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3, line 2 below (2): change "n =Eni“ to N =§ni".

11, line 2 from botton: change "the" to "an".

12, last line of Section 6.2: change "the" to "an',

20, last line: change "b(blocks)" to "b blocks (columns)*.
65, Table 10: for E(MS) of Columns, change "nco%“ to "nrci".
80, line below (1h3): change "(172)" to "(1L3)".

87, line 2: change "different" to "difficult'.
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3.0 INTRODUCTION

Considerable work has been done in the area of experimental
design to estimate treatment contrasts. Estimates of components of
variance can be obtained as a by~product of these designs. These
estimates often may be equally or more important than estimates of
the treatment contrasts. However, designs used primarily for the
estimation of the latter may give very inefficient estimates of
components of variance., Little work has been done in the general
area of designing experiments especially for estimating components
of variance. Anderson and Bancroft [1952, p. 33L] introduce a "stag-
gered" design as a possibility for use with nested classifications.
Crump [195L] has considered optimal designs for estimating the com-
ponents of variance for a one-way nested classification. In parti-
cular, Crump considered designs to estimate the component of variation

among classes,og, and the ratiop= cg/cg, where 02 is the within class
component of variance. The intra-class correlation coefficient is
G/(ch + oB) = p/(L + p).

The purpose of this thesis is to investigate designs for esti-
mating the components of variance fa a two-way crossed classifi-
cation

Vg = W7yt oyt )yt ey ()
where 1= 1,2,...73 § = 1,2,00005 k = 1,2,.0un33 and 2ny5 = N,
the total mumber of observations, is fixed., The general mean is
u3 the row effects, ri, are NID(O, o%); the column effects, Cjo
are NID(O, o%); the interaction effects, (rc)ij, are NID(O, o%e);

the within cell effects, , are NID(O, oﬁ); and all effects are

1 ik

uncorrelated.



The optimal design for a particular problem will depend upon
the method of estimation used. This thesis will emphasize the
design of experiments for estimating components of variance rather
than the method of estimation. In some cases, it will be possible
to couple the best design with the best estimator. In other cases,
the best estimator may be unknown. For these situations, a particu-
lar method of estimation will be selected and the allocation will
be considered for that estimator.

The simultaneous estimation of variance components and

sampling costs will also be investigated.



4.0 REVIEW OF LITERATURE

Hammersley [1949] and Crump [195L] considered optimal designs
to estimate the parameters of the variance component model for a
one~way nested classification
Yij = W +a; + ej_j (2)
where i = 1,2,.,,.3; J = 1,2,...0n;3 and the total mumber of observa-
tions, N =§ni, is fixed, The class effects, aj, are NID(O,cg);
the within class effects, e;y, are NID(O,Gg); and all effects are

uncorrelated. The analysis of variance for (2) is given in Table 1.

Table 1. Analysis of variance for a one-way nested classification a

Source of variation DF MS E(MS)

2 2
Among classes a-1 A Og + N0y
Within classes N-a W cg
Total N-1

% DF is the degrees of freedom, MS is the mean square,
and E(MS) is the expected value of the mean square,

Hammersley and Crump used the analysis of variance estimate of
og obtained by equating the mean squares to their expected values in

Table 1 giving
52 = (AW)/n, . (3)



Hammersley showed for a fixed a that the minimum variance of
Sg is obtained with equal mumbers of observations per class. That
is, N divided by a must give an integer, n; = n = N/a. In this
case, ny = n, and the value of a which minimizes the variance of
Sg is
a) = N(p +2)/(Np+ 1 + 1), (k)
where p = og/og, with N, a, and n all integers. For this case with
n; = n for all i, (3) is the maximum likelihood estimator and
Graybill and Wortham [1956] show that (3) falls in the class of
uniformly best (minimum variance) unbiased estimators, Hammersley
offered no exact proofs of procedures to use for non-integers and
only suggested using the nearest integers.
Crump extended these resilts to the situation whé;e N/a is not
necessarily an integer, but
N/a = p + s/a (5)
where N, a, p, and s are integers with o<scga, For fixed a, Crump
showed that the variance of Gg is minimized by setting p + 1 observa-
tions in s classes ard p observations in the remaining a-s classes.
Crump also shows that the variance of 3§ is minimized when the mmber
of classes is given by (L). Crump hypothesized the following pro-
cedure f a allocating samples to classes with fixed N:

(1) Find a, fraom (L). If a; is an integer, set a = a .

1

(ii) If a, is not an integer, let a be both the integer above

and below a, and allocate for each value of a accordirg

1
to (5). Select the allocation which minimizes the

. ~2 .
variance of o;. Hence, s classes would contain p + 1



observations and a-g classes p observations where p is the

largest integer less than N/a, (Since the variance of Sﬁ

differs very little for the two allocations, a general

operational rule would be to choose a as that integer

closest to al.)
Crump did not give a proof that this procedure always gives the op-
timal design, but for mumerous examples this procedure always
minimized the variance of Sﬁ,

Baines [19LL] used the F ratio, AM, in Table 1 to obtain an
estimator of p = og/ogo
5= @ - L/ng (6)

Baines restricted his investigation to the case of equal mmbers of

observations per class, n; = n = n,; and found the value of n which

o’
minimized the variance of Sﬁ Crump considered the unbiased estimator
of p, 6, which corrects the slight bias in p. Crump extended the
results to the situation where N/a is a non-integer of the form
given by (5), For a fixed a, Crump showed that the variance of

S is minimized by putting p + 1 cboservations in s classes and p ob-

. . . ~ « s o
servations in a-s classes. The variance of p is minimized when the

mmber of cells is

(- 5)(p +1) | -

at =1+ N3

It was hypothesized that the optimal design is obtained by setting

a equal to the imeger below or above a' which minimizes the

] A L] 3
variance of p. Then, s classes contain p + 1 observations and a-s



classes contain p observations where p is the largest integer less
than N/a.
Crump shows that the guess or previous estimate of p required

to determine a. in (L) and a' in (7) is not too critical. The design

1
may differ considerably from the optimal design without materially

affecting the variances of 83 or P.
Crump also chows that the optimal design for estimating p is
to set ny = 1 and a = N where the estimator is
A S |
M =2yij/No
The optimal design for estimating cg is to set nj = Nand a = 1

where the estimator is

8’5 SE (ylg = 3)2/(1\1"’1)0



5.0 LOWER BOUND FOR THE VARIANCE OF UNBIASED ESTIMATES OF

LINEAR COMBINATIONS OF COMPONENTS (F VARILANCE

Consider the general variance components model
yi=u+es (8)
where i = 1,2,...N; @ 1s the expected value of y;; and the errors
e; are normally distributed with zero means and variance~covariance
matrix V(NxN). Writing (8) in vector notation
y (Nx1) = » (Nx1) + e (Nx1) (9)
where E(e) = 0 (Nx1) and E(ee') = V.
Consider a quadratic estimator
Q=y' My (10)
of a linear combination of components of variance, 0'2‘9 where
M= M (NxN),
Substituting from (9) into (10) gives
Q=(u' +e) M (g +e)
or
Q= s 20y 4 ol )
Since E(e) = 0, the expected value of Q is
EQ) = u'My + E(e'Me). (12)
From Whittle [1953], Lancaster [195L], and others the st cummilant
of e'Me is

25" (s-1)1 tr(v)S

]
fl

=
]

257 (5-1)1 Ex?



where A (NxN) is the diagonal matrix of latent roots of VM, From
(13)
E(e'Me) = tr(VM) ,
giving from (12)
E(Q) = p'Mu + tr(VM). (1k)
Squaring (11) gives

Q@ = (pMw)? + LleMu)? + (e'Me)? + L(p"Mu)(e'My)
+ 2(a"1) (2 M) + Lle M) (e'He).

(15)

Since the expected values of odd powers of e vanish for the narmal
distribution
E(Q2) = (E'ME)Z + hEMVME + E(Ea_'M_c_a_)2 + 2u'My E(e'Me). (16)
The variance of Q is
Q) = EQ) - [E@)]°.
From (12) and (16)
V@) = LMy + E(e've)? - [E(e'e)]%s
however, '
E(_e__'MEe_')2 - [E(g'h{l_e_)]2
is the second cumulant of e'Me, which from (13) is 2 tr(VM)zo Thus,
V(Q) = ly "MV + 2 tr(VM)2, (17)
Restricting Q@ to unbiased estimators requires
EQ) = p'My + tr(VM) = o . (18)
V and M do not contain y and M does not contain any estimates from
the data of the variances or covariances of the e;'s. Thus,
p'M=0'. That is, each row and column of M must sum to zero. Thus,

rank (M) = q<N-1,



Since p'M = 0', (17) and (18) become

2

E(Q) = tr(VM) = ¢ (19)

and

V(Q) = 2 tr(v)?, (20)
Since tr(VM)® = tr(k)s, where A(NxN) is the diagonal matrix of the
latent roots of VM with rank = q,

tr(d) =2y = o (21)

and

v(@) = 2 tr(0)? = 2§x§, (22)
It is desired to minimize V(Q) subject to the restriction that

E@Q) = tr(\) = o°. ILet

P=222; -1 Gy - o)
where L is the LaGrange multiplier. Setting the partial derivative
of P with respect to the jth non-zero latent root of VM equal to

zero gives

hence,
kj = L/ho (23)

Surming (23) over j,

§1>~3=2§=gﬁ, (2L)
since
Sl = tr(d) = o s
qL/L = o
or
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Substituting this result into (23),
Ay =/, §=1,2,0000

and from (22) the minimum variance of Q is then

min V(Q) = 2 ’cr(k)2 = 22).3 = 20)4/(1. (25)
It was shown that the maximum value that q can have is N-1 for an
unbiased estimator of 02. Thus, the lower bound for the variance
of an unbiased estimator of a linear combination of components of
variance, 0'2, is

L.B.V(Q) = 2 ch/(N-l) . (26)

The lower bound usially will not be attainable, However, if a design
is found for which an unbiased estimator has a variance of
2 oh/(N-l), then it is impossible to find an unbiased estimator and

design which give a lower variance.



6.0 OPTIMAL DESIGNS FOR ESTIMATING COMPONENTS OF VARIANCE

IN A TWO-WAY CROSSED CLASSIFICATION

The first general type of problem considered is the optimal de-
sign for estimating a single function of components of variance in
the two-way crossed classification given by model (1). The func~-
tions considered are single components of variance, sums of compo-
nents, and ratios of components. In this section it will be
assumed that it is no more costly to sample different rows or
columns than to sample within a cell. That is, the cost of sampling
is directly proportional to N, the total mumber of observations,
Optimal designs for simltaneously estimating two components of

variance are considered in later sections,

6.1 Estimation of W

Consider the following unbiased estimator of the gereral mean

for the model given by (1)
N
A
b= ;S.Yij/N-
i,J

e
The variance of | is

2 (27)

2 2 )
v(ﬁ) = og *+ c?-cEEnij + G%En:%. + oﬁ}nﬁ
N Né N° G

y P2
where n. =?nij and D, 5 =§nij' The values ofEEnij, Eng.s
2 2 e -
and n.j are minimized when nij = 0 or 1 and n;. = n.j =1,

That is, #ee optimal design is to select each observation from

a different row ard column, giving
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2
V(ﬁ) = (cg * cf.c + cf. + 05 )/N ,

which is best since each component of variance is divided by N, the

maximum possible mmber of observations.

6,2 Estimation of cg

Consider the following unbiased estimator of 0'2 for the model

given by (1) with N observations in one cell

N
A2 2
Og =§1(yijk - Yij.) /(N=1) ,

N
where yjj. = 1{21 yijk/N’ the mean of the ij cell. The variance of

Y
O'e 18
V(&) = 2 of/(-1) .

Since this attains the lower bound for the variance given by (26),

o
@ optimal design is to place all N observations in a single cell,

6.3 Estimation of (og + cza,c + 012.) or (cg + of.c + crg)

Consider the following unbiased estimator of (crg + cf.c + cf.)

with observations in one column and N rows
N
2 2 2\ ~ 2
(O‘e + Opc + O‘r) = lgl(yl‘] - y.j) /(N—l)

N

where .3 = E le/N, the mean of the jJ
l—‘

;th column and = means

nis estimated by". The variance of this estimator is

2 (cre + orc * or)z/(N-l)



13
Since this variance attains the lower bound given by (26), the op~-
timal design is to select observations from only one column and N
different rows in that column,
Similarly, the best design for estimating (2 + 0o + 09) is
obtained by sampling from only one row and N different columns in

that row.

6.4, Estimation of (cg + oﬁc + oﬁ + cg)

The total variance of an observation, yjjg, from (1) is
(og + °§c + o% + o%). Consider the following unbiased estimator

of the total variance with each observation from a different row

and column
N
2 2 2 2 2
(ce + Opc + Op + UC) £ .21(?/'11 - y°°) /(N"l) )
i=
N
where y.. = :S ¥ii/N. The variance of this estimator is
i=1

2 (og + °§c + o% + og)z/(N-l).
Since this variance attains the lower bound for the variance of
an estimator given by (26), the optimal design is to select each

obgervation from a different row and column,



1l

6.5 Estimation of cf. or ci

For estimating either cf. or crg, we have not been able to develop
a general class of designs which can be proven to be optimal for all
situations. Instead the discussion has been limited to optimal de-
signs for the class of connected desigms with O or n observations
per cell, i.e. N4 = 0 or n. A connected design is one far which
the adjusted sum of squares for rows, as presemted in Table 2, s
r-1 degrees of freedom. Similarly, when estimating crg, the adjusted
sum of squares for columns has c~l degrees of freedom. The analysis

of variance, which is obtained by the method of fitting constant s,

is given in Table 2 far the model given by (1).

Table 2. Analysis of variance for a two-way crossed classification

with njj = Oorn
Source of variation DF MS E(MS)
Columns c~1 C 02 + nof.c + clcf. + rocg
. 2 2 2
Rows (adjusted for columns) r-1 R¥  Og + nop, + ¢ Op
Interaction (adjusted for rows . " o 5
and columns) gr-c+l I Og + NOpg
N 2
Error N -ﬁ E g
Total N-1

An unbiased estimator of of. can be obtained by equating the mean

squares to their expected values in Table 2 giving

Gﬁ = (BR*-1%)/c_ (28)
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where the value of N in general is given by Kempthorne [1952 5 De 112]
cr
c_ = (N-EEn?./n..)/(r—l) s r22
) 54 iy A

where
r
n. - = n. - L]
LY

For the case being considered here with nij = 0 or n, C, is
c, = (N-nc)/(r-1) . (29)
Alternative analyses of variance would lead to alternative estima-
tars of 012.. The investigation here will be limited to the estimator
given by (28). It is realized that when the D 4 are not all equal,
other estimators may be more efficient than the one proposed here,
It is hoped to study this problem in subsequent investigations.
However, for this thesis, we will consider only (28) because this
is one estimator in common usage and it has oﬁtimal properties
when all nij are equal.
In Section 5.0, a general quadratic estimator, @, was con-
sidered for estimating a linear function of components of
variance,
Q= gy
expressed in matrix notation. By an arthogonal transformation, Q
can be expressed as
Q=22 (30)
where the xi are independent chi-square variates each with one degree
of freedom, and the xi's are the latent roots of VM, where V is the

variance-covariance matrix of the y's. Also, in Section 5.0, it was
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shown that the expected value of Q is
E@) =23,
and the variance of Q is
v@) = 2 22° . (31)
In general, the row sum of squares adjusted far columns,

(r-1)R*, can be divided into its arthogonal individual sums of

squares
r-l
2 2 2,.2
-1)r¥ =
(r-1)R égi (oé +no_  + ncj0f)xj s (32)

where the xg are independent chi-square variates, each with one de-

gree of freedom. Similarly,

N/n - r-c+l
(N/n = r-c+l)I = éii (02 + noic)xi . (33)

From (28), Q = Gi, which may be expressed in general as

r-1 N/n - r-c+l
A2 :S 2 :2 2
o, = X+ s (3k4)
r =1 3%3 k=1 kak
where
2 2 2
. . o, + no_, + ncj0f
J N-nc
and
2 2
. (r-l)(cé + nqrc) .
lk -nc)(N/n =~ r-c+l)
Since
E(Si = oﬁ s
e o2
42 =0y
hence,
r-1
> oy = (N-mo)/n = e (-)/n (35)

j=1
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From (31) and (3L), the variance of 312, is
2 2.2
(c + nol, + ne.o )
jr

)=2§

j=1 (N-nc )

. 2(r—l)2 (oi + nof‘c)2 . (36)

(N-nc)z(N/n - r=c+l)
Tt will now be shown that a design with nij = 0 or 1 can be
constructed which has a variance of /c;i smaller than or equal to the
variance of 3? from a design with nij = 0 or n, Consider any

e

two-way design with r rows, ¢ columns, nij = 0 or n, andE nj_j = No

Expand the jth column into n identically filled columns with zero
observations in each of the n columns for the th’h row if n, 3 =0
and one observation in each of the n columns for the ith row if
nij = n, Each column is expanded in this manner far all
j=1,2,...c. In this way, a design with nﬁj =0 or 1 is con-
structed which has r rows, c* = nc columns, and En"i"j =N, It

follows from (36) that the variance of Gi for this design is

r-l (c + 02 + c"fc2 )2
() =223 LT
j=1 (N-c )

2.2 2.2
4, 2(r-1) (o, + %)

) 37
(N—c*)z(N - r—c*+l) (31

where c* = nc and c:’; = ncj. Since
Nec¥® = N-nc 2 (N-nc)/n ,

N-c¥-r+l 2 N/n - c-r+l . (38)
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Using the relationships ¢¥ = nc and c:); = ncy and (38), the variance
of Si given by (37) with ngy = 0 or 1 is always less than or equal to
the variance of Gi given by (36) where nij = 0 or n. That is, from
any design with nij = 0 or n, a design with nij = 0 or 1 can be con-
structed which has an equivalent or smaller variance for Gi

The problem row remains of finding the design with nij =0 orl
which minimizes the variance of Gﬁ

Choose any ¢'(2 $c!' sN-r), the maximum mmber of columns

sampled. Let 03 be the coefficients in the orthogonal forms corres-

ponding to (32) for n=l., Similarly,

1 0'2 + 0‘2 + c'O'2
= e T i’r .
)\j N_c? J ’ J=1,25000y r-1;

) (r-1) (% + )
N 7T (N-c )(N-r-c'+1)

k = l,2,o.o, N-I’-C,"'l.

Hence,

r-1
%? c; = N-c' =cl(r-1) . (39)

The variance of Sf‘ may be written in the following form?

2 2
2(r-1 )ch Lo Op

V'(g2 = +
r (N=c')(N-r-c'+l) N-c!

L r-1
+2or 2 2
W<, 'y
2

2 2 . . . . T
where o = O, + O, This expression is obviously minimized when

both c! andEc'g are small,
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For a given N, r, and ¢!, we wish to allocate the samples to the
\
given rows and columns so as to minimize 2032, subject to the res-

triction that Ecs = N-c! = cc')(r-l). We note that

N\ t ! 2
2052 =2c5 (N-c1)® (N-:c]:- )

rel I

= E(c5 - c('))2 + (N-c')z/(r-l) .

Hence, V! (Sf.) become s

a2 2(r-1 )cr)'L 0203'
V'(O'r) = (N=c')(N~-r-c'+1) + Neg 1
(LO)
20_)4 r-1 20)4

(N-ct)2 2 (c' 'ci) "'T'I .

Equation (L0) is minimized, for a given N, r and c', if the variance
of 05 is as small as possible. This is accamplished by making the
CS,S as nearly alike as possible., If N is divisible by r, such that
N/r = ¢, an integer, then c¢' = ¢ = ¢! is the minimum number of
columns and E (c;'] - c(!,)2 = 0, Therefore, for a given r, the
variance of 3‘3, as given by (LO) is minimized., In this case, the
optimal design consists of ¢ columns each with r rows in common,

If N/r is not an integer, we write

N=r(cel) +8 , O<ssr . (1)

In this case, consider the design shown in Figure 1 which has
the property of having the smallest value of c'(c! = c + s = 1) for
which E (05 - c('))2 is zero., For the design shown in Figure 1, the
c:'j (3 = 1,25.0., T-1) are identified by (39) with the rumbers of
columns per row, c-l, in the first r-l rows, i.e., c' = (N-c')/(r=1)

= [r(c-l) + 85 - (c+s—l)]/(r-1) = c-1.
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1
Row ‘
mmber °
r | |
1 o-oooooooo(c-l)oucu(C+S—l)
Column mumber
Figure 1. Design for ssr, c! = c+s-1

In Figure 1, if any observations are taken from the first c-1
columns (subject to the condition that r and c' are mot decreased)
ard added to the columns to the right of the c-1 columns in
Figure 1, 2 (c:'., - cé)zzo and ¢! 2 c+s-1. Hence, the variance of
Sﬁ as seen by (LO) would be greater than or equal to the variance of
Gf_ for the configuration shown in Figure 1.

The only designs remaining which may be better than Figure 1 are
those obtained by taking some of the observations in the last s
columns and placing them in fewer columns. As the number of columns
is decreased in this manner, N-c! is increased, which decreases the
variance of 812" But, 2 (c:'j - c('))2 becomes greater than zero which
increases the variance., The solution for c¢!' depends on the relative
sizes of 05 and 02. This final question of allocating these s ob-
servations to minimize the variance of 312‘ will now be investigated.

A result dotained by Shah [1959] will be used. Shah considered
connected balanced incomplete designs with v treatments (rows) each

(colura)
appearing r times and b (blocks)Aof k plots each. Treatment i
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a)
appears nij times in block j (nij =0 orl). Inthis case At = Q,
where @ = T - (1/k)NB, A = r I(vxv) - (1/k)NN', N = (nij), and T and

B represent vectors of treatment and block totals. Shah shows that

£=[a+aEmm]™ta

and
a4+ e Bwmn)]™ = I(wv) - (/%) B(vev) ,  (12)

where a is any non-zero real rumber and E(vxv) is a matrix of one's.,
Apparently, these results extend to any incomplete blocks situation
regardless of the values of n,. and n.j where n.. =?nij and
y
n.j =% ni,j' For our problem

A(rzr) R(rxl) = Q(r<) , (L3)
where R is a vector of NID(O,ci) variates, A is the adjusted sum of

squares and products matrix for rows, and Q is the adjusted vectar

of row totals (all adjusted for columns). In the least squares sense

R = [A +a E(rxr'):l"l Q
since (A4 + aE) is symmetrical,
SSR® = Q' (A + aE)"1 QR .
Substituting from (L3),
SSR* = R'A (A + aE)™T AR .
From (L2) this becomes
SSR* = R'AR - (1/v) R'EAR .

Since the sum of each column of the A matrix is zero,

Thus, el

ssE* = R'AR = 3 ax°
is1 T T
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where the xi are independent chi-square variates with one degree of
freedom each,

For the design being considered, the rows can be permuted so
that the first r-t rows have c~l1 columns in common ard the last
t rows have the same c-l columns in common plus s observations dis-
tributed in columns, c, c+1,...,:c'-1, ¢'. In this case the matrix

of sums of squares and cross products in the normal equations is

Cl-oacc_l cc-o...cc' I‘l.....rr_t rr_t+l I‘r

01 r‘ l' ° o L] L] 1 1¢ L] L L) o - o o 1
L] . O . . [ ] o
. L O . . e °
c . . ' o ° °

C"l r lc e ¢ o o l lo o e o6 & o o o l
?c Deg nc,r-t+1' . nc,r
M . O °o .
. . 0 .
Cer Ne Norp-tals © Pet,r
. . 0
. . 0
Trot, o1
: .0
r. nt.+c-l
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where the transpose of these elements appear below the diagonal. The

A matrix of the adjusted row sum of squares and cross products is

AL (r=t) x (r-t) ! (r-t) x t
A(rxr) =_12'..__....___._.'T._.A_l_2. ______
A, b x (r=t) | Ay (txt) .
The sub-matrices are
= (o= _ fe-1)
All (e-1) I —+E
o o fe=1)
A12 r E
Ay, = (1) I-(—C'I‘,—l-)-E+B
where
B 2 7
n, n, n,
_ i, r=t+l i, r=t+l “ir
Ill. ; n. ’ * ‘ * -2 nl
i i i
B = ’ . ’
n. n . .n2
_S M, retwl Par n. oS lir
1 Doy T T\ By
Adding (5-1)/? to every element in A gives -
} (c-1) I | 0
A+ (Crl) Es|l===———— [ === ————
0 | (c=1) I +B .

Shah shows that by using this technique, the latent roots of

[A + aE(rxr)] are also the latent roots of A except that the gzero
root of A becomes ar, The above matrix has r-t roots of c=l from
the first r-t rows. Let

D= (c-1) I +B
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then
ID - (c-1) I|=| B |.

|D-(@&)IF o .
Hence, at least one root from the last t rows is c-l. Therefore,
(A + E%E E) has at least r-t+l roots of c~l. One of these roots
resulted from the technique of adding (e=1)/r. Using the results
of Shah, A has at least r-t latent roots of c-l. That is,
c5 = c~1 (j=1,25.00r=t).

Alternatively, from
r-1
:2 cl =N - ¢!
=1 9

r(c-1) + s - (c+s-t)

= r(c-1) - c+t. (Lk)
Similarly, from the last t rows
r-1
:2 ¢! = t(c-1) + s - (c+s~t)
r-t+l Y

Due to the balance from the first r-t rows
cﬁ = C-l j = 1,2,oooo, r;t-lo

The remaining root is
r-l r=t=l r=-1

cl',_t=§c E ct - E csj

| -
=1 9 =0 Y retal
=r(c-l) = ¢ +t = (r=t=1)(c-1) = c(t-1)
= c~1,

Hence, there are at least r-t values of 03 equal to c-l.
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Consider the design shown in Figure 2 which is constructed from
the design in Figure 1 by placing t-1 (1<t <s) observations from the

1ast t-1 columns into the ¢™ column. Then, c! =c + & - t.

r
1 ssescsen c—l c oooobo(C+S-t=c')
Column number
Figure 2. Design for 1st<€s<r, c!' = c+s-t

Tt has been shown previously that this design has at least r-t
values of c;j equal to c~l1, Also, t-2 'values of 05 equal to c are
obviously obtained from the t-1 rows r-t+l, r-t+2, ..., r=2, r-l.

From (LL), the remaining value of 05 is

r-1
el =? 03 - (r=t)(c-1) = (t=2)c =c .
Hence,
03 = c=1 J = 15250000y =t
05 = C j = r-t+l,oo, r-l

for the design shown in Figure 2. For a fixed c', the variance of
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)2. Tt will now be shown

G;‘: is minimized by minimizing (e) - ¢
that this is accomplished by the design shown in Figure 2. The
corrected sum of squares among the cj’s is the same as the corrected

sum of squares among the coded values c'j' = 05 - (c=1). Then,

r-1 r=l o
S er-e? e et (45)
1 7 1 Y
. E 2 .
where 1<t <s<r. For any particular c' (or t), (03 - c(')) is
minimized by minimizing Ec'j'z. The sum of the ctj"s is
r-1 r=-1
E !y = 2 ¢t = (r-1)(c-1) .
1 9 5=
Fram (39) rel
E cl = N=c!
=1 Y
= r(c-l) + s - (c+s-t) (L6)
=r(c-l) ~c+t .
Then Ec'j' becomes
r~l
E ¢t =r(cel) = c +t - (r-1)(c-1)
1
=t -1, ()47)
ard
et = (t=1)/(x-1) .
We note that
r-1

— .12 _ |SS amorg first SS among last
2 (c'j'-c") - [r-t, cit?s ] + [ =1, c'’s ]
j=1 J J

+ SS between first group
and second group

or
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r-l r-4 r-1
2 (c!.l_-al!)a .—_-E (cl.!_.c_ll)a + 2 (cr;..'c'n)z
P 03 YT erge 32 (18)
[(r-t)E'l'] 2 [(t-1)5y ] 2 [e-1)3 12
A= A o A = S
where
r-t

sy = ? et /(x-4)

and
r-1

Ty = 2 ol/(+-1) .
r-t+l Y

Due to the balanced portions in Figure 2 the latent roots are
easily identified giving

C'j' ==O j=l,2,ooo, I'-'t

ch‘ =1 j=Er=tel,.0., v=1

Then, in (L8)

-t
?(03« -5y =0

and
r-l
S (v -sfeo .
r-t+l 9
Al s0
r-t
:2 ct! =0
1 J
and from (L7)
r-l

> c=t-1 .

r-t+l
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Thus,

SS between first and (t- l) _ (t=1)(r-t)
[second group of c'j"s] (t-1) - B T=1 g (L9)

Substituting these results into (48), for the design shown in

Figure 2
r=1
3 ey TP S (0)

Suppose the t-1 observations are allotted to any of the s-t+l
columns beyond the first c-l1 columns. The rows can be permuted so
that at least the first r-t rows have c-1 columns in common. Hence,
there are always at least r-t values of c& = c=1 or c'j' = 0, When

the t-1 observations are allotted to any of the s~t+l columns beyord

the first c-1 columns
r-t

? (e -3y =0,

r-1
2 (cll_cll) 20 s
r-t+l
SS between the two (t=1)(r-t)
groups of c' s -
r-t r-l
as in (50) since E ¢! = 0 and from (47) E clt = t=1 as before.
1 J ret+l Y
Subst ituting these results into (L8) gives
r-1
O (51)

when the t-1 observations are allotted to different columns. From

(50), the equality holds when the t-1 observations are all allotted
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to the same column. Hence, for any particular value of c', the
quantity :2 0:3' - E")2 for the allocation shown in Figure 2 is less
than or equal to the quantity obtained by any other allocation of the
t-1 observations to the last s-t+l columns.

In Figure 2, consider for any 1St< s <r the observations in the
last s-t columns of the rth row. These observations are completely
confounded with columns and contribute no information to the estima-
tion of ci. Suppose these s-t observations are deleted from the
design. As seen previously, :2 (03 - cc")2 will remain unaffected by
the deletion since the 03 are identified with the mrbers of obger-
vations per row in the first r-l rows. Also, if the s-t observa-
tions are deleted, then s-t columns are deleted so that N-c!' =
[N - (s-t)] - [c' - (s-t)] is unaffected., Therefore, the variance
of 35 as given by (LO) is not changed by deleting the last s-t
columns in Figure 2. Thus, the optimal design for fixed r is of the
form shown in Figure 3, consisting of c~l columns with r rows in
common and one column with u of the r rows, where Osusssr (ufgl)
and r, c, and s are defined by (l1). That is,

u=1tfor 2€t<s<sr
u=0fort=1
since in the latter case, s observations are discarded,

From (37), the variance of 35 for the optimal design shown in
Figure 3 is
(r=t) [02 +(c-l)oi]2 + (1:--1)(0-2 + cci)

2

~2
v =
(CI') (N-c')z

+ (r-l)2 ch/(N-r-c'+l) (52)
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where t = u for t 22 and t = 1 for u = O, and the total sample size
actually used is N# = N-s+u.

Similarly, it can be shown that placing the r-u empty cells in
more than one of the c¢ columns increases:S (03 - c('))2 and hence

. . A2
increases the variance of Of.

1
Row r-u
mmber
r-u+l
r

la o« o o .C"l C

Column number

Figure 3. Optimal design, 0 €u<s<r (u#1)

The question now remains of finding the best value of t for any
particular N and r. As observations are taken from the last columns
and placed in the cth column, N-c! increases, which decreases the
variance of Gi. But,:S (05 - cé)2 becanes greater than zero which
increases the variance. For the form of the optimal design shown in
Figure 3,~substituting the result from (50) into (LO) gives far the

. n2
variance of o,

I 2 2
2, 2 -1 -t) (t-1 N-c!
vcgf) - (§-c') [ (N-cf-r+1) vep s %Né%TT%é:ITl * E'é:ﬁ;i‘lJ (53)
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where p = 012./02, o© = o + 012,6, N=r(c-l) +s,1<s<r,
l1st<s<r,and ¢! =c + s - t. The term (r-t)(t-1) is quadratic
in t and reaches a maximum at t = r/2 = (r+2)/2 (r even) and
t = (r+1)/2 (r odd). This term increases monotonically fram t = 1
to t = (r+l)/2 and then decreases monotonically to t = r. The last
term in (53) is constant far all t and the first two terms of (53)
are monotonically decreasing as t increases. Thus, the variance of
Gf‘ is monotonically decreasing for t 2 (r+l)/2.
Since
N=-ct=xr(cl) +t ,

the best design when s = r is to set t = s = r, This clearly mini-~
mizes the variance as given by (53), ard it uses all of the N
possible samples, Also, in this balanced case, Graybill and
Wortham [1956] show that the estimator of Uf.. used here (28) is a
uniformly best (minimum variance) unbiased estimator.

We need to consider t when s<r, When p is large, the term
containing (r=t)(t-1) will dominate the change in the variance as
t changes as shown by curve no. 1 in Figure L. Curve no. 2 would
result from a smaller value of p.

Curve no. 3 shows the case where a local minimum may occur.
The only term that contributes toward increasing V('&i) as t in-
creases is (t-1)(r-t). This term's greatest increase occurs from
t=1tot=2. If a local minimum occurs, the variance would have
to at least decrease fromt = 1 to t = 2 and then increase for some
t > 2. This case would be fairly unlikely since the incremental

increases from (t-1)(r-t) become less as t increases, This term

also has the largest denominator in (53).
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When p is small, the first term of (53) dominates the variance.

This term is a monotonically decreasing function of t.

shown by curve no. L.

When p = 0, the variance of 312' is strictly a monotonically de-

creasing function of t as shown by curve no. 5 in Figure L.

V(&%)

i 1 1

1

l 2-.-1’“..-........5.....e....I‘—l r

Value of

Figure L. V(Gi) versus t for various values of p

This case is

The following procedure will lead to the value of t which mini-

mizes the variance of ’c}i. Denote by V(1) the derivative of V(52)

at t = 1.
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(i) If s=r, choose t=r.
(ii) If s<r and V'(1) 2 0, try t=1 and t=s. Select the
one which minimizes the variance of Gi.
(i1i) If s<r and V'(1) < O, determine if V has a local
minimm in the range 1 € t < (r+1)/2. If not, set t=s.
(iv) If s<r, V'(1) <0, and if V has a local minimum in the
range 1St S (r+l)/2; denote by m the integer on the t
scale closest to this minimum variance.
(a) if s<m, set t=s.
(b) If s»>m, try t=m and t=s. Select the one
which minimizes the variance of Si.
Case (iv)(b) is the only case in which t may not be equal to 1 or s.
But, selecting t=s instead of t=m would probably have little affect
on the variance since both m and s would generally be fairly close
to each other when m is better.
A good operational rule for determining t is: try t=1 (u=0)
and t=s (u=s) and select the one which minimizes the variance of
Gf‘ as given by (53). It should be pointed out that if t=1 gives the
minimum variance, only N-s observations are used and the design is
balanced with r rows and c-1 columns, Unless s=r, the use of t=s
results in an unbalanced design with all N observations used.
The selection of t is generally not too critical as illustrated
by the following problem. The effect due to t is greatest for a
small N. The case was investigated where N=25 and r=10 for values

of t=1 and S where p = 1/2, 1,2, and 10. The variances for these

cases are summarized in Table 3.
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. Table 3. V(S'Iz,) for various values of t and p, N=25 and r=10
: v R/
0.5 1 .1389
0.5 5 .1059
1.0 1 2778
1.0 5 .2361
2.0 1 L7222
2.0 5 6761
10.0 1 12.28
10.0 5 12.51

To summarize: for the estimator given by (28) with fixed N and
r, the design of the type nij = 0 or n which minimizes the variance
. of Gf‘ consists of c-1 columns with r rows for each column and one
column with u of the r rows, Ogu<s¢r, withn=1, i.e. one
observation in each of the occupied cells.
Up to this point, r has been kept fixed. The question now
remains, having found the form of the optimal design for a given
r, of the type nij = 0 or n, what is the best value to choose for
r%? This final question will now be investigated.
For the form of the optimal design shown in Figure 3, the
exact variance of Gf_ as given by (52) is easy to find. But, it is
. still difficult to wark with this function to determine the values
of r and u which minimize the variance since ¢ and s are func-
tions of r. Thus, an approximate variance will be used which
. depends on only one design parameter, Cye 4 value, '1"’, can be

found which minimizes the approximate variance of Gﬁ. Then,
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integers above and below ¥ will be substituted in the formula for the
exact variance (52), using the optimal allocation for each, until the
value of r is found which minimizes the exact variance of Gi. This
scheme will now be developed.

Due to the near balance of the optimal design, the latent roots
corresponding to the individual degrees of freedom for R* withn=1
do not differ by more than oﬁ/(N—c). A good approximation for the
variance of Sﬁ is obtained by using the average latent root
(oi + cic + cooi)/(N-c) where ¢ = (N=c)/(r=1), Then (rul)R* is

2

distributed approximately as (oﬁ + 0, + coof.)x2 with r-1 degrees

c

of freedom, Then, the variance of the estimator of oi given by

(28) is approximately

2 2 2.2 2 2 2
2 2((7e + 0., ¢+ cocr) 2(O'e + crc)
V(O’r) -~ 2 + 2 L]
e, (r-1) c, (N-r=-c+1)
Let
2 2 2
o =0 +0
e rc
and

p = csf,/c2 .

Then the approximate variance may be written as

o 20'h 1L +c p)2
A (o] l
V(Gr) P~ 5 -+
co r-1 Ner=c + 1 .

Fram (29)
(r-1) = (N-c)/co where n=1 .

Substituting this result into the above expression gives
L 22 2
20° (1 + 2cop +cp - 2p - cp )

2
UCHE To_~1)(8=5) . (54)
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From (l1)
N = r(c-1) + s
where 1 € s € r. Substituting the limits of s into this give
r(c-l) + 1 = N £ rc.,
Substituting these limits into (29) gives
c-1 £ C £c
or
c € csc +1 . (55)

Choosing the mid-point of this interval, ¢ = c  + 1/2, and substi-

tuting this central value of ¢ into (5L) gives

2 20h 1+ 2cop + Cipz -2p = copz)
(o) B —5 Tyt~ 172) ‘ 2
The approximate value ?:'0 of ¢  which minimizes (5L) is found by
setting the derivative of (56) with respect to ¢, equal to zero
which gives
~ 2 2
(v - - 1/2)( - 1)(2 + 20°S, - p°)
=0
~ 2”2 2rv ~ ¢
- (1 + 2pc, + pCy - 2p - p co)(N -2C  + 1/2)
This reduces to
& [pz(N -1/2) + 20 ]+ S, [- 20°(N - 1/2) + 2 - upJ
+[p2(N-1/2)—(N-1/2)+2p-—l]=O .
Solving for '5:) gives
2
p (N = 1/2)(N - 3/2)
L pPm-1/2)+2p -1+ Ye2 (W-3/2)+1
c = . (57)

° 0% (N - 1/2) + 2p
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The negative radical is not a sdlution because this gives values
of c, < ] which are impossible.
Since the result in (57) is only to be used as a first order
approximation, replacing (N - 1/2) under the radical by (N - 3/2)

still results in a good approximation for ¢ . Then, (57) becomes

~ - N - 1/2 (N -1/2 1
A P(p (N/_)1;2)+2/)+ . (58)

The limiting value of 3’0 as N increases is 1 + 1/p. For p small,
this limit may not be too useful.,
From (29)

r = (N-c + co)/co .

To obtain a first approximation for the value of r which minimizes
the variance of '&i, substitute the value of 3’0 from (58) into the
above equation givirg

~
r

= (N -T+7T)/E (59)

where T is the smallest integer greater than or equal to ’570. This
value of r will serve as a starting point from which to find the
value of r which minimizes the exact variance of 33,.

Now, to determine the value of r which minimizes the exact
variance of ’c;i as given by (52), consider as a first approximation
for r, the value r given by (59) which minimizes the approximate
variance of 35. Let ry be the largest integer less than r and let
r, be the smallest integer greater than or equal to r. Obtain the
values of Uy and U, which minimize the exact variance of 33, for ry

and The
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R n2 . .
(i) If the exact variance of o, as given by (52) for r) is
less than the variance ocbtained with Ths then choose ry

as the rext integer less than r Find the value uq

1e
which minimizes the exact variance of 33‘ for Ty Contime
in this manner until the variance increases. Use the
value of r which minimizes the variance of 3]2?.

(ii) 1If the exact variance of 35_ as given by (52) for r, is

less than the variance obtained with r then choose r3

15
as the rext integer larger than The Find the value ug
which minimizes the exact variance of ’c‘r‘i for T3. Continue
in this manner until the variance increases., Use the
valvue of r which minimizes the wvariance of 312,.

(iii) If the exact variances of 312. using either ry armd u; or
r, and u, are equal, then choose the one which used
the smaller N = N - s + U.

It has been suggested that one should evaluate these designs
on the basis of maximum information per observation used, where the
number of observations used is I\Ie.‘r This is equivalent to minimizing
the reciprocal of the information per dbservation used, i.e.

N* V(f:f,). In this case, it appears that one would usually use a

balanced design with c¢-1 or c¢ columns and r rows, such that

(¢c=1)r = N-s or cr = N. A major exception to this procedure would

occur if the optimal r is such that ¢ = 2 and 2r > N. In this

case, an unbalanced design would be recessary unless a sample size

larger than N is used., It is hoped to examine this method of esti-

mating optimal designs in a future investigati on.
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To dotain the optimal design some previous knowledge of the
relative sizes of "f- and 02 are required. It will be shown in
Section 6.6 that the value actually used for p can differ consider-
ably from the true value withat appreciably increasing the
variance of 312,.

Comparisons of the approximate variance given by (56) and the
exact variance given by (52) using t = u = r/2 are sharn in Table L

for several cases., The percent differences were computed in the

following mamer

Percent _ (Exact variance) - (Approximate Variance) x 100%
difference Exact variance °

The percent differences in Table } were computed using six decimal
places far the variances although the variances are shown with four
decimals,

The first three groups in Table L with one full and one half-
full column of observations show far each p that the percent differ-
ences do not increase appreciably as N decreases. The fourth group
shows that adding one full column of observations and keeping N=30
the same, the approximation becomes closer for each p. The last two
groups show that changing the half column to 2/3 or 1/4 columns of
observations and keeping N=30 the same, the approximation is closer
for each p. When N/r is an integer, a balanced design is obtained
and the approximate variance is then identically equal to the
exact variance. Table l; indicates that a design consisting of ore
full and one half-full column of cbservations apparently leads to

the worst approximations.



Lo

Table L. Comparison of approximate and exact variances of 3?
Exact Approximate  Percent
N r Nr p variﬁnce varci,ince difference
(xc™) (x0™)
7 50 1.5 0 .0559 .0559 0
7 50 1.5 1 .1561 .1515 2,94
75 50 1.5 2 3472 .3288 5.30
75 50 1.5 L 1.0017 .9282 7.34
7 50 1.5 8 3.L006 3.1073 8,62
b 30 1.5 © .0963 .0963 0
b5 30 1,5 1 2662 .2583 2,94
L5 30 1,5 2 .5896 .5583 5.3l
5 30 1.5 L 1.6972 1.5719 7.38
45 30 1.5 8 5.7556 5.2559 8,68
30 20 1.5 O .1508 ,1508 0
30 20 1.5 1 110 .3989 2.9
30 20 1.5 2 . 9059 .8576 5.33
30 20 1.5 L 2.5998 2.,L065 7oLl
0 20 1.5 8 8.8039 8,0336 8.75
30 12 2.5 O .0509 ,0509 0
30 12 2,5 1 .388L . 3808 1.96
30 12 2,5 2 1.10L4k 1.07LL 2.72
30 12 2.5 L 3.6723 3.5525 3.26
30 12 2.5 8 13.3513 12.8722 3.59
30 18 1,67 © 1104 .110L
30 18 1.67 1 . 3808 « 3709 2,60
30 18  1.67 2 - 906l . 8667 L.38
30 18 1.67 L 2,7228 2,562 5.82
30 18 1.67 8 9.1172 8.7827 6,74
0 24 1.25 0 . 3286 .3286 0
30 24 1.25 1 .568L .5583 1.78
30 24 1,25 2 1.0020 .9618 L. 0L
30 24 1.25 4 2.4510 2.2902 6.56
30 24 1.25 8 T.6754 7,0326 8.37

From (58), optimal designs with one full and one half-full column
of cbservations arise when p is approximately two. For, N=30,

N/r = 1.5, and p = 2 the difference between the approximate and
exact variance is 5.33%. It appears that the approximation for V(Gfﬂ

will generally be close to the exact variance.



(a)

(b)

(d)

To summarize the results of this section:

The estimator, 33., considered in (28) was obtained by equating
the mean squares to their expected values giving a unique un=
biased estimator where the mean squares were obtained by the
method of fitting constants with the row mean squares adjusted
for columns and imteraction adjusted for both rows and ocolumns,
As indicated earlier, other estimators may exist which used in
connection with their optimal designs could give smaller vari-
ances under certain conditions., Even for the estimator selected,
it was not possible to make an exhaustive study of this problem.
In arder to limit the size of this investigation to a reasonable
size, it was decided to consider only connected designs of the
type nij = 0 or n,

Tt was proved that the design of this type which minimizes the
variance of 'c}i for a fixed N and r is obtained with ni,j =0

or 1. The results of this study do not preclude the possibility
that a more general design would be better,

N can be represented as follows

N =r(c-1) + s , O<cssr .

The optimal design consists of one observation in each cell for
c-1 columns and r rows and one observation in u(O<usssr, uiél)
cells of one column. Hence, the number of observations actually
used would be N = r(c~1) +u. A procedure was developed to
determine u. In most cases u will be elther O or s.

The exact variance for 'c}i is relatively easy to find for the

design given by (c¢) due to the near balance.
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(e) To find the value of r which minimizes the exact variance of
35_, it is easier to obtain a first approximation, 'I'V, which
minimizes the approximate variance. Then, values of r below and
values of r above T are used to compute the exact variance., For
each value of r tried, the value of u which minimizes the
variance of 3? is determined. The combination of r and u which
minimizes the exact variance of 3]2:. is fourd in this mamer,
(f) All of the results in this section apply to the estimation of
ci by simply interchanging r and ¢ and by interchanging ci

2
and A

6.6 Effect of Improper Choice of p in Determining

Optimal Design for Gf

In arder to determine the value of r which minimizes the vari-
ance of Gi accardirg to the procedure given in Section 6.5, s.ome
knowledge of p is required. Denote by p', the incorrect value .o;f.' p
used to determine the optimal design. Let V denote the approximate
variance of gi given by (56) for the optimal design based on the
true value of p. Let V' denote the approximate variance of ’oﬁ for
the optimal design based on p'. Table 5 shows how the variance of
Gf, changes when the value used for p to detemine the optimal design
differs from the true value of p by a factor of two. R.E. is the
relative efficiency of the design based on p' to the optimal design

based on p where

R.E. = (V/V') x 100%.



Table 5, Effect on the approximate variance of Gi due to

using improper choices of p in determining

optimal designs

N T v/H o o1 v/ R.E.
(%)
30 .25 L.ok .08L9 125 6,01 .0915 92,8
30 .25 Loy .08l 500 2,70 .0938 90.5
30 1.0 1.90 .363 .50 2,70 .39L6 92,0
30 1.0 1,90 .3631 2,00 1.L7 L3994 90.9
30 L.0 1.2 2,265 2,00 1.L7 2.L402 9L.3
30 Lo 1.2 2,265 8,00 1,12 2.1 93.9
100 .25 L.67  .0225 .125  7.82 .02L8 90.7
100 .25 L.67 .0225 ,500 2,90 0250 90,0
100 1.0 1,97 .1026 .50 2,90 .1125 91,2
100 1.0 1.97 L1026 2,00 1.L9 .1129 90,9
100 L.O 1.25 .651L 2,00 1l.L9 .691L oL.2
100 L.0 1.25 .651L 8,00 1,12 .6963 93.6

L3

Far example, consider the first case in Table 5, For N=30 and

p=.25 the optimal design according to the pro cedure developed in

Section 6.5 would have approximately L columns (8;) and approximate-

1y N/L rows.

However, if p is unknown and a gwess of p=.125 is

used, the procedure in Section 6.5 would give a design with approxi-

mately 6 columns (8’0) and approximately N/6 rows. The relative

efficiency of this design to the optimal design is 92.8%, where

the variances are computed from (56).

Table 5 indicates that the standard deviation of Gf, from the

optimal design based on p would vary from about 95 to 98% of the
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standard deviation of 312' obtained from the optimal design based on
2p or p/2. Even though the procedure for firding an optimal design
requires some knowledge of p, the value used for p can vary consider=~
ably from the true value without seriously affecting the variance
of the estimator of ci.

Due to the closeness of the approximate variance to the exact
variance, the relative efficiencies based on exact variances will be
close to those shown in Table 5 which are based on approximate
variances. For example, suppose p=1,0 anmd N=30. The optimal design
has the following parameterss r=15, c=2 ard u=1l5. The exact
variance of Gi is O.35710h. Suppose a guess of p=2.0 is used.

The optimal design based on p=2.0 consists of r=19, c=2 and u=ll,
The exact variance of ,&i is O.3939ch. The relative efficiency of

this design to the optimal design based on exact variances is 90.7%

as compared to 90.9% shown in Table 5 using approximations.

. . 2 2 2
6.7 Estimation of o, or o, when Ope = 0

When it is assumed that there are mo interaction effects

(oic = 0), the model given by (1) for the two-way crossed classifi-
cation is
Vi = W + T+ Cy *eig - (60)

Now, no restriction is placed on the number of do servations per cell
> =
other than nij 20 and Enij N.
The analysis of variance is given in Table 6 for a comnnected

design, using the method of fitting constants.
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Table 6. Analysis of variance for two-way crossed classifications
with unequal numbers per cell and no interaction

Source of wvariation DF MS E(MS)
2 2 2
Columns c-1 C Og + €10, + T O,
Rows (adjusted far columns) r-1 R 02 + c::ci
2 2 2
Rows r-1 R o, *+ I 0, *+ C 0.
Columns (adjusted far rows) c-1 c* 02 + rici
Error N-r-c+l E 0'2
Total N-1
If only one column were used and all cbservations in the ith row

th row of the l-column design,

of the c-column design were put in the i
E(MSRl) would be the same as E(MSR) abowe except that r; = O. That
is, E(MSRl) = 02 + coci, where ¢_ = (N-En?_./N)/(r-—l). The best
possible situation for estimating 012, with the c-column design would
appear to occur when Gi = 0, That is, only 05' and 02 need be esti=-
mated and only ci and ci appear in the variance of Gi But in this
most favorable case, MSR will have identically the same distribution
as MSR, . Also, the variance of 32 will be greater with ¢ columns
unless SSC* and SSE are pooled, in which case the variance of 32 will

be the same in the two cases. Since under the most favorable situa-

tion of 0(2) = 0, the c-column design is no better than the 1l=-column
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design, it would appear that under the general condition of ci 2 0,
the l-column design would be better.
A more formal approach would be to prove that under the
assumption that 02 =0

C
V(MSR)/c(z) < v(MSR"')/c';62 .

where 2
IR nl
N - =L/(r-1) .
ji 7°J
Since
2 2
n.
> Az
N, . N 2
J J

<, 2 ci. Hence, it is easy to show that the coefficients of 02' and
cgcf_ are never greater for V(MSR) than for V(MSR%). The problem

is mare complicated for the coefficients of o)I"L. In this case it is

required to prove that

Si2. -2 3+ 5[ 327
i i N i

1

i
2
%
is less than or equal to

- 2
Sl - 222 -%T?-l+2§ {E nﬁ;fzg}
1] J ié J j

i

%2 °
c
o)

The proof of this inequality has not been attempted here, since the
earlier argument that the l-column design is better than ar equi valent

to the c-column design seemed sufficient.
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Assuming we have established that, if Uf'c = 0, the l-column
design is best, we next proceed to find the best allecation in this
column., This problem was solved by Crump [195h] where the r rows
can be identified with his a classes. The optimal design for this
situation was presented in Section L.O.

The results of this section apply to the estimation of G?:,

2

with ¢

e - 0, by interchanging r and c,

. . 2 2 2 2 2 2
6.8 Estimation of a_/(d, + o,.) or o /(o + o)

The problem of estimating oi/(oi + Gf'c) will now be studied,
Consider the analysis of variance given in Table 2 which is obtained
by the method of fitting constants for the model given by .
Alternative analyses of variance would lead to alterrative estima-
tors of p = o*i/(oi + oic). The investigation here will be limited
to obtaining an estimator of p from this analysis of variance.

For a design with n; 5 = 0 or n, an estimator of cri/(cr?a + ncf,c)
is readily obtained by considering the ratio F! = R*/I* in Table 2,
Setting nj_j = 0 or 1 leads to a simple estimator of
p = ci/(crg + oﬁc) based on the ratio F! = R /I% For the more
general design with nij = 0 or n the estimata o p is far more
complicated,

R* can be divided into its r-1 orthogonal sum of squares giving

r-1

* _ 2 2\.,2
(r-1)R ":2 (6" + cyop)x;y | (61)
i=1
2 2 2 2
where ¢~ = o + O, and each Xy has one degree of freedom. Also,

(N-r=c+l) I = 02x2



where x2 hag (N-r-c+l) degrees of freedom. Then,

(N-r=-c+1) 2 (G + C;0n )X

) ] 2 -

Ft! = R*/I =

or

1
'—--——]-_-g (1+c:j_p)Fi

where Fi is a F variate with 1 and N-r-c+l degrees of freedom.

expected value of F with mq and m, degrees of freedom is

E(F) = m2/(m2- 2) , m, > 2
Therefore
E(Fi) = (N-r-c+l)/(N-r-c-1) .

Substituting this result into (62) gives

r—l

From (61) the expected value of B is

02 r-1
B(R* ) = o® + 2 :%'c
&

and from Table 2
3 2 2
E(R ) = 0 + COO-I' .

Equating (6L) and (65) gives
r-1

e .

° 1==1

Substituting this result into (63) gives

(N=r-c+l

E(F') = Woomos

(1 +cp).

L8

(62)

The

(63)

(6L)

(65)

(66)
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This result leads to the following unbiased estimator of p based

on F!
T [%—-f:—i—?; pr - 1] (67)
where c_ is given by (29)
= (W-¢)/(r-1) . (68)
The variance of P is
1) = Wmeel)? VED (69)

(N—r-c+1)2 ci

From (62), the variance of F!' is

V(F
V(F1) = 2 (1+cp)
(r-l) i=1
Cov(F., ) r-l r-l
+ov13#l > E(l*'cp)(l"'cp) (70)
(r-1)° i=1 j+#i

The moments of F with my and m, degrees of freedom are

k
E(Fk) i (m /2 + % - 1)1 (m2/2 -k - 1)! [n_x_z_]
(m /2 = 1)1 /2 = )T |m

where k < m2/2. Then, the variance of F is
V(F) = E(F%) - E(F) °

or

my > L . (71)

Thus,

V(F.) = . (72)
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Crump [195h, p. 39] gives the covariance between two F variates which
have orthogonal x2 with single degrees of freedom in the mumerator

and a common denominator of xz/mz,

2 mg
(my - 2)%(my - L)

Substituting fram (72) and (73) into (70) gives

Cov(Fi, Fj) =

_ o -
-1 2 1 . 2
» mg (r—l)—z (m2 )i=1 1+ Clp)
V(F!) = 5 r-1 r-l |
(my= 2) (my - L) +§ E a + cip)(l +c.p)
i=1 j#1 J .

Substituting this result into (69) gives

< )
3) - 2 (r_lﬁ (m2-2)2 (1 +c.p)

=, r 2
co(m2 - L) +[§ (1 + cip)] (7h)
for m, > L. It follows from (66) ’ohatz 1+ cip) is a constant
for any particular c
r-1
D (L +cp) = (r-1)(L *cp) . (75)
i=1
Thus,
£ 2 2 2
S v ep?-Saeop?-[Saep]
i=1l
r-1
. 2
+ [E 1+ cip)]

T-]
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or

r
.21(1 + cj_p)2 = p2§ (ci-co)2 « (r=1)(1 + Cop)2 . (76)
l=

Substituting from (75) and (76) into (7L) gives

| 2 S - e
V) = iéll%l—h) + (my- 2)(x-1)(L + o p)? (17)
C m,=
o2 + (r-l)2 (1 + c:op)2 |-

V(p) is minimized for fixed N and r by making} (ci - co)2 small and

m, and c, large. 8Since

[}

N=re=c+l

o

and
(N=c)/(r-1) ,

these are both maximized when ¢ is mimimized. Thus, the situation

i

%o
here is analogous to that encauntered in Section 6.5 for the esti-
mation of cf,. In some cases, it will be desirable to discard obser=-
vations. N can be represented as

N=r(cl) +s , O< s=<r ,
As seen in Section 6.5, for the form of a variance function as shown
in (77), the variance of § is minimized by using c-l1 columns with r
rows in common and one column with u (0 s us s<r, u$l) of the r
rows. The value of u=l does not occur because in this case s obser-
vations are completely confounded with columns and can be discarded

without changing the variance of p. The form of the optimal design
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for minimizing the variance of S is shown in Figwe 3. As before,
the mimber of cbservations used is N = N-s+u.

Up to this point, r has been kept fixed. The question now re-
mains, having found the fom of the design with nij = 0 or 1 which
minimizes the variance of 6, what is the best value to choose for
r? This fimal question will now be investigated. Due to the near
balance of the optimal design, the wvariance of 8 is fairly easy to
obtain, But it is still difficult to work with this variance in
order to determine the value of r and u which minimizes the variance
of 3. Thus, as was done for estimating Gf" an approximate variance
of S will be used to determine an approximate value, :?", which
minimizes the exact variance of S. Then, integers above and below
T are tried until the value of r and u is determined which mini-
mizes the exact variance of 8.

F'/(1 + c_p) is distributed as F when the same columns are
sampled for each row. Ft!/(1 + cop) is distributed approximately
as F when approximately the same columns are sampled for each row
as is the case here since it was shown that the variance of 3 is
minimized when the number of columns sampled for some rows is c=-1
and ¢ for the remaining rows. Urder these conditions the sum of
squares far rows is approximately distributed as (02 + coci)xa.
This is the same approximation used in Section 6.5 for obtaining an
approximate variance of Gf,. Thus,

F! =~ (l+cop)F .
When N is large, the variance of F from (71) is approximately

V(F) = 2 (m:L + m2)/mlm2 .
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Hence,
2
VE) % 2(1 +cp)(m +my)/mm, .
Since m o= r-1l and m, = N~c=r+l,

2 (1 + cop)2 (N - ¢)

~

(78)

V(p) =
ci(r-l) [(N—c) - (r—l)]
From (29)
(r=1) = (N--c)/cO .
Substituting this result in (78) gives
VP) m 2 (1 + cp)?/(c 1) (te) . (79)

From (55), c,$ ¢ sc  + 1. Substituting the mid-point of this

interval, ¢ = c_ + 1/2, into (79) gives

TB) 2 (1 +0p)’/(cm 1) - ¢, = 1/2) . (80)
The value, ?:’O, of s which minimizes (80) is obtained by setting the

derivative of (80) with respect to c, equal to zero, which gives

_2p (N=-1/2) + (N=-1/2) +1 . (81)
p (N=1/2) +p +2

~
Cc
(¢}

From (29)

r=(N=-c+ co)/co . (82)
To obtain a first approximation far r, substitute the value of ?;o
from (81) into (82) giving

~v

= (N -7+ %‘o)/e:) (83)

where ';is the smallest imteger greater than or equal to ?:Jo. This
value, z'r, will serve as a starting point from which to find the value

of r which minimizes the exact variance of §. To cbtain the value of
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r requires some previous knowledge of p since it appears as a mui-
sance parameter in the variance of 8. It will be shown in Section
6.9 that the value actually used for p can differ considerably from
the true value of p without appreciably increasing the variance of 8.

The exact variance of 6 will now be dtained for the form of the
optimal design obtained previously in this section with nij =0 or 1,
This design consists of c~l columns with r rows and one column with
u rows. The occupied cells contain one observation. The form of the
design is illustrated in Figure 3 and the analysis of variance show-
ing the orthogonal parts of the row sum of squares is given in
Table 7. From Table 7 |

3¢ ®
B = (r-t-1)Ry + (t-1)R; + Ry s t=u for uz?2
- -1

t=1 for u =0,
Since R;f and R'; have the same expected values, they can be pooled
giving
R-;j = [(r—t-l)R;:' * R');]/ (r=-t) .

Substituting these results into (67) gives

P = (NEI;I;?I-QS;QQ) [(t"l) T + (r-t) ‘fg]' TIE% . (8L)

Let Ry/I = F} and Rf:/x = Fl. Then ? becomes

A N-r-c-1 -1
p= (N—c(:)(§-:'-—c3-l) [(t'l)Fz' * (r't)Fﬂ] - = (85)

Fé/(l + cp) is distributed as F with (t-1) and (N-r-c+l) degrees of
freedom and F&/ [1+ (c-1)p] is distributed as F with (r-t) and

(N-r-c+1) degrees of freedom. The variance of the unbiased esti=
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mator, p, based on the ratio F! = R/I is

o (8-1)% (140) 2V (F J(r=t)° (L4op-p) V (F),)
v6) = [t

i -] 86
TR ) e 2(se0) (-8) (eop) (Locpmp)eov(Rp, ) >

Table 7. Analysis of variance for optimal design shown

in Figure 3
Source of variation DF UK E(MS)
2 2 2
Columns c-1 C o + C 0, *+ T O,
. * 2 2
Rows (adjusted for columns) r-1 R® o +co,
. % 2 2
First r-t rows r=t-1 R o + (c—l)cr
% 2 2
Last t rows t=-1 32 o +co,
. ¥ 2 2
First r-t vs last t rows 1 R3 o + (c—l)or

H
o]

Error Ner-c+l

Total N-1

where F, is distributed as F with (t=1) and (N-r-c+l) degrees of
freedom and F) is distributed as F with (r-t) and (N-r-c+l) degrees
of freedom. Formula (71) gives the variance of F, The mumerator
mean squares of F2 and Fh are orthogonal but they hawve the same
denominator mean square, I. For this case, Crump [l95h] gives the

covariance of these two Fls.
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Now, to determine the value of r that minimizes the exact
variance of S as given by (86), consider as a first approximation for

r, the value T given by (83). Follow the same procedure of consider-

ing integers around ¥ and finding the best value of u for each as

given in Section 6.5 leads to the value of r which minimizes the
variance of SZ The value chosen for ¢ is the largest integer greater

than or equal to N/r.

To summarize the results of this sections

(a) Alternative estimators of p used in conjunction with their opti-
mal designs may yield smaller variances under certain conditions.

(b) The connected design of the form nij = 0 or 1 which minimizes
the exact variance was determined for fixed N and r.

Designs consisting of nij = 0 or 1 lead to a simple estimator
for oi/oz based on the ratio of mean squares. The optimal
design consisted of c-l columns with r rows each and one

column with u of the r rows where N = r(c-1) + s and Ofu<ssr,
u # 1, The total mumber of observations used is N¥ = N-s+u.

(¢) The exact variance for 3 is relatively easy to find for the form
of the design designated by (c¢) due to the near balance.

(d) To find the value of r that minimizes the exact variance of S,
consider as a first approximation to r the value T from (83)
which minimizes the approximate variance. Consider integers
around T in the manner described in Section 6.5. This leads
to the design which minimizes the exact variance ofka. For
each value of r considered, the best value of u must also be

determined,
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(e) A1l of the results of this section apply to the estimation of

cri/O'2 = crg/(cr?3 + oic) by simply interchanging r and c.

6.9 Effect of Improper Choice of p in Determining
Optimal Design for 6

In order to determine the value of r which minimizes the vari-
ance of p according to the procedure given in Section 6.8, some know-
ledge of p is required simce p is a nuisance parameter in the formla
for the variance of S as given by (86). Denote by p' the incorrect
value of p used to determine the optimal design. In order to
simplify the investigation of the effects o using pf instead of the
true value of p in obtaining the optimal design, the approximate
variance of 6 for large N will be used, The approximate variance of
8 for the nearly optimal design based on p is obtained from (79)

V-2 (+5p%/E00%) (87)
where ¢ is the smallest integer greater than or equal to 2:/0 and aJo is

obtained from (81)

~ _2pM-1/2)+ (N-1/2)+1

o p(N-1/2) +p + 2 ° (88)

Similarly, the approximate variance of S for the design based on p!
is

s ~

V=2 1+ S1)%/ (1) (-3Y) (89)

where ’c?' is the smdllest integer greater than or equal to ’c\% and

N2 (N =-1/2) + (N-1/2) +1

o ST = 1/2) ' + 2 . (90)

Table 8 shows how the approximate variance ofg changes when the

value used for p to determine the optimal design differs from the



true value by a factar o four.

That is, p' = Lp and p' = p/L.
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~/
R.E.

is the approximate relative efficiency of the design based on p' to

the design based on p where

R.E. = (V/v1) x 100%.

Table 8§, Effect on the approximate variance of S due to using

an improper choice of p while determining the

optimal design

N p p! v V! R.E.
30 .25 1.00 .1023 .1205 84,9
30 1,00 .25 .5952 . 7025 8L.7
30 .50 2,00 0.233 0.259 90.0
30 2.00 .50 1.782 1.965 90.7
30 2.00 8.00 1.78 1.84 97.0
30 8,00 2.00 21.37 21.53 99.3
100 .25 1.00 L0267 .0321 82,9
100 1.00 .25 .1650 .200L 82.3
100 .50 2.00 L0626 L0702 89.1
100 2.00 .50 LoL9 .5521 89.6
100 2.00 8.00 0.L95 0.507 97.7
100 8.00 2.00 5.939 6.040 9843

For example, consider the first case in Table 8. For N=30

and p=,25 the optimal design is obtaired with ¢ = 4.70. However,

if p is unknown and a guess p'=l.0 is used to determine the optimal

design then ¢! = 2,75.

The approximate relative efficiency of this

design to the optimal design is 8L.9%.
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Table 8 indicates the approximate standard deviation of 8 from
the optimal désign based on p would vary from about 90 to almost
100% of the approximate standard deviation of P obtained fram the
optimal design based on Lp or p/l. Even though the proceduwe for
finding the optimal design for p requires some knowledge of p, the
value actually used may vary considerably from the true value without

seriously affectirg the wvariance of the estimator of p = crf,/crz.

o 2,2 2,2 2
6,10 Estimation of Ur/ce or cc/cre when o = 0

Consider the special case of estimating of,/ci or cg/ci when
cic = 0, Following the same argument used in Section 6.7, it
appears that a l-column design is always better or equivalent to
a c-column design. In this case, the best allocation to the rows
in this column is solved by Crump [l95h], where the r rows can be
identified with his a classes. The optimal design for this

situation was presented in Section L.O.
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7.0 SIMULTANEOUS ESTIMATION OF cf, AND crf,/cy2 OR 02 AND ci/cz

From (58) the approximate value of c_ which minimizes the vari-

r2 .
ance of o is

T
~, 2 _p(=1/2) + (N=-1/R)+1
olop) = =g =) 2 (91)
2,2 2 2 2 .
where p = crr/or and ¢° = g, + o, . From (81) the approximate value

. coie . N .
of s which minimizes the variance of p is

~ 2p(N - 1/2 N - 1/2 1

When N is large, (91) becomes approximately

v

S (c2) & 1+ 1/p (93)
and (92) becomes approximately

‘é’o(p) ~ 2+1/ . (9k)
For large N, the optimal design for estimating p consists of approxi-
mately one more column than the optimal design far estimating cﬁ.

Table 9 shows the approximate values of c, for large N for the

optimal designs for estimating oxz_ and p.

Table 9, Approximate values of c¢_ for the optimal designs
. 2 ©
for estimating o, and p (large N)

Approximate values of s
F Estimating o*f. Estimating p
1/L 5 6
1/2
1 3
2 3/2 5/2
L 5/k 9/
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It was seen in Sections 6.6 and 6.9 that the design used could
vary considerably from the optimal design without large losses in
infarmation. From Table 9, the designs for estimating ci and p do
not dif fer markedly when p € 1., These cases are wel'l. within the
limits of discrepancies studied in Sections 6.6 and 6.9.

Allocation for the estimation of of, will also give good esti-
mates of p and vice versa when p € 1. If estimates of the two
values, 012‘ and p, were equally important, one might consider a
design with a ¢  value about half-way between co(crz,) and co(p)
when p £ 1. In this way, only a small amount of information would
be sacrificed on each estimate,

The remarks o this section apply to the simultaneous estima-

tion of 0(2: and 05/0'2 by interchanging r and ¢ in the discussion,
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8.0 SIMULTANEOUS ESTIMATION OF cﬁ AND O'i

The simultaneous estimation of 012, and ci is complicated since
one must determine the type of design to use in addition to the
allocation foar a given design. In general, it has been shown that
efficient estimation of crf‘ requires a large mumber of rows and few
columns. Similarly, efficient estimation of ci requires a large
mumber of columns and few rows.

Tt was not the original purpose of this thesis to investigate
this problem, but a few tentative observations will be presented.

We will consider two possible types of designs, which attempt

to sample both a large mumber of rows and columns.

8.1 L-shaped Design

First, suppose we use Nl observations primarily to estimate O'i

and N, observations primarily to estimate 0(2). From Section 6,5, the

2

Nl observations would consist of a large number of rows and a few

columns. The N2 observations would consist of a large mumber of

columns and few rows. A combination of these two configurations is
designated as an L-shaped design and is shown in Figure 5. The
total mumbers of rovs am columns are r = T+ T, and ¢ = Cq + Cpe

The Nl observations comtain one column with rj (Osr3<rl) empty

cells, Nl

cy (0 .<.03<cl) empty cells, N, = cry = C3. The total number of

= re, - r3. The N2 observations contain one row with

observations is N = Nl + N2 - r2c2.
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Figure 5. L~-shaped design

8.2 Disjoint Rectangles Design

The second design imvestigated for simultaneously estimating 012.
amd og is designated as a "Disjdint Rectangles" design and is shown
in Figure 6. This design consists of g rectamgles, each containing
r rows and ¢ columns, The rectargles are disjoint in that each
rectangle samples a different set of r rows and ¢ columns, In this
way several rows (gr) and columns (gc) are sampled,

The model for the disjoint rectangles design shown in Figure 6
is

Vise "W+ 8y ¥ T35 70y * (Te)y i *+ 5 jue (95)
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Figure 6. Disjoint rectangles design

where 1 = 1,2,.4083 J = 152540073 k = 1,2,.00C5 & = l,2,...nijk;

and the total nmumber of dservations is:S rﬁjk = N, yijk& is the
ijk

8th observation in the jth row and kth column of the ith rectangles

W is the general mean; the rectangle effects, g., are NID(O,ci);
the row effects within rectangles, Ts 4 are NID(O,oﬁ); the column
effects within rectangles, cij’ are NID(O,oi); the interaction
effects within rectangles, (rc)ijk, are NID(O,oiC); the within
cell effects, eijk&’
The analysis of variance for the model given by (95) is shown in

Table 10 where nijk = n for all cells. If oé = 0, G should be used

6L

are NID(O,oi); and all effects are uncorrelated.
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to improve the estimates of 012, and oi. This case will not be con-

sidered in this dissertation.

Table 10, Analysis of variance for disjoint rectangles with
n observations per cell

Source of variation DF MS E(MS)
2 2 2 2 2
Rectangles g=1 G Op + N0, + nco, + nro_ + nr'ccrg
Rows g(r=1) R 02 + no._ + n00‘2
e re r
2 2 /2
Columns g(c-1) C oy + no,, + néo_
. 2 2
Interaction g(r=1)(c=l) I o + nd
e re
Error gre(n-1) E 0'2
Total N-1

For a balanced case as shown in Table 10, Graybill and
Wortham [1956] show that the estimator of the components of variance
obtained by equating the mean squares to their expected values are
the best unbiased quadratic estimators., The estimator for 012. is
& = (B-I)/nc . (96)

The variance of 312_ is
2

2 2
A2 2r 2 2 0.2 (og +n0..)
V(Gr = W(r-1)nc lj(o-e + nop, ¢+ ncorr) + c-1 . (97

Tt will now be shown that (97) is minimized when n=1 if g is an

integral multiple of n., Consider any disjoint rectangles design with
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the parameterss g, r'y, ¢, and n:.ij = n, From this design, a new
design can be constructed with parameterss g! = g/n, rt = mr, ¢! = nc

and n,, = 1. The variance of 'c}i for this design is from (97)

ijk

r 2 2 2
A2, ar 2 2 2,2 (ce * e
v'(cr) T War-I)c l(oe * O * nccr) * o= . (98)
The term in [brackets] in (98) is obviocusgly less than or equal to

the similar term in (97). Since

1 < 1
nr-1 = r-l)n °?
2r 2r

N(nr-1)c s N{r-1)nc °

Hence, V'(GIZ. < V(Sf_), where g is an integral multiple of n.
Similarly, V'(ci) < V(oi). Then, the best disjoint rectangles de-
sign with nijk = 1 should be found. A more general proof has mot

been attempted. It appears that in the case where n. .

13k = n, setting

n=1 is desirable.
The remaining discussion in this section will be limited to the
case where n=1,

8.3 Comparison of L-shaped and
Disjoint Rectangles Designs

In this thesis, these two designs will be compared for the
special situation when cf_ = Gi and V(si) = V(’c;i). Admittedly, this
may be somewhat artificial, but a comparison on this basis should
indicate the relatiwe usefulness of these two designs in view of the

fact that it has already been shown that allocation is not too

sensitive to p. It is contemplated that further research will be
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devoted to the problem when the two camponents of variamce are
different.

Table 11 shows the results of some specific rumerical examples,

2,2 2. 2,2 2 e 2 2 .
where p = cr/(oe + c:rc) = oc/(cre + crc) and n=l. Since o = o, it

seemed reasonable to consider designs which give V(Gi) = V(o“i). The
value of the total mumber of observations, N*, was allowed to vary
slightly in order to obtain balance. In this case, comparisons were
made on the basis of N*V(Sf,). The reciprocal of this quantity is
the amount of information per observation, In Table 11,
V= V(&E)/Zch = V(eg)/Zch. The design parameters are identified from
Figues 5 and 6. The estimator of cr§ for disjoint rectangles is
given by (96) and the estimator for the L-shaped design is given by
(28). The variarces in the last column in Table 11, N*\’?\z, are
based on an estimator, gf,, of Gf' in which the last cy columns in
Figure 5 are ignored., Otherwise, the estimator is the same as the
one given by (28). The estimator, gﬁ, could be improved slightly
by pooling the error sum of squares fram both parts of the design,
Several tentative conclusions can be drawn from Table 11, The
best disjoint rectangles design is obtained when r & 2 + 1/ps
When p <2, the best disjoint rectangles design is better than the
best L-shaped design. When p & 2, there is little difference
between the best of each of the two designs. When p > 2, the best
L-shaped design appears better than the best disjoint rectangles.
As p becomes large, the estimator of gﬁ in the L~shaped design which
discards the last c, columns becomes better than the estimator

1
using all of the observations., This improvement is apparently a
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Table 11, Comparison of disjoint rectangles and L-shaped

. . 2, 2 2 2
designs with V(cr) = V(cc), where o, = o

Disjoint rectangles L~ghaped
p

g r=c N NV |r= 71y, Ty=c, I
.5 N 3 36 3.38 10 2 36 L.24 5.00
5 2 L 32 3.11 7 3 0 33 3.29 L.12
.5 1 6 36 3.2L 6 6 0 36 3.24 3.24
1 9 2 36  10.00 10 2 0 36 10,89 10.00
1 I 3 36 8.25 7 3 0 33 9.46 10,08
1 2 Ly 32 8.hkL 6 6 0 36 9.8l 9.8L
2 9 2 36 26,0 1L 2 8 3% - 25.6
2 L 3 36 24,8 10 2 0 36 34.8 26,0
2 2 L 32 27.1 7 3 0 33 31.6 30,2
L 9 2 36 82.0 16 2 12 36 - 79.8
L N 3 36 8L.8 10 2 0 36 125 82.0

result found earlier in Section 6.5 where it was shown desirable to
keep the numbers of observations per row approximately equal, This
was particularly true for large p. Also the L-shaped design which
has partial rows and columns appears to be desirable when p > 1,
where cy = 2. In this case a precise statement can be made concern-
ing the use of partial columns (or rows). The analysis of variance
ignaring the last c columns is given in Table 12, where c, = 2.
Iet r),=r- 3, the mumber of rows with two columns.
The estimator of 012, used is

§§ = (B*-E)/c, .
In this case

2 _ (rh-1>3§ + (r-rh)R; - (r-1)E

EERS . (99)

>
"Sql\)
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Table 12. Amalysis of variance ignoring last cy columns

Source of variation oF MS E(MS)
Columns 1 C
Rows (adjusted for columns) r-1 R o+ cooi
Component 1 r -1 Ri
L c + 20}
3%
Component 2 r-r 2 2
L B o + o
2
Error rh-l E o)
Total Nl~l
The variance of g? is
a2 2oh 2 2 (r-l)2
V(ob = (rh°l)(l+2pr) + (r-rh)(1+pr) + = (100)
(r+rh-2 ) )-I- s

. 2,2
where p = Of/c .
To find the value of r) which minimizes (100), set the deriva=-
tive with respect to ru equal to zero, subject to the restriction,

N

L =T+ r). This leads to the following result. Use

=1+ (g -2)/e 2 5 .2 V2

r) = N /2 , P& V2 . (101)
That is, when pr>'V§; one long column and one shorter (partial)
column is better than using two columns of equal lergth. Of course,

rh must be at least two in order to provide an estimator.
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Tt will now be shown that an L-shaped design with ry = cy = 2
and r = ¢, where the last = columns are neglected, is equivalent to
the disjoint rectangles design with r = ¢ = 2. For the disjoint

rectangles, g = N/4. From (97), the variance of oi is

n
(%) = 2 [ + 20,07 + 1] . (102)

For the L-shaped design with two complete columns, ru = r, Since

r = ¢ and
N=2r+2c~-L4 ,
r = % +1

Substituting these results into (100) gives

A L
v(Sf, = -2%— [(1 + 2pr)2 + 1] (103)

This is identical to (102) for disjoint rectangles. This result is
borne out in Table 11, Similarly, the variances of Gﬁ would be
identical., No restriction that o§==oi has been imposed.

It has been shown when pr>»{§-that the variance can be reduced
for the L-shaped design by using a partial column and making the
first column lorger. In some instances, the L-shaped would be
better., It appears, that a disjoint rectangles design with
r=c¢ =2 would not be used, In Table 11 it is indicated that the
best disjoint rectangles design has r = c = 2 for large p. Since
the L-shaped design does better than 2x2 squares, this gives more
evidence to support the use of the L-shaped design_fér large b.

In general, as p increases, the L-shaped design is favored over

disjoint rectangles. Also, the analysis which discards the infor-
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mation in the other leg of the design in order to achieve balance
appears more useful as p increases. When Pn ? VE_, the use of one
long column and a second shorter column is advantageous. Similarly,
for Por Disjoint rectangles appear better for small p. When p is
approximately two, it does not appear that one design is particularly
superior to the other. These observations must be taken with some
reservation as the case for ci#:oi was not investigated; also the
gize of N* may have an influence on where one design is preferable

to the other.
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9.0 PROCEDURES TO ATTAIN SPECIFIED PRECISIONS

OF ESTIMATES OF COMPONENTS OF VARIANCE

9.1 One-way Nested Classification

Consider the problem of finding the minimum value of N such that
the variances of the estimators of the components of variance in the

model given by (2) are less than or equal to specified values

2 2
V(?Ta) < pf and V(’C}e) < P (10L)
or
2, A2 =l
c.V. (0-3. < p]'_O‘a = pl (105)
and
2,A2 -
C.V.5(50) ¢ péo); = p, . (106)

The variance of 32 is a complicated function, Crump [1954]. To
£ind the minimum value of N which satisfies (105) would require a
trial and error procedure. For a particular value of Nt the optimal
design is found by the procedure given by Crump. Then the variance
of 32 would be determined for the optimal design based on N'. If
(105) was satisfied, then values of N less than N! would be tried.
If (105) was not satisfied, then values of N greater than N' would
be tried. This would contime until the smallest N satisfying (105)
was found. Such a procedure would be extremely tedious. A simple
scheme which gives the approximate minimum value of N which satis-
fies (10L) will now be developed based on an approximation for the

. ~2
variance of Oy
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Consider the model given by (2) where the analysis of variance
is given in Table 1. The estimator of oi obtained by equating mean
squares to their expected values is
& = (W) /n, (207)
Hanmersley [19L9] showed that the minimum variance of oo is obtained
when n, =mn, i.e., equal mumbers of observations per class. However,
integer values can not always be obtained., If N = ak + s where N,
a, k, and s are integers, Crump [195L ] showed the optimal design
consists of s classes with (k + 1) observations and a - s classes
with k observations each, That is, n, = k or k + 1 where k is an
integer. In order to simplify further calculations, it will be

shown for this case that nb:sN/é for large N. The value of n, is

2
B = E%I [N -;E%EE]

The case that deviates most from equal nmumbers per class where

(108)

n, = k or k + 1 is when 2/2 of the classes contain k observations
and a/2 of the classes contain k + 1 observations. In this case
N = ak + a/2 (109)

and (108) becames

-1 _ ak® + ak + a/2 [ _N _ a
Oy = a=T N ) a=1) °
Hence, as N increases
n =~ N/a . (110)

o}

. Y
The variance of o, is

v(E2) = [v(a) + v /md (111)
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where
V(W) = 202/(N-a) . (112)
Since the mumbers of observations per class are nearly equal,
V(A) can be approximated by

V(A) 220 (1 + n,p)?/(a1) (113)

where p = ci/cg. Substituting from (112) and (113) into (111) gives

20-2 [(1 + nc’p)2 1 }

2
V(5°) & +
a ;(2)" a=1 N-a (11L)
From (110), a = N/no, in order to minimize V('&i), giving
Lo 2
V(Sz) o 20, (1 + nop) . 1
a n, I\I-nO N(no-l) . (115)
Using the same allocation
"2y o L
V(ce) ~ 2oeno/N(n0-l) . (126)
From (L), for large N and p not too small
n (p+1L)/p . (117)
Substituting this result into (115) gives for large N
L2
W) oo (Mol Mo e b - p -1
a’ ™~ To+l) Np -p -1 (118)
As N increases
W(?) —> 2c%p(p + L) (119)

for the approximate minimum obtainable value of NV('&i) for large N,
From (119) the approximate minimum value for the square of the
coefficient of variation of 32 is given by

N-C.V.2(8§) = 2(p + L)/p. (120)
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Then €.7.%(8%) £ p, when
2(p + L)/Npsp;

or when

N22(p+L)/pp, =N, . (121)
Table 13 shows the approximate values of N required to satisfy a
specified C.V.(Sg) for various values of p. These results are quite
good even for small values of N. For example, C.V. is .53 for p=2,

N=2}, and p=L, N=16.

Table 13. Approximate total ber of observations (Na) required
for estimation of

Specified C.V. (’c}f1
P .10 20 .30 .50
1/L o0 850 378 1%
1/2 1800 450 200 72
1 1000 250 112 Lo
2 600 150 67 2l
L Loo 100 L5 16

Substituting from (117) into (116) gives the approximate vari=-
ance of Si from the optimal design for estimating oi for large N
NV('c}z) ~ 20‘2(;) +1) . (122)
The square of the coefficient of wvariation of Gg is

c.v.2 82) % 2(p + LI/ . (123)
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Now, C.V.2 32) < p, when
2(p + 1)/N = py,
or when

N 2 2(p + 1)/p2 =N, . (12k)

When N, < N, then (105) and (106) are approximately satisfied for

large N by choosing N = N, and using the optimal design for estima-
. 2
tlng Gao

When Ne >Na.’ then additional observations are required so that

C.V.z(sg) < Poe The approximate mumber of classes required for

C.V.z(gi) S$p isawm N/no. If observations are added to the classes
already sampled, then each observation adds one degree of freedom
to the estimate of 0‘2. From v(]_"LE), it follows that for a fixed a,
the allocation of the N samples to the a classes has no affect on
V('&g . But, these extra observatims may as well be added so that
the mumber of observations per class are almost equal in order to
minimize V(gi). The mumber of additional dbservations required to

satisfy (106) when N, >N, is approximately N, = N, for large N.

9.2 Two-way Crossed Classification

Consider a procedure such that the variances of the estimates
of the row and column components of variance of the model given by
(1) are less than or equal to specified values

a2
<
V(o,) = p{ (125)
and

v(%i < p) (126)
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or

2 ,A2 -
c.v.5(c]) $pfo, = py (127)

and
2 /A2 =l
c.v. (cc) S pyo, = py . (128)
Consider the L-shaped design discussed in Section 8.1. Sub-
stituting from (93) into (56) gives the approximate minimum value
N,
obtainable for V(Slz,), for large N.,

1
~ N2 B Ll
V(or) = 20 pr(pr + h)/Nl .

Similarly,

T(E2) = 2 (o, + LI/,
Or,

Cv.B®) =2 (o, + /e, (129)
and

2Ry =2 (o, + W)/Mpp,, » (130)

Then (127) is approximately true when

2 (p, + 4)/Np, s Py
or

N 22 (p, + W)/ppy - (131)
Formula (128) is approximately true when

2 (PC + h)/szCS Po
or

N, 2 2 (p, + 1)/p Py - (132)
Thus, the total mumber of observations required is

NaN +N, - (p, +1)(p, +1)/ep,
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or from (131) and (132)
N&2(p, + L)/ppy + 2(p, + L)/ogpy =(p, + 1)pg + 1)/pyp, « (133)
Consider the disjoint rectangles design described in Section

8.2, The variance of Gf‘ is given by (97). The coefficient of

variation squared of /c}i is less than Py when

2,A2 2 1
C.v. (G ) = [(l + Cp ) o e ] P ° (13)4-)
T glr-l)e Py e-1 1
Similarly,
-Voz( = ——E——n [(1 + I'Pc)z + -I,%'I:li Py . (135)
g(c-1)r"p,

A procedure which leads to the minimum value of N such that both
(13L) and (135) are satisfied is as follows. Compute for any parti-

cular values of r 2 2 and ¢ 2 2¢

2 [ 2 1
g = (1 +cp )" + —__——] (136)
r Pl(r-l)czprz r c-1
and
2 1
gc=-——"2“z[(1*rp ) +r-l:l
p,y(e-1)r"p, . (137)

Choose g as the smallest integer greater than or equal to the maxi=-
mum [gr, gc]. Then, N = grc. Repeat this procedure for various
canbinations of r and c until the minimum value of N is found. In
this way, both (134) and (135) are satisfied for a minimum value

of N.
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10,0 SOME FURTHER RESULTS FOR A ONE-WAY

NESTED CLASSIFICATION

Consider the one-way nested classification described by the
model given in (2). Suppose it is desired to estimate the total
variance, V(yij) = ci + Gi’ with a fixed cost. Consider the problem
of minimizing V(ci?- 02) with a fixed cost.

For a given value of the mumber of classes, a, the degrees of
freedom for error is fixed, N-a, Thus, the variance of Gi is fixed
since V('&S) = 202/(1\1-&). The variance of 32 is minimized for a
given a by making the numbers of observations per class as nearly
equal as possible, Crump [195&].

From the expected mean squares in Table 1 an estimator of

(ci + 02) is obtained by

cri : 0'2 = [A + (no--l)‘w:l/n0 . (138)
The variance of this estimator of 0'2 + 02 is
v(ci’; 02) = [V(A.) + (no-l)ZV(W):I/ni (139)
where
V) = 202/ (N-a) (140)

and as seen previously

V() ™ 2(o? + nch)?/(a-1) (141)

since the rumbers of observations per class are almost equal. Sub-
stituting from (1L0) and (1L1) into (139) gives

s 200 @ene® (n -1)?
a e 2 a=l N-a . (1L2)
(o}
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From (110), N A na. Substituting this result into (1L2) gives for

large N
2~ 2 2<:rll 2anop + an§p2 tan -n + 1
V(ca * Ge) ~ lrl2 a(a-l) (1L3)
o) .

143
Since an «s N, the numerator in the [brackets] of (X&) is approxi-
mately for large N

22
Zanop +anp +an_ .

Substituting this result into (1L3) gives

(o2 ¥ f) w 20F (2p + np? +1)/n (a-1) . (1)

Let
c, = cost of sampling a class
Cy = cost of obtaining an observation in a class,
The total fixed cost, C, is

. | ls)

= ac_ + ~a a
C ca Nce~ c, *+ noce

Hence,

a= C/(cal + noce) . (1L6)
Differentiating (1LL) with respect to a, subject to the condition
given by (1L6), and setting this result equal to zero gives a
quadratic equation in a. Denote the solution of this equation by

a As a first approximation to the value of a which minimizes the

l.
/N

variance of (0221 + cg) s choose the integer closest to a and N the

largest integer less than or equal to (C = aca)/ce. Allot the N

observations such that the mmbers of observations per class are

as nearly equal as possible.
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11,0 SUMMARY AND CONCLUSIONS

11,1 The Problem
A sample of size N is to be sele cted from a population which can
be classified in two ways, called rows and columns. In selecting the
sample, it is assumed that r rows and c columns have been randomly
selected from the large mmber available and that for each row and
column cell (i,j) a certain mumber of measurements or observations
(nij) are obtained at random. The measured value (y) of a given

th

sample taken from the ith row and j  column is assumed to be re-

presented by the following linear random models

Vige = W +r; 405+ (rc)__.Lj *eik
where p is the average value of the measurements in the population
and k represents the particular sample selected. The random effects,
P cj’ (rc)ij’ and ©; jk represent row, column, interaction, and

sampling (within a row-column cell) variation. It is assumed that

their effects are normally and independently distributed with zero

. 2 2 2 2 .
means and variances, O,y Oy Opnas amd Ogs respectively.

The purpose of this investigation was to devise the best method

of selecting a sample of size N so as to obtain minimum variance

. 2 2 2 2
estimators of the parameters W, Gns Ogs O and Og*

11,2 Optimal Allocation

If we use as the estimator of W, S>> yijk/N, where the
summation is over the members of the sample, the variance of ﬁ is

minimized if each observation is taken from a dif ferent row and
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column, so that r = ¢ = N. After a permutation of rows and columns,

ngy = 1 for i=j amd ngy = O for i#3 (1, = 1525444, N).

If we consider any linear function of the components in yijk’
the variance of the linear function being designated as 02, the
lower bound for the variance of an unbiased quadratic estimator of
02 is 20h/(N-l). Although it is not always possible to attain this

lower bound, estimators of the following can attain the lower bounds

(1) oi, if all N observations are in one cell, r = ¢ = 1 and

oy =N

(2) 0'2 + 02 + 02, if only one column is selected with N rows,

e re by
with one observation per cell, r = N, ¢ = 1 and n,y = 1

(i = 1,2,ooo, N);

(3) og + oic + oi, if rows and columns are reversed in (2);
(L) the total variance, oi + Oﬁc + oi + oi, if each obser=

vation is selected from a different row and column, so

that r = ¢ = N, ngy = 1 for i=j and ny = 0 for i#j.

For other linear forms, in particular for oﬁ and oi, it is not
possible to attain the lower bound. The variance of the estimator
is materially affected by the sampling procedure. Also, optimal
allocation will vary from one estimator to another.

The estimator used for oﬁ was obtained by equating mean squares
to their expected values in an analysis of variance based on the
method of fitting constants, where the row mean square is adjusted

for both row and column effects. With unequal numbers of observa=-

tions per cell, the variance of Gi is a very complicated function.
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This investigation was limited to designs of the type where there
might be some vacant cells and each occupied cell conbained n obser-
vations, so that nij = 0 or n. These designs led to a simple
estimator of oi based on the difference of two mean squares. It was
proved for this type of design that the variance of Gi is minimized
when niy = Oor 1l (n=1). For a given mumber of rows, r, the optimal
design with nij = 0 or 1 consists of c¢-1 columns and all r rows in
common and one column withu (OsSu<ssr, u¥1l) of the r rows,
where

N=r(c-l) +s.

An approximate variance of gi was developed to ocbtain a first
approximation, ?; for the number of rows which minimizes the
exact variance of 35. The value of T is given by

~ ~ ~ ~
r=(N-T+c)/c ,

in which © is the smallest integer greater than or equal to 3; and

o pr(N -1/2) + (N=-1/2) +1
€ © PN - 1/2) + 2 s

2, 2 2 ~ . ~
where Pp = Of/(cé + Ofc). Integers below r and integers above r
are tried until the value of r is obtained which minimizes the
exact variance of Gﬁ. The exact variance of Gi for this form of

the optimal design is

L _(r-t) [1 +(c-1)p]2 + (t—l)(1+cp)2
V@) - B
(N-c)

T 2
+ (r=1)"/ (N-r-c+l) s
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where 02 = (oi + oic), t=u for uz?2 and t=1 for u=0. For each value
of r tried, the value of u must first be determined to minimize the
variance of Gi. Generally, the best value of u is O or s; when
s=r, u=r,

The determination of the optimal design depends on the value of
Pre It was shown by several numerical examples that if the value of
Pp actually used in constructing the optimal design differed fram the
true value by a factor of two, the relative efficiency of the design
is still generally greater than 90%.

When cic = 0, it was shown that the optimal design for estimat-
ing oi consists of one column. Then, the analysis of variance
‘reduces to a one-way nested classification for which the optimal
allocation for estimating oﬁ is given by Crump [195h].

From the same analysis of variance used to estimate oi with
nij = 0 or 1, a simple estimator of Py is obtained from the ratio
of the row to interaction mean squares. The form of the design and
procedures which lead to the design which minimizes the variance of
6} are analogous to those obtained for estimating oﬁ except that the

first trial value for r is determined by using

2pr(N -1/2) + (N =-1/2) + 1
0T T p,(N-172) b, + 2

~s

and the variance of Sr for the form of the optimal design is

s eyl | (el (1)t

]
(N=¢)" (N=-r=-c=3) + (N-c=2)(r-t + (N-c)pr)2

v(p,) =

where t=u for uz?2, t=1 for u=0.
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The determination of the optimal design for estimating P, Te-
quires some previous knowledge of the value of Pps which is the
quantity one is attempting to estimate. Even if the value of Py
actually used to determine the optimal design differs from the true
value by a factor of four, several mumerical examples showed that
the relative efficiency of the design is still generally greater
than 80%.

When oic = 0, the optimal design for estimating Py then was
shown to consist of one column (j=1) with no restriction on the

n..’s, i.e. nijZ(L The analysis of variance with one column re-

1
duces to a one-way nested classification for which the optimal
allocation for estimating Pp is given by Crump [19514]°

A1l of the results far estimating oi and Py apply to the esti-
mation of cg and Pe simply by interchanging r and c.

A few tentative conclusions were obtained concerning the
simultaneous estimation of oi and ci. The investigation was limited
to two types of designst (1) an L-shaped design consisting of N;
observations with several rows ard a few columns and N, observa=
tions with several columns and few rows and (2) a disjoint
rectangles design consisting of several non-overlapping rectangles,
each with r rows and ¢ columns. The comparison of these two
designs was limited primarily to some rumerical examples. In order
to simplify the comparison, the only cases considered were for

02 = 02 so that Pp = Pg = Pe This may be somewhat artificial, but

r c
it should lead to some general notions. The designs were con-

structed so that v(Gﬁ - v(Gi).
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As p increases, the usefulness of the L~shaped design increases.
It was shown that the Ni observations should contain two ar more
columns when p < V—E-and one long column and one shorter column when
p > VET. Also, as p increases, the variance of Gﬁ is smaller when
only the Nl observations are used. The gain from discarding obser=-
vations is due to the near balance which is achieved in this manner.

The usefulness of the disjointvrectangles design increases as
p decreases, r and ¢ increase for the optimal disjoint rectangles.
When p becomes large, the optimal values of r and c equal two. In
this case, it was shown that an L-shaped design could be constructed
which is better than disjoint rectangles. This also supports the
observation that L-shaped designs are better for large p. The
optimal designs of each type appear to be about equivalent when p
is around the value of two.

A procedure was developed to find the approximate minimmum
value of N required in order that both V(Sﬁ) and V(3§) are less
than specified values in a one-way nested classification. The
approximate minimum values of N required in order that both V(Sﬁ)
and V(gi) are less than specified values were found for the L-shaped
design and a procedure was developed for finding the exact minimum
value of N for a disjoint rectangles design.

A procedure was developed for a one-way nested classification
which minimizes the approximate variance of the estimator of the
total variance, og + oi, subject to a fixed total cost, where the

cost of sampling a class is not necessarily equal to the cost of

sampling within a class.



(1)

(2)

(3)

(L)

(5)

(6)

(7)

(8)

(9)

(10)
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11.3 Suggested Future Research

Construction of more general designs without the restr}ction
that nij = 0 or n. Apparently this will be very diffgg;atu
because of the complicated general variance function,
Construction of designs to estimate °§c’ oﬁc/oi, oi/bg, and
ci/oi. These require that some nij’s must exceed one.
Study of robustness of the designs to non-normality and to
inequality of some of the components. For example, estimate
oi when oi and oﬁc vary from column to column.

Development of procedures to combine estimators when the
analysis of variance contains more mean squares than compo-
nents of variance to be estimated.

Consideration of estimators other than those based on the
usual analysis of variance, Some simple examples indicate
that this should receive serious consideration.

Evaluation of designs on the basis of information per
observation rather than on the variance of the estimator for
fixed N, or on the basis of other cost considerations.
Development of a sequential estimation procedure, with at least
two stages, the first stage design to be used to estimate
values of p to be used for designing the second stage.
Extension of the results to multi-stage nested and crossed
classifications, with both fixed and random camponents.
Study of the effect of the nij being randam, due to natural
or other causes,

Consider other designs and estimating procedures when several

variance components must be estimated.
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ABSTRACT
GAYLOR, DAVID WILLIAM. The Construction and Evaluation of Some
Designs for the Estimation of Parameters in Random Models. (Under
the direction of RICHARD LOREE ANDERSON).
This dissertation considers methods of sampling, with fixed
sample size N, which would lead to good estimates of components of
variance in a two-way crossed classification model with nij obser=-

vations in the (i,j) cell:

Visx = Bt o+ ¢y + (rc)ij + eijk s
where the effects Ty cj, (rc)ij, and eijk are normally and inde=-
pendently distributed random variables with zero means and
aria 2 £ o and 2 tivel
variamces o, Oy, Op.s and o, respective Ve

Tt was shown that the lower bound for the variance of an un-
biased quadratic estimator of a linear function of components of
variance with expected value, 02, is 2ch/(N-l) where N is the total

mumber of observations. Procedures which achieved the lower bounds

. . . 2 2 2 2 2 2 2
were determined for estimating o, (Oé + 0.+ c‘r)9 (Oé +o ., + cc),

and (02 + of_c + ci + ci). In estimating other functions of the

variance components, optimal allocation depends upon the estimators
used. The estimator for oi was obtained by equating mean squares
to their expected values in an analysis of variance based on the
method of fitting constamts, where the row mean squares is adjusted
for column effects and interaction is adjusted for both row and
column effects.

A procedure was developed to minimize the variance of Gi when

nij = 0 or ny for this case, it was shown that n = 1.



From the same analysis of variance used to estimate oi, an
estimator of cﬁ/(cg + oic) can be obtained from the ratio of the
row to interaction mean squares. The form of the design of the
type nij = 0 or 1 which minimized the variance of this estimator
was determined.

Allocation for estimating oi and oi/(ci * oic) were treated
similarly.

A few tentative conclusions on the simultaneous estimation of
. and ci were obtained. Two types of designs were compared.

Procedures were developed for both the one-way nested and two-
way crossed classifications to find the approximate minimum value of
N such that the variance of the estimators of components of variance
were less than specified wvalues.

A procedure was developed for the one-way nested classification
which minimizes the approximate variance of an estimator of the
total variance subject to a fixed total cost where the cost of

sampling classes is not necessarily equal to the cost of sampling

within classes,



