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Let there be given N observations on 4 ordered-categorical vari-

ables U,, U,, U M,, M, categories respectively.

1’ 722 73 U4’ 27 737 4

It is desired to compare the value of Goodman and Kruskal's gamma G12

with Ml, M

calculated from variables U1 and U2 with the gamma G34 calculated

from variables US and U4. The 4-way contingency table of Ul’ U2? US’

4° with M1 M2 M3 M4 cells, may be arranged as a 2-way table in which

there are M1 M2 columns representing the X1 and X2 cross~classifi-

cation and there are M3 M4 rows representing the . X3 and X4 Cross-

classification. Let the row totals be R ,...,RM and let the column
1 3M4

U

- totals be Cl""’CMle' Then G12 and its standard error Slé can be
calculated from the C's, and 634 and its standard error 834 from the
R's, in accordance with well-known methods . To compare G12 and ’G34,
however, we need the standard error S of the differencé (G12—634).

" We have

52 ='Si2-+S§4 -Zcov(Glz,G34) ;

but this involves the covariance of G12 and G34, for which no formula
has been published,
A comprehensive methodology which may be used for obtaining S was

first presented by Grizzle, Starmer, and KoCh'(1969); and extended by
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Forthofer and Koch (1973); it is known as "analysis of categorical data
by weighted least squares”; or more popularly "GSK analysis''. The GSK
approach beginsvby rewriting the two.way contingency table as a vector,
Specifically, if the table has entries Fij for i=1,...,r and

j=1,...,c and ZZFi = N, then the vector - G- has elements Gk for

J

k=1,...,rc. where G1 = Fll’ G2 = F12"’

Frc' Next GSK expresses the statistic to be studied by means of combina-

"Gc = Flc’ Gc+1 = G21"""Grc =

tions of three operators applied to the vector G:
(simple linear)

Y = AG , with V(Y) = A[V(G)]A"

(logarithmic)

-1 ~1,,
AD, " [V(6) 1D, A

e

Y = Aln(G) , with V(¥)
(exponential)

Y = Aexp(®) , with V(Y) 3 ADQIV(E)DA!

In these formulas, the operator 'ln" transforms each element Gk of
the vector G into its natural logarithm, ln(Gk),r and the operator
"exp" converts each element Gk into its antilogarithm exp(Gk)= A

is any matrix having as many columns as G has elements,'and .Af is its
transpose. D_. is the diagonal matrix whose diagonal elements are the

G
elements of G, and DQ is the diagonal matrix whose diagonal elements
are the antilogarithms of the elements of G, Finally, V(+) denotes
the asymptotic variance matrix (also called variance-covariance matrix)

of the random vector indicated within the parentheses, The three operators

can be compounded as desired., For example, one mayAstudy

Y=2¢C exp(Bln(AQ)) .
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for which the variance matrix may be derived in stages as follows:

Let Y, = AG, then V(Xl) = A[Y(g)]A‘ ;

—1
. -l 1,
Let XQ = Bln(xq) , then V(X22‘7 BDYl[V(Yl)]DYlB‘ ;
‘ o= SR " |
Let X5 C exp(xz) , then V(zs) 2 CDYZIV(YZ)]DYZC ;

then, substituting back, we find

XS = C exp(Bln(Xl)) = C exp(BIn(AG)) , which is Y,

and

BD;{lA[V(G)]A!D;lB"DY ct .
1 1 -

V(Yg) = V(Y) % CD
2

Yy

" These formulas are more fully explained, and illustrated, in the papers

vcited above.

In applying this method to the problem at hand we shall first assume,
for convenience of exposition? that the 4 original variables Xl’ XZ’ X3,
X4 all have 3 categories. Then the two-way contingency table has 9 rows
and 9 columns; examples are given as Table 1, containing the tooth data
from Davis and Quade (1968), and Table 2, containing data fOrIa CTOSS~

iagged panel analysis from Brenner (1976). The vector G derived from

such a table has 81 elements; for the tooth data
G = (24, 0, 0, 0, 0, 0, O, O, O, O, 4, 0, 5,...,0, 0, 69)°F
and for the Brenner data

G = (55, 27, 2,6, 3,0, 0,0,0,5,..,,0, 1, 4)¢



Numbers of Carious Second Molars
derived from Davis and

“4-

TABLE 1

in Different Parts of the Mouth
Quade (1968), Table 1

U1 = Left Side 0 1 2
U2 = Right Side 0 1 0 1 2 0 1 2 Total
U3 U4
T SawT
0 24 - - - - - 24
0 1 - 4 5 - - - - - 9
2 - - - 26 - - - - 26
0 - 3 6 - - - - - 9
1 1 - - - 10* - 0o - - 14
2 - - - - 13 - 7 - 20
0 - - - 5 - - - - 5
2 1 - - - -9 - 7 - 16
2 - - - - - - - 69 69
Total 24 7 11 41 22 0 14 69 192

Notes:

(]
1]

impossible event with tooth data

possible event which did not happen to occur

the sum of 5 occurrences each of Outcomes #7 and

of Davis and Quade

#10 in Table 1
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TABLE 2

Data for Cross«lagged Panel Analysis

c

2 71 O W

U, R 0 M
U2 R O F R O F R 0 F Total
u; U,
R 55 27 2 6 3 0 0 0 0 93
R 0 5 6 3 1 6 2 0 0 0 23
M 0 0 0 0 0 O 0 0 O© 0
R 33 40 5 7 15 4 o 1 1 106
0 o0 4 16 1 2 25 3 0 1 o0 52
M 0 0 0 0 2 0 0 0 0 2
R 19 25 9 2 5 4 1 1 1 67
0 1 9 4 0 11 3 0 1 3 32
M 0 0 0 0 0 1 0 1 4 6
Total | 117 123 24 | 18 67 17 1 5 9 381

= How often felt depressed during week before first interview

= How often had psychophysiologic problems during week before

second interview

= How often had psychophysiologic problems during week before

first interview
= How often felt depressed during week before second interview

Rarely
Occasionally
Frequently
Mostly
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The first stage of the GSK analysis is to apply a linear operator
which generates the row and column totals of the two-way contingency table.

Such an operator is determined by the matrix A, of 18 rows and 81 columns, as

follows:
( i 1 ) A
111111111/00000000°0 ! !
1 i H
i111111111"! !
1 t [}
A= 0 : 0 :. : 0 3
8x9 i 7%9 ! ! 8x9
1 1 )
H ! 1711111111
_________________ l e dtdirmrreens e ] i m e ————
] 1 1
L Ig : I, e ; I, J

where Ig indicates the 9x9 identity matrix, and kog indicates a null

matrix of k rows and 9 columns. Then we obtain the vector

z = AG . | R
18x1 18x81 81x1 '

The variance matrix of Z has the form

<

~

SN
~— :

L}

1

1

1

L}
-————im

i

1

1

I



TR AN W e

-l -

where the matrix F is the original two-way contingency table (and F'
is its transpose), and DR and DC are diagonal matrices containing as
their diagonal elements the row totals and column totals, respectively,
of F.

The next stage of the GSK analysis is toapply alogarithmic operator |
which generates the individual products which are summands of the numbers

of concordant and discordant pairs. Specifically, we take

Y _ B 1In(Z) where
36%1  36x18 18x1 : 0

|
E Rt )

Here O is a null matrix of 18 rows and 9 columns, and Q 1is the matrix
of 18 rows and 9 columns given as Table 3. Then Y is a vector of 36

elements as follows:

Y, = In(RR;) Y, = In(R,R,) Y4 = In(C;CQ) Y,g = In(C,C,)
Y, = In(R,R) Y;; = In(RRY) Y, = In(C,Cy) Y,g = 1n(C,C;)
Y, = In(R Ry) Y;, = In(R,R)) Y,; = In(C;Cy) Yoo = 1n(C3C7)
Y, = In(RRy) Y o= In(RRy Y, = In(C,Cy) Y51 = 1n(CyCy)
Yo = In(R,R) Y, = In(RR,) Y, = In(C,Cp) Y., = In(C,C,)
Y, = In(R,R,) ‘Yls = In(RR.) Y,, = In(C,Cy) Y5 = In(C,C.)
Y, = In(RRy) Y, = In(RR) Y, = In(C,Co) Y$4 - 1n(C6C7)
Yg = In(R4Ry) Y, = In(RGRy) Y, = 1n(C;Cy) 'YSS = 1n(C,Cy)
'Yg = 1n(R.R) Y,g = In(RR) Y,, = In(C.Cy) Yoo = 1n(CcC.)
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TABLE 3

The Matrix Q

Columns

1 2 3 4 5 6 7 8 9
1 1 0 0 0 1 0 0 0 0
2 1 0 0 0 0 1 0 0 0
3 1 0 0 0 0 0 0 1 0
4 1 0 0 0 0 0 0 0 1
5 0 1 0 0 0 1 Q 0 0
6 0 1 0 0 0 0 0 0 1
7 0 0 0 1 0 0 0 1 0
8 0 0 0 1 ] 0 0 a 1
9 0 0 0 0 1 0 0 0 1
10 0 0 1 1 0 0 0 0 0
11 0 0 1 0 1 0 0 0 0
12 0 0 1 0 0 0 1 0 0
13 0 0 1 0 0 0 0 1 0
14 0 1 0 1 0 0 0 0 0
15 0 1 0 0 0 0 1 0 0
16 0 0 0 0 0 1 1 0 0
17 0 0 0 0 0 1 0 1 0
18 0 0 0 0 1 0 1 0 0

Notes:

1. Each row contains 2 1's and 7 0's, and each column contains 4 1's
and 15 0's
2. The first 9 rows of the matrix produce the numbers of concordant

pairs; their internal ordering is entirely arbitrary, . Similarly,
the last 9 rows produce the numbers of discordant pairs, and their

internal ordering is also arbitrary,



which generates the numerator and denominator of each of G
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Note that the elements in the first column above are the logarithms of the
products required for the concordant pairs in G34; the second column for
the discordant pairs in G34, the third column for the concordant pairs

in G

and the fourth column for the discordant pairs in G__. The

12’ 12

variance matrix of Y, wusing the general formula, is

v = B0yt vz o;ter

where DZ is the diagonal matrix whose diagonal elements are the elements
of Z. A computational complication arises, by the way, if any element of
the vector Z is zero (which happens for both our examples), since thén
D;l and 1n(Z) do not exist, However, the same result is'obtainéd if in
writing down D, the zero elements are replaced by arbitraryrnon«zero num-
bers, since these numbers will all be multiplied by zero elements from V(Z)
and thus have no effect on V(X),

The GSK analysis continues with application of an exponential operator

and G3

12 4°

Specifically, we take

X .
4X1 ~ 4%36

o o

1
1
1
1
-
1
1
1

O

C,.exp _(Y)  where C
36x1 : :
and H is the following matrix of 2 rows and 18 columns;

111111111 -1 -1-1+1-1-1+<1+«1-1

111111111 111 111 1 11

Then the elements of X are
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X, = (number of pairs of observations which are concordant with

respect to U, and U4) — (number of pairs of observations

3
which are discordant with respect to Ul' and U2)

= numerator of G34 s

and similarly

X2 = denominator of .G34,
X3 = numerator of G12 s
X4 = denominator of G12 .

The variance matrix of X, from the general formula, is

V) = CD [V(Y)]D,C'

Z

1 -1 " »'
CDyBD, " [V(2)]D, B'D.C'

where DY is the diagonal matrix whose diagonal elements are the anti-

logarithms of the elements of Y.

The final stages of the GSK analysis involve one further application each

of the logarithmic and exponential operators. We take

1In(G 4)
- : 3
' 1 -1 0 0 Qo =
Lo 0 1 -1) In(Gy5)
and
G
exp(W) = 34] .
G12

The asymptotic variance matrix of G12 and G34 is then

1 0

DQ 1 -1 O- 0 Dil [V(X)]D;l -1 0 DQ
0 0 1 -1 0 1
0 -1
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where DX is the diagonal matrix with diagonal elements (Xl, X2, XS’ X4)
and DQ the diagonal matrix with diagonal elements (634,G12). Upon
performing some of the indicated multipliéations, we find
Ggg = X1/%p 5 Gpp = X5/Xy s
and the variance matrix
r X ) ( )
QL., 1 0 0 1/X2 0
X, x? 2 2
2 —XI/X2 0 834 cov
0 o L .1 0 1/X4 cov 512
X, X2 2
| 4) | 0 FXS/X4J
where 'cov' is the covariance of G12 and 'G34‘ Thus the required S2
can be calculated. The correlation between G12 and G34 is of course
R = cov/(812834).

' The listing of a Fortran IV program written to accomplish the above

analysis, and its output when given as data the two examples presented

above, form an Appendix to this paperQ The results were;

(Example 1: tooth‘data)

= b-i :
G34 .5076 .0838 ,
= +
G12 .8479 .0407 ,
G12 - G34 = ,3403 £ ,0790 ;
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(Example 2; Brenner data)

n

G 2613 * 0838 ,

34

1]

G

+
12 2359 + .0725 ,

- = +
G12 G34 .2746 ,1030 .

12 and G34 estimate identical

population values can be obtained by taking the ratio of their differ-

A test of the hypothesis that G

ence to its standard error as a normal deviate; thus:

.3403/.0790

4,31 ,

(Example 1): Z1

(Example 2): Zl .2746/,1030 = 2,67 ,

In both examples the difference is significant,

An alternative approach would be to use the general computer progfam
GENCAT of Landis et al (1976) which was especially developed to perform.
GSKzanalyses. Unfortunately, the present problem, involving a contingency
table of 81 cells, is already too large for a straightforWard application
of GENCAT, although it can be managed by using the 'raw data option'",

Let us consider briefly the modification which would be hecessary
should the numbers of categories of Xl’ X2, X, and X4, namely Ml’ Mz,

3

M3 and M4, not all be equal to 3, In this general case the matrix F

has M, M, columns and M, M, rows, and the vector G derived from it

12 34
has M1 M2 M3 M4 elements, The matrix A has the form
H : oo : H
1 : M3M4
A= __..-Ir ________ : _______
I A
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where each I is the identity matrix of M1 M2 rows and columns, and Hk
is a matrix of Ml M2 columns and M3 M4 rows such that its k«th row cone
tains oﬂly 1's, and the remaining rows contain only Ots, Then the vector
Z will have (Mle + M3M4) elements, namely the row totals of F followed
by the column totals of F, and its variance matrix has the same formula as

given earlier, The matrix B will have the form

i
B = "ﬂ'—‘--:-v—mv .
i
{ 0 i QZ

Here Q2 has Ml(M1 -1)M2(_M2 -1)/2 rows and M columns, where every

1 M2

row contains two 1's and the remainder O0's, and every column contains

(M1 ~-1) (M2 Fi) 1*s and the remainder Ots; similarly, Q1 has

M3(M3 -1)M4(M4 ~1)/2 rows and M3 M4 columns, where every row contains

“two 1's and the remainder O's, and every column contains (MS'-I)X

(M4-1) 1's and the remainder O's, The exact forms of Q1 and Q2

may be obtained by analogy with the 3x3 case treated above,

Then
1
Hl ! 0
C = {emam-— f e
i
{ 0 : H2
where H1 and H2 each have two rows, but H2 has Ml(Ml--l)MZ(M2 -1)/?
columns and H1 has MS(M3‘~1)M4(M4 ~1)/2 columns; in each of H1 and

H2 the second half of the first row consists of -1's and the rest of

the matrix consists of 1ts, The remainder of the analysis is unchanged,
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