, (11, ® ® ). (4.1.30)

Y

IfT; is clasped into a vertex of the g,-th connected component of I, then we compute by
(4.1.23):

(Z o; Y)fl(lﬁ ® ® Upyy_1)

:(—1)1032,05_;((1 ® - ®1®g5n® ®gs1®1®1)(h,® @A Vh, )& ®h,))ey
By

Zy((gﬁl(—2) ® ®gpi2) (N® @V 1®Y(V;® " ®Vjy 1 )®Viy,, @ ® vn+l—1));
(4.1.31)

where p,” is given by (4.1.24). To further compute ((Z o; Y)o; X)', we need to consider the
relations between I; and I,; hence we split into the following two cases. For the first case,
assume that I}, and I, are disjoint after they are clasped into two vertices in I}, that is there
exists no path in I' connecting any two connected components of I; and I, as shown in the
graph below. The graph does not show any edges that are possible: only edges between I,
and I are not allowed.
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In this case, if I, is clasped into a vertex of the ¢,-th connected component of fl, then
q, corresponds to some ¢,-th connected component in [ that is different from the ¢, -th.
We have

(Zo; Y)o; X)' (11 ®+ ® Uy i)
Y X _ T
:(_l)l’i+m—1+l’j Zp&j((l@...@ 1®fal(1)®"'®ﬁzs(1)®l"'® 1)(A%32 U.pg’li((l@...@ 1
aBy
®8p® ®Lgs®1--®1)(h, ® "'®A(t_l)(hyq1)® v ® hrr)))) ®y Zy((fal(—Z) &

® fus—2)) (8p1—2)® " ® gpi(—2) (1 ® @ V1 ®XG(V;® @ Vj11y1)® Vjyyy @+ ® Vjy 1y »®

y/J’(UHm—I Q- ® Ui+m+n—2) ® Vitmin-19® vm+n+l—2))- (4.1.32)

Note that gg,,) multiplies with h,, ) from AY(h,, ), and A%—l) only acts on the g,-th

T4
connected component after the permutation pg}i. Since I; and I, are disconnected inT, g,
is not any connected component corresponding to A, (,) for any p. Similarly, one sees that
Jakqy multiplies with A, from A(s_”(hm) (here h,, represents the connected component
in T, that becomes the g,-th connected component in T; under pg}l.), while f,r1)'s and
8ppy’s do not multiply together. Eventually, pgj permutes the connected components to
the right positions in I'. In (4.1.31), gg,,'s act only on vectors that are not within yg. They
do not act on vectors within x, in (4.1.32) either; otherwise we have a path between I; and
[, inT. Thus, gg,»’s only act on vectors not in x, and yg, which is also true for f,,)'s. The
last observation is that the vectors not within x, and yz can have at most one action: either
from gg,, () O fui(—2); Otherwise we have a path between I and I, in I'. These observations
imply that we do not need to worry about the commutativity of H.

Next, we compute the right hand side (Z o; X) o;,,,_; Y. Note that X will always be
evaluated onT;, Y onT,, and Z onT,. Let T, = Al~1"1-1(T'), where n appears at the (i + m—1)-

50



th position. Note that I, will be clasped into a vertex in the g,-th connected component of

I, one has

(Zo-X)fl(m@---@va_l)
’”pr (1&®1® fy1y®® frsy®1®--@1)(h, ® - ®A (R, )8 ®h,))®

( fal —2) Q- ®fas Vl Q- ® V] 1® xa(v Q- ® V]+m 1)® V]+m Q@ Upyyi— 1))
(4.1.33)

Suppose that I is clasped into a vertex in the ,-th connected component of T;. This will

correspond to the g,-th connected component of I, as for the left-hand side. Thus

(Zoj X)ojpma Y)r(vl ® @ Uppinti—2)

=(—1)Pima*P} P prm (Te- 01081, ®gs1®10- ®1)( pOJ((1®
@By
@18 fy® ® fry® L@ 1)y, @ @A, )& ® h,,))) ®p 2, ((frr o) ®

® fus—2)) " (8p1(-2) ®"'®gﬂt(—2)) (1 ® @V 1 ®X (V;j® @ Vi1 1)®Vjyyn @+ ® Vi

® yﬁ(UH—m—l Q- ® Vi+m+n—2) ® Vitmin—19®® vm+n+l—2))- (4.1.34)

The action of f,,)'s and gg s on the vectors are the same as in (4.1.32); hence the z, part
(the vector part) is the same as (4.1.32). For the coefficients representing each connected
component, we have the following observations: h,,, (here h,;, represents the connected
component in I, that becomes the ,-th connected component in T; under pg‘ j)isnotin
A(h, ) since I} and T, are disjoint; A“~Y(h, ., ) multiplies with f,;)®--- ® f,5) and then
gets permuted twice, by pgl jand pg,l. n_p While in (4.1.32), A™I(h,,) will get permuted
by pgyj. These two parts will be the same, since h,,, and h,, are essentially the same, both
representing the connected component in I that contains the vertex clasped from I,. They
are eventually identified as connected components of the same graph I'. Similar arguments
work for AU"Y(h,, ) and A“~Y(h,,,). For the connected components that are disjoint from I
and I, they will be the same in both cases since they are eventually identified as connected
components in I'. This shows that (Z o; Y)o; X = (—1)YPX)(Z o; X) 0, Y if T} and I, are
disjoint.

The other case is when I} and I, are connected. Note that there can be only one path

connecting the k;-th connected component of I} and the k,-th connected component of I,;
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otherwise we have a cycle in [j,. A typical example looks like the graph below, where there
maybe some vertices ¢ outside I} and I, on the path from a to b.

! ! \
| /_N \
r: .. | @ eeeeees @ .- 4’...../?. ....... @ ceecennnns
\ i \ 1
\ a ) C \b ,
\ / \ /
\ AY
\ // S e
N - -
N .
< .
-~ .
L, L

We can rewrite an element (h, ® ---® h,,)®y v into the form (7, ® - ® 7, ®1® E,-H ®
e ® En) ®y U forany i € {1,...,n}, where Ej’s and ¥ are unique (cf. Subsection 2.1.2). So
we can assume in f,,, =1in (4.1.28) and 8pr, = 1in (4.1.29). One computes (Z o; Y)fl by
(4.1.31) only letting g4, (1) = 8px,2) = 1. For (Z o; Y)o; X)', one can still use (4.1.32) with
the following changes:

L. fauk,(1) = faky—2) = 1. Note that gg;, ;)= 1 and A%U acts on the connected component

corresponding to h, 4 «,); hence f,,1y's and gg,,)’'s do not multiply together.

2. Note that if a vector v; in z, gets both actions from f,, and gg,—»), then it must
be in the component that connects I} and I;, and the actions are from f,_» and
8pk,(—2)» Which are trivial. Other vectors can only get one action, either from f_,) or
8pp(—2); otherwise we get a cycle between I} and I, in I,

The right-hand side can be computed in a similar way. First, (Z o; Y)h can be obtained by
letting fo1,0) = fak,2=11in (4.1.33). Then ((Z o; X) 0, Y)' is computed by (4.1.34) with
the following changes:

1. 8gk,0)= gpk (-2 = 1. Note that f,;,,)=1and A%_l) acts on the connected component
corresponding to k., ,); hence f,;1)'s and gg,,;)'s do not multiply together.

2. The second change as we compute ((Z o; Y)o; X ) above also applies here.

Since on both sides we identify the connected components of I' by either pg,j OT 0 iim1»
we have (Z o; Y)o; X =(-1)P"PX)(Zo; X) 0;,,,, Y when T, and I, are connected. O
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Remark 4.1.3. Removing the connected component connecting I, and T, will make these
two new subgraphs disjoint. Hence, the case when I, andT, are connected can be thought of

as the disjoint case once f;, and gz, are setto 1.

Lemma4.1.6. Ifi<j<i+n,then(Zo;Y)o; X=Z0;(Yo; ;; X).

Proof. Consider agraphI'e G(m+n+1—2).Sincei < j <i+ n, I looks like:

For the notation, T, = A}" Amtn=DL-Y 1y e G(m + n— 1), where m + n—1 is at the i-th
position, and I, = A} e 1(T,) € G(m), where m is at the (j — i + 1)-th position. Further, let
Lo=Ay ") e G1), Ty = Ab-1"-1(T) € G(n), and Ty = AL € G(n+1—1) (m
is at the j-th position in this last cocomposition map). Here I, is obtained by clasping I, inT.
As in the proof of Lemma 4.1.5, X, Y, Z will be evaluated on I, I}, and [, respectively. Using
the same notation on the number of connected components and assumptions (4.1.28),

(4.1.29) and (4.1.30), one computes the left-hand side as follows:

(Zo; Y1, ® - ® Uyy11)

—1)”fYZpofj’l 19 ®18gs1)®®gs,1y® L ® 1)1, ® @A (I, )& -®h,))®y

((8/51 Q- ®Zpr(- ) (1 ®-® Ui—1®J//5(Ui®"'® Visn-1)® Vi ®-® Vn+l—1))

; T
—1)7 Zpo,oi(hyl ® - ®gp1® - ®Zgp1)® BNy, ) Oy Zy((gﬁl(—2) ® - ®gpi2) (1 ®:
B

RV, 1® yﬁ(vi ®:--Q® Vi+n—l)® Vi@ ® Un+l—l))’ (4.1.35)
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where the vertex clasped from I is contained in the ¢,-th connected component of [j,.
The last equality follows from setting h,, = 1. If I, is clasped into a vertex in the g,-th
connected component of T, one computes ((Z o; Y)o iX )' as in (4.1.36) below. Note that
in (4.1.36), since the vertex clasped from T, is in T, the §,-th connected component of T,
corresponds to some gg,1) for some /. We assume that gg; = 1; hence A(f*”(gﬂl )=1®---®1
and fyr1)'s and gg,(1y’'s do not multiply together. In z,, f,1»)’s act only on vectors outside
X, and gg,(—»)'s act only on vectors outside yg. All vectors out31de ¥ can only have at most
a single action either from f,_,) or gs,(); otherwise we get a cycle in I,

(Zo; Y)o; X) (11 ®+ ® Uy i)

Y X
=17 D b (18018 fry @8 fusy @ 1@+ @ 1AL (g, @+ ® g511)@
apyy

@85y ® @ 1y,)))) @ 2 (frrc) @+ ® frasc) - (811 @+ ® &pr(n) - (N ® -+ @ 1,1 ®
V(0@ @ V1 ® Xy(Vj @ ® Vj 1) ® Vjiy @+ ® Uity n—2) ® Viyman1 @+ ® Uppins12)).
(4.1.36)

Next, we compute the right-hand side of the equation as follows. Suppose that the vertex
clasped from I, is contained in the g, -th connected component of I;. Then we have:

(Yo i X) (1, @+ @ Upip)
)P ’“ZPOJ i1 1®"'®1®fa1(1)®"'®fas(1)®1®"'®1)(gﬂ1®"'®A(s_1)(gﬁﬁl)®”'®gﬁt))

Op J’/B( fal 2@ ® fus-2) (1 ® @V ® Xg(Vj_i1 @ ®Vj_iyn) ®Vj_jyym1 @ ® Um+n—1))

1) ’“zpo, i+1(881® @ fr11y® -+ ® fos1)® - ® gp1) ®p yﬂ((fal(—2)®"'®fas(—2))
~(v1®~~-®v i ® Xg(Vj—ip1 @ ® Vi i) ® Vi iimin @ ® Upini)), (4.1.37)

where the last equality follows after we set gz, = 1. Indeed, here g, = [ above when
computing the left-hand side, since g45, corresponds to the connected component of I}
that contains the vertex clasped from I;. So we are imposing the same condition gz; =1 on

both sides. Next, one computes (Z o, (Y o;_;,; X))'. Suppose that T, is clasped into a vertex
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contained in the ¢,-th connected component of [;,. Then

(Zo; (Y Oj—i+1 X))r(vl ® " ® Vpypti—2)
Y pX r T
=(—1)" *Pi Z Po,j((l?o,lj_,-ﬂ(gm(l) @ ® fri)®  ® fos1)®@ " ® &g 1))y @+ @ Ny, (1)@ -+
a,py
® Ny gy (man—1)® - ® hyr)) ®n Zy((fal(—z) ®® fus2) (8p1-2)® @ Zpr(—2)) (11 ® O V4
® Vp ((fal(—S) Q- ® fas(—B)) : (Ui Q- ® Vi ® xa(vj Q- ® Vj+m—1) ® Vjtm Q- ® Vi+m+n—2))
® Vimin1® ® Upninii-2)): (4.1.38)

Note that here ¢, = ¢, and we are imposing the same condition as in (4.1.35): h,,4, = 1. Thus,

Poi—i1(8p10 @+ ® frr(1)® -+ ® fus)® -+ ® g 1)) Will multiply with Fy 1)@+ ® Ry mn1) =
1®---®1.1In z,, we use the identity f, )1 ® fora)—2) ® fak2) = fak) ® fak—2) ® fur—s3)- Hence,
Jak(2)'s will only act on the vectors outside yg, and f,s)’s will only act on the vectors inside
¥p but out of x,,. As in (4.1.36), fyx(—2)’s and gg,)’s will not act on a same vector outside yg;
otherwise we get a cycle in I;.

To see that (4.1.36) and (4.1.38) are equal, note that for the coefficient part, each tensor
factor can only be f,x1), &5, OF h,4- No multiplication will appear since we impose the
conditions gg; = h,,, = 1. Since both (4.1.36) and (4.1.38) identify the connected compo-
nents of I' in the end, the coefficient parts are equal. For the vector part, as A(fyx—2) =
Jak=2)® fak(=3) = fak(-3)® fak(—2), the actions from f,;’s are the same; hence the vector parts
are the same. O

Lemma4.1.7. Foranyo €S, andt €S,,, we have Y o; X" =(Y o,;) X)?°*, whereg o; T is
given by (3.1.16).

Proof. Consider a graphT'e G(m+n—1),let X € Pél(m) and Y € Pg’(n) as usual. Let
L=o(A)'"-1(I)) and I; = 7(A}~!"!-(T)), where m appears at the i-th position. Suppose
that

XF[(VI Q- ® Vm):Z(fal ®"'®fa3)®H xa(vl Q- ® Um)r (4.1.39)
Yo(w,®---@w,) :Z(gﬁl ® - ®8p)®y Yp(w1 ®--- @ W,). (4.1.40)
B

First, we evaluate (X°)2"""'O(y,®@---@ v;, ;) and (Y20 "' O(p, @@ v, ® X, (v, ®-®
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Vigm—1)® Vippy ® -+ ® Uy 1) given (4.1.4), (4.1.39) (4.1.40):

(XT)A}'“IML"I(F)( vl_ R UH_m—l)
=7 @ DX (2(0,0+® U111,

:Z %(fal ®:® fas) ®n xa(vrfl(i) Q- ® Urfl(i+m—1))

—Z(fm 18-+ ® fuz115) Bt Xo(Vra(n) @+ ® V(i men)s (4.1.41)
and
(YO D0 @ ® Uy @ Xg(Ui ® @ Uiy 1) ® Vs @+ ® Uy 1)
=T @y 1) YO (0(1 ® @ V1 ® Xy(1; ® -+ ® Ui1y1) ® Uiy @+ ® Upyip 1))
=) (8511)® " ® gps-1(1) B Vp(Ug—11) @+ ® Ug1(or(i)-1) ® X(Vrm1(j) @+ ® Vrmi(jm—1))
p
® Vo-1(0(i)+1) R ® Uafl(m+n—l))- (4.1.42)

Then we evaluate Y7 o; X* on T as follows:

(Y90, X ) (1, ®® Upynoi)
=(Y’(1,...,,X51,..., 1) (,® - ® Uy 1)

Z(—l)ﬁfe((f)t?(?')ng,i((l ® - ®1OT(fr11)® " ® fos))®1®---®1)(gp5-11)® @
a,p

AL~ (g/jq)® " ® 81 ))®Hy/3’((fa1 ®® fus2)) (Vo1 ®** ® Ugi(o(i)-1)
® xa(v @@V~ (l+m—1)) ® Us-1(g(i}+1) @+ ® vcrfl(m+n—l)))’

(4.1.43)

where gg, in 5(gp, ® - ® gp,) corresponds to the connected component of [ that contains
the vertex clasped from I};; G(q)—1 of 1's are inserted before T(f;;;)®- - ® fy51)) so that it will
multiply with A(S_”(gﬁ ¢); €(0) and €(7) are given by (3.1.9) (the subscripts are suppressed

since the tensor products these permutations act on are clear in calculation above and
fixed); and

P =pX)p(orw)+ -+ P(Usr00)-1)- (4.1.44)

For the right-hand side, by Proposition 3.4.2, we will evaluate X on A}T'(ilml'"l((aoi 7)) =
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I;,and Y on A(ll'"””l"'l((o o; T)(I')) =1, where m appears at the o(i)-th position. Meanwhile,

one has:

(0o TN ® @ Vyyypi)
:U(vl Q- @V ®T(Ui®"'® Ui+m—1)® Vitm @+ ® Um+n—1)

26(0)6(7)( Us—1(1) ®-® Uo—1(o(i)-1) ® (UT—l(i) Q- ® Ur—l(i+m—1)) ® Ug-1(g(i)+1) ® " @ vo—l(m+n—1))-
(4.1.45)

Hence, one computes the right-hand side:

(Yo X))V (1, ®++ @ Uppynt)

=((00; T)®@p 1)(Y 0g(;) X) 7" (0 0; T)(11 @+ ® Upynit)

=e(o)e(T)((00; T)®y 1)(Y OU(i)X)(UOiT)(F)(VU—l(l) ® -+ ® Ugi(o(i)-1) ® (Ve-1(n @+ ® V1 (j5m—1))

® Us1(o(i)41) ®*** ® Vp-i(mn-1))
7X P o; r
=177 €(0)e(r) Y (00 7)- (P (18 @18 fry @+ ® foy @ 18-+ @ 1)(8p, ® -
a.p
® A(s_l)(gﬁq) ®---® gﬁt))) ®u Vp ((fal(—Z) ®+® fus—2)  (Vom10) ® *** ® Vg1 (o(i)-1)

® xa( Ur—1(j) Q- Uffl(i-km—l)) ® Vo-1(a(i)+1) ®-® vafl(m+n—1)))-

One sees immediately that the vector part is the same for both sides. For the coefficient
part, without loss of generality, we assume that gz, = 1. Then it suffices to show that
P56 050 7) = (0 0, )Pt € Ssry 0N U = g1 ® - ® g 41 ® fur)®+® fusy B Ep g1 ®
---® gp, (here g4 ,_; has double subscript # and g —1 and similarly for gg ,,). In order to
prove this, observe from (4.1.4) that, for any permutation o, the induced permutation &
identifies the k-th connected component of o (I') with the & (k)-th connected component of
I'. Consider the right-hand side, and pick a tensor factor in v, which represents a connected

component of I; or I, It is first identified by p((f;(";)(r) with a connected component of

(o 0; 7)(I'); then identified by (o o; T) with a connected component of I'. Now consider the
left-hand side, and note that (G o5, 7) identifies this connected component in v with a
connected component in either Aj~'""'-}(T') or A}'"!--/(T') (m appears at the i-th position).
If it is a connected component in I, it will be a connected component in Aj-'"!-(T'); while
if it is a connected component in T}, it will be a connected component in A}-'"!-1(T). Then
pg’i identifies this connected component with a connected component of I'. Hence, both

sides identify connected components in v with those of I', and they are equal. O
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4.2 Construction of Poisson superpseudoalgebras from PIf[l

As the classical operad P¢! governs Poisson vertex superalgebras, the generalized classical

operad P! governs Poisson superpseudoalgebras (abbreviated PPA) as defined below.

Definition 4.2.1. A Poisson superpseudoalgebraV is acommutative associative H -differential
superalgebra with a Lie superpseudobracket that satisfies the left Leibniz rule: for any
a,b,ceV,

[axbc]=[ax*b]c+(=1)"PPaxc]b, (4.2.1)
where[a x b]c is defined as

[axble =" (f®gin) @ vi(a®b)(gi20), (4.2.2)

if [axb]=Y..(fi®g)®y vi(a®Db) for some f;,g; € H and linear maps v;:VQV — V.

It is not hard to see that (4.2.2) is well defined, since if we rewrite [a x b]=>_ ( fl./ ® g;) ®y
(h;vi(a ® b)), then we will have f; ;) ® g by = f; ® g; and

D (f By @ 811y hi) @11 vi(@ @ b)( i385 C)

i

=D (f; ©810) @1 hipy- (vi(a@ ® b) iy )

1
/

= (f; ®810) @11 hiy (@ ® b) iy hi—83_C)

1

=> (f, ®8,) @ hivi(a® b)(g;_,0), (4.2.3)

1

where we use (2.1.8) for the last equality. This shows that (4.2.2) is well defined. Similarly,

one can define:

albxcl= (d;n @)@y (djpa)w;(b&c) (4.2.4)
i

if[bxc]= Zj(dj ®l;)®y wi(b®c). Asin (4.2.3), this is well defined too. With this definition,

the right Leibniz rule can be written as:

[abxc]=a[bxc]+(—1)P PP plaxc]. (4.2.5)
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Theright Leibniz rule can be obtained from the left Leibniz rule using the super-skewsymmetry
of the pseudobracket. Similarly to Theorem 3.5.2, next we show that the PPA structures on
V correspond to odd elements X € leyll(l'[ V) such that XOX =0.

Consider a vector superspace V with parity p, which is also an H -differential superal-
gebra where H is purely even. Let p = 1— p denote the reverse parity of p, and I1V denote
the same space as V but with parity p. For the operad PS/(I1V), let W¢/(ITV) = W(P</(IT1V))

be the universal Lie superalgebra associated to it, and let
Sy ={X € W (IV))| X is odd and XOX = 0}. (4.2.6)

Theorem 4.2.1. There exists a bijective correspondence between Sy; and the PPA structures

on'V given by:
ab=(=1)P9X " @aeb), [axb]=(-1YX"* *(a®b), (4.2.7)

forany X € Sy anda,beV.

Proof. The proof here is adapted from the proof of Theorem 3.5.2 given in [3]. The ideas of
the proofs are the same. For X € Sy, by definition X € Pﬁl (2) is permutation invariant, that
is X? = X, where 0 =(12) € §,. This is equivalent to the commutativity of the product and
the super-skewsymmetry of the pseudobracket. First, evaluate X = X? on the connected

graph. Since there is a unique connected component, we get

X @ b)=X"9)"*(a®b)= (1P POIX**(bea)
:(_l)ﬂ(d)+P(b)+P(G)P(b)X'—”(b ®a), (4.2.8)

which implies that
ab=(-1X ***(a®b)=(—1yPPPO x*p @ a)=(-1)"Ppa. (4.2.9)
If we evaluate X = X“ on the disconnected graph, we get

X* *a®b)=(X"P)* *(a@b)=(-1 "D ge,1)X* (ba), (4.2.10)
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which implies that
[axb]=(=1)PYX* *(a®b)=—(—1)PPO) (g, 1)bx*al. (4.2.11)

Next, we show that XOX = 0 is equivalent to three properties: the associativity of the
product a b, the Jacobi identity of the pseudobracket [a * b] and the left Leibniz rule. We will
do so by evaluating XOOX on the following 3-graphs since XX is invariant by the action of
symmetric group by construction.

e o o [ J *—0 *—0—0
1 2 3 1 2 3 1 2 3
(a) G1 (b) Gg (C) Gg

Recall formula (3.2.4):
XOX=Xo, X+X o0, X +(X o, X)1?, (4.2.12)
Evaluating each summand above on Graph G;, we have

(Xo, X)» * *(a®bec)=(—1"Y[[axb]xc],
(X0, X)* * *(a®bec)=(—1)""P[ax[bxc]],
(X o, X)) * *(a@b®c)=(—1)""P(g@1)®y 1) X0, X)* * *(b®a®c)
=(—1)PWP@P) (g @1) @, 1)[b *[a*c]). (4.2.13)

Hence (XOX)“ = 0 implies the Jacobi identity:
[[axblxcl=[ax[bxc]l—(=1)P“PO (o ®1)®, 1)b*[ax*c]. (4.2.14)
Next, we evaluate XOX on Graph G,. Similarly to the previous case, we have:

(X0, X) **a®bec)=(—1P]axb]c,

(X0, X) **a®boc)=(—1?X* (ae X (b®c))=(-1""Paxbc],

(4.2.15)
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For (X o, X)'?, by the equation (X o, X)'? = (X o, X)®¥ (cf. (3.2.4)),

(X 0, X)12) **(a@b®c)=(Xo, X)) *a®b®c)
=(—1)PPPE (X 0, X)* *(a®c®Db)
=—(—1)PPPE (X0, X)* *(a®c®Db)
=(—1)PEHPOIP g x c]b (4.2.16)

Thus (X0OX)% =0 implies the left Leibniz rule:
[axbc]=[axDb]c+(=1)PPPaxc]b. (4.2.17)
Finally, we evaluate XOX on Graph G;:

(Xo, X)) a®b®c)=X"""(X""(a®b)®c)=(-1"P(ab)c,
(Xo, X)*™a®b®c)=(—1"YXae X bec)=-1)"Pa(bc),

o o

(X 0, X)12)P?***(a @ b ® ¢) =(—1)PPP)( X 0, X) (b®a®c)

=0, (4.2.18)

because of the cycle relation for X. Thus (X0O0X)% = 0 is equivalent to the associativity of
the product ab: (ab)c =a(bc). O

As a remark of this proof, one can also derive the right Leibniz rule by evaluating XOX

on the graph ese .

4.3 Examples of Poisson superpseudoalgebras

We give some examples of PPAs in this section. By definition, every PPA is a Lie superpseu-
doalgebra (abbreviated LPA). Conversely, given any LPA L, we construct a PPA P(L) as
follows. We take P(L) to be the symmetric superalgebra S(L) over L, which gives a su-
percommutative product; the action of H on P(L) extends uniquely from its action on L
as given in Definition 2.1.2: h - (x y) = (hu)x)(h)y); the pseudobracket on P(L) extends
uniquely from the pseudobracket on L by the left Leibniz rule (4.2.1) and right Leibniz rule
(4.2.5).
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Proposition 4.3.1. Given an LPA L, the symmetric algebra P(L) defined above is a PPA, called

the canonical universal PPA over L.

In the remaining part of this section, we assume H to be the universal enveloping algebra
of a finite-dimensional Lie algebra 0, and we let {J,,...,dy} denote a basis of 9, unless

otherwise specified.

Example 4.3.1. In the case of H =F[3], the notion of a PPA is equivalent to the notion of
a Poisson vertex superalgebra (abbreviated PVA) from Definition 3.5.1. In particular, the
underlying LPA of the PPA is a Lie conformal superalgebra (abbreviated LCA), and their
relation is given in Example 2.3.1. In higher dimensions, that is if H =F[0,, 0,,...,0y], the
underlying LPA of the PPA is indeed an LCA in higher dimensions [6], which is a straightfor-
ward generalization of an LCA: one only needs to replace the indeterminate A with a vector

A=(Ay,...,Ay) and 0 with a vector 3 = (01, ...,0um). The pseudobracket of the PPA P can be
identified with a A-bracket as follows:

14

[axb]= (p(-d)@V)@yz c; < lazhl=>_ pi(A)c;. (43.1)

Note that one can always write[a x b] in the form in (4.3.1) using the Fourier transform (cf.
Subsection 2.1.2). Furthermore, the axioms of a PPA P can now be written in terms of the
A-bracket as follows: foranya,b,c € P,

» Sesquilinearity from H -bilinearity: forallk=1,...,M,

[3ka71b]=—7tk[a7xb],

[a30:b]= (0 + Ai)laz bl; (4.3.2)
* Super-skewsymmetry:
la; b]=—(=1)""“"Pb_; zal; (4.3.3)
e Jacobi identity:
[a;[bsc]=[az bl3,c]+ (1) PP bslaz cl); (4.3.4)
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o Jeibniz rule:

l[azbc]=[az;Db]c +(—1)p(b)p(”)[a§c]b. (4.3.5)

Example 4.3.2. (Free superboson LPA, PPA) Let b be a finite-dimensional vector su-
perspace with parity p and a supersymmeltric nondegenerate bilinear map 3 : h xbh — 0,
whered is a finite-dimensional Lie algebra. The supersymmetry of B means that 3(a, b) =
(—1)P@PB) (b, a) forany a, b € b and B(a, b) =0 whenever p(a) # p(b). The free superboson
LPA corresponding toy is defined as the left H-module

L =HheFK, (4.3.6)
where K satisfies 0 K =0 for any @ €0 and p(K)=0. The pseudobracket on b is:
[axb]=(B(a,b)®1)®y K, foranya,bel, K iscentral, (4.3.7)

which can be uniquely extended to Lé’ by H -bilinearity. The super-skewsymmetry of the
pseudobracket follows from the supersymmetry of . The Jacobi identity is trivial since K is
central. In the case when by is purely even, we get the free boson LPA.

Now following the steps at the beginning of this section, we obtain the universal PPA of
Lé’ as the symmetric superalgebra

P(Lé’) =S(HheFK). (4.3.8)

The pseudobracket on P(Lé’ ) is extended uniquely from (4.3.7) by H -bilinearity and the left
and right Leibniz rules. The free superboson PPA is defined as the quotientP(Lf)’ )/ (P(Lé’ K —
1)), or equivalently:

B, = S(Hb), (4.3.9)

with the pseudobracket induced from pseudobracket of P(Lé’), given by (4.3.7) with K =1
on the generators. In the case wheny is purely even, By is called the free boson PPA. As an
H -differential algebra, it is isomorphic to the H -differential algebra of polynomials in N
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generators
By =F[du;|i=1,...,N], (4.3.10)
where{u,,..., uy} is a basis for b, {3,,..., 0y} is a basis for v, and 0; is any ordered product

of elements of {0,,...,0y} in H.

Example 4.3.3. (Free superfermion LPA, PPA) Following the notation in Example 4.3.2
unless otherwise specified, consider the same space by, but now lety : ) x h — F to be a super-
skewsymmetric nondegenerate bilinear form, that is y(a,b) = —(—1)P““PP)y(b, a) for any
a,bebandy(a,b)=0ifp(a)+# p(b). The free superfermion LPA corresponding tol is the
left H-module

LI =HyeFK, 4.3.11)
where K satisfies 0 K =0 for any @ €0 and p(K)=0. The pseudobracket on b is:
[axb]=(y(a,b)®1)®y K, forany a,be€b, K iscentral, (4.3.12)

which is uniquely extended to th by H -bilinearity. In the case when\y is purely even, th is
called the free fermion LPA. The universal PPA over th is the symmetric superalgebra

P(L])=S(Hh®FK), (4.3.13)

with the pseudobracket uniquely extended from (4.3.12) by the left and right Leibniz rules
and H -bilinearity. The free superfermion PPA is defined as the quotientP(th )/ (P(th (K —1)),

or equivalently:
F,=S(Hb) (4.3.14)

with the pseudobracket given by (4.3.12) with K =1 on the generators. When ly is purely
odd, F, is called the free fermion PPA. As an H -differential algebra, it is isomorphic to the
H -differential algebra of polynomials in N odd generators below:

=N\ (Gu;li=1,...,N), (4.3.15)
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where{u,,..., uy} is a basis for b, {3,,..., 0y} is a basis for v, and 0; is any ordered product
of elements of {0,,...,0y} in H.

Example 4.3.4. (Affine LPA, PPA) Let g be a Lie algebra with a nondegenerate invariant
symmetric bilinear map p : g x g — 0. The affine LPA associated to g is defined as the purely
even left H-module

L,=HgeFK, (4.3.16)
where 0 K =0 for any 0 €d. The pseudobracket on the generators is:
[axb]=(1®1)®y[a,b]+(p(a,b)®1)®y K, forany a,beg, K iscentral. (4.3.17)
The universal PPA over the affine LPA L, is the purely even symmetric algebra
P(L,)=S(Hg®FK), (4.3.18)

with the pseudobracket uniquely extended from (4.3.17) by the left and right Leibniz rules and
the H -bilinearity. The affine PPA at level k € F is defined as the quotient P(L,)/(P(Ly)(K —k)),
or equivalently:

Ag =S(Hg), (4.3.19)

together with the pseudobracket given by (4.3.17) on generators with K = k. As an H -
differential algebra, it is isomorphic to the H -differential algebra of polynomials in N gener-

ators
Agz]F[ du;|li=1,...,N], (4.3.20)
where{u,,..., uy} is a basis for g, {0, ..., 0y} is a basis for v, and J; is any ordered product

of elements of {0,,...,0y} in H.

Example 4.3.5. (W,; PPA) Let0d be an M -dimensional Lie algebra with a basis {3,, ..., 0y }.
The analogue of the Virasoro Lie conformal algebra in higher dimensions is the Lie pseu-
doalgebra W (d) reviewed in Example 2.3.3 (cf. [1]). We will also call this Lie pseudoalgebra
W, in the following discussion. Note by H -bilinearity, the pseudobracket given by (2.3.9) is
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equivalent to the one below on the basis elements of 0: forany1<i,j<M,
[(1®)x(1ed)]=181)®,;(1®[0;,0;))—(1®7)®, (1®7,)+(0;®1)®y (1®7;). (4.3.21)
In particular, for i = j and?d is abelian, we have:

(180)*x(1®7)]=(0;®1—1®0;)®,(1®7;)

If we identify —0; ® 1 with A; and the action 0; on 1 ® J; with 0, (4.3.22) becomes the
A;-bracket in the Virasoro conformal algebra (cf.(2.3.7)). This shows that each element of the
basis of 0, or rather any arbitrary element of 0 gives a Virasoro algebra in W (d) after the
identification above. The W,; PPA is defined to be the universal PPA over W ():

P(Wy)=S(W(0))=S(U(®)®0), (4.3.23)

with the pseudobracket defined on the generators by (4.3.21) and extended uniquely to P(Wy,)
by the left and right Leibniz rules and H -bilinearity. One can see that P(W,,) is a purely even
H -differential algebra of polynomials in M generators:

P(Wy)2F[u;|i=1,...,M], (4.3.24)

where u; =1® 0; and 0; is any ordered product of elements of {0,,...,0y} in H.
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CHAPTER

5

SPECTRAL SEQUENCES

In this chapter, we review the definition and some properties of spectral sequences, which
will be the main tool in proving the main theorem on the energy operators. The first two
subsections in this chapter are adapted from [24] to fit into our discussion here. Other refer-
ences are [27] or [29]. The last subsection explores the properties of the spectral sequence

arising from an exact sequence of complexes.

Spectral sequences are usually constructed from exact couples or from filtered com-
plexes. In fact, these two methods are equivalent [24]. Spectral sequences arising from
double complexes serve as examples of the latter. After we review the construction of a
spectral sequence from a filtered complex, we will focus on the spectral sequence associated

to a double complex.

5.1 Definition of a spectral sequence

To define a spectral sequence, one of the key ingredients is H -differential bigraded modules.

To define such modules, we start by defining a decreasing filtration on a left H-module.
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Definition 5.1.1. A decreasing filtration on a left H -module M is a family of submodules:
{FPM|p € Z} such that:

o CFPI'M cFPM CcFP'M c---Cc M. (5.1.1)

One can similarly define an increasing filtration of a left H-module M by reversing the
direction of (5.1.1), that is replacing it with

M>--->FP'M>FPM>FPIM>--- (5.1.2)

Here and further, we will focus on decreasing filtrations. Another notion related to the
filtration above is the grading that is defined as follows.

Definition 5.1.2. A left H-module M is called Z-graded if M = @ ,,c; M?, where the sub-
module MP is called the degree p component of M.

The notions of a filtration and a grading (both under Z) are related. On one hand, given
a filtration on M, one obtains the associated graded module gr(M) by setting gr”(M) =
FPM/FP*'M (or gr’(M)= FP M /FP~'M for an increasing filtration). On the other hand, if
aleft H-module M is graded, then one naturally gets the corresponding decreasing (respec-
tively increasing) filtration by setting F?M = @,, M* (respectively F*M = @, M").
However, it may be difficult to recover the filtration of M if only knowing the associated
graded module gr(M). Similarly to the Z-grading, we have a notion of bigrading on a left
H-module:

Definition 5.1.3. A left H-module M is called bigraded if M =D, ,e; MP, where the sub-
module M1 is called the bidegree (p, q) component of M .

Definition 5.1.4. A differential bigraded left H -module is a pair (E, d), where E is a bigraded
left H-module: E =D, ,ez EP?, and d : E — E is an H -module homomorphism of bidegree
(s,—s +1) for some s € Z such that d* = 0.

Definition 5.1.5. A first quadrant cohomological spectral sequence is a collection of differ-
ential bigraded left H -modules {(E,, d, )}z, such that the bidegree of d, is(r,—r + 1) and
El1>~HPY(E, d,) forallp,q,r €Z,.
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For a first quadrant homological spectral sequence, one only needs to impose the
bidegree of d, to be (—r, r —1) in the definition above. Here and further, unless otherwise
specified, we will call a first quadrant cohomological spectral sequence a spectral sequence
for short. In practice, one can visualize the spectral sequence as a notebook with pages
indexed by r =0,1,... On the r-th page, one has EP7 on the lattice point (p, q) and the
differential 4”9 : EP1 — EP*"4~"*! can be denoted as an arrow from E? to EP*"9~"*! For

r =0, the spectral sequence looks like:

Figure 5.1: E,-page of a first quadrant cohomological spectral sequence

The arrows pointing upwards in the figure denote the differential d,,. One sees immediately
that E/* is just the usual cohomology H?%(E,, d,). For r = 1, the E,-page looks like:

0,3 1,3 2,3 3,3 4,3
3 |E¥®—E®—E»—E¥ > E

0,2 1,2 2,2 3,2 4,2
2 | E*— E?— E¥ — EM — E

0,1 1,1 2,1 3,1 4,1
1 |E"—EM— E»' - E¥ > E|

0,0 1,0 2,0 3,0 4,0
0 |E”®—EY—E*—E*—E

0 1 2 3 4

Figure 5.2: E,-page of a first quadrant cohomological spectral sequence
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Now the differential d, : E"? — E* is pointing to the right. We also list the E, and E;

pages below:

0,3 1,3 2,3 3,3 4,3
EZ EZ E2 EZ EZ

TSI

0,2 1,2 2,2 3,2 4,2
E2 \;\;\ E2

0,1 1,1 2,1 3,1 4,1
EZ E2 E2 E2 EZ

SO

0,0 1,0 2,0 3,0 4,0
EZ EZ EZ EZ EZ

0 1 2 3 4

Figure 5.3: E,-page of a first quadrant cohomological spectral sequence

Figure 5.4: Ej;-page of a first quadrant cohomological spectral sequence

Spectral sequences are quite powerful computational tools and usually the spectral

sequence will "stabilize" after the first few pages displayed above.

In the remaining of this subsection, we review the construction of a spectral sequence
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associated to a filtered complex. Consider a cochain complex (C = @,,.,C",d), with a

decreasing filtration {7 C},¢; of C such that the following three properties are satisfied:

1. Each subspace C” gets a decreasing filtration:
~«CFPYIC"cFPC"cFP'C"c--cC", n=0, (5.1.3)
where FPC"=FPCNC".
2. The differential d is compatible with the filtration:

dFPC"c FPC™', n>0, peZ. (5.1.4)

3. The filtration is separated:

ﬂFPC”:O, n>0. (5.1.5)

PEZ

The spectral sequence {(E,,d, )}, associated to the filtered complex (C, d) is con-

structed as follows. For p,g € Z and r > —1, let

ZP1={qeFP CP*|da e F\*" CPTIt1}
r

(5.1.6)
— Fp Cp+q N d—l(Fp+r Cp+q+1),
and
BP1={aeF’ C"*|a=dp forsome ff €F"" CP* 1}
=F’ CP*Nd(FP~" CPtI ) (5.1.7)
_ —r,q+r—1
=dzZP"T
By definition, one sees that d B”7 =0 and
BPicBPiczPlczP!,  —1<r<s.
Since by definition Z7*""™ = ZP7 NP+ CP*9, one defines
EPi =z (Z T+ BPY),  p,qeZ, reZ,. (5.1.8)
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Since
erp,q — Brp+r,q—r+1 c er+r,q—r+1

and

p+1,q—1 P4y _ pptr+l,g—r p+r+l,q—r p+r,g—r+1
d(erl +Br71)_Br71 Cerl +Br71 ’

letting n?7 : ZP7 — EP be the quotient map, the differential d : Z"7 — ZP*"4~"*! induces

linear maps
d,: EP7— EPf a7 g [a]l=[da], (5.1.9)

where [a] :=n?9(a) € EP'Y denotes the equivalence class of @ € ZP*9. It follows immediately
that d? =0 since d* = 0. One checks that the cohomology of (E,, d,) is isomorphic to E,,
(seee.g. [24]):

(EP9nkerd,)/d,EP~" 7" ~ EP (5.1.10)

r+1”

so indeed we have a spectral sequence associated to the filtered complex.

5.2 The spectral sequence associated to a double complex

In this section, as an example of a spectral sequence associated to a filtered complex, we
review the method to construct a spectral sequence associated to a double complex. First

recall the definition of a double complex [24].

Definition 5.2.1. A double complex is a triple (M,d’,d”), where M is a bigraded left H -
module: M = @, ;e MP7, d' : M — M is the "horizontal" differential of bidegree (1,0)
satisfying (d'y = 0, d” : M — M is the "vertical" differential of bidegree (0,1) satisfying
(d”)?=0,andd’,d” anticommute, that is, for any p, q € Z,

d’. d +d . .d’ =0. (5.2.1)

p+Lq "p.q p.g+1"p,q

The graph below shows how d’, d” look like, where the horizontal arrows denote d’ and the
vertical ones denote d”.

For adouble complex, one can define the associated total complex, denoted as (7' (M), D),
to be the graded left H-module T(M) =P, c; T(M)", where T(M)" =D, ,-, MP, and
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—_— VP ——— NP ———

Figure 5.5: Part of a double complex

the total differential:

D,= Y d +d. (5.2.2)

p+q=n
Note that (d’)? = (d”)* = 0 and the anticommutativity of d’, d” imply that D? = 0. The graph
below shows the concept of an associated total complex. The degree n component 7' (M )"

can be visualized as the direct sum of all M7?9’s on the line p + g = n.

~

NN

nnpn+l

Figure 5.6: Total complex
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Remark 5.2.1. If we have a bigraded left H -module M but the differentials d’,d” commute
instead of anticommute, one can check readily that by replacing d ”j’, g With Dz;/, .= (—1)rd r/;, q
(this is just alternating the signs by columns), (M, d’, D”) is a double complex. This is useful

when we apply the spectral sequence to an exact sequence in next section.

In the following discussion, we focus on first quadrant double complexes, thatis M?7 =0
whenever p <0 or g < 0. Meanwhile, the cohomology H(T (M), d) of the associated total
complex of a double complex will be called the cohomology of the double complex. Before
introducing the main theorem of the spectral sequence associated to a double complex, we
review the construction of a filtration of T (M) and the concept of convergence of a spectral
sequence.

Let FPT(M)" = @,5, M"""". One checks that {F? T(M) = @, F’ T(M)"} 7+ is a de-
creasing filtration of T(M ), which satisfies conditions (5.1.4), (5.1.5), and F°T(M)= T(M).
In particular, for each n, {F?T(M)"},cz+ is a decreasing filtration of T(M)". In this fil-
tration, one sees that FP T(M)P*4/FPHT(M)P+9 = MP9. Furthermore, if (T(M),D) is a
cochain complex, the 0-th page of the spectral sequence associated to the filtered complex
(T(M), D) is just the double complex. The other pages also follow from the construction of
the spectral sequence associated to (T'(M), D). Similarly, one can define another decreasing
filtration of T(M) in the vertical direction by setting F1T(M)" =@ ;,, M" /1.

Definition 5.2.2. A spectral sequence is said to collapse at the N -th term if d, = 0 for all

r > N but there exists a nontrivial dy_,.

Note that dy = 0 implies that Ef!, = H(EY, dy) = E{’?. Thus if a spectral sequence

collapses at the N-th term, then Ey? = EXY ... for all p, g > 0, and this common vector

space is denoted by EL,’.

Definition 5.2.3. A spectral sequence is said to converge to a graded left H -module M if there
exists a (decreasing) filtration F on M such that:

EPA = FPMP*4 ) FPHipP+a, (5.2.3)

The main theorem on the cohomology of a double complex is the following:
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Theorem 5.2.1 ([24]). For any first quadrant double complex (M ,d’,d"), there exist two

spectral sequences (E,,d,) and (E,,d,) whose E,-pages are as follows: for any p,q € Z.,
EPT=HHMP,d"),d) and E}"=H(HMP",d"),d"”) respectively. (5.2.4)

Moreover, both spectral sequences converge to H(T(M), D), the cohomology of the associated

total complex of the double complex.

Remark 5.2.2. By the anticommutativity of d’ and d” and the fact that (d’)? = (d”)? = 0
since they are induced from d’ and d” respectively, one can verify that (H(MP1, d’),d")
and (H(MP1,d"), d’) are differential bigraded modules. Theorem 5.2.1 provides two ways to

compute the spectral sequences, which give us information of the associated total complex.

5.3 Application of spectral sequence to an exact sequence

We apply the spectral sequence to an exact sequence in this section. As the first step, we
naturally obtain a double complex associated to a cochain complex. To be specific, consider

the following cochain complex of left H-modules:

0—ce Ll tae I e o, (5.3.1)

where for each i € {0, ..., k}, C,; itself is a cochain complex of left H-modules:
0 di,() 1 di,l 2
0-C —C, —C —---. (5.3.2)

Since f?=0, d? =0 and f; are chain maps, by doing a sign change given in Remark 5.2.1,

we have the double complex associated to this cochain complex (see Figure 5.7 below).

From Section 5.2, we obtain a spectral sequence associated to this double complex,
which will be called the spectral sequence associated to the cochain complex. The 0-th and
1-st page of this (cohomological) spectral sequence are shown below (see Figures 5.8 and
5.9 below). Note that for odd columns a minus sign is added; however, this does not affect
the kernel and the image of the original differential, hence the cohomology stays the same
as we see on the 1-st page. An important observation is the following lemma:
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fy
1 +1
_— C;H S C;’H e ——
(—1)pdp,q (_1)(p+1)dp+1,q
s Gl ———s
fy

Figure 5.7: Part of the double complex associated to a cochain complex

Lemma 5.3.1. For the cochain complex given by (5.3.1), the cohomological spectral sequence
associated to it collapses at the (k + 1)-th page.

Proof. This is obvious since for the k-th page, considering the bidegree of the differential,
the only nontrivial differentials are: d; : C;" — C,g"_k“, m > k — 1, while all differentials on
the (k + 1)-th page are trivial. O

3 |c ¢ ¢ ¢ c

1 4

1 ! 1 ! t
2 |c ¢z ¢ ¢z ¢
1 ! 1 ! t
1|t ¢ ¢ o ¢
T d0,0 T _dl,O T d2,0 T _d3,0 T
0o|c ¢ ¢ c

0 1 2 3 4

Figure 5.8: 0-th page of a spectral sequence associated to a cochain complex

Next, we consider the case when the cochain complex (5.3.1) is exact. By exactness and
Theorem 5.2.1, one immediately sees that the cohomology of the total complex is trivial
since H(C’j, f,)=0. Moreover, by Lemma 5.3.1, the (k + 1)-page is indeed a 0 page, that is
all terms are 0, hence all the pages after are trivial. In the remainder of this section, we will

explore the spectral sequence associated to an exact sequence given by (5.3.1) for k =2,3.
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3 HO,S_)H1,3_>H2,3_)H3,3_>H4,3
2 H0,2_>H1,2_>H2,2_>H3,2_>H4,2
1 H0,1_>H1,1_>H2,1_>H3,1_>H4,1

0 H0,0ﬁHI,OiHZ,OEHS,OﬁH&O

0 1 2 3 4

Figure 5.9: 1-st page of a spectral sequence associated to a cochain complex

For k=2, (5.3.1) is just a short exact sequence:
0—A5BLC—o0, (5.3.3)

where we use A, B, C in place of C,, C;, C,, and i is injective and p is subjective. The following

theorem is well known in homological algebra.

Theorem 5.3.1. For a short exact sequence of cochain complexes (of left H -modules) given

by (5.3.3), there exists a long exact sequence as follows:
e H™Y(C) 22 H Y (A) S HY(B) D H'(C) 2 H' ' (A)— - (5.3.4)

where i,, p, are induced by i, p respectively, and 0, : H"(C) — H"(A) is the connecting
homomorphism.

This theorem can be proved directly by verifying the exactness at each position using
the definition of the maps. However, we give another proof here using the spectral sequence
associated to the short exact sequence (5.3.3).

Proof. Consider the spectral sequence associated to (5.3.3). By Lemma 5.3.1, the spectral
sequence collapses at the 3-rd page which is also a trivial page. Note that the 1-st page of
the spectral sequence is the following:
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Iy 28
0 5 Hn+1(A) > Hn+1(B) 5 Hn+1(c) > 0

~

O, el

Ly P« Tl
0 ——— H"™(A)—> H"\(B)— H" (C)—> 0

Figure 5.10: 1-st page of the spectral sequence associated to a short exact sequence

where the connecting homomorphisms are added by dashed arrows. The theorem claims
that this is indeed a long exact sequence. We first verify the exactness at H"(B). Note that
on the 2-nd page of the spectral sequence, the differentials adjacent to H(H"(B)) are both

trivial. Hence H(H"(B)) = 0 since the 3-rd page is a 0 page. This show that the long exact
sequence is exact at H"(B).

\

n+1 n+1 n+1
H(H H(H"™Y(B)) H(H

\\

H(H™(A) H(H"( H(H"(

H(H"'(A)) H(H"(B)) H(H""'(C)) 0 0

Figure 5.11: 2-nd page of the spectral sequence associated to a short exact sequence

Another piece of information from the 2-nd page is that d, : H(H"*1(A)) - H(H"(C)) is
an isomorphism because the 3-rd page is a 0 page. Note that, in fact, H(H"*'(A)) =ker(i,)



and H(H"(C))= coker(p,). Consider the following sequence:

Px n Pn (d’lfl . jn n+1 i*
--+— H"(C)— coker(p,) = ker(i,) = H""(A)—--- (5.3.5)

where p,, is the projection and j, is the injection. The connecting homorphism is defined
as the composition: 8, = j,o(d,) ' o p, : H*(C) — H"*}(A). It is left to check the exactness
at H"(C) and H""(A), which can be readily done:

ker(o,)=ker(p,)=im(p,) and im(d,)=im(j,)=ker(i,), (5.3.6)

since p,, is subjective and j, is injective. ]

One sees that Theorem 5.3.1 is indeed a special application of the spectral sequence
associated to the exact sequence for k = 2. Next, we prove a generalized theorem for k =3
using the spectral sequence. This result will be necessary for our second main theorem on

the energy operators. For k = 3, the exact sequence given by (5.3.1) is:
0-aL gLt clipoo, (5.3.7)

where we replace C;’s with A,..., D and use f, g, h to denote the differentials. We will call

this exact sequence a medium exact sequence.

Theorem 5.3.2. For a medium exact sequence given by (5.3.7), there exists a medium exact
sequence on the 2-nd page of the spectral sequence associated to (5.3.7) for any n > 0:

d1,n+1 0,n+2

0— H(H"*Y(B)) —— H(H"(D)) o, H(H""(A)—— H(H"™(C))—0, (5.3.8)

where d, is the differential on the 2-nd page of the spectral sequence (the double superscript
denotes the starting position) and 0, is a connecting homomorphism.

Compared to Theorem 5.3.1, the difference here is that we get a medium exact sequence
on the 2-page now. It is tempting to construct a long exact sequence similar to Theorem

5.3.1 on the 1-st page; however, such a sequence is not exact anymore.

Proof. By Lemma 5.3.1, the 4-th page of the spectral sequence is a 0 page. The 3-rd page
actually gives an isomorphism d; : H(H(H"?(A))) — H(H(H"(D))) as shown in the Figure
below.
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H(H(H"**(A))) 0 0 H(H(H"**(D)))

H(H(H""'(A)) H(H(H"(D))

H(H(H"(A)) 0 0 H(H(H"(D)))

Figure 5.12: 3-rd page of the spectral sequence associated to a medium exact sequence

The two columns in the middle are 0 columns since the differentials d; into and out of
them are trivial and the 4-th page is a 0 page. This fact can be translated to the 2-nd page as:
the differential map d,""" : H(H"*'(B))— H(H"(D))is injective and dy""** : H(H"**(A)) —
H(H™1(C)) is surjective. Hence, we have shown the exactness of (5.3.8) at H(H "*!(B)) and
H(H™1(C)). Next, to define the connecting homomorphism ,, note that H(H (H"(D))) =

0 H(H"?*(A)  H(H™*B))  H(H"?(C)  HH"D))

H(H"(A)) H(H"(B))

Figure 5.13: 2-nd page of the spectral sequence associated to a medium exact sequence

coker(d,"*") and H(H(H"**(A)))=ker(d,"**). Consider the following sequence:

1,n+1 dg)—l 0,n+2

2 n Pn Loy Q) 0,n+2y Jn n+2 2
--—— H(H"(D))— coker(d,"™") = ker(d,"™)— H(H""(A))— - (5.3.9)

where p, is the projection and j, is the injection. One can define the connecting homo-
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morphism J, := j,o(d;) ' op, : HH"(D))— H(H"?(A)). The exactness at H(H"(D)) and
H(H"?(A)) now follow from:

ker(9,)=ker(p,)=im(d,"") and im(d,)=im(j,)=ker(d,"**). (5.3.10)

]

Theorem 5.3.2 can be generalized to a general n based on Lemma 5.3.1 and the following

observations:

1. On the k-th page, the spectral sequence gives an isomorphism d; which allows one
to define the connecting homomorphism & (cf. Theorems 5.3.1 and 5.3.2);

2. One has the medium exact sequence involving the first and last two columns of the
(k—1)-th page of the spectral sequence. This page is similar to Figure 5.13, but with
(k—3) zero columns in the middle.

We have indeed proved the following theorem:

Theorem 5.3.3. Given a cochain complex (5.3.1) that is exact (k > 3), one has the following
medium exact sequence on the (k —1)-th page of the spectral sequence associated to (5.3.1)
foreachn >0,

1n+k 2 On+k 1

d d
0— EMF2(C)—— E" (ck) = EMENC) —— EN(Cy) — 0, (5.3.11)

where E" (C;) denotes the (i, m) term on the (k — 1)-th page, d._, is the differential on
the (k — 1)-th page of the spectral sequence (the double superscript denotes the starting
position), and 0, is the connecting homomorphism defined as 8, .= j,o(d,) o p,, wherep, :
E!" (Cp)— E(C,) is the projection map and j, : El**7(Cy) — EJ'"*7(C,) is the injection
map.
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CHAPTER

6

COHOMOLOGY OF SOME POISSON
PSEUDOALGEBRAS

We discuss the cohomology theory of PPAs in this chapter. After developing some general
theory on the variational PPA cohomology, we describe the energy operators on the reduced
and basic complexes and their cohomology assuming that H is commutative. Furthermore,
using a spectral sequence, we show that, under certain assumptions on the PPA P and the
P-module M, the energy operators IV; and N, have only eigenvalues 0 and 1 on the reduced
cohomology Hpp(P, M) when H =F[J,, 8,], which generalizes the energy operator on the
PVA cohomology (cf. [5]). As an application of this result, we compute the cohomology of
the free superfermion PPA K, for H =F[J,, 3,].

6.1 General theory of cohomology of Poisson superpseu-

doalgebras

As in any cohomology theory, we start by defining the complexes in the sequel: both the
basic and the reduced ones.
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Definition 6.1.1 (PPA modules). Given a cocommutative Hopfalgebra H that is purely even,
suppose P is a PPA with parity p, a module M over P is a vector superspace endowed with two
module structures over P that are compatible: a module structure over P as an H -differential
superalgebra, and as an LPA. Explicitly, let am denote the action ofa € P on m € M in the
differential superalgebra module and a x m denote the action in the LPA module, then the
following identities hold: supposea,b € P,me M ando : HOQH — H®H,o(h,®h,) = h,®h,,
then

a(bm)=(ab)m, (6.1.1)
(b xm)—(—1)PPO(o1)®, 1)(b*(axm))=[axb]m, (6.1.2)

and the compatibility conditions:

ax(bm)=[axblm+(=1"POp(axm), (6.1.3)
(ab)xm=a(bxm)+(=1"PP" (g xm)b, (6.1.4)

where[a * b]lm is given by (4.2.2), b(a x m) is given by (4.2.4) and (a * m)b is defined as:

(axm)b = (1P PPN (g & )&y (g1 b)vila® m), (6.1.5)

ifaxm=>)(fi®g)®y vi(a®m), and v;: P® M — M is alinear map for any i.

For example, the base field F is P-module with trivial actions: am = a x m =0 for any
a € P,m €F. Another example is P is a P-module where am is just the usual product in P

and a * m =[a x m]. In this case P is called the adjoint module.

6.1.1 Cohomology of Lie superpseudoalgebras

We review the cohomology of a LPA in this subsection. This material is adapted from [1].
In the following discussion, assume the LPA P has a parity p and let p =1— p denote the

reverse parity. For a P-module M, the reduced cochain complex C; »(P, M) is defined as:

Cp(BM)=EPCl(PM), (6.1.6)

n>0

where C/',(P, M) consists of all n-cochains y € Homye.(P®", H®" ®; M), with the parity p

induced from p of P and M, that satisfy some symmetry conditions. Explicitly, an n-cochain
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y: P®" — H®" ®y M satisfies the H-multilinearity:
y(ha,®---®h,a,)=(h®---®h,)®y1)y(a;®---®a,), (6.1.7)
and the symmetry conditions:
ra®-®a;,®a;®®a,)=(-1)PPadg, o, 1)r(a e ®a,) (6.1.8)

forall1<i<n-—1,whereo;,;,, : H®" — H®" is the transposition of the i-th and (i +1)-th
factors in the tensor product.

By definition of C/',(P, M), we have C),(PM)=F®y M = M/H*M where H* ={h €
H | €(h) = 0} is called the augmentation ideal. For n =1, CLIP(P, M) =Homy(P,M) is the
set of all H-module homomorphisms from P to M. For n = 2, C7,(P, M) consists of all
y: P®P — (H® H)®y M that satisfy the H-bilinearity and the symmetry condition
r(a; ® ay) =(—1)PP@)g, , @, 1) y(a, ® a)).

The differential d : C/",(P, M)— C/'¥'(P, M) for n > 1 is given by:

(@AY @@ ®a,.)= D (1) (0;®id)a;+y(a 8 a4 e ®a,.)

1<i<n+1
+ Z D500 ®pid) y(a;%a;]®a,® - ®d;®--®d;®--®a,,,), (6.1.9)

1<i<j<n+l1

where d; means a; is omitted in the tensor product, o,_,; : H®"*V — H®"+ js the permu-
tation

Oi(hi®h ®- @R ®hi @@ Ny )= My ®--® Iy, (6.1.10)
O HBD — HeH) s the permutation

O.l—>i,2—>j(hi®hj®hl®'”®hi—l®hi+1®"'®hj—l®hj+1®“'®hn+1):h1®"'®hn+17
(6.1.11)

and axy(a,®---®d;®---®a, ) is defined in the following way. It suffices to define a(f ® b)
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where f € H®". Suppose that

axb=> fiogve H% oy M, 6.1.12)
i

then we set

ax(feb)=> (1&f)(ideA" ) (f)e, v,e H*" Ve, M, (6.1.13)

i

where A"~V is the iterated coproduct. For y([a; xa;]® 4, ®---® 4, ®---®d; ® - ® a,,,), if

y(a1®---®an):Zg,- ®y v, € H*" ®y M, (6.1.14)
i

and g € H®?, then we define

r(g®a)®a,® - ®a,)= Z(g ®1° ) A®id®" V) (g) ey v;e H " Ve, M. (6.1.15)

The signs g; and ¢;; in (6.1.9) are given by:

i =p(a)(p(r)+pla)+-+plai ) +1)+1, (6.1.16)
;= pr)+pla)(pla) +--+ plai) +1)
+plaj)(pla)+--+pld)+-+pla;_)), (6.1.17)

where p(d;) means p(a;) is omitted.

For n =0, the differential d : C),(P,M)— C;,(P, M) is defined as follows. Suppose that
axm=>Y h;®yv;,€ H*>®y M; then

(d(1®, m))(a)= —(—1)ﬁ<“>(ﬁ<m)+l>2(id® €)h)v, € M. (6.1.18)

1

By convention, for n < 0 we assume that C',(P, M )=0, thus d =0 when n < 0. One can
verify that d? =0, hence C, (P, M) is a cochain complex. The cohomology of this complex
is denoted as H; p(P, M) =D,,5 H/,(P, M), where

kerd,,
imd,,_,’

H(P,M)= n>0, (6.1.19)
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and is called the reduced cohomology of P (as an LPA) with coefficients in M. Similarly,
one can define the basic cohomology of P (as an LPA) with coefficients in M by replac-
ing ® 7y with ® everywhere in the reduced cohomology above. For notation, we will use
Crp(P,M) =@, C/".,(P, M) to denote the basic complex and H; »(P, M) =D,», H/",(P, M)

to denote the basic cohomology.

For low degree cohomology of an LPA P, the following results are proved in [1]. Let
M, N be two left H-modules, and Chom (M, N) denote the set of all F-linear maps ¢ : M —
(H® H)®p N such that

¢p(hm)=(1® h)®y 1)¢p(m), forany heH, meM. (6.1.20)

When M and N are P-modules, then Chom (M, N) has a natural structure of a P-module
(see [1]).

Theorem 6.1.1 ([1]). 1. There exists a one-to-one correspondence between the elements

of H} ,(P, Chom(N, M)) and the isomorphism classes of H -split extensions
0—-M—-E—-N-—0 (6.1.21)

of finite modules over an LPA P.

2. ForaP-module C regarded as an LPA with trivial pseudobracket, there exists a bijective
correspondence between the elements of H*(P, C) and the equivalence classes of H -split
abelian extensions of P:

0-C—>P—-P—0. (6.1.22)

3. There exists a bijective correspondence between the elements of H*(P, P) and the equiv-

alence classes of the first-order deformations of P.

In the remaining of this section, we will assume H = U(0) to be the universal enveloping
algebra of a finite dimensional Lie algebra 0 and fix a basis {7}, ..., Oy} for 0. The augmenta-

tion ideal H™* consists of all sums of products of J;’s. Furthermore, we define an action of J;
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on GL"P(P,M) foreachie{1,...,N} as follows: fory € GL"P(P,M),

(@7Na,®®a,)=(1""®0,—0;;)® - ®0;;,)®1) T(a, ®--® a,). (6.1.23)

The right hand side is again an n-cochain if H is commutative, thus in this setting indeed
H =TFI[J,,...,0y]. Formula (6.1.23) gives an action of H on C;p(P,M) and each &, is an even
endomorphism of éan(P’ M) for all n > 0. Based on the discussion above, we will assume
H =TF[d,,...,0y] for the rest of this subsection.

Remark 6.1.1. Since H is assumed to be commutative, one can rewrite the action (6.1.23)
using the 7. notation (cf. Example 4.3.1). Consider a cochainy : P®" — H®" ®y M. For
i=1,...,n, letzi =A;1,-- Ain) and 3 =(0,...,0n). Ifweidentify A;; with —1®---®1®0;®
1®---®1, where 0; is at the i -th position in the tensor product, theny can be thought of as a
map

7P MAy, e, Anl/ 0+ A+t A hicjen = MIAL, oo, Ap)/ (8 + Ay -+ A).

This is similar to an LCA cochain other than the X,- s are now vectors. Using the Z-nomtion,
the sesquilinearity conditions and symmetry conditions thaty should satisfy can be written
as follows.

Sesquilinearity conditions: forall1<i<n,1<j<N,

73,3 (@ ®--®(0;a)® -®a,)=—2;;r3, 3 (a,®-®a,), (6.1.24)

..........

\<
=
>l
£
3)&
>l
=
2
®
®
2
=
®
2
®
N
S
Il
|
=
E
2
3
Q
£
\<v
.
oy
—
)
®
®
N
S
o
[—
[\]
L

.....

.....

under y. Similarly to the reduced case, a cochainy € éan(P’ M) can be thought of as a map
y:pP®"— M[il, oo in]. The sesquilinearity conditions and symmetry conditions are again
given by (6.1.24) and (6.1.25) with y’s replaced by ¥'s. The actions of J;'s given by (6.1.23) on
the basic complex GL”P(P, M) can be written in A -notation as:foralli=1,...,N,

@i, 3, (@ ® - ®a,)=(0;+ A+ + A1) 73, .1, (1 - ®ay), (6.1.26)

...........
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or more concisely using the vector notation:

@73, 3 (@ ®®a,)=@+A++1)75 1 (@ ®®a,). (6.1.27)

.....

This observation allows one to translate many results of LCA over to the LPA case when H

is commutative as some important ones given below.

Lemma 6.1.1. Foranyie<€{l,...,N}, the action of 6; commutes with the differential d, thus
8,C" (PM)isa subcomplex oféL”P(P, M).

L~LP

The proof of this lemma is a straightforward generalization of the proof of Lemma 2.2 in
[6] if we regard the LPA as an LCA in higher dimensions and use the Z-notation (cf. Remark
6.1.1 above).

Lemma 6.1.2. Foranyie{l,...,N}, J; is an injective endomorphism of(NTL”‘P(R M) for all

n > 1. In particular, it is an isomorphism between GL"P(P, M) and 0, C’L”P(R M) foralln > 1.

Moreover, if M is a free left H-module, then éan(P’ M)=0; GL”P(P, M) foralln > 0.

As with the previous lemma, if we regard the LPA as an LCA in higher dimensions and
use the A-notation, this is essentially proved in Proposition 2.1 in [6]. Note thatif M is a
free H-module, when n =0, then d; : M — M is also injective.

Consider the following quotient map:
TM[AL .., Ayl = M Ay, A8+ A, +-+A,), (6.1.28)
with which one can define a linear map:
e:ClL(RM)— CL(BM), €[f)=no¥. (6.1.29)
Note that mo(d;y)=0foralli=1,...,Nandy e éan(P’ M). Hence € induces a linear map:

&:ClH(BM)/(0,Cl,(PM)+---+0yCl (M) = CJ,(PM), (7)) =[noF]. (6.1.30)
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Proposition 6.1.1. Suppose that H =F[0,,...,0y]. Then €, defined by (6.1.30), is injective for
all n > 0. Moreover, if P is an LPA that is free as a left H -module, then € is an isomorphism
foralln>0.

Proof. Note that €(7¥) = 7 o ¥ satisfies the sesquilinearity conditions (6.1.24) and the sym-
metry conditions (6.1.25), since ¥ satisfies these conditions. By definition, € is linear, so it

suffices to prove that it is injective and surjective.

To see that € is injective, we prove that ker(€) = g, (N?L”P(R M)+---+ 0y éan(P’ M). The
inclusion &, éfp(R M)+---+ 0y éfp(R M) c ker(€) is obvious since e(c’?i?) =mo(d;7;)=0.To

..........

.....

.....
..........

.....

.....

.....

...............

(G + A +-+-+2,,). One can compute (6.1.32) for all elements in P®", thus we have ¥, and 7
are linear maps from P®" to M[zl, ces 71,2 ]. To see that these are indeed cochains in (N?L”P(P, M),
we check the sesquilinearity and symmetry conditions of 7, and 7;. For the sesquilinearity,

by the sesquilinearity of ¥, one has foreach j=1,...,N,

Tin (1@ ®0;a;®---®a,)

.....

.....

==X+ An+-+A0)7(a@®-®a,)—A;h(a; ®--®a,)
:(81+A11++An1)71(a1®®ajal®®an)+?/l(al®®ajal®®an), (6133)

which implies that ¥, and 7; satisfies the sesquilinearity conditions. By the symmetry
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conditions of 7,

.....

.....

.....
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.....

(6.1.34)

which implies the symmetry conditions of ¥, and 7;. Hence ¥, and 7; are cochains in
éan(P’ M). One can repeat the steps above on 7; (by factoring out (d,+A,,+:--+A,,,) this time)
and eventually writing 73 5 (a4, ®---®a,)in (6.1.31) with all¥; € GL”P(P, M). This proves
that¥ € 8, C/,(P, M)+---+ 0y C/',(P, M), so ker(€) € 6,CJ",(P, M)+---+03y C]',(P, M). Together
with the other direction proved earlier, we have ker(e) = ,C o(PM)+-+-+ 0y C (P M),

thus ker(€) =0 and € is injective.

It is left to show that € is surjective. By (6.1.30), it suffices to prove that € is surjective. For
n=0,e:M— M/(GM +---+ IyM) is just the quotient map, hence surjective. For n > 1,
suppose that y € C[',(P, M). Since P is a free left H-module, we can write P = HU where U
is a generating set of P as a left H-module. Note that y is uniquely determined by its values
on U®" by sesquilinearity and satisfies the symmetry conditions given by (6.1.25). Consider
the identification maps (k=1,..., n):

i MAy, o A8+ A 4+ A,) = M[Ay, ..., Al

> -

([P Ao s A)]) = PRy, Aty Akstr oo o A, (6.1.35)

where P(Zl,...,zk_l,jlkﬂ,...,in) is obtained by replacing Zk in P(il,...,ik,...,in) with
-3 — DLk 7;, that is replacing Agjin P(Ay,.., Aprenn, Ay) With —0; =Dy i Mij for j =
1,...N. One sees immediately that ¢; is well defined and

noiy.=id foreach k=1,...,n. (6.1.36)

Since any 7 € éan(P’ M) is determined by its value on U®", for any u; ® --- ® u,, € U®", set

Th 20 ® @)= — > 13, 5,1 @ ® u,)) (6.1.37)

..........
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The map ¥ defined this way satisfies the symmetry conditions since y does. It can be
extended to any value on P®" by the sesquilinearity conditions, thus ¥ € éan(Pr M). The
identity €(¥) = mo¥ = y on U®" is readily checked by (6.1.36). Hence €(¥) = 7, and € is
surjective, so is €, completing the proof. O

6.1.2 Variational Poisson superpseudoalgebra cohomology

In this subsection, let P be a PPA with parity p (in particular it is an LPA), and M be a
P-module (PPA module). Consider the subspace C},(P,M) of C',(P, M) such that any
v € CJ,(P, M) satisfies the Leibniz rules:

,}/(al R ® biai R ® an) :(_1)p(bi)(p(Y)er(fll)+'"+ﬁ(ui—l))bir(al R --® ai R Q® an) +
(_1)P(fli)(P(bi)+ﬁ(7’)+ﬁ(ﬂ1)+"'+ﬁ(ﬂi—1))ai,},(al Q-® bi Q--® an) (6.1.38)

foralli=1,...,nand a;, b; € P.Hereify(a, ®---®a; ®---® a,) is given by

7(a,®©a;8-®a,)=> (g8 ®g;,)® (a0 8--®a,) (6.1.39)

J

then

biT(a1®'“®ai®"'®dn)=2(gj1®"'®gji(1)®“'®gjn)®H(gji(—z)bi)l’j(a1®"'®an)-

J
(6.1.40)

The differential d is given by restricting (6.1.9) and (6.1.18) on Cpp(P, M). For simplicity, we
still denote it as d when its meaning is clear from the context. In the following discussion

till the end of this subsection, we assume H =F[J,,...,dy].

Lemma6.1.3. When H =F[0,, ..., 0y], thedifferential map d satisfies:d C},(P,M) C C}';'(P, M),
hence (Cpp(P,M),d) is a subcomplex of (C;p(P,M),d).

Thislemmais proved in [14] for the PVA case. If we regard our LPA as a higher-dimensional
LCA, the proof also works here.

We call the cohomology Hpp(P, M) of (Cpp(P, M), d) the reduced variational PPA co-

homology of P with coefficients in M. We also abbreviate it as the reduced cohomology
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when there is no ambiguity. As in the LPA case, we define the basic cohomology of P with
coefficients in M, which is denoted as PNIPP(P, M), to be the cohomology of(épp(P, M), d)
obtained by replacing all ® ; with ® in (Cpp(P, M), d).

By definition, one sees that C ,(P, M) =M /(&,M+---+3yM)and C, ,(P, M) = Dery (P, M),
where Dery; (P, M) c Homg (P, M) consists of H-module homomorphisms from P to M that
satisfy the Leibniz rule:

v(ab)= (_1)p(a)ﬁ(r)a7,(b) + (_1)p(b)(p(a)+ﬁ(r))b},(a). (6.1.41)

For n =2, an element y € C3,(P, M) can be identified with a pseudobracket [-*:]: P® P —
H®?®; M that satisfies the sesquilinearity (H -bilinearity), the symmetry condition with
respect to p and the Leibniz rules given by (6.1.38) for n = 2.

We state some results on low-degree cohomology H},(P, M), 0 < n < 2, when H =
F(d,,...,0y]. The pseudobracket will be identified with the A-bracket here (cf. Example
4.3.1 and Remark 6.1.1). Let f M — M/(6,M +---+ Iy M) be the quotient map. A Casimir
element f m € M/(O,M +---+ dyM) is an element such that a_zm =0 for all a € P. We
denote the set of all Casimir elements above as Cas(P, M). In the adjoint module, by the
sesquilinearity of the J-bracket, the condition of being a Casimir element above can also
be written as [m;al]
satisfying the Leibniz rule (6.1.41) and

5 = 0. A derivation D : P — M is an H-module homomorphism

Dla;b]=(—1)’PP@gs D(b)+ (—1) PP PHP@ o 5 D(a), (6.1.42)

forany a,b € P (here p(D) = p(D), see Remark 6.3.2). Moreover, the derivation D is called
inner if there exists an element f meM/(O,M +---+dyM)such that forall a € P,

D(a)=(=1)"*P@Pmg sm, (6.1.43)

For the adjoint module, (6.1.42) coincides with the usual definition of a derivation as being

an H-module endomorphism of P such that:

Dlazb]=[(D(a)); b]+ (1" [az(D(b))). (6.1.44)
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Similarly, (6.1.43) in the definition of a derivation D being inner becomes: for any b € P,

D(b)=[a;b]

5o =dob, forsome acP (6.1.45)

We will denote the space of all derivations D : P — M by Der (P, M), while the inner ones by
Inder (P, M). With the notations introduced above, one can prove the following theorem on
low degree cohomology Hpp(P, M), which is analogous to the PVA case [5; 14] and straight-

forward.

Theorem 6.1.2. Let H =F[J,,...,0y] and suppose P is a PPA and M is a P-module. Then

the following are true:
1. HY,(P,M)=Cas(P,M);
2. Hp,(P,M)=Der(P,M)/Inder (P, M);

3. H},(P,M) is the space of isomorphism classes of H -split extensions of the PPA P by
the P-module M, where M is considered as a non-unital PPA with trivial products. In
particular, H; (P, P) parameterizes the equivalence classes of first-order deformations
of P that preserve the product and the H -module structure (cf. [25]).

The following two lemmas will be useful when we discuss a specific cochain.

Lemma 6.1.4. Let P be a PPA and M a P -module, suppose G C P generates P as an H -
differential superalgebra, then any n-cochainy € C[,(P, M) is determined by its value on
G®".

Proof. This claim is true because of the H-multilinearity (6.1.7) and the Leibniz rules
(6.1.38). 0

Lemma 6.1.5. Under the same assumptions of the previous lemma and H =F[0,,...,0y], an

n-cochain(n > 1) y vanishes if any one of its n arguments is the unit1 € P.

Proof. By the symmetry conditions, assume 1 is the first argument, then forany h € H*,
0=y(h-1®a,®---®a,)=((h®1®---®1)”y 1)y(1®a,®---®a,). Since for any h € H* and
g€ H, hg=0indicates g =0, thusy(1®a,®---®a,)=0. O
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As in the LPA case, after assuming H =F[J,, ..., dy], one can define J,¥ by (6.1.23) for
any ke{l,...,N}andy e Q’}P(P, M). We will also use the Z-notation from Remark 6.1.1 if
it is easier for the discussion, under which 8,7 is given by (6.1.26). It is straightforward to
show that J,7 satisfies the Leibniz rules (6.1.38) too; hence it is an element of 5;‘P(P, M).
For any k € {1,...,N},0, is an injective endomorphism of (NTI?P(P, M)foralln>1.Itis an
isomorphism between (NTI?P(R M) and &, éﬁp(P, M) for all n > 1, which can be extended to
n=0if M is a free left H-module (cf. Lemma 6.1.2). We also have the following proposition

as an analogue to Proposition 6.1.1.

Proposition 6.1.2. IfH =F[J,,...,0y], then € defined by (6.1.30) is injective when restricted
to éﬁp(P, M). Moreover, if P is a PPA such that as an H -differential superalgebra it is a
superalgebra of differential polynomials in even or odd variables, then € is an isomorphism

for all n > 0 when restricted to éﬁp(P, M).

Proof. Here we still use € and € to denote their restrictions to C}',(P, M) and éﬁp(P, M),
respectively. The injectivity of € on éﬁp(P, M) follows from the injectivity of € on C/',(P, M)
proved in Proposition 6.1.1. The surjectivity here is proved in the same way as in Proposition
6.1.1, only noting that if P is a superalgebra of differential polynomials in M even or odd
variables, then it can be written as P = IE‘[é’jk u;]1<j<N, k>0,1<1i<M].One can pick
the generating set G = {u,, ..., u),} that plays the role of U in the proof of Proposition 6.1.1.
Then the preimage ¥ can be defined by (6.1.37) on the tensor products of generators and
extended by sesquilinearity, symmetry conditions and Leibniz rules. O

For the PVA case, if P as a differential superalgebra is a superalgebra of differential
polynomials in even or odd variables, then the isomorphism €: élfp(P, M)/o éﬁp(P, M)—

Cy,(P, M) gives a short exact sequence
0— Cp,(BM) -5 Cl,(BM)— CJL(P.M) -0, (6.1.46)

which induces a long exact sequence that allows one to compute the reduced cohomology
H} (P, M). We would like to generalize (6.1.46) to higher dimensions, thatis H =F[J,, ..., dy]
for N > 1. In order to achieve this, as a first step, we discuss the Koszul complex in the

following subsection.
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6.1.3 The Koszul complex

The goal of this subsection is to review some facts about the Koszul complex (cf. [23])
that will be needed in the calculation later. The Koszul complex was first introduced by
Jean-Louis Koszul to define a Lie algebra cohomology theory, and it turned out to be a
useful tool in homological algebra later. The concept of a Koszul complex is related to that
of regular sequences given below.

Definition 6.1.2 ([23]). For a ring R and an R-module M, an element x € R is called M -
regular (or just regular) if xm =0 implies m = 0.

Definition 6.1.3 ([23]). Let R be aring and M be an R-module. A sequence x,...,x, €R is

called an M -regular sequence if the following two conditions are satisfied:

1. x;is M/Z M)-regular fori=1,...,n;

j=1 ]
2. M/ x;M #0.

Below is the definition of the Koszul complex:

Definition 6.1.4 ([23]). Suppose that R is aring, M is an R-module, and x,, ..., x,, € R. The

Koszul complex, denoted as K (x, M), is the complex below:

0—K, 2k, 22k Pk o, (6.1.47)
where R( =@Re;, . i, I the free R-module of rank ( )( =1,...,n) withabasis{e; _; |1 <

i <--<i,<n} andK, =MG) = RG )®RM—@e i, M. Inaddmon let Ky=M and K, =0
for p <0 or p > n. The differential ¢, : K, — K,_, is defined on the basis (and extended

R-linearly to the whole space) as follows:

p
e.i,)= > (1 e . i, Xi (6.1.48)
j=1

forl < p <n, where fj means i; is omitted, and ¢,(e;) = x;.

By the definition of the differential (6.1.48), one can verify that ¢,,_;0¢, =0 (¢, =0if
p > nor p <0); hence (6.1.47) is indeed a complex.
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Example 6.1.1. With the notations in the definition of a Koszul complex above, for n =1,

the Koszul complex is just:
0—M->M—0, (6.1.49)
where M - M denotes the left action by x = x, € R. For n =2, the Koszul complex is:
(2 "
0O—-M—-MeM—M—D0, (6.1.50)

wherep, M — M &M, ¢,(m)=(—x,m,xym)and ¢, - M &M — M, ¢,(m;, m,) = x;m; +

X, M.

The homology of the Koszul complex is denoted as H(x, M). By definition, one sees

immediately that

n
Ho(ﬁ,M)gM/ijM and H,(x,M)=Z={meM|x;m=0,i=1,...,n}. (6.1.51)
j=1

The following theorem is important for the cohomology of the Koszul complex.

Theorem 6.1.3 (cf. [23]). Let R be a ring, M be an R-module, and x,,...,x, € R be an
M -regular sequence. Then H,(x, M)=0 if p > 0 and Hy(x, M) M/Z

Adirect consequence of this theorem is a free resolution of the quotient module M / Z jo1 XiM.

Corollary 6.1.1. Under the assumptions of Theorem 6.1.3, we have a free resolution of
M/, x;M as follows:

¢n1

n
0— M 25 prlh) 2, ﬁMmﬂMLM/ijMﬁO, 6.1.52)

j=1

where M7 =M &---& M (q summands) and t: M — M/>""_ x;M is the quotient map.

j=1 ]

Consider the Hopf algebra H =F[J,,...y], which is also a commutative ring. The H -
module structure on C »»(P, M) is given by (6.1.23), or in A-notation by (6.1.26). Note that
foreachn=>1,9,...,0yisa C}’}P(R M)-regular sequence (cf. Lemma 6.1.2). By Corollary

6.1.1 and Proposition 6.1.2, we have the following exact sequence:

0— & (BM) 2% &1 (M)W 222, 22 an p A1) 2 &1 (p M) S G (M) —0,
(6.1.53)
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where € is given by (6.1.29) restricted to C »p(P,M). In particular, for H =F[J,, 3,], the exact

sequence is: foreach n > 1,
0 Cr (BM) 2 Cr (PM)e T (BM) LS C (PM)-5 Cl(PM)—0,  (6.1.54)

where ¢, and ¢, are given in Example 6.1.1 with x;, = J, and x, = 6,. This free resolution of

Cy,(P, M) is a direct generalization of the short exact sequence (6.1.46) for the PVA case in

[5].

6.2 Energy operators

The energy operator approach is a useful tool in computing the variational cohomology of
a PVA [5]. In this section, we generalize the energy operator to a family of energy operators
on the variational PPA cohomology. In particular, we prove the second main theorem in this
thesis: under certain assumptions on the PPA P and the P-module M, the energy operators
N, and N, have only eigenvalues 0 and 1 on the reduced cohomology Hpp(P, M) when
H =TF[d,,5,]. Since H is commutative in this case, we will use the 2 notation as discussed
in Remark 6.1.1.

6.2.1 Definitions and basic properties of energy operators

Suppose H =F[d,,...,0y]and P is a PPA in the following discussion. Moreover, let { t,, ..., tx}
denote the dual basis with respect to {J,,...,0y}.

Definition 6.2.1. Fixi € {1,...,N}. A Virasoro element L; with respect to 0; is an even element
of P such that if one identifies the pseudobracket of P with the A-bracket (cf- (4.3.1)), the
following conditions are satisfied:

Lig = [L;3 ']|7L:0 =0, (6.2.2)
d
L= ﬁ[Li;1 1j3_, €End(P) is diagonalizable. (6.2.3)

An element a € P is said to have a conformal weight A;(a) € F with respect to L; if it

is an eigenvector of L;, of eigenvalue A;(a), thatis L;,ya = A;(a)a. Note that (6.2.2) and
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(6.2.3) may also work for a P-module M after changing the A-bracket to the A-action:

L 0= (Liz )3, =0 (6.2.4)
%
Lﬁ‘/’(m = H(Li;\ -)|z=0 €End(M) is diagonalizable. (6.2.5)

If (6.2.4) and (6.2.5) hold for a P-module M, we call M conformal with respect to L;. An
element m € M is said to have a conformal weight A;(m) € F with respect to L; if it is an

eigenvector of LM, of eigenvalue A;(m), thatis LY ,ym = A;(m)m.

Lemma 6.2.1. Foranya € P, if [L;;L;1=0,L;+A;L;+A;L; fori,j€{l,...,N}, then we
have Li(;,(L j1))@) = Lj(Li@)-

Proof. Since the -bracket is parity preserving, L;.,) € End(P) is even. By [6], P is a Lie
conformal algebra in higher dimensions whose annihilation Lie algebra is Wy. In Wy =
DerF[#,,..., ty], Li, is identified with —; 5%. Since —t; aiti commutes with —z; air]» it follows
that L;(,,) commutes with Lj, ). ]

For a monomial aA{‘ )L{\’,V in P[7l] or M [71], the conformal weight with respect to L; is
defined as:
A(arl - A = Aya)+ i (6.2.6)
This is equivalent to say that the conformal weights with respect to L; in M [Z] are the
eigenvalues of the following operator:

)
A,

N;:=LM  + 1, (6.2.7)

The following properties of conformal weights are generalized from the PVA case and

the proofs are similar too (cf. [5]). They are useful in the calculation.

Lemma 6.2.2. Fixi € {1,...,N}, and let L, € P be a Virasoro element with respect to J;.
Suppose that a € P has a conformal weight A;(a) and m € M has a conformal weight A,(m).
Then:

1. A;(1)=0 wherel € P is the unit element;
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2. Al(aja) = Al(a)+ 5” andAl(ajm) = Al(m)+ 51

j’

1, if i=j,
0, if i#];

5ij:

3. Ailazm)=A(a)+A;(m)—1;

4. Aj(am)=A;(a)+ A;(m).

Proof. Part 1 follows from the definition of A; and the fact that[L;31]=0.

Part 2: by the sesquilinearity (4.3.1) of the X-bracket,

0 0
Liy(0;a)= ﬁ[Liz (aja)”;:() = ﬁ((aj +2)[Liz al)

oA,
=A(a)d;a)+ a_ki([Liz al)l;,)

=(Ai(a)+6;;)(G;a).

One can prove A;(d;m)=A;(m)+ 6;; in a similar way.

Prat 3: by the Jacobi identity (cf.(4.3.1)) and noting that a;m € M[{i], we get

= ﬁ([Liia]Zﬂl’mN}[ ot

= (Li(ti)a)ﬁm +

e

1%
=A(a)agm)— H(Hi(aﬁ m))+A(m)(azm

which indicates
0
((L?/I)([i) +U; a_u-)(aﬁ m)=(A(a)+A;(m)—1)(azm).

By (6.2.7), we have A;(a; m)=A(a)+ A;(m)—1.
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Part 4: Using the i-notation, the Leibniz rule (cf.(4.2.1)) in the module setting is:

ai;(bm)=[a;blm +(—1)p(“)’”(b)b(a71m). (6.2.9)
With (6.2.9), one has:
L olam) = 5Lz (am);_,
% 0
= a_)Li[Liia]mh:O + m(a(Liim))hzo
=A(a)am+A;(m)am
=(Ai(a)+A;(m))am), (6.2.10)
hence A;(am)=A;(a)+ A;(m). O

Next we consider the energy operators N; (i = 1,...,N) on M[il,...,in] defined as
follows:

< i
Ni=LY  + ) Api—. 6.2.11
[ i (%) ; k 57% ( )

By definition of V;, one has the following lemma as a corollary of Lemma 6.2.1:

Lemma 6.2.3. If [L;zL;]=0,L;+A;L;+A;L; foranyi,j € {1,...,N}, then the energy
operators N; (i=1,...,N)on M[zl,...,in] commute with each other, that is N;N; = N;N; for
i,je{l,...,N}L

Moreover, each N; is an even endomorphism of M [11, e Zn] and is diagonalizable since
both summands are. The following lemma allows one to pass the energy operators to the
quotient space MA,..., Zn]/(g F A et 71,1).

Proposition 6.2.1. The family of endomorphism {N;},<;<n ofM[jll, . ..,in] satisfies the
following identities:

foranyi,je{l,...,N}.
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Proof. It suffices to show that (6.2.12) holds for m ]_[Z:li’ll:N 7Lt“ e M[/Il, Zn], where m

has conformal weight A;(m). For simplicity, let g = HEZ}I:N A in the calculation below.

The left hand side is:

(N; o (8;+ A+ +An))(mq)

n

N o4 )
:(L?/I(l‘i)(ajm))q +Z(ajm)zsi EXW Z(LM ;)M (/])(,r] +Z I
si =~

r= Sl

=(A(m)+5,))3, mq+amq§jru+A m)mqZA”+ Z (1002 +0,581,07)

s=1 r=1 =1s
(6.2.13)

while the right hand side is:
((G;+ A1 +++2,,)0(N; +86; ~))(mq)

=(0, +ZA,J (LM, m)q+mZ)LSl +5U(a +ZA” (mq)

A(m)d;mq + A qu/x,j +0, qu rﬂ+mzz tiGAr;+6:;0; mq+5,]mq27tr]

r=1 s=1

(6.2.14)

Note that (6.2.13) = (6.2.14), since m>._ >"" 5,6,;GA;=06;,;mq . _ Aj. O

Corollary 6.2.1. The operators N; (1 < i < N) given by (6.2.11) induce a family of even
diagonalizable endomorphisms, still denoted by N;, on M[il, ceos Zn]/(é + Xl +-e 4 71”).

The eigenvalues of the energy operator N; will be called the conformal weight with
respect to L; and denoted as A,(P(il, ey in)) for P(il, ey in) € M[zl, e in]/(é) +711 e+
M. With these notations, one can define a family of energy operators {NV;},<;< on the

cochain complex Cpp(P, M) by setting

;n(a1®---®an):(N~+n)( i (@ ®-®ay)) (6.2.15)

..........

—an ,,,,, (@ ®® L a;® - ®a,), (6.2.16)
k=1
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for y € CJ,(P,M). Using this definition, one can prove the following proposition by a
straightforward calculation.

Proposition 6.2.2. If [LizLJ-]:8l-Lj+/1iLj+AjLiforanyi,je{l,...,N}, thenon C},(P,M),
N;N; = N;N; foralli, je{l,...,N}.

Proof. By definition, one computes:

,,,,,,,

yyyyyyyyyyyy

~~~~~~~~~~~~

+ Z Yiin (@1 ® - ®Ljyar ®---® Lj a;®---®ay,). (6.2.17)

.....

One gets N;(N;y) by switching i and j in (6.2.17). The first term in the last equality of (6.2.17)
stays the same by Lemma 6.2.3, the two terms in the middle swap and stay the same as a
whole, while the last term also stays the same by Lemma 6.2.1 (for k = case). ]

Since N; is diagonalizable on the right hand side of (6.2.15), it is diagonalizable on
Cpp(P, M). Furthermore, (6.2.15) implies the following identity on the conformal weights:

A =Ailr3,, 5, (@@ @a,)+n—> Afa), (6.2.18)

j=1

where A;(y) denote the conformal weight of y € C,(P, M) with respect to L;.

We next consider the interaction of the energy operators with the differential d : C/',(P, M) —
Cg; (P, M). Under the i-notation, the differential can be written as:

(@), (@@ @)= > (“DMadir; 3 5 (0888 ®a,)

..... i
1<i<n+1

+ Z (_l)qij’}/Z[‘sz,il,...,ii,...,ij,...,zn+1([aiziaj]®al ®®dl ®®CIA] ®"‘®an+1), (6219)
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where g; and g;; are given by (6.1.16) and (6.1.17) respectively. The differential d:C pp(PBM)—
5}’]; (P, M) in the basic complex can be defined using the same formula above with d re-
placed by d. One can prove the following proposition with (6.2.19), the proof is essentially
the same as for the PVA case given in [5] (Lemma 3.25.).

Proposition 6.2.3. The operators N; given by (6.2.15) on Cpp(P, M) commute with the differ-
ential d given by (6.2.19), that is:

N;od=doN;, forany i=1,...,N. (6.2.20)

Corollary 6.2.2. {N;},.;<y on C},(P,M) induce a family of even diagonalizable endomor-
phisms, still denoted by {N;},<;<n, on the cohomology H}',(P, M).

On the other hand, one can define the family of energy operators on the basic complex
Cpp(P, M) by:

0
oA,

<

(Li3- )i (6.2.21)
where L; acts on the Cpp(P, M) by Lie derivative below: for ¥ € C/*,(P, M),

...........

=D Vi, dthe 71,1(“1®"'®[Liiak]®"'®an)- (6.2.22)
Lemma 6.2.4 (cf. [5]). N; defined by (6.2.21) satisfies the same formula as N; given by (6.2.15),
if we regard both sides of (6.2.15) as elements in M[il, ety in].

The proof for the LPA case here is essentially the same as for the LCA case (for details
see [5], Lemma 3.27.).

Lemma 6.2.5. The following properties hold for the family of energy operators {N;},<;<y on
éPP(P, M):

1. ﬁl s are diagonalizable on égp(P, M).

2. Foracochain 7€ Q’,’P(P, M), Ay(0;¥)=Ai(¥)+06;; if ¥ has a conformal weight A;(Y).
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3. Foracochain 7€ Q?P(P, M),
1o (N;7)=Ni(ro¥), (6.2.23)

where T : M[il,...,zn] —>M[711,...,71n]/(5 +7tl +---+3L,l) is the quotient map.

4. Foracochain 7 e G;P(R M), if Ni¥ = A(¥)7, then

Ni(moy)=A;F)(moY). (6.2.24)

Proof. Part 1 follows from Lemma 6.2.4 and the fact that N;’s are diagonalizable. Parts 2 and
Part 3 follow from Proposition 6.2.1, Lemma 6.2.4 and (6.2.15). Part 4 follows immediately
from Part 3. O

The energy operators IV; above in fact act trivially on the basic cohomology H (P,M).
This follows from Cartan’s formula below.

Proposition 6.2.4 (cf. [5], [6]). The following Cartan’s formula holds for any a € P (P as an
LPA):

a; =[13(a),d] = 1;;(a)d — (=1’ Ydu3(a), (6.2.25)

where d is the differential map given by (6.2.19) (considered as in the basic complex) and
i(a)y : P — M[Zl, i) Z,H, i] for any cochainy € éfp(R M) is called the contraction of
¥ by a, which is defined as:

~

G@Ps, i (@®-®a, )=(1PPD%; & (a®a®--®a,.,). (6.2.26)

Corollary 6.2.3. Foranya € P, az; o d= —(—l)p(“)Jo az, and it induces a trivial action on
H, p(P,M). In particular, it acts trivially on the basic cohomology Hpp(P,M).

Proof. The equality follows immediately from Cartan’s formula (6.2.25). To see the action
of a; is trivial on ﬁLp(R M), letye éan(P’ M) be a cocycle, that is J? =0. One computes:

az[71=[a;7) = [13(@)d7 — (=1)P“diz(a)F] = [~(-1)"“diz(a)F] =0, (6.2.27)

thus a; acts trivially on H, »(P,M). Moreover, note that in (6.2.27) we have azy = dN(—(—l)p(“)L;l(a)ﬂ
If ¥ satisfies the Leibniz rules, so does —(—1)”“3(a)¥ (by (6.2.26)), hence aj; acts trivially
on Hyp(P,M). O
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6.2.2 The main theorem on energy operators when H =F[g,, J,]
The goal of this subsection is to prove our second main theorem of this thesis as follows:

Theorem 6.2.1. Let H =TF[J,, 0], let P be a PPA endowed with two Virasoro elements L, L,
with respect to 8,, &, respectively, and M be a P -module which is conformal with respect to
both L, and L,. If as a differential superalgebra P is a superalgebra of differential polynomials
in even or odd variables, then the energy operators N;, N, € End Hp (P, M) are diagonalizable
and both have only eigenvalues 0 and 1, that is N} = Ny, N7 = N,.

In order to prove the theorem, we construct the spectral sequence associated to the

Koszul complexes given at the end of Subsection 6.1.3: foreach n > 1,
0 Cr (M) Cr (P M)e T (BM) LS C (PM)-5 Cl(PM)—0,  (6.2.28)
where ¢,, ¢, are given by:

O1(Y1,72) =071 + 3T, 0.(7) = (=07, 87),

and € is the quotient map. We study the spectral sequence associated to (6.2.28) and prove
a few lemmas needed before proving the theorem itself.

Lemma 6.2.6. For H =F[d,,...,dy], the differential d commutes with the action of d; for
anyi=1,...,N on 5PP(R M), that is J(@,-?) = 5,~(d~77)f0r anyy € Cﬁp(P, M).

This is proved in [6] Lemma 2.2 for the LCA in the even case. The proof is essentially
the same for individual i in the super case, if we regard P as a higher-dimensional LPA. As
a direct consequence, one sees that the 0-th page of the spectral sequence associated to
(6.2.28) is indeed a double complex (see the graph below, note we alternate the signs by
columns).

In the figure, C" is short for égp(P, M) and C" is short for C},(P, M). The anticommuta-
tivity in the definition of a double complex holds because of Lemma 6.2.6 and doe =€ od.
We label these 4 nontrivial columns as the 0-th to the 3-rd column from left to right. The

1-st page of the spectral sequence looks like Figure 6.2 below.
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—ded d —d

0 C'+1 CrtleCn! cnil cr 0
d —ded d —d

0 en Crngn Cn cn-1 0

Figure 6.1: 0-th page of a spectral sequence associated to the Koszul complexes

(¢2). (1),

~ ~ ~ ~ €y
0 _>Hn+2(c) - 5 H"+2(C)@Hn+2(C) Hn+2(c) ’Hn+2(C) > 0

0 —’H’H—l(é) ﬂ Hn+1(6)@Hn+l(6) ﬂ,Hm—l(é) L)Hn+l(c)_) 0

(¢2)* ~ ~ (¢1)*
H*(C)e H"(C)

~ €,
H"(C) —— H"(C)—— 0

0 — H"(C)

Figure 6.2: 1-st page of a spectral sequence associated to the Koszul complexes

In the figure, (¢,), , (¢,), and €, are induced by ¢,, ¢, and € respectively. The notation
H"(C) is short for H"(Cpp(P, M), d)and H"(C) for H"(Cpp(P,M),d). We also identify the
space H"(CeC, —de 67) with H"*(C)® H"(C). One sees that the energy operator N; is trivial
on H ”(5 ) in the 0-th column (cf. Lemma 6.2.3). Note that the action of energy operators
are not compatible with (¢,), and (¢,), in this case. Next we examine the 2-nd page of the

spectral sequence below.

Here ker"(¢,), is the kernel of (¢,), and the superscript n only means in Row n and sim-
ilarly im"e, denotes the image of ¢, in Row n. Furthermore, by definition, H(H n(C)) =
ker"e,/im"(¢,), and H(H"(C)® H"(C)) = ker"(¢,),/im"(¢,),. By Theorem 5.3.2, one has
an exact sequence on the 2-nd page of the spectral sequence as follows:

— - d21,71+1 . ; n g,n+2 -
0— H(H"(C)o H"(C)) =— H"(C)/im"e, 5 ker"*(¢,), =— H(H"*(C)) -0,
(6.2.29)
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0 ker”+2(¢2)* H(H”+2(6)®H”+2(5)) H(H”+2(6)) Hn+2(C)/imn+26* 0

0,n+2
d,

0 ker"(¢p),  HH"(C)eH™'(C)  HEH"(C) H"'(C)/im""e, 0

dzl,n+1
0 ker"(¢,), HH"(C)® H"(C)) HH™C))  H™C)/im"e, 0

Figure 6.3: 2-nd page of a spectral sequence associated to the Koszul complexes

with the connecting homomorphism 6, : H*(C)/im"e, — ker"**(¢,), given by 6,, = j,
(ds) ' o p,, where j, : ker(dy"**) — ker"**(¢,), is the injection map, p, : H"(C)/im"¢€, —
coker(d,"*") is the projection (quotient) map and d is the differential on the 3-rd page of
the spectral sequence, which is an isomorphism. (cf. (5.3.9)).

By Proposition 6.2.1, the energy operators are not compatible with ¢, and ¢,. In order
to fix this, for i = 1,2, we consider the following modified operators, which are related to

energy operators, on the Koszul complex as shown below:

0 Cr (M) Cr (PM)e T (BM) LS C (P,M)-5 Cl(BM)—0.  (6.2.30)
1\7,-+1 (]\N/'i+51i , Ni+52i) N; Ni

The modified operator on each complex is labeled below it. For example, for i = 1, consider
N, on C/',(P,M), which is compatible with N, on Q’}P(P, M), that is N;e(¥) = e(N;7). To
keep the compatibility, we shall have (J\Nl'1 +1, 1\71) on Egp(R M)® GEP(R M), which is again
compatible with N; +1 on GI?P(P, M). One can write out the modified operators explicitly
for i =2 in a similar way. In fact, if we view these modified operators on each term of the
double complex as an operator on the double complex, this operator is also compatible
with the differential map d, for any r > 0, which is formulated in a more general setting in

the following proposition.

Proposition 6.2.5. Consider the spectral sequence associated to a double complex(M,d’,d”).
Suppose that for each p and q, we have an endomorphism AP on the(p, q)-term E"? of the
0-th page of the spectral sequence, such that they commute with the differentials d’ and d” .
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If we view them as an endomorphism A=€D,, , A7 on the 0-th page Ey =D, , EPY, then
A induces an endomorphism A, on the r -th page of the spectral sequence for all r > 0, and
A,od,=d,oA,.

Proof. We use the notation (E9, d,) to denote the r-th page of the spectral sequence and
FPT(M)P*9 to denote the decreasing filtration of the associated total complex T'(M). For
r>1,recall thatd, : EP —> E rp“'q_’“ is induced by the total differential D =d’+d":

d,[a]l=[Da], forall [a]e EPY. (6.2.31)

By definition, EP9 = ZP4/(ZPX"7" + BP9), ZP9 = FP T(M)P*9 0 D~ (FP*" T(M)P+9*1), and
BP4 = FPT(M)P*9 N D(FP~"T(M)P*171). Note that Z”7 and B are invariant under A,
since A commutes with d’ and d” and hence with D. So A induces an endomorphism A,
on the r-th page E,. Then A, commutes with d, from the calculation:

A,(d,[a])=A,[Dal=[ADa]=[D(Aa)|=d,[Aa] = d,(A,[a]). (6.2.32)

It is worth mentioning that by construction EPY = HP9(E,_,,d,_;), and the isomorphism
is induced by the map n : Z”9 — HP9(E,_,,d,_,), whose kernel is exactly Z""""~" + B”1.
This implies that the isomorphism n,[a] = [a] is just the identity map. So A induces an

endomorphism on H?9(E,_;,d,_;) for each r > 1. ]

By Proposition 6.2.5 and the modified operators given in (6.2.30), the induced endo-
morphism on the 1-st page of the spectral sequence is indeed given by the same formula as
in (6.2.30):

0— H"(E) 25 B (8o H"(6) 2% HY(E)S H'(C)— 0. (6.2.33)
Ni+1 (Ni+61; » Ni+683) N Ni

And on the exact sequence (6.2.29), which is on the 2-nd page of the spectral sequence, the
induced action is given by:
1,n+1 0,n+2

~ ~ d 9, d ~
0— HH™\(C)o H™\(G) 25 H"(C)/im"e, 25 ker™?(¢,), 22— H(H"\(E))— 0.
(Ni+61; » Ni+683) N; Ni+1 N;

(6.2.34)

Lemma 6.2.7. In (6.2.34), we have(N; +1)00,=0,oN; fori=1,2.
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Proof. By construction, 6, = j, o(d;)™! o p,, which is the composition:

n d -t .n
H™(C)/im"e, 2 coker(d}™) 21 ker(d?"*?) 25 ker"(¢),), . (6.2.35)
Ni N; Ni+1 Ni+1

Since ker(p,) = im(d,”"*"), we have p,(N;y,) = 0 for any 7, € im(d,""") ¢ H"(C)/im"e¢,,
because N;y; € im(dzl'"“). Thus N; induces an endomorphism, which is still denoted as V;,

on coker(dzl'”“). For y € H"(C)/im"e,, one can check that:
Ni(pa(r))=Nily]=[N;y]= pn(N;7). (6.2.36)
For the next step, by Proposition 6.2.5, we have:
N;ods=dso(N;+1), (6.2.37)
which implies:
(d3) o N; =(N; +1)o(d;)". (6.2.38)

For the last step, since j, is the injection map, it is restricted to an identity map from

ker(dy"**) to im j, C ker(¢,),. So we have
(N;+1)o j, = j,o(N;+1), (6.2.39)

which completes the proof of the lemma. O

Proof of Theorem 6.2.1. We consider the two cases n > 1 and n =0 separately. For n > 1,

to see the eigenvalues of N; on H"(C), note that we have a short exact sequence:

0—im"e, - H"(C)-L H™(C)/im"e, — 0, (6.2.40)
N.

i N N;

where i is the inclusion map, g is the quotient map and N; commutes with both i and q.

~

One also checks that N; is trivial on im"¢€, as follows: for any [¥] € H"(C), by (6.2.33), we

have
Ni(€,[7]) = [Ni(e(P)] = [Ny(m o P)] = [7r o (N())] = €,(Ni[¥]) = 0. (6.2.41)

In particular, this also implies that N;(N; —1) acts trivially on ime,. Next, we examine the
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eigenvalues of N, and N, on H"(C)/im"e,. Take N, as an example.

Since N, is trivial on the basic cohomology H n(C), the compatible operators in (6.2.33)
become:

O—>H”(6)%H( )GBH”(C) ”(C) H"(C)— 0. (6.2.42)
1 N

Moreover, (6.2.34) becomes:

- ~ d1n+1 0,n+2 ~
0— H(H""(C)e H™'(C))—— H"(C)[im"e, —»ker"+2 (¢,), —— H(H"(C))— 0.
a , 0 N 1 0

(6.2.43)

On the other hand, if we replace N, with N; —1 and ]\71 with ]\71 —1 in (6.2.30), we have
another set of operators that are compatible with ¢,, ¢, and e€:

O*GSP(RM)ﬁ L(PM)&C) (PM)—>C”(PM)—>C (PM) —0. (6.2.44)
N (M ) Nl 1) N— Nl

Again since N, is trivial on the basic cohomology H n(C), we have:

0— H"(C) 2 (6o H'(C) Y% H” (C) = H'(C)=0. (6.2.45)
0 o , -1 Ni—
and
~ - d21,71+1 d0n+2 -
0—»H(H"+1(C)€BH"“(C))———>H”(C)/lm e, 2 ker"™( (¢,), —— H(H"(C))— 0.
©o , -1 N— 0 -1
(6.2.46)

From (6.2.43) and (6.2.46), we see that the endomorphism N;(N, —1) on H"(C)/im"e, is
trivial, since it is compatible with trivial endomorphisms on both H(H 1 C)e H™(C))

and ker"™*(¢,),. Putting this information back to the short exact sequence:

0—>1m e, H"(C)-L H"(C)/im"e, — 0. (6.2.47)
Ni(N—1) 0

one sees that N;(/V; — 1) is the trivial endomorphism on H"(C) because it is compatible
with the trivial endomorphisms on both im"e, and H"(C)/im"e,. Furthermore, since NN, is
diagonalizable on H"(C), the eigenvalues of N; on H"(C) is either 0 or 1. The same reason-
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ing also works for N, with a slight modification and we see that IV, also only has eigenvalues
O0and 1.

Now we are left with the case n = 0. Note that 5;,’ »(P,M)= M;however, J,, 0, may fail to
be an M -regular sequence in this case, so we give a direct computation for the eigenvalues
of N; and N, on H) ,(P,M). Leta € Cp,(P,M)= M /(6,M + 8,M) be a cocycle. Since € : M —
M /(6,M + d,M) is surjective, there exists ﬁ € Q(,’P(P, M) such that e(ﬁ) =a.Thenda =0
implies that e(dNE) = d(e(ﬁ)) = da = 0. By the exactness of the Koszul complex for n =1,
there exist (¥,,7,) € élip(P, M)e® G;P(R M) such that 8,7, + &7, = d . Note that d(3,7, +
&,7,) = 8,(d¥)) + 8,(d¥,) = 0; hence (d7,,d7,) € ker(¢,). By the exactness of the Koszul
complex for n = 2, there exists ¥ € 513 »(P,M) such that (-&,7,8,7) = (6771, 67?2). Obviously
d¥ = 0; hence ¥ is a cocycle in (~?I§P(P, M). Since N; is trivial on the basic cohomology

Hpp(P, M), which means that the image under N; of a cocycle is a coboundary, we have
N7=d&, forsome &g€ G;P(P, M). (6.2.48)
Thus
A(N71) = Ni(dT7) = Ni(~0,7) = ~0(Ni7) = ~6,(dGg) = d(~8,5 ), (6.2.49)
and N, ¥, + 8,0, is a cocycle. Again its image under N, is a coboundary:
N\(N.7,+8,60)=d&, forsome &€ CJ,(P.M). (6.2.50)
Equivalently,
N7, =—N,6,5y+do. (6.2.51)
We replace N,(—3,7) with N,(8,7) in (6.2.49) and compute again:
d(Ni7.)=Ni(d12) = N(@7) =8N + 1)f = 8(d0o) + dT, =d(8,5 +F2),  (6.2.52)

which implies that (N, —1)7, — 8,5, is a cocycle. Its image under N, is a coboundary:

Ny((N, —1)7,—8,5¢)=d&, forsome &,eCJ,(P.M), (6.2.53)
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or equivalently
ﬁl(ﬁl_l)rfzzﬁlala-o'i'ja'z. (6.2.54)
Now apply the operator N, (N; —1)2 to 8,7, + &7,. By (6.2.51) and (6.2.54), we get:

Ny(N,— 17(6,7) + &:,72) =3,(N, + 1)]\712771 + 3N, (N, — 17,
=0,(N, + 1)(—N, 8,5+ d&\) + &,(N, — 1)(N, 6,5, + d 7,)

~

=—N,(N,—1)8,8,5¢+ dN, 8,5, + (N, —1)N,8,8,5 ¢ + d(N, — 1)8,5
:J(ﬁlalal +(ﬁ1_1)32&2). (6.2.55)

This is equivalent to:
N,(N,—1)%dp)=d(N,(N, —1)*B) = d(N, 8,5 + (N, —1)8,5>). (6.2.56)
So N;(N, —1)28 — N, 8,6, — (N, —1)8,5, is a cocycle in égp(P, M). Its image under N, is 0:
N*(N,—1)*B —N26,6, — N,(N, —1)8,5, = 0. (6.2.57)
Now if we apply € to both sides of (6.2.57), we obtain
N/ (N, —1Pa=0, (6.2.58)

since €(8;7) = 0 for any ¥ € Cpp(P, M). Recall that by assumption M is conformal with
respect to L,;, which implies that IV, is diagonalizable on M /(6,M + 6,M). Hence N, has
only eigenvalues 0 and 1. One can prove the same conclusion for N, similarly. O

6.3 Cohomology of the free superfermion Poisson superpseu-
doalgebra when H =F[J,, 0,]

In this section we compute the cohomology of free superfermion PPA for H =F[J,,d,] as
an application of Theorem 6.2.1. The proofs here are similar to the PVA case in [5]. Let
H =TF[0,, 6,] through the rest of this section. Recall that the free superfermion PPA defined
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in Example 4.3.3 is:
E,=S(Hb), (6.3.1)
with the pseudobracket on the generators:
[axb]=(y(a,b)®1)®y 1, forany a,beb, (6.3.2)

which is extended to F, by H-bilinearity and Leibniz rules. Here b is a dimension N vector
superspace with parity p and equipped with a super-skewsymmetric nondegenerate bilin-
ear form 7 : h x h — F. Moreover, we also impose the condition that y(a, b) =0if p(a) # p(b).
Note that the super-skewsymmetry of y means:

r(a, b)=—(=1)"“PPly(p, a), (6.3.3)

for any homogeneous a, b € . Pick a homogeneous basis {u;, ..., uy} of h and its dual basis
{u',...,uN} of h with respect to 7, that is:

r(u;, uj):6ij- (6.3.4)

Then for any a € h, one can write a as a linear combination of {u!,..., uV} uniquely:

a=c u,+---+cyuy forsome cy,..., cy € F, which implies:
N N
v(a, u’)zy(Zciui, u’):Zciy(ui,uf): ¢j. (6.3.5)
i=1 i=1

Similarly, if a = b, u' +... by u”, the same reasoning works for y(u;, a) = b;. So we have:
N . N .
a=> yla,u)u;=> ylu,a)u’. (6.3.6)
i=1 i=1

Another equation that is useful is ijzl u/u; = 0. The left hand side of the equation is
independent of the choice of the basis. By (6.3.3), y(u/,(—1)Pu/ P+l y ) = 6, so the dual
basis of {u?, ..., uN} is {(—1)PPu+ly.y, .\ Thus

N N N

j=1 j=1 j=1
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which concludes:

N
> ulu;=0 6.3.8)

j=1
The pseudobracket (6.3.2) can be written as a A-bracket as follows:
l[azb]=7(a,b) forany a,beh. (6.3.9)

This A-bracket satisfies all the axioms listed in Example 4.3.1. For the rest of this section, let
F, denote the free superfermion PPA for H =F[J,, 6,], with the A-bracket in (6.3.9).

Proposition 6.3.1. For the free superfermion PPA K, we have that

[\J

1 N
—Z @Guu;, i=1,2, (6.3.10)
j=1

is a Virasoro element with respect to ;. Furthermore, any a € by has a conformal weight
A;(a)=1/2 with respect to L;.

Proof. To see that L, is a Virasoro element with respect to J;, we first compute [a; L;] for

anya€bh:

2 (@ +2a0lazu/Du;+ (0P P az 10 ul)

j=1

lasL =5 D la3(6u)u;] =

DN =~

M-

(Air(a, ul)u; +(=1)P )’”(“j)y(a,uj)ﬁiuj) (6.3.11)

Nlr—l
Mz

j=1

where we use the Leibnize rule (4.3.5) and sesquilinearity in the second equality. By some

simple linear algebra calculation Z]].V:l(—l)lﬂ(uj)p(uj y(a, u jJul =—a, thus

1
By super-skewsymmetry, since L; is even by definition, we have:

1
[Lizal=—la__sLi]=(8+5A)a, (6.3.13)

1
from which one sees thaton b, L; 0= J; and L, is diagonalizable. In particular A;(a) = 3
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for any a € ). Furthermore for any a, b € b:

1
1 1
[L;zab]=[L;3alb+(—1)"'"“PPL;3bla
1 1
=((&; + E)Ll-)a)b +(=1)P PO (5, + E/li)b)a
=0;(ab)+A;ab, (6.3.15)
which implies that L;) = J; and L, is diagonalizable on J;h and any product of elements
in h. Thus L;y =6 and L, is dlagonahzable on F,. Next we compute [L; 3 L;]:
N

1 .
[Li3 Lil=5 D [Liz(@u)u,)
j=1

=3 2 ([Les@u))luy + (@uI L uy)

N
2
_1 Y 1
Zam a+/1 u]-+§z (6 += /1) i)
j=1 j=1
1 N
=52l it + = /IL+)LL+ AZZu1u+ Z(au +)LL
Jj=1
=(0; +2A;)L;, (6.3.16)

since Z?’zl u’ u;j=0 by (6.3.8). We have verified that for i = 1,2, L, is is a Virasoro element

with respect to J;. ]

Remark 6.3.1. Similarly to (6.3.16), we check that[L;;L;]=0;L;+A;L; + A;L; below:

m,_
Mz

[LizLil== > ([Li3(8;u")uy+(2;u")L; 5 ui])
k=
1 N1 1 N
=->((5 +7L)(3+ e L T 7 (R /1) ¢
243 2k=1
1 Y I o 1
_ Z(aa ubyu, + A,L]+/1 Lit A, ,Z Ekz_:a u) @)+ S AL

115



By Proposition 6.2.17, Ny and N, commute on C},(F, F). Since they are also diagonaliz-

able on C},(F;, k), they can be diagonalized simultaneously on Cpy(F,, F), hence also on
H}J,(F, K). Pick a basis B, of C}',(F, F), under which both N, and N, are diagonal. There
exists a subset B, C B, such that it is a basis of ker(d,,). Then [B,] contains a basis H, for

H}'.,(F, k) such that N, and N, are again both diagonal on H,.

Lemma 6.3.1. For an equivalence class[Y| € H},(P,M), if N;[Y] = 0, we can pick a rep-
resentative X such that N;X = 0. If N;,[Y]=[Y], we can pick a representative Z such that
N;Z = Z. In other words, one can assume without loss of generality that N;Y =0 if N;[Y]=0
and N;Y =Y if N[Y]=[Y].

Proof. Take N;[Y]= 0 as an example. Since N; is diagonalizable on C;,(P,M), Y can be
written as a sum of linearly independent eigenvectors of V;:

Y=Y+ Y+ + Yy, (6.3.18)

where we assume that Y; is an eigenvector of eigenvalue 0 and Y; are eigenvectors of

different nonzero eigenvalues for all j > 1. Then
dY=dYy+dY¥+---+dY, =0, (6.3.19)

since Y is a cocycle. Moreover if d Y; #0, since N; commutes with d, it is an eigenvector
of N; with the same eigenvalue as Y}, thus their sum must not be 0. Hence d Y = 0 implies
dY; = 0 for all j. Now we replace Y with ¥, and show that [Y] = [¥;]. By construction
[N;(Y —Y,)] =0, so there exist Z € C}','(P, M) such that N;(Y — ) = N;(¥, +---+ Y, )=d Z.
Since N;Y;’s are linearly independent and N; commutes with d, it is true that Z can be

written as a sum:
Z=Zy++2Zy, Z;€C)\(PM), (6.3.20)

such that N;Y; = d Z;, which implies Y; is in fact a coboundary for j > 1. This shows that
[Y]=[Y,] so one can assume N;Y =0 if N;[Y]=0. A similar proof works for [NV;Y]=[Y].
The trick is to consider N; —1 instead of N;. So we can also assume that N;Y =Y if [N, Y] =
(Y] ]

Now we compute the cohomology of the free superfermion PPA K with coefficients in

the adjoint module.
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Theorem 6.3.1. For the free superfermion PPA K, (for H = F[0,,0,]), the only nontrivial
cohomology group with coefficients in the adjoint module is HJ ,(F, ) = IE‘f 1, wheref is

the quotient map:f :K,— K /(G F+6R).

The proofis adapted from the proof for the PVA case given in [5]. We divide the proof

into a few lemmas below.

Lemma 6.3.2. H,(F, F)=0 whenn >3.

Proof. For[Y]e€ H}',(F, F), by Theorem 6.2.1 and Lemma 6.3.1, pick a representative Y
such that A,(Y)=0or 1. Recall that Y is uniquely determined by its value on h®" (cf. Lemma
6.1.4). On the other hand, by (6.2.18) and Proposition 6.3.1, we have:

n
AV 5 (@ ®-®ay,)+ 5 =A;(Y)=0orl, a;eh. (6.3.21)

.....

Hence if n > 3, the cocycle Y is trivial since A;(Y;, 7L”(a1 ®---®a,))>0by (6.2.11). O

.....

Next we consider the cases n =0, 1,2 separately. To compute explicitly, we review the
following material from [5]. Since b is finite dimensional, the bilinear form y on b defined
earlier gives an isomorphism ® : h — h* by ®(v)(-) = y(v, ). On the other hand, gl(h) = h ® h*
and gl(h) actson h by (£ ® ¢)-a = ¢ (a)u. Under the identification of ®, we have gl(h)=h®h
and the action above becomes (u ® v)-a = y(v,a)u. Let spo(h) denote the subalgebra of
gl(h) defined in [16]:

spo(h)={x €gl(h) | y(x-a, b)+ (1) “y(a,x-b)=0 forany a, b € h}. (6.3.22)

Then S%h = spo(h) after we embed Sh into h ® b via the map: uv — u® v +(—1)PWrWy @ u.
The following lemma is proved for the PVA case in [5]; itis also true for the PPA K, here with

the same proof.

Lemma 6.3.3. By identifying S*t with spo(h), the action of S*) on F, by n : $*h — EndE,,
n(x) = X = [x3-1l32 corresponds to an action of spo(h) on K, which coincides with the

standard action when restricted to .

We will use the fact that N, and N, can be diagonalized simultaneously on CJ,(F;, F))
under certain basis B,, (cf. Remark 6.3.1) to simplify the proofs of the following lemmas.

Recall in Remark 6.3.1 we also have H,, as a basis for H}',(F;, F)).

Lemma 6.3.4. HY,(F, F)=F [ 1.
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Proof. For an equivalence class [Y] <€ H, C Hp,(F, F,), by construction, Ni[Y] =[N, Y] =
[aY]=c[Y]=0or[Y]for some ¢, €F, thus A;(Y) =0 or 1 respectively. If A;(Y) =0
Y eIFf 1 since A,(u)= % and A, (G, u)= L +5
N, are diagonalized simultaneously, one has AZ(Y) =0orl.IfA)(Y)=0,then Y €F f 1,
while A,(Y) =1 forces Y = f x for some x € S2h. Recall that, by definition, d Y =0 implies
[a;Y] =0 for all a € F, thus x, = 0. However, Lemma 6.3.3 shows that x, # 0 for any
nonzero x € S?h. Hence HO(E,,Fb _IFfl. O

1
ij2 for any u€h.If A,(Y)=1, since N, and

Lemma 6.3.5. H} (E, F)=

Proof. Foran equivalence class[Y]€ H, C H, ,(F,, F), if N;[Y]=0, as in the previous lemma,
then A,(Y)=0.If Y is nontrivial, then

Al(Y;(u))+%:A1(Y):0, aeh, (6.3.23)

which contradicts A;(¥;(u)) > 0. Hence to find a nontrivial Y, one must have NV;[Y]=[Y]
and A,(Y3(a)) = % By symmetry, we see this is also true for N,, and thus N,[Y] = [Y].
Because N, and NV, are diagonalized simultaneously, N, Y = Y, which implies A,(Y)=1 and
Ay(Y3(a))= % Since both A;(¥;3(a)) and A,(Y;(u)) are %, we have ¥3(u)€b. Let ¥3(u) = B(u)
for some linear map S : h — b. For a,, a, € b, by (6.2.19) and Lemma 6.1.5, one computes:

(dY)z, 3,(a) ® @) =(=1)"y(a,, B(ar)) + (=1)2y(ay, Bla) + (A, + A,)
=(=1)"y(ay, B(ay)) + ()= P@y(B(a)), ay) + (A, + )

> >

=(=1"“((y(B(a)), ay) + (=1)PEP Wy (a, B(ay) + (A +A,),  (6.3.24)

where ¢, and g, are given by (6.1.16) and we use the fact that p() = p(f) and p(a,) =
p(B)+ p(a,) (otherwise one get 0 for y(a,, B(a,)) and y(a,, B(a,)) by the definition of 7).
From the calculation, d Y =0 is equivalent to 8 € spo(h). On the other hand, any element of
spo(h) corresponds to an inner derivation under the identification in Lemma 6.3.3, thus Y
is a coboundary. This shows that H, }} »(Fy, F)=0. O

Remark 6.3.2. In the proof above, p(Y)= p(f) is induced by p of F,, and one has p(Y) =

p(Y(u)—p(u)=p(K(u)—p(u)= p(Y), where p(Y) is the parity of Y induced by p of F,.
This is why we claim that p() = p(B) in the proof. In general, using the same argument, for
ann-cochainY,onehas: p(Y)=p(Y)ifn isodd (n =1 in the case above) and p(Y)=1—p(Y)
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if n is even, where p, p on the cochains are induced by p, p of the PPA P respectively.

Lemma 6.3.6. H;,(F, F)=0.

Proof. For an equivalence class [Y] <€ H, c Hj,(F, F,), as in the case n = 1, one must have
N,[Y]=[Y],so N,Y =Y.By

A(Y 3@ @) +1=A(Y)=1, aj,a,eh, (6.3.25)

we have A,(Y; 3 (a, ® a,))=0. Since N, and N, are diagonalized simultaneously, one has
N,Y =Y, hence A,(Y; 3, (a,®a,))=0.Because both weights are 0, we have ¥; ; (a,®a,) €F

and Y can be written as:
Yj[hzz(al ® az) == p(al ® az) + (il + Xz), (6.3.26)

for some linear map p : S?(Ilh) — F. One can easily check that d Y =0 in this case. On the
other hand, (6.3.24) implies that the vector superspace of coboundaries is isomorphic to
gl(h)/spo(h). Note the dimension of the vector superspace of cocycles is dim((S?(I1h))*) =
dim(S?(I1h)), while the dimension of the vector superspace of coboundaries is dim(gl(h))—
dim(spo(h)). Since it is true in general that

dim(S?(11h)) = dim(gl(h)) — dim(spo(h)), (6.3.27)

all cocycles here must be coboundaries, proving that H7 ,(F;, F,) =0. O

This completes the proof of Theorem 6.3.1.
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CHAPTER

7

OPEN PROBLEMS

At the end of this thesis, we list some interesting open problems for future reference:

1. Generalize Theorem 6.2.1 to H = F[J,,...,0y] for N > 2. One may want to exploit

the tool of spectral sequences to study the eigenvalues of the energy operators in

dimensions bigger than 2. As the dimension grows, to prove a similar result, one may

need to go through more pages of the spectral sequence.

2. Study the cohomology of other examples in Section 4.3: the cohomology of the free
superboson PPA, affine PPA and W, PPA for H =F[J,, 6,]. One may want to try the

method of energy operators to compute them.

3. The cohomology of PVAs can be used to study the integrability of the Hamiltonian

systems of evolution equations [14]. Such cohomological approaches to integrability

of classical Hamiltonian PDEs were initiated in [18; 26]. One may want to generalize

this approach to the cohomology of PPAs.

4. Study the cohomology of some Lie pseudoalgebras in [1]. In this thesis, we use

the information on the basic cohomology and the relation of basic and reduced

cohomology of a PPA to study the reduced cohomology of a PPA. This technique
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may also be applied to the LPA case. It is proved in [1] (see Proposition 15.2 and
Corollary 15.3) that the basic cohomology of a Lie pseudoalgebra is isomorphic to
the Gelfand-Fuchs cohomology of its annihilation Lie algebra. This may allow one to
compute the reduced cohomology of a Lie pseudoalgebra if the cohomology of its

annihilation Lie algebra is already known.

. Generalize the definition of energy operators to the case when H = U(0) for a finite-
dimensional Lie algebra 0, where 0 is not abelian anymore. Use these operators to

study the cohomology of PPAs like the free superfermions P = S(Hb).
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