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Abstract
A temperature finite element suitable for the analysls of temperature field in shells

is presented, For this element, the variation in temperature in the direction of thickness
1s assumed as a quadratic function, end then the various boundary conditions in inner and
outer surfaces can be exectly satisfied, whereas the variation in temperature in mid-
surface 1s expressed by general interpolation function, By the use of this element, both
data preparation and computer run tlme can be saved to a great extent, and the practical
examples for axisymmetric shells show that the accuracy obtalned is satisfactory.
1. Introduction

The analysis of temperature field of two- and three-dimensional and axisymmetric solid
have been become a routine work due to the development of finite element method and 1ite
successful applications to field problems. Generally, the anelysis program of temperature
field is teken as a portion of structure analysis program, and 1s combined with the stress
analysis program, For a particular problem, first the analysis of temperature can be con-
ducted, then based on the obtained results, the thermel stress analysis can be performed
with the same finite element mesh.

However, for the analysis of temperature and strese of shell structure, widely employed
in nuclear reactors and petrochemicel equipment and etec.,, some difficulties have been
encountered with, Because up to now no temperature element suitable to shell struectures
has been reportea in literatures, the combinea analysis of temperature und strese cannot
be accomplished by using one seme mesh, In order to overcome the above difficulty, & method
and formulation of the finite element analysis of shell temperature field, following our
previous work“i 1s developed in this paper,

In this paper, the variation in temperature across thickness of shell is assumed as
quadrie, All types of boundary conditions in inner and outer sides of shell can be exactly
satisfied by this assumption, The order of error within shell is (t/n)g, vhere t is the
thickness of shell, and R the radius of curvature, The problems may be solved by finite
element method,

The shell temperature element suggested in this paper can be conveniently combined
with shell stress element, Data preparations and computer run time can be saved to a great
extent, because the same mesh may be used to enalyse both the temperature end the stress
field of a particular problem,
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2. Equation and boundary conditions of shell temperature field
(1) Three-dimensional problems of the steady-state temperature field without source,
The equation of the field can be written as

d 2T

—_— = i
axi(K;,xi) 0 n ) (1)
and the boundary condltions can be expressed as
=T on S1 (2-1)
2T - . S (2-1)
= on -
Ko =0 2
2T _ _ on $ 2~
K- =h(T-T 3 (2-3)

where X (1=1,2,3) are Cartesian coordinates in three dimensions, the summation convention
is used in Eq.(1), K is conductivity and h is the heat transfer coefficient, T and g are
the prescribed values of temperature and heat flow on the boundaries, Tn is the environment

]
1° %2
conditlons respectively, and n' is in the direction of the outward normal.

temperature, S and S3 are the boundary surfaces of the first, 2nd and 3rd boundary

(2) Equations eand boundary conditions of the temperature field in shells with invariable
thickness,

For shells, a curved coordinate system of ;. y 5,and §;may be established, The first
two are on the midsurface, T, 1s normal to the midsurface, and set;;= -% and §J= 4 on the
inner and outer surfaces of the shell respectively. The Cartesian coordinates of the point
in the mideurface, X, X,, and X;, mey be expressed, for § and §,, as

X =%, (5,%) (1=1,2,3) (3)

40
So the Cartesian coordinates of a point in the shell, X. , X2 and X, , may be

1 3

expressed as
X=X, (50 ) + Lyt (4)
vhere [, is the cosine of normal ;ss and can be written as
e 9%y 3X
fim g SLg e e
Ao=( e 2 Xip 2 Xpe 3 Xmo QXup)'/z
3 ijk 25, 25, imn 25, %
eijk 15 the permutation symbol.

The differentlal relation between two coordinate systems can be written as

TR (5)
vherear"' 3L 0%; .
DL I SR 4
7. Iig iy - Y
2% (1=1,2)
[
J ={ AR
i l,) t (1=3)
il
i) afe
2 . J" 9 (6)
dX¢ 1 afj
The volume element can be expressed, i‘or;l,;1 and ;',, as
an=|y ldsdagas, (7)
where |J1 |18 Jecoblan, and can computed as follows
3,41= D+ Difi + Dagy (8)
Do ={dy 4l = e 19319 §27k3
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L [ o 1 o
Dy = eijk ..:; JK; + eiijl' ij Jk3

D, = ey J52 i

The area element for J,, §;and §5, when 3’,= const.,, can be computed as

ds = Aydf, df @ .,
Because ;,is in the normal direction of the midsurface,we have the properties, for.]’;)-,J;’v

Iy J‘.'J-' and so forth, as follows :

Tydim byt ' Jydi = 0
v -
in‘jsl"ssat 2 JiJJij 5’5 t* (10)
By the use of Eq.(6), Eq.(1)can be rewritten as
12 (gt 2y L 1n 5L (1)

71 a; ik 9y
For the boundary surfaces of the shell, i,e,§;=1#%, the boundary conditions (2) cen be

written as

T=T on 8, (12-1)
£ 5-a on 8, (12-2)
+ K 8T _ _ on S (12-3)
Sy = (Tt ) 3

In the last two equations, the sigm "+" is uged for the surface of Jj;= %, and the
slgn n-n for the surfaceof §;=-4.
3. Variational formulation of shell temperature field

The variational formulation equivalent to the field equation (11) with the boundary

conditiong (12), by reference to Eq.(10), 1s to find the stationary conditions of: functional
R 2T oT

,X’=SH [Tu Ju (ag,) J-.z ( 2§ )7A + 2 IU 4.1 ( af, )( L3 81 )
+ (3 }IL,Ial;,a;.dL ffs}TA;df.M‘z [, Fh(Ta-T) 443,47,
Hﬁ FTAcARAC * ﬂ 2 h(Ta-T)" AdS;dc (13)

where C 15 on shell contour made up of normal ., When C is the boundary surface of §,=conet,

l

for example, A R = A1 and dC = d4f,.
The variation of the last functional equals to zero. By considering the integration by
parts of the last item of the volume integral and, in the meanwhile, recognizing thet
(1) On the surfaces of J;=1 4, IJijI =thy (14)
(2) From Eq.(8), we have
a;’IJ J|= Dyt 2,5, (15)

(3) The chosen interpolation satisfies beforehand the boundary conditions on S1 ,and on
S, and Sy of 7,=t4,

2 i -1 . 2T ) 28T Ay
ve find  (y = jﬂ{ 7 _; 70 Lz‘g_;)lb% + (170 aT ST J' 3”‘) t’ 21, T
B 'lc—':L 5T (D.+11>:§s)l_r‘q\" FLo5| dss 5,45, - Ui HTAC‘“’ A
- (e T ST hedf =0 (e

4. The FEM analysis of shell temperature field
Assume the variation in temperature in the direction of §; to be a quadrie function,

T 5r3y) = 10505 + Ty(5 w5) 55+ T 50,5075 (17)
3
The order of the errors for this assumption 1s O (% / R ), where R is the radius of

curvature of shells,
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From the last equation, in terms of I;= O on the midsurface we have
Tg(§|,§;)=T(f,o§x,0) (18)
vhere TO(Z. »-§:) is the temperature of the midsurface,T1( $17:) and T2( %,y §1) can be found
by the boundary conditions on the surfaces of{,=-§. For generality, all the boundary con-

ditions on surfaces of g’, =*4 can be assumed as convection conditions, i,.e.

AT

v oy = (T ) hi=3

__XK T (19)
t o5 “P2(Ter T) 5y=—4

By introducingEqs,(17) and (18) into Eq. (19), we obtain
T1( gup ;1)" C1T°( ;n ;z) + 63( ;.. ;z)
T2( 5y gx)’ G2To( zl » ?:)! + CA( 0y 52 )

vhere
Cy= (h2-h1)/A . C, = (h1+h2+h1h2)/A

(20)

C3(5,,5) = (3B T3, 5) - ( W BB Ta(5, 51)/4

T

1Ta

Cols o) = 1 dh)h Ta (5, 3.) + (1 3 )by Taa(3,, 30/ 4
= 3% 3% 1hh

A=2 +¥h‘l +5h, +hib,

h= th,/ X hy= th,/ K

Then we substitute Eqs. (20) and (18) into Eq.(17), corresponding to the covection
conditions, we find the temperature distribution in the element as

ks a

(3, 15,9 ;,)'( 1+C1§5+C2 1 )To( 1, 0) + 03( E) },).53 + GL( 1) ;:) I (21)

It should be pointed out that if the boundary conditiononthe surface of §;=% is the pres-
cribed one of heat flow, there is & meed for getting E1= 0 and E1Ta1( 3, {:)=~‘,§E( 31y 1)
in the equations above, and that if the condition on the surface of 5,=% is the prescribed
temperature, there is & meed for getting E1= H (H ig arbitrary constent, just in need of
H>>f12 end H>>1) and T ,(5) 1) = T(5, %)

To( 7,5 3:) in the temperature expression (21) can be expressed as

IAEMSE EAC T LA (22)
vhere Ni( 519 5:) 18 the general interpolation function, T, 1s the temperature of nodes end
n is the number of nodes in the element.

By substituting Eq,(22) into Eq. (21), from Eq,(16) we can find matriX equation

HT = Q (23)
vhere H is heat conduction matrix, Q ie the heat flow , and T the vector of nodal
temperature,

From Eq, (23) we can obtain Ty« By substituting T, into Eqs.(21) and (22) we cen find
T(314§1533)s the description of temperature distribution in shells.
5« The FEM formuletion of axisymmetric shell temperature field

Now we can extend the method presented above to axisymmetric shells.

Consider the element shown in Fig.1. The coordinate of § 1s normal to midsurface of
shell, and ] along the meridien curve of midaurface of revolution shell. Set =4:3<# and 0s)+1.

The relations between the system of coordinates r and z and that of 3 and n are

r(5,)) = ro(q) + t§Cosf

z(;,q)=z°(q)+t;sme (24)
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vhere ro(‘f)) and 2,(7 ) are the coordinates of a point on mid~

surface in the system of r and z, and

Sing= - - IE.

ay
Cogp = _ dZ.J

(25)
W% p Vo (Aofig

Following the etepa pressented in Sec.2 and 3, corresponding

to Eq. (16),for thé axisymmetric shell temperature field we can Fig. 1

find §X = / At+"t T _;; 2;577 - r(m;ff 32; 57 )

vhere —[M3(A+ff§)+rf7a§5T}a'fd7 / 477 td7d5 /: rt(Ta-TIXTdy =0
f =47 = A (5 O ) (26)

All the equations from (17) to (22) are applicable for the present case, if we sub-
stitute ¥ for J;, a.nd'?forfand};. For example, Eqse(21) and (22) can be rewritten as

(7§ )=(1Ciy+ ¥ )T (7 )+ G5(7)% +C,(7 ) 5° (27)

To(7) =R (28)

Lagrange'a interpolation formula can be used as N.-(”]) directly,

It should be pointed out that for axisymmetric shell, the integrals in heat conduction
matrix and heat flow vector can be obtained by general anelytic method in the direction of
I and if we do so, computer run time cen be saved to a very great extemt and the accuracy
obtained will be much better than that by the numericel methods.

6. Exemples

Exemple 1

Consider an axisymmetric shell (Fig.2) with meridian consisting of two straight segments
and one circular are(this shell is one part of a practical experiment device).The pres-
eribed boundary conditions are convection on outer surface, heat flow on inner surface and
temperature on two top surfaces. The obtained aeverage temperature on the sections and the
difference beteeen inner and outer surfaces are shown in Fig,3 and Fig.4. For comparison,the
the results obtained by the use of axisymmetric solid element ( 599 triangle element with
354 nodes ) are presented in Fig.3 and Fig.4 as well, From the figures we cen know that the
results are consistent favourably with each other, the maximum error of average temperature

on section is 1%,and the maximum error of traperature difference between inner and outer

surface. 3%, Thie also shows that thls element 1s efficient to thick curved axlsymme~
tric shell (t/ R= 1/1.5 ), and the errors are much less than the estimated order of
0(t/ R).

Example 2

Consider an axisymmetric composite structure conteining solid parts (Fig, 5)s The con-
nection between the shell elements and the solid elements is established by the equations
of multi-points constraints ssuggested in reference[1].

The part of 1-34 in Filg,5 are divided into 12 temperature curved shell elements and
the part of 79-149 into 35 elements. The part of 34~79 is handled as axisymmetric solid
consisting of 360 axisymmetric solid triangle elements, The results given by the use of axi-
symnetric solid elements( 1184 triangle elements for all the parts ) show that the maximum

difference of temperature between the method suggested in this paper and the existing
method is 0,5°C, and relative error lees than 0,4%, It has been shown here thet the
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acouracy of the shell temperature element suggested in this paper is satisfactory,
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