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ABSTRACT

For the coupon collector's problem, invariance principles for the par-
tial sequence of bonus sums after n coupons as well as for the waiting
times to obtain the bonus sum t are studied through a construction of a
triangular array of martingales related to these sequences and verifying
" the invariance principles for these martingales. This approach provides
simpler and neater proofs than given in Rosen (1969, 1970) and strengthens
his convergence of finite dimensional results to those of weak invariance

principles.
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1. INTRODUCTION

Consider a sequence {S'&N, N=1} of Coupon collector's situations

(1'1) QN = {(aN(l)’pN(l))}"’Q(aN(N) ,pN(N))} 3 NZ]‘ >

where aN(s) and pN(s) (>0) are real numbers and zg=1pN(s)= 1. Consider
also a {(double) sequence {INk’ kz1} of (row-wise) independent and identi-

cally distributed random variables (i.i.d.r.v.), where for each N,
(1.2) P{INk=s} = py(s), 1<s=N.

Let then

aN(INk), if INké (INl""’INk—l) ,

(1.3) YNk =
0, otherwise, for k=21 ;
(1.4) z. =)' Y , k=1 and Z, =Y, =0
) Nn i=1"Nk? NO NO :
Then, ZNn is termed the bonus sum after n coupons 1in the collector's
situation QN‘ If the aN(s) are all non-negative, ZNn is non-decreasing

in n(=0), and, for every t=0, let
(1.5) UN(t) = max{k: ZNkst} .

Then, UN(t) is termed the waiting time to obtain the bonus sum t in the

coupon collector's situtation QN.

For an arbitrary positive integer b and {n1N<<...‘<nbN} satisfying

lim inf -1 lim sup -1
o NUMNE e N py

Rosen (1969) has established (by very elaborate analysis) the asymptotic

0 < o , under certain regularity conditions,

(multi)normality of (the standardized form of) {Z yeresZ }; ina
Nnyy NnyN



follow up ([6]), he has studied.parallel results for {UNt}' The object of
the present investigation is to propose and formulate an alternative approach
to this problem based on the weak convergence of a suitably constructed mar-
tingale sequence associated with the ZNn' This provides a simpler, shorter
and neater proof of the aforesaid normality and also an invariance principle
for the partial sequence {ZNk’ k<n} as well as for the corresponding
sequence of waiting times. The basic regularity conditions are outlined in
Section 2. Asymptotic normality of ZNn is established in Section 3 with .
the aid of some recently developed martingale central limit theorems, and
the multi-normality extension is presented in Section 4. Section 5 is-
devoted to the (weak) invariance principle for {sz? k<n} and allied

results for the sequence {UNt’ t >0} are studied in Section 6. A few

remarks are made in the concluding section.

2. PRELIMINARY NOTIONS

Note that by (1.2)-(1.4), for every N(21),

(2.1) EYyy = 2§=1aN(s)pN(s)[l-pN(s)]k-l, k21, EY,=0;

* _ _ N n _
(2.2) ¢, = EZy = 25=1aN(s){1[1-pN(s)] }, n21, EZy=0 -
Let us denote by

(2.3) N z§=1aN(s)[1-e‘“pN(s)] , nz0,
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-np..(s)
2 _ <N N -np,.(s)
(2.4) Ay = Loy N(s)e (1-e” N7y
-np,(s)y2
N N )
= n[zs 1 N(S)PN(S)e ] 1] nz0 >
(2.5) =N Ja (s)|T, for r=1,2,3,4
) ANr s=1/2N g 2T
We assume that
sup| max .
(2.6) N {1555N NPN(S)} =M<
2.7) 1im max.l (S)I/NI/Z 51 2 0
: N+w)|1<s<N! 2N ANZ ?
(2.8) lim inf 2 (s)p syl/ > M. > 0
' N-co s=1 N N AN2 T2
Note that xe-XSe'l, ¥ x>0 and for 0<x<l, Ose ™* - (l-x)nSnxze_nx.
Hence, from (2.2) and (2.3), we have
-np, (s)
_tvN N n
8%~ 0n | = 1oy () (8D [e - {1-p ()11
-np (5) -1

(2.9) =< EI;I:l]aN(s) |pr(s){npN(s)e N }<e MlANl’ ¥n20, N21.

In fact, if the aN(s) are all non-negative then ¢ ¢Nn Also, noting

that e X(1-e™®)<x, V x20, we obtain from (2.4) that

-npy, (s) -npN(S)

2 aZ(s)e [1-e ]

(2.10) dy, S 25 12N

N 2 _
< nis_:laN(s)pN(s) SanAN2 = O(nANz) ,¥n=1l, N21,

Further, using the fact that for 0<x<1, (l_e-nx) = (1-e )Ek 1 ‘kX S

x(1 /x)zn -1 kx, we obtain that for N>1/2Ml,
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- (n+k)p, (s) -np, (s))2
2 - 2
dan(le%Ml/N)Z£=é{zz=laN(s)pN(s)e N _[z§=1aN(s)pN(s)e N ] }
o _ -(n+k)p,.(s) - (n-k)p,.(s)
(2.11) >(1-%N 1M1)zz=é{2§=la§(s)pN(s)e N [1-e N ]}

) -(2n-1)M
>(1-%N Ml)e

/2N - (n+1)py (s)

U -1y /21] al (5)p () [1-e ]

Now, by (2.6), (2.7) and (2.8), A&;z{s:pN(s)>€/N}a§(s)pN(s)EzAN;2§=1a§(s)pN(s)-s

5 (n+1)py (5)
¥ e>0, and noting that for pN(s) >¢/N and n/N>n>0, 1-e z c(e,n)>0,

we obtain from (2.11) that if

lim inf -1 lim sup -1
N0 N "'n < N>oo N n<ow,

(2.12) 0 <

lim inf .2
then (dNn/nANZ) > 0. Thus, we have

N->co

lim inf _,2 lim sup  ,2 o
(2.13) 0 < N (dNn/nANZ) S T o (dNn/nANZ) <o,

when (2.6)-(2.8) and (2.12) hold.
We are primarily concerned here with the limiting behavior of the partial
sequence le;l (ZNk—cka; k<n). Since dI:h'llaN(S) , 1<s<N remain invariant under

any scalar multiplication, we may without any loss of generality set

_ LN 2

(2.14) Agp =N ZszlaN(s) 1, for every N .

Then, by (2.9), (2.13) and (2.14), we have d4 ™% |¢ o o |} >0, so that
’ 9, (2 14) Nn{1<ksn! ONk™PNK ’ ’

we may equivalently consider the partial sequence dI:Irlx (ZNk-q)Nk; k<n). In the

remaining of this section, we consider a basic lemma, to be used repeatedly in
subsequent sections. Let QNk=pN(INk), k=21 and let gNu(YNk’QNk)’

u=1,...,p(22) be such that

(2.15) max { max sup

1<usp ISSSNIgNu(aN(S)’pN(S))I} SMy30 N M3 ST



. max [N sup ,,-1 o
(2.16) lsusp{isﬂIgNu(aN(_s),pl\I(s))I}SMI\I,‘l, il B HPEL

Note that (2.15) and (2.16) insure that

(2.17) 1S;§ﬁﬁsp{22=llgNu1(aN(s),pN(s)gNuzcaN(s),pN(s))l}

< My g where My <My Mg, -

Lemma 2.1. Under (2.6), (2.15) and (2.16), for every O=\)0<\)1< ...<\)p$n,

P P
(2.18) El Teg, Yy > Quy ) =1 lEgNu(YN\) Q)
u= u u - u=l u u

1

-1 p-1 -1,,2
+ONT M My L VT D)
2 -1 |
(2.19) c°"[gN1(YNv1’QNv1)’gNZ(Ysz’QNvZ)] =O(NT[My VN My 1)

(2.20) iy Oy, Gy )] - o(IN "My o1 A TV 1)

Proof. We shall only prove (2.18); the others follow by similar arguments.

Note that

p P
El lgy.(Yy, » )= {g (a,(s ),p, (s })
I:I'Nu N\)u N\')u 1<s ¢.§.¢s <N I:I» Nu™N"u N""u
P P \)u'_\)u—l-1
[1' Z PN(Ski] }
k=u

: P —VupN(Su) -1
(2.21) = ) T’T{gNu(aNcsu),pN(su))pN(su)e [1+0(N )]}cby (2.6))

1SS1¢...¢SPSN u=1
| -V Py (5,)
- I TET{gNu(aN(su)pN(su))pN(su)e W }

1<s.#...25 <N u=1
1 p

-p-1,p
NPT )

by (2.6) and (2.16). Similarly, for each u(= 1,...,p),



—vupN (S)

(2.22) By, (ty, - Nvu)=2§=lgNu(aN(S),pN(S))PN(S)e +0(N“2MN’4),

where, by (2.6) and (2.16), the first term on the right hand side of (2.22)
is O(N-IMN,4). The product of the p factors of the first erm in (2.22)
involves N’ terms where as {(2.21) involves N[p] terms; by (2.15) and
(2.16), the contribution of these Np-N[p] terms is O(MN,3°M§:1~N-p).
Hence, the proof follows from .(2.21)-(2.22). For p=2, NPA—N[p] =N

. -(v,+v,)p,. (s) _
and TN g (8 (5),py(s))gy, (a (s),py(s)Ipa(s)e 1 2N 2 oh.
( §=1|gN1(aN(s),pN(s))gNz(aN(s),pN(s))]} = O(N_Z'MN’S), so that (2.19)

follows on parallel lines. Q.E.D.

-1
3. ASYMPTOTIC NORMALITY OF {dNn(an-¢Nn)}

The main theorem of this section if the following.

Theorem 3.1. Under (2.6)-(2.8) and (2.12),

-1

(3.1) L(dNn

(z > N(0,1)

Nn~%Nn))
Proof. Unlike the approaches of Baum and Billingley (1965) and Rosen

(1969, 1970), our proof rests on a construction of a (triangular array of)
martingales related to {ZNn}. Let BNk be the sigma-field generated by
{YNj’ j<k}, k=21, and let BNO be the trivial signma-field. Then, for

every N, BNk is non-decreasing. For every N, n(21), we define

1,k XM _

(n) _ k- = > 1
(3.2) Xy~ =Yg (1+Qy) s Qu=Py(I) » k=1 No =0
-np,. (s)

(3.3 g =T a (s)p (s)e ey ()15, k21, £ -0,



and consider the sequence

G.ay  x® ox®) -E(x(“)lB

Nk Nk Nk~ 1
k- 1 bt
Then, on denoting by
gm) vk gm) () (n)
(3.5) SNk 23 ONJ , k20 and Ey -ZJ obnk + K20,

we obtain from (3.2)-(3.5) that

-np, (s)
(3.6) B N aoe N ([Lepy ()1 -1}, k205
~(n) Qi K i-1
(3.7) Sk -21 Yni® [(1+Q;) " -Qy; (1#Qg) ™ 1, k=0,
(3.8) E(S(n)lB T

Nk- 1 Nk-1~

so that for every N, n(21), {S&E), BNk; k>0} is a martingale. From

"(2.6) and (3.6), it readily follows that
(3.9) IE(n)—¢Nn| = 0(1) , for every N,n .

n Ni i-1 n N
Also, note that zi=llYNiQNie (1+QNi) | < 1=1IYNiIQNiS s=1laN(s)|pN(s)
5.5 Y . -nx n 2
< MjAg, My, by (2.6) and (2.14), while for xe (0,1), 12e ~ (1+x) z1l-nx",
2(n) , .
so that under (2.6) and (2.12), we have from (3.7) that ISNn -ZNn+¢Nn| is
bounded, with probability one. Thus, by (2.13), (2,14) and the above, we

conclude that for every €>0, there exists an No(s), such that under

(2.6)-(2.8) and (2.12),

(3.10) '1 |s(“) Zy O | 7 €1 = 05 VNZN (€)



n

Consequently, it suffices to show that under (2.6)-(2.8) and (2.12),
(3.11) L(dy 1s(’“)) > N(O,1) .

Now, for the martingale-difference array {lexék), k<n}, by (3.4),

(3.12) K] < v |+ 15| sy Qs 1sksn,

N 15,1 |
where lF,I\(;}:) | < zs=1|aN(s) IpN(s) lezA;\Ii’2 ~M,. Also, |YNk| < 1’32§NlaN(s) ]

00%) = 0(dy)s by (2.7), (2.13) and (2.14). Famally, (15 el

ZS 1[a (s)le(s) MfA§2 Mf, ¥ k=1, Hence, for every €>0, there exists

an Nb(e), such that

max .-1;%(n) .
(3.13) p{1<k<n \n lx |>eI , VNN (€) 5

the above equation also insures that

max

1<k<n anx(“)l is uniformly bounded in L, norm .

(3.14) 2

Further, by (3.4)-(3.8), E([géﬁ)]z) = ZQ 1E([X(n)] ), and some routine
steps leads us to
o =2_ . ~v(),2 ©
(3.15) dNnE([SNn ]7) 1 as N~
Thus, by virtue of (3.13)-(3.15) and (3.8), we are in a position to use

the recently developed central limit theoresm by Dvoretzky (1972), Scott

(1973) and McLeish (1974), and to prove (3.11), it suffices to show that
| -2jyN () (my,L B
(3.16) dNn{2k=1 [Ly -EWy )]} 0,

where
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218, ) =v&M 8

(3.17) lﬁ?—ﬁﬂxmﬁ

Nk 1 Nk~ 1

-2npy (s) 2 (k-1)

Zs -1 N(S)pN(S)e [14py ()]

~2nQ '
k-1,2 NV 2 (k-1)
v=1Nv e (1+Qy,)

- -nQ -
S Ty ae Wwasg ) h?, ke,

are

(n)
k

all bounded with probability 1, while, by (2.13)-(2.14), d&i = O(n-l).

By steps similar.to those after (3.12), it follows that the

Hence, to prove (3.16), it suffices to show that

(3.18) 1<kfzin|Cov(£££),£(n)| +0 as n >,
-2nQ -nQ
- 2 NV 2(k-1) Nv k-1
Defining gNu(YNv’QNv) as YNvQNve (1+QNv) (or YNvQNVe (1+QNV) )

-
it readily follows that (2.15)-(2.16) hold with M =0(1) (or O(N ® and

N,3
N )

MN 4~M1 (or Mf), and hence, (3.18) can be proved directly by repeated use of
(2.18)-(2.20) for the individual terms in the expansion of (n)zén) by (3.17).
Q.E.D.

We may remark that intuitively one may attempt to work with the alterna-

tive construction: YNk==YNk-E(YNk|BNk_1), k=21, YN0==0. Then, one would have

~ n ~
(3.19) = I T = I 0 - T e (9)p(s) + BT 1Y Q)

* n
(Zyn~Pxn) ’zk=1(“"k)[YNvQNv"EYNvQNv]

Whereas the asymptotic normality of d&ian may be proved along the same
lines as in S( ), the second term on the right hand side of (3.19) is not
generally o (n-), so that this particular construction may not be very

helpful for the desired normality of d ( NnL ¢Nn)
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4. CONVERGENCE OF FINITE DIMENSIONAL DISTRIBUTIONS

For an arbitrary positive integer b, consider a sequence of posi-

tive integers {nlN'<... <nbN} where
' lim inf -1 lim sup, -1
(4.1) 0 <yt Nomp < SN <

We are basically interested in the asymptotic multinormality of

(4.2) N?[z -¢ R/ - ],
Ny Ny Nipn Ny

when (2.6)-(2.8) and (4.1) hold, and we impose (2.14) without any loss of

generality. Let us define ZN = ((qu N))k q=1,...,b by

“d ,k=q(=1,...,b)
TN

-n_, P (s) -n, Py (S)

gN'N (1-e KN*N )

-1y Py (5)
KN ][Z§=1aN(s)chs)

-1¢N 2
N zs=1aN(s)e

2

-n_,p,(s)
3 -1 N gN'N
kq,N -N nkN[25=1aN(s)pN(s)e e }

1<k<q<hb,

(4.3) o 1<q<ks<b .

. ~ . [ _
is Nb(EN’ZN) if for every A=#0, A (LN HN)

Recalling that a vector Ly

is =~ Nl(O,X'ZNA), we have the following.

Theorem 4.1. Under (2.6)-(2.8) and (4.1)

1
]

(4.4) LIN*[Z, =y s 13D > N (0,00

NN
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T@ M .,

Proof. Define Nk s SNk , k20, as in Section 3, Let then

35 o<ks<n,

Nk ’
2m) _ g(n) A(n)

(4.5) RNk Snk ..Zv_o N s k=20,

0, k>n;

s _zm) g _gm
Note that SNk --SNk for k<n and Nk --SN for k>n. Thus, pro-
ceeding as in (3.9)-~(3.10), under (4.1), it suffices to show that
=i A(n' )
N (S N , 1<j<b) is ~N (0,2 ). For this purpoese, consider an
Nan b ~’ &N
arbitrary linear compound (where ) #0)
b -%A(an)__ 54BN b A(n N N2 bN *
(4.6 Li AN gy TN DTS WD RL I M VRS
@)

where X k>21. Note that by (3,2), (3.4) and (4.5),

Nk EJ T

E(X 0, Ykz1, and, we may virtually repeat the proof of Theorem

Nk Byk-1) = |
3.1 [viz., (3.12)-(3.18)] with iéﬁ) being replaced by i;k; the details
are omitted. Q.E.D.

The prescribed martingale approach provides a solution, considerably

shorter and neater than the one given in Rosen (1969).

5. AN INVARIANCE PRINCIPLE FOR THE BONUS SUM PROCESS

For an arbitrary T(0<T<w), let J=[0,T], and for 0<x<ysT,

define
=Nyp,.(s) -Nxp., (s)
_ylgN 2 N N

IN_ 8 (s)py(s)e

-2

prN(S)}[ “NYPN(S)}

(5.1) -x{2§ 12 (5)py (s)e
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and let YN(x,y) =YN(y,x) for 0<y<x<T, Proceeding as in (2.10)-(2.11),
it can be shown that YN(x,y) is (uniformly in N) a continuous function

of (x,y) er. Let us then define
(5.2) 0(x,¥) = v (6,X) + vy (7>Y) - 2y (6,) » ¥V (x,y) € J°
. Yy (oY) = v (%) + v (r,y) - 2y (x,y) Y .

It follows from (5.1) and (5.2) that YS(x,y)20, V (x,y) <J°, and, more-
over, by using (2.6)-(2.8) and (2.14), it follows by some standard steps
that there exists a positive constant K(<x), depénding only on T and

“the Mi in (2.6)-(2.8), such that

0 2
(5.3) S;jp TN OGY) < Kly-x| L V() ed®.

Let {CN = [CN(x), xeJ]} be a sequence of (independent) Gaussian
functions on J, where EYN(x)==0 and EYN(x)YN(y)==YN(x,y), v (x,y)esz.
2.2 0 2 2
Then E[g, () - 5, (01% = 2Bl (1) - 5y 0152 =2iv) )17 < 2P (v 2,

V(x,y) er, so that by the Kolmogorov existence theorem, for every N,

CN belongs to the space C[J], with probability 1.
Now, for every N, consider the sample process WN=={WN(x), xed},
where
5.4 W - N[z b J
( . ) N(x) = [ N[NX] -¢N[NX]) » XE€ )

[s] being the largest integer <s. Then, WN belongs to the space D[J],

endowed with the Skorokhod Jlatopology.

Theorem 5.1. Under (2.6)-(2.8) and (2.14), {WN} and {CN} are convergent-

equivalent in law, in the Jq- topology on D[J].
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Proof., We need to show that (a) the finite dimensional distributions of
{WN} are convergent equivalent to the corresponding ones of '{EN}, and
(b) that {WN} is tight., Now, (a) follows readily from Theorem 4.1. Also,
by (1.4) and (5.5), WN(O) =0, with probability 1, V N, Hence, to prove
(b), it suffices to show that for every €>0 and n>0, there exists a

6: 0<8<T and an interger N such that for every xe¢J and NZNO,

_0’

(5.5) P{sup[|WN(y) -wN(x)|: xzy2 (x-8) v0] >e} < né/T .

Suppose that in (5.4), we replace 2 -¢ by S[Nx] ‘xeJ, and
i ‘ N[N] N[Nx] N{Nx]? ?

denote the resulting process by W . ‘Then, proceeding as in (3.9)-(3.10),

N
it follows that for every €' >0,
1im Sup p)Sup 3
(5.6) N oo { |w (x) - W (x)|>€}—0 .
Hence, it suffices to prove (5.5j with WN replacing WN. Towards this
note that
(5.7) (s(“)-s(k)) (s(“) (“)) AN (s(“)-s(k)) , Vk20 .

Since {SI\(Jk)’ By k=1} is a martingale, by (3.12), (3.14) and (3.19)

. . [Nx] (n) (n) 4 . .
[insuring that (Z K -EKNk ] /dN[N ] 1, ¥xeJ], we are in a posi
tion to use Theorem 2 of Scott (1973) and this, along with (2.13) and (2.14),

implies that for every €>0 and n>0, there exist a &§: 0<8§<M and an

NO’ such that for NZNO, n=[Nx], xed
max -3 < (0) (n) 1
(5.8) P{n-—é‘NskSn NHSyn Sy [ > ep s gpnd

Also, if we choose &(>0) so small that 61v11< 1, then for [n-k] <dN,
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(n—k){lfziN pN(s)} < 6M_1 <1, by (2.6). Hence, for n2k2 (n-6N) A0, we
obtain from (3.7) that

k

1= 3 2 2

where

-(n-k)b, ;_-kb k -kb

(5.10) g \ ;(a,b) =N~ a(l-e e ¥ (1+m) ¥ - be ¥ 141y 17y

Note that by (2.6)-(2.7), for every n<Nt, (2.15)-(2.17) hold with

1<s<N
and = N‘Z(n-k)z'O(l). Hence, by (2.19)-(2.10) and (5.9)-(5.10), we have
»5 :

My 5 = OO @-ONTE I Ja (s)]) = [0 T (-KI/N], M, = Nl -0(1)

(5'.11)' E{[N" 2 (k)-s(n))] }<M*[NT (n—k)]z

Vk: NT2n2k2(n- N)voO ,

where M"(<®) does not depend on &§. By (5.11) and Theorem 12.2 of

Billingsley (1968, p. 94), we conclude that for every n<TN, t <o,

(5.12) P{n-é§§L<n N IS(k)-S(n)| >/e}<<K > 262 , K¥<w,

and K* does not depend on € and 6. For every £€>0, n>0 and T<w,
we choose &(>0) so small that 6<<n€2/2K*T, so that the right hand side

of (5.12) is <%nd/T. From (5.8) and (5.12), we obtain that

(5.13) P{n_g;i’;m |sh(£) (k)]>e}<n6/T ¥ NT2n2k= (n- N)vO ,

and this completes the proof of (5.5) (for WN)._ Q.E.D.
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6. INVARIANCE PRINCIPLE FOR THE WAITING TIME PROCESS

We define the waiting times UN(t), t20 as in (1.5). Note that here
all the aN(s) are assumed to be non-negative, so that ZNk is ;‘ in
k(20). Here also we make the assumptions (2.,6)-(2.8) as well as the con-

1

1
. . - ~ < 2 o
vention (2.14) i.e., N AN 1, so that 0..AN1:£AN2 1. We assume that

2
‘ lim inf
(6.1) Noo Ay 2 A >0,

max .-% 1 -4
Note that by (2.14) and (2.7), .oy N |aN(s)| = 0(1), so that N IYNk{,
k=1 are all uniformly asymptotically (as N - ®) negligible. Further, by
definition ZNn:sNANl ¥ n2l, so that in (1.5), we are only interested in

the domain t:SNAl. Let us define ¢Nn’ nz0 as in (2.3) and introduce the

sequence o = {aN(x): 0 <x<NA} by letting

(6.2) X, 0<x<NA

¢NdN(x) - 17

Note that by (2.3) and (6.2), aN(x) is non-decreasing and

s N -y COpy (5] 7
(6.3) o (x) = 3 o (x) = sZlaN(s)pN(s)e ;

N -0y (X)py ()
(6.4) a;gcx)=c{ixa&(x)=[%(x)]ZLZIaN(s)pﬁcs)e NTON ]

Thus, by steps similar to those in (2.10)-(2,11), it can be shown that under
(2.6)-(2.8), (2.14) and MJJ,fM‘x=Nu,O<u<M}a§mm and oy (Nu) are

continuous functions of u and, further, -
-1
' = " = . =
(6.5) uN(Nu)-Oe(l) and uN(Nu) Oe(N ) Oe exact order ,

Let us also define YN(x,y) as in (5.1) and set
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(6.6)  BA(NW) = [y (ony (M), (N)) ] [of(M)]%, 0 <u<A,

Then, note that by (6.5), for every ue (0,A;) and fixed v(|v] <K), as

(6.7) N'l/z[aN(Nu S NH) - o (Nu) ]

1
31

(Nu+ON®)  (0<6<1)

va&(Nu)-eg va

vaﬁ(Nu)4—0(N ) .

Further, by (6.2) and (1.5), for'evefy v and ues(O,Al),

(6.8) P{UN(Nu) > OLN(Nu+N;§\))} =P{Z 2) S Nu}

NaN(Nu+NL

L

P{N"?[zZ

-4
NaN(Nu+N%v)-¢NaN(Nu+N%v)]:;N [Nu°¢NaN(Nu+N%v)]}

P{WN(N-luN(Nu*er/"\))) <-v}, by (6.2),

- L :
where WN(-) is defined by (5.4), and by (6.7), N 1[ocN(Nu+N2\))-aN(Nu)] +> 0
as N+ ¥ u.e(O,Al). Hence, by Theorem 5.1 [viz., (5.5)], the right hand

side of (6.8) is convergent equivalent to

(6.9) p{wN(N'laN(Nuj) <-v} , for every finite Vv .

On the other hand, for every finite Vv and uc (O,Al), by (6.7) and (6.8),
P{NJ/Z[UN (Nu) -on (Nu) 1/B,, (Nu) >v}

(6.10) = P{UN (Nu) >0 (Nu) +NI/ZBN (Nu)v}
=P{UN(Nu)>aN(Nu+N%BN(Nu)v/aﬁ(Nu)+O(1))}

,VP{WN(N‘laN(Nu+N%vBN(Nu)/aﬁ(Nu)+O(1))s—sz(Nu)/aﬁ(Nu)+0(N-%)}
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1
Now, by (5.1) and (6.4), (6.6}, BN(NU)/WI:I(NH) = Yﬁ(otN(Nu}, oy(Nu)), and
by (2.10) and (5.1), it is 0(1). Hence, by the convergence equivalence of

(6.8)-(6.9), the right hand side of (6,10) is convergent equivalent to
-1 Y
(6.11) P{WN(N ocN(uN))/YN(aN(Nu), o (Nu)) < v}

1 (Y 2 1 (7 2
3 - L = == .
> e [ exp(-%t7)dt o J\)exp( st )dt |,

- 00

by Theorem 5.1, Hence, we conclude that
-1
(6.12)  L(N™Z[Uy (Nu)-op () ]/B (Nw) > N(0,1) , V ue (0,A))

Let J* = [0,T*] for some O<T* <A1' and consider a sequence of sto-

chastic processes W; = {W;(u), ueJ*}, N=1, where
1
* = N2 - ' *
(6.13) WN(u) N {UN(Nu) aN(Nu)}/aN(Nu), 0<us<T*.

Let us define YN(.,) as in (5.1) and OLN(.) as in (6.2}, and let

* _ 1 1 gl
(6.14) YN(u,\)) = YN(N ocN(Nu) ) R/ OLN(N\))) , u,veJ*,

Since OLN(X) is a monotonic transformation of x, defining {CN} as in
after (5.3), by transformation of the time-parameter, we obtain a sequence
{?;I’\‘I} of Gaussian functions where zf = {g;(u), ueJ*} with Egﬁ(u) =0

and El;f&(u)cﬁ(\)) = Yl’\‘](u,\)), YV u,ved*.

Theorem 6.1. Under (2.6)-(2.8), (2.14) and (6.1), for every T* <A, {WI”&}

and {T,I’&} are convergent equivalent in law.

Proof. For every given m(21) and 0= Uy <. <u S T*, virtually repeating

the steps (6.8)~(6.11), but working with the vector case, it follows that



“

-19-

D
(6.15) IR PRI IR S (- CH PRI OB Y
Also, recall that by (1.5)

Y Vt20,

(6.16) Z ) <t <2Z

+ 2
NUN(t NUN(t) NUN(t)+1

i
where by (2.7) and (2.14), ]s(;I;IYNk[ slzz‘leaN(s)l = 0(N?), Hence,

%[ sup y -1, P
(6.17) N {ueJ*lN zNUN(Nu)-uI} 0 as N> o

On the other hand, by Theorem 5.1 and (6.2),

u| S 0

sup

s > o,
ueJ* , a N

' -1
(6.18) |N zNaN(u)-

By (6.5}, (6.17) and (6.18), it follows by some standard steps that

sup g,,~1 ) -1 4
(6.19) ueJ*lN Uy (Nu) -N aN(Nu)I 0 .

Having proved this, we may proceed along the lines of the proof of Theorem
17.3 of Billingsley (1968, p. 149) and show that the weak convergent equiva-

lence of {WN} and {CN} in Theorem 5.1 implies the same for {Wﬁ} and

{c§}. Q.E.D.

7. SOME CONCLUDING REMARKS

Parallel to (6.12), Rosen (1970) has obtained the asymptotic normality
along with the asymptotic equivalence of aN(Nu) and EUN(Nu) as well as
of Bﬁ(Nu) and Var[UN(Nu)]. However, his conditions (2,7)-(2.8) are some-

what more restrictive than ours and our Theorem 5.1 provides us with Theorem
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6.1 under no entra conditions- — Rosen's approach presumably encouters consi-
derable difficulties in this respect, Secondly, in his Theorems 2 and 3,
Rosen (1969) has studied the convergence of f,d.d,'s of '{WN} to those of
{CN} under additional conditions [viz., his (5.4), (5.10)] which insures
that YN(X;Y) + y(x,y) as N>, ¥ (x,y)e«]z. Under his setup, using

his Lemma 3.17, one can also prove the tightness of {WN} (by using Theorem
12.2 of Billingsley (1968)) prévided one assumes (in our notations) that for

r/2

some T>2, ANr/ 5 = 0(1) , Y N2N In our approach, these additional

0
conditions do not appear to be necessary. Moreover, contrasted with his
Hilbert space approach, the present one appears to be more elementary too.
Finally, through the pioneering work of Rosen (1972a,b), the coupon collec-
tor's problem occupies a prominent place in the development of the asymptotic
theory of finite population sampiing (without replacement) with varying pro-

babilities. It is hoped that the results of the present paper will lead to

more work in this potential area.
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