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1. QUADRATIC RISK FUNCTION FOR THE PREDICTED VALUE OF Y

1,1 Introduction and Review of Literature-

When an applied statistician is face& with the problem of
estimating certain parameters of iﬁtereét,~he haé af léaét-two choices
before him; From the data at his disposal, he can use the method of
ordinary least squares to obtain ene set of estimates. Another set of
estimates can be found by the method of restricted least squares. In
the latter case, the constraints may take the form of pooling two sets
of data. A different kind of restriction is the use of prior knowledge
to estimate certain components of the % vector, or linear combinations
of these. All these constraints can be cpnveniently written as
HE = R, where H is an mxk matrix of known constants,-g is a kxl vector
of unknewn parameters, and R.is a kxl vector of known constants.

This formulation includes the following common restrictions:

(1) One parameter is a constant multiple of another; e.g.,

By = 38y .

(ii) One parameter has a certain constant values SeL0,

(iii) A Iinear combination of some of the parameters has a constant
value; e.g.,
Bl + 282 = 0 @
(iv) Wallacel points out that the pooling problem is equivalent to
choosing H to be-(Ik, - Ik)’ where Ik is the kxk identity matrix, and

there are k components of the pooled g vector,

lT. D. Wallace, Professor, N. C, State University, Raleigh, N. C.,
Weaker criteria and tests for linear restrictions, to be published in
Econometrica,



Theil and Goldberger [1961] indicate how certain a priori
inequality. constraints on the E vector can also be included in. this
formulation..

In practice, it is not known whether the constraints are exact,
so that the experimenter must decide whether to use the ordinary least
squares estimate, R,~or the restricted estimator;;%@_ The data, itself,
can be used to decide which set of estimates to use by means of a prior

test of estimation. The test statistic takes the form,

SSE(Q) - SSE(R)
u.= where SSE( ) signifies the sum of squares for error

k SSE‘(R)

using that estimate of B, and k is a constant te make u the ratio of
Y
two mean. squares,

A sequential estimator. of B can now be defined as
N

b if u > A
~n =

B if u < )
ny

where X 1s gn appropriate constant, and, generally, will be a certain
critical'valug of Snedecor's F distribution,.

It is well knewn that Q* is a biased-estimator.i In Chapter 4, its
bias and quadratic risk function will be evaluated., Similarly,
Z#‘= XE* is a sequentigl estimator for the predicted value of T In the
remaining sections of Chapter 1, the bias and quadratic risk function. for
Xf will be evaluated. To do this, a method will be used similar to that
employed by Larson and Bancroft [1963], although they considered the
simpler case of zero restrictions instead of general linear restrictienms.

Ashar [1970] also evaluated the bias and mean square error for a

sequential estimator for a two variable model with zero restrictions.



In the definition of E*, or Xg*, there is a certain arbitrariness
as A is chosen at will by the experimenter. Sawa and Hiromatsu [1971],
in a similar context, defined a minimax regret function in order tc-r
specify a value for . Their general approach will be used to define a
regret funection for z# in Chapter 3, and for E* in Chapter 4,

Toro-Vizcarrondo and Wallace [1968] and Wallace2 proposed other
criteria than testing whether the linear. restrictions are true, which
is equi#alent to testing that the non-centrality parameter, 6, is zero.
Their criteria lead to testing whether 6 is less than 1/2, or m/2,
where m is the number of restrictions. During this study, comparisons

will be made: with the results they obtained.

1.2 The Linear Model andrRestrictions Defined
Consider the general linear model,x = XB + ¢, where X,:B'and €
o LY 7 y N

are nxl vectors and X is an nxk matrix of fixed constants., n is assymed
larger than k, and X has rank k, that is,of full rank. It is not
necessary that the column vectors of X be orthogonal. The error vector
E»is assumed to be distributed as a multivariate normal with mean zero
and variance-covariance matrix o02I. That is, the errors €40 i=1, 2,

3, veey n, are identically and independently distributed as N(O, o2).

The ordinary least squares estimate (o0.l.s.) of % is E = S*lx'x,
where S = X'X,

If a set. of exact linear restrictions are placed on the E vectdr,
‘viz., HE=Rrwhere H is an mxk matrix of rank m, and g/is an mxl vector,

then the restricted estimator of g'can be found by the method qf'Lagrange,

multipliers, as in Goldberger [1964, p. 256].

2See footnote 1,
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? t
The expression Z = (z - XB) (Z - XB) = 2u (HB-h) is minimized with
N 4v] [AVEAV)
respect to E and Hs the mxl vector of Lagrange multipliers. The

restricted estimator, B, for E'is found to be

=b - s“lH'[Hs'lH']'l[Hb—h] . (1.2,1)
n LAVERL VS

™

The distribution of these two estimators, R and E, will be needed in the

next sectioen, Clearly,

-1 52y (1.2.2)

b v N(B, S
v o

As H, S, and h consist of fixed constants, then
. L

E

oW >

i "l |  ""l'-l
= E{b - S "H [HS "H ]~ (Hb-h)} (1.2,
. n n -y
=g - s s 7 L (mg-n) .
ny oy
The wvariance of % is then
— ' - LI - - LB [
= E{[(b~8) - 5718 (8™ 0 17 (up-uB) ][ (b-g) - s m'[ms 1R 1L (ap-ng)1' ).
N v Ny NN VRV )
On simplifying, this becomes
~ - - ' -1 ¥ - -]
var E = g?[8 L1y [HS lH ] lHS l} and
- - v -1 '.-1, ~
BvN (B ~S "H[HSH ] "(HB~h) , var 8 ) . (1.2.4)
Y n non v

~

where the var % is given above,
If it is known that the linear restrictions are exact, then»g
should be chosen in preference to b, as both estimators would be

unbiased, and it can be shown that

A

var 8 < var b . (1.2.5)
N N
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This follows from the fact that the matrix S lH [HS lH ] lHS 1 is

non-negative definite.
It- should be noted that (1.2.5) holds whether or not the restric-—

tions are exact,

1.3 The Preliminary Test of Estimation

In this section, a few comments will be given on the preliminary
test of estimation and the distributions of some important statistics
will be derived as these distributions will be needed in later sections.

If it is not known whether the linear restrictions are exact, then

a prior test could be performed, namely testing the null hypothesis,

Ho:- HE = R .

Rae [1965] shows that a U.M.P. test of this hypothesis is baged on the
statistic
SSE(B) - SSE(p) SSE(p)

u = + [ . (103-1)
m n=-k

This expression can be simplified by substituting the value of % found
in (1,2.1). The resulting expressiocn for u can be written as
SSE(R)

u= -é;— where 62 = — o R (1.3.2)
mo? n-k

that is, the sample estimate for o2 with n-k degrees of freedom, and

= ny ety 1L ranony
Q = (HR R) [BS “H ] (HR Q) . » (1.3.3}
Now, from (1.,2,2) b N(E, S-ldz) and consequently
‘v_ll .
(Hb-h) ~.N (HB~h, HS 'H 6?) . (1.3.4)
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As H was assumed to be an mxk matrix of rank m, and S is a kxk matrix of
rank k, it follows that-HS‘lHy is an mxm matrix of rank m. Graybill
[1961, p. 84], shows that this is a sufficient condition, along with
(1.3.4), to claim that::

1 -1 L _l .
PG G

o2 = (lo3o5)

gl
is distributed as a non~-central y2 with parameters m and 6 which is
]
usually written as x 2(m36), where 6 is the non-centrality parameter
and ' -1t
(H8~h) [HS "H ] ~(HB-h)
NN o

6 = ° (10306)
202

Under the null hypothesis, the distribution of —-31- reduces to a
central x2 with m degrees of freedom, that is x2(m). It is well known

that -
(n-k)o?
o

v = N2 (n=k) . (1.3.7)

In section 1.5, use will be made of the fact that b.and V are
independently distributed; and also that V and Q are independent sums-
of squares. It will be useful to justify these two -statements at this-
point.

The first fact is well known and is proven in. detail in Graybill-

[1961, p. 113]. 1In brief, b =-(X'X)le’X»is a linegr form in'y, and.
1 ?
V= —;E-[Z—XR] [X?XR], or
Vv = —1—2 Z'[I - xs‘lx']z (1.3.8)
B A

whiech is a quadratic form in T Independence of R and V follows from
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the fact that {(XVX)‘IXW}{I - XS‘lX'} = 0 which satisfies the conditions
of a theorem quoted by Graybill [1961, p. 87].

To show the independence of V and Q, (1.3,8) can be rewritten,
substituting XE+E for Ys to give

1 ] -1t
V = c [I "‘XS X ]E’ ° (lc3|9)
g2~ ue

From (1.3.3), Qq

(#b-h) ' [us™H 1”1 (mb-h) .
noony . non

-1 7 - -] -t
Now, b = (X'X) Xy = (X'X)~lX“(XB+e) =g+ 81X ¢, Substituting this
n A N N n .
value for R in (1.3.3), and recalling that under the null hypothesis,
HEéR,uthen, under the null hypothesis, Q reduces to the following central

quadratic. form:
] - ? 1.7 o - ' -
Q= i¢{xs lH,[Hs Iy ] lHs lx }E . (1.3.10)

Johnson.and Kotz [1970, p. 176] point out that to show the independence..
of quadratic forms only the central forms need to be considered, The
necessary and sufficient condition.for V and Q to be independent is that
, o

the product of the matrices [I - XS lX ] from (1.3.9), and

;1.y -1 '.-1 1.t
{XS "H [HS "H ) "HS "X} from (1.3.10) be zero. . By straightforward
muitiplication, this is seen to be true. Two additional facts will -prove
useful in section 1,5, ASR and V are independent, and R N N(Q, S_ldz),

‘then the joint density of b and V can be written ag
: N

£f(b, V) fl(b) fZ(V) -(1,3.11)
N ' N

K £,(V) exp | -(b=B)'S(b=B)
. oy AV V)

202



As Q and Vo? = (n~k)o? are independent sums of squares, then

u =2 (1.3.12)

mo2
is distributed as the non-central F distribution with parameters m, n-k

and 9.

1.4 The Estimator of y*

In this section, the common estimator for the predicted value of
y,3 y*,;based on preliminary tests of estimation, will be considered.
Its bias and mean square error will be evaluated. y* will be taken to.

be-
8" = | Xb 1f.u > 2 (1.4.1)
Xé if u<

where A 1s the critical point of Snedegor's F statistic with m and n-k-
degrees of freedom at.the desired type I error level, ' This could alse

be written as-

* ~
y* = X8 =x81 (W) + Xb - 1 (u)
[0,0) [X,)
where ‘1 (u), the characteristic function, = |1 if u is in [a,b) .

{a,b) c
0 if y is in [a,h)

A

In terms of the null hypothesis, H ¢ HB=h, the estimator X8 is chosen if.

Ho is -accepted, but .Xb is chosen if H  1s rejected at the desired o-level, .

A

. "
3From-n0w on the (v) will be omitted~from'z,.k, 5, E ’ gtbut symbols

~ % )
¥s by B, B8, B will still represent vectors.



%
1.5 The Bias Function of y

(b=h) [HS™1H 1L (Hb=h)

mo?

Let A, be the set { (b,V); > X} and Al be

the complement of Alg that 1is,

? _l,ﬂ "’l,
A= (o) ; k) (BT JT(HbR] g

mo?

The probability of the set,Al_is given by,

P(A)) = ffA K £,(V) exp (“‘(b“’i)zs(b‘s’ )dbdv (1.5.1)
1 o)

and by transforming the variables b,V to u as defined by (1.3,2)

P(Al) = f f (usmyn-k,0)du = g(8,1) (1.5,2)
u-
ui} v

where fu(u;m,n—k,e) is the density of the non=-central F with m and n-k
1)
degrees of freedomy that is, u v F (m,n-k;6) as was shown in. (1.3.12).

However, rather than using the density function fu(u;m,n-k,e), a trans-.
formation t =7m_uj = Q = will be employed. The resulting density
' (n=k)o

ft(t;m,n—k,e) is the ratio of two independent sums of squares. .

Kempthorne [1967, p. 221] shows that

-1
o ei e-eti + 2
ft(t;m,n—k,e) =. 5 —

m N (10563)'
i=o 11 B( 5+ 1, ,2‘ )

(L) It —m"%:-li

where B(p,q) 1s the Beta function with parameters p and q. Now, the
expected value of y* can be considered separately over the sets Ao and Al

for these form a partition of the parameter space.
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EGY) = B8 [A)P(A) + B8 [ADP(A) (1.5.4)

E(X8[A JP(A ) + E(Xb[AP(A) .

A -l ¥ -]
In (1,2.1), B was shown to equal b = S 1H [HS lH ] l(Hb-h)o- As b is an

unbiased estimate of B, then

E(XblAb)P(Ao) + E(Xb[Al)P(Al) = E(Xb) = XB . (1,5.5)
E(y*) reduces to:

E(y*) = X8 - E(xs“lHQ[Hs‘lHQ]”l(Hb-h){AO)P(AO) . (1.5.6)

To evaluate this expression, it is necessary to find E(b]AO)P(Ao). For
convenience, E(bIAl)P(Al) will be evaluated first. One way of finding
this is to differentiate (1.5.1) and (1.5.2) with respect to the 8 vector.

Theil '[1971, pp. 30-31] gives a review of vector and matrix differentiation,

From his comments. there, it is clear .that-

57 [0-8)'S(B=8)] = ~(s+8")(b=6) = =25(6=8) ,  (1.5,7)

as S is symmetric. .

From (1:5.1) and (1.5.7)

3P(A,)
1 _ S (b-8) =(b=B) 'S (b=-8)
—5 - ffA K £,(V) = exp ( 2 ) dbdv

1
(1.5.8)

S (b-g)
=E.——;...—.—.A A o
& | R 1?

But from (1.5.2),



11

oP(A.) . N ‘
1 ) ) .
aB o ga(gsl\) == g (69)\) %i ° (105.9>
(HB=h)’ [Hs"lH" ]“l (Hg-h)
From (1.3.6), 6 = - , 80 that '
202
36 HY [Hs“’lHV ]”1 (HB-h)
ua—én = ° (1-5010)
2
a3

1

From (1:5.8) and (%.5.10),

] =1.59=1 t
H'[HS "H g (HB=-h) g (8,1) .
(6]

Ec§£§§§l- AP =

This expression can be premultiplied by Snl9 as § is a full-rank matrix

of constants. Thus,
=Lo pga=Lie =1 '
E(b-B|A)P(A)) = sTH'[HSTH']T (HB-h)g (8,)) (1.5.11)
and, as B-is a vector of constants, E(B]Al)P(Al)_= B g (8,1), - Hence, .

E(b[4)P(A;) = s7 ar[as™ m 1  (re-h)g (0,0) + Bg (8,0) .
From the unbiasedness of b, it then follows that
mllq ﬂ“l [ ‘”l . '
E(b|AJP(A)) = B(i-g(o,2)) - S "H'[HS™"H']™ (HB~h)g (6,)) .
(1.5.13)
As the bias of y* = E(y*) = XB, then from (1.5.6) and (1.5.13), and bearing

in mind that H; S and h are fixed, then



12

® - =7 - -
bias y = - [ Xs7'H'[uS"H')"MH E(b]A )P (A )
- xs~ter s~ tee ™ P(a) 1
- xs“lHV[Hs“1HV]*1H B(1=g(8,1))
1,4-1

= = u— -] - - 1
+ xs7 4w ms~tue 1" ms ™ e s e 17 (ug-h) g (8,0)

+ x57twe (ms™tar 1" (1eg 0,0)) (1.5.14)

On simplifying this leads to-

1

bias y*”= xs“lﬂ“[ns° H“]“l(ns-h){gv(egx) + g(6,1)~1}.(1.5.15)

t
This expression could be simplified by evaluating g (6,)\). From (1.5.2)

and (1.5.3), g(041) can be written as

g(8,2) =,f f (ugm,n~k;6)du =3f A ft(t;m,n—k,e)dt. (1.5.16)
u>i b >

—n-k

This equation can be differentiated with respect to 6., To do this, it
would be convenient if the last expression could be differentiated under
the integral sign. Bartle [1964, p. 307] proves that necessary conditions
for this are that ft(t;m9n=k96} and %E’ft(t;mgn-kse) be continuous in 9.
-From (1.5.3) and (105817) and (1.5.18) below, it is clear that these
conditions are met: Now

s LM
- 1-1 - 1 + > 1

%6- ft.(t;msﬂ“kse) &= -ft(t;-m9n~==k96) o+ izl i6e6 e t

. m‘ n-k i_+'21§:§;
il B(? +i, —=2—) (1+t) 2

The second term on the right of (1.5.17) can be simplified by putting

j=i-1,
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. m
® il ot ty-1l
| e (1.5.18)
(-1t 3G+, 3359 a+)r T3

i=1

m

- : _ L +5 -1
- 5 Gj e 0 t 2
- e .y, Db~k
370 31 3G 4143, 555 ey I T
3} § o -1
9 e t s
= I p— s where m* = m+2
j=o . m¥ n~k J t m——
il B(—'z— +j, T) (1+t)- 2

ft(t;m+2_,n—k,e)9 and this is the density of the ratio of two
sums of squares with mt2 degrees of freedom in the numerator and (n=k)

degrees of freedom in the denominator. '

Let r(6,1) = [ £ (t3m2,n-k,0) dt
> mA
- n=k
m+2 - T . mA
= P {E:E. F (m+29nwkge) ol Yo,

In comparison,

=P (< F (m,n-k: m)
g(6,1) = P {—F (myn-k36) > —1}

with this definition of r(8,)),

gv(egk) = =g(8,0) + r(6,)) (1.5.19)

and

' E3 oo e -
Bias y© = XS™1H'[HS™ H']1L(H8-h) (x(6,0)~1) . (1.5.20)
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As could be expected, the bias function is. zero if the conditions HBR=h
are exact, and the absolute value of the bias function increases as
|HB-h| increases, that is, to the extent that B does not satisfy the
restrictions., From (1.2.4), é ~ N(BmS=1H°[HS_lH‘]‘l(HB—h)9 Z.. ), so

- BB
that |bias X8| = |-XS Yuepas~lur ) 1(H6~h)'o This leads to

|bias y*[ = |bias Xé] |1-r(8,1) | < |bias Xél (1.5.21)

as r(6,)A), being a probability, lies between O and 1.
* %
As Xb is an unbiased estimator of y , then the value of |bias y

lies between that of |bias Xb| and |bias Xélo That is,
|bias Xb| < |bias y*l < |bias Xél o . (Ls5.22)

Now the estimator Xb will be chosen with probability P(Al) = g(6,1) and
X8 with probability P(Ao) = 1-g(6,1). It may be thought, naively, that

*
the.lbias y | would be given by the expression

Ibias-y*l Ibias Xb]g(egk) + |bias Xé[(lég(egk))

|bias X8| (1-g(8,0)) .

For 6 and X in the open interval (0, +=), this expression is actually
larger than the correct expression of (1,5.21)., This can be verified
by employing an analogous argument to that which will be used later in
Lemma 3,2,2 to show that

r(6,x) > g(6,1) for 8,4 in (0, +»),
and hence that

1=g(6,0) > 1=1x(6,2)
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3 Fad - i * 2
It is not clear from the expression for bias y in (1.5.20) whether
the absolute value of this bias function increases or decreases as 9,
the non-centrality parameteg increases without limit. TFor large 6, ]HB—hl
increases but r(6,1) tends to 1 as Lemma 3.2.3 will demonstrate. This

% *
problem can be posed in another way by considering (bias y ) (bias y ).

2

it

I 9 - o - - . - .
(bias y') (bias y') = (ug-hy [ES‘m'] " us™Lxvxs™Thr (ms~lu ™1 (a—h) [r(6,1)~1]

202 6[r(8,1)-11% . (1.5.23)

The problem reduces as to whether 0 goes to infinity faster than
[r(e,)\)_-l]2 goes to zero,

As Lemma 3.2.7 will show more formally, 6[r(8,A)=1] = 0 as 6 - 4w,
Also, r(8,)) is an increasing function of 6 so that r(6,A)=1 > 0 as 8 - e,
Consequently, S[r(esh)wllzland hence the quadratic form, (bias y*)'(bias y*)

*
+ 0 as 6 » 4=, which, in turn, implies that bias y ~+ 0 as 6 - 4w,

*
1.6 The Quadratic Risk Function of y

The mean square error of y* = E(y* - XB)(y* - XB)Ve Instead of the
mean square error; however, its trace will be evaluated and, in the third
chapter, this will be used to define a minimax regret function.

The problem, then, is to evaluate M(6,1) = E(XB*-XB)V(XB*=XB)° The
motivation for using M({8,)) is that this is the quadratic risk function

*
of y o, Thusy

E(x8"-X8) (x8"-x8) (1.6.1)

M(6,))

E[ (Xb~X8) ' (Xb-X8) |4; 1P(A;)
+ E[(X6-X8) " (XE-X8) [A_IP(A )

E[(b~8) S(b-8) |4, 1P(A))

+ EL(8~8) S(8-B)[A JR(A)
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Noting the form of B from (1:2.1), then

M(0,1) = E[(b-B) S(b-8) |4 1P(4,) (1.6.2)
+ E[(bus=s“1Hv[Hs“lnff]“"‘lwb-h])Vs(bmsus“lﬂE

[HSGlH“}él[Hbsh]|A0)P(Ao) o

_ Expanding the last texm on the right of (1.6.2), there are four terms

under the expected value:

(a) (b-B)"S(b=8)
(b) -ﬁHb«h]"[Hs“1H"}“1Hs”ls(b=s)

(¢) =(b=B)'S s‘lH°[Hs“1H“]’l[Hb=h]

1 1

(d) [Hb—h]q[Hs“lHV]“lﬂs” S s“IHV[Hs’ H“]ml[Hbmh]

Now (d) reduces to [Hbmhl”[HSan”]ml[Hb=h] which is seen to be the Q

defined in Section 1,3,

As H(b-B8) =.(Hb-h) ~ (HB=h), (b) can be written as.

[Hb-h]® [~ 18" 1™ [ (Hb=h) - (HB-h)]

- Q + [Hb=h]'[BS™H' ]~ [HE~h]

(¢) is merely the transpose of (b).
Now,

E[(b-8) 'S (b-8) [A 1P(A)) + E[(b-8)"S(b=B) A, ]P(A)) (1.6.3)

E[(b-B)*s{b=8)]

= k g2 from the comment (1.2.2) and the fact that S is a kxk

matrix of rank k.
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?

Also, Q = (Hb=h)V[Hs”lH“]‘1(Hbmh) is symmetric, so that Q = Q .

(1,6.2) can be written

M(8, 1)

E[(b-B)“S(b=B)§A1]P(A1) + E[(me)“S(bﬂﬁ)iAo]P(Ao) (1.6.4)
+ E[~Q + (Hb~h)* [1s™H'] ™" (He-h) [A_1P(A,)
+ E[-Q" + (Hg-h) " [as™ K" ]  (b-h) |A 1P (A )
+ E[Q!AO]P(AO) o
‘With the above simplifications (1.6.4) becomes:
M(0,0) = k o2+E[(Hb-h)* [HSH']™T (HB~h) {A IR (A ) (1.6.5)
+ E[(HBwh)“[Hs’lﬁﬂjml(Hbmh)|A01P(Ao) - EQQ|a)P(a) .

In (1.5.13) an expression was obtained for E(bIAo)P(AO)9 so that it only
remains to evaluate E(Q|A0)P(Ao)o From (1,5.16)

E(Q[Al)P(Al) = [ . Q £, (ug0)du
u»

As u- = —3; and it was shown in (1.3.6) that Q and‘cz are independent, and
mo<:

for convenience, let g =(%7 , then

E(q|A1)P(Al)'= [ -y d fl(q;mse)fz(oz)dqdoz (1.6.6)
mAg
o] q;ﬂﬂch

where fl(ogo}, fz(o) are the respective marginal densities of q and o2,
.From (1.3.2), fl(q;mge) is a non-central qu density function with m

degrees of freedom and with non-—centrality parameter 8,
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o = ol ,eé:% R S Y

Consider then £, {gm,8) =g I = . A where T{ )
1 . if noo, m
i=0 21+~§- rdi + %)

is the gamma function,

Multiplying this density by q can be thought of as increasing the
value of m by 2 in the exponent of q, In the denominator, m can also be
increased by 2 if the whole expression under the summation sign is

multiplied by a factor 2[i + %~]o This gives

mi2 4
e ot o2 A+ 2 .
af; (q3m,8) = e % e 2[i + 31 (1.6.7)
i=o 4 zi-i- 5 I (it mZZ
q w2
o i=1 =2 i+ 2
=0 i0
= 20 e 4 -3
0 41 2T raa mm"gz
g
» 1 -2 i+ B2
=0 8" e q 2
+m e Z - o
i=o0 i+ mt2 m+2
ii 2 2 I (i+ w§==)

The last term on the right-hand side of the expression (1.6.7) is
obviously m fl{q;m+296)9 and if in the first term j is put equal to i-1,
then in-a method similar to that explained in (1.5.18), the first term

becomes 26 fl(q;m+496)o Putting these results back in (1.6.6) gives

E(qlapr@a) = [ [ -, 120 £, (qsmeh, 0)4m £, (q3m+2,0) ) £,(0?)dqdo? .

_mAo*
o2
¢ - (1.6,8)
In section 1.5, the statistic t = ] = 4 was employed.

(n-k)o?  (n=k)o?/0?
The above expression in (1.6.8) can be transfecrmed in terms of this

statistic to give
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E(qlAl)P(Al) =26 £ {tsmth,n-k,6)de (1.6.9)

+m f- £, {£3mt2,n-k,0)dt .

t>mk,

==K
The second integral is the function'r(egh) defined in.section 1.5 to be
Cemtk2. " m A
r(6,A) =P {;:E‘F (m+2,0-k30) :{;:ffk}o, Similarly, define.

¥
s(6,)) =P {Eii F (mHh,n-k36) > —=— A}, From. (1:6.9), and recalling
n-k = n-k

that g = 37 , it follows that
E(Q|A)P(A}) = 02{20 s(6,1) + m r(e,M)} . (1.6.10)
As‘gféw xvz(mge)D it follows fxom (1,6.7) that E@—%EQ =m +20, Thus-
E(QIAO)P(AO) = 02{m + 26 .- mr(o,A) - 265(8,1)}. (1.6.11)

To complete the task of this section, there are two remaining terms of
(1.6.5) which need to be evaluated so that -M(6;)) may be found.

Consider the third term on the right of (1.6.5); viz.
E[(Heéh)V[HsmlH?]gl(Hbsh)IAo]P(Ab)

H, B, h and S all consist of fixed constants and from (1.,5.12) and

(1.5,17)
E(|A)P(A,) = B(1-g(0,4)) ~ ST'R![HS™ ) 7F (H-h) [£(6,0)~g(8,1)]
Thus,
E(HbJAo)P(Ao) = HB(1-g(08,A)) - (HB-h)[r(8,1) = g(8,A)] (1.6.12)

= HB(L-r(8,1)) + RI£(8,1) ~ g(8,A)]
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and, clearly,
vE(hle)P(Ao) = h{l-g(6,1)) (1:6.13)

and hence

E((H6-h) ' (BT H' ] L (b-h) |4 )P (A ) (1.6.14)

(H6=h)V[HSElHV]ml(HBsh)(l—r(egx))

202 8 (1~x(8,1)) from the definition of 6 in (1.3.3).

The remaining term to be evaluated in (1.6.5) is merely the transpose
of this, which gives the same value as found in. (1.6.14) for it is a

) *
scalar quantity. The quadratic risk function for y can now be written

M(8,1) = 0%{k + 40(1-r(6,))) - [m+20-mr(6,A)-20s5(6,1)]1} (1.6.15)

o2{k-m + mr(8,1) + 20[1-2r(6,)) + s(6,0)]} .

1,7 Invariance under Orthogonal ‘Transformations

In the discussion so far, no restrictions of orthogonality have
been placed on the X's. Consider, now, an orthogonal transformation of

the X's, defined by
Z-= XC where .C is a kxk orthogonal matrix.

9 . g ¢ 9 7
That is, CC =1 and C X XC = Z Z where Z Z is a diagonal—matrixw
Suppose, now, that the parameter space and the H matrix are also trans-.

formed -as follows:.

o=C'B and H, =HC .
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The non-centrality of (1,3.6) becomes

g = (HB=h) *[HS "H'] ~(HB-h) (1.7.1)
202
] [} w""‘lAv»"‘l..,v
- (HCC'B-h) "[HCC'S “CC H) (HCC_B—h)
262
Now, cc'=1 implies that C“l = C’9 and
c's“lc = ¢ lg7lg-l = (c'sc)”! = (c'x'xc)"l (1.7,2)
= (z"z)“'l .
9 in (1.7.1) can be written
-1 ".=1
(H*m—h)V[H*(Z”Z) H,] “(H,o-h)
9 = o (10‘703)

202

These transformations obviously_ieave.e invariant. As the quadratic
risk function, M(6,)) of (1.6.15), is expressed in terms of ‘6, it is
invariant under this set of orthogonal transformations. Consider, now,

the bias function of (1.5.18),

*

bias y. ~XS“1H“[HSEIHV]él(Heuh)(r(e,h)ml)

1 1

)
XCC'S “CC'H'[HCC'S ~CC'H] l(HCC“Bmh)(r(esk)ml) .
- In the light of (1.7.2) above, the bias function becomes:
% _‘1 ’ 7 ’l ! "‘l
bias y = 2(2°'2) "H[H,(2'Z) "H,] ~(H,8-h) (x(6,1)-1)

Clearly, the bias function as well as the quadratic risk fumction remains

invariant under the above set of orthogonal transformations,



o

22

2. FURTHER COMMENTS ON THE RESULTS OF CHAPTER 1

2.1 Comparison with Larson and Bancroft's Results

Larson and Bancroft [1963] addressed themselves to the problem of
*
finding an estimator for the expected value of y; that is y , for a true
= . " ) 4
population model, y Bo +'lel + Bzxz + 00s + kak + e, The x's were
divided into two groups. The first-group'{xla Kop oeos X3 n<k} con-.
sisted of those variables which the experimenter felt were necessary
for accurate prediction. A preliminary F test was used to decide on.
whether to include the other group {xm+l’ X 405 seos xk} in the predic~
tion model,
In other words, an F test was used to test the hypothesis
= = Bk = 0 using as the test statistic,
b_,.2 2 2
m+l. + bm+2 + oo +b

o : where V is the
(k=m) V-

experimental error mean square.

*
Thus, the predicted value of y, y , can be writtens .

*
y o= blxl + bzx2 + o0o F bkxk if Fo > A

blxl + bzxz + oo +_bmxm if-Fo < A

where A is an.appropriate critical value of Snedecor's F test, (say)

“for a type 1 error of 5 percent. They obtained the result that-

k
*
bias of y = [1=h(8)] &£ By Xy (2,1.1)
i=mtl- '

where h(8) is the r(6,1) used in this paper.
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To obtain this result, they assumed that the x's were orthogonal,

and indeed were so scaled that
b; v N(B, 02) for i = mtl, m+2, ..., k o

Under their assumptions and using zero restrictions as they did, their
formulation is equivalent to taking h to be the zero vectory and

'Ikrm> Where'Ikmm is an-identity matrix of rank (k-m),

k-m,m °
and Ok—m m_is‘a (k-m)xm matrix of zeros. Also, their X'X matrix would
. 1
take the form [ D 0 where D is-a diagonal mxm matrix.
m,m  myk-m m,m -
0k—m,m Ik-m
BS™YH' would be (0, 1, ) /ot 0 0
" k=mym “k-m mym myk-m m, k=m
Okmm,mA Ik-m Ik-m
which simplifies tQ'Ik~m°
The bias function as given in (1.5.18) was
* =L =1.¢1-1,
bias y =-Xs "H'[HS "H'] T(HB=h)(x(8,)A)-1) ., (2.1.2)

Under Larson and Bancroft's assumptions, the trace of the expression
in (2,1.2) reduces to the expression in. (2.,1.1), Furthermore, it is of-
interest to note that the general quadratic risk function found in

(1.6,15) to be:
M(8,1) = o2{k-mtmr(6,)) + 20[1=2r(68,1)+s (8,1)]} (2.1.3)

reduces with their simpler model to their results thats
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*
Mean square error of y. (2.1.4)
m k k B
= o+ ©ox4n@ 5 x4 r@-2m@41C 1 L %)%
i=1 i=mt+l i=mtl

The r(6) in (2.1.4) is the s(6,)) defined in section 1.6, and the term.
'%f'enters into their expression because they included a constant term,
"Bo” in their model. Apother»apparent'discrepancy between (2:1.3) and-
(2.1:4) is that m independent restrictions are used in this paper whereas

Larson and Bancroft used k-m, and because of the scaling mentioned above

k
for the b, I X 2 = (k-m). As the x, are orthogonal, then
i i i
i=m+l
k Bix. 2 m 2
(. ) reduces to 26, By a suitable scaling, = x,” is seen
i=m+l © i=1"

to be equal to m, which is analogous to the term "k-m" in (2.1.3).
Although Larson and Bancroft developed the expression (2.1.1) -and
(2.1.4) by assuming orthogonality of the x's, .they included a proof by
David that the bias function would be unaltered by non-orthogonality.
The proof given relies on a transforma;ion'of the sample: space of x's,
and of the parameter~spaée of b's, In section 1.8, it was shown that.
under such transfermations not.only the bias of y* but -also the quadratic:
risk fﬁnction-remains,invariantg and that this is so for general linear
restrictions. However, they appear. to have overleoked the peint that
for invariance the H matrix must also be transformed, which raises -a
problem for the case of zero restrictions. If Larson and Bancroft are
working with»the transformed model of Z, o and Hy,, as the appendix seems .
to imply, then H, would equal (Ok;mgm’-1k~m)f But in the untransformed

model, H'+,(O Ik-m)’ so that the original restrictions would not

k=m,m’



25
be zero restrictions but messy restrictions of the form of linear .

" combinations of the B's being zero,

2.2 Comparison with Wallace's Results

T. D. Wallace4»introduced-the'term "weak mean squared error" and
defined it as:

~

"The restricted estimator, B, is better in weak mean
squared error if and only if E(B-B) S(B- ) < E(b-B)'S(b-B)."
For the set of restrictions introduced in section 1.2, he showed that B
is better in weak mean squared error if and only if the non-centrality
m/9

parameter 9 < .~ This provides a method of checking the expression

from (1.6,15), that
M(8,1) = o2[k-mtmr(6,)) + 20(1~2r(6,1) + s(6,1))] .

b, the o.l.s. estimate of B, would always be chosen if the critical value
of the u-statistic, A, is zero. From the definitions of r(6,A) and s(8,1r),
they would both become 1 if A = 0,

That is,

E(b-B) 'S(b-B) = 4(8,0) = ko? , (2.2.1)

On the other hand, as A + », r(8,1) and s(6,)) both tend to zero, and

B would be chosen with probability 1.. That is
E(B-B)'S(B-B) = M(8,) = o?[k-mt+26] . (2.2.2)

Thus, B is better in weak mean squared error if and only if

4Unpub_lished paper. See footnote.l.
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M(8,*) < M(6,0) which implies that-
02 [k-m+26] < 0%k

which in turn implies that @ i_m/za

This provides a useful -check on the expression given for M(8,1).

2.3 Comparison with Sawa and Hiromatsu's Results

Sawa and Hiromatsu [1971] set up a model similar to Larson and
Bancroft [1963], with orthogonal x's and q zero restrictions. - Evidently
aiming,té focus attention on the B vector itself rather tham the pre-
dicted value of y, they considered the following estimator for the
linear combination of B's, S”ﬁ_:

v

v,
DT Skt Saby EF 2
v I
By 1, <
¥ 2 -
where F = b, b, and s is the sample variance,
0. A2.82
2
q s

They obtained the result:

Mean .square error ¢A
(2.3.1)

)
= g2[C

L voo2
81 & + B8, 8y €1 + (8, € 1-20(8,0) + s(0,1)]

and h(6,)) is analogous to the r(8,\) of section 1,5. This suffers from
the disadvantage that this expression depends on the vectors Sl and Ezo

To overcome this; they defined a risk fumction:

PN 2 1
Re.A) = sup [E(4)- )" -0 ¢ 01/
<, (0% S5 5)

(2.3,2)
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which gives
R(6,1) = h(0,1) + 6[s(6,1) = 2h(B,\)+1] (2.3.3)

where their 6 is twice the non-centrality used in Chapter 1..
Unfortunately, they are rather careless in their definitions as on page 6

]
they define h(6,A) = P { F (q+2,n-k;0) > ) }

v
and s(6,A) = P {F (q+4,n~k36) > A}

whereés‘they should have included constant factors —e 5 2 0 mh , as
n-k-° n-k.® n=-k

was shown in.section 1.6, Furthermore, they are not consistent as they

give another incorrect version in a footnote on page l4, statings

o 3
o/2 3 e/l Lo

31 Yo (2:3.4)

NN,

RO = e j=0 qr2+23 =

This should be, using their definition of @,

[* ]

3

T 2 } . (2.3.5)
j=

= - i
h(8,1) & X q+2+23 Z ok AX n-k

)
Using (2.3.4) they omitted a factor of 1/2 on the right-hand side when

they obtained: .
%—e-'h(,egx) = s(8,1) -~ h(8,)) .. (2.3.6)

Fortunately, these.omissions have not invalidated the risk functien
they obtained, which is quoted above in (2.3.2).

It is interesting to notice the similarity of form of their
expression in (2.3.1) and the quadratic risk function of (1.6.15),

Further comments on their risk function will be made in section 4.6,
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%
3, MINIMAX REGRET FUNCTION FOR y

3,1 . A Minimax Regret Function Defined

It has been shown in section 1,7 that the quadratic¢ risk function, .
M(6,1), based‘onvan'eétimator for the predicted wvalue of y, is invariant-
under groups of orthogonal transformatiéns'of,the sample, parameter and
restriction spaces. It is appealing, then; to define a minimax regret
function,b#sed-on this quadratic risk function in.an attempt to find an
optimal critical wvalue, A*g of the prior test of estimation.

When values of the quadratic risk functionrof~y*, M(e;A)s»are
computed for a given value of A=Ao in the.‘open:interval.h(o,foo‘)9 it is-
found that the graph of M(S,Ao) follows the general shape of the curve-
labelled A=Ao in Figure 3.1. The quadratic risk functions for Xb and Xé
are represented by the lines labelled A=0 and )\=e, respectively,

The curve of M(e,xo) for Ao in (0,+») has the following character-
istics: When the non-centrality parameter, 6, is zero, M(e,ko) is
between.q.rwfa-(Xé)g the quadratic risk ‘function for ng and ‘q.r.£. (Xb).

As 9 increasesg‘M(e,Ao) increases and its graph cuts that of q.r.f. (Xb)

at a point between 0 =~% and 9 =-§o M(G,AO) then reaches a maximum at-
a point\6=6U where eU Z.%" It would appear -that the graph\of'M(e,Ao) is

unimodal, but this is not -essential to the definition of.the minimax
regret conditien given below,

If 6 were known, then the best estimator of y#p as far as the quadratic
rigk function is concerned, would be:Xé-for~e <,%., and Xb fer 6 i‘%Ho,

Consider inf M(6,1), that iSAthe>infimum (which in this context will
A

equal the minimum) of M(6,)) over alk values of XA,  Clearly,
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inf M(8,1) = M(8,+») or q.t.f. (X8), for © <%
A (3.1.1)
M(6,0), or q.r.f. (Xb), for 6 Z_%5 o
The minimax regret function, REG(8,)), is then defined as
REG(8,A) = M(8,1A) - inf M(6,1) ., (3.1.2) -

A
For 6 < %j and small values of m and n-k, it is found, empirically, that
REG(6,)) takes on a maximum at 6=0, For larger values of m and n-k,
there is a BL at which the maximum occurs. In Figure 3.1, this value
of REG(6,1) is labelled GLQ For © i_%, REG(6,)1) takes on a maximum value
atﬂeﬁ and this value of REG(8,)) is labelled 6U in Figure 3,1,
Heuristically, these two distances can be thought=of as the maximum
additional penalty for choosing XB* instead of the optimal estimators,
Xé and Xb, at the points 6=6L_and 6=6U, respectively.

The minimax regret procedure is to seek the A=A* which makes both
6Lband dU‘as small as possible, It is found, however, that as the critical
value, ) , increases the distance labelled 5L decreases but 6U increases,
This can be seen in Figure 3.1 by the relative positions of the graphs
labelled A=1 and =4,

Thus, to minimize the minimax regret funetion; REG(6,1), over -all

*
values of 6 and A, the procedure will be to seek a A=) such that -

% *
REG(eL,A_) = REG(GU,X ) : (3.1.3)
or, in other words,
. % *
Sup REG(8,1 ) = Sup REG(6,A ) (3.1.4)
o< o>

2. -2
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. Figure 3,1, Quadratic risk functions for different A
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* *
In terms of the quadratic risk function of y , the aim is to find 2

such that
% *
M8 50 ) = M(8p y+ee) = M(Bys2 ) - M(8;,0) (3.1:5)
If the expression for M(6,)), as found in (1.6.15), is substituted in

(3.1.5), the minimax regret condition implies the following relation-

ships

* % %*
m r(eL,A ) + 29L[-2r(6L9A ) + s(eLgk )]
(3.1.6)
% * *
= m r(@U,l )-m + ZGU[l—Zr(GU,k ) + S(GU,X )]

where‘eL, GU maximize the quantities on the left and right, respectively,

3.2 Some Properties of the Functions M(6,\), r(6,1) and s(8,))

In section 3.1, some. general properties were noted of the graph of
M(P,2). These properties will be dealt with in this section more

formally by a series of lemmas.

Lemma - 3.2,%
M(8,0) = q.r.f. (Xb) is a constant function of 6, and M(9,+=) =

q.rsfs (XB) is a linear function of 6,
Proof
Recall that

M(8,1) = o2{k-mtmr(6,1) + 20[1-2r(8,A) + s(8,0)1} (3:2.1)

From the definitions of r(6,)), s(6,1) given in section 1.6, it is clear
that r(6, 0) and s(6, 0) are both unity, and r(8,«), s(6,») are both

zero, Substituting these values in (3:2.1) gives the results:
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M(8,0) = ko2 (3.2,2)

_ and

02{k-m + 20} . (3.2,3)

M(8 )

Clearly, the quadratic risk fumctions for Xb and Xé are represented

by the lines labelled A=0 and i=w, respectively. M(8,)A) inherits many
of its characteristics from the functions r(0,)) and s(6,1). For this
reason, attention will be focused on these functions in the next two
lemmas, Now r(6,)\) was defined after (1.5.18) in terms of the ratio of

two sums of squares, that is

+2 ' A
r(6,)) = {5 F (mh2,n-ks0) > 2= (3.2.4)
Equivalently,
]
(8,0 = P{x * 2;0) > 2 2@1)} . (3.2.5)

By a well-known transformation, for example see Wilks [1943; p. 187],

r(6,)) can be expressed in terms of the'incomplete Beta function. If

X

;%:E has the Beta distribution with parsmeters

X v F(2p,2q), then Y =
p and q, and P{¥<y} = Iy(pgq) where Iy(p,q) is the incomplete Beta
function ratio and

M -
[P ()9t g (3.2.6)

I
) =55y

and B(p,q) = L()I(q) can be termed the complete Beta function, With

T (p+q)
this notation,
oo =8 j . _
£(6,0) =1 - 3 fiﬁffi- I (mgz + 1, Eﬁgi- (3.2.7)
j=o Y
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s(6,1) will have the same form as (3.2.7) with (mt+4) replacing the
factor (m+2). A third function w(6,)) can be defined with (m+6) replacing

(m+2). Perhaps, more succinct notation would be. the following:

r(8,1) I"(%),. s(8,1) = 1°(~’2‘1+ 1), w(8,)) = 1'(13-+ 2) (3,2.8)

s(8,2) - r(8,1) = AI'(3)
(3.2.9)

w(0,1) = 28(8,1) + r(8,)) = AZI'(%) .

Lemma 3.2,2
For 6 and X in the open interval (0, +=),

r(6,1) < s(8,1) < w(8,)) .

In other words, r(6,)) is an increasing function of the numerator degrees

of freedom. Equivalently, AI'(p)>0 for all integer p.

Proof

The result can also be obtained from the difference

[ -0 J"
_ e 8 m+2 - n-k m-+4 ., n=k
8(8,1) - r(8,)) = jzo T LG+ =) - L+ 5 5
(3.2:10)
Jordan.[1962, p. 84] gives the following useful relationships
I (p+ P q
I =Dt PyT s 1 (p . 02,11
y(P9Q) T(p+1)T (q) vy (1-y) Iy(P 1, q@) (3 )

Q) - =IH) Py 4
In}other words, Iy(pflg qQ) Iy(P9Q) P(p+l)P(q)"y (I=y)* .

The expression in (3.2.10) can then be written as



34

o o g p@EASL w2y ok
s(B,A) ~ r(6,\) = & S e (1-y) >0 as y
v =
=0 31 r (@ 4 ZJ)P(n k) ,
2 2
is in the interval (0, 1). Consequently,
s(6,1) > r(8,1) (3.2,12)

w(8,1) > s(6,1) follows from a similar argument,

Lemma 3,2.3
For &, in the open interval (0, +4w), r(6,)x), s(6,\) and w{8,1)

are decreasing functions of A, but increasing functions of 9,

Proof
It is clear from the definition of r(6,)) in (3.2.5) that as )X
increases then r(6,)) decreases, It was shown in (1.5.19) that -

ngggx) = =g (8,0) + r(0,0) .

In a similar way, or directly from (3.2.7),

ﬁfégill = - 2(8,)) + 8(6,1) (3.2.13)

and this expression is positive from Lemma 3.2.,2. The lemma is now
proved for r(8,)), and analogously, the results follow for s(6,+) and

w(B,A),

Lemma 3,2.4
When 6=0, and » in (0, +«), M(6,\) lies between the quadratic

rigk function for XB and the quadratic risk function for Xb. That is,

M0, +=) < M(0,1) < M(0,0) .



Proof
Now r(0,)) and s(0,\) are both unity when X=0 and both tend to zero

as )\ tends to infinity. Thus,
M(0,1) = o?{k-mtmr (0,\)} (3.2.14)
and clearly this lies between M(0, 4+») = o2{k-m} and M(0,0) = ko?,

Lemma 3.2.5
A %
The graph M(8,)), the quadratic risk function of XB . cuts that of
Xb at-e=ec where ec is in the open interval G%Q%b, provided that A is in

(0, +=).

Proof

From (3.2,1) and (3.2.2), ec is defined by
ko? = o2 {k=mtmr (8 ,1) + 20_[1-2r(8 _,1) + s(0,1)1} (3.2.15)

which simplifies to

0 l-r(ec,k)
% =7 im0 ve, (3.2.16)
The lemma will be proved if it can be shown that
1 1l- r(ecsx) 1
2 l-2r(6c,x) + s(ecgh)
or
1 -1(6 ,7)
%_< ¢ <1 . {3.2.17)

1~r(ech) + S(GC?A) - r(ec,x)

The right-hand inequality in (3.2.17) follows from the fact that
s(ec?k) - r(ec,K) > 0 as shown in (3.2.12), As s(ecgk) is a probability,

it is less than 1 for A in (0, +w), so that the denominator,
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1l- r(ech) + s(ecgk) - r(ech) < 2[1 = r(ech)]

which proves -the left~hand inequality, and completes the proof of the

lemma,

Lemma 3,2.6
The infimum of M(6,1) is M(6, +»), the q.r.f. (XB), when @& < %~9

and is M(8,0), the gq.r.f. (Xb) when 6 z_%{o

Proof

Now s(8,)) = r(6,A) > O from Lemma 3.2.2, For 6 < %39

M(8,1) = o2 {k-urtmr (8,1) + 26[1-2r(6,)) + s(6,1)]}

02 {k-m+20+mr (8,1) ~ 26r(6,1)]}

\

02 {k=-m+20} = M(0, +=) .

\%

Also, 1-2r(6,)) + s(6,)) > 0, hence for.6 >

(NTRS]

M(8,1) > o?{k-mtmr(6,)) + m[1~2r(6,)) + s(68,1)]}

o2{k + m[s(6,1) - r(6,0)]}
> o2k = M(8, 0) .
Lemma 3,2,7
As 6 tends to infinity, M(6,)) approaches M(6,0), the guadratic
risk function for Xb.
Proof

M(8,1) = o?{k-mtmr(6,)) + 26[1-2r(8,1) + s(8,2)]} »
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Gun [1965, p. 54] has shown that, with the present notation,
6% [1-r(8,0)] > 0 as 6 >+, and a > 0 . (3,2,18)

Thusy; 26[2{1-r(6,1\)} = {1-s(6,A)}] » 0 as 6 + + ®, Ag r(6,A) is an
increasing function of 6, then lim r(8,)) = 1,

©>tc0
Hence, the result that:

M(8,%) > ko? as 6 + + o,

As r(8,)) and s(6,)) are continuous functions of both 8 and A, it is clear

that the regret function of (3,1.2), REG(6,A) = M(8,1) = inf M(8,2) will
: A

attain a maximum value for 6 in the interval [O,%]9 and [%3 4] as

REG(6,1) decreases to zero as 0 goes to infinity,
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4, MINIMAX REGRET FUNCTION FOR THE BETA VECTOR

4,1 Introductory Comments

In Chapter 1, the estimator, XB*9 of the predicted value of y was
studied and its bias and its quadratic risk function were obtained as
neat, mathematical expressions. On the basis of the latter, a minimax
regret function was defined in Chapter 3 to seek an optimum critical
point for the preliminary test of estimation,

In this chapter, the bias and the mean square error of B* will be
fbund~by similar methods to those used in Chapter 1., In contrast to
the bias and quadratic risk function of XB*, the bias and mean square
error of B* will not be invariant under orthogonal transformations.,
It will not be possible to find an optimal critical value independent of
the design matrix, § = X'X, or the restriction matrix, H. In a given.
experiment when S and H are specified, it will be possible to find an
optimal critical value, Aog by setting up a similar minimax condition
as used .in -Chapter 3.

Differentiation of matrices and vectors will again be greatly involved,

and it will be helpful to recall the expression found in (1,5.7):

2z [(b-6)'S(b-8)] = ~25(b-8) .

Differentiating with respect to Bs would give the transpose of this,

namely,

%Ev [(b=B)'S(b~B)] = -2(b-B)'S , '7 (4,1.1)

as 5 is symmetric,
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This expression can be differentiated a second time, ss shown in

Theil [1971, p. 31], giving the result

2
«5%5—37- [(b=B)'S(b=B)] = 2§ . (4.1.2)

4,2 Bias of the Beta Vector

The model, restrictions, and test statistic are the same as in
Chapter 1, The estimator of the B vector is given by
if u > A on the set Al 5

if u < X on the set of AO o

* %
The bias B can be found in a similar way to the bias y found in.

(1.5.20), thus

bias s* = s""lxe{' [Hs"lH"]"l(Hsnh) (r(e,A)-1) . (4.2,1)

+

As a partial check on this bias function, it is obvidus that it takes
the value zero if the restrictiohs»are exact, that is if HBR=h, or if
A takes the value zero., This latter casé is equivalent to always
choosing the o.l.s, estimator of B, namely b, which is, of course,

unbiased.,

4,3 The Mean Square Error of the Estimated Beta Vector

In this section, the mean square error of B* will be evaluated,
that is E(B*-B) (B*-B)'. In section 1.6, it may be recalled, it was
the trace of the mean square error of y*9 that is E(XB*=XB) " (XB*-XB),
which was the more easily obtained,

It is convenient.to consider the transpose of each of the

expressions in (1.5.8) through (1.5.10),
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3P (A.) , !
- jj K £, (v) LBLS | BBV SBoB) | pay  (4,3,1)
A 0? 202
1 ,
and
PU) g(e,n) (Hs-n)'[Es Tl lm (4.3.2)
g’ 96 o2 ’ o

The mean square error of 8* will contain an expression
E[(b~B)(b=B)'lAO]P(A°) and to evaluate this, it is necessary to differ-

entiate (4,3.2) a second time to obtain:

R(A) R £, (V) (- — + Sb-BIb-B)TSy ) (b=f) S(b=B) |y gy,
agaB" Ay 2. o2 ot ? 202 °

(4.3.3)

On the other hand, from (4.3.2), the following can be obtaineds.

2p - -
3°P(4,) = o' (o HILES lH'] 1y
smeeT - & O

g2

B (s~ H' )t (8 -h) (e-h) (s w1 E

y
g

-
+ g (6,0)
"\:Zi'oin’q“}
2p
32P(4,)

aZP(Al) th
is a kxk matrix whose (i,j) term is 3538 °

Clearly, ———f—
oBoB
i3

From (4.3.1) and (4.3.2), (or alternatively, see the derivation

leading to (1.5,11))

B(o-8]AR() = s”lur tas™lm 1 men) g (8,0 (4.3,5)
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From (49303) and (45304)9'

E[-

S S(b-B) (b-B)'S’

' T =l.yq=1 " v =1 .¢q4=1 _ Y S.=.]_ ] _,_]_H
=g (6,08 [HSOZH 1778, "o, ) BilHS B! ]™ (He-h) (HE-h) " [HS ™ H']

ot
(4.3.6)

?
Now S is symmetric so that S = S , Pre- and post-multiplying the

expression in (4,3.6) by s7162 and recalling from (1.5.2) that g(6,\) is
P(Al)’ the following result is obtained: .
E[(b-8) (b-8)" |4, 1P (A)) = 0257 g(8,0)
- - acm L) v - - o
+ o2s” e pms a1 tms ™ g 6,0) + 5™ lut (us~lu 17 (ag-h) (HB-h) *
- - - it
s ta 1" us™ e (e,0) | (4.3.7)
Now
E[(b~B) (b=8)" |4 IP(A ) + E[(b-B) (b-8)"[4;1P(4,)
=var b = g 12 .,

?
Also g (8,)) = =g(0,1) + r(6,1) by (1.5.19)., Similarly, it can be shown

that -

r (8,)) = =x(6,1) + s(8,)) so that
g (9,0) = g(8,)) - 2r(6,1) + s(8,1) .

Substituting these values back in (4.3.7) leads to

[
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E[ (b-8) (b-8) ' [A 1P(A ) = 0257 [1-g(0,2)]
- czs_lH'[HSmlH']mlHS_l[-g(esk)r+ r(8,1)]
- s‘lﬁ'[Hs“lnv]”l(ﬂs-h)(HB—h)“[Hs’lH“]“lns’l[g(egx) = 2r(6,A)

+s8(6,0)] . (4.3.8)
As E[b~B|A0]P(Ao) +—E[b—B|A1]P(A1) = E(b-B) = 0, then

E[b-B[AO]P(AO) = -S-lHV[HS-lH’]_l(HB-h)[“g(GQA) + 1,1 .
(4.3.9)

*
Denote the mean square error matrix of B = E(B*-B)(8%-B)' by MSE (6,1).

Then, as {Ao’ Al} form a partif&on of the parameter space,
MSE(6,1) = E[(B*—B)(B*~6)“lAllp(Al)+ E[(B*—B)(B*—B)'lelP(AO)

= E[(b=8) (>-8) " |4, 1P(4;) + E[(8-8) (5-8)" [A_JP(A) .
(4,3,10)

~

As B =b - s'lH'[Hs'lﬂ']“l(Hb-h), MSE (6,A) is found to be the sum

of the following four terms:

(a) E[(b-B)(b-B)"'], as this term appears in both sets A and A,
®) -s"tmrrms~tart E[(Hb-h)(b-s)ﬁlAd]P(Ao) ,
(c¢) the transpose of (b), and

@ starus~tar? E[ (#b-h) (Hb-h) ' [A_]P(A )[Bs™'m 1" lms™t |

Note that in (b) and (d), use is made of the fact that S and H are

matrices of known constants,
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Now (a) E[(b-8)(b-8)"]1 = 025™*as b ~ N(8,025"%). (b) can be

simplified using the identity

(#b-h) = H(b-B) + (HB-h) , (4.3.11)
giving

(b) vus'1H°[Hs“1H5]'lE{H(b-B)(b-B)V + (HB-h>(b-B)”!AO}P(AO>

—s"lH”[Hsflﬁ']”lH ny
-s‘lHV[Hs"lHV]“‘l(Hsmh),n2 . (4.3.12)

]
where Ny is the expression in (4.3.8) and n, is the transpose of the
expression in (4,.3.9).

On simplifying,
(b) = GZS_lH'[HS_lH']-lHS-l[r(e,A) - 1]

+ S'lH‘[Hs'lﬁ']’l(nsnh)(ne-h)'[Hs'lH?]'le'll[s(eéx)n r(0,0)].
(4.3.13)

As this expression is symmetric, then (c) reduces to this same
expression,

The expression (d) can be expanded into four terms as
(Hb-h) (Hb~h)' = H(b-B) (b=B) 'H' + H(b-B) (HB-h)' + (H8=h) (b-B) 'H’

+ (HB-h) (HB~h)' . (4.3.14)

Thus,

E[(Hb~h)(Hb—h)'|Ao]P(Ao)'

9
= Han' + Hn, (HB-h) ' + (HB=h)n, H' + (HB—h)(HB—h)”[lmg(ng)}‘9
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where Ny and Ny, as mentioned above, are the expressions found in

(4.3.8) and (4.3.9). Substituting the values for Ny and n, into the

above expression and simplifying leads to

d) = ozs'lﬂv[Hs“1HV]”1Hs“1f1~r(e,A)]

+ s’lnv[Hs”lH“]‘l(Hsmh)(He~h)'[Hs“lH']’le”l[l - s(6,A)] .

(4.3.15)

Summing the four terms (a), (b), (c), and (d) leads to the

following:

1

MSE (6,\) = g2§

+ ozs“lﬁ"[Hs'lH']'le'l[zr(e,x)uz + 1 =1(,))]

+ 57 [as ™) ™Y ug-n) (ag-n) ' [as~ et 1 tus ™ 125 (0, 0)

- 2r(6,2) + 1 - s(8,))] .

That ‘is,

MSE (6,)) = 025t

+ oZS’lH"[Hs'lH']’le“l[r(e,X)-l)

+ 57 (s~ 17 (ma-h) (ug-n) ' [us~tae " lus™L

[1 = 2r(8,)) +8(6,0)] . ‘ (4.3,16)

4,4 A Partial Check on the Mean Square Error

When A = =, 8 is chosen with probability 1, r(6,») and s(6,*) both

equal zero, so that (4.5.16) becomes

MSE (6 )

~ ~ t
E(B8-B) (B=-B)
o2(s™ s e tus™lur 1" tas ™Yy + s~ luo s~ lae L

(HB~h) (Hg~h) ' [BS 1" tus™t .



47
The risk function of (4.6.1), however, is equivalent to the

quadratic risk function, M(8,1), defined in (1.6.1), as

tr X"X[MSE(6,4)] = tr X[E(8"~g) (8"~g) " 1x"

* .
E (X8"-X8)' (X8"-XB) .

Any conclusions drawn from this weighted risk function would be
applicable to the predicted value of y and not to the estimated beta

vector,

4,6,2 A Sawa=Type Risk Function.

It was pointed out im section 2,3 that Sawa and Hiromatsu studied

?

1
o . iR = 7
the problem of a linear combination E‘Q 5151 + EZEZS of the B's, By

a normalizing process involving the supremum of the quadratic risk function

over the vector C,s they arrived at the risk function of (2.3.2), viz.
R(8,1) = h(8,1) + 6[s(8,2) - 2h(8,r) + 1] (4.6.2)

The supremum they defined would be attained when the szvvector had

the same direction as the E2 vector, for they made use of .the Cauchy=-

Schwarz inequality
¢
18,851 < Tyl < Tlg,l] (4.6.3)
They then defined a regret function as.in (3.2.2), namely
REG(8,1) = R(8,A) - inf R(8,A) (4.6,4)
%
and they sought the optimal value of A,A , such that

& % .
REG(6,A ) = sup REG(6,A ) . (606,5)
6" '
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This expression is the same as obtained by Wallace5 providing a partial
check for (4.5.16),
When A = 0, b is chosen with probability 1, r(6,0) and s(8,0) both"
equal 1, so that (4,5.16) becomes MSE (8,0) = E(b=B) (b-B)' = 028“1 as

expected. -

4,5 Orthogonal Transformations

In section 1.7, ‘a set of orthogonal transformations was defined on-

the sample, parameter and restriction spaces as follows:
Z = XC, o =C'8 and H, = HC

such that CC' = I,
Under this set of transformations, the following can easily be

justified:

st = cersTleer = c(z“z)'lc' , (4.5,1)
Bs™'H' = mee'sloc'n = H*(z'z)’ln* , (4.5.2)
(HB-h) (HB-h) " = (HCC'B~h) (HCC'B-h)'

(H*Ol‘h) (H*Ot-h) ! ° (4 0,5 ° 3)

#*
In section 1.7, it was shown that the bias of y and alsc its
quadratic risk function are invariant under the orthogonal transforma-
tions defined in that section. Under these same transformations, the

*
bias of B would become

5Unpublished paper., See footnote 1.
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1 1

bias 8% = CcC'S™cc'H[HCC'S™

CC'H]nl(HCC'B“h)(r(egk)ml)

ST S T
C(z'2)™"H, [H,(2'2) H, 17 (Buo-h) (£(8,0)-1) .

Clearly, this is not .invariant under these transformations.
. .
Let MSE (6,)) be the transformation of MSE(6,)) with the above.
substitutions made as shown by the statements (4.6.1) through (4.6.3),

From the form of MSE(6,)1) as found in (4.3.16), it follows that

CIMSE(8,1)]C" = MSE (8,))
or %
MSE(6,1) = C'[MSE (6,A)]C ., - (4.5.4)
Clearly, MSE(6,)) is not invariant under this set of transformations.
Whereas a regret function based on the loss function E(XB*mXB)“(XB*EXB)
did not depend on the specific values taken by the S and H matrices,
this will not be the -case with the loss function E(B*:ﬂ[%)-"(B*HB)-0

The question remains whether for given values of S and H, a mean~
ingful regret function can be defined in order to obtain an -optimal
critical value for the prior test, Some possible approaches to this-
problem are explored in the next section,

4,6 Minimax Regret Functions for
the Estimated Beta Vector

4,6,1 A Weighted Risk Function

To overcome the problems mentioned in the previcus section, .a

welghted risk function, R(6,1), could be defined bys
R(651) = tr X'X[MSE(8,))] (4,6.1)

and a minimax regret equation set up as in (3.1.3),
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This necessitated evaluating R(6,A) at the four points
% , %
R(O,4 ), R(O,=), R(GO,A ) R(GO,O) o

)
But in their formulation 6 = %252 » 80 that 6=0 implies that gz = 2 o

02
whereas e=eo implies that EZ = Qg where E; is non-zero. It has been
shown above that the supremum would only be attained if 52 had the same
direction as»’%29 and as 52 is fixed but arbitrary, it is clear that the
supremum cannot be attained at -both 6=0 and 6=60o Og the other hand,
the quadratic risk function of»y*, M(6,1) obtained in section 1.6, did
not require taking the supremum but gave a value comparable with their
R(8,1), This indiéates that whereas they had tried to find an optimum
As k*, relating to a regret function for the ,%,vectors or at least to
linear combinations of the Bi9 their arguments actually apply to a regret
function involving the predicted value of vy,

It may be tempting to set up a Sawa-type risk function in the general
context of this paper, although the above comments suggest caution. A
risk function, R(6,1), could be defined by

R(6,1) = sup tr MSE(9,A)

B
(4,6,6)

1]

%
sup E (B=8)"(8"-8) .
8

Lancaster [1969, p. 109] gives a theorem showing that for any real
¥ ? ?
kxl vector vy, and S being a real symmetric matrix, then B1Y Yy SYiPkY Yy

and, in particular

! 10 ' ,
YYS =y Sy (4.6.7)

where.ul, Wy are; respectively, the smallest and largest eigemvalues of S,
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It is clear that the y vectsr could be replaced, in turn, by the
vectors (B*uﬁ), (éms) or (b-B), If expectations are found, thea the
inequalities remain valid. In the spirit of the risk function of Sawa

and Hiromatsu quoted in section 2.3, let

R(6,1) = Sup E(B"~B)" (8°-8) ='%- E(8™-8)'5(8"-8) (4.6.8)

B 1

1
= “—M(e,}\) °
]

If the minimax regret .condition of (4.6.5) is set up, it is clear
that both sides of the equation are identical with the results obtained
*
from the predicted value of y, y , but both sides are inflated by the

factor %é-. It 1s clear from the argument above that the supremum of
1 B

tr MSE(8,)) cannot, in fact be simultaneously attained for two different
values of .6, Any conclusions drawn from this procedure will only

strictly be valid for the estimated value of y.

4,6.3 Minimax Regret Condition Based on the Mean Square Error.

In the two previous sections, a risk function was defined either as
q.weighting, or by taking the supremum; of the mean square error of the
;stimated beta vector., Both of these approaches led to the same critical
value given by the predicted value of Ve

In this section, a critical value specific to the estimated beta

vector will be obtained by taking the trace of the mean SQUATE @YLOY 88

the risk function, That is,

R(6,1) = tr MSE(6,)) = E(8~8)'(8"-8) . (4.6.9)



50

In (4.3;16) the mean square error was given by

o 025”1H7[Hs“lﬂv]“lﬂs’l[r(e9k)=1] (4.6.10)

MSE(8,)) = 025"
+ s‘lHV[Hs’lH°]“1(Hsah)(Hs~h)"{Hs”lﬂ"]“lﬂs“l[lqu(egx) + 5(8,4)]

Let A =.[Hs""lHV]'»‘lﬁs"’2

H', The risk functionm, R(B,1), can be written

R(8,1) = 02trS™ + o2trA(r(6,))~1) (4.6.11)

+ (HB-h) 'ALHS™E' 171 (HB~h) [1-22(0,2) + s(6,1)] .

Consider, now, the ratio A = (HB»h)“A[HS’lHV]wl(Hemh) o« L is then
(Hs-h)”[Hs'lH°]'l(Hs-h)

?

of the form Zv
Z F 2
(4.6.7) from Lancaster [1969, p. 109]:

and by.a simple extension of the theorem quoted in.

<A<y (4.6.,12)

5] m

; =1
where Hys i=1,2,.,..,m, are the ordered characteristic roots of EF ~ = A,

vAs—(HB-h)V[HS_lHV]—l(HBmh) = 202 ¢, the risk function can be simplified
further,

R(8,0) = o2{trs™  + trA(r(8,0)=1) + 20A[1-2r(8,0) + s(0,0)]} .« (4.6.13)

A regret function and minimax regret condition can now be defined in a
similar manner as in section 3.1,

Now R(6,0) = o2tr S_il9 and
R(6,+0) = o2{trS™T - trA + 204} .

The analogs of (3.1.1) and (3.1.2) are, respectively,
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inf R(6,1) = R{0,4+=) for 6 < ¢
A

R(6,0) for 6 > ¢

where c = Lrxa (4.6,14)
2 A
and
REG(8,1) = R(6,A) - inf R(6,A) (4.6.15)

A

For 6 > c,
REG(6,1) = 02{trA[r(6,A)=1] + 26A[1-2r(6,1) + s(8,A)1} . (4.6.16)
As r(6,)) is a probability, and from (3.2.2)

s(8,1) = £(8,1) > 0, then [1-2r(8,)) + s(8,7)] > 0

and

sup REG(0,1) < sup o2{trA[r(6,))~1] + Zeum[l~2r(egk) + 8(0,2)]} (4.6.17)

eig O >

It should be noted that the supremum on the right~hand side of (4.6.17) is

trA
2um
set of values of 6 on the left~hand side, [c, +*), of (4.6.17).

taken over the larger set of values of 6, [ s *+®), which includes the-

For 6 < ¢,

REG(8,1) = o2{tr A r(8,)) + 206A[~2r(8,1) + s(6,1)]1) . (4.6.18)

To find the supremum of this quantity, it is necessary to know the sign
of the expression,; E = [-2r(6,1) + s(6,A)]. As 6 tends to infinity, this.
expression tends to -1, Values of E were computed at 3,960 points for m.

in the interval [1,120], n-k in [2,120], X in [0, 3] and 6 in [O, %ﬁo
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The results indicated that E < 0 and is monotonically decreasing with
8 to. -1, and monotonically increasing with )\ to zero.
For the triplet of values (m, n-k, A) considered im Chapter 5, the.
supremum of REG(06,1) for 6<c will occur when A takes the wvalue Hys the
-smallest characteristic root of the matrix A, Again, as ¢ is unknown,

the supremum will be taken over the larger set of 6 values from

0 té,%Eé « Thus,
Ul_
sup REG(O,\) < sup o2{trA.r(o,r) + 28ul[-2r(69x) + 5(6,2)1}. (4.6,19)
trA.
f<c 0< =
2u

1
The minimax procedure will be to ‘search for an optimal A, A09 which
minimizes the expressions in (4,.,6.17) and (4.6.19). Empirical results

will show that as the critical wvalue, A, increases, then sup REG(0,X
O<c :

decreases but sup REG(6,)) increases. The optimal minimax regret value
8>c

Ao will be that value which equalizes the expressions in (4.6.17) and

(4.6.,19). Thus, Ao satisfies the equation

REG(SLS_AO) = REG(eUgvAo) (4.6.20)
f<c ezp

where eL’ GU maximize the expressions on the_left and right, respectively.
An important question -arises as to whether it is possible to find such a
GU which maximizes the quantity on the right of (4.6.,17) while at the
same time being compatible with the condition that A attain its maximum,
Now, Lancaster [1969, p. 110] shows that A attains the value u
when Hf=h = ng a characteristic vector of the matrix A corresponding to
z [as™tu' ™

the characteristic root Moo This implies that 6 = . No
202
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restriction has yet been placed on 02 which can take values in the open

U to maximize the.

interval (0,+~) so that 6 may attain the value of 6
quantity in (4.6,17).
Similarly for (4.6.19), A attains the value,ul_when-HBuh = Z; and
2z, [HS ™’ ]-”:"‘z:L '
g = ° » (406021)
202

For .all values of 0%, it would be possible to find a 6. which satisfies

L
both (4.6.19) and (4.6.21).

It is instructive to notice a connection between the regret.
condition based on. the estimated beta vector and the regret condition

of Chapter 3 based on the predicted value of y.

Now the trace of a matrix is the sum of its characteristic roots,

m
that is tr A = % Hy If A is taken to be the arithmetic mean of the
' i=1 '
m ,
M., that is A = i LI u,, it is clear that the value of c¢'= Lrd E=and
i m oy i 24 2

the regret functions of (4.6.16) and (4.6.18) are then equivalent to the
regret functions based on the predicted value of y.

This is intuitively appealing as basing a risk function eon the
predicted value of y is felt to be an averaging process,

The minimax regret comndition of this sectien is illgstrated by
Figure 4,1, The risk function, R(6,)), as found in the expression
(4.6.13) contains the unknown variable A, which can take on any value
between ulrand Py For-a given-value of A, the graph of R{6,)) lies
between the graphs of R(6,1) for My and oo 88 illustrated by Figure 4.1

(a),
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QRF

Figure 4.1,

The regret condition for the estimated beta vector
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In Chapter 3, for ?%K-E-%-s the aim was to find a value of the
critical point; A, which equalized the distances 5L and,GUo For unknown
A these distances canmot be evaluated, but in Figure 4,7 (b) and (c), it
can be seen that these distances are maximized by the distances AL_and AUu

The minimax regret criterion minimizes these maximum deviations in mean

square error, and this occurs.when,AL = AUO.
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3. RESULTS AND CONCLUSIONS

5,1 Computer Procedure Followed to Obtain Critical
" 'Values Based on the Predicted Value of y

*
It was shown in section 3.1 that the optimal critical value, ) ,

of the prior test of estimation satisfies equation (3.1.4), viz.

* %
REG(BLSX ) = REG(GUQK ) . (5.1.1)
..
b3 o>=

where ;s 8y are the values of 6 which maximize the quantities on the.
left and right,; respectively,

The procedure followed was to give values to m, the numerator
degrees of freedom, n-k, the denominator degrees of freedom, .and A, the
critical value of the prior F test,

To find 6U9 a computer search is carried out by increasing 6 in
small increments from a starting value of %@ The slope of the quadratic
risk function of y#, M(8,1), is calculated at each 6 value. In this way,
a small interval, I, along the 8 axis is located such that the slope of
M(6,)1) changes from positive to negative in the interval I. By succes=

sively reducing the size of I, the optimal value for 6, & is obtained.

s
In practice, this value is assumed to.be reached when successive itera~-
tions differ by less than 10m4.
In a similar way, the optimal value, eL, is obtained for 9§ < %30
Denote the left- and right-~hand side of (5.1.1) by SL and SUQ
respectively., If these differ by less than 102'79 then the current value

%*
of A is taken to be the optimal value, A . Otherwise, A is increased

or decreased according to whether GLais less than or more than GUS



respectively. That this procedure leads to an optimal vzlue of A

confirms that for increasing i, REG(GLQA) decreases but REG(SUQA}
m
e- ‘("é’ 6 e
increases.

As a check that the maximum regret for 8 z_%- occurs at eU9 the
slope of the regret function is checked for each A at twenty points
between GU and 20m, For the optimal critical point, k*g GU ig found
to be less than 2m so that checking that the slope is negative for
values of € up to 20m provides strong confirmation that the maximum
regret occurs at er

Sawa and Hiromatsu [1971] gave values of X* for m=1l, Their values
agreed closely with those of Table 5.1, except that their values were
generally lower by 05001o These authors, however, assumed that the
supremum of the regret function for 6 < %-occurred at 8 = 0, While
this is true for the case of m=1, this does not hold for larger values
of ms Their assumption actually leads to smaller values of A*
particularly for large denominator degrees of freedom.

Two subroutines were used for the non-central F, Both of these
were written by Mr. James Goodnight for generating the tables in Good-
night and Wallaceo6 One of these subroutines uses a quick approximation
by means of a central F, while the other uses an iterative procedure

until a given required accuracy is obtained. The approximate subroutine

was used to generate optimal values for A for the numerator and

6James Goodnight and T. D, Wallace, N, C. State University, Raleigh,
Ns C., Operational techniques and tables for making weak MSE tests for
restrictions in regressions, to be published in Econometrica.
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denominator degrees of freedom listed in Table 5,1,  The results were
checked with the more accurate subroutine for m = 1,2,4,8, and the dis-
crepancies between.the values of A* obtained by the two subroutines were
less than 5,5 percent; 2 percent, 0,55 percent, 0.13 percent for m = 1,2,
4, and 8, respectively. As the discrepancies are small for higher values
of m, the values listed in Table 5.1 were obtained from the accurate
subroutine for m = 1,2,4,8 and from the fast approximation for the
remainder of the table.

%
Certain monotone properties of GL9 8, and A emerged which were used

U
to limit the area of search when the slower; more accurate subroutine
was ‘used to generate the final tables of results for m = 1,2,4,8, These

properties are detailed in the next section.

5,2 - Results Based on the Predicted Value of v

From Table 5,1, it is clear that the outstanding property of the

v optimal critical value, A*g is that it does not vary much from the value
2. When m, the numerator degrees of freedom, is 1, k* only decreases by
about 0.1 as the denominator degrees of ffeedom increases from 2 to 120,
For large m, this decrease is more pronounced and when m = 120, A* de=
creases by about 0.3 as the denominator degrees of freedom increases from
2 to 120. For each value of m, k* decreases with the demominator degrees
of freedom, which helps considerably in the search technique for when the
numerator degrees of freedom are increased, the previous value of k* is
used as.an upper limit for the starting interval., For a given value of
Fhe denominator degrees of freedom, n=k, A* increases with m, the numerator

degrees of freedom,



Table 5.1.

Optimal values for the predicted value of y

m n=-k A a{F) SL, eU
1 2 1,972 35,4 0.0 2,0
4 1,922 26.8 0,0 1.9
8 1,898 20,8 0,0 1.9
16 1.887 17,3 0.0 1.8
24 1,883 15,9 0.0 1.8
60 1,878 14,3 0.0 1.8
120 1,876 13,7 0,0 1,7
2 2 2,097 34,8 0.0 3,9
b 2,006 25,8 0.0 3,2
8 1,952 19,5 0,0 2.8
16 1,922 15,6 0.0 2,7
24 1,911 14.1. 0.1 2.6
60 - 1,897 12,3 0,1 2,5
120 1,892 11.6 0.1 2.5
4 2 2,185 34,7 0.0 7,1
4 2,058 25,3 0.0 5,5
8 1,984 19,0 0.4 4,7
16 1,953 15,1 0.4 4,3
24 1,944 13.6 0.5 4,2
60 1,931 11,7 0.5 4,0
120 1,931 11,0 0.5 3,9
8 2 2,237 34,6 0,0 13.6
4 2,093 24,9 0.3 10.3
8 2,019 17,1 1.1 8.5
16 1,988 11,6 1.6 7.6
2% 1,979 9,4 1.7 7.2
60 1,972 6.6 2,0 6.8
120 1,969 5.7 2.1 6.6
16" 2 2,265 34,5 0.0 26,3
4 2,119 24,3 1.0 19.8
8 2,043 15,4 2.5 16,1
16 2,008 8.7 3.6 14,0
2% 1,997 6.1 4,1 13.2
60 1,986 3,0 4.8 12.1
120 1,983 2,0 5.0 11,7
%
24 2 2,275 34,6 0,0 39.3
4 2,128 24,1 . 1.6 29.4
8 2,052 14,7 4,0 23,7
16 2,016 7.6 5,7 20,4
2 2,005 4,8 6,53 19,1
60 1,993 1.7 7.7 17.4
120 1,989 0.9 8,1 16,7



Table 5.1 (continued)

60

a(F) = percentage alpha level for the central F

%
These values were computed using the approximate subroutine,

%
m n=k A a{F) GL GU
%

60 2 2,286 34,7 0.0 97.8
4‘ 20140 23g9 494‘ 7205
8 2,064 13,7 10.5 58.0
16 2,027 6.0 15.2 49,3
24 2,015 3.1 17.4 45.8
60 2,002 0.5 20,9 40.8
120 1,997 0.1 22,5 38,7

% '
120 2 2,290 34.8 0.0 195,2
4 2,144 23.8 9.0 144,5
8 25069 1304 2104 . 11502
16 2,032 5.4 31.1 97.4
24 2,020 2.5 35.6 90,2
60 2,005 0.2 43,1 79,6
120 2.001 0.1 46.8 - 74,9

m = number of restrictions
n = number of points in the sample space
k = number of parameters
*
A = critical value of the prior test of estimation
L’QU = optimal lower, and upper, theta values:
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| Although the optimal values of the c¢critical points, A*Q of the

prior test of estimation fluctuate only slightly over the whole range of
numerator and denominator degrees of freedom, the corresponding alpha
levels vary considerably as shown by Table 5.1, - For denominator degrees
of freedom of at least four, the percentage alpha level decreases
monotonically with numerator and denominator degrees of freadom. This
reflects the fact that the significance points of a central F decrease -
monotonically with numerator degrees of freedom, provided that the denom-
inator degrees of freedom are at least four,

If a prior test of estimation is performed with alpha at the 5 percent
level, then the unrestricted least squares estimate will be chosen with
probability of 5 percent. Clearly, from Table 5.1, the minimax regret
function, as compared to a 5 percent.F test, generally increases the
probability that the unrestricted 1east~squares_estimate'will Be chosengr
and in many cases this probability is greater than 15 percent, For
large m and n-k, however, the alpha level decreases until it is only 0.1
percent for m and n-k both equal to 120, |

Table 5.1 also gives optimum valuyes, © U’ of the non-centrality

L® o
parameter. As the numerator degrees of freedom, m, increase, both SL and
GU increase.. As the denominator degrees of freedom, n-k, increase, 8L
increases but eU decreases;

For small m and n-k, SL is zero, This occurs as x(6,1) and s(6,2)
are relatively large for small values of m and n~k., This would be
expected from the definition of r(6,A) as found in (3.2.4) and from the
fact that for a given alpha level, the critical points of a non-

central . F distribution are monotonically decreasing with numerator .

and denominator degrees of freedom as can be seen by the tables in



62
Goodnight and Wallace70 When r{6,1) and s(8,%) are large, it is found
that - [=2r(6;1) + s(06,1)] is large and negative so that the maximum of the

regret function from the left-hand side of (3.1.6) occurs when SL is zero,

For large degrees of freedom in the numerator and denominator, GU

approaches, from above, half the numerator degrees of freedom, This can:

be seen in Figure 5.1 as the distance §,, moves to the point 6=m/2 as m

U

increases from 2 to 120, It should be noted that these graphs are scaled
so that both the quadratic risk function and the values of theta are
expressed in terms of m, It can be seen also that as m increases the

shape of the graph.changes so that the maximum regret, § for 6 < m/2

L9

occurs at 6 = 0 for m = 2 but moves away from zero for m = 8 and m = 120,

5.3 Computer Procedure for the Case of the
Estimated Beta Vegtor

The procedure followed to obtain optimum values based on the beta
vector was similar to that used for the predicted value of .y. The omnly
difference was that, instead of equalizing the distances 6L and GU of

and A

I of Figure

Figure 3.1, the aim was to equalize the distances A U

4.1. )
As AL depends on the smallest root of A, Hys and AU depends on the

largest root, U , then extensive tables would be needed te cover the

possible values that My and Mo could take., For a given set of data, S

2

and H would be fixed and known so that the matrix A = [HsulH“]ngS“ HY

%
could be evaluated and the roots ul and B obtained. Denote My by ui.
trh

%
For the case of the predicted value of y of each of the My equal %w For

7See footnote 6,
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Figure 5.1, The quadratic risk function of y for optimsl
critical values :
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I | 1 % %
the estimated beta vector, O<p,< = and = <y < 1, As the y, sum to
lem m=—"m i
unity, then for a given value of uiﬁ u: satisfies the more restrictive

inequality

*
—2 < W <l- (@l . (5.3.1)
(m~1)

In the next section, optimal values will be found for m=4 and n-k =

#* *
8 and 60, and for selected values of u. and i, satisfying the conditions
1 4

*
0 < My < 0.25 and (5.3,2)
1 %
- M
1 ¥ %
3 _<- u4 _<= l = 3ul ° (50303)

5.4 Results Based on the Estimated Beta Vector.

From Table 5.2, it can be seen that as Hys the smallest characteristic
root of A decreases, or, in other words, as u: decreases the optimal-
critical value, Ags increases. This would be expected from (4:6,19) forxr
[1-2x(9,1) + s(8,1)] being ﬁegative implies that the regret for 6 < ¢
increases as Hy decreases., This means that a larger value of A must be
chosen to reduce this regret so that it equals the regret for 6 > c. To
illustrate that ) increases as,u:‘decreases9 consider the triplet of
values of (i), qu 2) = (0,20, 0.30, 1,841) and (0.10, 0.30, 1,937).

Consider the regret for 6 > c, as found.in (4.6.17), This involves
the expression 29 um[1=2r(egk) + 8(8,A)], and as the term in brackets is
non-negative, an increase in Mo implies an inefeasé in the regret, and
a smaller value of X must be chosen to equalize this regret with the

regret for € < ¢, Thus, an increase-in W implies an incrr:ease‘:ilnA}\v09



Table 5.2, Optimal values for the estimated beta vector

%

65

& ES
Hy iy Ao a{F) GL BU
m=4, n-k=8 0.25 0.25 1,997 18.7 0.4 4,6
0.20 0.30 1.841 21,4 0.5 4,2
0.35 1.706 24,0 0.4 3.9
0,40 1,599 26,4 0,3 3.6
0.15 0,35 1,730 23.5 0,7 3.9
0,45 1.526 28.2 0.5 3.4
0.55 1,384 32,1 0.4 3.1
0,10 0,30 1,937 19.7 1.4 4,3
0,40 1.663 25.0 1.2 3.7
0,50 1,481 29,4 1.0 3.3
0.60 1,351 33.1 0.8 3.0
0,70 1.251 36.3 0,7 2.8
0.05 0.35 1,930 19.8 2.8 442
0,45 1,672 24,8 2.4 3.6
0,55 1,495 29.0 2,2 3.2
0.65 1,365 32,7 1.9 2,9
0.75 1,264 35,9 1.8 2.7
0,85 1,184 38.7 1.6 2.6
m=4; n-k=60 0.25 0,25 1,951 11,2 0.7 3,9
| 0.20 0.30 1.822 13.5 0,8 3,5
0,35 1.698 16.1 0.7 3,2
0.40  1.599 18.5 0.6 3,0



Table 5.2 (continued)
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¥ *
1 My KO a(F) SL éU
m=4, n-k=60
0.15 0.35 1.734 15.3 1.0 3.3
0.45 1,543 20.0 0.8 2.9
0.55 1.410 24,0 0.7 2,6
0.10 0.30 1.947 11.3 1.8 3,7
0.40 1.688 16.3 1.5 3.1
0,50 1.516 20,7 1.3 2.8
0.60 1.391 24.7 1.1 2.5
0.70 1.296 18,1 1.0 2.4
0.05 0.35 1.968 10.9 3.1 3.6
0.45 1.718 15,6 2,7 3.1
0,55 1.546 19.9 2.4 2,8
0.65 1,419 23.7 2.2 2,5
0.75 1,321 27.1 2,0 2.4
0.85 1,242 30.2° 1.8 2.2
m = number of restrictions
n = number of points in the sample space
k = number of parameters
Ao = critical value of the prior test of estimation
eL,eU = optimal lower, and uppér9 theta vaiues
o(F) = percentage alpha level for the central F
x* M4

My T TEE ¢ i = 1,4, where by are the ordered roots of the matr?x A

*
These values were computed from the approximate subroutine,
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and an-example of this can be seen in the table when ui = 0,10, as “Z
increases from 0.30 to 0.70 then Xo decreases from 1,937 to 1,251,

It seems clear from the table that the value of uz_has more
influence than u; on the value of Aoo Consider m=4, n-k = 60, and “Z =
0.35, As uiAincreases threefold from 0.05 to 0,15, Ao only decreases
from 1.968 to 1,734, When ui = 0,10, however, and ui is doubled from
0.30 to 0,60, Aé decreases considerably from 1,947 to 1,391,

%
5.5 Percentage Alpha Levels if A Is a Critical
‘Point of the Non=Central F

Wallace8 proposed other criteria for linear restrictions in.
regression based on whether the mean square error of the unrestricted
estimator was less than the mean square error of the unrestricted estima-
tor. His "Strong MSE" criterion assumed that the test statistic; u, is
distributed as a nénmcentral F with 6, the non-centrality parameter,
equal to 1/2, On the other hand, his "Weak MSE" criterion assumes that
u F'(m/2). One motivation for using these criteria is that they in-
crease the probability of cheosing the restricted estimators over the
ordinary F test as the restricted estimators have smaller variance even
though théy are biased under the alternate hypothesis. In section 2.5,
it was noted that the minimax regret function in gemeral chooses the
unrestricted estimators with higher probability than the usual. 5 percent .
‘level F test, The percentage alpha levels in the Tables 5.3 and 5.4
show the percentage probability of choosing the unrestricted estimator
assuming u-is distributed as a non-central F with 1/2 or m/2 as non-

centrality parameter, These tables re-emphasize that the Wallace
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Table 5.3, Alpha percent level if A 1is from the

non-centrality = 1/28

non=central F with

68

n-k 2 1 2_ 4 8 16 - 24 60 120
2 45,5 42,4 39,7 37.8 36.2  35.7 35.2  35.0

4 41,5 36,7 32,2 28.8 26,3 255 24,4 240

8 39,2 33,2 26.9 91,3  17.5 16,1 14,3  13.7
16 38,0 31,2 23,3 15,8 10,7 8.8 6.4 546
24 37.6 30,5 21.8 13.6 7.9 5.8 3.4 2.6
60 - 37.1.  29.6 20,0 10,4 o2 2,3 0.5 0.2
120 37,0 29,3 19,3 9,3 3.0 1,3 0.1 0.1

[+o] 9 \ "
®Table gives 100 o = 100 /, g(F (1/2)) dF (1/2)
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Table 5.4, Alpha percent level if A is from the non-central F with
non-centrality = m/22 '

ne ] 1 2 4 8 16 24 60 | 120
2 45.5 51,0  Sh.4 56,3 57,0  57.3 59,7 57.8
4 41,5  46.9 50,7  53.1 54,1 54,6 55,1 55.3
8 20,2 44,5 48,5 50,9  52.2 52,7 53.4 53.6
16 38.0 43,2 47,0 49,2  50.6  51.2 52,1 52,4
24 37.6  42.7 46,3 48,5 49,8 - 50,5 51,5 51,9
60 37.1 421 45.6  47.3  48.6 49,3 50,4 50,9
120 37.0 41,9 45,3 46,9 48,0 48,7 49,8 50,3

o 1 9
8able gives 100 o = 100 fl g(F (m/2)) dF (m/2).
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criteria increase the probability of choosing restricted estimators

except when the non-centrality is 1/2 and m and n are large.

5.6 Efficiency of the Estimators Based on . the
" Optimal Critical Values

The quadratic risk function for the predicted value of the
dependent variable has been considered in some detail in Chapter 3, and
in section 5.2, graphs of the quadratic risk function were -displaved for
three values of m, the number of restrictions on the parameter space,
Another way of considering the properties of’the quadratic risk function
is afforded by the concept of relative efficiency,

In Figure 5.2, graphs are drawn for three values of m.for the
efficiency of the estimator'XB* relétive to the least squares estimator,
Xb. This relative efficiency will be designated by R.E, (A#Q‘O) and

defined by

#* *
RE. (A, 0) = 3 s where X is the optimal.

value of A obtained by the minimax regret condition. When the non=
' *
centrality parameter, 6, is zero then R.E, (A , 0) takes on the value

k

m N
k-mrtmr (0, 1) A}. From standard

me2 "

s where r(0,)) = Pr{F(m+29n-k).z

F tables, it is found that this probability decreases as m increases, .
This is reflected in the graphs»in.thatslfqr & = 0, R,E, (A*g 0) is
large when m =120, and decreases as m decreases,

The graphs are scaled as the non-centraliﬁy parameter, 8, is
expressed as a multiple of the number of restrictions, m. Even with .
fhis scaling factor, the relative efficiency with m large is every-

where ‘greater than the relative efficiency for small n., In fact,
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Figure 5.2, Efficiency of the estimator XB relative to the least
squares estimator, Xb
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for m = 120, the relative efficiency only falls below 1 for a
relatively small interval of 6, Of course, the shape of the curve of
RoE.-(k*9 0) will alter as the number of parameters, k, is altered, This
can be compared with the graphs of the quadratic risk function as in-
Figure 5.1 where altering the value of k will only .effect a translation
of the curve but its shape will be unaffected. As k increases both
numerator and denominator of,R;Ea_(A? 0) increase so that the value of
R.Es (A*Q 0) becomes closer to unity for all values of 6, or, in other
words, the curves tend to collapse towards the line R,.E. (A*g,O) =1,

'In_Figute 5.3, the efficiency of the estimator using the optimal.
critical value, A*g relative to that of the 5 percent F value is plotted

for the same three values of m, This could be designated as

The curves reflect the fact that, except for large values of m and n,
the critical values are smaller than the 5 percent F values. Conse-.
quently, the q.r.f. using A*‘is larger -than the q.r.f. using)\ooo5

when 6 is small, but for larger 6, and certainly when 6 is greater -than
m/2, the opposite is true, Again, as k, the number of parameter39,

increases; R.E, (A AO 05) becomes closer to unity.

5.7 Maximizing the Minjimum Relative Efficiency

In the previous section, the efficiency of the estimator, XB*9
was compared with the ordinary least squares estimator and the
traditional two-stage estimator at the 5 percent lgvela A more inter-
esting measure is the efficiency relative to the ”best”festimator which -

is -the restricted estimator, XB, when 6 is in the interval {0 2]9 and
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Figure 5.3, Efficiency of the estimator XB relative to the estimator
based on the 5 percent F value
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the least squares estimator, Xb, when 6 is in (%5 +»), As the quadratic

* ~
risk function for X8 , Xb and XB are given respectively bys

M(0,1) = o2{k=mtmr(8,)) + 20[1=2r(6,\) + s(8,2)]}

M(6,0) = 0% k
M(8, 4=) = g2{k-m+26}

The relative efficiency is then defined by

R.E.(8,1) = Relative Efficiency = M(6,4=) when 6 is in [0, %ﬂ

M(e, 1)

(5.7.1)
M(6,0 ;
E%Efi% when 6 is in 5, +)

In a similar approach to that of the minimax, regret function of Chapter 3,
a maximin regret function based on this relative efficiency could be.used
to determine an optional value of A, the critical value of the prior test
of estimation. This maximin.approach would be to find the critical value,

Ao, which satisfies the condition

inf R. E; (eglo) =.inf R, E. (99Xo> 5 (5:7.2)
m m
3} <-2- 92:2—

where A is in the interval [09 +o0]

It can be seen from Table 5.5 and Figure 5.4 that this criterion
leads to a slightly higher critical value and lower alpha level than the
minimax criterion. As the total number of parameters, kg increases,

however, the critical value decreases slightly,
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Table 5.5, - Critical values obtained by maximizing the minimum relative
efficiency of the estimator, Xb*swhen_the number of
restrictions is two

ek |k \* 0, «® e @) |aE @)
2 4- 3.079 4.7 24,51 33,2 40.9
6 2,647 4.3 27,.4 36.7 44,9
8 2,487 4,1 28,7 38,2 46,6
4 4 2,782 3.7 17.4- 27.2 36,2
6 2.452 3.4 20.1 30,7 40,2
8 2,327 3.3 21,3 32,2 42,0
8 4 20606 3.1 13.3 23,6 33.5
6 2.336 2.9 15.7 27.0 37.5
8 2.231 2.9 16,8 28.5 - 39.2
16 4 2,508 2.9 11.1 21,6 32,0
6 2,270 247 13.4 24,9 36.0
8 2.176 2.6 14.4 26.4 37.7
24 4 2,473 2.8 10.3 21,0 31.6
6 2,246 2,6 12.5 24,2 35,5
8 2.157 2.6 13.5 25,6 37.2
60 4 2,429 2.7 9.4 20,2 31.0
6 2,217 2.5 11.5 23,3 34.9
8 2,132 2.5 1205- 24,7 36.5
120 4 2,415 2.6 9.1 19.9 30.8
6 2,207 2.5 11.2 23.0 34,7
8 2,124 2.4 12.1 24,4 36.3



Table 5.5 (continued)

n = number of points in the sample space
= pnumber of parameters
%
A = critical value for the prior test of estimation

eU = optimal theta value

o (F)

percentage alpha level for the central F

1
a(F (%)) = percentage alpha level for the non-ceatral F with non-.

centrality =-%

U
a(F (%b) = percentage alpha level for the non-central F with non-.

centrality = %== 1
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The lower optimal value of 6, eL,-was;found to be zero for each of
the three cases considered. The upper optimal value of .9, 9U9 is the
same‘value, for a given A, which maximizes the regret function of.

Chapter 3.

5,8 Conclusigns

In the context of a general linear model with linear restrictions,
the traditional prior test‘of—estimation'leads'to a choice between the
restricted or unrestricted estimators, The resulting composite estimator
is biased.,

This study hasiled to explicit expressions for the bias function
of the composite estimator, XB*, in the case of estimating the predicted
value of the dependent variable; y. As expected, the value of this bias
function is found to be always less in absolute value than that of the
restricted estimater, while the unrestricted estimator is, of course,
unbiased.,

Explicit expressions were also obtained for the quadratic risk.
function for the predicted value of y, This risk function was shown.to
reéch a maximum value when the non-centrality parameter, 9, takes the
value,eU, dependent on the numerator and denominator degrees of freedom
and the critical value, A, of the prior test. Except for some interval
of 6 between one-fourth of the numerator degrees of freedom and 6U9 the
graph of the quadratic risk function lies between that of the restricted -
and unrestricted estimators,

A minimax.regre: function based on the quadratic risk fumction of
XB* was then proposed to determine the optimum value of the critical value,

% #
A=A, This value, A , was found to be invariant under orthogonal
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transformations of the sample, parameter and restriction spaces. This
is to be expected as the bias and quadratic risk function of XB* are
invariant under -these transformations.

From the empirical results, it is clear that the minimax regret
function is generally more conservative in choosing the biased restricted
estimator than the traditional F test at (say) the 5 percent .level, ' This
may be expected as no prior information is assumed on the distributien
of the non-centrality parameter -and large values of this non-centrality
parameter imply.large values of the bias and, hence, of the quadratic
risk of the restricted estimator.

Instead of the minimax criterion to set the value of A, a similar
criterion could be used based on the efficiency of ‘the estimator relétive_
to the "best" estimator, which is the ordinary least squares estimate
when the non-centrality parameter 6 is in the interval GE,+§), but ‘is
'the-restricted estimator for 6 in the interval [0, %},: The value of
A,,ko, is sought which maximizes the minimum efficiency of the estimator. -
In general, this procedure leads to somewhat larger values of X, and
smaller alpha levels, than does the minimax procedure., The optimum A
values,-xo, do depend on k, the total number of parameters, in this case
and decrease as k increases,

| Attention is then focused on therestimate,s*-9 of the beta vector,
and expressions are found for the bias and the mean square error of B*e
It is -found that these expressions are not invariant to orthogonal -
transformations, so that it would not be possible to find an .optimum
value of XA which did not-depend on the design matrix S = X'X; or the

matrix H which determines the restrictions on the beta vector, In a
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particular case when S and H are known, then an optimum value of A, Kgg
can be found, and it depends on the smallest, Hys and the largest, L
characteristic roots of the matrix A = [HS“lH”]mlHSHZHVQ

The empirical results sho’w.that--Ao decreases as B, OT as iy increases;
On the other hand, it is shown that the minimax condition for the pre- .
dicted value of y depends on an averaging process and involves a constant
factor, the reciprocal of the number of restrictions.

The main value of the minimax regret condition is that it does not
depend on an arbitrary level of the prior F test. In the absence of
other information about the non-centrality parameter, and hence of the

proposed restrictions, it leads to an estimator with a small quadratic.

risk function over the whole range of the non-centrality parameter,
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