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CONSIDERATION OF SHEAR DEFORMATION IN THE
ANALYSIS OF UNSYMMETRICAL BENDING OF
MODERATELY THICK SHELLS OF REVOLUTION

M.L. DAS
Chas. T. Main, Inc., Boston, Massachusetts 02199, U.S.A.

SUMMARY

In the shell literature one finds numerous classical theories based on the Kirchhoff-Love
hypothesis, which neglects transverse normal stress and transverse shear deformations. For the
thin shell, where ¢/R (¢ being the thickness and R being the radius of curvature of the shell)
is less than a certain limiting value, these theories are reasonable. Shell structures used in mis-
sile, space and nuclear facilities, however, are subject to severe operational and accidental con-
ditions that dictate shell thicknesses where the classical shell theories may not be justifiable.
Various authors have suggested different limiting values of /R for which classical theories pre-
dict shell behavior with reasonable accuracy. In the absence of convincing quantitative study,
however, these suggested values cannot be generalized.

In the present paper, the author has derived a shear deformation theory using a variational
technique similar to Reissner-Naghdi linear theory neglecting the transverse normal stress.
This theory is used to analyze shells of revolution subjected to arbitrary load distribution. The
shell material is assumed to have two-dimensional elastic isotropy in directions tangent to its
surface. Young’s modulus may vary through the thickness and in the meridional direction.
Poisson’s ratio is assumed to be constant. Arbitrary temperature can be applied to the shell.
Change of Young’s modulus in the circumferential direction due to high temperature variation
is neglected in the theory. All pertinent variables are expanded in Fourier series in the circum-
ferential direction to get 5 ordinary differential equations, decoupled in individual Fourier
components of independent displacements. Finite difference numerical technique is used to
solve these differential equations. For handlmg these numerical quantities in orderly fashion,
matrix algebra is utilized.

Budiansky and Radkowski have applied a similar technique to solve the equations based
on the classical shell theory of Sanders.

Two independent computer programs are developed, one based on the shear deformation
theory derived here and the other on the work of Budiansky and Radkowski. Two different
circular cylindrical shells are utilized to explore the subject of this paper. They have the same
geometric dimensions but different boundary conditions and one is fixed at both ends while
the other has one end free. The cylinders are 8 m long and 2 m in radius. Young’s modulus,
and Poisson’s ratio are taken as 2.1x 10° kg/cm? and 0.2 respectively. The cylinders are sub-
jected to two different loadings: (1) a uniform radial load of 1 kg/cm?, and (2) a cosine distri-
buted radial load of amplitude 1.6 kg/cm?, a typical wind load. Comparisons between the re-
sults obtained from the two theories are made for /R ratios ranging from 1/5 to 1/20.

This paper presents a method that can be used to handle problems of moderately thick
shells with the loadings that normally occur in engineering analys1s
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1. INTRODUCTION

An important class of problems involving earthquake, wind or other nonsymmetrical loading on moderately
thick shells have drawn special attention in recent years, These shells being moderately thick, one may question the
applicability of the classical Kirchhoff-Love approach ignoring shear deformation effects.

With easy access to high speed electronic computers, one can now improve this classical approach by including
the necessary terms in the differential equations to consider the effect of shear deformations in the shell analysis with
unsymmetrical loading.

In the present paper, five differential equations are derived by Reissner variational techniques considering the
shear deformations. The theory developed from these equations will henceforth be referred to as Shear Deformation
Theory. Results obtained from Shear Deformation Theory are compared with those obtained from analysis based on
Sanders” equations [ 9 ] (which neglect shear deformations), as outlined by Budiansky [ 4], referred to here as
Classical Theory.

2. BASIC EQUATIONS
2.1 SURFACE GEOMETRY & COORDINATES

Any point in the shell can be specified by means of three orthogonal coordinates (s,8,{) as shown in Fig. 1,
where s is the meridional distance measured from the reference axisymmetric boundary surface, § is the
circumferential angle and { is the normal outward distance from the reference surface.

If the reference surface is described by r(s) where r is the distance from the axis of revolution, the principal radii
of curvature are:

Rg =r [ 1-(dr/ds)?] %

R, = - [ 1-(dr/ds) 21 7/ (@%rjds?) (1)
The following nondimensional relations are used:

£ = sfa, p = tfa, wg = a/Rg and wy = a/Rg )
Where a is a reference length
Therefore, wg = [1- (,o')2 1% /0 wg = -y + 72)/0)9 3)
Where v =p'lp 4)
The Codazzi identity can be expressed as wg' =y (ws - wg) (5)
It also follows o'lp = “wgwy 6)

2.2 EQUILIBRIUM EQUATIONS
Using relations (2), the five derived differential equations, which are the same as those obtained by Das [51]
without dynamic and nonlinear terms, reduce to:

5 Mty N+ L2 gy + 0y aqy ™
5 Mg) + 7 Mg + Nog) + L2 g+ wpQ aqg ®)
& Q0+ ; Q) - (N + wgNp) aq ©)
Q-1 [%(ME)M(ME-MQH%% Mgy ) 0 10)
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Qo f [BQE(MEO) + oy (Mgg + Mgg) +3—30(Mb)] =0 an

2.3 FORCE DISPLACEMENT RELATIONS
Similar substitution of the nondimensional relations (2) reduces the force deformation relationships of Das [ 5 ]

" - af(‘f_‘fif) [%ﬁ + oW+ (71)_36%’ + 9l + wW) - 1_}12;_ (wp  wp) BT‘”E]-fffof a2

0=;1%2') [;—E%;f' +7U5+wew+u(%+w£W)-% (wg-wg)(;—a;g + oy byl
[EaTdg

Taw a»

Nw:% :_‘;0 ;_?%E.-yuwl—g(wg-w@)(wgiﬂ’—a;—f)] (14)

Npg = 2%; aa_‘;h% a,d% - YUy + lz—j (g - wp) (g (:)— f;;_i..wg)-(:— ??r(f “vog N1 (5

[-a% = f’a’%ﬂ ) - T (o - ) (g + o) - BT 16)

]; a%i + oy + ua_%f L wpmwp) (% aa%’ +yUg + wgW) |- ff‘%:)d‘ (17

[ai;—‘? +:7 - yog +  (wp—ep) aa—UE—"J 18

ot = % (3L = -1y + 1 (wpmep) (= T -0l (9

_OSfEAE 1 AW
%" oaen 7o T % wg Ul (20)

SSEd¢ 1 oW
s a0 Tt 7 el ) e

12(1 +»)

1

Q = -

0 a
2.4 FOURIER EXPANSIONS AND NONDIMENSIONAL EQUATIONS

The variables will now be expanded in Fourier series with the appropriate nondimensionalizations to convert the

Fourier coefficients to nondimensional form. Letting 0, be the reference stress level, E,, a teference Young’s

modulus, and hy, a reference thickness, we have:

Ng = ophg 3 ti,n) cosnf Ny = o5hg b t‘(gn) cosnf
n=o n=o

Ngg = oph, Tt sinng Ngg = o5h, g W sinnd
n=1 £0 n=l 0t
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n3 oo h3
Mg = %ol 3 m(n) cosnd My = %% 3 m(n) cosné
i p=o ¢ n=o 0
h oo o,h 3w
Mg = %Mo T ml®) sinng Mgy =22 = m® sinng 2)
a n= &0 a n=1 3
o0 o0
QE = oshy Z v(zn) cosnf Qp oghg z vgn) sinnf
n=o n=1
U 2 3 u(n) cosnf Up = 2% % u  sinng
By p=0 ¢ Ey  n=1 6
w _& 020 () cosnf ¢'<’ & 0)5 Wi’n) cosnd
Eo  n=o Es n=o
g S T \o(n) sinnd
Ey =l 0
Consistent with the above expansions, the loading and temperature distributions are
o h, oo n o h,
q = 290 2 p() (§) cosnf a = 00 3 p(n) () cosnb
4 n=o a gp=o &
23)
o.h, o ad
4= o T 2™ (5 sinnd T T 1™ @ cosmd
a =1 0 n=o

Decoupling into separate sets for each Fourier index, n, using the equations (12-21), the equilibrium equations (7-11)
lead to (for convenience, the superscript (n) on Fournier coefficient is omitted):

g+ v(tg-tp) * %tos toogg TR =0 @9
téo + 7(t50 + teE) —% tg + wgvp + pg = 0 25)
VE + 7VE + % vg - (wEtE + “’Gtﬂ) + p 0 (26)
2 s n
vg N [mg +y(mg - mg) + 2 ™Mot 0 @n
v AL Imip + y(mgg + mgp) - — m 0 28)
m =

i g9 T v(mgg 68 - ™o

whiere N = hyfa

Similarly, equations (12-21) become:
tp = b luf + wpw + v (%Ug +qyup + wgw) - B (wg - wg) wi 1 - tr 29

tg= b [%ug +oyug + wgw + p(up + wpw) - fwg - W) (%\00 +tag) -ty (30)
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. b(l-v) , n ,
b= Lup-Crugtyug)+ f(wp- wp) (wpug-vp)]

b(l-v) , ,n n n
tog = N [ue -(7115 +tug) + B (wg - wp) (wg(;ug +yug) - (;"Pg‘f’wo))]

m5=d[w'5+v(%¢9+7w£) - (wg - wg) (ug + wgw)] - mp

n n .
mg= d [;V;,O +oyp, t v~ (wy - wg) (;-uo + yug +wpw)]- mp

£ £
d(-v) , n ,
mgp = [0y - G, + 9y + (wp - wp) up)
d(l-v») s n n
Mog = — 5 14y~ (50, + 19y - (wp - wg) (—ugtyug)]
5.b(-
VE =(E)_(_20[w'+ws-wsu5]
S5.b(-v) n
vg = (?) ) [-;w+¢9-w6u5]
here b= LE9E 15" mat @ - {BTMag
where = s d= s t BT wv—
Eghy (1-2) Eohg (1-v%) T ogh3(1-v)
s LT
T gohg - 1222

Using equations (29 - 38), the equilibrium equations (24 - 28) leads to

alué' + azué +agug + agug +agug +agw' + agw+a10gpé’+a”\pé t a12¢E+ ay5%,

a7 ué tag U.E +al9 ué'+ azoué tajrug tagyw +agg tpg +azg tpa"+a29 lpé + 330\00

a3pug *a33 g *age g az7 Wt agg W tagg W tagg vy tagp e, g5,
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(€}Y)

(32)

(33)

(34)

(35)

(36)

(37

(38)

(39)

=¢; (40)
= %) (41)

=c3 (42)

a6 ué'+ a7 uE' +ayg ug +agyug +as3 w'+ aggw + a55 ¢¥+ a5¢ v, + agy WE + a59'¢0' + 360(‘06 =cq 43)

3
agzug +agy ug'tagsug + agg Ug +agg W +ay) wé + a72¢E +ag3 ‘p0”+ a74¢0‘ +aqg wo
a’s and c¢’s are given in Appendix L In matrix form the above equations are:

Ez" + Fz' + Gz = ¢

where z w

=5 (44)

(45)

(46)
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and
o) 0 0 ag 0 a) ag ag arg 0
0 arg 0 0 98 ay a5 0 0 ajg
E = 0 0 agy 0 0 F= az 0 azg 4] 0
e 0 0 ass 0 ay 0 ag3  agg 459
0 ag 0 0 ag 0 a3 0 a7 ay
@7
ag a9 a)p 25 €]
ay] a4 227 230 )
a3g 239 342 45 e = c3
aq8 851 354 357 260 ¢4
a3 266 260 472 275 s

2.5 BOUNDARY CONDITIONS
As described in Budiansky, [ 4 ], the boundary conditions at s =.0, § can be expressed in the following matrix
form for nth Fourier components (see Fig. 4).

Qy + Az =1 48)
t
tgo

where y =9 v 49)
m

€ and A are appropriate diagonal matrices and /, the given column matrix. To clarify further, the actual matrices, 2, &
and 7 for a fixed boundary are:

(50)

Q
1
<)
B>
1
.
1
coooo

1

To express the boundary conditions entirely in terms of z, equations (29, 31, 33, 35 and 37) are rearranged as
follows:

t5=b1ué+b2“5+b4“9+b6W+b7WE"tT (51

tgg = bipug + byzug + bgug + broyy 52)
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Vs = b22 UE + b25 w' t+ b28 \OE (53)
mg = b3jug + bagw + byge + b3gw, * bygy, - my 54)
Mgg = a3 ug +bagy, + bg vy +dso ¥, (55)
where b’s are given in Appendix I. Rewriting the above equations in matrix form:
y=Hz" +Jz + f (56)
by 0 0 by O by by bg 0 O to
0 b330 0 byg bjp bj4 0 0 0 0
where H= 0 0 by 0 O T=]byy 0 0 bygo | f= 0 (57
b3p 0 0 b3y 0 0 0 b3g bgg byg
0 by30 0 byg 0 0 0 1bygbsg 0
Therefore, the boundary equation (48) becomes
QHz' + (A + QD)z =1 - Qf (58)

2.6 DISCONTINUITY CONDITIONS

Differential equations (40-44) are not valid at the points on the shell where its geometry changes. Column
matrix, z is also not defined at those points where slope of the shell surface changes abruptly, Relationships have to
be developed to relate z and z ' with their values at either side of the discontinuity. The values just before and after the
discontinuity will be denoted by minus and plus superscripts respectively. Geometric compatibility demands (see
Fig. 5).

+ \b in ¥ +
u = u_co - , u u
¢ ¢ s w sin P 0
69
+ Ciny W v + d +
w = u_sin w ocosy , ¢ v an "3 ]
1 3 0
and equilibrium demands that
e t cos ¥ Tsing ot
= cosy - v _ sin s
£ £ 3 £0 £0
(60)
+ Csing + v v + d +
v sin v _cosy , m m an m m
3 £ £ £ £0 £9
In the matrix form, equations (59) and (60) can be written as
+ - +
y = Ty and z = Iz 61)
cos Y 0 siny 0 0
0 1 0 0 0
where I" = sin 0 cosy 0 0 (62)
0 0 0 1 0
0 0 0 0 1
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Combining equations (61) and (56) we have

H+(z')|+(J+1"-I‘J-)z--I‘H_(z')-=1"f_-f+ 63)

Plus and minus subscripts on H, J and f represents the corresponding matrices calculated after and before the point of
discontinuity respectively. Differential equations (40-44) together with boundary condition (58) and discontinuity
condition (63) will be put in a unified finite difference formulation.

3. NUMERICAL ANALYSIS
3.1 FINITE DIFFERENCE FORMULATION

Say there are p discontinuities between the two boundaries s =0 and s =§ at 5{,89,53,......... > Spr Let the
regions (0,1), (s7,89) v+ vvvvs s (sp, §) be subdivided into ny,ng, ... ovv s0p 4] equal segments respectively.
Then the increments in nondimensional variable, &, are :

Dy = s)/ang R Dy = (59 - s1)/any Dp+1 = - sp)/anp+1 (64)

in the successive region bounded by the discontinuities. Denoting the discontinuity stations by i=j, (m=1,
20 , D), equation (45) can be written at all stations except i=j, (m=1,2,..., p) and the two boundary
stations i = 0 and i = N using the usual central difference formulas.

2= @yy - 2% + 7. /D (65)
z'= (zj4+1 - zj- /D (66)

Where D should represent the increment corresponding the region associated with station i. Equations (65) and (66)
when used at i=j, +1,2; should be replaced by Z?:l and ati=jp-1,2{) by zj41. Discontinuity equation (63) will
be expressed in finite difference form using:

¥ +
(ij) = (ij+ 1 - ij)/Dm+l 67
) =@ -z -1/Pp (68)

and the boundary condition (58) will be approximated at i = 0 and i = N based on the following relations:
zy = (3zy + 42y - 22)/2D1 and zyy = (Bzy - dzy . tozN- 2)/2Dp +1 (69) & (70)

Writing equilibrium equation (45), boundary equation (58) and discontinuity equation (63) in a compact manner
using equations (65-70), we have:
Co?o + Bz * AgZy =& » A+ * Bz +Czp =g (=12...,N-D
and an
AnZN T BNzN . P ON -2 T BN

subscript zero refers to the conditions at s = 0.

For i# 0, jp ip ¥ 1 (@m=12....,p)

A; = QE/D) + F; , By = -(4E;/D) + 2DG; , G = (2Ey/D) - F; and g = 2De; (72)
here appropriate D to be used. Fori=j, +1 equation (72) holds good except that:

C; = [(2E; D) - F; T;

im T 1 [( _]m+1/ ) im*! ] jm 13)
i= . = gt pt .= (1t - N T -

For i=ijm . A Hjm/D , BJm [JJm [ij + (Hjm/D )]

C. =T; HyD and g =T; fj -

im  dm o J im dm Im

(Hjr /phH] N - T
m m m

Im
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and

AN = [3QNHN/2Dp+ 1] + [AN + ‘QN J'N] ) BN = -4QNHN/2Dp+]

(74 - 77)

CN = .S"LNHN/ZDp +1 and gy = IN - Onfn where N refers to the conditionsats = s.
3.2 MATRIX SOLUTION OF DIFFERENCE EQUATIONS

As outlined in Budiansky, [ 4 ], we proceed from equations (71 and 72) to

Byz; + Cuzy = gy - Agzy and Blzl + Cizg = gy - Arzy (78)
and tl}en to

2y = -[C,CIBy - Bl 71 [CoC 7 Ay - Al zy + [C,CyBy - Byl 1C,C 7 lg) - 8] 79)
Writing general term z; in terms of z; 4 | as

2= -Pziy X i=12,...,N-1) (80)
substituting zi_ 1=~ P 1z + x5, into equation (72)

Pi= [Bi'CiPi_l]-l Ai and Xi= [Bi-CiPi_ll-l[gi-CIXi_I] (81)
From equation (79)

R -1 R -1

P| = -[C,Cy 1By - Byl ™ 1C,Cp LA - Agland x; = [C,C By - Byl [CoCrep - gl (82)
Recurrence relationships (81) together with initial values (82) give all P’s and x’s up to Pj_j and x_;.
Substituting 2y ¥ -Pyn.paN + xn-pand 2y = PNoPNoD 2N - PN2EN- XN (83)
into equation (73), leads to

-1
zy = [AN - BNPN-1 + ONPN-2PN-1) e - B*N-1 *+ CNPN-2 - ON*N-2] 84

Now, proceeding backward starting with the value z;, and using equation (80) together with all P’s and Xx’s, one can
calculate z, 1,2y 9, ..., 2q. Finally, z, is found from:

zo = C;"l g - Ajzy - Bzl (85)

Resolution of the above equations requires only the inversion of 5 x 5 matrices, With modern high speed
electronic computers, this process is extemely fast. +
The z; calculated at discontinuity stations is really zj . The value of Z at the same station can be found
" Im m

m

from:

zj':"ﬂ = ijzjm
4, RESULTS AND CONCLUSION

The formulation of Budiansky and Radkowski [4 ] was programmed independently and subsequently used here
as a basis for comparison with Shear Deformation Theory. Goldberg, et al [ 6], for axysymmetric loading, have
performed a similar exercise comparing Classical Theory with a Shear Deformation Theory on a cylindrical model,
8m long and 2 m in radius (Young’s modulus and Poissons’ ratio being 2.1 x 105 kg/cm2 and 0.2 respectively),
loaded with a uniform radial pl:essure of 1kg/cm2. With the above programs, excellent correspondence with
Goldberg’s results was obtained with no significant differences (Figs. 6, 7). In the absence of available solutions,
Classical or Shear Deformation, for Goldberg’s structural model loaded unsymmetrically, the general similarity of
results obtained by the two theories for a cosine distributed radial pressure of 1.6 kg/cm2 amplitude (similar to wind)
confirmed the numerical reliability of the procedure (Figs. 8, 9.

For the loading conditions and mode! considered here, Figs. 6-9, indicate the critical t/R ratios at which Classical
Theory begins to diverge significantly from more appropriate Shear Deformation Theory. As this critical ratio ¢annot
be generalized, for particular problems when the shell is moderately thick and the loading is arbitrary, one should not
accept analysis based on Classical Theory without question. Shear Deformation Theory, as elaborated here, can be
practically applied in such cases.
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ADDITIONAL REMARK
Budiansky’s paper [ 4 ] is recommended for its valuable discussion of singular points and branching of shells.

NOMENCLATURE & SYMBOLS

Notations:
a

SR

h'O

mg,me ,mze,mos
p,Pg,Pg

Q, QE)qe

r

s

tE’te’tse’tBE
ug, ug

VE,VO

w

Dj

E
ME’Me’MEB’MGE
NE’NG’NEB’NOE
Qp:Qg

Rg Ry

T

UE’UG

AT R D ™R

Oo

WEiWG

v

wg,we

be:d9
Matrices:

A,B,C,D,E,F,G,H,

Pl

A,Q

el hx.y,2
Indices:

SO s g- -

o]
S
[}

rators:

~ e~
~

reference length

coefficients defined in Appendix I

nondimensional membrane stiffness [equation (39)]
coefficients defined in Appendix I

coefficient defined in Appendix I

nondimensional bunding- stiffness [equation (39)]
reference thickness

Fourier coefficients for bending moments [equation (22)]

Fourier coefficients for loads [equation (23)]
loads per unit area of shell [Fig. 2(d}]

perpendicular distance from axis of shell [Fig. 1]
meridional coordinate of shell [Fig. 1]
Fourier coefficients for membrane forces {equation (22)]

Fourier coefficients for meridional and circumferential displacements [equation (22)]

= Fourier coefficients for transverse shears [equation (22)]

Fourier coefficients for normal displacements [equation (22)]
finite difference interval size (in units of £) between stations
Young’s modulus

bending moment per unit length [Fig. 2(c)]

membrane forces per unit length [Fig. 2(a)]

transverse shears per unit length [Fig, 2(b)]

principal radii of curvature

temperature change
meridional and circumferential displacements [Fig. 3(a)]

coefficient of thermal expansion

h2/12¢2

p'le

circumferential angle

hy/a

Poisson’s ratio

nondimensional meridional coordinates (s/a)
r/a

reference stress level

Fourier coefficients of rotation [equation (22)]

inclination change at discontinuity [Fig. 51
nondimensional principal curvatures [equation (2)]

rotations [Fig. 3(b)]

5 x 5 matrices
S x 5 diagonal matrices
1 x § column matrices

station

disontinuity station

mth discontinuity station (subscript of j)
last station

number of discontinuity stations

Fourier index

partial derivative operator

)
2

%Ez( )

2
ot
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APPENDIX 1
The cofficients aj,ag, y 275 of equations (40 - 44) are given below
al =b
aj =b' + b 2 2
' , b(1-v) n b(d-») n . 5 b(1l-v) 2
£33 =p(by + by’) - 72b(1-v) - —2 -p-z- + — -;Tﬁwo ((‘)E - wy) - -6—-T wy
n b{d-») n
= by — + —_
ag 14 P D) o
, n by n by(1-») n
ag = bvp—- —2(3-11) F +1—T 7 B‘*’O(“’E - “’6)
ag =b(wE - Vwo) + % L 2-V) we
ag = b'(wE + vwg) + b(w('E + pwg) + b -w) (g - wy)
alo i -bﬁ(wE - wa)
ay] =-(0'F +bf") (wy - wp)=bB(wf - wg) - by (wy - wp)
b(l-v) n? 5 b(l-v)
a9 =b672 (wo- wE) - 3 p2 ﬂ(we'wo) + E ""2— wz
_ n by(1-») n
ars = b ; (we- we) - —2— Fﬁ(ws- we)
TR .
ay7 2 P by >
_ @-») n , n b(l-») n
M8 = b+ by) -b'77 T Yy (wg  wp)
b(l - b(l-
alg =_(2_V) + —L2_V) ﬂo.)E (we - wo)
1- : b'(l- b(l -
ayo = (—2V) O+ by + 25 D fogog- wg) + UT [ GepHe taep (g wp)
+ c - w' )]
a-v .. ' 2 02 2 d-» ng(‘:(sl-ule)Z
a9) =-—2— (b7+§7) - bys (1-v) - bp + by = ﬁ‘*’o(“’t"*’o) s 3 wy
b(l -»)
agq = -b(w0+vw5)-§ - % 3 %‘- wg
ay7 = -b(2-v)'y%ﬁ (O)E - (.09)
b(1-v)
agg = -~ Bwg-wp)
_ (I'V) Ir ’ ’ ’
a9 = - 5~ [(wg - wg) (BB +B'b + ¥B)+ fw’y - w'g) ]
_ b(l-:V) 2 2 1-
a0 T - 2 7ﬁ(ws».w9)+bn72 ﬁ(“’e'wf) +? b(Tv) wy
5 (1-»)
a3 = - % bT wg - blwg + vug)
5 (1-») , '
a3 =g g Blwp ¥ bep ¥ by - breg T ey
S bl-v») n n
a36=-g — ; wo-b;(w0+vws)
_ 5 b -v)
a37 6 2
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g o 5 B+ ab)
azg % b(12- 2 f; - b(wE +vw0) wg - bwe (“’0 + wa)
a1 =% b(12- V) + bﬁws (wE - wp)

ag9 =-§- (IT-V)' b+ yb) + byfuwy (wg - wE)

a4 =% b(12-u) . bpi Buog (wg - wp)

age = A2 (wg - wp)

ag7 = A2 @'+ 74) (wp - wp) + A% @'y - w'p)

a8 = - g -"-%—'” wg - W2y2d (wg- wp)

ag) = \2 (32-v) ‘Yd';l (wg- wp)

ag3 = 7\2dwE (wE wg) + E b a-»

asq = Ndwp (@ wlp) + A2 (@ 'wp + dwp+ydwy +ydwp) (W - wg)
agg = 224

agg =-A2 (@’ +7d)

as7 =AZv @'y +y'd) + N2y2d (1-») + 224 (12;") E; + % b(12'”)
asg = -\% (-1%1) %

360 = -)\zd’.vf- + A2y (32 2 2

ag3 = 7\2'yd (32—-”—) % (we- wg)

agq = 224 (I—V) (wg - ws)

ags = -A2 (12—") @'+ 7d) (wp - wp) - A2d (12—") (wg-"w'p)
ags = A% [(1 22 Ez 1 (@ - wp) -% b(l—z"’-) wg
agy = N2d i‘- wg (g - wp) - % b(lz'”) f

agp = N%d 02:1) =

ag5 = \2qd (—32—"-) z +>\2d'(17"’-) pl

agg = 224 U))

agq = - \2d’ (’1‘%) - A2y (1_2-_v)

2
=5 5= 4+ 22 (Lo®) (o + do' + 2dv2) + 22 ¢ B
a75 =g b2 ARy +dyt 2y 42 dp2

M3/1



The c’s of equations (4044) are:
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Finally the b’s of equations (51-35) are

b
by
bq
bg
by

byg
by3
b14
bjg
bg
bys
bog
b3y

b3
b3y
bsg

b0
ba3
bgg
bag

bsg

by
bry

by L

b (wE +vwg)

- bﬁ (ws - wo)

_bd-») n

2

b(l -») + b(12- v) oo (wE - wp)

2

b(l -»)
)

b -»)
)

5

% 2

b(l -»)

2

b(l -»)
2

Al o

-d (ws- wo)

-d O)E (ws - we)

n
p

B (wg - wg)
b(l-»)

“t

M3/l



3

(@) membrane force per unit length

g 1-]

(¢) moments per unit length
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r=op
Re=02
Rs =04

Fig. 1 Coordinate system of shell

(b) transverse shears per unit length

3

(d) loads per unit area of shell surface

Fig. 2 Forces, moments and loads

M 3/1
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Fig. 4 Boundary forces and moments
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(a) displacements
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(b) rotations

Fig. 3 Displacements and rotations.- Fig. 5 Conditions at discontinuity station
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Fig. 6 Comparison of fixed end moment, Mg for a fixed-fixed cylindrical shell loaded with uniform internal radial
pressure of 1 Kg/cm2 (Fourier index,n=0).E = 2.1 x 105 Kg/cm2, v = 0.2, (t and R being thickness and
radius).
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Fig. 7 Comparison of fixed end moment, ME for a free-fixed cylindrical shell loaded with uniform internal radial
pressure of 1 Kg/cm2 (Fourier index,n = 0), E = 2. x 105 Kg/cmz, v = 0.2, (tand R being thickness
and radius).
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Fig. 8 Comparison of fixed end moment, ME for a fixed-fixed cylindrical shell loaded with cosine distributed radial
pressure of amplitude 1.6 Kg/cm2 (Fourier index, n = 1), E = 2.1 x 103 Kg/cm2, vy = 0.2(tand R
beine thickness and radius). For comparison purpose, the computer results are scaled down for amplitude 1.0 Kg/cm
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Fig. 9 Comparison of fixed end moment, My for a free-fixed cylindrical shell loaded with cosine distributed radial
pressure of amplitude 1.6 Kg‘/cm2 (Fourier index,n = 1), E = 2.1 x 108 Kg/cmz, vy = 0.2 (t and R being
thickness aéld radius). For comparison purpose, the computer results are scaled down for amplitude
1.0 Kg/em=,





