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INTRODUCTION

When transmitting informetion from one point (the source of
input) to another point (the receiver or output) by some mechanical
means (the channel) there is a positive probability that the received
information will differ from the informetion transmitted.

We shall define a piece of information that is transmitted
across a channel as a message. We shall require that each message
is composed of symbols so that the channel actually transmits the
message symbol by symbol. Thus the received message will differ
from the transmitted message if any one (or more) of the symbols
in the transmitted message is received incorrectly, i.e., is re-
ceived as another symbol. We shall then say that an error has
occurred in the transmission of a message if one of the symbols in
the message is received as another symbol after transmission.

In the transmission of messages across a channel, errors
often tend to occur in bursts, usually due to the presence of some
disturbance in the channel for a short time, as in the case of
static. That is, we may have a single "burst" of, say, two or
three errors somewhere in the message whereas the reamlnder of
the message is error-free.

We construct codes in this thesis such that 1f a message of
the code is received containing a burst of errors, it will still be
decoded as the correct message. In using these codes it will be
necessary to add redundancy to the messages of the codes. That is,

we will have to add places to the original message that do not give
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any added information. These places are called check places.

Thus the redundancy of a code is the price we must pay for sending
a correct message. The question is then how do we obtain codes
which have a minimum amount of redundancy for a given message
length and which still insure that although a transmitted message
may contain a burst of errors of a given length, it will be decoded
as the correct message.

In Chapter I we derive the necessary and sufficient condi-
tions for the existence of single-burst-error-correcting codes in
general, and survey the past work which has been done in construct-
ing burst-error-correcting codes which are binary. (Binary codes
are codes whose symbols are zeros and ones.) The most notable work

bramson f~l'7l; However, he considered only the con-

i L ! = 1
—

was done by /
struction of a certain class of binary codes, called binary group
codes, which correct single bursts of errors of length two or less.
We also discuss briefly some of the elementary properties of Galois
fields, since we use Galois fields exclusively tc construct the
codes in this thesis.

In Chapter II we construct group codes for the binary case
vhich correct single bursts of errcrs of length three or less when
the redundaency is odd, and some group codes which correct bursts of

errors of length four or less. We introduce in this chapter the

methods of cycles which we use to construct the new "3-burst"

1
The numbers in square brackets refer to the bibliogrephy listed
at the end.



vii

error-correcting codes and one class of "b-burst" error-correcting
codes., Bose and Chakrsvarti 1”§;7 have constructed binary group
codes which correct bursts of errors of length three or less when
the redundancy is even.

In Chapter III we construct ternary codes which correct single
bursts of errors of length two or less when the redundancy is odd,
and quintary codes which correct single bursts of errors of length
two or less when the redundancy is even and when the redundancy is
odd and of the form 4k + 1. We also construct ternary codes which
correct single bursts of errors of length three or less when the
redundancy is even. Elspas Z—8;7 has constructed the ternary codes
which correct single bursts of errors of length two or less when
the redundancy is even. Again the method of construction of the
codes appearing in this chapter depends on the method of cycles.

We should mention that all the codes in this chapter are in & cer-
tain class of codes called linear codes.

In Chepter IV we briefly discuss some of the extensions of
the codes introduced by Bose and Chaudhuri_[_§;7 to correcting more
than one burst of errors or multiple burst of errors that may occur

in a message.



CIAPTER I
NECESSARY AND SUFFICIENT CONDITIONS FOR TEE EXISTENCE OF

BURST- ERROR~ CORRECTING CODES

1.1 Introduction - Necessary and Sufficient Conditions for the

Existence of Error-Correcting Codes.

Consider a channel which can transmit any one of s distinct
symbols. We call this channel an s-ary channel. Due to the presence
of "noise", a transmitted symbol may be received as one of the other
s-1 symbols. When this occurs we say there is an error in trans-
mission. We shall restrict s to be the pover of a prime number, so
that there exists a Galois field GF(S) whose elements can be identi-
fied with the s symbols that can be trensmitted.

We consider n-place messages as n-place vectors each of whose
elements is an element of GF(s) (i.e., & = (al, ceny an) is an n-
place message, where a{EGF(s)). Let Bn be the set of all n-vectors
whose elements belong to GF(s). Then Bn ig a vector space. The
number of elements in Bn is s, We shall call the message presented
to the channel the input and the message received the output. We
shall assume throughout this thesis that the message lengths of in-
puts and outputs are the same.

If o = (al, cee an) is the input message and 0% = (bl,...,bn)
is the output message, where a; and bi are in GP(s) for all i, we

say that € = 0% - o is the error or "noise" vector. Thus, letting

€ =(el, ceey en)3 we say there is an error in the i-th place of the

received message 0¥ if and only if e; #£ 0.
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Iet iﬁl be a subset of the s" error vectors which we want to
correct with certainty, and let us choose a subset JZ of inputs as
our set of messages - the number of elements in <9 being v < sn.
Let ao’ al, cvey av-l denote the inputs, i.e., elements Of‘{Q . We
divide the vectors of Bn into disjoint subsets So’ e Sv-l’ where
afESi. We now make the following rule: if the output belongs to the
set Si’ we read the message as ai’ so that there is a one-one corres-

pondence between the subsets of Bn and the input messages which con-

stitute the code CQ . The rule is called the decoding scheme or

the decoder. If afé:Q is the input and if the output a? also belongs

to Si’ we get the correct message —ai.

Definition 1.1.1. QQ_ -~ the subset of inputs - is called a

group code if the elements of téz form a group under vector addition.

gQ is called a linear code if the elements of«:Q form a vector

space.

We shall consider only linear codes in this thesis.

If k is the rank of c@ ; then the number of elements in
then the number of elements in (i) is sk. Now set n = kK + v; then
r is called the redundancy of the code. The redundancy is the price
we nmust pay for sending correct messages.

Definition 1.1.2. We say that two error vectors €, and €

1 2

are aliases of one another if el - e? belongs to QJQ - the set of

messages.
Suppose the vectors ao’ ooy ak 1 form a basis for cQ . Then

k-1
the aliases of the ervor vector € are € + Z c,Q; where qEGF(s) for

+

1=0



i =0, ««., k=1. Thus each alias set contains sk vectors, and the
totality of T error vectors is divisible into &t disjoint alias sets.
We can now describe an error-correcting code. ILet the error

vectors belonging to () be €5 €, «-v, €, _; Wwhere u<s’. If we

12 v €1 belong to the same

alias set, then there exists a decoding rule which corrects with

choose cQ such that no two of €0 €

certainty the errors belonging to.iil' Under the stated condition:,
for 0 < j < u-~l, there is one and only one alias set containing ej.

€. 80 that they

Let us call this set Czj' Choose € €
g -1

u+l’

r . y
belong one each to the s ~u alias sets other than (Czo, C?l’ cees (iu-l'
Then define the subset %j corresponding to aj as the set whose

elements are &, + € , O, + €., ..., &, + € O, + €5, e, &
J J 1 J

o - u
+ €. . Thus, if any error belonging to (") or to the set E €,
s =1

€ppp? o € 3 has occurred, it follows that the error will be
L

r
corrected with certainty. -

u-1’ J
)

gte 1

ILet the vector space cQ (the set of messages) be generated by

ao’ al, veoy ak—l’ and let
(074
(@]
(1.1) A=Ak x n) = %
%1

Clearly, rank (A) = k. DNow let QQ be the vector space generated by

all column vectors



X
n

for which Ax = 0; 1i.e., CQ is the vector space orthogonal to CQ

Then <{) has rank r = n-k. We now make the following definition.

Definition 1.1.3. ILet D be an n x r matrix whose column vectors

generate <Q . Then D is called a parity check matrix of the code.

Thus, a vector O = (al, cen, an) belongs to ={ if and only if
oD = 0'. We now can formulate the following theoremn.

Theorem 1.1.1. A necessary and sufficient condition for any

two error vectors ei and ej, i £ j, to belong to the same alias set
- = !
is (c—:i eJ.)D or.
Proof. Suppose that ei and ej belong to the same alias set.
Then py Definition l.l;2,ei - ej belongs to cQ - the set of messages.
- = '
Hence, (ei ej) D=0".
Suppose (ei - ej) D = 0'. Then, by Definition 1.1.3, ei-ej
belongs to cQ , and hence, by Definition 1.1.2, € and ej are in

the same alias set.

Corollary 1l.1l.1l. Suppose iﬁl is the set of error vectors

«ve, € .. Then in order to obtain a code 'cQ for which errors

€
u~=1

O)

belonging to (ﬁl will be corrected with certainty, it is sufficient

-

to obtain a parity check matrix D such that the row vectors eOD, cee,
euplD are all distinct.
Proof. The condition that no alias set contaln more than one

element of_(il is, by Theorem 1.1l.1, equivalent to the condition that
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€D, .ev, € _.D are all distinct.
o u~1

1.2. Definition of Bursts of Errors. Necessary and Sufficient

Conditions for the Existence of Burst-Error-Correcting Codes.

Gilbert, reference‘lng;f, defines an error burst of length &

for binary codes. We give here the analogous definition for s-ary

codes.

Definition 1.2.1. For any s-ary code we define a burst se-

quence of length d as any sequence of symbols (from GF(s)) of length
d beginning and ending with non-zero symbols. The number of such se-~
guences is sdre(s—l)e. Consider now an error vector € = (el, feay

en). If e, & e, €, i > 0, where the subscripts have been

i+1’? i+d-1’
reduced mod n, 1s a burst sequence, and if all other elements of €

are zero, then € 1s said to be an error vector with a single burst

of length d.

For examples of error vectors with a single burst of length 4,
let us consider the case d =3, n = 7, and s = 2. Then the error
vectors of length 7 which contain a single binary burst of length 3
are: (1110000), (0113000), (0011100), 0001110), (0000111), (1000011},
(1100001), (1010000}, (0101000), (0010100), (0001010), (0000IOL), “ -
(1000010), (0100001). Suppose d =2, n =5, and s = 3. Then the
error vectors of length D which contain a single ternary burst of
length 2 are: (11000), (12000), (21000), (22000), (01100), (01200),
(02100), (02200}, (00110), (00120), (00210), (00220), {00011), {C0012Y,

(00021), {00022), (10001), (20001), (10002), {20002).:



In construction of burst-error-correcting codes we will re-
quire that the codes correct not only single bursts of length d but
alsoc all single bursts of length less than d. For example, if d = 3
and s = 2 we will require the code to correct all error vectors con-
taining single burst sequences of the form 1, 11 as well as those of
the form 101 and 111. Thus, in genersl our error set_ifl will contain

d e-2 2
(1.2) n £ s> (s-1)° + n(s-1)
e=2
vectors, provided n > 2d. (1.2) is easily evaluated, and we have
¢ ep, 2 -1
(1.3) n £ s “(s-1)° + n(s-1) =ns (s-1) .
e=2
We now formulate Theorem 1.2.1.

Theorem 1.2.1. Let iﬁl be the error set which contains all

nsd'l(s-l) burst error vectors of length less than or equal to d. Then
in order to obtain a code for which errors helonging to‘ifl will be
corrected with certainty, it is necessary and sufficient to obtaln a

parity check matrix D = D(n x r) such that the row vectors g:eijg s

ggO,l,...;mdFl(S‘l) -1, €5 € (), are all distinct.
The proof follows from Corollary 1.l.1.

Example 1.2.1. Suppose s = 2 and 4 = 3; then, by Theorem 1l.2.1,

finding a code for which the error vectors which contain single burst
sequences of the form 1, 11, 101, 111 will be corrected with certainty

is equivalent toc finding a parity check matrix D where
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o}
61
(1.4) D = .
anrl'
such that Bij Bi + 6i+l’ 61 + Bi+2’ and bi + 61+1 + 8i+2, i=0, 1,

«ss, n=1, are all distinct. (Note. We reduce the subscripts of
these vectors mod n so that we .can ¢orrect all bursts included in -
Definition 192.1.)

Example 1.2.2. Suppose s = 3 and d = 2; then again by

Theorem 1.2.1 it is necessary and sufficient to obtain a parity check

matrix D as given in (1.4) such that B, 20, B + 8, ., 8 +2B, .,

20, + 0, ., and 25, + 2%
i+1’ i

i s 1 =0, 1, ..., n-1, are all distinct.

i+l

1.3, Some Elementary Properties of Galois Fields.

Since the construction of the burst-error-correcting codes in
this thesis is done by use of Galois fields, we discuss briefly in
this section some of the elementary propertiss of Galois fields. For
a more complete discussion of the subject, reference / 77, pp. 2he-
288, or /3 7/, pp. 427-456, should be consulted.

Definition 1.3.1. A Galois field GF(pm) is a finite field with

characteristic p, where p is a prime.

We state without proof the essential properties of Galois
flelds we will need.

(1) 1In each Galois field GF(pm) there are elements x called

m the
primitive elements of GF(p"), them x°, X, «v., X "2 are all/distinct




non-zero elements of the field.
(ii) Suppose a, + alx + s F amxm is an irreducible poly-
m
nowial of degree m over GF(p) which divides 71 L1 and does not

divide x° - 1 for t < p* - 1. The roots of

(1.5) By * aX + .u. tB X = 0
are primitive elements of GF(p™), and the left-Hand member of (1.5)

is called the characteristic polynomial.

(i1i) We can associate each non-zero element of aF(p") with
the m-place non-zero vector (co, Cys sees Cmrl) each of whose co-
ordinates belongs to GF(p). This is done as follows. We can re-
write (1.5) as

m e 1
X = bo + blx + sae bmrlA

since & #£ 0. By making use of this relation we can expressug@y.xl
(0<i< p" - 2) as an (m-1)-th degree or lesser degree polynomial
in x:

i m=-1
X = C +C.X.+-sc + ¢ X
o) 1 e 1 ?

where ¢, £ GF(p). Then the coefficient vector (co, von Cmpl) is
associated with xi. In this way all the distinct pm -~ 1 non-zero
vectors are associated with the distinct non-zero elements of the
field.

(iv) If x is a primitive element of GF(p ) satisfying (1.5),

. m . . T, f s
and if T and p -1 are relatively prime, x' = X is also a primitive

element of GF(pm) satisfying some characteristic polynomial equation

m
. ! ! + e ! =
(1 6) a + alx + a'x 0 s



where again.ai Q’GF(p) for 1 =0, 1, ..., m. If 1t is of the form pk,
k=0,1, ..., m-1, then the left-hand members of (1.5) and (1.6) are
the same characteristic polynomial.

For an example of o Galoisg field, consider p = 2 and m = b,
Then the roots of 1 + x + x)+ = 0 are primitive elements of GF(Qh).
Using the above characteristic polynomisl we can represent the
distinct non-zero elements of GF(QM) as the fifteen four-place non-

zero vectors over GF(Q) as follows:

Table I

x° =1 = (1000)
X = x = (0100)
L = = (0010)
0 =¥ = (0001)
xlL =1+x = (1100)
 =x 4% = (0110)
P =2 = (0011)
€l =lax+x = (1101)
X =14 = (1010}
© =x 4 = (0101)
021 x4 = (1110)

s e = (0111)

2 x4+t 40 = (1111)
0 =1+ x4 = (1011)

B s - (1001)
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1.4, Efficiency of Burst-Error-Correcting-Codes. The Hamming and

Abramson Codes.

Iet D = D(n x r) be a parity check matrix for the s-ary
code which corrects all bursts of errors less than or equal to d in
length. We shall derive an upper bound for n - the total number of
message places for the code corresponding to D with a fixed redun-

e ;i t .
12 R 6nrl be the 1 x r row vectors of D

Then each row vector 6i = (d

dancy r. Let 80, 5]

$17 v dir), i=0,1, ..., n-1, is a

non-null row vector each of whose coordinates dij’ J=1, «e., v, e~

longs to GF(s). Thus, the maximum number of row vectors in D is

s - 1. Since D is the parity check matrix for the s-ary code which

corrects all bursts of length less than or equal to d, we have by

L
<]

1 EN 4 - +1a I PP g
tinct vectors of the form €.D i

J
.ﬂ" =
ns® “(5 - 1), where €5 € () - the set of errors to be correct with

n
n

(1.3) that the number of ai

certainty. These vectors are also 1 x r row vectors whose coordinates

are in GF(s) and thus

s¥ - 1>n sdﬁl(s - 1)
or
r
(1.7 S5 >n .
s (s=1)

We have thus proved that the maximum number of message places for the
s-ary linear code which for a fixed redundancy corrects all bursts of

errors of length less than or equal to d is
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) Sr 1
(1.8 n_ = m——— 5
0] ‘Sd-l(s~l)

[

where, as usual, |:a,j for any real number & means the greatest in-
teger less than or equal to a. (1.8) leads us to the following de-
finition.

Definition 1.4.1. The efficiency of an s-ary code which cor-

rects all bursts of errors of length less than or equal to 4, for a
fixed redundancy r, is n/no, where n is the length of each message
and (1.8) gives the value of n .

Peterson.1—13;7 has proved that, for an s-ary linear code which
corrects all error bursts of length less than or equal tc 4, r>2d
(i.e., the redundancy must be at least twice the length of the burst).

9 Y Lt o T R O B,
Lo, Wlia 0€ SdalLlsiled 10

~

Thus, the condition n > 24 required b
the bursi-error-correcting codes that are constructad in this thesis.
The burst-eirror-correcting codes in this thesis are constructed with
Lthe aim of maximizing the efficiency as given in Definition 1.4.1.

We discuss now two specific burst-error-ceorrecting codes.
They are the Hamming code_l—l%;7 and the Abramson code Zml;7,

Iet x be a primitive element of GF(Em} and consgider the matrix

1 S}
O
~ &
X { 61
x2 : o)
D, = 2
l,m
m
x2 -2 5 .
- -— 272
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Then D1 n is @ ¢ parity check matrix for the binary group; code which
2

. m
corrects all single errors, where n =2 - 1 and r = ms To prove D, -
.J.’.\

has the required property it suffices to show that 80, evey O n are
2 -2

all distinct, where 61 ig the coefficient vector of the (m-1)-th de-
gree polynomial in x which represents x*. If two vectors, say 83
and & , were identical k £ j and O < §, k < o™ _ 2, this would imply

J k . , . 3~k . m
xY = x , which would in turn imply that x = 1 vhere J -~ kX <2 -~ 1.
This, however, would contradict the fact that x is a primitive element
of GF(Qm). Thus Dl - is ta: parity check matrix for the binary group

2
code which corrects all single errors, where n = o™ . 1 and r = m.

The corresponding codes are called Hemming codes since they were dis-

coverdd by Hammingll—lL;7 in 1950. These codes, in accordance with

Definition 1.4.1, have efficiency 1, or maximum efficiency, for
m
n=2 -1
and
o1
n e -1 =2t .1
o} 1 ’

whence n/nO = 1.
For an example of a Hamming code, let m = 4, then x is a
s L. L ,
primitive element of GF(2 ), where we take x + x + 1 as the character-
istic polynomial which has x as one of its roots. © A parity check

matrix for this code is then Dl ) where
2

1. Groups codes and linear codes are equivalent for the binary
case.
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1,h 7

and where xi (i =0, 1, ..., 14) stands for the vector corresponding
o xi in Table I. Thus, the code corresponding to Dl,h is a 15«-place
binary group code, with 4 redundancy places, which corrects all single
errors occurring in transmission.

Again let x be a primitive element of GF(Em) and now consider

the matrix
1 1] 8
o}
X 1 51
x2 1 5 .
D = e
2,m
m
x° "2 1 5
s - 2.2
Then DE n is wge parity check matrix for the binary group code which
>

corrects all single errors and all double adjacent errors, where n =

m

2« lapd r =m+ 1. To show that D2 m has the required property, we
3

must show that the vectors 60, o) o

1 sees By B+ By, B+ By,

8n-l + 50 are all distinct, where 81 represents the (m+l)-place vec-

tor in which the first m places are filled by the coefficients of

the polynomial represented by X" and the last place is filled by a 1.
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Now, clearly 80, e, Bn | are distinct ameng themselves. Next,
'y - . Q
61 + Bi+l = (xl,l) + (xl+l,l) = (x°(1 + x),0). Now let 1 + x = X ;
m

then Si + B 1= (xl+©,0) and hence, for 1 =0, 1, ..., 2 -~ 2, the

i+

vectors Si + 61+ are distinct among themselves. Finally, for any Jj,

1

0<j<2®-2, andeanyk, 0<k<a" - 2 5, 4B since the

et Ope1

last place of Bj ig filled by a 1 and the last place of Sk + 6k+l

is filled by a C. Thus, D is & parity check matrix for the

2,m
binary group code which corrects all single errors and all double

adjacent errors, where n = o 1, and r = m + L. The corresponding
codes are known as single-error-or-double-adjacent-error-correcting-
codes. These codes were discovered by Abramson‘["l;z in 1959 . Again

as with the Hamming codes, these codes have maximum efficiency in the

sense of Definition 1.4.1. Here,

and

o]
1

Thus, a/n_ = 1.
o]
For an example of a single~error-or-double-adjacent-error-
correcting code, suppose m = h, and let X be a primitive element of
N
ar(2 ), satisfying the characteristic polynomial equation x}+ +x + 1
= 0, Then the parity check matrix of the binary group code which has

15 message places, with 4 redundancy places, is:
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) l_.
X 1
D B x2 1
2,h
L
l)-l l

where ¥ (i =0, 1, ..., 14) stands for the vector corresponding to
xi in Table I.

Thus, the problem of constructing binary group cédes with
maximm efficiency that correct single errors and errors which occur
in bursts of two or less has a known solution. In Chapter II, methods
are given for constructing binary group codes which correct errors

oceurring in bursts of 3 or less and in bursts of L or less.



CHAPTER II

BINARY GROUP CODES WHICH CORRECT ERRORS IN BURSTS OF LENGTH

d OR IESS, 4 = 3, L

2.1, Preliminary Considerations. Codes of Bose and Chakravarti.

Bose and Chakravarti‘luﬁ;7 have constructed parity check
matrices for binary group codes which correct errors in bursts of
three or less when the redundancy of the code is even. They showed
that these matrices give codes which have maximum efficiency in ac-
cordance with Definition 1.4.1. We discuss this method here, as the
techniques used in the construction of the Bose-Chakravarti codes are
generalized to the construction of the new codes that appear in this
chapter.

Suppose that r = m + 2 where m > b is even, and suppose that y
is a primitive element of GF(Qm). Suppose, further, that z is a
primitive element of GF(EE), which is a subfield of GR(2") since

m is even. We now consider the matrix D5 D’ vhere
’ 1
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Y 1
y Z
2 2
vy Z
v 1
4
y Z
= . o
DB,m+2 y5 %
m
y2 =L 1
m_?
y= o3 2
yem-e 2
- —

We should remember that yi is equivalent to the m-vector with
elements from GF(2) which is the coefficient vector of the (m~1)-th
degree polynomial in y representing y . Similarly, z:'L (where i is
taken mod 3) is equivalent to the 2-vector with elements from GF(2)
which is the coefficient vector cf the first degree polynomial in z
representing 2. Thus DLm_’_2 = Dj,m+2 [(Em - 1) x (m+ 2)]. . In
order that D§,m+2 be an appropriaste parity check matrix for the

bilnary group code which corrects errors in bursts of three or less,

the vectors in the following sets must all be distinct (see Theoren
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eil=(o,o,.,o,1,o,..,o,o) s
ei2=(o, 0, «v., 0,1, 1,0, ..., 0, 0) s
*

(O) 0) tre O) l.’ O) l) 03 s O) O) B

m
it

€i)+::(o, O, saey o, l, l, 19 OJ MRS O) O) 2

where the star indicates the i~th position in € 55 j=1,2, 3, kL
Performing the required multiplications in (2.1), we obtain the

following sets of vectors:

e

(2.2) B, = i.»yi,zi] , i=0,1,...,2%2,
(2.3) B, + 8, = gi(lw),zi(n.z)j s i=0,1,...,2"-2;
(2.4) o8, + 8, = [;i(l+y2),zi(l+zg)_7 s i=0,1,...,272;
(2.5) By + B, B = [;(l+y+y2)3zi(l+z+%2}7,i =0,1,...,2%2
Thus, D35m+2 is an -appropriate parity check matrix for the binary

group code, with n = o . lendr=m+2 (m even), which corrects
all single error bursts of length 3 or less if the vectors in (2.2),
(2.3), (2.4) ana (2.5) are all distinct. We shall say that the

matrix D3 4o DOSsesses  the property@3 if the vectors in (2.2)-(2.5)
>
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are all distinct. Thus, the prope332.§5 is necessary and sufficient

for D5 s to be a parity check matrix for a binary group code cor-
3 (44

recting all error vectors which contain a single burst of length 3

or less. ZfSimilarly, we shall s~y that D possesses property

3,2m+l

B5’ where D is defined in the next sectiont;7

3,2m+1
Theorem 2.1.1l. Suppose we let 1 + y = yQ, and 1 + y + y2 =

y¢. Then & necessary and sufficient condition that D5 D have
J

property B, is that © £ 2 (mod 3).

3

Proof. First of all, since z is a primitive element of

GF(Qa): l+z-= 22, 1+ 22 =z, and 1 + 2 + 22 = 0. Thus (2.2),

(2.3), (2.4) and {2.5) become:

(2.2') 3, = | yl,zl) y i=0,1, ..., 2%2;
\ /

140 142 mn

(2.3") 61 +8 ( ¥ ,z:L ) s i=0,1, ..., 2.2 ;
o i+20 141 m

(2.40) &, +8, = ( vt ) , 120,11, ..., 22
. o 140 : . n

(2.5') bi * 6i~'f-l * Oi-l-2 :.—( yl ~,0 ) 3 1=0,1, ..., 2-2.

It is clear that these vectors asre distinct within each set; for
20,
example, in (2.2') the elements 1, ¥, «vov, ¥ 2 are all the dis-

tinet non-zero elements of GF{Qm). Hznce, the only possible way in
which condition B5 could be viclated is that two vectors, chosen one
each from two different sets (2.2'), (2.3'), (2.4%'), and (2.5'), be

equal. Suppose now that the i-th vector from (2.2') were equal to

the j-th vector of (2.3'), that is, d Then the follow-

; = Sj + 63+l.

ing equations must hold simulbtaneously:



y =¥ P

Zl s Zj+2 ;
that is,

i-3=9 5

i~ 3 =2 (mod 3)

must hold together. This will happen if and only if © = 2 (mod 3).
Similarly we can show that the only way in which the i-th vector
from the set (2.2') can equal the k-th vector from the set (2.4') is
that © = 2 (mod 3), and that this is also the necessary and suffi-
clant condition for the j-th vector of the set (2.5') to equal the
k-th vector of the set (2.4'). Finally, we note that the elements
of the set of vectors (2.5') are distinct from the elements of the
sets of vectors (2.2'), (2.3%'), and (2.4') since the last position
of each vector in (2.5') contains a zero whereas the last position
of each vector in the other sets contains a non-zero element. This
completes the proof.

If y is a primitive element of GF(2") such that O = 2 (mod 3),
it is a conjecture that it is always possible to find another primi-
tive element y' = yf, vhere 2° - 1 and T are relatively prime, such
that if we set 1L + y' = y'Q', then ©' # 2 (mod 3). This technique
is exhibited in Example 2.1.3.

We now prove that the binary group codes whose parity check
matrices are constructed in the above manner so as to possess pro-
perty B, have optimum efficiency as given by Definition 1.4.1. For

3

these matrices n = 20 - land r = m + 2. Thus, by Definition 1.k.1,



Hence, n/no = 1.

We now give some examples of these codes.

Example 2.1.1. ILet m = 4, whence n = 15, r =

have
101 ]
vy Z
2 2
y Z
v 1
L
v Z
5 2
y Z
y6 1
D = 7 7
a 2
¥ Z
P e om o= e =
§ YQ l
; 10
v Z
11 2
v Z
12 1
YlB z
i 2
Yy Z

1000 10
0100 o1
0010 11
i
0001 10
1100 01
0110 13
0011 30
1101 01
1010 1L
0101 10
1110 01
Clil 11
1111 10
1011 01
| 1001 11

—

6.

We then

Since the characteristic polynomial for GF(Qh) is y,+ +y + 1, we

21
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have 1 + y = yh, gso that @ = 4 £ 2 (mod 3). It then follows from
Theorem 2.1.1 thatD ossesses property B,. Hence D is &
‘ 3,6 F Propexty 55 173,6

parity check matrix for the binary group code which has 15 message

places and 6 redundancy places and which corrects errors occurring

in bursts of 3 or less.

Example 2.1.2. Ietm = 6. Then n = 63 and r = 8. Thus we
have:
— 1
y z
2 2
y Z
y5 1
L
v Z
D_, n = ~
3,0 y5 zd
yéo 1
61
y Z
62 2
Z p—

Since 1 + y + y6 is a characteristic polynomial for GF(26) we can

take y as a root
element of GF(26)

lows from Theorem 2.1.1 that D3 g Ppossesses property B
2

5

of this polynomial and then y will be a primitive

« Thus we can set y6 =y + 1, whence again it fol-

Hence, D3,8

is “a. parity check matrix for the binary group code which corrects

errors in single bursts of 3 or less and which has 63 message places

and. 8 redundancy places.
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Example 2.1.3. Iet m = 10, Then n = 1,023 end r = 12. A

characteristic polynowmial for GF(QlO) is yJO + y3 + 1. DNow it follows

that L + y = y77 and thus © = 77 = 2 (mod 3). Hence Theorem 2.1.1 is
not directly helpful. ILet y' = y5. Then since 1,023 and 5 are

10
relatively prime, y' is again a primitive element of GF(277). (See

iv of Section 1.3.) Thus we can take

- 1 -
y! z
2 2
y z
y'3 1
b
y Z
D3,12 = y.5 22 s
,1020 1
,1021 )
, 1022 2
Z

as the parity check matrix for our code in accordance with Theorem
. ,921
2.1.1, for now we can show that 1 + y' =y and 921 # 2 (mod 3).

Thus, is the parity check matrix for the binary group code which

3,12

corrects all errors occurring in single bursts of length 3 or less and

which has 1023 message places and 12 redundancy places.
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2.2. Binary Group Codes Which Correct Errors in Bursts of Three or

Iess for 0dd Redundancy

In this section we introduce the method of "cyecling" in Galois
fields. We shall use this method to obtain the codes in this section
and also to obitain certain binary group codes which correct single
bursts of errors of length 4 or less, as discussed in the next section.
We shall also use the cycling method to construct the codes in the
next chapter.

Definition 2.2.1. Iet p be an arbitrary prime. Suppose that

y is a primitive element of GF(pm) and that z is a primitive element
of GF(p™ ") m > v. Further, suppose that &, is an integer that
divides pm - 1 and that 82 is an integer dividing pm’v - 1. Consider

K8 o

.1 U2i
the vectors (y ,z ) fori=0,1, «o., { - 1. These vectors

are said to form a cycle of length f if:

(i) +they are all distinct,

and % {
o) o)
) (v Y, 2%) =0 .

1) (p™ " - 1) p -1
8182

(p" - ]
Clearly, { < This follows from y© =g

= l.

m
Lemma 2.2.1. Suppose that y is a primitive element of GF(p )

and that z is a primitive element of GF(p"V), m> v, as given in

Definition 2.2.1. Suppose that dl and d2 are divisors of pm - 1 and
pm’v - 1, respectively, such that
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m M=V
p - 1 P - 1
v, = = and vV, = F———e————
1 dl 2 d2
dli dzi
are relatively prime. Then the vectors (y , 2 )’i =0, 1, ...,

v.V, - 1, form a cycle of length v

1’2 Ve’

Proof. To prove the lemma we must show that the two conditions
of Definition 2.2.1 are satisfied. First of all, suppose that for
iy # i, (and without loss of generality we take i, > 12), 0<iy,

Svvy - 1,

ig S V5

d.i

a.i oin
2 )

ai a.i
1t ot 1t
(v z ° ") = (y

J 3

This implies that
d (i.-1i,) a,(i,~1
11 2 271 T2

v s & ) = (ljl) 3
or that the equations

dl(ll-l2

y
(2.6)

d2(11~12)

v/ =1

hold simultaneously. Thus, from (2.6) we have that

. . ] m
dl(ll - 12) =0 (mod p - 1) s
5 . B m-v
de(ll - 12) =0 (mod p 1)
are simultanecusly satisfied. Thus vy divides il - 12 and Vo also
divides il - i2' Since vy and v, are relatively prime this implies

that vlv2 divides il - 12, which contradicts the assumption that
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4l dgi
0 <iy, iy, Svyv, - land i # i,. Hence, the vectors (y = ,2 ©)

3

1i=0,1, «eo, v - 1, are all distinct. This shows that condition

172
(i) of Definition 2.2.1 is satisfied. Further,

m m- v
a.v.v a.v.v (pr-1)v (p "~1)v
112 212 2 1
(y , % ) = (y > 2 ) = (1,1),
and so condition (ii) of Definition 2.2.1 is also satisfied and thus

our proof is complete.

lemma 2.2.2. TFor any m > 1, the numbers 2™ . 1 ana mel - 1
are relatively prime.

Proof. If there is a common divisor 4 > 1 of 2™ . 1 and
gL 1, then we can write 2 - 1 as n,d and 2™l 1 as n.d, with

ny > Dye But then, since o' .1 = 2(2m'l - 1) + 1, we have nld =

2n,d + 1, giving d(n, - 2n°) = 1, which implies the contradiction
a<1.

let y be a primitive element of GF(Em) and z be a primitive

T l)

element of GF(2 It then follows from Lemmas 2.2.1 and 2.2.2

(vith a, = d, = 1) that the vectors (y ,z ), 1 =0, 1, -..,

(2™ - 121 . 1) - 1, form a cycle of length (2% - 1)(2% 1 - 1).

We shall now consider two examples of cycles of length (2m - 1)

= 1

(2 1).

Example 2.2.1. Suppose that m = 4. Then using the character-

istic polynomials 1 + y + ylL abd 1 4z + 20 of GF(EM) and GF(23),

respectively, the matrix Ch = Ch(105 x 7) is given as



1 1
v z
2 2
y 2
)
¢, = ylu Zl+
y90 Z90
10k 10k
Na Z

recalling (1) yJS = 27

27
£1000 100"
0100 010
0010 001
1001 100
1000 101
1001 101

=1, and (2) the equivalence between elements

of the Galois field GF(?m) and m-vectors over GF(2). Cu represents

the cycle of length 105.

Exanple 2.2.2. Suppose
is 5
[given- (with 1 + y° + y° and 1

in y and z) as

- -
v Z

¢ = ° 20

57 -3.---F..
¥434 Zu3u
“u6l L6k
N 2

+

= 5, Then the matrix C_ = 05(465 x 9)

5

z + z as characteristic polynomials

T 10000 1000
01000 0100
01001 1000
10000 1001
01001 1001
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Thus C5 represents a cycle of length 465.

We now formulate the following theorem.

Theorem 2.2.1. Suppose (y;,zl), i=0,1, ..., el l)(em’l;l)

- 1, m >k, form a cycle of length (2" - l)(em’l -1). Ieto, ¢,

/

0 (
T and N be defined as: 1l +y=y , 1+ y+ y2 =y, 1L+ 2z = ZT, and

1+z+2°=2". Nowlet D ((2" - 1)(2m’l - 1) x

3,2n+l = D332m+l

2n + 1)} be given as

1 1 1
y Z w
= . 2
D592m+l i y2 b w2 ?

y , NP (o | \ . - . .
where { = (2" - 1)(2™ " - 1) - 1, w is a primitive element of
2 i i 4
GF(27) | and the elements y » % » W can be reduced by use of the

e Em;l ‘QmPlFl z
relations y = Z = w = 1. (1) If m is even, a necessary

and sufficient condition that D have property B5 is that © %

3,2m+l
2 (mod 3); and (2) if m is odd, & necessary and sufficient condition

that D have property B_is that T # 2 (mod 3).

3,2m+l 3

Proof. Suppose first that m is even. Iet us now define 81 as

a ;s 1 i i
5, = (v, 24, )

for i =0, 1, ..., (2% - J.)(em‘l - 1) - 1. First, the elements of
the vector set {61.3 , i =0, 1, couy, (2% 1)(2"% - 1) - 1, are all
distinct, because (y~, z¥), 1 =0, 1, ..., (2% - 1)(@™* - 1) - 1,

form a cycle of length (2" - 1)(2m’l - 1). Next, consider the vectors
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o i+ i4r 142
B, + 8, 4 = (v, 20, w )

for 1 =0, 1, ..., (2% - 1)(2% 1 - 1) -~ 1. The elements of this vector

set are all distinct, for if

6,+5,’ =8, + b,
i i+l i, 12+l

e 1

for i) #i,, 0 <iy, 1, < (2™ - 1)(2™* - 1) - 1, then the equations

1l+Q 12+O
y =¥ )
1l+T i2+T
Z = gz 5
1l+2 12+2 ,
W = W

z " =z R

hold simultaneously, contradicting that (yl,zl), 1 =0, 1, ...,

e 1

(2™ . l}(2myl - 1) - 1, form a cycle of length (2" - 1)(2 - 1),

Slmilarly, the elements of the vector set Ehbi + Si+23 , 1 =0, 1,
e, (2% 1) (™7t 1) - 1, are all distinct, and the elements of
) . m =1

the vector set Ejéi + 61+1 + 61+2§ , 1 =0, 1, ..., (27~ 1)(2 - 1)

for some i and j,

- 1, are all distinct. UNow, if Si = Sj + 8j+l

i £ j, then the equations
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i j+0

y = YJ »
Zl - ZJ+T ,
Wl - wJ+2 ,

held simultaneously. Since m is even, implying that GF(22) is a
subfield of GF(2™), it then follows that
i = J = Q 5

2 (mOd 3) )

.
1
Cue
i

hold together. This is possible if and only if © = 2 (mod 3).
Similarly, the i-th element of the vector set i 61.3 will equal the
j-th element of E o, + 81+2j3 if and only if © = 2 (mod 3), and the
j=th element of the vector set {8. + O, 3 will equal the k-th
i i+l

Ie i s
element of the vector set t.ai + 61*?3 if and only if © = 2 (mod 3).
Finally, the elements of vector set E‘Bi + 81+1 + 81+é§ are all dis-
tinet from the elements of the other vector sets since each element of
this set contains a zero in its last position while the elements of
the other vector sets contain non-zero quantities in this last posi-
tion. Thus, a necessary and sufficient condition that D3 o] POSSEss

b

property B_ is O £ 2 (mod 3). When m is odd, m ~ 1 is even, and an

3
argument completely analogous to the foregoing establishes T #£ 2(mod 3)

as a necessary and sufficlent condition that D possess property B

3,2m+l 3"
We now discuss the efficiency of these codes. For the case

with even redundancy we showed earlier that the binary group codes

whose parity check matrices possess property B3 have maximum efficiency.

For the odd redundancy cases the efficiency will not be maximum .
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Theorem 2.2.2. ILet the efficiency of the code corresponding

to D3,2m+l be given as a, Then

(1) @ eE™t .

8 p
m 22myl -1

(11) =&

L > W i.e., a, is a strictly increasing function of the

integer m; and

(iid) lim & = 1.

m——> ®

Proof. (i) By Definition 1.h.1, a_= n/n where n = (2" - 1)
(2% 2 1) ana
pomtl om-
no = 5 = 2 - 1 .
2

Thus,

_ " N el

a

m

(ii) Follows immediately because

22m+l _ 2m+l . 2m +1 S 2em-l - 2m 2m—l +1

(22m+l - 1) (Eem, 1)

is easily verified.
mel moame L

(14i)  lm 8 = 1 sk
m—>a@ & pe—>o00 2%t
1. ot -l 1
- 1im 22m.-1 22m~l 22m—l
m = > 1 - 1
22m~l
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Example 2.2.1. Iet m = 4; then we have,

1 1 1 1000 100 10
y Z W 0100 010 01
N 2= W 0010 001 11

3,9

™ s e am we w e e v e e w m e om e ew wm e e ae e e

104 10k 104
y Z W

e e b ———d
where y + y + 1 is the characteristic polynomial for the elements

3

<

i . s ons ] i
Yy, 27 + 2 + 1 is the characteristic polynomial for the elements z™,

and wg + w + 1 is the characteristic polynomial for the elements W

Thus ylL =y + 1 and so from Theorem 2.2.1 it follows that D5 9
>

possesses property B From Theorem 2.2.2 we have that

5t

_ (2” - 12 - 1) 105
- (27 - 1) T 1eT o

a .827
Thus, D5 9 is a parity check matrix for a binary group code with
2
105 message places, 9 redundancy places, and efficiency of .827, which

corrects errors occurring in bursts of 3 or less.
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Example 2.2.2. ILet m = 5; then we have

1 1 1 10000 1000 10

¥y 2 W 01000 0100 01
70 P03 01001 1000 10
SR B S R L
sk WSk hsh 10000 1001 11
yLLéLL zhélL WMDJ+ 01001 1001 11
o — - .
where y5 + y2 + 1 is the characteristic polynomial for the elements

;y':L and zh + 2z + 1 is the characteristic polynomial for the elements
z*. Here m is odd, and so, since zu =z + 1, it follows from
Theorem 2.2.1 that D5 11 Possesses property B,. From Theorenm

2

3
Theorem 2.2.2 we have that

N CE DEY . 1) bes
5" 2 - 1) T 511

= ,910

Thus, D3 11 is =4 parity check matrix for a binary group code with
3
L65 message places, 11 redundancy places, and an efficiency of .910,

which corrects errors in bursts of 3 or less.
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Example 2.2.3. Iet m = 10; then if we take for the alements

i 1

yl the characteristic polynomial y"o + y5 + 1, and y' = y5, we have
1 1 1
y' A W

2 2 2
y Z w
Dy o1 = : : : )
,9%2,T52 522,15 582,752
. . 9. 8 b
vwhere we take as the characteristic polynomial for z, z° + z + =
+ zj + 22 + % + 1. Since m is even, and since y‘921 =y + 1, it

follows from Theorem 2.2.1 that DB,El possesses property B3’ From

Theoren 2.2.2 we have

10 9 .
a.. = (2 ..._})(2 = l) = 5?2’755 = =99'.7
10 (2L9 - 1) 524,287

Thus, a parity check matrix for the binary group code with

D3,21 is
522,753 message places and 21 redundancy places, and an efficiency of

.997, which corrects errors in bursts of 3 or less.

2.3. Binary Group Codes which Correct Errors in Bursts of Four or

or Iess for the Following Redundancies: ry = Bkl + 1,

r, = Mk, and rj;;hk;r__a---a, vhere ky > 3, ky 2 3, end ky > 2.
Reiger_[ml%;7 has constructed parity check matrices for the
following binary group codes which correct errors in bursts of 4 or
less:. (1) r=8,n=18 (2) r=9, n=34 (3) r-= 9, n = 38;
and (4) r = 10, n = 64. The methods developed in this section will

show how we can obtain a binary group code which corrects errors in
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bursts of 4 or less for which r = 10, n = T3, thus bettering Reiger's
code for redundancy 10. His codes for r = 8 and r = 9 have as yet
not been bettered.

Consider the matrix Dh = Du(n x r) where the elements of DLL are

elements of GF(2). We can write D, as follows:

where each ai is a row vector of dimension 1 x r with elements from
GF{2). By Theorem 1.2.1 a necessary and sufficient condition that the
binary group code corresponding to Dh correct all single bursts of
errors of length b4 or less is that the following sets of vectors be

distinct:
(2.7 e 1Dy, €50 5% SuPus €sPys SiePue &Py SPn
vhere 1 = 1, ..., n, and where

N

)
1
—~
lo]

A
O
o
“»
=
o
ot
s
A
O
N
o

(o]
]
—~
(@]

o
(@]
-
s
A¥)
@]
o
)
-
™
(@]
~
-
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< %

&), = (0, 0, vvvy, 1,1, 1, vu., O) ,

1>

€6 = (0, 0, vvvy, 1,1, 0, 1, , 0) .
¥
d

€7 = (0, 0, vev, 1,0, 1,1, ..., 0) s
*

eg=1(0,0, .0., 1,1, 1, 1, ..., 0)

The star indicates the i-th position of eij’ j=1,2, ..., 8. Per-
forming the required multiplications in (2.7), we obtain the follow-

ing sets of vectors:

(2.8) @, , i =1, «ve, 1 ;
{2.9) o+ QL s i=1, «v., n 5
(2.10) o + 0y g s i=1, ou, ;
(2.11) Oy O F O R i=1, ..., n ;
(2.12) o+ ai+3 s i=1, , n ;
(&Bhﬁ+%ﬂ+%ﬁ s i=1, ..., n ;
(2.1k) o O % 3 s i=1, ..., n ;
(2.15) ay + o)+ + ez P=l, s



Thus, if the vectors in (2.8)-(2.15) are all distinct, D), is the
parity check metrix for the binary group code which corrects all
single error bursts of length 4 or less where the number of message
places is n and the number of redundancy places 1s r. This leads us
to the following definitioun.

Definition 2.3.1. We shall say that the matrix Du possesses

the property By, if the vectors in (2.8)-(2.15) are all distinct.
Thus, property Bh is a necessary and sufficient condition for
Dh to be an appropriate parity check matrix for a binary group code
that corrects all error vectcors which contain a single burst of
length 4 or less.
We consider first the case where r = Ekl + 1, k1_£.3' Suppose

3k,
that y is a primitive element of GF(2 J‘) and let

£ 5k ~
D - D | (e ( 1) :
L. 3k +1 T YL L3k +l! (*“'”““““* X 5k i, be the follewing
matrix i
1 1
y7 1
- ylh 1
D = . ]
4,5k1+1 B : g
3k
1
yz -8 1
where y i is equivalent to the 3k.-vector, with elements from GF(Q)

1
which is the coefficient vector of the (5kl-l)—th degree polynomial

i
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in y representing ;l". Thus O, as given in (2.8) is (y(l,l), i=0,
; BKl
1, vse,=m—= . 1. Since T divides 2 - 1, we can choose the

T-th powers of y and not destroy the cyclic property of Dy .
u,)k1+l

The placing of a one in the last position of ai divides the vectors
{2.8)-(2.15) into two classes for codes with these parity check
matrices - those vectors with a one in the last position and those
vectors with a zero in the last position. Thus, in obtaining condi-

tions to assure that D4>5k1+l possess properly Bh’ we need only obtain

conditions for assuring that each class of vectors - those with a one
in the last position and those with a zero in the last position - is
distinct. We can now state the following definition.

Definition 2.3.2. We say that

(2.16) O +oay O e F ai+ﬂ/-2ai+{(-2 + ai+{(-l )

€ GF(2), 3 =1,2, voeu, { - 2, is an even burst vector if (1)

i+
there is a one in the last position of ai+j for j =0, 1, oo, { - 1,

and (2) there are an even number of terms in (2.16). We say that

(2.16) is an odd burst vector if (l) there is a one in the last posi-

tion of 0 yyTor J = 0, 1, oo, { - 2, and (2) there are an 0dd number

of terms in (2.16).

3k
- =y
Thus, for the case o, = (y'*,1), 1 =0, 1, ...,———ﬁr—- -1,

we can divide (2.8)-(2.15) into even and odd burst vectors. We can

now state and prove necessary and sufficient conditions that Dh 3k 41
2L
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possess property BM' 5kl
Theorem 2.3.1. Let us set 0= (y7l,1), i=0,1, Ei-ﬁrl—l; - 1.
Now let us divide (2.8)-(2.15) into the even burst vectors and odd
burst vectors as follows:
0dd Even
. Ti+a
T _ b
Q:l - (y 3 l) 2 ai + al'f’l - (y )O))
7:'L+al '(i-.L?.aLL
R R P ¢ 1),y r oy, = (y 0),
Lo Tita, . ., S Tit+a.+a
N 2 2 4y . ) V] 1%
Ti+a Ti+3a
o +o, _+a .= (y 2,1),q +0a . +0q _+0 = (y uo)
i 142 i+3 N A ] i+l i+2 i+3 2T
where
T, Ak f1 (O
l+y +y =y s l+y =y s
a 28
21 2 1k b
1+ y7 ty =Y s L+y =y s
1 o1 %qTey
l -+ y + y = y 3 3 l + y e 3
) 2 3,
l+y7+yl+-ryl=ylL

Then necessary and sufficient conditions that Dh 3K 41 possess property
2 l
BM are:

(1) o, a5 84, and &, are all distinct (mod 7);

>
(2) o, &y, 2a) and a, are all distinct (mod 7.
Proof. Condition (1) is necessary and sufficient to insure

that the odd burst vectors are all distinct, and condition (2) is

necessary and sufficient to insure that all the even burst vectors are
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distinet. Thus (1) and (2) taken together are precisely conditions that

Dhy5kl+l possess property B .
We now calculate the efficiency of these codes.

Theorem 2.3.2. Ilet the efficiency of the code corresponding to

Dh,5ki+1 be given as bﬁk e Then
1
3k
1
. _(2 " - 1)
(1) b3kl+l T TTT3K2
7(2 - 1)

«a \ - . . s .
(ii) b5kl+l < bB(kl-l)+l’ i.e., b3kl+l ig a strictly decreasing

integer function of kl;

(iii)  lim
K, —>

) = 4/7.
o Skl

Proof. (i) By Definition l.h.lﬁb = n/no, where

5k1+l
3k
L2t
7
and
3k -2
n = =2 l "‘l .
o
3k,
ot
Thus, b5k1+l = e . (ii) and (iii) are proved in a menner
7(2 - 1)

completely analogous to the proof of (2) and (3) in Theorem 2.2.2.

We present the following example of this method.
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Example 2.%3.1. Let k. = 3; then r = 10, and Dh 10 is given as
J

1
1 1]
y! 1
1k
Dy 10 = y 1 )
Ok 1

where y is a primitive element of GF(29) satisfying the characteristic
polynomial y9 + y8 + ylL +-3; +-y2 +y+1=0. With the characteristic

polynomial as given above, we have:

0dd Even
1+ y7 + ylh - y575 , 1+ y7 - y29 ,
T < T
1+ ylu + yal = ;y‘s‘,’L 5 1+ yEl = yAOM s

1 +‘y7‘4 ylu . le _ ye7

Thus 8, = L5, o, = 379, a, = 34 and a, = 29, Hence, 0, 375, 379 and

3
3L are all distincet (mod 7) and 0, 29, 58 and 375 are all distinct
(mod 7). Thus, by Theorem 2.3.1 and Theorem 1.2.1, Dh,lO represents
an appropriate parity check matrix for the binary group code which
corrects all error vectors containing a single error burst of length L
or less, where n = 73, r = 10. We note that Reiger'[_l§;7 constructs
8 parity check matrix for the binary group code which corrects all
error vectors containing a single error burst of length 4 or less, where
n =6k, r=10. Thus the code represented by Dh,lO represents an im-

provement over Reiger's code in that we obtain 9 extra message places

at no extra redundancy cost.



Lo

The efficiency of the above code is

10~

We next consider the case where r = hkg, kp_z 3. let y be a

by b
primitive element of the Galois field GF(2 e ) and let z be & primi-

" )+ }"'ke" Ll'
tive element of the subfield GF(2') of GF(2 ).

Again we should
note that y! is equivalent to the (hk2 - b)-vector, with elements from
GF(2), which is the coefficient vector of the (hke ~ 5)~th degree
polynomial in y corresponding to yi. Similarly, zi is equivalent to
the b-vector, with elements from GF(2) which is the coefficient vector

of' the 3-rd degree polynomial in o correspondingdtouzl. Now let

L -4
D| 1. = th x s 2 N g
RFLI N 4ol L_(Q - 1) % hke} be the following matrix:
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- —
1 1
v Z
1k 1k
Z
¥ 1
Dh,hkz = yl6 z
y29 Zlu
Ly -l
2
g§ T =16 1
by -4
2 2 - 2 zlu
R

Thus 0 as given in (2.8) is (y*,2z") where o 1, i =0, 1, ...,

th'u - 2. TFor matrices of the form D there is no column of 1's
2 h,4k2
added, so that in considering necessary and sufficient conditions that

Dh,hkg have property BA’ we cannot consider odd and even burst vectors.
We now state and prove necessary and sufficient conditions that

D

h,hkg have property B).

Theorem 2.3.5. Iet us set @ = (y ,z), 1 =0, 1, ..., 2 -2,

Thus we can write (2.8)-(2.15) as follows:



(2.17) o
(2.18) @y
(2.19) @
(2.20) oy
(2.21) o,
2.22) o
(2.2%) o,
(2.24) o,
where 1 = 0, 1,

i

!

1

t

i}

It

and, using as a characteristic polynomial for the z's =z

also have:

1 +z + 2
l+2z + 2
2
l+z + 2

)

+z + 1, we

Ll
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Then, a necessary and sufficient condition that Dh Lk have property Bu
2

is that 0,b,-10, by=T, b,-13, bu- , 2b-8, bl+bu«lh and 3b)-12 are all

1"
distinet (mod 15).

3

Proof. (1) Suppose that Dh,hkgau has property By . Then the

vectors (2.17)-(2.24) must be all distinet. In order for this to occur,

we must have that O, b,-10, b,-T7, b-13, bu-H, Qbh'8’ bl@bualh, and

1 3

3bh=12 are all distinct mod 15 .
(2) Conversely, if these eight quantities are all distinct

mod 15, then the vectors (2.17)-(2.24) must be all distinct, that is,

D has property By .
Y 9,+kg b L"kg" L.
If, for a given primitive element of y of GF(2 ¥, thé

quentities 0, b,~10, by-T, b3-l5, bh-u, 2b4-8,'bl¥bh~lh, 3b),~12 are
not all distinct mod 15, it is often possible to find a new primitive

Wi, -k -
element y' = yT vhere T and 2 2 - 1 are relatively prime, such that
k]

the condition is satisfied for the primitive element y'. It has not
been proved that such an element will exist for all kz, but we do show

it does exist for k., = 3 in the example below.

2
Example 2.3.2. Suppose k2 = 3, ILet y be the primitive element

of GF(“S) which satisfies the characteristic polynomial equation

y + v v3 + y + 1 =0, and; as in Theorem 2.3.3, let z be a primi-
tive element of GF(2 ) having zlL + z + 1 as a characteristic polynomial
in the field GF(EA). We camnot use y directly because the condition of
Thecrem 2.3.3 will not be satisfied. Thus we let y' = y7 be our trans-

formation. Since 255 and T have no common divisor > 1, y' is again a

primitive element of GF(28). Now let Dy ., =D l2(255 x 12) be the
bl 2



the following matrix:

L

— t
Dy ;12 7 ¥

We thus obtain the following equations:

1+ y +y'2=

Thus, b, = 204, b, = 215, b

1

1 125, and by,

es o I

- ea e

- e s

1k
Z

Hence,

Le
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(2.25) b, - 10 = 19% - 14 (moa 15)
(2.26) b, - 7 = 208 = 13 (mod 15)
(2.27) by - 13 =112 = 7 (mod 15)
(2.28) by, - L = 12 = 12 (mod 15)
(2.29) 2b) - 8 = 2b = 9 lmod 15)
(2.30) b, + b - 4 = 206 = 11 (mod 15)
(2.31) 3b, - 12 = 36 = 6 (mod 15)

Thus, (2.25)-(2.31) show that O, b.- 10, by - T, by = 13, by - L,

1 3
2b4 - 8, bl + bh - 14, and §bh - 12 are all distinct 'mod 15, insuring
that D4,12 possesses property Bh' Thus, by Theorem 1.2.1, Dh,12 is an
appropriate parity check matrix for the binayy group code which corrects
all error vectors containing a single burst of length less than or equal
to 4, where n = 255 and r = 12.

We now derive the efficiency of the codes represented by Dh,hkg'

Theoren 2.3.4. Iet the efficiency of the code corresponding to

DM,HKQ be given as b4k2° Then

?hkg-h .
(1) b = = Ball
L Ik -3 ’
2 2
2 -1
(11) o), >b s
(k2+1) hkg
(111) lim by, = 1/2
kz-———> w 2
ukz-u
Proof. (i} By Definition 1.k.1 by, = n/no, where n = 2 -
2
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hic -k
Thus b, _ 2 ? - (ii) and (iii) follow immediately from (i)
2 = Thpyz - () end (411 y :
2 -1
For the code described in Example 2.3.2 we have bl? :-%%%

= .h9g,
To conclude this section we show how the method of "cycling" is

used to construct parity check matrices for binary group codes possess-

ing property B, with redundancies of the form th + 3, k5'2 2. We
shall first need the following lemma.
. m - 1
lemma 2.%.1. Let m be an even integer > 4:  then ~ and

-2 3

2___3:__ are relatively priume.
2% .2 pf-2
Proof. Any divisor of 5 and 3 —= must divide their
m M= 2
difference. However, we have that 2 3“ 1.2 3 -1 erg, a pure
m_o 2m~2 -1
pover of 2, whereas 3 and-m——3—--— are both odd. Thus the only

possible commen divisor for these numbers is 1.

2k _+2 2k

= l)(2 e l_) -1, be a

et (y5,29%), 1 =0, 1, ..., (2 : .

a cycle; ‘then, by Lemmas 2.2.1 and 2.3.1, the vectors (y31,251)

2

2k +2 2k
2 3 1.2 2.1
i=0,1, «v., ) ) - 1, form a cycle of length

*

3 >3
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2k_+2 2k
3 3
(2 3 - l)(2 3 - l) Hence, defining the matrix DM bk 45 -
>3
2k _+2 2k
) (2 7 -1 2.1
Dhﬁukaa{" { x (MKB + 5?] , where [ = :  as
-—l l l«.—.
yZ) Z3 l
2k_+2
_ 2k_+2 3
Dl{-,h-k3+5 - yg 3 - k& 22 - L 1
764-0) S0

all the row vectors in Dh bk +3 are distinet. We can now state
2703

necessary and sufficient conditions that the matrix Dh Lk_+3 possess
2

3
property Bh'

Theorem 2.3.5. We can set @ = (yil, 231, 1),1i=0,1, ...,

2k_+2 2k
_— 2 2 L o .1 o
ViVp = 1, where v, = 5 and v, = ———5—= . Since as 1

cccurs in the last place of ai for all i, we can divide the vectors

(2.8) - (2.15) into even and odd burst vectors as follows:



0dd

(2.32) o = (PF, 22, 1)
31+cl 51+dl
(2.33) o 0L O = (y .z , 1)
3i+c 3i+d,
) _ 2 2
(2.34) O Ot = (y s T , 1)
3i+c 3i+d
: = (~ 3 3
(2.35) O Oy T, = (y , Z , 1)
Even
5i+C)+ 5i+d)+
(2.36) o oy = (y , Z , 0)
3i+2c 3i+2d
(2.37) A + g = (y u’ z u: 0)
3i+c, +eC 3i+d. +d
(2.38) o+ o =y + u} 2 1 u’ 0)
51"‘5(:4 51"["5(11!-
(2.39) A IR AP ai+5 = (y , z , 0)

where 1> Cos c5, ), dl’ de, d5 and dh are defined as follows:
14y 4 y6 = ycl s
14y y9 = yce 5
14y +y = yc3 ;
1+ y3 = ycu >
1+ 25 + 26 = zdl 5
1+ 23 + 29 = zd2 5
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Then necessary and sufficient conditions that Dh bk_+3 possess property
5

3
Bh are:

(1) (0,0), (cljdl), (ce,dg), and (ca,da) are distinct two-
place vectors, where each c:.L and dj is reduced mod 3;

(2) (Ch’dh)’ (2ch,2d4), (cl ey, A dh)’ and (304,3du) are
distinet two-place vectors, where again each component of each vector
is reduced mod 3.

Proof. Condition (1) is necessary and sufficient to insure
that all the odd burst vectors are distinct, and condition (2) is
necessary and sufficient to insure that all the even burst vectors are
distinct. Thus (l) and (2) taken together are necessary and sufficient

that Dh,hk have property Bh'

+3
3
We now calculate the efficiency of these codes.

Thecrenm 2.3.6. Let the efficiency of the code corresponding to

Dh,hk +3 be given as th3+3° Then

3
2k 42 2k
(1) b 22 el
hk3+3 4k§ 2
A2 7 - 1)
(i1) bu(k3+1)+5 > bhk3+3 .

(iii) lim b = 4/9
k, —> o0 hk3+3

3
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Proof. (i) follows immediately from Definition 1.4.1 since

2k_+2 2k bk +3
3 : 3 N 3 Lx
n:(2 _l)(g -1), n = _%_“._7.;1‘ = 2 3-.-]_
9 o o

(1i) and (iii) follow easily from (i).

Example 2.3.%. Let k, = 2; then Dh 17 is given as follows:
S11

3
1 1 1]
y3 25 1
Pyia = o .
Jl2 12

where y is a primitive element of GF(26) and has gs its characteristic
polynomial y6 +y+ 1, and is a primitive element of GF(Eh) and its

characteristic polynomial is 2z + z + 1. We thus have the following:

-

'__l
+
+
‘40\
1
e
|__l
N

'__I
+
+
Q<:\O
it
N
=

P
+
ICN
i
“x
n
>

L+ +20 =4 ;
i+ z3 +- 29 = zh 5
1+ 26 + 29 = zlO B
1+ 20 -
Thus,
c, =13, c, = ek, ey = b9, ¢, =32
d; =8, 4, =4, a5 = 10, @, =1k
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Condition (1) of the theorem is satisfied because (0,0), (13,8),
(2k,k), (49,10) are distinct vectors, where each element of each
vector is reduced mod 3. Condition (2) is also satisfied since
(32,14); (1,13); (45,7); (33,12) are distinct vectors where each
element of each vector is reduced mod 3. Thus, Dh,ll possesses
property Bh and hence is an appropriate parity check matrix for the
binary group code with n = 105, r = 11, which corrects all error vec-
tors containing a single burst of length % or less. The efficiency of

this code is:

- 105 |
by = 555 = L2
Example 2.3.4. ILetk_ = 3; then Dh 1 is given as follows:
> »15
1 1 1
y:B 2'3 1
Dy 15 = : . :

932 5E%R

where y is a primitive element of GF(28) and has as its characteristic
i 8 L ; 2 .
polynomial ¥y + ¥y + +y + 1, and z is a primitive element of
GF(26) and has as its characteristic polynomial z6 + gz + 1. In order
to satisfy Theorem 2.3.5 it was necessary to transform y and z into
13 5 .,
nevw primitive elements y' = y”’, and z' = z7. We thus obtain the

following:
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L4yt y’6 -y & )
1eyday? p®
1+ y'6 wy? =yt
1+ y'3 = y'67 s
1+ 2'3 + z’6 = 2’35 5
1+ 2'5 r2? = z'n s
1+ 2'6 + 2'9 = Z'h8 s
1+ 2‘3 = 2’55
Thus,
¢, = 217, ¢y = 27, c5 = 101, ¢ =67
a, = 35, dy =2, dy = L8, 4, =55

Condition (1) of the theorem is satisfied because (0,0); (217,35);
(27,2); (101,48) are distinct vectors, where each element of each
vector is reduded mod 3°. Similarly it id"&asily shown

that condition (2) of the theorem is also satisfied. Thus Dh,15
possesses property Bh and hence is an appropriate parity check matrix
for the binary group code, with n = 1785 and r = 15, which corrects
all error vectors containing a single burst of length 4 or less. The

efficiency of this code is:

_ 1785
bl§ = 7055 © RIS



CHAPTER III
P-NARY LINEAR CODES WHICH CORRECT ERRORS IN BURSTS OF LENGTH 4 OR

LESS, FOR p = 3, 5, AND 4 = 2, AND FOR p = 3, d = 3.

3.1, Golay Codes.

Golay /10 / describes the following method for the construction

. . N - 5P [m.
of single ??ror correcting p-nary codes. ILet Bl,m+l = El,m+l (p-1)
x (m + 1) f be the following matrix:
1 17
y 1
1Y _ 2 P
El,m+l - 4 1
o
el 1
L -

where y is a primitive element of GF(pm),P > 2, and the last column
is filled by a column of ones. Again we should note that yi is
equivalent to the m-vector, with elements from GF(p), which is the
coefficient vector of the (m-1)-th degree polynomial in y represent-
ing yi. Now, by Theorem 1.2.1, a necessary and sufficient condition
that Eﬁ,m+l be an appropriate parity check matrix for the p-nary
linear code, with n = pm - 1l, r=m+ 1, vhich corrects all single
errors, is that the vectors

5 = [;’i’l] »
20, LQyi,EJ ,

ﬁp - Uy, p- 17

il

H

(p- 1),
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m
be all distinet for 1 =0, 1, ..., p = 2. These vectors are all

distinct because

(i) each set

i i
k&i = ka ,k] ,

. . ; m . F ta . .
L<k<m1l, i =0, 1, ..., p-2, contains p distinct vectors since

[

ky~ represents all the distinct non-zero elements of GF(pm) as 1 goes

from O to pm - 2,

| b L
(1) Wy = [k k[ Asd = [ay
1 e 2 — e

e

for any il % i2 and k # J, since these vectors differ in the last place.
The efficiency of these codes is derived from Definition 1.k

as follows. n = Iﬁl- 1, and

0 - pm+l -1 i} pm+l o1 '
@] p - l p - l 2
therefofe, letting C§+l represent the efficiency of these codes, we
have
m
(3.2) S e -,ﬁi)l(p -1 .
(7~ -'1) -

Clearly, (3.1) is a strictly increasing function of m and:
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Example %.1.1. For an example of a Golay code, let p = 3 and

m = 2; then E5 is given by

1,3

11 1 o 1]
y 1 0 1 1
y2 1 1 1 1
y5 1 1 2 1

EiB - Sl =2 o 1],

y5 1 0 2 1
y6 1 2 2 1
g0 1 2 1 1

L. ] beme —t

using the characteristic polynomial y2 -y~ 1 for y. Hence, Ei}5

represents an appropriate parity check matrix for the ternary linear
code, n = 8, r = 3, which corrects all error vectors containing a

single error. By (3.1) we have:

5 _(3°-1(-1) _

- .615
3 3.1

c

RS

3.2, Ternary Linear Codes Which Correct Consecutive Errors in Bursts

of Two or less

Thus far there is no general method for constructing p-nary
linear codes which correct all error vectors contalning a single burst
of length two or less. However, in this section and in Section 3.3 we
shall derive methods for cbtaining such codes when p = 3 and p = 5.

5 @3 , .
Let EE,r = EE,r(n x r) be the following matrix:



(64
0
E5 = o
2,r 1 ?
o
n-1
where ai, i=0,1, .., 2=1, is a 1 x r row vector with elements from

5

GF(B). Then a necessary and sufficient condition that Eg
2

r be an ap-
propriate parity check matrix for the ternary linear code which cor-

rects all error vectors containing a single burst of length two or less

is that
(3.2 o, )
(3.3) 20, ;
(3.4) o+ 0 ,
(3.5) 2o + 20y ,
(3.6) o +20 ,
(3.7) Eai +

- 3

all be distinct vectors for 1 =0, 1, ..., n-1. This follows from

7

Theorem 1.2.1 after we perform the required matrix multiplications
of the form €, Eg’r for 1 =0, 1, .oo, n-loand § =1, 2, ..., 6,

where

(0,0, ..., 0,1,0, ..., 0) s

[
fl

il

i2
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e..=(0,0, ..., 0, 1,1,0, ...

il
*
\Z
€5 = (0, 0, vvv, 0,1,2,0, ..., 00 ,

€¢ = (0, 0, «v., 0, 2,1,0, ..., 0) ,

in which the star denotes the i-th position of eij' This leads us now
to the following definition.

Definition %.2.1. We say that the matrix Eg,r possesses
property T, if the vectors in (3.2)-(3.7) are all distinct.

For codes with even redundancy, Elspas 1—8;7 describes the fol-

lowing method for constructing ternary linear codes which correct all

single errors and all double adjacent errors. ILet Eg -_— be the
metrix B2 =5 —"(ég;:—}}x {m + 1) | given bj
2,m+l - “2,ml | 3 { | 8 J
1 1
312 1
L
- =
E2,m+l | J 1

z 2

o 1

where y is & primitive element of GF(5m), m >3 is odd, and the last
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column is a column of ones. Again we should note that yi is egquivalent
to the m~vector, with elements from GF(B), which is the coefficient
vector of the (w-1)-th degree polynomial in vy representing yi. We are
now 1n a position to state and prove the following theorem.

Theorem 3.2,1. A necessary and sufficient condition that

Eg,m+l’ m odd, possess property T2 is that there exist some primitive
2k

element y of GF(Bm) such that 1 + y‘2 =y , il.e., 1 + y2 is an even
power of y.
Proof. For the matrix Eg ey’ The vector sets (3.2)-(3.7)
2

becone:

(3.2") a, =4y, 1/

’_l
r\-
!
g
“
Oy
{
S
<
o
)
“»

(5°}+') ai + ai'i"l = /ygj-(l + yg):a 27 P)

.
R " /234
(3.5") QOéi + P'Oéiﬂ-l& [;yel(l + ¥, 17 = Zy

(3.6") o +20 . =[ygi(l + 259), 87 ,
i i.+l[y(2+y),i)/ Ly (1 + 2y ,j .
First of all, the elements of each vector set are distinct because
o1 4221 o1 + 3=l

2 2

21 21 2 2
each of ¥y, ¥y , vy (L+y), ¥y (L +y),
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m
. 5 -1

. 21 + m

ygl(l + 2y2) and y 2 (1 + 2y2), i=0,1, ..., ég:é - 1,repre-

9

sents ég:% distinct non-zero elements from GF(Bm). By comparing the
last place of each vector set we see that no element from the set (3.2')
could be equal to any element of the sets (3.3'), (3.4'), (3.6'), or
(3.7'). Similar comparisons hold for the sets (3.3') and (3.41)
compared with the sets (3.5'), (3.6'), and (3.7'), and also for the

set (3.5') compared with the sets (3.6') and (3.7'). Further, since m
is 0dd, (3™-1)/2 is odd so that no element of (3.6') could be equal to

any element of (3.7'). If, say, the j-th element of the set (3.3')

were equal to the k-th element of the set (3.4'), then

2

this can occur if and only if 1 + y2 is an odd power of y. Similarly,
the j-th element of the set (3.2') will be equal to the k-th element
of the set (3.5') if and only if 1 + y2 is an odd power of y. Hence,
a necessary and sufficient condition that Eg,m+l possess property T2
18 that 1 + y2 be an even power of y.

We now derive the efficiency of these codes. By Definition

1.4.1 we have

n=_3._n.1,:__f_L n = ﬂl-l
2 ? o) 6 ?
since r =m + 1, and s = 3. Thus,
m
n =221 s
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and n/n0 = 1. These codes thus have maximum efficiency.

Ixample 3.2.1. Let m = 3 and let y be the primitive element
3

2
of GF(BB) with characteristic polynomial y* - y - 2, Since 1 + ¥y

= ygl for this characteristic polynomial, we need make a transforma-
2k

tion y' = yTsuch that 26 and T are relatively prime and 1 + y? =y

so that the condition of Theorem 3.2.1 is satisfied. ©Such a trans~

2 22

formation is y' = y°, for which 1 + y'g = y' , We can thus write

3 - .
EQ,M as follows:

B 100 1]
12 1 011 1
. 1 112 1
e 1 021, 1
8 ]
NG 1 020 1
110 1 122 1
3 12 )
B ) = ¥ 1 - 202 1
i 1 i 101 1
116 1 001 1
118 1 201 1
120 1 200 1
B 1 111 1
o 1 120 1
L 3 = -

Thus, by Theorem 3.2.1 and Theorem 1.2.1, Eg L is an apprepriate
2
parity check matrix for the ternary linear code, n = 13, r = 4, which

corrects all error vectors containing bursts of length two or less.
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Example 3.2.2, ILet m = 5 and let y be the primitive element
)

of GF(35) with characteristic polynomisl y
L6

4
1+ y2 =y , so that we can write Eé G 88
2

- ¥y~ 2. We then have

1 1 | 10000 1
¥ 1 00100 1
: 1 00001 1
. ;
Eg 6= y6 1 = 01200 1
)
| 2ko 1 10022 1

Hence, by Theorem 3.2.1, Eg,6 possesses property Tej and thus, by
Theorem 1.2.1, Eg,6 is .&: parity check matrix for the ternary linear
code, n = 121, r = 6, which corrects all single and double adjacent
errors.

We now use the method of cycles to obtain ternary linear codes
which correct consecutive errors in bursts of two or less when the
redundancy is odd and of the form hml + 1.

Lemma 3.2.1. Suppos= that m is odd, m > 3; then the integers

3 . 1 and (Emre - 1)/2 are relatively prime.
Proof. Iet d be the greatest common divisor of Bm - 1 and
(Bm’g - 1)/2. Then d cannot be even since (5mﬁ2 - 1)/2 is odd, and

also d capnot be g multiple of 3. It follows that d must divide the

difference (3% - 1) - (5m"2 - 1) = 23-3mF2 and this implies that

d=lo

Thus, by Lemmas 3.2.1 and 2.2.1, (¥, z°5), 1 =0, 1, ..., {-1,
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(3" - D21
2

form a cycle of length , Where y is a primitive

element of GF(3"), z is a primitive element of GF(Bsz), m is odd and

- DGR
5

> 2. We can now state and prove the following

m
greater than or equal to 5, and f = ( . Let us now

set m = le + 1, m

1
theorem.
T / ~ 2m o+l em-1
1 1
. O R
Thec:rem 3.2.2. let EE,hml’l-l = 52,)4']111‘*‘1 '{ )
x (hml + l)] be the following matrix:
1 1 1
v 22 1
3 _ 2 b
EE,hm +1 y z 1
L . .
y(-l Ze%-e

Then a necessary and sufficient condition that Ez L possess
<y ml+l
propexrty T2 is that 1 + 22 be an even power of z.

Proof. Let us define Bi as

2i

i
6, =(y, 27, 1)

) 2ml+l u 2ml-l )
for i =0, 1, ..., &2 - 12(5 = _ 1. First of all, the

. A
elements of the vector set { Si? are all distinct, since (yl, z“l),

2 +1 2w -1
- 1)¢ ;
1=0,1, .., l%\B 1)

- 1, form a cycle of length
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2m.+ 1 2m. -1
GG
5 . Now consider the vectors of the form
[ o1, . 2
61+81+1_Ly(1+y),z (l+z),2‘7
i+ 21+
=/y p}Z ¢:2 )
2m_+1 2m., -1
1 1
say, for 1 =0, 1, ..., ( - 12(2 = 1) - 1. The elements
of this vector set are all distinet, for if
5, + 9 =9, + B, , i, A1 s
i 1l+l i, 12+l 1 2
2m. +1 2m, -1
3 1 -vG L.
O <i, i, < - 1, then the equations
- "1’ T2 - 2
~il+p 12+p
¥ =¥ 2
21+ 21+
4 = Z F)
hold simultaneously, or, equivalently, the equations
1 2
J = 3
211 212
z = g R
2m. +1 2m. -1
hold simultaneously for i. # i,, 0 <i_, i. < (_* -1)(3 T -1)
’ ’ L R i R o 2
le+l Eml-l
which contradicts that(yl, 221), i=0,1, ..., (3 '1%(3 - 1)

2ml+l 2ml=l
- 1)(3 - 1)
2

form a cycle of length G

of the vector sets

. Similarly, elements
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.

& 25, 3
{20, + 28,3

{51+2a

¥

5
i+l 3
228. + B,

1 i

\.

+1 5 ’

are all distinct. As in the proof of Theorem 3.2.1, elements of the
¢ -

sets i Si 3 and (281 + 26i+la§ can not be equal to elements of

the other sets since the elements of these sets have a 1 in their

last positions vhereas the elements of the other sets have either a
O or 2 in their last positions. Similarly, elements of the sets

8 2
E 2613 and g oi + 81+l 3 cannot be equal to elements of the
. < 5 D

other sets, and elements of the sets E Si + 261+lﬁ3 and E:QOi + 81+l)

cannot be equal to elements of the other sets. The remaining possi-

bilities for equalities between vectors are then

5., + 8. = 28, for some 1, J 5

25, + 28 for some k, { s

k+l 6(

8m + 28m+l = 26n + & for some m, n .

o+l

Now we can rule out the last equation, for if

il

20 + B
n

8m * 26m+l n+l ?

i

n
Y1 +2y) =y (2+y) ,
zgm(l + 222 ) = zan(z + 22) ,

2m -1
would hold simultaneously, but then, since (3 1. 1)/2 is odd and

-~
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2m. -1

2n 2m+(3 1o, l)/2(2 N 22), ve

, . 2
since we can revwrite z (l + 2z ) as z

obtain an impossibility, for we obtain the equation
le—l
sz+(3 - 1)/2 _ 20

Hence, the elements of the set E. Bi + 281+1 3 are distinet from the

elements of the set E 261 + 8i+3‘3 . Now suppose that for some i, J

we have

»
4
(o4
i

2%,
J

This implies that the equations

i
y(l'*'y)::y 3

. 25 +
221(1 + 22>= z s

Eml-l

hold simultaneously. Now, since 3 5 =1 s odd,

221(1 + ze)

can hold if and only if 1 + 22 is an odd power of z. Similarly, we can

show that

By + By . 5

holds if and only if 1 + 22 is an odd power of z. Thus we have that a

necessary and sufficient condition that Eg b possess property T
R ml+l 2
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is that 1 + 22 be an even power of z.

_ 5
Hence, by Theorems 3.2.2 and 1.2.1, "2,y 412 )

sents an appropriate parity check matrix for the ternary linear code,

s M, 2 2, repre-

2m., +1 2nm, -1

G ' -3t -
2

n =

and r = hml + 1, which corrects consecu-

. c o . 2
tive errors occurring in bursts of two or less, provided 1 + z°~ is an
even power of z.

We now derive the efficiency of these codes.

Theorem 3.2.%. ILet chm 41 be the efficiency of the code repre-
1

D
sented by E2,hml+l' Then
2m. +1 2m., -1
1 1
(1) . .G - 1)(3 - 1)
hm1+l -l k 2
- 3 7-1
(i) Cl(m, +1)+1 2 Chm. 41 ’
1 1
(iii) lim c = 1
B > oo hml+l
1
Proof. (i) By Definition 1.k.1, cuml+l = n/no, where
2. +1 2m.-1
1
¢ T VTR
= 5 R
U b 41 im
5 1 !
no = a""‘z = - = )
Therefore,
2m, +1 2m. ~1
1 1
o . - 1)(3 - 1)
ml+l Mml



69

(ii) and (iii) follow immediately from (i).

Now suppose the redundancy is odd and of the form hmg -1,

v
AN

2m,,+1 2m
Lemme, 3.2.2. The numbers 3 © - 1 and (3

hjl

- 1)/2 are

relatively prime.

2k+1

Proof. First of all we note that 5 cannot divide 3 1,

-} 2
for 52+ _ 2k+l

3'9k - 1 =06 (mod 10) if k is odd. To show that the g.c.d. of

2m . +1 2n,.-3
3 CH 1 and (3 2
2m2+l = 2my-3 ) 2m,+1
5 %' -1 and 3 -1 is 2. If 4 is the g.c.d. of 3_° - 1 and
2m, -3 2m,.+1 2m.-3

3 27 1, then d must divide the difference (3 2. 1) -(3 2
2nm,+1

2

1= 3'9k - 1 =2 (mod 10) if k is even, and 3 1=

- l)/2 is one, it suffices to show the g.c.d. of

- 1)

2m.~3
7% 8o, But neither 3 nor 5 divides either (3 - 1) or

- l); hence the only possible g.c.d. of these numbers is

x 2m2+l 2m2-3
27, where k < 4. However, since (3 - 1)/2 and (3 - 1)/2
are both odd, this implies that d = 2.

Thus, by Lemma 3.2.1 and Lemma 2.2.1, (y", z°0), i =0, 1, ...,

om +1 om -3 fmytl | 2my-3
o 2
(3 - 1)(3 27 1) 4 form a cycle of length G °l)23 -1)
e 2, +1
where y is a primitive element of GF(3 ) and z is o primitive element
2m2-3
of GF(3 ).
-( 2m2+1 2m2-3
Th 2.4, 5 - B (3 ° -3 T 1)
eorem 3.2 Iet E2,4m2-l E2,4m2-1.l‘ 5

X (Ltm2 - 1) ~13 be the following matrix:

3



T0
1 1 1]
N 22 1
2D _ 2 L
o1 = | ¥ z 1
2 . .
- of ..
AL Al-2
2m,.+1 211, =
G2 G e
where [ = 5 « Then a necessary and sufficient
condition that E3 possess property T? is that 1 + zL2 be an even

2,4m2-l

2m2+l
power of z, where y is a primitive element of CF(3 ) and z is a

2m2—3
primitive element of GF(3 ).

The proof is analogous to that of Theorem 3.2.2 and hence is
cmitted. We now derive the efficiency of these codes.

Theorem 3.2.5. Let Chm

-1
)
sented by‘EE,hmg-l' Then
2m,+1 2m -~
s )
(1) . 6 - 1)(3 - 1)
umg-l 2m,,-2 >
3 -1
{11) (i 41)=1 ~ Chm_1 ;
2 2)
(1ii) lim chmg-l = 1

m2-——> o

The proof is analogous to that of Theorem 3.2.3 and so is omitted.

Example 3.2.3. Let m, = 2; then y is a primitive element of

GF(55) and z is a primitive element of GF(BB), where we take the
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characteristic polynomial for z as 25 - z - 2. Since 1 + 22 = 221

for this characteristic polynomial, we need to make a transformation
. T o . 2 2k
z' = z such that 26 and T are relatively prime and 1 $ 2z =z s

so0 that the condition of Theorem 3.2.2 is satisfied. Such a trans-

formation is z' = 25, for 1 + z'2 = 2'22. We can thus write EZ 9 as
-3
(1 1 1] 10000 100 11
y 2'2 1 01000 011 1
B = ¥° 2 1 . 00100 112 1
2,9
y5lh5 2'6290 1 10002 120 1
- . . —
where we note that (1) ygu2 = 2'26 = 1, (2) the characteristic

polynomial for y is y5 - y- 2, and (3) there is equivalence between

non- zero elements of the Galois field GF(Bm) and non-zero m-vectors

over GF(3). Thus, Eg 9 is an appropriate parity check matrix for the
2
ternary linear code, n = 3146, r = 9, which corrects all single and

double adjacent errors, since by Theorem 3%.2.2 Eg 9 possesses property
b

T3 and hence, by Theorsm 1.2.1, is the required parity check matrix.

50 . 1)(3° - 6002

(o] =

9 (3° - 1)

Thus, the code represented by‘Eg has an efficiency of .9959.

9

Example %.2.h. ILet m, = 3; then ¥y is a primitive element of

GF(37) and z is a primitive element of GF(Bj), where again the charac-

teristic polynomial for gz is 23 - 2z - 2. Hence, we again make the

transformation z' = 25 so that 1 + 2'2 = z'22, in order to satisfy the
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condition of Theorem 3.2.4. We thus write Eg 11 @8
2

1 1 1
2

y z! 1
3 i o2 o

Boar ™ 4 ? 1

% yze&,_lal‘z . 56,834 1

S —

We note that we can reduce the elements y and z by the relationship

y2186 = z'dé = 1. Thus, by Theorem 5.2‘4, Eg 11 possesses properiy
J
TQ, and hence, by Theorem 1.2.1, Eg,ll represents an appropriate

parity check matrix for the termary linear code, n = 28,418, r = 11,

which corrects all single errors and double adjacent errors.

1. DG7- 1) 56,8%
GB. D et

€11 7

3
2,11

Example 3.2.5. To conclude this section we shall give an

Thus, the code represented by E has an efficiency of .964.

example of a ternary linear code for redundancy 7. It should be noted
that 9 is the minimum possible odd redundancy for either Theorem 3.2.2
or Theorem 3.2.4 to apply. Hence, the code constructed for r = T is
constructed differently from the other codes in this section. Iet y
be a primitive element of GF(SA) and z be a primitive element of

GF(55). Let us consider the vectors (ybl, 221)

,1=0,1, ..., 207.

These vectors form a cycle of length 208, because (3lL - 1)/5 = 16 and

(35 - 1)/2 = 13 are relatively prime. Now let Eg - be the following
2

matrix:



T3

1 1 _ 1000 100
3 | 2 - o
E2’7 = , ? Z = EOTO O?l
L
Y1055 Zhl 1121 102

where we note (l) the characteristic polynomials for y and z are, re-

1. 4
spectively, YF - 2y” - 2y2 -y~ 1 and 2 - 7 . 2, (2) yﬁo = z26 =1,
and. (3) there is equivalence between the non-zero elements of GF(3™)
and the non-zero m~vectors over GF(3). To show that Eg 7 possesses

property T2 we need show that all the vectors in the vector sets

O ,

i 21 2
(3.9) o Q= ySl(l + y5), 271 + z )7 i
(3.10) 20, = /—éysl, 2221/ ,
[ ——
. . n
(Gan e s =/ 2N, 2P0 S / ,
21
(3.12) o, + 20, /y)l(l + 2y)), 2" (1 + 22 ‘)7 s
i
(3.13) 20+ /yj (2 + y s 22 (? + )_7 ,
i=0,1, ..., 207, are distinct. We note the following relations:
Lo
o+ y5 =Y s
1+ z2 = 221 5
142y = g0 ;
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Thus, (3.8)-(3.13) become:

(3.8 o, = (7, ) ,
(3.91) o +o,, = (y51+42’ Z21+21) ’
(3.10") 20 _ (y5i+h03 221+13) )
(3.11') 20, + 20, = (M5, 22118 ) ,
(3.12') o +oo . = (y5i+58, é&“+25) ,
(3.13") po v, = | [5itI8  2it12 ) ,

i=0,1, ..., 207, and it follows that all these vectors are dis-
tinct since {0,0), (42,21), (L0,13), (2,8), (58,25), and (18,12)
represent distinct two-place vectors where the first component of
each vector is reduced mod 5 and the second component of each vector
is reduced mod 2. That these vectors are distinct within each set
follows from the fact that (y5i, 221), 1 =0, 1, ..., 207, form a
cycle of length 208. Thus, E2,7 is an appropriate parity check
matrix for the ternary linear code, n = 208, r = T, which corrects

all single and double adjacent errors.

208
C,.( = _5-—61; = .571

Hence, the efficiency of the code represented by Eg 7 is 571 -
2

considerably less than for those codes with greater odd redundancy.



3.3, Quintary Iinear Codes Which Correct Consecutive Errors in

Bursts of Two or Iess for Even Redundancy and 0dd Redundancy

of the Form bm + 1.

We first need some results concerning the primitive elements
m m (5%-1)/2
of GF(57). If y is a primitive element of GF(5 ), then y =L,

Depending upon the characteristic polynomial chosen for y, we will

e Al m 1
have either: (1) y() =1)/4 = % and y3(5 -1) /4 =2, or (2) y(5 -1) /4
m
= 2 and y5(5 -1) /4 = 3. For example, if m = 2, and the characteristic

»
polynomial for the primitive element ¥ is y2 - 2y -~ 2, then y£5 —l)/h

2
~ yﬁ - 5 and y3(5 =1 /4 y18 .2

5 and if m = 5, and the characteris-

o)
tic polynomial for the primitive element y is y5 -~y - 2 then y(5 'l)/h

5
- 234
= :}"78'1 = 2 and 3’5(5 1)4 =y 5 '3 = 5,
> 25
Jet E2 r = E2

, ,r (n xr) be the following matrix:

o
o)
%
E5 = .
2,r . ?
O%yl

where ai is & 1 x r row vector with elements in GF(S), i=0,1,...,

n-1. Then a necessary and sufficient condition that Eg
2

Priate parity check matrix for the quintary linear code which corrects

r be an appro-

consecutive errors in bursts of two or less is that
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(3.14) o, )
(3.15) 30y + 30 ;
(3.16) 20, + hai+l s
(3.17) uai 20 ,
(3.18) 20z, ,
(3.19) oo, )
(3.20) Mozi + 30 R
(3.21) 30 + hozi+l s
(3.22) 30, ,
(3.23) hai + hai+l ,
(3.2h) o + 2 s
(3.25) 0 k@, s
(3.26) hor, ,
(3.27) 20, + 20 o s
(3.28) 30 o )
(3.29) o+ 30, ,
(3.30) 20 + 30 o s
(3.31) lmti O R
(3.32) % N ,
(3.33) 3o, + 20 o ;

1i=0,1, ..., n-1, all be distinct vectors. Thus, we are led to the
following definition.

Definition 3.3.1. We say the matrix Ee r Possesses property Qe
2

if the vectors (3.14)-(3.33) are all distinet for i =0, 1, ..., n-1.
Let us first assume that the redundancy r is even and can be

written as r = 2ml, where m, > 3,is odd. We now state and prove the

1



4

following lemma.
ml ml-l
Lemma 3.3.1. (5 ~ - 1)/4 and (5 - 1)/2 are relatively

prime.

m
Proof. Since (5 T 1)/% is 0dd, it suffices to show that the

ml ml-l
g.c.de 0of 5 7« 1 and 5 - 1is 4. This follows immediately, for,

ml ml»l ml
if d is the g.c.d. of 5 "~ 1 and 5 - 1, d must divide (5 ~ - 1)
m,-1 m, -1

- (5 1. 1) =5 L *k, whence d = k.

l . N
Thus, by Lemmas 3.3.1 and 2.2.1, ( y¥1, 221 ) >, 1 =0, 1, ...,

my ml«l my m, -1
5 - 1) - = - - -
£ lé(ﬁ 1) _ 1, form a cycle of length (3 12(5 l),
and hence we can formulate the following theorem.
[~
Theorem 3.3.1. Iet E . , where m, > 3, is odd, be the
2,2m, 1~
following matrix:
1 1 1
1
y} z2 1
¢ )
ot = 8 z.+ 1
2,2my ’ . .
W S
. b Zd'( 2 1
’ _ml 13¢ ;ml" 1 1) ml
where { = *2 = *é~) =L, y is a primitive element of GF(5 )
m. -1

and z is a primitive element of GF(5 1 ). Comsider now the follow-

ing equations:



18

i 84

343y =v s
b

34325 =z 5
i a

24 by =y° )
o Pp

2+ Uz" =gz s
a

b+ 2y4 =y )
b

Lo+ 222 2 3

il

5

2,2ml

Then, a necessary and sufficient condition that E possess

property Q, is that (ao,bo), (al,bl),(ag,bg), and (aB,b3) be distinct
vectors where a; is reduced mod 4 and bi is reduced mod 2, 1 =0, 1,
2, 3, and where 8y = bo = 0,

Before provi®€ Theorem 3.3.1 we should note that yl is equiva~
lent to the mlfvector, with elements from GF(5), which is the coeffi-
cient vector of the(aifl)-th degree polynomlial in y representing y;,
and that z~ is equivalent to the (m1~1)—vector with elements from

GF(5), which is the coefficient vector of the (mlf2)-th degree

. \ . i
polynomial in z representing z .

Proof of Theorem 3.3.l. For the matrix Egﬁem-’ (3.14)-(3.33)
become: -
(3.14)  a - (v, A ) ,
Yitg 2i+b
(3.150) 3o 30, =(y T,z T, 1) ;
’+i+a2 21+b,

(3.16") 20, + ko, o= (y , 2 , 1) p



(3.17)
(3.18")
(3.19")
(3.20")
(3.21")
(3.22')
(3.23')
(3.241)
(3.25")
(3.26")
(3.27')
(3.28%)

(3.29*)

(3.31")
(3.32")

(3.33%)

hisg 2i+b

M%-+a%ﬁl= (y 5,2 5,1)
- z(yhi+nl’ 22i+§l’ )
5 + 0., - (y&i+al+nl, ZEi+bl§l’ )
HQE ‘3, - (yhi+a2+nl’ 221+b2+gl, )
3, + hai+l i (yui+a5+nl’ 22i¥b5+§lj )

ll-Oli + )-l-ai+ = (y

i Ri+t
= (y 2: Z 2: 3)

hi+al+n2 2i+b,+E,,
JZ )5)

Li+a, 41 2i+b, +t
2 2 2 -2
o +eo . o= (y ; @ > 3)
hi+a5+n2 2i+b5+§2
2a1+ai+l=(y :Z )3)
Li+q i+t
hay, =(y 2,z 2,4
Li+a. +7 2i+b. +¢
1 1
2&1 + 2ai+l = (y 3, z 3, L)
bita, 21 b+t
_ 2 It
3ai + al+l = (y 2 z > l*')
bi+a,_+7 Ri+b,_ +
- 373 373
ai + 3ai+l e (y 3 Z 2 l")
°C¥ N -Gf _ (__)-l'i"i"c . gi+d O)
R B A
bi+caq 2i+d+E
1 1
Mﬁ S = (y s Z , 0)
bite+n 2i+d+E
2 2
a + ha&+l = (y , 2 , 0)
bjtctn 2i+d+53

_jCEi + 2&1_'_1 = (y

3, 2 , 0)

9
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ml mlfl
i=0,1, «.., { - 1. Here Ny = 1/2(5 ~ - 1), &y = 1/2(5 - 1),

n
and we mey assume without loss of generality that n, = 3/4(5 Lo 1),
ml“ l ml ml_ l

g, =345 - 1), ny =145 - 1), end g, = /45 - D).
m m -1

GL- DG -1
5

First of all, each vector set contains { =

distinct vectors since (ynl, 221), 1=0, ..., { - 1, form a cycle of

m m.-1
1 1
length (5 - 1)8(5 - l)

. Clearly, a necessary and sufficient condi-
tion that the sets (3.14')-(3.17') be distinct is that (s _,b.), (al,bl),
(ag,be), and (a3,b5) be distinct, where a, is reduced mod 4 and b, is
reduced mod 2, i =0, 1, 2, 3. Moreover, if (ai’bi)’ 1 =0,1, 2, 3,
are distinct for a; reduced mod 4 and bi reduced mod 2, then (ai + nj,
bi + Ej), j =1, 2, 3, must be distinct for fixed j, and conversely.
Thus, a necessary and sufficient condition that the vectors in (5.1&')
_ 00! ¢ s .

(3.29') be all distinct is that (ao,bo), (al,bl), (ag,bg) and
(a5’b3) be distinct, where ay is reduced mod 4 and bi is reduced

mod 2. Finally, since m, is odd, O, Mo Mo and n5 are all dis-

1
tinct mod 4, so that (3.30') - (3.33') are distinct vectors. This
completes the proof of the theorem.

We now derive the efficiency of these codes.

Theqrem 3.3.2. lLet d2m be the efficiency of the code repre-

-
.

sented by E5

: th
2,2ml’ en
m m. -1
1 1
le Eml-l 2
2(5 - 1)
(ii) d?m +2 > d2m 2

1 1
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(iii) lim dy, = 1/2 .
ml-——«> 0o 1

Proof. By Definition 1.l4.1, Ay, = n/no, where n =

1
m m.-1 2m., -1
1

(5 L 1)(5 o 1) - 1y .2 -1 Hence

8 > Yo T - ) : ?

i} m, -1

1 1

d, A5 -106 - 1) . (ii) and (iii) follow immediately
le 2ml~l

2(5 - 1)
from (i).

Now suppose that r = 2m2 and m2_2 b is even. Then by exactly

m.-1
the same argument as in Lemme 3.3.1 it follows that{5 2 -1)/k: and

m, . .
{5 2 - 1y2 are relatively prime. Thus, (yal, zhl) form a cycle of

m m,~1 m m -1
2 2 2 2
length 42" VO™ =D prico, 1, ..., 87 Lo -1
mn
= 1, wvhere y is a primitive element of GF(5 <) and z is a primitive
m.~1
element of GF(5 2 ). We now formulate the following theorem.,

Theorem 3.3.%. Let E5 , Where me_f Lk 1s even, be the

2,2m2
following matrix:
1 1 17
yz Zh 1
5 _ L 8
B> om. = y 2 1
= .
{- -
,2l-2 -k 1
Jo— U—

Consider now the following equations:



Then, & necessary and sufficient condition that E

property Q, is that (aé,bé), (ai,bi), (aé,b'), and (a%,bé) be dis-
tinct vectors, where a! is reduced mod 2 and b
i=20,1, 2, 3, and where al =

The proof of Theorem 3.3%.3 is exactly the same as that for

al
2 1
5+5y=y K]
'bt
b 1
3+ 32 =4 P)
2 %
2 +ky" =y P
b,
2 + hzh =z 5
> 8
b v 29" = y 3 ,
'bl
b+ 2zh =z 5
5
2,2m

2

1

= h! =0
O = Ve
(o]

2

posSsess

i is reduced mod &,
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Theorem 3.3.1 with the roles of y and z reversed, and so is omitted.

Also, the efficiencies of these codes are exactly the same as for the

codes represented in Theorem 3.%.1. Thus we have:

Theorem 3.3.k.

5

2,2m2’

presented by E

(1)

(ii)

(iii)

Iet 4,
2

then

S

om be the efficiency of the code repre~
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Now let us suppose r is odd and let r = 2m, + 1, m, > 4 and

3 3

even. We now state and prove the following lemma.

m,+1 mB-l
Lemma 3.3%.2. (5 >, 1)/% and (5 - 1)/2 are relatively

prime.

m,+1
Proof. Since (5° - 1)/4 is odd, it suffices to show that

m3+l m3—l
the g.c.d. of § - 1and 5 - 1is 4. Ifd is the g.c.d. of

55 - land 5> - 1, then d must divide their difference

m_+1 m,-1 m_ -1
(57 -1 -52 -1 =52 -2 .35

1 m3-l
- L nor 5 - 1, since m, + 1 and

3

m3+
However, 3 divides neither 5

., +1
m3 - 1 are both odd. Clearly, 5 divides neither 5 5. 1 nor

m3.. 1 m_+1
5 - 1, and the largest power of 2 which divides both 5 3. 1

e I,

m5—l
and 5 - 1is 27 = Thus 4 = k4.

Hence, from Lemmas 3.3.2 and 2.2.1 it follows that (ykl,zgl),

m.,+1 m =1
(52 -1%(53 - 1)

1 =20, o) eau, -~ 1 form a ecycle of length

m +1 WB—l o

- 1)

(572 - D(5
5

+1
, where y is a primitive element of GF(5 5 )

m =1
and z is & primitive element of GF(5 5 ). We now formulate the

following theorem.

5 .
Theorem 3.3.5. ILet E2,2m3+l’ where m5'2 L is even, be the




Bk

following matrix:

1 1 ]
[s]
yh 7" 1
5 ) 8 u
By om +1 = y z ! )
5 : : :
yu{-u 2l-2 1

m,+1
where y is a primitive element of GF(5 5 ), z is & primitive element

m, +1 m,=1
g CEARE I CERN
of GF(5 ), and { = 3 . Consider the following
equations:
L %
3+3y =y s
d
2 1
3+5Z = 2 9
vy %
2+l|.y =y R
s
2 + hzg =z 2 s
L c
bovoy =y2 )
d
L o+ 222 = g 5 .

Then, a necessary and sufficient condition that Eg,gm +1 Possess

3
property Q, is that (co,do), (cl,dl), (ce,dg), and (05,d3) be dis-
tinct vectors, where ¢, is reduced mod 4 and di is reduced mod 2,

i=0,1 2, 3, and ¢, = do = 0. Again, the proof of Theorem 3.3.5 is

completely analogous to that of Theorem 3.3.1, and so is omitted.
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The efficiencies of these codes are obtained in a manner
analogous to that by which the efficiencies were derived in Theorem
3.3.2; thus we obtain the following theoren.

Theorem 3.3.6. let sy be the efficiency of the code re-

+1
3
. > .
presented by E2,2m L1’ then
3
wm,+1 m,~-1
(1) N GRS [ R
2m3+l Em3 ?
2(5 7 - 1)
(i1) d2(m +1)+1 > Ao 41 >
3 >
(ii1) lim Ao 4p = i/2 .
M, =~ 00 3
3
FExample 3.3%.1. ILet my = 3, and suppose that y is a primitive

element of GF(55) with characteristic polynomial y3 - 2y -~ 3, and that
Zz is a primitive element of GF(52) with characteristic polynomial
1

22 - 2z - 2. Now let y' =y %be a transformation of y to the new

primitive element y'. Then we have

[ 1 1 1| (100 10 1
y'LL z 1 h11 22 1
5 — . . . . . .
Be~ : : : = : : :
greh o The 1 300 12 1
We thus have - “‘
L
3+ 3y' = Y'37 P}
oyt gl
by oyt <y )
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o]
3+ BZL = 23 )
2 + @22 = z7 s
b o+ 275 = 216 s

= == M == = = ) e =
so that we have ao = bo = 0; al 1, N 2, a3 1 (mod +), bl 1,

b, =1, b, =0 (mod 2). Thus, (0,0), (1,1}, (2,1), and (1,0) are all

2 3
distinct, and hence, by Theorem 3.3.1, Eg,6 possesses property QE’
That is, by Theorem 1.2.1, Eg’é' represents an appropriate parity
check matrix for the quintary linear code, n = 372, r= 6, which cor-
rects all single errors and all double adjacent errors. By Theorem
3.3.2 we have

dg = 372/781 = 478
Hence, the efficiency of the code represented by Eg
Example 3.3.2. Let By t
elenent of GF(Sh) with characteristic polynomial y - y3 ~ y -2, and

that z is a primitive element of GF(53) with characteristic polynomial
25 - 2z - 3. lLet y' = y7 be a transfofmation of y to the new primi-
tive element y', and let z' = z7 be the transformation of z to the new

primitive element z'. Then we have

and
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5+ 3y = y?? )
e+ hy'e = y'l‘q5 5
Loy 2y‘2 = y'576 ,
3 + 32'h =200 s
2 + hz’h = z’ll}1L s
b+ EZ’h = z' ;

Hence we have aé = bé = 0; ai = 1, aé =1, al = 0 (mod 2); bi = 1,

3

b} = 2, b% = 1 (mod %). Thus, (0,0), (1,1), (1,2), and (0,1) are all
distinct, so that by Theorem 3.3.3, EZ g Possesses property Q2' By
2

Theorem 1.2.1 this give us that Eg 8 is an appropriate parity check
3
matrix for the quintary linear code, n = 9,672, r = 8, which corrects

all single errors and double adjacent errors. By Theorem 3.3.4 we have

=._2&§Zg = .4g5 .

48 = 15,551 ©

Hence, the efficiency of the code represented by Eg 8 is 495,
2

Example 3.3.3. Let m:5 = b, and suppose that ¥y is a primitive
element of GF(55) with characteristic polynomial y5 - ¥y - 2, and that
Z 15 a primitive element of GF(SE) with characteristic polynomisl
25 - 2z - 3, Let y' = y7 be a transformation of y to the new primitive
3

element y' and let z' = z” be a transformation of z to the new primi-

tive element z'. Then we have

_ y,193,684 Z,96,8h2 1
- —
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and

5+ By'LL = y'259h >

2 + l#y'h = y'275o )

Lo+ Ey'u = y‘928 s

3 + 52‘2 = 2'36 R

2 + hz'g - gt 13 s

b+ 222 = 2'89 .
Thus we have e, =4, =0; ¢ =2, ¢, =2, cy = 0 (mod 4); d; =0,
d, = 1, and d3 = 1 (mod 2). Hence, (0,0), (2,0), (2,1), and (0,1)
are distinct two-place vectors, and so, by Theorem 3.3.5, Eg,9

>

Possesses property Q2' That is, E is an appropriate parity check

2,9
matrix for the qunitary linear code, n = 48,422, r = 9, which corrects

all single errors and double adjacent errors. By

have

Hence, the efficiency of the code represented by Eg 9 is .hob.
3

3.4, Ternary Linear Codes Which Correct Errors in Bursts of Three or

less for Even Redundancy.

To conclude this chapter we discuss the problem of constructing
parity check matrices for ternmary linear codes, with even redundancy,
which correct all single error bursts of length three or less.

Iet Eg r be the following n x r matrix:
J
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~ o
o)
3 i
E = .
5 3 l" :
Oisl

where @, 31=0,1, ..., 01, is a 1 x r row vector with elements in
GF(3). Then a necessary and sufficient condition that Eg,r be an
appropriate parity check matrix for the ternary linear code, with n
as its number of message places and r its redundancy, which corrects

all error vectors containing a single burst of less than or equal to

three in length is that the vectors

(3.3%) o, >
(3.35) 20+ aa, )
(3.36) 20, + 20 s
(5.37) G Y T ’
(3.38) G + 20+ O ,
(5.39) 2% %t %o )
(3.40) 20y 5
(3.41) o 0L s
(5.2) %+ :
(3.43) 20, + 20 o+ O R
(3.44) 2oy + Q.+ 20 1o ,
(3.45) o + 20 o+ 20, 5
(3.46) @ +20 s

(3.47) Q + 20 ,



0

(3.48) 20 + 0L s
(3.49) 2oy + @, ,
(3.20) %G % Y% ;
(3.51) 0 + 20 o o+ 20, ,

i=0,1, ..., n-1, be all distinct. This follows from Theorem

1.2.1. We are thus led to the following definition.

Definition 3.4k.l. We say the matrix E5 r possesses property
J

TB if the vectors (3.34) ~ (3.51) are all distinct.

Terma 3.4.1. ILet k be an integer > 1; ‘then (52k+l - 1)/2

L ]
and (3 - 1)/5 = 16 are relatively prime.

2k+1 b

Proof. (3 - 1)/2 is an odd number whereas 16 = 2 .

Thus, by Lemmas 2.2.1 and 3.k.1, (ygl, z51), for i =0, 1,

cres 8(§2k+l - 1) - 1, form a cycle of length 8(52k+l - 1). Now let
E§,2k+6 be the following matrix:
N_i 1 1 ]
;y'2 25 1
E§,2k+6 = 1 ?ﬁ ?10 % ’
22 s

N . P - _ - -—.l-,2k+l\ . R S ST T LU SN 5y

where y is a primitive element of GF(3 J, z is a primitive element
L

of GF(3 ), and the last column is filled by a one in each position,

{ = 8(52k+l - 1). We then have the following theorem.

Theorenm 3.4.1. A necessary and sufficient condition that

EB

) 4 2 1
3,2k+6 is that 1 +y and 1 + 2y -+ 2y be even

possess property T

3



powers of y for some primitive element y of GF(3

2k+l)

Proof. Let us define 815 Bos cee, a7 as follows:

v 252 - yal ,
+ 23"lL = ya2 s
+ y2 + yu = ya§ s
+ 2y2 = yah s
+ 2:>'LL = ya5 s
+ y2 + Ey4 = ya6 s
+ y2 + yu = ya7

91

h
For z the primitive element of GF(3 ) with characleristic polynomial

zu - 2z3 -

Thus, (3.%4%) - (3.51) become, for the matrix E

(3.34+)

222

G,

- 2 = 1, we have:

1 4+ 22

1

+

-+

2z
5

Z

5 _ Z58 ,
0 _ ZEO )
. 20 . 36 ,

> _ 22 ,
10 _ 250 )
+ Ezlo = zjl R

+ ZlO - Zl9
5

3,2k+6°

= (yzi.a 2519 l)



(3.35")

(3.36")

(3.37")

(3.38)

(3.39")

(3.40")

(3.41")

(3.427)

(3.43")

(3.h4)

(3.451)
(3.46")

(3.47")

(3.481)

(3.491)

20, + 20,
1 i+

2ai + 2@1+2

i i+l T TTL42
o, + 20, +
L 1

+1 i+2

20, + O, + O,
i i+l 142

92
i (y?i+au} z5i+2} X ,
) (y21+a5’ 25“50, 1 ,
) (y21+a6’ 251"'51, x ’
i (y21+2au, 251+h’ ) ’
i (y21+a7’ z5i+l9, 1 ,
. (y21+(32k+l-1)/2, Z5i+hQ? 2) ’
:(;ﬁﬁmHBMﬁklwejzﬁﬁg,e))

2i+a5+§%2k+1;1)/2

= (y 3 Z5i+7o: 2)

21+a6+€§2k%l-*)/2 s 2ty

= (y SR 52),
2k+1

2i+2a, +(3 -1)/2 .

= (y h ’ ZSl+hhs 2) 3

2k+1

2i+a+(3 -1)/2 .

=(y ! , 229 2)
Pita e

= (y l’ Z)1+585 O) ,
2i4a .

=(y 2, 2V 0) 5

. 2k+1.

2i+a.+(3 -1)/2 .

= (y 1 3 Z5l+185 O) 2
21+a?+(32k+l-1)/2 51+60

= (y - s 2 * P) O) )



2i+a

(3.501) o+, + O = (y

3 5436
i+l i+2 > 2 » 0)

21+a5+(32k+1;1)/2 .

i+76
(3.51") Qai + 2a1+l + 2@i+2 = (y , Z51+7 ,0),

2k+1 - l) - 1.

for 1 =0, 1, ..., 8(3
First of all the vectors in each vector set are distinct since
(ygi,z5i), i=0, ...58(52k+l - 1) - 1, form a cycle of length
8(52k+l - 1). Secondly, the vector sets (3.46') - (3.51') are dis-
tinct because the vectors (21 + a;, 51 + 58), (21 + a; +(%kil‘-l)/2,
51+ 18), (21 + 8, + (37°1)/2, 51+ 60), (21 + 8, + (37TL1) /2,
5+ 60), (21 + a5, 51 + 36), and (21 + agh (32X*L 1) /2, 51+ 76) are
distinct vectors where the first component is reduced mod 2 and the
second component is reduced mod 5. This follows because (52k+l-l)/2
is odd. We next note that the three collections of vector sets
(3.341) = (3.39'), (3.40') - (3.45') and (3.48"') - (3.51') are dis-
tinct gince they dififer in their last position. Now if the vector
sets (3.34') - (3.39') are distinct, then so are the vector sets
(3.50") ~ (3.45'), and comversely. Thus, a necessary and sufficient
B

condition that E possess property T, is that {0,0), (au,E),

3,2k+6 3
(a5,30)3 (a6,5l), {Baﬁ,h), (a7,19) be distinct, where the first com-

ponent is reduced mod 2 and the second component is reduced mod 5.

These vectors will be distinet if and only if a and a7 are odd, and

-

a5 and a7 will be odd if and only if 1 + yLL and 1 + 2y2 + 23}L are even

vowers of y.

The efficiency of these codes is given as follows.



ol

Theorem 3.4.2. Ilet f2k+6 be the efficiency of the code repre-

sented by Eg oxs6 Then
(1) Toks6 = 16(33:11 4 ;
(3 ~ 1)
(i1) fo(rt1)+6 = Tors6 g
(iii) kEin> . TG = 16/27

The proof is immediate.

We note that Egg,a}ﬁé - Egjzk% ’.8(321“'1 - Dx(2k + 6}‘ since
yzi is equivalent to the (2k+l)~vector,~with elements from GF(B),
which is the coefficient vector of the 2k-th degree polynomial in y
representing y2i, and, similarly, z51 is equivalent to the 4-vector,
with elements from GF(B), which is the coefficient vector of the 3-rd
degree polynomial in z representing zsi‘ Finally, the last column is

a column of ones.

Example 3.4.1. let k = 1, and let y be that primitive element

of GF(BB) which has y3 -~ y - 2 as its characteristic polynomial.

Then E5 8 is given as
3

3
1 1 1 100 1000 1]
o, = v 7” 1l = 1 oo 2020 1
3’8 's - - . V * - -
Sk L1035 102 1121 1
F-3
26 80 .
where we note y ~ =z~ = 1, and the equivalence between the non-zero

elements of GF(Bm) and the non-~zero m-vectors over GF(B). We have
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3
5,8

Thus, by Theorem 1.2.1, Eg 8 represents an
2

1+ yu = yl8, and 1 + 2y2 + EyLL = y6, so that, by Theorem 3.4.1, E
possesses property TB.
appropriate parity check matrix for the ternmary linear code, n = 208,
r = 8, which corrects all single error bursts of length less than or
equal to 3. The efficiency of this code is fg = 208/364 = .571.
Example 3.4.2. Iet k = 2, and let y be the primitive element

of GF(35) with characteristic polynomial y5 - y-2. Ilety' = y5 be

a transformation of y to a new primitive element y' of GF(55). Then
1

3,10 is given as

1 1 1]
3 _ 12 2
E3310 = vy Z 1 .
870 6
g 380 9675
L y
We have 1 + y'LL = y'lo2 and 1 + 2y'2 + 2y' = y'150, so that, by

Theorem 3.4.1, Eg qo Dossesses property Tj' Thus, by Theorem 1.2.1,
3
Eg 10 represents an appropriate parity check matrix for the ternary
2
linear code, n = 1936, r = 10, which corrects all single error bursts

of length less than or equal to 3. The efficiency of this code is

f15 = 1936/3%280 = .591.



CHAPTER IV

THE APPLICATTON OF BOSE-CHAUDHURI CODES TO THE

CONSTRUCTION OF BURST-ERROR-CORRECTING CODES

L.1, TIntroduction

Bose and Ray-Cheudhuri / 6/ have defined a class of binary
group codes which has the property that if a message vector o
of length n = 2™ 1 ig transmitted and if the received message
vector B contains t or fewer errors, where + is a predeter-
mined number and m t < n, then the received message B 1is correctly
decoded as q.

In this chapter we show that by augmenting the Bose-Chaudhuri
parity check matrices defined in / 6/ the corresponding codes not
only will possess the property of correcting + independent errors
that may occur in the transmission of the nessages of the code, but
also will possess the property of correcting certain bursts of
errors that msy occur in transmission.

Bose and Ray-Chaudhuri proved in.1i§7 that a necessary and suffi-
cient condition that an (n, k) binary group code be t-error correc-
ting is that the corresponding parity check matrix Dt = Dt(nxr)

possess the property P the property that no set of 2t row

ot
vectors among the n row vectors in Dt be dependent. They then

showed that if D is chosen as the matrix

t
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1 1 ... 1 ]
ot-1
y 3 . y
ot-1
o 2 2
y (y) .o (v%)
D =
.t » * .
m ll 3 i) 2t-1
Mo Mo Mo
¥ (v "%y . (¥ ™%)

vhere y is a primitive element of GF(2"), and where (yi)J s

i=0, 1, ... 2m-2; J=121, 3, 5, ..., 2t = 1, is equivalent to the
m-vector, with elements from GF(E), which is the coefficient vec-
tor of the (m-1)-th degree polynomial in y representing (yi)J s
then Dt possesses property Pet and hence the code corresponding

to D, is a t-error correcting binary group code.

t
To determine k, the number of information places, in any
Bose-Chaudhuri (n, k) code, we note that % = n-r, where r:R(m, t) =
renk Z”Dt(n xmt) / < mt. We note also that D, cen be regarded
as an n x matrix whose elements belong to GF(2") or as an

n x ut matrix vhose elements belong to GF{2). We shall regard

D, as the latter. Peterson / 12/ actually calculates R(m, t)

as follows: +the rank R(m, t) of D, is the nmumber of distinct
residue classes .04 n awmong the integers QJu, J=0,1,0004, m1;

u=1l,3,..., 2t-1. Since R(m, t) < mt, a lower bound on k is

n - nt.
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We show in Section 4.2 that if we augment D, = Dt(n x mt)

t
by adding a column of ones to Dt’ the code corresponding to the
augmented parity check matrix, say D: = Dz [nx (mt+ 1) 7,

will correct all single bursts of errors of length +t + 1 or less,
as well as all t or fewer independent errors, We show also in
Section 4.2 that, if m > b and is even, and t = 2, we can

augnent D, in a particular way so as to obtain a two-error-

t
correcting code which also corrects all single bursts of errors

of length less than or equal to four, and with redundancy which

does not exceed 2nm + 3.

In Section 4.3 we discuss briefly the multiple burst problemn,
i.e., how to construct an error-correcting code which will correct
more than one error burst of length less than or equal to a pre-
assigned number d. We show how to costruct burst-error-correcting
codes which correct the set of (s + 1) independent bursts of
errors of length less than or equal to two and which correct the
set of (s + 1) independent bursts of errors of length less than
or equal to three. Again we use Bose~Choudhuri codes which are
augnented,

In Section 4.4 we mention ¥nsolved problems in the construc-
tion of burst-error-correcting codes and some techniques that may
be applicable to their solution.

L.2 Augmented Bose-Chaudhuri Codes Which Correct Single Bursts of

Brrors

e st . o

Definition 4.2.1. We say that an (n, k) binary group code




is an augmented Bogse-Chaudhuri code if the parity check matrix

for this code is obtained from the Bose-Chaudhuri parity check

metrix by adding one or more columms.

Lemma 4.2.1.
*~i
¥
2
¥
Dt
yem-e
b,

where y is a primitive element of

(or, equivalently,

where

et D

be the following Bose-Chaudhuri matrix:

Mo

(v= ™%)

2t-1 < 2™ 1),

3

ar(2™).

*
Then D has rank

.b

2t~-1
¥

2t-1
2
)

.

2t-1

m
Mo
(¥ ™%)

PO
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Suppose that t < 2%

R(m, t) + 1,

i

1
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and vhere R(m, t) 1s the rank of D, -
Froof. We need the following results proved by Peterson / 12/,
(1) A set of polyncmials is an ideal in & ring of polynomials
mod{Xn« 1) if and only if it consists of all polynomials
mod (X"~ 1) of the form p(X)P(x) where p(X) is a factor of
- 1 ana #(x) is arbitrary.
(2) 1f p(X) is a polynomial of degree r which divides X~ 1,
the ideal /"p(X) 7 generated by p(X) is a vector space of
rank k =n - r.
Recall now that the code words corresponding to the parity check
matrix D* form a vector space orthogonal to D:. Thus, (co,...,cn_l)

t
*
will be a code word corresponding to Dt provided that simultaneously

Nwl
c, + c ¥ + . e .t c 1Y = 0,
3
3 -1y
Co * ¥ A . . e (y™7) = o,
2t-1
2t-1 n-1,"
c, + ey oot g ( ) = 0,
co + cl + .. .+ cn__1 = 0,

vhere n =2 - 1, ey £GF(2) for 1 = 0,1, ..., n-1. Hence the
3 €qs eees Cn—l) way be identified with the poly-
nomial S(X) = Co+ G X+ ke o oL (mod X°- 1) which

2t-1

has as its roots 1, y, y5, cees ¥ It now follows that these

code word polynomials form an ideal in the ring of polynomials

mod(Xp— 1). Since each code word polynomial has as its roots



101

1, v y5 s eees yzt"l s each root yi is the root of a unique irre-~
ducible polynomisl p,(X) which divides X 1, 121, 3,5 cuns
ot-1, and of course is a root of 1 + X. Denoting by p{X) the
polynomial that generates the ideal, we can take p(X) without

loss of genexality as

p(X) = l.c.nm. El + X, pi(X)g .
i=l;3;5,..-,2’t—l

Since each of the bracketed polynomisls is irreducible, the l.c.m.
is just their product with duplicates omitted. We note that dupli-
cations are possible, and should yi and yj , i # 3, be roots of
the same irreducible polynomial, the corresponding columns in D_;:
will be dependent. The only possible root of 1+ X is 1, for

1 = O which implies

ir yi were & vroob of 1+ X, then 1+ ¥
yi = 1, contradicting the hypothesis that 1 < 2m- 1, i=1,3,55.443
2t-1. Now, using (2), we note that if p(X) has degree r, the
vector space of code words has rank n-r, and hence .thai_ the .
parity check matrix 'D: has rank r. jow D, has rank R(m, t),
and this rank is obtained in the same way as we obtain the rank of
Dj: (see Peterson /7127), but with 1 + X not included among the
irreducible polynomials that generate the vector space of code
words. Hence, R(m, t) = r-1, and this completes the proof.
Abramson __[— }7 showed that by adding a column of ocunes to the

Hamming code parity check matrix, a code is obtained which corrects

all single bursts of length less than or equal to 2 as well as
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all single errors. We prove, analogously, the Pollowing theoremn
for the Bose-Chaudhuri code parity check matrix.

%
Theoren L.2.1. Let D, = D: [nx (mt+ 1)/ be the follow-

ing matrix:

1 ] . . 1 1

Ol
v y3 . 1

* L] . . »
D't = 5]
m a3 o 2t-1

o o o oMo

v "8 (v ™) .o (¥~ ™) 1

where y is a primitive element of GF(Em), and where 2t-1 < Em-l.
4(.

Then the code corresponding to D, corrects all single bursts of
L

errors of length + + 1 or less, as well as all sets of t in-

dependent errors.
*
Proof. Since Dt possesses property P?t’ the code corres-

*
ponding to Dt will correct all sets of t independent errors.

*
Now let Sj denote the i~th row vector of Dt’ i=0,1,... em-a

and let &, , ..., 8, = be any {({ < t-1) vectors chosen from

1

among 80, 61, cesy O n . Then, since DI possesses property
2-2

Pat’ it follows that

6i1+ TR N £ B, 8y Boyq e F Ao 9B B
vhere Bty £ 67(2), wu=1, ..., t-1. That is, no set of t-1 or

fewer independent errvors can be confused with any burst sequence of
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length t + 1. Next, let 8j 3 eeey Sj be any t wvectors chosen
i A t

from among 80, e 62m_2. Then

(%.1) %;.”+5%+ B, ¥ B gt e kB £ 0

since there are (2t + 1) terms in the left hand member of (4.1) and
each vector of Dz has a unity in its last position, thus ensuring

that the sum shown in (4.1) has a one in its last position. Thus,

we have

B, % ... + B, F B + ...+ 8 .
Jq Jg v vt

Hence, no single burst of length t+1 can be confused with any set
of t independent errors. Finally, it is clear by the nature of
D: that no two single bursts of length t + 1 can be confused.
This completes the proof.

Example L4.2.1. Suppose t = 2; then the matrix

* *
D, = D, [ nx (em+ 1) 7, vhere we write
1 1 1
A
¥ y’ 1
Dy = 3
2 = 2 2
- ¥y (v7) 1
3
m
o™ )
¥y =) 1
. —

is an appropriate parity check matrix for the binary group code,
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n = 2% 1, r = R{m,2) + 1, which correats all independent double
errors as well as all single bursts of length less than or equal
to three, for m > 3.

Now choose m = 43 then we have

el i

1 1 1 1000 1000 1
¥ y3 1 0100 0001 1
2 20 .
y (y%) 1 0010 0011 1
¥
DE = 3 * . v = * G 00 LI A .
3
ylLL (ylh) 1 1001 1111 1

choosing yu + y + 1 as the characteristic polynomial for y.

Hence D; is an appropriate parity check matrix for the binaxry
group code, n =15, r = 9, which corrects all independent double
errors as well as all single bursts of errors of length 3 or less.

Fxample h,eég; Suppose t = 3; then the matrix

* * -
Dy = Dy /nox (3m + 1) /, vhere we write
! 1 1 1
y y3 ¥’ 1
. 2 2y 2
D= y (vy7) (y7) 1
2
3 * - -
L] 3 L 5 .
10, 1 m
o2 ) 22
y =) G5 1
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is an appropriate parity check matrix for the binary group code,
n = 2m- 1, r = R(m, 3) + 1, which corrects all independent triple
~errors as well as all single bursts of length less than or equal to
four, for m > 3.

Now choose m = 53 then we have

— oy

1 1 1 1

Y ¥ v 1
3 5

y° (%) %) 1

H

. @
° L L] .

- a - .

3 5
} 520 %) (") 1

10000 10000 10000 1]
01000 00010 10100 1
00100 0G0 10001 1
01001 01101 11101 1

choosing y5 + y2 + 1 as the characteristic polynomial for Y¥.
Hence D; is an appropriate parity check matrix for the binary
group code, n = 3l, r = R(5, 3) + 1, which corrects all indepen-
dent triple errors as well as all single bursts of errors of

length 4 or less. We determine R(5, 3) as follows: R(5, 3) is
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the number of distinct residuc classes Jnod 31 among the integers
29 w, § =0,1,2,3,k; u = 1,35,5. The classes are:
12 h 8 16

3. 6 12 2k 17
9 18

1
ot
o
n
(&)

Thus, r = 16.

We now show that we can augment the parity check matrix for
the two-error-correcting Bose-Chaudhuri code in such a way that we
obtain a parity check matrix for a two-error-correcting code which
also corrects all single bursts of length less than or equal to four.
We shall first need the following lemma.

'3

*e
Lewmma 4.2.2, Let m > U be even, and let D, = Dmfnx2m+5}
— ™~ rd

be the following matrix:

pacmeurs
———

1 1 1 1
¥ v 2 1
3
¥ (579 2P 1
(k.2) 'Dg* =
' 5
- m m, 3 -0 s T
2 -l (2 —u) 1 1
m 3
y° - (ygm'B) z 1
oo PN 2
y (y= ™) 1
L _
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where y. 1is a primitive element of GF(Qm), z 1s a primitive
element of GF(22), and the last column is a column of ones. Then

%
D has renk R(m, 2) + 3, where D, has rank R(m, 2).

et} 2
The proof of Lemme 4.2.2 is analogous to thot of Lemmo 4.2.1
and so is omitted.

*%
Theorem 4.2.2. Let D, be the matrix (4.2) and let m be

even, um > L, Suppose, further, that y can be chosen so that
L+y+ y2 + y3 + yl'L = yg » @ # 2 (mod 3), and that one of the

three following conditions holds:

2., .3

(1) 22Xy o g 41 (med 3);
ley+y
6 9

(31) l+y5+y9 = v, N £ 0 (mod 3);
L+y + 3

(1) ¥+ P ey e PP 1 £ 0.
Then DZ* will be an appropriate parity check watrix for the binaxry
group. code, n =2 -1, r =R(m, 2) + 3, vhich corrects all in-
dependent double errors and all single bursts of errors of length

less than or equal to four.

Rk
Proof. Tet 81 be the di-th row vector of Dm s 1 =0,L,...

Em - 2, and let 61 amd 6i be any two distinct vectors chosen
1 2

from the vectors 8 ; 8,; -..; & Then by virtue of property
o ll 4 m o £
e 2.2

Ph possessed by Dm » we need prove only the following:

(L.3) B, + 8, # 8, + 8,4 * B .

1 2
(h.4) By + By # B, + B * av+3 s
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(4. ») ail + 512 # 5, * Beo * 8V+3 s

v =o; 1, T eey 2m—- 23

(4.6) 5, + 8 + B

(%.8) &, + 8v+2+6v+3 # 3 341 aj+2

to! +

(%.9) szz 53 + 8j+l + 2 sj+5 ,

(4.10) 6il + 612 # 5, + I B pp * 5v+3 s

(k.11) 5V+6V+l + 8v+3 # aj P 543 7

. ) # 5, +8,..+ 5
(4.12) 8v * 6v+2 * “vk3 J + g+l Jgt2 ,
(4.13) B, * B 4+ 6v+3 # Bj + 63+1 + Sj+2 s

For v£Jd, v, 3=0,1, ..., 2" - 2. For if (4.3) - (4.13)
are all satisfied it then follows from Corollary 1.1l.1 that D:*
will be an appropriate parity check matrix for the binary group
code, n = o'- 1, r = R(m, 2) + 3, which corrects all independent
double errors and all single bursts of errors of length less than
or equal to four.

(4.3) - (4.9) obviously hold since each of these statements
has an odd number of terms on one side and an even number of terms

on the other side. Now let
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a a
2 1 6
l+y+y =y, l+y5+y = ygy
b b
l+y+ y3 =y 1 P 1+ y3 + y9 =y 2 s
2 ¢ 6 o
L+ y+ y3 =y 1 s L+ y + y9 = ¥
Then (4.12) and (4.13) both hold, because
i+al Bi+a2
8 ¥ By ¥ By = (¥ > Y 20, 1)
i+ 3i+Dh s
_ 1 2 i+l
61 + 8.1_‘_1 + 5i+5 - (y 2 .'Y 2 % 2 l))
ite 3itc .
. i+2
5, + 8. + B = (y 1 s ¥ 2 s 2 ’ l))

1 =0, 1, «o.y 8" = 2, and hence in both (L.12) and (4.13) the two
members differ in the third position. Thus it remains only to prove
that (4.10) and (4.11) hold.

Suppose that {4.10) does not hold. Then there exist 85 Si

1 2
av such that

or, equivalently,

i i
(L.1k) y ey 2 o= ¥ 1ey)Y

34, 34 3
(L.15) y Tey 2 o=y (14 ),

i i
(4.16) 2zt +z22 = Y

hold simultaneously. Now let i! = il ~ v and il =1, - v; then

(k.14) - (L4.16) Dbecone

hoo 3 3
(L.1h7) vy T+y (1+y) ,
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zZ1} 31} 3
(k.15") vy te oy 2 o= (1+y)
it i!
(4.16') e T

Dividing (4.14%') into (4.15'), we get

2il ei} 1)+ 4] 3

. 6
(k.17) v Tay Sayl 2o (npy®) = Lpryeyra®

and by squaring (4.14') we obtain

24! 21t
(%.18) v 1y v 2 . (1 + y)6 = l+y2+yh+y6 .
Thus, adding (4.17) and (4.18), we have
il o+ i}
1 e L
(4.19) y S kR AE R
il il
Now =z 1 + oz 2 1 implies ii + ié = 0 (mod 3), but

by hypothesis 1 + y + ye + y5 + ylL = yg , vhere © # 2 (mod 3),
vhence by (4.19), 1] + ié =1+ 0#£0 (nod 3). This is a contra-
diction and hence establishes (4.10).

Finally, if (4.11) does not hold, then there exist i and
such that

S5, + B + 8 = 63 + 83+2 +

1T %41 ¥ O3 443 ,

or, equivalently,

(k.20) v ) = v (),
(k.21) y31(1+y§+y9) = 39 (l+y6+y9),
(4.22) Zi+l - Zj+2

hold simultaneously. Now set i' = i-j. Then (4.20) - (4.22)

becone

(4.20) P ey +) = (1P

+ yB)’
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(k.211) Plas P+ = @+,

(k.22") zj'9 = z .

From (4.20*) and (4.21') we get
(h.23) () (P (1%9%) = (1Pe?) (st ®) (),
or, equivalently,

(4.24) y16 + y15 + yll + y5 + y5 +1 = 0.

Also, {k.20') gives

vhile (4.22%) gives i'= 1 (mod 3), so that ¢ = 1 (mod 3). Finally,
(4.21') gives

31! A
¥ = ¥

whence A = O (mod 3). Hence, none of the conditions (i)
(iii) of the hypothesis is satisfied, which gives us a contradiction.

This establishes L4.11 and completes the proof of the theoren.

¥k
Example 4.2.3. Suppose m = 4, then D& is the following

matrixs



(ylo)3
(yll')5

3
Ca
15)3
3

6%

ol

Z

2
z

1

—

L

;,

1000

0100

1 0010

0001

1 1100

0110

0011

1101

1010

0101

1110

011l

11111

1011

1001

where y is chosen to be the primitive element of

characteristic polynomial v

and

+ ¥+ 1.

L+ y+ y2+ y3 + yl'L =

Now,

6

¥y

2

6 #£ 2 (mod 3);

1000

0001

0011

0101

1111

1000

0001

001l

ol0oL

1111

1000

0001

0011

0101

1111

10

0ol

10

01

11

10

(011

11

10

o1

11

10

0ol

11

112

-

ar( eh) with
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2 3 13
LAY Ay L ¥ o 3% 641 (mea3)
l+y+ y5 y7

Hence, by Theorem 4.2.2, Dz* 1s an appropriate parity check matrix
for the binary group code, n = 15, r = 11, which corrects all
independent double errors as well as all bursts of length less
than or equal to four. We note that r = 11 since R(4,2) = 8.

¥
Example 4.2.4. Suppose m = 6, and let Dg be the following

matrixs
1 1 1 1 | 100000 . 100000 10. 1
v y1o 7 1 000001 000101 01 1
12 13 2 2
y (y') z 1 000011 110011 11 1
DH
6 -— =
3
y'60 (y'6o) 1 1 101100 111100 10 1
3
y'6l (y'61) z 1 010101 010010 01 1
3
102 (y'%2) 72 1 111111 101100 11 1

6
where we chose y +to be the primitive element of GF{2 ) with
characteristic polynomial yégy + 1, and y' is another primitive
elenent of GF(26), obtained from y by using the transformation

y! = y5. Now
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1yt ey eyl eyt oy 15 4o (wod 3)s
and

12 '3
14+ y'" 4 3r3 - y,53 , 5% 41 (mod 3).
L+y" +y

(Y3

Hence, by Theorem L4.2.2, Dg* is an appropriate parity check matrix
for the binary group code, n = 63, r = R(6, 2) + 3, which corrects
all independent double errors as well as all single bursts of
length less than or equal to four. Now R(6, 2) is the number

of distinct residue classes mod 63 among the integers

EJUJ J=0,1, ... 5 u=1, 3. These classes are:

1 2 L 8 16 32
3 6 12 2k 48 33

Hence, R(6, 2) = 12, which yields r = 15.

L.3. Avgmented Bose-Chaudhuri Codes Useful in Correcting Multiple

Bursts of Errors

In this section we obtain augmented Bose-Chaudhuri codes which
correct multiple bursts of errors of length 2 and 3.

Theorem %.3.1. Consider the following augmented Bose-Chaudhuri

matrix A, . o= Ay (nx [ (estl) m+ 17 )
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—-l 1 . 1 l——
y y5 L yhs-t-l 1
Boger = 2 (y2)5 - (ye)hs+l N
yéag (y:am"a)3 ces ( §{2;m+l L
where y is a primitive element of GF(em). Then A2 L is an appro-
s+ ‘

priate parity check matrix for the binary group code, n = ot . 1,
r = R(m, 28 + 1) + 1, which corrects a set of (s + 1) independent
bursts of errors of length less than or equal to two, as well as all

. . m
(2s + 1) independent errors, provided that 2 - 1 > ks + 1, s > 1.
s - [~ PR S U 2 4 AT TFES T ., o n K -0 -
Proof. ILet oy denote the i-th row vector of Aogprr 1 =0, 1,
m

ceey 2 = 2. First of all, A possesses property Phs+2’ and thus

2s+1
the set of all (2s + 1) independent errors are corrected; that is,
8] m with
2 -2
.. + 0,

1( % 0. Hence, to complete the proof

ifd, , +,,, 5, are any { vectors from d , d
i i o

{ <4s + 2, then 8, + .

of the theorem we need only show the following:

l, seey

(L.25)8, +8, + ... +8 £(d,, +8,, ) +eout(d,, +5., 1)

. . : . < . . +l s
1t loger - 1 g s+l sl
where Bi s seey Si ; 61‘ 5 esey Si, are any 3s + 2 vectors chosen

1 2s+l 1 s+l
from 60, 61, sy O n and
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(L.26) (6 S+ B, L ..+(a + B o) # (Sji+ aji+l)+-.~

l Jotl g+l
+ (8,, + &, )
dger Jgertt
where B, ,..., O, 3 O.y 30005 O, are any 2s+2 vectors
9 Jer1 1 e+l
chosen from & , &., ..., ® . (4.25) is clearly satisfied
o’ "1 oo

since the resulting sum on the left-hand side of (4.25) contains
a one in its last position, whereas the resulting sum on the
right-hand side of (4.25) contains a zero in its last position.
To show that (4.26) is satisfied, assume that for some set of

vectors 65 30a0s B 30,y 5 «eey Oy s
1 s+l J1 Jael

o

(8. + 8, )+ ... +(5, + 5, (8 + 8 )+ ...
9 9t PN TE Jp*l
+(5,, + aq, )
Jerl s+l+l
Then,
J J Ji J
1 +1 1 +1
y Lyl ey () =y (et v T (),

3 33 33! 33!
7 MarP ety S L0) =y N1 Mty STH14y7),

(45+1)31 hetd (43*1)Js+1 hg+l
v (1+y Mooty (1+ ) =
(he+1) ! (hot1)y!
- l( l+yll-s+l tooty u+l(l l‘-S'f‘l)
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all hold simultanecusly. Since 2= 1 > lg + 1, it follows that

1+y’ 40 for v = 1, 3, 5, «.., bs + 1. Hence the above equa-

tions imply that

J J J1 j!
+ s+l
vl ey ot vl ey
33 33 334 33!
Y ey et 0 e
(4s+1) (ks+1) j (hs+1)3! (Ls+1)3!
¥y e v sy B+l _ g Lty s+l

all hold simultaneously, or that

P S
Js+l

(h.27) B, + ... + B, = 8,,
Jy dge1 Y1

This implies, however, that 1 has at most property P

Aogy ot1’

wvhich is a contradiction.

Example 4.3.1. If g = 1, then we obtain the same parity

check matrix as in Example h.2.2.. Thus we note thab this code ot
only corrects all independent triple errors and all single bursts
of errors of length less than or equal to four, but also corrects
all independent double bursts of errors of length less than or
equal to two.

Example 4.3.2. If 8 = 2, then A. becomes

5
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i 1 1 1 1 1
y y5 y5 y7 y9 1
b o=} . . : . : .
n n .3 n, 5 om, 7 LI
e 2 (5° "9 (s° "2 ye "2 (v*7%) 1

Thus, by Theorem 4.3.1, A5 is an appropriate parity check matrix for
the binary group code n = o™ . 1, r = R(m,5) + 1, which corrects all
independent quintuple errors as well as all independent triple bursts
of errors of length less than or equal to two, provided, m > L,

Theorem 4.3.2. Consider the following augmented Bosew

Chaudhuri matrix:

B! 1 ... 1 1|
3 bs+3
y Ng . y 1
3 o 65+3
Aysrp = ¥ (5%) . (y7) 1
. ces . . ,
m 3 n . 6s+3
ygm;e (¥ 3 ... (2 =9 1

where y is a primitive element of GF(Qm). Then A35+2 is an appropriate
Pparity check matrix for the binary group code, n = o™ . 1, r=
R(m, 3s + 2) + 1, which corrects the set of all independent (s + 1)-
bursts of errors of length less than or equal to three as well as the
set of all (3s + 2) independent errors, where s > 1 and o 1>
bs + 3.

Proof. Since A3S+2 possesses property P6s+4’ all the set of

(3s + 2)-independent errors are corrected. Hence, to complete the
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proof of the theorem we need show only the following (letting Si be

. . 0 m -
the i-th row vector of A33+2’ i =20,1, «ou, 2 = 2):
(4.28) B, + ... + B, AA(B,, +8,,  +0,, )+ s
11 15$+2 11 1141 1l+2
+ (%, +9,, + 8, )
te+l ls+l+l ls+l+2
where B, , ..., o, ; 81,J eee, 0., are any 4s + 3 vectors
1 35+ 1 s+l
chosen from 80, 61, ., O o and
2.2
(%.29) (6. +5d, +8, ) + ... + (B, + B + 5, )
Jl Jl+l J2+2 Jse1 Js+l+l Js+l+2
F(B,, +8, , - +8., )+ ...+
31 Jl+l Jl+2
(6., +8_, + 8, ) s
Je+1 Js+l+l Js+l+2
where &, , ..., Bj 3 Bj,, ceny 63' are any 2s + 2 vector chosen
1 s+1 1 s+l
from 8 , 8., «evy B . (4.28) is clearly satisfied because the

2.2
resulting sum of the left-hand side of (4.28) and that of the right-

hand side of (4.28) differ in their last positions. To prove that

, assume there exists a set of vectors &, , . ;
’ i.’ i
1 s+l

B, veay Si, such that
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. . cee + (5, + 3, + B, )
1 1 ll ls+l 1ch-1+l ls—l—l.‘-2

5 + o+ (B, 4B, FO, )

. + 8, ,.,)
li+l 1i+2 s+l ls+l g+l

or, equivalently, for v = 1, 3, 5, «.., 68 + 3,

vi

(h30) vy Ha+yY

vi
+ yEV) e + ¥ S+l(1 + yv + yev) =

A ot
V1l v Vls+1 v
( ( y o

y IL+y + ygv) + oaee + Yy

But (4.30) implies that

Vi vi . . vi!t
¥ l(l + ij) + v + Y S+L( 1+ VEV) =y l(l + yBV) oo

D4

+ yVié+l(l + yﬁv)
for v =1, 3, 5, ..., 68 + 3, or that
(611 + 6ll+3) Foae. + (61s+1 + 6is+l+3) = (Sii + ‘ij+g) e
EARTIR T

This, however, implies that Ajs+2 has at most property Phs+5’ which

is a contradiction.

In cases when 8, and s, are integers such that 231 + 1 =

532 + 2, we can show that the S + 1 bursts of errors of length

less than or equal to two will not be confused with the g5 + 1
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bursts of errors of length less than or equal to three. Iet

A be the required parity check matrix, and let Si be

s 41 = P35 40
1 o

the i-th row vector of A28 417 1=0,1, «.., oM L2, Now, if
1

(3, + 8, ) + ouu + (B, + B, ) =
i, ipH lsl+1 lsl+1+l

(8,, +8, . +8., ) + ... + (5, +8,,
iq i,%1 11+2 152+l lso+l'l

for arbitrary vectors Si 5 seesy O ; 9, ceoy 61, , then

1 sl+l 1 52+l

) vi .
vi %s +1 vi!

v l(l + yv) + oaee + ¥ 1 (1 + yv) =y l(l + yv

+ y2v) e

v 2v
y (L+y +y )

for v =1, 3, ..., Msl + 1 (= 632 + 3). This, however, implies that

yVil(l I yVisl+l(l ¥ - yVii(l £
yVié+1(l + 57"
for v = 1, 3, s hsl + 1 (= fsg + 3), and thus that
(sil + ail+2) + oo, (ais " + sis +1+2> = (ail + al,+5) e
1 1
(B, +8, 2
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which implies that A251+l = A581+2 has at most property P532+h’ and

o 03 e
this contradicts that A352+2 has property P6s?+4° Also,

(8, +8, ) + .. (5, 43 ) +8  f

1 1 s s s+1
1 1

(8,0 + 80 o + 81'+g) oo+ (3, + 8, a T oy o)

1 1 1 s2+l s2+l 52+l

for there are 261 + 1 vectors in the sum on the left-hand side and

5s2 + 5 vectors in the sum on the right-hand side, while 3s2 + 3 =
2sl + 2, so that the two sums differ in their last positions.

Similarly,

(3,

g PO ) e + (Y o ) f (8ii * 5ii+l * 6i_:L+2)

1 1 sl+l sl+l

ek (B, B, Sié +2) + (8, , + 8,

i
82 52 o 82+l sg+l

and

(5, + ai +l) Foaes + (ai + 81 +l) # (aii + aii+l + 51;+2)

1 1 Sl+l sl+l

i

) ) + (8, + 9, ,

+ o0 #B,, +8,, + 3, ,
+ ls +1 1s 2 ls +1 S+l

2 2 2 2 2

+2) ‘

Finally,
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(8il + 6i1+l) +oe. + (6is + 618 +1) + Sis " #
1 1 1
(6ii F O Y 6ii+2) T T (aié * O T O 42!
2 2 2
+(5,, +8_, )
l52+l lsF»!-l+l

because of property Phﬁ 40 of the matrix A20 1 Similarly,
oll— P=]

1
(oil + 611+1) 4 e o+ (6is + Sio +l) + Sis " #
1 "1 1
(B, + 8y, 5 +8.  n) + .ee + (8, +8,, . +8, o)+
1 1 1 ] SA s
2 z2 2
(3, w A +1+“) .
52 82

L.k,  Further Problems in the Construction of Multiple-Bursi-Error-

Correcting Codes.

The general problem in the construction of multiple-burst-
error-correcting codes is to find a code that will correct with
certainty the set of all independent s-bursts of errors, each of
length less than or equal to d, in such a way that, for a given
redundancy r, the number of places in each message, say n, 1s as
large as possible. In this chapter we have discussed one particular
method for obtaining multiple-burst-error-correcting codes for burst

length less than or equal to three. There is one possible approach
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different from the methods here that may be useful in constructing
multiple-burst-error-correcting codes in the binary case. This
method involves the examination of Bose-Chaudhuri codes which cor-
rect the set of all s independent errérs for the Ed;nary case. It
is conjectured that a correspondence can be established so that such
a Bose-Chauvdhuri code can be made equivalent to a certain binary
group code which will correct the set of all s independent bursts of
length less than or equal to d. Thus, one extension of the work in

this chapter is to investigate such codes.
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