ABSTRACT

CHAKRABORTY, MOUMITA. Bayesian Inference Under Shape Constraints. (Under the
direction of Subhashis Ghosal).

In the context of nonparametric univariate monotone regression with unknown error
variance o2, we study global posterior contraction rates and the point-wise coverage of a
Bayesian credible interval. Using a finite random series of piece-wise constant functions
with normal basis coefficients as a prior for a regression function f, we obtain a conjugate
posterior and project each sample from the unrestricted posterior on the shape-constrained
space of functions, inducing a distribution to be called the “projection-posterior". For global
contraction rates, point estimation and credible sets, a lot more tractability is obtained by
considering this projection-posterior distribution. We show that the projection-posterior

1/3 with respect to the L,-distance, and also with respect to

contracts at the minimax rate n~
the empirical L, -distances up to a logarithmic factor. For the limiting coverage of a credible
interval of f evaluated at a fixed point x,,, we observe a very interesting phenomenon that the
coverage may be higher than the nominal credibility level, the opposite of a phenomenon
observed by Cox (1993) in the context of smooth nonparametric signal estimation. We then
show that a re-calibration technique can give the right coverage. By employing the distance
of the unrestricted posterior from its projection on the monotone class, we develop an
asymptotically optimal Bayesian test for the hypothesis of monotonicity. Using the idea of
enlarging the region near the null hypothesis of f being in the monotone class, as proposed
by Salomond (2018), we construct a universally consistent Bayesian test for monotonicity
with optimal power properties.

For a monotone decreasing probability density on the positive real line, we study global
posterior contraction rates and the point-wise coverage of a Bayesian credible interval.
Using a random histogram with Dirichlet basis coefficients as a prior for a density g, we
obtain a conjugate posterior and use the projection-based approach to project each sample
from the unrestricted posterior on the space of monotone decreasing densities. We show

173 with respect to the L,-

that the projection-posterior contracts at the minimax rate n~-
distance for g on a bounded domain, and the minimax rate up to a logarithmic factor
for g on an unbounded domain. For g evaluated at a fixed point, we obtain a projection-
posterior credible interval with the asymptotic coverage more than the credibility level, a
phenomenon similar to that observed in the case of monotone regression.

We use the projection-posterior for a regression function to estimate the regression



quantile of a monotone increasing function. We obtain a credible set for the regression
quantile that has the appropriate asymptotic coverage. Next, we improve the posterior
contraction rate by sampling in two stages. We obtain a sampling interval from the posterior
of the regression quantile and generate the second-stage observations with the predictors
belonging to that sample. By approximating the regression function on this interval as a
linear function, we use a Gaussian prior on the coefficients and analyze the second-stage
posterior distribution of the regression quantile and find that the second stage posterior

contracts at the parametric rate n='/2,
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CHAPTER

INTRODUCTION

Statistical models often involve unknown functions which are described qualitatively in
terms of the shape of the function. Shape constraints arise naturally in several contexts such
as climate science, ecology, genomics, survival analysis, finance and so on. The most com-
monly encountered cases of shape restrictions are monotonicity, convexity (or concavity)
and unimodality. For example, the aging process of hardware equipments often indicates
a monotone increasing hazard rate. In situations where a particular shape restriction is
known to be present, one needs an estimator of the function complying with the restriction
for an appropriate interpretation of the results. In many situations, estimation of a shape-
restricted function is possible without assuming smoothness on it. They use the qualitative
assumption of shape only, eliminating the need for the extra smoothness assumptions that
may sometimes impose unnecessary restrictions on the model. Several studies involving
nonparametric statistical methods for estimation and inference under shape restrictions
were carried out previously, with wide applicability to real world problems and theoretical
justifications. In this dissertation, we explore a nonparamteric Bayesian approach to some
common shape-restricted problems. In this chapter, we shall provide a background of the
statistical tools used for such problems, some relevant discussion on Bayesian nonpara-

metrics, and lay out the key ideas and novelties pertaining to the works in the subsequent



chapters. We start with describing some real life examples involving shape constraints.

1.1 Some motivating examples

1.1.1 Global warming

The global warming dataset provide by Jones et al. (2016) contains the mean annual temper-
ature anomalies in Celsius, from 1850 to 2010. Temperature anomaly denotes the departure
from a long-term average. For this dataset, the long-term average is the mean of the tem-
peratures from 1961 to 1990. The data were collected from different meteorological stations
both on the land and the sea and corrected for non-climatic errors. The data are tabulated
in Table 1.1. Figure 1.1 provides a scatterplot of the temperatures with respect to the years,
along with a nonparametric constrained estimator of the underlying function. The plot
depicts an increasing trend of temperature with time.

Under the assumption that the function relating the mean annual temperatures to time
is monotone increasing, estimation of the function calls for the known problem of iso-
tonic regression. The isotonic regression provides an estimate of the underlying regression

function by minimizing the error sum of squares under the monotonicity constraint.

1.1.2 Warming-up of Lake Mendota

The historical data considered by Barlow and Brunk (1972) on the number of winter days
Lake Mendota in Wisconsin freezes per year, shows a decreasing trend over time. The data
have been obtained from the R package "isotone". Similar to the data on annual tempera-
tures, the nonparamteric estimator in this case is also given by the isotonic regression of
the number of freezing days on time. The constraint on the regression function is that of
monotone decreasing. Table 1.2 gives the data, and Figure 1.2 gives its scatterplot along
with the isotonic estimator and a smoothed version of the estimator.

Several other situations call for shape-restricted estimation. The Canadian income data
(Ruppert et al. 2003) suggests a concave relation between the logarithm of income and the
age of the earner; see Figure 1.3. Also, the aging process of certain hardware equipments
show a monotone hazard rate. Estimation and inference in such problems should take into

account the underlying shape constraint for accurate interpretations of the results.



Table 1.1: Temperatures adjusted for the mean of 1961 — 1990 temperatures, based on the
global warming dataset.

-0.38 —-0.22 —0.22 -0.27 -0.25 —0.27 —-0.35 —-0.46 —0.47 —-0.29 -0.35
—-0.41 -0.52 —0.28 —-0.49 -0.27 —0.24 -0.31 -0.23 —0.26 —0.28 —0.33
-0.23 —-0.30 —-0.37 —0.40 -—-0.38 —0.08 0.04 —-0.23 —-0.23 —-0.21 -0.21
-0.29 -0.41 -0.39 -0.37 -—-042 -031 -0.17 —-042 -0.34 -—0.46 —0.47
-041 -0.39 -0.19 -0.21 -0.42 -0.29 -0.20 —-0.26 —-0.41 -—-0.48 -—0.53
-0.38 —-0.29 —-0.47 -0.52 -0.53 —0.49 -0.55 -0.44 —-043 -0.25 -0.15
—-0.39 —-0.47 —-034 -0.28 —-0.25 —0.19 -0.30 —-0.27 —0.29 —0.21 —0.11
-0.21 -0.21 -0.35 -0.14 -0.08 -0.13 -0.27 -0.13 —-0.17 —-0.14 -—0.02
0.00 —0.05 0.02 0.02 -0.02 0.00 0.15 0.03 —0.07 —0.04 —0.04
—0.07 —0.17 -—0.05 0.03 0.100 —0.13 —-0.19 -0.26 —0.00 0.05 0.02
—-0.05 0.04 002 0.05 -0.22 —-0.14 -0.07 -0.08 —0.11 0.03 -0.03
-0.19 -0.07 0.06 —-0.21 -0.15 —0.24 0.04 —-0.06 0.06 0.09 0.14
0.01 0.19 —-0.01 -—-0.03 0.05 0.19 0.20 0.12 0.30 0.25 0.10
0.14 0.21 0.32 0.18 0.39 0.54 0.31 0.29 0.44 0.50 0.51
0.45 0.54 0.50 0.49 0.40 0.51 0.56 0.42 0.47 0.50 0.57
0.75
The order is in increasing years from left to right and (next) row-wise.

1.2 Shape-restricted estimation

Nonparametric estimation of the underlying function in a major portion of shape-restricted
statistical models are based on the concepts of the greatest convex minorant (GCM) and
the least concave majorant (LCM) of a cumulative sum diagram of a certain set of points
corresponding to the context of the problem. For instance, in monotone regression, the
constrained estimator of the regression function, obtained by minimizing the error sum of

squares subject to the monotonicity constraint, is the slope (left derivative) of the GCM of

{(0,0),(1/71, Yi/n),(2/n,( + Yz)/n),---,(l,z Yi/”)}-

Similar formulae exist for shape-constrained estimation in current status and monotone
density scenarios. The algorithm for obtaining the constrained estimator using this ap-
proach has been described by De Leeuw et al. (2009) using the Pool-Adjacent-Violators
Algorithm (PAVA). The implementation of PAVA has been carried out through the R package
"isotone".
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Figure 1.1: (a) Plot of mean annual temperatures with time, based on the global warming
data. (b) The plot in (a) with the isotonic regression estimator.

1.2.1 Asymptotic properties of the constrained estimators

Durot (2002) established that when the true regression function f, is monotone increasing
and differentiable, the isotonic regression estimator f converges to f, at the rate /3 under

the L,-metric. In other words,

J 1f(0) = filo)ldt = O(n™'7),
0

For x, € (0,1) such that f’(x,) exists and f’(x,)> 0, Brunk (1970) established that f(x,)is a

consistent estimator of f(x;) and

(f(xo) — fo(xo)) = Op(n_l/s)-

For x, an interior point of [0, 1] with fo’(xo) > 0, Brunk (1970) established the asymptotic
distribution of the constrained point estimator f (x,). For W, atwo-sided standard Brownian
motion on R and Z, =argmin{W,(¢)+t?: r €R}, and C =2b (a/b)*" with a = 02/g(xo)



Table 1.2: The number of days Lake Mendota was frozen every year, starting from 1855

118 151 119 94 111 129 133 119 131 117 125 128 108 126 138
100 142 141 136 123 91 132 62 115 93 160 77 127 120 121
131 131 137 87 74 113 96 117 99 104 119 123 101 129 112
118 103 8 140 111 115 106 106 118 96 103 113 104 83 115
111 116 116 83 116 85 96 127 103 103 126 102 108 96 104
98 60 107 103 98 107 123 111 102 102 127 85 114 101 89
99 108 108 92 113 118 112 93 72 83 109 92 109 125 101
98 113 112 92 114 65 88 87 101 92 93 95 90 94 95
90 103 121 117 104 86 100 56 107 92 113 85 91 93 98
88 91 108 9 74 107 96 49 70 52 108 56 83 77 97
94 67 122 104 88 112 69 101 121 105 62 81 93 97

The order is in increasing years from left to right and (next) row-wise.

and b = f(x,)/2, the asymptotic distribution of f(x,) is given by

nl/s(f(xo)_ﬁ)(xo)) ~ CZ,.

A similar result was established in the context for decreasing densities by Prakasa Rao (1969).
The distribution of Z; is known as the standard Chernoff distribution. It is symmetric about
zero, with tails tending to zero faster than the standard normal distribution. Its quantiles

have been tabulated in Groeneboom and Wellner (2001).

1.2.2 Shape-restricted estimation as a ‘projection’

The shape-restricted estimator of the parameter of interest in all such cases as described
above is obtained by minimizing a certain ‘loss function’ under the constraint of shape
on the parameter. In regression, for instance, the loss function is the error sum of squares,
while for monotone density estimation, the loss function is the negative log-likelihood. The
PAVA provides an algorithm for constrained estimation under a wide range of convex loss
functions; see Section 3.1 of De Leeuw et al. (2009). The constrained estimator of a function
f can therefore be viewed as a ‘projection’ onto the class of the shape-restricted functions,

with respect to the ‘distance’ induced by the corresponding loss function.
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Figure 1.2: Scatterplot and the isotonic regression estimate for the warming trend of Lake
Mendota. (a) Raw estimate. (b) A smoothed version of the raw estimate.

1.3 Some background on Bayesian nonparametrics

The application of Bayesian principles on nonparametric estimation and inference prob-
lems has gained huge popularity in recent times. Bayesian nonparametrics consists of two
main steps: specifying a prior distribution on the infinite-dimensional parameter space,
and combining the prior with the likelihood using the Bayes formula to obtain the posterior
distribution. The development of Markov Chain Monte Carlo (MCMC) sampling method-
ologies has popularized the use of Bayesian nonparametrics by providing fast and efficient
ways of sampling from the posterior distribution. This subject has enormous applications
in engineering, machine learning, genetics, climate science, neuroscience and many more.

There are, however some challenges associated with choosing an appropriate prior
when dealing with nonparametric models. Some natural choices of priors may result in
inconsistent posteriors that do not concentrate near the true parameter asymptotically.
Posterior consistency is not guaranteed simply by the inclusion of the true parameter value
in the topological support of the prior. A list of default priors have been introduced in the
literature to deal with these issues. These priors are analogous to noninformative priors

in the parametric context in the sense that they have very low information content in
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Figure 1.3: Plot of the Canadian income data with the convex regression estimate.

them as compared with the data. The most common methods of prior construction in

nonparametric models are
1. finite random series with priors on the coefficients,
2. mixture models,
3. Gaussian processes.

The basis functions used in a finite random series prior can consist of polynomials, trigono-
metric polynomials, B-splines, wavelets and so on. The number of terms used in the basis
expansion is used for controlling the degree of smoothness. The number of terms may
be chosen deterministically, guided by asymptotic calculations, or may be chosen using
some model selection criterion such as the Akaike Information Criterion (AIC), or may be
given a further prior and mixed over different values. Kernel mixture models are popularly
used for density estimation; see examples such as Dirichlet mixtures (Ferguson 1983; Lo
1984). Gaussian processes are used to construct priors on different object such as density,

regression and classification functions.



1.3.1 Posterior consistency and contraction rates

Posterior consistency is the characteristic of the posterior distribution concentrating near
the point mass of the true parameter value when the sample size grows large. In finite
dimensional parametric models, posterior consistency holds under mild assumptions,
but in nonparametric models, more involved conditions are required to be satisfied for
posterior consistency to hold. Schwartz (1965) introduced the concept of Kullback-Leibler
neighborhoods and exponentially consistent tests to prove posterior consistency in domi-
nated statistical models. Ghosal et al. (1999) and Barron et al. (1999) provided extensions of
Schwartz’s results.

Let © be a parameter space equipped with the Borel-sigma field 4. Let X = (X;,..., X,,)"
denote the observed data. Let d be a metric defined on ©. Let Pg(”) denote the joint distri-
bution of X indexed by 6. Let X ~ Pe(”) and let 6, € © be the true value of the parameter.
Let PH(:) denote the corresponding true joint distribution. Let II(-| X') denote the posterior
corresponding to the prior IT on the Borel sets of ©. The posterior distribution I1(-|X) is said

to be consistent at 6, if for every € > 0,
(n)
(0 : d(6,6,) > €|X) - 0, (1.1)

as n — o90. Posterior consistency tells us that as the sample size grows large, the posterior
distribution converges to the point mass at 6,. It also tells us that the posterior distributions
obtained using different priors will agree in the sense that their distances in the weak
topology will tend to zero, with sample size going to infinity.

The rate at which the posterior distribution converges to the point mass of , is formal-
ized in what is known as the contraction rate. A sequence €,, of real numbers with €, — 0 is

a contraction rate at 8, with respect to the metric d if
(n)
(6 : d(6,6y) > M,€,|X)—"% 0, (1.2)

for every M,, — oo. A natural problem is then to obtain the fastest possible rate, i.e. the
smallest €, satisfying (1.2). In many cases, the optimal rate coincides with the minimax esti-
mation rate in the frequentist sense, possibly up to a logarithmic factor. In this dissertation,
our parameter space © will be the space of regression or density functions, with d the global
or empirical L, -distance between two functions. If the posterior probability in (1.2) has an
analytical form through conjugacy, then it can be decomposed using Markov’s inequality

and contraction rates can be obtained without much difficulty. However, in situations



where an analytic representation is not available, more elaborate steps are needed. The
general theory of posterior contraction developed by Ghosal et al. (2000a) gives a set of
conditions on the parameter space and the prior distribution, under which (1.2) holds true.
The foremost condition is the existence of test functions ¢, with exponentially small error
for testing

Hy:P= pa(:)’ H,:P=P}" forsome 8 :d(6,8,)> e,

for some € > 0, 8, € ® and X ~ P for some joint distribution P. The null hypothesis is
rejected when ¢,, = 1. Such tests are usually constructed by first considering a series of
hypothesis tests where the alternative is a neighborhood separated from the null parameter,
and then combining these tests to obtain ¢,. Combining the tests over the parameter
values when © is non-compact is more complicated since the number of balls covering the
alternative parameter space may be infinite. For this reason, a condition on the size of an
appropriate sieve 0,, C © is imposed so that the tests can be combined over the parameter
values belonging to the sieve, giving the desired ¢,,. This condition controlling the size of
©,, is given by a condition on the entropy (logarithm of the number of small balls required
to cover ©,,) of the sieve. Another key condition requires that the prior gives sufficient mass
to Kullback-Leibler neighborhoods of the true parameter 6. Finally, the prior mass of the
complement of the sieve 0, needs to be small, so that © can be substituted by ©,, in the
testing and entropy conditions. An elaborate theory with technical details on the conditions,
depending on the dependence structure of X has been provided in Ghosal and van der
Vaart (2017).

1.3.2 Credible sets and coverage

For a parameter space 0, 6, € © the true parameter value and y €[0, 1], a subset C(X) of ©

isa 1—7 credible set if the posterior mass of C(X)is 1 —v. In other words,
[e:0CX)X)=1—7. (1.3)

The posterior probability of 8 falling in C(X) is therefore 1 —y, and the spread of the
posterior distribution can be used as a margin of error in quantifying the uncertainty in
estimating 6. In the finite dimensional parametric setting, some standard methods for
obtaining credible sets have been developed. For example, the smallest C(X) satisfying
(1.3) gives the highest posterior probability density (HPD) credible set. These methods in
many parametric models yield credible intervals with the right asymptotic coverage, i.e. as



POy C(X)— 1—7, (1.4)

in view of the Bernstein-von Mises theorem. Thus in finite-dimensional models, the fre-
quentist and Bayesian methods of uncertainty quantification nearly agree for large sample
sizes. The credible intervals therefore asymptotically behave as confidence intervals and
give the right coverage. In infinite-dimensional parameter spaces, however, the Bernstein-
von Mises theorem may not hold, and it has been shown in various instances that credible
sets fail to yield the right asymptotic coverage. Under the Gaussian white noise model,
Cox (1993) showed that the asymptotic coverage of Bayesian credible sets at any level may
be arbitrarily low. The problem of inadequate coverage was further emphasized by Freed-
man (1999). It may be noted that both Cox and Freedman drew the true function from
the prior itself, and formulated their conclusions by showing the inadequate coverage in
the almost sure sense with respect to the prior. The work of Knapik et al. (2011) provided
a more detailed picture of this problem by covering inverse problems. They showed that
asymptotically zero coverage occurs by an oversmoothing prior over the truth, while by
an undersmoothing prior, conservative credible sets can be obtained with the asymptotic
coverages equal to 1. This technique was used in the problem of estimating the initial
condition of the heat equation in Knapik et al. (2013).

Leahu (2011) and Castillo and Nickl (2013) showed that if the parameter space is ex-
tended beyond the /,-space of sequences, then the credible sets can yield adequate frequen-
tist coverage. Castillo and Nickl (2013) further established parametric posterior convergence
rates under negative Sobolev norms, which are weaker than the original £,-norms. They
established a Bernestein-von Mises theorem under this weaker norm and under an appro-
priate condition on the prior. Based on such a weak Bernstein-von Mises theorem, they
constructed credible sets under the weaker norm that gave the right asymptotic cover-
age for white noise models. Positive coverage results have also been obtained in Sniekers
and van der Vaart (2015b) by undersmoothing the prior, and Yoo and Ghosal (2016) using
inflated uniform balls. Adaptive credible sets, where the radius adapts to the unknown
regularity of 6,, have been constructed and shown to have adequate frequentist coverage
by Sniekers and van der Vaart (2015a), Szab6 et al. (2015), Serra and Krivobokova (2017),
Ray (2017) and Belitser (2017) in different settings. More relevant work can be found in
Belitser and Ghosal (2017), Belitser and Nurushev (2019), and Belitser and Nurushev (2015).
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1.4 Bayesian nonparametricsin shape-restricted problems

In spite of the spectacular development of Bayesian theory and methods for function es-
timation under smoothness regimes, shape-constrained analysis has received much less
attention. Bayesian methods are however well suited for shape-restricted problems as the
additional qualitative information on shape can be naturally incorporated in the prior. In
some situations where the shape constraint on the function leads to a particular represen-
tation of the function, Bayesian methods have been used by exploiting that representation,
resulting in a posterior distribution complying with the shape restriction because of that
representation. For instance, Williamson (1956) showed that a monotone non-increasing

density on [0, ©0) can be represented as

g(x):J ]1[0,z](z)z_ldp(z)’ (15)
0

where P is a probability distribution on [0, o0) known as the mixture distribution. Using
this mixture representation, Salomond (2014) established nearly minimax contraction rates
for a decreasing density by using a Dirichlet mixture of uniform distributions as a prior on g.
Further, in the same context, Martin (2017) obtained nearly minimax contraction rates using
an empirical prior. Contraction rates have been obtained in a few other occasions such as
the current status censoring model with a Dirichlet process prior as an illustration of the
general theory in Ghosal et al. (2000a) and Salomond (2018) within testing for monotonicity
of a regression function. A more general Bayesian framework for analyzing contraction
rates in different shape-restricted problems is therefore lacking. Also, point-wise posterior
contraction rates and asymptotic representation of the posterior distribution of the function
ataspecific point, like the Bernstein-von Mises theorem in parametric models have not been
addressed in the literature. In this dissertation, we shall focus on some of the fundamental
problems encountered while using nonparametric Bayesian methods in shape-restricted

problems.

1.5 Introducing the ‘projection-posterior’

Let © be a parameter space equipped with a distance metric d. Let ©* C © be the targeted
parameter space embedded in ©. Suppose that the true parameter generating the data

belongs to ©*. For a Bayesian analysis on the constrained parameter space, we would need a
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prior on ©*. Because of the structure of ©*, however, the resulting posterior distribution may
have a complicated form that may be quite difficult to analyze for frequentist properties.
As an alternative approach, consider a prior on ©, not necessarily concentrated on ©. The
flexibility of a conjugate prior on ® would result in a posterior distribution easier to analyze
and sample from. However, this posterior may not be concentrated on ©* where the true
parameter is known to lie. To rectify this issue, let us define the ‘projection’ of 8 € ® with
respect to the distance d as the element in ©* closest to 0 in terms of d. Formally stated,
for 6 €O, the projection 6* is defined as

0* =argmind(0,n). (1.6)

neo*
Note that if 8 € ©*, then by (1.6), 6* = 6. Under the mapping 8 — 6*, the induced distribu-
tion of the posterior of 8 is what we would denote by the ‘projection-posterior’. In other
words, let IT be a prior distribution on 0, and let I1(:| X) denote the posterior distribution.

With 6* as defined in (1.6), define the projection-posterior IT* on ©* as
IT' (60 € B)=I1(0 : 0" € B|X), (1.7)

for every measurable B C ©*. As an example, consider the differential equation model by
Bhaumik and Ghosal (2015). We have a regression model Y = f,(t)+¢, 0 €© CcRP. The
function f is assumed to satisfy a constraint given by the system of ordinary differential

equations

df,(t)

= =F(t,f4(0),0), t €[0,1]. (1.8)

The function F is a known appropriately smooth function. The parameter 8 controls the
regression function. As the system of the differential equations may not have a closed form
expression, the resulting posterior is hard to compute and analyze. To solve this problem,
the regression model is first embedded in a nonparametric model, and a prior is put using a
tensor-product of B-splines on the regression function f. In the second step, for a sampled
value of the regression function from its posterior, the corresponding value of the parameter
is obtained by minimizing the distance between the derivative of the f obtained in the first
step, and the derivative suggested by the system of differential equations. The procedure
of minimizing the distance between the derivatives can be viewed as projecting the first-

stage posterior on the constrained space of functions satisfying the system of differential
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equations.

Lin and Dunson (2014) proposed a method of Bayesian monotone curve and surface
estimation using Gaussian process projections. Samples from the Gaussian posterior were
projected on the smooth monotone class of functions. They established posterior consis-
tency and obtained contraction rates in terms of the smoothness of the true function. A

similar technique was used by Neelon and Dunson (2004).

1.6 Contraction rates under shape constraints

A natural Bayesian approach to a problem where the underlying function has some shape
restriction, is to use a prior on the function complying with the shape constraint, and obtain
the corresponding posterior satisfying the shape restriction. The main problem with this
approach is, however, that the resulting posterior has a complicated form which makes
it very challenging to analyze the distribution for contraction rates. On the other hand,
an unrestricted prior will result in a conjugate posterior that may not be supported on
the shape-restricted class of functions, yielding a posterior not complying with the shape
constraint. A possible way to rectify this problem, the one which we will explore in this
dissertation, is using an unrestricted prior on the function space, and analyzing a ‘projection-
posterior’ introduced in the previous section for consistency and contraction rates, instead
of the unrestricted posterior. The distance used to introduce the projection-posterior in our
context could be the global or empirical L,-metrics on function spaces, with 1 < p < co.
In this case, the projection of a step function generated from the unrestricted posterior
can be computed using algorithms similar to the PAVA (see Section 3.1 of De Leeuw et al.
(2009)). Let 8* denote the projection of 8 with respect to a distance d. Then by the property
of projection and the triangle inequality, we have that

d(0*,0,)<d(0%,0)+d(0,0,)<d(0,,0)+d(0,0,)=2d(0,6,), (1.9

where 0, is the true function lying in the constrained parameter space. Using (1.9), we write
(1.2) as

16 : d(6%,0,)>M,€,|X) <TI0 : d(0,0,) > M€, /21X). (1.10)

From (1.10), we obtain that in situations where the projection is computable by appropriate

algorithms and the true function lies in the constrained space, the projection-posterior
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inherits the rate of the unrestricted posterior. The unrestricted posterior, in most cases, is

easier to analyse for rates, because of the simpler structure resulting from conjugacy.

1.7 Uncertainty quantification in point-wise estimation un-

der shape constraints

With the concept of projection-posterior as a tool for Bayesian estimation of a shape-
constrained function, it seems worth exploring if a point estimator resulting from the
induced posterior can be used in quantifying uncertainty in estimating the value of the
function at a fixed point. Credible sets from the projection-posterior are easy to obtain from
posterior sampling and projection using the PAVA, and do not need any bootstrapping or
asymptotic distribution. In this dissertation, we obtain a credible set for the value of the
shape-restricted function at a fixed point using the projection-posterior in the context of
monotone regression and density function. Using concepts from the empirical processes
theory, and results on the greatest convex minorant, we establish that the asymptotic
coverage of our credible interval has a quantifiable form, and that a re-calibration method
will give us a credible interval with the right asymptotic coverage.

Two very interesting implications seem to result from our study. First, we observe that the
coverage may be higher than the nominal credibility level, the opposite of the phenomenon
observed by Cox (1993) in the context of smooth nonparametric signal estimation. The
second, more crucial finding is that both the method of constructing the credible interval
and its asymptotic coverage do not involve the constants involving the true function. This is
in contrast with the uncertainty quantification using confidence intervals in the frequentist
approach, where calculating the margin of error requires estimating the derivative of the
function at the fixed point. Our construction of the credible interval thus eliminates the

uncertainties resulting from estimating any nuisance parameters.

1.8 Bayesian testing for monotonicity

A traditional Bayesian approach for testing the hypothesis H, : 8 € & versus H, : 0 ¢ 7,
where 7 is a class of shape-restricted functions, would be employing the Bayes factor and
rejecting H, whenever 0 falls outside .Z . This approach, however, has a major limitation as
pointed out by Salomond (2018) in that the objects near the boundary of % are incorrectly
classified as not belonging to %, with high posterior probability, when the function has flat
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parts. Salomond proposed the idea of ‘enlarging’ the null hypothesis by a multiple of the
contraction rate corresponding to 6 € Z. In other words, he showed that for an appropriate

7, and a distance d, testing for
H,:d0,%)<t, versus H,:d(0,7)>rt,

leads to consistency under H, and high power against a-smooth alternatives with an opti-
mal separation rate. Adapting Salomond’s idea, we propose a Bayes test for monotonicity
of a regression or density function by employing the distance of f from its projection f*
on the constrained space. Our test is shown to be computationally simpler than the test
proposed by Salomond and universally consistent. For any fixed f; € &, the Type I error
goes to zero, and for any fixed f, ¢ .7, the Type Il error goes to zero. Also, our test has high

power against smooth alternatives sufficiently separated from .%,.

1.9 Bayesian two-stage monotone regression quantile esti-

mation

Estimating a regression quantile of a monotone increasing regression function can be
viewed as an inverse regression problem. In this dissertation, we use the projection-posterior
for a regression function to estimate a monotone increasing function. We obtain a cred-
ible set for a regression quantile that has the appropriate asymptotic coverage. We then
obtain a sampling interval from the posterior of the regression quantile and generate the
second-stage observations with the predictors belonging to that sample. By representing
the regression function on this interval as a linear function, we use a Gaussian prior on the
coefficients and analyze the second-stage posterior distribution of the regression quantile

—-1/2

and find that the second stage estimator obtains the parametric n~"/~-rate of contraction.

1.10 Notations

In this section, we describe the notations and assumptions used in this dissertation. For two
sequences of real numbers a, and b,, a, < b, or a,, = O(b,) means that a,,/ b,, is bounded,
a,< b, or a, =o(b,) means that a,,/b, — 0, and a, < b, means that a, = O(b,)) and b, =
O(a,). For a sequence of random variables Z,, Z, = Op(a,) means that P(|Z,| > Ca,)— 0
for some C > 0. Let N={1,2,...} be the set of positive integers and let N, = NU {0}.
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We say Z ~ N;(u X) if Z has a J-dimensional normal distribution with mean pand
covariance matrix X. Let the space of real-valued monotone increasing functions on [0, 1]
be denoted by .7, and the space of monotone increasing functions on [0, 1] bounded in
absolute value by K > 0 be denoted by Z(K). A real-valued function f on [0, 1] is called a-
Holder continuous for some «a € (0, 1) if there exists some L > 0 such that for all x, y €[0, 1],
|f(x)— f(¥) <|x—y|* The set of a-Holder continuous functions on [0, 1] is denoted by
H(a, L). For T c R, L®°(T) denotes the set of all uniformly bounded real functions on T'.

For1 < p < oo and x € R, let ||x||, = (Z;C:1 |x;1P)VP and ||x||oo = max; ;< |x;|. For G
a probability measure on [0,1] and f : [0,1] — R satisfying fol IfIPAG < oo, let||fll,c =
(fol |f1PdG)"P. The indicator function of a set U is denoted by 1(-).

Let Ey(-) and Var,(-) be the expectation and variance operators taken under the true dis-
tribution Py. We write Y =(Y;,..., Y,), X =(X,,..., X)), D, =(Y, X), Fo=(fo(X1), ..., /o( X))
and £ =(¢,,...,&,). Let P, denote the expectation with respect to the empirical measure. Let
p}fl;( Y|X) be the conditional probability density of Y given X under the working assump-
tion of normality of errors with variance % in (2.0.1). For an m x m matrix A,, let A,,;,(A;)
and A,,..(A;) be the smallest and largest eigenvalues respectively. For another m x m matrix
A,, the relation A, < A, means that A, — A, is non-negative definite. Let I, stand for the
m x m identity matrix.

For a random variable Y and a sequence of random variables X,,, X,, ~ Y means that
X,, converges in distribution to Y, X,, —»¥ Y means that X,, converges to Y in P-probability.
For random variables X and Y, X 4 Y means that X and Y have the same distribution.
The e-covering number of a set A with respect to a metric d, denoted by .4 (€, A, d), is the
minimum number of balls of radius € needed to cover A.

For f:[0,1]— R and d a distance metric on real valued functions, let the projection of
f on Z with respect to a distance d be the function f* that minimizes d(f, h) over h € Z.
Also, let d(f, 7 ) denote d(f, f*). Let IT* denote the induced posterior distribution of f*.

1.11 Chapter organization

In this dissertation, we follow a Bayesian approach to shape-constrained problems by using
afinite random step function prior on the function parameterizing the model. The conjugate
posterior is projected on the space of monotone functions using the algorithm for isotonic
regression. We establish contraction rates for the induced distribution of the projection

under different metrics. In regression, when p = 1, the error due to approximation using
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piece-wise constant functions having J knots is of the order /! and this rate can be achieved
when the knots are equidistant on [0, 1]. For p > 1 however, equidistant knots may only give
the approximation rate /~'/7, but the rate /! of approximation can be restored by varying
the locations of the knots. For the Bayesian method, this will therefore need assigning a
prior on the location of the knots, in addition to the prior on the coefficients of the step
function. We develop contraction rates under both these settings and achieve the minimax
rate n~'/ for p =1 and up to alogarithmic factor for p > 1, under the empirical L ,-distance.
For a point-wise confidence interval, we derive the asymptotic distribution of the sieve-
maximum likelihood estimator under monotonicity. The asymptotic distribution of the
point-wise projection-posterior is then developed, and a credible interval is obtained,
whose asymptotic coverage can be analytically characterized. We then use a re-calibration
method to obtain a credible interval with the right asymptotic coverage. Similar procedures
are performed for monotone density estimation as well. In summary, we demonstrate
the properties of Bayesian nonparametric methods through the following examples of

shape-restricted problems.

1.11.1 Rates, coverage and tests in Bayesian monotone regression

Using a finite random step function prior on the regression function f with equispaced
knots on [0, 1] and Gaussian priors on the coefficients, we analyze the projection-posterior
to obtain contraction rates in terms of the global and empirical L,-distances. Using a finite
random step function prior on f with an additional prior on the location of the knots,
we obtain nearly minimax contraction rates in terms of the empirical L,-distance. We
construct a point-wise projection-posterior credible interval and show that it gives the right
asymptotic coverage. We finally develop a universally consistent Bayes test for monotonicity
and show that it has optimal power properties. The asymptotic distribution of a constrained

sieve-maximum likelihood estimator has been established.

1.11.2 Rates, coverage and tests in Bayesian monotone density estima-
tion

In the setup of a monotone non-increasing density on the positive real line, we use a

finite random histogram prior on the density function g with a Dirichlet prior on the

coefficients and analyze the projection-posterior for contraction rates in terms of the L,-

distance, to obtain the minimax rate n~'/3. We construct a point-wise projection-posterior
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credible interval and show that it gives the right asymptotic coverage. We finally develop
a universally consistent Bayes test for monotonicity of the density and show that it has
optimal power properties. The asymptotic distribution of a constrained sieve-maximum
likelihood estimator is also established.

1.11.3 Bayesian two-stage regression quantile estimation with acceler-

ated contraction rate

Using concepts from the projection-posterior credible set for the point-wise regression
estimator, we establish a n~'/3 contraction rate for and obtain a credible set that has the
right asymptotic coverage. We then construct a sampling interval from the first-stage
posterior and show that its credibility and coverage tend to 1 asymptotically. Using this
sampling interval, we sample the second stage observations with the predictors from this
interval. Representing f as a linear function on the interval, we use a Gaussian prior on the
coefficients to obtain a posterior distribution of the regression quantile using the second-
stage data. We show that the second-stage posterior achieves the parametric n~'/2-rate of
contraction.
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CHAPTER

2

RATES, COVERAGE AND TESTS FOR
BAYESIAN MONOTONE REGRESSION

Consider the nonparametric regression model for a response variable Y with respect to a
predictor variable X €[0, 1] given by

Y = f(X)+e, 2.0.1)

where f is a monotone increasing function on [0, 1] and ¢ is a mean-zero random error
with finite variance o2. Let us observe n replications (Y}, X;),..., (¥,, X,,), where the design
points Xj,..., X,, are either deterministic or are assumed to have been randomly sampled
from a distribution G having a density g which is positive on [0, 1]. The error is assumed to
be distributed independently of the predictors.

A graphical representation of the isotonic regression problem was provided by Barlow
and Brunk (1972), in terms of the greatest convex minorant (GCM) of a cumulative sum
diagram. The Pool-Adjacent-Violators Algorithm (PAVA) algebraically describes a method
of successive approximation to the GCM, and is the most commonly used algorithm for
isotonic regression (see Ayer et al. (1955), pages 9-15 and Section 2.3 of Barlow et al. (1972),
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and De Leeuw et al. (2009)). The constrained point estimator was shown to converge at
arate n~'/3, and its asymptotic distribution was evaluated by Brunk (1970). Durot (2002)
studied the global convergence rates of the constrained maximum likelihood estimator of
f and established that when the true regression function f, is monotone increasing and
differentiable, the isotonic regression estimator f converges to f, at the rate n~'/3 under
the L,-metric.

A Bayesian approach to such problems would involve approximating f with a random
series function, putting a prior on the coefficients and analyzing the behavior of the poste-
rior distribution for contraction rates and uncertainty quantification. Posterior contraction
rates in the nonparametric regression setup have been well studied in the literature, but
Bayeisan inference under the monotonicity constraint has received relatively less attention.
Shively et al. (2009) followed a Bayesian approach by using a mixture of constrained normal
distributions as a prior for the spline coefficients. Bayesian nonparametric methods have
been developed for other shape-constrained problems, such as monotone density and
current status. Salomond (2014) established the nearly minimax rate n=13 for a decreasing
density using a prior of a mixture of uniform densities.

Testing for monotonicity of a regression function has been studied following various
approaches both in frequentist and Bayesian literature; see Akakpo et al. (2014), Hall and
Heckman (2000), Baraud et al. (2005), Ghosal et al. (2000b) and Bowman et al. (1998).
Salomond (2018) showed that when a monotone f is near the boundary, the traditional
Bayes factor approach would often fail to identify it correctly, a problem that can be rectified
by enlarging the null hypothesis so that monotone functions near the boundary are correctly
classified with high posterior probability.

The rest of the chapter is organized as follows. Section 2.1 states some assumptions
and describes the priors. Results on the contraction rates of f and those on the point-wise
credible intervals are presented in Sections 2.2 and 2.3 respectively. The Bayesian test for
monotonicity is developed in Section 2.4. Simulation results related to point-wise credible
intervals and the testing procedures are discussed in Section 3.4. Proofs of the results are

provided in Section 2.6 and Section 2.7.

2.1 Assumptions and Priors

For X; €[0,1], i = 1,...,n, and I,,...,I; a partition of [0,1] into J disjoint intervals, let
B = (b;;)) with b;; = 1 when X; belongs to I; and b;; = 0 otherwise. Let G,, denote the

20



empirical distribution of the design points. Let G be a measure on [0, 1] with continuous
and positive density g satisfying
a, < g <a,,

for some 0 < a, < a, < o0. If the design points are fixed, we assume that G,, satisfies

sup |G, ([0, x])—G([0, x])| = o(n™"). (2.1.1)

x€[0,1]

For random X, we assume that
X, "%'G. 2.1.2)

With a slight abuse of notation, we shall use G, and G to denote the corresponding distri-
bution functions as well. We have the following the assumption on the true distribution
B,

Assumption A. Under the true distribution Py, Y; = fo(X;) + €;, such that ¢; are i.i.d. sub-
Gaussian with mean 0 and variance o} fori=1,...,n.

We construct priors on f by representing f as a piece-wise constant function on [0, 1]
with J the number of pieces. The knots of f may be equally-spaced on [0, 1] or may be
chosen randomly from the design points Xj,..., X,,. We represent the model in (2.0.1) as

Y = B0 + ¢. We use the following types of priors on f.

1. Type 1: For a deterministic J, let I; =((j—1)/J,j/J], 1 < j < J. We represent [ as
fe)= Z§:1 0; ILIj(-), and use the prior 8 ~N;(,0*A) where |||, is bounded, and A
a J x J diagonal matrix with diagonal entries A3,..., )Li, with B; < A; < B, for some
By, B,>0.

2. Type 2: Using a deterministic J, let I; = [£;;,&;), 1 < j < J, with &, = 0. We write
fe)= Z§=1 0;1,,(), with & =(&},...,&;) and @ having the joint prior

ﬂ(é’):(]il
8 ~N,(Z,o2A).

-1
) ﬂ[ngX,§j<€j+1, IS]S]_L &:]:1]’

The assumptions on ¢ and A in Prior 1 carry to Prior 2.
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For the Prior 1, the error variance o> may be estimated by maximizing the marginal likeli-
hood of o or by endowing o with an inverse-gamma prior with parameters (f,/2, 5,/2),
where f, > 4, 8, > 0. Observe that Y|o ~ Nn(Bg', o*(BABT + In)). Maximizing the corre-
sponding marginal log-likelihood with respect to o, we obtain

o:=n"(Y—BY)"(BAB" +1,)'(Y —BY). 2.1.3)

The plug-in posterior distribution of f is obtained by substituting @, for o. In Prior 2, for a
pre-fixed large constant S, we use the uniform distribution on (0, S,) as a prior for o.

2.2 Posterior contraction rates under monotonicity

In order to establish posterior contraction rates for f with unknown o, we first show that
the maximum marginal likelihood estimator for o in the plug-in Bayes approach or the
marginal posterior distribution of 0% in the fully Bayes approach, are consistent uniformly
for f, € Z(K).

Proposition 2.2.1. For f, € Z(K), and the prioron f of Typel, if ] — oo and ] < n, then

under Assumption A on the errors,

(a) the maximum marginal likelihood estimator G converges in probability to o? at the
g n g p 0

ratemax{n—"?,n"1J}.

(b) Ifo*~1G(B,/2, B,/2) with B, > 4, B, > 0, then the marginal posterior distribution of

o? contracts at the ratemax{n~"?,n"'J}.
We impose monotonicity on f by projecting f on % using the algorithm for isotonic
regression. Let IT? be the distribution induced by the posterior of f defined as

IT,(f € B)=TI(f : f* € BID,),

for every B measurable with respect to Pi. The induced distribution IT?, or the projection-
posterior, is easier to handle theoretically than a posterior distribution obtained by a prior
complying with the monotonicity constraint. For a monotone f; and f* denoting the
projection of f onto # with respect to a distance d, we have d(f*, f) < d(f,, f) by the
property of projection. From this, and using the triangle inequality, we have that

a(f* ) <d(f* f)+d(f, ) <d(fo, )+ d(f, o) =2d(f, fo)- (2.2.1)

22



The projection f* corresponding to a distance d therefore inherits the contraction rate
of f at a monotone f, with respect to d. For p > 1, the L,-projection of a step function is

computable, by algorithms similar to the PAVA (see Section 3.1 of De Leeuw et al. (2009)).

2.2.1 Contraction rates under the L,-metric

In the following theorem, we shall derive contraction rates for the projection-posterior

when f; is monotone increasing, in terms of the L,-metric.

Theorem 2.2.2. Let f, € Z(K) and let the prior on f be of Type 1, with ] — o0 and ] <
n. Let o? be estimated using the plug-in Bayes approach or endowed with the inverse-
gamma prior using a fully Bayes approach. Then under Assumption A on the errors, for
€, =max{J ', (J/n)"?} and every M,, — oo, the following assertions hold.

(a) For fixed design points satisfying (2.1.1),
Eo I (If = follv.g, > My€,) = 0.
(b) For random design points satisfying (2.1.2),

Eo IT, (I = folls.o > My€,) = 0.

1/3

In particular, when J < n'/°, the projection-posterior contracts at the minimax rate

€, = n~'/3 in either case.

2.2.2 Contraction rates under the empirical L,-metric

When the metric under consideration is L, with p > 1, the approximating step function
with equal intervals without additional smoothness may have only J~/? approximation
rate. A prior on the knots is therefore required for obtaining the optimal contraction rate.
For the case of L,-metric, we shall assume that the true error variance ag is restricted to the
interval (0, S¢) for some known S, large enough. We shall consider deterministic predictors,
and derive a posterior contraction rate based on the empirical L,-metric.

The following result gives a contraction rate for the projection-posterior under the em-
pirical L ,-distance when the prior on f constitutes of a prior on the knots and independent

normal prior on the coefficients.
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Theorem 2.2.3. Ler f, € Z(K) and the prior on f be of Type 2, with ] < n'*(logn)" for
some t, > 0. Let the prior on o be the uniform distribution on (0, S,) for a pre-fixed S,. Let
f* be the projection of f on F with respect to the empirical L,-metric. Then under the
additional assumption that the errors¢;, i =1,...,n, are i.i.d. normal with mean zero and
known variance o2, the posterior distribution of f* contracts at the rate €, = n~*(logn)",
fort,>(1+1)/2.

For the empirical L,-distance, Theorem 2.2.3 also holds true under Assumption A on
the error distribution. As the true regression function is correctly specified, the modified
neighborhood B(py., €,; f;) in Theorem 8.40 of Ghosal and van der Vaart (2017) reduces
to an L,-ball around f;, and the assumptions of the theorem follow in an exactly similar
manner as derived in the proof of Theorem 2.2.3.

The assumption of o, being restricted to a bounded domain (0, S;) is fairly mild, and
allows one to construct the exponentially consistent tests required in the general theory
of posterior contraction, using arguments similar to Lemma 8.27 of Ghosal and van der
Vaart (2017). Nearly optimal contraction rates may be possible to obtain by relaxing this
assumption, if we use the arguments from the proof of Theorem 4.1 of Ning and Ghosal
(2018) to construct the tests, with a prior on o having sufficiently quickly decreasing tails.

It would be interesting to obtain nearly optimal contraction rates for the continuous
L,-metrics, but we do not know about an appropriate prior that would yield the desired
result. In the situation of continuous metrics, the weak approximation with equal intervals
produces only a sub-optimal rate n~/?+2), while with a prior on the knots, the completely
arbitrary nature of the knots for arbitrary monotone f; does not allow a good prior concen-

tration needed for the optimal contraction rate.

2.3 Uncertainty quantification in point-wise estimation

Let the data be observed from the model Y = f(X)+ ¢, where f is a monotone increasing
function from [0, 1] to R, bounded in absolute value by some K > 0, and the error £ under
the working model is Gaussian with mean zero and variance 2. Let x, € (0, 1) be such that
15 (%) exists and f;(x,) > 0. The isotonic regression estimator of /" under the constraint that
f is monotone increasing, is obtained by minimizing the sum of squares 2?:1( Y, — f(X;))?
subject to f is non-decreasing on [0, 1]. Without loss of generality, we assume that X; <--- <
X,,. From the algorithm for isotonic regression as described in Section 2.1 of Groeneboom
and Jongbloed (2014), the estimate of f(x;) under the monotonicity constraint is the value

24



of the slope (left-derivative) of the greatest convex minorant of the graph of
1 ¥\ (2 Y+ Y
{(O!O)y(_r_l)r(_) ! 2)’”.’(1’211 )})
non n n n

Now let f be a monotone increasing piece-wise constant function on [0, 1]. For J > 1,

at the point x;,.

let f = Z§=1 q;l;, where (qy,...,q;) €R’ with g, <--- < q;. Consider a sieve O, defined as

Ji . .
Jj—1 ]] .
0,= =§ 1, :q<---<q;, ILi=—=|, 1<j<J;.
J {f jZIQJ I; q q; J ( Ji Ji J }

The sieve-maximum likelihood estimator of f, denoted by f,, under the monotonicity

constraint on f, is obtained by minimizing the error sum of squares Z?zl( Y; — f,(X,))? as

J J J
D Y=g =D D (=T + > N(¥,— g,
=1 i=1 j=1

iZXiEIj 7] lXZGI]

J

As the first term is free of g, it is sufficient to minimize the second term Z§=1 N;i( YJ —q;)
subject to g, < --- < g;. This is equivalent to minimizing the weighted sum of squares
Z§=1(N 1/n)(Y; —q,) subject to the ordering constraint g; < --- < q;. From the algorithm for
weighted isotonic regression, we get that the optimal value of g; is the left-derivative of the

greatest convex minorant of the graph of

N, N, _ Ni <N -
{(0,0),(—1,—llﬁ),...,(Z—k,Z—"n)}, (2.3.1)
non n n
k=1 k=1
at the point 37 _ N;/n.

We consider the projection-posterior credible interval for f(x,) for a Type 1 prior. The
posterior samples of f need not be monotone, so we impose monotonicity by projecting
each sample onto Z using the isotonization algorithm, to obtain the projection f* =
Z§=1 H;IL 1, Where 9]’.“ equals the left-derivative of the greatest convex minorant of the graph
of

N, N, N <5 N
{(0,0),(7,701),...,(27,27@)}, 2.3.2)
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at the point 37 _ Ni/n.
Define the unconditional probability (P, x I1,,) as

(PyxI1,)(f : f € B)=E,o(II(f : f € BID,)),

for every B measurable with respect to II. The following result gives the unconditional

asymptotic distributions of n'/3(f*(x,) — fo(%o)) and n'3(f,(x,)— f(x0))-

Theorem 2.3.1. Let the prior on f be of Type 1 with n'/® < J < n?3. Let W;, W, be indepen-
dent two-sided Brownian motions on R with W;(0) = W5(0) =0, Z, = argmin{ W (t)+ W,(t) +
t2:t €R},Z, = argmin{W,(t)+ t2: t €R}, and C =2b(a/b)** with a = \/m and
b= fo’(xo)/Z. Let X be random, satisfying (2.1.2). Then under Assumption A on the errors,

the following assertions hold.
(@) Foreveryz €R, Py(n'3(f,(xo)— fo(x,)) < 2) = P(CZ, < 2).
(b) Foreveryz €R, (PO x Hn)(n1/3(f*(x0)—ﬁ)(x0)) <z)—P(CZ,<2z).

(c) The conditional process z — H(n1/3(f*(x0)—fn(x0)) < z|Dn) does not have a limit in

probability.

Figure 2.1: Plot demonstrating that II(n'/3( f*(x,) — fn(xo)) < 0|Dn) does not have a limit in
probability, using three instances of the data.

00 05 10 15 20 25 30

It follows from part (c) of Theorem 2.3.1 that for A* = n'3(f*(x) —fn(xo)), and any
z €R, [I(A* < z | D,) cannot converge to a constant (depending on z). This phenomenon
is similar to the problem of the inconsistency of the bootstrap estimator as pointed out
by Kosorok (2008) and Sen et al. (2010), in the context of monotone density estimation.

We illustrate this by drawing samples of II(A* < z | D,) for 1000 instances of the data,
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with n = 2000 and fj(x) = x?+ x/5. Figure 2.1 shows that the limit of I(A* <0| D,)is
undoubtedly non-degenerate. It is therefore not possible to construct a credible interval
for f(x,) by an approach along the lines of the classical Bernstein-von Mises theorem.
We shall now evaluate the weak limit of II(n'/3( f*(x,) — fo(%,)) < z | D,,) and use it to
quantify the limiting coverage of credible sets using projected posterior quantiles. As defined
in Theorem 2.3.1, let W;, W, be independent two-sided standard Brownian motions starting
at zero, a = 4/ 03/g(x,), and b = 1y (x0)/2. Define stochastic processes F* and F* on R as

EX(z|D,)=T1(n"(f*(x0)— fo(x0)) < z |D,),

Er,(z2lW)=P (Zb(a/b)z/3 argmin V(1)< z IWl), (2.3.3)

teR

where V(t)= W, (t)+ Wy(t)+ t2. For every n > 1, y €[0, 1], define

Quy=inf{z €R:TI(f*(x) < zID,) = 1—7},
Iy =[Qui-:Quil Ay, = argmin {Wi(1)+ W(e) + 17} (2.3.4)

We then have the following result.

Theorem 2.3.2. Let F;(), E*, ("), Quy I, and AV w, be as defined in (2.3.3)—(4.2.1), with

a=+/0%/g(x,) and b = 17(x0)/2. Then for X satisfying (2.1.2) and under Assumption A on
the errors,

(@) foreveryz €R, F(z|D,)~ E;, (z|W);
(b) the distribution of Er ,(0IW}) is symmetric about 1/2;
(¢) the limiting coverage of I, , is characterized as follows:

Py (fo(xo)EIn,r)HP(g < (A%, |, 20|W) < 1—%):})(% < F7,00W) < 1—%).

For every u €[0, 1], define

A(u)=P(P(A}, ,, > 0| W) < ). (2.3.5)

W, W, —

Also, for every v €[0,1], define A~}(v) as the solution to A(u)= v. For a one-sided credible
interval of the form (—o0,Q, ] for y € [0,1], the credibilty is (1 —7), and the obtained
asymptotic coverage is A(1 — 7). Now, if we want a one-sided credible interval with the
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Figure 2.2: Obtained coverage A(1— ) versus the chosen credibilty (1 —7). The dotted line
denotes x = y.

Figure 2.3: Required credibilty A~'(1—) versus target coverage (1 —7). The dotted line
denotes x = y.
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Table 2.1: Comparison of (i) the limiting coverage A(1—17) versus the credibilty (1 —1v) (ii)

the required credibiltyt A~!(1—) versus the target coverage (1 —7) of a one-sided credible
interval.

1—-y 10500 0.550 0.600 0.650 0.700 0.750 0.800 0.850 0.900 0.910 0.920 0.930 0.940
(I—y) | 0494 0.553 0.612 0.669 0.724 0.779 0.830 0.878 0.923 0.931 0.940 0.948 0.956
11—y |0950 0.960 0.965 0.970 0.975 0.980 0.985 0.990 0.995 0.996 0.997 0.998 0.999
(I—y)]0.964 0.970 0.974 0.979 0.982 0.986 0.990 0.993 0.997 0.997 0.998 0.999 0.999
1-7y 0.500 0.550 0.600 0.650 0.700 0.750 0.800 0.850 0.900 0.910 0.920 0.930 0.940
1—7) | 0505 0.548 0.590 0.633 0.677 0.723 0.771 0.820 0.874 0.885 0.897 0.909 0.922

11—y 0.950 0.960 0.965 0.970 0.975 0.980 0.985 0.990 0.995 0.996 0.997 0.998 0.999
A7 (1—7) | 0.934 0.946 0.952 0.960 0.966 0.973 0.980 0.986 0.993 0.995 0.996 0.997 0.999

target coverage (1 —7), then the credibilty of this interval would need to be A!(1—7). The
corresponding credible interval would be given by (=00, Q, 1_4-11—y)]-

For a two-sided credible interval, part (c) of Theorem 2.3.2 gives us that the asymptotic
coverage of [Q,, 1,2, Qy,,/2] is equal to

P(Zs P(A, . > 0| W) 31—9

2 W, W, =
W, W, =

:p(P(A’;W >0[wp) < l—g)—P(P(A* > 0| W) < g)

=1-P(P(a;, 2 0W) > 1-D)-p(Pay, , 20w <1).
By part (b) of Theorem 2.3.2, P(A’{/VDW2 > 0| W) is symmetric about 1/2, and therefore the
asymptotic coverage of [Q,,1_y/2, Q. /2] is equal to

1—2P (P(A’;Vlm >0|W) < g) =1-2A(y/2).
Therefore the obtained coverage of a two-sided (1 —y)-credible interval is asymptotically
equal to 1-2A(y/2), for y €[0, 1]. For obtaining a two-sided credible interval with asymptotic
coverage (1 —17), we equate the obtained coverage to (1 —7) and solve the equation

1-2A(a/2)=1—7.

Solving the above equation in @, we obtain that @ = 2A7!(y/2). Therefore the required
credibilty of a two sided credible interval with coverage (1 —y) would be 1 —2A7(y/2).
This credible interval would be given by [Q,, 1—a-1(y/2), Qn a-1(y/2)]- The following corollary to
Theorem 2.3.2 shows that the asymptotic coverage of this re-calibrated credible interval is
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equal to the pre-specified (1 —7).
Corollary 2.3.3. Fory €[0,1],

Py (Qn,l—A*l(%) < folx) < Qn,Afl(%)) —P (A_l (g) < P(A*;/VI’W2 > 0| W)<1—A" (g))

(e ()

=1-7.

By simulating Brownian motions, we evaluate A(1—y) and A~'(1—¥) over a fine grid
of values of y on [0, 1]; see Figure 2.3 and Table 2.1 for the comparisons. An interesting
phenomenon we observe here is that A(1 —7) is bigger than 1 —y when 1—7 is greater than
0.5. Because of this, the credible interval I, , has limiting coverage more than the nominal
level 1—7, for all reasonably small values of y. Note that P(A], |, > 0| W;) = 0.5 by part (b)
of Theorem 2.3.2, because Ay, 18 symmetrically distributed about zero.

2.4 Bayesian testing for monotonicity of [

We employ the distance of f from its projection f* on Z in testing whether f is monotone
increasing. Let d denote the global L,-metric. Instead oflooking at the proportion of times f
is monotone increasing, we consider testing for an enlarged null hypothesis Hy : d(f, Z)< 7
against H, : d(f,Z)> 7. For ay > 0 and a sequence of positive real numbers 7, let ¢,, be
defined as

1, I{d(f,Z#)<r7,|D,)<7,
Gn= @lr. %) IDu) <7 (2.4.1)
0, otherwise.

The following lemma establishes that for appropriate choices of 7,, and J, the test ¢,

satisfies certain consistency properties.

Theorem 2.4.1. Let T, = Myn~'/? for some predefined constant M,. Let the prior on f be of
Type 1 with J < n'/®, and let ¢,, be the test described in (2.4.1). Let 0 be estimated using
(4.1.2) or a* ~1G(B, /2, B./2) with B, > 4, B, > 0. Then the following assertions hold.

(a) (Consistency under H,): For any fixed f,€ %, Ey¢, — 0.

(b) (Universal Consistency): For any fixed f, integrable on[0,1] and fy & Z,E\(1—¢,)— 0.
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(c) (High power with sub-optimal separation rate): For fo & 7, fo € #(a, L), and p ,(a) =
n=*3(logn)’ forany T >0,

sup{Eo(1—¢,): d(fo, F)> pu(a)} — 0.

The procedure involving the test ¢, is computationally simple as it does not involve a
prior on J. The algorithm for median isotonic regression (see Robertson and Wright (1973)
and De Leeuw et al. (2009)) allows us to compute d(f,Z ). However, with a deterministic
choice of J, the posterior contraction is not adaptive on classes of functions with different
smoothness @, and therefore an order of separation n-a/3 (up to alogarithmic factor), which
is larger than the optimal order n~%(*2%) s required to make the power approach one.
Adaptation can however be restored by using a prior on J and letting 7,, depend on J as in
Salomond (2018). The following prior will be employed for the test.

Type 3: We partition the unit interval into J intervals of equal lengths, the prior on J

satisfying for sufficiently large j,
exp(—b, j(log j)*)<I(J = j)<I(J > j) < exp(—b, j(log j)?), (2.4.2)

for some b, b, >0 and ¢, > t, > 0. The prior on @ given J is the same as in Type 1. Now let
7,.; be a multiple of J((logn)/n)!/?, and let ¢, be the test ¢, with 7, replaced with 7, ;
and d the empirical L,-metric. The following lemma shows that ¢/,, has high power under

the optimal separation rate.

Lemma 2.4.2. Let T, ; = My(J(logn)/n)"? for some M, > 0. Let the prior on f be of Type 3,
and o? ~1G(B,/2, B,/2) with B, > 4, B, > 0. Then the following assertions hold for the test

Y-
(a) Forany fixed fy€ F,Eq ¢, — 0.

(b) For fy ¢ Z, f, € #(a, L), and p,(a) equal to n=*1+?%(logn)" where t’ > 2t, +4t,/3,
with t,, t, as defined in (2.4.2),

sup{Eo(1—=¢,): d(fo,.7)> p,(a)} = 0.

As a summary of our results in this section, the consistency properties of our tests ¢,

and y,, compare with those of Salomond’s test through the following findings.

1. Consistency under f, € Z holds in all the tests.
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2. We have proved the universal consistency property for ¢,, whereas this property
has not been established for Salomond’s test. Using our approach to proving the
consistency, we found that because of the choice of L, -distance in Salomond’s test
for obtaining d(f, %), consistency is not guaranteed when f; is a fixed non-monotone

function.

3. The test ¢, is computationally simpler than Salomond’s test as it does not involve a
prior on J. The trade-off is the sub-optimal rate of separation, which is rectified by

using a prioron J asin ¢,,.

2.5 Simulation

2.5.1 Performance of the projection-posterior

We first demonstrate the validity of our projection-posterior approach for estimating f. We
show that the projection-posterior is a much more reliable estimator and has a lower spread,
than the corresponding posterior distribution resulting from a truncated normal prior on

[ satisfying monotonicity. We consider the following three cases of the true functions:

1. h(x)=x?+x/5,

_ eix05)
2. hz(x) T 1+e4x-05)»

3. hy(x)=(—4.5+10x)1{x €[0.45,0.55]}.

For each function, we use two instances of the data. We also compare the two types of
posteriors on the Global Warming data, and observe that the projection-posterior fits the

data better and has lower spread.

2.5.2 Point-wise uncertainty quantification

We study the behavior of point-wise credible intervals and tests for monotonicity in finite
samples. We first compare finite sample performance of Bayesian credible intervals with
confidence intervals in terms of their coverages of f(x,), using fy(x)= x*+ x/5 for x €[0, 1],
Xo = 0.5, G the uniform distribution on [0,1], and o, = 1. We take J to be the greatest
integer less than or equal to n'/%log n. We vary sample size n across four different values.

For each n, we consider 1000 instances of the data D,,. For each instance, we generate 1000
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Figure 2.4: (a) Samples from a truncated normal posterior. (b) Samples from a projection-
posterior. The red line denotes the true function. f, = h;.
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truncated normal posterior. (b) Credible region from a projection-posterior.
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posterior samples of # and obtain the corresponding projection f* from 8 by the algorithm
for isotonic regression. We also compute f,(x,) for every replication. We then obtain the
recalibrated 100(1 — @)% credible interval using the [A"}(1 —)]/2 and 1 —[A7'(1 —)]/2
quantiles of the projected posterior (see Table 2.1 for the values of A~!(1—a)), and we check
if it contains f;(x,). The coverage is determined by the proportion of times the credible
interval contains fy(x,). We also compute the 100(1 —a)% confidence intervals from ﬂ(xo)
based on the quantiles of Chernoff’s distribution and the estimated value of the constant
C that appears in Theorem 2.3.1. We also obtain the 100(1 — a)% credible interval using
the a/2 and 1—a/2 projection posterior quantiles. In the results, Cg(a), C;(a) and Cr(a)
respectively denote the coverage of (Q,,1—q/2, Qn,a/2), (Qn1—a-1(a/2)» Qn,a-1(a/2)» and that of level
(1—a) confidence interval, and Lg(a), L};(a) and Lg(a) respectively denote their lengths.
We observe that the in most cases, the obtained coverage is higher than the nominal
credibility level, but the average length of the interval is smaller than that of the confidence
interval as obtained from the sieve-MLE. The higher coverage of the credible intervals hap-
pens as a result of the reverse-Cox phenomenon, as explained in Theorem 2.3.2. However,
the coverage of the credible interval obtained from the corrected credibility levels is seen to
have fallen slightly below the nominal credibility in a few cases. This can be explained by the
error in tabulating the values of A(y) (and hence A~(y)) versus y that might have happened
because of simulating Brownian motions. A more precise calculation of the function A™(y)

is expected to give a credible interval with coverage closer to the desired coverage.

2.5.3 Simulations for testing monotonicity

Following examples from Ghosal et al. (2000b) and Salomond (2018), we consider the

following functions on [0, 1] for testing monotonicity of f:

hix)=0,

f(x)=0.5x2,

f(x)=x(1—x),

fi(x)=10(x —0.5)* —exp[—100(x —0.25)*] 1{x < 0.5}
+0.1(x —0.5)—exp[—100(x —0.25)],

f5(x)=0.5cos(6mx),

fo(x) =1+ x —0.45¢ 5005
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Table 2.2: Comparison of obtained coverage and average length of Bayesian credible
intervals for f(x,), with that obtained from a confidence interval.

l1—a n=500 n=1000
Cg(a) Lgla) Cila) Liy(a) Cpla) Lgp(a)| Cgla) Lgla) Cila) Li(a) Cpla) Lg(a)
099 [ 0994 0.48 0.983 0.43 0992 054 | 0996 039 0991 0.35 0.986 0.43
098 | 0.985 0.44 0.969 0.40 0985 049 | 0991 0.36 0981 0.32 0.979 0.39
0.95 | 0.958 0.38 0.935 0.35 0.957 0.42 | 0967 030 0951 0.28 0.952 0.34
092 | 0929 0.34 0.913 032 0928 038 | 0939 027 0929 0.26 0918 0.30
0.90 | 0.911 0.32 0.893 0.30 0.907 036 | 0929 026 0900 0.24 0.891 0.28
0.86 | 0.876 0.29 0.853 0.26 0.835 0.31 | 0.883 0.23 0.851 0.21 0.826 0.24
l1—a n=1500 n=2000

Cg(a) Lgla) Cila) Ly(a) Cpla) Lgp(a)| Cgla) Lgla) Cila) Ly(a) Cgpla) Lg(a)
099 [ 0994 0.34 0.984 031 0989 038 |0996 031 0988 0.28 0.993 0.34
098 | 0984 0.31 0.979 028 0984 034 |0988 029 0976 0.26 0.984 0.31
0.95 | 0.967 0.27 0.949 025 0953 029 | 0968 025 0939 0.23 0951 0.27
092 | 0939 0.24 0916 023 0921 026 | 0932 022 0917 0.21 0911 0.24
090 | 0.914 0.23 0.894 021 0905 025 | 0914 021 0.895 0.19 0.889 0.23
086 | 0.881 0.2 0.860 0.19 0.842 021 |0.879 0.19 0.850 0.17 0.828 0.19

The functions f; and f, are monotone increasing functions, and the rest are non-monotone,
with f; having a slight departure from monotonicity near 0.3. For different sample sizes
n, 1000 replications of the data are generated from f;, 1 < i <6, with o, = 0.1, and o? is
estimated by the marginal maximum likelihood estimator. We draw 1000 posterior samples
for each instance, and reject the test if the proportion of times d(f;, %) > 7, is at least 1/2.
The results have been tabulated in Tables 2.3-2.5. We observe that the performance of our

test is comparable to those of the existing tests.

Table 2.3: Proportion of times the test is rejected: f; and f,.

fo=h Salomond ¢,

n =500 0.02 0.04
n=1000 0.02 0.01

fo=f> | Ghosalet.al. ¢,

n =500 0 0
n=1000 0 0
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Figure 2.8: Plots of the functions used for testing monotonicity.

Table 2.4: Proportion of times the test is rejected: f; and f;.

fo=f3 | Ghosaletal. ¢,
n =200 0.96 1
n =500 1 1
fo=fis | Ghosaletal. ¢,
n =200 0.76 0.43
n =500 1 0.26

2.6 Proofs

The proof of Proposition 2.2.1 uses arguments similar to those used in the proof of Proposi-
tion 4.1 of Yoo and Ghosal (2016), and has been provided in Section 2.7.

Proof of Theorem 2.2.2. Let %, be a shrinking neighborhood of o, with Il(o € %, |Dn) — 1.
We prove both the parts for the plug-in Bayes case; the fully Bayes case can be dealt with
similarly.

(a) Forany j=1,..., J, assuming the design points satisfy (2.1.1), we have

max {G,(j/J)—G,((j—1)/ 1)}

1<j<)

=max {G((j=1)/1,j/JD}+0U™)
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Table 2.5: Proportion of times the test is rejected: f; and f.

fo=f5 | Salomond ¢,
n =500 1 1
n=1000 1 1
fo=fs | Salomond ¢,
n =500 1 0.93
n =1000 1 1
=J " '+o(J.
Therefore,
T '+o(J H< 1r£n<n](N /n)< max(N /)< T +o(J7. (2.6.1)
j

Now let f;; :ijl 0o 1;, with 0y :ZlXeI fo(X;)/N; forall 1< j < J. From the monotonic-
ity of f and (2.6.1) we write || fo; — foll, 6, as

]
n*ZZWO, REN<n™ DD 1AG/D = AG=D/T)

J=1i:X;€l; Jj=1 i:X;€l;

~

<max(N /n)z [GID= G =1/1)
ST M= £0)). (2.6:2)

Therefore || fo;— foll,, S J ', and €, =max{J ', v/ J /n} > || fo;— foll, 6, Let M,, — 0o. Using
(2.2.1), (2.6.1)-(2.6.2), and Markov'’s inequality, we bound II(|| f* — fll;,6, > M, €, |Dn) by

TS = follg, > Ma€,/2| D) ST = foslli, > M€ /2| Dy)

J
:H(Z(N]/n)|9]_90]| > Mnen/2|Dn)

j=1

2 J
Sve ;(Nj/n)E(wj—OojHDn)
J
< M;16;1]_IZE(|9]'_90j||Dn)‘ (2.6.3)
=1
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Forany 1< j < J, we bound E(|6; —6,|| D,) above as [Var(6;|D,)]'/2 + E(6; | D,)— 6;1. Using

the fact that o = O,(1) for o € %, the assumptions on the prior, and (2.6.1), we bound
E[Var(0,|D,)]/2 as

sup ————— S {min N; 12 < Ji2p=112 4 o(JV2 712 2.6.4
SUp e S (min NS UV2n1) (2.6.0)

The last expression goes to zero as (J/n) — 0. We bound E,|E(6; \Dn)— 6yl as

N]Y]—i_é’]/li Zi:Xite ﬁ)(Xl) <
0 — SE,
N;+1/23 N;

Ni¥;=3xer, X+ 2123

N;

Zi:X,EIj(Yi —fo(Xi)+ Q/)\?

N;

SN'Eo| D e+ N

iZXiEIj

— L0

1/2

<N Varo( > e,.) +N (2.6.5)

i:XiEIj

The last expression is bounded by a constant multiple of N j_l/ ? as the number of X,’s in I i
equals N;. This, using (2.6.1), is J'/2n~"/2+0(J/?n~1/?). Substituting the bounds obtained in
(2.6.4)—(2.6.5) in (2.6.3), we obtain that EoIT*(|| f — foll,,c, > M, €, \D,,) S M, and the proof
follows.

(b) For C a positive constant, define the event

An:{Cn/(2])< min N; < max N; <3Cn/(2])} (2.6.6)

1<j<J 1<j<J

As N; ~Bin(n; G(I;)) for every 1 < j < J, the large deviation probability P(N; >3Cn/(2])) is

bounded by
3C 3C 3C 1-3C/(2])
e"pl_ (ﬁlog(ZJG(I,-))+(l_§)log( 1=G(Iy) m

Using (2.1.2) and 1—G(I;) < 1, we obtain that for some C, > 0 and sufficiently large n, the
last expression is bounded by exp(—C,n/J). Therefore, for 1 < j < J, P( = 3Cn/(2])) <
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exp(—C,n/]J). Similarly, P(N; < Cn/(2])) < exp(—C,n/J). Therefore for some C’ >0,
P(A})<2] exp(—Cin/J) S exp(—C'n/J)—0, (2.6.7)

as (n/J)— oo. The rest of the proof is similar to part (a), with 6,; = fz fdG/G(;),1<j<]
substituted in (2.6.2), and bounding EoII(|| f — foll, ¢ > M,,€ |D by

Eo[T1(| f = folli,¢ > M€, Dy)|An | P(A,) + P(AS)
<Eo[T(If — fyllc > My€,|Dy)|Aq ]+ o(1). (2.6.8)

The first term of (2.6.8) is bounded above by a constant multiple of M ' by arguments
similar to those used in (2.6.3)-(2.6.5), completing the proof. O

Proof of Theorem 2.2.3. We shall use general theory of posterior contraction for establishing
the result. We shall verify the assumptions of Theorem B.3.1 for our choice of the sieve
Z,, and €,,. The construction of exponentially consistent tests follows by adapting the
arguments used in the proof of Lemma 8.27 of Ghosal and van der Vaart (2017) to the
L,-distance setting. By direct calculations, the Kullback-Leibler divergence and the square

Kullback-Leibler variation between p](co'%o and p}’ﬁo are respectively equal to

K(p s pi)=nllf - fil2e /2o +[loglo/o?) +(o?/od)—1] /2,
VoD pyo) = nlo /oo Pl f = fills g /o +(0° — o2 (207}

Therefore for any € € (0, 1), there exists C > 0 such that

B, o((fo,00),€):={(f,0): pfoo'o’pfg-)<ne}
S{(f,0):1If = folly ¢, < C*€%lo* 0o < C*e?}.
By Theorem A.1.1, there exists f;; with J satisfying J =[c,e7'] for some ¢, > 0 and fy;(-)=
2]{:1 OojLiz, ;20 )0) With {Eo1,..., 80 71} € {Xy,.., X} and [ fo; — follo, S €. Fore =€,

there exists J = J, such that J < 621 and || fo; — follo,6, < C€,/2. Therefore,

Bn,O((f(‘)’O.O)ren) o {(f,O') : ”f_ﬁ)]“Z,G,l S C€n/2, |0'2_0'§| S Cen}
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For some C >0, (B, o((fo, 0¢), €,,)) is bounded below by

H(”f_ﬁ)]HZ,Gn < C6n/2, |0.2_0.3| < Cen)

-
2
XH(

P (F(X)— fo (X)) < C2€2 /4,0 — ol < cgn)

(f(X)—fo (X)) < C*né’ /alg =, |0° — 0| < Cen)

xI(§ =&, xT(lo*— 0’| < Ce,)

J N
ZNj(ej—ooj)zg nei/z) (]_1) €n

j=1

(ﬂ{IH 90]|<en/f}) (J—1)

[Ti_(n—TJ+k) €
2(Ce,)*t n7 U

2 exp(—J[logn +log(1/€,)]).

For ] < n'3(logn)" and €, < n"3(log n) with 1+ f; < 2t,, the last expression is greater
than or equal to
exp[—(4/3)n'(logn)"*" | > exp[—(4/3)n€’].

Next for K,, > 0, we define the set

J
Py = {f:f(')zzgjl[ijhij)(')» ST 51 1€X, “9 lloo < }
j=1

For K, = n'/%(logn)®*!, €, as defined in the theorem, and some constant C > 0, we bound
N(E€, 20" 1l,6,) above by

exp|[J, log(K, /E€,)] < exp[Cn'/*(logn)"*"] < exp(ne?).

Finally, note that for our choices of €, J and K,, = n'/%(log n)*!, the prior probability of

the complement of the sieve #2,,; is bounded as
J exp(—K?/2) < exp(—K?/2 +log J) < exp(—(log n)* n'/*(log n)*2).

Part (iii) of Theorem B.3.1 therefore holds, and the result follows. O
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Proof of Theorem 2.3.1. We shall prove parts (b) and (c) here. The proof of part (a) is pro-
vided in the Appendix A as the proof of Theorem A.2.1.

(b) Since f* is piece-wise constant on each I}, f*(x,) =6/, ;. Let z € R. We shall evaluate
(Py x 0, )(n3(f*(x0) — fo( X)) < 2) @s n — 00. Note that (Py x IT,, )(n/3(f*(x) — fo( %)) < 2) =
(P0 X Hn)(H[’;O” < fo(xo)+ n~13z). Let c(-) denote the graph of

with ¢(s)=0for s <0and c(s Zk ) Nk/n)Hk for s > 1. Let V,,, G,, be stochastic processes
denoting V,(s) Z[m N;/n)6; and G,,( Z[s” N;/n.Nowsince 6", ,
of the greatest convex minorant of c(-) at the point Z[x‘)] ] Ni/n, by the sw1tch relation (B.2.1),

is the left-derivative

we have that f*(x,) < fy(x,) + n~"3z if and only if argmin{c(s)—(fy(x,) + n~/32)s : s > 0} >
>y o/l N,/ n. Since the function inside the argmin is piece-wise linear in s, the minimum oc-
curs on the set {0, N, /n,(N, + N,)/n,...,1}, and so argmln{c —(fo(xp)+nV3z)s:s€ R}
is equal to argmin { V,,(s)— (fy(xo) + n7°2)G,(s) : s € R}. Therefore,

(P x T0,,) (£*(x0) < fo(x0) + n32)

[x0J]
=(PyxII, )| argminV,(s (x%0)+ 17 32)G,(s)} > % (2.6.9)
g —(folx
sER =1 n

Using the fact that V,,(s) = G,,(s) =0 for s <0, and that the location of minimum does not
change upon adding a constant term or upon multiplication by a positive constant, (2.6.9)

can be written as

/
(Py x Hn)(argmin{ e (Va(s) = Va(x0))

seR g(xo)
2/3 [x0]] g
e (fo Xo)+ 1 *2)(G,(s)— G,(xp)) }2 ;7) (2.6.10)

We use a change of variable s = x, + n~/3r. For notational convenience, we shall use the

1/3¢
notation Z[]x?;"ﬂ ) 24 ](N /n)0; to also denote the expression Z[j "[] LU 1B +1(N;/n)0; when

t < 0. A similar rule shall be applied for Z[]x?:”ﬂllt ]](N /n).Fort, = n1/3( [x"] L (Ne/n)— xp),

(2.6.10) can then be written as

/
(Pyx11,,) (arg{;g;in { gn(zx; (V, (x50 + 072 1) =V, (x0))
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n2/3

g(x)

(fo(x)+n2)(Gu(xo+ 17 1) — Gn(xo))} > Tn)

{ n2/3 [(xo+n~131)]] N.

J
Jp.
8(x) n’

J=lxo 1+1

= (PO X Hn)(argmin

teR

n2/3 [(xo+n~31)]] N.
(Al)+nz) > 2T, 2.6.11)

8(x) J=lxo 141

Now note that Z[kxi{ ] N, is distributed as Binomial(n; G([x,/1/J)). Using (2.1.2) on G, we get
that

G([xJ1/T)—x0=[x0J1/ ] — X9 = X+ O(]_l)_ Xo = O(]_l)-

Therefore E 7, = n'?}[G([x,J]/J) — x,], which is of the order n'/*J~! and Var 7,, S n~'/5.

Therefore 7,, —% 0. Similarly,

—1/3
nl3z [(xo+n~3t)]] Nj

8(x)

J=lx0J1+1

_n'z (G ([(x0+ n1/3t)]])_G ([x0]]+ 1))
8(x) J J

The last expression is equal to n'/3z(tn='/3 + O(J1)), which is zt + o(1). The variance is of

the order n=%/z2 J, which goes to zero. We have therefore obtained that

173, [o+n 3011 A7

zt, T,-"0. (2.6.12)

8(%o) j=lxo 11

Using (2.6.12), Lemma 2.6.1, 2.6.2, the argmin version of Theorem B.1.6, and part (a) of
Lemma A.2.7, we rewrite (2.6.11) to obtain

(Po x IL,, (' (£ *(%0) — fo%0)) < 2)

—>P(argmin{aI/\/1(t)+aW2(t)+btz—zt} 20)

teR

P ((a/b)z/3 argmin { Wi(¢)+ Wy(t)+ t*} +z/(2b) > 0)
teR

=P (2b(a/b)2/3 argmin { Wi(¢)+ Wj(1)+ %} > —z)
teR
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=P (Zla(a/b)z/3 argmin { Wi(¢)+ Wj(£)+ %} < z).
teR

The last step follows from the fact that argmin{Wl(t) +Wo(t)+t2:t e R} is symmetric
about zero. Substituting C =2b(a/b)?”® in the last expression of the display we get that

(P x 0, (" (f*(x0) — fol%p)) < 2) — P (C argtrﬂglin{l/l/l(t)ﬁL Wy(£)+ 1%} < z).

This completes the proof of part (b).

(c) For every z,, z,, 1, I, € R, define

[(xo+n 3 0)J1 A7, [(xo+n~31)]] N

H _ Nt )-8 N

1n(t,21)= (Y;— fo(xo))—n""z )
j=lx 1+1 j=lxo 1+1

(o +n 3 ,)]1 A7, [C NS

H - . — VK _J

an(t2) 22) = n( j Jolxp))—n""z,

J=lxeJ1+1 Jj=lxoJ1+1

Then from the proofs of part (a) and (b), and Theorem B.1.7, we obtain that for every

Z21,%2, €R,

(argmin{Hln(tl,zl): t R}, argmin{H,,(1,,2,): t, ER})
M(argmin{an(tl)—i- btlz—zl Lt ER},
argmin{aWi(t,)+ aWs(t)+ bt} — 2,1, : 1, €ER}). (2.6.13)

Using (2.6.13), part (c) of Lemma A.2.7, and rewriting n1/3(f*(x0)—ﬁ,(x0)) as
n B F*(x0)— fo(x0)]— 13 £ (X%0) — fo( %)), we get that for all z € R,

(P xI1, ) (' 3(f*(x0) — fu(x0)) < 2) = P(CZ,— CZ, < 2).
From the proof of part (a) of Theorem 2.3.2, we also obtain that
(' (f*(x0)— fu(%0)) < 2ID,) = P(CZ,~ CZ, < 2| W}).

IFTI(n'3( f*(xo)— fn(xo)) < z|D,) converges in probability, then the limit must be the random
variable Q =P(CZ,— CZ, < z|W,). Using Theorem B.4.2 for W,, = n1/3(f*(x0)—fn(x0)) and
W =T(n'3(f*(x,)— f.(x,)) < z|D,), we obtain that if W* converges in probability, then

(Z,—Z,) and Q are independent. This is clearly not true, since both the random variables

46



are dependent on W,. This completes the proof of part (c). O

Lemma 2.6.1. Let a = 4/03/g(x,), b = 15(x0)/2, and Wy, W, be independent two-sided
Brownian motions on R starting at zero. Then for the prior of Type 1 with n'® < ] < n?/3,
forall K >0,

p2/3 TEotn 2 n]] N
) 7(9]‘—]00(960)), t€[—K,K]
&) i

converges weakly in L*°([—K, K]) to {aW;(t)+aW,(t)+ bt?:t €[—K,K]}.

Proof of Lemma 2.6.1. We consider a sequence o, € %,,, where %, is a shrinking neighbor-
hood of oy with II(o € %, |Dn) — 1. Define

273 It B0y
A,0,0,,D,, t)=

J
o (0, ~E(6;ID,))

n2/3 [(xo+n"30)J1 A7 )
—L(E(0;ID,)- 7)), (2.6.14)

J=lxeJ1+1

An(Dnr t):

8%) 5

n2/3 [(xo+n~131))] N.

8(%o) j=lxo 11

Therefore,

p2/3 1ot 0]

—L(0,— f(x0)) = Au(0,5, Dy, )+ Ay(D,, 1)+ By(D,y, ).
8(xo) By

We shall show that for all K > 0, the processes {A,(0,0,,D,,t):t €[—K,K]}and {A,(D,, t):
t €[—K, K]} converge weakly in L*°([—K, K]) to {aW,(t): t €[—K, K]} and 0 respectively.
The proof of the weak convergence of { B, (D,,, t): t €[—K,K]}to {aW(t)+bt?:t €[-K,K]}
has been provided in Section 2.7 within the proof of Theorem 2.3.1 part (a).

Let ¢ € [K,K]. Then (6; —E(0;|D,)))|(D,, ) ~N(0,0%/(N; + A;?)). Using the fact that
A pl<j<]are uniformly bounded, the conditional variance of A,(6,0,,D,, t) given

(D,,o,)equals to

n4/3 [(xp+n~1/3

= + .
J

2 n L2 g2 n
g (x()) j=[x0]]+1 n N] +A] g (XO) j=[X0]]+1 n
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[(xo+n~Y30)]1/J

~1/3
Since ZMM N i~ Bin(n,f g(u)du), the expectation of the first term in the

J=1x0J1+1 (IxJ1+1)/T
last display is
n23g2 [(xo+n~31)]] 132 J‘[(x(ﬁn‘mt)ﬂﬂ
n n
= du
2 ] 2 g(u)
8%x%) 8%(%o) Jx, 1017
1/3 2
n3o
_ n ~1/3 4
= glx)n™"t+0(J7)
82(x) [ ]
oot
= + 0p(1),
8(x)

and its variance is equal to

n—43 g4 (I(xo+n“/3t)l ]

J=lxoJ1H+1

NJ) Ssn P glxg)n PeJ+0( )] —0.

Therefore Var[A, (8,0, D,, t)] =" o3t /g(x,). Using exactly the same arguments, it follows
that Cov(A,(0,0,,D,,t),A,(08,0,,D,, s)) asymptotically equals to zero if s and ¢ are of the
opposite signs, and o3(s A t)/g(x,), if s and ¢ have the same signs. Now note that, given
(D,,0,), A,(0,0,,D,, ) is a Gaussian process with mean zero and the asymptotic covari-
ance thus obtained. If the conditional distribution of A,(8,0,,D,,") given (D,,0,) can
be shown tight, then the conditional distribution of A,(0,0,, D,,-) given (D,,, 0 ,,) shall be
asymptotically equal to the distribution of a W, with a* = 03/ g(x,). Since the limit distribu-
tion is free of (D,,, 0 ,), this also proves that {A,(8,0,,D,, t): t €[—K, K]} unconditionally
converges weakly to {aW, : t €[—K, K]} in L*°([—K.K]) for all K > 0.

To show tightness, we define two semimetrics p, and p for ¢, and %, of the same sign as

pn(tl» t2) = (E [(An(g’o'n’Dn» tl)_An(H’Un’Dn’ Z-2))2|1)”’0.n])1/2 ’

plty, 1) =(02 |, —1,1/8(x))"*.

Then by calculations similar to that for evaluating the limit of variance of A,(6,0,, D,, t), it
follows that

Sup |E|:(An(0’o.n:Dn’ tl)_An(HrO-n’Dm tz))2|Dn’Un]_U(2) |t1 - t2|/g(x0)| _)PO J
tl,tze[—K,K]

On a set of Py-probability 1, for all large n, p,(t;, t,) < 2p(t;, t,), and therefore for 6 > 0 and
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all large n,

sup [(A,(0,0,,D,, t)—A,(0,0,,D,, 1)
plty,5)<6

< sup |A,0,0,,D,t)—A,0,0,,D,,t).
Pnlt1,6)<6/2
As A,(0,0,,D,,)given (D,,o,)is a Gaussian process with mean zero, by Lemma B.1.3, we
have for 6’ =026/g(x,) and large n,

E[ sup |A,(0,0,,D,, t;)—A,0,0,,D,, )]

[f—12|<6

Dn,an]

:El sup |An(9r0-n’Dmtl)_An(HJO'nan)t2)|
IGRARZH

Dn’an]

sup |An(9r0.n’Dnrtl)_An(e’o'n’Dn!tz)l

< E[ Dn’an]
pll(tllt2)<5//2

FW/Z

S V1og. A (e,[0,K], p,) de
0
FW/Z

S \/logJV(E,[O;l]»||||2) de

r-\/ﬁ
(1/€)44/log(1/€) de,

0

A

the last step being a consequence of Lemma B.1.4. Making the change of variable u =
log(1/€) and using (u/2) < e*/ for u > 0, we get

oo oo

e””u”%‘”duﬁf e “?du,
—log(67)/2

V&
J (1/€)"*4/log(1/€) de :f
0

—log(v/&")

which is bounded by a constant multiple of §'/*. Therefore as 6 — 0,

limsupEl sup |A,(0,0,,D,, t;,)—A,0,0,,D,,t)

n—oo |ti—t2]<0

Dn,an] —ho.

We now show that A,(D,,-) —® 0 in L°°([—K, K]). We write

;=N Z AX)+N! Z €.

i:XiGIj leGI]
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From (2.6.7), we have that for some C >0, P(M,,) — 1, where M,, = {minlsjg N; = Cn/J}.
From Assumption A, there exists C’ > 0 such that on M,,, for every A > 0,

E, exp()LNj_1 Z e;)| <E[exp(A°0?%/2N;)| <exp(C'A*J/2n).

iZXiEIj

Therefore, for some C” >0 and any T > 0,

PO({?]%W,'_I Z sl-|>T)

i:XiEIj

NS e,-|>T‘Mn)+P0(M,f)

i:XiEI]

SZ]:PO(|NJ._1 Z &|>T

i:X;€l

Mn)+0(1)

]e_”C”TZ/] +o0(1).

IA
[\S]

The last expression goes to zero as (J/n)— 0. We therefore have that

—1 P
max|N; Z e;|-"o. (2.6.15)
lZXiEIj

By the monotonicity of f; and (2.6.15), we have

max|l7j|Smax|N._l E fO(X,~)|+max|N._1 E 8i|
1<j<J 1<j<gt b 1<j<gj !t
l:XiGIj lZXl'GIj

< max|N]._1Njﬁ)(1)|+0pO(1), (2.6.16)

1<j<J

which is Op (1). Using (2.6.16) and the assumptions on the prior, we have

—1/3 7 2
_ n2/3 [(xo+n=/°1)]] N. (;’ L — Y)/A
e e N~
gWo) ;5 1 jt1/ J
n2/3 I(xo+nz”3t)ﬂ .
S max | ;— Y| —O(N; )
8(xo) 1=j<] IRy R !
<n*Pop(n"*Kn'0(1), (2.6.17)
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which is n7?/t ] Op (1). Therefore, sup{|A,(D,, t)| : t € [—K, K} goes to zero in probability,
since J < n?/3,

O
Lemma 2.6.2. For the prior of Type 1 with n'®* < ] < n?/3,

J=lxo 141

[(xo+n~131)]1 N [(xo+n=21)]1 N
: j z i\
argtelgln{ Z p. (0; — fo(x)) 7 = Op,(1).

J=lxoJ1+1

Proof of Lemma 2.6.2. Using the change of variable r = n='/3t, we establish the tightness
of

j=lxoJ1+1

) [EXUNNS [EXUNN
hy,=argmin{ > (0, filx)—n""z > —Li-x.
reR n .
j=lxJ1+1
For r >0, let M,,(r)and M(r) be defined as

[(xg+r)J1

N.
My(r)= > —H0;~fix)
J=lxoJ1+1
+2zn PP, [I{X <[(xo+ )T/ T} —1{X <[x,J1/ T3],
M(r)=Eo[(Y — fyxo))(L{X < xo+ r}—1{X < xo})].

Then h, = argmin{M,(r) : r € R} — x,. We use Theorem B.1.5 with M,, = —M,,, M = —M,
0 =(—00,0], 9,, =argmin,_ M,(r), §,=0and d the Euclidean distance on R. With these
notations, we have —M,,(0) = —M(0) = 0 and 6, maximizes —M,,. The condition M(0)—

M(6,) S —d?(0, 6,) has been verified within the proof of Theorem 2.3.1, part (a). We need to
construct functions ¢, such that

/7B sup (M, —M)(8) — (M, —M)(8))| 5 §.,(5), (2.6.18)
|r|<o

for sufficiently small 6, and ¢,,(0)/6% is decreasing in 6 for some a € (0, 2). We write the left-

hand side of (2.6.18) as /1 E} sup{lzg’=1 H;,(r)|:|r| <6}, where H;,,,1 <1 <5 are defined
as

[(o+r)J1 A
Hy(r)=vn > —L(0;—E©,ID,,0,)),
j=ivorr Tt
[(xo+r)JT A7, B
Hy(r)=vn > —(E0,1D,,0,)— ),
. n
J=lx0 141
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Hy,o(r)=vnP, (Y — fo(x)) [1{X € ([ J1/ T, [(x0+ T)J1/ T}
—1{X € (xp, %o+ 11},

Hy,o(r)= vn[(P, —Eo)(Y — fo(x0)) L{X € (%0, %o+ r1}], (2.6.19)
o tr)T1 .

Hy,(r)=n""z —

Jj=lxJ1+1

Asr— Zgi‘fz}ﬂle /n)(0; —E(0;]D,)) is a zero mean Gaussian process, we have by argu-

ments similar to those for proving Lemma 2.6.1, with

Pu(r, 1) =[E(H,,(r)— Hln(r2))2|(Dn! O'n)]l/z,

and p(r;, r,) =|r, — 1|2, for sufficiently small &,

(o+r)J1 AT
#(Hj_E(glen))

J=lxo 1+1

v nEj sup
|r|<é

Vo' /2
< f e V*y/log(1/€) de,
0

which is bounded by a constant multiple of §'/4. For H,,, we have, using arguments similar
to (2.6.17), for sufficiently small o,

[(xo+1)J1 7 2
N |(;—Y;)/ A%

VaEpsup Y | ———Isn7?Js,
Ir1<8 j_{ergie n Nj—i-l/lj

which is bounded by a constant multiple of n'/6§, as J < n?/®. Using the last two displays
and the proof of Lemma A.2.3 as provided in Appendix A, we have that for sufficiently small
5, (2.6.18) holds for ¢,(6) = C[6'* + 62 + n'/%6 + n~'/3] for some C > 0. The rest of the
proof follows similarly to that of Lemma A.2.3, with r,, = n'/3 and the condition of uniform
consistency of f*(x) in a neighborhood of x, satisfied by the consistency of the maximum
likelihood estimator near x, as shown by Brunk (1970), and the fact that

ref0,1] =1

[(r] N
H(sup %|0j—17j|>6|Dn) -,

The difference in the slope of the greatest convex minorants of (2.3.2) and (A.2.1) there-
fore goes to zero in Py-probability, uniformly in a neighborhood of x,, and the uniform
consistency of f*(x)in a neighborhood of x, follows. Therefore n'/3/, is Op,(1). O
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Proof of Theorem 2.3.2. (a) Let z € R. Let A,(0,0,,D,,t), A,(D,, t), and B,(D,, t) be as
defined in (2.6.14). By using similar reasoning as in the proof of part (b) of Theorem 2.3.1,
we can rewrite F*(z|D,) as

11 (n*(f*(x0) — folx0)) < 2| D,)

= H(argmin {A,(0,0,,D,,t)+A,(D,, t)+B,(D,, 1)

teR
[(xo+n"1316)]]
1/3 Nj
—n'’z — an\Dn .
n

J=lxJ1+1

In the proof of Lemma 2.6.1 it has been shown that sup{|A,(D,, t)| : t € [-K,K]} =% 0,
and the conditional distribution of {A,(0,0,,D,,t): t €[—K, K]} given (D,, 0,,) converges
weakly to {aW;(t): t €[—K, K]} in L*°([—K, K]). Also, from the proof of part (a) of Theorem
2.3.1,{B,(D,,t): t €[—K, K]} converges weakly to {a W,(t): t €[-K, K]} in L*°([-K, K]).
As W, and W, are independent, the posterior distribution of A, (8,0 ,,, D,,,-)+ B,(D,,,*) given
(D, 0,) converges weakly to the conditional distribution of a(W, + W;) given W,;. We there-
fore obtain that for every T € R and K >0,

{1(A,(0,0,,D,, 1)+ A,(D,, 1)+ B,(D,,1)—zt < T|D,), t€[-K,K]}
~ {P(aWi(n)+aWy()+ bt*—zt <T|W), tel[-K,K]}.

Adapting the arguments used in the proof of Lemma 2.6.2 to the posterior distribution of h,
given D,,, we have that the conditional distribution of argmin{A, (0,0 ,,D,, t)+ A,(D,, t)+
B,(D,,t)—zt} given (D,,0,) is tight with respect to P,. By (2.6.12), the argmin version of
Theorem B.1.6, and part (a) of Lemma A.2.7 for the conditional distribution, we get that

T (n"(f*(%0) = fo(%)) < 2| D,)

MP(argmin{aI/\/l(t)+al/\/2(t)+btz—zt} 20|Wl)

teR

=P ((a/b)z/?’ argmin{Wl(t)+ W,(t)+ tz} +z/(2b)> 0|Wl)
teR

:P(Cargmin{m(t)+ Wi(1)+ 12} < z}Wl).
teR

(b) Let W/'(¢)= Wj(—t). Using the transformation ¢ — — and the fact that W} 4 W/, we
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have that

p (argmin{VVl(t)-i- Wy()+ 1%} > 0| Wl)
teR

=P (argmin{Wl(—t)+ Wo(—1)+ (=)} < 0|VV1)
teR

—P(argmln{W (1) + Wy(t)+ £} < 0|W )
teR
Therefore P(A*
1/2.
(c) By the definition of posterior quantile Q,, ., we have that f,(x,) < Q,,, if and only if
II(f*(xo) < fo(x0)|D,,) £ 1—7. Therefore,

Wow = 0|W1) = P(AW w < 0|Wl) and P(A*;/V w 2 O|W1 is symmetric about

Py (fo(x0) < Q,.,,) =Py (TI(f x0)<fo %)|D,) <1—7)
=P, (TI(n"*(f*(x0)— fo(%6)) <OID,) < 1—7)
=Py (F, *(0|D )<1-7)
—P(Er,(0|W)<1—7),

where the last step follows from part (a), substituting z = 0. Now rewriting F; b(0| W) in
terms of A’{M W,y We have that P (Fa’fb(0| W)<1— y) is equal to

P( (Cargmm{W1 )+ Wa(t +t2}>O|W1)<1 y)
=p(P(ay, ,, 20|W)<1—7).

Similarly P, (fo(xo) > Qn_l_y) =1—-P, (ﬁ)(xo) < Qnyl_},), and therefore P, (fo(xo) > Qnyl_y) con-
verges to
W, W, =

1-P(P(A}, ,,, 20|W) <7)=P(P(AL, , 20[W)>7).

]

We shall prove Theorem 2.4.1 next. The proof of Lemma 2.4.2 has been provided in
Section 2.7.
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Proof of Theorem 2.4.1. (a) Let f, € Z(K). The Type 1 error can be evaluated as
E (I f = fllc > Myn"?|D,) < EoI(|l f = follc > Myn~'?|D,),

which goes to zero as a consequence of Theorem 2.2.2 and J < n'/3.

(b) Let f, ¢ 7 be fixed and integrable. Using the properties of the projection, d(f;, Z) =
| fo— f;Il1,c is bounded by || fy — f*Il;,c which, by the triangle inequality, is further bounded
above by

1fo—=Fllg +IIf = lle =If = fllie +d(f, Z).

We therefore have d(f, Z) > d(fo, Z)— I f — foll,c, and II(d(f, Z) < Tn|Dn) <I(|lfo—fllc+
v, 2 d(fy, 7)| D)

Let 0y = flj fodG/G(I;), 1< j < J.Then as shown in the proof of Theorem 2.2.2, I1(|| f —
forlle > M, \/]/_n|Dn) —% 0. Therefore for M, large enough and J =< n'/3, TI(|| f — fy,|l1.¢ >
Myn~" 3|D,,) —% 0. Next, since f; is integrable, by the martingale convergence theorem,
s — fosll.g — 0. The Type 2 error E I1(d(f, F) < 7,|D,) can therefore be bounded by

Eoll(lf = folly,6 +7n = d(fo, ) D)
<E1(IIf = foslhe +1fos = follug + Mon ™" = d(fo, 7)| Dn),

which goes to zero.

(c) Let fy ¢ 7 and f, € #(a, L). With the same definition of fy; as in part (b) and
arguments similar to those used in proving Theorem 2.2.2, we have that || fy— fo;1l,.6 S /7%
and so for J < n'/® and M, large, I(||f — foll,.¢ > Myn=*3|D,) —% 0, uniformly for all
fo€ #(a, L). Let A, denote the event {||f — fyll,.¢ < Myn=*3. On A, we have that

sup {E II(d(f, )< T,ID,): d(fo, F)> p (@)}
< sup{EoII(||f — fo;ll.¢ + 7~ + Myn™* > n=**(logn)"|D,):

d(fo, 7)> pn(a)}
< Sup{EoI1(|| f — fyslh,c > Mon™**(logn)"|D,): d(fy, Z) > pa(a)},

which goes to zero since a € (0,1) and (|| f — fo; |l,.¢ > Myn™2|D,) >P 0 for J <xn'/A. O
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2.7 Proofs of results in Section 2.6

Proof of Proposition 2.2.1. (a) Let f, € Z(K). We first show that there exists 8 o; = (0, . .., 0y;)
such that n7'||[Fy—B#@ ;|5 S J~' for deterministic X, and n~'E¢||[Fo— B8 ;|5 < J~' for ran-
dom X.

Onasetwithmin{N;:1<j<J}>0,letf,; = NJ?I Zl.:xielj fo(X;). Using the monotonicity
of f,, we write n™'(|F,—B# ]|} as

J J
ADIPITee eo,ZSnIZZ (ol /1= Follj =1/ )P
Jj=1i:X;€l; j=li:X;e
J
=n > N (KG/N-HG-D/) . @2
j=1

For deterministic X following (2.1.1), (2.7.1) is bounded above by

sup(N/n)ZfoJ/J — (G =/ D)

1<j<J

sJ! (z [0/~ HG=D/T )]) (2.7.2)
j=1

= I (fo(1)— fo(0))%. (2.7.3)

Forrandom X satisfying (2.1.2) and the fact that V; ~ Bin(n; G(I;)), the expectation of (2.7.1)

under G equals to

J J 2
D> GG/ D= HG=D/D) sT7 (Z[fo(j/n—fo((j - 1)/1)])
j=1

j=1

= J ' (fo(1)— f(0))%. (2.7.4)

For the rest of the proof, we shall assume that X is fixed, satisfying (2.1.1). The random case
can be dealt with similarly, by taking expectation with respect to G and using (2.1.2). We
shall imitate the proof of Proposition 4.1 (a) of Yoo and Ghosal (2016) in the situation where
fois monotone. Define U =(BAB" +1,)"". We write |Ey(G?)— 02| as

In"'olt(U)—oi|+n ' (Fo—BZ) U(F,— BY)
<n'tr(I,,—U)+(F,—B0,,)" U(F,—B#0,);)
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+(B0,,—B2)"U(BO,,— BZ)]. (2.7.5)

The first term in (2.7.5) is bounded by n~'tr(P 3) = n~!J. By construction of @ 7, the second
term in (2.7.5) is bounded by

n U leollFo—BOllo<n™'[|IFo—BOyll5 S T (2.7.6)

For the last term in (2.7.5), note that (A+(B” B)™')'isa J x J diagonal matrix with diagonal
entries (A? + N].—l)—l, 1 < j < J. By the assumption on the prior, ||8,; — |2, = O(1), and
therefore the third term of (2.7.5) is bounded above by

T _
_l(aol_g)T(A"‘(BTB) ) (00] =n IZ 7L2 é’] SJ/n.
Jj=

Combining the three bounds thus obtained into (2.7.5), we obtain IE()(&\,Z1 )—0'(2)| SJ/n+J7h
We next bound Var,(n62) up to a constant multiple by

n?|(Fy—B0,,)" U*F,—B0,))
+(B0,,—BZ)"U*(BO,;,— B)+Vary(¢' Ue)). (2.7.7)

By an argument similar to that used to show (2.7.6), the first term in (2.7.7) is bounded by
n UG, IFo—BOoll; < n” (n7'IFo— B8y lI) S n™' 7"

The second term in (2.7.7) is bounded by

J
2(0,,—¢)" B"B(8,,—¢ _ZZN (=P Sn2> Nyj=n

j=1

By Theorem B.4.3 and Assumption A on the errors, the last term in (2.7.7) is O(n™'). We
therefore obtain that Var,(& ) < n7l, and the mean square error is

Bo(@2— 02 sn ' + 2 n 2+, (27.8)

which implies the first assertion.
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(b) We observe that

E(c?|D,)
Var(o?|D,)

Ba(Br+n—2)"+n(p,+n—-2)"0>,
AP+ n—4) (Bo(Pr+n—2)" +n(p+n-2)"G,).

. i) . . . 2 . A2
Applying Markov’s inequality, the posterior for g“ is seen to concentrate around 0™, at the

1/2

rate n~ /¢, so the assertion follows from the plug-in Bayes estimator’s rate.

]

Proof of Lemma 2.4.2. The proof follows using arguments exactly similar to those in The-
orem 2.4.1, with the following additional result about the contraction of f for f; € Z or
fo € #(a, L), under the prior of Type 3.

Lemma 2.7.1 (Contraction rates under the Type 3 prior on f). Let the prior on f be of Type
3. Let t,, t, be as defined in (2.4.2), and t, = max{t,, 1}.

(@) Let fy€ F(K). Then for any 5 >0, €, = n"/*(log n)1/*2/2*148 ¢ is a contraction rate
for f under the empirical L, -distance d.

(b) Let fy € #(a,L). Then for any 6 > 0, t' = at,/(1+2a)—t,/2+1+0, and €,, =
n~/1+23(logn)", €, is a contraction rate for f under the empirical L,-distance d.

The proof follows from the assumptions on the prior and Theorem 10.21 of Ghosal and
van der Vaart (2017). In part (a), the conditions of the theorem are met for J,, < (n/ logf1 n)'/2,
J, > n'2(logn)"/20~"% and €, = (n/log™ n)"/*. For part (b), the theorem holds for J, =
(n/log“ n)l/(1+20(), ]n > nl/(l+2a)(10gn)Za/(1+2a)fl—t2 and e-n — (n/logt‘ n)a/(1+2a). n
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CHAPTER

3

RATES, COVERAGE AND TESTS FOR
BAYESIAN MONOTONE DENSITY
ESTIMATION

Let X;,..., X,, be independent and identically distributed observations on (0, c0). Consider
the following model

X0 X, ~G, (3.0.1)

where G has a density g > 0 which is a monotone non-increasing function on [0, c0), with
g(0) < oo. In the monotone density scenario, consistency of the constrained point estimator
was established by Grenander (1957) and its asymptotic distribution was evaluated by
Prakasa Rao (1969). The rate of convergence of the constrained nonparametric maximum
likelihood estimator at a point x, is equal to 7n~/3 and the limit distribution is equal to a
scaled Chernoff’s distribution (see Groeneboom and Wellner (2001)). Grenander (1957) and
Balabdaoui and Wellner (2007) established the global L,-convergence of ¢ at the minimax

1

rate n~'/3, when the support of the distribution is compact. A possible Bayesian approach
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to this problem would involve using a random series prior on g and analyzing the behavior
of the posterior distribution of g to obtain credible intervals. Monotone non-increasing
densities on [0, 00) can be represented as a mixture of uniform distributions. Using the
mixture representation, Salomond (2014) developed posterior contraction rates for g based
on a Dirichlet process mixture prior on P, establishing that the posterior of g contracts at

g, under the L, or the Hellinger metric at the optimal rate n=/3

up to a logarithmic factor.

In this chapter, we follow a Bayesian approach by using a finite histogram prior on g.
The conjugate posterior is then projected on the space of monotone functions using the
algorithm for isotonic regression. We establish contraction rates for the induced distribution
of the projection. We develop contraction rates under both these settings and achieve
the minimax rate n~'/% for the bounded domain and up to a logarithmic factor for the
unbounded domain. For point-wise credible interval, we derive the asymptotic distribution
of the sieve maximum likelihood estimator under monotonicity. The point-wise asymptotic
distribution of the projection-posterior is then developed, and a credible interval obtained
whose asymptotic coverage can be analytically characterized. We then use a recalibration

method to obtain the credible interval with the right coverage.

3.1 Priorong

For G on (0, 1], we represent g as a piece-wise constant function on (0, 1] with J the number
of pieces being deterministic. The knots of g are equally spaced on (0,1). The prior is
described as

J
g:]ZQj]le,
j=1

6,,...,0,)~Dir(ay,...,a,),

a; (b, b,), 1< j< ] forsome b, b, > 0.

For g on an unbounded domain, we have the following setup. Let T, =0, T, = 27! for k > 1.
Let t,=0and

/7, 1<j<],
e 7=J 3.1.1)

: G+ T =1 IV — Tjn) J> T
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Letd;=1t;—t;_, 0,=0.Let L; be the interval (¢;_,, t;]. Let J'= J K. The prior on g over the

unbounded domain is

JK
8225;19j1Lj’

j=1
(491,...,HJK)NDir(Oll,...,Ol]K),

a;€(by, by), 1< j<JK, for some by, b, > 0.

3.2 Posterior contraction rate under monotonicity

We impose monotonicity on g by projecting g on .7 using the algorithm for isotonic re-
gression. Let IT? be the distribution induced by the posterior of g defined as

IT' (g € B)=1l(g : g* € B|D,),

for every B measurable with respect to Pi. For a monotone g, and g* denoting the L,-
projection of g onto ., we have, by the property of projection and the triangle inequality.

18" —8oll: <lg"—glli + 18 — &olh < 180 — &1 + I8 — &olly = 211§ — &oll:.- (3.2.1)
For g on [0, 00), we assume that for some b, r >0,
g(x)<e ™, foralllarge x. 3.2.2)

The following theorem provides a contraction rate for g* in terms of the L,-metric.
Theorem 3.2.1. Let g, €% and let ] — oo and ] < n. Then the following assertions hold:

(a) Forg on|0,1], €, =max{J ', J?2n="?}, and every M,, — oo,

E, IT (”g_gO“l > Mnen) — 0.

(b) Forg on|[0,00), €, =max{J '(logn)™, J¥?n=?(log n)V/?>*V"}, and every M,, — o0,

E, IT, (”g_gO“l > Mnen) — 0.

In particular, when J < n'/%, the projection-posterior contracts at the optimal rate
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€, =n"'for g on a bounded domain, and a nearly optimal rate €,, = n="/3(log n)"/?>*"/" for
g on an unbounded domain.

3.3 Uncertainty quantification in point-wise estimation

Let x, €(0,1) be such that g’(x,) exists and g’(x,) < 0. The Grenander estimator of g(x,) is
obtained by maximizing the log likelihood 2?21 log g(X;) over all non increasing densities g
on (0, 1). The estimate of g(x,) thus obtained is the slope (left derivative) of the least concave
majorant of the empirical cdf, at the point x,.

Now suppose that g is a non-increasing piece-wise constant function on (0, 1). In partic-
ular, for / >1,letg :ZLI ijL,j,Where(pl,...,p,)eR]withpl 2--2p;, L;=[j-1)/],j/])
and fol g(u)du =1. Any density h on (0, 1) which is piece-wise constant on each I; can be
transformed to a non-increasing piece-wise constant density on (0, 1) by “projecting” h
onto the space of monotone non increasing densities on (0, 1) in the following way.

Let h = ij.zl pily, fol h(u)du=1.Leth= Z§=1 p;1;, be obtained from 1 by minimizing
the sum of squares h = J Z;zl(pj — p; )’ under the constraint p;,> ---> p;. The algorithm
for the constrained minimization problem as described in Section 2.1 of Groeneboom and

Jongbloed (2014) gives us that p; is the slope (left derivative) of the least concave majorant

J
(0,0),(1,&),(3,p1+p2),..., in:lp] , (3.3.1)
J ] J J J

at the point j/J, for 1 < j < J. The following lemma states that & thus obtained is a density
on (0,1),i.e. h>0o0n(0,1) and fol h(uw)du=1.

of the graph

Lemma3.3.1. Let(p,,..., p;) be obtained as the left derivative of the least concave majorant of
the graph described in (3.3.1). Then h = Z§=1 pily, satisfies h >0 on(0,1) and fol h(u)du=1.

The proof of the lemma follows from properties of the least concave majorant and
arguments similar to those in Section 3.2 of Groeneboom and Jongbloed (2014). Now

consider a sieve O, defined as

J . .
J—1 ] .
@]:{gzz%ﬂlj:‘hz‘“z%; IjZ(T,j], 1S]S]}-
j=1
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We consider the projection-posterior credible interval for g(x,) for g on a bounded
domain. The posterior samples of g need not be monotone functions, so we impose mono-
tonicity by projecting each sample onto .7 using the isotonization algorithm, to obtain the
projection g* = Z]]':1 9}“1 1, Where 9;‘ equals the left-derivative of the least concave majorant

of the graph of

J—1
_1 Sy,
(0,0),(1,&),(g,—glﬂ%),..., -1 1,21‘1 1, (3.3.2)
J T J J J J

at the point 3'7_ Ni/n.
Define the unconditional probability (P, x I1,,) as

(PyxT1,)(g: g € B)=E,(II(g : g € B|X)),

for every B measurable with respect to II. The following result gives the unconditional
asymptotic distributions of n'/3(g*(xy) — go(xo)) and n'/3(g,,(x,) — go(%o))-

Theorem 3.3.2. Let n'/® < J < n??3. Let W;, W, be independent two-sided Brownian motions
onR with W;(0) = W;(0) =0, Z, = argmax{W;(t)+ Wy(t)—t?: t € R}, Z, = argmax{Wj(t)—t?:
t R}, and C =2b (a/b)z/3 with a = +/ go(xo) and b = |g,(x,)|/2, the following assertions
hold.

(a) Foreveryz €R, Py(n'3(g,(x,)—8go(x)) < 2)— P(CZ, < 2).
(b) Foreveryz €R, (Py xIL, )(n"/3(g*(xo) — 8o(%0)) < 2) > P(CZ, < 2).

(c) The conditional distribution TI(n'/3(g*(x,)— gn(xo))|X) does not have a limit in proba-
bility.

Next, let W;, W, be independent two-sided standard Brownian motions starting at zero,
a = +/gy(x), and b = |g,(x,)|/2. Define stochastic processes F*and F*, on R as

FX(z|X)=T1(n""(g*(x0) — go(x0)) < z IX),
E*, (z|W)=P (2b(a/b)2/3 argmaxV (1)< z |Wl), (3.3.3)
’ teR

where V(t)= W, (t)+ Wy(t)+ t?. Forevery n > 1, y €[0,1/2], define

Quy = inf{z € R:TI(g"(x)) < z|X) = 1—7},
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In,y = [Qn,l—%’Qn,g]’
AN = argmax { Wi(¢)+ W;(1)— £*}. (3.3.4)
e teR

We then have the following result.

Theorem 3.3.3. Let F(), F;b(-), Qny» Iny and A}“Nb% be as defined in (3.3.3)—(3.3.4), with
a = +/ 8o(xo) and b = |g,(xy)|/2. Then the following assertions hold.

(a) Foreveryz €R, F*(z|X)~ Fa"jb(z| wy);
(b) the distribution of F' ,(0IW}) is symmetric about 1/2;
(¢) thelimiting coverage of I,, ,, is characterized as follows:

Py (go(xo)e In,y) —>P(g < P(A’;VLW2 > O|I/V1) < 1_g)_

Similar to the case of regression (Corollary 2.3.3), a re-calibration of the credibility levels

can give a credible interval with the right coverage.

3.4 Simulation

In this section we study the behavior of point-wise credible intervals and test for mono-
tonicity in finite samples. We first compare finite sample performance of Bayesian credible
intervals with confidence intervals in terms of their coverages of the true parameter g,(x,).
We consider the density of Beta(1,3) as the true g,. We take J to be the greatest integer
less than or equal to n'/®log(n). We vary sample size n across four different values. For
each n, we consider 1000 instances of the data X. For each instance of data, we generate
1000 posterior samples of 8, isotonize @ to obtain the corresponding projection g*(x,) for
each simulated value gy(x,) from the unrestricted posterior. We also compute g,(x,) for
every replication. We then obtain the recalibrated 100(1 — a)% credible interval using the
A7(1—a/2)and 1— A7} (1—a/2) quantiles of the point-wise projection-posterior, and check
if it contains gy(x,). The coverage is determined by the proportion of times the credible
interval contains gy(x,). We also compute the 100(1 — )% confidence intervals from g, (x,)
based on the quantiles of Chernoff’s distribution and the estimated value of the constant C
that appears in Theorem 3.3.2. We also obtain the 100(1—a)% credible interval using the /2
and 1—a/2 projection-posterior quantiles. Let Cg(a), C;() and Cr(a) respectively denote
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Table 3.1: Comparison of obtained coverage and average length of Bayesian credible
intervals for g(x;), with that obtained from a confidence interval.

l1—a n=500 n=1000
Cg(a) Lgla) Cila) Liy(a) Cpla) Lgp(a)| Cgla) Lgla) Cila) Li(a) Cpla) Lg(a)
099 [ 0998 0.44 0.983 0.43 0992 051 | 0996 036 0993 0.35 0.984 0.43
098 | 0.985 0.44 0.969 0.40 0985 049 | 0991 0.36 0981 0.31 0.979 0.39
0.95 | 0.956 0.38 0.935 0.35 0.957 0.42 | 0967 030 0951 0.28 0.952 0.34
092 | 0929 0.34 0.913 032 0928 038 | 0939 027 0929 0.26 0918 0.30
0.90 | 0.911 0.32 0.893 0.30 0.907 032 | 0929 026 0900 0.27 0.894 0.26
0.86 | 0.876 0.29 0.853 0.26 0.835 0.30 | 0.881 0.26 0.857 0.29 0.828 0.26
l1—a n=1500 n=2000

Cg(a) Lgla) Cila) Ly(a) Cpla) Lgp(a)| Cgla) Lgla) Cila) Ly(a) Cgpla) Lg(a)
099 [ 0991 0.32 0.985 030 0989 038 |0997 031 0988 0.28 0.993 0.34
098 | 0984 0.31 0.979 028 0984 034 |0988 029 0976 0.26 0.984 0.31
0.95 | 0.967 0.27 0.949 025 0953 029 | 0968 025 0939 0.23 0951 0.27
092 | 0939 0.24 0916 023 0921 026 | 0932 022 0917 0.21 0911 0.24
090 | 0.914 0.23 0.894 021 0905 025 | 0914 021 0.895 0.19 0.889 0.23
086 | 0.881 0.2 0.860 0.19 0.842 021 |0.879 0.19 0.850 0.17 0.828 0.19

the coverage of (Q,1-4/2) Qn,a/2)» (Qn1—-a-1(a/2)» Qn.a-1(a/2)), and that of level (1 —a) confidence
interval, and Lg(a), L};(a) and Lg(a) respectively denote their lengths.

3.5 Proofs
Proof of Theorem 3.3.2. We shall prove parts (b) and (c). Part (a) is given in Theorem A.2.4.
(b) Since g* is piece-wise constant on each I}, g*(xy) = 0[*;0 ;- Let z € R. We shall evaluate

(PO X Hn)(n1/3(g*(x0)—g0(x0)) < z)as n — o00. Note that (PO X Hn)(n1/3(g*(x0)—g0(x0)) <z)=
(Py x T1,,)(67 ,, < go(Xo)+ n"/3z2). Let c(-) denote the graph of

[x0]]
2 J
{(o, 0),(J 7, 91),(2]‘1,2 9k>,...,(1,29k)},
k=1 k=1

with ¢(s) =0 for s < 0 and c(s) = Z£=1 0, for s > 1. Let V,, G,, be stochastic processes
denoting V,,(s) = Z[]s:] 1] 0; and G,(s)=[sJ1/J. Now since 0[’;0 nis the left-derivative of the
least concave majorant of c(-) at the point [x,/]/J, by the switch relation (B.2), the fact
that V,(s) = G,(s) =0 for s <0 and that the location of minimum does not change upon
adding a constant term or upon multiplication by a positive constant, we have that g*(x,) <

go(xo)+n~3z if and only if argmax{c(s)—(go(x,)+ n3z)s : s >0} >[x,J]/J. Hence the
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probability of this event can be written as

(Po X Hn) (argrgax{c(s)—(go(xo) + nq/sz)s} > [xoﬂfl)

~ (P, xHn)(argmax{vn(s)—(go(xmn—“?’z)Gn(s)} > ]‘1[xo]l)

seR

= (Po X Hn) (argmax{nm(Vn(S)— V(%))

seR

—n?(go(x0) + 1P 2)(Guls) = Gu(x0))} 2 T [%071). 3.5.1)

We use a change of variable s = x,+n~'/3¢. For notational convenience, we use the notation

[(xo+n 2 0)]] (o +n 3 0)]] [x0/1
Distana 0 todenote > 7 70 when £ > 0and X% s, 0 when £ <0.

A similar rule shall be applied for Z[,(io[;n]:im 'J71. For 7, = n'(J7Y x,J]— x,), the last
expression in (3.5.1) then equals to

(Pyx11,,) (eurgmax{nz/3 (V, (x50 + n72£) =V, (x0))

teR

—n?3 (gO(Xo) + I’lil/gZ) (Gn(JCo +n 3 — Gn(XO))} 2 T")

[(xo+n~131)]]
= (P, xI1,,) | argmax{ n*? Z (0;—J " go(x0))

reR j={xI 11

—nPz ] (o +n PO 1—=[xJ1-1)} 2 7,). (3.5.2)

Now note that n'2z J 7' ([(x, +n~31)J]1—[x,J]1—1) is equal to
n Bz N xgJ +n Pt —xJ +0Q) =zt +0(n3J™,

which goes to z t as J > n'/3. Using similar arguments, we obtain that 7,, — 0.
Using Lemma 3.5.1 and 3.5.3, Theorem B.1.6, and Lemma A.2.8, we rewrite (3.5.2) to

obtain
(Py x T0,, ("3 (g™*(x0) — 8o X)) < 2)

—>P(argmax{al/l/l(t)+al/vz(t)—btz—zt} 20)

teR

=P ((a/b)z/s argmax{Wl(t)+ W;(t)— tz} +z/2b> 0)
teR

=P (Zb(a/b)z/3 argmax { Wi (t)+ Wj(t)—t*} > —z)

teR
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=P (2b(a/b)2/3 argmax { Wi (t)+ Wy(t)—t?} < z),
teR

the last step following from the fact that argmax{ Wi(t)+ Wy(t)—t%:t € R} is symmetric
about zero. Substituting C =2b(a/b)?”® in the last expression of the display we get

(By x I, (2 3(" (%) — gol%o)) < 2) — P (c argmax {Wi(1)+ (1)~ 1°} < z).

This completes the proof of part (b).

(c) For every z,, z,, 1, I, € R, define

[(xo+n3 )] N
i X
Hy(ty,2,)= E (—]_—gO( 0))—71_1/321
) n J
j=lxo 141

[(xo+n3 )] 1
ot 7
[(xo+n~ 3 5)]1 [(xo+n~ 3 5)]1

8o(xo) _ 1
H,(t5,2,) = Z (9]'—— —n 1/322 Z —.

J=lx T 1+1 J J=lx J1+1 J

Then from the proofs of part (a) and (b), and Theorem B.1.7 we obtain that

(argmax{Hl(tl, z1)},argmax{H,(t,, zz)})

HheR HheR

~ (argmax{an(tl)— btl—z 1},

neR

argmax{an(tz)+aWZ(t2)—btzz—ytz}). (3.5.3)

nHeR

Rewriting n1/3(g*(xo)_§n(xo)) as nl/?’[g*(xo)_go(xo)]_ nl/g[gn(xo)_go(xo)]» and using (3.5.3)
and Lemma A.2.8, we get that for all z €R,

(P x L, ) (n**(g*(x0) — 84(x0)) < 2) = P(CZ,— CZ, < 2).
From the proof of part (a) of Theorem 3.3.3, we also obtain that
I (n'3(g*(x0) — 81(%0)) < 21X )~ P(CZ,— CZ, < 2|W)).
IfTI(n'/3(g*(x0) — £,(%)) < z| X) converges in probability, then the limit must be the random

variable Q =P(CZ,— CZ, < z|W,). Using Theorem B.4.2 for W, = n'/3(g*(x,)— g,(x,)) and
W* =TI(n'3(g*(xy) — §,(%)) < z|X), we obtain that if W* converges in probability, then
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(Z,—Z,) and Q are independent. This is clearly not true, since both the random variables
are dependent on W,. This completes the proof of part (c). O

Lemma 3.5.1. Leta = +/go(Xo), b =|g,(x)|/2, and Wi, W, be independent two-sided Brown-
ian motions on R starting at zero. Then for n'®* < ] < n?/3, the process

[(xo+n~31)]]

n*/? Z (Oj_]_lgo(xo)), re[-K,K],
J=lxo 141

converges in L ([—K, K]) to {aW,(t)+aW,(t)—bt* t €[—K,K]}, forall K > 0.

Proof of Lemma 3.5.1. Since 0]-|X ~Dir(a; +N+1,...,a;+Nj), forevery 1 < j < J, we write
9]- as

PR

7 ]
Zz=1Zl

Using the representation in (3.5.4), we define

, where Zi~ Gamma(aj +N;, 1). (3.5.4)

)

[(xo+n ' P0)1 ,
A0,X, 0)=n? > Z—BZ)
. Y

j=lxoJ1+1 1=1%1

[(xo+n 1)) E(Z)) N.
A, n=n* > (—’——]),

J
J=lx 141 ZI:IZI n
[+ 1))1
N; X,
B,(X,t)=n*3 Z (—f—gO( ")). (3.5.5)
j=ixTH1 J

Therefore, n*/3 Z[Jx(f;)’;]: ”(9 —J'go(x0)) = A,(0,X, 1)+ A,(X, )+ B,(X, t). We shall show
that {4,(0,X,1),t €[-K,K]} and {A,(X, 1), r €[—K, K]} converge in L*>°([—K, K]) for all
K >0,to{aW,(t): t €[—K, K]} and 0 respectively. To prove A,(8,X, )~ aW,, we use the
following lemma about the tightness of n~! times the numerator of A,,(6, X, ).

Lemma3.5.2. Let Y,(0,X,1)=n""3 Y 'z, —E(Z)) for t €[0,K]. Then {¥,(6,X, )

is tight with respect to the joint probability of @ and X .

To show that Y, (0, X, t) converges in distribution to a W;(t) for every ¢ € [—K, K], note
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. . . -84y .
that since N; ~ Bin(n; Gy(I;)) for 1< j < J, Z[Jgi?;)"”ﬂ” ]Nj is equal to

[(xo+n=30)]1/J [(xo+n=2B36)]1/J
nf go(u)du + Op, nJ go(u)du
(] (

xoJH1/T [xoJ1+1)/T

As g, is differentiable in a neighborhood of x;, the first term of the last display can be written
as

[(xo+n='30) )1/ T
nf [go(x0) + gy (x0)(u — xo) + o((u — X)) du
(IxoJH+1)/T

= n*Pgy(xo)t + nl/Sg(/)(xo)tz + O, (nJ 7). (3.5.6)

Now we define s’ as

[(Xo+n~131)]] [Co+n31)]]

Var[n Pz —E(Zp)|X]=n" > (a;+N)). (3.5.7)
jZ[X()]]+1 j=[X0]]+1
Using (3.5.6) and the fact that a j’s are uniformly bounded, 33 is of the order
[(xo+n~Y30)]1
w7y Ny=n P g )t + 0 g(x) e + Op(n )]
J=lxoJ1+1
= go(x)t +0(n)+ Oy (n'*]7), (3.5.8)

which goes to gy(x,)f because J > n'/3. We now verify Lyapunov’s condition with § =2, to
apply Lindeberg’s central limit theorem to conclude that s ' ¥, (0, X, t) ~ N(0, 1), for every

t €[-K,K]. Let o denote a; + N; for 1 < j < J. As Z; ~ Gamma(«; + N}, 1), its moment
generating function at u is (1— u)~%*N)), We therefore obtain that

E[(Z,—E(Z)))!|X]=0;(0; +1)0;+2)(0;+3)—40%(0; +1)(0; +2)
+60':;(0'j + 1)—40‘]1. +U‘]‘.

_ 2
_30j+90j'
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Therefore, Z[ Sotn 0] E[(nfl/g(Zj—E(Zj)))4|X] is equal to

J=lxJ1+1
[(xo+n~Y31)]1 [(xo+n~Y30)]]
3n~3 Z (a;+N;P+9n~ "3 Z (a;+N;)
j:[x0]]+1 j=[x0]]+1

[(xo+n"131)]]
sl DT (NPHN)

J=lxoJ1+1

By the monotonicity assumption on g,, and arguments similar to those used in (2.6.7), we

get that Z[]x?:"” ﬁ E[(n™'3(Z,—E(Z))) |X ] is bounded by a constant multiple of

nBxn B x(nJ 7+ Op(nJ ) =07t + Op(n 1), (3.5.9)

By using (3.5.8) and (3.5.9), we obtain that

[(xo+n131)]]
s Z E[(n "z, —E(Z))'|X] =P 0,
J=lxeJ1+1

and Lyapunov’s condition is satisfied for 6 = 2. Using (3.5.8), we have that s, =% /gy(x,)t.
Applying Lindeberg’s central limit theorem on Y,(@, X,-), we obtain that

1/3 )

[(xo+n~131)]] Z[ Xo+n~ n_1/3(Z. _ E(Z )
- =[x J1+1 J J
Z n 1/3(Zj_E(Zj)) XoJ I+ -
J=lxoJ1+1 n
8o(xo)t N(0,1). (3.5.10)

For t,, t, € [—K, K], we evaluate the covariance between Y, (0, X, t,) and Y,(0,X, t,) as
EoY,(0,X,1)Y,(0,X,5,)=EE[Y,(0,X,1)Y,(0,X, )| X].

Let 0 < t; < t,. Then the covariance is equal to

[(xo+n~Y3 1)1 [(xo+n38,)]1
E, |E Z (Z;—E(Z))) Z (Z,—E(Z))|X
j:[XQ]]+1 j:[x0]]+1

[(xo+n=31)]]
= n4/3EO Z Var(Zj) ,

J=lxo 1H+1
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the last step following from the fact that Z; are independent. Using arguments similar to
(3.5.7) — (3.5.8), we obtain that

Cov(Y,(0,X,1),Y,(0,X, 1)) — go(x0) 11

Using similar arguments, we obtain that the limiting covariance between Y,(0, X, t;) and
Y,(0,X, t,) asymptotically equals to zero if #; and ¢, are of the opposite signs, and (#; A
£,)go(x,) if t; and ¢, are of same signs. Along with the tightness of Y, (8, X,-) concluded in
Lemma 3.5.2, we obtain that

{v,(0,X,t):te[-K,K]}~{aW,(t): t €[-K, K]}, (3.5.11)

in L*°([—K, K]) for all K > 0. For the denominator of A, (6, X, t), note that Z{lellX ~
Gamma(a, +n,1), and so E, zz] \Z))=0ay+n,and Varo(zl] \Z;)=a,+ n. By the assump-
tions on the prior, max{e;:1< j < J} = O(1), and therefore Zz 1 Z1=n+0(J)+Op(n 1/2),
Therefore,

J
nY Zy=1+0(n"" )+ Op(n V) -h 1 (3.5.12)
=1

Using (3.5.11) and (3.5.12), we obtain that,

n2/s Yl 10 Yz;—EB(z))

J=lx0J1+1

Zl:l Z

, t€[-K,K]

_1/32[x0+n 13417 Z E(Z ))

- =X 1+ . te€[-K,K]
n_Ilelzl
M{av‘/Z(t)! tE[—K,K]},
in L*°([-K, K]), for all K > 0.
Next, we write A, (X, t) as
[(xo+n"131)]]
a;+N;, N, N, N,
n?’ (’] L+ ——’) (3.5.13)
J=lxo 11 21:121 Zl:lzl zzzlzl n

n2/3 [(xo+n 2 0)]] " n [(xo+n"21)]] Nj
< max a; +n 7 —1 E —.
1<j<
Zl 1Zl J=lxeJ1+1 <] Zl:lZl j=lxo +1
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By the assumptions on the prior and (3.5.12), the first term of (3.5.13) is bounded in proba-
bility by a constant multiple of n=%/3 J K. For the second term of the display, note that, by
(3.5.6),

[(xo+n 2 0)]1 A7
sup {”2/3 Z 7] = ”1/380(XO)K+ Op, (1).

tel-HOK] j=lxT 1

Also, since Z{Zl Z, ~Gammal(a, + n, 1), we have that ((n/Z{=1 Z;)—1)is Op (n~'/?). Taking
the supremum over [—K, K] on (3.5.13), we obtain that

sup A, (X, 1)=o0p(n"*PJK)+ Op(n"*)(n' 7 gy(x9)K + Op (1))
te[—K,K]

=0(1)+ Op(n™"%)+ Op (n™"72).

Therefore, A, (X,-) =% 0in L*®°([—K, K]). O

Lemma 3.5.3. Forn'3< J < n?53,

[(xo+n31)]] g (x ) [(xo+n131)]] 1
argmax Z (9]-— 0] 0 )—n_mz Z 7= 1, (1).
reR J=x k1 j=ix 1

Proof of Lemma 3.5.3. Using the change of variable r = n='/*t, we establish the tightness

of n'3h,, where

R [(xp+7)J1 go(xo) 13 [(xo+7)J1 1
h,, = argmax Z (Hj—T)—n z Z 7 — Xp-

rek | j=ixo j=ixo 141

For r >0, let M, (r)and M(r) be defined as

[(xo+1)J1 -1/3
(%) zn
M= > (0= 824 E i 1=
_ J J
J=lxoJ1+1
M(r)=go(xo+ r)—go(xo)—g(/)(xo)”-
Then h, = argmax{M,,(r): r € R} — x,. We apply Theorem B.1.5 to show that

n'3(argmax{M,(r): r e R} — x,) = Op(1),

withM,, =—M,, M=—M, O =(—00,0], én =argmax, g M, (r), 6, =0 and d the Euclidean
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distance on R. With these notations, we have —M,,(0) = —M (0) =0 and én maximizes —M,,.
The condition M(6)—M(6,) S —d?(6, 6,) has been verified within the proof of Theorem

3.3.2, part (a). We need to construct functions ¢,, such that

V1 E*sup|(M,, —M)(0) — (M, — M)(6p)| S ¢.,(5), (3.5.14)
|r|<é
for sufficiently small 0, and ¢,(6)/6” is decreasing in 6 for some a € (0,2). Using the
representations in (3.5.5), we write the left-hand side of (3.5.14) as +/7 E}; sup{| Z?zl H;,(r):
|r| < 6}, where H;,,1 <1 <5 are defined as

I [ wiy
Hln(r):\/ﬁ Z (Z] E(Z]))’

J
J=lxo 1+1 Zz=1 Z

[(xo+7)J] E(Z)) N.
Hy(r)=va . ( = —7’),
J=lxJ1+1 ZI:IZI

Hy,(r)=v/nP, [I{X €(x0J1/7,1(x0+1)J1/ 1}
—I{X € (xo, Xo+ ]},
H4n(r) = \/ﬁ[(Pn_EO)I}-{X € (x0! x0+ r]}]’ (3515)

1/6

Ha(r) = 22— [1(xo + 1) 1= %611,

By arguments similar to those for proving Lemma 3.5.2, for
Pnlr, )= [E(H, (1) — H,,(r2)PI(X)]2,

and p(ry, r,) =|r, — 1,|"/?, for sufficiently small &,

[(xo+1)]1 (Z —E(Z))
J J
J
Zl:lzl

which is bounded by a constant multiple of §/4. For H,,, we have, using arguments similar
to (3.5.13), for sufficiently small 0,

v nE;sup

V&2
< f e *y/1log(1/€) de,
Ir|<6 0

J=lx0 141

[(xo+1)J]
VnEjsup

I"1<0 j=ixo 141

aj+N; N;
Ji
Zzzl Z

- S n_1/2]6)
which is bounded by a constant multiple of n'/6§, as J < n?/®. Using the last two displays
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and the proof of Lemma 3.5.5 provided in Appendix A, we have that for sufficiently small
8, (3.5.14) holds for ¢ ,(6) = C[6'* + 62 + n'/66 + n~'/3] for some C > 0. The rest of the
proof follows similarly to that of Lemma 3.5.5, with r,, = n'/* and the condition of uniform
consistency of g*(x) in a neighborhood of x, satisfied by the consistency of the constrained
MLE near x, as shown by Prakasa Rao (1969), and the fact that

[r]]
H( sup Z

The difference in the slope of the greatest convex minorants of (3.3.1) and (3.3.2) there-

fore goes to zero in Py-probability, uniformly in a neighborhood of x;, and the uniform

consistency of g*(x) in a neighborhood of x, follows. Therefore n'/® fzn is Op (1). O

Proof of Theorem 3.3.3. (a) Let z € R. Let A,(0,X,¢t), A, (X,t), and B,(X, t) be as defined
in (3.5.5). By using similar reasoning as in the proof of part (b) of Theorem 3.3.2, we can

rewrite F*(z|X) as

I1 (n”g(g*(xo) —8(x%))<z |X)

= H(argmax{An(H,X, t)+A,(X,t)+B,(X, 1)

teR
[(xo+n"131)]]
1/3 1
—n'z E - 27n|X .
J

J=lxo 141

In the proof of Lemma 3.5.1 it has been shown that sup{|A,(X, )| : t € [-K,K]} =P 0,
and the conditional distribution of {A,,(0,X,t): t € [—K, K]} given X converges weakly
to {aW,(t): t € [-K,K]} in L*°([—K, K]) for all K > 0. Also, from the proof of part (a)
of Theorem 3.3.2, the process {B,(X,t): t € [-K, K]} converges to {aW; : t € [-K,K]}
in L*°([—K, K]). As W, and W, are independent, the posterior distribution of A,(8,X,-)+
B,(X,-) given X converges weakly to the conditional distribution of a(W; + W,) given W;.
We therefore obtain that for every T € R and all K >0,

{1(A,(6,X, 1)+ A, (X, 1)+ B,(X,1)—zt < T|X), r€[-K,K]}
~{P(aW,(t)+aWs(t)+ bt*—zt <T|W,), t€[-K,K]},

in L*°([—K, K]). Adapting the arguments used in the proof of Lemma 3.5.3 to the posterior
distribution of £, given X, we have that the conditional distribution of argmax{A,,(8, X, t)+
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A, (X, t)+ B,(X, t)—zt} given X is tight with respect to P,. By the Argmax theorem and part

(a) of Lemma A.2.8 for the conditional distribution, we get that

(18" (x0) — go(%o)) < 2|X)

(argmax{a Wi(t)+aW,(t)—bt? —zt} > 0\Wl)
teR

= ((a/b)z/gargmax{l/\/l(t + Wy(t)— 2} +z/(2b) >o|wl)
teR

Zp (C argmax{Wl(t)Jr W;(t)— tz} < z|W1)
teR
The last step follows from the fact that argmax{Wl(t) +Wy(t)—t2:t e R} is symmetric
about zero. This completes the proof of part (a).
(b) Let W/'(r) = Wj(—1). Using the transformation ¢ — —t and the fact that W} 4 W/ and
Wy (—t) 2 Ws(t), we have

(argmax{mm+ Wy()—t }>0|W1)

teR

=P(argmax{w—r)+ Wa(—t)— (1)} so|m)

teR

QU

=p (argmaX{Wl’(t) +W(t)—t%} < 0| Wl’).
teR
Therefore P(A*
1/2.
(c) By the definition of posterior quantile Q, ,, we have that g,(x,) < Q,,, if and only if
II(g*(xy) < 8o(%0)|X) < 1—7. Therefore,

0| Wl) =P(A* 0| W), and P(A* O| W) is symmetric about

W, W, — W, W, — Wy, W —

Py (T1(g(xp) < gol %) X) < 1—7)

Py (TT(n (8" () — ol %)) < 0|X) < 1—7)
(£

(&5,

(go(xo < Qn r)

Py (F(0]x)<1—7)

P(g;,0lm)<1-7),

l

where the last step follows from part (a), substituting z = 0. Now rewriting g b(0| W) in

terms of A* we have that P (g; b(0| W)<1 —y) is equal to

wy, Wy’

P( (Cargmax{Wl(t + Wy(t)—t }>0|Wl)<1 y)

teR
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=p(p(ay, ,, 20|W)<1-7).

Similarly P, (go(xo) > anl_y) =1-P, (go(xo) < Qn,l—y)’ and therefore as n — oo,

Py (80(%0) 2 Quiy) = 1—P(P(AY, |, 20| W) <7)=P(P(A%, , >0[W)>7).

O

Let U,, G, be stochastic processes denoting U,(s) = [js:]l](Nj/n) and G,(s)= []S:]l J L

From the switch relation (B.2), we evaluate P(n'/3(g,(x,) — go(%,)) < x) for z € R as

P(n'(8,(x0)— go( X)) < 2)
=P(g,(x) < golx) + n1/3z)

[x0]]
=P (argmax{Un(s)—(go(xo) + n_l/sz)Gn(s)} > Z ]_1)

$>0 =1

=P (argmax{Un(s)—(go(xo) +n32)G,(s)} > Tn)

NEIN

=P (argmax{n2/3(Un(S)— U, (x0))—

sER

n**(gy(x0)+ n~2)(Gu(s) = Gulxo))} 2 7,1).
The last expression in the display then equals to

p (argmax{nz/S(Un(xo +n 3 )—U, (%))
teR

—n*3(go(x0) + 172 2)(G(xo+ 1) — Gu(x0))} = 7,)

[Cro+n =2 001 £y
=P | argmax{ n** Z L

teR

J=lxoJ1+1
[(xo+n~31)]] 1
_nz/s(go(xo) +nz) Z 7 =T, |-
j=lxoJ1+1

In the proof of part (b), it was shown that 7, » 0 and n'/3z J 7\ [[(xo+ n~31) J1—[x,J1—1] —
zt. We shall therefore evaluate

P(g,,(xo) < go(x0) + n3z)
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[(xo+n"31)]] N. (x )
=P | argmax<{ n?/® (—]—go—o)—zt >0].
( gteR { Z n J

J=lxoJ1H+1

From Lemma 3.5.4 and 3.5.5, Theorem B.1.6, and Lemma A.2.8, we have that

P(n'(u(%0)— 8o( %) < 2) = P (argmax{a Wi(t)=bt*—zt}> 0)

teR

P ((a/b)z/3 argmax{Wi(t)—t*} +2z/2b > 0)

reR

p (Zb(a/b)m argmax{W(t)—t*} > —z)
teR

=P (Zb(a/b)z/3 argmax{W(t)—t*} < z),
teR

the last step following from the fact that argmax {W;(t)—t2: t € R} is symmetric about
zero. Substituting C =2b(a/b)?? in the last expression of the display we get P(n'/3(g,,(x,)—
8o(x))<z)— P(C argmax{Wl(t)— t2:t ER} < z) as n — oo.

Lemma 3.5.4. Let W, be a two sided Brownian motion on R starting at zero. Let n'* < J <
n?/3. Then for every K >0,

[(xo+n~13 )] N.
{nz/s (#_@):te[_K,K]}w»{aVVl(t)—th:tE[—K,K]},

J=lxoJ1+1
in L*°([—-K, K]).
Proof of Lemma 3.5.4. We shall use Theorem B.1.1 with f, , defined as

(n"Pgo(x0)) (L{X < [(xo+n )]/ T} — X <[x,J1/T +1/7})
—(n"go(xe)) T [(x0 + 072 ) N1 =[x J1—1].

We shall assume ¢ > 0 for the proof. The steps for ¢ < 0 follow in an exactly similar manner.
For t > 0 we write v/nf, , as

n*A(P, —P)({X <[(xo+n~Pt) 1/ T} =X <[x0J1/] +1/T})
+n*PP (X <[(xo+n P01/ T} = UX <[xoJ /T +1/]})
= ﬁ(Pn _P)fn,t + \/ﬁ an,t'
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For every K >0, let F, be defined as

(n"°go(x)) [I{X <[(xo+n P K)TV/ T} =X <[xJ1/T +1/]}|

—(n"ego(xo)) T [[(x + 0K T —[x0J1—1].

Then |f,, ;| < F, for every ¢ €[0, K], and therefore F, is an envelope for the class of functions

Fn=A{fn:: 1t €[0,K]}. We shall verify the assumptions F, needs to satisfy for Theorem
2.11.22 to hold.

We first show that P"‘Fn2 is bounded. We have

[(xo+n~ B K)1/T

P*E;=n'"? J (80($)— golxo))ds.
(Txo JH1)/T

As g, is differentiable at x, with g (x,) < 0, go(x) is bounded by a constant B > 0in a o-

neighborhood of x, for some & > 0. For n large enough |[(x, + n7/3K)J1/J — x,| < 6. Using

Taylor’s expansion of g around x, we write g(s)— g(x,) = g;(xo)(s — xo) + O((s — Xo)?) and
for large n have,

[(xo+n~YV3K)1/J

P*F?<n'? BJ (go(s)— go(X0))ds
([xo J1H+1)/T

S P [gxo) ((xo+ 0™ KV T (1% J 14 1)/ T)+ O(n )]
=" [g/(x)n P K + O(J )+ O(n 23]
)+

= Kg()(xo ( )

which is bounded. Next we show that P*F>1{F, > n+/n} goes to zero for every 1 > 0. For
large n, [[(xo+n~'*K)J1/J — xo| < 6. We write P*F*1{F, > n+/n} as

[(xeo+n~ B E)T1/T
f n'?1{|go(s)— go(x0)| > nn'}d's
[

(IxoJ1+1)/T

(xo+n~YBKV1/T

< ' 1{|go(0)— go(1 )|>TI"1/3}J ds

[xO]]+1

< 1{1g0(0)— go(1)| > nn'/2}0O(1),

which goes to zero as 1{|g,(0)— go(1)| > nn'/} — 0, since g,(0) < co.

Next, let 0,, be a sequence of positive real numbers decreasing to zero. Let 0 < ¢t < s,
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such that|s—¢|< d,. Thenas n — oo,

[(xo+n~"35)]1/]

P(fn,s _fn,t)2 = nl/Sf (go(u)_go(xo))du

((xo+n=136)J1+1)/T
S P e+ 0 P N—1(xo+n7 1) J1-1]
=n"*[nPs—t)+ 0]
=|s—t|+o(1)
<o,+o0(1),

which goes to zero. We shall now find the limit of the covariance. Let s, > 0. We have

an,sfn,t _an,stn,t = [P(fris/\t)_(an,s/\t)z]
+ [P(fn,s/\t(fn,th _fn,s/\t))_P(fn,s/\t)P((fn,s\/t _fn,s/\t))]
:P(fnZ,sA[)_(an,sAt)z!

as fu sae and f,, oy — frsn, areindependent. Expanding P(f? ) and using Taylor’s expansion

of g, and g around x,, we get
[(xo+n3(sA)TV/ T
P(fZ 0= | (gl ol
(IxoJ1+1)/J

[(xg+n~3(sAt)J1/ T
i f (8001 — %) + Ol u— xo)}du
(TxJH1)/T

=n'?[go(xe)n P(s At)+O(n™ + )]

= go(x)(s A t)+o(1).
Therefore, Cov(f, s, f;) — (s A t)go(xo) as n — o0. The uniform entropy condition of the

theorem holds by Lemma B.1.2. The assumptions of Theorem B.1.1 are therefore satisfied
and we have that for every K >0,

{VA®, —P)f,, : t €[—K, K]} { v/ golxo)Wi(1): £ €[K, K1},

where W, is a two sided standard Brownian motion starting at zero. It remains to show that
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VvnPf, , — bt?in Py-probability. Using Taylor’s expansion of g, and g around x,, we get

[(xo+n~20)]1/]

VnPf, = nz/sf {8o(u)— go(xo)}du
([X0]]+1)/]
[(xo+n~Y30)]1/ 7T
_ n2/3J {gé(xo)(u—x0)+O((u—xo)z)}du
([xoJ1H)/T
=gi(x)t?/2+ o(1).

Therefore,
[(xg+n~131)]]
n** > (N/n—go(x0)/]): t €[=K, K]y~ {aWi(t)—bt*: t €[-K, K]},
J=lx 11
for every K > 0. O

Lemma 3.5.5. Let n'® < J < n?3. Then

[(xo+n~36)]] N 13 [xo+n 0]
~ X n 1
argmax{ n* Z (—]—g(’( 0))— z Z — 1 = Op/(1).
reR oo T J 8o(*%o) j=lxo 11 J

Proof of Lemma 3.5.5. For r >0, define K,(r) and K(r) by

K,(r)=P,[({X <[(xo+ 1)1/ T} =X <[x,J1/T})]
+2zn PP, [1{X <[(xo+ 1)1/ T} =X <[xJ1/T}];
K(r)= Go(xo+ r)_Go(xo)_g(;(xo)r-

Then h, equals argmin{K,(r) : r € R} — x,. We shall employ Theorem B.1.5 to show
that n'/*(argmin{K,(r) : r € R} — x) is Op(1), with M,, = —K,,, M = —K, © = [0,00),
0, = argmin, K, (r), 8, = 0 and d the Euclidean distance on R. With these notations,
we have that —K,,(0) =—K (0) = 0 and §,, maximizes —K,,. We shall now verify the assump-
tions of the theorem.

The condition M(0)—M(6,) < —d?(0, 6,) translates to K(r) 2 r? in the present context.
Using Taylor’s expansion of g, around x,, we have

8o(s)— 8o(x0) = gé(xo)(s —Xp) + o(|s — X))
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We verify that K (r)2 r? by writing K(r) as

Xo+1

Eo[l{Xe(xo»xo"‘r]}]:f 8o(s)ds,

Xo
which is bounded below by a constant multiple of 2. Next we shall find functions ¢,, such

that ¢,(6)/6% is decreasing in 6 for some « € (0, 2), and for sufficiently small §,

VRE;sup |K,(r)— K(r)| S ¢,(6). (3.5.16)
|r|<é

The left-hand side of (A.2.3) equals to Ej sup{|2?23 H;,(r)| : |r| < 0}, with H;,,(r) as de-
fined in (3.5.15). Using the fact that for sufficiently small 0, g, is differentiable in a 0-
neighborhood of x,, we get that Ej sup{|H;,(r)|:|r| < 6} is bounded above by

o1 [ e 20 231 15,221

J
(xoJD/J
< «/ﬁf |80(1) — ol Xo)ldu
Xo
((xo+r)JN/ T
+vn |80(1) — 8ol Xo)ldu
Xo+r

S ﬁ(]_l)zg(l)(xo)»

which is bounded above by a constant multiple of n7'/%, as J > n'/3. Next, we define M;

and a class of functions .5 as

Ms=1{X €(xy, xo+ 01}
Ms={1{X €(xy, xo+ 1]} :|7| < 6}.

Then Mj is an envelope for ./, and from the discussion on Page 291 of van der Vaart and
Wellner (1996), we have that

Ej sup{|H,,(r)|: |71 < 6} S J(1, M) E;MS)?,

where J(n, /) for > 0 is the uniform entropy integral

n
Sgpf v/ 1+log N (€llMpllz,q, s, |I-ll2,0)de
0
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Using arguments similar to those in Page 216, within the proof of Theorem 3.6.2 of Banerjee
(2000), we get that J(1,.#5) is a finite constant. Also, using the fact that (g,(s)— go(x,))? is
bounded by some B > 0 in a neighborhood of x;, and arguments similar to those used
for proving E¥F? is bounded in the proof of Lemma 3.5.4, we obtain that E{M? < 6,
for sufficiently small 6 > 0. Therefore E} sup{|H,,(r)| : [r| < 6} S V6. Next we bound
E} sup{|H;,(r)|:|r| <6} as

1/6

7 [[(xo+ )T 1=1xJ 1] S n'/®l21(6 + O ™),

which is bounded by a constant multiple of n'/%|z|5, as J > n'/%. Therefore for some
C >0, (A.2.3) is satisfied for ¢p,, = C(n™"® + 62 + n'/%|z|5). For r, = n'/?, we have that
r2¢,(r') < n'?|z| $ v/n. The condition M,,(0,) > M, (6,) — Op,(r,%) has been verified
within the proof of Lemma 3.5.4. O
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CHAPTER

4

BAYESIAN INFERENCE ON MONOTONE
REGRESSION QUANTILES WITH
TWO-STAGE ACCELERATED RATE

Let (Y, X,),...,(Y,, X,,) be data observed from
V=f(X;)+e&,i=1,...,n, (4.0.1)

where f is monotone increasing on [0, 1], and ¢; are independent and identically distributed
(i.i.d.) Gaussian errors with mean 0 and finite variance o?. We want to estimate a regression
quantile u = f~'(,), where u,, the true value of u1 is such that u, € (0, 1) is such that f;(u,) > 0.
In this chapter, we shall use the projection-posterior f* to obtain a credible set for ()
and establish the asymptotic coverage of the corresponding credible interval. Further, we
shall develop a Bayesian procedure when samples are collected in two stages. A fraction of
sampling budget is first used to get observations, and in the second stage, the remaining
sampling points are selected depending on the posterior distribution obtained in the first
stage. By representing f as a linear function on this interval and by using Gaussian priors on
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the coefficients, we shall show that such an “active learning mechanism” can improve the

contraction rate of the posterior distribution of the monotone regression quantile ()

4.1 Assumptions, preliminaries and priors

Let uy €(0,1), f; be the true regression function, and let f; belong to the class .# of monotone

increasing functions on [0, 1] satisfying
1. f’(x)>0, for all x in a neighborhood of w,.

2. forsome L>0and x> 1/2,

|f(x1 f () < L|xy — ) (4.1.1)

for all x,;, x, in a neighborhood of u,.

The design points satisfy the assumption in (2.1.1) or (2.1.2), depending on whether
the design is deterministic or random. We have the following the assumption on the true
distribution P,.

Assumption B. Under the true distribution Py, Y; = f(X;)+ ¢;, such that ¢; are i.i.d. sub-
Gaussian with mean 0 and variance 0(2) fori=1,...,n

We construct a prior on f by representing f as a piece-wise constant function on [0, 1]
with J the number of pieces. The knots of f are equally-spaced on [0, 1]. We represent the
model in (4.0.1) as Y = B@ + ¢. For a deterministic J, let I; =((j—=1/7],j/J,1<j<].We
represent f as f(:) Z] ) ]IL, (), and use the prior @ ~ N;(,0*A) where ||¢]| is bounded,
and A is a J x J diagonal matrix with diagonal entries Al, ety A?, with B; < A; < B, for some
By, B, > 0. The error variance o2 may be estimated by maximizing the marginal likelihood
of o or by endowing o? with an inverse-gamma prior with parameters (,/2, 8,/2) with
B1>4,5,>0.

ObservethatY|o ~N (B;’ 2(BAB"+1I n)) Maximizing the correspondinglog-likelihood
with respect to o2, we obtain

2 =n""(Y—BY)"(BAB" +1,)'(Y - BY). 4.1.2)

The plug-in posterior distribution of f is obtained by substituting ,, for o.
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For a monotone increasing F on [0,1], define the left-continuous inverse function
F71:R—][0,1] as

F'(y)=inf{x: F(x)> y}. (4.1.3)

For f = Z] ) JILI ,let f* denote Z] 0 1y, , where (67, .. ,9]) is obtained as the minimizer
ofzj.:1 6;,—n;) over n=(n,,...,n;) €R’ subject to n; <--- <n;. In other words, f* is the
projection of a posterior sample on the monotone class. The distribution of f* is what we
have defined in the previous chapters as the ‘projection-posterior’. Let y, = fy(uo), h = f*71,

and hy = f; .

4.2 Credible set for f~!(y,) and its coverage

Before establishing the results about the coverage of a credible interval for yu, first note that
the maximum marginal likelihood estimator for o2 in the plug-in Bayes approach or the
marginal posterior distribution of o2 in the fully Bayes approach, are consistent uniformly
for f, € &, as a result of Proposition 2.2.1.

Let n'® < J < n?3. Let W; and W, be two independent standard Brownian motions
on R starting at zero. As obtained for the point-wise estimator of the regression function,
the unconditional and conditional distribution given the data, of n'/3(h(y,)— h(35)) can be

described as given by the following theorem.

Theorem 4.2.1. Let Z, = argmin{W,(t)+ Wy(t)+t>: t € R}, Z, =argmin{W;(t)+t>: t €R},
and C =(a /b with a = V05/8(ug) and b = 1y (o)/2. Let the design points be random,
satisfying (2.1.2). Then under Assumption B on the errors, the following assertions hold.

(a) Forevery z € R, (Py x II)(n'3(h(y,)— ho(3)) < 2) = P(CZ, < z).
(b) Foreveryz € R, II(n'3(h(y,)— hy(3)) < z|D,) ~ P(CZ, < z| W,).

Part (b) of Theorem 4.2.1 gives us a method of constructing a point-wise credible interval
for the level set at y;,. For every n > 1, y €[0, 1], define

Qn, =inf{z eR:T(h(}) < z|D,)>1—7},
In Y = [Qn,l—%r Qn,%]’ A%,VVZ = ar%iﬂlgln{vvl( + VVé + tz} (421)

Then the limiting coverage of I, , can be characterized by following theorem.
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Theorem 4.2.2. LetQ,, I,, and AV w, be as defined in (4.2.1), with a = 1/ 035/8(u,) and
b = f,(uo)/2. Then for X satisfying (2.1.2) and under Assumption B on the errors, the limiting
coverage of 1, ., v €10, 1], is given by

Po(lol3) € 1) = P (P&, 4 <O € (L1 1),

Wi, W, — 2

4.3 Two-stage sampling and accelerated contraction rate

In this section, we show that we can accelerate the posterior contraction rate for f~(y,)
using an appropriate two-stage sampling method. For a total sampling size of n, we first
obtain n, < n samples to compute the first stage posterior distributions. The remaining
n, = n—n, samples are then obtained by sampling points uniformly from a credible region
constructed from the projection-posterior of u. We choose the length of the credible interval
small enough such that the regression function f can be approximated in this region by a
linear function. By using normal priors on the coefficients of the linear function, we use
the second-stage samples to obtain the posterior of f~1(,) and show that the second stage
posterior contracts to the true value at a faster rate.

We first describe the two-stage sampling procedure. Let p €(0, 1). In the first stage, we
choose n, € N design points {{i; : i =1,...,n,} in (0,1) such that n,/n — p as n — o, to
obtain the first-stage data D, ,, = {(@;, ¥;) : i = 1,... n;} for the model in (4.0.1). Typically,
p =1/2is chosen to obtain equal splitting, but other values of p can also be used depending
on the sampling configuration and practical considerations such as financial constraints. By
using the prior scheme described in Section 4.1, we obtain a first stage posterior of f~(y,)
from the projection-posterior f* using the inversion formula (4.1.3). This then allows us to
construct the interval

(gn :(.a_5nna+5n);

for a chosen sequence 6, — 0, where fi is the first stage posterior mean of f~!(y;). We then
sample n, = n —n, locations uniformly from the second stage sampling interval %, and
observe the second stage samples D, , ={(X;, Y;): i =1,...n,}.

Next, we center the second stage design pointsat0 by z; = X; —{, i =1,..., n,, so that
z;, i =1,...,n, are i.i.d. uniform samples from the interval £, =(—0d,,0,). Note that the
centered design points z; are independent of the errors €. At the second stage, we represent
f as alinear function on £,,. In other words, we let f(z)=6,+ 6,z for z € 2,,. Let # denote
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the vector (6,, 8,) and Z denote the n, x 2 matrix whose i-th row is (1, z;).
On 0, we use the prior 8|02 ~ N,(&,02V), where & is a 2 x 1 vector whose entries do not

depend on n, and for some pre-fixed large v, and v,,

y=[ 1 ©
Lo

LetY =(Y;,..., Y,,)be thevector of second stage Y -observations. The posterior I1(|D,,,,, 0°%)
is then

N,[(ZTZ+v )N ZTY+v7iE), o (zTZz+ V).

The plug-in posterior of o is obtained by replacing o* with 62 = (n,6* + n,6*)/n, where
G2=n'(Y—B)"(BAB" +1,)7'(Y — B{) is the plug-in estimate of o2 based on the first
stage samples, and 62 =n; (Y —Z&E)"(ZVZ" +1,,)7 (Y — Z§&) is the same estimate based
on the second stage samples.

For the fully Bayes approach, we use the first stage posterior of 2 as a prior for the
second stage. We use the IG(f,/2, B,/2) prior on ¢ with 8, > 4, 8, > 0. We then use the
resulting posterior IG[(f, + n,)/2,(B, + n,6%)/2] as prior for the second stage, yielding
IG[(B, +n)/2,(B,+ no2)/2] as the second stage posterior for o>. The following proposition
shows that the second stage plug-in Bayes estimator and the fully Bayes posterior of o are

consistent.
Proposition 4.3.1. (Second stage error variance). For f, € #(K),

(a) the second stage plug-in Bayes estimator 6> converges to o in Py-probability at the
ratemax{n~'/?,6}.

(b) If the inverse-gamma posterior from the first stage is used as a prior for the second

stage, then the second stage posterior of 0* contracts to o at the same rate.

Let us define the regression quantile of y, with respect to the f, inside the centered
region £, as x = fi+ x;, with y, = fp(x;). The following theorem establishes the contraction
rate of f~!(y,) for fy € Z(K).

Theorem 4.3.2. Let 5, = n""3(logn)’ for somet >0, and n'® < J < n®3. Then fore, =
n~'2 and every M,, — oo,

EoII[| £ (30)— f; ' (30)l > M,€,,| D, ] — 0.
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Therefore, if we perform a Bayesian two-stage procedure with the length of the second
stage sampling interval a logarithmic factor of the first stage rate n='/, we accelerate the

1/3 1/2.

contraction rate for f~1(y,) from n=/3 to n~

4.4 Simulation results

4.4.1 Coverage of the first stage credible interval

We first study the behavior of credible intervals for u = f~!(y,) based on the projection-
posterior f*. We first compare finite sample performance of Bayesian credible intervals
with confidence intervals in terms of their coverages of y, = f;'(3), using fo(x)= x>+ x/5
for x € [0,1], yy = 0.3, G the uniform distribution on [0,1], and o, = 0.1. We take J to
be the greatest integer less than or equal to n'/*log n. We vary sample size n across four
different values. For each n, we consider 1000 instances of the data D,,. For each instance,
we generate 1000 posterior samples of # and obtain the corresponding projection f* from
0 and compute the inverse f*!. We also compute the inverse fAn ~1(3,) from the sieve-MLE fn
for every replication. We then obtain the recalibrated 100(1—a)% credible interval using the
A7Y(1—a/2)and 1—A~}(1—a/2) quantiles of f*71(y,) (see Table 2.1 for the values of A~ (1—a)),
and we check if it contains u,. The coverage is determined by the proportion of times the
credible interval contains u,. We also compute the 100(1 — )% confidence intervals from
f; ~1(y,) based on the quantiles of Chernoff’s distribution and the estimated value of the
constant C that appears in Theorem 4.2.1. We also obtain the 100(1 — @)% credible interval
using the /2 and 1—a/2 projection-posterior quantiles. In the results, Cz(a), C;(a) and
Cr(a) respectively denote the coverage of (Q,,1-q/2, Qn,a/2)s (Qni—a-1(a/2) Qn,a-1(a/2)), and that
of level (1 —a) confidence interval, and Lg(a), L;(a) and Lg(a) respectively denote their

lengths.

4.4.2 Comparison of the single and two-stage estimation errors

We compare the performance of our two-stage Bayesian procedure with the single stage
Bayesian procedure. We use the same true regression function fy(x) = x>+ x/5 for x €[0, 1],
Uo = 0.3, G the uniform distribution on [0, 1], and o, = 0.1. We take J to be the greatest
integer less than or equal to n'/®log n. We use equal splitting of the sample size across the
two stages. The true y, is given by 0.15. In the first stage, we observe f; on n; uniformly

sampled design points. We then sample 7, points from the interval (4 —6,, 4+ 6,), with
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Table 4.1: Comparison of obtained coverage and average length of Bayesian credible
intervals for f~!(y,), with that obtained from a confidence interval.

1—a n=800 n=1000
Cg(a) Lgla) Cila) Liy(a) Cpla) Lgp(a)| Cgla) Lgla) Cila) Li(a) Cpla) Lg(a)
099 | 0992 0.41 0986 037 0992 047 | 099 0.33 0.976 03 0.992 0.37
098 | 0988 037 0976 034 0988 043 |0.984 03 0972 027 0976 0.33
095 | 0962 032 095 0.29 0962 0.36 | 0.96 0.26 0928 024 0956 0.28
092 | 0946 028 0936 027 0926 033 | 092 0.23 0.902 0.22 0912 0.25
09 | 0934 027 091 0.25 0.904 031 |0902 022 0874 02 0884 024
0.86 | 0.884 024 0.85 0.22 0854 0.26 |0.852 0.19 0812 0.18 0.826 0.21
l1—a n=1200 n=1500

Cg(a) Lgla) Cila) Ly(a) Cpla) Lgp(a)| Cgla) Lgla) Cila) Ly(a) Cgpla) Lg(a)
099 | 0996 029 0984 026 0992 0.32 [0.998 0.26 0.994 0.23 0.996 0.29
098 | 0988 0.26 0982 0.24 0978 0.29 | 0994 0.24 0976 022 0984 0.26
095 | 0972 023 0948 021 094 025 | 097 02 095 0.19 0948 0.22
092 | 0941 0.2 0932 019 0922 022 | 0946 0.18 0936 0.18 0.922 0.2
09 | 093 0.19 0906 0.18 0902 021 | 0934 017 0916 0.16 0.888 0.19
0.86 | 0.888 0.17 0.868 0.16 0.826 0.18 | 0.908 0.16 0.874 0.15 0.828 0.16

6, =n""3(logn)"/5. We observe the data on the second stage samples. We center each of
the n, design points at the origin by subtracting each of them by {i. We then use a linear
function with normal coefficients as prior for f over the second stage sampling interval,
with 8|0 ~ N,(0,02V), where V is a 2 x 2 diagonal matrix with the diagonal entries equal
to 10. We use the plug-in Bayes method to estimate o by the weighted average of the first
and second stage estimates 67 and 3. For each n, we repeat the experiment 1000 times.
At each instance of the data, we compute the first stage error | — u,| and the second stage
error |(y,— 0,)/ 0, + i — o], where 8, and 0, are the second stage posterior means of 6, and
0, respectively. We obtain the boxplots of these 1000 errors for both the procedures.

We observe that the Bayesian two-stage procedure has considerably lower absolute
error than the corresponding single stage procedure, with significant improvements evident

in larger samples sizes.

4.5 Proofs

In order to prove Theorem 4.2.1, we shall need the following result on the asymptotic

distribution of f* in a n~'/3-neighborhood of w,.
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Figure 4.1: Comparison of the mean absolute errors based on the Bayesian one-stage and
two-stage procedures for n =50, 100, 150, 200.
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Figure 4.2: Comparison of the mean absolute errors based on the Bayesian one-stage and

two-stage procedures for n = 250,400,600, 800.
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Lemma 4.5.1. Let W;, W,,a, b be as defined in Theorem 4.2.1. Then for x e R and A € R,

(" (o + n™x)— fto)) < A|D,)

an\2/3 ) A
MP((E) ar§£ln{Wl(I)+ Wy(1)+ t2}+% > x{Wl)

Proof. Let v = uy+n~'2x. Since f* is piece-wise constant on each I;, fX(v)=0} .. Let

[T;]]'
z €R. Let c(-) denote the graph of

with c(s)=0for s <0and c(s)= Zi (N /n)0 for s > 1. Let V,,, G, be stochastic processes

denoting V,(s)= “”(N /n)8; and G,(s)= [s”N/n Now since §/", /,

of the greatest convex minorant of ¢(-) at the point Zm oJ] N;./n, by the switch relation (B.2.1),

is the left-derivative

we have that

[v]]
{f*(v)<f0(,uo)+n_l/37t}:{argmin{c(s (o) +n~3A s}>ZN }

Since the function inside the argmin is piece-wise linear in s, the minimum occurs on the
set {0, N,/n,(N;, + N,)/n,...,1}, and therefore

argmin {c(s)—(fylo) +n " A)s} = argmln{V(s) (folto) + n7 3 0)G,(s)} .
seR

Therefore,
I(f*(v) < folto)+ 12| D,)

[U]]
(argmm{V(s) (f(uo)+n PG s)}>Z—|D ) (4.5.1)
seER

Using the fact that V,(s) = G,(s) =0 for s <0, and that the location of the minimum does
not change upon adding a constant term or upon multiplication by a positive constant,
(4.5.1) can be written as

) n2/3
I (arirgln { g(uo)(Vn(S) — V(o))
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n2/3 s 2] N,
gy olto) AN G (s) = Gn(“o))} > ; 7|Dn)- (4.5.2)

Using the change of variable s = u, + n~"*r and denoting 7,, = n1/3(z[k”:]1](Nk/n)—u0), we
write (4.5.2) as

203
H(argmin{ (Vi (o + 173 8) =V, (10))

teR g (o)
n2/3
_g(u ) (fo(.uo) + n_l/s)t)(Gn(.uo + n—l/S t)_ Gn(nu‘O))} > Tn |Dn)
0
2/3 [(po+n~ 113¢) ”N
=II| argmin " Z 9
ex o (8l) i
otn30)]]
nz/s s [(o+ ) Nj
J=lueJ1+1

Now note that ZW ] N, is distributed as Bin(n; G([v J1/J)). Using (2.1.2) on G, we get that

c ([(uo+ n3x)J]

7 )—uo=uo+n‘”3x+O(J‘l)—uo=n‘”3x+0(]‘l).

Therefore

-1/
Et,=n""? (G ([(Mo"‘ ”ljl 3x)ﬂ)—u0) — x+0(n'?J.

Similarly, Var 7,, $ n='/3. Therefore 7,, =% x, as n'/® < J < n?3. The left-hand side of the
expression inside the probability in (4.5.3) does not involve v, and has been shown in the
proof of part (a) of Theorem 2.3.2, to converge conditionally given D, to argmin{a W,;(t)+
aW,(t)+ bt*—At : t €R}. Using part (a) of Lemma A.2.7 for the conditional distribution,
we get that

(n'(f*(v)— folwo)) <A|D (argmin{al/\/l(t)+al/|/2(t)+btz—/lt}>x|Wl)

teR

2/3 A
iP((%) argmln{Wl(t)+ Wy(£)+ 2} + 25> x|Wl)
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Proof of Theorem 4.2.1. Let z € R. We have that

H(nl/s(h(J’o)— ho(30)) < Z|Dn) = H(nl/s(f*_l(YO)_ﬁ)_l(J/o)) < Z|Dn)
(" () <po+n"z|D,). (4.5.4)

By the definition of f*~!, we have that f*!(u) < ¢ if and only if f*(¢) > u. We can write
(4.5.4) as

H(J’o < flue+ n_l/sz)|Dn) = H(f*(.uo +nz)> fo(.uo)|Dn)
=11 (n"3(f*(uo+n"""2)— fy(10)) = 0|D,)
=1-T(n"*(f*(uo+n""2)— fy(uo)) < 0| D,,). (4.5.5)

Using Lemma 4.5.1, with A =0 and x = z, the weak limit of (4.5.5) is equal to
1—P((a/b)2/3argmin{Wl( + Wy(t)+ 12} > z|Wl)
teR
:P((a/b)2/3argmin{Vl/1( +Wy(t)+ 12} < z|Wl)

teR

Ol

Proof of Theorem 4.2.2. By the definition of posterior quantile Q,, ,, we have that hy(y,) <
Qy,, if and only if TI(h(y,) < ho(3)|D,) < 1—7. For every z €R, define

FX(z|D,)=11(n""*(h(yy) — ho(30)) < z|Dy,).
Also, let

elw=p((5) argmingwi(e) + wite)+ 2y <21 ).

teR

Therefore,

Po(ho(yo)ﬁ Qn,}/) Py (H( J’o)< ho ¥)IDy) < 1_7)

Po (T1( " (R(y0)— ho(30)) < 01D,) < 1—7)
(EX(
(E;

Py (F; 0|D )<1-7)
P(E;,(0]W)<1-7),

l
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where the last step follows from part (b) of Theorem 4.2.1, substituting z = 0. Now rewriting
O|W1) in terms of A}, |, with C = (a/b)??, we have thatP Ex,( O|W1 )<1— y) is equal
tO

P( (Cargmm{Wl )+ Wyt +t2}>O|Wl)<1 7)

teR
=p(p(ay, ,, 20|W)<1-7).
Similarly P, (ho(yo) > anl—r) =1-—P, (ho(yo) < Qn,l—r)! and therefore as n — oo,

Py (ho(1) 2 Quiy) = 1—P(P(&;, |, 2 0[W)) <7)=P(P(a%, , 20|W)27).
This establishes the proof. O

We shall state and prove some preliminary results before giving the proofs of Proposition
4.3.1 and Theorem 4.3.2. Define f; ;(x — i) = fy(x) to be the shifted true function. Let
0, = (640, 0y1) be a random vector such fy (x — i) = T, fo(x), where fy(z) = 6, + 0,2, and
T,,, fo(x) is the Taylor polynomial of order 1 by expanding f, around u,, so that

B0 + Oo1(x — 1) = folho) + fy (to)(x — o). (4.5.6)

From the last display we obtain that 8y, = fo(uo)+ f (o) —o) and 8y, = f; (). Therefore @
is a random vector, as the first stage estimator [ is random. The centered design points are
i.i.d. uniform samples and so by Lemma 4.5.2, Z" Z is invertible with probability tending to
1 as n — oo. Moreover, in the computation of the posterior distribution, the invertibility is
not an issue because of the regularization factor in the form of the prior covariance matrix
V. By our choice of V, Z" Z + V! is always invertible.

As a consequence of Theorem 4.2.2, | i — | = Op(n~/3). Let Fy = (fo(x1),--., fo(x,,))T
where {xl, ., X,,,} are the original(unshifted) second stage design points. Note that (Z 8 ); =

Jo,(x; — 1) and by Taylor’s expansion of f; around u,, we have that
1Fo=Z0lloo = max |fo(x;) = Ooo — Oor (x; — 1)
= rnax | folx fo(.uo)—fol(Ho)(ﬂ_Ho)—fO/(Mo)(xi — )]

1<i<n:

< max [|fo Ho)—fo/(.uo)(xi — o)l + O(| x; _H0|1+K)]

1<i<ny

Sor (4.5.7)

95



<62, (4.5.8)

The last inequality is due to the fact that |x; — | < §,, and |@— o = Op (n7/3) = 05(6 ), and
by our choice of 6,,, 6,, — 0 and 6,,>> n~/3. For matrices Z* Z and V, we enumerate their
rows and columns starting from 0 and ending at 1. Note that by our choices of the first and
second stage sample sizes, n, < n < n,.

We shall first upper bound the entries of (Z” Z)™! and obtain bounds for the posterior
mean and variance of 8. Centering the design points around zero ensures that (Z” Z)™! is
free of fi. The following lemma describes the asymptotic behavior of the entries of (Z7 Z )™
when the second stage samples are collected under uniform random sampling.

Lemma4.5.2. Asn — oo, Z" Z isinvertible with probability tending to 1. Also, for j, k =0,1,
we have that[(Z" Z)™]; ;= Op(n167U+0).

Proof. As z; ~Uniform[—6,,0,], we have that

agpy A0,

Z TZ =N,
a0 a 52
10Yn 11Y 5,

] =n,AAA, (4.5.9)

with A = (a;;), a;; = nz_lzzzzl U; Ukj, where U, U, are i.i.d. Uniform[—1,1], and A is a
2 x 2 diagonal matrix with diagonal entries 6/, j = 0,1. Define U = (U°,U")" for U ~
Uniform[—1, 1]. By the law of large numbers, each entry of A converges in probability to
the corresponding entry of EUU?, and therefore

EUUT —eI < A<EUU! +e€lI,

for a sufficiently small € > 0. As the entries of EUU are mixed moments of U ~ Uniform[—1, 1],
EUU is positive definite, and EUUT — eI being invertible when € is smaller than the mini-

mum eigenvalue of EUU’. Therefore for a sufficiently small € > 0,
n,' AT EUU" +el)'AT' <(Z7Z) " <y 'ATNEUU  —eI) AT

Letu;; = (EUUT)"!. Since n, > ¢ n for some constant ¢ > 0, using thelast display, [(Z Z)™],,
is Op(1; 0, 679%9) = Op(n~'69*) for a = 0, 1. Using the Cauchy-Schwarz inequality,
(ZzTZ)™],, for a,b=0,1, is bounded by

VIZTZY (27 Z) 1]y, = Op(n 71571 )),
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Next, we prove Proposition 4.3.1.

Proof of Proposition 4.3.1. We shall adapt the proof of Proposition 5.1 (a) of Yoo and Ghosal
(pear). Define U =(ZVZ" +1,)". We write |E((52|0,)— 02| as

In"'olt(U)—ol|+n (Fo—Z&) ' U(Fy—Z&)
Sn ' u(I,—U)+(Fy—Z0) ' UF,—Z0,)+(Z0,—Z5)"U(Z0,—Z&)], (4.5.10)

where we have used the Cauchy-Schwarz and the geometric-arithmetic inequalities to get
(x+y)'G(x+y)<2xTGx+2y"Gy.let P, =Z(Z"Z)'Z" be the orthogonal projection
matrix. Using the binomial inverse theorem (Theorem B.4.1) twice on U, we get that

(zvz'+1,) "' =1,-2(2"2+Vv ") 2" =1,—P,+M, (4.5.11)

where M =Z(ZTZ) ' \V+(ZTZ)'T(ZTZ) ' Z" > 0. Therefore the first term in (4.5.10) is
bounded by n'tr(P,) S n'.Since ZVZ' >0, U < I, and so the second term of (4.5.10)
is bounded by

n| U||(2,2)||1'_"0_Z00||2 < ||F0_Z00||io N 5;1,- (4.5.12)
By (4.5.11) and (I — P4)Z =0, the last term in (4.5.10) is
1 .
n(00—8) [V+(Z"Z) T 00—8) < n > 510, -, = Op(n7),
=0
as6,—0,0,;=0p(1)and &; = O(1)for j =0, 1, by the assumptions on the prior. Combining

the three bounds thus obtained into (4.5.10), we obtain |E((65|0,)— o3| Sn'+6%.

Next, by writing Y = F, + ¢, we have

(Fo—Z&) U (Fy—Z&)+2(Fy—ZE)' Us+¢e" Use.

no;
As 0, and £ are independent, Var(675|6,) is bounded up to a constant multiple by

n?(Fy—Z0,) U F,—Z0,)+(Z0,—Z5)"U*(Z0,—Z&5)+Vary(e' Ug)l.  (4.5.13)
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By an argument similar to that used to show (4.5.12), the first term in (4.5.13) is bounded by
n NI IFo—Z 0015 < nIFo=Z 0], S n7'5),

Using (4.5.11), idempotencyof I,,— P, and (I,— P ;)Z —0, the second term in (4.5.13) is
bounded above by

n20,—8)"Z7Z(0,—¢).

Using arguments from the proof of Lemma 4.5.2, the last two terms of (4.5.13) can be shown
to be bounded by a constant multiple of n~'. We therefore obtain that Var(65|0,) = Op(n™"),

and the mean square error is
Ey(Gi—0lY sn'+68, (4.5.14)

which implies the first assertion.

(b) Note that by posterior conjugacy of the inverse-gamma distribution, E(c%|D,)) <
n~'+62,and Var(o?|D,) S n®+n~'6?. By the Markov’s inequality, the second stage posterior
of 0 concentrates near the plug-in Bayes estimator 62, and therefore inherits the rate of

02 as established in part (a). O

For the remaining part of this section, we shall use .%,, to denote a shrinking neigh-
borhood of o such that I1(.#,,|D,) — 0. We shall now show evaluate the second stage
contraction rate of 8 at 6.

Lemma 4.5.3. Foranyo € #,,6,>n""®andé,— 0,

E[|6)— Ouol| Dy, 0] = Op (max{n™"%,6%,n7'5,'}),
E[|0, — 00]| Dy, 0] = Op (max{n™%5,",5,,n' 5,7}

In particular, for 6,, < n="*(logn)* for any choice of t > 0, the contraction rates of 6, and 0,

at 0y, and 0y, are n™"? and n="%(logn)~" respectively.

Proof. Let 0 < h < 1. By the assumption on the prior, V > 0. We have by Lemma 4.5.2 that

sup Var(6,|D,,0)=[ci+o(1)][(2"Z + V—l)‘l]hh < [(ZTZ)_l] sn'6 " (4.5.15)

oet,
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The conditional posterior mean of 8 has the bias

E(0|D,,0)—0,=(2"Z+V) (Z"Y+V'&)-0,
=(2TZ+V ) [ZTe+ZT(Fo—Z0,)+ V' (E—8,)]. (4.5.16)

The h-th diagonal entry of the first term in (4.5.16) has expectation equal to zero, and using
arguments similar to (4.5.15), its variance is equal to

o(z"z+v) ' zTZ(z"Z+v )] SntE
Therefore, [(Z7Z + V‘l)_lZTe]h is Opo(n_l/zégh) for h = 0,1. Next, let f,; = (z"Z +
V‘l)_l]h]., andy; = (FO —Z00) ,forh,j=0,1andi=1,..., n,. Using the Cauchy-Schwarz

i

inequality and the fact that V' > 0, we have that

(z"z+v)], < \/[(ZTZ +v) ],z z+v )]

iz 2 ,l272) ],

Therefore the h-th entry of [(Z7Z + V) ZT(F,—Z8,)]is

1y

ﬂhoZTz’ +PBm Zzﬁ’i S 5;h5i’
i=1 i=1
where the last inequality follows from the fact that |z;|< 6, as z; € £, fori =1,..., n,, and
(4.5.7). The second term of (4.5.16) is therefore bounded above by a constant multiple of
531_”. For the last term, note that |6,;| = Op (1) as | — ue| = 0p,(1), and |£;| = O(1) by the
assumption on the prior, for j =0, 1. Therefore, |6); — ;| <|0,;| +|& ;| = Op,(1). Then using
Lemma 4.5.2, for h =0, 1, we obtain that

[(ZTZ)_l V_l(g_ 00)]h = ﬂhoZ(V_l)Oj(gj —6p;)+ B Z(V_l)lj(ij —0,;)3 n_15;h.

j=0 j=0

Combining the bounds thus obtained into (4.5.16), we obtain that

E[|0), — Oo|| D,,, 0] = Op (max{n™"25",6%7", n7'5."}),
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for h =0, 1, and the proof follows. O

Proof of Theorem 4.3.2. First, using the fact that 0y, = fy(uo)+ f (Lo)(@—o) and 8y, = f; (o),
note that

—60, »—0
1 0 0 00
7' w) foo (3)= 91 0o,
wi-nalg- o3
fb ‘LLO 00 01 901 00 01 901 801
1 1 1Y) 6,—6y
_ )(___) (0,— 0 )(___)— , (4.5.17)
1y o) —bo 0, 06y e 6y Jo (o)

For the chosen &, < n™}(logn)’ for some ¢ > 0, using Theorem 4.2.1 and Lemma 4.5.3, we
obtain that E(|f ™' (30)— f5.' (30)] |Dn) is of the order

n B Vologn) ™ +n*nYo(logn) " + n 2 S,
Also, note that fa_ol( 30)— 157 (%) = (foltto)—600)/ Oo1 +(fi—tio) = 0. Therefore, for every M,, — oo,

(|77 00 = £ o) > Mun™2[D,) <1 {| £ (0)= £, 00)| > M| D,

— 0.
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APPENDIX

A

AUXILIARY RESULTS

In this appendix we state and prove some results that have been derived in the course of
obtaining the main results of this dissertation, and are of independent interest as well.

A.1 Approximation of amonotone function by step functions

LemmaA.l.1. Letp > 1. For fy € Z(K) and ] > 1, there exists fy; € Z(K) such that fy;(-) =
ijl 90j1[;'0,j,1,50,j)(') with0=¢&00<&p; <+ <& 1<y =1L1{E01,--» &0 1} CH{Xy,..0, X0}
and fy; satisfying

™ A= fiy (XY s 7 (A.L1)

i=1
Proof. We shall adapt the proof of Theorem 2.7.5 of van der Vaart and Wellner (1996) to
the context of the empirical distance with the knots chosen from the design points. We

shall show that for f; € #(K) and given € € (0,1), there exists J > 1 such that J $ K /e,
{€i,.., &y =1} suchthat {&y,..., &, c{X,,..., X, }and 0= < &, <+ < &p, <& =
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1, and (6, ..., 6y;) € R’ such that f;,;(-) Z] L 00, 1{[E -1, E;)}() satisfies

Y 1A fi ()| s €.

Let € €(0,1), c =277, Consider the coarsest partition 2, = {0 =&} < £ =1}. At any stage
k >0, let J(k) denote the number of intervals obtained from the partition 2, of [0, 1]. Now

define €, for stage k >0 as

k K, \VP
ec=, max (K(E)—AE]))(Nf/n)
where N’C =>" 1{X; e [5] ¥ 5’“ }. In order to obtain the partition 2, from 22, let X(’;) be
the medlan of X,’s contained in [5] » 5’?). For an even number of X, ..., X,, either of the
two middle values may be chosen. Also, denote by .%; the collection of all j €{1,..., J(k)}
such that

(H(E9— R ) (/)" > cer.

We then define %, as 2., = 2, U{U]eyk{Xk }}. Denote the elements of 2, as {5’”1 :
0<j<J,0=&" <&f << gt < M1 =1}, We continue partltlomng [0,1] on the
design points X, ..., X,, in the same manner until at some stage k, €} < e”*1. Also, note that
by the definitions of €, and #?, we have that €, ., < ce; <2€;,,. We now show that J(k) is
bounded above by a constant multiple of €;2/ %, First, denote by s, the number of intervals
of #; that have been subdivided to obtain Z,,. In other words, s; is the cardinality of .%;.

Using Holder’s inequality, we have

se(ce)P/PH < Z (fo k_ ))P/(PH)(Njk/n)l/(pH)
JETk
](k) .
(fog) ﬁ)g ) ( k/ )l/pl)
=1
] J(k p/(p+1) J(K) 1/(p+1)
Z(ﬁ) — i §_1))} {ZNjk/n}
j=1 =
< (ﬁ)(l)—f(‘)(o))P/(P+l) 1
< gP/p+1).

2
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Therefore s(ce,)P/P+D < KP/P+D, Next we have

k k
Z](l):k+lek_,
=1 =1

We now construct the approximating functions fq, for every k > 0. Let f, =0o0n [0, 1]. Given
Jogk—1), define fo, as

Jor(x) =fope—ny(x) + l;cfk(Njk/n)_l/p; bAS [5];_1, 5?)»

where l;c > 0 is the largest integer such that fy, < f;. Next, from the construction of f;, we
have that

1/p
(A~ firlE* D) (NE/n) " < g
From the definition of €, we have

(hx)-hED) (N /n) " <o xelgh,eb.

The last two equations give us that

(hx) =@ D) (VF/n) " <260, xelgt &b

We therefore have

n J
O A ) =00 DT R = )|
i=1

I=lixelet k)
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_ 2
which is bounded by a constant multiple of €?¢”/?*" = ¢?”/"*Y_For the final partition k,

J(k) S e”’P*Y, and €? < eP*!. Therefore
& 2
- p /(p+1)
> A~ )] s ef T <er,
P

To show J(k) < €7}, we note that since k is the first time €}, < €P*!, we have that €},_, > eP*1.
Hence J(k—1) < e;f{(’”” < €71, and therefore J(k)<2J(k—1)S el O

A.2 Asymptotic behavior of the point-wise sieve-MLE

For the model (2.0.1), let fn denote the sieve-maximum likelihood estimator of f, subject the

monotonicity constraint on f, obtained by minimizing the error sum of squares Z?:l( Y, —
f n(Xi))z as

J ] J
D Mi—agP =D D (G= TP+ D N(Y—q).
=1 i=1 j=1

iIXiGIj ] ZXIGI]

J

The solution is obtained by minimizing the weighted sum of squares Z;zl(N /)Y —q;)?
subject to the ordering constraint ¢, <--- < g;. From the algorithm for weighted isotonic
regression, g; is the left-derivative of the greatest convex minorant of the graph of (A.2.1)

at Z£=1 Ni/n. Then for x, such that f;(x,) > 0, the following theorem gives the asymptotic
distribution of fn(xo).

Theorem A.2.1. Let n'/® < J < n?3. Let W, be a two-sided Brownian motion on R with
W;(0) =0, Z, = argmin{W;(¢)+ t2: t € R}, and C = 2b(a/b)*”® with a = m and
b = f/(x)/2. Let X be random, satisfying (2.1.2). Then under Assumption A on the errors,
foreveryz eR,

Po(n'3(f(x0)— fo( %)) < 2) = P(CZ, < 2).

Proof. From the algorithm for obtaining the isotonic regression estimate for f(x;,) as de-

scribed in Section 2.3, the sieve-maximum likelihood estimator ﬂ(xo) is the left derivative

109



of the greatest convex minorant of the graph

2 2 J J
{(0,0),(%,%1’4),(27’“,2% k)(Z#“Zf k)} (A.2.1)

at the point Z[ ]l N, /n.Let U,, G, be stochastic processes denoting U,,(s) = [S”(N /n)Y
<

and G, (s)= Z[]S:] 1] N;/n.Using the switch relation (B.2.1), we evaluate Py(n n'/3( fn Xo)—fo( %))
z)forzeRas

fn(xo

“(x0)+ n3z)

§>0

=P, | argmin {U,(s)— (fy(x I/SZ)GH(S)}ZZ%>

k=1

seR

< fo
[x0]] N,
=P, (argmln{U ()= (folxo) + 17 32)G,(s)} = Z —k)

=P, argmln{ )(U 1(8)— Un(x0))—

k=1 n

[x0]]
g( ﬁ)xo +1n732)(G,(s)— G,(xp)) }ZZ k)

We use a change of variable s = x, + n~'/3¢. Similar to the proof of part (b), we use the
[(xo+n~"1)

P ”(N /n)Y for [jx‘)[](lc - 1/3”]+1(N /n)Y when ¢ < 0. A similar rule shall

be applied for ' x";"]]ﬂ TN i/n.Fort, = n1/3(z[x°” (N,./n)— x,), the last expression in the
display then equals to

notation

12/3
P, (argmin{ (U, (x+n"38)—U,(x,))
teR g(xo)

2/3
e )(fo(xo)-ir n Y 2)Glxo+ 0 r) - Gn(xo))} 2 Tn)
0

n2/3 [(xo+n""31) ]]N
8(x)

=P, (arg min Y

teR n

J=lxo 1H+1

-1/3
1n2/3 1 [(xo+n= 20T 7.
—1/3 J
—(folxp)+n — 2T, .
g(xo)(ﬁ)( 0) z) E . n

J=lxoJ1+1
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In the proof of part (b), it was shown that 7, — 0, and

[(xo+n"31)]]
1/3 N P
sup |n'°z —L_zt|=Po.
ek j=lxT 41

We shall therefore evaluate

n2/3 [(xo+n""31)]] N;
P,| argmin —(Y:—fy(x)—zt } >0].
o| argmini s >, T = flx)

J=lxoJ1+1

From Lemma A.2.2, Lemma A.2.3, Theorem B.1.6, and part (b) of Lemma A.2.7, we have
that
n(f(x0)— fol %) < 2)

— (argmin{an(t)+ btz—zt} > 0)
teR

teR
2/3

P — argmin{Wl(t)Jr tz}z—z)
teR

P ((ﬁ 2/3 argmin { Wi(¢)+ t*} +z/(2b)> 0)

=P (Zb (%)Z/ argmin{Wl(t)+ tz} < z),

teR

where the last step follows from the fact that argmin { Wi(t)+t*:te R} is symmetric about
zero. Substituting C =2b(a/b)?? in the last expression of the display, we get that

Po(n'3(f(x0)— fo(%)) < 2) = P(Cargmin{ W()+ t*: t eR} < z).

]

LemmaA.2.2. Leta=03/g(xy), b = f(x,)/2, and W; be a two-sided Brownian motion on
R starting at zero. Let n'/® < ] < n?/3. Then for all K >0,

{ n2/3 [(xo+n~1/31) ]]N

8(xo) j=lxo 11 n

—(Y;— folxo)), L‘G[—K,K]},

converges to {aW;(t)+ bt?:t €[—K,K]} in L=([—K,K)).
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Proof of Lemma A.2.2. We shall use Theorem B.1.1 with f,, , defined as

nl/ﬁ

[(xo+n_l/3t)]] [xoJ] 1
g(xo)(Y_f°(x°))(ﬂ{xS J }_R{XS J +7})'

We shall assume ¢ > 0 in the proof. Proof for the case ¢ < 0 follows similarly. For ¢ > 0 we
have

L S T
glw) A5,
) ;%(IPH—EM(Y—M»(H {W_]*” ex<lbormoon })
Gl o)
=Vn(P,—Eo)fuc + vV Eo [y

Let K > 0. Let F, be defined as

Y=gl o

xo)

[(xo+ 17 3K)J] [x0]] 1
fectistrn) o 1y

Then |f, ;| < F, for every ¢ €[0, K], and therefore F, is an envelope for the class of functions

Fn =A{fn:: t €[0,K]}. We shall verify the assumptions F, needs to satisfy for Theorem
2.11.22 to hold.

We first show that E’(")Fn2 is bounded. We have

n1/3 [(xo+n~3K) /T
2 _ 2 —
ElF?= g )J E[(Y — fo(xo))’| X = 5] g(s)ds
07 J x0T 1+1)/J

nl/3 [(xo+n~ B/ T
= [o2+(fo(s)— folxo)?]g(s)dss.
(%) f({xomn/f ’

As f; is differentiable at x,, it is continuous in a neighborhood of x, and so {02 + (fy(s)—
fo(%0))?} is bounded by a constant B > 0 in a §-neighborhood of x, for some & > 0. For n

large enough |[(xo+n"Y3K)J]/J — x,| < 6. Using Taylor’s expansion of g around x, we write
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g(s)=g(x)(s — xy) + O((s — x,)?), and for large n have

nl/3 [(xo+n~Y3K) 1/ T

2

EjF < 22(x)) Bf g(s)ds
0 ([xJ1+1)/T

n1/3

<

™ g2(x

1/3

= g’Z(x ; [g(xo)n PK +0(J ™)+ 0(n )]
0

=(K/g(xp))+o(1).

[g(x) (1% + 2K/ T = (%6 T14 1)/ T) + O(n™*)]

oQ

—

Next we show that E} F>1{F, > n+/n} goes to zero for every ) > 0. Using the fact that E} F>
is bounded, and the Markov’s inequality, we have that

E} F>1{F, >n+v/n}

[(xo+n~Y3K)1/T
:J Eo[n'2fo(s)— folxo) + e P LI fo(s)— folxo) + €l > nn'*} | g(s)d s
(

[xoJ1+1)/T

[(xo+n~Y3K)1/T
< f Eo[n'2fi(s)— folxo) + e PL{I fols)— folxo) > nn'//2} ]| g(s)d s
(

[xoJ1+1)/]

[(xo+n~ 3KV /T
+f Eo[n'PLfy(s)— folxo) + ePP1{lel > nn'/2} ] g(s)d s
(IxoJ1+1)/T

[(xo+n~ RN/ T
< f Eo[n'[fo(s)— folxo) + ePL{A(K) — folxo)l > nn'*/2}]| g(s)d s
(

[xoJ1+1)/T

[(xo+n~ 3K/ T
+ f Eo[n'PLfy(s)— folxo) + ePP1{le| > nn'/2} ] g(s)d s

(IxoJ1+1)/T
[(xo+n 3 K) /T
< n' P fH(K)— fi xO)|>nn”3/2}f Eo [[fo(s)— folxo) + €] g(s)d s
(TxJ1+1)/T
[(xo+n~ B K)1/T
n'P(fH(1)— f(0))° f Eo[¢*1{le] > nn'//2] g(s)d s
(IxoJ 1)/ T
[(xo+n~ 2 K) 1/ T
50(1)+E0[€2]l{|8|>nn1/3/2]n1/3J- g(s)ds,
([xoJ1+1)/T

which goes to zero by the assumption on the error € and the fact that | fo(1)— f,(0)| is bounded.
Next, let 6,, | 0 and 0 < ¢ < s, such that |s — 7| < 0,,. Then again using the fact that
{ag + (fo(s)— fo(x0))?} is bounded by a constant B > 0 in a neighborhood of x,, we evaluate
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EO(fn,s - fn,t)2 as

IV [(xo+n='38)J1/ T
f Eo[(Y — fy(x0)?|X = u] g(w)du

((xp+n=136)J1+1)/ T
[(xo+n~Y35))1/ T

= {02+ (fo(w)— folxe)’}g(w)du

xo) x0+n 30 J1+1)/]
<n1/3] [+ 2s) 1= [(x +n 1) 1—1]
=n'P[nPs—1)+0(U™)]
<6,+o0(1).

We shall now find the limit of the covariance. As the observations Y given X are independent,

so for s and ¢ of the opposite signs, Cov(f, s, f;) is clearly equal to zero. So let s, r > 0. We
then have

Eo fos ot —EBofusBofui
:[Eo(fn SM (Eofn snt) ]

+[EolfsneFusve = Fasne)) = Eolfosnt Bo(( fosve = Frone))]
:Eo(fnz,s/\t)—(Eofn,sm)Z,

as f, ;o and f,, o —fr.sr: areindependent. Expanding E (£ +snr) and using Taylor’s expansion
of fy and g around x;, E( fn’s ) €quals to

nl/3 [(xo+n~Y3(sAt))J1/ T
J E[(Y—fo(xo))2|X= ulg(u)du

82(%0) ) 1o 11177
YR CE R TN
= )f 2+ (folw)— folxo)) g (w)du
X)) gy rie1)/7
nl/3 J‘[(x0+n1/3(3/\t))]]/]
= {U + f(xo (u— xo)
2 0
82(%0) J 2o 11171
+O(lu— x|} g(u)du
nl/3

= 2t (708 Ll (s A1)+ O(n 74 )]
0

=(02/8(x0))(s A1)+ 0(1).
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Also, the limit of E f,, ;,, can be evaluated in a similar way as

nl/3 [(xo+n=Y3(sAt)J1/T

EOfn,s/\t =
82(%0) J o117

nl/g (o +n~Y3(sAE)I1/ T

= {fo(u) = fo(xo)}g(u)du

8%(%0) Jixy panyyy

[(xo+n~Y3(sAE) /T
$n1/3J (u—xo)g(u)du
(]

xoJ1+1)/J
=n'*lo(n?*F)+oU™)],

Eo[Y — fo(xo)| X = u] g(u)du

which goes to zero, as n'/* < J < n??. Therefore Cov(f,, ;, f..) = 02/8(x,)(s A t) as n — 0.
The uniform entropy condition of the theorem holds from Lemma B.1.2. The assumptions
of Theorem B.1.1 are therefore satisfied and we have that the process t — vn(P,, —Ey)f,..,
converges to \/m W, in L*°([—-K, K]), where W, is a two-sided standard Brownian

motion starting at zero. Next, using Taylor’s expansion of f, and g around x,,, we have that
vnEqf, , equals to

n2/3 [(xo+n=30) )/ T
f {folu)— folxo)}g(u)du
(

8(%0) ) 11141171

n2/3 [(xo+n~Y30)]1/J
= f {f (xo)(u—x0)+ O((u—x, )} g(u)du
8(%0) Jixo 1417

n2/3 [(xo+n=30)]1/ ]
= J { £/(x0)g (x0) (1t — x0) + O((u— xo)*)} due
8(X0) J 1141171

1

= Efo'(xo)t2 +o(1).

Therefore, {(nz/g/g(xo))Z[;ff;'}:jtm(Nj/n)(Yj — fo(xp)) : t € [—K, K]} converges weakly to
{awy(t)+bt?:t€[—K,K]}in L*°([—K, K]). O

LemmaA.2.3. Let n'® < J < n??. Then

(Co+n 2001 7y (Cio+n =001y
1 _] V. I VA _J =
argmin Z . (Y;— fo(xo))—n""z Z . Op,(1).

teR =i 141 j=ix 141

Proof of Lemma A.2.3. Using the change of variable r = n=/%¢, we establish the tightness
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of n'3h,, where

X wtn)l p (NN
ho=argmin{ > (T —filxn)-n"z > Li-x.

. n
reR | joprin j=izoT1+1

For r >0, define K,,(r) and K(r) by

K, (r)=P, [(Y = folxo)({X <[(x0+ )T/ T} —1{X <[xJ1/T})]
+zn VPP, [I{X <[(xo+ )T/ T} =X <[xJ1/T}];
K(r)=Eo[(Y — fy(x))(1{X < xo+ r}—1{X < x,})].

Then h, is equal to argmin{K,(r) : r € R} — x,. We shall employ Theorem B.1.5 to show
that n'/3(argmin{K,,(r) : r € R} — x,) is Op(1), withM,, = —K,,, M = —K, © = [0,00), 0, =
argmin,; K, (), 6, =0 and d the Euclidean distance on R. With these notations, we have
that —K,,(0) =—K(0) = 0 and 8,, maximizes —K,,. We shall now verify the assumptions of the
theorem.

The condition M(0)—M(6,) < —d?(0, 6,) translates to K(r) 2 r? in the present context.

Using Taylor’s expansion of f, and g around x,, we have

Jo(8)— folxo) = £ (x0)(s — Xp) + 0(|s — x)
g(s)=g(xo)+[g(s)—g(xo)l, 1g(s)—g(x)|< By, B;>0.
We verify that K(r)Z r? by writing K(r) as

Eo[(Y — fo(%o))1{X € (x0, %o+ r]}] =f Eo(Y — fo(%0)| X = 5)g(s)ds

Xo

= f (fo(s)=folxo))g(s)d s,

which is bounded below by a constant multiple of r2. Next we shall find functions ¢,, such

that ¢,,(6)/6 is decreasing in 0 for some a € (0, 2), and for sufficiently small o,

VREjsup|K,(r)—K(r)| S ¢,(5). (A2.2)
|r|<é

The left-hand side of (A.2.2) equals to E} sup{| Zf:3 H;,(r)|:|r| < 6}, with H;,,(r) as defined
in (2.6.19). Using the fact that for sufficiently small 9, f; is differentiable in a 6 -neighborhood
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of x,, we get that E} sup{|H,(r)| :|r| < 6} is bounded above by

Eoﬁpn|y_fo(x0)|1{xe(xo,@]U(xﬁ&w]}

(I 01
< «/ﬁf | folw)— folxo)lg (w)du
(08711

+vn | folu)— folxo)lg(u)du

XO+6

S VAU L (%),

which is bounded above by a constant multiple of n~'6 as J > n'/3. Next, we define Mj;

and a class of functions .#5 as

Ms =Y — fo(x)| L {X € (x0, xo+ 01}
Ms={(Y — fol %)L {X € (xg, X+ 71} : 1] <6}

Then M5 is an envelope for .4, and from the discussion on Page 291 of van der Vaart and
Wellner (1996), we have that

E} sup{|Hy,(r)l: [r| < 8} S J(1, M5)ELME)?,

where J (1, .#5s) for n > 0 is the uniform entropy integral

n
SléPJ V1+10g N (el Msllzq, 5,1l - Ilz,0)de.
0

Using arguments similar to those in Page 216, within the proof of Theorem 3.6.2 of Banerjee
(2000), we get that J(1,.#5) is a finite constant. Also, using the fact that {0'3 + (fols)—
fo(x0))?} is bounded by some B > 0 in a neighborhood of x, and arguments similar to those
used for proving E? F? is bounded in the proof of Lemma A.2.2, we obtain that ;M2 <6,
for sufficiently small 6 > 0. Therefore Ej sup{|Hy,(r)| : [r| < 6} S V6. Next we bound
E} sup{|H;,(r)|:|r| <6} as

n'8|z|E*sup P, 1{X € (xp, Xo + 1]} < nV/8|z|E*P, 1{X € (xp, Xo + 6]}
|r|<é

=n'®lz|(6 +0(U ™),
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which is bounded by a constant multiple of n'/%|z|5, as J > n'/3. Therefore for some
C >0, (A.2.2) is satisfied for ¢, = C(n™V® + 62 + n'/%|z|6). For r, = n'/?, we have that
r2¢,(r') < n'?|z| $ v/n. The condition M,,(0,) > M,(6,) — Op,(r,%) has been verified
within the proof of Lemma A.2.2. The final condition that 6, —% 6, requires the uniform
consistency of f,(x) in a neighborhood of x,, which is satisfied by the uniform consistency
of the MLE near x,, as established by Brunk (1970), and the fact that

sup P, Y[1{X €(0,[rJI/J1} —L{X €(0,r}}] -" 0.

ref0,1]
The assertion in the last display establishes that the difference of the slopes of the cor-
responding greatest convex minorants converges to zero in probability, uniformly in a
neighborhood of x,. Therefore the difference between the MLE and f, converges to zero
in probability uniformly in a neighborhood of x,. We therefore obtain that f,(x) =% f,(x)
uniformly in a neighborhood of x,, and the proof follows. O

For the model (3.0.1), let h = Z§=1 pily,, fol h(u)du=1.Thenlet h = 2521 p;1;, be ob-
tained from & by minimizing the sum of squares h = J Z]]'=1( p;—P;)? under the constraint
p1,> -+ > p;. The algorithm for the constrained minimization problem as described in Sec-
tion 2.1 of Groeneboom and Jongbloed (2014) gives us that p; is the slope (left derivative)
of the least concave majorant of the graph (3.3.1) at the point j//J, for 1 < j < J. Then for x,
such that g;(x,) <0, the following theorem gives the asymptotic distribution of g,,(x,).

Theorem A.2.4. Let n'/® < J < n®3. Let W, be a two-sided Brownian motion on R with
Wi(0) = 0, Z, = argmax{W,(t)—t2 : t € R}, and C = 2b(a/b)**® with a = \/g,(x,) and
b =1g,(x)|/2. Then for every z € R,

Po(1'%(g,(%0) — 80(X0)) < 2) = P(CZ, < 2).

Proof. LetU,, G, be stochastic processes denoting U, (s) = [].S:]l(Nj/n) and G,,(s)= js:]1] J L

From the switch relation (B.2), we evaluate P(n'/3(g,,(x,) — go(%,)) < x) for z €R as

P(nl/g(gn(xo)_go(xo)) <z)
=P(g,(x) < golx0) + n'z)

[X0]]
=P (argmaX{Un(s)—(gO(xo) +n7P2)Gy(s)} 2 > ]‘1)

520 =1

=P (argmax{Un(s)—(go(xo) +nP2)G,(s)} > Tn)

seR
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=P (argmax{nz/S(Un(S)— U (x0))—
seR

n*(gy(x0) + n7P2)(Gu(s) = Gulxo))} = 7).
The last expression in the display then equals to

P (argmax{nz/g(Un(x0 +n7 38— U, (%))
teR

—n*P(gy(x0)+ n732)(Gy(x0+ 172 1) = Gu(x%0))} = 7,)

ot 071
=P | argmax{ n*? Z —

teR

J=lxoJ1+1
[(xo+n"131)]] 1
—n*Pgx)+na) Y Sz, ).
J=lxJ1+1

In the proof of part (b), it was shown that 7, » 0 and n'/3z J 7 [[(xo+ n~31) J1—[x,J1—1] —
zt. We shall therefore evaluate

P(g,,(xo) < go(x0) + n_l/gz)

[(xo+n"131)]]
N;  go(x)
=P | argmax<{ n*® E (—]—u)—zt >0 .
( gteR { n J

J=lxoJ1+1

From Lemma A.2.5 and A.2.6, Theorem B.1.6, and Lemma A.2.8, we have that

P(n'(g,(x0)— 8o( %)) < 2) = P (argmax{an(t)— bt*~zt}> 0)

teR

:P((a/b)m argmax{W;(¢)—t*} +z/2b > o)

teR

P (Zla(oz/b)z/3 argmax { W;(t)—t*} > —z)
teR

=P (Zb(a/b)m’ argmax{W(1)—*} < z),
teR
the last step following from the fact that arg ma.x{ Wi(t)—t?:te R} is symmetric about
zero. Substituting C =2b(a/b)?? in the last expression of the display we get P(n'/3(g,,(x,)—

8o(xp))<z)— P(C argmax{Wl(t)— 12t ER} < z) as n — oo.
]

LemmaA.2.5. Let W, be a two sided Brownian motion on R starting at zero. Let n'* < J <
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n?. Then for every K > 0,

[(xp+n~3£)]] .
{nz/s D (&_g(’(x(’));te[_K,K]}w»{aI/Vl(t)—btz:tG[—K,K]},

jeimgr T J
in L*°([—K,K]).

Proof of Lemma A.2.5. We shall use Theorem B.1.1 with f,, , defined as

(n"Cgo(x0)) (1{X < [(xo+n 1)1/ T} =X <[xJ1/T +1/7})
—(n"ogo(xo )T [ +n )11 —[x0J1—1].

We shall assume ¢ > 0 for the proof. The steps for ¢ < 0 follow in an exactly similar manner.
For t > 0 we write v/nf, , as

n?3(P, —P) (X <[(xo+n7Pe) ]/ T} =X <[x0J1/] +1/T})
+n*PP (X <[(xo+ 1P 0)J1/ T} — 14X <[xJ1/T +1/T})
= \/ﬁ(Pn _P)fn,t + ‘/ﬁ an,t-

For every K > 0, let F,, be defined as

(n"°go(x)) [I{X <[(xo+n P K)TV/ T} =X <[xJ1/T +1/]}|
—(n"°go(xo)) T [(x0 + K1 —[ % 71— 1].

Then |f, ;| < F, for every ¢ €[0, K], and therefore F, is an envelope for the class of functions
Fn=Afn:: 1t €[0,K]}. We shall verify the assumptions F, needs to satisfy for Theorem
2.11.22 to hold.

We first show that P*F? is bounded. We have

[(xo+n 3K/ T
P*F?=n'"? f (8o(5)— gol%0))ds.
([xoJ1H1)/T

As g, is differentiable at x, with gj(x,) < 0, gy(x) is bounded by a constant B > 0 ina 6-
neighborhood of x, for some & > 0. For n large enough [[(x, + n7/3K)J1/J — x,| < 6. Using

Taylor’s expansion of g around x, we write go(s)— go(xo) = g;(Xo)(s — Xo) + O((s — x,)*) and
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for large n we have that

([ JH+1)/T

[(xo+n YBK)J1/T
P*F?<n' B J (8o(s)—8&o(xo))ds
3

< 1 [g4(x0) (10 + 1P KV T —([%6J 1+ D/ T)+ O(n 2]
= n'?[g(x)n K +0(J ")+ O(n %]
)+

= Kg(;(xo o(1),

which is bounded. Next we show that P*F>1{F, > n+/n} goes to zero for every 1 > 0. For
large n, [[(xo+n~'*K)J1/J — xo| < 6. We write P*F*1{F, > n+/n} as

[(x+n~ B K)1/T
f n'21{|go(s)— go(x0)l > n' " }d s

([xoJ1+1)/T
[(xo+nV3K)J1/T

< ' 1{|g6(0)— go(1 )|>Tln1/3}J ds

[xO]]+1

S Hlgo(0)—go(1)| > nn'yo(1),

which goes to zero as 1{|g,(0)— go(1)| > nn'/} — 0, since g,(0) < co.
Next, let 0,, be a sequence of positive real numbers decreasing to zero. Let 0 < ¢t < s,
such that|s—¢|< §,. Thenas n — oo,

[(xo+n~"35)]1/]

P(fns fnt —I’l f (go(u)_go(xo))du
(a

(xo+n=138)J+1)/T
S P e+ 0 P N—1(xo+n7 1) J1-1]
=n'P[n (s —1)+0(U™)]
=|s—t|+o(1)
<o,+o0(1),

which goes to zero. We shall now find the limit of the covariance. Let s, > 0. We have

an,sfn,t _an,stn,t = [ fn s/\t an s/\t ]
+ [P(fn,s/\t(fn,th _fn,s/\t))_P(fn,s/\t)P((fn,s\/t _fn,s/\t))]
:P(fnz‘s/\t)_(an,s/\t)z!
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as f, sar and f, v, — fusar are independent. Expanding P( nz ) and using Taylor’s expansion
of g, and g around x,, we get

[(xo+n 3 (sAL) T/ T
P(fnz,s/\t) = nl/sf (8o(u)— 8o(xp))du
([xJ1+1)/T
[(xo+n=Y3(sA)TI/T
=”1/3f {go(x0)(u—x0)+ O(lu— x[*)}du
(TxJ1+1)/T
=n'"[gx)n (s At)+ 072+ )]
=go(xp)(s At)+o(1).

Therefore, Cov(f, s, f;) — (s A t)go(xo) as n — o0. The uniform entropy condition of the
theorem holds by Lemma B.1.2. The assumptions of Theorem B.1.1 are therefore satisfied
and we have that for every K >0,

{(VA®,—P)f,.: t €[-K, K} = {1/ go(x)Wi(1): £ €[-K, KT},
where W, is a two sided standard Brownian motion starting at zero. It remains to show that
VvnPf,  — bt?*in P,-probability. Using Taylor’s expansion of g, and g around x,, we get
[(xo+n™30)J1/]

\/ﬁan,t = nwsf {8o(u)—8o(x0)}du

([x0J1+1)/ T

[(xg+n=3t)]1/T
_ e J {8)(x0)(u— x0)+ O((u— )} d
(IxJ+1)/T

= go(%)t%/2+o(1).
Therefore,
[(xg+n~131)]]
n** > (Ny/n—gy(x0)/]): t €[=K, K]}~ {aWi(t)=bt*: 1 €[-K, K]},
J=lxoJ1+1
in L*°([—K, K]) for every K > 0. O

LemmaA.2.6. Let n'® < J < n?3. Then

[(xo+n"131)]] N 1/3 [(xo+nY30)]]
i X n 1
argmax{nz/?’ E Nj _ &l 0))_ z — +=0p(1).

teR j=lxoJ1+1 J gO(x(’) j=lx 141
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Proof of Lemma A.2.6. For r >0, define K,,(r) and K(r) by

K,(r)=P,[({X <[(xo+ 1)1/ T} =X <[x,J1/T})]
+2zn PP, [1{X <[(xo+ 1)1/ T} =X <[xJ1/T}];
K(r)=Go(xo+ r)_Go(xo)_g(;(xo)r-

Then h, equals argmin{K,(r) : r € R} — x,. We shall employ Theorem B.1.5 to show
that n'/*(argmin{K,(r) : r € R} — x) is Op(1), with M,, = —K,,, M = —K, © = [0,00),
0, = argmin, ; K, (r), 8, = 0 and d the Euclidean distance on R. With these notations,
we have that —K,,(0) =—K (0) = 0 and §,, maximizes —K,,. We shall now verify the assump-
tions of the theorem.

The condition M(0)—M(6,) < —d?(0, 6,) translates to K(r) 2 r? in the present context.
Using Taylor’s expansion of g, around x,, we have

8o($) — golx0) = g(%0)(s — Xo) + 0(ls — Xo).

We verify that K(r)2 r? by writing K(r) as

Xo+T1

Eo[]l{XE(xo}xo"‘r]}]:J 8o(s)ds,

which is bounded below by a constant multiple of 2. Next we shall find functions ¢,, such

that ¢,,(6)/6 is decreasing in 0 for some a € (0, 2), and for sufficiently small 0,

VTE; sup K, (r) = K(r)] S $,(6). (A2.3)
|r|<d

The left-hand side of (A.2.3) equals to Ej sup{lZ?=3 H,;,(r) : |r| < 6}, with H;,,(r) as de-
fined in (3.5.15). Using the fact that for sufficiently small 6, g, is differentiable in a 6-
neighborhood of x,, we get that E} sup{|H;,(r)|:|r| < 6} is bounded above by

e, 1 {x e s 2] 55, 2T

J
([x0JN/T
< «/ﬁf 18o(1)— go(x0)ldu
(ICxo+r)IN/ T
+vn |8o(1) — go(x0)|du
x0+r
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S ﬁ(]_l)zg(;(xo)»

which is bounded above by a constant multiple of n7'/%, as J > n'/3. Next, we define M;

and a class of functions .5 as

Ms=1{X €(xy, x,+ 0]}
Ms={1{X €(xp, x0+T]}:|r|<5}.

Then Mj is an envelope for ./, and from the discussion on Page 291 of van der Vaart and
Wellner (1996), we have that

E} sup{|H,, ()| : Ir| < 8} S J(1, 5)E M),

where J(n, #5) for n > 0 is the uniform entropy integral

n
Sgpf v/ 1+log N (€llMpllz,q, s, II-llo.0)de
0

Using arguments similar to those in Page 216, within the proof of Theorem 3.6.2 of Banerjee
(2000), we get that J(1,.#5) is a finite constant. Also, using the fact that (gy(s)— go(x,))? is
bounded by some B > 0 in a neighborhood of x, and arguments similar to those used
for proving E};Fn2 is bounded in the proof of Lemma A.2.5, we obtain that Ej M, g <6,
for sufficiently small 6 > 0. Therefore E} sup{|H,,(r)| : [r| < 6} v//&. Next we bound
E} sup{|H;,(r)|:|r| <6} as

1/6

7 [[(xo+ 1) J1=1x%J 11 S n'/®|21(6 + O ),

which is bounded by a constant multiple of n'/%|z|5, as J > n'/3. Therefore for some
C > 0, (A.2.3) is satisfied for ¢, = C(n~"® + §'/? + n'/%|z|5). For r, = n'/3, we have that
r2¢,(r') < n'?|z| $ v/n. The condition M,,(0,) = M,(6,) — Op,(r.?) has been verified
within the proof of Lemma A.2.5. O

Lemma A.2.7. Let W, W, be independent two-sided standard Brownian motions starting at
zero. Then fora,b >0 and c €R,

(@ argmin{aW;(h)+aWy(h)+bh*+ch:heR}
£ (a/b)** argmin {Wi(g)+ Ws(g)+ 8% : g €R} —c/(2b);
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() argmin{aW;(h)+bh?*+ch:heR}
4 (a/b)*3 argmin{l/\fl(g)+g2 '8 eR}—c/(Zb).

(c¢) Forc,,c,€R,

(argmin{aWi(h))+ bh’ +c,h, : h €R},
argmin{aWi(h,)+aW;(hy)+ bhZ+ c;h, : h, €R})
< ((a/b)?? argmin {Wy(h)+ h?: by R} — ¢, /(2D),
(a/b)*" argmin{W,(h,)+ Wy(hy) + hZ : hy e R} — ¢, /(2D)).

Proof. (a) We use the transformation g — v(g) =(a/b)**g—c/(2b). Then the range of g

is R. For g = argmin{a W;(1(g))+ b(y(g))2 + cy(g): g €R}, let h =(a/b)**g + ¢ /(2b). We
then have,

argmin{a Wi (y(g)) + aWa(y(g))+ b(y(g))* + cyp(g)}

geR
= argomin {awi(y(g)+ amiyie) +b(5 ) g ()" s

c? a\2/3 c?
+m”(z) ‘5}

. . ” a\2/3 C oW a\2/3 c +b an\4/3 )
_arﬁlﬁm{“ 1((b) g Zb) a 2((19) g 219) (b) g}‘

Using the facts that W(ch — ) £ W;(o h)— Wi(u), and that W;(o h) < VG W;(h), ¢ can be
evaluated as

g= argergin {a W ((%)2/3 g— %)

3 ) e
~¥i35)

v (5) ) aw 55 o () )
= argg;.in {an ((%)2/3 gl+aWw, ((%)2/3 g) +b (%)4/3 gz}

4/3
2 argmin«{a (%)1/3 [Wi(g)+ Wa(g)]+ — 2}

2<R pl/3

+aW2(

d . a\2?
=argm1n{aW1((—) g
geR b

Ne—— N N~/
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a4/3
= argmin(—) {(Wi(g)+Wa(g)+g°}

°r  \ b3

=argmin{W,(g)+ W,(g)+g°}.
g€R

4

Therefore, § = argmin{W;(g)+ W;(g)+g*: g €R} and

~ d a 2/3 . 2 C
h:(—) argmin{W,() + Wy(h) + h?} + —.
b heR 2b

(b) The proof follows using exactly the same arguments as in part (a).
(c) By the independence of W, and W,, we have that

(Vvl(o'hl — )+ Wo(o hy — ), VVl(U'hz_.Uz))
(ﬁ(Wl(th Wo(h))— Wily) — Wa(u), vo Wi (hy)— Vvl(.uz))-

[l

The proof follows by using the transformations h; — (a/b)**h; —c;/(2b) for i = 1,2, and
the arguments similar to those used in part (a). O

Lemma A.2.8. Let Wi, W, be independent two-sided standard Brownian motions starting at
zero. Then fora,b >0 and c €R,

(@ argmax{aW;(h)+aWy(h)—bh®>+ch:heR}
£ (a/b)** argmax{Wi(g)+ Ws(g)—g>: g R} —c/(2b);

() argmax{aW;(h)—bh*+ch:heR}
4 (a/b)*? argmax {W(g)—g?: g €R}—c/(2D).

(¢) Forc,,c, €R,

(argmax{aWi(h))—bh’+c h : b €R},
argmax{aWi(h,)+ aWy(h,)— bh. + c,hy : b, €R})
£ ((a/b)*® argmax {Wi(hy)— h?: by € R} — ¢, /(2D),
(a/b)*" argmax{ W, (hy)+ Wy(h,)— k. : by R} — ¢, /(2D)).

The proof follows using arguments similar to the proof of Lemma A.2.7.
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APPENDIX

B

MISCELLANEOUS RESULTS

This appendix states some results on empirical processes, convex minorants, and gen-
eral theory of posterior contraction. The results have been used in various derivations

throughout the dissertation.

B.1 Results on empirical processes

Let X;, X,,... be a sequence of independent random elements with the common law P on a
measurable space (y,.</) and let x — f,, ,(x) be functions from y to R indexed by n € N and
a fixed, totally bounded semimetric space (T, p). Let 7, be classes of functions changing

with n, defined as
Fn=Afu::t€T}

Let F, be an envelope function for .Z,,. A natural choice of F, is sup{{|f, ;|: t € T'}. Assume
that the following hold true:

P*F>=0(1),
P*F*1{F,>n+/n}—0, for every n >0, (B.1.1)
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sup P(f,s—fn:)—0, foreveryé,|O.
p(s,1)<6,
The following theorem establishes a central limit theorem for the processes {G,, f,,; : t € T'}

under an entropy condition and the above mentioned assumptions.

Theorem B.1.1. (Theorem 2.11.22, van der Vaart and Wellner (1996)). For each n, let the
classes 5 ={fns— fur : p(s,t) <0} and 9‘5}5 be P-measurable for every 0 > 0. Suppose
that the conditions of (B.1.1) hold, and

6y
supJ \/logN (elanllle, T LZ(Q))de — 0, foreveryé, | 0.
Q Jo

Then the sequence{G, f, ,: t € T'} isasymptotically tight in L°°(T) and converges in distribu-
tion to a Gaussian process, provided the sequence of covariance functionsP f,, ¢ f, ,—P f, P f «
converges point-wiseon T x T'.

Lemma B.1.2. (Example 2.11.24, van der Vaart and Wellner (1996)). The uniform-entropy
condition of Theorem B.1.1 is satisfied if, for each n, the set of functions Z, ={f,,:t €T} is
a VC- class with VC-index bounded by some constant independent of n.

The following lemma provides a maximal inequality for sub-Gaussian processes in
terms of an entropy integral.

Lemma B.1.3. (Corollary 2.2.8, van der Vaart and Wellner (1996)). Let{X, : t € T} be a
separable sub-Gaussian process. Then for every o >0,

d(s,t)<o6

5
E sup |XS—Xt|§Kf v1ogD(e,d)de,
0

for a universal constant K . In particular, if{X, : t € T} is a separable, zero-mean Gaussian
process, then it is sub-Gaussian with respect to its standard deviation semimetric p(s,t) =
o(X,— X;), and therefore for every 6 >0,

E sup |X; X|<f V91ogN(e, T,p)de,

p(s,t)<d

where N (€, T, p) is the covering number of T with respect to p.
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Lemma B.1.4. (Dudley’s result, page 252 of Billingsley (1999)). There is a constant A> 0 such
that for 0 < € < 1, there exists an e-net in [0, 1] with N(€) many elements satisfying

NS
logN(e) < A\| - log—.
ogN(e) < c 087

Let {M,(h): h € ©} be a sequence of stochastic processes indexed by a semimetric space
© equipped with the semimetric d. Consider the estimators 8, that nearly maximize maps
0 — M,,(0). Also, let M(h) : h € © be a deterministic function and let 6, be a point of the
maximum for 8 — M(@). The following theorem establishes that the continuity modulus of

the difference M,, — M can provide an upper bound for the rate of convergence of 6,,.

Theorem B.1.5. (Theorem 3.2.5, van der Vaart and Wellner (1996)). Let for every 6 in a
neighborhood of 6,,

M(0)—M(6y) S —d*(, 6,). (B.1.2)

Let for sufficiently small 6 and every n,

B sup |V, —M)O)— (M, —M)6,)| s 22

) (B.1.3)
d(0,0,)<6 Jn

for some ¢,, such that 6 — ¢,(6)/6 is decreasing for some a < 2, with a not depending on

n. Let r,, be a real sequence such that for every n,
ra@a(r, ) <. (B.1.4)
Let 0, converge in outer probability to 0, and letM,,(0,,) > M,,(0,) — Op(r?). Then,
r, d(0,,,00)= Op.(1).

Also, if (B.1.2)—~(B.1.4) are satisfied for every 6 and §, then the consistency of 0, is unnecessary.

Theorem B.1.6. (Argmax continuous mapping, Theorem 3.2.2 van der Vaart and Wellner
(1996)). Let M,,, M be stochastic processes indexed by a metric space H such thatM,, ~ M
in L°°(K) for all compact K C H. Suppose that almost all sample paths of M are upper

semicontinuous and possess a unique maximium at h, which as a random map in h is tight.
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If the sequence h,, is uniformly tight and satisfies

Mn(]:ln) = SupMn(h)_OP(l),
h

then h, ~ h in H.

Let R,, R_and R, denote the positive real line, the negative real line, and the whole
real line respectively. Let C,,.«(R) be the collection of all continuous functions f from R to
R for which f(¢) — —o0 as || — o0, and f achieves its maximum at a unique point in R.
Let Cin(R) be defined similarly, with —oo and maximum replaced by co and minimum
respectively. Also, C.«(R, ) is defined similarly to C,,..(R), with the domains of the functions
restricted to R,.

The following theorem is an extension of the Argamx theorem to the multivariate case.

Theorem B.1.7. (Multivariate version of the Argamx theorem, Lemma 3.6.10, Banerjee
(2000)). Let (Y1, Y2, ..., Y,;) be random maps into B,(R)* equipped with the product topol-
0gy, where B,,.(R) is equipped with the topology of uniform convergence on compact sets. Let
(Up1, Upzs ..., Uyi) be random maps into R* and let (Yy,, Yy, ..., Yor) be a random map into
B,,.(R) such that

P((Yo1, Yoz -» Yor) € Cran(R)) = 1.

Let € ; be either +,— or 0 for every1 < j < k. Suppose that
@) (Yar,e-or Yar) > (Yor,..., Yor);
(i) Ups..., Upy are Op(1) and U, ; belongs toR, , for all1 < j < k;
(i) Y,;(U,;) 2 {sup[eRfj Y,i(t)}—a,;, wherea,;=o0p(1),1< j<k.

Assuming that for each i, the process Y, restricted to R, is almost surely in Cp(R.,), let
U; =argmax,z  Y;(t). We then have that

(Upts-- o Upg) > (U, ... Up).

A corresponding result for the minimizers is easily deduced from Theorem B.1.7 by

replacing max by min everywhere in the theorem, and by changing condition (iii) to

Yn](Un]) < {tgl%f Ynj(t)}'i_anjy
€

where a,,; = 0p(1), 1 < j < k.
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B.2 Switch relations

For deriving most of the results in sections 2.3, 3.3 and 4.2, we have used what are known
as “switch relations" pertaining to lower or upper semi-continuous functions. For a lower
semi-continuous function ® on an interval I with ®* its greatest convex minorant, and ®*!

denoting the left derivative of ®*, we have forevery t € I, v €R,
{fb*l(t) > v} = {argmin{(l)(s)— vs}< t} , (B.2.1)
sel

where ‘argmin’ selects the maximum of the minimizers when multiple minimizers exist.
Similarly, for a lower semi continuous function ® on an interval I with ®* its least concave

majorant, and ®* denoting the left derivative of ®*, we have for every t € I, v € R,

{o*!(1) < v}:{argmax{tb(s)—vs}s t}, (B.2.2)
sel

where ‘argmax’ selects the maximum of the maximizers when multiple maximizers exist.

See Lemma 3.2 of Groeneboom and Jongbloed (2014) and its discussions on pages 56 and

64, for details regarding the switch relations.

B.3 General theory of posterior contraction

In this section we state the result on general theory of posterior contraction, that we have
used to prove Theorem 2.2.3.

Let us denote our experiments as (X", 2 ("),Pg(") : 0 € ©,), where O, are parameter
spaces, X" are the observations, and 6, , € ©,, are the true parameters. For each n, let d,,
and e, be two semimetrics on ©, with the property: there exist universal constants £, K >0
such that for every e > 0 and every 0, € ©,, with d,,(0,,1,0,,0) > €, there exists a test ¢,
such that

_ 2 _ 2
Py g, < e, sup  P{(1—¢,) < e X, (B.3.1)
' 0€0,,:e,(0,0,,)<&e

For K denoting the Kullback-Leibler divergence, define

B,o(0,0,€)={0 €0, : K(py"; py") < ne}. (B.3.2)
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Theorem B.3.1. (Theorem 8.19, Ghosal and van der Vaart (2017)). Let d,, and e,, be semi-
metrics on ©,, for which there exist tests satisfying (B.3.1), and let®,,; C0©,,0,,=0,\0, .
If for positive constants € ,, with ne? > 1, for every sufficiently large j €N,

(l) Hn(Bn,O(en,O’en)) Z e—Cnei,
(i) logN(£€,,,0,,,e,) < ne2,
(iii) 11,(0,,)= o(e Pu€v), for some D, — oo,

thenTl, (0 €0:d,(0,0,,> M,c,|X") -0, in Pg(:lz -probability, for every M,, — 00.

B.4 Miscellaneous results

Theorem B.4.1. (Binomial Inverse Theorem). For square matrices A and B with A nonsin-
gular,
(A+B)'=A"'—A'(I+BA™) BA™.

Theorem B.4.2. (Lemma 3.1, Sen et al. (2010)). Let W,, and W* be random vectors in R! and
RF respectively; let Q and Q* denote distributions on the Borel sets of R and R*, and let &,
be sigma-fields for which W, is &, -measurable. If the distribution of W,, converges to Q and
the conditional distribution of W* given F, converges in probability to Q*, then the joint
distribution of (W,, W*) converges to the product measure Q x Q*.

Theorem B.4.3. (Lemma 8.10, Yoo and Ghosal (2016)). Let A be an n x n symmeltric positive
definite matrix. Assume that ||Al|, < C for some constant C > 0. Let ¢ = (¢,,...,€,)" be
such that g; are i.i.d. mean 0, variance 05 with finite fourth moment fori=1,...,n. Then
Var(e” Ag)= O(n).
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