ABSTRACT

VALDEZ-JASSO, DANIELA. Modeling and Identification of Vascular Biomechanical
Properties in Large Arteries. (Under the direction of Dr. Mette S. Olufsen and Dr.
Mansoor A. Haider.)

In this thesis we focus on developing and evaluating constitutive models of large
arteries that describe the dynamic response of cross-sectional vessel area induced
by time-varying blood pressure. Using a Kelvin (linear) viscoelastic model and two
nonlinear viscoelastic models (an arctangent and a sigmoid), we use an inverse math-
ematical modeling approach to determine vessel distention as a function of pressure.
Each model contains a set of parameters that relate to the mechanical properties of
the vessel wall. We apply the models to ex vivo and in vivo data from a total of
21 male Merino sheep as well as ten human subjects. The data are obtained from
two anatomical locations, including the thoracic descending aorta and the carotid
artery. Sensitivity and statistical analyses are used to compare model predictions,
and to choose from the set of candidate models the one that best captures the dy-
namics present in the experimental data while providing physiologically reasonable
parameter estimates.

The thesis is motived by two hypotheses: (1) viscoelastic models accounting for
linear and nonlinear elastic responses can accurately predict pressure-area dynamics
observed in systemic arteries under ex vivo and in vivo experimental conditions,
and (2) biomechanical properties of the vasculature can be characterized via model
parameter estimates according to anatomical location and experimental conditions
(ex vivo and in vivo).

Our results show that vascular viscoelasticity is an important feature to include
to accurately describe arterial distention. Without incorporating viscoelasticity, our
models fail to represent the characteristic pressure-area loops observed experimentally.
Vessels closer to the heart (the aorta) show a prominent nonlinearity in their pressure-
area dynamics, compared to those located more peripherally (the carotid artery). This

nonlinearity necessitates the use of nonlinear models to capture dynamics displayed



by the proximal, elastic arteries, while dynamics displayed by the peripheral vessels
are better captured using a linear viscoelastic model.

The parameter estimates for the two anatomical locations in general exhibit sta-
tistically significantly differences, and reflect known physiological differences between
anatomical location and experimental conditions. For example, the estimation algo-
rithm consistently produces smaller values for the zero-pressure radius of the carotid
artery than for the thoracic descending aorta, and parameters characterizing vessel
properties show that vessels ex vivo are stiffer than in vivo.

Through the optimal parameter estimates, these models capture the experimental
data efficiently and provide insights into the biomechanical properties of the arterial
wall. A better understanding of these biomechanical properties provides important
insights into arterial vascular biology under normal healthy and pathological condi-
tions. Such insights can be used to aid in vascular graft design and implementation,
improve tracking of disease progression, and be incorporated into fluid-dynamic sim-

ulations of arterial fluid-structure interaction.
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Chapter 1

Introduction

1.1 Motivation

The vascular biology of arteries has attracted much attention over the past decades,
primarily due to the tremendous rise in the incidence of cardiovascular diseases in the
industrialized world. An important area of vascular physiology relates to the investi-
gation of the macroscopic biomechanical properties of arteries, which aims to describe
and quantify the tissue’s response to the cyclic stress imposed by the time-varying
blood pressure. Studying the biomechanical properties of arteries is an important
step towards understanding disease processes, which, in turn, might lead to improved
diagnoses and better means for early intervention.

Mathematical models, when coupled to parameter estimation techniques, can pro-
vide an important tool for interrogating vascular biology and deriving, possibly nonin-
vasively, values for important biomechanical parameters of the vasculature. The work
presented in this dissertation is motivated by our desire to contribute toward better
screening technologies based on the application of mathematical models to problems

in biology, physiology, and clinical medicine.



1.2 Hypotheses

Two central hypotheses guide the work discussed in this thesis:

Hypothesis 1 Viscoelastic models that account for linear and nonlinear elastic re-
sponses can accurately predict pressure-area dynamics observed in systemic

arteries under ex vivo and in vivo experimental conditions.

Hypothesis 2 Biomechanical properties of the vasculature can be characterized via
model parameter estimates according to anatomical location and experimental

conditions (ex vivo and in vivo).

As described in more detail in the following section, these hypotheses motivate a
logical sequence of steps, consisting of experimental data acquisition, model develop-

ment, parameter estimation, and statistical analyses.

1.3 Thesis outline

Chapter 2 presents an overview of the structural and functional properties of
the cardiovascular system. In particular, it focuses on describing the biomechanical
differences of arteries at different locations and provide a review of the biological
constituents responsible for the structure-function relationship.

Chapter 3 describes the experimental procedures used by the Hemodynamics Lab-
oratory at the University of The Republic in Montevideo, Uruguay, to acquire the
experimental data used in this document. The data include time series for blood
pressure and cross-sectional diameter from the thoracic descending aorta and carotid
artery in male Merino sheep under ex vivo and in vivo experimental conditions. In
addition, we have obtained in vivo pressure and cross-sectional area data from the
carotid arteries of human subjects.

Chapter 4 presents the mathematical models employed to predict the vascular

wall cross-sectional area changes as a function of time-varying blood pressure. The



models are developed within the framework of Fung’s quasilinear viscoelasticity the-
ory, in which the static relationship of the vessel’s elastic response is convolved with
a transient viscoelastic component to describe the coupled dynamic response of the
system. The static relationships can be specified as linear or nonlinear. For the elastic
response, three models are considered in conjunction with a transient creep function
that consists of an exponentially decaying weighting applied to past blood pressure
data.

Chapter 5 describes the inverse problem that allows estimation of model param-
eters from experimental data. Along with the minimization algorithm, this chapter
presents statistical, sensitivity, and covariance analyses, as well as a model selection
criterion. The latter is used to evaluate different aspects of the parameter estimation
problem.

The results from our data analysis are presented in Chapter 6. This chapter
presents parameter estimates for each location followed by results from the model
analyses. In addition to presenting the results for each anatomical location individ-
ually for each model, estimation results are compared between the two anatomical
locations.

Along with a summary and discussion of our work and contributions to the field,

Chapter 7 includes suggestions for further research in this field.



Chapter 2
Cardiovascular Physiology

This chapter presents an overview of the structure and function of the cardio-
vascular system. Section 2.1 discusses the functional cardiovascular anatomy, while
Section 2.2 focuses on the functional vascular histology. At the end of Section 2.2, a
brief outline of vascular diseases that affect the structural and functional composition

of the vessel wall is presented.

2.1 Cardiovascular anatomy

The cardiovascular system is a closed-loop system comprised of the heart and the
blood vessels, whose primary function is the delivery of nutrients to the tissues and the
removal of metabolic waste products. The heart consists of two minor chambers (the
right and left atria) that receive blood from the periphery, and two major chambers
(the right and left ventricles) that pump blood into the periphery. The vasculature
is subdivided into the pulmonary and the systemic circulation. Figure 2.1 shows the
series arrangement of the systemic and pulmonary circuits and the closed-loop nature
of the cardiovascular system.

In the systemic circulation, oxygenated blood (shown in red in Figure 2.1) is
ejected by the left ventricle into the systemic arteries and then transported at high

pressure towards the capillaries. Along the arterial tree, the mean blood pressure



gradually falls so that exchange of gases and nutrients can occur at the capillary
level. The systemic veins then carry the deoxygenated blood (represented in blue)
back to the right atrium. From the right atrium, the blood enters the right ventricle
and is ejected into the pulmonary arteries that transport the deoxygenated blood
to the pulmonary microcirculation where oxygen uptake takes place. The freshly
oxygenated blood returns to the heart via the pulmonary veins, entering the left

atrium and, ultimately, the left ventricle.

Bronchial

Coronary

Splenic

Low-Pressure System
High-Pressure System

Portal
Mesenteric

Tubular Glomerular

Figure 2.1: Representation of the cardiovascular system. Vessels colored in red carry oxygenated
blood while blue vessels carry deoxygenated blood. RA: right atrium; RV: right ventricle; LA: left
atrium; LV: left ventricle; PV: portal vein. Adapted and reproduced with permission from [51].
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Figure 2.2: Changes in blood pressure along the vascular system. Adapted and reproduced with
permission [51].

The circulation consists of the arterial system, the venous system, and the micro-
circulation. The large vessels include arteries and veins, and the small vessels include
the arterioles, venules, and the capillaries. The vessel radii range from 1 to 2 cm for
the aorta and vena cava to about 50 pum for the capillaries. The main function of the
arterial system is to conduct blood flow to the microcirculation (conduit function)
and to convert pulsatile flow to quasi steady blood flow (buffering function). The
arteries therefore maintain the highest blood pressure. The blood-pressure drop that
gradually occurs due to the increased resistance to flow prevents downstream vessels,
particularly those in the microcirculation, from rupturing.

The microcirculation consists of a large number of small vessels such as the arteri-
oles, capillaries, and venules. The capillaries are the site where exchange of nutrients
and metabolic waste products occur. The arterioles and venules are the immediate
pre- and post-capillary vessels, respectively. The arterioles are the site of the largest
pressure drop (see Figure 2.2), and are therefore considered resistance vessels. The
venules are exposed to low pressure levels and are considered high capacitance vessels

because they contain 60-70% of the blood volume in the systemic circulation. Finally,
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Figure 2.3: Histological slices displaying a cross-section of the arterial wall from ovine thoracic
descending aorta (left) and carotid artery (right). The vessels were stained with orcein using the
Cajal-Gallengo method, which allows discrimination of the three main wall components that de-
termine the arterial biomechanical behavior: smooth muscle cells (yellow), elastin (dark red), and
collagen (blue). Note that the thoracic aorta has a higher proportion of elastin and collagen fibers
(= 59%) than the carotid artery (= 39%), while the carotid has more smooth muscle cells (~ 61%)
than the thoracic descending aorta (~ 41%). Images made available by Dr. Bia, University of The
Republic, Uruguay.

the venous system is composed of veins and the vena cavas, which are considered pas-
sive conduits for blood to return to the heart.

Overall, vessels in the systemic and pulmonary circuits show similar microstruc-
ture. The main difference between the two is that vessels in the pulmonary system
maintain a lower pressure than their systemic counterparts. In this study, we focus on
the mechanics of the systemic arteries. Thus, no further discussion of the pulmonary

circuit or systemic veins will be considered.

2.2 The vascular wall

Microscopically, as shown in Figure 2.3, it is possible to distinguish three concen-
tric layers in the vascular wall: the tunica intima, the tunica media, and the tunica

adventitia. The tunica intima is the innermost layer consisting of a single sheet of



endothelial cells that stands in direct contact with blood and acts as a selective bar-
rier. As shown in Figure 2.3, the intimal layer is very thin compared to the other
two layers. The tunica intima is therefore generally considered to contribute little to
the mechanical properties of the vessel wall. This layer is important for regulation of
blood flow since it acts as a sensor for shear stress (myogenic control), though this
property of the tunica intima bears little consequence for the passive pressure-area
dynamics that is the focus of this document.

The tunica media is the middle layer and the largest of the three. It is primarily
composed of smooth muscle cells that are believed to be oriented in a helical for-
mation. The smooth muscle cells are embedded in an extracellular matrix largely
consisting of elastin and collagen fibers. Finally, the tunica adventitia is the outer-
most layer, composed mainly of a network of collagen fibers, that act as a support
structure to prevent the over-expansion and rupture of the vessel.

As shown in Figure 2.4, the wall composition varies according to location; the
elastin and collagen content decreases gradually from the aorta to the arterioles,
while the amount of smooth muscle content increases towards the periphery [16].
Furthermore, as shown in Figure 2.3 when comparing the histological slices of the
cross-sections of carotid artery (right panel in Figure 2.3) and thoracic descending
aorta (left panel in Figure 2.3), we notice how the arterial wall composition changes
between the two locations: large amounts of smooth muscle cells and collagen are
present in the carotid artery, whereas in the thoracic aorta the arterial wall is mainly
composed of elastin.

The changing microstructure of the arteries allows their further classification into
elastic and muscular arteries. Arteries proximal to the heart (or arteries larger in
diameter) are classified as elastic arteries due to their relatively high elastin content;
arteries situated more peripherally (or arteries smaller in diameter) are known as
muscular arteries because of their dominant presence of smooth muscle cells and
comparatively smaller elastin and collagen content. The distinction between these
two type of arteries is structural and functional. During cardiac ejection, the stroke

volume distends the elastic arteries and thus largely converts the kinetic energy of
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Figure 2.4: Relative composition changes along the vascular tree. Scheme of blood vessels accord-
ing to the presence of oxygenated blood (on top row) and deoxygenated blood on the second row.
The presence of endothelial cells, elastin fibers, smooth muscle cells, and collagen fibers vary among
the diameter size of the blood vessels. Adapted and reproduced from [51].

the moving blood into potential energy of vascular distention. During diastole, the
recoil of the vessel wall ensures blood flow into the periphery even though the heart is
relaxed. This storage function of the elastic arteries is due to the presence of elastin
fibers in the tunica media. As the blood flows into the periphery, the mean pressure
gradually drops due to the increasing vascular resistance along the arterial tree, which
is mainly due to the smaller vessel lumen and the increasing amount of smooth muscle
cells in the tunica media. As the blood reaches the arterioles, the mean pressure drops

precipitously due to the high resistance of pre-capillary sphincter muscles. This allows
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the blood pressure to drop to levels in which capillary fluid and nutrient exchange

become possible through the porous tunica media of the microcirculation.

2.3 Microscopic biomechanics of the vascular wall

The biomechanical behavior of the blood vessels are determined by the physical
properties of the individual wall constituents (mostly elastin, collagen, and smooth
muscle), and their relative content. All three constituents contribute to the passive
vascular wall tension [16]. As shown in Figure 2.5 (top), elastin behaves as a linear
spring that allows the arteries to resume their shape after stretching or contracting.
Elastin is the constituent that enables the blood vessels to distend significantly. It
allows the arteries to store energy following a mechanical load. In contrast, collagen
is a protein that behaves as a nonlinear spring. As opposed to elastin, collagen is a
spring that initially has slack, and is not under significant tension during physiological
conditions [16]. As depicted in Figure 2.5, below a certain threshold, collagen responds
to strain with little induced stress. However, after a limit is reached, it becomes very
stiff when stretched further, thus giving the vessel its elastic limit and its nonlinear
stress-strain relation.

Smooth muscle is the constituent that is mainly responsible for the active tension
of the vascular wall. The smooth muscle cells allows the blood vessels to constrict
and dilate and therefore locally regulate blood flow [59]. The role of smooth muscle
is illustrated elegantly in Figure 2.6, in which the passive and passive-plus-active
vascular wall radius-tension relations are shown. The passive vascular wall tension,
shown in the figure as elastin & collagen, is due to elastin and collagen only, since
the smooth muscle cells were poisoned with potassium cyanide in this experiment.
Elastin and collagen develop negligible tension below a relative length of 1.0. Above
this threshold, the tension developed becomes highly nonlinear, essentially imposing a
limit of 1.2 in the relative length. The passive-plus-active tension, shown in the figure
as elastin, collagen, & smooth muscle, resulted from an experiment in which an artery

was stimulated with norepinephrine. This sympathetic neurotransmitter increases the
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Figure 2.5: Elastin and collagen length-tension relations. The spring analog (left) as well as the
length-tension relation (right) of elastin fibers (top), collagen (middle), and both elastin and collagen
acting in parallel (bottom) are depicted. From Alan C. Burton, Physiological Reviews, 1954, Am
Physiol Soc, used with permission [20].

cellular concentration of calcium, thus stimulating the smooth muscles to contract.
We note how the presence of smooth muscle increases the stiffness at low relative
lengths. The nonlinear limit at high relative lengths remains largely unaffected by
the presence of stimulated smooth muscle. The experiment shown in Figure 2.6 was
exclusively developed to explore the role of smooth muscle in the steady-state length-
tension relationship. Under dynamic loading conditions, smooth muscle imparts a
further characteristic on the overall vascular biomechanical behavior, namely that of
viscoelasticity [13]. The term viscoelasticity will be made mathematically precise in
Chapter 4. Here, the term viscoelasticity denotes a dependence of a material’s strain
on the history of its stress (rather than just the instantaneous stress).

It is important to emphasize that we do not know the contractile state of the
smooth muscle in the experimental data used for our model analysis. In addition, the
experiments were not repeated at different levels of smooth muscle cell stimulation, so
we could not assess to what extent the active or passive state of the vascular segment

influences our parameter estimates. Furthermore, as pointed out in Chapter 3, control
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Figure 2.6: Vascular wall length-tension relation due to the presence of elastin, collagen, and
smooth muscle. The solid line (filled circles) represents the passive tension; the solid line (open
triangles) represents the passive-plus-active tension. Figure reproduced from [38] with permission.

of the circulation has been eliminated in most of our experimental conditions. Thus
we model and interrogate the uncontrolled state of large arteries in cyclic quasi-
steady-state. Since the experimental conditions were maintained the same across all
animals, irrespective of the contractile state of the smooth muscle, we can expect it
not to have changed much during a particular experiment or from one experiment to
another.

In summary, elastin, collagen, and smooth muscle provide the vessel wall with
functionally and biomechanically distinct properties that can generally lead to com-
plex microscopic biomechanical behavior both in normal healthy conditions or vascu-

lar disease states (as highlighted in the following section).
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2.3.1 Vascular pathology

During the natural process of aging and in the presence of cardiovascular diseases,
such as hypertension and atherosclerosis, structural changes in the vasculature occur
that affect the functionality of the vessel wall and thus impact the function of the
entire cardiovascular system. Here we will mention just a few examples and briefly
outline how they lead to changes in the structure and function of the arteries. For fur-

ther detail, we refer the reader to Chapter 8 of Vascular Disorders by Humphrey [46].

Aging. Although aging is not a pathology, it does have significant impact on the
cardiovascular system. Within the vascular wall, aging manifests itself as an increase

in collagen and a decrease in elastin fibers. These changes initially affect the elastic
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Figure 2.7: Arterial radius-tension relation for different age groups. Data published in [16].
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arteries [59]. The shift in collagen and elastin in the arterial wall content causes
the large elastic arteries to become stiffer and lose part of their ability to distend
and store energy during systole. The buffering and conducting function of the large
arteries are most affected by these changes. In Figure 2.7, a series of radius-tension
relations show how the arteries’ distensibility is decreased.

Hypertension. Hypertension is a very common cardiovascular disease in which the
arterial blood pressure is chronically elevated. High blood pressure is a risk factor
for a multitude of cardiovascular problems, including heart attack and stroke. The
causes for high blood pressure are not fully understood. One characteristic of hy-
pertension is an increased number of smooth muscle cells in the tunica media in the
vessel wall, resulting in thickening of the vessel wall [59]. Furthermore, chronically
elevated blood pressure leads to an increased load on the heart, which, in turn, also

leads to remodeling of its smooth muscle cells.

Atherosclerosis. Atherosclerosis is a local vascular disorder in which the formation
of fatty plaques in the inner lining of the arterial wall affects the structure and thus
function of the blood vessels. The development of fatty plaques is usually related to
high cholesterol levels in the blood as well as high blood pressure. As described by
Humphrey [46], this disease alters the tunica intima in that the intimal layer shows
marked proliferation and protrusion into the vascular lumen. Especially in small ves-
sels (coronary circulation), this “clogging” of the arteries significantly affects blood

flow and impairs oxygen delivery to the tissues downstream.

Given that many of the causes of cardiovascular diseases are not well understood,
it is our goal that the work presented in this document, in which healthy arteries are
studied, can contribute to a better understanding of the changes in vessel structure

and function during vascular diseases.
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2.3.2 Concluding remarks

Given the elaborate organization of the vascular wall described above, we would
expect the vascular biomechanical response to an induced stress to be quite complex,
possibly exhibiting linear, nonlinear, and viscoelastic features. On the basis of the mi-
croscopic biomechanical properties of elastin, collagen, and smooth muscle, one could
hypothesize that a vascular wall made up primarily of elastin, for example, would
have a mostly linear stress-strain relation. Similarly, one might hypothesize that large
amounts of collagen and smooth muscle cells give rise to nonlinear and viscoelastic
biomechanical behaviors, respectively. However, since all three wall components co-
exist, such a simplistic extrapolation from microscopic to macroscopic behavior may
have limitations.

In Chapter 4, we will introduce a series of physiologically based mathematical
models that will help us characterize the stress-strain responses of ovine and human

arteries from two locations in the arterial tree.
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Chapter 3
Experimental Methods

The experimental data used for this study have been provided by Dr. Daniel
Bia and his group at the Hemodynamics Vascular Laboratory in the Department of
Physiology of the Medical School at the University of The Republic in Mondevideo,
Uruguay. As outlined in Sections 3.1 and 3.2, the experimental data include time-
series measurements of arterial diameter and blood pressure. Measurements were
made at the level of the thoracic descending aorta and the carotid artery under in vivo
and ex vivo experimental conditions using sheep and human vessels. The experiments
performed in ovine arteries are described in Section 3.1, and the experiments in human
vessels are described in Section 3.2. Histological studies on ovine vessels are reported

in Section 3.3, and Section 3.4 describes data pre-processing.

3.1 Ovine data

Experiments performed in ovine arteries conformed to the European Convention
for the Protection of Vertebrate Animals used for Experimental and other Scientific
Purposes (Council of Europe No. 123, Strasbourg 1985). Animal data collected
include in vivo and ex vivo pressure and diameter measurements from the thoracic

descending aorta and the carotid artery from a total of 21 male Merino Sheep.
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3.1.1 In vivo studies

Ten healthy male Merino sheep, weighting 29 + 2 kg and aged 12 months, were
included in this study. For these sheep, blood pressure and external vessel diameter
were measured simultaneously at a sampling frequency of 500 Hz at the level of the
thoracic descending aorta. The experiments were performed under general anesthesia,
which was induced with sodium thiopental (20 mg/kg intravenous) and maintained
with 1% halothane delivered through a Bain tube connected to a ventilator.

A pressure micro-transducer (Millar Mikro-tip, SPC 370 7F) was inserted through
the femoral artery and placed at the level of the abdominal aorta to monitor arterial
pressure. A solid-state pressure micro-transducer (Model P2.5, Konigsberg Instru-
ments, Inc., Pasadena, CA, USA), previously calibrated using a mercury manometer,
was inserted in the thoracic descending aorta through a small incision. To measure
the external diameter of the thoracic descending aorta, two miniature piezoelectric
crystal transducers (5 MHz, 2 mm in diameter) were sutured on opposite sides into
the aortic adventitia during open-chest surgery. After instrumentation, the chest was
closed, but no attempt was made to restore a negative pleural pressure. The external

aortic diameter signal was calibrated in millimeters using the 1 mm step calibration

Carotid Artery
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Figure 3.1: Diagram of the large arteries. Measurements are from thoracic descending aorta (TDA)
and carotid artery (CA). Image made available by Dr. Bia, University of The Republic, Uruguay.
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option of the sonomicrometer (model 120, Triton Technology, San Diego, CA). The
transit time of the ultrasonic signal (velocity 1,580 m/s) was converted into distance
(diameter).

After each in vivo experimental session, the animals were sacrificed with an intra-
venous overdose of pentobarbital followed by potassium chloride. The correct position
of the ultrasonic crystals was confirmed at necropsy. At the end of each experiment,
a 6 cm (measured in vivo) arterial segment, was obtained, weighed, and submitted

for histological analysis.

3.1.2 Ex vivo studies

Eleven healthy male Merino sheep of similar weight and ages to those studied
in vivo were used in the ex vivo experiments. For these sheep, blood pressure and
external vessel diameter were measured simultaneously at a sampling frequency of
200 Hz at the level of the thoracic descending aorta and the carotid artery.

During artery harvesting, general anesthesia was induced and maintained with
sodium thiopental (20 mg/kg, intravenous). All animals had mechanical respiratory
assistance, and respiratory parameters were maintained within physiological limits.
The thoracic aorta and carotid artery were exposed, preserving the perivascular adi-
pose tissue. In both vessels, a solid-state pressure micro-transducer (Model P2.5,
Konigsberg Instruments, Inc., Pasadena, CA, USA) was inserted through a small
arterial-wall incision. Two miniature piezoelectric crystal transducers (5 MHz, 2 mm
in diameter) were sutured on opposite sides into the adventitia in order to measure
the external diameters. Pressure and diameter calibration procedures were similar to
those performed in the in vivo experiments. Two suture stitches were used to mark
a 6 cm arterial segment, accurately measured with calipers. After sensor position-
ing, the pressure and diameter signals were visualized on the monitor of a personal
computer.

The animals were sacrificed with an intravenous overdose of sodium thiopental

followed by potassium chloride, and the selected vessel segment was excised and non-
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traumatically mounted at the in vivo length in an ex vivo set-up (mock circulation), as
shown in Figure 3.2. This set-up has previously been used by the group in Uruguay [5].
After being placed in the specimen chamber, each arterial segment was allowed to
equilibrate for 10 minutes under cyclic flow conditions, at a rate of 110 beats/min,
and maintaining a mean pressure of approximately 85 mmHg. Flow stability was
monitored with an ultrasonic flow-meter (Transonic Systems). During the ex vivo
experiments each arterial segment was kept immersed and perfused with thermally
regulated (37°C) and oxygenated Tyrodes solution (pH 7.4). After the equilibration
period, pressure and diameter signals were recorded at a sampling frequency of 200 Hz.
The mock circulation reproduced the in vivo wave morphology, enabling adequate
isobaric, isoflow, and isofrequency analysis. At the end of the experimental session,
the segments were weighed and submitted to the histology laboratory.

The population averaged values of important hemodynamic and histological vari-

ables for the ex vivo experimental conditions are summarized in Table 3.1.
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Figure 3.2: Circulatory mock including a pneumatic pump, a perfusion line connected to the
chamber holding the vessel segment, a resistance modulator (R) and a reservoir. The chamber was
filled with thermally controlled Tyrodes solution. The pressure (P) was measured with a micro-
transducer, and the diameter (D) was measured with a pair of ultrasonic crystals controlled by a
sonomicrometer.
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Table 3.1: Sample-averaged maximum and minimum pressures and radii, ex vivo (post-exised)
lengths, axial stress coefficients, and wall-thickness of ovine thoracic descending aorta (TDA) and
carotid artery (CA).

Location  min/max min/max ex vivo stretch wall
pressure radius length ratio thickness
mmHg cm cm mm

TDA 60/141 £4 0.94/1.04 £0.02 4.9+0.5 1.244+0.13 1.10+0.04

CA 63/140 +2 0.41/0.41 £0.03 4.4+0.3 1.37+0.12 0.38+0.01

3.2 Human data

The in vivo diameter and pressure time series of the human carotid artery were
measured in ten healthy subjects (age: 4045 years; 5 male and 5 female subjects, body
mass index: 23.3+1.5 kg/m?) !. All patients signed an informed consent. For these
subjects, blood pressure and external vessel diameter were measured sequentially.
One period of blood pressure and vessel diameter was extracted and time aligned
using the ECG (sampling frequency of 500 Hz) as a reference. The ultrasonic and
tonometric noninvasive investigation was performed in a room dedicated to human
vascular noninvasive evaluation. All measurements were taken after 15 minutes of
recumbent rest. Arterial measurements were performed by Drs. Bia and Zodcalo, who
are specifically trained in noninvasive vascular studies.

Echographic studies were performed with a real-time B-mode ultrasound imager
(7.5-MHz probe; Portable Ultrasound System, Aloka-SSD210, Aloka Ltd., Tokyo,
Japan), as shown in Figure 3.3. The left human common carotid artery diameter
and wall thickness were examined in transverse and sagittal projections to verify
the existence of walls without alterations. After that, the sound beam was adjusted
perpendicular to the arterial surface of the far wall of the vessel, 3 cm proximal to
the bifurcation of the common carotid, to obtain two parallel echogenic lines corre-
sponding to the lumen-intima and media-adventitia interfaces. Once the two parallel
echogenic lines of the far wall were clearly visible on the monitor, along at least 1 cm

of the segment to measure, a fixed image (end-diastolic electrocardiogram triggering)

'Body mass index is computed as the body weight (kg) divided by the height (m) squared.
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to assess intima-media thickness and a sequence of images to determine the instan-
taneous waveform of arterial diameter were acquired. The image analysis involved
automatic detection of the anterior and posterior wall interfaces. This procedure was
previously employed and validated against the sonomicrometric technique [35].

The pressure waveforms were recorded with an applanation tonometer (Sphygmo-
cor, AtCor Medical Inc., USA) at the same site as the diameter wave immediately
after the echographic recording. Mean and diastolic brachial pressures, assessed by
sphygmomanometry, were used to calibrate the carotid pressure waveform. The blood
pressure was recorded immediately prior to every tonometric recording. The instan-
taneous pressure waveforms were digitized at a frequency of 200 Hz. The brachial
pressure waveform was calibrated using the respective systolic and diastolic values
assessed by sphygmomanometry. The human common carotid artery pressure wave-
form was calibrated by assigning the brachial diastolic value to the minimum human
common carotid artery value, and the mean brachial waveform value to the human
common carotid artery average value. Since the pressure and diameter waveforms
were recorded with different devices, the recorded data was resampled and interpo-
lated to obtain sample values at the same time points. The pressure and diameter
waveforms were time aligned with reference to the QRS complex of the electrocar-
diogram. It was assumed that the mean pressure does not change in large conduit
arteries and that diastolic pressure (as opposed to systolic pressure) does not substan-
tially differ between the brachial and the carotid artery. A surface electrocardiogram

was acquired and stored together with the diameter and pressure signals.

3.3 Histological studies

The ovine arterial segments were submitted for histological analysis. The vascular
specimens were fixed by immersion in 10% formaldehyde and embedded in paraffin to
obtain 7 pum transverse sections perpendicular to the longitudinal axis of the vessel.
Specimens were deparaffinated and hydrated, and finally stained with the Cajal-

Gallego method, which differentially stains muscle cells (yellow-green), elastin (dark
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Figure 3.3: Data acquisition for the in vivo experiment in human subjects. Noninvasive measure-
ments of blood pressure and arterial diameter at the level of the carotid artery were obtained via
applanation tonometry (left) and a B-model echographic images (right), respectively. The pressure-
diameter relation is then used to study the viscoelastic properties of the vessel. Image made available
by Dr. Bia, University of The Republic, Uruguay.
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ELASTINE SMOOTHMUSCLE COLLAGEN TOTAL

Figure 3.4: Histological slices of the cross-section of the thoracic descending aorta of ovine vessels.
From left to right, the presence of elastin, smooth muscle, collagen, and total cross-section of the
vessel are illustrated. On the bottom row, the natural appearance of the vessel is depicted whereas on
the top row, the vessel is depicted with artificial dyes. Image made available by Dr. Bia, University
of The Republic, Uruguay.

red) and collagen (blue). Histological images were digitized on a square frame (630
x 1024 pixels) with an optical microscope at magnification of 400. To quantify the
relative amount of each component, a procedure previously proposed by Kawasaki
et al. [48] was used. In brief, after eliminating the pixels that do not correspond
to vascular tissues, the elastin, collagen and smooth muscle relative contents were
determined as the ratio of the number of pixels that were stained dark red (elastin),
blue (collagen) and yellow-green (smooth muscle), respectively, to the total number
of pixels for each image, as shown in Figures 3.5 and 3.4. In Table 3.2, the summary
statistics of smooth muscle, elastin, and collagen are given for the ovine thoracic

descending aorta and carotid artery.
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ELASTINE

Figure 3.5: Histological cross-sectional slices of the ovine carotid artery. From left
to right, the presence of elastin, smooth muscle, collagen, and total cross-section of
the vessel are illustrated. On the bottom row, the natural appearance of the vessel
is depicted whereas on the top row, the vessel is depicted with artificial dyes. Image
made available by Dr. Bia, University of The Republic, Uruguay.

Table 3.2: Summary statistics of smooth muscle, elastin, and collagen in the ovine
thoracic descending aorta (TDA) and carotid artery (CA). Data reproduced from
Zécalo [70].

TDA CA

Smooth muscle (%) 46.43 +4.05 49.69 + 3.56
Elastin (%) A7.52 £ 8.76  34.46 + 2.50
Collagen (%) 5.61 £5.10 15.82+£1.63
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3.4 Data pre-pocessing

All measurements include time series of blood pressure p; and arterial wall diame-
ter d;. However, in the models employed the objective was to investigate the dynamics
of the cross-sectional area as a function of arterial blood pressure. Consequently, the

vessel diameter is used to predict cross-sectional area using

di\?
aj:7r<5j) .

The sampling frequency across data sets was not consistent. To ensure that the
models are applied consistently to the experimental data, and in an effort to reduce
computational cost, a pre-processing step was added to ensure that all data sets were
resampled at 200 Hz. In addition, the length of the measured cross-sectional area a;
and pressure p; data vary among animals/subjects and among experimental condi-
tions: in the human experiments, we only have recordings for a single cardiac cycle,
whereas the ex vivo ovine data can last for up to 20 cardiac cycles (see Figure 3.4).
We generally restricted our analysis to a few cycles for each, which mean that in the
human data, we had to replicate cycles whereas in some of sheep data, we allowed

ourselves to exclude cycles from the analysis.
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Figure 3.6: Representative examples of experimental data used for model analysis. The left column
depicts ex vivo data while the right column shows in vivo data. For both columns, the top two panels

depict data from thoracic descending aorta, while the bottom two panels show data from the carotid
artery.
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Chapter 4

Models of the Vascular Wall

This chapter presents the mathematical models used to predict the cross-sectional
area distention of the vessel wall induced by time-varying blood pressure. Section 4.1
gives a literature review of vascular wall models. Section 4.2 gives a brief overview of
our modeling approach, followed by a description of elastic models in Section 4.3. Sec-
tion 4.4 extends the elastic models to include viscoelasticity, using Fung’s quasilinear

viscoelasticity theory, to derive dynamic strain-stress relationships.

4.1 Literature review

As discussed in Chapter 2, the vascular wall is a heterogeneous soft tissue that ex-
hibits complex biomechanical behavior primarily due to its three major constituents:
elastin, collagen, and smooth muscle. In addition, as shown in Figure 2.4, the rela-
tive composition of these constituents changes along the vascular tree and depends on
whether the vessel is in an active state of deformation/relaxation or in steady state
(Figure 2.6). These physiological properties form the basis for developing models that
can describe a stress-strain relationship, also known as constitutive models. However,
because of the complexity of vascular biomechanics, assumptions or simplifications
must be made.

Two main philosophies underly most constitutive models of vascular biomechan-
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ics. One modeling approach acknowledges that the vascular wall is spatially het-
erogeneous, yet idealizes the vessel wall as a homogeneous material when stress is
induced [65]. Such models ignore the spatial heterogeneity and essentially lump to-
gether the response of the wall’s constituents [32, 65]. Another approach is to model
the vascular wall as a heterogeneous soft tissue, in which the constitutive models
account for histologically derived, spatially varying microstructure. This second ap-
proach generally originates from in vitro or specimen-based studies in which model
parameters can be directly correlated with histological constituents. Constitutive
models that account for the mechanical response and functional adaptation of individ-
ual wall constituents are commonly studied under the framework of pseudo-elasticity
theory in which the soft tissues are treated as one hyperelastic material during load-
ing, and as a different hyperelastic material during unloading [42, 65]. Ultimately,
the modeling approach is driven by the specific behavior of the vessel of interest to
the investigator and by the resolution of the available data for model development or
parameter identification.

To characterize the nonlinear elastic properties of the vascular vessels, most groups
use a strain-energy function of the exponential type originally proposed by Fung et
al. [32] and later used by Holzapfel [44] and Humphrey [2, 46]. The goal of this ap-
proach is to develop detailed structural models of the vessel wall, in which the consti-
tutive relations are layer specific [43, 44] or are constituent specific [46]. The detailed
studies of the microscopic mechanics of each arterial wall layer by Humphrey [45]
and Holzapfel et al. [41, 42] have shown that the tunica intima is responsible for
some of the local biophysical control mechanisms, but does not contribute signifi-
cantly to the passive arterial wall mechanics. In contrast, the tunica media plays the
most important role in determining overall mechanical properties of the vessels under
physiological flow conditions. The wall thickness is typically measured as the intima-
media thickness, and for the large arteries it is typically less than 10% of the vessel
diameter [23, 34, 53]. Moreover, such models also incorporate information about a
stress and strain-free initial state of the vessel by measuring the opening angle that

arises once the cylindrical tube is cut through the depth of the vessel wall at a single
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peripheral location, thus eliminating residual stresses [42]. Alford et al., Humphrey,
and Zhang et al. [2, 46, 69] for instance model the vessel as an incompressible and
thick-wall artery and formulate their model in terms of Cauchy stress. In their work,
they are mainly interested in the unloaded and loaded states of the vessel and in
quantifying the material properties, such as elastic modulus of the vessel in those
states. In particular, for tissue remodeling, Alford, Chen, Holzapfel, Humphrey, and
Vorp all address the importance of the orientation of the constituents of the vessel
wall [2, 25, 43, 46, 66]. Others have developed nonlinear elastic models, such as
Langewouters et al. [50], Demiray and Vito [29], Holenstein et al. [40] and Tardy et
al. [58], in which arterial wall deformations are studied via induced fluid pressure.
The modeling goal is to quantify the macroscopic vascular wall properties with the
intent of incorporating them into fluid dynamics models. By studying lumen disten-
tion as a function of blood pressure, vessel deformation preserves the coupled nature
of mechanical loading [47].

In addition to describing the nonlinear elastic deformation of the arterial wall, a
dynamic component must be added to the modeling of the vessels in order to account
for the cyclic nature of the distention-pressure relationship throughout the cardiac
cycle. The viscoelastic behavior of the vessels, a behavior attributed mainly to smooth
muscle, is usually described by mechanical analog models composed of springs and
dashpots. The simplest linear viscoelastic models are the Maxwell, Voigt, and Kelvin
models (see Figure 4.1) [32]. The Maxwell model can be represented by a mechanical
unit in which a dashpot and a spring act in series (Figure 4.1, left). The Maxwell
model by itself is a viscoelastic model, commonly used for fluid models (as opposed
to solids). This model is often generalized by adding a number of Maxwell elements
in parallel to account for responses at different frequencies (see, e.g., Holzapfel [44]).
The Voigt model can be represented by a spring and dashpot arranged in parallel
(Figure 4.1, middle). This viscoelastic model is commonly used due to its simplicity.
One key advantage of the Voigt model is its formulation of pressure as a function
of cross-sectional area. It can thus be directly incorporated into most fluid-dynamic

simulation tools. Groups using the Voigt model to describe viscoelasticity of arterial-
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Figure 4.1: Mechanical representations of the Maxwell model (left), the Voigt model (middle),
and the Kelvin model (right).

wall deformation include Bia et al. [13, 14, 15|, Armentano et al. [4, 5], Viola et
al. [64], Podoltsev et al. [55], Canic et al. [21, 22|, Pedrizzetti [54] and Balocco et
al. [6]. The Kelvin model is a combination of a Maxwell model element acting in
parallel with a spring (Figure 4.1, right; also see Section 4.4 for further details). This
model is used on its own by Berglund et al., Bessems et al., Orosz et al., Podoltsev
et al. [11, 12, 52, 55] or replicated in series to represent the sum of a wide range of
relaxation frequencies [32, 63].

A formulation widely used to characterize the viscoelastic mechanics of blood
vessels is the quasilinear viscoelasticity theory (QLV) proposed by Fung and later
modified by Holenstein et al. and Zhang et al. [32, 40, 68, 69]. In large part, the
success of the QLV theory in this context is based on its ability to tailor both the
viscoelastic relaxation (or creep) function related to the frequency spectrum of the
tissue and the elastic stress-strain response to observed mechanical responses for the
specific soft tissue of interest. The separability of the deformation function (or elastic
response) from the dynamical aspect (the viscoelasticity component) is beneficial for
computational purposes and for tailoring the model to the experiment. The Fung-
type continuous spectrum relaxation function [32] has seen wide usage due to its
consistency with the relatively rate-insensitive response of many soft tissues to dy-
namical mechanical loading over a range of frequencies (see, e.g., [56, 57, 68, 69]).
However, numerical evaluation of the associated continuous-spectrum integral can
be tedious and, consequently, a common remedy is to re-approximate the relaxation
function using a few terms of an exponential series or a model with a finite number
of relaxation terms that in the limit approaches a model with a continous relaxation

spectrum [8, 9, 10].
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While the general goal of these studies lies in the better understanding of the
biomechanical properties of the vascular wall, the modeling approaches differ in their
emphasis on studying the macroscopic behavior in order to understand overall vessel
deformation or in developing detailed constitutive models for the vessel wall mi-
crostructure. In our modeling approach, we are interested in studying the overall
arterial-wall distention via analysis of changes in vessel cross-sectional area under
controlled pressure conditions and, thereby, infer biomechanical properties of the ves-

sel wall.

4.2 Modeling approach

The aim of our modeling approach is to describe the cross-sectional distention as
a function of blood pressure, and thereby to characterize the vascular biomechanical
properties. The response of the vessel wall induced by time-varying blood pressure is
modeled as that of a homogeneous and isotropic material. Therefore, the heterogene-
ity of the vessel wall due to its constituents is averaged and deformation is assumed
to occur uniformly in all directions. In this approach, the artery is idealized as a
thin-walled tube, tethered and under continuous tension. Our modeling approach
aims at inferring the biomechanical properties of the vessel wall distention from the
coupled pressure-area relationship. Thus, the structural components of the arterial
wall are not distinguished but are embedded in the blood pressure and cross-sectional
area measurement signals. The zero-stress state of the vessel as the cross-sectional
area (Ap) is referred to as the lumen of a vessel segment at zero transmural pressure
(Ag = mrd). Tt should be noted that the zero-stress state of the vessel can be mea-
sured under ex vivo experimental conditions, however this is not the case under in
vivo conditions.

When the vessel lumen is pressurized, the pressure p inside the vessel is balanced
by increased circumferential stress o (force per unit area) in the vessel wall. This
chapter discusses how we model the vessel distention due to time-varying blood pres-

sure. Specifically, the developed mathematical models represent vascular physiology
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Figure 4.2: Diagram of the modeling approach used to describe wall distention € in an artery due
to variations in blood pressure p.

in a (spatially) aggregated manner. Since physiological control of the circulation has
been eliminated in most of the experimental conditions analyzed here, we model and
interrogate the uncontrolled state of large arteries in cyclic quasi-steady-state.

The diagram in Figure 4.2 depicts the modeling approach. The relationship be-
tween vessel distention and blood pressure is developed by first looking at static linear
and nonlinear elastic models. To incorporate the dynamical aspect of vessel disten-
tion, a linear time-invariant function is added via the quasilinear viscoelastic theory
framework.

Section 4.3 describes the elastic stress-strain constitutive equations of the vessel for
static distention, and then develop extended viscoelastic models, in which the vessel
distention is dynamic. Referring to the diagram in Figure 4.2, Section 4.3 focuses
on studying the static relationship of the vessel wall via linear and nonlinear elastic
models and Section 4.4 describes viscoelastic models that incorporate dynamics into

the elastic models presented in Section 4.3.

4.3 Elastic models

The static elastic models studied here can be classified as linear or nonlinear.
First, a linear elastic model will be presented from which it will be derived a measure

of strain used henceforth.
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4.3.1 Linear model

Under equilibrium conditions, Laplace’s law relates the circumferential stress ogg
in the vessel wall to the fluid pressure p and the geometry of the vessel [16, 33]. The
law can be derived by assuming a cylindrical vessel with radius r to be sliced in half
axially along its length [, and by considering the opposing forces acting on the vessel.
In equilibrium the opposing forces must balance each other. As shown in Figure
4.3, the outward force, F, tward, acting on the upper half of the vessel is the product
of pressure (p) and the projected area (2rl) of the cylindrical wall (F,uwara = 2pI7).
The inward force, Fj,uqrq, pulling the two halves together is due to the circumferential
stress ogg acting along the vessel wall (Fj,uara = 2099lh; the factor of 2 arises from

the two walls in the cross-section). Thus, in equilibrium

Foutward = Enward
2plr = 2099lh

pr = oggh.

Therefore, the circumferential stress in the vessel wall is given by

7
Opp — % (41)

The circumferential strain egg describes the fractional circumferential distention of

the arterial wall and is defined as

2mr — 27rg

€0 = —(H -
271y

S — (4.2)

)
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where 7y is the initial state of the cross-sectional vessel radius 7, corresponding to
ZEro pressure.

Under the assumption that the vessel is a linear isotropic elastic material, the
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Figure 4.3: A diagram of the forces acting on a vessel under static equilibrium conditions. The
force Fyytward is the force due to blood pressure that acts on the interior of the vessel, and the force
Finwarq is the force acting along the wall. p is blood pressure, r is the radius; h is the wall thickness;
[ is the length of the vessel; and oy is the circumferential stress. Figure adapted from [51].

circumferential stress and strain can be related according to

Opp — VOpp — VO 4,
cpp = {0 VO ZV02), (13

where o, is the normal stress in the radial direction, o, is the normal stress in the
longitudinal direction, v is Poisson’s ratio, and E is Young’s (elastic) modulus [34].
The modeling objective is to mimic blood vessels under in vivo conditions, in which
the vessels are tethered. This allows us to neglect deformations in the axial direction.
Consequently, the stress in the longitudinal direction becomes zero, o,, = 0. In
addition, the arterial wall is assumed to be thin [32], hence the stress in the radial
direction is significantly smaller than the stress in the circumferential direction, i.e.,

0. K agg. Therefore, the stress-strain relation (4.3) is approximated as

g
€ — % (44>

Substituting ogy and €py into (4.4), using (4.1) and (4.2) respectively, a stress-strain
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relation is obtained in terms of the vessel geometry of the form

r—ro prl
To N hE’

which can be re-arranged to yield

r—T7To . To
r ~ Eh
LT _ 7o
ro Ehp

/AQ . To

Thus, the new formulation of strain becomes

e—1— @:’I"—’T’Q

A r (1—¢€)%

(4.6)

where € gives a measure of relative change in the cross-sectional area A. Equation (4.5)
states that for an elastic vessel the strain is linearly related to stress. This can be
considered a Hookean spring, in which the mechanical body deforms in proportion to

the force applied,
To

EZE—hp

(4.7)

Using these expressions, the static linear elastic model (4.5) can be written in terms

of cross-sectional area as

Ao
(1- &p)*

Relation (4.8) is shown graphically in Figure 4.4 when plotted within the physiological

Alp) = (4.8)

blood pressure range. The parameters describing the static linear elastic model are
0 = {ro, E,h}, where Ay = mr2. Since the parameters F and h only appear as the
product Eh, they are combined and treated as one independent material parameter.

Therefore, the parameter set § comprises {rq, Eh}.
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Figure 4.4: Cross-sectional area as a function of blood pressure using the static linear elastic
model (4.8). Figure obtained using thoracic descending aorta and parameters identified from Sheep
9 under ex vivo experimental conditions (see Chapter 6).

4.3.2 Nonlinear models

To account for the well-known stiffening of the vessel wall as deformation increases
with increasing blood pressure, we consider two (empirical) static nonlinear elastic
models. The first nonlinear model is the one proposed by Langewouters et al. [50],
which is an empirical model derived from human aortic segments measured ex vivo.
The authors described the cross-sectional vessel area as a function of pressure using

an arctangent function

Alp) = A, (% + %tan_l (p ;lpo)) , (4.9)

where A,, represents the maximal cross-sectional area, po is the pressure at maxi-

mum slope, and p; represents the steepness of rise of the curve or half-width pres-
sure. The parameters describing the arctangent nonlinear elastic model (4.9) are
0 = {A,.,po,p1}. The shape of the arctangent function is evident when the area is
plotted against pressure as shown in Figure 4.5.

Motivated by the nonlinear area-pressure response, we also propose to study a
sigmoid function as a static nonlinear elastic model that accounts for saturation in

the vessel wall deformation at both high and low pressures. Specifically, we propose
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Figure 4.5: Cross-sectional area as a function of blood pressure. The dots represent the measured
data. Reprinted from the Journal of Biomechanics, vol. 17. G. J. Langewouters, K. H. Wesseling,
W. J. A. Goedhard. The static elastic properties of 45 human thoracic and 20 abdominal aortas in
vitro and the parameters of a new model. p. 428, 1984, with permission from Elsevier.

the following pressure-area relationship:

(A = Ag)p"

A(p) = Ao + oF

: (4.10)

where A,, and A are the maximal and zero-pressure cross-sectional areas of the vessel,
respectively, a is the characteristic pressure at which the vessel starts to saturate,
and k is the steepness of rise of the sigmoid curve, representing the stiffness in the
lumen distention due to changes in pressure. The parameters describing the sigmoid
nonlinear elastic model (4.10) are 0 = {4,,, Ao, o, k}.

Up to this point, three elastic models have been introduced that describe vessel
wall deformation due to blood pressure in a static manner. Equations (4.7), (4.9),
and (4.10) correspond to the first box of the diagram in Figure 4.2. Section 4.4
incorporates a dynamic component to each one of these models, addressing the second

box in the diagram in Figure 4.2.
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Figure 4.6: Cross-sectional area as a function of blood pressure using the static sigmoid elastic
model (4.10). Figure obtained using thoracic descending aorta and parameters identified from Sheep
9 under ex vivo experimental conditions (see Chapter 6).

4.4 Viscoelastic models

In an elastic material, there is no energy loss as a consequence of deformation. A
material that exhibits both elastic and viscous (dissipative) characteristics when un-
dergoing deformation is termed a viscoelastic material. In terms of stress and strain,
viscoelasticity is a property in which strain depends on the history of stress (or vice
versa). Viscoelasticity therefore results in materials with memory. Viscoelastic ma-
terials exhibit three primary features: creep, stress relaxation, and hysteresis. Creep
describes a material in continuous deformation over time when it is maintained under
constant stress, as shown in Figure 4.7 (left column). Stress relaxation describes the
decrease of stress over time in a viscoelastic material when it is maintained under
constant strain, as shown in Figure 4.7 (right column). Hysteresis refers to the dis-
sipation of energy when a material undergoes cyclic loading and unloading. When
stress is plotted as a function of strain, the trajectory traces out a loop, with the area
enclosed representing the energy loss per cycle. A comparison of the stress-strain
relations for an elastic and a viscoelastic material is shown in Figure 4.8.

In the next section, a linear viscoelastic model is first considered. Then Fung’s

quasilinear viscoelasticity theory is introduced and used to formulate two extensions
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Figure 4.7: Tlustration of creep (left panel) and stress relaxation (right panel). Both stress o and
strain € are plotted as functions of time. Creep can be considered the material’s strain response to
a step-change in stress; stress relaxation is the material’s stress response to a step-change in strain.

4

stress o
stress o

strain € strain ¢

Figure 4.8: Tllustration of hysteresis. In the left panel, an elastic material has a linear stress-strain
relation. No energy is lost in system. In the right panel, a viscoelastic material forms a loop when
stress o is plotted as a function of strain €. The enclosed area represents the dissipation of energy
in this system per cycle.
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u

Figure 4.9: Kelvin viscoelastic model illustrated using a mechanical body with a linear combination
of two Hookean elastic springs and a dashpot. k; and ks are the spring constants, 77 is the damping
coefficient of the dashpot, and u is the displacement due to the loading force F'.

of the original viscoelastic model within the context of this theory.

4.4.1 A linear viscoelastic model

Viscoelastic models are often represented via mechanical analogs composed of
springs (elastic elements) and dashpots (dissipative elements). The springs are the
components that produce deformation proportional to the load, and the dashpots are
the components that produce a velocity proportional to the load at any instant. The
simplest viscoelastic model that captures the effects of creep, stress relaxation, and

hysteresis is the well-known Kelvin or standard linear viscoelastic model [32].

Kelvin viscoelastic model

The Kelvin viscoelastic model is a mechanical model that consists of two elastic
elements and one dissipative element (see Figure 4.9). The dissipative element and
one elastic element act in series, and this collective unit acts in parallel with the
second elastic element, as shown in Figure 4.9.

The system of equations (4.11)-(4.16) describes the relationships between the load-
ing forces F' and displacement u acting on the springs and dashpot. Equations (4.11)-
(4.13) are the constitutive relations whereas (4.14)-(4.16) are constraints and conser-

vation laws. The linear springs obey Hooke’s law with spring coefficients k; and ks;
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the damping coefficient of the dasphpot is 7;.

F® = gl (4.11)
FY = paf® (4.12)
FY = ku (4.13)
uw = ul? 4+l (4.14)
F = FY+4F (4.15)
F® = F9 (4.16)

Relating the equations above we can formulate the Kelvin model. From Equa-
tions (4.11), (4.13), and (4.15), the effects of the springs in terms of force and dis-

placement can be described as

s s F ok
F:k‘lug)—l—k‘gu = ug) :k—l—k—iu. (4.17)

Solving for uf) in Equation (4.11), and using Equations (4.12), (4.14), and (4.16),

respectively, the spring and dashpot displacements can be written as

(s) (d)
@ _ B BT @ m(s) 418
ul kl kl kl ul kl (u ul ) ( . )

Combining Equations (4.17) and (4.18) by equating them, we obtain

Kyt + 1 (1 + —2) i = F+ P, (4.19)
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Grouping the constant terms in (4.19) gives

M ko
S/
= ( * k:l)

’7‘ — ﬂ
2 o
W = ks, (4.20)

allows the Kelvin model to be expressed as
b= — (F + F) (4.21)
U+ TU = T: .
1 W 2 )

where 7, represents the relaxation time for constant stress, 7, is the relaxation time
for constant strain, and W is called the material modulus. In the above formula-
tion (4.21), the displacement u can be thought of as vessel distention € and the force
F' can be considered equivalent to blood pressure p. Under the assumption of the ves-
sel behaving as a linear elastic thin-walled tube, we replace the material modulus W
by Eh/rg. Recall from Equation (4.7) that ro/Eh plays the role of a spring constant
in the elastic model. Hence, the Kelvin model (4.21) describing vessel deformation

becomes

de 70 dp Ay
E(t) +Tl£ = ﬁ (p—I—TQ%) s E(t) = (1 — m) s (422)

where A(t) is the cross-sectional area of the vessel and Ay = 7r is the zero-pressure
area. The material parameters are the zero-pressure radius ry, the vessel wall thick-
ness h, elastic (stiffness) modulus F, and the viscoelastic relaxation times 7 and 7.
As for the linear elastic model (4.7), the product Eh is regarded as one independent
material parameter. Hence, the four independent parameters that describe the Kelvin
viscoelastic model are 8 = {ry, Fh, 7, 72}.

As can be seen from (4.20), 71 = 7»(1 + k1/k2), which implies that the relaxation
times have to satisfy the inequality 7 > 7 > 0, or the equality 7, = 75 = 0. In the
case when the relaxation times 7 and 7, are set to zero, the Kelvin viscoelastic model

(4.22) reduces to the linear elastic model (4.7).
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Equation (4.22) relates blood pressure p to strain € and their respective first order
derivatives via vessel wall material properties. However, such a formulation requires
the differentiation of both strain and pressure. In addition, the differential form of the
Kelvin model does not provide a clear framework for further extension of the model.
Therefore, the Kelvin model can be rewritten in an equivalent hereditary integral
form, which allows prediction of arterial wall deformation using blood pressure p as
an input and thus avoid numerical differentiation of the pressure data. Furthermore,
the integral form of the Kelvin model allows further extension of the model as will be
shown in Section 4.4.2.

The integral form of (4.22) is obtained by multiplying Equation (4.22) by an

integrating factor and integrating from some arbitrary time ¢, to the current time t.

de 1 ro 1 d
t/71 il — ot/m_ 0 ap
(dt * Tf(t)) Ehn (p+ th)
1 _ om0l dp
g (&) Ehn (p MEFT

td t rog 1 dp
— (e e(y)) dy = / 67/71——< +7’—)d
/tody( (1)) dy W Ehn \PT Py )

¢ 1 dp
t t/Tl o t to/T1 — / '\//7—1 To d

1 [t ro 1 ¢ dp
£ = e(ta)e—t—to)/n . 0 =N/ gy 4 20 / —=N/M 224y (4.23
e(t) = e(to)e i ), € pdyt gy ] e o, (423)

Using integration by parts on the last term of (4.23)

t dp 1 t
/ 6—(lf—~r)/ﬁ@agfy - 6_(t_w/ﬁp(7)‘io _ _/ p(fy)e—(t—w)/n dry
to

Tl tO

1 t
p / e Mp(y)dy,

= plt) =~ plto)e™ O —
7_1 to



44

results in the integral form of the Kelvin model

() = (e<to> ~ B <to>) N ) / eV () d,

(4.24)
Thus in the Kelvin model formulation (4.24), strain at any given time ¢ is described
in terms of the initial and instantaneous response of the vessel in addition to a term
capturing the history of the pressure. The latter is represented by the integral of
the weighted pressure data up to the current time. Note that in the context of our
application, time ¢, is associated with an intermediate state of vessel deformation, as
opposed to a zero-strain state. While a zero-strain state can be achieved ex vivo, our
modeling approach aims to mimic in vivo conditions, in which it is not possible to
achieve a zero-strain state.

In the next section, we introduce the quasilinear viscoelastic theory and propose
an extension of the Kelvin model in which additional relaxation time scales are in-
corporated. Furthermore, within this framework we extend our viscoelastic models
by considering a formulation in which the static distention of the vessel wall can be
specified to be linear or nonlinear (using the models presented in Section 4.3), and

the time-invariant dynamics can have any number of relaxation terms.

4.4.2 Quasilinear viscoelasticity

The quasilinear viscoelasticity (QLV) theory was proposed by Y.C. Fung [32].
The QLV framework allows the generalization of viscoelastic models through the
convolution of a static elastic deformation response with time-invariant dynamics.

The QLV formulation of viscoelastic models relates strain to stress according to

¢ ds®
e(t) = / K(t - w%d% (4.25)

—o0 Y
where strain € at any given time ¢ depends on the cumulative history of the material’s

rate of deformation d/dt s [p(t)]. In this formulation, K (¢) is commonly referred to



45

as the (reduced) creep function and s®[p] as the inverse elastic response. While the
lower limit of integration in (4.25) is not representing a specific time, it states that
the strain history begins before any motion takes place.

Using the QLV framework (4.25), we first determine the corresponding creep func-
tion and the inverse elastic response for the Kelvin viscoelastic model. Second, we
present an extension of the Kelvin model in which additional relaxation time scales
represent the diverse viscoelastic mechanical response of the constituent soft tissue
material of the vessel wall. Finally, a more general formulation of viscoelastic models
is presented that allows readily adaption of both the reduced creep function and the

inverse elastic response.

Kelvin viscoelastic model in the QLV form
In order to represent the integral form of the Kelvin model in the QLV formu-
lation (4.25), the second term (first integral) of (4.23) is expressed in terms of its

pressure derivative such that

t e e t e dp
/ e M p(y) dy = Tip(y)e” ML —/ e ¢ Wﬁ—dmdv
to to ”Y

t
d
= np(t) —Tlp(t(])e—(t—to)/ﬁ —ﬁ/ e—(t—»,)/nmdv.
to dry

Therefore, the Kelvin model in terms of the pressure derivative is

t
€(t) = elto)e M 4 TOp(t) — p(tg)e im0 / =i 20

EnP\Y T ERP Eh |, dy
L [ ) g
EhT Jy dry
t
_ _ T ~(—to)/m 4 1O o [T L2 —yn P0Y)
(e(to) Ehp(t0)> e + Ehp(t)+ Eh/to < 1+ 7_1) e - dry.
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From the Fundamental Theorem of Calculus,

| 2y = pte) =it (@27

Equation (4.26) can be further simplified to

() = (elto) = gplt)) 77O+ Top(ta) +

t
To T — T2 _(4_ d
2 1— L 2 t=/m ) n(~)dA. 4.2
zh to( m— dvp(v) Y (4.28)

From (4.28), the corresponding inverse elastic response and creep function in the
QLV form (4.25) can be determined by setting the lower limit of integration to —oo
and letting p(—oo0) = 0 in (4.27). The latter applies since —oo represents the time

before any motion takes place or pressure is applied. Thus (4.28) reduces to

t
_ B Nl UV S )
e(t) / (1 . ) 7 (Ehp(v)) dr,

— 00

and the elastic response and creep functions are, respectively,

i K(t)=1-1"2¢tn, (4.29)

@y = -2

Now that we have determined the corresponding functions for the QLV formula-
tion we can develop extensions of the Kelvin model in which multiple relaxation terms
in the creep function K (t) can be included to represent the different mechanical re-
sponses of the vessel wall. Furthermore, changes can also be made to the formulation

by modifying the elastic response function.

Extended Kelvin viscoelastic model
In order to extend the Kelvin model to account for additional viscoelastic relax-
ation times within the confines of the small strain assumption, the first relation in

(4.29) will remain the same, while the function K (¢) and the terms outside the inte-
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gral in (4.28) will be modified. In addition, let ¢y = 0 be the intermediate time such
that (4.28) has the form of

To

e(t) = (6(0) _To (0)> etm 4+ 10 p0) 4+ 12 /t 1= yn ) L (7)d
En? e T ER n dy P
(4.30)
To extend the Kelvin model, we introduce a new creep function G(t) that involves

two independent relaxation times by writing
Gt)=1~- Are b — Aje 2 Ay Ay >0 and by, by >0

and an auxiliary function L(t) given by L(t) = Bje™*" + Bye~*/%2. The proposed

extended model is given by

(1) = (c0) = 55p(0)) L)+ 50) + 5 [ Gt =)L

Continuity of €(¢) in the limit ¢ — 07 yields the relation
7o 7o
(0) = (€(0) = £-p(0)) (Bi + B2) + —-p(0).
This expression gives rise to the constraint

Bl—|—B2:1 or Bgzl—Bl.

Thus, the extended model simplifies to

,
(t) = (e0) = 5-p(0)) (Bre™™ + (1= By)e™) +
t
o o —(t— —(t— dp
9 9 1 — Ae= M/ g o= t=1/b2] ZE g, 4.31
0+ g [ 11— e e L. (w31

We note that this model reduces to the Kelvin model for the special case of

T — T2

B =1 A = , Ay =0, by =71, and by arbitrary. (4.32)

T1
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Since 71 and 7, are time constants for the relaxation terms, and are thus restricted
to be positive constants with 7 < 7y, A; is constrained to take a value between 0
and 1, i.e., 0 < A; < 1. In the case in which A; = 0, 7y has to be equal to 7.
As described by Haider [36] for the Kelvin model, the equality only holds true when
both relaxation times are equal to zero. In this limiting case, the model reduces to
a purely elastic model. In the case when A; = 1, 7, must equal zero. In this case,
m = 0 or k; — oo in (4.20). n; = 0 implies that there is no dissipation effect and,
consequently, no hysteresis in the stress-strain relationship. On the other hand, if
the spring constant k; acting in series with the dashpot in Figure 4.9 is infinite, it
essentially behaves as a rigid body. This reduces the mechanical body to a spring
acting in parallel with a dashpot, or the Voigt viscoelastic model [32].

The extended multiple-term relaxation model can therefore be viewed as an ex-
tension of the Kelvin model to permit multiple relaxation times by, bs, ..., that can
be used to improve the approximation to either the Fung QLV kernel model or the
internal strain variable approach of [8, 9, 10|, each of which permit a spectrum of
relaxation times in generalized viscoelastic formulations. The parameters describing

the extended two-term viscoelastic model are 0 = {ro, Eh, Ay, Ay, By, b1, bs}.

General formulation for viscoelastic models
To consolidate the models presented up to this point (elastic models, Kelvin and
extended Kelvin models) in a common framework, we consider a more general formu-

lation of the QLV theory. Consider the QLV formulation (4.25), and let the elastic

response be defined starting at a positive time ty so that

§9p@)] if t>t
s [p(t)] =
0 if t< to

then
s [p(t)] = 5 p(t)|H (t — to)

where H(t) is the Heaviside step function. When substituted into (4.25), the strain
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function can be written as

) = [ K= GObIHG) b

= / K(t - %H (v) + 5 p(7)] dgy)) dy

- [ wi- w%ﬂ””mwdv v [ K-8 e,
o Ry R e

= /t : K(t— v)%ﬁmdv + K(t —t)s'9[p(to)). (4.33)

Integrating (4.33) by parts, we can write the QLV integral formulation with an initial
response starting at an intermediate time ¢, where the elastic response s [p] is not

differentiated.

! 5@ . B
/t K(t - 7)%3(”]@ = K(t —7)s® ML, +/t (@) [p(V)]de

= KOS lp(0)] - K (e~ ) lp(e] + [ 5] P
Thus (4.33) reduces to
() = KOs p(0)] + [ i)y (1.3)

The advantage of this new formulation (4.34) is the separability of the elastic re-
sponse and the creep function. Referring back to Figure 4.2, the static relationship
of the wall deformation will be determined by the elastic models presented in Sec-
tion 4.3, and we specify the creep function with any number of relaxation times that

we would like to incorporate in our models by using the following general form of the
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inverse creep function with n terms as
K(t)y=1-Y Ae", (4.35)
i=1

where A; is the amplitude associated with the relaxation time b; or frequency 1/b;.
Note that for n = 2, the foregoing reduces to the extended Kelvin viscoelastic model.

To write Equations (4.7), (4.9), and (4.10) in the elastic response s [p(t)], the
strain measure (4.6) is used. Since the formulation of strain used came from the linear
elastic model (4.7), the elastic response will be the right hand side of Equation (4.7).
For the nonlinear models, there is an extra step involved. The elastic response of

the arctangent model proposed by Langewouters et al. (4.9) can be determined as

follows.
-
e = 1-— A <%+%tan_1 (0;00))
A (15 b (52))
e = 1- (52 ton (32)) . (4.36)
VG )

Similarly, the elastic response of the sigmoid model (4.10) can be obtained as

follows.

A(p=0)

e = 1—

A(p)
1 Ao

€ — —
Ag + 7“2;: _i;ok)pk
A k k

e = 1_ ) AolatEp) (4.37)

Agak + A, pF



51

Table 4.1: Summary of models used for data analysis within the framework of the QLV theory.
For the creep function K (t), we have chosen to use only one relaxation term.

Models s(e)[p] K(t) 0
. T _
Kelvin E—(;Lp 1— Aje /b ro, £h, Ay, by

Arctangent 1 — Ao, po, 1, A1, b1

Slngld 1-— 1-— Aleit/bl AQ,Am,Oé,k,Al,bl

To compute the cross-sectional area of a vessel as a function of blood pressure, we
specify the vessel’s static relationship to be linear (4.29) or nonlinear (4.36), (4.37)
with a linear time-invariant dynamic of up to n relaxation terms to calculate strain
via (4.35), which then relates cross-sectional area using (4.6), as shown below in
(4.38). A summary of models with the respective set of parameters 6 is shown in
Table 4.1. Note that the models studied here only include one viscoelastic relaxation

time, though a larger number of relaxation terms can be considered.

e(t) = <1 - zAie-t/bf> (o] + 35 [ Sple Iy (438)

Ay
(1—e(®)*

In summary, by using the framework of the quasilinear viscoelasticity theory,

A(t) =

the type of static pressure-area relationship can be independently prescribed to de-
scribe the vessel wall distention and, motivated by the experimental data, a range
of relaxation times can be easily incorporated to predict the pressure-area dynam-
ics. According to the location of the blood vessel, a linear or nonlinear static elastic
response relation may be more appropriate. If data is collected at more than one fre-
quency, then incorporation of more relaxation terms via the general QLV formulation

or the extended two-term Kelvin viscoelastic model may be necessary to accurately



reproduce the experimentally measured responses (see [60] for further details).
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Chapter 5

Parameter Estimation and

Statistical Analysis

This chapter discusses mathematical and statistical aspects of the parameter es-
timation problem for the mathematical models presented in Chapter 4. We first
describe the nominal parameter values, followed by the formulation of the inverse
problem and the associated least-squares estimation problem. Section 5.3 presents a
sensitivity analysis used to study the effects of perturbations in individual parame-
ters on the model output. The subsequent section describes a statistical method to
assess the uncertainty of our parameter estimates. This statistical framework allows
the computation of covariance matrices, standard errors, and confidence intervals of
parameter estimates for each model. Section 5.5 discusses pairwise parameter correla-
tions. The final two sections, we introduce a statistical test to quantitatively compare
model performance for model selection and a statistical test to compare the estimated

parameters between experimental conditions and anatomical locations.

5.1 Parameter values

Chapter 4 described mathematical models that relate distention of the vessel lu-

men due to time-varying blood pressure. Each model predicts vessel distention as
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a function of pressure and characterizes the mechanical properties of the vessel wall
via a set of parameter values. One of the objectives of this study is to use pressure-
area data to infer the biomechanical properties of the vessels for individual sheep and
human subjects, considering variations across location and experimental conditions.
Representative population-averaged, species-specific parameter values can sometimes
be found in the scientific literature, though it is less common to find parameter values
for vessel segments from particular anatomical locations. One way to obtain model
parameters is via solution of the associated inverse problem using a parameter esti-
mation routine. Starting from a set of initial parameters §; € R", where n, denotes
the dimension of each model’s parameter space, the inverse algorithm iteratively op-
timizes the set of parameters ¢ in an effort to minimize the difference between the
experimental and model predicted cross-sectional area.

The initial parameter values 6; supplied to the optimization algorithm can be
categorized into two groups: parameters derived from each data set, and parameters
derived from the scientific literature. In Table 5.1 the initial values, or equations used
to determine nominal values, are presented.

The zero-pressure radius ry appears either implicitly or explicitly in all models
considered in our analysis. It is a parameter whose value can be measured experi-
mentally under ex vivo conditions, but not under in vivo conditions. Hence, rather
than setting this parameter to the experimentally determined value, we initialize rg
to the mean of the minimum value of the measured time-varying radius and zero, and
consider it one of the parameters to be optimized. This approach allowed verification
of the model prediction by comparing the estimated ry values with the experimentally
measured ones.

The remaining model parameters for the static elastic models are Eh for the Kelvin
model; pg and p; for the arctangent model; and A,,, a, and k, for the sigmoid model.
Here, the choices for the nominal values of these parameters are outlined. For the
material parameters F and h of the Kelvin model, we use initial values reported by
Fung in [34] (see Table 5.1). For the parameters py and p; in the arctangent model,

we use values reported by Langewouters et al. [50] for experiments on the thoracic
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descending aorta in humans. Similar to the thoracic descending aorta, py is initialized
to the median of the blood pressure measurements p;. The parameter p; is initialized
to the range of the blood pressure p; measurements (see Table 5.1 for equations). To
initialize the maximum cross-sectional area parameter A,, appearing in the nonlinear
models, we use the maximum value in the cross-sectional area data found in each
data set. The parameter « is initialized to the average blood pressure found in each
data set. Finally, we assume that the unitless model parameter k can be set to 2.0,
though this nominal value is an educated guess.

The parameters describing the dynamic aspect (creep function in the QLV theory)
are the amplitude A; corresponding to the characteristic relaxation time by, which
relate to the characteristic relaxation times 7 and 75 of the Kelvin model (see Sec-
tion 4.4). The physiological literature contains little information about the values
of these parameters. For the Kelvin model, formulated in the differential equation
form (4.22), we noted that good initial values for the relaxation times 73 and 7, are
0.05 and 0.025 seconds for all vessel segments, respectively [62]. Thus, via (4.32), we
set the initial values for b; and A; to be 0.05 sec and 0.5 sec, respectively. In the case
of the extended model the parameters A; and B; were initialized at the same value
as A;. Similarly, by was initialized at the value of by [60].

We also perturbed the initial parameters to assess the dependence of the estima-

tion results on the choice of the initial conditions. Due to the uncertainty in the choice

Table 5.1: Values used to initialize the model parameters for the thoracic descending aorta (TDA)
and carotid artery (CA). aj, rj, and p; refer to the cross-sectional area, radius, and blood pressure
p; measured experimentally.

0 Units TDA CA
0 cm min(r;)/2 min(r;)/2
Ar, Az, By - 0.5 0.5
b1, bo sec 0.05 0.05
Am cm? max(a;) max(a;)
e mmHg mean(p;) mean(p;)
k - 2
Eh mmHg cm 234.2 300.3
Do mmHg 50.4 median(p;)

1 mmHg 423  (max(p;) - min(p;))/4
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of these nominal values, we varied these initial values but found a weak dependence

of the results on the precise choice of the initial values [62].

5.2 Inverse problem

The viscoelastic models presented in Chapter 4 can generally describe the dynam-
ics of the pressure-area relation for the data considered in this study. However, given
the nature of measured data, it can be truly described only by an underlying dynamic
model plus some error term that compensates for measurement noise. We therefore
look at a statistical model and incorporate a statistical analysis to further investigate
our models’ capabiilities to accurately capture responses observed in the experimental
data. Given that the data set predicting vessel area a; contains n observations, we

assume that the statistical model can be written as
aj :A(t],9)+€j, ]: 1,2,...,77,, (51)

where A(t;;6) is the modeled cross-sectional area evaluated at times ¢; for each data
set. § € R", where n, is the cardinality of the set of parameter values of the model.
We assume the measurement errors, €;, to be independent and identically distributed,
zero-mean random variables with constant variance. Given the form of the statistical
model (5.1), we can define the objective function using a sum of squared errors, and

formulate the associated least-squares estimation problem according to

0 = argm@inJ(H), where
1 n
JO) = — D A(t;0) — (5.2)
j=1

A number of optimization routines exist to solve the associated least-squares op-
timization problem [26]. In this study, we use the Nelder-Mead method, which is an
unconstrained direct search algorithm based on analysis of a series of high-dimensional

generalized triangles (simplex) [49]. This algorithm was chosen due to its simplicity
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and reliability, in addition to avoid calculating gradients. It iteratively updates the
location of the simplex vertices in order to find a local minimum of the associated
cost-function values (see Appendix A for details). We use the Nelder-Mead algo-
rithm as implemented in the fminsearch function of the Matlab scientific computing
environment (version 7.4.0, The Mathworks, Natick, MA).

The optimization routine is carried out in two sequential steps. First, using the
parameter values presented in Table 5.1, the parameters associated with the elastic
response for each model are estimated (Equations (4.29), (4.36) or (4.37)), resulting in
capturing of the average pressure-area dynamics. Examples of curve fits to the elastic
models are shown in Figures 6.1, 6.2, and 6.3 for the thoracic descending aorta. We
then used the parameter estimates resulting from the first step as input to the second
step, in which the cross-sectional area is computed using the QLV integral form (4.34).
In the second step, the full set of parameters are estimated corresponding to both the
elastic response and the creep function.

The drawback of the Nelder-Mead method is that it is an unconstraint method,
thus not enforcing bounds on parameters. For the problem studied here all param-
eters should be positive, and some of the parameters have specific bounds. Two
approaches exist to enforce constraints: The most natural approach will be to ex-
change the Nelder-Mead method with e.g. a gradient based method such as the
Levenberg-Marquart method, the other will be to adapt the Nelder-Mead method to
account for bounds. For this problem both methods are applicable. However, we
chose to adapt the Nelder-Mead method. Parameters can be constrained to ensure
that they are positive by taking the square root of the nominal parameter values and
supplying them to the optimization routine. The resultant parameter estimates are
then squared before they are used to evaluate each model. Mathematical and phys-
iological considerations required that two parameters should be further constrained.
The viscoelastic parameter A; has to be smaller than 1, and the zero-stress cross-
sectional radius r¢ should be constrained by the minimum value of the cross-sectional
radius of the measured data. To enforce these bounds, we constrained the parameters

by estimating a dummy variable 7%, which allows the parameters to vary within their
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respective limits according to a sigmoid function. For ry, we used the function

_ min(r;)n’

= e

Y

and for A; we used
0’
A = )
14+ n?

5.3 Sensitivity analysis

A common approach in mathematical modeling is to build physical models of phys-
iological systems that represent the actual system as best possible. This approach
may lead to a larger number of parameters given the amount of informative data avail-
able for their identification. Consequently, the corresponding parameter estimation
problem may become ill-conditioned as the models tend to be over-parameterized for
the available experimental data [37]. In this section, the interest is to analyze the role
that each parameter plays in the mechanical models presented in Chapter 4. In par-
ticular, we focus on assessing how each parameter 6; affects the vessel cross-sectional
area A. To do so, we employ a standard sensitivity analysis [30, 31] approach in which
we study how the model output depends on perturbations of the parameters 6.

Sensitivities can be estimated by computing the local Jacobian matrix of the
cross-sectional area A with respect to the parameters
dA(tj'; 6) c

Xi(tj, 0;) 40 R™™  where j=1,..,nand i=1,..,n, (53)

Because of the formulation of the sensitivity in terms of derivatives, the analysis is
local in nature. Thus, if there is reason to believe that the local linearity assumption
implied by the derivative is no longer valid, x should be recomputed for a range of
parameters.

Sensitivities defined in Equation (5.3) have dimensions of cm? per parameter unit.

To compare the sensitivity of individual model parameters, relative sensitivities can
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be obtained by normalizing the sensitivity equation by the model output and the

appropriately chosen parameter values,

Xi(t;,0) = , for A#0and 6; #0.

Finally, to numerically rank how sensitive the model output is to perturbations in

the parameters, the 2-norm is used and calculated as the following

) where j=1,..nand ¢=1,...,n,

2

H dA(t;;0)

Model sensitivities can be evaluated at the initial parameter estimates, 67, or at
the optimal parameter values, 0. Conducting a sensitivity analysis at the initial pa-
rameter estimates allows one to determine which parameters contribute significantly
to the model output and which parameters should be dropped from the optimization
routine. Computing the sensitivity matrix at the optimal parameter values allows
us to determine which parameters hold the greatest influence over the model output
at the point in parameter space that most closely represents the actual experimental
data. For this study, the latter analysis was employed.

It should be noted that even if the model output is sensitive (in some sense) to
all model parameters, this does not guarantee that all parameters are identifiable. In
particular, it is possible that model parameters are correlated. Section 5.5 presents a

methodology to study any possible correlation that might exist among parameters.

5.4 Statistical analysis

Statistical analysis techniques can be used to quantify the uncertainty of estimated
model parameters. Using the asymptotic theory for sampling distributions [7] we
present a formulation to compute the associated parameter covariance and standard
errors from which the associated confidence intervals of the parameter estimates can

be computed.
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As discussed in Section 5.2, the statistical model assumes that the cross-sectional
area of the arteries can be described by some dynamical model A(t) along with
an additive error term that arises from measurement uncertainty. The statistical
model (5.1) assumes that the measurement errors ¢; are independent and identically
distributed (i.i.d.) random variables with mean FE[e;] = 0 and constant variance
var[e;] = of, where o is unknown. To test the validity of these assumptions a pos-
teriori, one should plot the residuals r; = a; — A(t;; é) versus time and versus the
respective model output using the estimated parameters. A random pattern in both
of the residual plots indicates that the assumption of constant variance is reasonable.
If however a pattern is found in the residual plots, then either the statistical model
or the mathematical model should be refined.

Under the assumption that the state variables and corresponding dynamics used
to describe the model are continuously differentiable, and with certain regularity
assumptions on how the observations are made, the standard nonlinear regression
approximation theory [24, 28] for asymptotic (as n — oo) distributions can be
invoked. This theory states that the sampling distribution 9(@) for the estimate 6,
where a = {a;}}_,, is approximately a n,-multivariate Gaussian with mean £ [0(a)] ~
0y and covariance

cov[f(a)] & Sy = aa[x" (60)x(00)] 7,

where x is the sensitivity matrix, as described in Section 5.3.
For the number of observations n sufficiently large, the sampling distribution

approximately satisfies

0(a) ~ N, (60,21  (60)x(60)] ")
= N, (0o, %0).

In this expression, the true parameters ¢, and the variance oy are not known. They

can be approximated by calculating 3. For this we follow standard practice [28] and
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use the following approximation
2o & 2(0) = 6° X" (0)x(9)] ", (5.4)

where 6 is the parameter estimate obtained. The adjusted variance becomes

n

. 1
o = > JA(t;0) — ],

i=1

where the number of model parameters n, allow us to unbias the variance.

Using the approximation of covariance (5.4) we can further infer the confidence
intervals of the estimated parameters. Since the true parameters ¢, are not known,
we can use confidence intervals to indicate the reliability of the estimated parameters.

In order to compute a confidence interval for each model parameter, we first calculate

SE;(0) = \/Zu(0),

where the corresponding standard error of each estimated parameter 6; is the square

the standard errors as [24]

root of the diagonal entries of the covariance matrix (5.4). Thus the confidence

intervals at the 100 (1 — «) % level for the estimated parameters can be calculated as
[0 = t1-a/2SEi(0),0; + t1_a 2 SEi(0))],
where
P{O; — t1_0/sSEi(0) < 0p; < 0; +t1_a2SE(0)} =1 —

for v € [0,1] and t,_,/2 € Ry. To obtain 95% confidence intervals, the critical value
ti—aj2 is computed from the Student’s ¢ distribution ¢"~"» with n — n, degrees of
freedom. The value of t;_, /5 is determined by P{T" > t,_,/2} = o/2 where T ~ ¢" "7,
Given that the data set has n observations and n > 40, for all the models the degree

of freedom was approximated to oo. Thus #;_,/» = 1.96.
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5.5 Correlation analysis

Having derived a better understanding of the role that each parameter plays in
the model output, we explore whether any parameters may be correlated. Correlation
between model parameters can affect the model outcome as it creates an identifiabil-
ity problem. It is often the case that the model output is very sensitive to several
parameters in the model, but their correlation might not be obvious. Using the frame-
work described in Section 5.4, we will use the covariance matrix (5.4) to study any
correlation that might exist between model parameters by computing the correlation

matrix as follows

Cyj = J , (5.5)
X (0)255(0)

This matrix is symmetric with 1 in the diagonal. All off-diagonal elements have values
between —1 < C;; < 1. Entries with an absolute values close to 1, i.e., |C;;| & 1 denote
pairwise correlation indicating that two parameters exert opposing or identical effects
on the model outcome [27].

Once a pair of model parameters are identified as being correlated, one of the
parameters is held fixed in the optimization algorithm and the correlation matrix
is re-evaluated, removing the column of the sensitivity matrix corresponding to the
parameter in question. If the correlation matrix shows no off-diagonal entries close
to 1, then we can assure no correlation between parameters and thus can state that
the model parameters are identifiable. This procedure is repeated until the matrix

contains no parameter correlation pairs.

5.6 Model selection

In this section, we present the Akaike Information Criterion, which is a statistical
test that can be used to compare goodness-of-fit between models with differing number

of parameters.
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Minimization of the least squares error is used as a measure of the goodness-of-
fit between the experimental data and our models’ predicted output. While such a
figure-of-merit is certainly a necessary means of quantifying the quality of the fit, it
only provides an assessment of one aspect of the estimation results. Other aspects
that should be taken into consideration when evaluating the overall quality of a pa-
rameter estimation routine are the number of parameters required to fit a particular
response and the reasonableness of the resulting parameter estimates. Other per-
formance metrics relate to the mathematical properties of the optimization routine
and might include, among others, the rate of convergence, identifiability of particular
parameters, and the uniqueness and robustness of the estimated parameters. We will
not pursue these mathematical performance metrics further in this section.

For example, a particular model might be able to fit given data much better than
a competing model, as judged by a much lower value of the error criterion. However,
it might be able to do so only because it has a larger number of parameters, and
therefore a larger number of degrees of freedom, to fit the data. It should therefore
not be surprising that a model with a larger number of parameters is able to fit a
given data set better. Similarly, as pointed out by Burth et al. [19], in the case of
ill-conditioned estimation problems, the error criterion might be reduced to zero even
though large variations in parameter values can be introduced without affecting the
value of the error criterion.

To asses the differences across the viscoelastic models in data fitting presented in
Chapter 4, we used the Akaike Information Criterion (AIC) [1] as a statistical method
to compare models whose parameter spaces are not embedded in one another. The
AIC is a criterion that quantifies the goodness-of-fit of a model, but penalizes for the
number of parameters included in the fitting procedure. The underlying assumption is
that more elaborate models with a larger number of parameters should — in principle
— allow for better fitting of experimental data and therefore a reduction in the size

of the residual.
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For least-squares problems, the AIC value is calculated as
J
AIC =nlog | — | +2n,
n

where the cost function J (5.2) is normalized by the number of data points n and
weighted by the number of parameters used n, [18]. The lower the AIC value, the
better the model.

5.7 Student t-test

Since we are interested in characterizing the biomechanical properties of arteries
among models, experimental conditions, and anatomical locations, we make use of
a two-way sample t-test to determine whether there is a statistical difference among
means of the estimated parameters. We use the Matlab ttest2 command to compute
the sample t-test statistics. The assumptions underlying the Student t-test are that
the two datasets are independent random samples from normal distributions with
fixed, but unknown variances.

The formulation used to calculate the t-statistics is as follows:

X-Y

T = ,
VN =D + (M = 1)SE/(N + M —2))/(1/N + 1/M)

where X and Y are the means, Sx and Sy the standard deviations, and N and M
the length/number of entries to be compared, respectively. T' is then compared to a

t — Student distribution table [39].
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Chapter 6

Results

This chapter presents the results from the parameter estimation routine described
in Chapter 5. The chapter is divided into three main sections. First, the results
pertaining to the thoracic descending aorta are presented, for which the Kelvin, arct-
angent, and sigmoid viscoelastic models are evaluated. The second section comprises
the estimation results pertaining to the carotid artery. In the last section, the esti-
mation results from the two anatomical locations are compared.

It is important to note that we do not incorporate in this document the results
pertaining to the extended Kelvin viscoelastic model (see Section 4.4 and [60] for
details). Results obtained for the extended Kelvin viscoelastic model showed that
adding a second relaxation term to the creep function did not improve our estimation
results given the available data. Furthermore, the extended Kelvin model is summa-
rized in [60] such that an interested reader may consult that publication of ours for

more details.
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6.1 Thoracic descending aorta

Using the parameter estimation methodology described in Chapter 5, we present
the results of solving the inverse mathematical problem corresponding to each model
described in Chapter 4. This chapter uses data from the thoracic descending aorta.
Section 6.1.1 presents parameter estimation results obtained with the Kelvin, arct-
angent, and sigmoid viscoelastic models and illustrate the results with representative
examples. Section 6.1.2 presents the results from the sensitivity and statistical anal-
yses for each model under both experimental conditions. These include sensitivity
plots, standard errors and confidence intervals for each model parameter and pairwise
correlation analyses to identify parameter correlations. In Section 6.1.3, we present

the results of model selection. And finally, Section 6.1.4 summarizes our results.

6.1.1 Parameter estimation
6.1.1.1 Kelvin model

Table 6.1 summarizes the estimation results for the thoracic descending aorta
based on the Kelvin model. For the ex vivo experimental conditions, the optimal
parameter estimates for eleven male Merino sheep are presented. For the in vivo
conditions, the optimal parameter estimates are presented for ten male Merino sheep
available for this analysis.

The parameter estimation problems converged to the point that the estimation
algorithm’s termination criterion described in Appendix A, was achieved for all 21
data sets. Of particular note is that the resultant optimal parameter estimates (see
Table 6.1) show little variation across animals: the standard deviation of the mean
parameter values, calculated across all animals, is an order of magnitude smaller
than the mean value itself. The estimated zero-pressure radii o of the ex vivo data
are not significantly different from the experimentally measured value (ex vivo) of
0.89£0.03 cm. For the in vivo data, the estimated zero-pressure radii ry are close

to the experimentally measured value. Furthermore, the estimated values of Eh for
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Table 6.1: Optimal parameter estimates for the thoracic descending aorta based on the Kelvin
viscoelastic model in male Merino sheep under ex vivo and in vivo experimental conditions. The
last two rows of the table give the sample mean and sample standard deviations. Experimentally
measured ex vivo 1o and h in ovine thoracic descending aorta were 0.86 £ 0.03 cm and 1.10 4= 0.04
cm, respectively.

ex vivo in vivo

To Eh Al bl J To Eh Al bl J

0=t 1073 10-t 1074
cm  mmHg cm sec cm* cm  mmHg cm sec cm?
0.89 694 0.83 0.44 2.84 0.72 439 1.00 0.22 2.66
0.90 810 0.501 0.66 1.82 0.85 525 1.00 0.27 5.82
0.85 688 0.74 0.37 1.42 0.76 393 1.00 0.18 1.38
0.88 738 0.90 0.39 248 0.84 563 1.00 0.20 3.08
0.91 836 0.84 0.42 3.00 0.73 457 1.00 0.21 231
0.88 782 0.68 0.50 2.66 0.83 677 1.00 042 3.82
0.88 724 0.64 0.63 1.99 0.79 518 1.00 0.21 222
0.87 722 0.58 0.42 1.71 0.84 488 1.00 0.19 2.04
0.88 754 0.52 0.65 1.31 0.78 452 1.00 032 491

0.90 892 0.84 0.42 1.98 0.80 422 0.79 024 6.25
0.86 609 0.46 0.85 243

0.88 750 0.68 0.52 2.15 0.79 493 098 0.25 345
0.02 78 0.16 0.15 0.57 0.05 83 0.07 0.07 1.69

both experimental conditions are consistent with the values reported by Fung [34].
(Note, that for ex vivo conditions, we have direct measurements of h with which we
could evaluate E.)

Values for A; and by are also reasonable and consistent under both experimental
conditions. The amplitude parameter tends towards the value one, i.e., Ay — 1,
under in vivo conditions, essentially reducing the Kelvin model to a Voigt viscoelastic
model. Under ex vivo conditions, the need for the Kelvin viscoelastic model is clear
(A; < 1). The relaxation time by determined under ex vivo conditions is twice the
value determined under in vivo conditions, suggesting that the relaxation time might
be affected by the artery’s tethering in vivo and or the surrounding tissue.

Representative examples of optimal model performance compared against exper-
imental data are shown in Figure 6.1, which shows the estimated (red) and exper-
imentally determined (blue) cross-sectional area as a function of time (left column)

and pressure (right column). The black dashed lines show the optimal fit of the elas-
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Figure 6.1: Thoracic descending aorta data (blue) measured in Sheep 9 under ex vivo experimental
conditions (top row) and in Sheep 10 under in vivo experimental conditions (bottom row). The
Kelvin elastic response is shown in dashed lines (black) and the Kelvin viscoelastic model is shown
in red. On the left column, cross-sectional area is a function of time, on the middle column, cross-
sectional area is a function of blood pressure, and on the right column, blood pressure as a function
of time.

tic response of the Kelvin model. Note that the Kelvin model does not capture the
nonlinear stiffening that occurs in the mid-pressure range of the ex vivo data (see
first row of Figure 6.1). Under in vivo conditions, the Kelvin model fits the experi-
mental data well, although it fails to reproduce possible cross-sectional area responses
due to reflected waves or the dichrotic notch and overestimates the area at minimum
(diastolic) pressures (see second row of Figure 6.1). Note, however, that under in
vivo conditions, the pressure range is limited to about 30 mmHg and might therefore
not induce the kind of nonlinear behavior seen under ex vivo conditions. Though
exemplified with Sheep 9 and Sheep 10 in Figure 6.1, these observations hold true

more generally for the remaining animals (see Appendix B).
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6.1.1.2 Arctangent model

Table 6.2 summarizes the estimation results for the thoracic descending aorta
based on the arctangent model. As in the previous section, the optimal parameter
estimates are computed for eleven male Merino sheep for the ex vivo conditions, and
in ten sheep for the in vivo data.

Again, all 21 individual parameter estimation problems converged to meet the ter-
mination criterion. With the exception of A; and py, the optimal parameter estimates
of the arctangent model gave smaller values for the in vivo experimental conditions
compared to the estimates under ex vivo conditions. This trend is consistent with
the results obtained with the Kelvin viscoelastic model (see Table 6.2).

Note that the sample means for the parameters ry and p; are not statistically
significantly different between experimental conditions. This lack of difference is
driven primarily by the large sample variances both parameters show when estimated

using the in vivo data.

Table 6.2: Optimal parameter estimates for the thoracic descending aorta based on the arctangent
viscoelastic model in male Merino sheep under ex vivo and in vivo experimental conditions. The
last two rows of the table gives the sample mean and sample standard deviations. Experimentally
measured ex vivo g in ovine thoracic descending aorta was 0.86 + 0.03 cm.

ex Vivo in vivo
70 Do D1 Ay b1 J o Do D1 Ay by J
10t 10 10-t 1074
cm  mmHg mmHg sec cm? cm  mmHg mmHg sec cm*
0.70 23.8 55.5 0.87 047 124 0.73 351 0.0 1.00 0.22 2.52
0.67 17.9 39.4 1.00 0.23 7.90 0.85 226 182 1.00 0.27 5.79
0.66 28.2 48.0 0.72 039 1.39 0.75 319 1.1 1.00 0.19 1.33

0.70 25.0 58.7 0.84 048 11.5 0.43  50.4 28 097 0.12  3.85
0.55 30.6 29.6 0.99 037 136 0.19  58.3 9.5 1.00 0.12 1.83

0.60 26.0 36.8 1.00 031 145 0.84 452 0.0 1.00 043 3.70
0.49 34.5 26.5 094 0.36 8.45 0.80 373 0.0 1.00 0.21 2.13
0.72 15.8 61.3 1.00 0.19 4.54 0.10 77.5 3.2 1.00 0.10 1.64
0.64 21.6 41.3 1.00 0.23 3.06 0.79 336 0.5 1.00 033 4.70
0.48 35.3 25.5 1.00 037 9.25 0.42 453 26 1.00 0.12 5.24

0.61 30.9 41.6 0.50 0.50 1.09

0.621 26.3 42.2t 090t 0.35 8.86 0.59 229 25.1 1.00 0.21 3.27
0.08 6.4 12.5 0.16 0.11 4.32 0.28 157 56.3 0.01 0.11 1.60

fComparison of means ex vivo vs. in vivo statistically not different (p<0.05).
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Three parameters — g, A1, and b; — can be directly compared to the results from
the Kelvin viscoelastic model. The zero-pressure radius ry and relaxation time b
are smaller for both experimental conditions in the arctangent model compared to
the Kelvin model. The optimal zero-pressure radius for the arctangent model under
in vivo conditions shows more variation across animals than those derived from the
Kelvin model. In contrast to the Kelvin model, the estimated zero-pressure radii
ro determined from the artangent model using the ex vivo data consistently under-
estimate the experimentally measured value of (0.894+0.03) cm. While the estimates of
the zero-pressure radii 7y using the in vivo data vary significantly, for a few animals the
estimates approach the experimentally measured value found in the ex vivo segments.
Note that for the in vivo experiments the zero-pressure radii were not measured. We
assume that the in vivo zero-pressure radii do not differ significantly from the values
determined under ex vivo conditions.

As was the case in the in vivo conditions for the Kelvin model, the parameter
estimates of A; — 1 for all animals, reducing the arctangent model’s creep function
to that corresponding to a Voigt viscoelastic model. This trend is also evident in
the ex vivo data, but less consistently so. As was true for the Kelvin model, the
relaxation time b; identified with the arctangent model is significantly larger ex vivo
than in vivo.

In general, the in vivo estimates contain several outliers, which results in much
larger standard deviations of parameter estimates compared to the estimates obtained
under ex vivo conditions. In particular, we note that the parameter p; in the ex vivo
experimental conditions shows significant variability; its standard deviation is about
30% of its mean value. Under in vivo conditions, pg, p1, and rq all vary significantly
across animals.

The parameters pg and p; are consistent with the values reported by Langewouters
et al. [50] for ex vivo human vessels. However, for the in vivo data, the estimated
parameter values for pg and p; show large variances. In particular, the parameter
p1 = 0 in three out of ten cases, essentially reducing the static elastic response to a

constant. Furthermore, for some datasets the parameter py assumes very large values,
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implying that the inflection point of the artangent would be located at unphysiological
pressure levels.

Since the arctangent model was developed using data dervied from ex vivo ex-
perimental conditions, it might not seem surprising that the model provides more
consistent estimates for the ex vivo conditions than the in vivo conditions. Further-
more, the data from ex vivo conditions are more accurate than those obtained under
in vivo conditions as the experimental setup and conditions are under better control
by the experimentalists.

Sheep 9 and 10 are again used to illustrate the optimal model performance for the
ex vivo and in vivo data, respectively. As shown in the top row of Figure 6.2, the
arctangent model can capture time-area and pressure-area dynamics under ex vivo
conditions very well throughout the entire cardiac cycle. Compared to the Kelvin

model, the arctangent model captures the diastolic area dynamics and also shows a

3 3.1 3 3.1 3.4 35

3.2 3.3
time [sec]

p [mmHg]

2.65]

0.75 0.8 085 09 095 1 1.05 70
time [sec]

70

075 0.8 085 09 095 1 1.05
time [sec]

Figure 6.2: Thoracic descending aorta data (blue) measured in Sheep 9 under ex vivo experimental
conditions (top row) and in Sheep 10 under in vivo experimental conditions (bottom row). The
arctangent elastic response is shown in dashed lines (black) and the arctangent viscoelastic model is
shown in red. On the left column, cross-sectional area is a function of time, on the middle column,
cross-sectional area is a function of blood pressure, and on the right column, blood pressure as a
function of time.
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Table 6.3: Optimal parameter estimates for the thoracic descending aorta based on the sigmoid
viscoelastic model with A,, fixed in male Merino sheep under ex vivo and in vivo experimental
conditions. The last two rows of the table give the sample mean and sample standard deviations.

Experimentally measured ex vivo 7y in ovine thoracic descending aorta was 0.86 £ 0.03 cm.

ex vivo in vivo
To k « Am Al bl J To k « Am Al bl J
10-t 1074 10~ 107
cm - mmHg em? sec  cm? cm - mmHg cm? sec  cm?
095 64  86.1 3.57 1.00 037 11.9 0.84 458 970 238 1.00 0.36 1.39
091 3.3 73.1 3.55 096 024 7.62 0.91 14.0 75.9 3.18 1.00 0.33 2.12
090 5.7 84.1 3.22 1.00 026 3.41
094 6.1 90.5 3.50 1.00 0.36 122 0.96 33.9 97.3 3.15 0.87 0.34 048
096 6.5 8.0 354 0.85 044 15.1 0.78 125 772 238 098 0.22 0.93
093 6.2 838 335 099 032 11.7 091 24.1 90.4 286 1.00 0.60 0.68
093 7.5 80.1 335 079 046 6.87 0.90 450 925 273 1.00 0.32 0.88
091 5.8 81.6 3.32 1.00 0.23 2.57 0.95 24.5 89.2 3.29 0.77 0.30 0.70
090 39 78.2 3.41 097 024 2.80 091 26.3 95.1 2.84 1.00 046 3.91
095 74 89.1 337 085 043 10.3 092 233 839 3.00 0.70 0.38 1.13
090 4.6 77.8 3.44 1.00 0.21 10.5
0.93t 5.8 82.7f 342 0.957 0.32f 8.64 0.90 277 8.7 287 093 037 1.36
0.02 1.3 5.2 0.11  0.08 0.09 4.28 0.06 11.9 8.1 0.33 0.12 0.11 1.07

TComparison of means ex vivo vs. in vivo statistically not different (p<0.05).

more pronounced area change due to reflected waves or dichrotic notch (see bottom
row of Figure 6.2). Overall the arctangent model captures the fine structure of the
cross-sectional area dynamics better than the Kelvin model, though largely at the

expense of unphysiological parameter values.

6.1.1.3 Sigmoid model

The sigmoid viscoelastic model (4.37), as defined in Chapter 4, includes six pa-
rameters Ag, A,,, k, a, A1, and b;. To determine an optimal set of parameters for the
sigmoid model, we first optimized all six parameters. However, the estimation rou-
tine in which A,,, was included showed characteristics of an ill-conditioned estimation
problem. This suggested that five parameters — though not six — can be estimated re-
liably with this method. We therefore did not pursue optimization of A,, any further,
reducing the number of free parameters of the sigmoid model to five.

Table 6.3 summarizes the estimation results for the thoracic descending aorta
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based on the sigmoid model in which A,, is held fixed at its nominal value. As in
the previous sections, the estimation results are presented for eleven male Merino
sheep under ex vivo experimental conditions. For the in vivo conditions, the optimal
parameter estimates are reported for nine out of ten sheep. The optimization failed to
converge for one data set (Sheep 3). Twenty out of 21 individual parameter estimation
problems converged to the point that the estimation algorithm’s termination criterion
was met.

The parameter k in the in vivo data is the only parameter with a large standard
deviation. The remaining parameter estimates exhibit little variation across animals
for the optimal parameter estimates. In particular, the standard deviations of the
mean parameter values of g, o, and A; calculated across all animals, are an order
of magnitude smaller than the mean values themselves. The estimated zero-pressure
radii r( for both experimental conditions are not significantly different from the exper-
imentally measured value (ex vivo) of 0.8940.03 cm. In addition, the characteristic
pressure « of vessel saturation is not statistically significantly different among exper-
imental conditions.

The parameter k is a factor of five larger under the in vivo conditions than the ex
vivo conditions, and their respective sample means are not statistically significantly
different among experimental conditions. A small value of k, such as seen in the ex
vivo conditions, indicates a steeper rise of the cross-sectional area versus pressure
curve. Hence, a small change in cross-sectional area requires a large change in pres-
sure. The ex vivo arteries are therefore stiffer than those in vivo. The increase in the
value of the parameter k is expected because the extraction of the arteries stiffens
the arteries as compared to their natural, in vivo conditions.

As opposed to the other viscoelastic models, A; and the relaxation time b; seem to
be independent of the experimental conditions. These two parameters lie within the
same range under both experimental conditions. For both experimental conditions,
A; — 1, and the sigmoid model converges towards the Voigt model but not as strongly
as for the arctangent model.

Representative examples of optimal model performance compared against exper-
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Figure 6.3: Thoracic descending aorta data (blue) measured in Sheep 9 under ex vivo experimental
conditions (top row) and in Sheep 10 under in vivo experimental conditions (bottom row). The
sigmoid elastic response is shown in dashed lines (black) and the sigmoid viscoelastic model is
shown in red. On the left column, cross-sectional area is a function of time, on the middle column,
cross-sectional area is a function of blood pressure, and on the right column, blood pressure as a
function of time.

imental data are shown in Figure 6.3. The sigmoid model consistently captures the
time-area and pressure-area dynamics under both ex vivo and in vivo conditions.
Within the physiological range of blood pressure values over which our data has been
measured ex vivo, the sigmoid model and the arctangent model do not seem to be
differ pictorially. However, for the data measured in vivo, the sigmoid model can
further improve the data capturing as compared to the arctangent model by better

representing the fine structure found in the data.

6.1.2 Sensitivity and statistical analyses

In this section, the results from the sensitivity and statistical analyses of each
model are presented for the thoracic descending aorta under ex vivo and in vivo

experimental conditions. Throughout this section, the results from two sheep (one
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ex vivo and one in vivo) are used to illustrate the phenomena observed across all
animals.

Figure 6.4 presents the absolute relative sensitivities as functions of time for the
Kelvin, arctangent, and sigmoid viscoelastic models, respectively, using the optimized
set of parameters. As outlined in Section 5.3, relative sensitivities are important
whenever parameters in a model have different units or their values have different
order of magnitudes. Independent of the model and of the experimental conditions,
the parameter rq is the parameter to which the model output is the most sensitive
(in a relative sense). The model outputs are least sensitive to relative changes in A;
and b;. For the arctangent model, the relative sensitivity of rq is constant throughout
the cardiac cycles. (For the order of the absolute relative sensitivities, see labels in
Figure 6.4.)

Table 6.4 presents the standard errors and confidence intervals corresponding to
each model parameter under both experimental conditions. The fourth and fifth

columns represent the standard errors. Recall from Section 5.4 that these standard

|rel sensitivity| [%]
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Figure 6.4: Absolute relative sensitivities shown on a semi-logarithmic scale resulting from the
Kelvin (left), arctangent (middle), and sigmoid (right) models under ex vivo conditions for Sheep 9
(top) and under in vivo conditions for Sheep 10 (bottom).
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errors are computed from the covariance matrix, which in turn is derived from the
sensitivity matrix. Note that the arctangent model gives the largest standard errors
for the parameters ry and A; whereas the Kelvin model produces the smallest standard
errors for A; and the sigmoid the smallest standard error for rq. The sigmoid and
arctangent models are the models with the smallest standard errors for the relaxation
time b;. This trend is true for both experimental conditions.

In the last two columns of Table 6.4, the confidence intervals are presented for each
parameter of each model for the thoracic descending aorta of Sheep 9 under ex vivo
conditions and Sheep 10 under in vivo conditions. The confidence intervals denote
the range in which each parameter is expected to lie with 95% probability. Note that
the tightest confidence intervals correspond to the parameter ry independent of the
experimental conditions. This can be related to the high sensitivity of the ry param-

eter in the respective models. In contrast, the parameters A; and b; provide much

Table 6.4: Standard errors and confidence intervals derived for all model parameters using the
thoracic descending aorta for Sheep 9 under ex vivo experimental conditions (on the left) and under
in vivo conditions in Sheep 10 (on the right). ro in cm, by in sec, Fh in mmHg cm, « in mmHg, p;
in mmHg, and py in mmHg.

0 0 Standard errors Confidence intervals
ex vivo in vivo ex vivo In vivo ex vivo in vivo

o 0.88 0.80 0.0016  0.0027 [0.875, 0.882] [0.792, 0.802]

£ En 754 422 10.5 5.74 (733, 774] [411, 433]
S A 052 0.79  0.0188 0.0538  [0.482, 0.556]  [0.686, 0.897]
by 0.065  0.024 0.0054 0.0015 [0.0546, 0.0758] [0.0210, 0.0270]
= rg 064 042 0019 00778  [0.604, 0.678]  [0.269, 0.574]
S po 216 453 0.7313 15184  [20.1, 23.0] [42.3, 48.3]
2 o 413 26 4.2912  9.3059  [32.9, 49.7] [7.68, 44.2]
S A 1.00 1.00  0.1110 0.0844  [0.782, 1.22] 0.835, 1.17]
< 5 0023 0012  0.0027 0.0011 [0.0175, 0.0281] [0.0102, 0.0144]
ro 090 092  0.0009 0.0004 [0.898,0.902]  [0.916, 0.917]
2 ok 3.9 233 0.0392 0.7486  [3.78, 3.93] [21.8, 24.8]
E a 782 839 05876 0.2226 [77.3,79.1] [83.5, 84.4]
& A 097 070  0.0918 0.0166  [0.793, 1.15] [0.663, 0.728]

b1 0.024 0.038  0.0024 0.0016 [0.0189, 0.0283] [0.0344, 0.0408]
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Table 6.5: Correlation analysis for the Kelvin model using thoracic descending aorta data derived
under ex vivo conditions in Sheep 9 (on the left) and under in vivo conditions in Sheep 10 (on the
right).

I To Al bl Eh I To Al bl Eh
7o 1 0.68 -0.90 0.99 7o 1 029 -043 0.99
Ay 1 -0.86  0.69 Ay 1 -0.81  0.33
b1 1 -0.91 b1 1 -0.48
Eh 1 Eh 1

wider confidence intervals, suggesting that there is significant uncertainty regarding
their value.

Tables 6.5, 6.6, and 6.7 present the correlation analyses for the Kelvin, arctangent,
and sigmoid models, respectively under both experimental conditions. The highest
correlations exist among parameters of the Kelvin model, namely between Eh and
ro. In the arctangent model, a high correlation is observed between ry and p;, as well
as between A; and b;. In addition, the arctangent and sigmoid models have a high
correlation between the parameters A; and b; under ex vivo conditions. Finally, there
is a high correlation between ry and « in the sigmoid model under both experimental
conditions.

Lastly, Figure 6.5 presents the residual-error plots corresponding to each model
from the thoracic descending aorta from Sheep 9 and Sheep 10. These plots helps
assess the validity of the assumptions that go into the formulation of the statistical
model presented in Section 5.4. In particular, we assumed independently and iden-
tically distributed residual errors with zero mean and constant variance. Through

a plot of the residuals as a function of time and the cross-sectional area predicted

Table 6.6: Correlation analysis for the arctangent model using thoracic descending aorta data
derived under ex vivo conditions in Sheep 9 (on the left) and under in vivo conditions in Sheep 10
(on the right).

ro Ay b1 Do D1 ro Ay b1 Do D1
) 1 -0.57 058 -0.91 1.0 70 1 -0.60 0.89 -0.96 1.0
A 1 -0.99 0.20 -0.62 A 1 -0.80 0.50 -0.60
b1 1 -0.20 0.62 b1 1 -0.79 0.89
Po 1 -0.88 Po 1 -0.96
D1 1 D1 1
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Table 6.7: Correlation analysis for the sigmoid model using thoracic descending aorta data derived
under ex vivo conditions in Sheep 9 (on the left) and under in vivo conditions in Sheep 10 (on the
right).

To Al bl k (0% To Al bl k «
) 1 -0.v6 0.76 027 0.99 To 1 -028 057 010 094
Ay 1 -0.99 -0.75 -0.71 Ay 1 -0.79 -0.51 -0.35
b1 1 -0.76  0.71 b1 1 0.63 0.67
k 1 0.20 k 1 0.30
o 1 o 1

by the Kelvin, arctangent, and sigmoid viscoelastic models, it is possible to assess
whether the constant-variance assumption holds true. Failure of the residual plots to
be random indicates that either the mathematical model or the statistical model is
not adequate to describe the data.

For the thoracic descending aorta under ex vivo experimental conditions (see first
two rows, middle and right columns, of Figure 6.5), it should be noted that the residual
plot of the Kelvin model exhibits a very prominent pattern (not random residuals),
while the arctangent and sigmoid models are closer to having randomly distributed
residuals. In the case of the Kelvin model, we might therefore be led to conclude
that the underlying mathematical model inadequately describes the experimental
dynamics. In the case of the arctangent and sigmoid models (see last two rows
of Figure 6.5), there may be room for improvement in the choice of the statistical
model [60]. In contrast to the residual errors in the ex vivo conditions, both the
Kelvin and the arctangent viscoelastic models show strong patterns in the residual
errors under in vivo conditions. The residual errors of the sigmoid model has less

pronounced structure.

6.1.3 Model selection

To compare the goodness-of-fit between the Kelvin, arctangent, and sigmoid mod-
els we make use of the Akaike Information Criterion (AIC), which augments the
standard least-squares error criterion by a term that penalizes for the number of

parameters included in the analysis. Table 6.8 presents the summary statistics for
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m vivo

0.1

-0.05

0.1

the thoracic descending aorta under both experimental conditions, as described in
Section 5.6. In the case of the thoracic descending aorta under ex vivo conditions,

the arctangent and sigmoid models generate the lowest AIC values. For the
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Figure 6.5
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Table 6.8: Model selection via the Akaike Information Criteria AIC for the thoracic descending
aorta under ex vivo and in vivo experimental conditions using the Kelvin, arctangent, and sigmoid
viscoelastic models.

ex vivo in vivo
Sheep Kelvin Arctan Sigmoid Sheep Kelvin Arctan Sigmoid
mean  -4506  -4866 -4847 mean  -1938  -1945 -2045
st dev 1172 1318 1239 st dev 312 316 312

experimental data, the sigmoid model consistently gives the smallest AIC value. It
is important to emphasize that second term in the AIC formulation would play a
stronger role if the models had a larger difference in parameters n, or if the cost
function J generated by each model were significantly different.

From the values computed for each model under both experimental conditions, we
conclude that for the thoracic descending aorta the improvement in the fit of the data
by the nonlinear viscoelastic models outweighs the penalty of including additional

parameters in the model.

6.1.4 Discussion

In this section, we have presented the model performance along with an analysis
of the model parameters from the thoracic descending aorta of Merino sheep under ex
vivo and in vivo experimental conditions. As it has been stated previously, the goal
of this study was to develop mathematical models along with methodology that can
be used to describe aortic experimental pressure-area data and also to understand
how the associated model parameters can characterize the vascular mechanics among

ex vivo and in vivo experimental conditions.

Kelvin model

As presented in Section 6.1.1.1, the Kelvin viscoelastic model can capture the overall
dynamics of the pressure-area relation. However, this model fails to capture the non-
linear aspect of the mid-pressure range and any possible effects of reflected waves that

can be characteristics of pressure waveforms. This observation is corroborated with
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the strong structural residual plots that the Kelvin model generated. However, the
Kelvin model has the advantage of identifying the experimentally determined zero-
pressure radii rg. More generally, the Kelvin model also generates very consistent
parameter estimates across animals and experimental conditions, even though there
is a high correlation between the parameters ro and Eh. However, this may be due
to the parameters appearing together as a ratio (ro/FEh). In addition, the Kelvin
model has the advantage of including the material parameter E'h, which has direct
physical interpretation in terms of the material’s elastic modulus, and its estimate
could therefore be subject to direct experimental verification, see Section 7.3. Finally,
it should be noted that the parameter estimates for E'h increase from in vivo to ex

vivo conditions, indicating an increase in stiffness of the vessel upon excision.

Arctangent model

Given the nonlinearity present in the pressure-area dynamics in the thoracic descend-
ing aorta, we showed that the arctangent model was able to fit the thoracic descending
aorta data very accurately. However, the parameter estimates for the zero-pressure
radii ro under-approximate the experimental value, and only for the parameter es-
timates using ex vivo data consistent estimates. Again, the residual plots of the
arctangent suggested that there is room for improvement in the mathematical model
for in vivo data could be found. This is not surprising since the model was developed
using thoracic descending aorta segments under ex vivo experimental conditions. One
of the disadvantages of the arctangent model is that it is primarily an empirical model
whose parameters do not directly relate to the biophysical properties of the vascular

wall.

Sigmoid model

In Section 6.1.1.3, we presented the optimization approaches for the sigmoid model.
For the sigmoid model with five parameters, we can estimate the zero-pressure radii
measured experimentally ex vivo. Across the two experimental conditions considered,

the sigmoid model shows no statistical difference for the estimated parameters rq, «,
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Ay, and b;. The parameters that differ the most among experimental conditions can
be directly related to the conditions of the vessels. For the case of the parameter k, we
have found an agreement with what has been previously reported by our collaborators
in Uruguay, which is that the arterial area and elasticity were shown to increase while
viscosity decreased after the arterial excision. These differences were related to the
reduction in the smooth muscle tone during the ex vivo condition [3]. A small value
of k, such as seen in the ex vivo conditions in Table 6.3, indicates a steeper rise of the
cross-sectional area versus pressure curve. Hence, a small change in cross-sectional
area requires a large change in pressure. The arteries under ex vivo conditions are
therefore stiffer than those under in vivo conditions. The decrease in the value of the
parameter k is expected because the extraction of the arteries stiffens the arteries as
compared to their natural, in vivo conditions. Similar results were found by Wells
et al. [67] in ovine arteries, in which the elastic modulus and pulse wave velocity
(related to arterial stiffness) were higher under ex vivo conditions than under in
vivo experimental set-up. The authors also explained the findings considering the
differences in the smooth muscle tone between in vivo and ex vivo experimental
conditions [67]. Finally, our results are consistent with those of Boutouyrie et al. [17],
who found that in rat aortic segments, the arterial distensibility and compliance were
higher under ex vivo than under in vivo condition.

As was true for the arctangent model, the pressure-area dynamics shown by the
thoracic descending aorta is best described by nonlinear models, particularly the sig-
moid model when looking at in vivo data. And as has been discussed previously,
the sigmoid model with five parameters can generate consistent parameter estimates,
however as opposed to the Kelvin model, its parameters do not have a direct biophys-

ical interpretability.

Other considerations
To properly characterize the arterial wall biomechanical properties in a dynamical
state, the pressure-area relationship of an arterial segment is evaluated. For that

purpose, both the pressure and diameter are recorded as continuous functions of time
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and plotted with respect to each other during a cardiac cycle, i.e., in a pressure-area
loop. The area enclosed by the loop can be considered an indicator of the energy
loss in the system due to viscosity, and the “slope” of the unloading phase can be
considered an indicator of the elastic properties. As seen in the top rows of Figures 6.1,
6.2, 6.3, the aortic pressure-area loop is highly nonlinear and viscoelastic. The former
is a property mainly determined by the stiffness factor of elastin and collagen fibers,
whereas the latter is due to the amount and the tone level of smooth muscle cells
present in the vessel wall. These physiological characteristics are in agreement with
our results, in which the nonlinear viscoelastic models can capture the pressure-area
dynamics more accurately under both experimental conditions. In particular, the
sigmoid viscoelastic model is the nonlinear model that consistently fits the data more
precisely, generates parameter values within the physiological range and generally
gives the smallest AIC values under both experimental conditions. Under in vivo
conditions (bottom rows of Figures 6.1, 6.2, 6.3), the nonlinear aspects described
above are less pronounced, possibly because of a smaller pressure range to which the
vessels are exposed.

The parameters obtained from each model give us insight into the biomechanical
differences between in vivo and ex vivo experimental conditions. The nonlinearity and
viscoelasticity of the dynamic response of the arterial wall are revealed in the pressure-
area loops, where the change in cross-sectional area (distention) of a lumen is plotted
as a function of the change in transmural blood pressure. For a correct interpretation
of the loops, it is essential that both diameter and pressure measurements are a)
recorded simultaneously at the same location, b) processed by circuits having the same
frequency characteristics, and c) using synchronized signals. Our in vivo and ex vivo
methodological approaches were selected considering and ensuring these important
methodological issues. We use both recording techniques and animal models widely

utilized for arterial wall mechanics characterization.
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6.2 Carotid artery

Following the same format as in Section 6.1, this section pertains to the parame-
ter estimates using experimental data derived from the carotid artery. Section 6.2.1
presents parameter estimation results based on the Kelvin, arctangent and sigmoid
viscoelastic models and illustrate the corresponding results with representative exam-
ples. Section 6.2.2 presents the results from the sensitivity and statistical analyses for
each model under both experimental conditions. To end this section, we summarize
and discuss the results obtained on the carotid artery data. Note that the in vivo

data corresponds to human subjects whereas the ex vivo data to male Merino sheep.

6.2.1 Parameter estimation

6.2.1.1 Kelvin model

Table 6.9 summarizes the estimation results for the carotid artery based on the
Kelvin model. For the ex vivo experimental conditions, the optimal parameter esti-
mates are presented for eleven male Merino sheep. For the in vivo conditions, the
optimal parameter estimates are obtained using ten human subjects.

All 21 individual parameter estimation problems converged to the point that the
estimation algorithm’s termination criterion was met in each case (as specified in Ap-
pendix A). Except for the parameter E'h for the in vivo data, the resultant parameter
estimates do not show much variability across animals or human subjects.

The estimated zero-pressure radii rq of the ex vivo data are not significantly
different from the experimentally measured value (ex vivo) of 0.414+0.02 cm. Note
that for the in vivo data we can only state that the estimated zero-pressure radii rg
lies in a very tight interval since measurements could not be taken under zero-pressure
in a living subject. As opposed to the thoracic descending aorta, special care should
be taken when comparing values of the parameters among experimental conditions
due to the difference in species from each experimental condition.

The estimated values of the material parameters Fh for the ex vivo experimental
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Table 6.9: Optimized parameter estimates for eleven sheep during ex vivo and ten human subjects
in vivo experimental conditions using the Kelvin model. The last two rows of the table give the
sample mean and sample standard deviations. Experimentally measured ex vivo ry and h in ovine
carotid artery were 0.41 4+ 0.02 cm and 0.38 £ 0.01 cm, respectively.

ex vivo in vivo

To Eh Al bl J To Eh Al bl J

10-* 1077 10-t 10
cm  mmHg cm - sec cm* cm  mmHg cm - sec cm?
0.45 3562 0.61 0.61 2.70 0.26 215 1.00 0.53 3.12
0.41 3751 0.83 0.33 2.10 0.36 757 1.00 0.62 2.28
0.40 3087 1.00 0.25 3.30 0.30 342 0.70 0.84 1.58
0.44 3548 0.53 0.53 5.60 0.31 275 0.561 190 2.69
0.41 3139 0.65 0.44 4.70 0.25 142 0.56 2.65 5.28
0.42 3647 1.00 0.28 2.50 0.26 184 0.98 1.06 241
0.40 3191 1.00 0.26 2.10 0.25 158 0.86 099 1.34
0.39 2971 0.62 0.53 3.00 0.21 127 0.68 243 1.72

0.42 3573 1.00 0.25 2.50 0.28 316 0.89 0.43 0.60
0.40 3469 1.00 0.25 2.20 0.30 572 0.68 0.98 224
0.35 2305 0.98 0.27 140

0.41 3295 0.84t 036 292 0.28 309 0.87 1.24 233
0.03 417 0.19 0.14 1.23 0.04 206 0.18 0.80 1.26

TComparison of means ex vivo vs. in vivo statistically not different (p<0.05).

conditions are consistent with the values reported by Fung [34]. Note how the value
of the parameter Eh increases by a factor of four from the thoracic descending aorta
and the carotid artery (see Tables 6.1 and 6.9, and Section 6.1 for more detail), which
reflects the expected stiffening of the vessels along the arterial tree. In the in vivo
human subjects data, the parameter estimates of E'h have a large standard deviation,
mainly due to two outliers. This indicates not only the impact of the experimental
condition but also the difference in vascular arterial walls material properties that are
species related. Unfortunately, no human ex vivo data are available for comparison.

The estimates of A; and by also seem reasonable for both experimental conditions.
The parameter A; — 1 under in vivo conditions, thus reducing the creep function to a
Voigt viscoelastic model for five out of ten subjects, whereas under ex vivo conditions,
A; — 1 only for four out of eleven animals. The relaxation time b, is twice the value
of the ex vivo parameter estimates under in vivo conditions.

Representative examples of optimal model performance compared against exper-
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Figure 6.6: Carotid artery data (blue) measured in Sheep 2 under ex vivo experimental conditions
(top row) and in Subject 3 under in vivo experimental conditions (bottom row). The Kelvin elastic
response is shown in dashed lines (black) and the Kelvin viscoelastic model is shown in red. On the
left column, cross-sectional area is a function of time, on the middle column, cross-sectional area is
a function of blood pressure, and on the right column, blood pressure as a function of time.

imental data are shown in Figure 6.6. For the carotid artery ex vivo data, results
are shown for Sheep 2 and Subject 3 for the carotid artery under in vivo conditions
to illustrate the estimation results. The Kelvin model is able to capture the time-
area and pressure-area dynamics of the ex vivo data. Under in vivo conditions, the
Kelvin model tends to fit the experimental data well, though it overestimates the area
at minimum (diastolic) pressures. Across all animals and human subjects shown in
Appendix B, the Kelvin model generally captures the data from the carotid arteries

well.

6.2.1.2 Arctangent model

Table 6.9 presents the estimation results for the carotid artery based on the arc-
tangent model. The parameter estimation problem converged successfully for all

sheep and human data. As can be seen from the table, the parameters py and p;
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vary significantly across animals and subjects, while the remaining parameters show
comparatively small variability. In particular, note that the parameter A; — 1 for
essentially all animals and half of the human subjects.

For the case of the ovine ex vivo data, the large variance in pg is due to the outliers
from Sheep 6 and 7. For the remaining animals, the estimated py is identically zero.
This effect only occurs twice in the human subjects under in vivo conditions. The
parameter p;, which represents the steepness of rise of the arctangent curve, remains
consistent across animals except again in the data set of Sheep 6 and 7. For the
in vivo data set the variability of py and p; is larger than the mean for all subjects
studied. Hence, an identification or non-uniqueness issue arises.

As pointed out earlier, we cannot measure the zero-pressure radii rg in the carotid
artery for the in vivo data. However, for the ex vivo data, ry is underestimated
compared with the measured values of 0.41 0.2 cm. The parameter estimates of the
relaxation time by for in vivo human data are consistently larger (almost twice) for

the ex vivo animal data, though the meaning of this difference is unclear as we are

Table 6.10: Optimized parameter estimates for eleven sheep during ex vivo and ten human subjects
in vivo experimental conditions using the arctangent model. The last two rows of the table give the
sample mean and sample standard deviations. Experimentally measured ex vivo ry ovine carotid
artery was 0.41 £ 0.02 cm.

ex Vivo in vivo

70 Do D1 Ay b1 J o Do D1 Ay by J

101 10~7 10-1 106
cm mmHg mmHg sec cm? cm  mmHg mmHg sec  cm?
0.36 0.00 6.00 1.00 0.13 10.6 0.27 474 0.00 1.00 0.53  2.98
0.29 0.00 5.28 1.00 0.19 4.90 0.29 0.00 47.6 1.00 0.59 3.01
0.29 0.00 6.56 1.00 0.26 6.90 0.28 23.0 151 0.95 0.50 0.84
0.32 0.00 6.55 1.00 0.18 4.70 0.28 29.8 118 0.64 0.67  2.67
0.30 0.00 6.22 1.00 0.18 6.70 0.08 71.2 13.5 0.84 0.41 2.68
0.42 4400 0.94 1.00 0.28 2.50 0.26 415 0.35 1.00 1.05 2.39
0.40 4056 0.00 1.00 0.26 2.10 0.24 63.2 131 0.97 0.74 0.96
0.28 0.00 6.13 1.00 0.15 3.20 0.19 15.7 72.0 1.00 0.66 1.84
0.30 0.00 5.72 1.00 0.19 7.80 0.27 113 329 1.00 0.37 0.61
0.29 0.00 5.72 1.00 0.19 6.90 0.20 14.5 30.9 0.84 0.41 1.02
0.25 0.00 7.80 1.00 0.21 3.50
0.31 769 5.17 1.00 0.20 5.44 0.23 121.9 89.5 0.925 0.59 1.90

0.065 1712 242 0.00 0.05 2.60 0.06 173.8 1006  0.12 0.20 0.96
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Figure 6.7: Carotid artery data (blue) measured in Sheep 2 under ex vivo experimental conditions
(top row) and in Subject 3 under in vivo experimental conditions (bottom row). The arctangent
elastic response is shown in dashed lines (black) and the arctangent viscoelastic model is shown in
red. On the left column, cross-sectional area is a function of time, on the middle column, cross-
sectional area is a function of blood pressure, and on the right column, blood pressure as a function
of time.

comparing values across species.

Sheep 2 and Subject 3 were chosen as representative examples of the optimal
performance of the arctangent model. As illustrated in Figure 6.7 in the top row, the
arctangent model cannot capture the pressure-area and the time-area dynamics of the
experimental data as well as the Kelvin model does. However, the arctangent model
improves significantly the fit of the data over the Kelvin model (and the sigmoid
model as shown in Figure 6.8) for the in vivo human data as shown on the bottom

row of Figure 6.7.

6.2.1.3 Sigmoid model

Optimizing the parameter corresponding to the maximal cross-sectional area A,,
in the sigmoid model using carotid artery data caused identifiability problems. There-

fore, as discussed in Section 6.1.1.3, A,, was held fixed at its nominal value.
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Table 6.11: Optimized parameter estimates for eleven sheep during ex vivo and ten human subjects
in vivo experimental conditions using the Sigmoid model with A,, fixed. The last two rows give the
sample mean and sample standard deviations. Experimentally measured ex vivo ry in ovine carotid
artery was 0.41 £ 0.02 cm.

ex vivo in vivo

To k « Am Al bl J To k « Am Al bl J

10~ 1077 10-1 1076
cm - mmHg cm? sec  cm* cm - mmHg cm? sec  cm*
045 70 943 066 1.00 0.33 4.30 0.30 21 126 0.31 1.00 0.53 4.92
0.41 6.8 94.9 0.53 1.00 0.26 2.50 0.38 12 120 0.47 1.00 0.59 4.42
0.40 5.2 96.1 0.51 1.00 0.24 3.90 0.33 10 132 0.40 1.00 047 231
0.44 5.6 91.3 0.62 1.00 0.21 4.70 0.34 8.7 125 0.44 0.92 042 4.02
041 6.1 91.9 0.55 1.00 0.26 4.40 0.30 18 104 0.32 1.00 0.34 1.82
0.42 6.2 962 057 1.00 0.29 3.20 0.30 18 107 0.30 1.00 0.86 3.05
0.40 59 957 052 1.00 0.26 2.70 0.29 14 104 0.31 1.00 0.69 2.78
039 7.0 86.5 0.50 0.75 037 1.80 0.23 6.0 87.3 0.21 1.00 0.64 3.20
0.42 5.9 96.0 0.56 1.00 0.26 3.00 0.30 16 118 0.31 1.00 0.38 1.06
0.41 59 96.0 053 1.00 0.26 2.70 031 7.7 105 0.32 0.92 037 0.83
0.35 6.1 98.1 0.40 1.00 0.26 1.90
041 6.1 94.3 0.54 0.98t 0.27 3.19 0.31 13 113 0.34 098 0.53 284
0.03 0.6 3.2 0.07 0.08 0.04 1.00 0.04 5.0 13.6 0.07 0.03 0.16 1.37

TComparison of means ex vivo vs. in vivo statistically not different (p<0.05).

In Table 6.11 the summary of the parameter estimation results are presented using
eleven male Merino sheep and ten human subjects under ex vivo and in vivo condi-
tions, respectively. The parameter estimation algorithms converged for all animals
and human data. The parameters in the sigmoid model across all animals and sub-
jects did not deviate much from their respective mean. In addition, the parameter
A; — 1 for both experimental conditions (without a statistically significant difference
between them). The relaxation time b; is larger for the in vivo human data. Parame-
ter predictions of ry using the sigmoid model are very close to the zero-pressure radii
that were measured experimentally in male Merino sheep (0.41 + 0.02 c¢m).

It should be noted that for the carotid artery under ex vivo conditions the value
of k is consistent across all sheep. However, the standard deviation of k£ under in
vivo conditions is larger. As noted in the thoracic descending aorta, the value of k is
smaller for those vessels that were excised from the body, indicating that vessels got

stiffer ex vivo.
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Across all eleven sheep and ten subjects, the parameter estimates of «, the charac-
teristic pressure at which the vessel starts to saturate, does not show much variability.

Figure 6.8 again illustrates with Sheep 2 and Subject 3 the optimal performance
of the sigmoid model for the carotid artery in which the maximal cross-sectional area
A, is held constant. For the ex vivo data shown in Figure 6.8, the sigmoid model
tends to capture the data, but it underestimates the systolic (high pressure). For
the in vivo data in Figure 6.8, the sigmoid model can capture the overall time-area
and pressure-area dynamics. However, the sigmoid strives to reach the cross-sectional

area during both diastole and systole (high and low pressures).
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Figure 6.8: Carotid artery data (blue) measured in Sheep 2 under ex vivo experimental conditions
(top row) and in Subject 3 under in vivo experimental conditions (bottom row). The sigmoid elastic
response is shown in dashed lines (black) and the sigmoid viscoelastic model is shown in red. On
the left column, cross-sectional area is a function of time, on the middle column, cross-sectional area
is a function of blood pressure, and on the right column, blood pressure as a function of time.

6.2.2 Sensitivity and statistical analysis

As in Section 6.1.2, we studied the sensitivity and statistical properties of the

results obtained from the carotid artery segments under ex vivo (sheep) and in vivo
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Figure 6.9: Absolute relative sensitivities shown in a semi-log scale resulting from the Kelvin,
arctangent, and sigmoid models under ex vivo conditions for Sheep 2 (top) and under in vivo
conditions for Subject 3 (bottom).

(human) experimental conditions. We will again illustrate our results in detail, using
Sheep 2 (ex vivo) and Subject 3 (in vivo).

Figure 6.9 presents the absolute relative parameter sensitivities as a function of
time for the Kelvin, arctangent, and sigmoid viscoelastic models, respectively, using
the optimized set of parameters. Independent of the model, it was noted that the
model output (cross-sectional area) is most sensitive (in a relative sense) to pertur-
bations in rg. This is consistent with results for the thoracic descending aorta. The
parameters A; and b; again have little influence on the model output for all three
models. Due to the particular model structure, the relative sensitivity of ¢ in the arc-
tangent model remains constant throughout the cardiac cycle. In general, the relative
ranking of the parameter sensitivities for each model is not affected by the anatom-
ical locations (thoracic descending aorta vs. carotid artery) nor the experimental
conditions.

Table 6.12 presents the standard errors and confidence intervals generated for

each parameter of the Kelvin, arctangent, and sigmoid viscoelastic models under both
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Table 6.12: Standard errors and confidence intervals derived for all model parameters using the
carotid artery for Sheep 2 under ex vivo experimental conditions (on the left) and under in vivo
conditions in Subject 3 (on the right). rg in cm, by in sec, Fh in mmHg c¢m, « in mmHg, p; in
mmHg, and pg in mmHg.

0 0 Standard errors Confidence intervals
ex vivo in vivo ex vivo in vivo ex vivo in vivo

= 7o 0.41 0.30 0.0001  0.00330 [0.405, 0.405] [0.297, 0.310]
= Eh 3751 342 49.3 25.5 [3654, 3848] [292, 392]
é Ay 0.83 0.70 0.0580 0.133 [0.715, 0.942] [0.443, 0.965]

by 0.033 0.084 0.0029 0.0179  [0.0278, 0.0390] [0.0485, 0.119]
S To 0.29 0.28 0.0786 0.0397 [0.137, 0.445] [0.199, 0.355]
& Po 0.00 23.0 4.41 17.7 [-8.64, 8.64] [-11.6, 57.6]
§ P1 6.00 151 0.772 206 [3.77, 6.79] [-251, 554]
2 A 1.00 1.00 0.226 0.869 [0.557, 1.443] [-0.407, 2.41]
< by 0.013 0.053 0.0040 0.0154  [0.0108, 0.0264]  [-0.0426, 0.137]

7o 0.41 0.33 0.0001 0.0680 [0.407, 0.408] [0.386, 0.413]
% k 6.8 10 0.284 2.62 [6.24, 7.35] [5.16, 15.4]
§O a 94.9 132 0.813 8.43 [93.3, 96.5] [116, 149]
n A 1.00 1.00 0.176 0.718 [0.655, 1.35] [-0.42, 2.42]

b 0.033 0.047  0.0052 0.0458 [0.0162, 0.0364] [-0.0440, 0.1381]

experimental conditions. Overall, the Kelvin model generates the smallest standard
errors for the parameters that the three models have in common (rg, Ay, and by). The
arctangent model generates the largest standard errors (with the exception of b; for
the in vivo data), followed by the sigmoid model. We notice that the Kelvin and the
sigmoid models give the same standard error for the zero-pressure radii rq whereas
the arctangent model gives the largest standard error. For the parameters A; and by,
the Kelvin model has the smallest standard errors followed by the sigmoid model and
lastly the arctangent model.

The confidence intervals shown in Table 6.12 show that the tightest confidence in-
tervals under both experimental conditions correspond to the parameter ry. Similar
to the results in the thoracic descending aorta, this can be related to the high sensi-
tivity of rg in the respective models. In contrast, the parameters A; and b; provide

wider confidence intervals, reflecting their low relative sensitivities across all three
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Table 6.13: Correlation analysis for the Kelvin model using carotid artery data derived under ex
vivo conditions in Sheep 2 (on the left) and under in vivo conditions in Subject 3 (on the right).

I To Al bl Eh I To Al bl Eh
70 1 066 -0.72 0.99 70 1 089 -0.86 0.99
Ay 1 -0.94 0.69 Ay 1 -0.95 0.90
b1 1 -0.75 b1 1 -0.88
Eh 1 Eh 1

models. In contrast to the results for the thoracic descending aorta (Table 6.4), in
the case of the carotid artery the arctangent and sigmoid models generate confidence
intervals with unphysiological values. As will be shown below, this may relate to
correlation among model parameters.

Tables 6.13, 6.14, and 6.15 present the correlation analysis for the Kelvin, arctan-
gent, and sigmoid viscoelastic models, respectively for experimental data measured
under ex vivo and in vivo conditions. The highest correlations exist in the Kelvin
model between Eh and ry as was also the case for the thoracic descending aorta.
In the arctangent model, there exists a high correlation among all parameters when
using ex vivo data. However, this is less pronounced when using in vivo human data.
In the case of the sigmoid model, the parameters A; and b; are the highest correlated
parameters for the ex vivo data, but for the in vivo data, ry and « are the most
correlated parameters.

Lastly, in Figure 6.10 the choice of our statistical model was assessed. By plotting
the residual errors as a function of time and the cross-sectional areas predicted by
the Kelvin, arctangent, and sigmoid viscoelastic models, respectively, we can deter-

mine whether the constant variance assumption underlying the statistical model of

Table 6.14: Correlation analysis for the arctangent model using carotid artery data derived under
ex vivo conditions in Sheep 2 (on the left) and under in vivo conditions in Subject 3 (on the right).

ro Ay b1 Do D1 ro Ai b1 Do D1
0 1 -0.92 0.98 -1 0.99 o 1 099 -0.90 -0.67 0.99
A 1 -0.96 092 -0.92 A 1 -0.93 -0.69 0.98
b1 1 -0.98 0.97 b1 1 0.73 -0.87
o 1 -0.99 Do 1 -0.58
D1 1 D1 1
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Table 6.15: Correlation analysis for the sigmoid model using carotid artery data derived under ex
vivo conditions in Sheep 2 (on the left) and under in vivo conditions in Subject 3 (on the right).

To Al bl k (0% To Al bl k «
70 1 -066 0.66 0.69 0.93 0 1 0.18 -0.32 0.09 -0.94
Ay 1 -0.99 -0.89 -0.49 Ay 1 -0.91 -0.48 0.19
b1 1 0.90 0.49 b1 1 0.55 0.34
k 1 0.51 k 1 0.05
o 1 « 1

Table 6.16: Model selection via the Akaike Information Criteria AIC for the carotid artery under
ex vivo and in vivo experimental conditions using the Kelvin, arctangent, and sigmoid viscoelastic
models.

ex vivo in vivo
Sheep Kelvin Arctan Sigmoid Human Kelvin Arctan Sigmoid
mean  -4803  -4675 -4774 mean  -1381  -1395 -1362
st dev 1369 1345 1349 st dev 234 240 224

Section 5.4 is valid. For the carotid artery under both experimental conditions, it
should be noted that all three models show very strong patterns, rather than ran-
domly distributed residuals. The conclusion is therefore that in all three cases, the
mathematical models fail to capture the underlying dynamics of the experimental

data sufficiently well for the statistical model of Section 5.2 to hold.

6.2.3 Model selection

As described in Section 6.1.3, the quality of fit depends on how many parameters
are included in the mathematical model that represents the data. The Akaike Infor-
mation Criterion (AIC) presented in the previous chapter was used to analyze the
modeling results obtained for the carotid artery data. The results shown in Table 6.16
demonstrate that even though no clear difference (in the statistical sense of pairwise
comparison at the 95% confidence level) exist, the Kelvin viscoelastic generates the
lowest AIC values for the ex vivo data. Likewise, for the in vivo data, the arctangent
model generates the lowest AIC value, though the difference between the three models

is rather small.
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This chapter presented the results of the model performance along with an analysis

of the model parameters obtained using ovine and human-subject carotid artery data.
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Figure 6.10: Residual plots as a function of the model (first and third row) and time (second and
fourth row) resulting from the Kelvin (left column), arctangent (middle column), and sigmoid model
(right column) using carotid artery data from Sheep 2 under ex vivo conditions (first two rows) and
from Subject 3 under in vivo conditions (last two rows).
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Kelvin model

The Kelvin model, in addition to consistently producing parameter estimates with
little variance, captures the pressure-area dynamics of the carotid artery very well.
Given that the carotid artery pressure-area relation exhibits less pronounced nonlin-
earities, as opposed to those present in the thoracic descending aorta (see previous
section), it is not surprising that the Kelvin model performs very well at this anatomi-
cal location under both experimental conditions for both species. The small standard
errors, compared to those generated by the other models, give rise to tight confidence
intervals with realistic parameter values (A; < 1). As was true for the thoracic de-
scending aorta, the Kelvin model produces estimates of the zero-pressure radii ro that
are consistent with the experimentally measured values.

Even though care should be taken when making comparisons between different
species, the difference in size of the E'h parameter among the ex vivo and in vivo
data indicates that the arteries at the level of the carotid is less stiff in humans than
it is in sheep (see the following section for a further discussion). However, as in-
dicated by the residual plots in Figure 6.10, further improvement is needed in the

Kelvin model.

Arctangent model

In contrast to the thoracic descending aorta data, the parameter estimates obtained
using the arctangent model were more variable and less certain, leading to identifi-
cation or non-uniqueness issues. Even though the data capturing of the arctangent
model applied to the carotid artery from human subjects is comparatively better
than the performance of the other models, it performs the worst on ex vivo animal
data. The characteristic parameters of the arctangent model, py and p;, tend to un-
physiological values or reduce the arctangent model to a constant elastic response,
respectively. In addition, the estimates of the zero-pressure radii under-estimate the
expected values for both anatomical locations. These results are associated with very

wide confidence intervals due to the uncertainty in the parameter estimates, the high
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correlation among model parameters, and the strong pattern shown in the residual
plots. This may have to do with the fact that the arctangent model was developed
using thoracic and abdominal aortas, which are locations in the arterial tree that not
only differ structurally from the carotid artery but are also twice the carotid artery di-

ameter size. Therefore, the usage of the arctangent model may be limited to the aorta.

Sigmoid model
The sigmoid model was able to generate consistent parameter estimates for the carotid
artery as it did for the thoracic descending aorta. However, the need for a nonlinear
model in the carotid artery data capturing is less clear. When comparing the perfor-
mance of the Kelvin model with the sigmoid model’s performance on both animal and
human data, we see how each model emphasizes the data capturing at different parts
of the pressure-area dynamics. However, it is clear that overall the Kelvin model can
fit the data better than the sigmoid model. When we compare the standard errors
in the carotid arteries, we consistently get larger (and more uncertain) values for the
sigmoid than for the Kelvin model, as indicated by the larger confidence intervals.
It is important to emphasize that the sigmoid model can be used for both tho-
racic descending aorta and carotid arteries. However, the characteristics of the sig-
moid model are more pronounced and necessary to describe the data from the aorta.
This conclusion is corroborated by the residual plots, in which randomness is almost
achieved in the thoracic descending aorta but not in the carotid artery. In the next
section, we compare the estimation results obtained from the two anatomical loca-

tions in more detail.
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6.3 Comparison among anatomical locations

In this section, we compare the parameter estimation results from the two anatom-
ical locations considered in the previous two sections. The comparison is restricted
to the ovine ex vivo experimental conditions, as ovine in vivo data for the carotid
artery or human in vivo data for the thoracic descending aorta are not available. Fur-
thermore, the comparison of parameter estimates are restricted to those generated by
the Kelvin and the sigmoid visocelastic models since these two models generated the
best fits to the experimental data and produced physiologically reasonable parameter
estimates with comparatively small variance.

The response of the Kelvin viscoelastic model is summarized in Table 6.17 and
shown for representative experimental data and model predictions in Figure 6.11.
From the summary statistics in Table 6.17, it should be noted that the estimated
zero-pressure vessel radii are significantly different for the two anatomical locations,
as one would expect. The estimated material parameter Eh increases by a factor
of four from the thoracic descending aorta to the carotid artery. Again, one might
expect this on the grounds of physiological knowledge: the relative amount of elastin
and collagen decrease from the central large arteries to the more peripheral ones,
whereas the relative amount of smooth muscle increases distally. These changes in
the vascular microstructure lead to progressively stiffer arteries further along the

arterial tree’. The relaxation times b; are statistically significantly different between

IThe material parameter Eh by itself does not measure stiffness. However, the measured wall
thickness h of the thoracic descending aorta is about three times that of the carotid artery, resulting

Table 6.17: Summary statistics of the optimal parameter estimates for the thoracic descending
aorta and carotid artery based on the Kelvin viscoelastic model in male Merino sheep under ex vivo
experimental conditions.

Thoracic descending aorta Carotid artery
To Eh Al bl To Eh Al bl
101 10!
cm mmHg cm - sec cm mmHg cm - sec
0.88 750 0.68"  0.52 0.41 3295 0.84 0.36
0.02 78 0.16  0.15 0.03 417 0.19 0.14

fComparison of means between anatomical locations statistically not different (p<0.05).
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Figure 6.11: Vascular cross-sectional area as a function of transmural pressure for the thoracic
descending aorta (left; Sheep 9) and the carotid artery (right; Sheep 2). Experimental data are shown
in blue; elastic response of the Kelvin model is shown in black dashed lines; Kelvin viscoelastic model
is shown in red.

the two anatomical locations, though the amplitude of the creep function shows no
statistical significant difference.

From Figure 6.11, it should be noted that the Kelvin viscoelastic model fails to
capture the nonlinear pressure-area dynamics of the thoracic descending aorta (left
panel), while it is able to fit the more linear experimental data from the carotid
artery (right panel). This result suggests that the Kelvin model might be a good
representation for vascular segments that do not exhibit strong nonlinear pressure-
area relationships. However, this conclusion might be related to large relative lumen
distention of the aorta (20%) as compared to the relative distention seen in the carotid
artery (2%) for the same range of blood pressures. Recall from Table 3.2 that the
vascular segments from the aorta contain a larger percentage of elastin, and a smaller
percentage of smooth muscle as compared to the carotid artery.

The summary statistics of the parameter estimation results for the sigmoid model
for both anatomical locations are presented in Table 6.18. As in the case of the Kelvin
model, the sigmoid model also produces statistically significantly different estimates
of the zero-pressure radii. The parameter k, which is a measure of stiffness, does not

show a significant difference between the two locations, though it varies according to

in a difference in elastic modulus of over an order of magnitude between the two anatomical locations.

See Table 3.1
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Table 6.18: Summary statistics of the optimal parameter estimates for the thoracic descending
aorta and carotid artery based on the sigmoid viscoelastic model in male Merino sheep under ex
vivo experimental conditions.

Thoracic descending aorta Carotid artery
To k « Am A1 b1 To k « Am Al b1
101 10!
cm - mmHg  cm? - sec cm - mmHg cm? - sec

0.93 5.8t 82.7 342 0.95F 0.32f 041 6.1 943 054 098 0.27
0.02 1.3 5.2 0.11 0.08 0.09 0.03 0.6 3.2 0.07 0.08 0.04

TComparison of means between anatomical locations statistically not different (p<0.05).

experimental conditions. The parameters associated with the creep function, A; and
b1, show no statistical difference between the two anatomical locations.

Figure 6.12 suggests that the sigmoid model gives an accurate characterization of
the vascular pressure-area relationship at the level of the thoracic descending aorta.
However, at the level of the carotid artery, the Kelvin model outperforms the sigmoid
model. It is important to therefore consider the changes in structure and hence the

biomechanical properties of the vasculature when characterizing the arterial tree.
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Figure 6.12: Vascular cross-sectional area as a function of transmural pressure for the thoracic
descending aorta (left; Sheep 9) and the carotid artery (right; Sheep 2). Experimental data are shown
in blue; elastic response of the Kelvin model is shown in black dashed lines; Kelvin viscoelastic model
is shown in red.



101

Chapter 7

Conclusions

7.1 Summary

In this thesis we presented a mathematical modeling based study of the biome-
chanical properties of ex vivo and in vivo large ovine and in vivo human arteries.
We aimed to describe and understand the distention of vascular segments, due to
time-varying blood pressure, through an inverse mathematical modeling framework

that estimated model parameters from experimental data.

Modeling approach

We approached the problem of modeling the vascular cross-sectional area as a function
of transmural pressure using a model approach in which a static linear or nonlinear
steady-state pressure-area relationship is convolved with a linear time-invariant com-
ponent that captures the dynamic behavior of the composite model. This approach
is formulated using Fung’s quasilinear viscoelastic theory of soft tissue biomechan-
ics. For the steady-state pressure-area relationship, we considered the linear Kelvin
model, and two nonlinear models, an arctangent model developed by Langewouter
et al. [50] and a nonlinear sigmoid model that we proposed [61]. For the dynamic
component, we used a simple exponential creep function.

To estimate the parameters associated with each viscoelastic model, we utilized
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the simplex-based Nelder-Mead optimization routine [26]. We submitted our param-
eter estimates to rigorous examination through sensitivity, robustness, and statistical
analyses. Finally, we assessed each model’s goodness-of-fit by weighting the respec-
tive cost functions by the number of parameters included in each model to fit the
data (Akaike Information Criterion). This allowed us to compare model fits to ex-
perimental data when the number of parameters differ across different models. To
test for statistical significance of our parameter estimates among models, anatomical

locations, and experimental conditions, we used a two sample t-test.

Experimental data

We applied our estimation routine to experimental data obtained by our collabora-
tors at the University of The Republic, Uruguay. Data include measurements from
male Merino sheep under ex vivo and in vivo experimental conditions from the tho-
racic descending aorta and under ex vivo conditions from the common carotid artery.

In addition, we obtained in vivo data from the common carotid from human subjects.

Modeling the biomechanical properties of the thoracic descending aorta

We were able to best capture the pressure-area dynamics of the thoracic descending
aorta in male Merino sheep under both ex vivo and in vivo experimental conditions
using the sigmoid model. The parameter estimates of the zero-pressure radii rg, the
amplitude A; of the creep function, and the relaxation time b; were not statistically
different between the two experimental conditions. In addition, we obtained a set of
robust and consistent (across animals) parameter estimates for the sigmoid model if
we held the maximum cross-sectional area A,, fixed.

The arctangent nonlinear viscoelastic model, adapted from Langewouters et al.,
gave a good fit for the male Merino sheep thoracic descending aorta ex vivo. However,
only for the thoracic descending aorta under ex vivo conditions did the parameter
estimation problem converge to a non-degenerate set of parameters. In addition, the
arctangent viscoelastic model under-approximated the zero-pressure radii o measured

experimentally. Even though the AIC attained by the arctangent model is close to the
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one produced by the sigmoid — suggesting a close fit of the data given the number of
parameters — some of the estimated parameter values were outside the physiological
range. We therefore conclude that the arctangent model was of limited use in identi-

fying parameters from the dynamical ovine data.

Modeling the biomechanical properties of the carotid artery

We demonstrated the need for a nonlinear viscoelastic model to capture the pressure-
area data of the ovine thoracic descending aorta. However, for the carotid artery the
need for a nonlinear model is less obvious. For the ex vivo data measured in male
Merino sheep, overall the Kelvin model best captured the pressure-area dynamics (as
determined pictorially and by the lowest AIC), and was able to identify parameter es-
timates that did not vary significantly across animals. In addition, the Kelvin model
resulted in a well-posed estimation problem. For the in vivo human carotid artery
data, the arctangent model pictorially outperformed the other models, though the

variability in the human data was quite significant.

The work presented in this document was motivated by two principal hypotheses.
Here, we restate our original hypotheses and summarize the insights we have obtained

in our investigation.

Hypothesis 1 Viscoelastic models accounting for linear and nonlinear elastic re-
sponses can accurately predict pressure-area dynamics observed in systemic

arteries under ex vivo and in vivo experimental conditions.

In investigating this hypothesis, we have gained the following insights:

1. Vascular viscoelasticity is an important feature to include when describing
arterial distention. Without incorporating viscoelasticity, our models fail
to represent the characteristic pressure-area loops present in the experi-

mental data.

2. At the level of the thoracic descending aorta, we recognize that the Kelvin

model produces significantly different results for the ex vivo and in vivo
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experimental conditions. However, the sigmoid model — at a 95% con-
fidence level — produces a difference in means only for the parameter k.
This result is corroborated by the good fit of the sigmoid model under both
experimental conditions in the thoracic descending aorta, and by the ob-
servation that the Kelvin model showed a poor fit of the aortic data under
ex vivo conditions. These results emphasize the importance of including

nonlinearities when describing the distention of the thoracic aorta.

3. Vessels closer to the heart show a prominent nonlinearity in their pressure-
area dynamics compared to those more peripheral. This nonlinearity ne-

cessitates the use of a nonlinear model to describe the data.

Hypothesis 2 Biomechanical properties of the vasculature can be characterized via
model parameter estimates according to anatomical location and experimental

conditions (ex vivo and in vivo).

While investigating this second hypothesis, we developed the following insights:

1. At the 95% confidence level, the majority of parameter estimates are sta-
tistically different from the two anatomical locations in the ex vivo ovine
data. This, again, shows that the model parameters reflect the expected
difference in biomechanical vascular properties according to anatomical

location.

2. The only parameter that is not statistically significantly different — again
at the 95% confidence level — when comparing parameter estimates from
the ovine to human carotid artery is the amplitude A; of the viscoelastic
relaxation term. Thus the parameter estimates generally reflect the dif-
ference in biomechanical properties one expects between different species

and experimental conditions.

3. The Kelvin and the sigmoid models demonstrate that there is an increase

in stiffness for those vessels that have been excised (Fh and k were the
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parameter indicators). This was also the case when comparing the stiff-
ness of the thoracic descending aorta and the carotid artery in which the
parameter Eh increased by a factor of four. Hence, the results from our

models are in agreement with physiology.

7.2 Contributions

With the work presented in this document, we have contributed to the field of

vascular biomechanical research in several ways.

Methodological contributions

The models that we developed and evaluated extensively in this thesis are advanta-
geous due to their simplicity. They are easy to implement and relatively inexpensive
to run. Above all, they capture the pressure-area dynamics of both ovine and human
vascular segments very well. The parameter estimation and analyses routines we have

implemented provided an efficient framework for vascular parameter estimation.

Modeling contributions

By testing the viscoelastic models against animal and human data under both ex vivo
and in vivo experimental conditions, we were able to corroborate our modeling results
with known physiology of the vascular wall. We have tested and analyzed our models
extensively against experimental data under different experimental conditions among
two different species and in two locations of the arterial tree. Data availability is a
common problem in modeling studies. We count ourselves very fortunate of having
been able to test our estimation routines on real rather than simulated data.

We found agreement among model characteristics and the physiological properties
of the thoracic descending aorta and the carotid artery. The superior data fit of the
nonlinear viscoelastic models on the thoracic descending aorta is consistent with the
higher percentage of elastin and collagen present in that location. In the carotid

artery, whose vascular wall is predominantly composed of smooth muscle and less
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elastin and collagen fibers, the Kelvin model was able fit the experimental data,
especially the ex vivo data, very well. Finally, the sigmoid (nonlinear) viscoleastic
model that we proposed gave positive results. With the sigmoid model we showed
that data capturing can be improved in the large arteries and can also provide physical

properties of the same.

7.3 Future work

Based on our results and experience with both the mathematical models and the
experimental data, we suggest below a series of follow-up studies that will build on

and expand the work presented in this document.

7.3.1 Experiments

Modeling efforts often are limited by the availability and fidelity of experimental
data. The experimental data measured in male Merino sheep was rich and allowed
us to test our models with a high level of confidence. However, the data measured in
human subjects under in vivo conditions were limited in terms of duration (often the
pressure and diameter time series did not complete a full cardiac cycle). Therefore,
to further investigate the performance of mathematical models and to understand
the vessel deformation more accurately, a time series of a sequence of cardiac cycles
would be preferable.

As described in Chapter 2, the vessel wall displays complex biomechanical prop-
erties. Currently, the animal data used for our analysis were obtained at a dominant
frequency (that of the mean cardiac cycle length). This allowed us to identify one
relaxation term b; with its associated amplitude parameter A;. However, in order
to fully characterize the dynamic response of the tissue, we would have to stimulate
each vascular segment over a range of physiological frequencies. Such an approach

would excite the tissue at a multitude of natural frequencies, possibly stimulating all
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the constituents (elastin, collagen, and smooth muscle) and thus providing the full
spectrum of responses for our identification procedure.

To truly describe the biomechanical properties of the vascular wall, the exper-
imental protocol should involve two procedures. Given a particular location of the
arterial tree, two vascular segments would ideally be studied. On one of the segments,
the material moduli, the stress-free state, and the opening angle of the vessel could
be measured to characterize the steady state of the vessel. Meanwhile, on the other
segment, the vessel deformation as a function of blood pressure could be measured
over a broad range of physiological frequencies. This approach should aid in the de-
scription of the pressure-area dynamics with the corresponding physical properties
pertinent to the specific vessel under study.

Finally, to investigate the dependence of our parameter estimates on the con-
tractile state of each vascular segment, it would be beneficial to repeat the ex vivo

experiments under varying calcium concentrations.

7.3.2 Mathematical modeling

Given the positive results obtained from the sigmoid viscoelastic model, we would
like to implement such a model into a fluid-structure-interaction code. Currently, due
to the complexity of incorporating viscoelastic models into fluid codes, the pressure-
area relation is commonly idealized to be elastic.

In agreement with the characteristics and the physiological properties of the tho-
racic descending aorta and the carotid artery, we learned that for the thoracic de-
scending aorta, the nonlinear viscoelastic models improved data capturing whereas
pressure-area dynamics via a linear viscoelastic model in the carotid artery is more
adequate. Knowing that the composition of the vessel wall changes from larger to
smaller arteries along the arterial tree by becoming more rigid due to the increase in
smooth muscle cells and decrease in the presence of elastin and collagen fibers, one
would expect that the need for nonlinearity to decrease yet viscoelasticity to remain

needed. Thus, if true that from largest to the smallest arteries the nonlinearity is
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less needed, then the next step would be to develop a model, that — according to
the vessel size (a function of cross-sectional area) — can adapt to the need of a more
nonlinear or linear model. Such a model would be of great value for fluid-structure
interaction models and fluid models to accurately characterize vessel deformation in
the arterial tree.

Finally, a correlation of the histological values to the parameter estimates of the
viscoelastic models presented could give some further insights of the biomechanical

properties of the data analyzed.
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Appendix A

The Nelder-Mead Method

To minimize the objective function J(#) described in Section 5.2, the problem is
initialized by building a simplex with n, 4+ 1 vertices in the n, dimensional parameter
space. An initial vertex is provided by the user through 6;, the initial guess of the
parameter vector. The remaining n, vertices are obtained by perturbing 6;. The
objective function J is then evaluated at each of the n, + 1 vertices of the simplex.
An iterative process is carried out in which the vertex corresponding to the largest
cost-function value is replaced by another vertex to minimize the cost function (see
algorithm below). The iterative algorithm exits once it has reached a user-defined
error tolerance (convergence) or exceeds the number of function evaluations prescribed
by the user (failure to converge).

The Nelder-Mead steps to find the optimal set of parameters that minimizes the

cost function .J are the following [26].

1. Ordering. Given the initial point §; = z; and the n, points xo, x3, ..., Ty 41, J
is evaluated at each point and ordered so that the n, + 1 vertices satisfy that
J(@1) < J(xg) < -+ < J(wy,41), where 1 is the best vertex and 6, 41 the

worst.

2. Centroid. Followed the ordering of the vertices, the centroid or center of
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gravity is calculated using n, points as the following:

. Reflection. Using the centroid point x4, the worst vertex is reflected with a

coefficient ¢ > 0 to obtain the reflection point
Ty =Ty + G(Ty — Tpyi)-

If, after evaluating the cost function at the reflected point, J(x,) is less than
the second worst, but not better than the best cost function value, i.e.: J(z1) <
J(x,) < J(2y,), then obtain a new simplex by replacing the worst point x,,41
with the reflected point z,, and go to Step 1. If however, the reflected point is
the best point so far, yielding the smallest cost function, J(x,) < J(x;), then
Step 3 is redone.

. Expansion. In this step, the simplex is expanded by using an expansion coef-

ficient p > 1 to obtain the expanded point
Te = x4+ p(z, — 29).

If the expanded point is better than the reflected point, meaning that J(z.) <
J(x,), the worst point is replaced by the expanded point and a new simplex is
formed and Step 1 is repeated. Otherwise, the reflected point x, should replace

the worst point x, 41, and the algorithm proceeds to Step 5.

. Contraction. In this step the objective function J gives a larger or equal value
at the reflected point than at the second worst vertex, i.e., J(x,) > J(zn,).
Depending on whether the objective function value is smaller at the reflected
point or at the second worst point, an outside of inside contraction should be

computed.
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(a) Outside contraction. If the cost function satisfies J(x,) > J(x,,) and
J(x,) < J(x,,,,), then the contraction coefficient 0 < v < 1 is used to

obtain the contracted point
Te =24+ Y(x, — 14).

(b) Inside contraction. If the cost function satisfies J(x,) > J(z,,) and
J(x,) > J(%p,+1), then the worst vertex is replaced by the reflected point
x, in the contraction operation where the contraction coefficient remains
tobe 0 <y <1

Te = Tg+ Y(Tp,41 — Tyg).

If the contracted point is better than the worst point, i.e. J(x.) < J(2p,41)
then a new simplex is obtained by replacing the worst point xz,,.1 with

the contracted point z., and go to step 1. Else go to the next step.

6. Shrink. If the contracted point gives a larger J value than the worst point,
J(xc) > J(xy,41), the shrinkage step is carried out. While keeping the best
point, the shrinkage step produces n, new vertices of the new simplex by re-

placing the points in the following form
xT; :xl—i-w(xi—:cl) for 7 € {2,...,np+1},

where w = 1/2.

7. Termination criterion. If the absolute difference of the cost function evalu-
ated at the worst and best vertices is less than the error tolerance 7 specified
by the user, |J(zp,,,) — J(21)| < 7, and the number of iterations m taken is
less than the maximum number M allowed by the user, declare convergence
and exit the algorithm. If |J(zy,,,) — J(21)| > 7 and m > M, declare failure of

convergence and exit the algorithm. Else go to Step 1 and repeat the algorithm.

Upon successful termination, the algorithm produces a set of optimal parameter
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values é, given the cross-sectional area data a; and the set of initial parameter values

0;. The scheme of the Nelder-Mead algorithm is illustrated in Figure A.1.

Xnp+1

Xnp X1
Reflection
e
Xnp+1
Xnp X1
Expansion
Xnp+1 Xr Xnp+1 Xr
Xc
g g
Xc¢
Xnp ) X1 Xnp - X1
Outside Inside

Contraction

Xnp+1

Xnp X1
Shrink

Figure A.1: Scheme of the Nelder-Mead algorithm in a 2-dimensional space, where z, is the
centroid point, x, the reflected point, z. the expanded point, x. the contracted point, and x1, xp,,
and x,,,, the best, second worst, and worst points, respectively.
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Appendix B
Summary of Estimation Results

In this appendix, the estimation results for all animal and human subjects for
both anatomical locations, both experimental conditions, and all three models are
tabulated. In the sections to follow, we conform to the same layout for presenting the
data. For each animal or subject, we present the area-vs-time plots (top panels), the
pressure-area plots (middle panels), and the pressure-vs-time plots (bottom panels).
In each figure, the black dashed lines correspond to the elastic response of each model,
the red solid line corresponds to the viscoelastic models, and the blue solid line to
the experimental data. From left to right, we list the results for the Kelvin, the
arctangent, and the sigmoid models. The parameter estimates corresponding to each

plot can be reviewed in the tables of Chapter 6.
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B.1 Thoracic descending aorta

B.1.1 Merino sheep — ex vivo
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B.1.2 Merino sheep — in vivo
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B.2 Carotid artery

B.2.1 Merino sheep — ex vivo
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Arctangent

Sigmoid
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Sheep 8

Arctangent

Sigmoid
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Sheep 10

Arctangent Sigmoid
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B.2.2 Human subjects — in vivo

Subject 1

Kelvin

Arctangent

Sigmoid

15 16 17 18 19 2 21 15 16 17 18 19 2 21 15 16 17 18 19 2 21
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0.29
0.285
110 115 120 125 130 135 140 110 115 120 125 130 135 140 110 115 120 125 130 135 140
p [mmHg] p [mmHg] p [mmHg]
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Subject 2

Arctangent

Sigmoid
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<
5
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Kelvin Arctangent Sigmoid
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Subject 4

Arctangent

Sigmoid

2.4 26
time [sec]

100 120 140 160 100 120 140 160 100 120 140 160
p [mmHg] p [mmHg] p [mmHg]
170 170 170|
160 160 160|
150 150 150|
£ 140 £ 140 £ 140
E E E
% 130 % 130 % 130
120) 120) 120|
110) 110) 110|
100| 100| 100)
2 22 2.4 26 28 2 22 2.4 26 28 2 22 2.4 26 2.8
time [sec] time [sec] time [sec]
.
Subject 5
Kelvin Arctangent Sigmoid
0.33
0.325
0.32
0315}
: NE .
: 5 oanp!
- < 0.305[ !
i 0.3r
0.205{4
0.29
24 26 2.8 2.4 26 2.8
time [sec] time [sec]
0.33 033 0.33
0.325 0.325 0.325
0.32 0.32 0.32
0.315 0.315 0315
o Lo o
5 031 5§ o031 5 031
< 0.305 < 0.305 < 0.305
03 03 03
0.295 0.295 0.295
0.29 0.20p 0.29
100 110 120 130 100 110 120 130 100 110 120 130
p [mmHg] p [mmHg] p [mmHg]

8

22 26

2 22 2.4
time [sec]

28

22 2.4
time [sec]

2.6

2.

2.4
time [sec]



144

Subject 6

Kelvin Arctangent Sigmoid
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Subject 8

Arctangent

Sigmoid
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Subject 10

Kelvin

Arctangent
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