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It is shown that in the instanton approximation the rate of creation of black holes is always
enhanced by a factor of the exponential of the black hole entropy relative to the rate of creation
of compact matter distributions (stars). This result holds for any generally covariant theory of
gravitational and matter fields that can be expressed in Hamiltonian form. It generalizes the result
obtained previously for the pair creation of magnetically charged black holes by a magnetic field in
Einstein-Maxwell theory. The particular example of pair creation of electrically charged black holes
by an electric field in Einstein-Maxwell theory is discussed in detail.
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I. INTRODUCTION

In a recent analysis of the pair creation of magneti-
cally charged black holes by a magnetic field in Einstein-
Maxwell theory, it was shown that the creation rate is
enhanced by a factor of exp(Sgu), where Sgy is the black
hole entropy, relative to the pair creation rate for grand
unified theory (GUT) monopoles [1]. This result is im-
portant because it provides a clue to the problem of the
origin of black hole entropy. In particular, it is consistent
with the view that black holes have exp(Sgn) internal or
horizon quantum states.

In this paper the pair creation of nonextreme black
holes (with horizons identified) is considered in a general
setting. The result is always the same—the pair cre-
ation rate is enhanced by a factor of exp(Sgg) relative to
the creation rate for a pair of compact matter configura-
tions (stars). This result holds for any generally covari-
ant theory of gravitational and matter fields that can be
expressed in Hamiltonian form. The enhancement in the
black hole creation rate is derived solely from the formal
mathematical framework in which the pair creation rate
and the density of quantum states are expressed as path
integrals.

The enhancement in the black hole creation rate ap-
plies, in particular, to the creation of electrically charged
black holes by an electric field in Einstein-Maxwell the-
ory. This result has been anticipated [2,3]: Since the
creation rate for magnetically charged black holes is en-
hanced by the factor exp(Spn), by duality of the electro-
magnetic field the creation rate for electrically charged
black holes should be enhanced by the same factor. Al-
though this argument is correct physically, the details
of the calculation for the electric case are not entirely
obvious. The apparent difficulty stems from the use of
instanton methods in which the leading-order approxi-
mation to the creation rate is related to the action of a
classical solution, the instanton. For the case of mag-
netically charged black holes and magnetic fields [1-8],
the instanton is obtained by the familiar substitution of
—it for t in the magnetic Ernst solution. The resulting
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instanton consists of a real Euclidean metric and a real
electromagnetic vector potential. On the other hand, for
the case of electrically charged black holes and electric
fields, substitution of —it for t in the electric Ernst solu-
tion yields an instanton that consists of a real Euclidean
metric and an imaginary electromagnetic scalar poten-
tial. As shown here, this result is correct and leads to
the expected pair creation rate for electrically charged
black holes.

The appearance of an imaginary scalar potential is fa-
miliar from the path integral construction of the partition
function for an electrically charged black hole [9,10]. If
the black hole is rotating, the shift vector for the instan-
ton is imaginary as well [11-13]. In general, instantons
are stationary solutions with the following properties: All
fields that appear in the Hamiltonian as Lagrange mul-
tipliers are imaginary, and the canonical variables are
real. These are the essential properties that allow the in-
stanton solution to match the corresponding Lorentzian
solution along a stationary surface.

The pair creation of electrically charged black holes
in Einstein-Maxwell theory is treated as a concrete ex-
ample in this paper. Thus, I begin in Sec. II with a
discussion of the electric Ernst solution and its relation-
ship, through electromagnetic duality, to the magnetic
Ernst solution. Section III contains a discussion of the
connection between a general stationary Lorentzian so-
lution of the Einstein-Maxwell equations of motion and
its associated instanton. The instanton for the electric
Ernst solution is displayed explicitly. In Sec. IV, the
pair creation rate for electrically charged black holes in
Einstein-Maxwell theory is computed relative to the pair
creation rate for electrically charged stars. The analysis
is generalized in Sec. V to apply to any generally co-
variant theory of gravitational and matter fields. The
generalization requires a careful comparison of the for-
mal path integral derivations of black hole pair creation
and black hole entropy.

It should be emphasized that the results of this paper
rely on the instanton approximation. Thus, the existence
is assumed of instanton solutions that describe the cre-
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ation of black holes and compact matter distributions, in
the appropriate physical contexts. On the other hand, it
is not necessary that these classical solutions be known.
Typically they are not. (An exception is the Ernst solu-
tion in Einstein-Maxwell theory.) The central result, the
enhancement of black hole pair creation by the factor
exp(Spu), does not depend on the details of the theory
or the details of the instanton solutions.

II. DUALITY
AND THE ELECTRIC ERNST SOLUTION

Let €,,,00 denote the totally antisymmetric tensor (vol-
ume element) with €g123 = /—g. The dual of the elec-
tromagnetic field F),, is defined by

FHY = (1/2)e*POFpy <= F*Y = —(1/2)e"YP7*F ,, .
(1)
The electric and magnetic fields are
E* =F*U, , B* = —*F*"U,, (2)

respectively, where U* is the unit normal vector field of
a family of spacelike hypersurfaces. The electromagnetic

stress tensor can be written either in terms of F,, or
* .
F.:

477Tuu = FuaFua - (1/4)guuFa,3Faﬂ (3&)
= *Fuo*F,* — (1/4)g,,* Fop*F? . (3b)

The classical equations of motion are the Einstein equa-
tions G, = 87Ty, (with Newton’s constant equal to 1)
and the Maxwell equations dF = 0 and d*F = 0. The
electromagnetic field F,, and its dual *F,, play a sym-
metric role. If {guu, Fuv} = {Guv, Fuv} is a solution of
the Einstein-Maxwell equations, then {g,., Fyu.} = {guv,
—*}5’“,,} is also a solution. Here, the symbols g, and Fuv
refer to specific tensors. Thus, {guu, Fur} = {Guv, F’W}
implies that the electromagnetic field F,, is given by the
tensor I:"W, whereas {guv, Fin} = {Guv» —*ﬁ',w} implies
that the electromagnetic field F),, is given by the ten-
sor —*F,,, (which is minus the dual of F,,). According
to the definitions (2), the electric and magnetic fields for
the solution {g,., —*17’,‘,,} are B* and —E*, respectively,
where E* and B* are the electric and magnetic fields for
the solution {g,., Fu.}.

The Ernst solution [14] describes a pair of oppositely
charged black holes accelerating apart in an electric or
magnetic field. The electric and magnetic cases are re-
lated by duality as described above. In both cases the
metric for the spacetime region containing one black hole
is

Gudatda” = — D [G)dt* - G (y)dy?
A%(z — y)?
G(z)

+G—1(w)d:c2} Rrymm ey L)

where

Gé)=(1+r_A)(1— € —r AL, (5a)
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B2G(z)

A(z,y) = (1 + Bgz/2)* + m )

(5b)

and ¢2 = r,r_. For the magnetic case, the electromag-
netic field is F),, = 8,4, — 0,4, where

- 2
MA¢:—ﬁ(1+qu/2)+k. (6)

For the electric case, the electromagnetic field is —*F,, =
0."A, — 0,"A,, where

f,~_ B [ G(y)

(x —y)?

+(1+r_Ay)(1 +r4+ Ay)(1 — Bqy/2)

+qy+k . (7)

The magnetic Ernst solution is {g,., “4,} and the elec-
tric Ernst solution is {g,., %, }.

For both the electric and magnetic Ernst solutions,
certain restrictions must be imposed on the parame-
ters r_, 74, A, and B [1-8]. In particular, assume
r4+A < 2/(3v/3) so that the three roots of the cubic fac-
tor in G(§) are real. For nonextreme black holes, the
smallest of these roots, {2, obeys £ > —1/(r_A). The
angular coordinate z is restricted to &3 < z < &4, where
&3 and &4 are the two larger roots of the cubic factor in
G(€). The poles z = £3 and = = {4 are free from coni-
cal singularities if G'(£3)A(£3)2 = —G'(£4)A(£4)? and the
period in ¢ is 4mA(&3)2/G'(€3). [Note, A(&3) = A(&3,9)
is independent of y, and similarly for A(§s).] The black
hole event horizon is the null surface y = &;, and the
acceleration horizon is the null surface y = 3.

For the electric Ernst solution the magnitude of the
electric field on the axis z = &3 at spatial infinity (y —
&3) is BG'(£3)/2A(€3)%/2. The magnitude of the electric
charge of the black hole is

1 dEA — q(&s — &3)A(&3)3/?

an G'(€5)(1 + Bg€af2) ° (®)

The electric Ernst solution coincides with the electric
Melvin solution [15] at spatial infinity, and also in the
limit of vanishing r_ and r,. The metric for the elec-
tric Melvin solution is the same as that for the magnetic
Melvin solution, while the electromagnetic field is deter-
mined by the scalar potential “A; = Bz. (The notation is
that of Ref. [1], and so here B is the value of the electric
field on the z axis).

III. INSTANTON SOLUTIONS

The instanton that enters the calculation of the cre-
ation rate for electrically charged black holes is obtained
by the substitution ¢ — —it in the electric Ernst solution
{Guv, AL}, Tt is useful to adopt a general notation and
to consider this step from a Hamiltonian point of view.
First, recall that the metric tensor and electromagnetic
potential can be split in space and time according to
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ds? = —(N dt)? + hij(dz* + Vidt)(dz? + Vidt), (9a)
A = —®dt + A;(dz* + Vidt) . (9b)

Here, N is the lapse function, V' is the shift vector, h;; is
the spatial metric, ® = —A,+V*?A4; is the scalar potential,
and A; is the vector potential. The canonical coordinates
are h;; and A;, and the canonically conjugate momenta
are

Vh

P = — s (RTR — B*h7) (hiy = 2D V), (10a)
£ = %h” [A +0;(® — V*AL) + 2V’“8[jAk]] . (10b)

In Eq. (10a), Dj denotes the covariant derivative in
space. The lapse N, shift V¢, and scalar potential ®
appear in the Hamiltonian formalism as Lagrange multi-
pliers for the Hamiltonian, momentum, and Gauss’s law
constraints, respectively.

Let {gu., A,} denote any stationary real Lorentzian
solution of the Einstein-Maxwell equations, written in
stationary coordinates. In terms of the space tlme split
(9), this solution is {N, V', h, &, A} = {N,V,h, &, A},
where the fields N, V7, h”, &, and A; are 1ndependent
of t and are real. F‘rom this Lorentzian solution [i.e.,
Eq. (9) with tildes placed over the fields], the substitution
t — —it generates another field configuration, namely,
{N,V,h,® A} = {N,V, h, &, A}, where

N = —iN, Vi= iV, b =—-id,
hij = hij 4; = A

(11a)
(11b)

This is the instanton. Note that the lapse N, shift V?,
and scalar potential ® are imaginary. If V¢ = 0, the
metric for the instanton is real Euclidean; otherwise, the
metric is complex.

The instanton is a solution of the Einstein-Maxwell
equations.! In the Hamiltonian setting this follows from
a few simple observations. First, according to Eq. (11b),
the canonical coordinates for the Lorentzian solution and
the instanton coincide. Also, definition (10) shows that

|

the canonical momenta for the Lorentzian solution are
equal to the canonical momenta for the instanton solu-
tion, P44 = P and €' = £ Thus, under the substi-
tution ¢ — —it, the canonical variables are unchanged
and the Lagrange multipliers are multiplied by the fac-
tor —i. Now, the Einstein-Maxwell equations include the
Hamiltonian, momentum, and Gauss’s law constraints.
The constraints are constructed entirely from the canon-
ical variables—since they are satisfied for the Lorentzian
solution, they are also satisfied for the instanton. The re-
maining equations of motion are the evolution equations

= {f,H}. Here, the brackets are Poisson brackets,
f denotes any function of the canonical variables, and
the Hamiltonian H is a linear combination of constraints
with Lagrange multipliers as coefficients (plus suitable
boundary terms). For both the Lorentzian solution and
the instanton, the left-hand side f vanishes by stationar-
ity. Then for the Lorentzian solution the right-hand side
{f, H} vanishes. The right-hand side {f, H} must vanish
for the instanton case as well, since it just differs from
the right-hand side in the Lorentzian case by an overall
factor of —i. This shows that the equations of motion
f ={f, H} are satisfied for the instanton configuration.

The stationary Lorentzian solution {N, V, h, &, A}
= {N, V, h, &, A} and its associated instanton {N,
V, h, ® A} = {N, V, h, &, A} are characterized
by the same canonical data, including the electric field
E* = —47€%/v/h. This is an essential feature of the in-
stanton analysis. It ensures that the Lorentzian and in-
stanton solutions match along a stationary surface. Also
note that the value of the proper electrostatic potential
as determined by an (Eulerian) observer who is at rest in
the ¢t = const hypersurfaces, —4,U* = &/N, is the same
for the Lorentzian and instanton solutions. Likewise, the
proper velocity of the spatial coordinate system, Vi/N,
is the same for the Lorentzian and instanton solutions.
In certain contexts this quantity has a physical mean-
ing. For example, for the thermodynamical description
of a rotating black hole [11,12] in corotating coordinates,
V¢/N is the angular velocity of the black hole with re-
spect to the Eulerian observers.

The electric Ernst instanton solution is

= By _ —A? 2 -1 2 -1 2 G(z) 2
Guvdztdz” = @y [G(y)dt + G (y)dy" — G (z)dz ] + m'dsﬂ , (12a)
R = s | o (1 + Bas - Bay/2) + (1+7-Ay)(1+ 7o Ay)(1 = Bay/2)| —iay— k. (12b)

The metric (12a) is real Euclidean since the shift vector
for the Ernst solution vanishes. The metric is regular
for & < y < & if G'(&2) = —G'(&3) and if the time
coordinate is periodic with period 47/G’(&3) [1-8]. The

It serves no purpose to introduce the terminology
“Lorentzian equations of motion” and “Euclidean equations
of motion,” since a stationary Lorentzian solution and its as-
sociated instanton satisfy the same equations of motion.

[

vector field 4, is regular if #A; vanishes at both y = &
and y = £3. These conditions are satisfied if Efiu is defined
separately in open neighborhoods of y = £» and y = &3,
and in each of these neighborhoods the constant k& of
Eq. (12b) is chosen appropriately.

Topologically, the Ernst instanton can be viewed as R*
with the interior of a “tube” S! x §? removed, and points
along the S! direction identified. This two-dimensional
surface is y = &3, and is referred to below as the Euclidean
wormhole. The acceleration horizon of the Lorentzian
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Ernst solution corresponds to the two-dimensional sur-
face y = &3 of the instanton solution. For the instanton,
the wormhole y = &3 surrounds the surface y = &3.

IV. BLACK HOLE PAIR CREATION
IN EINSTEIN-MAXWELL THEORY

In the path integral for Einstein-Maxwell theory, each
history {gu., A,} enters witk a weight exp(S) where
i

S(guv, Au] = 16n “ d4$v —9(R — F,, F**)

+(boundary terms) . (13)

I will refer to S as the action. The path integral is ulti-
mately defined as a sum over either Lorentzian metrics,
or Euclidean metrics, or some other class of metrics. For
the purpose of computing the leading-order (exponen-
tial) contribution to the path integral this issue is not
important. In particular, the instanton can be viewed as
a stationary point in a sum over real N, V, h, ®, and
A that lies off the axis of integration. Alternatively, one
can rotate the integration contours for N, V, and @ in
the complex plane so that the instanton lies on the axis
of integration.

The boundary terms in S depend on the boundary
conditions that are appropriate for the problem at hand.
Here, the pair creation rate for electrically charged black
holes is computed relative to the pair creation rate for
electrically charged stars. In the instanton approxima-
tion this is given by the exponential of S for the electric
Ernst instanton (EEI) divided by the exponential of S
for the charged star instanton (CSI). Thus, all that is
required is the difference S[EEI] — S[CSI]. I will assume
that the stars are compact, and that the matter, charge,
and stress inside the stars are distributed in such a way
that the gravitational and electromagnetic fields outside
the stars coincide with the fields of the electric Ernst so-
lution exterior to a pair of closed surfaces that surround
the black holes. Then the instanton for the charged star
is topologically IR* and coincides with the electric Ernst
instanton everywhere except in the interior of a “tube”
S! x S2? that encompasses the matter (for the charged
star instanton) or wormhole (for the Ernst instanton).
In this case the boundary terms that appear in Eq. (13)
cancel in the calculation of S[EEI] — S[CSI].

The calculation S[EEI] — S[CSI] is easily carried out
using the Hamiltonian approach with the electric Ernst
and charged star instantons foliated along the surfaces of
constant stationary time t. The Hamiltonian form of the
action for Einstein-Maxwell theory is

S = z’/dt d*z (P"J’izij +EA; - NH - VH,; + <1>g)
+(boundary terms) , (14)

where H, H;, and G are the Hamiltonian, momentum,
and Gauss’s law constraints. For the theory that de-
scribes the charged star solution, the matter fields con-
tribute extra pqg terms to & and also contribute terms

to the constraints. (The matter fields might also con-
tribute boundary terms at infinity. These will vanish
for the charged star instanton since the matter distri-
bution is compact.) The boundary terms in Eq. (14)
include the boundary terms at infinity from Eq. (13) and
also boundary terms that arise from total derivatives and
integrations by parts in the space-time decomposition.?
The surfaces ¢ = const extend from infinity to the “ac-
celeration horizon” two-surface y = €3, which serves as a
boundary for the three-dimensional hypersurfaces. The
boundary terms in Eq. (14) include boundary terms at
y = £€3. These terms, like the boundary terms at infinity,
cancel in the calculation of the difference S[EEI]—S[CSI].
For the electric Ernst instanton, but not for the
charged star instanton, the hypersurfaces ¢ = const in-
tersect at the Euclidean wormhole. This two-dimensional
surface constitutes an inner boundary b of topology S? for
the hypersurfaces. In passing from the Lagrangian form
(13) to the Hamiltonian form (14) of S, the various total
derivatives and integrations by parts introduce bound-
ary terms at b. These boundary terms can be derived
by cutting out a small region surrounding the wormhole
and then taking the limit as the excised region vanishes.
In this way an inner boundary B of topology S2? x S?!
is introduced into the Ernst instanton manifold. Under
the simplifying assumption that the (outward pointing)
unit normal vector field n* of B lies in the ¢t = const
hypersurfaces, the boundary terms are [11-13]

S|, = —i/dt/bdzx\/c;[(niaiN)/(Sw)
+Vin (2P + Ai€;)/Vh - @i /VR].  (15)

Here, o denotes the determinant of the metric on b.

With S written in Hamiltonian form (14), all boundary
terms except those displayed in Eq. (15) cancel in the cal-
culation S[EEI] —S[CSI]. Furthermore, for both the elec-
tric Ernst instanton and the charged star instanton, the
(four-dimensional) volume integral terms in & vanish—
the pg terms vanish by stationarity and the remaining
terms vanish because the constraints hold. Therefore
S[EEI] — S[CSI] is equal to the boundary term (15) eval-
uated at the electric Ernst instanton. Recall that for
the Ernst instanton the shift vector V¢ = V* is zero and
by regularity the scalar potential ® = —Z4; vanishes at
the wormhole b. Thus only the first term in Eq. (15) is
nonzero. Setting N = N = —iN, we have

S[EEI] — S[CS]] = — / dt / d*z\/o(n'd;N)/(87) . (16)
b

At each point of b, the quantity —fdt(nia,-N) is the
rate of change of proper circumference with respect to

2For Einstein gravity, a systematic derivation of the Hamil-
tonian action (14) from the covariant action (13), including
boundary terms, was given in Ref. [12]. Electromagnetic,
Yang-Mills, and other matter fields can be incorporated into
that derivation in a straightforward manner.
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proper radius for the circular trajectories of /0t in the
neighborhood of B. (The minus sign appears because the
normal n# points in the direction of decreasing radius.)

By regularity of the metric this equals 2w. Therefore
Eq. (16) becomes
S[EEI] — S[CSI] = Asu/4 , (17)

where Ay is the area fb d?z+/o of the wormhole. In
turn, Apy equals the horizon area of each black hole in
the Lorentzian Ernst solution.

Equation (17) shows that, in the instanton approx-
imation, the pair creation rate for electrically charged
black holes is enhanced by a factor of exp(Apu/4) rel-
ative to the pair creation rate for electrically charged
stars. Note that, with the calculation organized as above,
the detailed forms of the electric Ernst solution and the
charged star solution are not needed. Thus, the result
(17) shows that the pair creation rate for black holes in
Einstein-Maxwell theory is always enhanced by the factor
exp(Apu/4) relative to the pair creation rate for matter
distributions.

V. BLACK HOLE PAIR CREATION
IN GENERAL

The inner boundary terms (15) that yield the black
hole entropy factor for pair creation in Einstein-Maxwell
theory are precisely the same terms that yield the black
hole entropy in the path integral analysis of the partition
functions [11-13]. The partition functions are obtained
from the density of states v by Laplace transforms—for
example, the grand canonical partition function is ob-
tained from v by a Laplace transform that replaces en-
ergy with inverse temperature as the independent ther-
modynamical variable. For the purpose of deriving the
entropy it is most convenient to work directly with the
density of states v. The entropy is given by the logarithm
of v.

The density of states is a function of the thermodynam-
ical extensive variables such as energy, angular momen-
tum, electric charge, etc. Expressed as a path integral, v
is a sum over all fields that fit inside an outer boundary
(the periodically identified history of a “box”) of topology
5% x S1. The extensive variables are fixed as boundary
conditions on this outer boundary [12]. Consider the ac-
tion for such a path integral, for any generally covariant
theory of gravitational and matter fields. For the mo-
ment, let the manifold M have topology M = ¥ x S,
where space ¥ has boundary 8% = S2 and M has bound-
ary OM = §% x S'. I will assume that the action can be
written in Hamiltonian form

S[’\7 q,p] = Z/dt d’z (paqa - /\ACA)
+(boundary terms). (18)

Notice that the volume integral contribution to the
Hamiltonian is written as a linear combination of con-
straints C,(q,p) with Lagrange multipliers A#. This

form for the Hamiltonian follows from general covariance
and the property that under reparametrizations in t the
canonical variables p, and ¢® transform as scalars and the
Lagrange multipliers transform as scalar densities [16]. I
will assume that these conditions hold. It also follows
that the boundary terms in (18) cannot depend solely
on the canonical variables—each term, expressed as an
integral over M, must include a Lagrange multiplier as
a factor in its integrand in order to transform properly
under reparametrizations in t.

The boundary terms in the action (18) must be cor-
related with the boundary conditions on M in such a
way that the boundary terms in the variation éS vanish.
There are two types of boundary terms in §S: namely,
those that arise from variation of the boundary terms in
S, and those that arise from integration by parts. Inte-
gration by parts occurs when the constraints C, contain
spatial derivatives of the canonical variables. Thus, the
boundary terms in S that arise through integration by
parts necessarily involve variations of the canonical vari-
ables. On the other hand, the explicit boundary terms in
S, upon variation, generate boundary terms in §S that
involve variations of the Lagrange multipliers. These
boundary terms can never be canceled by the bound-
ary terms that come from integration by parts. Conse-
quently, if the action § includes any explicit boundary
terms, then §S will include boundary terms that involve
variations of quantities that depend on the Lagrange mul-
tipliers. Because the boundary terms in S must van-
ish by virtue of the boundary conditions, we see that
the boundary data for this action will include fixation of
quantities that depend on the Lagrange multipliers.

Armed with these observations it follows that the ac-
tion appropriate for the path integral representation of
the density of states v (the “microcanonical action” [12])
is given by Eq. (18) with no boundary terms. Here is the
reason: The density of states is a function of the thermo-
dynamical extensive variables which, by definition, are
properties of the states of the system. These variables
appear at the classical level as functions of the canonical
variables p, and ¢®. Thus, the path integral for v must
come from an action in which the fixed boundary data
are functions only of the canonical variables—by the ar-
guments above, such an action has no explicit boundary
terms.

Now consider a stationary Lorentzian black hole so-
lution {A*, §®, Po} of the classical equations of motion.
The black hole’s entropy is found by evaluating the path
integral for the density of states v, with the boundary
data fixed to those values that characterize the black
hole. The path integral is given approximately by its in-
tegrand exp(S[A, ¢, p]) evaluated at a complex black hole
extremum {\“, G, Ppo}. The complex black hole is ob-
tained from the Lorentzian black hole by the relations

At = —i\4 P =4, Pa = Pa - (19)
The complex black hole satisfies the boundary conditions,
since the boundary conditions involve only the canonical
variables. The fact that the complex black hole is a solu-
tion of the classical equations of motion follows from an
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obvious generalization of the arguments given in Sec. III.
Alternatively, observe that {A*, g*, 5, } is obtained from
{S\A, d°, Po} by a reparametrization t — —it, where p,
and ¢ transform as scalars and A* transforms as a scalar
density.

The path integral constructed from the action (18)
with no boundary terms yields the contribution to v
from the topological sector ¥ x S'. However, the com-
plex black hole is an extremum of the action on a man-
ifold with topology M = §2 x R? and boundary M =
82 x §1. Thus, the action (18) with no boundary terms
is not correct as it stands for use in the approximation
exp(S[A, g, p]) to the density of states. It is, however, cor-
rect with regard to the lack of boundary terms at OM.
The action to be used in the approximate evaluation of v
can be found by starting from (18), with no boundary
terms, and writing this action in manifestly covariant
(Lagrangian) form. The manifold can then be chosen
to have topology S2 x RZ?. The resulting Lagrangian
action can be written in Hamiltonian form if a small re-
gion surrounding the center of the disk R?, where the
hypersurfaces intersect, is removed. This introduces an
inner boundary B = S% x S! in M. In passing to the
Hamiltonian form of the action, total derivatives and in-
tegrations by parts will generate boundary terms at the
inner boundary B. There will be no boundary terms at
the outer boundary, however, since none were present in
the original action.

From the discussions above it follows that the black
hole entropy is approximated by Spy ~ S[),q,5], and
the action S[A,g,p] has the form (18) where only inner
boundary terms are present. In evaluating this action at
the complex solution {A*, g%, P}, the limit is taken in
which the excised region vanishes. Since 8§/9t = 0 (by
stationarity) and C,(g,p) = 0, the only nonzero contribu-
tion to the entropy Spu =~ S[}, ¢, ] comes from the inner
boundary terms.® Note that the resulting entropy is real,
since each inner boundary term must contain a Lagrange

31t should be emphasized that the method discussed here,
which generalizes the analysis of Refs. [11-13], can be used
to derive an explicit expression for black hole entropy for any
generally covariant theory of gravitational and matter fields
that can be placed in Hamiltonian form. This method shows
that the entropy Spu ~ S|\, q,P] is a “geometrical” quantity
(constructed from the gravitational and matter fields) defined
locally at the black hole horizon. The local, geometrical char-
acter of black hole entropy has been examined in detail in
Ref. [17] using Noether charge techniques.

multiplier factor (in order to transform properly under
reparametrizations) and the Lagrange multipliers A“ are
imaginary.

The inner boundary terms that yield the black hole en-
tropy coincide with the inner boundary terms that yield
the relative enhancement factor for black hole pair cre-
ation. This is not difficult to see. Recall from the exam-
ple of black hole pair creation in Einstein-Maxwell the-
ory that the action for the instanton that describes black
hole pair creation, when written in Hamiltonian form,
includes boundary terms at infinity as well as boundary
terms at the acceleration and black hole horizons. The
action for the instanton that describes pair creation of
matter distributions (stars) contains the same boundary
terms at infinity and at the acceleration horizon, but of
course no horizon boundary terms. The volume integral
contributions to the Hamiltonian actions for both the
black hole instanton and the star instanton vanish be-
cause the instantons are stationary and satisfy the con-
straints. Thus, in taking the difference between the ac-
tions for the black hole instanton and the star instanton,
only the inner boundary terms from the black hole hori-
zon survive. Those inner boundary terms are derived by
the same analysis as the inner boundary terms for black
hole entropy. Namely, they arise when the Lagrangian
action is expressed in Hamiltonian form in the presence
of the boundary B of a small excised region around the
black hole event horizon where the hypersurfaces inter-
sect.

The enhancement factor for black hole pair creation
is obtained by evaluating the inner boundary terms at
the black hole instanton solution, while the entropy of
a black hole is obtained by evaluating the same inner
boundary terms at the complex black hole solution. But
the black hole instanton is related to a real Lorentzian
solution, which represents a physical black hole pair, by
the substitution ¢ — —it. This relationship agrees pre-
cisely with the relationship between either of the two
physical black holes and the complex solution that yields
its entropy. We are therefore ied to the main conclusion
that the enhancement in the pair creation rate for black
holes is given by the factor exp(Sgu) for any generally
covariant theory of gravitational and matter fields.
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