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Abstract

High temperature plasticity of metals at temperatures » 0.5 melting tempera—
ture is, at least for stress ranges of technical interest, explained by thermally
activated dislocation movements, where the "structure" of the material, i.e.
distribution and strength of the internal barriers, which act against these move-
ments, are of strong influence on these processes.

The characterization of this structure by transition probabilities of a
discrete Markov-chain results in a stochastic model which is able to represent
essential and typical features which are characteristic for high temperature

plasticity.

1. Introduction

The term "high-temperature plasticity” characterizes the behaviour of crys—
talline solids (metals, rock, mineral-salt) at temperatures above about half their
melting temperature. At these high temperatures the relation between stresses and
deformations is markedly time dependent. It is widely accepted, that the mecha-
nisms which are responsible for the time dependent deformations at high tempera-
tures are essentially the same as those, which are responsible for the spontaneous
plastic behaviour. They are slip processes in the crystals which are supported by
dislocations. This theory is supported by the observation, that volume changes
connected with creep processes are negligible, and that for multiaxial loading the
invariants of the deviatoric stress (mainly the second invgriant) play the same
governing role in characterizing the stress state, as for spontaneous plasticity,

Especially in the fourties, work was done which aimed on a description of
creep processes from the properties of thermally activated dislocation movements.
The flow units (dislocations or dislocation packages) are situated in the crystal
lattice in front of obstacles, which are characterized by a potential barrier of
hight U* . The externally acting stresses reduce the obstacle hight in direction
of their action by the amount V¥ ( AV is the so called activation volume), and
increase it in the opposite direction by the same amount. The assumption, that the
energy distribution of the flow units follows a Boltzmann distribution, results in

probabilities for overcoming the barriers in direction of the acting stress of

.
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= A e 1
P, exp(-—r—) ()
(kB is Boltzmanns konstant, T is the absolute temperature). In the opposite direc-
tion, the probability to overcome the barrier is given by

B =& exp(_M) (2)
Connected w1th Lhe movements of the flow units in the crystals is a macro-

scopic inelastic strain rate, which is assumed to be proportional to the differen-—

ce py = D, - This model results in the following expression for the inelastic
strain rate:
Ag
E oV A exp(— ) 51nh( (3)

The temperature dependency, wh1ch is given by the factor exp(- u* /x T)), is for
creep processes in good agreement with experimental results.

The restriction of the model to one single barrier hight resulted in the
fact, that the description could only be used for stationary processes. A descrip-
tion of the change of the structure of the material was not possible.

Taeubert /1/ proposed an extension of these models, which also considers the

changes of the material structure due to hardening- and recovery processes,

2. The stochastic model with hardening and recovery

The model can be extended by assuming that there exists not only one barrier
hight for the transitions of the flow mechanisms, which is connected with the
activation energy for self diffusion, but there is a phase space defined for these
barriers over which the flow units (whose number is assumed to be constant) are
distributed according to the past history of the material. Additionaly a recovery
process is defined, for which it is assumed, that the rate of recovery increases
with increased hardening.

During the slip processes which are responsible for the inelastic defor-
mations, the flow units have to overcome obstacles which can be represented by
internal stresses of different magnitude. Slip steps which contribute to the
macroscopic deformation result in hardening. This is considered in the model by
the assumption, that the flow un1t has to overcome in their next step a harrier
whose hight has increased byAﬁ The thermal activation of this process is taken
in account in the classical manner, by defining that there exists a temperature—
and stress dependent trvansition probability from situation %“to%“}-ﬁ%«)in the phase
space of the system.

According to the form of Equation (3), this transition probability is given
by i e Qh)

CJCPL Rty o= GbeCexpc &= Dyrexp LB )y

U is the activation energy for self- d1ffu51on in the considered material, The

b»\l(g \}

connected barrier-hight is decreased by the stress in the direction of its action
by the amount hve, and is 1ncreased by the internal backstress, connected with

hardening, by the amount AV§ @ W
Additionally it is assumed, that with the transition from'® to§ s8 there

occurs a maCTOSCOPJC, 1nelast11edeformat10n in stress direction, which is given by
Ut ave 8-y
=C %'Z_z exp(~ s ] (5)
Hardenlng 1s opposed by a recovery process, for which it is also assumed that
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it is thermally activated, where the driving force, which moves the flow units
back to lower obstacles, is given by the internal stresses which are connected
with the lattice deformations due to hardening. This process also occurs during

the time'inteyval_ t with a transition prgbabiligy which is assumed in the form
| BED Ea) - e ar e SEED 6)
Q is the activation energy which determines this process. AW is the connected
activation volume,

The parameters d: sV, AW,C,,C, and N have to be determined by comparison with
experimental results (Steck /5/). For U‘we use in the following, in agreement with
experimental results, always the activation energy for self-diffusion,

A given distribution of the flow units changes their position in the phase
space with transition probabilities (4) to higher internal stresses and with
transition probabilities (6) to lower values. The probability for staying in the
present position is therefore given by

Bii= 1= Vg Biiea ™

With these probabilities the change of the probable number of flow units at a

’

certain point of the state-axis with time can be expressed by

z(t+at) = SM z(t) (8)
In this expression
2(t) = 2 p¥% L) (9

is the vector which describes the distribution of the number of active glide
mechanisms over the magnitude of %‘? The vector R(%“}t) gives the distribution of
the probabilities, Z is the total number of flow units.

SM contains the transition probabilities, calculated from equations (4),
(6) and (7) in the form

E;-ﬁi-z 0 0
Bicgie Biig 9
SM = |Viea i By Ejn, (10)
0 Vi, ien Biaint
0 0 V;“"“

§ﬂ is a matrix with a constant column-sum of value 1. It is therefore a stochastic
mattix, and the evolution of the states of the system, given by eq. (8), is a

Marcov-chain.

3, Mathematical properties of the Marcov-chain

With the transition probabilities defined by Eqs.(4) and (6) one obtains
a stochastic matrix which is tridiagonal and not decomposable, It can always be
transformed in diagonal form, due to the fact, that the coefficients outside the
diagonal are all positive and never zero. Therefore the matrix posesses exclusive-
ly real eigenvalues. The spectral radius of stochastic matrices is one, therefore
SM has a maximal eigenvalue 7\‘= 1. For all other eigenvalueqwd is valid.
The matrix SM can therefore be transformed on principal axes and obtains the

form of the diagonal matrix:
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1 00 00O
0 %000

N -4

SM = rg§=b_4=ooy,soo (11)
0 0 0 %0

0 0 0 0™
The transformation matrices are the modal matrix M (matrix of the columnwise
arranged eigenvectors) and their inverse. If this transformation is applied to the

Markov-chain (8) it results in the following expressions
~ -4 -

z=Mz z=M 2
z(t+at) = SM z(t)
Z(trat) = MM z(t) (12)
- 09 1 %)
2

=

Y(etat) = §Y
for the description of the evolution of the distribution.

As long as stress and temperature are held constant, the coefficients of the
stochastic matrix do not change. The process is homogeneous. For this case the
transition probabilities after n time steps can be calculated by repeated multi-
plication of the matrix §ﬁ with the recent state vector z as follows:

z(grat) = SM z(t,)

2(i280)= SM z(t +at ) = SH 2(ty) (13)

2(tgnar)= SM'z(ty)

One obtains obviously directly the transition from tq to t_+ nAr by taking
the n-th power of the matrix Ey. The same is valid for the description of the

process in the system of principal axes:

1 0 0
h
Feomar) = W) =[ 0 N 0 [Ee (14)
00 }i

This equation shows directly that the homogeneous process develops towards a
stationary distribution and therefore to a steady-state inelastic strain rate., The
eigenvalues M for i#l are all smaller than 1 and their influence decreases with
increasing the number of time steps. The state vector assumes, independent of the
initial distribution, a stationary value, which is determined by the actual stress
and temperature. This stationary distribution corresponds to the eigenvector for
the largest eigenvalue %1= 1. The stationary distribution and the connected strain
rate can therefore be calculated for given stress and temperature immediately.

For the calculation of transients it is most suitable to use eq. (14). As
long as stress and temperature have not changed, with this equation the distribu-
tion for time tq + nAt can be obtained from the distribution at time t.directly.
This allows an arbitrary choice of the time scale which is used for the calcula-

tions,

4, Transients

It can immediately be seen, that eq. (14) for the development of transients

in the space of principal axes can be written in the form
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'2’11 0 0
~ n n n
z(t+nat) =*,.1 st e N 0 |+ |+ (15)
2. 0
. LA
0 0 _'.%’k
With this representation, the back-transformation is done by the expression
ot r
z, 0 0
8] . .
n N
z(t+n t) ‘g PR SR ‘)\‘.11 0 ')\lﬂ s (16)
. %, 0
~
|0 _O Zy
Tyt [——] s
L4 g Ty
Therefore, the state vector at time t+n t assumes the form
L]
SN
=1
n
g(ttnat) = NI o+ oot 7\‘1;; +)\k_k . (17)
e
n
i i
With L
-Z. ')k (18)
one obtalns frqg eq. (5) for ths ﬁ;flastlc strain rate
e m u¥-aN (8 -]
&ie - C?;"‘i\%fsi e T leqy
n - n o
= MEH et MRy (19)
Due to
V= MM L sk
equatlon (49) results in N
-,
€, _es+.\:e°"t+...+¥ N (20)

The functions £y depend on the distribution at the beginning of the transient
and on the elements of the stochastic matrix. They are, however, just as the
eigenvalues ');not dependent on time and are for ¥ = const., T = const. also
constants, Physically, equation (20) allows the interpretation, that creep tran-
sients are a summation of individual processes with different time constants.

Relations of this type are known from experimental work for some time (e.g.
Blackburn /3/), they were, however, due to a lack of theoretical support, not
widely examined., Our calculations with data for aluminum (Servi, Grant /2/) and
copper (Meakin /4/) showed however (Steck /6/), that already the use of two terms
in equation (20), besides the stationary term, gives an excellent representation

of the experimental findings.
5. Conclusions

The treatment of plasticity and creep with Marcov-chains as mathematical

models provides calculation methods, where with the transition probabilities in

— 265 —

L 5/8



the stochastic matrix and the distribution of flow units over the state-axis,
which is identified with internal stresses, the structure of the system and its
changes as functions of temperature and external stress are easy to survey, The
model possesses inherently typical properties which are characteristic for creep
processes (stationary states for homogeneous processes, typical time dependencies
of transients after changes of stress or temperature). The calculation of statio-
nary states, of the connected strain rates, and of the changes of the system after
load changes is rigid, i.e., the information introduced in the system is preserved
for arbitrarily long process times,

Investigations concerning the numerical determination of the parameters of
the model showed that with a small number of parameters a description of experi-
mental findings is possible, and that the relations, obtained by these methods,

correspond to well known empirical creep laws.
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