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ABSTRACT

EWING, STEPHEN CECIL. Application of the Lotka-Volterra Dynamical
Equations to Natural Populations. (Under the direction of DR. DON
RIDGEWAY.)

The Lotka-Volterra predator-prey system for two species is defined

by the differential equations

1 le
- == =K. -2 N

N1 dt 1 Bl 2
1 dN

2 a
o = oK, 2N
N, dt 2 By 1
where Ni = Ni(t) is the instantaneous population size of the ith species,

i = 1,2, and where Ki’ Bi’ and a are positive constants. Species 1 is
the prey species and species 2 the predator.

This famous model has never been applied because analytical solu-
tions have not been found. Recent theoretical work (Ridgeway, 1977,
1984) shows that a unique solution can be determined based on exactly
five observables from population data. That is, there are no free
parameters to fit. The observables are the two long-time sample means
q%, the two Tlong-time sample variances I% and the common period T.
Those observables are used to put the system in a scale-free context,
allowing the comparison of open and closed systems, systems of different
sizes and systems sampled without replacement such as occurs with trapping
data. In Vys Vy-space (Vi = 1og(Ni/q%)), the LV trajectory is closed

and is represented by the observable, G/x = constant.



Two questions were posed. Do the predator-prey systems studied
show LV traits? Is the LV system an objective tool for comparing
predator-prey systems? These questions are asked of several sets of
data in the literature including the most well-known predator-prey data,
the lynx-hare system of Canada. A data set is said to have an LV trait
in Vi> Vy-space if (1) the data oscillate inside of and fill up the
trajectory or (ii) the oscillation of the data is parallel to the major
axis of the LV trajectory or (iii) the minor LV-axis is large (small)
and the data distribution is loose (tight) in that direction.

The data sets studied did not follow the predictions of a common T
or G/c = constant. Nevertheless, the answer to the two questions is
yes. It is clear that the method provides a strong basis of comparison
of the systems treated. Moreover, the predicted trajectories are in
some sense fundamental to the fluctuation pattern in all cases but one.

It is therefore concluded that the method is a valuable tool for further

o

dare g

study of such systems, eveﬁtua]]y with an eye to mechanism.
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1. INTRODUCTION

The Lotka-Volterra predator-prey system for two species is defined

by the differential equations

1 le
_— =K, - 2_N
N1 dt 1 81 2
(1)
1 dN2 o
L T

where Ni = Ni(t) is the instantaneous population size of the 1th species,
i = 1,2, and where Ki’ Bss and o« are positive constants. Species 1 is
the prey species and species 2 the predator.

This famous model has never been applied because analytical solu-
tions have not been found. Recent theoretical work (Ridgeway, 1977,
1984) shows that a unique sol&@fdn ;%n bg determined based on exactly
five observables from popufét%én data. | That is, there are no free
parameters to fit. The observables dre the two long-time sample means
q%, the two Tlong-time sampjé V{giaﬁées I% and the common period T.
Those observables are used to put fhe system in a scale-free context,
allowing the comparison of open and closed systems, systems of different
sizes and systems sampled without replacement such as occurs with trapping
data.

The phase space (11, 12) is the scale-free space of interest. In
that space, the LV trajectory is closed and is represented by the observ-

able, G/« = constant.
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Two questions were posed. Do the predator-prey systems studied
show LV traits? Is the LV system an objective tool for comparing
predator-prey systems? These questions are asked of several sets of
data in the literature including the most well-known predator-prey data,
the lynx-hare system of Canada. A data set is said to have an LV trait
in vy ¥,-space if (i) the data oscillate inside of and fill up the
trajectory or (ii) the oscillation of the data is parallel to the major
axis of the LV trajectory or (ii1) when the minor axis of the LV trajectory
is large (small), the data distribution is loose (tight) in that direction.
Chapter 2 presents a discussion of biological systems exhibiting
predator-prey oscillations. There is an elaboration of the Utida weevil-
wasp systems. Past attempts to quantify the oscillations are documented.
Following that, the "ten-year cycle" and the animals exhibiting this
phenomenon, especially the lynx and hare, are examined in detail. The
history of those predator-prey data is also documented.
Chapter 3 discusses previeus work on predation and the LV system.
It begins with the many motivations from biology for predator-prey models.
The work of Lotka and Volterra is examined in detail. Various objections
that have been made to the LV system are documented. The chapter ends
with a discussion of modern approaches, differential equation and statis-
tical mechanic, to the LV system.
Chapter 4 details the present work on the LV system by Ridgeway

(1977, 1984). It discusses the observables (qi, qé, I., I, T). Next

1° "2
the phase plane representation of the trajectory is examined. Its prop-
erties of being measure preserving in arc Tength and being ergodic are

discussed. The scale-free property of observables and its importance
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for comparing sets of data are examined. Working parameters q and 6 are
defined in terms of q% and I%. Following that, the observability of q
and ¢ is shown to guarantee the observability of the analog of radius
circumference and area, namely G/k, x@ and W. The LV system is written
in terms of observables. Finally, several theorems are quoted on the
existence and uniqueness of trajectories given different sets of observ-
ables.

Chapter 5 1is concerned with the methodology used to generate the
LV trajectory from data. First, the calculation from data of the period
is explained. Then the handling of certain kinds of data problems is
reviewed. The majority of the chapter deals with the calculation of 8,
d, G/, x@ , W and the time scale for the Nj(t), i= 1,2, plots.
Following that, the method by which the curves were plotted is discussed.
Finally, three auxiliary questions are set up. Those deal with (1) whether
the 240 years of lynx-hare data have a gommon period, (ii) the sensitivity
of the LV trajectory to statistical- changes in parameters, and
(iii) whether data sets of length close to integer number of periods
should be used.

Chapter 6 contains the resﬁ]ts. First, the Utida systems are
analyzed. The three auxiliary questions are studied. Following that,
the otter-beaver and mink-muskrat systems are analyzed. Finally, the
lynx-hare data are analyzed.

Chapter 7 contains the discussion and conclusions. Each of the
three sets, namely Utida, otter-beaver and mink-muskrat, and lynx-hare

are examined. The two questions regarding the LV system are answered.
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Note that the new theory of the LV system appears in Chapter 4. .
The application of the theory appears in Chapter 5, sections 4, 5, 6.3
and 6.4. This involved computation of parameters and curves from data.

The results of the new theory appear in Chapter 6, excluding section

6.3.2.




2. THE PHENOMENON

2.1 Introduction

The discussion of the phenomenon of predator-prey oscillations
will assume the following form. First, the nature of the oscillation is
introduced. Second, examples of oscillating or fluctuating natural
systems as well as individual species and artificial laboratory systems
will be enumerated. Third, the Utida laboratory systems which provided
host-parasite data to test the LV system are reviewed. Fourth, the
history of attempts to quantify the ideas of oscillation and period will
be presented. Fifth, the history of the data of the three predator-prey
pairs, used to test the LV system, will be discussed. Finally, those
three predator-prey pairs will be reviewed. Because those mammals come
from the ecosystem exhibiting the so-called "ten-year cycle," that eco-

system will be discussed in detail.

2.1.1 Overview of Cycling

The description and quantification of the oscillation of different
species sharing a predator-prey or host-parasite relationship has been
quite varied. The most common term applied to this oscillation, whether
the role of predation is admitted or not, is "cycle." To give a feeling
for its use, consider the explanation of Lack (1954b, p. 204):

The numbers of various nothern birds and mammals fluctuate
strongly in "cycles," a term applied to population changes in

which  successive maxima, or peaks, «come at regular
intervals. . . . The interval between successive peaks varies



between small limits, but the variations are much smaller than
those found in most other natural populations. . . . Actually
the regularity of the cycles refers only to the intervals between
peaks. The peaks themselves tend to be of different heights,
while the rise and fall of numbers between each peak is not
synmetrical in the way that the term "cycle" would suggest to a
physicist. Some biologists have used the term "cycle" for steep
fluctuations in numbers even when irregular, but it is here
restricted to those cases with nearly equal interval between
successive peaks.

2.2 Examples of Oscillating or Fluctuating
Populations of Animals

2.2.1 Introduction

It is worthwhile to compile a list of ecosystems or even single
species exhibiting fluctuations or oscillations in their number. In
part this is to show that the Boreal forest ecosystem with its "ten-year
cycle" is not an anomaly. Rather, it is the best studied of a large
group of such oscillating systems and will be referred to in the last
part of this section and of this chapter.

2.2.2 Various Oscillating Species
Alone and 1n Groups

To begin with, consider the following reports which do not seem to
have reappaeared again in the literature. Anthony (1933) reported fluctu-
ations in rodent populations at the far end of South America. Hudson

(1892) noted gatherings of short-eared owl (Asio flammens) for mice in

South America. Elton (1933) commented on fluctuations in rodent popula-
tions in the grasslands and semideserts of South Africa. Lack (1954b)
reported a regular oscillation of about 10 years in populations of Aus-
tralian rats. It will be noted that all of these reports are from the

Southern Hemisphere.
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There are at least two documented cases with data of fluctuations
in fish populations. One has to do with the fluctuations in North Sea
herring (D'Ancona, 1954) or Baltic herring (Petterson, 1912). The other
is the famous Adriatic fish population numbers recorded by D'Ancona
(1954) which were an impetus to Volterra.

Naumov (1972) exhibited graphs showing a ten-year oscillation of

the mountain hare (Lepus timidus), the Tynx and a squirrel (species

unknown) in regions of the boreal forest of the U.S.S.R. The graphical
data that Naumov presents only reaches back to around 1925. There are
records of much earlier knowledge of the phenomenon of a '"four-year
cycle" in Siberia. Finerty (1980, p. 9) records one instance from 1760,
regarding the three-to-four-year behavior of Temming and fox populations
in Siberia.

There are many examples from Europe of oscillating or fluctuating
populations. Finerty (1980) présented records showing an awareness of
the "four-year cycle" in Scandinqyja at;]east back to the mid-sixteenth
century. In Norway, the animals involved include the Temming (Lemmus
lemmus), arctic fox, red fox; é}mine, Weaée] and a host of raptors and
other avian species. Elton (1942) compiled records of rodent outbreaks
in Europe and Asia dating back to antiquity.

There are many examples of individual population fluctuations in
Europe. Moran (1952) studied data on several game birds in Britain.
Elton and Nicholson (1942b) mentioned periodic (approximately 22.5-year)
arrivals of Pallas's sandgrouse in Western Europe from central Asia.

Keith (1963) presented data for a "ten-year cycle" in ptarmigan in Green-

land (Braestrup, 1941) and in Iceland (Gudmundson, 1958). Keith (1963,
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p. 7) recorded several other sources for information on fluctuating bird
and mammal populations from Norway, Finland and Britain. Finally, there
have been reports from Europe of fluctuations of forest insects in general
(Eidmann, 1933) and the larch budmoth in particular (Baltensweiler et
al., 1977).

To the south of the boreal forest in North America, a variety of
creatures have been cited as fluctuating or oscillating. Among these
species are plains grasshoppers (Criddle, 1930) and various species of
cicada (Alexander and Moore, 1962). Keith (1974) cited work indicating
that the coyote-jack rabbit interaction in the western United States was
an oscillation. Finerty (1980) mentioned evidence for muskrat oscilla-
tions in Louisiana. Keith (1974) cited a number of species exhibiting
“cycles" in biomes adjacent to the boreal forest. However, he attributed
those to the periodic invasions by raptors when northern prey species
crashed.

To the north of the boreal forest in North America, the tundra
ecosystem exhibits the so-called "four-year cycle." That oscillation is
shared by voles and lemmings, ermine, arctic and colored (red) foxes and
various birds of prey (Keith, 1963; Finerty, 1980). Lack (1954b) felt
that there was a second "four-year cycle" in the open forest interface
between the tundra and boreal forest. He based this conjecture on the
fact that the major prey species, a vole, was peaking irregularly with
respect to the lemming population in adjacent regions of the tundra.

The discussion ends with some observations of non-"ten-year cyles"
from the boreal forest. Lack (1954a) suggested that for predator-prey

interactions in general, the period of oscillation might be a function
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of the body size of the species involved. Petterson (1984), following
that train of thought, suggested that the period for wolf and moose on
Isle Royale might be on the order of 20 years. Holling (1973) found
evidence for a 40-year oscillation involving balsam fir (the prey) and
the spruce budworm (its chief predator) in eastern Canada. Speirs (1939)
had suggested a five-to-six-year period for fluctuations in Pinicola
enucleator, the pine grosbeak. The present author has noticed a 35-to-40-
year feature in Poland's data for mink, muskrat, beaver and otter, all
of which are aquatic to a greater or lesser extent.

This section ends with the following observations. There seems to
be some evidence, although it apparently has not been followed up, for a
"four-year cycle" of small mammals in the boreal forest. Finerty (1980)
found references to dramatic fluctuations in mice on Prince Edward Island
in 1699 and on Nova Scotia and the opposing mainland in 1886. Dymond
(1947) noted that Banfield (1947) had evidence of "a cycle" of about
four years in Microtus. Finally, Butler (1953) reported that he had
examined data suggesting a short period for mouse and ermine oscillations

in the forest (i.e., short with respect to the "ten-year cycle").

2.2.3 The "Ten-Year Cvcle"

As will be seen below, there is overwhelming evidence that certain
species of fish, birds and mammals native to the boreal forest of North
American undergo oscillations in their numbers. Especially for some of
the mammals and birds, the oscillation has been striking enough to gain
its own designation--the so-called "ten-year cycle." This oscillation

shows great regularity in period but somewhat less regularity in amplitude
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(aTthough the numbers consistently rise and fall through several orders
of magnitude). The oscillation has an extremely long history (with
yearly data for over 240 years in one case) and occurs over an enormous
region roughly corresponding to Canada south of the tundra. Of all
known examples of oscillations of a predator-prey system, the "ten-year
cycle" is by far the most widely known and studied.
Regarding the use of the term "ten-year cycle," Keith (1963, p.
63) wrote: "“Finally, it is ﬁy belief that so long as the term 'ten-year
cycle' carries no connotation of strict regularity, it serves as a useful
description of the non-random long-term fluctuations of those North Ameri-
can species noted above." Again (Keith, 1963, p. 117), ". . . (the term
‘ten-year' is used here in a broadly descriptive sense without any implica-
tion of precise periodicity). . . ." Although the regularity is not
strict nor the periodicity precise as will be seen below, Elton and
Nicholson (1942a, 1942b), Moran (1953a), Bulmer (1974), Bartlett (1954),
Butler (1953), Finerty (1986) and Keith (1963) have exhibited in different
ways that species designatedvés having the "ten-year cycle" show statisti-
cally significant periodicity.

2.3 Biology and Experiments of Utida's
Host-Parasite Pair

Utida (1955, 1957b) constructed different kinds of host-parasite
laboratory systems with the host being the Azuki bean weevil, Calloso-

bruchus chinensis (L.) and the parasite being one or both of two of its

larval parasites. The systems continued to fluctuate or oscillate until
the extinction of one species or the destruction of the system. Six

systems for which some data were displayed (Utida, 1955) were constructed
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with the Azuki bean weevil and the parasite Heterospilus prosopides

Viereck (Hymenoptera:Braconidae).

2.3.1 Bio]ogx

Jones (1982) writes concerning the biology of the two species,

The host species was the Azuki bean weevil . . . which lays its
eggs on the surface of Azuki beans, Phaseolus radiatus aurea.
After five days (at T = 30°C) the eggs hatch, the larvae bore
into the bean and emerge as adults sixteen days later. The
parasitoid wasp was . . . a solitary endoparasitic braconid that
is not a natural parasitoid of the Azuki bean weevil. Female
wasps locate weevil larvae inside beans, then insert their ovi-
positors, and lay one egg per host individual. Adult wasps
emerge from the beans 11 to 13 days later (at T = 30°C), males
tending to emerge before females. Female wasps encounter host
larvae in various developmental stages, but only larvae aged 11
to 19 days (measured from the time of egg laying) provide suitable
hosts.

Utida (1955) and Jones (1982) had several additional comments,
regarding the biology of the wasp, which are of interest. This wasp has
low reproductive potential but high efficiency of finding hosts, according
to Utida. He noted that, "The mode of reproduction of this wasp is
arrhennotokous parthenogenesis." Théthfs, when wasp copulation is com-
pletely interfered with, females do‘not appear in the next generation.
Otherwise, the percentage of females increases as degree of fertilization
increases.

Utida also recorded that, at high wasp density or when many wasps
emerge compared to the number of hosts emerging, some of the emerged
wasps are "almost male" but are unable to copulate normally with the
females. He suggested that such events might be due to super parasitism
or polyparasitism. Finally, Utida noted that occasionally the wasp

ovipositing behavior was highly interfered with by the wandering around
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of the adult weevils. Jones also had a comment indicating that super-
parasitism might not be uncommon. This ends the discussion of the wasp

and weevil biology.

2.3.2 Utida's Experiments

Utida's experiments were set up in the following way (Utida, 1955).
The two-population systems were reared in Petri dishes at 75% relative
humidity at 30°C. The chosen number of pairs of newly emerged weevils
were started with 10 grams of Azuki beans. After ten days, the same
number of pairs of weevils were again introduced with another 10 grams
of Azuki beans. At the same time, the chosen number of wasps were
introduced. No further insects of either kind were introduced. From
that point on, successive generations of wasps were attacking alternate
populations of weevil larvae approximately every ten days.

The experiments were then run as follows. Population counts were
made every 10 days of all adults, living or dead, male or female, weevil
or wasp. Ten grams of food were added after each count. "When 40 days
had elapsed from the beginning of the experiment, the most ruined part
of the remnants of food were taken away from the breeding dish to
another separate dish, where counts were also continued until 20 days
after the separation." It is not clear whether 1iving individuals found
in the holding dish were returned to the experiment dish. Perhaps they
were not because the table of results for experiment D shows two adults
at the last count while the text indicates that at the same count there
were none left to carry on. Utida reported that some individuals emerged

and died between counts while some survived two or more counts. That
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is, some weevils and wasps apparently had a chance to breed across
generations.

Utida (1954) recorded sex ratios (the number of females to total
number) for adult wasps and weevils at each count. Those ratios fluctuated
as time went on. Generally, the wasp sex ratio was in the range of 30%
to 40% while the weevil sex ratio was in the 40% to 50% range. A
cursory examination of Utida's data suggests that the weevil sex ratio
was highest near weevil population peaks. Often, but not always, the
wasp sex ratio was low or declining near wasp population peaks.

Utida (1955) recorded the starting numbers for the six experiments
as is seen in Table 2.1. Apparently Utida counted only the second
infusion of adult weevils into the systems when he gave starting numbers
for the weevils. Undoubtedly, the number of adults was higher due to
those remaining alive from the starting set of adult weevils.

Unfortunately, when this autho} was analyzing Utida's experiments,
he misunderstood Utida's experimental setup and doubled all starting
weevil values. Of course, this had the effect of raising the data mean
and changing the data variance with corresponding changes down to the
calculation and plot of the trajectory (see theory and methodology). It
will be seen, however, in the Results (Chapter 7) that in only two cases
is there much difference. All results tabulated below are for the
incorrect data sets. In one case a data set was truncated. This was
the last data point in System D, which was already discussed above.

Systems D and F ended with the host extinct at the 17th and 23rd
"generations," respectively, due to complete parasitism of larvae. System

B ended at the 15th generation with no more wasps. Utida (1955, p. 29)
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Table 2.1 Starting numbers of adult hosts and
parasites in Utida's experiments

Experiment Weevil Wasp
A 64 (=32 pairs) 8 (=4 pairs)
B 64 8
C 8 8
D 512 8
E 512 128
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attributed those occurrences to high host-finding efficiency by the wasp
in population B and low host-finding efficiency by the wasp in population
D. 1In a later paper, Utida (1957a) recorded that system A ran for 112
"generations" and C for 47 "generations" before the experiments were
destroyed by careless handling. For system E, the hosts died out at the
82nd "generation."

As mentioned above, only the first 25 data points appear in the
Titerature (Utida, 1955). This is unfortunate because Utida (1957b)
claimed a resonance-like effect for the oscillations in systems A, C,
and E. His graphs look suspicious, but he provided no further data to
test that conjecture. This ends the section on the biology of the
weevil and its parasitic wasp as well as the history of the Utida data.

2.4 ldentifying the Predator-Prey Oscillation
Qualitatively and Quantitatively

2.4.1 Introduction

This section deals with the qualitative and quantitative characteri-
zation of predator-prey oscillations. The discussion takes the following
form. The terminology used in ecology to describe the phenomenon is
examined.  Then the use of the same terminology in mathematics and
statistics is also examined. Next the history of efforts to identify
the phenomenon quantitatively is reviewed. The section ends with this

author's attempt to define a period for the phenomenon.

2.4.2 Terminology for the Phenomenon

The quote from Lack (1954b, p. 25) (see section 2.1.1) above may

have given the impression of agreement on what the phenomenon is and
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what terminology has been used to describe it. This has by no means
been the case as will be documented immediately. Beyond characterizing
the phenomenon, Lack (1954b) suggested that there must be identifiable
differences between "cyclic" and "noncyclic" species and wondered how
such differences could be identified. Some of the most recent quantitative
work addresses this question, as will be seen towards the end of this
section.

It is possible to document the variety of descriptions for the
phenomenon from the titles of articles. The 103 titles (titles sometimes
contained more than one descriptive phrase) of Table 2.2, came from the
bibliographies of Keith (1963) and Finerty (1980). Keith listed 61
papers from 1923 to 1960 whose titles described changing population
size. The titles contain many descriptive words or phrases such as
"short-cyclic fluctuation,"” “random oscillation," "periodic die-off,"
"periodic decimation" and "periodic fluctuation." An additional 42 eco-
logical papers from 1960 to the late 1970's, whose titles refer to
changes in the size of animal populations, are found in Finerty's (1980)
book. It is interesting to note that up until 1960, there were many
papers referring to game birds as either fluctuating or cycling. After
1960, "fluctuations" referred mainly to voles, mice and lemmings, while
cycling was used to describe the behavior of hare and Tynx as well as
the previously mentioned three types of rodents.

Consider these examples of shift in description for the following
species. Grouse have been variously described as fluctuating (Criddle,
1930; Clark, 1936), periodically fluctuating (Phillips, 1926; Bump, 1939),

or cycling (Leopold and Ball, 1931; Hoffman, 1958). Furthermore, hare
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populations have been described as fluctuating (MacLulich, 1937), as
having a periodic decimation (Green et al., 1939), as having cyclic
decimation (Morse, 1939), or as cycling (Green et al., 1940; Wing, 1960;
and Bailey, 1946). In contrast to those two species, lynx populations
were described as cyclic from Elton and Nicholson (1942b) to present-day
authors. In reality, none of the above populations exhibits regular
enough behavior to be called cyclic in the classic sense of the word.

Cole (1951) may have been the first to address the confusing termin-
ology. He said,
In the mathematical sense a fluctuating series of up and down
phases is in general designated as "oscillatory" while the term
"cycle" 1is reserved for recurrent oscillations of such regularity
or periodicity that values are predictable far into the future

(see Kendall, 1946). In this strict sense, population fluctu-
ations are oscillatory rather than cyclic.

He went on to mention ". . . well established terms for phenomena lacking
precise regularity . . ." such as "sunspot cycle,” "business cycle," and
so on. Furthermore, he decried the use of ". . . the terms 'regular

cycle,' 'periodic cycle' or even ‘regular, periodic cycle' [as] applied
to oscillatory phenomena which lack precise regularity."”

Keith (1963, pp. 4, 5) discussed the use of the word "cycle" in
some detail. He pointed out that Leopold (1933, p. 50) had,

. . referred to cycles as "periodical oscillations of more or
1ess fixed length and amplitude." He [Leopo1d1 indicated that
deviations from mean population levels should in such cases exceed
50 percent. Krumholtz et al. (1957) in "Glossary of Wildlife
Terms" gave the follow1ng definition of a population cycle:
"Recurrent changes in the size of a population which are of such
regularity or periodicity that future highs and lows are predict-
able." Moran (1954) equated cycle and oscillation, describing
the latter as occurring when a divergence of a population from
its mean level implies a tendency for the population subsequently
to overshoot this mean.
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Cole (1951) had already shown the error in Moran's (1954) identifica-
tion of cycle and oscillation. Leopold (1933) had anticipated Lack
(1954b) (see section 2.1.1 above) but was incorrect concerning the uniform-
ity of amplitude in data sets. In addition, Leopold's requirement that
the amplitude exceed 50 percent of the mean does not seem to be a useful
criterion. It is perhaps of interest that Keith (1963), in his discussion
of the definition of cycle, ignored the discussions of Cole (1951) and
Lack (1954b), cited above.

The review of the efforts to define "cycle" in ecology concludes
with some further comments by Keith (1963). He quoted the definition of
"cycle" from Webster's New International Dictionary: "one of the intervals
or spaces of time in which one course or round of a certain regularly
and continually recurring succession of events or phenomena is completed.”
He then noted, "cycles are characterized in this definition by three
features: (1) completion of a succession of events, (2) recurrence of
such a succession, and (3) regularity of recurrence." Keith felt that
the third aspect had been neglected by ecologists. After some discussion
of this (mentioned above), he stated,

I suspect that a majority of population ecologists today would
agree with Davis's (1957) definition of cycle: "In ecological
usage, the term 'cycle' refers to a phenomenon that recurs at
intervals. These intervals are variable in length, but it is
implied that their variability is less than one would expect by
chance and that reasonably accurate predications can be made."
Unfortunately, the term "cycle" is well entrenched in the ecological
literature now as a description of the behavior of what are perhaps

oscillating natural populations. That is, the "ten-year cycle" refers

to a phenomenon which is neither of ten-year duration nor cyclic.
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2.4.3 Use of the Same Terminology in Mathematics

In contrast to the muddle of terminology in ecology, consider the
following definitions from mathematics. Freiberger (1960, p. 207) defined

a cycle as "The complete sequence of values of a periodic quantity which

occur during a period." In addition, he defined (p. 662) an oscillation
as "one complete period of vibratory or periodic motion. . . . The defini-
tion cannot be applied strictly to nonperiodic motions. . . . In such

motions the period is usually taken as the time between successive zeroes
of the displacement."” As well, Freiberger (p. 664) defined oscillatory
motion as "Persistent motion which is confined to a finite region of
space.  Such motion is not necessarily periodic. . . ." Finally, he
pointed out that a fluctuation is always a random phenomenon. Another
source (Iyanaga and Kawada, 1977, p. 979) had the following definitions:
"A vibration or oscillation is a phenomenon which repeats periodically,
either exactly or approximately. . . . The difference between the greatest
and least values of [the periodic solution of a differential equation]
(globally or in an interval) is the amplitude." Iyanaga and Kawada
point out that an oscillation is often the superposition of the fundamental

vibration and a countable number of its harmonics.

2.4.4 Use of the Same Terminology in Statistics

Now attention turns to the use of the terms "fluctuation," "oscilla-
tion" and "cycle" in the discipline of statistics. Kendall (1946) defined
and used those terms as well as the term "periodic series" to characterize
four kinds of stationary time series, i.e., those with no trend and

fixed variance through time. Kendall considered each to be a special
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case of its predecessor. That is, each kind has more structure to its
"up-down" movement through time than the preceding one. He made the
following definitions. A "fluctuation" is a "general stationary movement,
whether systematic or not." An "oscillation" is a "systematic, but not
necessarily cyclic, recurrence of phenomena in time series." A "cycle"
connotes a "regularity of recurrence" and is "'almost' periodic if it
consists of the sum of a number of periodic terms with incommensurable
period." Although he did not say so explicitly, by default, a periodic
series must exhibit a single period. Kendall said that he wished to
". . . avoid altogether the word 'cycle,' . . ." due to ". . . the inter-
pretation usually put upon it in the exact sciences."

More recently, Kendall (1973, p. 18) has backed away somewhat from
those definitions. He wrote that after the removal of ". . . trend and
a seasonal component . . ." what is left is a

fluctuating series which may, at one extreme, be purely
random, or, at the other a smooth oscillatory movement .
there is some irregularity . . . but also some kind of systematic
effect in the sense that successive observations are not indepen-
dent. We shall call this systematic effect an oscillation and
avoid describing it as a cycle unless it can be shown to be
genuinely cyclical in the pattern of recurrence, and inparticular
that its peaks and troughs occur at equal intervals of time.

This ends the discussion of the use of the terms "fluctuation," "oscilla-

tion" and "cycle" in statistics.

2.4.5 Quantitative Identification of the Phenomenon

The next topic in this section concerns efforts to identify the
phenomenon quantitatively. O0liver H. Hewitt (1954, p. 1) reviewed the

state of definition of "cycle" in his introduction to The Journal of

Wildlife Management "Symposium on Cycles in Animal Populations."
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It is obvious, but worthy of note here, that investigators of
cycles are divided into two "camps"--those who require no
periodicity in their definition of cyclic behaviour, and those
who consider as cyclic only those species which exhibit fairly
regular fluctuations in numbers. The former are strongly inclined
to objective mathematical analysis, count all the peaks, and
demand an exact periodicity [sicl or none at all. The latter
Took at cyclic behavior subjectively, select dominant peaks to
indicate the ten-year cycle, and allow considerable variation in
both periodicity and amplitude. Whether these views will be
orought into some accord is a major question.

It will be noted that Hewitt's discussion contains a self-contradiction
in the characterization of the first of his two "camps."

By the time that papers were invited for The Journal of Wildlife

Management symposium on "cycles" in 1954, there were, contrary to 0. H.
Hewitt, essentially three rather than two schools of though on "cycling."
The first school treated the data as being without error, considered the
peaks as the most striking property of the "cycle" and used all the
peaks to decide whether the data were in fact nonrandom. The second
school considered the peaks as the most striking property of the "cycle"
but tacitly admitted the data were not error-free by guessing where the
important peaks occurred. The third school, not discussed by 0. H.
Hewitt and actually just starting to come into existence at that time,
considered the peaks to be one and not necessarily the most representative
aspect of the phenomenon of cycling. That school was asking whether a
"cycle" could be identified from all the data and not just peaks.

2.4.6 The First Quantitative Approach to Oscillations--
Flexible Identification of the Phenomenon bv Peaks

The middle of those three schools, 0. H. Hewitt's second “camp,"
had its roots in the observations of the earliest Hudson's Bay Company

traders. In the twentieth century, as has already been mentioned, Seton
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(1911), Innis (1927), C. G. Hewitt (1921), MacLulich (1937) and Elton
and Nicholson (1942a, 1942b), among many others, had made observations
on the length of the "ten-year cycle." Although Elton and Nicholson
(1942b) referred to the 1ynx oscillations as "cycles," the only indication
they gave for the definition of "cycle" was contained in the following
sentence (p. 241): "Between the peak years of 1752 and 1935, there were
19 complete cycles, giving an average period of 9.63 years [i.e. 183/19]."
Later on, Cole (1951, p. 218) objected that Elton and Nicholson had
selectively chosen peaks to produce their result. In summary, the fol-
lowers of this school of cycling were using the one outstanding property
of the oscillation to identify it quantitatively--the peaks--but were
not rigid in identification of peaks.

2.4.7 The Second Quantitative Approach to Oscillations--
R1gid Identification of the Phenomenon by Peaks

The first of the three schools, 0. H. Hewitt's first "camp" of
cycling, began when Siivonen (1948) cast doubt on the regularity and
even the existence of the "ten-year cycle." He studied a vast amount of
population data from Finnish lynx and red fox, from Arctic and red fox
of Labrador, from English rabbits and hares and from a number of other
animals. It might be noted parenthetically that none of those data came
from ecosystems whose species supposedly exhibited the "ten-year cycle."
He concluded that ". . . the ten year periodicity represents an average
distance between "high peaks” and that the basic cycle is of three to
four years in length, averaging 3-1/3 years.” In 1949, Paimgren showed
that he could generate random series which had approximately the same

average intervals for peaks as those data sets which Siivonen had studied.
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Those series were generated ". . . by rolling dice and drawing numbered
cards from a well-shuffled deck . . ." (Cole, 1951, p. 236). By analogy,
Palmgren (1949) postulated that population "cycles" were a purely random
phenomenon.

Based on the work of Siivonen and Palmgren, Cole (1951, 1954) set
up a theory of *"completely random fluctuations." Cole (1951) started by
taking a large number, N, of random numbers and assuming that no two
consecutive numbers were the same. An illustration he gave shows integers
between 00 and 99. A turning point in a sequence of three points was
defined if and only if the midpoint of the three was a local peak or
trough. An upward phase was a set of line segments connecting a trough
to a peak while a downward phase was a set of line segments connecting a
peak to a trough. A phase of length x consisted of x+1 consecutive
observations either monotone increasing or decreasing. A cycle was
defined as two consecutive phases (obviously of opposite kind).

From these definitions, Cole (1951) developed the probability dis-
tribution of "cycle" lengths in randomly fluctuating populations when N
observations were taken. He displayed the asymptotic distribution as
N+, The mean of that distribution turned out to be three years. Cole
then set up what look like chi square tables. Those tables record
observed versus expected numbers of "cycles" of each length for several
sets of data analyzed by Siivonen. Surprisingly, Cole was apparently
unaware of the chi square test because he observed, "Although there
seems to be no completely objective way of deciding, it appears from
Table 3 that the data on foxes at Tleast differ somewhat from what one

would expect in the case of random fluctuations." Cole's distribution
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was the basis for calculating mean cycle length in one paper of The

Journal of Wildlife Management symposium of 1954 as well as in Keith's

(1963) book.

Cole (1951) also considered changes in population size as a function
of "random fluctuations in environmental capacity." His explanation
follows:

It is well known that population size is closely related to the
favourability or "capacity" of the environment. In a given
locality the maximum possible population size for a particular
species will be greater in some years than in others and the
long-time average number of individuals will be related to the
long-time average capacity of the habitat. Now for any particular
year we may expect that the odds will be about even as to
whether conditions will be above or below average in favourability
for population growth. Let us then simply assume that a population
tends to grow in every year in which conditions are above average
and tends to shrink in every year in which conditions are below
average. A population peak then occurs in any year which happens
to be above average and also happens to be followed by a below-
average year. . . . This case is analogous to flipping a coin a
number of times and counting it as a "peak" whenever a throw of
"heads" is followed by a throw of "tails."
Obviously Cole had assigned a mechanism to data so that a data set could
no Tonger be considered only as a sequence of points some of which were
neaks or troughs. Apparently the probability distribution generated by
this second Cole model was designed to try to account for the four-year
period seen by some students of the phenomenon. It turned out that the
mean of this second distribution was four years.

In his 1954 paper,~C01e spent more time on the problem of dominant
versus secondary peaks. As with the 1951 paper, he developed the argument
that the mean length of the fundamental "cycle" (i.e., the period for
all peaks) of a random series was 3N/(N-5) (Cole, 1954, p. 7). This was

based on the assumption that no two consecutive random numbers were the
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same, that three consecutive random numbers would have a central peak in
one-third of their possible arrangements and that a "cycle" was the
distance between two consecutive peaks. Of course, 3N/(N-5) is greater
than three but approaches three as N approaches infinity. This fact
Cole found comforting in view of the calculated periods of data considered
to have a "three-to-four-year cycle."

Using the same arguments for groups of peaks taken in threes, the
mean length of the dominant cycle for dominant peaks turned out to be
9N/(N-17) which is greater than nine but approaches nine as N approaches
infinity. Cole pointed out, as with the fundamental "cycle," that for a
finite number of observations the period would be longer than nine and
would therefore be in the neighborhood of the length of the "ten-year
cycle.” It might be pointed out that as early as 1924, Elton had
suggested that there was some connection between "three-to-four-" and
"ten-year cycles” although not necessarily of a "low-peak"-"high-peak"
nature. It can also be noted that a simple test can be done with Cole's
cycle length of 9N/(N-17). If this is set equal to 9.63 years, the lynx
period calculated by Elton and Nicholson (1942b). then Cole would require
N=260 data points as compared to the actual data set of 183 points.
That result alone suggests Cole's work is not applicable.

Two other sets of formulae for probability densities were produced
by Cole (1954). One set had to do with the effect on mean "cycle"
Tength (i.e., period of peaks) when only certain classes of population
size could be distinguished, e.g., small, medium and large. The other
set of formulae arose when Cole attempted to weight elements in a random

series to vreflect anything from dindependence to complete serial
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correlation of adjacent elements. He assigned the weight 1 to the
current year and a weight w, 0 < w < 1, to the previous year. The
weight w=0 was taken to mean independence of points; while "If w=1, two
successive years will be of equal importance and the appropriate model
for random fluctuations will be a two-point moving average for random
numbers.” Cole displayed formulae for probability densities for series
of length N and either w=0 or w=1.

Cole's line of argument does not seem to be useful in terms of the
type of data available. "Four-year cycle" and "ten-year cycle" data
usually fall into either of two tategories. One category consists of
sets of data such as yearly trapping or hunting-kill counts, which had
relatively few, if any, missing data points. The other category consists
of Tlists of peak population years. Simple as that sounds, Siivonen
(1954) exhibited data sets containing pairs and even triplets of peak
years for lemmings in Scandinavia and game birds in Britain. Such pairs
or triplets imply consecutive one-year “"cycles."

Further comments are in order about Cole's work. On the one hand,
when a data series is complete as with yearly population data, it makes
sense to use all of the data. Use of peaks only discards most of the
information. On the other hand, if the only information about population
numbers occurs in the form of peak years, then nothing is known about
the serial correlation among nonpeak points anyway. Besides this objec-
tion, the value of a serial- or auto-correlation lies between -1 and +1
and not between G and +1 as used by Cole.

This author could find only two works which attempted to use Cole's

methods. One of those studies was the paper by Hickey (1954) in The
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Journal of Wildlife Management. The other eight papers of that symposium

to a greater or lesser extent discussed mathematical or biological mechan-
isms which might generate "cyclic" behavior. The other study, contained
in the book by Keith (1963), tested many data sets in an effort to
decide whether those data were random in Cole's sense. Keith will be
discussed after Hickey.

Hickey (1954) used the Cole probability density for w=1 in the
following way. 0f the possible "cycle" 1lengths, Cole's probability
density of "cycle" lengths gave the following. Those of length six
accounted for 7%, those of length seven accounted for 4% of the lengths,
and those of length greater than or equal to eight accounted for 1% of
the lengths. Hickey studied the tail of this distribution and declared
that any data series having mean peak period of length greater than or
equal to six was nonrandom. On that basis he announced that lynx and
some other data were nonrandom. This decision was not based on any
statistical test, such as chi-square.

Keith (1963) might have used Cole's probability density to test
the mean peak period of each data set studied, but he did not. Instead,
Keith used simulation to generate the "theoretical" distribution. He
took 2001 random numbers, subjected those to a two-point moving average
to satisfy Cole's criteria, and then divided that set of 2000 points
four different ways. He obtained 100 runs of length 20, 50 runs of
Tength 33, 40 runs of length 50 and 20 runs of length 100. It is not
clear what he did next. Apparently he counted only interior peaks and
not those peaks, if any, at the two boundaries of these artificial data

sets. After counting all interior (peak-to-peak) cycles, the mean "cycle"
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lengths were calculated. Those were tabulated beside Cole's exact distri-
bution (Cole, 1954, Appendix 1, w=1) but no chi square tests were done.
Then confidence intervals, apparently one-tailed, were derived from the
generated samples to obtain a confidence interval for the artificial
sample mean with 95% significance. It is not clear whether the 5% of
the intervals which were longest were discarded or whether some other
criterion was used. It should be noted that when Keith generated the
mean "cycle" length from data he used only internal peaks--all other
data were discardad.

Keith had fur trapping data for mammals and hunting-kill data for
game birds. The trapping data exhibited were almost entirely free of
missing data points. The grouse and partridge data were practically
continuous but went unused. Other kinds of data were so bad that not
even peak years could be used. Only the trapping data were used for
tests.

Keith counted every peak even though it was often clear that a
local peak was a small irregularity within a strong upward or downward
trend. This undoubtably had the effect of making several data periocds
nonsignificant. Generally data periods, even if significant, were far
below the G.61 years calculated by Elton and Nicholson. This ends the
discussion of 0. H. Hewitt's first "camp" on cycling.

2.4.8 The Third Quantitative Approach to Oscillations--
Time Series Methods

The third quantitative school in "cycling” runs from 1949 to the
nresent. It has been based on time series methods which use all of the

data and not just peaks in the data. Various techniques nave come into
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nlay 2s the formal study of time series has grown. Much of the work is
tied up with mechanism or with curve fitting but will be discussed here
because of its immediacy to the present work. The most important contribu-
tions were by Moran (1949, 1952, 1953a, 1953b) Bartlett (1954), Bulmer
(1974), Williamson (1975), and Finerty (1980). After those sets of work
are discussed, other models using lynx-hare or mink-muskrat data will be
briefly reviewed.

Moran (1949) introduced time series techniques to ecology and wild-
life studies with his study of lynx oscillations and the sunspot cycle.
He also introduced autoregressive models 1in 1953 when he attempted to
fit some of the Tynx data from Elton and Nicholson (1942b). The models

were
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The latter, a second-order autoregressive model, had been suggested
at least as far back as Kendall {1946) as a model which would generate
oscillations under the correct choice of parameters. Both models were
the subject for discussion by later workers.

Moran (1954) joined the discussion of correct terminology for the

phenomenon in his paper to The Journal of Wildlife Management symposium

on "cycling." He stated that "oscillation" and "cycle" were identical.
He also stated that oscillatory behavior was equivalent to the overshooting
of the mean by a population whose size was located on either side of the

mean. He wrote, "(This does not mean there exists an underlying exact
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period.) This [overshooting tendency] is, when applied to random pro-
cesses, equivalent to asserting that there is at least one serial correla-
tion, of some order, which is negative." By the use of serial correlation,
he concluded that lynx trapping data were osciilating (Moran, 1953a),
but that game-bird bags in the Scottish Highlands were not (Moran, 1952).
Thus, Moran equated a negative serial correlation with oscillation and,
in turn, with cycling.

Although Bartlett (1954) spent most of his paper reviewing the
theory of time series to that point, he also showed a practical applica-
tion. For data, he used the lynx data from the MacKenzie River (Elton
and Nicholson, 1942b). A choice was given between HO: a uniformly
continuous spectrum with a single harmonic adjoined, and H1: a second-
order autoregressive series. Based on the residuals of the two models,

he chose H1 of the form:

Y, = X, + a,X +
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Bartlett commented that Moran (1953a) had made the same choice but without
a definitive test.
Bulmer (1974) stated from the outset that the Hudson's Bay Company

fur data (Jones, 1914) were cycling. He attempted to fit the model

Xy = wt asin 2w (t-¢) + Bxi_p * e

to the data for each species. In this model Xy is 10910 (population
size in year t or population trapped in year t), o is the amplitude of
the oscillation, 1/w is the period in years and ¢ the phase Tag in

years. This model was proposed so that the ". . . sine function accounts
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for the regularity of the period of oscillations and the autoregressive
term for the irregularity in their amplitude. . . ." Bulmer used this
model because of failures he saw in the two models proposed by Moran
(1953a) for the MacKenzie River Tynx data. Bulmer also stated that the
estimates of his a« and B ™". . . are the natural parameters to use in
describing the cycle and comparing the cycle between different species,
geographic areas or periods of time." This is not the case, however,
because his xt's are not scale free. That is, Xy = Tog N(t), and not
Xy = Tog (N/q') = Tog (N/E(N)).

If @ could be fixed, then Bulmer's equation is linear in the remain-
ing parameters. Therefore, Bulmer started by doing a periodogram analysis
on all of the data sets he considered. Those with a statistically
significant amplitude he called cyclic. It turned out that his periodo-
grams all had significant periods just below ten years. Therefore, for
all data sets, he chose the period 9.63 years (Elton and Nicholson,
1942b; 1ynx peak periods).

Bulmer calculated the phase shift of each species with respect to
eighteenth, nineteenth or twentieth century lynx data and then plotted
those shifts against a common zero shift for the three lynx populations
(Bulmer, 1974, Figure 3). Only fisher data remained fixed with respect
to Tynx. For all other species, those leading the lynx decreased in
phase shift from the eighteenth to the twentieth century, while those
lagging the lynx increased in phase shift from the eighteenth to the
twentieth century. This suggests that all species except fisher have a

longer period of oscillation than the Tynx.
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Williamson (1975) seems to have been the first to use spectral
analysis’ (discussed in Section 5.2.3) on trapping data. He focused
especially on the Labrador data compiled by Elton (1942). Wflliamson
used ". . . the simplest form of the spectrogram [that] is the Fourier
transform of the autocovariance (or autocorrelation)," which he smoothed
with a Parzen window (see Section 5.2.3). He felt that the use of a
Bartlett or Tukey window would have been equally good. However, he
emphasized that ". . . the choice of the truncation point, that is the
bandwidth or degree of smoothing, makes a considerable difference."
Williamson felt that his analysis pointed to a "ten-year cycle" for both
colored and Arctic fox on the tundra--something which had not been sug-
gested previously.

Finerty (1980, p. 1) followed the lead of Moran (1954) and Keith
(1963) in discussing oscillation and cycle. That is, he took for oscilla-
tion the property of a data series to move back and forth across the
data mean (Moran, 1954). For cycle, he quoted Webster's definition as
it appeared in Keith (1963). Finerty made the additional assertion that
the amplitude of a cycle must be large enough to distinguish it from a
random fluctuation. After mentioning some properties of the "ten-year
cycle," he tacitly admitted that the terminology was confused when he
wrote, "Are these oscillations periodic in a mathematical sense, or can
they be considered a series of random variations?" He also stated (p.
20) that "Biologically, one would not necessarily expect to find finely
tuned cycles, but if a series is finely tuned to a relatively narrow

range of frequencies, one can assert that it is cyclic."
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Finerty (1980) used the spectrum in his study of North American
and European mammals supposedly exhibiting a "four-year cycle" or a
"ten-year cycle." Although he applauded Moran's efforts, Finerty objected
to the use of the autocorrelation function. He pointed out (p. 4) that,
"If the observations are oscillatory in the manner defined above, whether
regularly periodic or not, there will be at least one negative autocorrela-
tion coefficient of significance of some order (Moran, 1954) but no
necessarily regular oscillation of the autocorrelation function.

Regarding the use of the spectrum, Finerty wrote (1980), p. 6),

But if one frequency or region of frequencies dominates the
series (i.e., if a real periodicity exists) a significant peak
will appear in the spectrum; in spectral terminology, most of
the power of the spectrum will be in the region of that frequency.
An oscillatory autocorrelation function may be due to large co-
variance between neighboring data values rather than truly oscil-
latory data. The spectrum helps to distinguish these two
possibilities, because an oscillating autocorrelation function
will only produce a spectral peak at the frequency of the oscilla-
tion if the amplitude of the component sine wave is significantly
Targe (Jenkins and Watts, 1968).
The spectrum and its use are discussed in Section 5.2.3 below.

A final note is in order about the work of others who analyzed the
MacKenzie River lynx data (Elton and Nicholson, 1942b) and the mink-muskrat
data found in Jones (1914). The lynx data have been analyzed many times
using sophisticated AR or ARMA models. Among the authors who used such
an approach are Campbell and Walker (1977), Hannen (1960), Kashyap and
Rao (1976), Ord (1979), Rust and Kirk (1979) and Tong (1977). As will
be noted again in Section 5.2.2, no attempt was made in any of those
papers to calculate an autoregressive period. The same comments hold

true of the species AR or ARMA models of mink and muskrat data (Jones,

1914) as developed by Chan and Wallis (1978) and Jenkins (1975). These
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comments end the discussion of the third quantitative approach to the

"cycling" of populations.

2.5 History of the Predator-Prey Data

In order to make sense of the predator-prey data in this study, it
is necessary to give a brief sketch of the history of the Hudson's Bay
Company (after Williams, 1983) and its administrative regions in North
America (Williams, 1983; Elton and Nicholson, 1942b). Following that,
the predator-prey data will be discussed in the following ways. First,
the sources of the data will be enumerated and the history of and
problems with the data will be discussed. Next, there will be some
comments on the reliability of the data. Finally will come a discussion
of how the data were treated before analysis began. The data will be
considered in the following order: 240 years of lynx-hare data; the
1849 to 1890 lynx-hare data; the otter-beaver data, and finally, both

sets of the mink-muskrat data.

2.5.1 A Brief History of the Hudson's Bay Company

Although the history of the Hudson's Bay Company began in 1670, by
royal charter, the earliest extant pelt records, those of lynx, recorded
in Poland (1892), started in 1735, so the earliest history of the Company
is of little importance to this work. In the 1670's, Company garrisons
were located at Ruper River (1668), Moose River (1673), and Albany River
(1679) on James Bay (also called "the bottom of the [Hudson's] Bay"),
for trade with the Indians. The first (temporary) garrison on the
Nelson River was York Fort established in 1682. Before the Treaty of

Utrecht in 1713 gave the Bay and its surrounds permanently to the Hudson's
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Bay Company, the trading posts on the Bay changed hands many times.
Until the conquest of Canada in 1759 and 1760 by the British, near the
end of the Seven Years War, the Company mainly conducted its business
along the shores of the Bay. In the meantime, the French traders from
Canada had started to exploit the fur resources of the Plains and Northern
Forests.

The Conquest in 1759 led to the abandonment of the western plains
by French traders. However, the Company did not take advantage of that
trade vacuum even though inland trading had been attempted as early as
1732. Therefore, the French traders, with the support of British and
American businessmen, soon came back into the plains. From 1774 to
1820, the Hudson's Bay Company gradually expanded its trading in an
organized manner inland from York Factory towards the south and west.
It was in increasingly severe competition with the North West Company,
formed in 1783 out of Montreal. After perhaps 1804, violence between
the two groups started and continued to grow until 1819. The fur
returns for the last thirty years of the eighteenth century and for the
first twenty years of the nineteenth century reflected the unstable
trading situation. Finally, a coalition of the two exhausted companies
was arrived at in 1821.

Following the merger, a fur trade monopoly for trade with the
Indians was granted on December 5, 1821 for all of British North America
except Upper and Lower Canada. At that time or later, that area included
what is now northern Ontario and Quebec, all of western Céﬁada and parts
of Alaska. In addition, a large part of what was later calied the

Oregon Territory (which included parts or all of what are now the states
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of Colorado, Idaho, Montana, Nevada, Utah, Oregon, Washington, Wyoming
and perhaps others) fell under this definition. Two Hudson's Bay Company
regional administrative units called Departments were begun in 1809 and
continued after 1821. Those were the Northern and Southern Departments,
which will be discussed later.

The British North America-United States boundary dispute was settled
in 1846. In anticipation of this, the west coast trading headquarters
was moved from Fort Vancouver north to Fort Victoria on the tip of
Vancouver Island. Although fur returns for the Pacific Northwest were
sometimes large, they never approached those of the Northern Department.
Within a few years after 1846, the Oregon Territory ceased to contribute
any significant amount of furs, although the Company still had a presence
in Oregon until 1871. Phillips (1961) reported that around 1846 all
trade goods and furs were shipped around Cape Horn. Poland (1892)
reported that in his time only bulky goods were shipped around the Horn,
but furs went via the West Indies. Presumably he meant via the Panama
Railroad which was completed in 1855.

In 1859 anq 1869, the Company lost its two monopolies. The fur
trade monopoly expired in 1859. In 1869, the land controlled by the
Company, essentially all of what is now western Canada, was sold to

Canada.

2.5.2 Hudson's Bay Company Administrative Departments

The Hudson's Bay Company Departments will now be discussed. Each
department contained small administrative units called Districts. Elton

and Nicholson (1942b) went into some detail in discussing Districts as
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well as providing maps suggesting their boundaries throughout the nine-
teenth century.

The kernel of the Northern Department, begun in 1809, was a small
band of forts along southwestern Hudson's Bay. Included among these
were Severn River, Churchill River and York Factory on the Hayes River.
From 1774 to 1820, the trapping region, which funneled its furs through
York Factory, expanded westward to the Rockies but was not a monopoly
due to intense competition with the North West Company. Following the
merger in 1821, for all practical purposes, the Northern Department
contained the plains and some of the northern forest of western Canada,
although technically all of northwestern America fell under its sway,
due to the monopoly. The Northern Department technically contained most
of the Oregon Territory. However, the Columbia District on the west
side of the Rockies was for all practical purposes an autonomous region.
It was carried over from the North West Company following the 1821
merger and became known as the Western Department, circa 1853 (H.B.C.A.,
P.A.M., B. 239/h/3, p. 40).

Shortly after the merger, the Company started to move permanently
into northwest Canada into what are now the Northwest Territories, the
Yukon, and Alaska. This new region was so far away from Hudson's Bay
and so rugged that shipments were often two years late. Except for the
regions beyond the Rockies, both before and after the merger, furs from
the Northern Department were shipped out of Hudson's Bay via York Factory.
For most of its existence, this Department accounted for the majority of
the fur trade. See Innis (1970, p. 286) for the relative contributions

of the three Departments.
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The kernel for the Southern Department, also begun in 1809, was a
small band of forts on James Bay including Moose Factory, Fort Albany,
and Eastmain as well as the senior fort, Rupert's House. Following the
1820 merger, this Department gradually expanded south and east. To the
south, the Southern Department ran across north Ontario above Lake Superior
from approximately the Manitoba border to the Ottawa River. It extended
northeast into Quebec up to the Great Whale River which flowed into
Hudson's Bay. Williams (1983) reported that in 1859, Governor Simpson
ordered that furs from the upper Lakes should be shipped through Toronto
and no longer out of Hudson's Bay via Moose River.

The Montreal Department of the "posts in Canada" appeared in 1821
and was managed by McGillivrays, Thain and Company until 1826. Thereafter,
the Montreal Department was managed by Governor George Simpson (Rich,
pp. xlvii-1iv). It included southern Ontario and southern Quebec out to
Esquimaux Bay on the east coast. Elton and Nicholson's "Guif" region
and the southern part of "Lakes" corresponded roughly to this Department.
It is not clear whether the region called "Lakes" by Elton and Nicholson
(1942a) was moved to the Montreal Department or stayed in the Southern
Department.

Columbia District appeared in 1820, following the merger, and
appears to have included most of the Oregon Territory. With the settling
of the boundary line in 1846, the Company moved its trading effort north
along the British Columbia coast. Apparently this region was referred
to as North West after 1858 (H.B.C.A., P.A.M., A53/1). Elton and

Nicholson's West region corresponded to this District after 1846. Furs
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from this region were shipped either around Cape Horn or across the
Isthmus of Panama or both.

This ends the thumbnail sketch of the history of the Hudson's Bay
Company as it applied to the North American fur trade for the period of
interest. The interested reader is referred to Williams (1983) from
which most of this material was taken. For the details of the history

of the Districts and Departments, see Elton and Nicholson (1942b).

2.5.3 Sources of the Predator-Prey Data

Discussion now turns to the four different sources of the predator-
prey data. Those sources were the Hudson's Bay Company data tabulated
in Poland (1892), original documents in the Hudson's Bay Company Archives,
Elton and Nicholson's (1842b) lynx paper and the fur returns listed in
the Dominion of Canada Yearbooks and Statistics Canada publications
(1919-1975). The sources were used as follows. The data used for a
test of common period for Tynx and hare over 240 years of trapping came
from Poland (1892), Elton and Nicholson (1942b) and Statistics Canada
(1919-1975). The data used for the lynx and hare from 1849 to 1890 came
from Poland (1892) and from Archives document H.B.C.A., P.A.M., A.53/1.
The otter-beaver and both sets of mink-muskrat data came from Poland
(1892) only.

Although Elton and Nicholson (1942b) felt that Poland's data com-
prised the worst set of Hudson's Bay Company data while the sets of
Hewitt (1921) and of Jones (1914) were the best, there were several
reasons for using Poland's data. Poland listed importations from Canada

rather than sales. Poland was the only source having long tabulations
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of lynx-hare or mink-muskrat data. Poland's data were the only set
going back before 1798. Finally, Poland's data appeared in the literature
as part of the lynx-hare graphs found first in MacLulich (1937), then in
Odum (1971), and most recently in May (1974).

The source data sets will be discussed in turn, with Poland's
(1892) data being the first discussed. Then document H.B.C.A., P.A.M.,
A.53/1 will be examined. The two will be compared. Finally, the Elton
and Nicholson (1942b) data and the Statistics Canada data will be discussed
briefly.

The Poland data were yearly pelt totals. The earliest and longest
series, lynx, began in 1735. The data series for most types of furs
seemed to fall into two distinct groups divided near the year 1820. For
many species the numbers jumped dramatically following the merger in
that year of the two fur companies. Although it was not clear how
Poland arrived at his data, comparisons with document H.B.C.A., P.A.M.
A.53/1 seem to provide a plausible explanation as will be discussed.
Poland stated that his data were composed of importation lists of pelts
and skins which had been sold on the American continent to the Hudson's
Bay Company.

Poland made two comments about his data which are of interest as
indications of possible sources of error in all the pelt data. Poland's
first comment concerned shipments delayed a year or lost due to ships
being ice-bound 1in Hudson's Bay or lost at sea. Delayed shipments
caused one year's total to be low and the next year's to be high. For
oscillating species, the discrepancies are quite noticeable. Poland

listed some of these pairs (e.g., 1833-34, 1836-37, 1864-65, 1873-74,
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1884-85, 1886-87, 1890). He missed other anomalies listed in H.B.C.A.,
P.A.M., A.53/1 (e.g., 1809-09-10, 1811-12, 1815-16-17, and 1830-31).
Furthermore, graphs of the eighteenth century suggest additional pairs
which are not documented anywhere.

Poland's second comment concerned shipments from the Pacific North-
west. He indicated that those were listed a year after all other groups
of furs. Since Poland exhibited only yearly totals, there was no way to
correct the ice-bound delays or to separate the Pacific coast furs from
the rest of the data. Document H.B.C.A., P.A.M., A.53/1 was useful in
clarifying those two problems.

Discussion now turns to document H.B.C.A., P.A.M., A.53/1--"Fur
Trade-Importation Book 1799-1912." This book contained two sets of
sales advertisement posters typically dated late in a calendar year for
pelts already imported or expected from North America for that year. In
the first sets of posters, the listed furs were imported or expected
from the Northern and Southern Departments. After the 1821 merger,
additional columns appeared for Montreal Department and for furs expected
from Columbia. The second set of posters showed actual importations
from the Pacific Northwest, listed as "Columbia" from 1838 to 1858 and
as "N.W." from 1859 to 1880.

The following is of interest with respect to the Pacific Northwest
shipments. Two sets of figures for the 1880 Columbia importation showed
that the part of it which was shipped via Panama did not appear in the
importation totals. The Panama Railroad was completed in 1855. Since
no record could be found concerning other shipments via Panama, it is

not known whether other shipments were also incompletely recorded. It
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was possible to check the "Columbia" and "N.W." posters against the
Columbia fur returns listed in B.239/h/4. There was little correspondence
between the Pacific Northwest data of A.53/1 and B.239/h/4, probably
because the first set was imported while the second was trapped.

Now discussion turns to the correspondence between the sales posters
in document A.53/1 and Henry Poland's data. The comments are for all
pelt data unless lynx or hare are specifically referenced. Throughout
the nineteenth century, Poland's figures are the same as or somewhat
higher than those of the sales posters. Generally, the correspondence
was very good.

The importation totals from the posters of document A.53/1.added
up to Poland's data for the years 1799 to 1854 with a few exceptions.
There were 15 arithmetic errors (dropped "carries," reversed digits,
etc.) on Poland's part which when corrected made the totals the same.
In addition, the 1830, 1836, 1842, and 1843 poster totals were low with
respect to the Poland data. It is of interest to note that whether the
data from the west coast were either for "Columbia expected" (i.e.,
projected) as for 1824 to 1841, or for actual Columbia imports, the
totals of the Pacific Northwest furs plus Hudson's Bay area furs gave
Poland's totals.

For the period 1855-1865, Poland's figures were approximately the
same as the totals from A.53/1. From 1866 to 1879, the sales posters
numbers were slightly to very low with respect to Poland's data, especially
for muskrat pelts. From 1874 on, various departments or districts listed

on the A.53/1 posters were designated as "incomplete" or "advised to
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date." From 1880 to 1890, Poland's data were almost exactly the totals
of the sales brochures.

The conclusion is that, except for 1866 to 1879, when Poland may
have had additional information not shown on the sales posters, Poland
listed what was imported or expected by the date of the poster. Hence,
shipments delayed past the poster date for the years 1866 to 1879 probably
represent data available to Poland but not listed on company sales posters.
Elton and Nicholson (1942b) stated that two other data sources, those of
Hewitt (1921) and Jones (1914) were more accurate than Poland. It
should be noted, however, that Hewitt's and Jones's data were for sales
and were neither for importation nor for trapping data.

The last two data sets were from Elton and Nicholson (1942b) and
Statistics Canada (1919-1975) and had the following properties. The
Elton and Nicholson (1942b) 1ynx data of 1891 to 1920 were Canadian furs
purchased by the Hudson's Bay Company. This author does not know what
percentage of the total catch across Canada went to the Hudson's Bay
Company for that period. It is clear, however, that Company figures
ranged, variously, from one-sixth to one-half of Canadian totals for
1919 to 1925 (Elton and Nicholson, 1942b). The Statistics Canada data
were yearly totals for all furs purchased by all fur-trading companies

across Canada, broken down to the level of Province or Territory.

2.5.4 Reliability of the Data

One question of interest is whether the trapping fraction for
different species remained approximately constant. Unfortunately, the

answer depends on such considerations as trends in fur fashion, trade
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monopolies, and areas of trapping. It has already been seen that there
were broad shifts in trapping areas as the Oregon Territory was lost and
the Canadian Northwest opened up. Poland (1892) stated that the fur
trader had to buy everything offered him by the natives. This may have
been true in the 1880's. Earlier, however, this seemed to have been
true only in monopoly-free or adjacent zones. Innis (1962, pp. 327-8)
recorded that in monopoly areas, the Hudson's Bay Company could pick and
choose the types of furs it wanted and even attempted to keep the local
native trappers from exterminating particular important fur species in
an area. He noted (pp. 327-8): "In the remote districts, to which
costs of transportation were high, the cheaper, buikier furs were re-
stricted and the lighter, dearer furs encouraged through adjustments of
the tariff, and other regulations." He gave the example: "Rats [i.e.,
muskrats] were not accepted, accepted in limited quantities or sold to
servants for clothing.”

Williams (1983) made clear that the Hudson's Bay Company pursued a
"scorched earth" trapping policy up to 1846 for large parts of the
Oregon Territory in order to make trapping infeasible for American groups.
Furthermore, he indicated that large areas of Canada were "trapped out"
due to the intense competition before 1820. This partly accounts for
attempts at fur conservation after that date.

Another possible problem with fur data is the trapping effect.
Keith (1963), talking about relative peaking of Tynx and hare in the
Hudson's Bay drainage, said, "very likely the fur returns of predatory
species tend to peak later than actual populations, . . ." Elton and

Nicholson (1942b, p. 243) said,
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The chief respect in which the fur returns fail to give an
entirely reliable picture of peak years in the lynx numbers is
that the predators tend to come into the traps in greater numbers
when they are starving, and so there is often a lag between the
real peak of rabbits and lynx, and the lynx fur peak. This
subject has been discussed in relation to foxes and mice in
Quebec Peninsula (Elton, 1942) and it was shown that there was
sometimes no lag, but at other times a lag of a year.

Obviously this is an important consideration. However, at the present
there seems to be no way to estimate the magnitude of this trapping

effect nor any way to correct it if it is important.

2.5.5 Lynx-Hare Period over 240 Years

Attention now turns to the specific data sets used in the search
for a lynx-hare period.

The discussion of the 240 years of lynx-hare data must begin with
the chronology associated with each source data set. Poland (1892)
seems to have listed his pelt data by calendar year as did the posters
in document A.53/1. This meant that data listed for sale near the end
of the year n had usually been captured over the winter of year (n-1) to
(n) and shipped in the summer of year n. External matters for the
Hudson's Bay Company, such as sales announcements, were listed by calendar
year (H.B.C.A., P.A.M., A.53/1).

Internal matters for the Company. such as sales in London, fur
bought in trading posts or shipments from ports on the Bay, were catalogued
by Outfit. OQutfit n, say, ran from June 1, year (p) to May 31, year
(p+l), say. Thus, spring sales in Qutfit (n+l) were for furs trapped
more than a year eariier in Qutfit (n). The data of Hewitt (1921) and
Jones (1914) listed in Elton and Nicholson (1942b) fell into this time

system. The final time system, that of Statistics Canada, follows the
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seasonal system such that "season n" (Elton and Nicholson, 1942b) or
"season n to n+l" (Statistics Canada) ran from July 1, year n to June 30,
year (n+l1).

Elton and Nicholson (1942b) made a detailed study of the various
dating systems as well as how the data in each system correlated with
the rest. The chronology they arrived at for the 240 years of lynx and
hare data is followed in this paper.

The 240 years of lynx data used for the period test came from the
following sources. The first continuous block dated 1735 to 1890 came
from Poland (1892). The next block dated 1891 to 1920 came from several
sources by way of Elton and Nicholson (1942b). It was composed of a
block from Jones (1914) dated 1891 to 1909, two points from Hewitt
(1921) dated 1910 to 1911 and two blocks from Hudson's Bay Company
records dated 1912 to 1913 and 1915 to 1918. The missing data point at
1914 was approximated as 20,000 by the present author. The final block
of lynx data, dated 1919 to 1975, came from Statistics Canada.

The plot of the Tynx data in time over the 240 years reveals that
the data fell into several distinct groups. From 1735 to 1827, the lynx
maxima in the oscillations did not exceed 9,000 pelts. Of course, there
was tremendous competition for furs until 1821. In addition, there was
a distinct trough from around 1775 to 1795 even though the oscillations
continued. This period contained the years of the smallpox pandemic.
Pelt totals jumped dramatically after 1828 and stayed high through the
1890's. J

Examination of the data (Appendix 9.5) shows an almost steady linear

decline 1in the maxima from the peak in 1887 to the peak in 1954, with
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the last group of pelts being near the eighteenth century levels. Innis
(1970) and Williams (1983) claimed that the loss of monopolies in 1849,
1859 and 1969 caused all pelt totals to drop sharply towards the end of
the nineteenth century. This decline into the 1950's, in lynx pelts at
least, cannot be solely due to loss of Company trade to the competition
because after 1919 the data represented all fur trade across Canada and
not just the Hudson's Bay Company's share. The marked decline in 1ynx
pelts up to the middle of the twentieth century was discussed by De Vos
and Matel (1952). They attributed the collapse to overtrapping, clearing
of lynx habitat and low maxima on the three hare peaks in the mid 20's,
30's and 40's. However, a dramatic rebound occurred in 1ynx pelt numbers
after 1959.

Table 2.3 shows the minimum, maximum, mean value and coefficient
of variation for lynx data over the three periods of interest.

The hare data used for the period test occurred in three groups
within the 240-year structure. The first block of data from Poland
(1892) was dated 1788 to 1831 with missing points at 1792, 1825 and 1828
to 1830. The second block, also from Poland, was dated 1845 to 1890 and
had one missing point at 1848. The remaining block of hare data ran
from 1920 to 1975 with an enormous outlier at 1942. No attempt was made
to find appropriate values for missing points in the hare data.

The plot of the three hare data sets in the 240-year period revealed
that the average number of rabbit skins was larger for each successive
period. The data from 1788 to 1831 had a slightly quadratic shape,
oscillations, and two large outliers at 1810 and 1817. The data from

1845 to 1890 started with an enormous initial point, was slightly noisy,




Table 2.3 Lynx pelt numbers
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ERA MIN MAX MEAN C. of V.
1735-1827 116 8,986 2,342 82.11
1828-1918 870 78,555 23,167 80.41
1919-1975 2,325 53,589 18,636 73.99
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but strongly oscillating. The data from 1920 to 1975 started with five
consecutive low points followed by three very large oscillations between
1925 and 1946. From 1947 to 1975, data remained low and hardly fluctuated
at all.

Table 2.4 shows the minimum (disregarding missing values), maximum,
mean and coefficient of variation for hare data over the three periods
of interest.

For the period 1820 to 1890, it is useful to consider what document
A.53/1 revealed about quantities of lynx pelts and "rabbit" skins from
different North American regions. The four main trapping regions (Montreal
Department, Northern Department, Southern Department, and the Pacific
Northwest) made the following contributions. Montreal Department supplied
some lynx pelts and few rabbit skins, except for one shipment of approxi-
mately 25,000 rabbit skins discussed below. The Southern Department
p}ovided most of the rabbit skins and many lynx pelts. The Northern
Department supplied the majority of lynx pelts (and usually) the rest of
rabbit skins in any particular year. The Pacific Northwest occasionally
provided up to 20% of the total lynx pelts listed for a year and, in one
stretch of four consecutive years, furnished enormous numbers of rabbit
skins. Most of the rabbit skins in the eighteenth and nineteenth centuries
were undoubtedly those of snowshoe hare due to their area of collection.
The occasional handfuls of Arctic hare were so designated in Archival
records.

Until at least 1914, the majority of the rabbit data came from a
small, relatively fixed area (with respect to the rest of Canada).

Chief Factor Roderick MacFarlane (1905) wrote, "The Hudson's Bay Company




Table 2.4 Hare pelt data

ERA MIN MAX MEAN . of V.
1788-1831 830 101,072 16,135 123.28
1845-1890 631 285,607 57,152 94.78
1920-1975 496 1,234,850 198,410 133.95

51



52
does not trade rabbit skins in the interior but from the posts situated
on the shores of Hudson's Bay, they annually export to England many
thousands." An examination of Archives document B.135/h/1 showed that
the Tlargest and most continuous series of rabbit skins came from the
Moose River, Albany River and Eastmain District, all bordering James Bay
in the Southern Department. Shorter series of smaller numbers of rabbit
skins came from the Districts of Churchill River (only a few), Severn
River, York Factory and Island Lake in the Northern Department (Documents
B.239/h/1-3). Of those, the first three abutted southwestern Hudson's
Bay while Island Lake was 300 miles inland but on the main transportation
route between the interior and York Factory.

Mrs. Shirlee Smith, Keeper of the Hudson's Bay Company Archives,
has found not only instances of small shipments from the interior, but
also that in Qutfit 1864-65, the Sagueney District of Montreal Department
contributed 24,195 rabbits (H.B.C.A., P.A.M., B.134/h/1, folios 17-18).
That particular shipment amounted to approximately 20% of the total of
rabbit skins listed by Poland for that year. Of course, that District
shared a border with the St. Lawrence River making shipping easy.

Some additional comments on the accuracy of the hare data are in
order. Although the fur trade monopoly officially ended in 1859, the
coastal areas of the Bay were probably for all practical purposes monopoly
areas until 1890. Rabbit numbers listed in document A.53/1 almost always
totaled to Poland's figures. This was undoubtedly due to the fact that
the skins did not have to be transported far to reach the port of

shipment. Since they had been collected on the shores of Hudson's Bay,
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the rabbit skins would usually have been shipped out before the Bay
froze over.

Hare data were probably most subject to error at the bottom of the
cycle. On the one hand, the hare skin was not an item of great economic
importance for the Company. On the other hand, it was an important fur
for the Indian's own use. Innis (1970, p. 320) reports the necessity of
having a large supply of blankets, cloth and capotes for sale to the
Indians in those years when rabbit numbers crashed.

Statistics Canada showed that twentieth century rabbit skins seemed
to come from very different regions in Canada as compared to those of
the nineteenth century. Most of the hare data were collected in the
provinces of Alberta (starting in 1925), Saskatchewan (starting in 1928)
and Manitoba (starting in 1945). If any rabbit skins were collected
from the shores of the Bay, they would have to have been included in the
Manitoba totals.

A further problem with the Statistics Canada hare data came to
Tight when the provincial fur records of Saskatchewan (1974) were examined.
It turned out that except for the 1940's and early 1950's, when variously
10% to 40% of the rabbit skins were from bush rabbit [snowshoe hare?],
almost all the skins were from jack rabbit. This fact was discovered
too late to remove those numbers from the rest of the hare data. In
addition, it gave rise to the suspicion that the rabbit data from Alberta
and Manitoba were similarly contaminated. If most of the twentieth
century data were from jack rabbit skins, its use in the lynx-hare
context would be invalid, as that species is a prairie rabbit and not

subject to lynx predation. The jack rabbit data were not tested for



periodicity. This ends the discussion of the 240 years of data used for

testing lynx and hare periodicity.

2.5.6 Lynx-Hare Data for the LV Test

Attention now turns to the lynx-hare predator- prey set used to
test the LV model. The 1849 to 1890 lynx-hare data were co]lected in:
the period following the border settlement. Although the or1g1naT data
set in Poland started in 1845, the points from 1845 through 1843~were

discarded. That was because the first data point was €normous wit~

respect to the rest of the data and the missing value at 1848

due to a delayed shipment, could not be est1mated As_mentioneé’
the loss of trade monopoly in 1859, and the land sa]e'in 1869 dﬁT

seem to affect the data. Of course, there were stil] sh1ppin

shipping errors recorded in A.53/1, shown in Table
Then, the Sagueney hare outlier was removed. Finally, the Pacific No

west lynx-hare data, shown in Table s were subtracted

of the Montreal Department. Unfortunately, the Montrea] sh1pments wer

not recorded when the other data in Document A.53/1 were exam1ned
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the Northern and Southern Departments. Details, of how the corrected

lynx-hare data set was arrived at, are found in Section 9.6.

2.5.7 Otter-Beaver Data for the LV Test

Attention now turns to the otter-beaver data of 1752 to 1788.
Innis (1970, pp. 264-5) reported that in 1784 and 1789, beaver equaled
one-third of the total value of furs exported. He quoted another source,
date unknown, which mentioned that the North West Company (1783-1821)
had beaver and otter as first and second for total value. For the
Hudson's Bay Company, with respect to the number of pelts traded, beaver
and otter were first and third, respectively, in 1784 and 1789. When
all of the beaver and otter data were plotted, the era 1752 to 1788
seemed to be fairly stable compared to other time segments. Of course,
it turned out that those data over that period were collected in two
distinct historical settingsf up to 1770 the Company remained in the
neighborhood of the Bay, while from 1770 to 1821, the Company was in

“stiff competition for furs inland.

2.5.8 Mink-Muskrat Data for LV Test

Two different sets of mink-muskrat data were used. The first set
of mink-muskrat data, 1767 to 1793, is considered. Innis (1970) noted
that towards or beyond the end of this time frame, for the North West
Company, muskrat and mink contributed the third and the ninth largest
cash values. He gave no information about the relative importance of
those furs to the Hudson's Bay Company. As with the otter-beaver data,

this set of mink-muskrat data was chosen for its apparent stability.
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The comments for otter-beaver, concerning the Company history over this
period, apply to this mink-muskrat set as well.

Next, some background for the second mink-muskrat data set, that
of 1848-1890, will be considered. Elton and Nicholson (1942a) discussed
the Hudson's Bay Company's muskrat data in terms of captures and sales
for the period 1821 to 1927, as well as Dominion fur records from 1919
to 1938. They felt that there were irregular fluctuations in the data
from 1821 to 1848 but more regular fluctuations from 1849 to 1913.
Innis (1970) reported that the fur was bulky and therefore costly to
transport. In addition, it was not of the same quality as other prime
furs. As already noted, he reported Company tariffs against muskrat fur
during monopoly years. Elton and Nicholson (1942a) made the point that
Poland's (1892) shipping data for muskrat for the years 1850 to 1890
hardly matched "those of Jones's (1914) sales data. In this particular
case, the sales data for muskrat might be closer to actual capture
totals than were Poland's shipping data.

The second mink-muskrat data set running from 1848 to 1890 occurred
over the same period as the lynx-hare predator-prey data. In contrast
to the lynx-hare data, which seemed to be fairly stable, both mink and
muskrat showed positive trend and increasing variance through time. In
addition, the muskrat data seemed to be relatively noisier than the hare
data. The noise in the muskrat data may be partly attributable to the
fact that it was not considered as valuable a fur as some of the others
(see Innis, 1970). If the increasing trend in the two data sets was due
to the opening up of and aagressive trading in the Canadian Northwest in

the last half of the nineteenth century, it is not clear as to why lynx
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pelts did not show a similar trend. This ends the discussion of the

data sets used to test the LV model.

2.6 The "Ten-Year Cycle" and the Species Used
to Test the LV System

2.6.1 Introduction

This section is laid out in the following way. First comes a
discussion of the history of knowledge of and interest in the "ten-year
cycle." Second, the choice of the three pairs of predator-prey species
will be elaborated upon. This will include a review of the biology of
those mammals. The next three topics are the geography, the species
composition and the food web of the boreal forest, the ecosystem containing
those six species. The final two topics of this section are the order
of leading and lagging among various oscillating species and the question

of regional synchrony or, as Keith (1963) called it, interregional chron-

ology.

2.6.2 The History of Knowledge of and Interest
in the "Ten-Year Cycie"

The second section on the "ten-year cycle" concerns the history of
interest in it. Among Caucasians, knowledge of years of abundance or
scarcity of various animals in the boreal forest of North America goes
back at least 220 years. Interest in the oscillations has spawned an
enormous set of literature, both qualitative and quantitative. In order
to sample the flavor of this literature, a brief survey of most of the
major sources concerned with the "ten-year cycle” follows. The material

will be reviewed in approximately chronological order.
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Interest in the "ten-year cycle" has continued unabated from the
late 18th century when its impact on the fur trade was first recorded.
As noted by Keith (1963), after Rich and Johnson (1951, 1952, 1954), the
earliest reports of the phenomenon appeared in post journals of the
Hudson's Bay Company. Reports from 1775 and 1781 indicated scarcities
of partridges and rabbits [snowshoe hare]. A journal entry from 1783
reported scarcities of rabbits and fish, while another from 1785 reported
few partridges, rabbits and fish. Elton and Nicholson (1942b) quoted a
report from 1776 attributing the scarcity of cats [1ynx] to scarcity of
rabbits.

Elton and Nicholson (1942b) quoted another report from 1820 which
not only tied lynx dynamics to that of the rabbit but also stated that
the period of oscillations was "8 or 10 years." That report also noted
that marten became scarce when 1ynx became abundant. In addition to the
snowshoe hare, lynx and marten, MacFarlane (1905) noted that red fox,
mink and muskrat also had periodic fluctuations. Additional records are
compiled in Keith (1963) and Finerty (1980). As will be seen below,
analysis of fur trade data suggests several other mammals exhibiting the
"ten-year cycle.™

As has already been mentioned, the "ten-year cycle" is not just
restricted to fur trade mammals. One example is the Atlantic salmon
whose "cycle" was uncovered by Phelps and Belding (1931). Probably the
most important non-fur-trade examples are those of game birds and birds
of prey documented in great detail by Keith (1963). His research suggests
that "cycling" occurs in ruffed grouse and ptarmigan at the continental

level and in prairie grouse, introduced Hungarian partridge, spruce and
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blue grouse, and partridge over large subcontinental regions. Keith
noted instances of closed hunting seasons for quail in Quebec and New
York in the early 1700's. He felt that this indicated sporadic scarcity
of quail. There may well be other smaller mammals and birds whose
populations exhibit such regular behavior but whose oscillations have
gone unnoticed due to the relatively small size of the creatures as well
as to the lack of data.

The best sets of data concerning the "ten-year cycle" arose from
the fur trade. At least for lynx, quantitative data, in terms of pelt
counts, exist back to 1736 in the Hudson's Bay Company Archives (Elton
and Nicholson, 1942b). Collected sets of either pelt returns by Qutfit
(see History of Data, Section 2.4) or advertisements for pelt sales by
year are presently found in several bound volumes in the Archives.
Additional sets of tabulated Hudson's Bay Company data occur in Poland
(1892) for shipped pelts, and in Jones (1914) and C. G. Hewitt (1921)
for sold pelts. Since 1919, pelt data have been collected by the
Dominion Bureau of Statistics (later Statistics Canada) at the provincial
level. The data were first graphed by Seton (1911) and then by C. G.
Hewitt (1921).

Discussion of the "ten-year cycle" increased in the 1920's and
1930's. Elton's paper of 1924 appears to have brought the oscillations
to the attention of biologists in general (Keith, 1963). Innis (1927,
1930) discussed aspects of the oscillations while writing about the
economics of the fur trade in British (and later Canadian) North America.
By 1931, there was enough interest in the fluctuations and oscillations

of populations for Mr. Copley Amory of Boston to fund the Matamek
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Conference in Labrador (Elton, 1931). That conference focused generally
on the phenomenon and causes of population "cycling" from around the
world, and especially on the "ten-year cycie."

Many important papers appeared in the 1930's and 1940's. These
include the series of reports by Elton and by Chitty on the snowshoe
rabbit (see Chitty, H., 1950). MacLulich (1937) contributed a major
paper on snowshoe hare fluctuations. Elton and Nicholson (1942a, 1942b)
produced the important works detailing the history, regional extent and
synchrony of the lynx and muskrat "cycles." In those two reports, they
not only estimated the periods of oscillation for those mammals but
discussed many other animals exhibiting the "ten-year cycle."

Several important papers on the "ten-year cycle" appeared during
the 1950's. Moran (1953a, 1953b) attempted to fit some of the lynx data
using certain autoregressive schemes. Bartlett (1954) was the first to
use a periodogram on those lynx data. Butler (1953) reviewed 20th
century data from the fur trade. He also expanded on Elton and Nicholson's
(1942a, 1942b) discussions of periodicity and regional synchrony of the
tynx and muskrat. In addition, he examined the same properties for many
other fur bearers.

The Journal of Wildlife Biology (vol. 18, 1954) published an entire

issue on invited papers by students of population fluctuation and "cycl-
ing."  This was prompted by an expansion of Cole's (1951) paper on
“cycles" as the manifestation of random changes 1in population size.
Besides that aspect of '"cycling," topics included the phenomenon of

population fluctuations, possible mechanisms for them and the statistical
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recognition of "cycles." Papers by Lack, Rowan, Errington, Hickey and
Marshall all dealt with aspects of the "ten-year cycle."

Keith (1963) produced one of the major works on the "ten-year
cycle." His book was an exhaustive review of all studies done to that
date which would provide information on the "cycle." In addition to
discussing fur returns, Keith (1963, pp. 7, 8) compiled "hunting-kill
statistics," questionnaire results, "literature references about popula-
tion levels" and lists of "short-term studies on . . . immediate causes
of mortality.” He also reviewed game management studies of grouse and
two long-term studies of ruffed grouse and snowshoe hares designed to
"elucidate the mechanism of the ten-year cycle." This book is particularly
interesting because, in addition to the examination of "cycling" animals,
Keith reviewed similar population behavior in various game birds and
raptors. As a test for nonrandomness of the "cycle," Keith used Cole's
criteribn (see section on oscillation). Keith discussed the properties
of the "ten-year cycle" in great detail. Finally, he explored all of
the mechanisms suggested for the cycle.

The following significant contributions to the study of the "ten-
year cycle" were published between 1963 and the present. Bulmer (1974,
1975a, 1975b, 1976) analyzed much of the data from Jones (1914) and
Statistics Canada for periodicity, phase shifts and regional synchrony.
Keith (1974) reviewed many important predator-prey communities and com-
pared them with the findings of his ongoing Alberta study of the hare
and its predators. In another paper (Keith et al., 1977) he reviewed in
great detail the state of the hare-predator study to that point. Finally,

the book by Finerty (1980) dealt mainly with the "ten-year cycle."
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Finerty was the second researcher to use the spectrum of the time series
to search for evidence of "cycling." With this, the survey of the
history of interest in the "ten-year cycle" is concluded.

2.6.3 The Biology of the Three Predator-Prey Pairs
Used to Test the LV System

The search for appropriate predator-prey data began with the dif-
ferent sets of pelt data attributed to the Hudson's Bay Company. The
decision was made to use the tabulations of Henry Poland (see History of
Data, Section 2.4 below). Those were records of furs shipped by the
Hudson's Bay Company from North America to England. Corrections to
Poland's figures came from the Hudson's Bay Company Archives in Winnipeg.
Additional data for lynx and snowshoe hare came from Statistics Canada.
Further data for lynx came from Elton and Nicholson (1942b).

Poland recorded numbers of pelts or skins for 18 "species™: badger,
bear, beaver, elk and deer, fisher, fox, fur seal, hair seal, lynx,
marten, mink, muskrat, otter, rabbit [snowshoe hare], raccoon, skunk,
wolf and wolverine. For whatever reason, he did not include either
ermine or wildcat [bobcat] nor did he include sundry other species whose
pelt contributions were recordéd in the Hudson's Bay Company's documents
but which were minimal compared to those listed above. A study of the
original records in the Hudson's Bay Company Archives revealed that the
species designation could be misleading. "Bear" was composed of white
(i.e., polar), brown (grizzly) and black bear. "Elk and deer" probably
included caribou and moose as well as various deer species.  "Fox"

included kitt, coloured (i.e., red) and arctic foxes. "Otter" included
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a very small number of sea otter. "Wolf" probably stood for wolf and
coyote.

Among possible prey species only the data labeled beaver, muskrat
and rabbit Tlooked promising enough for the test of the LV system.
Having decided on the prey species, it then remained to find the most
appropriate predator for each from among the remaining species. This
was necessary because the LV system can only describe pairs of species.
As described in the next few paragraphs, the three predator-prey pairs
eventually chosen were the otter-beaver, the mink-muskrat and the Canada
Tynx-snowshoe hare. As will be seen in the examination of the boreal
forest food web, the beaver and the otter are relatively unimportant,
the muskrat is slightly important, the mink and the lTynx are relatively
important and the hare is central to the food web in terms of interactions.
The three predator-prey pairs will be discussed in turn.

The first predator-prey pair to be considered is that of the otter
and the beaver. Regarding the beaver, Banfield (1974) said, "Since the
beaver is a powerful antagonist at bay, only the strongest of carnivores
will tackle one. The bear, wolf, coyote, fisher, wolverine, otter and
lynx are listed as beaver predators." Banfield cited studies which
showed that a very small percentage of any otter's diet was composed of
mammals. However, he indicated that the otter was a more serious predator
of the beaver than other mammals known to prey on it. He cited a
Montana study in which beaver remains were found in 6 percent of otter
scats. Obviously this cannot be termed a strong predator-prey interaction.

The otter and beaver data could be described as fluctuating at

best. That is, the data exhibit no periodicity. Bulmer (1974) did not



64
even analyze the beaver data for periodicity. 1In addition, he found "no
evidence of a 10-year cycle" in the otter data. The otter-beaver pair
could be considered as a control for the LV test. This is because those
two mammals are marginally in the same food web (see Figure 2.1) and
their interaction does not seem to be crucial for either.

The second predator-prey pair to be considered is that of the mink
and muskrat. It is generally felt that the mink and muskrat are a true
predator-prey pair (Seton, 1909; Errington, 1961; Banfield, 1974).
Banfield suggested that while there are many predators of the muskrat
the main one is the mink and while there are several prey for the mink
the muskrat is the principal one. The muskrat is more aquatic than the
mink, which is equally at home on land or in the water (Banfield, 1974).
There is much evidence that the mink prefers old muskrat burrows (Erring-
ton, 1961). Muskrat seem to be especially susceptible to mink predation
in the spring and the fall. In the spring dispersal, which is the
larger of the two, males and young leave the nests. In the autumn, all
of the young disperse as well as those adults abandoning dry pools
(Banfield, 1974). In Canada, muskrats have two litters per year averaging
7.1 young each while mink have one litter per year averaging 5 kits.
With regard to mink predation, Banfield (1974) indicated that in one
study muskrat composed as much as 36 percent of the mink diet.

As is discussed in great detail in Section 2.4.8, two sets of mink
and muskrat data were used to test the LV system. The first set,
covering the years 1767 to 1793, could be described as fluctuating, at
best. That is, no periodicity emerged. It should be noted that Bulmer

(1974) analyzed muskrat and mink data for the years 1751 through 1847.
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He found no periodicity for those muskrat data but found a significant
period (at the 1 percent level) for mink over the same time frame. The
second set of mink-muskrat data came from the second half of the 19th
century. Both species were strongly oscillating in that era. Bulmer
(1974) reached the same conclusion of strong oscillation.

The final predator-prey pair chosen was that of the 1ynx-snowshoe
hare. It is this pair which commonly comes to mind when a predator-prey
interaction is discussed. In fact, a graphical representation of this
system showing its oscillations was exhibited by May (1973), after Odum
(1953), after MaclLulich (1937). What is possibly not generally known,
and what neither May nor Odum indicated, was that MacLulich's graphs
were not entirely composed of hard data for hare. In addition, different
subsets of the hard data were collected from distinctly different regions
for each species. Table 2.5 details those facts.

Since the hare is such an important food item for many predators,
it was necessary to decide, for this initial study, whether the Tynx was
the predator to which the hare was most closely tied. Banfield (1974)
enumerated the chief predators of the hare and suggested, according to
different studies, what percentage of the diet of each (shown below in
brackets) was provided by the hare. The predators listed were great
horned, great grey and barred owls [no estimates], the bobcat [45%, with
cottontails], red fox [37%, with other small game; 56%, in Newfoundland],
coyote [33%], wolf [18% to 32%, with other small game], mink [no estimate],
American marten [40%, when abundant], fisher [17%] and ermine [8.7%].
Keith et al. (1977) cited goshawks and red-tailed hawks as two other

important predators. At least three studies assayed the importance of



Table 2.5

Sources for May-Odum-MaclLulich lynx-hare data

Lynx Source

Henry Poland -
(1892)

Seton (1911) -

Hewitt, C. G. -
(1921)

Elton and
Nicholson (1942b)
(MacKenzie River
Series Only)

Canada Year
Book of
Dominion Bureau —
of Statistics

1891

1906

1907

1911

Year

1845

|
1890

1891

1911

Hare Source

Poland

Seton

Spot Checks
(Miscellaneous
Reports to
MacLulich

(1937))

Elton
(The Snowshoe
Hare Enquiry)

66
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hare in the lynx diet. Saunders (1963) found that hare comprised 29%
(fall) to 71% (spring) of the lynx diet in Newfoundland. Van Zyll de
Jong (1966) found that for one year 52% (summer) to 79% (winter) of the
Tynx diet in Alberta and the North West Territories was hare. Nellis et
al. (1972) found that an average of 76% of the lynx diet in Alberta,
over four winters, was hare. Clearly, of all the predators studied, the
lynx is most closely coupled with the hare.

Although sometimes referred to as a rabbit, the snowshoe hare is a
hare because it is born with eyes open, fully haired and soon able to
run (Banfield, 1974). The snowshoe hare has explosive reproductive
capabilities. Studies in Alberta (Rowan and Keith, 1956) indicated an
average of 2.75 litters per year and 2.82 leverets per litter for an
average of 10.5 young per doe per year. During the rising part of the
population oscillation there was an excess of females, an excess of
litters (up to four per year) and an average of 4.11 Teverets per
Titter. During the decline, the sex ratio was even and there were 2.2
leverets per litter. Banfield (1974) indicated that juvenile hares do
not breed during their first calendar year. The hares can live to age
four or five.

The lynx has one litter per year of two or three kittens. It
shows some evidence of territoriality (Keith, 1974) and is not a social
animal. Litters are produced after the first year. In the years around
the hare trough, there was no recruitment of new 1ynx into that population.
That is, the kits usually died (Keith, 1974). Apparently the life span

of the 1ynx is unknown.
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As will be seen in Chapter 7, both the lynx and the hare data
showed extremely strong oscillations in the 18th, 19th and 20th centuries.
Bulmer (1974) agreed with this assessment for all the lynx data and for
the equivalent block of 19th century hare data. He did not analyze the

18th and 20th century hare data.

2.6.4 The Geography of the Boreal Forest

The "ten-year cycle" is more or less confined within the boundaries
of the boreal forest. For the purposes of this paper, the definition of
boreal forest is the one due to Shelford. The boreal forest, also
called the Spruce-Caribou biome or coniferous forest, after Shelford
(Watts, C., 1971, Figure 4.20) closely matches the range of lynx and
snowshoe hare (Banfield, 1974). It should be noted that agreement on
the extent and composition of the boreal forest is by no means universal.
Two examples follow.

One author, Keith (1963, Map B) gives the approximate limit of the
northern coniferous forest and its ecotones. This appears to differ
substantially from Shelford's definition in its inclusion of what Hare
and Ritchie (1972) call Cordilleran Forest. That forest covers the
western mountains and extends down to the Pacific coast. Another author,
Finerty (1980), follows the definition of Hare and Ritchie (1972). The
latter identified the boundaries of the boreal forest with those of
subarctic North America. The subarctic is defined as that region where
the mean temperature is not higher than 50°F for more than four months
of the year and the mean temperature of the coldest month is not more

than 32°F (Kimble and Good, 1955). Hare and Ritchie (1972), as does
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Shelford, exclude the Cordilleran forest from the boreal forest. Hare
and Ritchie also exclude a region on the north designated as forest-tundra
(Finerty, 1980; pp. 94, 95) as well as a large block of mixed forest to
the southeast designated as Great Lakes-St. Lawrence-Acadian forest.
Finerty (1980; pp. 94-99) goes into some detail on the geography and
meteorology of the boreal forest defined by Hare and Ritchie.

Finally, the approximate boundaries of Shelford's boreal forest
are outlined. On the west, it is bounded away from the Pacific Ocean,
from California to Alaska, by Moist Coniferous Forest. On the north,
the tundra bounds the boreal forest in an arc which crosses northern
Alaska, continues above Great Bear Lake and swings down to the southwestern
edge of Hudson's Bay where small tundra pockets are found. On the
eastern side of Hudson's Bay, the boundary across Quebec is much farther
north, cutting across the Ungava Peninsula. The southern boundary of
the boreal forest runs across New England to the eastern end of Lake
Ontario.  The boundary continues west from there, excluding southern
Ontario but including northern Michigan, Wisconsin and Minnesota. From
there the boundary separates the forest from the prairies across southern
Manitoba and central Saskatchewan and Alberta. Finally, the boundary
follows the eastern edge of the Rockies southward to California where it
crosses almost to the coast and turns north parallel to the Pacific
Ocean. Besides this continuous expanse of boreal forest, several alpine
islands of boreal forest are found almost to the Mexican border (Watts,

1971).
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2.6.5 The Species Composition and Food Web
of the Boreal Forest

Attention now turns to the animals, especially birds and mammals,
found in the boreal forest. The discussion will enumerate the species,
mainly mammal, either restricted to the boreal forest or shared with
adjacent ecosystems. The food web of the boreal forest will also be
outlined. The main interactions, known (—>) or suspected (--->), will
be noted. In both the enumeration of species and the representation of
the food web, species known to oscillate (*) with the "ten-year cycle"
have been so indicated. It should be noted that weasel of Figure 2.1
includes ermine, least weasel and long-tailed weasel. These three weasels
have substantially different ranges as seen in Table 2.6.

The enumeration of important bird and mammal species of the boreal
forest is found in Table 2.2. Ranges for mammals were derived from
Banfield (1974). Ranges for grouse were derived from Johnsgard (1973).
Ranges for goshawk, red-tail hawk and great horned owl were derived from
Parry and Putnam (1979). It will be noted that many of the birds and
mammals exhibiting the "ten-year cycle" have ranges not completely re-
stricted to the boreal forest.

The food web of the boreal forest has been broken down into four
graphs, Figures 2.1, 2.2, 2.3 and 2.4. The structure as depicted is
derived mainly from Emmel (1976) and Bulmer (1974). Emmel's construction
was the copy of one handed out to J. J. Dinsmore in a graduate zoology
class at the University of Wisconsin (Emmel, 1984). It is probably
derived from Keith and his students who have been associated with Wisconsin

since the early the 1960's. Less weight should be given to Bulmer's
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Table 2.6 Ranges of important birds and mammals of the boreal forest

The ranges1 which . . .

Birds and/or mammals

--~ substantially overlap
between tundra and boreal
forest

--- are mostly restricted
to the boreal forest

--- substantially overlap
between boreal forest and
gither :
(a) Cordilleran forest
(b) temperate grassland,
or (c) temperate deciduous
forest

--- somewhat overlap the
boreal forest from the
south or the west

--- extend from the arctic
ocean to Mexico

ermine, various voles and lemmings,
caribou, wolverine (*)3 arctic fox

goshawk (*), (1); ruffed and spruce
grouse (*), (2); various voles, mice
and lemmings; various ground squirrels;
red squirrel; northern flying squirrel;
least weasel; snowshoe hare (*);

Tynx (*); pine marten (*); fisher (*);
moose

red-tailed hawk (1); great horned owl
(*) (1); long-tailed weasel; various
voles and mice; white-tailed deer;
mule deer; black bear; raccoon; wood-
chuck; striped skunk (*); muskrat (*);
mink (*); beaver; otter; coyote (*);
cougar

badger; various rabbits; elk; mule
deer; bobcat

red (or co]bured) fox (*); wolf (*)

1

Banfield (1974)
(1

Unless otherwise indicated, ranges come from the species maps of

) Parry and Putnam (1979)
(2) Johnsgard (1973)
)

2(* known to oscillate at present or in the past.
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(1974) view of the food web. He was endeavoring to find pathways among
oscillating species so that only those whose data showed a period appeared.
Bulmer himself admitted that certain connections were very tentative.

The four figures outlining the food web have the following composi-
tion. Figure 2.1 is the diagram of primary interest. It demonstrates
most of the main interactions but especially those between predators and
prey exhibiting the "ten-year cycle." It will be noted that, in terms
of interactions, lynx and hare are central to the food web, mink and
muskrat are peripheral, and otter and beaver are for all practical purposes
not in the web. Figure 2.2 shows other interactions, known and postulated,
especially among primary and secondary predators. Figure 2.3 depicts
the part of the food web invo]viqg small raptors. Figure 2.4 shows the
parts of the food web involving Targe herbivores.

To get a feeling for the central place of the snowshoe hare in the
food web of the boreal forest, consider Table 2.7. Shown there are the
appropriate adult weights of select herbivores and birds whose ranges
extend throughout much of the boreal forest. It is clear that the
snowshoe hare and the grouse species are the largest of small mammals
and birds easily accessible to most of the predators. Even at mean
densities, the hare far outnumbers grouse (Keith, 1963).

It is clear that Figures 2.1 through 2.4 do not convey the relative
importance of each predator-prey interaction. When the three predator-
prey pairs used to test the LV system were discussed, the importance of
each of the three interactions was reviewed. Obviously in parts of the
forest where important species are uncommon or missing, the food web can

look quite different. By way of illustration of the variety possible in
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WOLF* LYNX*
| f
CARIBOU DEER
MOOSE
INTERACTION

KNOWN ——m-

OSCILLATION
KNOWN *

Figure 2.4 Part of the Boreal Forest food web involving large herbi-
vores (after Emmel (1976))




Table 2.7

Weights of typical herbivores and birds
found in the boreal forest1

deer mouse 20 gm
Gapper's red backed vole 25 gm
bog Temming 30 gm
red squirrel 190 gm
muskrat 1.1 kg
beaver 20 kg
drake mallard 1.2 kg (1)

ruffed 700 gm
grouse { "7, o 1.3 kg }oo(2)

snowshoe hare 1.5 kg
woodchuck 2.85 kg (only serious predator
is red fox)
porcupine 6.4 kg (only serious predator
is fisher)
white-tailed deer, ¢ 60 kg
at birth 3 kg
caribou, ¢ 80 kg
at birth 5 kg

Lafter Banfield (1974), except (1) Hester and Dermid (1973) and
(2) Johnsgard (1973).
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the boreal forest food web, several examples, all from islands of different
sizes, follow.

On Ilse Royale, in Lake Superior, wolf eat mainly beaver in the
summer and moose in the winter (Andrewartha and Birch, 1984). On Newfound-
land, where snowshoe hare was introduced in 1864 and wolf exterminated
by 1911, the following is known to have happened. Snowshoe hare expanded
rapidly to push the arctic hare out of much of its range. The Tynx
became the top predator and has come to have a significant impact on
caribou (Bergerud, 1983). It is not known whether any of the mammals
mentioned displayed oscillatory behavior before these two events.
Presently the snowshoe hare, arctic hare, caribou and Tynx all display a
"ten-year cycle" although not of the usual kind.

As Cowan (1938) noted, on Vancouver Island, which is part of an
ecotone of the northern coniferous forest (Keith, 1963), marten did not
exhibit the "ten-year cycle" during the second quarter of the nineteenth
century. Apparently marten population behavior is otherwise unknown on
Vancouver Island but Keith (1962) noted that snowshoe hare was never
introduced there. Concerning Anticosti Island in the St. Lawrence river,
Elton and Nicholson (1942b) reported that introduced snowshoe hare were
"cycling" in phase with those on the mainland. This is a rather famous
example of hare supposedly oscillating in a predator vacuum (Keith,
1963). Elton has recently shown this was not the case (Finerty, 1980),
since coloured fox, at least, was present. These examples end the

discussion of the boreal forest food web.




79

2.6.6 Comments on Leading, Lagging and Regional Synchrony

The last two sections concerning the "ten-year cycle" have to do
with both the order of leading and lagging among'species and the existence
(or lack thereof) of regional synchrony for particular species--the inter-
regional chronology, as Keith (1963) calls it. Those two properties of
the oscillation are not independent but will be treated as if they were.
The earliest discussions of these aspects of the phenomenon amounted to
observations in the field. Later attempts to describe such behavior
used graphs, charts and maps. More recent studies have employed statisti-
cal techniques which used more of the information in a data set of
species population counts than just the peaks.

2.6.7 Order of Leading and Lagging among
Various Oscillating Species

The discussion of which species leads which begins with observa-
tional data. As was already mentioned above, reports in some of the
earliest Hudson's Bay Company journals noted that both hare and marten
peaked before lynx and that hare and partridge were scarce together (see
Keith, 1963; Elton and Nicholson, 1942a, 1942b). The order of peaking
for hare and lynx was discussed in great detail by Seton (1912; see
Elton and Nicholson, 1942b).

According to Elton and Nicholson (1942a), Innis (1927) was the
first to comment on the "ten-year cycle" in the muskrat. Innis noted
that muskrat peaks occurred at low points of hare and other mammals. He
suggested that the muskrat "cycle" was due to a combination of a natural
"cycle" possessed by the muskrat in combination with a cyclic shift due

to intensified trapping of muskrat as more valuable furs periodically
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disappeared. To test this theory, Elton and Nicho]son (1942a) reviewed
questionnaires which had been sent to Hudson's Bay Company posts for the
examination of "white and native trappers and other field men." Responses
showed that the muskrat lead of the hare in the field was a natural
occurrence and not just a trapping artifact. Elton and Nicholson did
not even include the mink in their list of oscillating mammals and may
have been unaware of 1its predator-prey relationship with the muskrat.

Butler (1953) was the first researcher to study the relationship
among population peaks for more than two species. For the years 1915 to
1953 (inclusive) he produced a chart showing all the years in which
rabbit [snowshoe hare], lynx, fox, fisher, coyote, wolf, muskrat and
mink had a peak population in some region of Canada. Because a species
might peak in different years in different regions, the bars representing
peak years might be several years in length for different species at
different times.

As an example, the tabulation of peak years as bars for rabbit and
1ynx contained.the information found in Table 2.8. The rest of Butler's
chart can be summarized in the following way. Usually muskrat bars
occurred ahead of or with rabbit bars while mink bars fell ahead of,
with, or behind those of rabbit. The mink bars also started with, or up
to two years ahead of, those of other predators. Rabbit cverlapped mink
to the greatest extent and overlapped 1ynx and fox to some extent. Lynx
and fox had approximately parallel bars for peak years but usually started
one or two years ahead of the bars of fisher, coyote and wolf.

In another table, Butler (1953) compared the relative peaking of

lynx to fox and of mink to muskrat. This was done in terms of the




Table 2.8

Bulmer's data on first peaks

first peak year--rabbit

length of rabbit peak
years

first peak year--1ynx

Tength of lynx peak
years

lag from 1st rabbit
to 1st lynx

average distance, midpeak
to midpeak (assuming
uniform distribution)

1915

1916

1922

1923

1931

1932

1938

1942

1949

1951

2

>]

81

(truncated)
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difference in years between peaks of the two species for several locations
and for several different groups of peaks. Although his table showed
--=, =2, -1, 0, +1, --- years difference between peaks, this author will
simply group relative peaking as "before," "with" or "after." For 106
comparisons between lynx peaks and fox peaks, lynx peaked ahead of fox
42 times, with fox 52 times and after fox 12 times. For 116 different
comparisons of mink and muskrat peaks, mink peaked ahead of muskrat
three times, with muskrat 22 times and after muskrat 91 times.

Keith (1963, p. 97) had the following conclusions concerning the
relative phase shifts of birds and mammals whose populations are oscillat-
ing. The second paragraph below seems to be based partly on Butler
(1953).

Snowshoe hares have mostly peaked or declined after grouse--at
local, regional and continental levels. Ruffed grouse have tended
to peak with or later than other species of grouse.

There has been a tendency for coloured fox peaks in regional
indices to occur slightly later than lynx peaks; coyotes and
fisher have peaked still later. Mink fluctuations appeared more
closely associated with fluctuations of muskrats than of snowshoe
hares. Continental populations of 1ynx and coloured foxes peaked
together eight out of nine times; mink and marten usually peaked
before lynx and fisher after.

Bulmer (1974) calculated phase shifts for oscillating species with
respect to Tynx. His calculations were done on three different data
sets collected over three different time intervals. These will be dis-
cussed in turn by time period.

For the period 1751-1847 the data consisted of shipment totals of
the Hudson's Bay Company as recorded by Henry Poland (1892). The start

of that record consisted of pelts collected in the immediate vicinity of

Hudson's Bay. By the end of the data record, pelts were originating
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from throughout British North America. The phase shift relative to 1ynx
is centered at the year 1799.5. For those mammals with significant
oscillation, the phase shifts were as shown in Table 2.9. For whatever
reason, Bulmer did not analyze the accompanying hare data. Clearly mink
and marten led lynx by about two years which in turn led wolverine by
about two years.

For the period 1848 to 1909, Bulmer's data consisted of Hudson's
Bay Company sales records as recorded in Jones (1914). The collection
region was Canada. The phase shift relative to lynx is centered at the
year 1904.7 A.D. For those mammals with significant oscillation, the
phase shifts are shown in Table 2.10. For the nineteenth century, those
species leading lynx were muskrat by about four years, marten by two
years, mink by 1.7 years and hare by 1.1 years. Skunk and red fox were
oscillating in phase with lynx. Fisher, coyote and wolf were lagging by
about two years and wolverine by about three.

For the period 1920 to 1969 the data consisted of trapping data
published yearly by Statistics Canada. The collection region was Canada.
The phase shift relative to lynx is centered at year 1933.6 A.D. For
fhose mammals with significant oscillation, the phase shifts are exhibited
in Table 2.11. For the twentieth century, muskrat and mink oscillation
led those of lynx by 2.7 and 1.5 years, respectively. Fox lagged
slightly by 0.6 years. Coyote, fisher and wolf had larger lags of 1.3,
2.0 and 3.0 years with respect to lynx.

Bulmer apparently chose not to use the Statistics Canada rabbit
data. He stated that "by comparing indices of snowshoe rabbit abundance

based on questionnaires with lynx catches for the same area, it appears
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Table 2.9 Phaseshifts for continentwide pelt collections, 1751-1847

Mammal Phaseshift + S.E. (years)
Lynx 0 +0.3
Marten -2.1 £ 0.5
Mink -2.0 £ 0.6

-+

Wolverine 1.8 1.0
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Table 2.10 Phase shifts for continentwide pelt collections, 1848-1909

Mammal Phase shift + S.E. Subset of 1848-1909
Lynx 0 +0.1

Fisher 9 +0.3

Red fox 0.1 £0.3

Marten -2.0 £+ 0.4

Mink -1.7 £ 0.3

Muskrat -4.0 + 0.3

Skunk 0.2 £ 0.5

Wolf and coyote 7 +£0.3 (1879-1909)
Wolverine 3.0 £ 0.4

Snowshoe hare -1.1 £ 0.6

Table 2.11 Phase shifts for continentwide pelt collections, 1920-1969

Subset used relative

Mammal Phase shift + S.E. to 1920-1969
Lynx 0 = ---
Coyote 1.3 ¢ (1920-1944)
Fisher 2.0 £ ---

Red fox 0.6 1919-1950

Mink -1.5
Muskrat -2.7
Wolf 3.0

1+

1920-1944
1920-1944

I+

i+
S O O O O o o©
Gl 3 Y Oy Oy W

I+

( )
(1919-1951)
( )
( )
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that the snowshoe rabbit cycle is about two years ahead of the 1lynx
cycle (MacLulich, 1937; Butler, 1953; Keith, 1963)." Butler's data have
already been seen above (Table 2.4). Keith (1963, p. 97) stated, "At
the continental level, peaks in lynx for returns during both the 1930's
and 1940's were two years later than the questionnaire-dated snowshoe
hare peaks.

Bulmer (1974) also displayed phase shifts for lynx, red fox and
fisher from several provinces for the period 1919-1957. The phase shifts
were with respect to pooled Canada-wide Tynx data over the same time
span. The results are shown in Table 2.12.

In conclusion, it is clear that there are patterns to the order in
which species peak and decline. The analyses by Butler (1953) and
Bulmer (1974) make it clear that the order is preserved in regions
widely separated from each other. Bulmer's analysis shows that the
patterns have genera{1y held throughout 200 years of recorded data.
Keith (1963) studied data not amenable to a Bulmer-type analysis and
concluded that grouse were peaking and declining ahead of snowshoe hare.
As will be seen in the chapter on mechanism, many scenarios have been
suggested for the oscillation of particular species, the interactions
among species and the order in which species increase and decline.
Bulmer's conjectures are included in Figure 2.1 and, especially, 2.2.
Conjecture aside, the leading and lagging is certainly a striking property

of the phenomenon.




Table 2.12 Phase shifts relative to pooled Canada-wide lynx data,

1919-1957

Province Mamma 1 Phase shift £ S.E.

Alberta Red fox -0.8 £ 0.3
Lynx -0.1 £ 0.4

Manitoba Lynx -0.9 £ 0.4
Red fox -0.3 £ 0.5
Fisher 0.2 £ 0.5

Ontario Red fox 1.0 + 0.8
L ynx 1.2 + 0.4
Fisher 2.4 + 0.5

Quebec Lynx 1.7 £ 0.2
Fisher 3.0+ 0.4
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2.6.8 Regional Synchrony of Oscillating Species

The final section on the "ten-year cycle" concerns what Keith
(1963) called the interregional chronology, that is, the regional syn-
chrony or lack of same for a particular species. The question of the
Tack of regional synchrony is important relative to the Tynx-hare data
used to test the LV model. This is because the geographical source of
the predator data was different from the prey data.

Some of the earliest information about patterns of peaks was col-
lected in questionnaires by MacLulich (1937) and by the Snowshoe Rabbit
Enquiry (see Chitty, H., 1950). These results were summarized by Keith
(1963; Table 5, Figure 14, and p. 70). The summaries suggested that in
the 1930's, peak years for the hare began in 1932 in New Brunswick and
spread west with peaks in the Yukon and Alaska in 1935. Except for an
isolated peak in Nova Scotia in 1940, the pattern of peak years in the
1940's was as follows. The first hare peaks occurred in Manitoba,
Saskatchewan and Alberta in 1941 and spread east and west from there.
The last peaks occurred in New Brunswick in 1943 and in the Yukon in
1944,

Following the hare lows in the mid-thirties and forties, Butler
(1953, Figs. 5 and 6) prepared maps showing the areas of first recovery
and increase. In the late thirties, the areas _of first recovery were
roughly the northern parts of Alberta and Manitoba. In the late forties,
the areas of first recovery were roughly the northern parts of Saskatchewan
and Manitoba. From these areas, to quote Butler, there was a ". . .

wavelike spread of areas of increase across the country. . . ." The
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pattern of spread in the maps actually looks more 1ike a growing amoeba
than a wave spreading out from a clearcut center.

Keith (1963, p. 71) brought together reports on the interregional
chronology of grouse cycles and fluctuations. Williams (1954) felt
there was a main "cycle" in the central United States and Canada which
lagged the grouse "cycle" in the Maritimes by about three years and led
the cycle in Alaska by the same amount. As Keith notes, earlier
researchers found different patterns of grouse population change earlier
in this century. Apparently, grouse in general has peaked and declined
before hare. However, grouse population behavior has been neither as
striking nor as clearcut as that of the hare. |

There is some evidence of regional asynchrony in the muskrat.
Elton and Nicholson (1942a) compiled maps from replies to questionnaires
about muskrat abundance. This was done to test whether the muskrat was
still oscillating between 1925 and 1939. Although it is very hard to
compare the maps because of the variation in the number of respondents
from year to year, this writer had the impression of a wave of increasing
numbers starting in Quebec in season 1929-1930 and reaching the Northwest
Territories by season 1934-35. Elton and Nicholson had a different
view. They concluded that ". . . the cycle is a real one in the field;
that it operates in a roughly synchronous way over a huge belt of
Canada; . . ." In another table, they compared Hudson's Bay Company
muskrat returns for the Northern Department and MacKenzie River District
(see history of data). Between 1870 and 1912, for five peaks in each
area, the MacKenzie returns lad those of the Northern Department by from

one to three years.
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Butler (1953) studied the Statistics Canada pelt data for the
seasons 1919 through 1951. He found that, if the data for two or more
provinces were out of synchrony with respect to each other but were
providing equivalent numbers of pelts from peak to trough, then the
data, totaled across Canada, would appear jagged in its peaks and troughs.
He cited twentieth century mink date as having such features. However,
if the contribution of one region was large relative to other regions
out of synchrony with it, then Canada-wide totals would be smooth. That
is, regional peaks and troughs would be masked and perhaps even unsuspected
by a researcher. Butler cited lynx returns for the vears :920-1931. In
that case, the Manitoba and Saskatchewan returns, which peaked the earli-
est, and the Ontario-Quebec returns, which peaked the latest, were swamped
by the larger Alberta-B.C. returns which neaked in the middle. Another
example of the same kind concerned the pelt numbers of coloured foxes.
The Canada-wide totals for the span 1920 to 1952 showed the same peaks
as the Ontario-Quebec returns. Those totals were only slightly larger
than the prairie returns for fox but peaked approximately two years
Tater in the east than for the prairies.
Butler (1953) apparently produced several maps or charts which he
did not show but only commented on. These had to do with the regional
behavior of increase and decrease for various mammals. For example, he
felt that snowshoe hare, coloured fox and mink began the increase phase
of the cycle in the northern section of the prairie provinces and spread
in uneven waves from there. Muskrat had somewhat the same pattern but

with more noise to it.
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In contrast to that behavior, Butler felt that ermine and 1ynx
showed patterns of "large blocks of increase." Fér Tynx, merging of
those blocks was not discernible--as ". . . if there were four or five
independent and relatively isolated populations.” He did admit, however,
that Statistics Canada lynx data showed definite signs of leading or
Tagging from one province to another. Butler stated that the blocks of
increase of ermine appeared to merge together and that wild mice showed
a similar pattern. He said, "This is to be expected since the fur
returns do not show a country-wide cycle, but rather a collection of
four-year cycles which are not all in phase.” Finally, he felt that
fisher, marten, squirrel and skunk did not show "a wave-like spreading
of increase"” even though the first two had "definite cycles in their
pelt returns."

Elton and Nicholson (1942b) tabulated and graphed Hudson's Bay
Company 1lynx returns for the years 1821 to 1939 from post and fort
journals. The regions to which the data were assigned were artificial
entities. Those géographica] units approximated watersheds (usually)
and as such usually do not correspond well to Hudson's Bay Company
Districts, which were administration units. Before discussing their
findings, it is useful to delineate the approximate boundaries of those
regions (Elton and Nicholson, 1942b, Figures 1-6).

The MacKenzie River region covered the eastern edae of the Yukon
and the western part of the Northwest Territories north to the mouth of
the MacKenzie River on the Arctic Ocean. The Athabasca Basin covered
the northern half of Alberta and extended into northern Sritish Columbia,

northern Saskatchewan and the south central region of the Northwest
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Territories. The West Central region covered central Saskatchewan. The
Upper Saskatchewan region, covered the southern half of Alberta and the
southwestern part of Saskatchewan, extending south to the U.S. border.
The Winnipeg Basin covered southeastern Saskatchewan, the southern three-
quarters of Manitoba and some of western Ontario and extended south to
the U.S. border. The North Central region covered the northern quarter
of Manitoba, the southeastern corner of the Northwest Territories and
part of northwestern Ontario. The James Bay region covered an arc
around James Bay bounded on the west by the Winnipeg Basin and North
Central regions, and extending across northern Onfario and Quebec up to
but not including the Ungava peninsula.

Since they had no better technigue at hand, Elton and Nicholson
(1942b, Table 6) tabulated the peak years for lynx pelts in each region
for some or all of the period 1828 to 1925. Almost always, the peak
occurred first in the Athabasca Basin. The data for the MacKenzie River
region to the north and the West Central and Upper Saskatchewan regions
to the east and south, respectively, usually peaked at the same time or
a year later than Athabasca. The Winnipeg Basin, North Central and
James Bay data all peaked zero, one or two years behind the Athabasca
data. For the period 1849-1890 lynx pelt totals for the North Central
and James Bay regions were almost negligible compared to the other regions.
The Tynx pelt production from the Winnipeg Basin approximated the yearly
combined total from the Athabasca, West Central and Upper Saskatchewan
regions. As is discussed elsewhere (Section 2.4 on history of data),
hare skins came almost exclusively from the North Central and James Bay

regions.
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Bulmer (1974) analyzed the regional synchrony for lynx from Elton
and Nicholson's (1942b) regions for the period 1821 to 1913. He concluded
that the Winnipeg Basin, Upper Saskatchewan and James Bay regions were
almost a year behind and the North Central was a year-and-a-half behind
the Athabasca Basin and MacKenzie River regions, which were in phase
together. When Bulmer analyzed the twentieth century lynx data from the
provinces, he concluded, as Butler (1953) had already surmised, that the
Manitoba data led that of Alberta by almost a year.

To reiterate, most of the hare data in the nineteenth century came
from the James Bay and North Central region. The Upper Saskatchewan and
Winnipeg Basin regions had 1ynx oscillations in synchrony with the oscilla-
tion of the James Bay region. This suggests that, since those three
regions together contributed the majority of the lynx pelts, the phase
shift from hare to lynx was only negligibly affected when it might
otherwise have been much shortened. This fact is important for the
Lotka-Volterra analysis.

Having dwelt on the lack of synchrony among regions, it is perhaps
useful to emphasize just how strong the synchrony is. As Keith (1963,
p. 46) points out; over seven "cycles" of lynx the maximum difference in
all Northern Department Districts was three years and that occurred
once. To quote Eltcn and Nicholson (1942b). "The most extraordinary
feature of this cycle is that it operates sufficiently in line over
several million square miles of country not to get seriously out of
phase in any part of it. . . ." With this, the discussion of the
“ten-year cycle" and of the three predator-prey pairs used to test the

LV system comes to a close.
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3. PAST WORK ON PREDATION AND
THE LOTKA-VOLTERRA MODEL

3.1 Introduction

This chapter divides conveniently into several units. First comes
the qualitative motivation for predator-prey models. This includes the
mechanics of predation as well as the interplay of predation with other
factors affecting the population dynamics of a species. Next comes the
contribution of Lotka and Volterra, the LV system. Following that are a
host of models generated to answer perceived objections to the LV system.
Finally, the work done by Kerner (1957, 1959, 1961) and by Goel, Maitra

and Montroll (1971), in their attempts to apply the LV system, is examined.

3.2 Qualitative Motivation of Predation Models

3.2.1 Introduction

The qualitative motivation begins with a short overview of mechan-
isms regulating population dynamics, including predation. Following
that is a group of topics called characteristics of predation. Included
here are a comparison of predation and parasitism and a discussion of
the functional and numerical responses. Finally comes a discussion of

how Keith and others perceive the snowshoe hare-predator oscillation.

3.2.2 Mechanisms Regulating Population Dynamics

This section catalogues some of the Targe-scale mechanisms thought
by biologists to regulate the dynamics of a population. The elaboration

runs from quite general features to specific causes of population
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oscillation. It will be noted that, while many of the categories of
population regulation enumerated here and in the next chapter are certainly
valid for classification, the mathematical models actually in use are
rarely motivated by such general considerations.

Price (1978) categorized population regulation as exogenous (extrin-
sic) or endogenous (intrinsic). He classified exogenous regulation as
either density dependent or density independent. The density-dependent
types of exogenous regulation included predation, food and space. The
density-independent types included weather and fire. Endogenous methods
of population regulation, all thought to be density dependent, included
crowding, genetic changes, social interaction and dispersal. Many prey
and predator species react to their own population densities. Some
examples of density-dependent effects include fighting for refuge or
favorable habitat, interference with hunting and increased susceptibility
to diséase, to parasitism and to nervous conditions.

Andrewartha (1961) identified four components of environment.
They were: (i) weather, (ii) food, including prey, (ii1) (a) pathogens
and (b) other animals, both competitors and predators and (iv) "a place
in which to live." Andrewartha seems to have identified the last component
with the definition of carrying capacity given by Errington and Hamerstrom
(1936). Certainly Andrewartha and Birch (1954) considered any number of
cases in which a species' population numbers closely followed climatic
shifts in temperature, moisture or light. They did not think that any
population fluctuations had been "established beyond doubt" as being
“cyclic" (Andrewartha, 1961, p. 115) and did not consider them important,

per se.
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In contrast, Lack (1954) took the “rodent cycles" of the American
boreal forest and tundra very seriously. After discussing the importance
of food shortage and disease, he suggested that there could only be two
possible types of explanation for the "rodent cycles." One was extrinsic,
usually climatic, while the other was intrinsic, usually the predator-prey
interaction. Since no climatic factor had the correct period, only the
predator-prey interaction was left to explain the "rodent cycles." Lack
thought that climate was les, rather than more, influential as one pro-
ceeded northwards. Generally, Lack seems to have felt that climate was
not a factor of great importance to a predator-prey interaction.

Price (1975) had the following to say about species oscillations.
He claimed that, if a predator fed almost exclusively on one prey species,
both would oscillate with the predator lagging the prey. In addition,
he claimed that the stability of oscillation was gided by (1) emigration
and immigration of the predator and (2) exemption from attack of certain
Tife stages or size classes of prey. Since Price gave no references, it
is not clear whether he had any predator-prey systems in mind other than
those of the boreal forest and Arctic tundra.

This section ends with a shift away from population fluctuations
to another look at carrying capacity. It was originally used by Errington
(1934). He defined it initially "as the heaviest [bobwhite] population
that a specific environment could be expected to winter." Later, Errington
and Hamerstrom (1936) said, "In its simplest form, carrying capacity may
be said to denote the upper limits of survival possible in a given covey
territory as it exists under the most favorable conditions." Since then

the term has been generalized to any single population as, for example,
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the maximum or the average maximum number of individuals that an area
can support (Emlen, 19 ; Hickman, Roberts and Hickman, 1984). E. P.
Odum identified carrying capacity with the asymptote N = K in the logistic
model dN/dt = rN(K-N)/K

3.2.3 Characteristics of Predation

The following sections consider general properties of predators,
prey and parasitoids because some of these properties have been seen as
raising objections to the mechanism of the LV system. In particular,
the ideas of functional and numerical response will be reviewed, because
specific terms in the LV and more general systems are thought by many to
reflect those properties.

Price (1975) compared and contrasted predators and parasitoids.
He noted that "the predator kills food for itself [usually] and the
parasitoid kills or paralyzes for its progeny." Many types of prey,
predator and parasitoids exhibit territoriality in one way or another.
Price also claimed that "the stability of the host-parasitoid interaction

also increases when adult parasitoids interfere with each other's search

and when they tend to aggregate at relatively high host densities." -

Price (1975) had the following comments on the general predator.
Characteristically, hunting is initiated by hunger and stopped by sati-
ation, with a species-specific search rate involved. In addition, there
is an unequal attack on all ages and conditions of prey. For example
(Price, 1975, p. 54), predation will be heaviest on "the old and decrepit”
or on the "inadequately defended or exposed young." Usually a predator's

diet is composed of several prey species with the frequency of each in
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the diet determined by several factors. Price suggested that competition
between predator species reduced the efficiency of both and caused shifts
in the percentage composition of the diet of each.

The ideas of functional and numerical response will be reviewed
here briefly because of their identification with certain components of
the LV and more general systems. The two types of responses were first
proposed by Solomon (1949) and then elaborated and formalized by Holling
(1959, 1965, 1966). They are commonly exhibited graphically. The usual
definition of functional response is the number of prey eaten per unit
time per predator as a function of prey density. The numerical response
(of the predator) is the number.of predators as a function of prey
density.

Holling (1965, 1966) identified three types of functional response.
In all three, the number of prey eaten per unit time is a function of
prey density. The Type I functional response is a piecewise function
being linear from the origin to a certain point and being constant after
that point. The Type II response is a function concave down, starting
at the origin and approaching an horizontal asymptote. The Type III
response is a sigmoid function, starting at the origin and approaching
an horizontal asymptote.

The behavior of those functions depends on two properties of the
predator, namely the searching for and the handling of prey. At low
prey densities, the majority of a predator's time is spent searching,
the implication being that handling time is negligible with respect to
the searching. At high prey densities, the asymptote is explained by

the fact that the majority of a predator's time is spent handling captured
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prey rather than capturing them. Holling suggested that the difference
between Type II and Type III functional responses was the following.
For the Type Il response, the predator recognizes the prey immediately
regardless of prey density. For the Type III response, learning is
involved so that the predator does not do well with the prey recognition
at Tow prey densities but does increasingly well as prey density increases.
Holling suggested that the Type III response should be typical of mammalian
predators. It is of interest to note that all of the predators of the
snowshoe hare studied by Keith (19 ), both mammalian and raptoral,
except the coyote, showed a Type II response. Price (1975, p. 95)
claimed that a Type IIl response might also "be observed when refuges
from predation exist" since "as the prey increases, a smaller percentage
of it can occupy the refuge." This ends the discussion of the numerical

and functional responses.

3.2.4 Mechanism of the "Ten-Year Cycle"

The last block of material in this section deals with the "ten-year
cycle." First, the oscillation is examined with emphasis on snowshoe
hare biology and population behavior. Next, Keith's theory on what
conditions are driving and governing the "cycle" are presented. The
views of some other researchers are reviewed. The material ends with a
discussion of Bulmer's mechanisms to explain the phase shifts in predator

oscillations.

3.2.4.1 The Snowshoe Hare-Predator Oscillation

An ongoing study of the population dynamics of the snowshoe hare

has been conducted in central Alberta, near the southern edge of the
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Athabasca Basin, by Keith and his students since June 1961. Keith
(1974) presented models of the population dynamics of mammals in general
and the hare in particular at the 11th International Congress of Game
Biology. The following is an attempt to outline his model, indicating
which parts are suggested by experimental results and which parts are
conjectural. This will be done by following, as does Keith (1974), one
oscillation of the hare population. Keith et al.'s (1977) hypothesis is
that "the 10-year cycle is generated intrinsically by successive hare-
vegetation and hare-predator interactions" with synchrony enforced by
certain types of weather patterns and predator migration. To quote
Keith (1974), "Since rates of increase among prey are greater than among
predators, hence, some other factor(s) must intervene and reduce prey
below peak abundance before predators can once more exercise a significant
depressive effect."
First, the hare oscillation is discussed in detail, beginning with
the hare peak. Keith (1974) felt that at peak densities of the hare (20
to 46 times the minimum density at his research area), predation does
not initiate the hare population decline or even stop further population
growth. Rather, the interaction between the hare and its overwinter
food supply of woody browse caused the oscillation to peak. As browse
of diameter less than or equal to 3 mm becomes critical, shrubs and
trees are stripped and girdled to the height the hares can reach standing
on the snow. Individual hares begin to have trouble meeting their own
nutritional and energy requirements (Maslow and Keith, 1968). Lowered
reproductive rates, slower juvenile growth and very high juvenile mortal-

ity start to occur around the population peak.
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Within one to two years after the hare population peak, predation
rather than starvation, becomes the major factor in hare mortality.
Predation on hares, which ". . . was low during years of increasing and
peak hare populations, rose sharply after the population declined mark-
edly, and was highest 2 to 3 years following the peak" (Keith et al.,
1977). From that point in the oscillation, although the percentage of
hare in each predator's diet drops steadily, predation accounts for
almost all haré mortality. Starting two years after the hare peak,
although 1ynx continue to produce litters, recruitment to the T1ynx popula-
tion practically ceases for the next four years (i.e., almost all of the
kittens starved to death) (Nellis et al., 1972). Nellis et al. (1972)
postulated that a certain minimum number of hare were required to guarantee
viable lynx Titters and that such a condition was not the case around
the hare trough. By way of contrast to 1ynx reproductive behavior,
horned owls cease to produce clutches rather than producing and abandoning
them. Keith (1974) cited other sources indicating that breeding among
both foxes and coyotes is substantially reduced during decline of prey
population.

As the hare shortage continues, there is good evidence that raptors
usually migrate and some evidence that mammalian predators often migrate
(Keith, 1963). Approximately three to four years after peak hare popula-
tions, overwinter browse has recovered to the point that large hare
populations could be supported again (Meslow and Keith, 1968). However,
the hare population is kept low by predation and does not start its
increase for another one or two years (Keith, 1974) when the predator

populations reach their troughs and lose control of the hare. During
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the next three or four years, in which the "exponential increase" (Keith,
1974) of the hare population occurs, hares, principally juveniles, dis-
perse to less favorable or unoccupied habitats so that approximately
uniform densities occur 1in all acceptable hare habitats at the hare
population peak. This ends the discussion of the basic hare oscillation.

Now the mechanism of the "cycle" will be discussed. Keith (1974)
and Keith et al. (1977) described predation as being density independent
during years of hare increase and peaks, and as being inversely density
dependent during years of hare decline and trough. Keith (1974) cited
three distinct non-boreal-forest systems with predator-prey behavior
similar to that described above. He felt that a basic property of
certain predator-prey systems had been discovered. For example, Pitelka
(1973) wrote: "It now appears, therefore, that the regularity, strong
amplitude and relatively neat timing of 'normal' microtine cycles in the
arctic may be set more by predators collectively than by any other one
component of the ecosystem." Keith (1974) suggested that predation not
only increased the period of oscillation by lengthening the trough but
also increased the amplitude of the oscillation by driving the prey
lower than they might go.

However, this suggests that lagomorphs would cycle without preda-
tors, contrary to his quote from Myers (1970): "Our work so far does
not suggest that the rabbit in Australia possesses any inbuilt behavioural
or physiological mechanisms capable of controlling its own numbers." In
addition, the oft-cited example of hares cycling in the absence of lynx,
and by extension all predators, on Anticosti Island (Elton and Nicholson,

1942b) has been re-examined and called into question by Finerty (1980).
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Similarly, Keith's (1963) citation of another example of hare cycling
without lynx is likewise questionable because other predators were un-

doubtedTy present.

3.2.4.2 Mechanisms for Entraining the Oscillation

Keith (1974) attempted to explain regional synchrony of hare oscil-
lations by a continentwide weather effect and by predator migration. He
conjectured that "two or more mild winters . . . would allow high [hare]
populations (those interacting strongly with their food supply) to escape
catastrophic mortality and thus persist at high levels. In the meantime,
initially lower hare populations would continue to grow to peak or near
peak densities." Following this, an average or severe winter would
trigger a major hare decline due to climatic stress and "intense hare-
vegetation interaction." He felt that such an "appropriately-timed
weather pattern" would not be needed again for several decades once
synchrony was established. The idea that weather might be a synchronizing
factor was mentioned as early as 1942 (Elton and Nicholson, 1942a).
Moran (1953) studied the correlation of the MacKenzie River lynx data
(Elton and Nicholson, 1942b) with temperature, while Meslow and Keith
(1971) studied the correlation of weather and snowshoe hare data. However,
this does not quite explain the regional phase shifts of oscillations
seen by Elton and Nicholson (1942b) and Butler (1953) and calculated by
Bulmer (1974). Finally, Keith (1974) conjectured that predators would
enforce the synchrony of predation shifts by migration to areas of under-
predated hare populations. This ends the discussion of Keith's view of

the snowshoe hare-and-predator "cycle."
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A number of authors have suggested mechanisms for both regional
synchrony and phase shifts for the predator and prey oscillations.
Elton and Nicholson (1942a) suggested that the wide-ranging movement of
predators served to synchronize small regions while some climatic factor
possibly entrained the whole continent. Butler (1953) felt that migrations
by both predators and prey served to synchronize and fuel the oscillations.
MacLulich (1937) felt that hare oscillations in Ontario, at least, arose
from islands of refuge, such as cedar swamps, during the increasing part
of the oscillation. It seemed to Butler (1953), based on the qualitative
trapper questionnaires, that for hare, fox, and mink, at least, the
increasing part of the oscillation began at isolated focal points from
which waves of increase emanated, met, merged and then spread out across
the continent. There are many documented cases of both predator and
prey migrations (Keith, 1963, pp. 89-95). Regarding the problem of one
region leading another in phase of oscillation, Finerty (1980) discussed
the climate of the Athabasca region with respect to the rest of the
boreal forest. He found the Athabasca Basin to have a more moderate
climate than the other regions, which perhaps suggests that Athabasca

might lead the way in oscillations.

3.2.4.3 Mechanisms for the Predator Lags

As has already been seen in the discussion of Figures 2.1 to 2.4,
Bulmer postulated a complicated web of predator-prey interactions based
partly on biology and partly on phase shifts among varioué species with
respect to lynx. He suggested that the hare oscillation was driving

those of the chief predators. Those in turn caused secondary oscillations
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as they switched to secondary prey when the hare population collapsed.
Bulmer tried to explain predator lags based on their biology. A discussion
of those possible mechanisms follows.

First, those mammals lagging the hare by less than a year are
considered. Lynx and red fox are sexually mature at one year and so
respond almost immediately to large hare populations. Bulmer (1974)
proposed that the 19th century skunk oscillation which seems to have
disappeared in the 20th century was caused either by predation on ruffed
grouse by skunk or predation on skunk by horned owl.

The mammals which lag the hare by more than a year are now consid-
ered. The coyote is sexually mature at two years as is the fisher, but
the fisher has a delayed implantation of the blastocyst and a gestation
period of almost a year (Banfield, 1974). Therefore, the coyote and
fisher lags are reasonable. For the wolf and the wolverine, the picture
seems cloudier.

In wolves, the female is sexually mature at two years and the male
at three (Banfield, 1974). There has been much discussion as to whether
wolf and coyote pelts have been confused through the years and whether
the wolf switched prey species after the buffalo herds were exterminated
(Keith, 1963, pp. 113ff). However, this does not explain the additional
one- to two-year lag in wolf data with respect to the hare. Finally,
the wolverine seems to mature at two and bear young at three (Banfield,
1974). For this species there is still an additional year to year-and-a-
half lag (19th and 20th century. respectively) of the wolverine data

with respect to the hare.
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The final oscillating species to consider is the pine marten.

Keith (1963, p. 65) called the snowshoe hare its chief prey while Banfield
(1974) noted that in one study 3% of the marten diet was snowshoe hare
when hare was scarce but 40% of the diet was hare when hare was abundant.
The problem is that the female marten, like the fisher, does not bear
the first litter until her third year (Banfield, 1974). Since the
marten peak is at, or one year ahead of, the hare peak (depending on
Bulmer's (1974) intuition or analysis, respectively), whatever is helping
to "drive" the marten oscillation must be peaking two or three years
ahead of the hare peak. This phenomenon had been noted as early as 1821
by Peter Fidler (Elton and Nicholson, 1942b) who first reported the
period of the lynx oscillation. He wrote, "The martens this winter have
been very scarce, but it is generally observed that when this happens
the cats [i.e., 1ynx] become plentiful." The only candidate remaining
to "drive" éhe marten seems to be the red squirrel. However, Keith
(1970) had data which suggested only a three-to-four-year fluctuation in

red squirrel. This ends the discussion of the "ten-year cycle."

3.3 The Work of Lotka and Volterra

3.3.1 Introduction

Lotka (1920a, 1920b, 1923, 1924) and Volterra (1926, 1927) created
the LV-system independently of each other. On the one hand, Lotka
usually did not prove his claims about the LV system. His contribution
to the study of the LV system ended with the 1924 work. On the other
hand, Volterra went into great detail with the LV system. He examined a

great number of predator-prey systems including the LV system and continued
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publishing on those systems until 1938. What follows is an outline of

the work of those two, with respect to the LV system.

3.3.2 The Contributions of Lotka

Lotka (1920a) first proposed the LV system as a model for a two-
species oscillating chemical system. In that paper, he separated the
variables, exhibited the constant of the motion and showed the only
graph to appear in his literature of the LV solution in (Nl,NZ)-space
about the positive fixed point. His comments show that he was aware of
the other fixed point at the origin, as well as the behavior of the
system in the other three quadrants of (Nl,NZ)—space. He showed that
behavior of solutions near the positive fixed point was approximately
elliptical and also calculated the approximate period in that situation.
However, he made the claim (later retracted (Lotka, 1923, 1924)) that
the period was independent of the "amplitude."

In his second paper, Lotka (1920b) mentioned his surprise at finding
oscillations in the LV system. He shifted the positive fixed point to
origin by a linear transformation. He claimed that, since the coefficients
of the new linear terms were in general functions of the new variables
(in fact, a power series), then the solution of the LV system took the
form of an infinite series in eAt, eZAt, etc. (where A depended on the
unperturbed linear coefficients). He later retracted this claim (Lotka,
1924). He attributed the oscillation of the system to the lack of
opposite linear terms.

In his third paper on the LV system, Lotka (1923) expanded the

coefficients of the LV system in a different way from the previous
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paper. He investigated the damped oscillations to the fixed point caused
by truncation at the fourth-order terms. He stated that the LV system
could not be solved as a power series. Perhaps the most important
contribution of Lotka's third paper was the set of arguments used to
justify the termwise inclusion of each term of the LV system. His
argument for the interaction term in the LV model, essentially a Poisson
probability argument, anticipated the discrete models for host-parasite
systems of Nicholson and Bailey (1933) and those who followed them.
Finally, although he said nothing further about it, Lotka's construction
of the LV system for a host-parasite situation required

o

|
B,

o

By

|
<
I

In his last work to discuss the LV system, Lotka (1924) reiterated
some of the points mentioned in the first tﬁ}ee papers but discussed few
of the properties of the LV system discussed in Lotka (1920b). There is
the impression that Lotka felt that the LV system was a good first
approximation to a Taylor expansion which would have "more reascnable"
properties (e.g., damped oscillation). It should be noted that, although
Lotka elsewhere discussed equilibrium shifts with respect to chemical
reaction (Lotka, 1924), he did not return to the particular case of the
LV system. This concludes the synopsis of Lotka's contribution to the

LV system.

3.3.3 The Contributions of Volterra

Although Volterra had an earlier survey paper on the LV system

(Volterra, 1926), his paper in the following year (Volterra, 1927)
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contained all of his results on the LV system. Unless otherwise indicated,
all further comments about the LV system are based on the latter paper.
This paper is reviewed in D'Ancona (1954) and translated in Scudo and
Ziegler (1978). In the 1927 paper, Volterra studied the LV system and a
considerable number of extensions such as competition, delay effects,
n-species systems and environmental oscillations. The order of the
topics will be the LV system, the n species predator-prey system and
then various other kinds of systems. The section will end with the
motivation for Volterra from biology.

Volterra's major contributions to the understanding of the LV system
include the following. He showed that the system has a fixed point. He
found the constant of the motion and showed that the trajectory in

(N;,N,)-space forms a closed curve. He exhibited an integral for the
1°72

period and discussed its apparent singularities. He generated the period
for small oscillations. Finally, he demonstrated how to numerically
generate the trajectory in (Nl,Nz)-space and in its other manifestation,
the two population curves through time.

Volterra exhibited the constant of the motion in a form which

downplays its symmetry properties; that is, as

K -K
n1 2 ) n2 1

e e

where n; = Ni/q% and (qi,qé) is the steady state. However, by setting

each side equal to x and plotting x alternately as a function of n. and

1
Nys he was able to plot the trajectory in (nl,n2)~space. From there he

found n, as a function of ny and plotted n (1—n2) as a function of n..

1 1
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Then, by using the normalized equation dnl/dt = "1(1'"2) and the geometry
of the "1(1'n2) versus n, plot, he was able to generate time increments
para]]el to increments in ny and n,. From that, the normalized population
curves, nl(t) and nz(t), were generated. The development is quite intri-
cate and must have been quite laborious in that pre-computer era.
Volterra introduced an n species predator-prey model. It had the
property that any interaction between two individuals of different species
would always either be favorable to one and unfavorable to the other or

else of no consequence to either species. This was written as

dn; 1 g
= (K. + — a__ N )N
dat rooB. g5y srostr
so that ars = -asr, arr =0, Bi >0, Vi'

~ He investigated many properties of this system including particular con-
straints on the coefficients and the cases when n was either even or
odd.

Volterra studied other LV-Tike system. Those include the following.
To model delayed influences, he studied the pairs of equations

dt

Ny DK = ()]

dN2 t
W = Nz [-Kz + {mF(t"T) Nl('l') dT] ’

where F(t) > 0. This was done in order to model the delay in predator
response. In order to make the treatment more symmetrical (he said), he

also considered the pair of integro-differential equations:
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dN

1 t
dT = Nl [Kl - Y1N2 - I-ooFl(t-T) NZ(T) d‘l’]

dN

t
T = Ny [Ky + v Ny + [ Fy(ten) N (x) dre]

where

Fl’ F2 > 0, for all t . He showed that this last system had
a fixed point, among other properties. In order to study the effect of

environmental oscillation driving the system, he considered the equation

dN
1 _ a
dc ° [Kl + Al COS (Kt + 91)] Nl - 8—1' N]. N2

dN
2 _ a
ria [-K2 + A2 cos (Kt + 92)] N, + EE N1N2 .

For this last equation, he examined infinitesimal perturbations of the
system about the fixed point and concluded that for those small fluctu-
ations, whenever the period of the forcing function did not coincide
with the LV system period, the total behavior was the sum of the LV
behavior and that of the forcing function.

Volterra's contribution to the study of competition was the equation

N,
o = (Kp =g (hNp + hoN,)) Ny

dN
2 _
T = (Kp =gy (N + hoN,)) N,

He showed that one component disappeared while the other approached a

finite value. He also studied n-species competition, briefly. ‘
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In a later paper, Volterra (1935) studied the system

a

dN,
5 ° N1 (K1 - & N2) t+a,a>0
1

This was designed to model the effect of immigration of both species
into the LV system. D'Ancona (1954) records that this system has one
singular point to which solutions damp in their oscillations. This ends

the discussion of Volterra's mathematical models.

3.3.4 Biological Motivation for Volterra's Work

The fishing data from the Adriatic Sea which D'Ancona showed Volterra
exhibited not only fluctuations but also shifts in mean numbers following
cessation or resumption of fishing. The latter phenomenon particularly
interested Volterra. However, in motivating the LV system itself, Volterra
indicated that the phenomena he was interested in were "the voracity and
fertility of the coexisting species” (Scudo and Ziegler, 1978, p. 68).
That statement focused on the mechanism of the predator-prey interaction
with the differential terms and their coefficients.

Volterra took the following approach when setting up the LV system.
He rejected stochastic models from the outset. He felt that the phenomenon
should be described first and then translated into mathematical terms.
He felt that the simplest approach was to consider that the numbers and
change in numbers of a species should vary continuously. For example,
births and deaths would be considered to be proportional to the number

of individuals at any time. In addition, size and age differences of
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individuals would be ignored so that all individuals would be considered
to be the same. These assumptions led naturally to systems of differential
equations. He noted that population f]uctuations were generally much
larger than those produced by linear systems, so that nonlinear equations
were needed.

When he formulated the equation for the predator-prey interaction,
Volterra dealt first with fertility (i.e., self-terms) and then with
voracity (i.e., interaction terms). First, the predator and prey popula-
tions were isolated and given the characteristics of exponential decéy

and growth, respectively; i.e.,

dN

Lok

dat— 171
and

dN

2 _

E""KZNZ'

Following this, they were coupled by a nonlinear term, the parameters

being adjusted to include the interaction effect from the other species;

i.e.,

le o

o = (K "qu) Ny
and

N, .

o = (=K, "5 NN

That is, predation would decrease K1 by an amount proportional to N2 and

increase -K2 by an amount proportional to N Regarding the parameters,

1-
he indicated that KI(KZ) represented the growth (i.e., birth-and-death) ‘
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rate of the prey (predator) while a/B1 (a/Bz) represented the suscep-
tibility of the prey to predation (the predatory ability of the predator).
He acknowledged that the linearity of the coefficients in terms of the
other species members seemed naive but he argued that such an assumption
was justified in terms of expected number of encounters between the two
species; essentially a Poisson argument.

This motivation implies, of course, that the parameters Ki are
independent of the interaction term. That is, the linear noninteraction
term signified behavior of the Ni in the absence of the Nj' Volterra
himself showed, however (as will be seen below) that each Ks is actually
proportional to the mean value, qj, of the other species. This misunder-
standing concerning the lack of interaction has continued to the present
(see, for example, Davis (1962); May (1974)).

That this problem should even arise is rather curious because
Volterra's arguments about causes of equilibrium shifts were partly based
on the equations Ki = qj a/Bi, i#Js i,j =1,2. In his discussion of
shifts in equilibrium, Volterra outlined two cases: First, the protection
of the prey species had the effect of decreasing both a/s1 and a/B2 with
a corresponding increase in both q%, it being understood that the Ki
remained constant, and second, the uniform destruction (e.g., by harvest-
ing) of each species in proportion to its numbers had the effect of
increasing K2 and decreasing Kl’ which meant that the average number of
prey, qi, increased while the average number of predators, qé, decreased.
Volterra felt that the equilibrium shift in the data at the onset of a
large-scale fishing operation and the shift back at its cessation corre-

sponded to the second situation discussed above.
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The interaction terms, (Nl’NZ)’ couple and drive the system. When
Volterra proposed the equation, he used the *a to indicate the antisymmetry
of a predator-prey interaction, i.e., the prey loses and the predator

wins. Volterra called the parameters 81-1 and 82'1 "equivalents," suggest-

ing that 81'1 5 1 predators.

prey individuals would be transformed into 8.~
For example, 100 lemmings might be required to produce a new fox. At
the same time, those lemmings cannot help to produce new lemmings in the

future.

3.3.5 Properties of the LV System

Before objections to the LV system are considered, it is appropriate
to review the classical theory of the system briefly. Properties of the
fixed points are considered. Then properties of the solution curves are
examined. The constant of the motion is constructed and its properties

examined.

3.3.5.1 Fixed Points

In general, if

dt

P(N,, N

1’ 2)

and (1)

a,
a - AN W)

then fixed points can be determined from P(N,, N

13 2) = 09 Q(N13 N2) = 0'

For the LV equation, the degenerate conics
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Ml (Kl' (a/Bl)MZ) =0

and

|
o

My (=K, + (a/B,)M,) =

are generated where (Ml’ M2) is a fixed point (Davis, 1962). These
conics intersect in two points (Pl(0,0) and Pz(ql',qz') = (KZ(Blﬁa),
Kl(Bl/a)). Note that ql' and q2' are both positive since the Kiand (aﬁ%)
were given as positive.

Lyapunov's Theorem says that in the neighborhood of a fixed point,

the stability of the solution is determined by the characteristic roots

of
® 2
3N, 3N, (2)
=0 . (Hurewicz, 1958, and
3Q 3 _ Davis, 1962)
aN1 3‘;
(M5 M)
For the LV equation, this becomes
Ky - 2= N, = A 2N
1 B, 2 By 1
=0 (3)
a a
— N =K, + =— N, - A
82 2 2 82 1 (Ml’ MZ)

Evaluation of (2) at (0,0) gives (A-Kl)(A+K2) = 0. Therefore, the

singular point at the origin is an unstable saddle point. Evaluation of
2
] ] 4 2 — 2 Qa 1 ] - 4
(2) at (ql » Gy ) gives A° + KiKy = 0 or x° + 5.5, a' 9, 0 with

purely imaginary roots. Therefore, (ql', q2') is what Hurewicz and

Davis call a vortex point, i.e., a fixed point in the neighborhood of
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which solutions close on themselves. In the discussion which follows,
Timit the neighborhoods of (ql', q2') to the first guadrant.

Using the fact that Ky = (a/Bi)qj'; i,j=1,2, i # j, Equation (1)

can be rewritten as

dt

ipig=N(°‘—)(-q'+N)

dt 2 B 1 1
In this form, the behavior of solutions can be studied on the axes and
in each quadrant.

The solutions Nl(t), Nz(t) of the LV system has not been determined
analytically in general. However, solution graphs are easily generated
from canned differential equation programs (e.g., C.S.M.P., 1980) if the
values of the four parameters {Kl’ K2, %;, %;} and one initial condition
{Nl(O), NZ(O)} are provided. Any such pair of graphs of N, and N,
through time has the property of being periodic with the prey (speciesl)
leading the predator (species?) by a constant phase. The sequence of
ﬁaxima and minima is as follows. The prey maximum leads the predator
maximum which leads the prey maximum, etc. The two functions are strictly
increasing or decreasing between maxima and minima. Finally, for either
species, the peaks are high and narrow while the troughs are shallow and
broad. A1l of these properties can be determined analytically from the
first and second derivatives of Nl(t) and Nz(t). Since such an exercise
does not seem to have appeared anywhere else, the results, mainly due to

Hall (1983), are displayed in Appendix 9.3. Some of the development
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requires the constant of the motion, whose construction is discussed

below.

3.3.5.2 The First Integral

The first integral or constant-of-the-motion of the LV system can
be generated in at least two different ways. Lotka (1925) and Davis
(1962) both divided the first equation into the second and then separated

variables to integrate. They obtained
((@/B,)N; - K, Tog N;) + ((a/B;)N, - K; Tog N,) = K . (4)

Volterra (1927) used the antisymmetry but used exponentials rather
than Togarithms to obtain

-K2 (a/Bz)N1 K K1 (-a/Bl)N2

N e = e N2 e . (5)

1

Goel et al. (1971) used the antisymmetry provided by *a in (3) to obtain

% % % %

AN g losg )+ gy, m log g

Ridgeway used a slightly different invariant function or first integral

2 N, N, '
6 = ) B.q.'(=—,- Tog — - 1) = constant (6)
i=1 % %

which has the advantage of being everywhere greater than or equal to
zer& with zero occurring at (ql', qu). This can be checked with the
first and second derivatives. Equation (6) will be the form of the
constant of the motion used after this.

Note that, although G is fixed, the proportion of G due to each

species changes as the population pair traverses the trajectory. When
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either species Ni assumes its mean value qi', then G is provided entirely
by the other Nj. Because the contribution of each species to G is
separate from the other, fixing the value of NZ’ say, allows the calcula-

tion of zero, one or two values of N due to the fact that each

1°
expression (Ni/q% - 1og(Ni/q%)- 1 is concave upwards in N;. Hence, for
any value of G greater than zero, it is possible to construct the closed
trajectory geometrically in any of the three spaces, N2 versus Nl’ Nz/qz'
versus Nl/ql' or 1og(N2/q2') Versus 1og(N1/q1'). See the excellent

discussions in Volterra (1927) and Goel et al. (1971).

3.3.5.3 (Other Properties of the LV System

It should be noted that, while the parameter set {Kl, KZ’ a/Bl,
a/BZ, G} will generate the trajectory, none of the five parameters can
be observed or measured. Therefore, data could not be fitted to the
model. In fact, this set gives a fivefold infinity of parameters.
Nothing is known about uniqueness. That is, any number of different
parameter sets could generate the same trajectory. Therefore, even
simulation doesn't help when trying to fit the model to data.

Additional properties of the system include the following. First,
the motion is counterclockwise around the trajectory (Ridgeway, 1977).
Second, the interior of the trajectory is convex (Ridgeway, 1977).
Third, the system is neutrally stable. That is, unless perturbed, the
system stays on the trajectory for all time. When perturbed, the system

jumps to a new trajectory where it oscillates until perturbed again.
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3.4 Objections to the LV System

3.4.1 Introduction

A number of objections have been raised to the LV system. Two
objections which may be widely held but have not appeared often in the
literature are the desire for difference rather than differential equa-
tions and an interest in time lags (already anticipated by Volterra in a
more general framework). Four objections have appeared more often. The
first has to do with the difference between even and odd systems. The
second is the fact of the neutral stability of the system. The third
concerns the differential coefficients of the system. The fourth objection
is the fact that the LV system is deterministic and not stochastic.

These objections will be considered in turn.

3.4.2 Time Lags

Some authors attempted to add time lags. The lack of a time‘lag
in dN2/dt such as (a/B)Nl(t)Nz(t-r) was one objection that Nicholson and
Bailey (1935) had to the LV system.

Wangersky and Cunningham (1957) considered changing the LV system
to take into account the time lag needed to produce new predators. The

system became

dx
at

ax - cxy

= -dy + ex(t-1) y(t-1).

o.lo.
+i<
|
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Apparently large amplitude oscillations were the result, according to
Maynard Smith (1974), but it is not clear whether those were neutrally
stable. When a prey interference term (—bxz), b # 0 was added to the
prey equation, the system behavior depended on the relative magnitude of
b (which provides damping) to t (which is destabilizing) (Maynard Smith,
1974). That suggests that there are pairs (b,t) for which stable oscilla-
tions are possible. This apparently is undecided or unstudied. Goel et

al. studied an n-species system like the above. They could find no

constant of the motion.

3.4.3 Difference Equations

Another objection which is occasionally raised is that, since
animals are discrete entities, difference rather than differential equa-
tions should be the modeling mode. Nicholson and Bailey (1935) raised
that objection.

Although predator-prey difference equations are very popular among
students of host-parasite systems, Hassell (1978) and May (1974) both
reported that few are stable. None that have been studied exhibited the

four LV terms. Maynard Smith (1974) mentioned the system

X

n
>
.
[
—
-<
~

n+l n n

Yner = Yo o HEXG)

in analogy to Kolmogorov. Maynard Smith reported that away from the

fixed point the system showed divergent oscillations.
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3.4.4 Neutral Stability

One of the earliest papers to appear in reply to neutral stability

was by Kolmogorov (1936). He started with a very general system

ao = Li(NpNy) - Ny

at—2=L2(N N,) - N

1772 2

He then placed nine constraints, based on biological arguments, on the

—
system. He defined S to be the position vector 0P, P = (Nl’NZ) so that

aKl/aS and aKz/aS were the derivatives along that vector. The constraints

and arguments were as follows (Freedman, 1980):

(1)

(2)

(3)

aLl/aN2 < 0. For a fixed number of prey, the prey growth rate is
diminished by increasing the predators.

9 Ll 8L2

13N, "2 3N, ¢
predators to prey, it is assumed that an increase in predators

aLl/aS < 0. That is, N + N 0. For a fixed ratio of

diminishes growth rate of prey.

L,(0,0) > 0. For small populations of predator and prey, the prey

1
population is assumed to increase.

There exists A > 0 such that Ll(O,A) = 0. For a large enough

predator population, the prey can no longer increase.

There exists B > 0 such that f(B,0) = 0. B is carrying capacity

in absence of predator.
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(6) aLZ/aN2 < 0. For fixed prey numbers, increase in predators slows

predator growth rate.

oLz + N 22 0, b i
15 25 > 0» by same reasoning as

(7) aLz/aS > 0. That is, N
N 2

for (2).

(8) There exists C > 0 such that LZ(C,O) = 0. For too few prey, the
predator population will have a negative growth rate; for enough

prey, the predator growth rate will be positive.
(9) B > C for B < C, the predator always becomes extinct.

If the LV system is written in this terminology, then

-2 N

N,
C Bl Y RS U

dt

LN

a _
(-K, + — Nl) N2 = LN,

2 B2

The LV system fails (5) because L1 is independent of Nl‘ It fails (6)
because aLz/aN2 is identically zero. Since (5) would provide B, B > C
is empty in (9).

May (1974), who prefers any of Kolmogorov's results (below) to
neutral stability, was the first to point out an inconsistency between
postulates (7) and (8). Freedman (1980) writes that May (1972) *. . . sug-
gested modifying the model so as to allow equality to zero on the y-axis
[of aLz/aNz]. In such a case, however, it was pointed out by Albrecht
et al. (1973) that there may be a region of neutral stability (i.e., an

annular region filled with periodic solutions."
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Freedman (1980) points out that, although Kolmogorov did not show
- proofs, he exhibited graphical arguments. However, he notes that with
very minor changes to Kolmogorov's postulates A]bretht et al. (1973)
obtained solutions very 1ike those claimed by Kolmogorov.
Under his restrictions Kolmogorov (1936) claimed that the two curves
L; =0, 1 =1,2, divided the (Nl,Nz)-space into four regions with three
fixed points, only one of which 1is interior to the first quadrant.
Finally, he stated without proof that the motion of the system could
only assume one of three behaviors: (i) damped oscillations to the
interior fixed point; (i1) overdamped approach to the interior fixed
point; or (iii) oscillations approaching a limit cycle around the fixed
point.
With regard to neutral stability, van der Vaart (1978) examined

all two-dimensional differential systems of the form
*p = xp (e Fagxg +agoxy)

%o = % (eg 2y +ay)
He found necessary and sufficient conditions for such systems to have
periodic solutions. Those conditions are
(1) 215355 > 2153y
(11) epa;, > ejay
(iii) 13y, > eyay,
and  (iv) elazz(a21 - all) + ezall(a12 - a22) =0

(v) the singular point is a center.
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That is, the characteristic roots of (2) (Section 3.3.5.1) are purely ‘

imaginary. For the LV system
e, > 0, e, < 0, ap < 0, Ay > 0 and aq = 0 = LPYe

Certainly the LV system satisfies the above condition. In fact, van der
Vaart demonstrates that no differential system of this form can have a
Timit cycle.

Other examples of efforts to generate a particular behavior in the
solutions are provided by Samuelson (1967) and Freedman and Waltman

(1975a,b). Samuelson (1967) suggested that the system

%% = x(a - by + eRl(x))

= ylec + dx + eRy(y))

might yield a nonconstant periodic orbit for small e > 0.

Freedman and Waltman (1975a,b) considered the general perturbed

system
dx _ x (a - by) - e f.(x,y)
af y 1 'Y
d
FE= Y o+ dx) - e Fy(x,y)

They looked for conditions on f1 and f2 which would give Timit cycles
for small e.
Of course, the neutral stability of the LV system is tied to the

existence of the constant of the motion. If the system is changed so ‘
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that there is no longer a constant of the motion, then the neutral

stability is gone as well. This is seen repeatedly in the next section.

3.4.5 Differential Parameters

Another kind of objection to the LV system centers on the differen-
tial parameters. Quite often the parameters are identified as having
biological meaning in the manner of Volterra (1927). Many changes to
the LV system have arisen because of the desire to add to the system one
or more properties that a biological population owns.

At least five groups occur in the class of those models with added
terms. These groupings exhibit (i) a refuge effect, (ii) immigration or
harvesting, (iii) intraspecific interactions including carrying capacity,
(iv) functional and numerical responses, and (v) combinations of (iii)
and (iv). These will be considered in turn. Unless otherwise indicated
below, x represents the prey and y the predator.

Maynard Smith (1974) suggested that a refuge for the prey was a

reasonable addition to the LV system. Then the system becomes
X = ax - cy (x - Xr)

¥ = -by + cy (x - xr)

Two cases were considered. If x_ = K _, the system is still LV but the

r r’
fixed point is shifted. If Xp = K, there are always at least K-protected
prey. Note that this is analogous to adding a term -ly to the first
equation of the LV system. The system approaches the interior fixed

point. Hassell (1978) also examined this system.
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The next mechanism to be considered as improving the LV system is ‘

intraspecific interaction. The LV system is changed to:

le

= o
T - KF () B NN,
i, .
T - KFL(Ny) "5 NiN,

The most common change is to replace Fl(Nl) by the so-called Verhulst-Pearl
or logistic for the prey; that is, anything of the form ax-bx2 or as it
is more common seen rN(1-(N/K)). The rationale is to preserve the
carrying capacity of the prey. Probably the simplest of those extensions
is

dx _ 2
af - A - bx™ - cxy

SIS
]

-ey + c'xy

(Maynard Smith, 1974, p. 19, and Nisbet and Gurney, 1982, pp. 105-6).
The system goes to the interior fixed point.

Gilpin (1975) exhibited the system:

%% = x(-a + by + cx + dx2)
d
F = vle - fx + gy + by?)

and an alternate system with the LV prey equation

& = x(-a + by)
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instead of the one above. Unfortunately, the constraints he gave on the
parameters of the first system were internally contradictory. Gilpin
introduced those models because they were "simple, holistic and general"
(Gilpin, 1975, p. 17).

Hastings (1980) displayed the model

x(a - ax - (a+c) y)

Q.
o+ X
]

¥y - (+cx)

aja
H<
"

where x (y) were the fraction of prey (predator) patches in the environ-
ment; i.e., 0 < x <1,y =1-x.

The other mechanisms introduced to improve the LV system were the
so-called functional f(Nl) and numerical g(Nz) responses, already dis-

cussed above and appearing as follows:

N, i
T KN - B F(N) - Ny
a, .

To T KNy # 5, Ny a(Ny)

For the LV system, these terms would be %a/sl)Nl(t) and+{a/32)N2(t),
respectively. One objection raised to the LV system is that those
Tinear functions do not have a horizontal asymptote. However, the objec-
tion is misplaced and the terms misidentified because f(Nl) and g(NZ)
are functions of time and not functions of the variable, (N1 per unit

area).
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The earliest example of a functional or numerical response occurred .

in Gause et al. (1936) in the form

ax - y P(x)

a
&S

ala
als
f

yl-g + cp(x)]

This model is also found in Nisbet and Gurney (1982, p. 110).
The two responses often appear together with a Verhulst term in

certain models. Caughley (1976, p. 102) examined the system:

T = ™x(1-(x/K)) - cy(1-exp(-dx))

= y(-a + b(l-exp(-fx))

Sie

where x was a plant and y a herbivore. Maynard Smith (1974, p. 27)

examined

XK= £(x) - y $(x)

%% = -ey + Ky ¢(x) .

He introduced several biological arguments for what shapes f and ¢ had
to take. Perhaps the most interesting of such systems is that due to

Cowan (1968) where
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Cowan showed that this system had a constant of the motion as does the
LV system.
Finally, May (1976) introduced the systems

aT = MBI,

and provided a 1ist of functions for F and G with “reasonable" properties.
May's attitude is summed up by his comment (May, 1974, p. 84) that such
"formulae constitute the basic units in a ‘build-a-model' toy. They may
be assembled in various combinations to give one-predator-one-prey models
considerably more sensible than the simple Lotka-Volterra one." This

ends the discussion of mechanism as it appears in deterministic models.

3.4.6 Even-Order versus 0dd-Order Systems

It will be recalled that Volterra formulated and studied n-species
predator-prey systems. There is a trivial mistake in that treatment
which has continued to the present. Volterra asserted that an odd-order
system either had one species which approached infinity or else the
system collapsed to a smaller even-order system. Since this has been a
major objection through the years to the study of n-species predator-prey
systems, the nature of the mistake is discussed and partial analysis of
the behavior of odd-order systems appears in Appendix 9.4. Volterra did
not discover his mistake when studying a three-species system because of

approximations he made during its analysis.
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3.4.7 General Power Series Models .

This last section on modeling deals with the use of a power series
on the right-hand side of the LV system rather than the usual LV terms.
May (1974, p. 42) points out that the factors in the square brackets

below

A

- oo
= N[k B N, ]

an, i
a = MLk, + %, Ny ]

correspond "“to the first approximation in a Taylor series expansion
about the equilibrium pionts in broad classes of more general models, a

point emphasized by Lotka (1925, p. 62; 1932), Volterra (1931, 1937) and ‘

MacArthur (1970)." This is certainly worthy of investigation on mathemati-

cal, but not mechanistic, grounds.

3.4.8 Stochastic Models

Stochastic models, designed to correct such defects in the LV
system as discrete individuals and random environmental effects, have
been proposed by a number of authors. Goel et al. (1971) and Becus
(1980) reviewed several such models while Freedman (1980) gave additional
references. The main types of stochastic models (in the order in which
they appear below) are a birth-death process, Fokker-Planck generaliza-
tions, random equations, Ito equation techniques and Monte Carlo simula-
tion. The last topic in this section is Leigh's (1968) paper which used

the lynx-hare data in a stochastic setting.
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One approach is a bivariate birth-death process, based on the

generating function for a partial differential equation and on the form

of the LV system. It yields a hierarchy of equations, the first of
which are

dELN, ] i
—at — ~ KEINT - B E[N N, ]

dEmn,] .
—gF— - -K2E[N2] + 3—2 E[Nl’Nz] ’

where E[ ] is an expected value. Becus (1980) suggested that if E[NI,NZJ
= E[N1] E[NZ], then a first-order approximation is possible. Goel et
al. (1971) pointed out that, because N2 feeds on Nl’ E[Nl’Nz] #
E[Nl] E[NZ]. However, they still suggested approximating by the equality

to find a first-order approximation.
One example of a Fokker-Planck approach was provided by Goel et

al. (1971) who considered the system
dN N

_J -
gt = K N56(

J

-1
) N U (t) + 857" )

a..N.} ,
R S|

J1 1

where G( ) is a saturation-inducing term 1ike the logistic, for example,
and Uj(t) represents random unspecified influences. At that point, the
quantity {-} was identified as Fj(t), a random function of time, so that

the equations reduced to the form

M= wwe () + wr(e).
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Following this, Goel et al. (1971) constructed a Fokker-Planck formalism.
Becus (1980) cites May (1973) and Morton and Corrsin (1969) as other
papers pursuing a Fokker-Planck generalization.

The random equation approach is discussed next. Some attempts
have been made to study either the LV system or the Volterra predator-prey
equations with random rather than fixed parameters. Becus called this
the random equation approach. In the attempts he was familiar with, the
nonlinear models were linearized before work proceeded. Goel et al.
(1971, p. 95) let the %5 of the LV system be random variables. They
concluded that the stationary population distribution is Poisson if the
variation in the ". . . rate constants is not too rapid. If the variation
has an autocorrelation function of a delta function form as postulated
in the classical theory of Brownian motion, then the equilibrium distribu-
tion is not Poisson."

Becus (1980) recorded that Gard and Kannan (1976) used Ito equation

techniques with an LV system having logistic self term. That is,

dx, = X

1 (b

- by,X, - b X)) + °1(X1’X2)d”1(t)

1711 1272 1371

dXy = Xp(=by) + byoXy = byaXy) + 0,(X),X,)dWy(t)

with bij-3 0, F scalar functions and wi independent standard Brownian
motions. Apparently a similar stochastization of the LV system was not
attempted. The above system in deterministic form has a stable fixed
point.

Monte Carlo simulations have been attempted by a number of

researchers. Becus (1980) records that Barnett (1962), Barlett (1957),
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Leslie and Gower (1960) and Leslie (1958) have tried Monte Carlo simula-
tions of predator-prey systems.

One other paper of interest is by Leigh (1968). He examined a
stochastic LV-like system. Although he attempted to find reasonable
long-time averages, he linearized the system before starting his program
and picked the covariance rather than the period as an average of interest.
When he eventually studied the lynx-hare data, he obtained a twenty-five-
year period and concluded that the ten-year period of the data was not
due to the predator-prey interaction. This ends the discussion of stochas-

tic generalizations of the LV system.

3.5 Modern Approaches

3.5.1 The Work of Kerner

3.5.1.1 Introduction

Kerner (1957, 1959, 1961) approached the LV system from two view-
points. First, he analyzed the system from a differential equations
approach.  Second, he attempted an analogy to Gibbs' work to generate
and use the properties of a microcanonical and canonical ensemble. He
desired to have an ergodic theorem for functions defined on the trajectory
but was unable to obtain one.

3.5.1.2 Kerner's Approach to the System as a
Differential Equation

Kerner worked with the n-species predator-prey system. For the
purpose of this work, his analysis, where possible, will be expressed in

two variables. Recall that the equation of the LV system is
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1 _ . a
i U B L
(1)
dN2 o
G AP I L
He noted that the steady-state values q% were defined by
KIB1 - oq, = 0
(2)
4
-K282 + aqi = 0
He rewrote (1) as
g, dN
e i
LG L Bl
(3)
8, dN
2 72
N, g€ T Kofp * ol
Then he introduced KiBi from (2) and the new dependent variables
Ni Vs
v, = ]og-a? » Ny 2qre ', i=1,2
to obtain
V2
.o~ } 4
B = 2 (1-e”) vedy (4)
1
82v2 =-q (1 -e7)

He called (14, 12) phase space. He suggested that the points in phase
space be thought of as a fluid of density (ll’ 12) at point (Xl’ 12)

with velocity V = (21,.i2) at that point. Since fluid is neither created
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nor destroyed, the hydrodynamical equation of continuity must hold,

3(pv,)
. ap . - 9p 10 _
1.8., 'ﬁ"' div pV _3_t+ 12:1 3V =0
3(\7.)
. 3p 1 . 9p
i.e., =+ ) B +V, =— =0
ot i=1 avi i 3vi

But aQi/aQi = 0 for each i. That is, 91 is independent of v., i = 1,2.

Therefore, Liorville's theorem of conservation of density in phase holds:

ap
+lv, = =0
n v,

QJIQJ
cHo

Dp
0y
To construct the first integral, Kerner multiplied through the correct

q%(l-evi) in each case:

Vl V,i V2
Bvy 9(1 - e 7) = 0q195(1 - e )(1 - e )
v v v
2

) 21 -e

BV, qé(l -e = -aqiqé(l - e

Summing, he obtained

V.
i

2
izl Biqivi(e " -1) =0
Integration gives
2
- v.) = 1 G = constant.

He noted that each Gi has a minimum at v = 0 and Gi is concave up in

Gi' This completed his study of the differential equation.
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3.5.1.3 Kerner's Statistical Mechanics
of the LV System

Kerner desired an ensemble average over phase space, such as

§ = 4 of dr
Jo dt

where 1 is a volume element. He defined the microcanonical ensemble as

p = pOG(G-GO). By using the argument from Khinchin (1949) that

dr = dS dn = dS ngT

where dS is a surface element and dn reaches to the next surface, he
obtained for the n-species system
dS
. e f
: G0 |vG|

) ds
Ja,, ToeT

a surface integral over G

]

Go. For the LV system this is a line
integral over G = Go' He showed the ensemble average, Ns equals qé. He
further showed, by integration over time, that the time average of
1t .
Ng = glz T fo Ns(t) dt equals 9g-

Kerner very much wanted an ergodic theorem. He assumed therefore
that the time averages over a single system equaled the phase averages
over a suitable ensemble.

He proceeded to construct a canonical ensemble, by analogy, as

v - G,

P, = exp (—5—)

where 8 represented a thermodynamic temperature and ¢ the free energy of
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the system in thermodynamic equilibrium. That is, Kerner showed fhat
for the n-species LV model, where n is very large, the n-species space
partitions into large and small components. This allowed the transition
from microcanonical to canonical systems as Khinchin (1949) discussed.
While canonical formalism is of interest when a large number of species
are 1involved, say 108, it is not of interest for two species. In
addition, while different kinds of averages might not be of interest for
two speices, the trajectories for the two species would probably be of
great interest.

Continuing with his development for n-species, n large, Kerner

showed for each species that

p = a:r (Nr - q, )" = a;T I

In order to test his theory, Kerner (1959) found theoretical distri-
butions for various quantities with respect to the canonical ensemble.
Three quantities involved time. Those quantities were the mean below-
average time %: (i.e., the amount of time Ni spent below q%) and the

mean amplitude of oscillation above and below q;, denoted A_ and A_. In

addition, he considered

|2 ]
m-1p? =z L
q g
(n - 1) log n = (1) og (57)
and Tog n = log (=) -
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He had shown, for example, that

1 x XeX
TC

A =
l-T— x!

+

Kerner then used Labrador fox-catch data (Elton, 1942) for his test. He
took time averages of each quantity and calculated the distribution
value, x, which would generate those time averages. Over the six quanti-
ties in question he found the x's ranged from 1.71 to 2.10. He found
the uniformity of the x's "a little surprising.”

For a second test, Kerner generated the distribution for frequency
of crossing time of N relative to N=q. He was satisfied with the fit of
the data to the theoretical curve even though statistical errors were on
the order of 50%. Kerner did make the statement that his comparisons of
theory and observations were more a test of the probability law for the
canonical distribution than of the Volterra formalism. However, he felt
the second test was better since it "relies on the basic property of the

mechanics, that Vs is independent of Vi'"

3.5.2 Goel's Work

Goel et al. calculated the values of a great number of moments of
the Ni(t), for the three types of integrals, namely the Tong-time averages,
microcanonical, averages along the trajectory and canonical averages.
In particular, Goel et al. (1971, pp. 17-19) pointed out the following
property for the microcanonical ensemble average E(f) of any function f.

If
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P, P p p p p
ECN, IN, 2N "] - ECN, 11 EDN, °T ... EDN, "] (7)

then at most only one undefined parameter, ¢, appears and characterizes
the distribution. They showed that for the canonical ensemble average

{f} for any function f,

P1 . P2 Pol /. P1lf, P2 Pn
{Nl N, € o N }-{NI}NZ AN

Furthermore, only one undefined parameter, &, appears and characterizes
the distribution. They desired that (7) be true and further that ¢ be
equal to &. Therefore, they stated that it was necessary to investigate
whether the ergodic theorem was true for canonical ensemble averages.

Goel et al. (Chapter V) use the argument that since the microcanoni-

cal and canonical phase averages of (y.y.), i # j, i = 1,2, where y; =

17
Ni - q%, then the time average should be zero as well. In fact, they
demonstrate this in their appendices. However, when they consider
N, Ny -9y

§.(t) ==+ -15= —— for small oscillations

! 9 9
and

(= 6 (a18)% = v (D)

i = %il95 Yi \qr

i

then they show that the time average of
-y By
(xix3) = Lign )1 (13,)

is nonzero while the phase averages are still zero.
Toward the end of Chapter 5, Goel et al. make the statement, "Thus

if the number of species is large, the ergodic theorem is true, at least
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in the Tlinear approximation." It is not clear what such a statement
means because an ergodic theorem is a global property. It should be
noted that a straightforward way to calculate phase integrals is found
in equation (15) of Ridgeway (1977).

Goel et al. analyzed three- and four-species Volterra predator-prey
systems in depth. As was mentioned in section 3.4, they analyzed many

kinds of extensions in great detail.
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4. RIDGEWAY'S WORK

Ridgeway (1984) focuses attention on characterizing the exact
solution of the differential equations themselves. Tomake the two-species
LV equation a proper basis for empirical comparisons, he constructs a

parametrization of the family of trajectories, mod [initial time].

a
1" 2’ 'B—s
in the sense that any initial condition (Nl(O), N2(0)) generates a unique

The set (K., K %?u G) is a parametrization of the LV family

closed trajectory. Ridgeway constructs another parametrization (qi, qé,
I, I,

1> 2
over one or more complete periods. The I% = <(N

T). The q% are the two population means <N1> averaged in time
i - <Ni>)2> are the two
mean square oscillations. T is the common period of oscillation. Those
five quantities called observables have statistics easily calculated
Just as the original set of observables do not. The new parametrization
allows for no additional free parameters. That is, it obtains a unique
characterization of the trajectory.

Ridgeway returns the system to the phase-plane representation
(vl(t), vz(t)) because that was where the Lionville Theorem obtained.
He has already shown that solutions of the LV equation are closed,
analytic curves about origin enclosing a convex area in Vys ¥,-space
(Ridgeway, 1977). Ridgeway (1984) then defines two integrals in terms

of a parametrization of the arc length of the trajectory for any fixed

value G =-90’ namely

W(Go) = do, do,
(6 <6,]
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and

6, = §  TomsT T
(6 = G,)

He notes that, if the invariant function G is likened to the radius of
a circle representing the trajectory, then W and @ correspond to its
area and perimeter, respectively.

The trajectory in the phase plane representation has two properties:
(i) it is measure-preserving on the arc length and (ii) it has an ergodic
theorem. The latter means one can get q%, I% from "time average = phase
average"” since Ridgeway shows how to get phase averages (Ridgeway, 1977).
This fact is used throughout the analysis in working with q%, I%.

Ridgeway wants to be able to compare different types of predator-prey
systems. For example, it would be useful to compare different kinds of
organisms. It would also be useful to compare population data, generated
by sampling without replacement, such as trapping data. All types of
data should be moved onto the same footing. To make those kinds of
comparisons, scale-free quantities were needed. With that inmind Ridgeway
(1984) defines a quantity « (x = qui + qué). k carries the scale in
the sense that G/« and k@ are scale free as W already is.

Next, Ridgeway proves that G/, xQ and W are also observable. He

defines two working parameters which were scale-free observables,

and by symmetry
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1'q=7
I 1
and 5 i
9
il

Ridgeway then gives the numerical result:
¥ q e (0,1); 8 is a monotone decreasing function of Gk There-
fore, for any fixed values of q, 6, 6 inverts to fix G/
graphically (see Figures 4.1, 4.2, and 4.3).
By the equations of Appendix 9.1, the value of G/x fixes kQ,
and Wby numerical integration.
the observability qui’e =>observability of G/x, k@ and

W.

As advertized, Ridgeway showed that the equations could be written in

terms of observables, namely:

1_ W 2~ %
N_la'f__'T(IF)( ql )
1 dN a2 N, - g

2 _W "1 1 1
N, @ -1 i)

Finally, Ridgeway's results concerning the solutions can be summarized

in the following four statements.

(i) Any distinct set of positive values (qi, qé, Ii, Ié, T) yields

a unique trajectory.

(ii) Any distinct set q ¢ (0,1), qi, qé, T yields a unique trajec-
tory.
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Figure 4.1 Plot of W against G/x
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Figure 4.2 Plot of xQ against Gk
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Figure 4.3 Plot of 6 against G/«
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(iii) Trajectories in phase space are independent of T; moreover,

two trajectories

In terms of

N1 t

1 le

—
(=N

N

N2 t

2

g

is scale free and independent of period.

are identical iff they have the same values of q, 6.

reduced time t' = t/T, the LV equation

2
q, N, - q,
=W (Ti—) L1—1)

9

range of situations are possible.

Hence, comparisons of a broad
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5. METHODOLOGY

5.1 Introduction

The chapter on methodology conveniently divides into four parts.
The first part concerns the definition and calculation of the three
statistical periods used to generate the system period. The second part
discusses data problems which had to be resolved so that period calcula-
tions were not biased. The third part elaborates the calculation and
plotting of an LV trajectory in (vl,vz) space and in coordinates Ni(t),
i=1,2. The final part addresses three auxiliary questions which arose

during this work.

5.2 The Period Calculation

5.2.1 Introduction

This section deals with the calculation of a period from data.
Five methods of calculation were considered by this author. These will
be described in turn. Of these five, three were selected for use. The
median of the three for the predator data (respectively, the prey data)
was denoted T

(respectively, T ). The average, TS = B(T

pred prey pred ¥

Tprey) was called the system period. This was the statistic used to
calculate the spacing for data against the curves Ni(t), i=1,2.

Kendall (1946) considered four kinds of statistical period:
(1) mean distance (e.g., peak to peak), (ii) harmonic (a simpler form of

the present-day periodogram period), (iii) correlogram (analogous to an

autocorrelation period) and (iv) autoregressive. A fifth kind of
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statistical period can be generated from the spectrum, a spectral period
(see Finerty, 1980). Of those five definitions the first three were the
basis for the statistical periods of this study. The reasons for not

using the fourth and fifth period are now discussed.

5.2.2 The Autoregressive Period

Kendall suggested that, if data satisfy a second order autoregres-

sive time series model which is stationary and normal, i.e.,

Mgep FBupyy P hu = ey,
with

0<bs<l and e N0, ?)

then under the condition a2 - 4b < 0, oscillations will occur. Further-
more, an autoregressive period can be calculated. This type of period
is certainly of interest because of the number of times that AR and ARMA
models have been used on lynx and on mink-muskrat data (see section
2.2). As was noted, in none of those discussions was any attempt made
to calculate a period. If the model is not quadratic or 1is in two
variables, definition of a period becomes much harder. This type of

period is not considered further.

5.2.3 The Spectral Period

The fifth definition of period is based on the spectrum of the
data. As was already mentioned (section 2.2), the spectrum was used by
Williamson (1975) to analyze "four-year-cycle” data and by Finerty (1980)
to analyze "ten-year-cycle" data. Finerty (1980, p. 23) pointed out
that
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If the periodogram is allowed to be a continuous [rather
than discrete] function defined at all frequencies 0 <f<f,
we have the sample spectrum g

= 2 2
Sxx(f) = %N(af + bf) .

It is of fundamental importance that the sample spectrum can be
shown to be the Fourier transform of the estimated autocovariance
function

Sex(f) = 28[c  + 2 kzl ¢, cos 2ma fk]

0<f< where A is the sampling interval].

N =
>

Finerty (1982, p. 25) continues:

Neither the periodogram (Hannan, 1960) nor the spectral
estimator C,,(f) (Jenkins and Watts, 1968) is a consistent estima-
tor, since Zﬁx both cases as N increases the variance approaches
a constant value rather than zero, so that both estimators are
subject to violent fluctuations about their theoretical values.
To reduce this variance, it is necessary to smooth the sample
spectrum. This is done by splitting the original series into M
subseries of length N/M and calculating the sample spectrum of
each subseries at each frequency. The mean for all M subseries
at each frequency gives the smoothed spectral estimate (C,,) at
that frequency. This is mathematically equivalent to ca]cu%gting
the spectral estimate by weighting the autocorrelation estimates
with a series of weights Ak such that

N-1
C;72(F) = 2a(c  + 2 kzl A € cos 2mfka)

0<f <k

Intuitively, this seems a reasonable process since as k increases,
the precision of c, decreases (because the series on which the
calculation is based becomes shorter) and A, is designed to give
less weight to values of ¢, as k increseg. The set of A s
called a spectral window; tﬁe "width" of the spectral windok is
determined by the length of the M subseries. In a sense the
spectral window plays the role of a noise filter: the wider the
window, the more noise passes through. But caution must be
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exercised to avoid making a window too narrow because in order
to separate two frequencies at fl and fz, the window width must
be of the order 1/(f1 - fz).
Finerty (1980) also said, "The spectrum reveals the extent to which a
series is tuned to fundamental rhythms, allowing one to see the relative
contribution of different frequencies. The spectrum might be viewed as
a weighting factor arguing for or against periodicity in a given serijes."

Finerty also pointed out that M was proportional to the inverse of
the bandwidth of the window, where the window is the smoothing function
for the spectrum. As M increases, the variance of the spectral estimator
increases. As M decreases, the bias, that is the difference between the
theoretical spectrum and the spectral estimate, increases. Finerty (p.
26) pointed out that, "For an optimal spectrum it is desirable to have
the highest fidelity (smallest bias) and stability (smallest variance).
As each of these can be achieved only at the expense of the other, a
compromise is necessary."

The author did not attempt to use a spectral period for a number
of reasons. First, the search for a "correct window" and the balance
between fidelity and stability seems to be somewhat of an art. Second,
no technique was suggested by Finerty (for example) for finding the
frequency associated with the local maximum of the estimated spectrum,
However, Dr. Dickey (private communication, 1984) suggested using a
numerically generated first derivative test. Finally, as Finerty pointed
out, autocorrelation represents analysis in the time domain while the
power spectrum represents analysis in the frequency domain. He suggested

that the interested reader consult Chatfield (1980). Because the







