ABSTRACT

OVCHINNIKOV, ALEXEY I. Tannakian Categories and Linear Differential
Algebraic Groups. (Under the direction of Professor Michael Singer).

Tannaka’s Theorem states that a linear algebraic group G is determined by the
category of finite dimensional G-modules and the forgetful functor. We extend this
result to linear differential algebraic groups by introducing a category corresponding
to their representations and show how this category determines such a group.

We also provide conditions for a category with a fiber functor to be equivalent to
the category of representations of a linear differential algebraic group. This general-
izes the notion of a neutral Tannakian category used to characterize the category of

representations of a linear algebraic group [9, [4].
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Chapter 1

Introduction

Given a linear algebraic group G, a rational representation (or finite dimensional
G-module) is a finite dimensional vector space V' together with a morphism py :
G — GL(V). The collection of such objects forms a rigid, abelian, tensor category
and Tannaka’s theorem ([9, Theorem 1},[4, Theorem 2.11],[10, Theorems 2.5.3 and
2.5.7]) states that one can recover the group G as an affine variety together with the
morphisms corresponding to multiplication and inverse (or equivalently, its coordinate
ring and its structure as a Hopf algebra) from the knowledge of this category Repg
and the forgetful functor from Rep, to finite dimensional vector spaces.

In this work, we consider linear differential algebraic groups. These are groups of
invertible matrices with entries in a differential field ko with derivation 0 that are, in
addition, differential varieties, that is, they are defined by the vanishing of differential
polynomials. A representation of such a group is a finite dimensional vector space V
over ko together with a differential polynomial morphism from G to GL(V).

The study of these groups and their representations was initiated by Cassidy in
[T, 2]. In this work, we introduce differentiation on vector spaces over differential
fields such that representations of G correspond to this construction. We then show
that for a linear differential group G, the category of objects corresponding to its

representations completely determines GG as a differential variety together with its



morphisms for multiplication and inverse, that is, we show that one can recover its
differential coordinate ring together with its Hopf algebra and differential structure.

We note that the categorical approach to representations of linear algebraic groups
leads to the theory of Tannakian categories. This theory has found many uses and, in
particular, one can develop the Galois theory of linear differential equations using this
categorical approach. Recently, a theory of parameterized linear differential equations
has been developed by Cassidy and Singer [3] where the Galois groups are linear
differential algebraic groups. The category V defined in this work was motivated by a
desire to give a similar categorical development of the Galois theory of parameterized
differential equations.

Recall that in the non-differential case Tannaka’s Theorem states that a linear
algebraic group is determined by its category of representations. The problem of
recognizing when a category is the category of representations of a linear algebraic
group (or more generally, an affine group scheme) is attacked via the theory of neutral
Tannakian categories (see [0, 4]). This theory allows one to detect the underlying
presence of a linear algebraic group in various settings. For example, the Galois
theory of linear differential equations can be developed in this context (see [4} [11]).

Building on the work of Cassidy [I, 2], we proved an analogue of Tannaka’s The-
orem for linear differential algebraic groups. Here, we develop the notion of a neutral
differential Tannakian category and show that this plays the same role for linear dif-
ferential algebraic groups that the theory of neutral Tannakian categories plays for
linear algebraic groups. As an application, we are able to give a categorical develop-
ment of the theory of parameterized linear differential equations that was introduced
in [3].

The rest of the paper is organized as follow. Chapter [2| gives formal definitions
and properties of linear differential algebraic groups. In Chapter [3] we introduce
the the category V and show how a representation of a linear differential algebraic

group corresponds to an object of V. In Chapter [l we give various representation



theoretic properties of the objects of V as well as some consequences (e.g., any rep-
resentation can be constructed from a faithful representation using the operations of
linear algebra). In Chapter , we show how to recover the group from its associated
category.

In Chapter [7] we define and develop basic properties of a category which is a
differential analogue of a neutral Tannakian category. In Section [7.7] we prove one
of the main result of the thesis: namely, there is a (pro-)linear differential algebraic
group such that a given neutral differential tannakian category is the category of
representations of the group. We give an application of this result to the theory
of parametrized linear differential equations in Chapter [§] The techniques we use
are built on the techniques introduced in [9, 4] but the presence of the differential

structure introduces new subtleties and several new constructions.



Chapter 2

Basic definitions

2.1 Differential algebra

Let kg be a differential 0-field. This means that kg is a field with the operator 0

satisfying for all a, b € ko we have
d(a+0b) =0(a)+ 9(b), 0O(ab) = d(a)b+ ad(b).

For example, Q is a differential ring with a unique possible differentiation (which is
the zero one). The field C(¢) is also a differential ring with 0,(t) = f, and this f can
be any rational function in C(¢).

In Chapter [§| we require that every consistent system of algebraic differential
equations with coefficient in kg has a solution in kq. Such a field is called differentially
closed. In characteristic zero for a differential field one can construct is differential
algebraic closure unique upto an isomorphism (see [3, Definition 3.2]).

Let Y = {y1,...,yn} be a set of variables. We differentiate them:
AY = {8i1y13i2y2 L 82”% | (ih e ,Zn) € Z;O} .

The ring of differential polynomials ko{Y'} in differential indeterminates Y is the
ring of commutative polynomials ko[AY] in infinitely many algebraically independent

variables AY with the differentiation 0.



We also use the ring of differential operators ko[0] which is the ring of non-

commutative polynomials in the variable 0 with the following commutation rule:
J-a=a-0+0(a).

We denote the set of operators from this ring of order less than or equal to p by
ko[0]<p. A homomorphism of differential objects, such as differential rings, modules,
is a usual homomorphism which commutes with differentiations.

The category of O-differential algebras over a O,-differential field kg is denoted
by Algk(0). The differential algebra homomorphisms are denoted by simply Hom or
Homyg)-alg - If we mean ko[0]-module homomorphisms then we write Homyg or

Homyy (g 1in -

2.2 Linear differential algebraic groups

We shall recall some definitions and results from differential algebra (see for more
detailed information [I], [7]) leading up to the “classical definition” of a linear differ-
ential algebraic group and its representative functions. Later in the paper we will
give a Hopf-theoretic treatment and provide an equivalent definition in terms of rep-
resentable functors.

Let ko C U be a universal differential field over kg, that is, a differential field such
that if K is a differential field extension of kg, finitely generated in the differential
sense, then there exists a kg-isomorphism of K into 4. We will assume that all
differential fields we consider are subfields of ¢ (the Hopf-theoretic treatment will not

use universal differential extensions).

Definition 2.1 For a differential field extension K O ko a Kolchin closed subset
W(K) of K™ over ko is a set of common zeros of a system of differential algebraic

equations with coefficients in ko, that is, for fi,..., fr € ko{Y} we define

W(K) ={a € K"| fi(a) = ... = fi(a) = 0} .



There is a bijective correspondence between Kolchin closed subsets W of U™ de-
fined over ko and radical differential ideals I(W) C ko{v1,...,y,} (that is, radical
ideals that are stable under the action of 0) generated by the differential polynomials
f1,-- -, fr that define W. Given a Kolchin closed subset W of U™ defined over ko we
let the coordinate ring ko{W} be:

ko{W} =k{y1,....un}/I(W).

A differential polynomial map ¢ : Wi — Wy between Kolchin closed subsets of U", de-
fined over ko, is given in coordinates by differential polynomials from ko{yi,...,yn}-

To give ¢ : Wi — W is equivalent to defining ¢* : ko{W>} — ko{W7}.

Definition 2.2 [1, Chapter II, Section 1, page 905] A linear differential algebraic
group is a Kolchin closed subgroup G of GL,(U), that is, an intersection of a Kolchin
closed subset OfZ/l”2 with GL,(U) which is closed under the group operations.

Note that we identify GL,, (i) with a Zarisky closed subset of U given by
{(A,a) | (det(A))-a—1=0}.

Definition 2.3 [2] A differential polynomial group homomorphism p : G — GL(V)
is called a differential representation of a linear differential algebraic group G, where

V' s a finite dimensional vector space over kgo. Such space is called a differential

G-module.

A Hopf algebra A is a commutative associative algebra together with comultipli-
cation A: A — A® A, coinverse S : A — A, and counit € : A — kg satisfying certain
axioms [10], 2.1.2].

In [12] page 23] representations of an algebraic group G are viewed as comodules
over the Hopf algebra A of regular functions on G. In Section [3] we will develop
a similar technique to look at differential representations as differential comodules

(Definition over differential Hopf algebras (Definition [3.5).



Following [12, page 5] one interprets algebraic groups as representable functors
from the category of kg-algebras to groups, that is, there must be a kg-algebra A such
that for any kg-algebra B the B-points of GG, denoted by G(B), are just Hom(A, B).
Then [12, Theorem, page 6] says that natural maps from one group G to another one
G', viewed as functors, correspond to the algebra homomorphisms A" — A. We will

develop this in differential setting in Section

2.3 Representative functions

Let W C U™ be a Kolchin closed subset defined over ko. We define ko(WW) to be
the complete ring of quotients of ko{W}, that is ko{1W} is localized with respect to
the set of non-zero divisors.

A linear differential algebraic group G acts on the rational functions ko(G) by
right translations (see [I, page 901}, [2 page 227]). According to [2, page 227] the
functions with a finite dimensional orbit are called representative functions R(G) and
([2, page 230, Theorem]) that the totality of these functions form the algebra of
functions ko{G}.

We show how these functions (and, hence, the algebra) can be connected with

finite dimensional differential representations of G.

Proposition 2.4 Representative functions are the same as the coordinate functions

of finite dimensional representations of G.
Proof. Let p: G — GL(V). Let also ¢;; be a coordinate function. We have
G —2 GL(V) -2 ko

According to [2, Corollary 1, page 231] we have ¢;; o p € ko{G}. By [2, Theorem,
page 230] we have R(G) = ko{G}. We show that any f € R(G) is of the form ¢;; 0 py

for a finite dimensional representation p; of G.



Take any f € R(G) and consider its G-orbit G f =: V, which is finite dimensional,
under the action 7 : G — GL(ko{G}) with

p(9)(f)(x) = f(zg).

Let V be spanned by {f = f1,..., fu} over ko. So,

n

p(9)(f1) =D cilg)fi

i=1
Evaluating the last equality at the point e € G for all g € G we get

n

F(9) = (p(9)(M)e) = Y eilg) - file):

i=1
It remains to change the basis which correspond to the conjugation of the represen-

tation matrices. Assume that fi(e) # 0. A conjugation matrix is

file) fale) fale) ... fale)
0 1 0 0
C= 0 0 1 0
0 0 0 1

If B(g) is a representation matrix then it goes to C'B(g)C~! under such a change of
coordinates. Thus, we have obtained the function f(g) as a coordinate function of
some finite dimensional differential representation of the linear differential algebraic

group G. =



Chapter 3

The category )V and representations

We start with introducing a derivative of a finite dimensional vector space and

investigate its essential properties.

3.1 Definition

Definition 3.1 The category V over a differential field ko is the category of finite

dimensional vector spaces over Ko with operations ®, @, *x, and additional operations:

Vi VP =Kk [0, @ V.

X!

Remark 3.2 Note that ko[0] is a non-commutative ko-algebra, so in this tensor

product we think of ko[0] as a right ko-space and V' as a left ko-space.

Remark 3.3 The category V is still the category of vector spaces. We just add a
new operation O to it. Note that O requires the ground field ko to be differential and

15 essential to recover the differential structure.

Remark 3.4 If{vy,...,v,} is a basis of V then {vy,..., vy, ..., 0P Q@uy,..., 0P Qu,}

is a basis of VP,

We denote 0 ® v simply by Ov.
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3.2 Linear differential algebraic groups

In the following Section we will introduce another definition of a differential
representation of a linear differential algebraic group (see Definition . For this
purpose we will view linear differential algebraic groups as representable functors
from the category of differential ko-algebras to groups (see (3.2))).

We take a Hopf-theoretic approach to the study of linear differential algebraic
groups as in [2]. Let A be a (finitely generated) differential algebra over the field k.
Following [2, page 226] one defines the set

G(U) = Hom(A,U),

where U is the universal differential field as before. Assume that A is supplied with

the following operations:

e differential algebra homomorphism m : A ® A — A is the multiplication map

on A,

e differential algebra homomorphism A : A — A ® A which is a comultiplication

corresponding to the group multiplication G x G — G,

e differential algebra homomorphism ¢ : A — k which is a counit corresponding

toe €,

e differential algebra homomorphism S : A — A which is a coinverse correspond-

ing to the group inverse G — G.

We also assume that these maps satisfy commutative diagrams (see [2, page 225]):

A 2. A4 A2, A9A A -2, AxA

lA J{idA ®RA JidA J,idA Qe ls lm0(5®idA)(3'1>

Ao A 2994, Aod404 A" Ak k ——1» A
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Definition 3.5 Such a commutative associative differential kg-algebra A with the
unity and operations m, A, S, and € satisfying axioms (3.1)) is called a differential
Hopf algebra.

Remark 3.6 Introduced in this way G(U) with operations corresponding to A, S,
and € is a Kolchin-closed subset of some U™ and a group at the same time such that

all operations are continuous in the Kolchin topology.

Recall that the group G as a differential variety is given by a system of differential
algebraic equations F' = 0 or by the radical differential ideal I of ko{y1,...,yn}
generated by F (see [1], page 895]). If we represent 0 — I — ko{y1,...,ynt — A —0

then we can consider G in a differential kg-algebra K, that is,
G(K) = Homy, 5 (A, K) =: Hom(A4, K).

We again may identify elements of G(K') with n-tuples of elements of K that annihi-
late I. For convenience we gather all such G(K) and form the following representable

functor
G : {differential ko-algebras} — {Groups}, B+ Homyg(A, B), (3.2)

which we call the affine differential algebraic group defined by A.
Among all differential algebraic groups we distinguish the differential general linear
group. Consider a finite dimensional vector space V over kg of dimension m. We

define GL (V') by the functor
GL (V) : B — Homy, g (ko{X11, ..., Xpum, 1/ det}, B).

One may consider GL (V) (B) as the set of m x m invertible matrices with coeffi-
cients in the differential kg-algebra B. The linear differential algebraic groups we
defined earlier correspond to subgroups of GL(V'). Unlike the situation for algebraic
groups, there are affine differential algebraic groups that are not isomorphic to linear

differential algebraic groups (see [I, page 911]).
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Morphisms of differential algebraic groups then in our sense are morphisms of
their representable functors. We need the following result (a corollary of Yoneda’s
Lemma) from the theory of categories to see that this corresponds to the morphisms

of algebras defining the groups.

Lemma 3.7 [8, Corollary 2, page 44,16, 30.7, Corollary, page 224] Let C be a cate-
gory such that Hom(A, B) is a set for all objects A, B of C. Let E and F be functors
from some category C to the category of sets represented by some objects A and B,
that is, E = Hom (A, _) and F' = Hom (B, _). Then morphisms of functors E and F

correspond to homomorphisms of B and A.

It remains to note that the category of differential kqg-algebras satisfies the as-

sumptions of Lemma [3.7]

3.3 Representations

We will take a careful look at differential representations of a linear differential

algebraic group G. These are differential algebraic group homomorphisms
$:G — GL (V) =:Aut (V)

for some finite dimensional ko-vector space V. By Lemma [3.7] the morphism & cor-
responds to the homomorphism of the algebras. In [2] a representation of the group

G defined over kg is a rational differential algebraic group homomorphism
GU) — GL (V) U).

But such a morphism is a differential polynomial map by [2, Corollary 1, page 231]
and so corresponds to a homomorphism of associated algebras. Hence, we can freely

use our language of functors.
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Definition 3.8 For a linear differential algebraic group G an object V€V together
with a natural map of functors ry : G — Aut(V') which is a group homomorphism is

called a differential G-module.

3.4 Differential comodules

We are going to restate this in the language of comodules which we introduce
now. For this we define a differential analogue of an algebraic comodule. Let A be a

differential Hopf algebra.

Definition 3.9 A finite dimensional vector space V' over Kg is called an A-differential

comodule if there is a given Ko-linear morphism

p:V-oVRA
satisfying the axioms:
Vv X VA V —L- VA
JP lidv ®RA lidv lidv ®e
VA 24 yoag A V "= Voke

together with the prolongation of p on V® commuting with 0.

The definition and correctness of the prolongation are given in Theorem and
Lemma [B.11l We will show that A-differential comodules are in one-to-one corre-

spondence with differential G-modules, where G is the functor represented by A.

3.5 Equivalent definitions of differential represen-
tations

Theorem 3.10 LetV be a finite dimensional vector space spanned by vectors {vy, ..., v,}

over ko. A differential representation ® : G — GL(V) is equivalent to V' being an
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A = ko{G}-differential comodule with respect to

p:V—=-V®A.
In coordinates we have
p(v;) = Zvi ® aij, Alai;) = Z Wiy @ Qrj.
=1 r=1
such that
p(0Pv;) = ZZ( )8% ® (0" 1a;5)
i=1 q=0

gives a prolongation of p on V)

Proof. The representation ® is a morphism of functors G — Aut(V'). According
to [12, Theorem, Section 3.2] such a representation ® of the affine group scheme G

corresponds to the ko-linear map p with the following commuting diagrams:

Vv L5 veA V 2. VA
Veod X2 veds A V " Veke

More precisely, the map p comes from the restriction of the A-linear map
Pida) : VRA—-V®A

to V ® ko = V. By [12], Corollary, Section 3.2] we have

n

)= vi®@ay, Alay) =)y ®ay.
=1

r=1

Let us demonstrate the last differential identity. We have
®(idy) € Homa (V@ A,V ® A)

and ®(id4) can be extended to a map V?» ® A — V® ® A commuting with the

O-structure. The first step gives us the following:

Ovea
—

’Uj®]_ an®]_

lq’(idA):P l‘b(idA):p

n P n
Z (5 & A5 LM) Z((@vz) X Q5 + V; & 8@1-]-)

i=1 i=1
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The formula for higher order derivatives can be obtained by induction. This, indeed,
makes V) an A-comodule (see Lemma .

On the other hand, having such a p : V' — V ® A one extends it by the A-linearity
tops: V@A -V ®Aand then to VP ® A — VP ® A commuting with the
O-structure (see Lemma for correctness). Consider a O-differential ko-algebra B.

For any g € Homy, (A, B) in G(B) we have the following commutative diagram:

VoA 24 o
lidv®g lid\/@g
veB 29 ven

meaning that ®(g) is determined by (idy ®g) o p using B-linearity of ®(g), where p is
the restriction of py := ®(id4) to V. Since ®(id4) is made preserving the d-structure,
the map ®(g) does the same thing, since g is a J-differential algebras homomorphism
A— B.

Indeed, take v = " ¢;0v;, where v; € V. Let {ey,...,e,} be a basis of V. Then

®(g)(v) = (idy ®g) o P(id4) (Z Cﬁ%‘) = Zci - (idy ®9)0"(®(ida) (v;)) =

=Y ¢ (idy ®g) (i Z C) vee ai_rbji) )

7j=1 r=0

Y (i; (;) Fe;® @i—rg(bﬁ)> _

n

= Z cﬂl (Z e; ¥ 9( jl)) - chaz<¢(g)(7}2))

7j=1
Here we denoted ®(ida)(v;) = > ;€5 @ by for some elements b;; € A. From this it

follows that
CI)(g) c Homko[a} (ko {XH, ey X, 1/ det} , B) .

This finally establishes a bijection between differential representations and differential

comodules. m
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3.6 Prolongation of representations

Let G be a linear differential algebraic group and p : G — GL (V) be its differential

representation.

Lemma 3.11 The action of G on each V¥ is algebraic, that is, VW is a B := ko{G}-

comodule for all i > 0.

Proof. We have a differential algebraic action on V. Let {ej,...,e,} be a ko-basis

of V. For p:V — V ® B from Theorem we have

n

plej) = Z e; @ b,

=1

bij) = Zbi,r ® br.;,
A(0Ph,) = _y Y ( ) (0,,) ® (0,).

r=1 q=0

p(dPe;) ZZ( ) ® (9P, ;).

i=1 q=0

One can show by induction that if B = (b;;)7;—, is the “representation” matrix for

G — GL (V) then for a fixed number i > 0 we have

B 0 0 0
()-B, B 0 0
Bi=|()-By (7)-B B ... 0|=I(cail,y
B B

is the one for G — GL (V(i)) where B, means the matrix (8 b”)” L
It remains to show we do have a group action. Let us do this. The ordered basis
of V& ig

, 4 - -
{0%q,...,0%,, 0" e, .., 0" ny. o1, En )
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By induction, using the fact that B; is lower triangular we conclude that the only
part of matrix we need to take care of is the set of first n columns. Let 1 < g < n

andn-m+1<p<n-(m+1). We have:

Alepq) = A ((7;) 0mbp-m.n,q) = (T;) (0" A(bp—rmng)) =
= T;) o™ <i bp—mom, @ bl’q> =
S (1)) e
30 31 (i | () [N R C )

because

(é) (T) ~oml(i - é;ﬁkm —nl (m—r)!x = Tm)')zllnv(z —7)!

and this is exactly what we needed. m
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Chapter 4

Essential properties of differential

representations

In the following we will use different equivalent definitions of differential represen-
tations of a linear differential algebraic group. Summarizing the previous sections a
differential representation V' € V of G with algebra A can be defined in the following

ways:
e Dby a differential morphism G(U) — GL (V') (U) (Section [3.3));
e by a natural map of functors G — Aut(V') (Definition [3.8);

e by a differential A-comodule structure on V' (Definition , Theorem |3.10)).

Differential representations of G' form a category which we denote by Rep. and its

objects by Ob(Repg).

4.1 Recovering representations

Let G be a differential algebraic group with A := ko{G} and G — Aut(V) be its
faithful representation, V' € V.
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Lemma 4.1 FEvery finite dimensional differential representation U of G' embeds in a

finite sum of copies of the reqular representation.
Proof. Denote M = U ® A. Then M is a differential comodule with
dg @A : M — M ® A.

Since (iId®A) o p = (p®id) o p, the map p: U — M is a map of A-comodules. It is
injective, because v = (id ®¢) o p(v). Finally, M = A4™U)

Proposition 4.2 Fvery differential representation U of G is a subquotient of several

copies of a G-module
Ve . . @VWeV e... V"

Proof. Fix a basis {ui,...,uy,} of U. By Lemma the representation L is an
A := ko{G}-subcomodule of

URA=(uA)@...0 (up, ® A) = A™,

Consider the canonical projections 7; : A™ — A, which are G-equivariant maps with

respect to the comultiplication A : A — A ® A. Since U C A™, we have
Uc@m)
i=1

and each m;(U) is a G-module, because 7; is G-equivariant.

Consider the following surjection
m: B :=ko{X11,..., X, 1/det} - A—0.

Since 7; (U) is a finite dimensional G-subspace of A, there exist numbers r, s,p € Zx

such that 7; (U) is contained in w(L,,,), where

Ly sp i= (1) det)"{ f(X;) | deg(f) < s, 0rd(f) < p}.
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There is a B-comodule structure on B given by

A(X;;) = ZXu ® Xij,
=1

A(0Xy) =) ((0Xa) ® Xy + Xy @ (0Xy5))

=1

and L, , is a B-subcomodule of B, because of

Z le ® Xl] rq

lr=1

and Lemma . We then have that L, , is also an A—subcomodule of B. Hence,
each m;(L) is a subquotient of some L,,. Thus, we only need to show how to
construct these L, ;.

Fix a basis {vy,...,v,} of V. We have a B—comodule V' with respect to

n

plv) =Y v ® Xy,

i=1
For each i, 1 <4 < n, the map ¢; : v; — X;; is GL,, (hence, G)-equivariant, because

n

eilpv(v5)) = @i (Z u® le) =) Xa® X,; = AXy) = pslei(v;)

=1
and both p and A preserve the product rule with respect to 0.

Consider the space of linear polynomials Lo, in the variables {X;;} and their
derivatives of order up to p. An element f of such a space is of the form

n p
=Y ey,
i,j=1 q=0

where ¢;; € ko. As it has been noticed above this space is an A-subcomodule of
B. The map (1, ..., p,) gives an A-comodule isomorphisms between the nth power
(V(p))n of the pth derivative of the original representation of G and Ly ; ,. Hence, one

can construct Lg ;.
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Consider any s € Zsy. The G-space Lo, is the quotient of (Lg;,)" by the
symmetric relations. So, we have all Lo ,. Let now s = n = dimy, V. Then the one-
dimensional representation det : G — ko with g — det(g) is in Lo, ,. For f € ko we

have

det(g)()(e) = S/ det(9)) = g (a).

Thus,
L’I“7S7p = (det*>®r ® LD7S7p)

which is what we wanted to construct. m

4.2 Example

We will show how Proposition [£.2] works step by step.

Example 4.3 Consider the differential representation p : G, — Ga by

Ay
Gnoyr Y1 eG,.
0 1

The representation p corresponds to the map of algebras
p* B = k() {X117X12,X21,X227 1/det} — A= k() {y, ]_/y} — 0
with

X1 = 1,X12 — y’/y,

Xop = 0,X99 — 1.
Take a standard basis {uy,us} of ko®. We then have p: U — U @ A given by

plur) =u @1,

plug) = u1 @ (y'/y) +us @ 1.
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So, as an A-comodule
ko” C spany, {u1 ® 1, ur @ (y'/y)} & spany, {{us ® 1}.

Hence, it is sufficient to construct spany, {u1 ® 1,u; ® (y'/y)} or, equivalently,

y/
W := span, {1, —} .
Y

Consider the B-subcomodule Ly 1 of linear polynomials in X1, X2, Xo1, Xoo with co-
efficients in ko which is also an A-subcomodule of B. The A-comodule W is contained
in the image of Lo11 with respect to p*. Hence, W is a subquotient of Ly11. The A-
comodule Lg 11 is constructed as follows. It is enough to get Lo 10, as Loi1 = 0Lo 1.

The group Gm has a representation on V = spany {vi,v2} as

v = U ®Y,

Vg = Vg & Y.
Consider the two A-comodule maps

w11 v = Xqp, vg = Xig,

Y2 1 v = Xop, vy = Xoo.

The map (1, p2) provides an A-comodule isomorphism between V? and Lg 0. Sum-
marizing, we need to take the 4th power of the original faithful representation of G
on ko, compute several subquotients, and then sum up (®) the result, take a subrep-

resentation, and differentiate to obtain the representation p.
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Chapter 5

Tannaka’s theorem for linear

differential algebraic groups

In this section we will show how one can recover a linear differential algebraic
group knowing all its representations. For this we first prove Tannaka’s theorem
(Theorem [5.2)). Then using this fact we reconstruct the differential Hopf algebra of
functions on the group in Sections [5.3 and [5.4] Parts of the proof closely follow [10),
Section 2.5]. The novelty lies in the fact that we can recover the differential structure

on the Hopf algebra.

5.1 Preliminaries

Let G be a linear differential algebraic group with A := ko{G}. The category of
finite dimensional differential representations (as in Definition of G we denote by

Rep. Let w: Rep; — V be the forgetful functor.

Definition 5.1 For a 0-differential ko-algebra B we define a group Aut®?(w)(B) to

be the set of sequences

AMB) = (\x | X € Ob(Repy,)) € Aut®?(w)(B)
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such that \x is a B-linear automorphism of w(X)® B for each G-space X, w(X) € V,
that is, Ax € Autg(w(X) ® B), such that

o for all X1, Xy we have
>\X1®X2 = )\X1 & /\X2, (51)

e )\ is the identity map on 1 ® B = B,
o for every o € Homg(X,Y) we have

)\yo(a®id3):(a®id3)o)\x:X®B—>Y®B, (52)

e for every X we have

8o>\X :)\3)(08, (53)

e the group operation A1(B)-\o(B) is defined by composition in each Autg(w(X)®
B).

Aut®’a(w) is a functor from the category of O-differential kg-algebras to groups:
B +— Aut®?(w)(B). Any g € G(B) determines an element )\, € Aut®?(w)(B),
because if X € Ob(Repg) and 5 : G(B) — GL(w(X) ® B) then ®(g) is a B-linear
automorphism of w(X) ® B and the property is satisfied by the definition of

G-equivariance of a. So, we have a morphism ® of functors
G — Aut®?(w), g€ G(B)— d(g) € Aut®?(w)(B)

for any O-differential ko-algebra B as for any ¢ : B; — By we have the following
commutative diagram:

OB,

G(B)) —2 Aut®?(w)(B))
law lAutww)(@)

G(Bs) —22 Aut®?(w)(By)
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where G(y) and Aut®?(w)(¢) denote the morphisms

[V A= Bl = [G(p)(¢) = potp: A= By,

A(B1) = (Ax(B1) : w(X) © By — w(X) @ By)] =

[Awt®? (W) () (AN(B1)) = M(Bs) = ((iduix) ®¢) 0 Ax(B1) : w(X) ® By — w(X) ® By)],

respectively. The latter means that we take the restriction of Ax(B;) to w(X) and
map it to w(X) ® By and then apply id,,x) ®¢ mapping it to w(X) ® B,. At the end

we prolong such a map to w(X) ® By by Bs-linearity.

5.2 The theorem

Theorem 5.2 For a linear differential algebraic group G let w : Repgs — V be the
forgetful functor. Then
G = Aut®9(w)

as functors.

Proof. (Following [10, Theorem 2.5.3] with differential modification) Since g € G
determines an element of Aut®?(w) we only need to show the converse. Let B be a 0-
differential ko-algebra and (Ax) € Aut®?(w)(B). Let V € Ob(Rep,) not necessarily
finite dimensional but locally finite. This means that every vector v € V' is contained
in a differential G-module W € V, dimy, W < oo.

We will show that for given B, A, and a locally finite differential G-module V', there
exists a B-linear automorphism of V' ® B (denoted by Ay) such that the properties
(-1, (B-2), and are satisfied and for any ¥V 3 W C V' we have Ay |, = Ay . For
v eV we take W € Ob(Repg;) such that v € W and dim W < oc.

First, define Ay (v) := A (v). We need to show the correctness. Let W’ be another
representation such that v € W’. Consider the G-module W N W' > Gv. From
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it follows that Ay (v) = Awaw(v) = Aw(v). Since each Ay is invertible and linear,

the map Ay is also invertible and linear.

We are going to show now that (5.1)), (5.2)), and ([5.3)) hold for locally finite modules.
For locally finite V' and V' we choose W 3 v and W’ 3 v/, objects of V. Then

AV®V’ (U X U,) = )‘W®W’<U & U,) = AW(U) X AW’ (U/> = )\V('U) & )‘V’ (Ul).

Hence, the property (5.1)) is satisfied. Also, let @ € Homg(V,V’). Consider v € V
and W such that v € W and dimW < oo and of the same kind W' D «o(W). We
obtain that

Ay o a(v) = Ay (a}W(U)) = a}W o Aw(v) = ao Ay (v).
We then have . Moreover, since OW C 9V, we have
doAy(v) =00 Ay (v) = daw (0v) = Aay (),

which implies (5.3). Thus, we may say Ay € Autp(V ® B).
The G-module A is locally finite via

p:AxG—=A  (plg)f)(x)= flz-g)

by [2, Theorem, page 230], where z,g € G(B) and f € A = ko{G}. The same is true
for A® A. Consider the multiplication map

m:A®A— A f&he f-h

which is G-equivariant, because each g € G(B) is a (B-linear) algebra automorphism

of A® B. According to (5.1]) and (5.2)) we have
mo (Mg ®A4) =moAgga = Aaom.

Moreover, from ([5.3]) we conclude that A4 is an 0;-differential algebraic automorphism

A — A. We will show that this must correspond to an element in the group. More
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precisely, there exists a differential algebraic automorphism ¢ : G(B) — G(B) such
that for all f € A and g € G(B) we have

We will show that this morphism ¢ is right multiplication by an element of G(B). This
will show that an element of the group corresponds to A4. After that we demonstrate
that the algebra A can be replaced by any G-module.

For every f € A and g, h € G(B) we have A(f)(g,h) = f(gh). Take any f € A
and g,z,y € G(B). We have

Ao p(g)(f)(x,y) = f(zyg) = (ida ®p(g)) o A(f)(z,y).

Hence,

Ao p(g) = (ida®p(g)) o A. (5.4)

Consider the locally finite G-module U := A® A via ry = id4 ®p. Then, by (5.4) the
map A is G-equivariant for p and ry. From (5.2)) we have A oAy = Ay o A. Because

of we obtain that
A= Aid, ® Aa, =1d @Ay,
because A\; = id and A is kg-linear. Thus,
Aoly = (id®Ag) o A.
For any f € A and g, h € G we have AoAs(f)(g,h) = f(p(gh)). On the other hand,
(id@Aa) o A(f)(g,h) = f(ge(h)).

Thus,
©(gh) = go(h).
Let

T = @(e),
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which is a differential algebra homomorphism A — B. From this we conclude that

for any g € G(B) one has ¢(g) = gz. Hence, Ay = p(z). It remains to show that

other automorphisms Ay look the same (completely determined by this element x).
Consider any V € Ob(Rep) with the action ry. For any u € V* there is a

G-homomorphism

pu:V = A v eu(v),  pu(v)(g) = ulp(g) - v),
where v € V. By and the above, we have p(z) o @, = Aa 0 p, = ©, © A\y. Take
any g € G(B) and v € V. We then have
p(@)(ulry(g)(v))) = u(rv(gz)(v)),
Pu 0 Av(v)(g) = u(rv(g) o Av(v)).

Thus,
rv(z) =ryv(ex) =ry(e) o Ay = Ay,

because the elements v, g, and u were arbitrary. m

5.3 Recovering the algebra of regular functions on

G

Similar to [10) Sections 2.5.4-2.5.8] we can recover A = ko{G} in the following way.
In addition, we show how to obtain the differential structure on A (see Lemma .

5.3.1 First step

We will construct the map 1y from “some representations” of G to the algebra A
of regular differential functions on G and study main properties of ¥y .
Recall that for V € V we denote V¥ = ko[0]<;®V (non-commutative tensor prod-

uct) and sometimes we write V(©) instead of V' for convenience. For V € Ob(Rep,,)



and
veV,ueV”
we have the linear map

Yy VRV — A

v (v @u)(g) =ulrv(g) - v).

Also we introduce an imbedding

Lemma 5.3 We have the following properties:
1. If € Homg(V, W) then
Yy o (id®@¢") = thw o (¢ ®id)
as maps of Vo W* — A.

2. We have
Yyvew =mo (Yy @ Yw) o c,

wherec: (VW) (VW) =2(VeV*) e (W WH).

3. Moreover,

Oy (v @ u) = Pyw (dv) ®u).

4. In addition,
Yy (v @w") =ya (v ® (w)”)

for all v, w eV
5. Finally, if for some |, 1 <1 < p, we have i; < j; then
¢V1<q1)®...\/p(qp) ((8“1}1 ®R...Q 8ipvp) (029 (((9j1w1)* ®R...Q (8jpwp)*)) =

where v, wg € Vi and max{ig, jr} < g

0,

29
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Proof. Forv eV, u € V* and g € G we have

Yy o (id®e¢") (v @ u)(g) = Yv(v® ¢"(u))(g) = ¢"(u)(rv(g) -v) =
= u(p(rv(g) - v)) = ulrw(g) - p(v)) =
= Yy o (6 ®id)(v @ u)(g),

Furthermore, consider w € W and t € W*. We then also have

Yvew (v @wudt)(g) = (ut)(rvew(y) - (v @ w)) =
= (w®t)((rv(g) -v) @ (rw(g) -w)) =
=u(rv(g) -v) - tlrw(g) - w) =
=mo (Yy @ Yw)((v@u) @ (wei))(g) =
=mo (Yy @Yw)oclv®@wu®t)(g).

Let {ej1,...,e,} be a basis of V with the dual basis {fi, ..., f,} and take f € ko. We

have:

Oy (f-e® f;))(g) =0(f - fi(rv(g) - e)) =0 (f-gi7) =0(f) - g + f-9(g5;) =

(
() -9+ f-0(g) =
(
(

) - filrv(g) -e) + f-0(fi(rv(g)es) =
f)-vva(e ® fi)(g) + f v ((Oe:) @ f)(g) =
=Yy (O(f - e) ® f5) (9)-

0
0
0

Also,
Yy (O(f - €;) @ (0¢;)")(g) = (9e;)" (rya (9)O(f - €:)) = (9e;)* (O(rv (9)(f - €))) =

= (0e;)" (Zaf gik) - er+ (f - gir) - O ):

=f-g95=1vv(f &®f;)
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for all 7 and j, 1 < 4,7 < n. The last statement can be shown similarly, for instance:

Dy g, (01 @ 02) @ ((Own)” ®@ w3))(g) = (Qwn)"(rva(9) - v1) - w3 (rv,(g) - v2) =

= 0-wy(ry(g) - v2) = 0.

5.3.2 Second step

Here, we will construct a differential algebra A (that will be our candidate for A)
using representations of G' as objects of V together with morphisms between them
and not using any other information from G.

Let

F= @ vev-

VeOb(Repg)

So, the canonical injections

iv: VeV —F
are defined. Consider the subspace R of F spanned by
{(iv(id®¢") — iw(¢p ®1id)) (2) | V., W € Ob(Rep), ¢ € Homg (V,W),z€ V@ W*},
{iv(v @ w*) — iy (Ov @ (Qw)*) |v, w eV, V € Ob(Repy)},

and

{@'v;m@...v;qm (0" @...@d",) @ (w) @...©(07"w,))) |

mlax(jl — ;) >0, vg, w € Vi, max{ig, Jr} < @&, Vi € Ob(Repg), 1 < k < p}.

We now put A= F/R. For v € V and u € V* we denote by

ay (v ® u)

the image in A of
iV (U X u) .
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So, for any ¢ € Homg(V, W) we have
av (v ® ¢*(u)) = aw(d(v) @ u).

Also,
ay (v @ w*) = aym (v @ (Qw)™) (5.5)

for all v, w € V, and
Qg v (0" ®...®0%v,) @ (('w1)* ®...® (rw,)*)) =0 (5.6)

if for some [, 1 <1 < p, we have 7; < j;.
Take v € V,w e W, u e V* t € W*. Let also {v;} be a basis of V' and {u;} be its

dual. Introduce the following operations on A :

m(ay (v ® u), aw(w @ t)) = avew((v @ W) @ (U@ 1)), (5.7)
Aay(v@u)) = ayw (dv @ u), (5.8)
Alay(v@u)) = Zav(vj ®u) ® ay (v @ uy), (5.9)
Slay (v ®@u)) = ay-(u®v). (5.10)

Proposition 5.4 The kg-vector space A contains a non-zero vector.

Proof. Let C be the category of differential representations of the trival differential
group G, = {e}. Note that the algebra of G, is just the differential field ko . Take
ay(v; ® v3) and aw (0 ® w*) with v; ® v5 # 0 and linearly independent v; and ws.

Consider the linear map:
Oo:V =W, vy ws, c-vyF# v 0.

We have

¢* (w;)(clvl + Ca2U2 + CU) == w;(CQUJQ) = (9.

Hence, ¢*(w3) = v5. We then have

ay (v1 @ vy) = ay (01 @ ¢"(w3)) = aw (0 @ wy) = 0.
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Let now 0 # v € V and 0 # w € W. Consider the linear map
p: V=W, v—w.

We have:
" (w*)(av + bu) = w*(aw) = a.

Hence, ¢*(w*) = v*. We then have
ay(v®@v*) =ay (v P (W")) = aw(w @ w").
Thus, if 1 = span, {e} then
Ag, = spany, {a1(e®e”)}.

Let us show that a; (e®e*) # 0in Ag, . Since there is a surjective linear map A — Ag,,

this will imply that A contains a non-zero vector. Indeed, we have:
a1(e ®e*) = ap1(de @ (Oe)")

and

a1 ((0"e®...0%e) @ ((07e) ®...® (8"e)*)) = 0.

Therefore, A, is just the quotient of F by the subspace generated by the relations
coming from ¢ : V' — W. And the latter subspace is not the whole F as it has been

shown above. m

Lemma 5.5 The definition of m is correct and provides a structure of a commutative
associative algebra on the ko-vector space A and the identity element is given by the

trivial representation 1.

Proof. Consider morphisms ¢ : V — X and ¢ : W — Y as G-vector spaces and
vectors

veV,ueV5, weW, teW" xe X", yeY”



such that ¢3(z) = u and ¢%(y) = t. We then have:

ay(v@u) - aw(w @ t) =ay (v @ ¢7(x)) - aw(w @ P5(y)) =

= ax(¢1(v) ® z) - ay(P2(w) ® y) =
(91(v) ® ga(w)) @ (x ® Y)) =
= axey((01 @ p2)(v@ W) ® (z®Y)) =

= avew((v @ w) @ (u@1)).

= aX@Y(

Moreover, for z, y € V and z, w € W using formulas (5.5 and (5.6) we have:

av(z®y") -aw(z @ w*) = avew((z ® 2) ® (y* @ w")) =

= ey (0(z ® 2) @ (O(y @ w))") =

Oy @ w+y® ow)*

= Ay)gw ) ((&r Rz+xT& 82) & 5

=1/2- aywgwo (0 ® 2) ® ((Oy)" @ w*))+
+1/2 aypmgwo (@ ® 02) @ (y* @ (Qw)*)) =
=1/2ay0)(0r @ (0y)*) - ayo) (2 @ w*)+
+1/2 ayo (z @ y*) - aya (02 ® (Ow)*) =
=1/2-aym) (0 @ (0y)*) - aym) (02 @ (Ow)*)+
+1/2 - ayw (0x @ (9y)*) - aww (02 @ (Jw)") =
= aymewn (01 © 02) © ((9y)" © (Ow)")) =
= aym (0 @ (0y)") - aw (92 @ (Ow)”).

Indeed, we have used the morphism:

Its dual

v (Vew)® - vl ewl
YV:lerez— (1) (1 2),
Y:0Rr®z— (0r)®z+x® (02).

s (VO e W) — (Ve w))’

)

34
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maps
QEUIIEO . (oly & w))
Indeed,
(0N ((3y®wzy®0w)*) (r®2) = ((@y®wv;y®3w)*> (r®2) =

=0=00yew)(z:2),

" ((ay@)w—l—y@aw)*) 0z ©2)) = ((@y®w+y®8w)*)

2 2

((0x) @ z+ 2 ® (02)) =
 (0y)7(9z) - w(z) + y(z) - (9w)*(92)
2
=y (2) w'(z) = Oy @ w))"(9(z @ 2)).

We now prove that the multiplication is associative and commutative. Consider the
morphism

¢ € Hom(VoW W V), vwr—w®uw.

We then have

ay(v@u) - aw(w®t) = avew((v @ w) @ (1@ t) = awey (W V) @ (t @ u)) =
= aw(w ®1t) av(v®u).
So, the multiplication is commutative.
For X € Ob(Repg) and = € X, y € X* we also have

(av(v@u) - aw(w@t) - ax(z @y) = avew (v w) @ (u@1t)) - ax(r@y) =
= avewex((V®w) ®2) @ (t®u) ®Y)) =
= avewex) (VO (W) ® (@ (L®Y))) =
=ay(vV® 1) awex(w@z) @ (L yY)) =

=av(v@u) - (aw(w®t) ax(z@y)).
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We have shown that the multiplication is associative.
Let 1 be the trivial representation of the group G and 0 #e € 1, f € 1*, f(e) = 1.

We have the morphism
¢ € Hom(V,V®1), v—ov®e.

Then

ay(v@u)-ai(e® f) = avei((v®@e) @ (u® f)) = avei(p(v) @ (U@ f)) =

=av(v® " (u® f)) = ay(v®u).

Thus, A is a commutative associative algebra with unity. m

Our main goal is to recover the differential Hopf algebra A. We give a differential
structure on A and then show that this structure corresponds to the one of A. Let us
describe the intuition behind the construction we are going to present.

We are recovering a subgroup of GL,,. Let us denote the corresponding matrix

coordinate functions by y;;. We must be able to:

1. differentiate these functions y;; obtaining y;;, ..., yg-’ ), c

2. multiply the results of this differentiation and stay in the algebra.

For bases vy, ..., v, and uq, ..., u, of V and V*, respectively, the coordinate functions

mapping G — kg are given by

Yii(9) = Yv (v @ u;)(g9) = u;(rv(g) - vi),

where g € G. The candidates for these functions in A are, certainly, ay (v; ® u;). Our
correspondence between A and A must preserve differentiation. So, yj; corresponds
to d(av(v; ® u;)) which we still need to define.

Moreover, such a definition must leave us in the same category and satisfy the

product rule for differentiation. We also notice that since y;;, . . ., yg’ )....and ?Ji(;']) y,(c?
are monomials, we should preserve this property for 97 (ay (v; ® u;))-0" (ay (vy @ w;)) .

These ideas are implemented in Lemma [5.6| and Theorem
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Lemma 5.6 The natural differential structure on A introduced in formula (5.8)

makes it a differential ko-algebra.
Proof. First of all, recall that
J(ay(v®@u)) = ayn((0v) @ u).

Recall that we let u(dv) = d(u(v)) for any v € V and u € V*. We need to show its

correctness with respect to the morphisms:

Iaw (p(v) ® u)) = ayw (A(P(v)) @ u) = ayw (¢(v) ®u) =
= ay (0v ® ¢*(u)) = d(ay (v @ ¢"(u)))

for a morphism ¢ : V' — W that we natrually prolong to a morphism ¢ : V1) — W1
mapping dv — 9(¢(v)). We also check:

9 (aym (0v @ (Qw)")) = a(v(n)(l)(a(av) ® (Ow)") = ayw (v @ w*) =

I(ay (v @ w")).
for v, w € V. Hence, the differentiation is correct. We need to show the product rule.
We have
J(ay(v@u) - ap(w®t)) =0 (avew((v@w)® (u®t))) =
= aewyw (v @ w) ® (L)) =
= aymero (W)@ (u®t)+ (VR dw)® (u®t)) =
=aym(Ov@u) - aw(w®t)+ay(v@u) - ayo(Ow®t) =

= (Oay(v@u)) - aw(wt) +ay(v@u) - (Qaw(w 1)),
where we use the following morphism

Ve - vhewl  Jdgvewr dvew+ve odw.
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5.3.3 Third step

Now, we can show that the differential algebra A we have constructed is what we

were looking for.

Lemma 5.7 Let C be a rigid abelian tensor category with a tensor ko-linear functor
w:C—YV then
End®(w) = Aut®(w).

Proof. We expand the proof that appears in [4, Proposition 1.13]. Let A : w — w.
For each X € C there exists a morphism tx : w(X)* — w(X)* such that the following

diagram is commutative:
Ax

w(X*) —— w(X*)

o|= o|=

W(X) s w(X)*
The category V is rigid. So, for all U, V € V we have Hom (U, V') = Hom(V*,U*).
We then let px = (tx)* : w(X) — w(X). For any f: X — Y the following diagram

commutes: \
Y —— YV 2 w(Y) 25 w(YY)

| | [t e

X —— X* 2 (X)) X (X
Gathering all commutative diagrams together we obtain that u = (uyx) € End®(w).
We now show that u = A~!. We have

X 0X —“ w(X*®X) X, L,(X* @ X)

levx J{w(evx) lw(evx)

1w = w()
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The evaluation morphism takes f ® z € w(X)" ® w(X) and evaluates providing
f(z) € w(l) as its output. Take any y € w(X)* and z € w(X). Then

(4, x 0 Ax(x)) = (tx(y), Ax(2)) = (p o Ax- 00 (y), Ax(2)) =
= evyx) o(p ®id) o (Ax- ® Ax)(¢ ' (y), 2) =

= evy(x) 0@ ®id) 0 Axegx (¢ (y), 2) = (v, 2)

and as a result A\x is injective. Thus, Ax is also surjective and py is its inverse. We

can show this differently:

(4, Ax o px(x)) = evyx) o(p ®id) o pxrex (™' (y), ) = (y,z)

as pu € End®(w)(R). m

The proof of the following result that we give differs from the similar one in [I0].
Our goal was to provide a correct differential structure. Also, if one follows our
proof in a non-differential case one finds that it does not depend on char kg . For this
commutative case the change (in comparison to [10]) that we make is at the end of

the proof where we take the “generic point”.
Theorem 5.8 We have
1. the algebra A is a finitely generated differential ko-algebra;
2. there is a surjective differential algebra homomorphism ® : A — A such that
Qoay =y
for all differential G-modules V';

3. the map ® is a differential algebra isomorphism A — A.

Proof. Let V € Ob(Rep;). Fix a basis {u1,...,u,} of V*. Since A is locally finite

and

Gu, 2V = ui(ry () - v)



40

is a G module morphism V' — A, there is W € Ob(Repy), W C A, and dim W < oo
containing the images of ¢, for all i, 1 <4 < n. According to the proof of Lemma
the induced G-morphism ¢ : V' — W™ is injective. Hence, the map ¢* is surjective

and for u € V* there exist t = (t1,...,t,) € W" such that u = ¢*(t). We then have

ay(v@u) =ay(v®@¢*((t1,...,tn))) = aw(d(v) @ (t1,...,t,)).

Thus, the differential algebra A is generated by the images of the ay for A DV €
Ob(Rep;) and dim V' < co. Let V' be such a G-submodule of A which also contains
1 and a finite set of generators of A as a differential ko-algebra. The multiplication
on the algebra A defines for any | € Zs; a surjective G-morphism ¢; from V& onto
some V(1) € Ob(Rep) with dim V(1) < co. We then have V(1) C V(I + 1), because
leV,and A=, V().

Consider any Ob(Rep) > W C A with dim W < oo. There exists | € Z>; such

that W C V/(1). Since ¢y is surjective, we have
Imaw C Imayq CImays:.

Because of the multiplication structure of A the set Imaye: lies in the differential
subalgebra generated by Imay . Hence, this subalgebra is the whole A.
The homomorphism ® of the second statement is constructed as follows. We take

an element ay (v ® u) and map it to ¥y (v,u) for all V€ Ob(Rep;). Since

D (ay(v@u) - aw(w®t)) = (ayew((v@w) @ (uLt)) =
=Yyvew(V@w,u®t) =
=mo (Yy @) oc(v@w,u®t) =
=mo (v @ Yw) (V@ u,wt) =

=m (®(av (v @ u)), ®(aw(w @1))),
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the map @ is a kg-algebra homomorphism. Let us show that it is differential. From

Lemma [5.3 we have:
O (D(ay(v®@u)) =P (ayw (v @u) = ya(0v@u) =
=0 (Wv(veu)) =0 (P (av(v®u))).

We now show the last statement. Let B be a 0-differential kg-algebra. Consider
a point £ € Homy,g (A, B) and V € Ob(Repg;). Fix bases {v;} and {u;} of V and
V* respectively. There is an endomorphism Ay of V' ® B such that

(Av (i), uz) = uj(Av(vi) = E(av (v @ uy)).

We show now that (Ay | V' € Ob(Repy;)) satisfies the conditions of Theorem
Let V,WW € Ob(Rep). Then we have

(Avew (v @ w)), u, @ 1) = E(avew (v ® ;) @ (u @ 1)) =

(av (v ®u,) - aVV(wj ®1t)) =

§
Elay (v @ uy)) - Elaw (w; @ 1)) =
= (A
= {

v(vi), ur) - Aw(w;), ) =

(Av @ Aw)(v; @ wy), u, @ 1).

Hence, Avgw = Ay ® Aw. Since a; is the identity in A and £(14) = 1, we have
A1 is the identity. Let us show the functoriality of (Ay). For a G-equivariant map
F:V — W we have
((Aw 0 F)(vi), 15) = Elaw (F(vi) @ t5)) = E(av (v ® F7(15))) =
= (Av(vi), F7(t;)) = (F o Av)(vi), 1;).

Hence, A\yy o F' = F'o \y. Finally, since {v;} and {u;} are dual to each other, we have:

(00 Ay (vi), uj) = O(uj(Av(vi))) = 0o &(ay (v ® uy)) =
= {(Oay (v; @ uy)) = E(agy ((0v;) @ uy)) = (Nav (Ovi), uy).
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Moreover, let Ay (v;) = > cixvg. Due to (5.5)) we have:

(00 Av(vi), (Ov;)") = (9v;)"(O(ciwvr)) = (9v;)"(I(cin) vk + capdur) =
= cix = §(ay (v; @ v})) = E(ayw (Ov; @ (Qvy)")) =
= (Aav (Ouvi), (9v;)").

We then conclude that A € End®’a(w). Since the category Rep. is rigid, A €

Aut®?(w) by Lemma
Take B = A and the generic point £ = id4. By Theorem there exists x €
Homy, 9 (A, A) = G(A) such that Ay = ry(z) for all V€ Ob(Repg). We have

zo®oay(v;®uy)) =z 0Py(v; @uy) = (rv(z)vy, uj) =

= (Av(vi), u5) = E(ay (v @ uy)).

Hence, z o ® = ¢ = id 4. This implies that ® is injective. Since ® is also surjective,

we obtain that ® : A — A is a differential algebra isomorphism. m

5.4 Recovering A and S

We provide a differential Hopf algebra structure to A. Let V' € Ob(Rep,;) and
{v;} be its basis with the dual basis {u;} of V*. Recall the ko-linear map

At A— A® A, av(?}@u)Hzav(w(@u)@a‘/(?}@ui).

Lemma 5.9 The map Aisa differential algebra homomorphism and is a comultipli-

cation.

Proof. We first check the basis independence. Let {ej,...,e,} be another basis for
V and {fi,..., fo} be its dual. Hence, there exits a matrix C' = (¢;;) € GL, (ko)



such that v; = ) e;c;;. We then have

Za‘/(vi Ru) @ ay(v@u;) = Zav (Z e;iCji @ u) ®ay(v@u;) =

i=1 i=1 j=1
_Zav e] ®av (v@Zcﬂuz> =
=1
=Y av(e;@u)®ayv(v® f)).
j=1

In addition, for v, w € V using and . we have:

A(ava) (61} ® 8w Z av(n € ® )*) & Ay (1) (81} ® €Z)+
+ Z ayw (8e; @ (Ow)*) ® aym (Ov @ (De;)*) =
=1
= ayn)(9e; ® (0w)*) ® ayw (v @ (e;)*) =
=1

- Z aym (e @ w") @ aym (v ®e)’) =

i=1

= Alay (v @ w")).

Hence, definition is correct.

We check that it is an algebra homomorphism. We have

Alay(v @ u) - aw(w@t)) =
= Aavew (v @ w) ® (u@1t))) =

=3 avew (v @ w;) ® (u® 1) ® avew (v ® W) ® (u; ®1;)) =

i?j

= (av(vi @ u) ® ay (v @ w)) - (aw(w; @) @ aw(w @1;)) =

i?j

— (Z ay(v; @ u) @ ay(v® uz)> . (Z aw (w; @t) ® aw(w @ tj)) =

J

Aay (v ® w)) - A(aw(w ®1)).
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Moreover,

Do Alay(v@u) = (ayn(0v; ®u) @ ay (v @ u;)+
+ay (v; ® u) ® aya (0v @ u;)) =
= (ayo)(0v; ® u) @ ayn) (00 ® (Jv;)")+
+aym (v; @ u) ® ayn) (v @ u;)) =
=A(0(ay (v @ u))),

where we are using the following identity:
ay (v @ w*) = ayw (Ov® (Ow)*), v, weV

and imbedding
Vi VY v 1@u, veV.

We finally show the coassociativity:

<A®id>oAavv®u ZAQVUZ ) ®@ay (v u;) =
_Z (ZGV v ® )®av(vz‘®uj)) ® ay (v ®@u;) =
= Z ay(v; @ u) ® (Z ay(v; @ u;) @ ay (v ® u])> =

J

= Z ay(v; @ u) ® Alay (v @ ;) =

_ (id ®A) o A(ay (v ®u)).

Denote a basis of the trivial representation 1 by {e} and the dual is {f}.
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Lemma 5.10 The map € : ay(v ® u) — u(v) is a counit for A corresponding to the

counit of A.
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Proof. We show that the definition is correct. For v, w € V we have:
E(ay (0v @ (Ow)*)) = (Qw)*(Ov) = w(v) = £(ay (v @ w*)).
Moreover, we have that
£ (g o (0"01@ @ 070) @ (07w) @@ (@7w,)))) =0

if for some I, 1 < [ < p, we have i; < j,. We demonstrate that £ and A satisfy

mo (idg ®&) o A =id4 . We have:

mo (idyg ®€) o Alay (v @ u)) = mo (id4 ®é) (Z av (v; ® u) ® ay (v ® Uz’)) =
= (av(v; @ u) - ui(v)) =
= ay ((Z u;(v) - vi) ® u) =ay(v®@u).
In addition € is a differential homomorphism. Indeed,
£(Oay(v®@u)) =€ (aym(0v@u)) =u(dv) = d(u(v)) = d(E(ay (v @ u))).
Finally, we show that ® maps € to ¢.

coPlay(v@u)) =Play(v@u))(e) =ulry(e) - v) =u(v) = ®(E(ay (v @ u)).

Proposition 5.11 The map ® : A — A is a differential Hopf algebra morphism.

Proof. We show that A is mapped to A. We have:

(P @ ®) o Alay(v©u))(91,92) = (P © ) (Z(av(vi ®u) ®ay(v® uz’)) (91, 92) =

i

= ulrvion) - v) - uilrv(g2) - v);

()

Ao ®(ay(v@u))(gr,g2) = u(rv(gi-g2) - v) =

=u(rv(gi) - (rv(ga2) - v)).
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Let rv(g2) - v =Y ¢ju;. Then

> ulrv(gr) - i) - ui(rv(ge) - v) =

i

u(ry(gu) - vi) - u; (Z Cj“j) =

J

u(ry(g1) - vi) - ¢ =

-4 -1

u(ry(g1) - civi) =

= u(rv(g1) - (rv(g2) - v)).

Recall the ko-linear map

S:A—= A ay(v@u) = ay-(u®v).

Lemma 5.12 The map S is a differential algebra homomorphism and together with

A gives a differential Hopf algebra structure on A.

Proof. Let {vy,...,v,} be a basis of V and {v},..., v’} be its dual. Let us show

correctness of S :
S (aym (90 ® (9;))) = agyay (90)" ® (90) = av- (v @ v;) = S(vi @ v]),
where we have employed the following morphism

o1 : (V(l))* = V5 v =0, (Ovy)" = ],

J

which commutes with the G-action. We are going to demonstrate that S commutes

with 0 :

B <5’(av(vi ® v;))) = Oay- (v ® v)) = aguym (8(0)) ® v;) =

= CL(V(U)*(U; ® 0v;) = S (ayw (Ov; @ 0})) = S(day (v; ® v¥)),
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where we use the morphism

Og (V*)(l) — (V(l))*, 6’11; = vl v (Ov;)*

J

commuting with the G-action. Moreover, S is an algebra homomorphism:

Slay(v@u) - aw(w®t)) = S(avew (VO W) @ (U t))) =
= ayregw(L®1) ® (VW) =
=ay-(u®v) - ap=(t @ w) =

= S(ay(v@u)) - S(aw(w @1)).

We show that it respects comultiplication:

mo (S®id) o Alay (v ®@u)) =mo (S®id) (Z ay(v; ®u) ®ay (v ® uz)> —

=m (Z ay-(u®@v;) @ ay(v® ul)> =

i

— S o8 0 (0 u) -

We have denoted a basis of the trivial representation 1 by {e} and the dual is {f}.

We also used the morphism V* ® V' — 1 mapping u ® v to u(v). m
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Chapter 6

Examples

In this chapter we will demonstrate how the construction works on example that
should the difference between the differential and commutative cases.
Here is what happens when there are no differentiations, that is, the differentiation

is identically zero.

Example 6.1 Let C be the field of constants of kg. Let G the multiplicative group
C*, that is, Gm(C). Let V = span{v} be the usual faithful representation of G. We
note that for any g in G we have

v rym(g)v=g-v,

v = ryay(g) - 0v =0(rv(g) -v) =g Ov,
because g = 0 as g € C*. We then have that

VW = span{v} @ span{dv}

as representations of G. We then conclude that Rep is generated by V as a rigid
abelian tensor category. Therefore, ay(v ® v*) generates the whole algebra A using
multiplication, addition, and the coinverse only. We show that the powers of ay (v@v*)

are linearly independent as different tensor powers of V' are not isomorphic. Finally,

I(ay(v @ V")) = aym (0v @ V™) = ay (0 @ v™),
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where we used the morphism ¢ : V) — V mapping Ov — 0 and v — v. Thus, we

have shown that

A=C [ﬁ,x_l} = C’{x,x_l} /],

where dx = 0, which is the coordinate ring of G.
Consider the differential case now.

Example 6.2 Let G = Gy, and ko be a differentially closed field. We again generate
the category Repg using the faithful representation V- = span{v} but now we need
differentiation. Since the category Repg is generated by ay (v®v*) and all its deriva-
tives using multiplication, addition, and coinverse, it remains to note that ay (v ® v*)
together with all its powers and derivatives and with ay-(v*@v) = (ay (v @ v*)) ™" are

linearly independent.

Indeed, let

> (av(@v )"+ fiy (Mav(v ©v7))" =0,

t,p

Since the field ko is differentially closed, there exists and element f € ko such that
Z(Xjfij + Zﬁt,p (aktf)CIp 7£ 0
j t

if there is a non-zero coefficient. It remains to apply the differential homomorphism
A — ko which first maps v — f-v and then evaluates v* on the result. Contradiction.
Thus,

A = kg {x,x_l} ,

which 1s the coordinate ring of the linear differential algebraic group Gy, .
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Chapter 7

General definition of a differential

Tannakian category

Let us now generalize the results of the previous chapters by unsing the category
theory approach and listing all essential properties of the category of representation

of a (pro-)linear differential group that we really use to recover the group.

7.1 Definition

Definition 7.1 A neutral differential Tannakian category C over a differential field

ko with derivation 0, is a
1. rigid
2. abelian

3. tensor
category such that End(1) is the field ko supplied with an

1. exact

2. faithful



ol

3. ko-linear
4. tensor
functor w: C — Vi, (see Definition with an operation
o X — 0°X,
for each p € Z>1 commuting with w, and inclusion
i 0P X - OPX, PT'XdraxcdfX

and differentiation

0: X —0X, X>zrw—OdreidX

maps satisfying the following commutative diagrams:

PIX s (X)) X = wX)
| | o Jo
X e wX)® 0X —— w(X)W

Moreover, we require that the differential structure respects tensor products and duals:

IAXeY)  —— (wX) @ w(¥)®

| | (7.1)
IXRYBXRIY —— wX)Vewl)dwX)e®wy)W

and
AX7) — = (w(x))™

Lﬁ lww) (7.2)
OX) —2— (w(X)M)"
for each choice of basis {v1,...,v,} of w(X) with the dual {v},... v} and
w(¢) : 0(v}) = v}, vi = (Jv;)".

J Jo

Our main goal is to prove the following theorem.
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Theorem 7.2 For a neutral differential Tannakian category C:

o the functor Aut®?(w) from Alg,(9) to {Groups} is representable by a differen-
tial Hopf algebra A,

o the functor w defines an equivalence of tensor categories C — Repg, with G

being the affine differential group scheme represented by A.

We start with developing a technique for this. We partially follow [4, pages 130
137] modifying their definitions and proofs to give the correct result in the differential

case. We assume the differential field ko to be fixed and denote Vi, by V.

7.2 Tensor product C ®V and its properties

Let now (C,w) be a differential neutral Tannakian category. Let us fix some
notation. Consider objects V' € Ob(V) and X € Ob(C). Here we will supply some
additional to [4l, pages 131-132] proofs.

7.2.1 Formal definition

Definition 7.3 We define
VoX={[(X")a ¢sal|a: (k") =V},

where (X™) =X @ ... 0 X and ¢pqo : (X")o — (X™)g is defined by 571 o o acting
as an element of GL,, (ko).

Lemma 7.4 ¢,30 ¢pa = Oya-
Proof. ¢,30¢pa=7"'0Bofloa=7"oa=¢,, ®

Definition 7.5 For an object T € Ob(C) we say that ® € Hom(V @ X,T) if & =
{¢a : (X™)a — T} making possible diagrams with ¢, commutative. Also, ® €
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Hom(T,V @ X) if ® = {(¢1,.--,¢0n)at, i : T — X making possible diagrams with

¢p,, commutative.

Lemma 7.6 For V € Ob(V) there is a canonical ko-linear map

V — Hom(X,V® X), v~ ((gpl,...,gp”)a:XﬁXa),

(SOZ)O&(‘I) =w -z,

where o™ (v) = w, w= (w',...,w") € ko".

Proof. We have:

$pala (v) @) = (B oa)(@ (v) - x) = 7 (v) -z = ps(a).

7.2.2 (General properties

We will also use tensor notation for elements of V' ® X. Let us explain what is
meant by v®@x € V ® X. The object V' ® X consist of many copies of X™. A choice «
of each copy is a choice of basis of V. The map a~! gives the coordinates of a vector
of V w.r.t. this basis. So, v ® z really means a~'(v) -z € (X™),, (multiplication in
each coordinate).

Let us show an important isomorphism.
Lemma 7.7 We have obtained a functorial isomorphism
Hom(V ® X,T) = Hom (V,Hom(X, 7)),
where T is an object in C.

Proof. Let ® : V ® X — T. Consider an arbitrary element v € V. By Lemma
there exists a morphism 9, : X — V ® X. Hence, we define g : V — Hom(X,T)
by v +— ® o 1),.
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Let us give the inverse to this map. Take U € Hom (V,Hom(X,T)). For each
v € V we get the morphism ¥(v) : X — 7. We then define

Oy VRX T, vr— Y)(r), ze€X
We have

Oy, VRIX T,
V@ Uy(v)(x) =B oty (x) = B (a7 (0) -2),) = (v @),
for v € V and x € X, because a runs through all isomorphisms k" = V. Also,
Vg, : V — Hom(X,T),
(v,7) = Py oY, (2) =Py ((a (V) - 2)s) = Py (v @) = U(v)(1).

Thus, we have a bijection between objects.
We now check that this isomorphism is functorial. Let f € Hom(T},Tz), where

T1,T, € Ob(C). Then the following diagram is commutative

T, S Hom(V @ X, Th) —— Homy, (V, Hom(X, 1))

lf lHom(V@)Xr)(f) lHom(VyHom(Xw))(f)

Hom(V®X,)
Ty ——=

because

Hom(V @ X, Ty) —— Homy, (V, Hom(X, T3))

(@,0) > Doy s fob o,
(P, v) = (fod,v) — fodor,.
]
Lemma 7.8 Let F': C — C' be a functor. Then F(V® X) =V ® F(X).
Proof. We have
PV ® X) = {[(F(X)")ar F(d32)] | 0 - ko" =V},

where (F(X)"), == F(X)® ... ® F(X) and F(¢ga) : (F(X)")a — (F(X)")s is
defined by f~'oa. =
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7.2.3 Restriction to VYV

It turns out that the definition of ® is not new at all and works fine when both

objects come from the category V.
Lemma 7.9 LetC =V then V@ X =V ®y X (the tensor product in V).
Proof. Recall that

V& X = {[(X")ar 3] | 0 ko™ 2V},

where (X™), =X @& ...® X and ¢g, : (X™)q — (X™)s is given by 37 o a.

By Lemma for each v € V there is a kg-linear map ¢, : X — V ® X. Fix
now z € X. Then the map v — @,(z) € V ® X is also ke-linear, because a™! is a
ko-linear isomorphism. Thus, we have a bilinear map ® : V. x X — V ® X. Let now
T € Ob(V) with a ke-bilinear map ¥ : V x X — T.

Hence, for each v € V we have the ko-linear morphism ¥(v,-) : X — 7. This
correspondence defines the morphism ¢ : V' — Hom(X,T). By Lemma this
corresponds to a morphism ¢ : V®X — T making the diagram commutative, because
v Y(v)(2).

It remains to show that for T'=V ®y, X the map ¢ has an inverse. We know that
V ®y X satisfies the universal property and VX = [(X"),]. Themap ¢ : VX — T
is given by

Yo (X"), =T
with all commutative diagrams involving ¢, g. Take n ordered copies of X and map
them into X™. By composing these canonical inclusions with ¢, we obtain a collection

of maps ¢, : X — T. Hence, for each a there is an inverse

(w17"'7¢n)06 : V®VX - (Xn)a

such that they altogether satisfy the commutative diagrams with ¢, 3. Thus, we
obtain that V@ X 2V ®, X. n

Definition 7.10 Hom(V, X) :=V*® X.
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7.3 Differential comodules

Let A be a differential algebra over the field kg. Assume that A is supplied with

the following operations:

o differential algebra homomorphism m : A ® A — A is the multiplication map

on A,
e differential algebra homomorphism A : A — A ® A which is a comultiplication,
e differential algebra homomorphism ¢ : A — kg which is a counit,

e differential algebra homomorphism S : A — A which is a coinverse.

We also assume that these maps satisfy commutative diagrams (3.1)) (see also [2, page
225]). Recall that such a commutative associative differential ko-algebra A with the

unity and operations m, A, S, and ¢ is called a differential Hopf algebra.

Definition 7.11 Assume that A is just a vector space over ko with a linear operation
0 which extends the derivation on ko equipped with A (not necessarily an algebra ho-
momorphism) and € commuting with 0. In this case A is called a differential coalgebra.

When, in addition, A has S, it is called a bialgebra.

Recall that if A is a differential coalgebra with A and e then for a comodule V

over A the ko space ko[0]<; @ V' = V@ has a natural A-comodule structure:

p(f®v) = [f&p(v) (7.3)
for f € ko[0]<; and v € V.
We denote the category of comodules over a differential coalgebra A by CoDiff(0) ,
with the induced differentiation (7.3). For a differential Hopf algebra A the functor
G : Algy(0) — {Groups}, R~ Hom(A,R)

is called an affine differential algebraic group scheme generated by A (see Section .
In this case V € Ob(CoDiff(0) ) is called a differential representation of G (Defini-
tion [3.9] Theorem [3.10) and the category CoDiff (), is denoted by Repy; .
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7.4 Recovering a bialgebra over kg

Remark 7.12 Let C = Repg, for a linear differential algebraic group G and w is the
forgetful functor. This is one of main applications of the theory we are developing.
As we have shown in the previous chapters, one can explicitly recover the group G

knowing C.

Let X be an object of C and {{X}} (respectively, Cx) be the full abelian (respec-
tively, full abelian tensor) subcategory of C generated by X (respectively, containing
X and closed under 9” for p € Zsg). We will also use the notation V@ for 'V, where
V' is an object of Cx .

Denote by Bx the object P (or P’) contained in V*®w(V') and constructed like in
[4, Lemma 2.12] for the category {{X}}. Its image w(Bx) stabilizes all w(Y), where
Y is an object of {{X}}. Denote Px = (Bx)*. We note that Ax := w(Px) is a finite
dimensional vector space over kg.

One can construct Py directly, but this construction is informal, since it contains
infinite direct sums that might not exist in the category C . Consider

Fx = @ VewlV)"
VeOb({{X}})

For an object V' of {{X}} we have the canonical injections:
iv:VeowlV) — Fx.
Consider the following subobject Rx of Fx generated by the following set
{(iv(id®¢") —iw (¢ ®id)) (2) | V, W € Ob({{X}}), ¢ € Hom (V, W),z € V@ w(W)'}.

We let
Px = FX/RX.

We now put
AX = W(Px),
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which is a ko-vector space (see Lemma(7.8). Let V be an object of {{X}}. For
vew(V), uewlV)

we denote by

ay (v ® u)

the image in Ax of

iy (V@ u).
So, for any ¢ € Hom(V, W) we have

ay (v @ w(9)"(u)) = aw(w(¢)(v) ® u).

for all

vewlV), uewW).

Let us define a comultiplication on Ax. Let {v;} be a basis of w(V') with the dual
basis {u;} of w(V)*. We let

A:ay(v®@u)— Zav(vi@)u)@av(v@ui). (7.4)
The counit is defined in the following way:
eay(v®u) — u(v). (7.5)
The coinverse is defined in the following way:
S:ay(v@u) = ay«(u®w). (7.6)

Proposition 7.13 With the operations (7.4), (7.5)), and (7.6) the finite dimensional

ko-vector space Ax is a bialgebra.

Proof. This follows directly from Lemmas 5.10, and 5.12] =
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7.5 Equivalence of categories

Lemma 7.14 The restriction w|gxyy : {{X}} — V factors through Comody,, .

Proof. Let Y be an object of {{X}}. We introduce an Ax-comodule structure on
w(Y). Let R be a finite dimensional vector space over ko. Consider £ € Hom(Ax, R).
Let v € w(Y) and u € w(Y)*. There is an endomorphism Ay of w(Y) ® R such that

Ay (v),u) = u(Ay (v) = E(ay (v @ u)).
Put R = Ax and § =id4, . We obtain an Ax-linear map
Ay w)®Ax —w(Y) ® Ax.
Composing Ay with the imbedding
wV) - wl)® Ay, v—vRa(e® f),
where {e} is a basis of w(1) and f(e) = 1, we provide an Ax-comodule structure
wl) - wlY)® Ax

on w(Y). This implies that we have defined a functor {{X}} — Comod,,. The

forgetful functor Comod 4, — V closes the commutative diagram. m

Proposition 7.15 Let w : C — V. Then w defines an equivalence of categories

{{X}} — Comody, carrying w|ixyy into the forgetful functor.

Proof. For an object Y of {{X}} it is shown in Lemma how to put an Ax-

comodule structure on w(Y'). We first demonstrate that the induced functor
wligxyy : {{X}} — Comod,,

is essentially surjective. For a differential comodule V' over Ax consider the object

Px ® V. It has a subobject Sx generated by the kernel of the morphism

(cow)®idy : Px @V = ko @V X V.
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We then have
w((Px®V)/Sx) = (w(Px)®V)/w(Sx) = (Ax @ V) /w(Sx) = V.

Denote Px @ V / Sx = Vx. Now, Vyx consists of the collection (Y,) of objects Y, in
Cx with isomorphisms ¢g, : Y, — Y3. For any a we then have w(Y,) = V. Hence,
w|{x1y is essentially surjective.

We show now that w|grxyy is full. For X, X, € Ob(Cx) consider the comodules
V1 and V3 corresponding to X; and Xs, respectively. Let ¢ € Hom(Vi, V5). There is
a map

Yy :=1d®p: Px @ V1 — Px @ V3

inducing a map

(Vl)x - (‘/2))(
By the definition of Py we have surjections
ideev: Px @ w(X;) — X;
given by
(v®u) ®wr— u(w) - v.

that induce isomorphisms

Again, Px ® V; are the collections (Y;!) and, hence, this ¢ induces a map Y. — Y?2.
So, we have a morphism X; — X,. Finally, since w is faithful, we have the required

equivalence of categories {{X}} — Comod,, . m

7.6 Result for the whole category

Definition 7.16 For a 0-differential ko-algebra R we define a group Aut®?(w)(R)

to be the set of sequences

MR) = (Ax | X € 0b(C)) € Aut®?(w)(R)
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such that \x is a R-linear automorphism of w(X) ® R for each object X, w(X) €
Ob(V), that is, A\x € Autg(w(X) ® R), such that

e for all X1, Xy we have

/\X1®X2 = >‘X1 ® /\X27 (77)

o )\ is the identity map on 1 ® R = R,
o for every « € Hom(X,Y) we have

Ay o (a®idg) = (a®idr)oAx : X® R — Y ® R, (7.8)

e for every X we have

0oAxy = Ngx 00, (7.9)

o the group operation A\ (R)-A2(R) is defined by composition in each set Autp(w(X)®
R).
For X € Ob(C) we let
.AX == h_r)n Ay.
YeOb(Cx)
Cosider the subspace Ry of Ax genrated by the following sets:
{ay (v @ w*) — ay@)(Ov @ (Ow)*) |[v eV, w e w(V), V€ Ob(Cx)},

and

{&Vf"“@..vfp’ (0" ®...©07,) @ (("'w)" ®...® (7w,)")) |

mlax(jl — 1) >0, v, € Vi, wi, € w(Vy), max{ig, jr} < qr, Vi € Ob(Cx), 1 <k < p}-
In Ax/Rx we then have:

ay (v @ w*) = ayw (v ® (Ow)*) (7.10)
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for all v, w € w(V), and
Oytan) g,y av) ((aiwl ®...Q0 8ipvp) ® (({%wl)* ®R...0 (8jpwp)*)) =0 (7.11)
if for some [, 1 <1 < p, we have 7; < j;. We finally put

A= lim Ax/Rx.
Xe0b(C)

This is a coalgebra due to the previous considerations. We are going to make it a
differential Hopf algebra using 0 and ®.
For this take v € w(V), w € w(W), u € w(V)*, t € w(W)* and let

ay(v@u) - aw(w®t) =ayvew (v w)) ® (ut)). (7.12)
Introduce a differential structure on A :
J(ay(v®@u)) = ayn((0v) ®u), (7.13)

which can be extended to the whole A as a derivation. Note that we extend here

u € V* to an element of (V)" by u(dw) = d(u(w)).

Proposition 7.17 With the operations (7.12)), (7.13)), (7.4), (7.5), and (7.6 the

kq-vector space A is a direct limit of finitely generated commutative associative dif-

ferential Hopf algebras with the unity.

Proof. All the statements follow from Proposition and Lemmas [.6] [5.9]

[5.10, and [5.12] except for finitely generated, because our construction of Ay /R x and

operations on it are the same as in Chapter [5] The differential algebra
Ax/Rx

is generated by the elements ax (v ® u). The statement now follows as w(X) ® w(X)*

is a finite dimensional kg-vector space. m
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Proposition 7.18 For each object X of the category C the identification of Cx with
CoDiff (), provides an equivalence of categories C — CoDiff(0) , carrying w into

the forgetful functor from CoDiff(0), to V.

Proof. Follows from Proposition [7.15] Indeed, for subcategories C; C Co C C there
is a restriction map @12 : End (w|e,) — End(w]c,). Hence, we have the induced map
p12" ¢ (End(wle,))* — (End(wlc,))*. Moreover, (C,w) = lim (Cx,wlc,) with respect

to the injective system of inclusion maps. m

Corollary 7.19 The group Gx, defined by Gx(R) = Homyyg—ay(Ax, R) for each

differential algebra R, is a linear differential algebraic group.

Proof. By Proposition the differential Hopf algebra Ay is finitely generated in
the differential sense. Thus, according to the proof of [I, Proposition 12, page 914] it

is a coordinate ring of a linear differential algebraic group. m
Corollary 7.20 For the linear differential algebraic group Gx defined above we have
Aut®’6 (u)|cx) = GX.

Proof. Follows from Proposition and Theorem [5.2] =

7.7 Main theorem

Theorem 7.21 Let (C,w) be a neutral differential Tannakian category. Then
(C,w) = Repg

for the differential group scheme
G = Aut®?(w),

which s
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1. represented by the commutative associative differential Hopf algebra A = lim Ax;

2. a pro-linear differential algebraic group.

Proof. The first statement is contained in Proposition [7.18] Property (1) follows
from Corollary by taking limits. According to Corollary for each object X

of C the group Gx is a linear differential algebraic group. Property (2) now follows.
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Chapter 8

Applications

We will show how one can apply the theory developed above to parametric lin-
ear differential equations. The theory of parameterized linear differential equations

considers equations of the form

% = A(t,2)Y

where A is an n X n matrix whose entries are functions of x and of a parameter ¢
and was developed in detail in [3]. Formally one considers a differential field k of
characteristic zero with commuting derivations A = {9;,0,} and we assume that
ko = {c € k | 0.(c) = 0}, the constants with respect to d,, forms a differentially
closed 0;-differential ﬁeldE]. Given a linear differential equation d,Y = AY, where A is
an n X n matrix with entries in k, there exists a A-differential field extension K of k
having the same J,-constants as k and where K is generated (as a A-differential field)
over k by the entries of an n x n invertible matrix Z satisfying 0,7 = AZ (Theorem
3.5, [3]). This field is called the parameterized Picard-Vessiot extension associated

to the equation and is unique up to differential k-isomorphism. The group of k-

automorphisms of k commuting with the derivations in A is called the parameterized

n [3], larger sets of derivations are considered but, for simplicity we shall consider one parametric
derivation and one principal derivation. The subscripts ¢t and x are a convenient way of distinguishing
these but we do not assume that we are dealing with functions of variables ¢ and .
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Picard-Vessiot group of the equation and can be shown to be a linear differential
algebraic group. The goal of this section is to define this group using the theory

developed in the previous sections.

8.1 Preliminaries

Let k, A, kg be as above with kg differentially closed. The field of constants of kg
w.r.t. the differential operator 0; is denoted by kol%. A 9,-differential k-module M
is a finite dimensional k-vector space with a linear operator 0, satisfying the product
rule:

Oz (rm) = (Opr)m + rd,m

for all 7 € k and m € M. Starting from Section 8.2 we will also use the notation M
for such a module and M.

Let {e1,...,e,} be a k-basis of M. Define the elements a;; € k by

n
85067; = — E ajiej,
j=1

where 1 <i < n. Let u=a1e; + ...+ ane,. Then O,u = 0 iff
Z 3m(ai)ei — Z Z ajaijei = 0
i=1 i=1 j=1

or, equivalently,

a1 ai

air ... Qin

where A =

ap1 --. Qpp
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We are going to define a formal object associated with a parametric linear differ-
ential equation, e.g.,

t
8xy =Y
X

which is going to be equivalent to the equation in some sense and will allow us to
recover the parametric differential Galois group G from getting first the category
of all finite dimensional differential rational representations of G and then taking
all coordinate functions of representations. We obtain the algebra A := ko{G} of
differential algebraic functions on GG, then recover derivation 0 on A, comultiplication
A:A— AR A, et.c.

The construction where M@ is the 0,-module with the matrix obtained by the

ith prolongation (parallel to the differential-difference construction of [5])

A 0 0O ... 0
A A 0 ... 0
A=A, 24, A ... 0
a1 Qin
of Ag = A = oo does look like an adequate one. In the next section
Ap1 - .. Qpp

we will see how to treat all these M@ i > 0.

8.2 The category M

We first give a coordinate free definition and then introduce a canonical basis and

use this constructive approach to develop our theory.

Definition 8.1 We let



68

1. an object M of M be an object of V together with a differential module structure

giwen by 0, which commutes with O,

2. morphisms between objects of M be those which commute with the action of 0, :
Hom(M, N) = Homyjp, (M, N)
for all objects M and N of M,

3. subobjects, @, @, and * are as in the category of differential modules [11, Section
Remark 8.2 Recall that
MO = K[0] < © MO,

X

where M©) s another notation for M.

8.3 The equations-modules correspondence

Proposition 8.3 Consider a parametrized differential equation 0,Y = A(z,t)Y with
A € gl (k). Then in the sequence of differential modules starting with

MO = spang{ey, ..., e}
giwen by A and continuing by induction for
M = span, {0y, ..., 0%, 0 ey, ..., 0 en, .. 61, ... en}
the operation O commutes with 0.

Proof. Defined in such a way 0 commutes with 0, and the images of bases vectors

at each step are linearly independent and generate the whole module. The latter
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statement follows immediately. We check the former one by induction. Fix a natural

number i > 0. The action of 9, on M® and MY is given by the matrices

A 0 0 .. 0
Ay A 0 .. 0
Ai: Att 2At A 0 )

A 0 0 0
Ay A 0 0

Ai+1 - Att 2At A ... 0 5

Apn (A (THAw ... A

respectively. Hence, for any [, 1 <1 < n and m, 0 < m < 7, we have

(02, 8]0 1) = (8,0 — 98,)(9™e)) = By (I™Hey) — I (Dyey) =

m+1 n

- Yy (m ! 1) (0a,1)(@™1e,) 4 o7+ (Z ,er> -

q=0 r=1

And vice versa:

Lemma 8.4 For an object M the matrix A;y1 corresponding to the action of 9, on

MO with respect to the ordered basis

{0 er,..., 0™ en, ... e1,.. . e}
is of the form
A 0 0 0
(*hA, A 0 0
Ai—&-l - (i—gl)Att (;)At A ... 0 s

Apn (VAp Apr ... A
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where

aiy ... Qip

is the matriz for 0, in the module M© .

Proof. For i = 1 the basis is {dey,...,den, e1,...,e,}. For k, 1 <k < n, we have

n

0,(0eg) = 0(0p(ex)) = 0 <— Z apkep> =— Z apr0e, — Z(@tapk)ep,

p=1

Or(ex) = — Z ApkEp-
p=1

Assume the result for i = m. We have {0™"le;,..., 0™ e,, ... e1,...,e,} as the

ordered basis of M™Y. For each [, 1 <1 < n, we have

0, (0" ey) = 0(0:(0™er)) =

== () e e, =35 (7 ) @tanoen e -
q=0 r=1 q q=0 r=1 q

=33 () rmam e, =523 () @t e, =
q=0 r=1 q q=0 r=1

" )(agarl)amﬂqe,, - (m) (8%a,)0™ 1", =
q
1

q=0 r=

because (q’fl) + (i’;) = (mH). [

Proposition 8.5 For an object M of M there exists an ordered basis of each M®

such that the matrixz A; corresponding to the action of 0, w.r.t. this basis is of the
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form
A 0 0 0
A, A 0 0
A= Aw () A A 01,
Ai (DA (5)Api-e A
where
a11 Q1n
AOIA: :
an1 Ann

is the matrix for 0, in the module M.
Proof. According to Lemma for each M) there exists an ordered basis
{0%,...,0%pn,...,€1,...,€n}

such that the matrix corresponding to 0, is

A 0 0 0

(1) - A A 0 0
A=) A ()4 A 0
Ap e A

Denote this basis by {fi,..., fa+1)n}. Note that if we change a basis:
g1 fi
9ii+1)n f(i+1)~n

and all entries of the matrix C' are constants then the corresponding matrix A; must be

replaced by (C7)~*4;CT. Consider the basis {g1,...,gu+1)n} given by the following



change-of-basis matrix

E 2K 3-F
0 E E

where F is the n X n identity matrix. Indeed, for [, 1 <

Oxgt = Ou(fi + fiom + -+ fir—1yn) =

8$(8Z 16[ + 8i_261 + ...+ 61) =

72

e}

[ < n we have

¥ <_ DS (Z ] 7;) (ag—f’akl)ai—l—qek> _

_ Z Zi: (Zp: (;) (aga,d)> g1 Pe, =

p=0 k=1 q=0
=33 @) (Z (-
p=0 k=1 q=p p

== > (Fa)gripn

p=0 k=1

P ))ai—l—qek> -
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and for all k£, 1 < k < n, we have

0o (Gkrpn) = On (Z (Z - (;_ p)) fk+q-n> =

q=p
_ ax (Z (Z - (q - p))@i—l—qek> —
q=p p
_ i <Z - (q _p)>a aiflfqek —
q=p p
_ Z (Z - (q - p)) Z(ag—palk)ai—l—qel =
q=p p =1
i—p n i i—s+p+r) (i—p+p+r—s
p+ r , ( )( r ) i—1—s
33 () et (Z NGO
i—p n i .
p—H") Z(ar ( <2—5+P+7") i—1-s )
- — Z L ay) Z 0" e | =
r=0 ( r =1 s=p+r p+r
i—p n
+r .
= — p ) Z(at alk)gl+(p+7")~nv
r=0 r =1
because
Tt (mpapres) i—s+p+m)i+r—s)rip
(3 ) i s p ) ripl
GD pli —s+r)rl(i —s)l(p+r)!
C(i—s+p+r) (z’—s+p+?")
T Gi—s)p+n)! p+r )
n

8.4 Covariant solution space

Fix an object M of M. Let K be a parametric Picard-Vessiot extension of k for

the equation

0,Y = AY,
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where A is the matrix corresponding to the k-finite dimensional k[0,]-module M.

Then the covariant solution space is
V = ker(0,, K ® M),
which is a vector space over the field kq. We let
V® = ker (81,7 K® M(i)) ,

which is an (i + 1) - dim M® = (i 4+ 1) - n-dimensional vector space over ko. Let

Y € GL,(Kj) be a solution matrix for V%), Then, the columns of the matrix

Y 0 0 0

Y, Y 0 0

Y, Yie Vi Y 0
Yi-v Y2 Yuis ... 0

Y Y Yo ... Y

form a kg-basis for V@ since Y; € GL,,.(i+1)(K). Hence, for each M we have a map
sending M® +— V) and V' can be identified with the vector space ko[d]<; @ V).
Moreover, and are satisfied. So, there is a map S : M +— S(M) from the
category M to the category V.

8.5 Some examples

Example 8.6 Consider a matriz A € M, (ko{at}> and the differential equation
0.Y = AY.

Then, V; is the O,-differential module with the matriz

A; = diag(A, ..., A)



and the (i 4+ 1)th solution matriz is
Y; = diag(Y,...,Y).
So, we do not bring anything new to the usual differential Galois theory.

Example 8.7 Consider the differential equation

Then,

L0
Alzx )
11
1000 0
1L 00 0
Ai=10 2 L ¢ 01,

75
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and the solution matrices are

Yo = (at).,

! 0
Yl = )
rtlogzr ot
xt 0 0 0 0
x'logx xt 0 0 ... 0
t

Yi=|2t(logz)? ztlogz T 0 . 0 s

1

r'(logz)’ z'(logz)™! zt(logz)™2 z'(logx)™3 ... =z

8.6 Fiber functor

Proposition 8.8 The map S is an exact ko-linear faithful tensor covariant functor

commuting with 0.
Proof. We have:

e Consider a short exact sequence

0 L -2 M -2, N 0

Since k is a field, the sequence

0 — KoL 2520 o M 2592 e N — 0 (8.1)
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is also exact. We have

dimg K @ M —dimg K ® L = dimg K ® N,
dimy, ker (0, K @ M) = dimyx K ® M,
dimy, ker (0, K ® L) = dimg K ® L,

dimy, ker (0, K ® N) = dimyg K ® N.

Consider the following short sequence:

0 —— ker(0,, K ®; L) —— ker (0, K @y M) —— 2)
8.2
—— ker (0, K @, N) —— 0

The first and second elements of this sequence are subsets of the corresponding
elements of the sequence (8.1) and, hence, sequence (8.2) is exact at those
elements. Since ker(9,, K ® M)/ ker(0,, K ® L) is isomorphic to a subspace of

ker(0,, K ® N) and according to the dimensional equalities we have
dimy, ker (0., K ® M) [ ker (0,, K ® L) = dimy, ker (0,, K ® N),
the sequence (8.2)) is exact at the third element.

We have ¢ = ayp; +bps commutes with 0, for all ¢; € Hom(M, N) and a,b € k.
Hence, ¢ is mapped to aS(¢1) + bS(p2). Thus, S is ke-linear.

A non-zero module provides a non-zero solution.
For modules M and N we only need to show that
ker (0, K ® M) ® ker (0, K ® N) =ker (0,, K @ M @ N),

but this follows as in the usual differential case by taking K-bases {e;} and {f;}
of K ® M and K ® N, respectively, with 0,(e;) = 0,(f;) = 0.

Let ¢ € Hom(M, N). Then it is mapped to the morphism id ®¢ of the spaces
ker(0,, K ® M) and ker(0,, K ® N).
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Corollary 8.9 The category M together with the functor S is a neutral differential
Tannakian category (Definition .

Corollary 8.10 For a parametric linear differential equation
0.Y = Az, t)Y

a parametric differential Galois group G is the functor Aut®?(S), where S is the
functor associated with M € M, where the action of 0, defined by the matriz A €
M, (k).

Proof. From Theorem and Corollary it follows that the category Cj,; gener-
ated by the module M and all its derivatives M® and the dual M* using the oper-
ations @, ®, and subquotient together with the functor S form a neutral differential
Tannakian category. We say that C,, is differentially generated by M. Moreover, Cy is
equivalent to the category of representations of the linear differential algebraic group
Aut®’8(S ). It remains to show that for the parametric Galois group G its category of
representations is equivalent to Cj; .

Similar to [I1, Theorem 2.33], in order to get this equivalence we notice the fol-
lowing. Consider a parametrized Picard-Vessiot extension K of k corresponding to
the equation 0,Y = AY. This field K is generated over k by a fundamental set of
solutions of the differential equation and G acts on the kg—linear space generated by
these solutions. So, G acts on K and commutes with d,. Hence, if for fom € K@ M
and o € G we let

o(f @m) = o(f) o m.

then the linear differential algebraic group G acts faithfully on S(M), which is an
object of the category V.



79

From Proposition it follows that the category Repg; is differentially generated
by a faithful representation V' of G. We take V' = S(M) and, hence, for every rep-
resentation W there exists an object My, in Cys such that S(My) = W. Hence, the

map S is essentially surjective. We need to show that
Hom(M, N) — Hom(S(M), S(N))
is a bijection. We have:
Homyga,) (M, N) = ker (0, M™ ® N) = Homyg,] (ko, M* ® N) .

So, it is enough to show the bijection for M = k. We have S (k) = ko, which is the

trivial representation of the group G. Moreover,
Homys,] (ko, N) = {n € N |8,n =0}

and

Homy, (ko, S(N)) = {v € ker (8,, K @ N) | gv=wv for all g € G} .

But the fixed points K are k (see [3, Theorem 3.5]). Hence, if g(f ® n) = f @ n for
fe€ K and n € N for all g € G then f € k, and

(K@ N)° =N.

Thus, we have shown a bijection between Hom(M, N) and Hom(S(M),S(N)). m
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