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THE POWER OF CERTAIN NON-PARAMETRIC TESTS.

By Wassily Hoeffding

1. Introduction and:summery.

Consider eny non-parametric two-semple test which has a given significance
level for testing the hypothesis H that all observed variates are independent
with a common continuous distribution. Its power against the alternative A
that the two samples come from two normal populations with common variance and
different means is necessarily less than the power of the appropriaste one-sided
two-sample t-test of the same significance level, at least if the non-parametric
test is "similar". This will be a fortiori the case if the non-parametric test
depends only on the rank order, not on the values of the observations. It has,
however, recently been found that there exist non-parametric tests, and even
rank order tests, whose power against the alternative A is arbitrarily close to
the power of the standard parametric test if the samples are sufficiently large.
Analogous results apply to other tests of randomness, tests of independence,
etc. This paper will give a sketch of these results and of their derivation.

The two-sample case will serve to illustrate the essential points.

2. Tests based on permutations of observations.

Let X denote the vector (Xl, ceey XN), and let tN(g) be the standard t-
statistic for testing whether the two samples (Xl, ceey Xm) and (Xm+l’ ceey XN)
come from the seme normal population. If r = (rl, Ve rN) is any permutation
of (1, ..., N}, let X =(X_, ..., X_ ). For any given X let

Hw P L My

be the ordered values tN(KT) corresponding to the M = N! permutations r. Given

*Work done under the sponsorship of the Office of Naval Research.
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& number @, 0 < @ <1, let k be defined by k = M - [ Ma_/, where /Mo 7 denotes

the largest integer < Mo. Let T be the test which rejects H if and only if
(k)

This test has significnace level o for testing H. It differs only in & trivial
way from a test which Lehmann and Stein 173_7 have shown to be most powerful
similar of size @ for testing H egainst the normal altermative A of the intro-
duction, where the sign of the difference of the means is specified.

The standard one-sided t-test of size o rejects the null-hypothesis if and

only if
(2) (D) >y,

where limN — ooKN = A,
7

S
1l 2
g(-r) = a, Bly) = —= i e dat.
\/ 2x )
-00

Suppose we have a sequence of distributions PN of X = X(N), defined for

every N, such that as N —> o0,

(3) ték)(g) —~—> A\ 1in probability

and

(&) Pr f‘t (X) = y.: ~—> H(y), & function continuous at y = A.
N'= <

Then a comparison of (1) and (2) shows that the povwers against the alter-
native Py of the test T and the standard test tend to the same limit 1 - H(A\).

In the case of the normal alternative A, if 02 denotes the common variance
and <)\ the difference of the means, it can be shown by standard methods that

the power of the t-test tends to a limit if and only if
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A2

©) N _J_-_i;@ "; ﬁg-m) = ée( < o0) exists,
00 ¢

and then the limit of the power is ¢(-h + S). Here ,, and ¢ may depend on N.

The suthor has shown in /1 7 that (3) is satisfied for an extensive class
of alternatives which includes the normal alternative A, where, if 45&/0 is fimed,
m/N tends to some limit. We give here a brief outline of the method of proof.

I. For every vector x = (xl, cesy xN) let MFN(Y:E) be the number of permu-

tations r for which tN(gr)'sly. Then

—t

Pr {’tb(,k)(z)f;y} -m (RGO § ]

Since % —>» 1 -0 = @(\), it easily follows that (3) is satisfied if, as

N —> o0,
(6) FN(Y:K) —> @(y) in probability for every y.

II. Let R_be a random vector whose values are the M = N! equally probable
permutations r. Let R' have the same distribution as R, and suppose that R, R'

and X are mutually independent. Then

{ , ;
= J Fd {

2 ( — '
EFN(Y:)_S) =Pr | tN(Eﬂ) S tN(ER') .{y } ’

It follows that (6) is satisfied if tﬂ(XR)’ tw(XRQ have the Joint limiting
B N

distribution of two independent standard normal randem variables,
\ <. <yt —_— 51 1
(1) P tyltg) Sv, ) £V f = gD,

III. If the alternative A is true, the vector (tN()_cB_), tN@n;')) can be

shown to have the same limiting distribution (if any) as (LN(§§), LN(ZB,)),where
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LN(E) is a linear function of X1 ++e5 Xy For any two fixed permutations r, r'
the vector (LN(KT), LN(§T,)) has a bivariate normal distribution whose correla-
tion coefficient_b(i,g')~;nd means ml(g) and m2(£') are functions of r and r',
while the varjances are independent of r, r's It can be shown that as N —> oo,
p(R,R') tends to O in probability. If A= 0, then my =my =0, and (7) is now
easy to prove. In the general case it can be shown that ml(g) and me(g') have
normal limiting distributions with zero means and are in the limit independent
of the other random variables involved. This again implies (7).

A similar argument can be applied to more general, non-noxrmsl alternatives

by using the central limit theorem for vectors. For details of the proof see

[17.

3. Rank order tests.

Let Ri be the rank of X, in the set (Xl’ vy XN)' If H is true, the
random vector R = (Rl, Ve, RN) takes on the N! permutations r of (1, ..., N)
with equal probabilities. Let ANl < ZN2:§ ved & ZNN be the ordered values of N
independent normal random variables with mean O and variance 1. Let
N
2D = A
and let c* be the least value of cl(z) such that the inequality cl(g)«Etc* holds
for not more than o N! permutations r. Then the test which rejects H if and only
if cl(g) > c¥ has significance level ¢ for testing H. As shown in 172;7,
this is the most powerful rank order test against the normal alternative A if
<ﬁ5/0 is sufficiently small and the sample (Xm+l’ eney XN) comes from the popula-
tion with the larger mean.

The author has shown in an unpublished paper that if this last-mentioned

alternative is true and condition (5) is satisfied, the power of the cl-test
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tends to the same limit as the power of the standard t-test, provided only that
both sample sizes, m and N-m, tend to infinity. The proof proceeds as follows.

If X., o0, XN are independent normal with common variance 02 and means

l)

EXi =r,i=1, ..., mj EXi

(see [fé_7) thet the probebility P(E,SN) of R = r can be written in the form

-$§ /2 SNZ'JZ\L'biZNri
e Fe 3

=P+ A, i=ml, ..., N, it 1s easy to show

' 1
(8) P(E,SN) = §7
where
§ oA a@m)
N o N !
bi=__-y::fg.:-::.—, i'.:l’ resy m; bi= r__jm_- J i=m+l) s oy N.

Assumption (5) implies that lim SN = é, and it suffices to consider the

case where é is finite.

Let
k (r) = ZNb E
Nz liZNri’
so that

f
]
=
1 .
;;‘ :
o
P:'\
&
e

ky ()

If the moment-generating function of kN(E) - SN when R has the distribution
(8) is denoted by My é (t), it is sufficient to show that
3
N
2
(9) Lm w  (6) =eb /2,
N—> o0 7N

We have



¢ -4
(20) ty § (8) = Ze Bole) - oy P(r, by)
r

_ e-éﬁ/e - tSN 1 e(t+SN)kN(£) EeSNUNE
i

s

N ™M

where

N
U, = 5.2 _ N
Nr 171 Nr, - kN(E) = Zlbi(ZNri - EZNri)'

The proof of (9) consists in showing (i) that (9) holds when SN = 0 and

(11) that for "most" permutations r, U, is close to O with high probability,

Nr
éNUNr

in such a way that the factor Ee — in (10) can be replaced by 1 as N —> oo0.
The proof of (i), that is,
tk, (r) 2
1 = t°/2
(11) MN,O(t) = & f e —_— e ,

is easy. From a well-known theorem of Wald and Wolfowitz and its extension by
Noether, it follows that the moments of any order of kN(R) in this case converge
to the corresponding moments of the standard normal distribution. With the help

of Taylor's formula this easily implies that

2
lin fnr Mg (1) 2> e° /2
N —2* o0 ?

v
On the other hand, since EUy, = 0, we have Ee NNz 2 1, and hence, from (10),
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-Sg/z - tSN

(12) 6 (92 e MN’O(MSN).

Letting t = O and replacing SN by t, ve get

2
. t/2
MN,O(t) < e .

One part of (ii) is also easy to prove, for (11) and (12) imply
2
lim inf M ( (t) 2 e’ /2,
N —> o0 ’“N

The opposite inequality is less immediate. It can be proved by first showing

that

§u

-te M.
r

Il—'

lim
N ——> 00

=

]
uniformly in any finite S-interval, and then applying HYder's inequality to (10).

This method permits us to study the power of the cl-test only against the
dternative with respect to which the test is most powerful. An alternative,
more flexible method has been developed by M. Dwass in a paper which is not yet

published.

4. Concluding remarks.

The results which have been outlined in this paper are of a rather restrict-
ed nature. Under ordinary assumptions the power of the standard test will con-
verge to 1 as N tends to infinity. 1In this case we only obtain that the powers
of the two non-parametric tests also tend to 1, and this properiy is undoubtedly
shared by meny other non-parametric tests. The results are non-trivial only if
the limit of the power is less than 1, and this ordinarily means that the alter-

native is "close" to the null hypothesis when N is large. It would be desirable
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to investigate more closely the performance characteristics of thes= tests when

their power tends %to 1.
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