ABSTRACT

FU, YUQIANG. Novel Strategies for Coupling 3D LES with ODT Solutions Based on
Wavelet and Assimilation Methods. (Under the direction of Tarek Echekki.)

Downscaling and upscaling schemes for the hybird model of the Large eddy sim-
ulation (LES) and the One dimensional turbulence model (ODT) are developed and
validated. The downscaling, which passes large scale velocity components information
from the deterministic LES model to the subgrid closure stochastic ODT model using a
wavelet-based approach. Upscaling scheme is implemented using the Kalman filter, which
combines density information from ODT with density information advanced by the LES
continuity equation.

The wavelet-based downscaling is achieved by collecting large-scale wavelet coeffi-
cients from the LES velocity components and small-scale wavelet coefficients from the
ODT velocity components. The resulting velocity fields show better consistency with LES
in large-scale and ODT in small-scale in both physical domain and Fourier domain. This
is a significant improvement compared with the interpolation based downscaling scheme
because the energy matching drives the ODT, which serves as a subgrid clousre model
to be more consistent with LES.

The Kalman filter based upscaling is also implemented. The energy equation is not
solved in LES for the LES-ODT formulation due to the fact that combustion happens
mainly in subgrid scale. By the Kalman filter implementation, the LES density is cor-
rected by the independently evolved filtered ODT density. This gives a smoother result

compared with the filtered ODT density alone.
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Chapter 1

Introduction

1.1 Background

Combustion is crucial to human life today since most of our energy consumption is gen-
erated through this process. The development of our society depends heavily upon our
understanding of the science of combustion. In modern engineering applications, increas-
ing combustion efficiency as well as keeping emission levels as low as possible is highly
desirable. In most practical applications of combustion — such as internal combustion
engines, industrial furnaces and jet engines — we encounter turbulent combustion. In-
stances of laminar combustion are rare. Many approaches have been developed to study
turbulent combustion; and computational fluid dynamics (CFD) is one of them.

In the 1600s, Isaac Newton developed the laws of motion; and this led to the famous
NavierCStokes equations, or N-S equations, named after Claude-Louis Navier and George
Gabriel Stokes. So far, the N-S equations are the most accurate way of describing fluid
motion, but the analytical solution of N-S equations still remains unknown. As such, CFD

as an attempt to solve the equations numerically instead of analytically has gained great



popularity. There are three categories of CFD approaches right now — direct numerical
simulation (DNS), Reynolds averaged Navier-Stokes (RANS) and large-eddy simulation
(LES).

1. Direct Numerical Simulation (DNS)
The first direct numerical simulation (DNS) computation was performed by Orszag
and Patterson in 1972 [59] with a 32% grid and Reynolds number (based on Taylor
microscale) of 35. In contrast, the largest DNS simulation in 2002 had the grid size
of 4096° [35] and Reynolds number (based on Taylor microscale) of 1201. DNS is
considered as the most accurate and conceptually the simplest approach in CFD,
since it solves N-S equations directly without any modeling. Unlike other turbulence
models, DNS has to solve from the smallest scale that turbulence has, which is
considered as the Kolmogorov scale n, to the largest scale, the macroscopic scale L.
Also, the DNS integration time step should be sufficiently small to satisfy accuracy
and stability requirement of the discretization scheme. In most cases, a moderate
DNS simulation requires millions of CPU-hours. A recent 3D DNS simulation of
turbulent lifted hydrogen jet flame in a heated co-flow air costs 3.5 million CPU-
hours using a top supercomputer for a computational domain of 24 mm by 32 mm

by 6.4 mm with 0.07 ms time span [50].

DNS is highly dependent on the computer processing speed. The computational
cost for DNS increases proportionally with Re?, which is the Reynolds number
cube based on macroscopic scale. DNS was restricted for homogeneous flow in cubic
computational domain for a long time; but now it has been used for more cases like
channel flow [49], even with boundary layer treatment [85]. Nevertheless, solutions

to most practical problems using DNS remains unfeasible in the foreseeable future,



despite the fact that with the consideration of chemical reaction, the computational
cost of DNS increases approximately linearly with the number of chemical species
[16]. But the importance of DNS cannot be underestimated as it is an excellent way
of studying the fundamentals of turbulence and combustion [31, 68, 72, 28, 84, 85,

49, 35, 50, 11].

. Reynolds-Averaged Navier-Stokes (RANS)

While DNS is highly restricted by Reynolds number and geometry, Reynolds-
Averaged Navier-Stokes (RANS) is an alternative for studying turbulent combus-
tion. In DNS, 99% of the computational cost goes to the calculation of small scale
energy, which contains only 20% of the total energy. By time or ensemble averaging
of the instantaneous transport equation for mass, momentum and reactive scalars,
RANS averages out small scale energy which costs most of the time in DNS. Yet
these energy cannot be ignored, and closure models are needed, which is the most
challenging task for RANS. Various closure models have been developed, like k — €
model, £ —w model. Moreover, a lot of variants of RANS have also been developed,

including [26]

(a) Unsteady RANS (U-RANS) [82, 70]: The Reynolds averaged equations and

models are solved in three-dimensions with time dependence.

(b) Time-dependent RANS (T-RANS) [36, 27, 37]: Comparing with the conven-
tional RANS, the subgrid model of T-RANS covers only the incoherent or

random fluctuations while the large scale information are fully resolved.

(c) Hybrid RANS/LES: There are a lot of models that combine RANS with LES
[21], including weighted sum of RANS and LES [56]. Another example is de-
tached eddy simulation(DES) which uses RANS or LES in different regions



[78], for example, using RANS for near wall region and LES for the rest [13],

etc.

3. Large-Eddy Simulation (LES)
First proposed by Smagorinsky in 1963 [75], LES is gaining more and more pop-
ularity recently [65]. By filtering the instantaneous equations, the larger scale in-
formation is expressed explicitly, and similar to RANS, a challenge remains for the
closure, known as the subgrid scale stress (SGS). Several subgrid scale stress models
were proposed [63], including two-point closure [47], scale-similar and mixed models

[71], one-equation model [24] and the most widely adopted dynamic model [23].

Apart from subgrid closure, there are still other problems in LES. Although the
computational cost of LES is much less than DNS, LES still cannot handle some
complex cases, especially at high Reynolds number [66]. Computational power in
the future might better meet the requirements of LES, but for now several alter-
natives have been developed, such as VLES (very-large eddy simulation) [51], DES

(detached-eddy simulation) [81].

In terms of computational cost, LES lies between DNS and RANS, but much closer
to RANS than to DNS; as a matter of fact, most LES combustion models are
derived from RANS model [66]. Compared to RANS, LES can provide significant

advantages [64, 16]:

(a) The large-scale motion of the turbulence that contains most of the turbulent

kinetic energy and controls the dynamics of the turbulence is resolved.

(b) Because of the band scale nature of LES (from filter scale A to macroscopic
scale L), it can be easily implemented in a multiscale framework, such as

LEMLES and ODTLES frameworks [10, 73].



There are also various new tools applied to the simulation of turbulence, like wavelet
transform (WT) [18, 58], Kalman filter (KF) [6, 7], artificial neural network (ANN) [74],
etc. Most of these new tools are coupled with LES to utilize the scale separation feature

of LES.

1.2 Motivation

As discussed above, the simulation of turbulence itself is a challenging task and far from
solved, whether in terms of mathematical and intuitive understanding, or in terms of
obtaining engineering accuracy [77]. Adding combustion into turbulence introduces more

challenges, such as [48, 16]:

1. There are some laminar flames whose thicknesses are much smaller than the Kol-
mogorov scale; and there are reactions whose rates are much faster than the turnover
time of a Kolmogorov eddy. So, finer resolution and smaller time steps are required
for DNS simulation of turbulent combustion which increases the computational cost

of DNS dramatically.

2. Besides the subgrid-scale closure for LES and RANS model for turbulence, addi-
tional closure of the reaction terms are also needed. Moreover, approaches to the
closure of the reaction terms that is applicable to general reacting flows is extremely

difficult due to the fundamental differences between various combustion conditions.

3. Combustion itself is a complex chemical process involving heat release and a large
number of species; and including all these species introduces a large number of

equations that need to be solved.



LES is a very promising tool for the simulation of combustion, especially for the pre-
mixed turbulent combustion case, as it is inherently more complex than non-premixed
because there is a much stronger coupling between chemistry and turbulence [2]. The rea-
son that LES can handle combustion better than RANS is that LES explicitly resolves the
large-scale unsteady motions that are known to play a significant role when the reactants
are premixed. Also, premixed flames are sensitive to burner geometry and to large-scale,
unsteady phenomena [2]. But a problem for LES is that premixed flames usually have
very thin flame structure, which lie within one grid cell for LES. The difficulties inspire

numerous multiscale hybrid models [10, 73].

1.3 LES Model and Closure for Turbulent Combus-
tion

When applying LES filtering, the function of a filtered variable is not equal to the filtered
function of the variable (f() # f(z)) for non-linear functions. Therefore, filtering the
nonlinear momentum equation results in a residual term, the SGS stress; and closure is
needed. In turbulent combustion, the chemical reaction is an even more nonlinear term
governed by Arrhenius equation. Residual terms other than the SGS term show up on
filtering the exponential terms of combustion. Even more, there is N — 1 unclosed terms
for N species because the sum of the their mole fraction adds up to unity > X; = 1.
In general, LES simulation of turbulent combustion containing N species results in N
residue terms including SGS term and all of them need to be closed. All of the residual
terms count for the information smaller than the filter size, and SGS term counts for

the subgrid scale velocity fluctuation while the reaction rate residual term counts for the



subgrid scale combustion features.

As in turbulence without combustion, subgrid scale energy accounts for 20% of the
total energy [65]; but in turbulent combustion, it is totally different as most combustion
happens in a scale smaller than LES filter size. So LES itself cannot identify combustion
features in most cases, but these combustion features cannot be ignored as the small
scale combustion features will evolve and finally emerge with each other visible to large
scale. This makes the closure of reaction rate terms important for these terms play a key
role in turbulent combustion.

It is difficult to have the reaction rate closure for LES. But LES is still considered as

one of the most promising models for turbulent combustion for several reasons [30]:

1. LES handles transport processes affected by the resolved, large-scale motions, and

the modelling effort of turbulence is reduced to the residual motion structures.

2. Although LES experiences difficulties near the wall, important aspects of combus-
tion processes, like main reactions, heat release, etc., frequently take place far away

from walls.

3. Because fresh and burned gas zones, having different turbulent characteristics,
are instantaneously identified at the resolved grid level, a better description of

turbulence-chemistry interactions can be expected.

There are two different types of subgrid scale models for combustion source term
closure, either based on separation of scales and/or separation of model elements [16].
The eddy dissipation model (EDM) [52], the eddy break-up (EBU) [79] model and the
non-premixed flamelet model [61] are among the first category. They both assume fast

chemistry and reaction occurs on a smaller scale than the small scales of turbulence.



On the other hand, the Bray-Moss-Libby (BML) model [3] and the conditional moment
closure (CMC) model [1] belong to the second category; both of them adopt a new variable
— progress variable. The probability density function (PDF) of the progress variable is
given in BML model while the transport equation of progress variable is derived in CMC
model.

While the large scale mixing and combustion are supposed to be coupled with small
scale mixing and combustion, the EDM and EBU models cut the connection between
these scales by imposing assumptions. The BML and CMC models introduce a new
variable to represent the coupling and give different solutions for different combustion
modes (premixed and non-premixed flames). Structure-based models, such as the linear-
eddy model (LEM) [38] and the one-dimensional turbulence (ODT) model [42], give
an alternative way of modeling without imposing these assumptions. Here is a brief

introduction for some selected models.

1.3.1 Flamelet Model

The flamelet model was first developed in the case of non-premixed combustion by Peters
[61]. The assumption of the flamelet model is that the chemical timescales are short
enough that reactions occur in a thin layer around stoichiometric mixture on a scale
smaller than the small scales of turbulence [64].

The flamelet models were not used specifically for LES closure until Pierce & Moin de-
veloped the flamelet /progress variable (FPV) model [62]. As the name indicates, instead
of solving transport equations for all the species, transport equations for the mixture frac-
tion and the reaction progress variable are used to reduce the number of terms that need

closure [62]. The closure for these two scalars, mixture fraction and progress variable, is



solved using a presumed probability density function (PDF) method.

The FPV model gives a different way of defining scalars for chemical reactions; and
this model can give a better description of local extinction and reignition phenomena
and flame lift-off. The challenge of the FPV model is that the FPDF of mixture fraction
and reaction progress variable need to be provided in order to close the model. Also, it
was found that the steady-state assumption of the flamelet solution during reignition at

low scalar dissipation rate is inaccurate [62].

1.3.2 Conditional Moment Closure

The conditional moment closure (CMC) model was first proposed by Klimenko [46] and
Bilger [1] for the RANS model [64]. It was adopted in LES formulation for non-premixed
combustion by Kim & Pitsch [45]. By filtering conditionally on iso-surfaces of the mix-
ture fraction, the small-scale mixing and chemical reactions are resolved. The closure for
chemical reaction rates are given by assuming that fluctuations on iso-surfaces of the mix-
ture fraction occurs only on the large scale, thus the conditionally filtered reaction rates
are obtained [45]. The LES-CMC approach shows better results than the corresponding
RANS-CMC approach due to resolved large-scale conditional fluctuations of the scalar
dissipation rate and of reactive scalars. Also, the accuracy of CMC closure for LES is less
sensitive to the level of local extinction than that of CMC for RANS [45].

The advantage for CMC model is that it uses conventional turbulent models to predict
the flow and mixing fields with the capability of modeling more types of combustion than
flamelet model [2]. The CMC model has already achieved a lot of success for a wide range
of problems, but it also has limitations. It cannot be used for cases with radical species,

which peak in thin layers within the filter scale. It is also important that the assumption of



statistical homogeneity be restricted to regions smaller than the large scales of turbulence

64].

1.3.3 The Linear-Eddy Model (LEM)

Proposed by Kerstein [38], the linear-eddy model (LEM) time advances the 1D unsteady
diffusion-reaction equations, including associated dilatations along the 1D domain. This
advancement is punctuated by instantaneous rearrangements of property profiles by map-
ping operations of a specified form. In effect, the outcome of each map constitutes a new
initial condition for further time advancement [16]. The key feature of the LEM is the
separate treatment of the two primary physical mechanisms that govern the scalar mix-
ing process: turbulent stirring and molecular diffusion [22]. Despite its 1D nature, LEM
can run by itself, and it has been proved that LEM on its own has the capability of sim-
ulating a variety of combustion cases, for example, shear layer mixing [39], Mixing and
differential molecular diffusion in round jets [43], diffusion flame [41], etc. [39, 38, 40].
The modeling process concerns more about the subgrid scale information and their
interaction with large scales instead of resolving all scales when the LEM serves as the
subgrid closure for LES, known as the LEMLES model. For this reason, LEM domains
are often embedded within LES grids in order to resolve the unresolved scales of LES.
For example, an LEM domain can be embedded normal to the flame within each LES cell
without the presentation of any physical Cartesian direction [16]. In the LEMLES model,
convective transport of the scalar field across LES grid cells is accomplished by a splicing
method. It is also shown that the LEMLES model is suitable for both premixed and non-
premixed flames [76, 10]. Comparison with DNS was also performed and LEMLES results

agree with DNS results [10]. It should also be noted that because the LEM domains in
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each LES grid cell are independent of each other with communication occurs only at the
large eddy time steps, the LESLEM formulation is ideally suited to implementation on
parallel processing machines [22].

Despite the universal applications of LEMLES, it also shows some limitations. The
eddy frequency and eddy size distribution that are essential for generating turbulence are
prescribed by a predefined energy spectrum and flow properties are specified empirically
by assigning parameters that govern the random event sequence [8]. Therefore, local
turbulent properties like turbulent intensity are not fully considered. For flows whose
turbulence properties are known empirically, this approach has been proven useful, but

a more general model is required for general flows.

1.3.4 The One-Dimensional Turbulence (ODT) Model

A recent refinement of the LEM led to the one-dimensional turbulence (ODT) model
[42]. The major difference between LEM and ODT lies in the probability distribution
function (PDF) from which the maps representing turbulent eddies are sampled. The
LEM is sampled as a fixed function form while in the ODT, the PDF is relevant with
eddy time scale and local flow state. Therefore, a local and instantaneous representation
of the flow state is required, which makes the ODT to be a fundamentally different
type of model than the LEM [16]. Similar to the LEM, the stand-alone ODT model has
been studied for many cases, like jet diffusion flames [15], buoyant fire plumes [67], auto
ignition in jet flows [14], etc., but in this thesis, the primary concern is ODT serveing as
a subgrid closure for LES.

For the subgrid model of LES, known as the ODTLES formulation, ODT domains are

embedded in LES solutions to resolve subgrid scale statistics. ODT domains can be fixed
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in space (Eulerian formulation) or attached along the normal to the flame brush (La-
grangian formulation). Comparing with the LEMLES, the ODTLES presents additional

advantages [16]:

1. ODT has the ability to provide closure for both scalars and momentum; thus, one

has the flexibility to choose the closure for scalars or momentum or both.

2. In ODT, both momentum and scalars are coupled within ODT fine space and time
resolutions which are comparable with DNS resolution; and this fine resolution
coupling is very crucial near physical boundaries where the boundary conditions

for both scalars and momentum are implemented.

3. In the LEMLES model, splicing method is used for large scale transport between
different LEM segments. The LES-ODT formulation of Cao and Echekki [9] pro-
posed an alternative representation for large scale transport based on ODT domains
extending beyond a single LES cell, so the large scale transport along ODT domain
direction can be resolved within ODT itself without interacting with other ODT

domains or LES.

1.4 Objectives

The goal of this dissertation is to develop novel schemes of coupling between the LES and
the ODT using the wavelet-based approaches for downscaling (information passing from
large scale to small scale, or from the LES to the ODT in current LES-ODT framework)
and the Kalman filter for upscaling (information passing from small scale to large scale,
or from the ODT to the LES in current LES-ODT framework). Comparison between

DNS and LES-ODT model with these novel coupling strategies are performed for various
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turbulence and turbulent combustion cases, including isotropic turbulence cases, twin
flame cases, etc. Also, wavelet and Fourier based spectra results for turbulent flows are
proposed, showing the validity for the coupling schemes proposed in this dissertation
in spectrum space. Besides the upscaling and downscaling, other applications based on
wavelet transform and Kalman filter are also proposed, including adjusting turbulent

intensity parameter in ODT and filtering combustion features from ODT.

1.5 Outline

The remainder of this dissertation is organized as follows. Chapter 2 introduces the LES-
ODT formulation, including a detailed introduction for ODT, LES-ODT grid formulation
as well as upscaling and downscaling. Chapter 3 presents information on the wavelet
transform as well as the Fourier transform and the Short-Time Fourier transform. Chapter
4 addresses wavelet-based downscaling for LES-ODT formulation discussed in chapter 2.
Other applications based on the wavelet transform are also discussed, which involve
adjusting the main parameter for the ODT model using wavelet spectra and filtering
turbulent combustion features. Chapter 5 introduces the Kalman filter and proposes a
Kalman filter based smoothing scheme as the upscaling approach. This novel upscaling
approach is further illustrated by comparing Fourier spectra of both LES and ODT. The

final chapter presents general conclusions and provides recommendations for future work.
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Chapter 2

LES-ODT Formulation

2.1 Objective

In this chapter, the LES-ODT model formulation is presented as well as the detailed
description of ODT. ODT itself involves three simultaneous processes: eddy events, d-
iffusion and convection; and all three will be introduced in detail later on. Most of the

discussion is based on the dissertation of Cao [8].

2.2 LES-ODT Grid Formulation

The LES-ODT grid formulation represents a hybrid scheme of LES and ODT. Both
LES and ODT occupy the entire computational domain. An example of the formulation
proposed by Cao & Echekki [9] is shown in Figure 2.1. In Figure 2.1, only one xz plane
slice and one zy plane slice for a 5 x 5 x 5 case is shown for illustration. The common
points between LES and ODT, as shown by large dots, are called nodes in the ODT

formulation, which represent common intersection points between 3 ODT domains. The
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fine small dots in the ODT formulation are ODT grid points. The ODT has a DNS-

like resolution, which means the fine grids between LES grids should provide small scale

information down to the Kolmogorov length scale for turbulence and fine reaction zones

for combustion.

2.3 Governing Equation

2.3.1 LES governing equation

The LES governing equations are obtained by filtering the transport equations for mo-

mentum. The LES simulation serves as the basis of LES-ODT simulation. The LES

governing equation are solved on their own, with small scale and reaction information

passed from ODT. The LES governing equations are given as [8]

Continuity Equation:
op  Opu;

=0
('315 8:15]-

Momentum Equation:

0, 0 . o oP

In Eq. (2.2), the viscous stress 7;; is expressed as
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Figure 2.1: LES-ODT grid layout.
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Here, “~” means filtered quantity of LES; “~” means Farvre-averaging which is expressed

as
¢:(5—+¢” (2.4)
=12 |
P

The LES does not solve for the energy equation or the species equations because
most of the turbulent combustion happens in a smaller scale than the LES filter scale.
The subgrid stress is represented by p (4;u; — w;u;) in the momentum equation; and it
is modeled using a standard SGS stress model. For the cases in this dissertation, the
Smagorinsky model is used.

The purpose of the LES governing equations in the LES-ODT formulation is to obtain
the Favre-filtered velocity components iy, @z and 3. The filtered density p in LES does

not account for the effect of heat release; therefore, it is obtained from the ODT solution.

2.3.2 ODT governing equation

The ODT governing equations are obtained from the instantaneous transport equation for
scalars and momentum equation along 1D ODT domains with large-scale contributions

from LES governing equations. The ODT governing equation can be expressed as [§]

Momentum Equation:

ot ~ [877 <M 877) * Qu} * { ox; PH 0z; * 0y * 8952} (25)
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Energy Equation:

oT 1P 104 1 & 1 or oy og

D e/ h . Q el - AZ__ 1 2

P ot cp Ot + cp On  cp kz_: W+ 3T | F cp U ox; + o0x + 0xo
(2.6)

Species Equation:
e [0, . Oy OJya  OJrs

— = ’ Q —pu; ’ ’ 2.7
ot { oy T ETE| T\ TPUG T T T, (2.7)

From Egs. (2.5)—(2.7), n represents the spatial coordinate along with the ODT direc-
tion. Terms with a superscript “"” represent information passing from LES, or down-
scaling, which will be discussed in detail later. €2,,, Qp, €y, represent stochastically
implemented subgrid scale transport. The terms inside “ [] 7 are directly modeled inside
ODT; but the terms inside “ { } ” are not captured by the 1D ODT directions; and,
therefore, they must be modeled, as discussed below.

The ODT within LES-ODT formulation consists of three parallel processes:

Turbulent transport: Subgrid-scale turbulent transport, which is represented stochas-
tically, and is represented by €2,., Qr, Qy, in Egs. (2.5)—(2.7). These terms are

modeled with ‘eddy event’ in ODT.

Diffusion and reaction: Diffusion along with chemical reaction are represented in terms

A 104 1 J)
0 < Ou ) 2% 2 SO, hadoy and 0r +wy, in Egs. (2.5)—(2.7). These are

5_77 Maﬁ "cp Oy cp on
1D diffusive terms and can be numerically solved.
du;  OT Y,
Convection: Convection involves the following terms: — pﬁj—u, —pl; — and — pui—k

in Egs. (2.5)—(2.7). Solving these terms involve node—convection at each ODT node

along with intra-—node relaxation along each ODT domain.
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2.4 ODT Formulation—Subgrid Scale (SGS) Turbu-
lent Transport

SGS turbulent transport is emulated by discrete eddy events; and one commonly used
way for implementing eddy events is by using triplet maps [44] which were originally
implemented within the context of LEM [40, 41]. The triplet map is applied to all three
velocity components as well as all the scalar fields. Note that, as discussed later, the

location and size of triplet map is sampled and selected.

2.4.1 Triplet map

The triplet map is the simplest mapping that can be used to emulate an eddy event and

conserve energy at the same time. The triplet map is defined as [44]

. 1
3(y — vo) 1fyo§y§yo+§l

1 9
20— 3(y —yo) ifyo+ =l <y<wyo+ =l
fy)=yo+ 3 3 (2.8)
3(y — yo) — 21 ifyo+§l§y§yo+l

Y — Yo otherwise

f(y) is the mapping function, yo is the starting location of the eddy and [ is the length of
the eddy. For eddy in the range [yo, yo+(], given a coordinate y, f(y) will give the location
after the eddy event. For example, the velocity component v(y) needs to be mapped, and
after mapping, the velocity v(y) profile becomes v(f(y)). The triplet map Eq. (2.8) takes
a line segment [yo, yo + ], shrinks it to a third of its original length, [yo, yo + 1/3(], and
then places three copies on the original domain at [yo, yo + 1/3!], [yo +1/3l,yo+2/3l] and

[y0+2/3l,y0+1], and then the middle copy is inverted. This mapping maintains continuity
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while emulateing the rotational effect of turbulent eddy motion [44]. A schematic view

of the triplet map procedure is shown in Figure 2.2.

v()

Yo Yo+l Yo

.. +
Step 1: Original profile Step 2: Compress by a factor of 3 yotl

v(fy)

Yo+l Yo Yot!

Step 3: Make 3 copies Step 4: Invert the middle copy

Figure 2.2: The triplet map procedure.

The discrete triplet map is defined under the condition that the length of the triplet
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in term of the grid points should be a multiple of 3, and it is defined as [55]

;

L o . i 1
3(3 — Jo) if jo <j §J0+§ke

1 2
o 2ke — 3(j — jo) if jo + ke < j < jo+ ke
fG) =Jdo+ 3 3 (2.9)

2
3(j — Jo) — 2ke ifjo+§k6§j < Jo+ ke

7= 1Jo otherwise
\

Here in Eq. (2.9), jo represents the starting location index of the eddy event; ke represents
the length scale of the eddy event, and j is the grid index needs to be mapped while f(5)
is the grid index after mapping. The minimum length of an eddy event is 6 grid points,

which corresponds to a length less than or equal to the Kolmogorov length scale ¢, or
6A£L’ODT S ) (210)

For further representation, Figure 2.3 shows a discrete triplet map for a 9 point eddy
event. It is easy to identify from Eq. (2.8), Eq. (2.9) or from Figure 2.3, the triplet
map implementation here as a permutation of grid indices; and the summation of the
parameter over the whole domain does not change before and after the triplet map. Thus,

a triplet map implementation conserves energy.

2.4.2 Pressure scrambling model

In the study of layer formulation in stably stratified turbulent flows, Wunsch & Kerstein
[86] found that applying a triplet map to the density field will change the total potential
energy while leaving the total kinetic energy unchanged. In order to ensure energy con-

servation, a kernel function K(y) is added to the velocity field within every eddy event.
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Figure 2.3: Discrete triplet map for a 9 point eddy, adapted from Mcdermott [55].

22



The kernel function K (y) is defined as

Ky)=y— fy) (2.11)

with f(y) the triplet map function. The kernel function only has a non-zero value inside
an eddy with zeros at both end of the eddy to maintain continuity. The eddy event maps

the velocity and scalar fields with

vi(y) — vl f(y)] + K (y),
o(y) — olf (y)]-

(2.12)

The coefficients ¢; are calculated for every velocity component based on energy conser-
vation. The kinetic energy of an individual eddy for one velocity component is defined

as

1

E; = §/pvf(y)dy- (2.13)

The density p is defined as mass per unit length. Based on the kernel transformation, the

kinetic energy change for an eddy after the mapping is

AE, = 2p " [(w(f () + K@) - 02(y)] dy

2 Yo
ot 3/)1302 (2.14)
Tt
The derivation of Eq. (2.14) is based on the definition
1 yo+!
ViK = 73 vi(f () K (y)dy (2.15)
Yo
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the energy conservation for a triplet map is

Yo+l
/ () — v2(y)]dy = 0 (2.16)

Yo
and the identity derived directly from the definition of discrete triplet map function [§]

Yo+l 4

2 _ %53
K*(y)dy = 27[ (2.17)

Yo

Solving Eq. (2.14) for ¢; gives

27 8 AF;
= ( Vi K \/ULK—FQ? p ) (2.18)

Based on the energy conservation and the interpretation of pressure scrambling as a

tendency to restore isotropy, Kerstein [44] found that the explicit form of the kinetic

energy change AFE; must be of the form
AE; =a) T,,Q; (2.19)
J

where Q;(j = 1,2,3) is a quantity with units of energy, « is a free parameter, and the

transfer matrix T is defined as
1 -2 1 (2.20)

With the fact that the energy can be removed from an eddy is bounded, the bound is

determined by maximizing —AFE; with respect to ¢; in Eq. (2.14). Q; is set to this value
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because the coefficient a can then be interpreted as the fraction of the maximum possible

energy extracted from each velocity component. @); is then obtained

27

Qi = gﬂolvzx (2.21)

Substitute into Eq. (2.18) gives the explicit expression of ¢; [44]:

27
e =" | ~vix+ sgn(vi,K)\/sz + « ZTijUiK (2.22)
J

2.4.3 Eddy sampling

SGS turbulent transport in ODT is implemented stochastically; therefore, the eddy event
used to emulate the turbulent stirring event needs to be sampled. There are two ma-
jor questions associated with eddy sampling: how many eddy events should occur? and
what size and position distributions for eddies should be adopted? The first question
is addressed by eddy rate distribution. The second question is addressed by eddy size

probability density function (PDF) and eddy location PDF.

Eddy rate distribution

The eddy event should occur with frequencies comparable to the turbulent eddy turnover
time. The eddy rate is a function of yy—starting location of an eddy; [—eddy size and t—
time, which is denoted as A(yo, [;t). The physical meaning of the eddy rate A(yo,;t) is
the expected chance of occurance of an eddy with lower boundary between [yq, yo + (] and

eddy size between [, + dl| [16]. From dimensional analysis, the eddy rate distribution
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can be defined as

C

)‘<y07 l,t) = ZQT(yo, l,t)

(2.23)

where [ is the eddy size; 7 represents the time scale of an turbulent eddy; and C' is
an arbitrary constant. To estimate 7, Kerstein et al. [44] related it to turbulent kinetic

energy and applied dimensional analysis, giving

pol®
~ B,Q; 2.24
= ) Z 1Q; (2:24)

where B; are arbitrary dimensionless constants, and the quantities (); are the measure-
ment of available kinetic energy based on the velocity components along with ODT
domain direction. The calculation of @); is the same as in Eq. (2.21). Combing Eq. (2.24)
with Egs. (2.19)-(2.21) yields

! 2~v-2 —i—aZT-‘Uz (2.25)

T i, K : 1j Vi K .

J

Due to the damping effects of viscosity, any eddy with a time scale much longer than

the corresponding viscous time scale 7, for that eddy size should be prohibited [44]. By

introducing the viscous penalty constant, Eq. (2.25) should be rewritten as

A V2
)~ 4+ E T2, — Z7— 2.26
(7_> Vg TQ : Vi K 2 ( )

with the viscous time scale

l2
T, ~ — (2.27)

14

Combing Eq. (2.26) with the definition of the eddy rate Eq. (2.23) and with the coef-

ficient in Eq. (2.26) being absorbed in the parameter C' gives the eddy rate distribution
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for ¢ direction

C Cv v; kel 2 Vi gl 2
Ayo, lit) = —— = =2 | (LKt T 2 —Z 2.9
(b0, 52) Pr(y, ;) 14 ( v ) +a; ]( v ) (2:28)

The three free parameters in the eddy rate distribution function Eq. (2.28), C', a and

7, are discussed as follows.

1. C': This parameter determines the intensity of the turbulence in the model; there-

fore, it also determines the Reynolds number of the turbulence.

2. a : The coefficient o determines how much kinetic energy is transferred between
different velocity components or kinetic energy in different directions. For an ODT
implementation without pressure scrambling, a = 0; and the second term in the

square root is dropped out.

3. Z : The viscous cutoff parameter determines the smallest eddy that can happen in
the ODT simulation. With a small positive Z value, if the eddy is too small, or [
in Eq. (2.28) is too small, the term under the square root will become negative;

therefore, this eddy will be suppressed.

The acceptance probability

Instead of explicitly constructing and eddy rate PDF as of Eq. (2.28), the PDF of both [
and y are needed; and even more, sampling [ and y distribution across their entire range
are required when sampling the eddy rate distribution. Instead of sampling three PDF's at
the same time, which is extremely expensive, the ‘rejection method’ [69] is implemented
[15]. In this approach, the acceptance probability is proposed based on the PDFs of A, f,

and g. f(I) and g(yo) are the presumed PDFs of the eddy length [ and the eddy location
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yo. The trial values are proposed based on the sampling of A, f and ¢ and then accepted
with a probability—the acceptance probability. Following Echekki [15], the acceptance
probability is calculated as

)\(yg,l : t)AtS

b= = et (2.29)

At is the time step between successive eddy events. The adjustment of At is very
important in the ODT implementation. It must be chosen to be reasonably small in order
for the value of P, below unity. If Aty is too small, which yields the value of P, much
smaller than unity, stirring events are over-sampled, resulting in a higher computational
cost than needed. If the choice of At is too large, it is even worse. The value of P, can
go over unity; therefore, the stirring events are under-sampled. In that case there are not
enough eddies, which may generate unrealistic results.

The form of f and g are not unique. In fact, any PDFs of f and ¢ will result in the
right distribution since ODT tries to build its own distribution. Following Kerstein [42]

and Echekki [15], a reasonable guess for the f and g forms are as follows.

Eddy distribution

The eddy size has the presumed distribution of [15]

F(l) = é (2.30)

A is a constant and [ is the eddy size. A is determined by satisfying f(I) by PDF criteria

/bf(l)dl ~1 (2.31)
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where a is the smallest eddy size and b is the largest eddy size. Substituting Eq. (2.30)

into Eq. (2.31) gives

ab
A= 2.32
- (2.32)
Thus, the eddy size distribution is given as
ab 1
) = — 2.33
£ =" (233)

Eddy location distribution

The presumed eddy location PDF is a uniform distribution function over the whole ODT

domain and can be expressed as

1

9(y) = 7 (2.34)

L is the length of ODT domain.

2.4.4 The ODT parameter

There is only one ODT free parameter, denoted as C' in the eddy rate distribution E-
q. (2.28). It was used in the original ODT formulation [42] and many other ODT ap-
plications. The parameter C' influences a number of physical parameters. It determines
the time scale of the eddy event from Eq. (2.28). C' in Eq. (2.28) is proportional to the
eddy rate distribution function A(yo, ! : t); thus proportional to the number of successful
eddy events (not rejected by the acceptance probability). As the eddy event is an energy
cascade process, with energy cascading from scale [ to scale /3, C' is also proportional
to the energy transfer rate across scales and the intensity of turbulence. In this case, C'
is also proportional to the turbulent Reynolds number Re, which is also an indicator of

turbulence intensity [42]. In any case, C' is a crucial parameter for the turbulence and
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determining the value of it is important for the implementation of ODT.

Kerstein [42] proposed several ways to determine the value of C' empirically for limited
types of turbulent flows. In the freely-decaying turbulence, by applying the isotropy
condition < u? >=< v"? >, the empirical value of C is obtained in the simulation. Also
for the wall bounded flow, an optimal C value is obtained to match the friction law
and growth law of the spatially-developing planar boundary layer. These approaches are
purely empirical and limited to several types of turbulent flow. The approach to present
a universal way of determining the C' constant is developed in this dissertation in the
LES-ODT formulation by matching the wavelet spectra between LES and ODT. This

ensures that the ODT matches the LES turbulent intensity.

2.5 ODT Formulation—Diffusion and Reaction

Molecular diffusion and reaction terms are represented by deterministic solutions of the
1D transport equation. The governing equation for diffusion and reaction process in ODT

is represented as [§]

Diffusion for velocity:

Pt = on <u ) (2.35)

Reaction—diffusion for temperature:

or  19d! 1
P S/ hu 2.
P ot cp On o Z EWEk ( 36)
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Reaction—diffusion for mass fractions:

oV _ o,
ot 0n

+ Wy (2.37)

In the LES-ODT implementation, the diffusion terms in the governing equation is mul-
tiplied by a factor of 3 to account for the diffusion in the other two directions normal to

the ODT domain under the assumption of local isotropy [8].

2.6 ODT Formulation—Large-Scale Convection

The convection process is adopted through two steps: node convection and intra-node
relaxation [8]. Since ODT does not have any information normal to its orientation, e.g., -
direction ODT domains does not have y-direction or z-direction information, it is assumed
that diffusion from directions normal to ODT orientation will pass through ODT nodes,
and the convection terms for ODT nodes are calculated using coarse grid information
from LES as nodes lay on both LES and ODT. This process is called node convection;
and the intra-node relaxation is applied for the rest of ODT points that do not intersect
with LES. It is adopted by assuming that the convection for these ODT points only take
place in one direction—the ODT orientation. The transport equation for ODT convection

process is expressed as [§]

Convection for velocity:

Ju; ou;
L=l — 2.38
at u] 8xj ( )
Convection for temperature:
aT oT
= 2.39
ot~ o, (2.39)
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Convection for mass fractions:

oYy . 0Y}

and w; represents velocity resolved by LES.

The two types of convection, node convection and intra-node convection, are adopted
differently. The node convection involves the summations from three directions within
Egs. (2.38)—(2.40) at the nodes. All information for node convection comes from the LES
solution. As for every node, there are three ODT domains that go through it. Thus, the
solution value at the nodes after the node convection are the average between the three
ODT domains.

For the intra-node convection, in order to simulate the effect from the other two

directions, the governing equation can be rewritten as

Convection for velocity:

— = —RKU— 2.41
a oy (2.41)
Convection for temperature:
oT oT
i 2.42
a . ap (242)
Convection for mass fractions:
oY}, oYy,
il gt 2.43
a "oy (243)

where 7 is the spatial coordinate along ODT direction.  is set to 3 in this case to simulate

the effect from all three directions.
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2.7 ODT Implementation

The ODT implementation can be divided into three parallel processes: ODT diffusion,
ODT stirring and ODT convection, as shown in Figure 2.4. The three parallel processes
have their own time steps. The three time steps need to be comparable with the DNS
time step and much smaller than the LES time step. The ODT time step, which is used
to synchronize the three parallel processes with the LES process, is set the same as the
LES time step. At each ODT time step, the time of three processes are set first; then
the processes are executed based on which process has the smallest time until all three
processes reach the ODT time step. For every LES time step, all ODT domains will

excuse the procedure in Figure 2.4 once.

2.8 LES-ODT Coupling

The LES-ODT coupling is carried out both spatially and temporally. The spatial coupling
of LES-ODT takes care of the information exchange between LES and ODT. Passing
information from LES to ODT is carried out by downscaling; and passing information
from ODT to LES is done by upscaling. Due to the different time steps involved in the

formulation, temporal coupling is done to synchronize the time between LES and ODT.

2.8.1 LES-ODT Spatial Coupling

Cao [8] proposed the tri-linear interpolation of the velocity components for the down-

scaling process which is the 3D extension of linear interpolation. The upscaling process
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is achieved by filtering the density field from ODT to LES. The filtering is defined as

f(z) = /f(:v')G(m —2")dz. (2.44)

The integration is carried out over the entire domain; f is the filtered function; f is the
original function; and G is the filter function. In the LES-ODT formulation proposed by
Cao & Echekki [9], box filter function is used. With the box filter, the filtered function
f(z) is the average of the original function f(z') within the interval a:—%A <z < $—|—%A,
or mathematically expressed as

0, |z—2o> a

G(a') = 2 (2.45)

—, =2 < 5

The schematic illustration of the downscaling and upscaling is shown in Figure 2.5.
The novel strategy of spatial coupling based on wavelet transform and Kalman filter
for both upscaling and downscaling will be discussed in later chapters. Inspired by the
fact that redundancy presents for the velocity field; while both LES and ODT solve for
momentum equations, it is desirable to establish a downscaling scheme based on both
velocity fields. Instead of passing velocity information from LES to ODT, both velocity
fields are used in order to get a compounded velocity field that has large scale velocity
information from LES and small scale velocity information from ODT. The Kalman filter
based upscaling scheme proposed in this dissertation is based on the redundancy of the
density field from both LES and ODT. With the consideration of the error caused by the
filtering the ODT density and the truncation error of the LES, the Kalman filter combines

both LES and ODT density fields to get an optimal density field with the consideration
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Figure 2.5: Upscaling and Downscaling for LES-ODT Formulation

of the errors of both LES and ODT density fields.

2.8.2 LES-ODT Temporal Synchronization

LES and ODT are integrated and solved simultaneously. Since LES has different time
steps as ODT stirring, diffusion and convection, they have to synchronize with each other.
In order to have good spatial coupling, LES and ODT are advanced alternatively with a

time difference of half a LES time step as shown in Figure 2.6.

First, ODT advances half a LES time step, meaning stirring, diffusion and convection
advance until Aty gg is reached; then LES catches up by one whole LES time step At;gs,
and ODT takes turn, until a certain LES time step is reached. Therefore, there is a time
shift between LES and ODT by half a LES time step. For spatial downscaling, the

coupled LES and ODT velocity fields are used over the entire ODT integration time
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Figure 2.6: Temporal Synchronization between LES and ODT(adapted from Cao [8])

step, therefore, using the value in the middle gives better accuracy. The same approach
is used for upscaling, where the filtered density that passes into LES is most accurate at

half LES time step.

2.9 Numerical Implementation for LES-ODT Cou-

pling

The flowchart for LES-ODT formulation is shown in Figure 2.7. ODT is first initialized
from a fine grid initial state, like DNS initial solution. Then, LES is initialized from ODT
by filtering the ODT solution. Then, LES and ODT are integrated alternatively with
LES-ODT velocity field compounding right before ODT integration and density filtering
from ODT to LES before LES integration. The program will stop after reaching a certain
LES time.
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Figure 2.7: Flowchart for LES-ODT formulation
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Chapter 3

Wavelet Transform and

Multiresolution Analysis

3.1 Introduction and Motivation

The original LES-ODT downscaling presented in Cao’s dissertation [8] involves a replace-
ment of the large-scale velocity component in the ODT solution by the LES solution using
interpolation. Tri-linear interpolation was adopted for the downscaling by Cao [8] which
is a 3D extension of 1D linear interpolation. It is implemented to interpolate LES re-
solved velocity field into ODT grid during simulation. In the present work we implement
wavelet analysis as a multiresolution tool to both correct the large-scale velocity field in
ODT and to filter the ODT density onto the LES grid. In this chapter, basic ideas of
wavelet transform as well as other famous transforms will be presented with emphasis on

Fourier transform and short-time Fourier transform.
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3.2 The Fourier Transform

3.2.1 The Continuous Fourier Transform

The Fourier transform was first developed by Joseph Fourier. Fast Fourier transform
(FFT), an algorithm to compute the discrete Fourier transform, is one of the most widely
adopted algorithms in engineering, science and mathematics. Mathematical expression

of Fourier transform is given as

Flw) = \/%_W /_ () ey, (3.1)

While the inverse Fourier transform is expressed as

(1) = \/LQ_W /_ " (W) e du, (3.2)

In Eq. (3.1) and Eq. (3.2), f(t) is the original function which is ready to be trans-
formed, and it is a function of ¢. For most cases in turbulence, ¢t can be either dis-
tance/location or time. w is the frequency and the output F' is a function of frequency
only. The purpose of the Fourier transform is to transform of a function from time/space
domain into frequency/wave number domain.

Take the following function as an example

cos(2m - 20t) + cos(2m - 50t) for 0 < ¢ < 0.4
F() = . (33)

0 elsewhere
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By using the Fourier transform table [34], the result of the Fourier transform is given as
1 1 1 1
F(f(t) = 55(w +20) + 55(w —20) + 55(w + 50) + 55(@0 — 50). (3.4)

¢ is the Dirac delta function which has the definition

400, =0
i(t) = (3.5)
0, x#0

while satisfying the identity

/+00 d(z)dx = 1. (3.6)

The Fourier transform of Eq. (3.3) as shown in Eq. (3.4) has four peaks at w = —20,
w = —50, w = 20 and w = 50, discarding the negative frequencies which have no physical

meaning gives the two frequencies shown in Eq. (3.3), 20Hz and 50Hz.

3.2.2 The Discrete Fourier Transform

The Discrete Fourier transform (DFT) of a sequence g, x1, -+ ,xy_1 can be expressed
as
N-1
X, = Z T, efzrrkn/N (3 7)
N=0

and the inverse Discrete Fourier transform is expressed as

Xk . 6i7rkm/N (38)

MZ

1 V-l
Ty = —
N

0

e
I

The discrete Fourier transform of Eq. (3.3) is shown in Figure 3.1, the transform results

in two peaks at 20Hz and 50Hz also.
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(a) Plot of Eq. (3.3) (b) DFT of Eq. (3.3)
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Figure 3.1: Eq. (3.3) and its DFT result

3.2.3 The Fast Wavelet Transform

The Fast Fourier transform (FFT) is designed to yield exactly the same result as Discrete
Fourier transform formula of Eq. (3.7), but much faster in terms of computational time.
In almost every aspect, FFT is superior to DF'T. For most engineering problems as well

as in this dissertation, DFT is the same as FFT unless explicitly stated.

3.3 The Short-Time Fourier Transform

The Fourier transform is great for some engineering applications, but not all of them. As
presented in Eq. (3.1), the integration is applied over the whole time span, which means
that when an event happens (which shows up in the function x) at a different time, it
does not really matter in terms of Fourier transform. But in most turbulent combustion
cases, knowing when combustion happens is not enough, knowing where it happens is

also critical.
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In order to illustrate the limitation of the Fourier transform visually, a function is

given as

2 cos(2m - 20t) when 0 < ¢ < 0.2
=4 2cos(2m-50t) when 0.2 <t < 0.4 (3.9)

0 elsewhere

The function as well as its FFT result is shown in Figure 3.2. By comparing with Fig-
ure 3.1, the results are very similar; the peaks are in the same frequency and they have the
same magnitudes. The difference between Eq. (3.3) and Eq. (3.9) is significant, but the
difference between their Fourier transform results is limited, and this kind of issues relat-

ed with time/location—frequency motivates the use of the short-time Fourier transform.

(a) Plot of Eq. (3.9) (b) FFT of Eq. (3.9)
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Figure 3.2: Eq. (3.9) and its FFT result.
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3.3.1 The Window Function

The idea of the short-time Fourier transform is to apply a ‘window’ for the original
signal z(t), and the ideal case for the ‘window’ is to retain part of the signal that we are
interested in and set everything else to zero. Mathematically, it is designed as a window
function, and by multiplying the window function with the original signal, part of signal
is remained and the rest becomes zero.

There are a lot of window functions, such as the rectangular window function, the tri-
angular window function, the Hanning window function, the Gaussian window function,
etc. Plots of a few window functions are shown in Figure 3.3. All the window functions

should be localized within a narrow band.

3.3.2 The Short-Time Fourier Transform

With the idea of the window function, the approximate frequency contents of a signal
f(t) within a certain range in the physical domain can be obtained by first windowing the
function using an appropriate window function ¢(t) to produce the windowed function
fo(t) = f(t)p(t — b), and then a Fourier transform is applied to the windowed function.

Therefore, the short-time Fourier transform (STFT) may be defined as

1 e ,
STFT(b,w) = — Hp(t — b)e ™“'dt 3.10
)= <= [ ot =be (3.10)
and the inverse STFT is given as
o(t — b)f(1) = \/LQ_W /_ _STFT(bw)e'd (3.11)
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Figure 3.3: Some Window Functions
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As can be noted from Eq. (3.10) and Eq. (3.11), the STFT and the inverse STFT are
the Fourier transform and inverse Fourier transform of f(¢)¢(t — b), the input function
times a window function. The result of STFT is a function of frequency w and location
b, which is very direct and intuitive with the concept of window function.

Using STFT, the function shown above as restated in Eq. (3.12) can be better ana-

lyzed.
2cos(2m - 20t) when 0 <t < 0.2
z(t) = ¢ 2cos(2r - 50t) when 0.2 <t < 0.4 (3.12)
0 elsewhere

The STFEFT result as well as the original function is shown in Figure 3.4. On the right
frequency—time graph, the brightness indicates the value or magnitude of the frequency
at a certain time. As a matter of fact, in STFT, it is better to describe that there is
a certain range of frequency exists within a certain range of physical domain (window
size). Frequency and location cannot be both accurate, which is related to an important

concept in multiresolution analysis called the uncertainty principle.

3.3.3 The Uncertainty Principle

The uncertainty principle is described as follows: One cannot know the exact time and
frequency of a signal or, more precisely, the product of the time resolution and the

frequency resolution should be greater than or equal to 1/4m,

1
> — .
AIAf > (3.13)

This principle is valid for any frequency—time analysis approach; whether it is Fourier

transform, STF'T or the wavelet transform which will be introduced later. The STF'T of

46



(a) Plot of Eq. (3.12) (b) STFT of Eq. (3.12)
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Figure 3.4: Eq. (3.9) and its STFT result

Eq. (3.12) of different frequency—time resolution is shown in Figure 3.5. The signal has a
total number of 1000 data points. Figure 3.5a has the narrowest window and Figure 3.5d
has the widest window, which means Figure 3.5a has the best time resolution and, of
course, the worst frequency resolution; and Figure 3.5d has the worst time resolution and
the best frequency resolution. Actually, Figure 3.5a is similar to the original function
as shown in the left part of Figure 3.4, and Figure 3.5d is similar to the FFT result
shown in the right part of Figure 3.4. Considering two extremes, the best time resolution
that is accurate in time gives absolutely no frequency resolution, which is the original
signal, and the best frequency resolution which is accurate in frequency gives no time
resolution which is the Fourier transform. This can be further proved as in Eq. (3.14)
and Eq. (3.15). By selecting an window function ¢(t) = 1, which means that the time
resolution is the worst, and we get the accurate frequency result or Fourier transform
as shown in Eq. (3.14). by selecting a window function ¢(t) = 6(¢), which has the best

time resolution gives the worst frequency resolution or the original signal as shown in
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Eq. (3.15).

STFT (Y, f) = / h ft)e ™ tdt = / h z(t)e ™ tdt = FT(f) (3.14)
STFT(t, f) = / N z()8(t — t"e ™t dt = x(t')e I (3.15)

(a) 2 Points Window STFT (b) 128 Points Window STFT

Frequency
Frequency

Time Time

(c) 512 Points Window STFT (d) 950 Points Window STFT

Frequency

40

Frequency

0.00 0.05 0.10 .
Time Time

Figure 3.5: Different Frequency—Time Resolutions for STFT.
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3.4 The Wavelet Transform

As clearly stated in the previous section, it is impossible to break the uncertainty princi-
ple. The wavelet transform gives an alternatively way of dealing with the multiresolution
problems. While the short-time Fourier transform has a fixed window function which fixes
the time and frequency resolution, wavelet transform uses window function, also called
mother wavelet, with variable window size. Within the uncertainty principle framework,
it is possible to acquire any frequency-time resolution using wavelet transform. There-
fore, it is possible to have good time resolution and poor frequency resolution at high
frequencies and good frequency resolution and poor time resolution at low frequencies.
This is the reason that this multiresolution analysis tool is so useful as a replacement of

STFT.

3.4.1 The Continuous Wavelet Transform (CWT)

The continuous wavelet transform is given by

W, f(a,b) = /R () ban(t)dt (3.16)

In the expression, f(t) is the original signal to be transformed, a is the parameter of scale,

and b is the parameter of location. v(t) is called the mother wavelet. v, ,(¢) is given by

Yap(t) = %w (t ; b) . (3.17)

The inverse wavelet transform is given by

IR Y dbd
0=z [ [ Wosanao g .19

Cyp Jooo Jooo
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where the constant Cy, is expressed as

C%::/+m ¢§f‘dw. (3.19)

o0

In this expression, ¢(w) is the Fourier transform of v(t).

One important difference can be identified by comparing the definition of the wavelet
transform Eq. (3.16) with the definition of the short-time Fourier transform Eq. (3.10).
While the STFT has the exponential term e™*! from Fourier transform, there is no
Fourier transform inside wavelet transform, and wavelet transform does not transform
a signal from physical domain to frequency domain. In fact, the only thing that the
wavelet transform does is to apply various dilated and translated variations of the mother
wavelet, or window function, to the input function f(¢). With proper design of the mother
wavelet, the wavelet transform can extract the physical information at different scales
from a signal.

There are certain criteria that a mother wavelet needs to meet. For example, in order
for the successful reconstruction of wavelet, the constant Cy,, which depends only on the

wavelet itself according to Eq. (3.19), has to meet the admissibility condition:

‘ 2

@:[mww>m<m (3.20)

o |wl

As 1(w) is the Fourier transform of 4 (t), 1(w) has to be zero to meet the admissibility

condition. Substituting back into the definition of Fourier transform Eq. (3.1) gives

/w(t)dt =0 (3.21)
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There are other criteria, and constructing a wavelet function is a challenging task [12, 5].
Some commonly used wavelet functions are shown in Figure 3.6. They include 1) the
Haar wavelet, 2) the Shannon wavelet, 3) the Mexican hat wavelet, and 4) the Daubechies

wavelet.

(a) Haar wavelet (b) Shannon wavelet
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Figure 3.6: Different common mother wavelets.

Now we illustrate the implementation of the wavelet transform using the example
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problem previously discussed

2cos(2m-20t) when 0 <t <0.2
T =19 2cos(2m-50t) when 0.2 <t <0.4 (3.22)

0 elsewhere

Computing the continuous wavelet transform according to Eq. (3.16) is to calculate the
wavelet coefficients for every [a, b] combination while every time there is a small increment
for @ or b. This is discretized continuous wavelet transform; and it is different from the
discrete wavelet transform, which will be discussed later.

The continuous wavelet transform of Eq. (3.22) using the Meyer wavelet is shown
in Figure 3.7. The z-axis represents the translation within physical space, or b in the
wavelet transform definition Eq. (3.16), and y-axis represents scales, or a in Eq. (3.16). a
is proportional to physical domain coordinate; but, unlike time—frequency coordinate in
STFT, b is a parameter of scale. The scale in wavelet transform is the same as the scale
in a map; and it can be treated as the inverse of the frequency. Accordingly, large scales
represent low frequencies and vice versa. As for the image itself, the light regions represent
large wavelet coefficients and the dark regions are large negative wavelet coefficients,
while the gray regions show the wavelet coefficients around zero. Note that only the
gray regions, which have the wavelet coefficients around zero, represent that there is no
information at this time and scale, while the rest, whether it is large positive wavelet
coefficients or large negative wavelet coefficients show information at that time-scale.

Comparing with the plot of the function shown in Figure 3.2a, it is easy to identify
that both figures have the same number of waves, either in the 20Hz zone or the 50Hz

zone; but in Figure 3.7, the waves at the two frequencies lay in different scale zone and
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they do not stay in just one single scale number. Instead, they span a range of scale
numbers. The lower frequency part (left half of the graph) has a larger span in the scale
coordinate than the higher frequency part (right half of the graph). As scale is related
with the inverse of frequency, the high scale part represents a good frequency resolution

and the low scale part represents a poor frequency resolution.

3.4.2 The Discrete Wavelet Transform and Fast Wavelet Trans-

form

The continuous wavelet transform gives the capability of multiresolution analysis; but, it
also gives redundant information as it is a function of two variables a and b. Therefore,
transforms a one-dimensional signal into a two-dimensional space and its calculation
may result in extra computational time and storage space. The discrete wavelet transform
(DWT) and the fast wavelet transform (FWT) were developed as an alternative of CWT.

Instead of calculating wavelet coefficients for all [a;, b;] combinations, only a selected
number of [a;, b;] pairs is calculated in DWT. By selecting a = 2™ and b = n2™, and the

mother wavelet can be expressed as

Umn(t) =272 (27" — n) (3.23)

Instead of scale parameter a in CW'T, the parameter of level m is used in DWT. In fact,
using a coordinate based on m instead of a is the same as a 2 based log scale based on
a. The grid lattice of DWT is shown in Figure 3.8. The adjacent levels have a factor of 2
for physical domain resolution, with different levels having a different number of wavelet
coefficients. The time-frequency resolution for DW'T is often shown as Figure 3.9. It

shows time-frequency resolution for 4 levels of wavelet coefficients. As frequency doubles,

54



the frequency resolution is halved and the time resolution is doubled; while the area of

every rectangular box is the same, which is a result of the uncertainty principle.

Log,a

Figure 3.8: Grid Lattice for Discrete Wavelet Transform

The fast wavelet transform (FWT) is a faster way of calculating DWT. It produces
exactly the same wavelet coefficients as DW'T. In engineering perspective, it is the same
as the relationship between Discrete Fourier transform and Fast Fourier transform, DWT
and FWT are used interchangeably for most of the cases and of course throughout this
dissertation.

Instead of using a wavelet transform definition Eq. (3.16) as well as the discretization
formula a = 2™ and b = n2™ to calculate the discrete wavelet coefficients, low-pass and

high-pass filters are used to separate the low-frequency and high-frequency information
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out of the original signal. The entire FW'T process is shown in Figure 3.10. The signal
s is convolved with a low-pass filter and then after the downsampling process gives the
approximate wavelet coefficients cA. This information correspond to the low-frequency
information. Similarly, convolving s with a high-pass filter and then after the downsam-
pling process gives the detailed wavelet coefficients or high frequency information ¢D.
There are two operations involved in the FW'T process, convolution and downsampling,

and here are some explanations about them.

4{ Low pass filter cA

4{ High pass filter cD

( Low pass filter )

—» Convolve with high/low pass filter

( High pass filter )

l 42 } » Downsampling

Figure 3.10: Fast wavelet transform process

1. Convolution

Convolution between two series [ai, ag, - ,a,] and [by, by, -+ ,b,] is the same as
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multiplication between two polynomials with coefficients of [aq,as,- - ,a,] and

(b1, bg, -+, by]. So convolution between [1,2] and [2, 1] gives result of [2, 4, 3].

(x+2)-2r+1) =22 +4x+ 3 (3.24)

2. Downsampling
Downsampling is achieved by keeping the even indexed elements while discarding
the odd indexed elements. For example, downsampling the signal [sq, S2, - , S10]

gives [s2, s4, S, Ss, S10] as shown in Figure 3.11.
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Figure 3.11: Downsampling Process

The DWT of the previous example Eq. (3.22) is shown in Figure 3.12, it is still very
clear that there are two frequencies showing up, one at level 5, and the other one shows

up at level 6 and 7, and these two frequencies correspond with 50H z and 20H z. Also,
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comparing the DWT Figure 3.12 with CWT Figure 3.7, level 5 in DWT should correspond
with scale of 2° = 32, and level 6 and 7 are the scale of 64 and 128, respectively, and

these justifications coincide with the graph.

Level
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Translation

Figure 3.12: Discrete Wavelet Transform for Eq. (3.22)
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3.4.3 Wavelet Decomposition and Fast Wavelet Transform Re-

sult Representation

In practice, wavelet decomposition is often used; wavelet decomposition will apply FWT
several times to the signal. The discrete wavelet transform result Figure 3.12 is a result of
wavelet decomposition. After applying FWT to the signal, two sets of wavelet coefficients
are obtained, the approximate coefficients cA and detailed coefficients cD, and then FWT
is again applied to cA, giving a larger scale set of approximate coefficients as well as
detailed coefficients, and this process is repeated for several times until a certain number
of level is reached. Showing in Figure 3.13, for example, a signal with frequency from
0 to 200Hz, and first level of wavelet decomposition gives two sets of coefficients —
cD1 with frequency domain from 100 to 200Hz and cAl with frequency domain from
0 to 100Hz. cAl is again decomposed, resulting in ¢D2 and cA2, which have frequency
domain of 50 ~ 100Hz and 0 ~ 50H z, and so on. Figure 3.13 shows a 3 level wavelet
decomposition and in most cases, the result of the wavelet decomposition is represented as
array arranged as [cA3,c¢D3,¢D2,cD1]. Arranging from low frequency to high frequency
or large scale to fine scale, these coefficients covers the whole frequency(scale) range, and
it has no redundant information as CW'T and the original signal can be fully reconstructed

by using these coefficients only.
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Figure 3.13: Process for a Complete 3 Level Fast Wavelet Decomposition
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3.4.4 The Wavelet Spectrum

The discrete wavelet spectrum is calculated as the summation of the wavelet coefficients

square at a certain scale. Mathematically, it is defined as

E(a) = Z W (a, b;)?, (3.25)

where W(a, b;) is the wavelet coefficient at level a and location b;.

The wavelet energy is different from the Fourier energy. The Fourier energy is a
representation of the energy contained at one certain frequency, while the wavelet energy
is a description of the energy contained at a certain scale. The wavelet spectrum is also

related with Fourier spectrum by [18]

E(a) =) e(ws)|dh(aw;)]’, (3.26)

i

|2. f is the Fourier coefficient

if the Fourier energy spectrum is denoted as e(w) = | f(w)
of function f, v is the mother wavelet. The relationship Eq. (3.26) also gives another
information about the wavelet energy spectrum: wavelet energy spectrum corresponds to
the Fourier energy spectrum smoothed by the wavelet spectrum at each scale [18].

The smoothness of wavelet energy spectrum is important for the current implemen-
tation. Because of the limitation of the computational power, only a limited resolution

is adopted, which is far away from generating a smooth Fourier spectrum. The wavelet

spectrum is used instead of Fourier spectrum to give a more robust implementation.
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3.4.5 Computational Cost

It is important to address the computation cost of the wavelet transform. The fast wavelet
transform, which is used for all wavelet transform implementation in this dissertation,
has a computational complexity of O(/N). The computational cost of wavelet transform
is linear with the number of data points. For comparison, fast Fourier transform has a
computational complexity of O(N log N). The computational cost of wavelet transform
is less than that of FF'T, which enables the wavelet implementation without adding any

noticeable time cost.

3.5 More Discussion about the Wavelet

To give more intuitive illustration of wavelet transform, here, a simple wavelet transfor-

m with Haar wavelet is given. Haar wavelet is the simplest wavelet among all kinds of

wavelets, and some of its properties are not desired in real wavelet transform applica-

tion, for example, the discontinuity of Haar wavelet will cause a lot of problems in real

applications, but for illustrative purpose, it is great because it is the easiest wavelet.
The mother wavelet ¢(t) of Haar wavelet is shown as Figure 3.14 or mathematically

described as

1 0<t<1/2

v(t) =< -1 1/2<t<1, (3.27)

0 otherwise.

Low pass filter of Haar wavelet is given as [1/v/2,1/+/2] or [0.7071,0.7071], and high
pass filter of Haar wavelet is given as [—1/v/2,1/v/2] or [~0.7071,0.7071].

For signal [ai,aq,--- ,ay], the convolution with filters are the same as polynomial
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Figure 3.14: The Haar mother wavelet.
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multiplication and is calculated as
i=n 1 1 1 =t CLz+1 a; ;. D
> a¢$’_1> (—:C + —) = — Z ( ) iy L
(z-:1 V2T ve) At ERNVCING V2

Despite the boundary values which may require further treatments in real problem, for

(3.28)

Haar wavelet, approximate coefficients are obtained by averaging neighboring points coef-
ficients and detailed coefficients are the difference between neighboring points coefficients
with normalizing coefficient /2. So, for a constant value signal, like a = ,1,---,1],
wavelet coefficients are [v/2, /2, - -+ , /2] for approximate coefficients and [0,0, - - - , 0] for
detailed coefficients, which means that all the energy is concentrated in low frequency re-
gion with zero energy in high frequency region. On the other hand, the alternating signal
a=[1,-1,1,—1,--- ,1,—1] will have approximate coefficients of [0, 0, - - - , 0] and detailed
coefficients [—2\/5, —2V/2,--- ,—2\/5], which means that all the energy is concentrated

in the high frequency region with no energy in low frequency region.
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Chapter 4

Wavelet-Based Implementation and

Results

4.1 Introduction and Objectives

As discussed in the previous chapter, the wavelet transform has the ability for multi-
resolution analysis; and this ability can be used in turbulence simulation. Farge [18]
first discussed the potential applications of the wavelet transform in turbulence, which
include energy decomposition and turbulence diagnostics. Mouri [57] showed that the
wavelet transform exhibits small scale enhancement of (1) the spatial fluctuation, (2)
the correlation in space between adjacent scales and (3) the correlation in space between
different directions. Farge [19] utilized the wavelet transform to extract coherent vortices
from three-dimensional turbulent flows; and the results showed that 3% of wavelet coef-
ficients can retain 98.9% of the total turbulent energy without losing the k=3 spectrum.
Frantziskonis [20] applied the wavelet-based approach called the compound wavelet ma-

trix (CWM) to solve diffusion-reaction problems. The CWM approach used couples the
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fine solution generated by kinetic Monte Carlo method stochastically and the coarse so-
lution generated by solving reaction and diffusion equations deterministically. Based on
the CWM method, the dynamic CWM (dCMW) method was proposed [58]. The dCWM
method models the time evolution of multiscale and /or multiphysics systems via dynam-
ically updating the compounded wavelet matrix, giving more accuracy and flexibility.

In this chapter, the downscaling process using the wavelet-based compounding ap-
proach is presented first. By applying the wavelet transform to both LES and ODT, the
LES large scale velocity components and small scale ODT velocity components with s-
cales up to LES filter size are coupled. New velocity profiles are generated and feed back
into the ODT.

The second application of the wavelet transform, the spatial filtering of combustion
features, is discussed. The combustion features, which are represented by progress variable
here, are commonly used to track flames, ignition and extinction. Although the approach
can be applied to other combustion features. Chemical reaction equations are not solved
in LES for the current research because no portion of the filtered chemical source term can
be resolved in LES typically [64]. Flame detection and visualization require the filtering
of the progress variable into LES lattice because they cannot be visualized easily under
the current ODT grid formulation. The wavelet transform is used to extract progress
variable information of the premixed flames above the LES filter scale from ODT.

The last application of the wavelet transform is the wavelet spectra based ODT pa-
rameter determination. The ODT parameter that governs the turbulent intensity is cru-
cial for the LES-ODT coupling. For a proper ODT subgrid model implementation, the
energy spectrum of ODT should match the energy spectrum of LES. Wavelet spectra of
LES and ODT are used and the ODT parameter is adjusted to match the slopes between

LES wavelet energy spectra and ODT wavelet energy spectra at the compounding scale,
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or LES filter scale.
Finally in this chapter, the results of the three wavelet transform applications are
presented for a premixed non-homogeneous decaying isotropic turbulence case. Different

initial conditions and run conditions are verified for these implementations.

4.2 Wavelet-Based Compounding

Multiscale schemes for transferring information from large to small scales are typically
based on interpolation techniques [8]. Such schemes add additional small-scale features
to the field; and even worse, the artificially added fine scale features can have influence to
the large scale features. As a superior alternative for the interpolation method, a wavelet-
based compounding approach is established to couple two solutions that consist of differ-
ent scale information, like LES and ODT in the LES-ODT formulation, while obtaining
large scale information from LES and small scale information from ODT. Comparing with

the interpolation method, the wavelet-based compounding has additional advantages:

1. No artificial information is added at any scale level. While interpolation add ad-
ditional data points in between, wavelet-based compounding obtains large scale
wavelet coefficients from LES and small scale wavelet coefficients from ODT with-

out adding any artificial information.

2. The compounded velocity field is more compatible with ODT. Since ODT is a sub-
grid closure model for LES in LES-ODT formulation and LES has no information
for subgrid scale, it is important for ODT to develop its own subgrid statistics

without adding information manually.

3. Wavelet coefficients give important information for both scale and location, and
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Table 4.1: Relevant parameters for example problem

LES length (grid points) 16
ODT length (grid points) 256
Compounding level 4
wavelet Daubechies 4

these wavelet coefficients can be used for other applications like the following ODT

parameter determination without re-calculating.

4.2.1 Algorithm and Procedure

The algorithm will be shown with one compounding example. This example is extracted
from the real LES-ODT compounding case; but the initial condition and most of the
running conditions (Re, Pr for example) are not shown here because they are not relevant
to this example. The example problem here is showing one snapshot right before and right
after compounding. Some relevant parameters are described in Table 4.1.

In this example problem, LES has 16 data points in each direction and each ODT
domain has 256 data points. The LES domain coincides with the ODT domain so they
have a smallest resolution difference of 16. A 4 level compounding is applied, since every
level will decrease spatial resolution by a factor of 2 thus a 4 level compounding in this
case decreases the ODT resolution by 16 and it is the same as the LES resolution. After
4 level decomposition, all LES information can be used in the compounding to replace
ODT large scale wavelet coefficients. The procedures are shown in Figure 4.1 as well as

following:
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1. Coarse solution interpolation
LES and ODT solutions coincide with each other in the physical domain with
different resolution and different number of data points. In order to get the same
number of wavelet coefficients to perform compounding, LES solution should be
interpolated into the same resolution as ODT solution. In this example, LES is
interpolated from 16 grid points to 256 grid points. Denote uygg as the LES solution

and urgs_interp as the interpolated LES solution.

2. Wavelet decomposition
Wavelet decomposition is performed over fine and interpolated coarse solutions
until a certain number of wavelet coefficients is left or until a certain number of
wavelet decomposition is achieved. In LES-ODT compounding, information from
all scales that LES possess is used, so the same will be done for this example prob-
lem. LES has 16 grid points and ODT has 256 grid points, so log, 256 —log, 16 = 4
levels of wavelet decomposition is applied which is mentioned before. The 4 level
decomposition is done for both interpolated LES and ODT, so information from
different scales for both LES and ODT is acquired. In Figure 4.1, CD1 indicates
detailed coefficients for 1st level decomposition, CD2 for 2nd level detailed wavelet
coefficients and CA4 indicates coefficients of approximation or large scale coeffi-
cients. If C'pgg represents the wavelet coefficients of the interpolated LES arranged
as (CA4,CD4,CD3,CD2,CD1) and Copr represents the wavelet coefficients of

the ODT velocity with the same arrangement.

Cres = WT(urgs—interp) (4.1)

Copr = WT(uopr) (4.2)
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WT represent the 4 level wavelet decomposition process.

. Selection and identification of overlapping scales

Overlapping scales refer to the common or equivalent scales between two solutions.
After interpolation, LES solutions have the same smallest scale as ODT solution,
although it does not contain any physical information. In this example problem,
the wavelet coefficients of the 4th level, the level for the 4th wavelet decomposition
is the common scale information between LES and ODT, thus the 4th level is the
overlapping scale. As in Figure 4.1, CA4 coefficients are identified as overlapping
scale. In the wavelet coefficient array Cps and Copr, the 1st to the 16th wavelet

coefficients represent the common scales.

. Substitution

For wavelet coefficients other than the overlapping scales, the wavelet coefficients
of ODT are used to substitute the wavelet coefficients of interpolated LES. In
this example problem, with a total 256 wavelet coefficients for both interpolated
LES and ODT, 16 wavelet coefficients from interpolated LES are used; and the
rest 240 smaller scale wavelet coefficients from interpolated LES are replaced by
corresponding ODT wavelet coefficients. In Figure 4.1, the CA4 part is obtained
from LES and the rest, CD1, CD2, CD3 and CD4 are obtained from ODT. This

can be expressed as

Crms(i) ifi <16
Ccompound = ) (43)
CODT@) ifi > 16

where ¢ represents the index of the wavelet coefficient arrays. Ceompound is the wavelet

coefficients of the compounded velocity.
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5. Reconstruction
The inverse wavelet transform is applied to the new LES wavelet coefficients to get
the hybrid solution that has both large scale information from LES solution and
small scale information from ODT solution. Similar to the wavelet decomposition
steps, 4 levels of inverse wavelet transform are needed in order for the reconstruc-

tion.

ucompound == iWT<Ccompound) (44)

iWT is the 4 level inverse wavelet transform process; Ucompound 18 the desired velocity

after the compounding.

4.2.2 Implementation

The above algorithm is for corresponding one LES line and one ODT domain, and for
proper coupling between LES and ODT. The procedure stated above needs to be applied
for every corresponding LES line-ODT domain pair. There should be nx-ny+ny-nz+nz-
nx times of such compounding, where nx, ny and nz are the number of LES grid points
in x direction, y direction and z direction, respectively. It is the same as the number of
ODT domains. Therefore, for every ODT domain, there is a corresponding LES line to

couple with, so every ODT domain can have information passing from LES.
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\ LES line 2
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Figure 4.2: TIllustration of Compounding Pairs

4.3 Wavelet-based spatial filtering of combustion fea-

tures

In the LES-ODT formulation, ODT takes consideration of chemical reaction source term
while LES does not; so all combustion features lie within ODT. As ODT grid formulation
and layout are not uniform and even are overlapping, it is hard to detect or visualize com-
bustion features within ODT directly, and filtering ODT result is necessary. Traditionally,

a filtering process is achieved as

flo) = [ £a)6(@ - ) (4.5)

where the f is the filtered function, f is the original function, and G is the filter function.
In the formulation of Cao & Echekki [9], a box filter is used for filtering the ODT infor-

mation to LES grid. Under the influence of this filtering scheme, large scale features are
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not necessary preserved. The wavelet transform has the ability of extracting information
from certain scales; thus the separation of scales preserves features of every scale under
consideration. In the wavelet-based spatial filtering approach, by using the scale separa-
tion feature of the wavelet transform, the information under the LES filter size can be
eliminated by zeroing out the wavelet coefficients of the small scales without having any
influence of large scale.

The progress variable is one of the most important parameters for combustion and it
is widely used in many combustion models like the flamelet model and the conditional
moment closure model. The progress variable is used here to track the combustion but
any other combustion features can be filtered by using this approach. The iso-surface of
progress variable is used to visualize the flame surface. Filtering the progress variable of

ODT into LES lattice gives the combustion status of the simulation above filter scale.

4.3.1 Algorithm and Procedure

Take the LES-ODT formulation grid set for example as shown in Table 4.2. LES has 16
grid points and ODT has 256 grid points in a given direction. In order to filter ODT
solution to the LES grid, ODT has to be filtered into the same scale as LES. Since
the discrete wavelet transform increases the scale by 2 every time, 4 discrete wavelet
transforms are needed for every ODT domain under the condition of these parameters.

Figure 4.3 as well as the explanation of the procedure is shown as following:

1. Wavelet decomposition
Wavelet decomposition is performed over ODT domains. This introduces the ap-
plication of a multi-level wavelet transform for ODT domains until a certain num-

ber of wavelet coefficients left or until a certain level of wavelet decomposition is
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Table 4.2: Example Parameters

LES length (grid points) 16

ODT length (grid points) 256

wavelet Daubechies 4
( )
L oDT

1.Wavelet Decomposition

sfena]

2.Selection and Identification of Filtering Scale

3.Truncation

4 Normalization

Filtered ODT solution adapted for LES grid

Figure 4.3: Filtering Process
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achieved. As explained before, 4 levels of decomposition are required under the
condition described in Table 4.2. As shown in Figure 4.3, CD1, CD2, CD3, CD4
and CA4 are wavelet coefficients obtained by apply 4 level wavelet decomposition.
The wavelet coefficient array for the ODT progress variable C,. can be arranged as

C, = (CA4,CD4,CD3,CD2,CDY).

. Selection and identification of the filtering scale

The purpose of the filtering process proposed here is to filter ODT solutions into
LES grid, and since LES and ODT both span across the whole computational
domain, the filtered ODT solution should have the same grid points as LES. In the
example problem, 4 levels of wavelet decomposition give 16 coefficients, just the
same as the LES grid points, thus these 16 wavelet coefficients are exactly what is
wanted. In the example case, C'A4 is the desired coefficient or the 1st to the 16th

element of the wavelet coefficient array C..

As for some more complicated cases with nonuniform grid, LES may not have
the same resolution everywhere in the computational domain, and more levels of
wavelet decomposition is required. Therefore, the filtering scale may consist of sev-
eral segments of wavelet coefficients, like CD5, CD6 and CAG6. For this example if 6
levels of wavelet decomposition are applied. In such case, CD5, CD6 and CA6 will
be identified and selected, and 2 levels of wavelet reconstruction (inverse wavelet

transform) are required.

. Truncation
All wavelet coefficients except the selected wavelet coefficients are truncated. As in
Figure 4.3, CD4, CD3, CD2, CD1 are the detailed coefficients which corresponds

to small scale information and should be truncated while CA4 is the approximate
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coefficients, which corresponds to large scale information and should be kept. The

remaining wavelet coefficients can be expressed as

Criter = Co(1 — 16) (4.6)

4. Normalization
Wavelet transform normalizes the wavelet coefficients by a factor of 1/4/a for en-
ergy conservation purpose. For the DWT case, the scale increases by a factor of 2;
so one scale larger gives the normalization factor of v/2. In order to get the proper
large scale value, normalization by a factor of y/a, or 1/ V2 in DWT case, is re-
quired for each level of wavelet decomposition. In the example problem, 4 levels of

decomposition is applied, resulting in a normalization factor of 4.

Cfilter = Ofilter/4 (47)

Due to the locality of the wavelet transform, the normalized wavelet coefficients is

used for the filtered progress variable.

4.3.2 Implementation

With filtering done for one ODT domain shown in the above procedure, the whole com-
putational domain will need to be reconstructed by nz - ny + ny - nz + nz - nx ODT
domains. Using the grid information in Table 4.2, that would be 768 ODT domains.
Every filtered ODT domain has 16 grid points, which is the same as one LES line. For
every LES grid point, there are also three ODT nodes that coincide with it: one from =z

direction ODT domain, one from y direction ODT domain and one from z direction ODT
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domain. Averaging the three data points from the three filtered ODT domains gives the
final filtering result. The process can be better illustrated with Figure 4.4, taking one
node for example, the node shown in the graph has three ODT domains go though it,
ODT1, ODT2, ODT3, and the node is marked as Nodel in ODT1, Node2 in ODT2,
Node3 in ODT3. After filtering these three ODT domains, each filtered ODT has the
same number of data points as corresponding LES line as shown in the middle part of
Figure 4.4, then the three values from the corresponding nodes from three ODT domains
averages and one filtered value of the computational domain is given. This averaging

process is done for every ODT node or LES point.

4.4 Wavelet spectra based ODT parameter determi-
nation

The ODT parameter, which governs the turbulent intensity directly, is a presumed con-
stant in the ODT formulation [44]. It may have different value for different types of
turbulent combustion flows; but it is mainly an empirical parameter. The wavelet spec-
tra based ODT parameter determination enables the determination of this parameter
dynamically in order to match the turbulent intensity between ODT and LES for better
coupling. The idea for this determination is based on matching wavelet spectra slopes
between LES and ODT at coupling scale. Because the wavelet spectrum is based on scale
rather than frequency for Fourier spectrum, the wavelet transform is the ideal tool for

implementing the matching at a certain scale.
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4.4.1 Algorithm and Procedure

Currently, the adjustment of the ODT parameter is applied globally, meaning that one
common parameter is applied for all the ODT domains, but it can also be applied locally

for better matching. The procedure of the adjustment is shown as following.

1. Parameter Initialization
The parameter is initialized at the beginning of the simulation. The initial value is
guessed according to the type of the combustion flow; but it will eventually converge

even if it is far away from the right value, only taking more time to converge.

2. Wavelet Decomposition
A multi-level wavelet decomposition is performed for all three velocity component
over all the ODT domains as well as the LES domain. The level of wavelet de-
composition for ODT is determined by the difference between the smallest ODT
scale and smallest LES scale. The ODT is wavelet transformed until it reaches the
smallest LES scale. For example, if one ODT domain containing 256 grids and a
corresponding LES line containing 16 grids, at least 4 level decomposition has to
be applied to ODT so the information of the ODT at the coupling scale can be ex-
tracted. As for LES, 2 level wavelet decomposition is applied in order to get enough

data from wavelet energy spectrum for slope calculation.

3. Energy Spectrum Calculation
The energy spectrum is calculated for both LES and ODT using wavelet coefficients.
As the wavelet energy spectrum is defined, the square of all wavelet coefficients are
summed up at the same scale. Moreover, the energy for all three velocity compo-

nents, u, v and w, are summed up as well to get the full energy spectrum for both
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LES and ODT. The summation is done for all the available scales. The wavelet

energy spectrum of ODT can be calculated as

> Wi(a,bi)? (4.8)

N N
=1 =

E(a) = Z > Wala,b)* +) 0> Wia,b)? +

% j=1 1 J

a is the parameter of scale; Wy (a,b;), W,(a,b;) and W, (a,b;) are the wavelet coef-
ficient of u, v and w at scale a and location b;. N = nx-ny+ny-nz+nz-nx is the
number of the ODT domains, meaning that the energy spectrum is summed up for
all ODT domains. The same calculation is also done for all LES lines. Therefore,

the energy spectra of both LES and ODT are obtained in terms of scales.

. Energy Spectrum Slope Calculation

The slope of the energy spectra at the coupling scale, or the LES filter scale, is
calculated for both LES and ODT. The current calculation is based on two points
one side difference; but with finer resolution simulation and more scales, more points

can be used for better accuracy.

. Parameter Adjustment

The ODT parameter, denoted as “C”, is adjusted as

Ot _ o LES spectrum slope

4.
ODT spectrum slope (4.9)

The ODT parameter determines the turbulent intensity and the energy transfer
rate from large scale to small scale, thus determines the energy spectrum slope.
Large ODT parameter gives large ODT energy spectrum slope. If the energy slope
of ODT is too large, meaning that energy transfer rate for ODT is too high, and

more eddy events are happening than needed; thus reducing the ODT parameter
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is needed, and vice versa.

4.4.2 Implementation

The above 4 steps should be executed for every LES time step. If the turbulence is steady,
this approach can be implemented as a pre-run prior to the full simulation in order to
determine the ODT parameter as a constant. As for the unsteady case, the procedures are
coupled within LES-ODT advancement. The procedure for the both cases are expressed

in Figure 4.5.

4.5 Results and Discussion

4.5.1 Case description and Non-dimensionalized Governing E-

quations

A case of auto-ignition in non-homogeneous mixture in decaying isotropic turbulence is
used to test the validity of the three wavelet transform applications. The LES-ODT grid
formulation is the same as discussed in chapter 2 with the ODT domains embedded in the
LES domain. The governing equations for both LES and ODT are non-dimensionalized.
The non-dimensionalized LES governing equations are shown in Eq. (4.10) and Eq. (4.11).
Continuity Equation:

ap  opu,
8t &%’j

—0 (4.10)

Momentum Equation:

] (e} :

E—i_uj 0z - _50_17i+ pRe 0x;0x; * 3pRe 0x; \Ox; ) Oz,
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The over bars represent LES filtered quantities; (@;u; — ;) is the subgrid stress; and
Re is the Reynolds number. The non-dimensionalized ODT governing equations are ex-

pressed as

Momentum Equation:
ou; [ 3 0%y op ou; 1 0 (04
L B Q. — it — 4.12
ot {Re onon * l} * { Ox; Pt Oz - 3Re Oz; (0xj) } (4.12)

Energy Equation:

oTr 3 0T oT
— = Q — U — 4.13
"ot [PrRe onon Fw T} * { P Ox; } (4.13)
Conservation of the Fuel:
8YF 3 82YF ~ aYF
= — Q — ol ; —— 4.14
"ot [LePrRe onon W e } * { P 0z; (4.14)

Conservation of the Oxidizer:

8YO . 3 82YO ~ 8YvO
Por ~ [LePrRe onon v QYO] * {—pu] ox; (4.15)

The subscripts ‘F” and ‘O’ refer to the fuel and the oxidizer, respectively. The terms

~N

with superscript represent filtered quantity from the LES. The non-dimensional
parameters, Pr and Le are the Prandtl number and the Lewis number.

The parameters of the LES-ODT simulation are shown in Table 4.3. The parameters
for LES and ODT are shown in Table 4.4 and Table 4.5, respectively. All these parameters

are non-dimensionalized. The definition of some of the parameters are as follows [53].
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1. Reynolds number (Re)

LyepUre
Re — PresLresUrer (4.16)
v
2. Prandtl number (Pr)
C
Pr = %“ (4.17)

3. Non-dimensional heat release («)

Tad - Tref
=2 4.18
a T (4.18)

4. Non-dimensional activation energy (/)

E,a

8= R, (4.19)

5. Damko6hler number (Da)

(4.20)

e (5]
Wprefexp o

6. Zeroth-order pressure (Fp)

Pozp[T(li(a)+1} (4.21)

While the subscript “ref” means the reference value during non-dimensionalization;

is the dynamic viscosity; C, is the specific heat; X is the thermal conductivity; R, is the

ideal gas constant; 7" and p are non-dimensionalized temperature and density. T,, is the
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Table 4.3: Relevant parameters for LES-ODT simulation.

Domain dimension 3.6 x 3.6 x3.6
Reynolds number 200
zeroth-order pressure 1.0
Prandtl number 0.7
Damkohler number 200
non-dimensional heat release 0.75
non-dimensional activation energy 2.0
Boundary condition periodic

adiabatic temperature; E, is the activation energy in Arrhenius law; B is the collision
frequency factor in Arrhenius law and W represents the molecular weight under the
assumption that all of the species have the same molecular weight. Under the low-Mach
number approximation, the zeroth-order pressure is a constant. Detailed derivation of
these non-dimensional numbers can be seen in Mason [53] and Cao [8].

The LES has a layout of 16 x 16 x 16 grid size across the whole computational domain
with an integration time step of At = 0.04. Every ODT domain has the length of 3.6
with 256 grids and there is a total of 768 of it. The viscous penalty is discussed in chapter
2 and the velocity energy exchange coefficients is also presented in chapter 2. The ODT
eddy size is selected between 6 and 16 ODT grids. The three ODT time steps, the ODT
stirring time step, the ODT diffusion time step and the ODT convection time step, are
Aty = 1.0 x 1075, Aty = 1.2 x 1075 and At, = 0.9 x 107, respectively.

The computational domain is initialized with non-homogeneous mixture with preheat-

ed oxidizer. The initial mixture fraction field is shown in Figure 4.6, and it is initialized
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Table 4.4: Parameter for LES simulation.

LES domain dimension 3.6 x 3.6 x 3.6

LES grid 16 x 16 x 16
LES time step 0.04
SGS stress model Smagorinsky model

Table 4.5: Parameter for ODT simulation.

Domain length 3.6
ODT grid 256
number of ODT domains 768 (3 x 16 x 16)
viscosity penalty 0.002
minimum eddy size 6
degree of energy exchange among velocities in ODT 0.33
ratio of maximum ODT eddy size to LES grid size 1
maximum ODT eddy size 16
ODT stirring time step 1.0 x 1075
ODT diffusion and reaction time step 1.2 x 1075
ODT convection time step 0.9 x 107°
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randomly using the von Karman-Pao spectrum [8]. The reaction mechanism is simplified
to single step and irreversible. Periodic boundary conditions are implemented for all three

directions.

Figure 4.6: Initial mixture fraction field with preheated oxidizer.
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4.5.2 Wavelet-Based Compounding

The wavelet-based compounding is done for the case stated above. For more intuitive
illustration, the compounding results of two ODT domains, denoted as ODT1 and ODT2,
and their corresponding LES lines are shown in Figure 4.7, but the compounding is done
for the whole computational domain for the implementation. Daubechies 4 wavelet is
used for the compounding.

The wavelet-based compounding is done for the case stated above. For more intuitive
illustration, the compounding result of one ODT domain and its corresponding LES line
is shown in Figure 4.7. But in the LES-ODT formulation, the compounding is done for
the whole computational domain. Daubechies 4 wavelet is used for the compounding.

In Figure 4.7, the thin solid lines represent the LES lines, the thin dashed lines are
the velocity of ODT domains, with the thin solid lines are the velocity of the ODT
domains after the compounding process adopted in this dissertation. The wavelet-based
compounding tracks the large scale contribution from LES and the residual contribution
from ODT subgrid statistics. This trend coincide with the purpose of the downscaling
process, as downscaling is to pass the resolved LES large scale information to ODT while
keeping the ODT subgrid statistics intact. Furthermore, the ODT velocity field after the
compounding is consistent with LES in large scale thus the ODT model has more accurate
subgrid statistics as the subgrid information is passed from large scale. Due to the close
relationship between the wavelet transform and the Fourier transform, the results of the
compounding also shows consistency in Fourier domain as shown in Figure 4.8.

In Figure 4.8, the thin solid lines are the LES energy spectra, the thin dashed lines are
the ODT energy spectra, and the thick solid lines represent the energy spectra of the ODT

velocity after the compounding. As noted in the graph, the LES spectra have narrower
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span in wavenumber coordinate compared with the ODT spectra. This is because the
LES solutions cover less scales than the ODT, which corresponds a narrower wavenumber
span. In the configuration in Tables. (4.3)—(4.5), the LES should have a wavenumber
span of 1/16 of the ODT. In order to show the results more clearly, the results shown in
Figure 4.8 are zoomed and part of the ODT and the compounded results are not shown.

The compounded results are consistent with the LES solution in low wavenumber
or large scale and the ODT solution in high wavenumber which corresponds with small
scale, with a minor inconsistency for the transition wavenumber.

As a superior alternative of the original interpolation based implementation, the com-
parison between the wavelet-based and the interpolation based implementations are car-
ried out, and the results are shown in Figure 4.9. Furthermore, the comparison between
the two approaches are also shown in Fourier space as in Figure 4.10.

The results in Figure 4.9 and Figure 4.10 shows that the wavelet-based compounding
presents substantial advantages over the interpolation based compounding, which can be

addressed as the following:

1. The wavelet-based compounding has the ability to retain large scale information
from resolved LES solution and adding subgrid scale information. But according to
Figure 4.9 and Figure 4.10, the interpolation based compounding is very close to

the ODT solution thus does not preserve large scale information from LES;

2. The wavelet-based compounding approach provides a correction mechanism for
ODT. It is very important for the ODT implementation as the subgrid closure
model since ODT only has information along with the ODT domain orientation.
For subgrid scale, it is possible to perform the calculation under the assumption

of isotropic turbulence; but for large scale, it is crucial to provide large scale in-
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Figure 4.9: Comparison between the interpolation based compounding and the wavelet-
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formation to ODT. The wavelet-based compounding can perform this correction,

whether in physical domain as in Figure 4.7 or in Fourier domain as in Figure 4.8;

3. The wavelet coefficients, which have the information of both scale and location, can
be used for other application. For example, the wavelet coefficients can be used to

distinguish the flame kernel information, both size and location.

As shown in chapter 3, there are many kinds of mother wavelets. Wavelet transform
based on different mother wavelets for ODT domain 1 and ODT domain 2 are shown in
Figure 4.11 and Figure 4.12, respectively. Wavelet transform based on different wavelet
does not change the nature of the compounding as all four kinds of wavelet transforms
have the ability to capture the large scale trend and small scale fluctuations. But, in terms
of consistency, it is still obvious that the Daubechies 4 wavelet has the best consistency
for small scale fluctuations between the compounded solution and the ODT solution.
From mathematical point of view, it is suggested that the mother wavelet should have
similar shape as the features that need to be captured. This can be explained from the
definition of the wavelet transform Eq. (3.16), the wavelet coefficients is maximized if
the mother wavelet ¢(t) is the same as the feature to be detected. Also, by comparing
the shape of the Daubechies 4 mother wavelet Figure 3.6d with the triplet map shape
Figure 2.3, they have the most similar shape among all other kinds of wavelets.

It is also very important to address the computational cost of the wavelet-based
compounding implementation. Although the wavelet transform is done for every ODT
domains, due to the low cost nature of the wavelet transform, the wavelet-based com-
pounding does not add extra noticeable time cost to the simulation. Profiling results
show that the compounding subroutine takes less than 1% of the total computational

time cost.
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4.5.3 Wavelet-Based Spatial Filtering of Combustion Features

The wavelet-based spatial filtering is applied for both density and the progress variable. It
is also applied for the same auto-ignition in isotropic decaying turbulence case introduced

in chapter 4.5.1.

Filtering the density

The filtering is used to pass ODT density information to LES. Since ODT have all the
chemical reaction information while LES does not, the density information from ODT
which can be effected by chemical reactions is filtered and passed to LES for the following
iteration.

In the original LES-ODT formulation by Cao & Echekki [9], box filter is used for
the filtering. As for the compounding part discussed in chapter 4.5.2, the wavelet-based
approach has major advantages for multiscale problems. Consider density fields for two
ODT domains, ODT 1 and ODT 2, the density field of the two ODT domains are show as
well as the filtered density fields and the wavelet-based filtered density fields are shown
in Figure 4.13. For both ODT domains, the wavelet-based filtering has the ability to
capture peaks while the box filter is smoothing the peaks. This can be further shown in
the comparison in Fourier domain as shown in Figure 4.14. The wavelet filtered density
has much more consistency in Fourier domain with the large scale ODT density than the
filtered density. The ability to detect peaks is very important in detecting flame kernels,

thin flame front, etc.
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Figure 4.13: Comparison between ODT density field, filtered density field and wavelet-
based filtered density field for ODT domain 1 (upper) and ODT domain 2 (lower).
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Filtering the progress variable

The combustion features occur from small scale first. In order to detect these small scale
combustion features, wavelet-based filtering is used. The iso-surfaces for progress variable
of 0.5 at different time steps are presented in Figure 4.15. The four graphes correspond
to the 1st, 11st, 21st and 31st LES time step, which is at dimensionless time of 0.04,
0.44, 0.84 and 1.24.

The combustion features come from ODT; and because of the wavelet-based filtering
process, which zeros out all small scale information, the combustion only appears at small
scales without showing any large scale features, as shown in Figure 4.15a. In Figure 4.15b,
discrete small flame kernels appear at small scales and is detectable even from LES scale.
Because of the peak preserving feature of the wavelet-based filtering, small flame kernels
are preserved rather than smoothed out. As the auto-ignition process proceeds, different
flame kernels begin to merge, showing as a larger continuous flame across the whole
computational domain as shown in Figure 4.15¢. And finally, in Figure 4.15d, combustion

appears in the whole domain, and flames are fully developed.

4.5.4 Wavelet Spectra Based ODT Parameter Determination

The wavelet spectra based ODT parameter determination is also applied to the auto-
ignition in non-homogeneous mixture in decaying isotropic turbulence case. Figure 4.16
shows the wavelet energy spectra before and after the ODT parameter adjustment. The
circled points in both the dash line and the solid line indicate the LES subfilter scale and
both the LES wavelet energy spectrum slope and ODT wavelet energy spectrum slope
are calculated at this point. The ODT parameter adjustment shows great improvement of

the consistency between LES and ODT energy spectrum thus ODT has better coupling
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Figure 4.15: Iso-surface of progress variable at 0.5 at different dimensionless time.
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with LES as a subgrid closure model.
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Figure 4.16: Wavelet energy spectrum before and after C' adjustment.

The other way of showing the efficiency of the ODT parameter determination ap-
proach is by tracking the ODT parameter during the simulation. The ODT parameter
tracking result is shown in Figure 4.17. In this simulation, the initial guess, which is 200,
is much larger than the actual value of the parameter, which is around 70 according to
the final converged value. As the code runs, the parameter converges to the right value
within 10 LES time steps, which is just a fraction of time of the full simulation. Therefore,
the incorrect parameter does not effect the simulation too much. The time steps that is

needed for convergence can be further reduced by guessing the initial value closer to the
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converged value.
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Figure 4.17: Calibration process for ODT parameter during LES-ODT simulation.

4.6 Summary

In this chapter, the wavelet-based downscaling approach is implemented to the LES-ODT
model. By combining the large scale wavelet coefficients of the LES velocity components
and the small scale wavelet coefficients of the ODT velocity components, the compound-

ed velocity fields show consistency with the LES velocity in large scale and ODT in small
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scale in both physical domain and Fourier domain. This shows significant improvement
with the original interpolation based downscaling which introduces small scale fluctua-
tions during interpolation. Also, inspired by the energy detection feature of the wavelet
transform, filtering of density and progress variable in physical domain is also adopted,
which results in smaller energy distortion in large scale. Also, by matching the LES and
ODT energy spectra at the compounding point, the ODT parameter can be determined.

A bettering coupling is achieved by adjusting the ODT parameter to the right value.

106



Chapter 5

Kalman Filter and Kalman Filter

Based Assimilation Approach

5.1 Introduction and Objective

Proposed by Rudolf E. Kalman [33, 32], Kalman filter is essentially a set of mathematical
equations that implement a predictor-corrector type estimator that is optimal in the sense
that it minimizes the estimated error covariance when some presumed conditions are
met [83]. Cahuzac, et al. [6, 7] proposed a point based Kalman filter approach to extract
low frequency turbulent features in large-eddy simulation. The ensemble Kalman filter
(EnKF) [17] was also developed when a massive number of observations or predictions
are presented. By selecting a limited number of samples out of many observations or
predictions to reduce the computational cost, the EnKF is widely used in simulation of
large scale turbulent systems, like weather forecasting, ocean system, etc. [17, 25].

The objective of this chapter is to introduce a novel Kalman filter based upscaling

scheme for LES-ODT coupling. Since ODT solves for thermo-chemical scalars while LES
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does not, ODT can capture heat release which impacts the density of the flow. This
approach is achieved by filtering ODT density into LES grid in the formulation proposed
by Cao & Echekki [9]. A potential drawback of the filtering operation may result from
the limited sample of ODT resolution used to evaluate the filtered density [80]. Also,
filtering density from ODT to LES may impair the mass conservation of LES itself. The
sample noise can be reduced by adding more ODT solutions within one LES cell which
will increase the computational cost. But the mass conservation cannot be guaranteed
since ODT is a stochastic model. An alternative way of upscaling is the Kalman filter
based smoothing process across a broad range of wave numbers, or assimilation process
in general. This process addresses the coupling of a coarse-grained deterministic density
solution from LES with a fine-grained stochastic density solution from ODT. This cou-
pling is established primarily because of the redundancy of density solution between LES
and ODT. Kalman filter is used to combine the two density solutions.

Two solutions are considered by the Kalman filter. Within the LES-ODT framework,
the two solutions are the density fields obtained from LES and ODT. The deterministic
solution of density field is corrected with the stochastically density field obtained from
ODT. With the estimation of the errors from both solutions, the result density field
that Kalman filter produces would be better than both in terms of the estimated error
covariance. The density field result from the Kalman filter has several desired properties

which includes the following:

1. Being a filter, the Kalman filter has the ability to smooth the density field and filters
out small scale fluctuations of the filtered ODT density field. These fluctuations are
due to the averaging process of the 3 ODT points, which cannot be filtered out by

a traditional filter.
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2. By combing the LES density and the filtered ODT density, result density of the
Kalman filter takes consideration of both the continuity information from LES and

the chemical reaction information from ODT.

5.1.1 Model Formulation

For the LES-ODT framework considered in this dissertation, Kalman filter combines the
filtered density from the ODT solution and the LES density solution. The resulting den-
sity field represents the advancement of the LES density field in the following integration.

The information involved in the Kalman filter implementation includes:

e The State Vector «:
In the current model formulation, the state vector corresponds to the LES density

field. The state vector can be written as:

_ _ _ _ _ _ _ T
P = (/)1,1,17 P112 " 1 P1I,N P1,2,15P1,22 " " 7pN,N,N) (5.1)

That is, the vector has the length of N x N x N, and N is the size of the LES grid

in one direction.

e The Prediction Matrix A:
The prediction matrix is used to relate the previous step at time step £ — 1 to
the current time step k. Here, it is assumed that the evolution of the large scale
density from LES is very slow compared to the evolution of the small scale density
from ODT so that no deterministic evolution is prescribed for p: p, = p,_;, which
implies

A=1 (5.2)
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e The Observation z:
The observation vector z is a set of data that is obtained independently from the
state vector, and it is used to “correct” the prediction result. Here, filtered density

of ODT p; is used for the observation.

_ _ _ _ _ _ T
Py = (Pf,1,1,1= Pri1,2 " 2 Pr1AN Pfr1215PF1,2,2 """ ’pf,N,N,N) (5-3)

e The Measurement Error Covariance Matrix R:
The measurement error covariance matrix R is associated with the ODT small
scale fluctuations. It is modeled as the root mean square (RMS) of the ODT points
around one certain LES grid point. A 2D illustration is shown in Figure 5.1, the
ODT points inside the circle are considered when calculating the error of the LES
point in the center of the figure. In 3D LES-ODT formulation, it is actually the ODT

points inside a sphere rather than a circle shown here. With all of the density from

identified ODT points collected, denoted as p1, p2, p3,- - , pm With m representing
the ODT points within the range of the LES point, the measurement error vector

v 1s calculated as

Vi = \/p% +o3+- o, (5.4)

The symmetric error covariance matrix is calculated as
R=<v,v’ >=v v’ (5.5)

v is a vector of length N3, so R is a square matrix of size N3 x N3,

e The Process Error Covariance Matrix Q:
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The process error covariance matrix, or the LES error covariance matrix, is associ-
ated with the discretization of the LES solution. It is considered as the truncation
error of LES model formulation. With the fluctuations appearing mainly in ODT,
it is valid to assume that the process error vector w remains constant during the
whole simulation. It is prescribed as an empirical value, but for the further refine-
ment of this model, it is reasonable to address further details about the process

error. The process error covariance matrix @ is calculated as

Q=< w,w’ >=w- w’ (5.6)

w is a vector of length N3, and Q is a square matrix of size N? x N3.

The H Matrix:
The H matrix relates the observation vector to the state vector. Since both the

observation and the state vector are filtered density in the LES-ODT formulation,

H=1I (5.7)

Initialization of the Error Covariance Matrix P:
The error covariance matrix P represents the error of the model and it decreases

during the simulation. It is initialized as the LES error covariance matrix Q:

P, =Q (5:8)

Kalman Gain Matrix K:

The Kalman gain matrix K is used to minimize the error estimated by error co-
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variance matrix P. There are a lot of forms of the Kalman gain matrix, and the
derivation of the Kalman gain matrix is purely mathematical. Detailed discussion
about the derivation and different forms of Kalman gain matrices can be seen in

Maybeck [54], Jacobs [29] and Brown & Hwang [4].

The calculation for the Kalman gain matrix K at time step k can be expressed as

K,=P _H'(HP,H"+ R, (5.9)

if the ODT error covariance matrix is zero matrix, R = 0, meaning that ODT is
accurate, and K, = H~'. Substituting back into the estimation update equation
Eq. (5.9) gives &y = z;. On the other hand, if the prediction error is zero, @ = 0,
P, is a zero matrix also, resulting in K = 0. Another way of understanding
the Kalman gain matrix is that when the prediction error is small compared with
the observation error, the Kalman filter trusts the prediction result more, and vice

versa.

Using the implementation shown above, the standard Kalman filter calculation is

shown in the following steps:

1. Projection of the State:

Py = Piy (5.10)

2. Projection of Error Covariance Matrix:

P, =P, 1+Q (5.11)
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3. Compute the Kalman Gain:

K,=P, (P, +R)™ (5.12)

4. Update the Estimate:

Py =P, + Ki(Prr — Py) (5.13)

5. Update the Error Covariance Matrix:

P.=(I-K,)P; (5.14)

All vectors are of length N? and all matrices are square matrices with size of N3 x N3,
N is LES grid number in one direction. Eq. (5.10) and Eq. (5.11) are often denoted as
the prediction steps, while Eq. (5.12), Eq. (5.13) and Eq. (5.14) are often denoted as the
correction steps. The corrected results, x; and Py, which are obtained in the correction
steps will feed back into Kalman filter prediction steps as the input for next time step

iteration. In Kalman filter, the prediction and correction steps are executed alternately.

5.1.2 Model Simplification

As can be noticed in the Kalman filter formulation for LES-ODT model, all matrices
are diagonal matrices. The product of two diagonal matrices is a diagonal matrix and

the inverse of a diagonal matrix is also a diagonal matrix, with element to element
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With the implementation shown above, all points are decoupled with no information

exchange between adjacent points. Instead of applying inversion for N? x N3 matrices,

only N3 reciprocal operations are needed. For every LES grid point with indices of i, j

and k, the simplified Kalman filter implementation is

Kk(iaja k) =

ﬁ];(zmﬁ k) 251;71(27.77 k)
P];(Z,.], k) = Pkfl(lhjv k) + Q(Z7j7 k)
Py (i, j,k)
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5.1.3 Implementation

The implementation of Kalman filter is shown in Figure 5.2. The Kalman filter is imple-
mented within each LES time step, and only a few extra subroutines are needed without
changing the main structure of the LES-ODT formulation. The calculation of the LES
error covariance matrix @ is needed in the initialization part to initialize the error covari-
ance matrix P. A subroutine with a loop of N3 scalar Kalman filter is also implemented

for updating the density and error covariance purpose.

5.2 Results

5.2.1 Case description

The LES-ODT formulation with Kalman filter based upscaling is implemented for a prob-
lem of twin planar premixed flames in decaying isotropic turbulence in a simple geometry.
The non-dimensionalized governing equations for both LES and ODT are shown in E-
gs. (4.10)—(4.11) and Egs. (4.12)—(4.15), respectively. The initial field of mass fraction
for both reactant and oxidizer are shown in Figure 5.3 with mass fraction of reactant
and oxidizer equal to each other everywhere. The twin flames are separated by reactants.
They will propagate toward each other and finally the two flames will merge. The grid
formulation follows the same formulation of Cao & Echekki [9] for the non-homogeneous

auto-ignition case which is presented in Chapter 2.

The parameters for the LES-ODT simulation are shown in Table 5.1. The parameters
for LES and ODT are shown in Table 5.2 and Table 5.3, respectively. All these parameters

are non-dimensionalized. The definition of the Reynolds number Re, Prandtl number Pr,
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Figure 5.2: Flowchart for Kalman filter implementation.

117



0.45
0.4
0.35
0.3
0.25
02
0.15
0.1
0.05

Figure 5.3: Initial mass fraction field for both reactant and oxidizer.
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Table 5.1: Parameter for LES-ODT formulation

Domain dimension 3.6 x 3.6 x3.6
Re 100
zeroth-order pressure 1.0
Prandtl number 0.7
Lewis number 1.0
Damkohler number 200
non-dimensional heat release 0.75
non-dimensional activation energy 6.0

x boundary condition outlet
y boundary condition periodic
z boundary condition periodic

non-dimensional heat release o, non-dimensional activation energy 3, Damkohler number
Da and zeroth-order pressure P, are definied in Eqs. (4.16)—(4.21).

The LES has a formulation of 33 x 33 x 33 across the whole domain with an integration
time step of At = 0.01. Every ODT domain has the length of 3.6 with 257 grid points.
Viscosity penalty is discussed in Chapter 2; the velocity energy exchange coefficients is
also presented in Chapter 2. The initial turbulence is prescribed using a von Kalman-
Pao spectrum with zero mean velocity [60]. The boundary condition is outlet boundary
condition for z direction of LES and x orientation ODT domains. It is periodic for y and

z directions of LES and y and z orientation ODT domains.
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Table 5.2: Parameter for LES simulation.

LES domain dimension 3.6 x 3.6 x 3.6

LES grid 33 x 33 x 33
LES time step 0.01
SGS stress model Smagorinsky model

Table 5.3: Parameter for ODT simulation.

Domain length 3.6
ODT grid 257
number of ODT domains 3267 (3 x 33 x 33)
viscosity penalty 0.002
minimum eddy size 6
degree of energy exchange among velocities in ODT 0.33
ratio of maximum ODT eddy size to LES grid size 2
maximum ODT eddy size 16
ODT stirring time step 1.0 x 1075
ODT diffusion and reaction time step 1.2 x 107
ODT convection time step 0.9 x 107°
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5.2.2 Comparison with the Filtered ODT and LES

The comparison between the filtered ODT density and the density after the Kalman filter
is shown in Figure 5.4. The iso-contour of the density field after the Kalman filter shows
much less fluctuations and smoother flame surface. The density after the Kalman filter
also shows some other difference with the filtered ODT density other than small scale
fluctuations. This is because that the Kalman filter takes consideration of both density
field rather than smoothing the filtered ODT density.

The Fourier spectra are given for the LES density field, the filtered ODT density field
and the density field after Kalman filter based on the LES and filtered ODT density field
in Figure 5.5 for further illustration. Due to the limited grid points in the LES-ODT
implementation, the energy spectra shown in the graph are obtained by averaging the
energy spectra over all the ODT domains or the corresponding LES lines. The average
eliminates energy fluctuations due to the limited grid number with the overall trend of
changes remain. In Figure 5.5, the Fourier spectrum of the density after Kalman filter
shows less fluctuations in small scale which corresponds to the lower energy in high wave
number. On the contrary, the ODT density field exhibits several peaks in high wave
number region, which is an indication of the non-smoothness of the density profile in the

physical domain.

5.2.3 Comparison with DNS

The flame structure of the simulation case described in Tables. (5.1)—(5.3) is shown as
the iso-surface of temperature at 7' = 0.5. The iso-surfaces in Figure 5.6 are presented
at different dimensionless times t = 0.1, ¢ = 0.2, t = 0.3 and ¢t = 0.4. The twin flames

wrinkle at early times and eventually interact with each other. Thus, the twin flame case
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Figure 5.4: Comparison of a density slice between the filtered ODT density (upper) and
the density after the Kalman filter (lower).
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Figure 5.5: FFT spectra for the density field of LES, filtered ODT and Kalman filter.
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shown here provide a convincing way of proving the ability to predict the flame structure

and statistics for the LES-ODT formulation with the Kalman filter implementation.

The comparison between the LES-ODT formulation and the DNS formulation is car-

ried out. The DNS governing equations are express as

Continuity Equation:
0 Opu;
dp  Opu; _
at (9xj
Momentum Equation:
Uy Guz 1 8p 1 827'ij

ot Yo, T 0w | p o2

Energy Equation:
oT N oT v 0°T L0
ot ?0x;  Prox?

Species Equation (For both fuel and oxidizer):

QYF,O 8YF,O 1% 82YF7O
U — J—
ot 7 Ox; PrLe 8sz

(5.18)

(5.19)

(5.20)

(5.21)

The subscripts ‘F’ and ‘O’ refer to the fuel and the oxidizer, respectively. The non-

dimensional parameters, Pr and Le, correspond to the Prandtl number and the Lewis

number, respectively. The reaction is prescribed by a single step, second order, irreversible

reaction of the fuel with the oxidizer:

F+0—P.
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(a) t=0.1 (b) t=0.2

(c) t=0.3 (d) t=0.4

Figure 5.6: Iso-surface of filtered ODT temperature at 7' = 0.5
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Table 5.4: Formulation of DNS and LES

LES formulation DNS
grid number 333 1293
time step 0.01 0.001
domain size 3.6 x3.6x3.6 3.6x36x3.6
Reynolds number 100 100
turbulent intensity s 3.0 3.0

The reaction rate is expressed in Arrhenius form:

(5.23)

w = Dap?YpYy exp [M] ,

1—ag(l=T)
where oy and [ are defined in Eq. (4.18) and Eq. (4.19).

The Kalman filter is implemented as the upscaling scheme for the LES-ODT formu-
lation. Both of them have the same non-dimensional turbulence intensity w,,,s = 3.0;
the same Reynolds number Re = 100.0; and the same Lewis number which equals to
unity. The same boundary conditions are adopted also, with outlet boundary condition
in o direction and periodic boundary conditions in y and z directions. The simulation
of the DNS has a resolution of 1293, The LES-ODT is initialized from the DNS field at
dimensionless time ¢ = 0, therefore, both LES-ODT and DNS have the same initialization
field. The DNS initialization field is based on the von Karman-Pao spectrum with zero
mean velocity [60]. Some important parameters for the LES-ODT and DNS simulation
are shown in Table 5.4.

The comparison between the LES-ODT formulation and the DNS formulation is
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shown for temperature as in Figure 5.7 and Figure 5.8, mass fraction as in Figure 5.9
and Figure 5.10, reaction rate as in Figure 5.11 and Figure 5.12. They are all shown in
a fixed z plane. The peak reaction rate of filtered ODT is higher than the filtered DNS,
which is the result of the multiplicity of reaction fronts due to the higher flame surface
density within the LES filter. Furthermore, the higher reaction rate feeds back into LES
through density; then the higher density gradient also increases the turbulent convection;
which results in a thickened flame structure. The filtered ODT flame also presents the
flame structure with less wrinkling. The reason for this is that the filtering eliminates
small scale features below the filter size. The difference of the flame thickness between
the filtered ODT and the filtered DNS results can be reduced by cycling a number of
times of the ODT node convection.

Another LES-ODT formulation with coarser LES implementation is also adopted. The
LES has a resolution of 17 x 17 x 17 instead of 33 x 33 x 33 for the finer case discussed
above. The comparison of the reaction rate between the filtered ODT for the coarse
formulation and the filtered DNS is shown in Figure 5.13 and Figure 5.14, respectively.
With the coarse formulation of the LES, less energy is resolved by LES. The ODT has to
take consideration of the remaining energy, yet the filtered ODT results still match the
filtered DNS results. The effectiveness of upscaling is further proved.

It is also important to address the difference between the computational cost of LES-
ODT formulation and DNS. The computational cost of ODT is linearly dependent on
DNS resolution in one direction and on the square of the LES resolution in one direction.
In the example shown above, with the ODT resolution twice as DNS, DNS has 129 =
2,146, 689 grid points, while the total number of ODT points is 257 x3x33%x33 = 839,619
for the fine case and 257 x 3 x 17 x 17 = 222,819 for the coarse case. The saving for

computational cost is significant. For the case shown above, the fine case takes about 12
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(a) t=0.1 (b) t=0.2

(c) t=0.3 (d) t=0.4

M

Figure 5.7: Iso-contour of filtered ODT temperature at different times of evolution of
the twin flames.
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(a) t=0.1 (b) £=0.2

(c) t=0.3 (d) t=0.4

Figure 5.8: Iso-contour of filtered DNS temperature at different times of evolution of
the twin flames.
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(a) t=0.1 (b) t=0.2

(c) t=0.3 (d) t=0.4

Figure 5.9: Iso-contour of filtered ODT mass fraction at different times of evolution of
the twin flames.
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(a) t=0.1 (b) t=0.2

(c) t=0.3 (d) t=0.4

-

Figure 5.10: Iso-contour of filtered DNS mass fraction at different times of evolution of
the twin flames.
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(a) t=0.1 (b) £=0.2

0.01

Figure 5.11: Iso-contour of filtered ODT reaction rate at different times of evolution of
the twin flames.
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(a) t=0.1 (b) £=0.2

0.01

Figure 5.12: Iso-contour of filtered DNS reaction rate at different times of evolution of
the twin flames.
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(a) t=0.1 (b) £=0.2

012
011

0.08
0.8
0.07
0.08
0.05
0.04
0.03
0.02

0.01 0.01

(c) t=0.3 (d) t=0.4

Figure 5.13: Iso-contour of filtered ODT reaction rate based on 173 grid at different
times of evolution of the twin flames.
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Figure 5.14: Iso-contour of filtered DNS reaction rate based on 172 grid at different times
of evolution of the twin flames.
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hours while the coarse case takes only about 4 hours on a single processor; meanwhile,

the DNS simulation takes around 30 hours on the same processor.

5.3 Summary

In this chapter, the upscaling implementation using Kalman filter based approach is
applied for the LES-ODT framework. The density field, which is used for the upscaling,
is smoothed by the Kalman filter without losing the subgrid contribution. The filtered
scalar fields from ODT solution matches the filtered DNS scalar fields. Moreover, with
a coarse LES formulation, the filtered ODT can still match the filtered DNS solution,

which indicates the effectiveness of the Kalman filter based upscaling.
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Chapter 6

Conclusions and Recommendations

for Future Work

6.1 Conclusions

In this dissertation, novel strategies for coupling 3D LES with ODT solutions are devel-
oped, which involves downscaling and upscaling. Instead of using interpolation and box
filtering as the downscaling and the upscaling approaches, the wavelet-based compound-
ing of velocity field is used for the downscaling and the Kalman filter of density field is
used for the upscaling.

The wavelet-based downscaling is achieved by combining large scale velocity compo-
nent from LES with small scale velocity component from ODT. Both of the components
are assembled in terms of wavelet coefficients which results in a velocity field with consid-
eration of both LES and ODT. More importantly, the velocity fields after compounding
have several important features that are desired for the LES-ODT coupling and simula-

tion, which include:
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1. In physical domain, the compounded velocity fields have consistency with LES

velocity fields in large scale trend and ODT velocity fields in small scale fluctuation.

2. In Fourier domain, the compounded velocity fields coincide with LES in low wavenum-

ber and ODT in high wavenumber.

3. The compounding is based on the wavelet transform, which is a mathematical

method; therefore, it can be applied to any kind of turbulent flows.

4. Daubechies 4 wavelet has a similar shape as the ODT small scale characteristics

(triplet map); therefore, it is very effective for extracting ODT information.

5. With the extreme low cost of fast wavelet transform, the compounding is imple-

mented without additional computational cost.

Moreover, the various features that wavelet transform possesses inspires other appli-
cation, which include spatial filtering and ODT parameter determination. The spatial
filtering is applied for density and progress variable. By comparing the wavelet-based
spatial filtering with the traditional filtering with box filter, the wavelet-based filtering
has the ability to maintain large scale peaks while the box filter is smoothing the peaks
without catching them. The Fourier analysis also shows that the wavelet-based filter-
ing is well behaved and attached with the density function across all the frequencies
that the filtered density has. The ability to maintain the peak of the function for the
wavelet-based filtering is used to capture the combustion features of the auto-ignition in
non-homogeneous mixture in decaying isotropic turbulence case. Flame kernels spreading
across the whole computational domain are detected and well preserved.

The ODT parameter determination is inspired by the fact that the wavelet energy

spectrum is smoother than the Fourier energy spectrum. By adjusting the ODT param-
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eter, the slope of the energy spectra of LES and ODT matches at the compounding
scale. With limited number of grid points, which is far away from generating smooth
Fourier spectrum, the wavelet transform provides a robust way of determining the ODT
parameter from the energy spectra of both LES and ODT.

The Kalman filter based upscaling is also implemented. The prediction is obtained
from the LES density and the observation is obtained from the filtered ODT density
which takes consideration of chemical scalars. In this way, reaction from the ODT and
continuity from the LES are both accounted. With the assumption that the evolution
of the large scale density from LES is very slow compared to the evolution of the small
scale density from ODT, the computational cost of the Kalman filter is greatly reduced.
The density field after Kalman filter is smoother than the filtered ODT solution which
is demonstrated in Fourier domain. Comparison between the LES-ODT with Kalman
filter implementation and the filtered DNS is demonstrated for a twin planar premixed
flames in decaying isotropic turbulence case. Two LES resolution configurations are used
for the comparison, the resolution of 17 x 17 x 17 and the resolution of 33 x 33 x 33.
The comparison is shown for temperature, mass fraction and reaction rate between both
configurations and their correspondent filtered DNS results. This demonstrates that the

LES-ODT with Kalman filter based upscaling shows similar flame topologies as DNS.

6.2 Recommendations for Future Work

6.2.1 Local Determination of the ODT Parameter

The ODT parameter determination is based on the slope of the wavelet energy spectra

for both LES and ODT. Because the result of wavelet transform has two parameters,
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location parameter b and scale parameter a. Therefore, the wavelet energy spectrum can

be calculated locally, or expressed as

E(a,by <b<by)=> W(a,b)’ (6.1)
W (a,b;) is the wavelet coefficient at scale a and location b;. Thus, the expression shown
in Eq. (6.1) represents the energy at scale a for a certain physical span b, < b < b,. The

ODT parameter determination can be expanded for each flow section. Finer resolution

enables more flow sections thus more precise control of the flow field.

6.2.2 Expansion of the Kalman Filter Implementation

The Kalman filter is implemented with the assumption that the evolution of the large
scale density from LES is very slow compared to the evolution of the small scale density
from ODT so that no deterministic evolution is prescribed. An alternative for density
evolution from the LES could come from the continuity equation. If the LES has a
resolution of N3, a N3 x N3 matrix inversion would be way more expensive to afford.
The ensemble Kalman filter (EnKF) could be used to solve this problem. By selecting a

portion of the grids, the computational cost will be greatly reduced.

6.2.3 Application to Other Types of Flows

The current LES-ODT framework is validated for the non-homogeneous auto-ignition
in isotropic turbulence case and the twin planar premixed flames in decaying isotropic
turbulence case. Applying the LES-ODT formulation discussed in this dissertation to

other more general cases would be challenging yet exciting.
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