
ABSTRACT

TING, BRYAN W. Likelihood-Based Computational Approaches for Association Studies in Sta-
tistical Genetics. (Under the direction of Dr. Fred Wright and Dr. Yihui Zhou).

Decreasing sequencing costs and increasing computational power in recent years have

provided an increasing availability of genomic data. Such increased availability of data invites

greater demand for methodological sophistication in modeling, testing, and inference. Such

methodological improvements can produce additional computational challenges and/or suffer

from the lack of clear statistical frameworks.

We look to meet the demand for improvements with novel methods for genomics and

precision medicine, that can also be applied in other settings. High priority concerns include

computation time and statistical efficiency.

We present HAP-SAMPLE2, a generalization of the bioinformatics software HAP-

SAMPLE, a tool for case/control data-resampling. We preserve the spirit and core functional-

ity of HAP-SAMPLE, and extend it to incorporate functionality for admixed populations. The

updated HAP-SAMPLE would flexibly take user inputs for assumptions such as disease preva-

lence and allele effect size to simulate admixed individuals under case/control or quantitative

phenotype designs, for either common or rare variants.

We introduce a Two-Stage Composite Likelihood approach for multivariate probit esti-

mation for responses with binary components. This approach is designed to be fast, lending

itself to settings such as Genome Wide Association Studies (GWAS) for detecting Single Nu-

cleotide Polymorphism (SNP) associations with mean changes in phenotype.

We extend this approach by incorporating consideration for SNP-associated het-

eroskedasticity (i.e. variance changes in phenotype) for where the multivariate responses

can include both binary and continuous components. Such modeling is naturally more com-

putationally intensive, and perhaps more appropriate for better-characterizing a narrower

subset of SNPs. Simultaneous testing for mean and variance associations could serve as a

subsequent step after first identifying candidate regions from the faster Two-Stage Composite

Likelihood approach for mean associations.
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1
Introduction

To describe the research progression of statistical genetics in recent years as clockwork

would likely be an understatement. Researchers in statistical genetics continue to produce

impressive findings, both novel and confirmatory. Genomics companies continue to develop

methods, expand product offerings, and extend market-reach, while nascent start-ups emerge

in anticipation of new niches and opportunities.

Large-scale data-sets and resources, both proprietary and public, provide a myriad of

avenues for researchers to explore research pathways. Publicly available data-sets include

1000 Genomes, which contains 84.4 million autosomal variants from 26 human populations

(Auton, A. and Abecasis, G. and Altshuler, D. et al., 2015). Tools such as the UCSC’s genome

browser provide drill-down capabilities for user-specified regions of interest (Kent et al., 2002).

Software packages in R and Python provide a plethora of options for statistical and machine

learning, many of which are tailored toward bioinformatics and statistical genetics.

Despite these advancements, classical issues such as statistical power and multiple-

testing remain key concerns in better utilizing genomic data-sets and reviewing study designs

(Yang and Wang, 2012; Wright et al., 2007). It has been widely-noted that in the past decade

and a half, sequencing costs have abided by—and even surpassed—Moore’s Law (Muir et al.,

2016). With the cost per genome declining each year, perhaps at an exponential pace, data has

become increasingly available at cost-effective rates. Genomic data-sets are growing in two

dimensions, with more observations in one dimension and more variants in the other.

Larger data-sets and more powerful computational hardware enable more robust anal-

yses and greater ambition in study designs. Yet, contemporaneous advances in computa-

tional power may be insufficient for researchers to fully utilize the data available. Increasingly

paramount are issues of scale, storage, and speed for methods in genomics (November, 2018;

Muir et al., 2016). Concerns with replicability—in the aftermath of a replication “crisis” in

academia—have seen an increasing researcher mind-share (Fanelli, 2018; Fidler and Wilcox,

1



2018).

1.1 Likelihood

The likelihood function is a “natural starting point” for many topics statistical in

nature—and/or otherwise involving data—serving as a foundation in many areas of statistics

(Boos and Stefanski, 2013; Hastie et al., 2017). In a typical likelihood set-up, we consider

the likelihood of a data-set as the product of the likelihood of its observations. In turn, the

likelihood of each observation is equal to a probability density or mass at that observation.

Letting L represent our likelihood function:

L(θ;Z) =

N∏
i

L(θ; zi) =

N∏
i

f(zi;θ)

Where θ is a vector of parameters, zi is the i’th observation (typically a row) from data-matrix

Z, with N total observations (Hastie et al., 2017). f(zi;θ) is the density or mass at that ob-

servation. Often, the likelihood is expressed via the log-likelihood (Hastie et al., 2017), which

can be analytically and computationally more favorable:

lnL(θ;Z) = ln
N∏
i

L(θ; zi) = ln
N∏
i

f(zi;θ) =
N∑
i

lnL(θ; zi) =
N∑
i

ln f(zi;θ)

1.1.1 Maximum Likelihood

Likelihood analyses provide many well-known results in inference, estimation (both

point and interval), and hypothesis testing (Boos and Stefanski, 2013). An important tool

from likelihood theory—and perhaps one of the most important in statistics in general—is

maximum likelihood (White, 1982). In maximum likelihood estimation, we “[assume] that the

most reasonable values” for our parameters, θ, are those which yield the highest value for

the likelihood of the data-set (Hastie et al., 2017). We treat the likelihood (usually the log-

likelihood) as an objective function upon which to perform optimization by finding values for
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the parameters:

maxθ lnL(θ;Z)

The solution to which is our maximum likelihood estimate, θ̂mle.

Under certain conditions, and if the model is correctly specified, maximum likelihood

estimation has many favorable properties. Two of which are statistical consistency and asymp-

totic efficiency. The maximum likelihood estimator (MLE) is consistent, in that the MLE for

a given θ converges in probability to the true value for θ, θtrue, as sample size grows toward

infinity (Griliches et al., 1983):

θ̂mle
p−→ θtrue

With stronger conditions than for convergence in probability, θ̂mle converges almost surely to

the true value for θ:

θ̂mle
a.s.−−→ θtrue

Although not necessarily the case for finite samples, the MLE is asymptotically efficient.

The MLE converges upon the normal distribution and attains the Cramér-Rao lower bound for

variance as the sample size grows toward infinity (Griliches et al., 1983; Casella and Berger,

2017):
√
N(θ̂mle − θtrue)

d−→ φ
(
0, I(θ)−1

)
That is, no other consistent estimator has lower asymptotic variance than that of the MLE.

I(θ) refers to the Fisher Information Matrix, where a typical element I(θ)jk is the expected

value of the outer product of the log-likelihood gradients corresponding to elements j and k of

θ:

I(θ)jk = J(θ)jk = E

[(
d

dθj
ln f(Z;θ)

)(
d

dθk
ln f(Z;θ)

)]
Furthermore, under certain regularity conditions, and if ln f(Z;θ) is twice-differentiable, the

Fisher Information Matrix can be stated as the negative expected value of the second deriva-

tives (Casella and Berger, 2017; Cattelan and Sartori, 2016):

I(θ)jk = H(θ)jk = −E
[

d2

dθjdθk
ln f(Z;θ)

]
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1.1.2 Some Considerations for Maximum Likelihood Estimation

If the likelihood is misspecified and/or if other conditions are otherwise not met, then

the expected properties of maximum likelihood may not hold. In particular, J(θ) from above

may not necessarily equal H(θ) and the inverse Fisher Information Matrix I(θ)−1 may no

longer be appropriate as the asymptotic covariance matrix. Under more general conditions,

however, the Godambe Information Matrix, G(θ), can be used instead (Cattelan and Sartori,

2016). That is,G(θ)−1 can serve in place of I(θ)−1 as the asymptotic covariance matrix, where:

G(θ)−1 = H(θ)−1J(θ)H(θ)−1

Many popular regression methods, such as the logistic regression, are typically esti-

mated via maximum likelihood (Hastie et al., 2017; Menard, 2002). Despite the favorable

properties of maximum likelihood estimation, it can come with substantial challenges. Closed

form solutions are available for certain distributions, e.g. if z is normally distributed; however,

this is not always the case (Hastie et al., 2017). More cumbersome likelihoods can naturally

present some substantial computational/numerical challenges (Hastie et al., 2017; Varin et al.,

2011). Naturally, this would invite methods to serve as accompaniments and/or alternatives

to maximum likelihood estimation. However, it is not guaranteed that such methods retain

MLE-like behavior, thus potentially calling for further supplementary methodologies (Varin

et al., 2011; Cattelan and Sartori, 2016; Hardin, 2002).

1.2 Genotype-Phenotype Association Studies

The association between genotype and phenotype has long-captured researcher inter-

est, with wide-ranging applications from paleontology to the agricultural sciences (Rashid

et al., 2014; Zuidhof et al., 2014). Modern-day research in human genotype-phenotype associa-

tions play massive roles in various fields, in particular psychiatry and medicine (Visscher et al.,

2017). Several companies provide and/or have provided Direct-to-Consumer (DTC) genomics

services—up to and including phenotypic inferences—albeit in recent years such companies
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have been tempered by privacy and legal concerns, at least in the United States (Yim Seon-

Hee, 2014). The data and analytical capabilities of these DTC genomics companies are hardly

frivolous, as evidenced by GlaxoSmithKline’s $300 million investment in 23andMe (Hirschler,

2018).

As genotyping technologies have matured, Genome Wide Association Study/Studies

(GWAS) has/have become the archetype for genotype-phenotype association studies (Chanock

et al., 2007). GWAS is typically performed one locus at a time, to identify candidate loci as-

sociated with a phenotype of interest (Bush and Moore, 2012). These candidate loci can then

be used to make predictions for individuals using their genotypes, and/or to find regions to

target for disease prevention and intervention. Multi-locus approaches have been attempted,

but tend to become less and less tractable as the number of loci under simultaneous consid-

eration grows larger. GWAS, in the usual “agnostic” formulation (Chanock et al., 2007), does

not ascribe any ex-ante view on the viability of a particular variant as a candidate.

1.2.1 GWAS Implementation

GWAS is usually conducted using Single Nucleotide Polymorphisms (SNPs) (Bush and

Moore, 2012; Visscher et al., 2017). SNPs are generally biallelic, i.e. there are two possible

choices within a population (Bush and Moore, 2012). SNPs, as a unit of “common genetic vari-

ation,” are typically defined via some minor allele frequency threshold for a given population

(Bush and Moore, 2012). Thresholds for delineating common and rare variants are usually

somewhere between 1% and 5% (Visscher et al., 2017; Budu-Aggrey et al., 2017).

Despite their names, common variants are less commonly found in the human genome,

and rare variants more commonly. Analysis from the 1000 Genomes Project suggested that

a typical human genome differs from the reference genome at 4 to 5 million sites. Out of the

roughly 84 million autosomal variants, about 64 million were found to have a frequency of less

than 0.5%, 12 million between 0.5% and 5.0%, and only 8 million above 5.0% (Auton, A. and

Abecasis, G. and Altshuler, D. et al., 2015).

There are some practical and theoretic considerations behind the popular use of SNPs.
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A given common variant captures more of the variation extant in a population than a given

rare variant. Most ostensibly, a rare variant may have zero variance in a data-set, where all

individuals in a given data-set are homozygous for a biallelic rare variant. The Common Dis-

ease/Common Variant Hypothesis (CD/CV) suggests common diseases are likely influenced by

common genetic variation (Bush and Moore, 2012; Wright et al., 2007). Although this hypoth-

esis has ample empirical support, it does not preclude the possibly of rare variants having a

material impact, as well (Bush and Moore, 2012).

A usual feature of GWAS is some means by which to adjust for population stratifica-

tion and linkage disequilibrium; neglecting to do so can result in a considerable number of

false-positive GWAS hits (Bush and Moore, 2012). Different populations may have differing

minor allele frequencies for a given SNP. Furthermore, different populations may have differ-

ent correlations for nearby SNPs. For these reasons, Principal Component Analysis (PCA),

a dimension-reduction technique, is a popular inclusion in GWAS and other approaches in

statistical genetics (Abraham and Inouye, 2014; Price et al., 2006). Principal components are

typically included in a design matrix as covariates alongside the locus allele count.

The design matrix for a GWAS at a given locus is typically composed of rows or columns

corresponding to individual observations, and the other dimension fields corresponding to an

intercept, covariates (some of which may be principal components), and the genotype data.

The genotype for an individual at a particular SNP can be recorded as a ternary outcome

to represent the number of a copies of a referent allele, i.e. 0, 1, or 2. For a phased haplo-

type, the corresponding entry would be a 0 or 1, and the sum of the two haplotype entries

yields the genotype entry. Haplotype “phasing” refers to the process of allocating individual

genotypes to haplotypes, research of which has attracted much attention in bioinformatics

(Browning and Browning, 2011). The response (typically univariate), contains the phenotype

data. Common data types include binary observations (e.g. disease status of 1 or 0) and quan-

titative/continuous (e.g. height or weight).

For GWAS, the null hypothesis is generally that a given SNP has an effect size of 0.

Because GWAS proceeds SNP by SNP, this can readily lead to issues of multiple-testing, if

left unaddressed. There are a variety of approaches to account for multiple-testing. An ex-
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ample of which is the Bonferroni correction, an approach that is one of the simplest and most

conservative (Bush and Moore, 2012).

Sometimes researchers may be interested in pleiotropy, where a SNP can potentially

be associated with more than one phenotype. PheWAS is a popular method for performing a

“reverse GWAS,” scanning multiple phenotypes for associations with a particular SNP (Denny

et al., 2010). PheWAS has been used to suggest associations between HLA variants with differ-

ent outcomes—for instance, an association between the HLA-B genotype and spondylopathies,

uveitis, variability in platelet count, and also other conditions, e.g. mastoiditis (Hebbring,

2014).

Some methods in recent years have attempted to model multiple phenotypes simultane-

ously in a multivariate GWAS (Galesloot et al., 2014). Instead of testing one phenotype against

a SNP at a time, multiple phenotypes are simultaneously tested. Increasing dimensionality

in the phenotype naturally becomes increasingly difficult, computationally and statistically.

1.2.2 Association Studies in Recent Years

Although increasingly common since 2007, GWAS have also engendered controversy

in terms of their value in genetics (Visscher et al., 2012; Yang et al., 2015; Bush and Moore,

2012). Historical criticism of GWAS can be found aplenty, particularly with respect to “miss-

ing heritability” and multiple-testing (Visscher et al., 2012). The “missing heritability” refers

to the then-purported lack of ability in GWAS to recover the implied heritability claimed by

approaches such as twin, adoption, and/or other familial studies. These issues have, in turn,

invited skepticism over whether such studies over-stated their claims about heritability, and/or

whether GWAS is fundamentally flawed as a methodology.

However, it has been argued that increasing sample sizes in modern-day data-sets alone

recover much of the “missing heritability” in complex traits (Visscher et al., 2012; Yang et al.,

2015), especially through polygenic prediction methods. Although computationally intensive—

and perhaps not as immediately targeted toward candidate loci identification—these methods

have largely corroborated the heritability ascribed by twin, adoption, and/or other familial
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studies. Typically, polygenic prediction methods are machine-learning and/or Bayesian in na-

ture, as the number of possible predictors tends to be (vastly) greater than the number of

observations in modern-day genomic data-sets (Vattikuti et al., 2014; Moser et al., 2015).

For GWAS, when effect sizes for individual loci are small, as is the case for human

phenotypes such as cognitive ability, height, and diabetes, larger sample sizes are needed for

identifying loci candidates. The relationship between the number of GWAS hits found and the

sample size is not always linear, for example, as seen in human height (Visscher et al., 2012).

Increases in sample size can lead to relatively sudden increases in the number of hits.

In retrospect, GWAS, as an approach, has been useful in highlighting issues in statis-

tical genetics, such as statistical power, multiple-testing, and replicability. The “robust and

overwhelming” empirical results from GWAS have largely validated it as a methodology, and

GWAS has since grown in acceptance. To this day, GWAS continues to play a central role in

identifying candidate loci, characterizing genetic architecture, uncovering pleiotropy, and de-

veloping polygenic scores. Each year sees an increasing number of candidate SNPs identified

by GWAS (Visscher et al., 2017).

1.3 Summary

We present some likelihood-based approaches for statistical genetics, particularly with

respect to genotype-phenotype associations. Our approaches have, as target applications,

modern-day large-scale genomic data-sets and research goals—seeing as modern data-sets

should have a sufficient number of observations to leverage asymptotic results.

In our approaches we prioritize computational performance and feasibility, while

aiming to retain desirable statistical properties. Although clearly motivated by modern-

day genomics—the spirit and concepts behind these methods can be applicable elsewhere.

Likelihood-based in nature, they are well-suited to common formulations of modeling, testing,

and inference.

We lead-off with HAP-SAMPLE2, a successor to HAP-SAMPLE (Wright et al., 2007).
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HAP-SAMPLE2 is a haplotype resampling technique, intended as a data-generation approach

for researchers looking to utilize simulated data-sets. Attention is paid to scalability with

respect to number of loci, population admixture, and type of study. Four simulation types

are available, formed by the two-by-two combination of rare and common variants, with a

case/control or quantitative phenotype design.

Next, we describe a Fast Estimation for the Multivariate Probit, accomplished via a

Two-Stage Composite Likelihood. The multivariate probit is a popular method by which to

model correlated binary responses. In many settings, including clinical data, phenotypes are

recorded as binary traits. Despite its popularity, multivariate probit estimation can be cum-

bersome as the number of observations and/or predictors grows. Correlated binary responses

have received attention in fields as varied as genomics, epidemiology, economics, and finance.

Our approach on the Multivariate Probit transitions to our subsequent presentation

on the Simultaneous Modeling of Multivariate Heterogeneous Responses & Heteroskedastic-

ity via a Two-Stage Composite Likelihood. It is an extension of the Two-Stage Composite

Likelihood methodology as applied to the multivariate probit. More targeted toward genetics

in its presentation, it incorporates continuous traits alongside binary ones, as well as the po-

tential for different covariance structures for different locus allele counts. We have in mind a

fast-scanning method to detect mean and variance associations, simultaneously testing mul-

tivariate phenotypes with both binary and continuous components.
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2
Haplotype Resampling with Admixed Populations

2.1 Introduction

Given developments in statistical genetics, simulation methods have been receiving

greater attention in complementing genotype-phenotype association studies (Wright et al.,

2007; Su et al., 2011). Simulated data-sets can be of use in performing power analyses and re-

viewing different statistical learning methods (Yuan et al., 2012). We present HAP-SAMPLE2,

expanding the methodologies previously found in HAP-SAMPLE (Wright et al., 2007). HAP-

SAMPLE2 simulates data-sets for admixed populations by resampling from real data-sets,

using either common or rare variants, with phenotypes for use in a case/control or a quantita-

tive trait design.

Over the years there have been many software packages made available to perform

data-set simulations. These packages can often be loosely characterized as deploying back-

ward or forwards simulations, or using resampling approaches (Yuan et al., 2012; Wright et al.,

2007). Backward or forward simulations refers to emulating an evolutionary process going

forward or backward in time. Modeling evolutionary processes often entails a material de-

gree of hyperparameter-specification and monitoring; resampling approaches, requiring less

parameter-tuning and ad-hoc supervision, tend to be more computationally favorable (Yuan

et al., 2012). By its nature, resampling also retains realistic linkage equilibrium patterns and

accompanying allele frequencies (Wright et al., 2007; Su et al., 2011; Yuan et al., 2012). Some

examples of bioinformatics software are briefly described below.

HAPSIMU (Zhang et al., 2008) is a C++ simulation platform for association studies

with HapMap data, including recombination fractions from HapMap distances. It supports

qualitative or qualitative data under both the continuous migration or discrete models, simu-

lating both genotype and phenotype data. A central focus of HAPSIMU is that of population
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structure and inter-population heterogeneity, which is deemed to be a deleterious factor in as-

sociation studies. The user can specify two-way admixture proportions and other input values,

such as genotype relative risk and disease prevalence.

HAPGEN2 (Su et al., 2011)—the successor to HAPGEN—a C++ package focused on

case/control disease data, allows multiple disease loci on the same chromosome. It incorpo-

rates SNP-level recombination rates, and specification of heterozygote and homozygote relative

risks. The outputs would be simulated haplotype and genotype data for cases and controls. The

motivating considerations behind HAPGEN2 include better leveraging of pre-existing data,

avoiding the computational burdens involved with forward and/or backward simulations, and

providing simulated data that realistically characterizes extant linkage disequilibrium in pop-

ulations. HAPGEN2 is considered a resampling approach, using data from HapMap3 and 1000

Genomes to provide fast simulations.

Another simulation software package is simuPOP (Peng and Kimmel, 2005), alongside

simuGWAS. It is a Python script that uses HapMap data (including fine-scale recombination

rates), for evolving a population forward or backward. It can also handle “GxE” models through

user-specified markers. Target final allele frequencies are also specified, with fitness infor-

mation expressed in terms of fitness, additive interactive or none under a logistic regression

model. Key considerations for simuPOP are flexibility and extensibility of simulations. No

ex-ante limits are placed upon factors such as genome size, ploidy number, or mating type.

SimuPOP is provided in the form of a suite of Python libraries, leaving it “the user’s

responsibility to write a Python script to glue these pieces together and form a simulation”

(Peng and Amos, 2010). simuGWAS leverages the functions provided by simuPOP to provide

simulations and post-processing steps targeted toward aiding association studies. An example

of a post-processing step would be a rejection-sampling algorithm for case/control samples

and/or parent-child trios in situations where disease prevalence is low.

GWAsimulator (Li and Li, 2008) is a C++ program, with Linux, Windows, and Mac exe-

cutables, that uses a “rapid window algorithm” to simulate case/control or population samples,

with Hardy-Weinberg Equilibrium assumed. The moving window refers to sampling contigu-
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ous SNPs in a Markovian fashion to mimic recombination. It can use HapMap data and can

receive user-specified inputs for a locus-specific, multi-locus disease model (at most one per

chromosome) with support for two-way interactions. The user also provides disease preva-

lence and genotype relative risk. GWAsimulator assumes disease prevalence is a function of

genotypes, and ultimately converts the inputs into logistic equation form.

SEQSIMLA/SEQSIMLA2 (Ren-Hua et al., 2014) is a download-able C++ program, with

an online version also available. A top priority is shared environment and correlated traits

(such as blood pressure, BMI, insulin, and glucose levels) under large pedigree structures—it

simulates sequence data under both prevalence and population-attributable risk models, for

family or unrelated individuals case/control or quantitative data. Computation time is also a

material consideration. Currently—due to computation concerns—two correlated traits at a

time are supported, albeit the model could hypothetically be extended to three or more traits.

Pairwise interactions can be specified via odds-ratios or disease prevalence. The underlying

model is that of logistic penetrance, where the log-odds of the probability of being affected

by a disease is a function of an intercept, the additive effects of genotype, and the interac-

tive/epistatic effects of genotype.

simuRare (Xu et al., 2013) is an R package for regression-based resampling with 1000

Genomes data, focused on rare variants. The idea is to use dataset A with both rare and

common variants to impute on dataset B to form dataset C, then resample from C with recom-

bination. The probability of a rare allele being chosen is a function of nearby common variants

with respect to the rare allele. The disease model is based on the logistic regression, inputted

via disease prevalence and odds ratios. Retaining realistic LD and minor allele frequency are

high priorities. For these purposes, the authors found the performance of simuRare favorable

to that of GWAsimulator, simuGWAS, and HAPGEN2.

Under a threshold model for binary traits, GPOPSIM (Zhang et al., 2015) deploys for-

ward simulation of multiple correlated genetic traits, based on the mutation-drift equilibrium

model. Continuous traits are supported as well. It can incorporate various assumptions such

as different population sizes, male/female breeding ratios (or differentials), selection rules, ge-

netic drift, etc. Chromosomal structure is “arbitrarily assigned” and the locations of markers
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and QTLs are determined via the assumption of a mixture of uniform and exponential distri-

butions, to emulate real SNP data in a realistic manner. GPOPSIM is implemented in Fortran

90, tested on Windows and Linux.

GCTA-Simu (Yang et al., 2011) of popular software GCTA simulates a GWAS based on

actual genotype data for an arbitrary number of causal variants for a given number of indi-

viduals. It can do so under an additive quantitative model, or case/control liability threshold

model. Arguments can include assumptions such as effect size for loci, heritability, and disease

prevalence. Causal SNPs can be inputted as a list via a file, or effects can be generated from

the standard normal distribution.

Some of these features are summarized in Table 2.1, including the new features incor-

porated into the software HAP-SAMPLE2 described here. Features include logistic regression

and absolute genotype user specification, recombination, and admixture functionality.

Table 2.1: Overview of simulation software by software name and estimated year made available. “+” denotes
presence of functionality; “-” denotes absence or unknown. Functionality shown in the columns are case/control
traits, quantitative traits, resampling, recombination, and admixture.

Name Year C/C Quant. Resamp. Recomb. Adm.
HAP-SAMPLE2 2020 + + + + +
HAP-SAMPLE 2007 + - + + -

HAPSIMU 2008 + + - + +
HAPGEN2 2011 + - + + -
simuGWAS 2011 + - - + +

GWAsimulator 2008 + - + + -
SEQSIMLA2 2013 + + - + -

simuRare 2013 + - + + -
GPOPSIM 2015 + + - + -

GCTA-Simu 2014 + + + - -

2.1.1 HAP-SAMPLE2 and Admixture

HAP-SAMPLE (Wright et al., 2007), a program with a web-based interface, performed

resampling of real autosomal chromosome data to yield simulated data sets for case/control

studies. The simulated population that resulted thus had realistic linkage disequilibrium

patterns and allele frequencies. Multiple disease loci were permitted, with at most one per
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chromosome. HAP-SAMPLE also included a crossover process, to provide a potential source

of novelty (Wright et al., 2007).

In HAP-SAMPLE, simulated genotypes were conditioned upon the specified phenotype

for a given individual, whether it be case or control. For case/control designs, specifying the

number of case and control samples first and simulating the genotypes upon the phenotypes

can be more efficient than the converse, i.e. simulating the genotype first and then constructing

the phenotype post-hoc. An example would be a rare disease, where simulating the genotypes

first may necessitate a large number of draws to attain a given level of cases, and many of the

simulated controls may end-up unused in downstream analyses.

However, the random sampling involved in HAP-SAMPLE was not designed to incor-

porate population substructure (Wright et al., 2007). We present HAP-SAMPLE2, an updated

version of HAP-SAMPLE, that incorporates the admixture simulation process described by

Zhou et al. (2017) for generating simulated individuals with targeted admixture proportions

of differing ancestral populations. HAP-SAMPLE2 thus performs haplotype resampling to

simulate individuals with user-specified ancestral population proportions. Each subset of a

simulated crossover, where the boundary regions of each subset are stochastically-determined

by the artificial recombination process, can be chosen from different source haplotype popula-

tions based upon the target admixture proportions (Zhou et al., 2017). An example is shown

in Figure 2.1.
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Figure 2.1: Example chromosomes for three individuals with admixture from three potential source populations.
Individual 1 has two-way admixture between two source populations, Individual 2 has admixture from all three
source populations, and Individual 3 has ancestry from one source population.

To better align with common forms of user-specifications, we transition to the logistic

regression odds-ratio specification, where the user inputs what are essentially coefficients to

a logistic regression. This is ultimately converted into the absolute genotype specification, i.e.

the genotype probabilities conditioned on the trait.

2.1.2 HAP-SAMPLE2 and Rare Variants

It has been long noted that many phenotypes—including complex diseases—tend to

be associated with common, ancient variants (Altshuler et al., 2005; Lohmueller et al., 2003;

Peng and Kimmel, 2007; Wright et al., 2007). Variants with low penetrance and/or are only

associated with age-related diseases can persist given the lack of selection pressure, and thus

can be observed at material levels across different continental populations (Altshuler et al.,

2005; Gibbs et al., 2003; Wright et al., 2007). However, with whole-genome sequencing data

becoming increasingly available, researchers have been considering rare variants.

Rare variants pose some distinct challenges vis a vis common variants (Auer and Lettre,
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2015). They are more numerous than common variants, and are less mutually correlated,

which renders any LD-pruning more difficult and exacerbates issues with multiple-testing.

Furthermore, by definition, their minor allele frequencies are lower, which tends to decrease

statistical power.

Burden-testing is a common approach that aggregates minor allele counts across loci

(Lee et al., 2014). Aggregating minor allele frequencies helps alleviate headwinds caused by

low minor allele frequencies. By construction, burden-testing assumes that the effects of rare

alleles are in the same direction (e.g. typically increasing the odds of a disease). According to

evolutionary theory, rare variants should generally have deleterious effects on fitness; thus,

ignoring directionality may not be as concerning as may seem on first glance.

Although the primary focus for HAP-SAMPLE2 remains on common variants, we also

introduce burden-testing functionality for rare variants, under both a case/control and quanti-

tative trait design. This largely leverages the approach for common variants in spirit, as well

as much of the infrastructure.

2.1.3 The Four Simulation Types in HAP-SAMPLE2

In addition to binary phenotypes for case/control designs, as was done in HAP-

SAMPLE, HAP-SAMPLE2 can also simulate quantitative phenotypes. Thus, HAP-SAMPLE2

offers four simulation types, for the two-by-two combination of common and rare variants, and

case/control and quantitative designs. This is an expansion of HAP-SAMPLE, which provided

one. The four simulation types and the expansion of capabilities since HAP-SAMPLE, is

summarized in Figure 2.2.
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Figure 2.2: Comparison of simulation types provided by HAP-SAMPLE and HAP-SAMPLE2, by response type
(case/control versus quantitative) and variant type (common versus rare).

2.2 Methods

Each of the four simulation types has their idiosyncrasies, but they share many core

aspects in methodology and infrastructure. An overview of the general process is depicted

in Figure 2.3. HAP-SAMPLE2 receives as inputs user-specified settings and target admix-

ture proportions, along with two data sources—phased haplotype data and a genetic map.

The phased haplotype data serves as the source from which to resample in constructing sim-

ulated chromosomes. The genetic map provides genetic distances, which after interpolation

and extrapolation yields recombination probabilities at the inter-loci level. The output from

HAP-SAMPLE2 is simulated genotype/phenotype data. For a quantitative trait design, the

phenotype in the output is explicitly simulated. For a case/control design, the binary pheno-

type is implied, as the data-sets for cases and controls are separate objects.
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Figure 2.3: Process schematic for HAP-SAMPLE2. The user provides settings for the simulations, as well as
target admixture proportions for the simulated individuals. Phased haplotype data serves as the source data for
resampling, and the genetic map is the main input in determining recombination probabilities. The output is
simulated genotype/phenotype data.

2.2.1 Phased Haplotype Data

In developing HAP-SAMPLE2, we used data downloaded from the 1000 Genomes

Project (Auton, A. and Abecasis, G. and Altshuler, D. et al., 2015). However, the methodology

could theoretically be applied using different input data. 1000 Genomes provides Variant

Call Format (VCF) files for each chromosome that contain phased autosomal haplotype data

for 2,504 individuals. There is also an associated information file that labels each of these

2,504 individuals with a population code, which is what we used to determine ancestral

backgrounds, for 26 populations in total (Auton, A. and Abecasis, G. and Altshuler, D. et al.,

2015).

In our approach for HAP-SAMPLE2 we consider biallelic loci, i.e. loci where a 0 or 1 can

be recorded to denote presence of the reference allele or alternative allele, respectively. We can

then apply the Hardy-Weinberg assumptions throughout, in moving between allele frequencies
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and genotype frequencies. This also allows us to store source and simulated haplotypes in

sparse vector representation, enabling faster run-times and entailing less RAM usage.

Prior to haplotype construction, an optional pre-processing step can be taken in HAP-

SAMPLE2 to manage the number of loci considered. This step includes filtering for minor

allele frequencies above a user-specified threshold, retaining only every n’th locus, and/or re-

taining particular loci by reference SNP identification (rs ID).

2.2.2 Genetic Map for Recombination Probabilities

Starting with a genetic map containing locus-specific base positions and corresponding

relative distances in centimorgans (cM), one can estimate relative distances for loci in the

1000 Genomes data via interpolation and/or extrapolation. Such maps can provide guidance

as to recombination hotspots, where recombination is more likely to occur (Khil and Camerini-

Otero, 2010).

We used genetic maps downloaded from the IMPUTE/IMPUTE2 website (Howie and

Marchini, 2015). For 1000 Genomes loci that lay within the range of the downloaded map,

linear interpolation was performed using contiguous points from the map. For loci that lay

outside the range, extrapolation was done using a simple linear regression informed by all of

the points in the downloaded map, performed for each chromosome.

Once this interpolation/extrapolation is done to create a genetic map for the 1000

Genomes loci for each desired chromosome, it is straightforward to then obtain locus-specific

recombination probabilities by taking the difference between relative distances and converting

the centimorgans to probabilities (1 cM = .01 expected crossovers).

2.2.3 Case/Control Design for Common Variants

We will begin our description of the methods with the case/control design for common

variants, which was the simulation type provided in HAP-SAMPLE. Since all four simula-

tion types share core aspects of the methodology and infrastructure, we will walk-through
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the case/control design for common variants, and then describe the others by comparing and

contrasting.

Typically in case/control designs, individuals recorded as cases are bearers of some

condition—e.g. a disease—and controls the converse. Let πi be the probability of disease for a

given individual i. Then, in a logistic regression model we can write:

ln(
πi

1− πi
) = aTi αs + gisβs

Where ai is a vector (that sums to 1) containing values of the individual’s admixture propor-

tions for each source population, αs is a vector of coefficients corresponding to each source

population for locus s, gis is the individual’s genotype for locus s (gis ∈ {0, 1, 2}), and βs is an

element of β, a vector of effect sizes for each locus. Equivalently, the above can also be stated

as:

πi =
exp(aTi αs + gisβs)

1 + exp(aTi αs + gisβs)
=

exp(zi)

1 + exp(zi)

With zi representing the natural logarithm of the odds, or the “log-odds.”

In HAP-SAMPLE2, the user specifies case prevalence (commonly a disease prevalence)

for each source population, causal/effective SNPs (SNPs associated with trait values, maxi-

mum of one per chromosome), logistic regression coefficients corresponding to slopes against

the allele values for those SNPs (β), and desired admixture proportions for each simulated

individual i (ai). HAP-SAMPLE2 will then calculate values for the ancestry vector for each

SNP (αs), and genotype values for each SNP (gis) will be drawn for each simulated individual.

2.2.3.1 Ancestry Coefficients

The ancestry coefficients in the logistic regression model can be solved for, given disease

prevalence, the alternative allele frequency, and the coefficient against genotype. Alternative

allele frequencies for each ancestral population can be calculated from the source haplotype

pool. Genotype frequencies for the source populations can be obtained from the allele frequen-

cies via the Hardy-Weinberg assumptions (Wright et al., 2007). Let pk be the user-specified
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disease prevalence for population k and let fks be the alternative allele frequency for SNP s for

population k, while Pk(gis) is the population k’s genotype frequency for genotype gis, then :

Pk(gis = 0) = (1− fks)2

Pk(gis = 2) = f2ks

Pk(gis = 1) = 1− Pk(gis = 0)− Pk(gis = 2)

The probability of a given individual from this population with genotype gis being a

case is:
exp(αks + gisβs)

1 + exp(αks + gisβs)

Where αks corresponds to an intercept. Thus, we can write:

pk =
1

Nk

Nk∑
1

πi =
1

Nk

Nk∑
1

exp(zi)

1 + exp(zi)
=

1

Nk

Nk∑
1

exp(αks + gisβs)

1 + exp(αks + gisβs)

This leaves αks as the only unknown. A value for each αks can then attained via numeric

optimization, e.g. via R’s optimize. Repeating this for each αks allows us to estimate αs, each

of which has length K for K total populations.

2.2.3.2 Absolute Genotype, Cases

Recall that, according to the logistic regression model, we have as an individual’s prob-

ability of disease: ln( πi
1−πi ) = aTi αs + gisβs. That is, each individual has a probability of dis-

ease given ancestry and genotype. However, in HAP-SAMPLE2, we wish to have an Absolute

Genotype specification—the probability of genotype given disease and ancestry—as simulated

individuals have pre-specified disease statuses and user-provided ancestry proportions.

Now with the ancestry vector solutions in hand for each combination of ancestral pop-

ulation and SNP, we can proceed to converting the inputs into the Absolute Genotype specifi-

cation via typical conditional probability calculations. Since we assume loci are independent
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across chromosomes and limit each chromosome to one causal SNP, this formulation allows

us to efficiently draw genotypes, i.e. determine whether an individual has a 0, 1, or 2 for each

SNP.

Using each individual’s probability of being a case given genotype and ancestry, P (Di =

1|gis,ai), we can derive the probability of genotype given disease and ancestry, P (gis|Di =

1,ai). Following the logistic regression model:

πi = P (Di = 1|gis,ai)

ln(
P (Di = 1|gis,ai)

1− P (Di = 1|gis,ai)
) = ai

Tαs + gisβs = zi

P (Di = 1|gis,ai)
1− P (Di = 1|gis,ai)

= exp(zi)

P (Di = 1|gis,ai) =
exp(zi)

1 + exp(zi)
=
P (Di = 1, gis,ai)

P (gis|ai)P (ai)

=
P (gis|Di = 1,ai)P (Di = 1|ai)P (ai)

P (gis|ai)P (ai)
=
P (gis|Di = 1,ai)P (Di = 1|ai)

P (gis|ai)

P (gis|Di = 1,ai) =
P (Di = 1|gis,ai)P (gis|ai)

P (Di = 1|ai)
=

exp(zi)P (gis|ai)
(1 + exp(zi))P (Di = 1|ai)

Note that P (Di = 1|ai) can be estimated from the user input for disease prevalence and

a given individual’s ancestry proportions, and P (gis|ai) can be calculated from the data.

2.2.3.3 Absolute Genotype, Controls

Absolute genotype values for the controls can be obtained via a similar formulation as

that of cases. Recalling the last equation previously from cases and substituting in Di = 0 for

Di = 1:

P (Di = 0|gis,ai) =
P (Di = 0|gis,ai)P (gis|ai)

P (Di = 0|ai)
=

(1− P (Di = 1|gis,ai))P (gis|ai)
1− P (Di = 1|ai)

=

(
1− ezi

1 + ezi

)(
P (gis|ai)

1− P (Di = 1|ai)

)
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2.2.3.4 Haplotype Construction

A Poisson approximation can be used to stochastically determine the number of

crossovers for each haplotype for each individual. Let Lh represent the number of loci on a

given chromosome h, and θhl represent the recombination probability between locus l and l+ 1

on that chromosome. Then for each individual’s haplotype of chromosome h, the number of

assigned crossovers for that chromosome, rh, could be determined via a random draw from the

Poisson distribution with Poisson parameter λh =
∑Lh−1

l=1 θhl.

Furthermore, we introduce a floor of 1 such that each simulated chromosome experi-

ences at least one crossover, and adjust the Poisson parameter accordingly to leave the mean

number of crossovers unchanged. Although this requirement does not have a large impact

on any downstream simulation results, this more closely matches the expectation that there

occurs at least one crossover per human chromosome (Wilson and Hunt, 2002). For each λh,

we solve for a λ∗h such that E [rh] = 1 + E [r∗h], where each r∗h is also Poisson distributed with

Poisson parameter λ∗. The number of crossovers for a given individual on a given chromosome,

r∗h, can then be determined via a random draw from this adjusted distribution.

Suppose a given haplotype for a particular individual was assigned to have r∗h crossovers

on a given chromosome. r∗h sites can be drawn from the Lh − 1 possibilities to serve as the

crossover locations, with weighted probabilities informed by the aforementioned locus-specific

probabilities. The simulated haplotype will then have r∗h + 1 subsets, where the boundaries

of the subsets are either crossover sites or one of the two ends of the chromosome. r∗h + 1

haplotypes are drawn from the source pool to construct the haplotype, where the probability

of each of the r∗h + 1 source haplotypes coming from a given source population k is specified by

the individual’s target admixture proportion for population k.

For disease chromosome, the subset out of the r∗h + 1 subsets that contains the disease

locus for a given constructed haplotype will be limited to sampling from haplotypes of a given

source population based on the simulated individual’s assigned genotype. If the individual was

assigned to be homozygous for the alternative allele, only haplotypes of that source population

containing the alternative allele are eligible to be sampled for each of the individual’s two sim-
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ulated chromosomes, and likewise for the reference allele. If the individual was assigned to

be heterozygous, only haplotypes containing the alternative allele are eligible for one chromo-

some, and only haplotypes containing the reference allele for the other chromosome.

Note that this requires each ancestral population in the source chromosome pool to have

non-zero alternative (reference) frequencies for all causal SNPs in the case/control design. For

subsets of the disease chromosome that do not contain the disease locus, or for non-disease

chromosomes, all source haplotypes of the assigned source population for a given subset are

eligible to be sampled. This process is illustrated in Figure 2.4.

Figure 2.4: Stylized illustration of simulating chromosomes for cases and controls with common variants, using
three ancestral populations. A positive effect size is assumed for the alternative allele, thus the alternative allele
is found with higher frequency in the two case individuals than in the two control individuals. White borders in
the simulated chromosomes represent locations where crossovers occurred.

2.2.4 Quantitative Phenotype for Common Variants

Unlike for the case/control design, we are not conditioning upon the quantitative pheno-

type in drawing genotypes. Suppose an individual i has a phenotype value of zi for a given trait.
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Assuming normality of the trait and equal variance across sub-populations, we can write:

zi ∼ φ(aTi α+ gTi β, σ
2)

Where φ is the normal probability density function, ai and gi are the individual’s an-

cestry proportions and genotype, respectively, α contains ancestry-specific intercepts, β con-

tains the user-specified loci effect sizes, and σ2 the user-specified variance. In contrast to the

case/control design, multiple loci per chromosome can be specified as causal SNPs for quan-

titative phenotypes. Analogous to disease prevalences for the case/control design, given user-

specified source population means µ and source population-specific genotype frequencies, one

can solve for each αk in α.

2.2.4.1 Ancestry Coefficients

Similar to the case/control design for common variants, we will solve for ancestry coef-

ficients. However, instead of vector of coefficients for each SNP s, we will now just have one

αk for each ancestral population k. Suppose we have S SNPs and thus 3S = M combinations

of genotypes. Let gm,m ∈ {1, ...,M}, be a particular combination of genotypes, such that

g1 = {0, ..., 0} and gM = {2, ..., 2}.

If µk is the user-specified mean trait value for population k, fks is the alternative al-

lele frequency for SNP s for population k, Pk(gim) is the genotype frequency for genotype gm

among population k, and β is a vector of slopes against genotype gis, corresponding to genotype

{0, 1, 2}, then:

Pk(gis = 0) = (1− fks)2

Pk(gis = 2) = f2ks

Pk(gis = 1) = 1− Pk(gis = 0)− Pk(gis = 2)

Pk(gim) =
S∏
s=1

Pk(gis)

zkm = αk + gmβ
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µk =

3S∑
m=1

zkmPk(gim)

Which leaves αk as the only unknown. Optimizing for each αk provides our estimate for the

vector of ancestry coefficients α.

2.2.4.2 Haplotype Construction

For a quantitative trait model, the simulated haplotypes are constructed similarly to

those under the case/control design. However, there is no longer a need for consideration of

causal SNPs nor special handling of particular subsets, since the quantitative phenotype val-

ues for each individual are determined after the genotypes are constructed. This is illustrated

in Figure 2.5.

Figure 2.5: Stylized illustration of simulating chromosomes for a quantitative phenotype with common vari-
ants, using three ancestral populations. White borders in the simulated chromosomes represent locations where
crossovers occurred.
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2.2.5 Case/Control Design for Rare Variants

For a rare variants case/control design, we have the user specify ancestral population-

specific case prevalences, akin to the common variants set-up. The user would also specify

the chromosomes to use, mean effect size of a rare variant allele, the weighting scheme, and

the minor allele threshold. Note in contrast to the functionality for common variants, that no

longer is there a specification of effect sizes for particular loci.

2.2.5.1 Calculation of Rare Variant Weights and Minor Allele Frequencies

Currently, HAP-SAMPLE2 supports two variant weighting schemes: Fixed and

Madsen-Browning. If the weighting scheme is fixed, any rare allele counts will have the

same weight (the count, for a particular locus, being 0, 1, or 2 per individual), where rare is

defined by the minor allele threshold:

ws =


1 fs < fthresh

0 fs ≥ fthresh

For Madsen-Browning, rare allele counts are weighted by ws = 1

[(fs)/(1−fs)]
1
2
, fs being the mi-

nor allele frequency for a particular locus s (Lee et al., 2014; Madsen and Browning, 2009).

Whether the weighting scheme is fixed or Madsen-Browning, the weights are then adjusted by

the sum of the weights and the number of loci as to set the mean adjusted weight equal to the

user specification:

βs = β∗Sws

S∑
1

ws

We calculate minor allele frequencies by taking the overall mean across the 26

population-specific minor allele frequencies. However, we acknowledge that choosing the

reference population(s) upon which calculate the minor allele frequencies can be a noteworthy

consideration, as allele frequencies can be quite different across different populations (Persyn

et al., 2018). An allele that is rare in one population may not necessarily be rare in another
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population, and in fact may be the major allele. Different populations can have greater or

fewer rare variant loci than others; this could be related to differing mutational load across

populations. Different populations may have experienced different effect population sizes in

evolutionary history, with attendant implications for mutational load accumulation (Henn

et al., 2015).

2.2.5.2 Scoring Individuals in the Source Pool for Rare Variant Burdens

Suppose we have weights for each locus s, calculated as above, whether they be weights

calculated via the Fixed or Madsen-Browning weighting scheme. We can now score each in-

dividual in the source population for their rare variant burden. As per Lee et al. (2014), each

individual i has score ci:

ci =

S∑
s=1

gisβs = gTi β

Where each gis is the genotype value (0, 1, or 2) for individual i at locus s, and βs is the adjusted

weight.

2.2.5.3 Calculating Ancestry Coefficients for the Case/Control Design

Because each individual in the source pool is associated with a population tag, we can

use the individuals of each population tag to calculate ancestry-specific coefficients. This is

analogous to the handling of ancestry coefficients for common variants.

Given an ancestry-specific coefficient αk for ancestral population k, for source individual

i we can calculate the implied probability πi of being a case through the logistic regression

model:

ln

(
πi

1− πi

)
= αk + gTi β = αk + ci

Or equivalently:

πi =
exp(αk + ci)

1 + exp(αk + ci)

Recall that the user specifies ancestry-specific prevalences. Suppose pk is the user sup-
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plied prevalence for population k. It is necessary that the mean implied probabilities of being

a case for individuals of population k to equal the specified ancestry-specific prevalence pk.

Suppose Nk is the number of individuals belonging to population k. We can then set:

pk =
1

Nk

Nk∑
i=1

πi =
1

Nk

Nk∑
i=1

exp(αk + ci)

1 + exp(αk + ci)

This leaves αk as the only free parameter, and thus we can solve for a value of αk to satisfy the

above equivalency. As discussed previously, this type of uni-dimensional optimization can be

well-performed by R’s optimize.

2.2.5.4 Calculating Probability of a Source Haplotype Being Selected for Construct-

ing a Simulated Haplotype, Given Case/Control Status

Now all the inputs are available for calculating each source individual’s implied prob-

ability of being a case, πi. As would be expected, a given individual’s probability of being a

control would be 1 − πi. We can then calculate a given individual’s probability share among

that ancestral population, for both cases and controls:

ψi,case =
πi∑Nk
i=1 πi

ψi,cont =
(1− πi)∑Nk
i=1 (1− πi)

As was the case for common variants, in constructing a simulated haplotype, the an-

cestry for a given region in a simulated haplotype is first determined (stochastically selected

via the specified target admixture proportions) before a particular source haplotype is selected

for construction. Suppose a given population is chosen for a given region. Then, for source in-

dividuals, their probability of being chosen to construct that region is their probability share,

whether it be for cases or controls.

One chromosome for a given individual may have a heavier burden than the other. Let

us arbitrarily designate one chromosome as chromosome 1, and the other 2. So for chromosome
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1 for a given individual, its probability of being selected when the mean rare variant burden

effect size is positive is:

ηi1,case = ψi,case

(
ci1

ci1 + ci2

)

ηi1,cont = ψi,cont

(
1− ci1

ci1 + ci2

)
When the mean effect size is negative:

ηi1,case = ψi,case

(
1− ci1

ci1 + ci2

)

ηi1,cont = ψi,cont

(
ci1

ci1 + ci2

)
Likewise for chromosome 2, when the mean rare variant burden effect size is positive is:

ηi2,case = ψi,case

(
ci2

ci1 + ci2

)

ηi2,cont = ψi,cont

(
1− ci2

ci1 + ci2

)
When it is negative:

ηi2,case = ψi,case

(
1− ci2

ci1 + ci2

)

ηi2,cont = ψi,cont

(
ci2

ci1 + ci2

)

2.2.6 Quantitative Phenotype for Rare Variants

Analogous to the common variant approaches for case/control and quantitative pheno-

type designs, the rare variant process for quantitative phenotypes is, in many ways, simpler

than the case/control design.

We can calculate minor allele frequencies and solve for ancestry coefficients in the same

way as the for case/control individuals for rare variants. Akin to the methodology for the

quantitative phenotype with common variants, we can perform haplotype construction first,

and then determine the simulated individuals’ phenotypes.
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Suppose we have rare variant scores of ci for each individual and intercept adjustments

corresponding to each ancestral sub-population α. Similar to the quantitative phenotypes

using common variants, these individuals’ phenotypes can be determined by draws from the

normal distribution:

zi ∼ φ(aTi α+ ci, σ
2)

The ancestry coefficients, α can be solved, using the user-specified values for the targeted

ancestral population means, µ.

µk =
1

Nk

Nk∑
i=1

αk + ci

Thus, using each individual’s rare variant score, ci, we can assign phenotype scores

after haplotype construction:

zi = aTi α+ ci + εi

Where each εi is an independent draw from the normal distribution with a mean of 0 and a

variance of σ2. σ is the user-specified standard deviation.

2.3 Example Simulations

Example simulations were performed using data from 1000 Genomes (Auton, A. and

Abecasis, G. and Altshuler, D. et al., 2015; IGSR: The International Genome Sample Resource,

2015) to illustrate the functionalities of HAP-SAMPLE2, for each of the four simulations. Sim-

ilar to the Methods section, we will begin with the Case/Control Design for Common Variants,

especially since the admixture aspects are largely the same across the four simulation types.

2.3.1 Case/Control Design for Common Variants

1,000 cases and 1,000 controls were simulated. Every fifth locus was used to form the

simulated haplotypes and genotypes; a minor allele threshold of 0.02 was used.

A disease prevalence was set at 0.2, 0.1, and 0.3 for CEU, CHB, and YRI, respectively.
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For cases, 300 individuals were designated to have target admixture proportions of 100%, 100

each for CEU, CHB, and YRI. 300 individuals were targeted to have 50% admixture propor-

tions, 100 for each pairwise combination between CEU, CHB, and YRI. 100 individuals were

designated to have 1/3 admixture between the three. 300 individuals had target admixture

proportions generated from the Dirichlet distribution with means of 1/3.

Target admixture proportions for the controls were specified the same way. The target

admixture proportions are summarized in Table 2.2.

Table 2.2: Target mean admixture proportions for example case/control simulations, for each of 1,000 cases and
1,000 controls.

Group Type Inds. CEU CHB YRI
1 Fixed 100 1 0 0
2 Fixed 100 0 1 0
3 Fixed 100 0 0 1
4 Fixed 100 1

2
1
2 0

5 Fixed 100 1
2 0 1

2
6 Fixed 100 0 1

2
1
2

7 Fixed 100 1
3

1
3

1
3

8 Dirichlet 300 1
3

1
3

1
3

22 chromosomes were used, with effect sizes of {1, 0,−1, 0} for the first 20, and {0, 0} for

the last two chromosomes. This is shown in Table 2.3, along with the mean allele counts for

case and control individuals tabulated post-simulation. As expected, for SNPs with positive

effect sizes, cases had noticeably higher mean counts than that of controls. For SNPs with

negative effect sizes, controls analogously had higher mean counts than that of cases. When

the effect sizes for SNPs were 0, the mean counts were similar between that of cases and

controls.
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Table 2.3: Comparison of mean alternative allele counts between 1,000 simulated case and 1,000 simulated
control individuals.

Chr. SNP Effect Size Cases Controls
1 rs72638544 1 0.22 0.07
2 rs7579608 0 0.19 0.20
3 rs10510310 -1 0.09 0.22
4 rs7685911 0 0.38 0.34
5 rs1901498 1 1.34 0.87
6 rs4960131 0 1.02 1.05
7 rs10237521 -1 0.90 1.38
8 rs4433167 0 1.30 1.29
9 rs7865441 1 1.21 0.78
10 rs4584478 0 0.53 0.53
11 rs9804657 -1 0.51 0.94
12 rs55768228 0 1.48 1.40
13 rs7991629 1 0.55 0.26
14 rs28721413 0 1.22 1.22
15 rs7180505 -1 1.08 1.52
16 rs9935770 0 0.79 0.84
17 rs11247560 1 1.34 0.89
18 rs62078854 0 0.49 0.49
19 rs12980335 -1 0.50 0.97
20 rs156338 0 1.24 1.23
21 rs9980561 0 0.72 0.81
22 rs5746362 0 1.29 1.32

The estimated admixture proportions for cases, calculated from the simulated geno-

types, are shown in Figure 2.6. Controls looked very similar. Function sNMF from R package

LEA, which provides STRUCTURE-like functionality for admixture, was used to calculate the esti-

mated admixture proportions (Francois, 2016; Frichot and Francois, 2014). STRUCTURE is one

of the most popular tools for admixture estimation in population genetics analyses (Pritchard

et al., 2000; Porras-Hurtado et al., 2013).

The admixture calculations were done in unsupervised fashion—i.e. no reference

populations were designated as the three ancestral populations. The mean estimated admix-

ture proportions by group indeed reflected the target admixture proportions. There is some

variance across individuals present due to the stochastic nature of the artificial recombination
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process and perhaps some noise from the admixture estimation procedure.

Figure 2.6: Admixture plots for case individuals. “One-Way” refers to individuals with target admixture propor-
tions of 1 for a given population. “Two-Way” refers to individuals with target admixture proportions of 1

2
for each

of two populations, and likewise “Three-Way” for three populations of 1
3

each. 1,500 loci were randomly sampled
from each of the chromosomes. The admixture proportions were calculated in an unsupervised fashion by function
sNMF from R package LEA (Francois, 2016; Frichot and Francois, 2014)

PCA plots were also constructed using 1,500 loci randomly sampled from each of the 22

chromosomes, as another way to look at admixture results across groups. The first two princi-

pal components for cases are shown in Figure 2.7. The individuals with targeted proportions

of 100% of the ancestral populations indeed tightly cluster amongst themselves and comprise

the nodes of a triangle, and the individuals with 50% of two populations form the edges. The

individuals with targeted proportions of 1
3 each are found in the center of the triangle, and

the Dirichlet-targeted individuals are scattered across the triangle. PCA results for controls

looked largely the same.
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Figure 2.7: PCA plot for 1,000 case individuals, using 22 chromosomes. 1,500 loci were randomly sampled from
each of the chromosomes to calculate the principal components.

The 300 case individuals with Dirichlet-generated admixture proportions are depicted

in Figure 2.8. Each plot compares targeted versus realized admixture for a given ancestral

source population. Targeted proportions were those drawn from the Dirichlet distribution,

and the realized admixture proportions were provided by sNMF.

The Manhattan plot in Figure 2.9 displays GWAS results, conducted upon the simu-

lated genotypes and phenotypes (a binary variable with 1 for case individuals, 0 for controls).

The first four principal components were used as covariates in logistic regressions. 2,500 SNPs

were randomly chosen to compute the first four principal components. The 1,000 closest loci

to each causal SNP were used in the GWAS to form windows.

We see that in each window containing a causal SNP with an effect size of -1 or 1, the

-log10(p-values) peak at that SNP. In contrast, no peaks are found in the windows where the

causal SNPs had an effect size of 0. Loci closer to the causal SNPs had higher rates of LD, as

conveyed via R2 values.

35



Figure 2.8: Targeted vs. realized admixture proportions for the 300 case individuals with Dirichlet-drawn targeted admixture proportions, by the three
ancestral source populations.
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Figure 2.9: Manhattan plot of simulated GWAS results for the case/control design using common variants, with the first four principal components as
covariates alongside the SNP values. The causal SNP is highlighted in magenta. The 1,000 loci closest to the causal SNP are depicted in each window. The
grey dashed line corresponds to a Bonferroni-corrected p-value of 0.05, applied at the genome-wide level of 84.4 million. The R2 values correspond to the
degree of linkage disequilibrium for the loci with the nearest causal SNP.
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2.3.2 Quantitative Phenotype for Common Variants

Using a similar admixture set-up as for the case/control design, 2,000 individuals were

simulated for a quantitative phenotype. Loci rs12980335, rs156338, rs9980561, rs6516850,

rs2838791, and rs5746362 were specified as the causal loci, with effect sizes of 5, 0, 10, 0, and

15, respectively. The specified standard deviation was 15. The specified population means for

CEU, CHB, and YRI were 100, 105, and 85, respectively.

The Manhattan plot in Fig. 2.10 displays GWAS results, conducted upon the simulated

genotypes and phenotypes, using the first four principal components as covariates. 2,000

SNPs were randomly chosen to compute the first four principal components. As seen for

the case/control design for common variants, the points in the windows peak where causal

SNPs with non-zero effect sizes are found. Similarly, proximity of loci to the causal SNPs is

positively associated with higher rates of LD.

Figure 2.10: Manhattan plot of simulated GWAS results for the quantitative phenotype using common variants,
with the first four principal components as covariates alongside the SNP values. The causal SNP is highlighted in
magenta. The 1,000 loci closest to the causal SNP are depicted in each window. The grey dashed line corresponds to
a Bonferroni-corrected p-value of 0.05, applied at the genome-wide level of 84.4 million. The R2 values correspond
to the degree of linkage disequilibrium for the loci with the nearest causal SNP.

The simulation for a quantitative phenotype with common variants was re-run, this
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time with the effect sizes for the SNPs being all 0, and the other settings left unchanged. The

q-q plot in Figure 2.11 illustrates that neglecting to account for population stratification can

result in more false positives, as the grey line (corresponding to -log10 p-values of the GWAS

without the first four PCs as covariates) diverges from the unit line much sooner than does

the blue line (corresponding to -log10 p-values of the GWAS including the first four PCs as

covariates).

Figure 2.11: q-q plot of simulated GWAS results, comparing observed and expected -log10 p-values. The effect
sizes for the SNPs were set at 0.

2.3.3 Case/Control Design for Rare Variants

Using chromosomes 19, 20, 21, and 22, 1,000 individuals were simulated each for cases

and controls, where their target admixture set-up was the same as that used previously for

common variants. Every fifth locus was used. The prevalences were 0.2, 0.1, and 0.3 for CEU,

CHB, and YRI, respectively. The mean effect size for rare variants was set at 0.01, under a

Madsen-Browning weighting scheme. The results are shown in Table 2.4.
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Table 2.4: Comparison of probabilities of being a case, calculated ex-post for 1,000 case and 1,000 control individ-
uals, by admixture group and case/control status.

Group Desc. Case Cont.
1 CEU 0.26 0.17
2 CHB 0.15 0.07
3 YRI 0.46 0.18
4 CEU/CHB 0.21 0.12
5 CEU/YRI 0.50 0.38
6 CHB/YRI 0.43 0.26
7 CEU/CHB/YRI 0.35 0.34
8 Dirichlet 0.33 0.22

We can note a few general trends, e.g. that the cases have higher scores than the

controls. This would be expected, as the specified mean effect size was positive. The admixed

groups generally fall in between their prescribed ancestral groups.

2.3.4 Quantitative Phenotype for Rare Variants

Similar to the example simulations for case/control burden-testing, 2,000 individuals

were simulated for a quantitative trait phenotype, where their target admixture set-up were

the same as that used previously for common variants. Every fifth locus was used from chro-

mosomes 19, 20, 21, and 22 . The specified mean values for each ancestral population were 100,

105, and 85 for CEU, CHB, and YRI, respectively, with a standard deviation of 15. The mean

effect size was set at 0.01, under a Madsen-Browning weighting scheme. The mean phenotype

scores are shown in Table 2.5.
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Table 2.5: Comparison of mean quantitative traits for 2,000 individuals scores by group.

Group Desc. Score
1 CEU 100.69
2 CHB 105.67
3 YRI 87.80
4 CEU/CHB 103.60
5 CEU/YRI 91.65
6 CHB/YRI 94.05
7 CEU/CHB/YRI 95.44
8 Dirichlet 96.17

Despite some noise from the simulation process, the mean phenotype scores of the non-

admixed groups (groups 1-3) are generally close to the specified target means for those ances-

tral populations. The mean phenotype scores for the admixed groups lay in between that of

their ancestral populations.

2.4 Discussion

The updated HAP-SAMPLE, HAP-SAMPLE2, provides an efficient approach to simu-

lating genotype-phenotype data-sets, for both case/control designs and quantitative pheno-

types, and is compatible with large-scale data-sets such as 1000 Genomes. Data-sets can

be pre-processed to reduce the computation burden. The admixture functionality in HAP-

SAMPLE2 can create admixed populations and/or preserve population substructure, while

introducing novelty via the artificial recombination process. Targeted admixture proportions

can be specified at the individual-level. HAP-SAMPLE2 also now supports burden-testing for

rare-variants, under both the fixed and Madsen-Browning weighting schemes.

Currently in our approach, chromosomes are limited to one causal SNP per chromosome

for the case/control design for common variants. We use the Hardy-Weinberg assumptions in

handling loci on different chromosomes. Under the current framework, this would likely not be

an appropriate assumption for loci on the same chromosome, which are likely to exhibit some

linkage disequilibrium. Future work could involve adding the capability to allow more than
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one causal SNP(s) per chromosome.

For quantitative traits, the standard deviations for different ancestral populations are

currently assumed to be equivalent. This assumption could perhaps be relaxed, and the user

could specify population-specific standard deviations.

Support for dominance and interactive effects could be of interest. This would be an

area of further development. Particularly for interactive effects, careful consideration would

be needed to not exacerbate computation time and/or space.

Assortative mating could be another area of future attention. Assortative mating in

humans “is almost universally positive” for similarity (Robinson et al., 2017), with a material

genetic basis—for many traits, mates tend to be more similar genetically than would be ex-

pected on average. This has implications for human phenotypes as broad and varied as stature

(Robinson et al., 2017), educational attainment (Robinson et al., 2017; Domingue et al., 2014),

and longevity (Ruby et al., 2018).

Currently in HAP-SAMPLE2, mating is assumed to be random. Source haplo-

types, conditional on population (and causal SNP value if it is a disease chromosome in

the case/control design), have equal chances of being selected to construct a given region of

a simulated chromosome. Functionality could be added to the simulation process to have

greater probabilities of selecting mutually similar haplotypes to construct simulated chro-

mosomes. This could largely leverage existing conceptual knowhow and infrastructure, but

would necessitate additional development. Haplotype-similarity would need to be defined,

either as stored pre-calculated values, or calculated on the fly.

The current focus of HAP-SAMPLE2 is upon autosomal chromosomes, as 22 of the 23

human chromosomes are autosomal. However, it would certainly be interesting to explore

sex chromosomes, as well—seeing as there is a plethora of sex-linked traits in humans, even

encompassing complex cognitive traits (Trent and Davies, 2012; Griffiths et al., 2000; Skuse,

2005). Some traits have received attention from various fields, due to potential sexual dimor-

phism in phenotypic expression, clinical diagnoses, and etiology. One notable example would

be autism (Retico et al., 2016), which coincidentally has been suspected to be also implicated
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with rare variants (Brandler et al., 2018). For HAP-SAMPLE2, incorporation of sex chromo-

somes could have implications for different male/female variances in phenotypes (Brown et al.,

2009). To the extent different human populations may have had experienced varied differen-

tials in historical and/or pre-historical female-to-male breeding ratios (Labuda et al., 2010),

this could have intriguing tie-ins with the admixture functionality of HAP-SAMPLE2.

Our current implementation for rare variants performs burden-testing under the

Madsen-Browning and fixed weighting schemes. Further work could involve adding new

weighting schemes. For example, Wu et al. (2011) suggested beta densities, i.e. ws =

beta(fs, a1, a2), of which the Madsen-Browning weighting scheme would be a special case (Lee

et al., 2014). Wu et al. (2011) recommended values of a1 = 1 and a2 = 25. Another possible

pathway would be introducing more flexible testing, e.g. in the spirit of SKAT and similar

approaches—to accommodate situations where the effects of rare variants may not be all in the

same direction (Lee et al., 2014). Another avenue would be to allow the effect of rare variants

to be different across groups—for example, rare variants in different regions of chromosome

and/or across different chromosomes may have different effect sizes. This would essentially

entail accepting user-specification of different mean rare variant effect sizes for groups.

As HAP-SAMPLE2 is a resampling-based approach, the number of rare variants per

chromosome a simulated individual possesses is, on average, limited by the number of extant

rare variants in the source haplotypes. Further development could involve introducing more

rare variants per simulated individual via perturbation. That is, each simulated haplotype

could be perturbed to include more rare variant alleles than would otherwise be expected,

as prescribed by the source haplotypes. This could generate simulated individuals with “fat-

tailed” phenotypes, which could be of value to researchers studying more extreme traits (Peloso

et al., 2016).

Now with both functionality for common variants and rare variants separately, a nat-

ural next-step would be to integrate haplotype sampling and construction for phenotypes that

potentially are influenced by both common and rare variants. Many traits, such as cognitive

ability, may have an association with both common and rare variants (Luciano et al., 2015).
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Multivariate phenotypes could also be another area for further development, especially

leveraging existing infrastructure for common and/or rare variants. For example, a multi-

variate phenotype could be generated from user-specified values of coefficients and covari-

ance/correlation values for a multivariate latent variable model. The user would also specify

which components of the multivariate phenotype are binary, and which are continuous. Al-

though this approach would be unable to take advantage of some of the beneficial aspects of

the case/control framework, it could be achievable via an adaptation of the current framework

for quantitative traits.
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3
Fast Multivariate Probit Estimation via a Two-Stage

Composite Likelihood

3.1 Introduction

The multivariate probit is a standard model for correlated binary data, with advan-

tages due to its flexibility in handling correlation structures and interpretability of param-

eters (Chib and Greenberg, 1998). The approach is conceptually simple, as the underlying

multivariate latent normal requires specification of only means and covariances. However, for

likelihood parameter estimation, the integrals for calculating the likelihood from the multi-

variate cumulative normal distribution are computationally intensive (Chib and Greenberg,

1998; Moffa and Kuipers, 2014; Genz, 1992), e.g. as detailed in documentation for software

such as the R package mvProbit (Henningsen, 2019).

We consider the standard multivariate probit, where binary components of the multi-

variate response Y are modeled as the binarized result of a latent multivariate distribution.

For identifiability, we assume unit marginal latent variances, i.e. the covariance matrix is

a correlation matrix. With K binary response components, this implies
(
K
2

)
correlation val-

ues. We consider the N by P design matrix X as shared across components, as well as the

P × K coefficient matrix B, where N , P , and K are the number of observations, predictors,

and components, respectively. The role of X is to serve as a predictor matrix in a regression

framework for the latent outcome. For the multivariate probit, the role of the coefficients (in

conjunction with the design matrix) can be viewed as specifying the mean for the latent mul-

tivariate normal probability, with the region of integration being (−∞, 0] or (0,∞) for a given

component depending on whether the response is 0 or 1. Commonly, as we will do here, the

mean is fixed at 0 and instead the coefficients help determine the boundaries of integration—a

numerically-equivalent representation.
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Thus, for multivariate binary response Y with K components the full likelihood is:

Lfull(θ;yi) =

∫
Ai1

. . .

∫
AiK

φ(zi,0,Σ)dzi

Aik =


(−∞,xiβk] yik = 1

(xiβk,∞) yik = 0

θ = {B,Σ}

Where i corresponds to a given observation, and k a given component of Y . The latent mul-

tivariate normal variable is assumed to have a mean vector of 0, with the constants of inte-

gration determined by whether observed values of the multivariate binary response are 0 or

1.

We do not apply constraints to the correlations, and issues of positive-definiteness are

addressed below. With PK coefficient parameters andK(K−1)/2 correlation parameters, the

number of parameters grows quickly with increasing number of components.

Moffa and Kuipers (2014) proposed a sequential expectation-maximization Monte Carlo

method to estimate parameters in the multivariate probit. The approach builds on (Chib and

Greenberg, 1998) and utilizes the truncated multivariate T distribution, with heavier tails

than the normal. The approach can be computationally intensive, with variability in results

due to the stochastic sampling.

Mullahy (2016) proposed that multivariate probit estimation be performed via

“chained” bivariate probits. Each element in the correlation matrix is estimated pairwise

for components in the response, and coefficient estimates are obtained by averaging over

coefficient estimates obtained from the bivariate pairings. The approach is computationally

attractive, but statistical efficiency and other properties remain unclear. The chained bi-

variate probit approach is implemented in Mata’s bvpmvp, as a faster alternative to Stata’s

mvprobit (Mullahy, 2016). Stata’s mvprobit (Cappellari and Jenkins, 2003) and R’s mvProbit

both use the GHK (Geweke, Hajivassiliou and Keane) approach to simulate multivariate

normal probabilities, and both can be computationally inefficient.
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Feddag (2013) suggested using a composite pairwise likelihood approach in the context

of estimating multivariate probit longitudinal models. In this formulation an unconstrained

covariance matrix used (instead of correlation), and identifiability assured by including a mean

term and constraining coefficients to sum up to 0 across components. Simulations were per-

formed with response variables of 3, 5, and 8 components with 50, 100, and 300 observations.

Feddag (2013) noted empirically that the general pairwise likelihood results retained nearly

full statistical efficiency compared to using the full likelihood, but was much faster compu-

tationally. The standard deviations of coefficient estimates across simulations were similar

between the full likelihood and their composite likelihood. For an example with 3 components

and 300 observations, maximizing the pairwise likelihood took 0.16 minutes a desktop com-

puter to converge, whereas the full likelihood took 27.3 minutes.

Jin (2009) also found good performance of a composite pairwise likelihood for binary

data using a different model. Pairwise likelihood also performed well in efficiency and compu-

tation time.

In a larger exploration of a multivariate normal model, Zhao and Joe (2005) included a

similar two-Stage composite likelihood for multivariate probit in simulations, where the first

stage consisted of univariate marginals, and in the second stage bivariate marginals. How-

ever, they were chiefly concerned with analysis of data in familial units. Thus, their simula-

tions were performed using models in which there were two mutual coefficients {β0, β1} across

components (that is, coefficients across components were constrained to equality) and where

correlation parameters across components were either one ρ1 or ρ2, corresponding to parent-

offspring or sibling-sibling correlations. Each of their simulations used 2,000 families. The

authors noted that the two-stage composite likelihood is faster to compute than the pairwise

composite likelihood, and both are more computationally efficient than full maximum likeli-

hood.

Ghosh et al. (2013) introduced a bivariate logistic model that includes an intermediate

latent probit step. The approach, originally designed to handle bias in outcome-dependent

sampling situation, has considerable flexibility in handling nuisance covariates. However, it

is not easily extensible beyond K = 2.
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To address issues of computational efficiency while retaining a balance of simplicity

and flexibility, we introduce a novel two-stage composite likelihood approach for multivari-

ate probit estimation. This approach is designed to be fast, and thus amenable to situations

where many potential predictors are screened, such as with genome-wide association studies.

Coefficient standard errors are obtained using a sandwich estimator appropriate for a compos-

ite likelihood. In contrast to Zhao and Joe (2005), we focus upon multivariate probit models

with unconstrained parameters, and show that our model can achieve impressive reduction in

computation time while largely maintaining statistical efficiency.

3.2 Methods

3.2.1 Two-Stage Estimation

Two-stage, or “two-step,” likelihood estimation (Hardin, 2002) is an option for analyt-

ically or computationally difficult likelihood and/or log-likelihood functions. In two-stage es-

timation, an original model is essentially split into two models, with the first embedded in

the second. The first stage estimates parameters associated with the first likelihood, and the

second stage, the second likelihood.

Following (Hardin, 2002), suppose we start with a full log-likelihood function and n

independent observations:

lnL(θ1, θ2) =
n∑
1

ln f(y1i, y2i|x1i, x2i, θ1, θ2)

The parameter vector θ1 is associated with data x1, y1, and in the first stage, the parameters

in θ1 are estimated by maximizing:

lnL(θ1) =
n∑
1

ln f1(y1i|x1i, θ1)

In the second stage, the estimates of θ1 from the first stage can be used as fixed inputs to
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maximize the conditional likelihood:

lnL(θ2) =
n∑
1

ln f2(y2i|x2i, θ2, (x1i, θ̂1))

y2i is a subset of responses from the i’th observation of response y, and y1i is another subset.

x1i and x2i are their counterparts in the design matrix. θ1 and θ2 partition the full parameter

vector θ. Either or both stages can be considered misspecified likelihoods, and for certain prob-

lems, maximizing the conditional likelihood is equivalent to maximizing the full likelihood.

3.2.2 Composite Likelihood

A composite likelihood is formed by the product of so-called “associated” or “‘sub”-

likelihoods, which are individually proper likelihoods. Like two-stage estimation, composite

likelihoods are a popular alternative when maximizing the full likelihood is computationally

difficult. Lindsay et al. (2011) provide an overview of theoretical properties and construction

strategies. For proper associated likelihoods, the composite likelihood is generally consistent,

but may suffer a loss in efficiency compared to the full likelihood (Lindsay et al., 2011). Suppose

there are A associated likelihoods. For each observation i we write the composite likelihood:

Lcomp(θ;yi) =
A∏
a=1

f(yi;θ)wa

Where θ is the parameter vector and wa denotes a weight for the a’th associated likelihood.

This weight parameter is fixed in advance, and can be 1 for all associated likelihoods. Varin

et al. (Varin et al., 2011) provided a review of composite likelihood methods and remarked

upon their practicality and high statistical efficiency. However, the efficiency and asymptotic

properties can depend on the full likelihood and the particular composite likelihood set-up (e.g.

marginal vs. conditional likelihoods and the complexity of the associated likelihoods) (Varin

et al., 2011; Cattelan and Sartori, 2016).

49



3.2.3 Two-Stage Composite Likelihood for the Multivariate Probit

We estimate parameters for the multivariate probit likelihood using a composite likeli-

hood, and divide the composite likelihood estimation process into two stages. In the first stage,

we obtain coefficient estimates from a composite likelihood consisting of univariate marginals.

Each associated likelihood involves one component from the response, which for our setting is

the univariate probit:

lnLuni(B;yi,xi) =
K∑
k=1

ln f(yik,xi;βk)

As no parameters are shared across associated likelihoods here, for estimation we can write:

maxB

N∑
i=1

lnLuni(B;yi,xi) = maxB

N∑
i=1

K∑
k=1

ln f(yik,xi;βk) =

maxβ1

N∑
i=1

ln f(yi1,xi;β1) + ...+maxβK

N∑
i=1

ln f(yiK ,xi;βk)

Since these associated likelihoods can be estimated independently, this set-up simplifies the

computational process. For example, R’s glm() can provide coefficient estimates for each of the

components.

For each associated likelihood in the first stage we have univariate probit likelihoods:

f(yik,xi;βk) =

∫
Aik

φ(zik, 0, 1)dzik

Aim =


(−∞,xiβk] yik = 1

(xiβk,∞) yik = 0

The area of integration is determined by the i’th observation of the design matrix, the coef-

ficients for the component, βk, and the binary observation for that component, yik. As with

the general multivariate case, the mean is fixed at 0 here for the univariate probit, and the

variance at 1.

In the second stage, we estimate the correlation parameters, using as inputs the coef-
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ficient estimates from the first stage. Here each associated likelihood involves a pair of com-

ponents, each a bivariate probit:

lnLpair(Σ;yi,xi, B̂) =
K−1∑
j=1

K∑
k=j+1

ln f(yij , yik,xi; ρjk, β̂j , β̂k).

Again, no parameters are shared across associated likelihoods, so we approach maximization

one associated likelihood at a time:

maxΣ

N∑
i=1

lnLpair(Σ;yi,xi, B̂) = maxΣ

N∑
i=1

K−1∑
j=1

K∑
k=j+1

ln f(yij , yik,xi; ρjk, β̂j , β̂k) =

(
maxρ1,2

N∑
i=1

ln f(yi1, yi2,xi; ρ1,2, , β̂1, β̂2) + ...+

maxρK−1,K

N∑
i=1

ln f(yi(K−1), yiK ,xi; ρK−1,K , β̂K−1, β̂K)
)

Each bivariate probit inherits coefficient estimates from the first stage. For each asso-

ciate likelihood involving a pair that consists of components j and k, we have:

f(yim,xi; ρjk, β̂j , β̂k) =

∫
Aij

∫
Aik

φ(zi,0,Σjk)dzi

Aij =


(−∞,xiβ̂j ] yij = 1

(xiβ̂j ,∞) yij = 0

Aik =


(−∞,xiβ̂k] yik = 1

(xiβ̂k,∞) yik = 0

Σjk =

 1 ρjk

ρjk 1


The areas of integration for a particular observation i of the two components are deter-

mined by the observation of the design matrix, their coefficient estimates (inherited from the
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first stage) and the observed binary responses. The mean for both components is fixed at 0.

The variances for the two components are both fixed at one, leaving their pairwise correlations,

ρjk for components j and k, to be estimated.

The primary gain in computational efficiency arises from this component-wise estima-

tion, which we can implement using simple maximization routines such as R’s optim(). In

contrast to models where parameters are constrained, such as the familial models explored by

Zhao and Joe (2005), here maximization can proceed independently.

3.2.4 The Robust Murphy-Topel Estimator of Variance for the Two-Stage

Composite Likelihood

Composite likelihoods can be considered misspecified likelihoods, as the associated like-

lihoods do not fully reflect data dependencies. Hardin (2002) describes a robust variance esti-

mator to account for both misspecification and the two-stage nature of the estimation process–

essentially a “sandwich” version of the Murphy-Topel variance estimator (Murphy and Topel,

1985) for two-stage models. Following Hardin (2002), let VS(θ1) denote the robust variance

estimator for θ̂1 estimated in the first stage, and VS(θ2) for θ̂2 in the second stage, with

CovS(θ1,θ2) the covariance between them. We have

VS(θ1) = V1V
∗−1

1 V1 = VS1

CovS(θ1,θ2) = V1R
TV2 − VS1C

∗TV2

VS(θ2) = V2V
∗−1

2 V2 + V2(C∗VS1C
∗T −RV1C

∗T −C∗V1R
T )V2

= VS2 + V2(C∗Vs1C
∗T −RV1C

∗T −C∗V1R
T )V2

whereV1 is the non-robust (naive) likelihood-based asymptotic variance estimator for the stage

one parameters θ1 based upon the stage one log-likelihood lnL1(θ1), e.g. the expected value

of the negative second derivatives, and V ∗
1 the expected value of the matrix of outer product

of gradients. Similarly, V2 is the non-robust asymptotic variance estimator for the stage two

parameters θ2 based upon the stage two conditional log-likelihood lnL2(θ2|θ1), and V ∗
2 the

expected value of the matrix of outer gradients. C∗ is the sub-matrix of the expected value

52



of the negative second derivatives based on lnL2(θ2|θ1), the rows corresponding to θ2 and the

columns corresponding to θ1. R is be the sub-matrix of the expected value of the negative

second derivatives based on lnL2(θ2|θ1) and lnL1(θ1), the rows corresponding to θ2 and the

columns corresponding to θ1. Vs1 is be the usual sandwich estimator for the stage one param-

eters, and Vs2 that of the second stage parameters (treating stage one parameters as fixed).

Empirical plug-in estimates for the matrix elements are obtained by taking the mean across

observations (using the final parameter estimates as inputs). Once estimated, these matrices

can be used to calculate the robust Murphy-Topel estimate of variance (Murphy and Topel,

1985):

VS(θ) =

 VS(θ1) CovS(θ1, θ2)

CovS(θ1, θ2) VS(θ2)



3.3 Examples

3.3.1 Six Cities

The Six Cities data set has been a popular choice for comparing multivariate probit

estimation methodologies. We performed our two-stage composite likelihood estimation on

this data set, and compared it to the results of Chib and Greenberg (1998) and Moffa and

Kuipers (2014). We were chiefly concerned with run-time and statistical efficiency, as judged

by coefficient standard errors.

In the Six Cities data, wheezing status at ages 7, 8, 9, and 10 for 537 children were

recorded as 0 or 1 to serve as the multivariate response, for four components with binary ob-

servations. Coefficients (shared across all components) included the intercept, age centered

at 9, maternal smoking status (1 or 0), and an interactive variable between maternal smok-

ing status and age. These were represented by β0, β1, β2 and β3, respectively. Note that the

four components share coefficients, i.e. β1 = β2 = β3 = β4 = {β0, β1, β2, β3}. The covariance
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(correlation) matrix has 6 off-diagonal entries, corresponding to correlations between wheez-

ing status between various ages. Standard errors were calculated using the robust approach

described in the previous section. 250 bootstrapped replications were performed for compar-

isons.

Using our two-stage composite likelihood, the Six Cities coefficient and correlation esti-

mates are very similar to those previously published by Chib and Greenberg (1998) and Moffa

and Kuipers (2014). Parameter estimation took about 1
40 of a second for our model on a Win-

dows 2.70 GHz Intel i7-7500 laptop. The bootstrapped standard errors and empirical standard

errors obtained from the original data are similar to each other, and also similar to those pro-

vided by Chib and Greenberg (1998) and Moffa and Kuipers (2014). In summary, for these

data the estimates do not reflect apparent loss in statistical efficiency, and the correspondence

with bootstrapped standard errors indicates appropriateness of the robust variance estimates.

Table 3.1: Comparison of Six Cities mean parameter estimates between Chib and Greenberg (1998), Moffa and
Kuipers (2014), and the Two-Stage Composite Likelihood. 250 replications were done for the Two-Stage Composite
Likelihood to calculate mean parameter estimates and the mean log-likelihood value (its empirical standard error),
and 250 bootstrapped replications for the bootstrapped standard errors. Empirical standard errors were calculated
using the robust Murphy-Topel variance estimator. Parameter estimation took about 0.025 seconds for the Two-
Stage Composite Likelihood.

Chib & Greenberg Moffa & Kuipers Two-Stage CL
(1998) (2014) (2019)

Param. Est. SE Est. SE Est. BSE ESE
β0 -111.8 (6.5) -112.3 (6.2) -112.6 (6.5) (6.3)
β1 -7.9 (3.3) -7.9 (3.1) -7.7 (3.1) (3.1)
β2 15.2 (10.2) 15.9 (10.1) 17.1 (10.6) (10.1)
β3 3.9 (5.2) 3.8 (5.1) 3.7 (4.9) (4.9)
σ12 58.4 (6.8) 58.3 (6.6) 59.1 (6.5) (6.6)
σ13 52.1 (7.6) 52.2 (7.1) 53.1 (7.3) (7.2)
σ14 58.6 (9.5) 57.8 (7.4) 59.1 (7.5) (7.2)
σ23 68.8 (5.1) 68.6 (5.6) 69.2 (5.7) (5.6)
σ24 56.2 (7.7) 55.8 (7.4) 57.5 (7.5) (7.3)
σ34 63.1 (7.7) 62.7 (6.7) 64.1 (6.4) (6.6)

Est. Log-Lik -794.94 (0.69) -794.95 (0.82) -794.76 (—) (0.00)
Corr. Log-Lik -794.70 -794.61 -794.76

Interestingly, the two-stage composite likelihood produces estimates that achieved

a higher log-likelihood when inputted into the full information likelihood than did the log-
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likelihoods from Chib and Greenberg (1998) or Moffa and Kuipers (2014). However, as pointed

out by Moffa and Kuipers (2014), the stochastic nature of their processes (leading to notice-

able variance across replications of log-likelihood estimations upon the same data set) may

reduce the log-likelihood. They thus supply a correction calculation for the log-likelihood. The

two-Stage composite likelihood does not require such a correction.

3.3.2 MEPS

Started in 1996, The Medical Expenditure Panel Survey (MEPS) is a set of surveys con-

taining data on how American families and individuals use health services (for Healthcare Re-

search and Quality, 2018). The R package GJRM (Marra and Radice, 2019) provides a 2008

MEPS data-set with 18,592 observations of individual characteristics and their binary-coded

disease statuses for diabetes, hyperlipidemia, and hypertension. The function gjrm() of GJRM

can perform a variety of semi-parametric model estimations, including fully parametric uni-

variate, bivariate, and trivariate probit estimations using a general penalized maximum like-

lihood approach in conjunction with smoothing set-up via penalized regression splines (Marra

and Radice, 2019).

Here we use the MEPS data-set to compare gjrm() and the Two-Stage Composite Like-

lihood in estimating a trivariate probit. The trivariate response consists of the three disease

statuses, and individual characteristics serve as predictors: body mass index (BMI), age (in

years), sex (1 for male, 0 for female), education (in years), income (log-transformed), race (coded

as white, black, Native American, or other), and region (northeast, midwest, south, or west).

18,273 observations were retained after excluding those with incomes listed as zero.

250 replications were performed to record the bootstrapped standard errors. The mean

run-time for gjrm on a Windows 2.70 GHz Intel i7-7500 laptop was about 32 seconds, whereas

it was about 12 seconds for the Two-Stage Composite Likelihood. The coefficient estimated for

the three components of Diabetes, Hyperlipidemia, and Hypertension are displayed below in

Table 3.2. The correlation parameter estimates are included at the bottom.

The parameter estimates were generally similar, and the bootstrapped standard errors
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for the two methods were nearly identical for both coefficients and correlation parameters.

The reported standard errors from gjrm() and the empirical standard errors from the Two-

Stage CL were generally close for coefficients. However, the reported standard errors from

gjrm() were noticeably higher than the gjrm() bootstrapped standard errors, as well as both

the empirical and bootstrapped standard errors from the Two-Stage CL.
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Table 3.2: Comparison of estimates produced by gjrm() and the Two-Stage Composite Likelihood, displayed
by component and coefficient, along with the correlation parameter estimates. The standard errors from gjrm()

come from its native reporting; empirical standard errors for the Two-Stage Composite Likelihood were calculated
using the robust Murphy-Topel variance estimator. Coefficient estimates multiplied by 100; correlation estimates
displayed without rounding.

gjrm() Two-Stage CL
Comp. Param. Est. SE BSE Est. ESE BSE

Intercept -375.4 20.6 21.6 -360.9 21.0 22.0
BMI 5.3 0.2 0.2 5.1 0.2 0.3
Age 3.9 0.1 0.2 3.9 0.1 0.2
Sex 4.9 3.1 3.1 4.5 3.1 3.1

Education -3.7 0.5 0.5 -4.1 0.5 0.5
Diabetes Income (10,000s) -5.5 1.8 1.7 -5.9 1.9 1.7

Race (Black) 14.9 3.9 4.8 15.4 3.9 4.8
Race (Nat. Amer.) 44.6 12.5 12.8 43.5 12.8 12.8

Race (Other) 25.4 5.8 5.8 25.3 5.9 5.9
Region (Midwest) -13.8 5.3 5.4 -13.4 5.4 5.3
Region (South) -3.1 4.5 4.4 -3.0 4.6 4.4
Region (West) -3.3 4.9 4.9 -2.6 5.0 4.9

Intercept -400.3 15.3 14.6 -400.4 15.3 14.7
BMI 3.4 0.2 0.2 3.5 0.2 0.2
Age 4.8 0.1 0.1 4.8 0.1 0.1
Sex 13.5 2.2 2.4 14 2.2 2.4

Education 0.9 0.4 0.4 0.8 0.4 0.4
Hyperlipidemia Income (10,000s) 1.2 1.3 1.3 1.2 1.3 1.3

Race (Black) -13.0 3.1 3.4 -12.7 3.0 3.4
Race (Nat. Amer.) 13.1 11.0 10.7 13.2 11.3 10.7

Race (Other) 15.6 4.1 4.5 15.7 4.1 4.5
Region (Midwest) -7.9 3.8 3.6 -8.2 3.8 3.6
Region (South) 0.9 3.3 3.2 0.8 3.3 3.2
Region (West) -7.3 3.6 3.8 -7.3 3.6 3.8

Intercept -351.1 15.1 15.6 -350 14.8 15.6
BMI 5.7 0.2 0.2 5.7 0.2 0.2
Age 4.8 0.1 0.1 4.8 0.1 0.1
Sex 11.7 2.3 2.3 12.1 2.3 2.3

Education -0.6 0.4 0.4 -0.7 0.4 0.4
Hypertension Income (10,000s) -8.5 1.3 1.2 -8.5 1.3 1.2

Race (Black) 27.9 2.9 2.8 27.8 2.9 2.8
Race (Nat. Amer.) 25.9 10.8 11.1 26.3 10.5 11.2

Race (Other) 15.1 4.3 4.1 15.0 4.4 4.1
Region (Midwest) -7.2 3.9 4.0 -7.5 3.9 4.1
Region (South) 3.1 3.4 3.2 2.9 3.3 3.3
Region (West) -9.2 3.7 3.5 -9.3 3.7 3.5

Diabetes Hyperlipidemia 0.41 0.04 0.02 0.41 0.02 0.02
Diabetes Hypertension 0.35 0.03 0.02 0.35 0.02 0.02

Hyperlipidemia Hypertension 0.41 0.03 0.02 0.41 0.01 0.02
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3.4 Simulations

3.4.1 Run-Time Comparisons with the Chained Bivariate Probit

Simulations were performed following the set-up described by Mullahy (2016), who

found that the chained bivariate probit approach was much faster than a simulation-based

maximum likelihood approach. The number of components considered was 4 and 8, the num-

ber of predictors considered was 5 and 9 (including intercept), and the number of observations

varied among 2,000, 5,000, and 10,000. 100 simulations were run for each of these 12 com-

binations. For coefficients, the intercepts ranged step-wise from -0.2 to -1.6 from the first

component to the eighth, assuming the values 0.0 or 0.5. Other coefficient parameters were

set to 0.0. When only four components were needed for a given combination of settings, the

first four components were used. For our analysis, design matrices were constructed using an

intercept and the first 3 or 7 principal component values from a genetic dataset consisting of

ternary data, obtained by subsampling a random set of genetic markers from HapMap data

(Gibbs et al., 2003), and one randomly chosen of the ternary values.

For each combination of number of observations, number of components, and number

of predictors, a design matrix was sampled (with replacement) from the original 728 observa-

tions. The multivariate response was then simulated anew for each of the 100 simulations per

combination. Run-time comparisons were made versus reported values from Mullahy (2016),

in which the previous author used a desktop computer with a higher clock speed (iMac 3.4

GHz Intel Core i7) than used here.
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Table 3.3: Mean run-time comparisons between Mullahy (2016) & the Two-Stage Composite Likelihood, by com-
binations of number of observations, number of components, and number of predictors. Run-times are rounded to
the nearest second; each combination was simulated 100 times. Mullahy’s results were performed on an iMac 3.4
GHz Intel Core i7. The re-coded chained bivariate probit and the Two-Stage CL were ran on a Windows 2.70 GHz
Intel i7-7500. The re-coded chained bivariate probit used R’s zelig (Choirat et al., 2018; Imai et al., 2008) from
the Zelig package to perform the bivariate probits.

# Obs # Comp # Pred Mullahy (2016) Re-coded bvpmvp Two-Stage CL
2,000 4 5 1 1 0
2,000 4 9 1 2 0
2,000 8 5 5 7 1
2,000 8 9 8 7 1
10,000 4 5 2 6 1
10,000 4 9 3 6 1
10,000 8 5 14 28 5
10,000 8 9 19 41 5
50,000 4 5 12 28 6
50,000 4 9 18 30 6
50,000 8 5 65 136 23
50,000 8 9 86 145 23

For each combination of settings, the two-stage composite likelihood was the fastest.

Mullahy’s reported results were faster than the re-coded version of the chained bivariate pro-

bit, possibly at least partly due to processor specifications. As also observed by Mullahy, the

number of components had the greatest effect on run-time, followed by number of observations,

and the number of predictors had the least effect.

3.4.2 Coverage Percentages for the Two-Stage Composite Likelihood

Using a similar set-up (and the same original data) as for the run-time comparisons,

simulations were performed to gauge the 95% coverage percentages for the two-stage compos-

ite likelihood. The number of predictors was fixed at four, and the number of observations and

components were varied for the simulations. 500 simulations of each combination of observa-

tions and number of components were run. The 95% coverage percentages for the coefficients

are displayed below. Coverage is near the target 95% in all instances.
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Table 3.4: 95% Coverage Percentages for the Two-Stage Composite Likelihood, using 500 simulations. The number of predictors was fixed at four, with the
number of observations and components varied. Bm,p corresponds to the coefficient associated with the m’th component and p’th predictor.

Obs Comp B1,1 B1,2 B1,3 B1,4 B2,1 B2,2 B2,3 B2,4 B3,1 B3,2 B3,3 B3,4 B4,1 B4,2 B4,3 B4,4 B5,1 B5,2 B5,3 B5,4

200 3 96.8 95.2 96.0 93.2 96.2 93.6 96.0 96.2 96.2 94.8 95.6 96.2
200 4 94.8 93.4 94.8 94.8 95.2 94.8 95.4 94.0 96.0 95.6 96.4 94.8 94.4 94.4 95.4 96.2
200 5 94.4 94.4 94.8 95.2 96.0 94.8 94.8 93.8 94.6 96.4 96.4 93.4 93.8 96.2 96.0 96.2 95.2 96.0 94.8 95.2
400 3 95.0 95.4 94.2 95.8 94.6 94.4 92.4 94.8 96.2 94.0 93.2 94.6
400 4 95.2 95.6 95.2 95.6 94.4 97.4 94.6 95.4 96.6 94.8 96.6 95.0 94.6 95.2 95.2 95.4
400 5 95.8 96.0 96.4 95.0 94.0 95.2 94.8 94.6 94.8 96.6 95.6 95.4 94.8 94.8 95.4 96.2 93.6 96.8 94.4 96.0
800 3 96.0 94.0 94.2 95.8 95.0 96.4 95.6 95.4 94.8 94.4 94.6 95.4
800 4 95.6 94.8 96.0 95.4 96.2 94.0 93.6 96.8 94.6 96.2 97.6 94.0 95.2 93.2 96.0 96.0
800 5 95.8 96.4 93.0 94.6 95.0 95.0 95.4 94.8 96.0 95.4 96.2 94.0 96.2 94.0 95.8 95.2 94.4 94.6 95.0 94.6

1,600 3 96.4 96.4 94.8 95.4 96.4 94.0 93.2 96.2 96.0 93.6 94.4 96.2
1,600 4 95.8 94.4 94.2 95.8 95.0 96.0 95.6 95.4 93.0 95.0 96.2 96.0 96.2 95.6 95.0 95.6
1,600 5 94.4 94.0 95.4 96.0 94.0 96.2 95.6 94.2 92.8 96.0 96.4 95.6 93.6 95.2 92.8 95.4 94.2 96.0 94.8 96.6
3,200 3 94.0 94.8 95.4 94.2 92.6 95.2 95.4 94.4 94.8 94.4 93.4 94.6
3,200 4 94.4 95.2 96.6 95.4 96.6 95.2 93.4 95.4 95.8 94.0 95.4 95.4 93.8 94.2 94.4 95.0
3,200 5 95.4 94.6 94.4 95.0 93.2 94.8 94.8 93.8 96.8 95.8 94.0 96.0 94.0 94.0 93.8 96.4 94.6 93.6 93.8 94.8
6,400 3 94.6 94.4 96.0 96.6 95.0 94.4 94.4 95.8 93.0 94.0 97.0 92.2
6,400 4 93.6 95.8 92.2 96.4 95.8 93.8 95.2 94.4 95.2 95.2 96.8 95.0 96.8 96.0 96.4 95.0
6,400 5 95.6 95.4 97.0 94.2 92.8 96.6 94.0 94.8 94.4 92.8 95.8 93.4 96.0 95.6 95.4 94.2 96.2 94.8 95.2 95.2
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3.5 Discussion

Our proposed two-stage composite likelihood for the multivariate probit produces re-

sults similar to those previously published, for both parameter estimations and standard er-

rors. Bootstrap comparisons show that the robust variance estimates provide accurate stan-

dard errors. Furthermore, these standard errors are comparable to those of full likelihood or

those of alternate methods, suggesting little loss in statistical efficiency.

Run-times for the two-stage composite likelihood compare favorably to the chained bi-

variate probit approach, which was already much faster than the approach using simulated

maximum likelihood. The effects of increasing settings such as the number of observations,

number of components, and number of predictors has similar effects to that experienced by the

chained bivariate probit. Under simulation, our approach produces near nominal confidence

coverage.

A possible next step would be to extend this approach to incorporate heterogeneous mul-

tivariate responses, i.e., where the response can include both binary and continuous compo-

nents. Such an approach would include bivariate normal densities for continuous-continuous

pairs, and likelihoods for binary-continuous pairs. For binary-continuous pairs, the joint like-

lihood can be re-stated as the product of the marginal density of the continuous component

multiplied against the conditional density of the binary component upon the continuous com-

ponent.

Further considerations could include heteroskedasticity, i.e. non-constant variance

across predictor values, which would further expand the range of applications. In genomics, for

example, this could manifest in different variances depending on allele counts. In fields such

as finance and/or epidemiology, this could entail time-dependent variances, perhaps expressed

through a time-series model.

Along similar lines, one avenue would be to explore more “fat-tailed” latent distribu-

tions. Normal distributions may be inappropriate when the response has a greater propensity

for extreme outcomes, especially combined with interdependence among response components
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(Ly et al., 2019). Insufficient attention to tail outcomes has been an issue in finance for price

and risk modeling for asset-backed securities, and has been implicated as a contributor to the

2007-2008 financial crisis (Salmon, 2012; Flavin and Sheenan, 2015; MacKenzie and Spears,

2014). This could have implications for human phenotypes, as well, such as cognitive ability

(Lubinski, 2009).
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4
Simultaneous Modeling of Multivariate Heterogeneous

Responses & Heteroskedasticity via a Two-Stage Composite

Likelihood

4.1 Introduction

Historically, most GWAS are primarily focused only on univariate responses, i.e. one

phenotype at a time. Simultaneous consideration of phenotypes in a multivariate framework

could be insightful, as there may be correlated errors across phenotypes. Analysis of multi-

variate phenotypes together may confer improvements in statistical power (Park et al., 2011;

Salinas et al., 2018) and more fully leverage genomic data sets (Park et al., 2011). Furthermore,

observational data for these multivariate phenotypes may be heterogeneous—e.g. binary or

continuous. As previously discussed, multivariate binary choice models can already be difficult

to estimate in themselves, much less with the addition of continuous responses.

Typically, GWAS test mean effects associated with locus allele counts. However, loci

could be associated with variance changes, as well—e.g. heteroskedasticity across groups,

where each group is composed of individuals with allele counts of either 0, 1, or 2. Thus, a

test for loci associated with variance changes would be needed and incorporated with a test for

mean changes into an overall framework. Properly characterizing heteroskedasticity could be

helpful in detecting significant SNP effects in both mean and variance.

Modeling of multivariate phenotypes could have particularly interesting tie-ins with

pleiotropy (Hackinger and Zeggini, 2017; Yang and Wang, 2012; Salinas et al., 2018; Park et al.,

2011; XiaoCan et al., 2019), where a locus affects multiple phenotypes (Salinas et al., 2018). If

a SNP is associated with mean changes in more than one phenotype, some of the overall inter-

phenotype covariance could potentially be accounted for by that SNP. Better understanding

of pleiotropy could aid in revisiting phenotype definitions and disease diagnoses (Hackinger

and Zeggini, 2017), and/or identify loci as target intervention candidates for multiple diseases
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simultaneously.

As an example, psychiatric traits have received considerable attention from clinicians

and researchers with regard to pleiotropy. Human cognitive traits in general have long been

known to have substantial genetic influences (Bouchard, 2004), including many psychiatric

disorders (Cross-Disorder Group of the Psychiatric Genomics Consortium, 2013; XiaoCan

et al., 2019; Demkow and Wolańczyk, 2017). Yet, characterization and diagnoses of psychi-

atric disorders remain a challenge—much less understanding their etiology and designing

effective interventions (Demkow and Wolańczyk, 2017). Previous work has indeed confirmed

the high heritability of major psychiatric disorders, and furthermore, has suggested that ma-

terial pleiotropy may be present in the genetic architecture of such disorders (Cross-Disorder

Group of the Psychiatric Genomics Consortium, 2013; XiaoCan et al., 2019).

Pleiotropy could very well be “ubiquitous” in human genetics (Visscher et al., 2017).

Widespread pleiotropy in the human genome would have profound impacts on research in

precision medicine and genome editing, in particular upon drug development and genome

“fixing” via CRISPR-Cas approaches (Gratten and Visscher, 2016).

4.1.1 Approaches to Multivariate Phenotypes

Dimension-reduction techniques can re-express multivariate phenotypes more parsi-

moniously, e.g. into a univariate response. Methods such as Principal Components of Heri-

tability Association Tests (PCHAT) do this through PCA to create independent components in

a newly-formed multivariate response (Klei et al., 2008). In PCHAT, the dimension-reduction

in the multivariate phenotype is performed to maximize the heritability. However, a bagging-

procedure is needed to algorithmically form these principal components. The distribution of re-

sulting test-statistics can be awkward, necessitating permutation-testing to better character-

ize the distributions for hypothesis-testing. By reducing a multivariate phenotype into fewer

dimensions, component-specific information is naturally lost.

Another tactic for multivariate phenotypes is through Canonical Correlation Analysis

(CCA), such as that implemented by MV-PLINK (Galesloot et al., 2014). CCA aims to extract
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the linear combinations of phenotypes that create the greatest covariance against SNP data

(Galesloot et al., 2014), although there is some diversity in how CCA-based tests are conducted

(Tang and Ferreira, 2012). The implicit assumption is that the multivariate response is mul-

tivariate normal, and thus does not account for heterogeneity in the multivariate components

(O’Reilly et al., 2012).

mvBIMBAM is a multivariate extension of Bayesian Imputation-Based Association

Mapping (BIMBAM) (Servin and Stephens, 2007). In mvBIMBAM, multivariate regression

is performed through partitioning; genotypes are partitioned as direct, indirect, or no effect,

corresponding to the inferred effect of a variant upon a given phenotype (Porter and O’Reilly,

2017). Shim et al. (2015) used mvBIMBAM to conduct a GWAS investigating response to statin

treatment in 1,868 individuals of Caucasian descent, where the phenotypes were 7 subfrac-

tions of low density lipoproteins (LDLs) and 3 subfractions of intermediate density lipopro-

teins (IDLs). mvBIMBAM shows solid performance in statistical power (Porter and O’Reilly,

2017; Shim et al., 2015). mvBIMBAM is only tailored toward multivariate normal phenotypes

(Stephens, 2013).

MultiPhen, with an eponymous R package, is an approach that“reverses” or “inverts”

the usual GWAS formulation such that the genotype at a given locus is the response in a

proportional-odds logistic regression, and the components of the multivariate phenotype serve

as the predictors. Using the multivariate phenotype as the predictors, MultiPhen neatly ac-

commodates any heterogeneity in a multivariate phenotype (O’Reilly et al., 2012).

Following O’Reilly et al. (2012), we begin by reviewing a univariate GWAS for a multi-

variate phenotype:

Yik = αk + βgkXig + εigk

i denotes a given observation, k a component of the multivariate phenotype, and g a given SNP.

αk would then be the intercept for a given component, βgk the effect size for a given SNP upon

a given component, and Xig the allele count (0, 1, or 2). εigk is a normally-distributed error.
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Let us now invert the GWAS set-up into a proportional-odds logistic regression:

P (Xig ≤ m) =
1

1 + exp(−αgm −
∑K

k=1 βgkYik)

Wherem in {0, 1, 2}. A likelihood ratio test can then be performed, as to test the null hypothesis

that βg1 = ... = βgK = 0.

This approach performs well, computationally and statistically-speaking. However, it

is unclear as to how additional covariates would be handled, and/or their interpretability. Ad-

dressing of heteroskedasticity also remains.

4.1.2 Approaches to Continuous and Binary Responses

Teixeira-Pinto and Normand (2009) reviewed some approaches for handling bivariate

responses with one continuous component, and one bivariate. One of which is a “factorization

model” suggested by Fitzmaurice and Laird (1995), conditioning the continuous outcome upon

the binary outcome (Teixeira-Pinto and Normand, 2009).

Suppose we have a binary component yb and a continuous component yc. Then we

can write f(yb, yc) = f(yb)f(yc|yb). f(yb) can then be the usual univariate probit, and yci has

conditional normal distribution:

φ(xTciβc + τ(ybi − µbi), σ2c )

Where µbi = xTbiβb is the expected value of ybi and σ2c is the variance of the continuous com-

ponent. τ is obtained by regressing yci upon ybi. Ceteris paribus, larger absolute values of

τ suggest a stronger association between the two components (Teixeira-Pinto and Normand,

2009). The correlation parameter, ρ, can then be obtained as:

ρ =


sign(τ)√

1+
σ2c

τ2V ar(ybi|xbi)

τ 6= 0

0 τ = 0
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Maximum likelihood can then be used to estimate the parameters. Teixeira-Pinto and Nor-

mand (2009) remarked that a drawback is that the marginal distribution of the continuous

component is then an implied mixture of two normal distributions, even potentially bimodal.

Conditioning the binary upon the continuous is also mentioned, as an alternative: f(yb, yc) =

f(yb|yc)f(yc). Now the continuous component can retain its univariate marginal distribution,

and the binary component has the latent distribution:

φ(xTbiβb + τ
′
(ybi − µci), 1)

Where µci = xTciβc and τ ′ is obtained by regressing ybi upon yci.

de Leon and Wu (2011) proposed a copula-based approach for handling bivariate re-

sponses where one component is binary, and one is continuous. It remains to be seen to how

this could be extended to settings where there could be more than one binary and/or continuous

component.

4.1.3 Approaches to Heteroskedasticity

For detecting quantitative trait loci (QTL) affecting the variance of a univariate pheno-

type, Rönnegård and Valdar (2011) proposed a double GLM approach using REML to perform

the estimation, where a QTL can affect both the mean and variance of a phenotype. They

mention applications such as predictability of response to medicinal dosages, and selecting

uniform individuals from livestock.

Young et al. (2018) suggested a log-linear model for a potential SNP effect on variance

for a quantitative phenotype. Following Young et al. (2018), suppose we have σ2g = V ar(Y |G =

g) as the conditional variance of the phenotype given genotype, where g ∈ {0, 1, 2}. Then we set

ln(σ2g) = µv +αvg, where µv is akin to an intercept, and αv a coefficient upon g for log-variance.

Then along with an additive effect upon the mean, the additive variance model would be:

Y |G = g ∼ φ
(
µ+ αg, exp (µv + αvg)

)
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For more complicated effects on variance, they also provide a general variance model, where

now:

ln
(
σ2g
)

= µv + αvg + δv
(
g − 2f)2

)
And f is the allele frequency. For a log-linear variance effect, they note that there is a 1 de-

gree of freedom test—and for the log-linear and general variance effect, a 2 degree of freedom

test. The latter, similar to a Bartlett’s Test, was also proposed by Cao et al. (2014) as a si-

multaneous test for mean and variance (Young et al., 2018). Young et al. (2018) extend this

approach to account for non-normality in a phenotype, and apply it to body mass index among

the approximately 408,000 individuals with British ancestry in the UK Biobank data.

Bartlett’s Test is a common test for equality of variance between groups, i.e. if there

is any heteroskedasticity across groups (Snedecor and Cochran, 1989). The multivariate

Bartlett’s Test, as briefly described by Schott (2001), is the analogous multivariate version

for equality of covariance matrices between groups. Assuming multivariate Y is normally

distributed with m components, the null hypothesis is then:

H0 : Σ1 = ... = Σg = Σ

Where Σi is the covariance matrix of the i’th group of g total groups, and Σ is the common

covariance matrix. Let ni+ 1 be the sample size of the i’th group, and thus Si = 1
ni

∑ni+1
j=1 (xij −

x̄i)(xij − x̄i)t would be the usual unbiased sample covariance estimate of each group i, with

each x̄i = 1
ni+1

∑ni+1
j=1 xij being the sample mean for that group. Naturally,

∑g
1 ni = n and the

test statistic is then:

M = n ln |S| −
g∑
1

ni ln |Si|

Where S = 1
n

∑g
1 niSi. Under the null hypothesis, M is asymptotically χ2 with (g−1)(m)(m+1)

2 de-

grees of freedom. The multivariate Bartlett’s Test is apparently also sometimes referred to as

Box’s M Test (D’Agostino and Russell, 2005). The Bartlett’s Test is appealing for producing a

straightforward test statistic. However, it is unclear to what extent this test can accommodate

a multivariate response with at least some binary components. Although more general, this
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test has been used in the context of finding variance QTLs, as well—but it may be underpow-

ered if we are interested in heteroskedasticity of a particular type, e.g. in GWAS, modeling

the covariance as a linear function of an SNP-value (0, 1, or 2).

Zhu et al. (2017) explored testing of covariance matrices of type D = Σ2 − Σ1 across

2 groups, with null hypothesis H0 : D = 0, with an application for gene expression data from

post-mortem schizophrenia cases and controls. They were chiefly concerned with the high-

dimensional situation, particularly where the number of components in the response exceeded

the number of observations.

With concerns over loss of power using homoskedastic models in the presence of het-

eroskedasticity, Quintero and Lesaffre (2017) presented an extension of a model discussed by

Li et al. in 2013, which in turn was an extension of a model from Hoff and Niu (2012). Hoff &

Niu proposed a covariance regression model that parameterizes the multivariate response as

a quadratic function of the predictors, reminiscent of a factor analysis model.

Quintero and Lesaffre (2017) performed simulation studies, and also applied the model

to data on nurse burnout in Belgium. The components of the response were emotional exhaus-

tion, depersonalization, and reduced personal accomplishment on an integer scale ranging

from 0, 0, and 0 to 54, 30, and 48, respectively. They noted from their simulation studies that

neglecting heteroskedasticity resulted in higher root mean squared errors.

As described by Quintero and Lesaffre (2017), the covariance regression model of Hoff

and Niu (2012) reparameterized heteroskedasticity in the form of a mixed effects model. For a

given observation i: Y i = Axi+γiBxi+εi, where Y is the multivariate response,A andB are

matrices corresponding respectively to coefficients and factor loadings, xi contains covariate

values for the i’th observation, and γi is a latent standard normal variable that serves as

a scalar for additional variation in the response. This yields a covariance matrix that is a

quadratic function of the covariates: Σ(xi) = Ψ + Bxix
T
i B

T , with Ψ being the covariance

matrix of εi.

This set-up lends itself well to maximum likelihood estimation using approaches such

as Expectation Maximization or Gibbs Sampling, as it is represented in a familiar form (Quin-
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tero and Lesaffre, 2017). However, due to the nature of the scalar, embedded is the assumption

that “extreme residuals for one component of Yi are accompanied with extreme residuals of the

other elements in the vector response” (Quintero and Lesaffre, 2017).

4.1.4 Simultaneous Modeling of Multivariate Heterogeneous Responses &

Heteroskedasticity

We present a straightforward, unified framework by which to perform two-stage com-

posite likelihood estimations for regressions with multivariate responses that include both bi-

nary and continuous components, and heteroskedasticity where the covariance matrix depends

on choice of a predictor—i.e. the covariance is group-dependent. We leverage the lessons-

learned and knowhow from previous work done on multivariate probit estimations, and ex-

tend it to incorporate heterogeneity (multivariate responses with both binary and continuous

components) and heteroskedasticity. In performing estimations under this framework, we can

use common functions such as optim and optimize in R for performing optimizations, and

pbivnorm for fast evaluations of bivariate probit probabilities (Kenkel, 2015).

Such a framework lends itself well to hypothesis testing in genome-wide association

studies—testing, in a flexible manner, for associations between loci and the mean and/or co-

variance of the phenotype. Although we are primarily concerned with the GWAS situation with

three groups (SNP values of 0, 1, or 2), an arbitrary number of groups can be included–albeit

we expect the number of observations to be greater than that of the number of components.

As with the multivariate probit, the set-up of the Two-Stage Composite Likelihood

engenders a divide-and-conquer approach. This breaks-up an otherwise formidable like-

lihood into more tractable associated likelihoods—allowing more favorable computational

performance—while retaining useful asymptotic properties for hypothesis testing. With mod-

ern genomic data-sets having thousands or more of observations, we have in mind data-sets

with sample sizes that number in the multiple thousands at the minimum.
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4.2 Methods

4.2.1 The Multivariate Probit Likelihood

Let us begin by recalling the multivariate probit likelihood, as our approach for multi-

variate heterogeneous responses with heteroskedasticity is essentially a generalization of our

approach for the multivariate probit. For the i’th observation and R components, all of which

binary, we have:

L(θ;yi) =

∫
Ai1

. . .

∫
AiR

φ(zi,0,V )dzi

Air =


(−∞,xiβr] yir = 1

(xiβr,∞) yir = 0

θ = {B,V }

B is a matrix of coefficients, V is the covariance matrix—which in this case, is a correlation

matrix (since all component variances are set to 1, for identifiability purposes). βr is a column

of B that pertains to a particular component r. X is the design matrix, with a particular

observation being vector xi. Air defines the boundaries of integration, depending on the cut-

point determined by xiβr and whether yir, a given observation for a given component, is a 1

or 0.

4.2.2 The Multivariate Likelihood for Multivariate Heterogeneous Re-

sponses with Heteroskedasticity

With the formulation of the multivariate probit in mind, let us now extend the multi-

variate probit likelihood to incorporate heterogeneity and heteroskedasticity. For observation

i we have:

L(θ;yi) =

∫
Ai1

. . .

∫
AiR

φ(zi,µi,Vi )dzi
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Air =


(−∞,xiβr] yir = 1

(xiβr,∞) yir = 0

µim =


0 yim binary

xiβm yim continuous

Vi =


Σ xiP = 0

T xiP = 1

Ω xiP = 2

θ = {B,Σ,T ,Ω}

Where P is the number of predictors; the P ’th predictor would correspond to a given candidate

SNP in a GWAS setting. φ() is the normal density function. Similar to the multivariate probit,

the area of integration, Air for a given observation is determined by xiβr and whether the

response for that component, yir, is 1 or 0. The mean remains 0 for binary components; the

vector of means for a given observation, µi is zero for binary components, but potentially non-

zero for continuous components. Now instead of one covariance matrix V , the covariance Vi

is dependent upon the value of xiP . Thus we have, essentially, three covariance matrices:

Σ,T ,Ω, for whether xiP has a value of 0, 1, or 2, respectively.

With no loss of generalizability, we will arrange the first R components to be binary

out of the M total components, leaving the remaining M −R as continuous. Thus, for a given

observation, the covariance matrix will take the form:

Vi =



1 0 . . . 0

0 1 . . . 0

... ... . . . ...

vi11 vi12 . . . viMM


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4.2.3 Two-Stage Composite Likelihood for Multivariate Heterogeneous Re-

sponses with Heteroskedasticity

Recall that in the first stage of two-stage estimation, we estimate a subset of the pa-

rameters:

lnL1(θ1|Y ) =
N∑
1

ln f1(y1i|x1i,θ1)

Then in the second stage, the estimates of θ1 from the first stage can be used as fixed inputs

to maximize the conditional likelihood:

lnL2(θ2|θ̂1,Y ) =
N∑
1

ln f2(y2i|x2i,θ2, (x1i, θ̂1))

For the Two-Stage Composite Likelihood for Multivariate Heterogeneous Responses

with Heteroskedasticity, our choice for the subset of parameters to estimate will be the coeffi-

cients and continuous variances, i.e.:

θ1 = {{B}, ..., σ(r+1)(r+1), ..., τmm, ..., ωmm}

Thus, in the second stage, we estimate the remaining parameters, i.e. the pairwise correlations

and covariances:

θ2 = {σ12, ..., σ(r−1)r, σ1(r+1), ..., τrm, ..., ωrm, σ(r+1)m, ..., ω(m−1)m}

Let us now combine the Composite Likelihood approach with Two-Stage estimation,

and consider a given observation, i. In the Composite Likelihood, we re-formulate a given like-

lihood into separate sub-likelihoods, or associated likelihoods. For example, with A associated

likelihoods, we have:

lnLcomp(θ|yi) =

A∑
a=1

lnfa(yi|θ)

For each of the stages, we will set-up a Composite Likelihood. That is, in the first stage we will
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have:

Luni(θ1;yi,xi)

For the second, the Composite Likelihood will be:

Lpair(θ
∗
2;yi,xi)

θ∗2 contains both parameter estimates from the first stage, θ̂1, as well as parameters to be

estimated in the second stage, θ2.

4.2.4 Setting-up and Estimating the First Stage

In the first stage of Two-Stage estimation we can set-up a Composite Likelihood with

parameters involving only one component in each associated likelihood:

Luni(θ1;yi,xi) =
M∏
m=1

f(yim,xi;θ1m)

Where we have M total components in the multivariate response, each with first stage pa-

rameter subset θ1m, and θ1 = {θ11, ...,θ1M}. For binary components, θ1m = βm. In con-

trast to binary components, where variances are fixed at 1, for continuous components we

have θ1m = {βm, σmm, τmm, ωmm}. Each associated likelihood in the first stage involves a het-

eroskedastic univariate probit or normal density, depending on whether a given component is

binary or continuous. Binary components have variances fixed at one, but continuous compo-

nents have heteroskedastic variances to be estimated, depending on whether xiP has a value

of 0, 1, or 2.

For a binary component we have:

f(yim,xi;θ1m) =

∫
Aim

φ(zim, 0, 1)dzim
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Aim =


(−∞,xiβm] yim = 1

(xiβm,∞) yim = 0

The area of integration is determined by the i’th observation of the design matrix, the coeffi-

cients for the component, βm, and the binary observation for that component, yim. The mean

is fixed at 0, and the variance at 1.

For a continuous component we have:

f(yim,xi;θ1m) = φ(zim, µim, vimm)

vimm =


σmm xiP = 0

τmm xiP = 1

ωmm xiP = 2

Analogous to the area of integration for binary components, the mean for continuous compo-

nents is determined by the design matrix and coefficients, µim = xiβm. As represented by

vimm for each observation, we now have heteroskedastic variances for each continuous com-

ponent, which can take on values of {σmm, τmm, ωmm} depending on whether the observation

corresponding to a given SNP has a value of 0, 1, or 2.

Since no parameters are shared across associated likelihoods, we can write:

maxθ1

N∑
i=1

lnLuni(θ1;yi,xi) =

maxθ11

N∑
i=1

lnLuni(θ11;yi,xi) + ... + maxθ1M
N∑
i=1

lnLuni(θ1M ;yi,xi)

Subsequently, we can perform the optimization for each associated likelihood,

maxθ1m
∑N

i=1 lnLuni(θ1m;yi,xi), independently.
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4.2.5 Setting-up and Estimating the Second Stage

In the second stage we can similarly set-up a Composite Likelihood involving only two

components, i.e. a pair, in each associated likelihood:

Lpair(θ
∗
2;yi,xi) =

M−1∏
j=1

M∏
k=j+1

f
(
yij , yik,xi;θ

∗
2jk

)

Where θ2 = {θ2(1)(1), ...,θ2(M−1)(M)}. Each θ∗2jk contains the parameters to be estimated,

θ2jk, and parameters inherited from the first stage. The coefficients for each componentβm are

inherited from the first stage, as are the heteroskedastic variances for continuous components.

Thus, the parameters inherited for a given pair depends on the whether the pair consists of

two binary components, one binary and one continuous, or two continuous components:

θ∗2jk =


{σjk, τjk, ωjk, β̂j , β̂k} both binary

{σjk, τjk, ωjk, σ̂kk, τ̂kk, ω̂kk, β̂j , β̂k} j is binary, k is continuous

{σjk, τjk, ωjk, σ̂jj , τ̂jj , ω̂jj , σ̂kk, τ̂kk, ω̂kk, β̂j , β̂k} both continuous

Each associated likelihood in the second stage involves a heteroskedastic bivariate probit,

mixed binary/normal density, or bivariate normal density.

4.2.5.1 Associated Likelihood for a Binary-Binary Pair

For two binary components j and k we have:

f(yim,xi;θ
∗
2jk) =

∫
Aij

∫
Aik

φ(zi,0,Vijk)dzi

Aij =


(−∞,xiβ̂j ] yij = 1

(xiβ̂j ,∞) yij = 0
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Aik =


(−∞,xiβ̂k] yik = 1

(xiβ̂k,∞) yik = 0

Vijk =

 1 vijk

vijk 1



vijk =


σjk xiP = 0

τjk xiP = 1

ωjk xiP = 2

The areas of integration for a particular observation i of the two components are determined by

the observation of design matrix, their coefficient estimates (inherited from the first stage), and

the observed binary responses. The mean for both components is fixed at 0. The variances for

the two components are both fixed at one, leaving their heteroskedastic pairwise correlations

{σjk, τjk, ωjk} to be estimated.

4.2.5.2 Associated Likelihood for a Binary-Continuous Pair

Suppose we have j binary and k continuous:

f(yim,xi;θ
∗
2jk) =

∫
Aij

φ(zi, µ̂ijk,Vijk)dzi

µ̂ijk = {0,xiβ̂k}

Aij =


(−∞,xiβ̂j ] yij = 1

(xiβ̂j ,∞) yij = 0

Vijk =

 1 vijk

vijk v̂ikk


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=


Σjk xiP = 0

Tjk xiP = 1

Ωjk xiP = 2

Now, in contrast to a pair of both binary components, there is now just one integral (correspond-

ingly to the binary component), instead of two. The mean of the continuous component is xiβ̂k,

rather than fixed at 0. The continuous component also now inherits a variance estimate, v̂ikk,

from the first stage, instead of being fixed at 1. Similarly, we estimate the heteroskedastic

pairwise covariances {σjk, τjk, ωjk}. The associated likelihood for a binary-continuous pair can

also be written as the product of a conditional heteroskedastic univariate probit and a het-

eroskedastic univariate normal density, as observed by Teixeira-Pinto and Normand (2009)

for the non-heteroskedastic case.

4.2.5.3 Associated Likelihood for a Continuous-Continuous Pair

When both components are continuous:

f(yim,xi;θ
∗
2jk) = φ(xiB̂(jk),Vijk)

B̂(jk) = {β̂j , β̂j}

Vijk =

v̂ijj vijk

vijk v̂ikk



=


Σjk xiP = 0

Tjk xiP = 1

Ωjk xiP = 2

Previously we saw changes to the handling of component k in moving from binary k to contin-

uous k, i.e. from a binary-binary pair to a binary-continuous pair. These can be similarly seen

in moving from binary j to continuous j, i.e. from a binary-continuous pair to a continuous-
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continuous pair.

Since no parameters are shared across associated likelihoods, analogous to the first

stage we can write:

maxθ2

N∑
i=1

lnLpair(θ
∗
2;yi,xi) =

maxθ2(1)(1)

N∑
i=1

lnLpair(θ
∗
2(1)(1);yi,xi) + ... + maxθ2(M−1)(M)

N∑
i=1

lnLpair(θ
∗
2(M−1)(M);yi,xi)

As in the first stage, we can perform the optimization for each associated likelihood,

maxθ2jk
∑N

i=1 lnLpair(θ
∗
2jk;yi,xi), independently.

Note that this divide-and-conquer strategy allows us to estimate each associated like-

lihood independently. Independent estimation of associated likelihoods allows us to achieve

much better computational performance than would be attainable under estimating the full

likelihood.

4.2.6 The Robust Murphy-Topel Estimator of Variance for the Two-Stage

Composite Likelihood, Revisited

By construction, the Two-Stage Composite Likelihood applies a misspecified likelihood

in estimation. We will apply the same equations from Hardin (2002) for robust variance es-

timation as we did for Two-Stage Composite likelihood, extending the approach as applied to

the multivariate probit. Recall that we have VS(θ1) as the robust variance estimator for the

parameters estimated in the first stage of the two-stage model, and VS(θ2) the second stage,

with CovS(θ1,θ2) being the covariance between them.

VS(θ1) = V1V
∗−1

1 V1 = VS1

CovS(θ1,θ2) = V1R
TV2 − VS1C

∗TV2

VS(θ2) = V2V
∗−1

2 V2 + V2(C∗VS1C
∗T −RV1C

∗T −C∗V1R
T )V2

= VS2 + V2(C∗Vs1C
∗T −RV1C

∗T −C∗V1R
T )V2
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Then we have:

VS(θ) =

 VS(θ1) CovS(θ1, θ2)

CovS(θ1, θ2) VS(θ2)



4.2.7 The Wald Test for the Two-Stage Composite Likelihood

Given the ability to test for both mean changes and variance changes, a natural desired

outcome would be to simultaneously test both mean and variance changes in conjunction. In

a GWAS setting, this would be applied to loci identifying candidates for further downstream

analyses.

Using the robust Murphy-Topel variance estimate as per Hardin (2002) and with the

findings of Cattelan and Sartori (2016) in mind, we present a Wald Test for Genome Wide

Association Studies for simultaneous testing of both mean and variance changes. Suppose

we wish to apply the hypothesis test to some subset of our parameters, say θd, using H by Q

matrix D, i.e. H0 : Dθd = 0. H corresponds to the number of parameters of interest, and Q

the number of hypotheses to be tested.

Let δ = Dθd. Our test statistic is then (Harrell, 2001):

W = δT
[
D
(
V̂s(θd)/N

)
DT

]−1
δ

Where V̂s(θd) is the robust Murphy Topel estimates of variance for parameter subset θd and

N is the number of observations. Our test-statistic W is asymptotically χ2 with Q degrees of

freedom (Harrell, 2001).

For simultaneous testing of mean-changes and heteroskedasticity in GWAS, a common

parameter subset that would be of interest would be the coefficients corresponding to the ef-

fect sizes of a given locus, and the covariance matrices for when the locus value is 0, 1, or 2.

Suppose, as before, we have M components and P predictors, such that the P ’th predictor in

design matrix X corresponds to the allele count for a particular locus. Thus we have P by M

matrix of coefficients B for that locus, and M by M covariance matrices Σ, T , or Ω for when

the i’th observation xiP has a value of 0, 1, or 2 respectively. Our parameter subset of interest
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would then be:

θd = {{BP.},Σ,T ,Ω} = {βP1, ..., βPM , ..., σ11, ..., σMM , τ11, ..., τMM , ω11, ..., ωMM}

Where θd has length H = M + 3
(
M(M+1)

2 −R
)
, if R of the M components are binary. Then

we have matrix D with H rows and Q columns, where Q = M + 2
(
M(M+1)

2 −R
)
. We can

represent D as a block matrix, with blocks pertaining to entries corresponding to coefficients

DB and covariance parametersDV , withD0 being matrices (composed of entries of zeroes) of

appropriate size:

D =

DB D0

DT
0 DV


For GWAS, our hypothesis test is such that each βPm = 0, and that σmm = τmm = ωmm,

i.e. σmm − τmm = 0 and τmm − ωmm = 0. Thus, DB is an M by M identity matrix. DV is a

2
(
M(M+1)

2 −R
)

by 3
(
M(M+1)

2 −R
)

matrix that consists of one 1 and one -1 on each row, with

0s otherwise:

DV =



1 0 . . . 0 −1 0 . . . 0

0 1 . . . 0 0 −1 . . . 0

... ... . . . ... ... ... . . . ...

0 0 . . . 1 0 0 . . . −1



4.3 Simulations

4.3.1 Coverage Regions

Using genotype data generated by HAP-SAMPLE2, we further simulated multivariate

phenotype data in various scenarios under the null to investigate the performance of the Two-

Stage Composite Likelihood across different input settings. We varied the phenotype specifica-

tions by the number of components (two to four), the number of binary/continuous components
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(1 binary component to one less than the number of components), and the number of observa-

tions (2,500; 5,000; 7,500; and 10,000). We also used 6 arbitrarily chosen SNPs: rs375027891,

rs536422311, rs540691877, rs577080509, rs71243915, and rs77267992. The four components

had intercept values of -1.0, -0.5, 0.0, and 0.5.

For each combination of these specifications, we ran 500 replications and recorded cov-

erage proportions at the 90%, 95%, and 99% intervals. This results in 36 tables, each of which

has 3 confidence levels for 4 observation values. In each replication, the multivariate phe-

notype was simulated anew under the null. The resulting tables are contained later in the

section under Supplementary Tables.

In addition to the Supplementary Tables, the Wald test-statistic coverage percentages

are also displayed in Tables 4.1, 4.2, and 4.3. For the Wald test-statistic, the coverage pro-

portions were calculated by recording the frequency by which the empirical Wald test-statistic

was less than the χ2 quantile values implied by the confidence probabilities (90%, 95%, and

99%) under the null. For the coefficient and covariance parameters, the coverage proportions

were calculated by tabulating the percentage of confidence intervals that contained the true

parameter value. A given confidence interval was formed via the parameter estimations for

that replication and the accompanying robust Murphy-Topel standard errors.
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Table 4.1: Coverage percentages for the Wald test-statistic at the 90% targeted conference region.

Comp. Bin. df Obs. rs375027891 rs536422311 rs540691877 rs577080509 rs71243915 rs77267992
2 1 6 2,500 90.2 91.0 88.0 91.0 89.8 87.8
2 1 6 5,000 90.6 88.0 89.8 88.8 89.2 90.4
2 1 6 7,500 91.0 92.4 88.6 89.2 88.6 91.6
2 1 6 10,000 90.2 89.8 89.2 89.0 90.0 91.6
3 2 11 2,500 88.2 88.6 88.4 87.0 87.6 88.4
3 2 11 5,000 86.0 89.4 90.2 91.6 89.6 86.6
3 2 11 7,500 91.6 87.6 89.8 90.8 90.0 90.4
3 2 11 10,000 88.4 89.0 89.6 89.2 88.8 90.0
3 1 13 2,500 88.0 89.6 87.6 87.4 88.6 88.2
3 1 13 5,000 88.0 89.6 88.6 89.2 88.8 89.4
3 1 13 7,500 90.2 90.2 86.2 87.6 89.8 87.2
3 1 13 10,000 92.2 90.4 90.8 89.8 89.4 91.4
4 3 18 2,500 87.8 85.4 87.8 88.0 87.2 85.4
4 3 18 5,000 90.8 88.8 89.4 88.6 89.4 88.6
4 3 18 7,500 90.6 89.0 90.2 88.8 88.8 91.6
4 3 18 10,000 90.4 89.6 89.6 91.8 89.4 90.2
4 2 20 2,500 86.8 85.4 86.2 88.2 86.0 87.8
4 2 20 5,000 87.8 88.0 90.8 88.8 88.6 88.4
4 2 20 7,500 89.6 89.2 86.4 88.4 88.4 91.6
4 2 20 10,000 88.8 89.6 87.8 88.4 92.0 90.6
4 1 22 2,500 84.4 87.6 87.4 84.4 83.4 86.6
4 1 22 5,000 89.4 90.2 88.2 84.8 85.0 86.8
4 1 22 7,500 90.4 89.2 86.6 90.4 89.4 88.6
4 1 22 10,000 88.2 90.0 88.4 90.2 85.2 91.4
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Table 4.2: Coverage percentages for the Wald test-statistic at the 95% targeted conference region.

Comp. Bin. df Obs. rs375027891 rs536422311 rs540691877 rs577080509 rs71243915 rs77267992
2 1 6 2,500 93.8 95.4 94.4 95.4 93.6 93.4
2 1 6 5,000 95.8 94.4 93.8 93.4 96.0 94.2
2 1 6 7,500 96.4 96.2 93.6 96.0 94.8 94.4
2 1 6 10,000 95.4 95.4 95.0 95.0 96.0 95.0
3 2 11 2,500 93.0 95.0 94.6 91.6 93.8 94.4
3 2 11 5,000 93.0 94.4 94.4 94.2 95.6 93.2
3 2 11 7,500 94.4 93.4 95.8 95.4 94.6 95.6
3 2 11 10,000 94.0 93.6 95.0 93.6 95.4 94.8
3 1 13 2,500 93.6 93.8 94.4 93.2 93.6 94.2
3 1 13 5,000 95.0 94.4 95.6 94.0 94.2 94.6
3 1 13 7,500 96.0 94.6 93.2 95.2 94.4 94.0
3 1 13 10,000 96.6 95.8 96.4 95.8 95.0 95.4
4 3 18 2,500 94.2 93.6 92.8 93.6 93.8 93.6
4 3 18 5,000 95.6 92.6 93.6 94.4 93.6 93.2
4 3 18 7,500 96.2 95.6 95.2 94.2 94.8 95.4
4 3 18 10,000 96.2 94.6 95.8 94.8 95.2 95.8
4 2 20 2,500 92.8 91.8 93.4 93.0 91.0 94.2
4 2 20 5,000 93.4 95.0 95.2 92.8 93.8 95.0
4 2 20 7,500 93.6 94.4 92.8 94.4 93.4 95.6
4 2 20 10,000 95.6 93.6 94.8 95.0 96.0 95.4
4 1 22 2,500 92.4 93.6 92.6 90.4 92.6 92.4
4 1 22 5,000 94.8 94.4 93.0 92.0 92.4 93.6
4 1 22 7,500 95.6 94.4 92.0 94.0 93.8 94.2
4 1 22 10,000 93.0 95.0 94.8 95.6 93.2 95.2
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Table 4.3: Coverage percentages for the Wald test-statistic at the 99% targeted conference region.

Comp. Bin. df Obs. rs375027891 rs536422311 rs540691877 rs577080509 rs71243915 rs77267992
2 1 6 2,500 98.2 99.0 99.0 98.8 98.6 98.8
2 1 6 5,000 99.0 98.4 98.8 98.8 99.2 99.4
2 1 6 7,500 99.4 99.4 99.0 98.6 98.6 99.6
2 1 6 10,000 99.0 98.2 98.8 99.2 99.0 98.6
3 2 11 2,500 98.6 98.6 98.2 97.6 99.0 98.6
3 2 11 5,000 98.8 99.0 99.0 98.6 99.4 98.2
3 2 11 7,500 99.2 99.0 99.4 98.4 99.0 98.8
3 2 11 10,000 98.2 98.4 99.6 99.4 99.2 99.0
3 1 13 2,500 98.6 97.8 98.2 97.6 98.8 98.6
3 1 13 5,000 99.2 98.8 99.4 98.8 98.8 99.4
3 1 13 7,500 99.4 98.8 99.0 99.2 98.8 99.0
3 1 13 10,000 99.6 98.8 99.4 99.6 99.0 99.0
4 3 18 2,500 98.4 98.2 98.2 97.8 99.0 98.4
4 3 18 5,000 99.6 98.4 97.6 98.4 98.2 99.4
4 3 18 7,500 99.2 99.0 99.2 98.2 97.8 98.6
4 3 18 10,000 99.4 99.0 99.0 99.6 98.6 98.8
4 2 20 2,500 98.0 97.8 98.4 98.2 98.4 98.8
4 2 20 5,000 98.8 98.8 98.6 98.2 98.6 98.8
4 2 20 7,500 98.4 99.2 98.6 98.8 97.8 98.6
4 2 20 10,000 99.2 98.2 99.4 99.4 99.2 98.8
4 1 22 2,500 98.0 99.2 98.4 98.0 98.4 98.2
4 1 22 5,000 98.8 98.4 98.6 98.2 98.2 98.8
4 1 22 7,500 99.6 99.4 98.8 98.2 98.8 98.6
4 1 22 10,000 99.2 98.8 99.4 99.4 99.0 97.8
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4.3.2 Power

To illustrate the effect of mean and covariance associations upon power, simulations

were performed to record the frequency by which the null hypothesis was rejected when the

alternative hypotheses were true. The example of a two component multivariate response was

used, with the first component binary, and the second continuous. With the same data-set as

that used for confidence regions, rs375027891 served as the SNP. Four principal components

were included as covariates, with 2,500, 5,000, 7,500, and 10,000 observations.

Under the null, the SNP effect was set to 0 for both components, alongside the coeffi-

cients for the principal components, for a 6 by 2 coefficient matrix of:

B0 =


−1.0 0.5

0 0

−0 0


Under the null, the covariance matrices were set to be mutually equal, and equal to the identity

matrix:

Σ0 = T 0 = Ω0 =

1 0

0 1


Under the various alternative hypotheses, the coefficients corresponding to the SNPs,

as well as the covariance matrices, were incremented by 0.025 each time. For coefficients, this

was controlled by ζ = {ζ1, ζ2}:

Bζ =


−1.0 0.5

0 0

ζ1 ζ2


For covariances, this was controlled by parameter ξ. The covariance matrix for individuals of

0 alternative allele copies always remained the same, at the identity matrix:

Σξ =

1 0

0 1


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However, individuals with one copy of the alternative allele would then have a covariance

matrix of:

T ξ =

1 ξ

ξ 1 + ξ


And subsequently, individuals with two copies:

Ωξ =

 1 2ξ

2ξ 1 + 2ξ



The alternative hypotheses were expressed through five scenarios. In each scenario,

different combinations of ζ1, ζ2, and ξ were incremented, for 10 total increments in each sce-

nario. Under the first scenario, only ζ1 was incremented up by 0.025 each time; ζ2 and ξ re-

mained at zero. Under the second, only ζ2 was incremented. Both ζ1 and ζ2 were incremented

for the third, with ξ remaining unchanged. For the fourth, only ξ was incremented; under the

fifth, all three parameters were incremented. The results, with varying observation counts,

are depicted in Figure 4.1.

As would be expected, for each scenario, larger effect sizes lead to greater rejection fre-

quencies. The scenario where both ζ1 and ζ2 were incremented were rejected more frequently

than the scenarios where only ζ1 or ζ2 were incremented. When all three of ζ1, ζ2, and ξ were

incremented, this yielded the highest rejection frequency. Larger numbers of observations

allowed for greater power.
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Figure 4.1: Power curves under the five scenarios. 500 replications were used for each scenario and increment, with 2,500, 5,000, 7,500, and 10,000
observations.
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4.4 Discussion

The simulation results illustrate the favorable performance characteristics of the pro-

posed method, and provide support for the Two-Stage Composite Likelihood as a methodology

for testing mean and variance associations for multivariate heterogeneous traits. Coverage

proportions for coefficients and covariance parameters generally hover around their ascribed

intervals. χ2 coverage proportions for the Wald statistic tend to be a bit more erratic, partic-

ularly for lower sample-sizes, but also realize more stable performance with greater sample

sizes. There are some interesting areas for future analyses and investigation.

4.4.1 Hypothesis Testing

Our current implementation uses the Wald Test for hypothesis testing. The Wald Test

need not be the only option for simultaneous-testing of mean changes and heteroskedasticity

via the Two-Stage Composite Likelihood; ex-ante, the Likelihood Ratio Test and Score test

would appear to be options, as well. However, we found the Wald Test more promising for our

approach.

Nonetheless, future work could involve taking a look at the Score Test and/or the Like-

lihood Ratio Test, as potential alternatives to the Wald Test. The LRT and Score Test can

sometimes have more favorable statistical properties (Harrell, 2001; Cattelan and Sartori,

2016). The test-statistics and parameter estimates may have more well-behaved coverage pro-

portions, particularly for smaller sample sizes. For the Wald Test, any subtle issues in the

estimating the covariance matrix can be magnified in the test-statistic (Harrell, 2001). The

Wald Test also lacks invariance with respect to re-parameterization (Cattelan and Sartori,

2016; Harrell, 2001).

In general, the Wald Test requires only one set of parameter estimations in significance

testing (Harrell, 2001), although it does require full estimation of the covariance matrix. For

the Score Test and LRT, re-estimation of parameters under the null with restrictions would

be needed (such as coefficients are zero and/or that variances are homoskedastic across allele
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counts). Further complications and complexities can arise when working with two-stage esti-

mation and composite likelihood. The Score Test tends to run into more computational issues,

and for the composite likelihood at least, the LRT has an “awkward” asymptotic distribution

(Cattelan and Sartori, 2016). The LRT for the composite likelihood has an asymptotic distribu-

tion that is a weighted sum of P χ2 random variables (corresponding to P free parameters), and

would need some adjustments to recover an approximately χ2 asymptotic distribution (Catte-

lan and Sartori, 2016).

4.4.2 Ordinal Components

Incorporating handling of ordinal components would potentially be interesting, along-

side binary and continuous components. Conceptually-speaking, an ordinal univariate re-

sponse lies in between a binary and continuous response, and thus the addition of ordinal

components would more fully cover the range of possible response types.

For example, consider a univariate binary observation yi with latent observation y∗i that

can take-on a 0 or 1 depending if standard normal y∗i exceeds ci = xib or not. We can generalize

this for a greater number of responses beyond 2. Following (Sajaia, 2009), a univariate ordinal

observation yi with latent variable y∗i would correspondingly take on values of {1, 2, ..., J}:

yi =



1 y∗i ≤ c1

2 c1 < y∗i ≤ c2

...

J y∗i > cJ−1

Sajaia (2009) discusses maximum likelihood estimation of bivariate ordinal responses.

However, for the Two-Stage Composite Likelihood—although ordinal components fit in the

framework from a conceptual standpoint—it would remain to be seen how a binary-ordinal

or ordinal-continuous response would be estimated. The multiple cut-points from a ordinal

component pose a new source of challenge, as a binary component only has one such cut-point.
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A priori, it seems associated likelihoods in the Two-Stage Composite Likelihood estimations

involving ordinal components could be materially more difficult than either binary components

and/or continuous components.

4.4.3 Other Aspects of Genomics

Another area that could be interesting is consideration of possible tie-ins with gene-

gene and/or gene-environment interactions. Detecting SNPs associated with variance could

be indicative of the presence of interaction effects, as discussed by Young et al. (2018) with the

example of identifying associations with body mass index using UK Biobank data. Interactions

between loci can be quite difficult to model, as the number of potential interactions of interest

tends to increase much faster than the number of loci.

Being a genomics-focused approach (although easily applicable to other domains), we

are primarily concerned with biallelic loci, where an individual’s genotype at a particular lo-

cus would assume a value of 0, 1, or 2, for three groups in total. Although our approach for

heteroskedasticity, conceptually-speaking, readily extends beyond three groups, more inves-

tigation in this realm would certainly be accretive. While most loci are biallelic, modern-day

data-sets, such as 1000 Genomes, often do contain data on multiallelic loci (Auton, A. and

Abecasis, G. and Altshuler, D. et al., 2015). However, multiallelic loci would likely put addi-

tional pressure on sample size considerations, as each group would need a sufficient sample

size to reliably estimate their covariance matrices.
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4.5 Supplementary Tables

Table 4.4: Coverage percentages using rs375027891 with 2 components, of which 1 was binary, for 6 degrees of freedom. 500 replications were performed to
generate the figures. W denotes the Wald test-statistic. βj6 denotes the SNP coefficient for the j’th component. σjk, τjk, and ωjk denote the heteroskedastic
covariance parameters for components j and k.

Obs. CI W β16 β26 σ12 σ22 τ12 τ22 ω12 ω22

2,500 90 90.2 88.2 90.0 90.6 90.4 89.6 91.0 91.4 90.6
2,500 95 93.8 93.2 94.0 95.2 95.4 94.4 95.2 95.8 96.0
2,500 99 98.2 97.4 99.4 99.0 99.0 98.6 98.8 98.4 99.0
5,000 90 90.6 91.6 89.4 88.8 90.8 89.6 93.6 89.6 88.6
5,000 95 95.8 96.2 94.6 94.4 95.6 94.4 96.8 95.8 94.4
5,000 99 99.0 98.6 98.6 98.8 99.2 98.4 99.0 99.4 98.2
7,500 90 91.0 92.2 84.8 88.4 90.4 91.0 89.2 92.0 90.2
7,500 95 96.4 95.6 92.8 93.6 96.8 95.2 94.0 96.8 96.2
7,500 99 99.4 99.0 98.0 98.4 99.8 99.2 99.0 99.6 99.4
10,000 90 90.2 92.2 90.0 90.4 89.2 91.0 88.4 90.0 88.4
10,000 95 95.4 95.6 94.6 95.2 95.0 95.8 93.6 95.8 94.0
10,000 99 99.0 99.2 98.8 99.4 98.8 98.8 99.2 99.0 98.8
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Table 4.5: Coverage percentages using rs375027891 with 3 components, of which 1 was binary, for 13 degrees of freedom. 500 replications were performed
to generate the figures. W denotes the Wald test-statistic. βj6 denotes the SNP coefficient for the j’th component. σjk, τjk, and ωjk denote the heteroskedastic
covariance parameters for components j and k.

Obs. CI W β16 β26 β36 σ12 σ13 σ22 σ23 σ33 τ12 τ13 τ22 τ23 τ33 ω12 ω13 ω22 ω23 ω33

2,500 90 88.0 89.0 90.8 93.0 88.0 90.4 89.6 91.4 88.8 90.4 89.4 88.2 89.0 89.4 90.2 89.4 88.2 87.6 91.0
2,500 95 93.6 94.2 95.4 96.0 94.8 94.6 95.4 96.6 93.8 96.2 94.4 92.8 95.0 93.6 94.4 94.8 92.4 92.8 95.0
2,500 99 98.6 99.2 99.2 99.2 99.0 98.2 98.2 99.2 99.0 99.2 97.8 99.0 99.4 98.4 98.6 98.6 98.6 98.0 98.6
5,000 90 88.0 87.6 90.8 89.0 89.2 88.4 89.8 90.2 89.2 91.6 90.6 90.8 90.2 90.0 91.4 92.6 89.4 90.2 91.2
5,000 95 95.0 93.0 95.6 94.0 94.0 93.0 94.4 95.8 95.4 95.8 96.0 95.4 96.0 96.2 94.2 96.2 95.2 95.0 95.0
5,000 99 99.2 98.8 99.4 98.2 98.2 98.4 98.8 99.2 98.8 99.0 99.6 99.0 99.0 99.2 98.6 98.6 99.8 98.6 99.4
7,500 90 90.2 90.8 90.4 88.4 92.4 91.2 88.8 90.4 90.2 89.6 90.8 90.0 89.6 88.4 91.2 88.8 89.6 90.8 90.8
7,500 95 96.0 94.6 94.0 95.4 97.0 96.0 93.4 95.4 94.4 94.4 95.4 95.2 95.2 93.6 95.4 95.2 95.0 94.8 94.4
7,500 99 99.4 99.0 98.8 99.0 99.0 99.2 98.6 99.2 98.6 98.8 98.6 99.0 98.4 98.6 98.8 98.6 99.0 99.2 100.0
10,000 90 92.2 91.8 90.2 88.8 89.8 91.6 91.6 89.0 89.6 87.6 88.6 90.2 90.0 90.6 89.4 90.6 89.4 91.8 91.0
10,000 95 96.6 95.6 95.2 94.8 95.8 95.6 95.8 94.4 95.8 93.0 93.6 95.2 95.0 95.6 95.4 95.4 94.4 97.0 95.4
10,000 99 99.6 99.2 98.6 99.4 98.8 99.0 99.4 99.0 99.0 99.2 98.4 99.0 98.8 98.4 99.0 99.2 99.8 99.0 98.0
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Table 4.6: Coverage percentages using rs375027891 with 3 components, of which 2 were binary, for 11 degrees of freedom. 500 replications were performed
to generate the figures. W denotes the Wald test-statistic. βj6 denotes the SNP coefficient for the j’th component. σjk, τjk, and ωjk denote the heteroskedastic
covariance parameters for components j and k.

Obs. CI W β16 β26 β36 σ12 σ13 σ23 σ33 τ12 τ13 τ23 τ33 ω12 ω13 ω23 ω33

2,500 90 88.2 88.6 88.8 91.4 88.4 88.8 92.2 92.4 88.8 89.2 88.4 89.4 90.0 89.8 90.4 89.2
2,500 95 93.0 95.8 93.6 94.2 94.4 94.8 95.8 96.2 93.4 94.6 94.8 94.6 93.2 94.6 94.2 96.2
2,500 99 98.6 99.4 99.2 99.2 98.8 98.6 99.4 99.2 98.4 99.0 99.2 98.6 98.0 98.6 99.4 99.2
5,000 90 86.0 89.8 88.0 91.2 87.6 91.4 90.6 89.6 89.6 90.4 90.8 88.2 88.2 90.6 87.6 92.0
5,000 95 93.0 94.6 94.2 95.0 95.0 96.8 95.6 94.8 95.2 94.2 96.0 92.8 94.2 95.4 94.2 95.4
5,000 99 98.8 99.2 99.2 99.2 98.6 99.4 99.2 98.4 100.0 98.6 98.6 97.6 99.0 99.2 99.0 99.2
7,500 90 91.6 89.8 89.2 90.6 88.6 92.4 88.4 87.6 92.2 89.6 90.6 90.4 89.0 90.8 90.0 89.0
7,500 95 94.4 96.0 93.6 94.6 92.8 95.2 94.6 93.4 95.4 93.8 96.0 95.4 93.8 94.4 95.8 93.0
7,500 99 99.2 99.8 98.8 98.6 99.0 98.6 99.4 98.6 99.0 98.8 99.4 99.8 99.0 99.2 99.4 98.8
10,000 90 88.4 87.4 89.8 90.6 91.4 90.6 91.4 88.2 89.6 90.0 89.6 90.8 89.4 88.6 87.0 88.0
10,000 95 94.0 92.2 94.2 95.6 97.0 95.6 95.8 94.2 95.2 94.0 95.0 94.8 95.4 93.2 92.0 93.0
10,000 99 98.2 98.6 99.4 99.0 98.8 98.8 99.6 98.6 99.6 98.6 98.6 99.2 99.4 98.0 98.0 99.0

949494



Table 4.7: Coverage percentages using rs375027891 with 4 components, of which 1 was binary, for 22 degrees of freedom. 500 replications were performed
to generate the figures. W denotes the Wald test-statistic. βj6 denotes the SNP coefficient for the j’th component. σjk, τjk, and ωjk denote the heteroskedastic
covariance parameters for components j and k.

Obs. CI W β16 β26 β36 β46 σ12 σ13 σ14 σ22 σ23 σ24 σ33 σ34 σ44

2,500 90 84.4 89.8 89.8 91.4 88.4 88.8 88.6 89.2 91.2 87.6 88.4 89.0 90.8 88.8
2,500 95 92.4 94.6 95.4 96.0 94.8 93.8 94.2 94.4 94.0 94.6 93.6 93.2 94.0 94.0
2,500 99 98.0 99.2 98.8 99.0 99.6 98.6 99.0 99.0 98.8 98.6 98.4 98.2 99.0 99.0
5,000 90 89.4 90.8 90.8 90.2 89.8 88.8 91.4 88.0 89.4 90.4 88.8 90.2 91.2 89.6
5,000 95 94.8 96.0 96.0 95.6 94.2 95.4 96.4 93.4 94.8 95.6 94.2 96.2 95.8 94.8
5,000 99 98.8 99.8 99.4 99.6 98.4 98.6 99.4 98.6 98.6 99.2 98.8 99.0 99.4 99.0
7,500 90 90.4 88.0 88.2 90.2 90.2 91.8 88.4 90.2 86.6 88.4 87.2 90.8 89.8 91.6
7,500 95 95.6 93.6 94.0 95.0 95.6 94.8 94.8 94.8 93.8 95.0 93.8 95.2 94.6 95.2
7,500 99 99.6 99.0 99.2 99.0 98.2 99.0 99.0 99.0 98.4 99.6 98.2 98.6 98.8 98.6
10,000 90 88.2 89.6 89.8 88.4 87.0 88.0 90.6 88.4 90.6 91.0 88.4 90.0 87.2 87.8
10,000 95 93.0 94.4 96.0 94.6 94.4 95.4 95.4 94.0 95.6 96.0 93.6 95.8 93.2 93.2
10,000 99 99.2 98.2 99.6 98.6 98.6 98.8 99.0 98.8 99.4 99.6 98.2 98.4 99.6 98.6

Obs. CI τ12 τ13 τ14 τ22 τ23 τ24 τ33 τ34 τ44 ω12 ω13 ω14 ω22 ω23 ω24 ω33 ω34 ω44

2,500 90 92.0 90.6 89.0 89.4 89.6 88.8 89.4 91.0 90.2 86.2 90.4 89.2 89.6 89.6 91.2 88.8 91.0 89.0
2,500 95 95.8 96.0 94.8 94.4 95.4 94.4 95.0 95.6 95.6 92.2 94.2 94.6 93.8 93.8 96.2 94.2 97.0 94.2
2,500 99 99.4 98.4 98.6 98.4 98.4 98.6 98.4 99.4 99.0 97.4 98.2 99.0 98.6 98.2 99.6 98.2 99.0 98.6
5,000 90 90.2 89.6 89.4 92.4 89.0 89.8 90.0 88.4 92.0 89.0 91.6 89.8 91.8 91.8 90.8 91.2 88.4 92.2
5,000 95 95.0 94.4 95.2 96.0 95.4 95.2 96.2 96.4 96.4 94.4 95.8 95.0 95.4 96.2 95.2 96.0 94.0 96.8
5,000 99 99.0 98.8 99.4 99.2 99.0 99.2 99.0 99.2 99.4 99.4 98.6 99.4 99.2 99.0 99.0 99.4 98.8 98.8
7,500 90 88.6 88.8 90.4 89.6 91.6 91.8 90.4 88.8 92.4 91.8 90.4 89.0 90.4 90.8 94.0 85.8 88.2 88.2
7,500 95 94.6 95.0 95.6 95.0 95.2 95.4 96.2 95.6 96.6 96.0 96.4 95.0 94.6 95.0 97.4 93.4 93.8 93.6
7,500 99 98.4 99.4 99.4 99.0 99.0 99.2 99.6 99.0 99.6 99.0 99.8 99.4 99.0 98.6 99.8 97.4 98.6 99.2
10,000 90 93.0 91.0 89.6 90.0 90.2 88.6 88.6 88.6 88.8 87.6 91.0 89.8 88.6 90.6 87.6 89.6 90.8 91.0
10,000 95 96.2 95.2 94.6 95.8 94.6 93.6 94.2 94.2 92.2 94.8 94.8 96.0 94.8 96.2 94.4 94.6 95.8 95.6
10,000 99 99.6 98.6 98.6 99.4 99.2 99.2 99.0 99.0 98.4 99.0 99.4 98.8 99.6 99.4 99.2 98.8 99.2 99.4
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Table 4.8: Coverage percentages using rs375027891 with 4 components, of which 2 were binary, for 20 degrees of freedom. 500 replications were performed
to generate the figures. W denotes the Wald test-statistic. βj6 denotes the SNP coefficient for the j’th component. σjk, τjk, and ωjk denote the heteroskedastic
covariance parameters for components j and k.

Obs. CI W β16 β26 β36 β46 σ12 σ13 σ14 σ23 σ24 σ33 σ34 σ44

2,500 90 86.8 91.8 88.0 91.2 91.8 90.4 90.2 91.2 86.2 91.6 89.0 90.4 88.8
2,500 95 92.8 96.0 94.4 95.6 96.0 94.6 95.4 98.0 93.6 95.2 94.2 94.4 93.8
2,500 99 98.0 99.0 98.4 99.2 99.4 99.6 99.2 99.8 98.4 98.8 99.0 98.6 98.0
5,000 90 87.8 91.2 91.0 89.8 88.4 89.0 89.4 88.8 90.4 89.8 90.2 92.4 86.2
5,000 95 93.4 94.0 95.0 94.4 93.6 94.4 93.2 94.2 94.8 94.4 94.6 96.0 93.2
5,000 99 98.8 98.2 98.4 99.4 99.0 98.8 98.2 98.8 100.0 99.2 99.4 98.6 98.0
7,500 90 89.6 90.2 88.6 87.8 89.8 90.0 88.4 92.2 87.8 90.6 88.2 90.2 89.6
7,500 95 93.6 95.2 94.2 93.8 94.8 94.8 94.2 96.8 93.2 94.4 94.2 95.4 96.0
7,500 99 98.4 99.2 99.0 99.0 98.6 99.2 98.2 99.4 99.0 99.0 98.6 99.2 99.2
10,000 90 88.8 91.6 92.4 90.2 89.8 87.8 89.0 90.4 89.4 89.4 91.0 88.6 90.6
10,000 95 95.6 96.2 96.8 94.6 95.6 93.2 94.4 96.2 94.4 94.0 95.2 94.0 94.4
10,000 99 99.2 99.2 99.2 98.6 99.6 98.6 99.2 99.8 99.4 98.4 98.8 98.8 98.4

Obs. CI τ12 τ13 τ14 τ23 τ24 τ33 τ34 τ44 ω12 ω13 ω14 ω23 ω24 ω33 ω34 ω44

2,500 90 87.8 89.2 88.2 90.4 93.0 89.2 87.8 88.8 89.0 89.4 90.6 89.8 88.8 90.4 87.2 88.2
2,500 95 93.8 94.8 95.2 94.8 96.4 95.0 92.6 93.6 93.6 95.6 94.8 95.2 92.6 95.4 94.4 95.8
2,500 99 99.4 99.2 99.6 98.8 99.6 99.2 97.6 98.8 98.8 99.2 98.6 98.8 98.2 98.2 98.4 99.4
5,000 90 92.6 90.4 88.8 91.6 89.0 89.4 88.4 92.6 91.2 89.8 92.4 88.6 91.0 90.6 90.0 89.8
5,000 95 96.0 95.2 94.2 97.0 95.0 94.6 93.6 96.4 95.4 94.4 95.6 94.2 95.2 96.0 95.0 94.0
5,000 99 97.8 99.4 98.6 99.4 98.6 97.8 98.6 99.6 99.2 98.2 98.8 98.8 99.2 98.0 98.6 98.8
7,500 90 90.4 89.4 89.0 92.0 91.2 89.0 91.6 92.0 91.0 89.6 93.4 89.0 89.8 88.4 91.6 89.6
7,500 95 95.4 94.8 93.8 96.0 95.4 95.8 95.2 96.0 95.6 94.2 96.0 95.4 95.6 93.8 97.0 94.0
7,500 99 99.0 99.0 97.8 99.8 99.4 99.4 98.8 99.2 98.6 99.4 99.8 99.0 99.8 98.8 99.6 99.0
10,000 90 91.6 91.6 89.0 90.8 87.6 90.6 89.6 89.2 91.0 90.0 89.8 89.0 88.0 90.4 90.4 88.8
10,000 95 96.6 96.0 92.8 95.0 93.4 94.8 95.0 93.6 96.4 94.4 95.4 96.4 95.6 93.8 94.8 93.6
10,000 99 99.6 99.4 98.6 99.0 98.2 98.6 98.2 98.6 99.4 98.4 98.8 99.4 99.0 98.4 98.8 97.8
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Table 4.9: Coverage percentages using rs375027891 with 4 components, of which 3 were binary, for 18 degrees of freedom. 500 replications were performed
to generate the figures. W denotes the Wald test-statistic. βj6 denotes the SNP coefficient for the j’th component. σjk, τjk, and ωjk denote the heteroskedastic
covariance parameters for components j and k.

Obs. CI W β16 β26 β36 β46 σ12 σ13 σ14 σ23 σ24 σ34 σ44

2,500 90 87.8 90.0 87.4 90.6 89.2 88.2 89.4 90.0 87.0 90.8 90.2 91.2
2,500 95 94.2 93.6 93.8 95.4 95.0 95.0 93.8 95.2 93.2 95.0 94.6 95.4
2,500 99 98.4 98.4 98.4 99.0 99.2 99.0 98.4 98.8 98.8 99.2 99.2 98.0
5,000 90 90.8 90.8 87.8 88.4 94.2 90.8 91.8 91.4 90.8 90.6 90.2 90.2
5,000 95 95.6 94.8 95.0 93.4 96.2 95.2 96.4 96.2 95.2 95.4 94.6 95.8
5,000 99 99.6 98.6 99.0 99.0 98.4 99.2 98.8 99.8 99.0 99.4 99.2 98.6
7,500 90 90.6 90.0 90.6 92.2 90.8 88.8 92.0 90.2 91.4 89.2 92.0 91.4
7,500 95 96.2 95.2 96.0 96.2 95.2 95.0 95.8 94.4 95.6 94.0 96.2 95.2
7,500 99 99.2 99.6 99.6 99.8 99.2 99.0 98.8 99.2 99.2 99.2 99.4 98.8
10,000 90 90.4 88.8 90.8 90.0 90.2 89.0 92.4 89.0 91.4 88.4 90.4 90.6
10,000 95 96.2 93.6 95.0 95.6 95.4 94.4 96.0 95.2 95.0 93.6 95.6 95.2
10,000 99 99.4 98.0 99.4 99.8 99.4 99.0 100.0 99.2 99.6 99.0 98.4 99.8

Obs. CI τ12 τ13 τ14 τ23 τ24 τ34 τ44 ω12 ω13 ω14 ω23 ω24 ω34 ω44

2,500 90 90.6 90.8 91.0 89.4 88.4 92.4 91.0 89.8 88.4 88.8 90.0 91.8 90.8 89.8
2,500 95 94.0 95.4 96.0 95.2 94.2 96.0 95.6 93.8 94.0 93.6 95.8 94.6 96.0 94.8
2,500 99 98.6 99.4 98.8 99.6 99.0 99.4 98.4 99.6 98.6 98.6 99.8 98.6 98.4 98.8
5,000 90 88.4 88.8 91.2 91.8 89.8 91.6 91.0 91.2 89.6 90.8 90.4 89.8 89.6 91.2
5,000 95 94.0 94.2 95.4 95.2 94.8 95.0 96.6 96.0 94.4 94.2 96.4 96.2 95.4 96.6
5,000 99 97.6 98.8 99.6 98.8 99.0 99.2 99.0 99.0 98.8 99.0 99.6 99.6 99.8 99.2
7,500 90 91.2 88.8 88.2 89.2 89.4 92.4 89.2 89.4 91.6 91.8 91.4 90.6 88.4 90.6
7,500 95 95.8 95.0 92.6 94.6 94.6 95.8 95.0 95.2 95.2 95.2 96.4 95.2 94.8 96.6
7,500 99 99.4 99.0 98.0 98.6 99.2 99.0 99.0 99.2 99.2 98.8 99.6 98.8 99.0 99.4
10,000 90 87.4 90.2 88.2 87.6 90.6 91.0 88.0 88.4 90.4 91.0 86.4 88.4 90.2 90.0
10,000 95 93.8 95.2 95.0 94.8 95.8 96.2 94.0 94.6 95.0 96.2 92.6 95.6 95.0 95.0
10,000 99 99.2 98.8 99.0 99.2 99.4 99.4 98.4 98.2 98.8 99.2 98.8 98.8 99.2 99.2

979797



Table 4.10: Coverage percentages using rs536422311 with 2 components, of which 1 was binary, for 6 degrees of freedom. 500 replications were performed
to generate the figures. W denotes the Wald test-statistic. βj6 denotes the SNP coefficient for the j’th component. σjk, τjk, and ωjk denote the heteroskedastic
covariance parameters for components j and k.

Obs. CI W β16 β26 σ12 σ22 τ12 τ22 ω12 ω22

2,500 90 91.0 87.2 90.4 91.8 88.6 91.2 91.0 92.2 90.6
2,500 95 95.4 93.6 95.2 97.0 94.8 95.4 94.4 96.6 94.6
2,500 99 99.0 98.6 99.6 99.4 99.0 99.2 99.0 99.2 99.2
5,000 90 88.0 89.2 88.0 90.6 90.4 88.2 89.4 90.6 88.2
5,000 95 94.4 94.4 94.2 95.2 95.8 94.4 94.2 94.4 93.6
5,000 99 98.4 99.4 98.8 99.2 99.2 98.0 98.6 99.2 97.6
7,500 90 92.4 89.2 90.2 90.6 93.0 88.8 90.8 89.2 89.8
7,500 95 96.2 95.8 96.0 94.8 96.2 93.0 95.0 94.6 94.4
7,500 99 99.4 99.4 99.0 99.0 99.4 97.8 98.8 99.2 98.0
10,000 90 89.8 88.8 92.2 88.0 87.2 90.4 88.4 89.8 86.0
10,000 95 95.4 95.4 95.4 94.6 93.0 94.8 93.2 95.8 93.4
10,000 99 98.2 99.4 99.0 98.6 98.0 99.8 99.4 98.8 98.8
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Table 4.11: Coverage percentages using rs536422311 with 3 components, of which 1 was binary, for 13 degrees of freedom. 500 replications were performed
to generate the figures. W denotes the Wald test-statistic. βj6 denotes the SNP coefficient for the j’th component. σjk, τjk, and ωjk denote the heteroskedastic
covariance parameters for components j and k.

Obs. CI W β16 β26 β36 σ12 σ13 σ22 σ23 σ33 τ12 τ13 τ22 τ23 τ33 ω12 ω13 ω22 ω23 ω33

2,500 90 89.6 89.8 92.8 89.6 92.2 89.4 89.0 90.2 88.0 90.0 90.2 87.8 90.4 88.6 89.6 88.4 89.6 88.6 91.0
2,500 95 93.8 95.2 96.2 94.2 95.0 93.8 93.2 96.0 93.6 95.2 95.6 93.2 94.0 94.4 94.2 93.0 94.4 94.0 94.8
2,500 99 97.8 98.6 99.2 99.4 99.8 98.8 98.0 99.4 99.2 98.8 99.6 99.0 98.8 99.2 98.4 98.6 98.4 98.2 99.4
5,000 90 89.6 90.6 88.6 89.6 90.4 90.2 91.6 90.2 90.6 91.2 88.2 89.4 91.8 89.2 87.0 91.6 91.8 90.0 91.0
5,000 95 94.4 94.4 93.8 93.4 95.4 93.8 95.4 95.4 94.4 96.8 94.4 95.4 95.8 94.8 93.6 96.6 95.6 94.0 95.0
5,000 99 98.8 99.2 99.2 98.6 98.6 97.8 99.4 99.6 98.2 99.4 98.6 99.0 99.8 98.6 99.4 99.6 99.2 98.2 98.6
7,500 90 90.2 90.8 92.4 89.6 89.6 87.8 88.8 90.6 89.4 88.6 92.2 89.8 89.8 91.6 89.6 88.4 89.8 90.0 90.4
7,500 95 94.6 94.6 95.6 94.4 94.6 94.8 94.4 95.6 94.2 94.2 96.2 95.2 96.0 95.4 94.6 94.2 94.6 94.4 95.2
7,500 99 98.8 98.6 99.2 99.0 98.4 98.8 99.2 99.0 99.4 98.6 99.8 99.4 99.4 98.8 99.0 98.8 98.0 99.0 98.6
10,000 90 90.4 89.0 91.0 91.8 91.0 89.8 89.6 88.2 88.6 90.2 91.0 88.8 88.4 91.6 88.6 89.2 90.4 88.8 91.8
10,000 95 95.8 94.2 95.0 95.4 95.6 94.8 95.6 93.4 94.0 95.0 95.6 94.8 93.6 94.4 94.2 93.2 94.6 95.8 95.0
10,000 99 98.8 99.6 99.4 99.4 98.8 99.4 97.8 98.2 98.8 98.8 99.0 99.2 99.0 98.6 98.8 98.8 99.0 98.4 98.6

999999



Table 4.12: Coverage percentages using rs536422311 with 3 components, of which 2 were binary, for 11 degrees of freedom. 500 replications were performed
to generate the figures. W denotes the Wald test-statistic. βj6 denotes the SNP coefficient for the j’th component. σjk, τjk, and ωjk denote the heteroskedastic
covariance parameters for components j and k.

Obs. CI W β16 β26 β36 σ12 σ13 σ23 σ33 τ12 τ13 τ23 τ33 ω12 ω13 ω23 ω33

2,500 90 88.6 90.2 92.6 92.6 90.2 90.4 87.4 91.2 90.8 91.2 91.4 86.4 91.2 88.2 90.4 90.6
2,500 95 95.0 95.6 96.2 96.2 94.4 95.2 95.2 96.6 95.6 94.2 95.6 94.4 95.2 94.6 94.8 95.8
2,500 99 98.6 98.6 99.2 99.6 98.8 99.0 99.0 99.2 98.8 99.2 98.8 99.6 98.8 99.0 98.8 98.8
5,000 90 89.4 90.2 89.6 89.2 89.6 91.4 91.8 90.2 90.2 88.8 91.2 92.2 87.4 88.8 89.8 90.2
5,000 95 94.4 94.0 94.6 94.8 94.4 95.4 96.4 94.6 95.4 95.0 95.0 95.6 94.2 93.8 94.8 94.0
5,000 99 99.0 99.4 98.6 99.4 99.2 99.4 99.2 99.4 99.4 99.0 99.0 98.4 98.2 98.4 98.2 98.8
7,500 90 87.6 92.0 92.6 89.6 92.0 90.0 90.2 89.8 86.6 87.4 90.2 90.8 90.2 90.2 88.0 90.4
7,500 95 93.4 96.4 96.0 94.2 95.8 94.4 96.4 94.8 93.4 94.2 95.4 94.0 95.0 95.4 93.4 93.8
7,500 99 99.0 99.0 98.8 99.2 99.6 99.2 99.0 98.6 99.0 98.4 98.8 98.6 99.2 99.6 98.8 98.4
10,000 90 89.0 90.6 88.6 89.2 88.6 87.8 89.8 90.4 90.0 89.2 90.6 91.8 88.8 87.6 90.6 90.2
10,000 95 93.6 95.2 93.4 94.2 94.6 92.8 94.2 94.2 95.0 93.2 96.2 94.8 93.2 92.6 94.8 95.0
10,000 99 98.4 99.2 98.4 98.4 99.8 98.4 98.6 98.8 99.2 98.2 99.8 98.8 98.8 98.4 99.2 98.6
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Table 4.13: Coverage percentages using rs536422311 with 4 components, of which 1 was binary, for 22 degrees of freedom. 500 replications were performed
to generate the figures. W denotes the Wald test-statistic. βj6 denotes the SNP coefficient for the j’th component. σjk, τjk, and ωjk denote the heteroskedastic
covariance parameters for components j and k.

Obs. CI W β16 β26 β36 β46 σ12 σ13 σ14 σ22 σ23 σ24 σ33 σ34 σ44

2,500 90 87.6 89.8 90.2 91.4 92.4 90.8 89.0 88.8 91.4 91.0 88.6 91.6 90.4 89.4
2,500 95 93.6 95.2 94.4 95.4 95.8 93.8 94.4 94.2 95.2 94.8 94.4 94.6 94.8 94.4
2,500 99 99.2 99.2 99.2 98.8 99.2 99.2 98.4 98.8 98.8 98.8 98.6 99.0 98.2 99.0
5,000 90 90.2 90.6 91.0 89.0 90.0 89.0 89.6 87.6 90.6 88.6 89.8 89.6 91.6 90.2
5,000 95 94.4 94.4 95.0 93.4 95.4 95.6 95.6 92.0 95.0 92.6 93.6 96.0 95.6 95.0
5,000 99 98.4 99.8 99.0 98.6 99.0 98.2 98.6 98.6 99.4 98.4 98.8 99.4 99.4 99.0
7,500 90 89.2 90.6 88.8 89.4 90.4 88.4 91.2 90.0 91.0 90.2 87.0 90.6 88.4 89.6
7,500 95 94.4 96.2 93.4 94.8 95.2 95.6 94.4 95.0 95.2 94.6 93.4 95.4 93.8 95.0
7,500 99 99.4 99.4 99.2 99.2 98.6 99.0 99.0 99.2 99.0 99.0 98.6 98.2 99.2 99.4
10,000 90 90.0 92.2 92.0 89.6 90.6 88.2 92.0 90.4 91.8 88.2 91.4 88.2 88.0 90.0
10,000 95 95.0 96.0 96.2 95.2 95.2 95.4 95.2 94.4 96.4 94.2 95.4 94.2 94.8 95.2
10,000 99 98.8 99.6 100.0 99.4 98.8 99.2 98.6 99.0 99.4 99.6 99.0 98.8 98.8 99.4

Obs. CI τ12 τ13 τ14 τ22 τ23 τ24 τ33 τ34 τ44 ω12 ω13 ω14 ω22 ω23 ω24 ω33 ω34 ω44

2,500 90 89.4 90.6 89.0 90.0 88.2 89.2 91.2 90.2 91.2 86.8 89.4 91.0 90.6 92.2 90.4 92.8 90.6 86.2
2,500 95 94.4 95.0 94.2 95.6 94.4 95.8 95.0 95.6 95.2 92.6 94.2 94.4 94.8 96.6 96.0 96.8 94.4 93.8
2,500 99 98.4 98.0 98.2 99.4 98.6 98.8 99.0 98.8 99.2 97.8 99.0 98.8 98.6 99.2 99.0 99.2 98.6 98.8
5,000 90 87.6 90.8 89.8 88.4 91.8 88.6 91.8 91.2 89.4 88.4 88.4 87.8 91.2 93.6 88.2 91.4 89.2 87.8
5,000 95 94.2 94.6 93.8 95.2 96.0 94.0 96.0 95.4 95.2 94.0 93.2 92.8 95.0 96.0 93.8 95.2 93.6 93.0
5,000 99 99.4 99.4 98.6 99.6 98.8 98.8 99.2 99.2 99.0 98.6 98.2 98.6 99.0 98.8 98.8 98.4 99.0 97.2
7,500 90 89.2 88.2 91.2 90.2 92.6 91.4 91.2 90.8 90.2 88.4 90.0 92.4 91.6 89.4 91.2 88.0 92.6 89.4
7,500 95 93.8 95.2 95.2 94.2 97.0 95.4 95.2 95.2 94.8 94.2 93.6 96.6 95.4 94.4 95.0 93.6 97.0 94.8
7,500 99 98.4 99.4 99.0 98.6 99.6 99.0 99.2 98.8 99.0 99.2 99.0 99.0 99.2 99.2 99.0 99.0 99.4 99.0
10,000 90 91.8 88.0 87.8 90.2 89.8 89.0 92.6 89.8 90.2 90.2 91.0 90.4 91.2 91.2 90.2 89.4 92.4 90.8
10,000 95 94.6 93.8 93.8 95.4 94.6 94.6 96.0 94.6 96.0 95.6 95.4 95.6 96.2 95.4 95.4 94.4 97.0 94.0
10,000 99 99.2 98.8 99.0 99.2 98.8 98.8 99.2 98.2 99.0 99.4 99.0 98.4 99.0 99.4 99.2 99.0 99.6 98.8
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Table 4.14: Coverage percentages using rs536422311 with 4 components, of which 2 were binary, for 20 degrees of freedom. 500 replications were performed
to generate the figures. W denotes the Wald test-statistic. βj6 denotes the SNP coefficient for the j’th component. σjk, τjk, and ωjk denote the heteroskedastic
covariance parameters for components j and k.

Obs. CI W β16 β26 β36 β46 σ12 σ13 σ14 σ23 σ24 σ33 σ34 σ44

2,500 90 85.4 91.2 92.0 89.0 89.0 87.0 90.6 89.8 91.6 88.0 89.8 89.4 88.8
2,500 95 91.8 96.2 96.0 94.0 94.6 94.0 95.2 95.2 96.4 93.0 94.8 95.2 93.0
2,500 99 97.8 99.4 99.6 97.6 99.4 99.0 99.4 98.8 99.2 98.6 98.2 99.6 98.0
5,000 90 88.0 89.0 89.6 90.4 90.0 87.6 90.2 90.0 86.4 89.2 89.2 90.2 91.0
5,000 95 95.0 95.2 95.0 95.8 95.2 92.8 94.0 94.8 91.8 95.0 95.6 96.0 94.8
5,000 99 98.8 98.2 98.8 98.8 99.0 98.4 98.6 98.8 98.6 99.0 98.2 99.0 99.6
7,500 90 89.2 88.2 90.6 89.6 90.0 88.8 88.2 91.6 88.8 89.8 89.4 89.2 92.8
7,500 95 94.4 92.4 94.6 94.2 95.0 95.4 93.8 96.6 94.0 94.8 94.8 95.0 96.2
7,500 99 99.2 98.8 99.2 98.2 99.6 99.0 98.4 99.6 100.0 99.0 99.0 99.4 98.6
10,000 90 89.6 89.2 88.6 91.4 88.4 91.2 89.2 88.0 90.2 91.0 86.6 93.2 91.2
10,000 95 93.6 94.4 93.8 95.4 93.6 95.8 94.6 94.6 94.8 96.2 93.6 97.4 95.2
10,000 99 98.2 98.8 97.6 99.2 98.0 99.0 98.6 99.2 99.0 99.2 99.0 99.2 98.6

Obs. CI τ12 τ13 τ14 τ23 τ24 τ33 τ34 τ44 ω12 ω13 ω14 ω23 ω24 ω33 ω34 ω44

2,500 90 90.2 90.4 89.4 89.6 87.2 89.8 89.6 90.0 88.2 88.4 90.4 88.6 89.0 90.4 88.4 88.6
2,500 95 94.4 94.4 95.4 94.4 94.2 95.2 94.2 94.8 92.8 93.6 95.0 93.6 94.2 94.8 94.0 93.6
2,500 99 99.2 99.0 99.0 99.4 99.2 99.6 98.0 99.2 98.2 98.2 98.8 97.6 99.2 98.4 98.2 98.2
5,000 90 90.8 89.2 89.2 87.8 91.6 90.0 90.0 90.2 87.6 89.6 90.2 88.2 90.0 89.2 90.6 88.4
5,000 95 95.6 94.8 93.4 93.2 96.8 95.2 95.4 94.2 93.6 93.4 95.4 94.2 95.2 94.4 93.8 92.4
5,000 99 99.6 98.8 99.2 98.2 99.4 99.2 98.8 99.0 98.2 98.6 99.2 98.6 99.4 98.4 98.6 98.6
7,500 90 91.8 92.4 89.8 89.4 90.6 90.8 88.4 88.4 89.4 89.8 89.2 90.8 88.0 91.0 91.0 90.4
7,500 95 96.4 96.0 94.0 96.0 95.8 94.8 94.6 93.2 94.0 96.2 94.2 94.8 95.0 95.8 95.6 94.8
7,500 99 99.4 99.2 99.4 99.4 99.2 99.2 98.2 98.8 98.8 99.2 99.0 99.8 99.0 98.8 99.2 98.4
10,000 90 89.6 88.8 89.0 92.6 93.8 89.0 92.4 91.4 90.4 89.4 92.2 90.8 88.8 89.6 90.6 91.8
10,000 95 94.6 96.0 94.0 96.6 97.0 95.4 96.8 95.8 95.2 94.8 97.0 95.6 94.8 93.4 94.8 95.0
10,000 99 98.6 99.4 99.0 99.6 99.4 99.2 99.6 99.4 99.2 99.0 99.4 98.6 99.4 97.4 98.4 98.8
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Table 4.15: Coverage percentages using rs536422311 with 4 components, of which 3 were binary, for 18 degrees of freedom. 500 replications were performed
to generate the figures. W denotes the Wald test-statistic. βj6 denotes the SNP coefficient for the j’th component. σjk, τjk, and ωjk denote the heteroskedastic
covariance parameters for components j and k.

Obs. CI W β16 β26 β36 β46 σ12 σ13 σ14 σ23 σ24 σ34 σ44

2,500 90 85.4 91.0 90.2 89.0 92.4 92.6 91.8 87.8 88.4 89.2 89.4 90.4
2,500 95 93.6 96.0 94.6 95.0 97.0 96.2 96.0 93.4 93.8 94.6 93.6 95.2
2,500 99 98.2 99.8 98.0 98.4 100.0 100.0 98.6 98.8 98.4 99.2 99.2 98.8
5,000 90 88.8 89.6 91.2 91.6 89.8 88.8 86.8 89.8 88.0 87.6 88.2 89.6
5,000 95 92.6 95.6 96.4 95.8 93.8 95.2 92.8 95.4 94.6 92.4 94.2 94.8
5,000 99 98.4 99.6 99.2 99.4 99.2 98.8 98.6 99.0 98.6 99.0 98.8 99.2
7,500 90 89.0 88.8 90.0 91.0 91.8 89.0 91.0 91.2 90.6 89.4 88.8 88.8
7,500 95 95.6 94.6 94.4 95.4 95.6 94.8 95.6 95.6 95.6 94.4 94.0 95.2
7,500 99 99.0 97.6 98.8 99.2 99.0 99.2 98.8 99.2 99.2 99.0 99.6 98.8
10,000 90 89.6 90.6 90.4 88.2 88.2 91.8 89.2 89.2 89.6 87.2 89.2 89.2
10,000 95 94.6 96.2 95.4 93.6 95.0 96.2 94.6 94.4 95.0 92.8 93.2 95.0
10,000 99 99.0 99.2 99.0 98.0 98.2 98.8 99.0 99.4 99.2 97.6 98.2 99.2

Obs. CI τ12 τ13 τ14 τ23 τ24 τ34 τ44 ω12 ω13 ω14 ω23 ω24 ω34 ω44

2,500 90 91.2 91.4 89.4 90.8 89.2 89.8 89.8 89.2 88.8 90.2 87.4 86.6 88.0 91.2
2,500 95 96.0 95.6 93.4 95.4 93.8 94.0 95.2 94.0 93.6 94.8 92.2 93.4 94.0 95.8
2,500 99 99.6 98.8 98.8 99.0 98.8 99.0 99.4 98.2 98.2 99.2 98.6 98.6 98.6 98.6
5,000 90 88.2 91.2 89.6 90.2 89.2 88.4 90.8 88.8 91.0 90.2 89.2 90.0 89.8 87.0
5,000 95 94.6 96.2 93.8 95.8 95.0 93.4 95.2 94.2 95.8 95.6 95.0 94.6 95.2 93.2
5,000 99 99.0 99.6 98.8 98.6 98.8 99.0 99.0 99.4 99.4 99.2 99.0 99.0 98.6 98.8
7,500 90 90.6 89.8 92.6 88.2 87.6 90.4 90.2 88.0 90.8 90.8 90.4 92.0 91.2 89.2
7,500 95 95.4 95.0 96.4 93.6 93.6 95.6 95.8 94.0 96.8 95.4 95.4 95.8 95.0 94.2
7,500 99 98.8 99.6 100.0 99.4 98.4 99.0 99.8 98.2 99.2 99.4 98.6 99.2 99.2 98.0
10,000 90 89.0 90.8 89.0 89.6 90.8 88.8 89.8 88.4 90.6 88.4 90.2 91.2 92.4 88.2
10,000 95 94.2 94.8 93.8 93.8 94.6 94.6 95.0 93.8 94.8 94.6 95.0 95.8 95.4 93.2
10,000 99 98.8 99.0 98.6 99.0 98.4 98.8 99.8 99.0 99.0 99.0 99.0 99.0 99.4 98.6
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Table 4.16: Coverage percentages using rs540691877 with 2 components, of which 1 was binary, for 6 degrees of freedom. 500 replications were performed
to generate the figures. W denotes the Wald test-statistic. βj6 denotes the SNP coefficient for the j’th component. σjk, τjk, and ωjk denote the heteroskedastic
covariance parameters for components j and k.

Obs. CI W β16 β26 σ12 σ22 τ12 τ22 ω12 ω22

2,500 90 88.0 89.4 90.4 87.6 91.4 89.8 90.4 91.2 87.8
2,500 95 94.4 95.2 95.6 93.6 95.6 94.0 94.6 95.2 93.0
2,500 99 99.0 98.8 99.2 98.2 99.2 99.0 98.4 98.2 98.4
5,000 90 89.8 89.0 91.0 88.4 91.0 91.6 93.2 90.8 91.4
5,000 95 93.8 93.0 96.0 94.0 94.6 94.4 96.2 95.2 94.6
5,000 99 98.8 98.6 99.4 98.2 98.6 99.4 99.6 98.8 98.8
7,500 90 88.6 88.2 88.6 88.6 89.4 91.0 89.8 90.4 89.2
7,500 95 93.6 93.2 94.4 94.6 94.6 95.0 94.6 95.6 93.2
7,500 99 99.0 99.2 98.8 98.6 98.8 98.8 99.0 98.6 98.2
10,000 90 89.2 89.4 90.8 89.2 88.6 90.8 89.0 90.2 88.0
10,000 95 95.0 92.2 95.8 94.0 93.8 95.8 93.6 94.2 93.6
10,000 99 98.8 98.8 99.0 98.8 99.2 99.0 98.6 98.0 97.8
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Table 4.17: Coverage percentages using rs540691877 with 3 components, of which 1 was binary, for 13 degrees of freedom. 500 replications were performed
to generate the figures. W denotes the Wald test-statistic. βj6 denotes the SNP coefficient for the j’th component. σjk, τjk, and ωjk denote the heteroskedastic
covariance parameters for components j and k.

Obs. CI W β16 β26 β36 σ12 σ13 σ22 σ23 σ33 τ12 τ13 τ22 τ23 τ33 ω12 ω13 ω22 ω23 ω33

2,500 90 87.6 89.4 92.2 90.6 91.2 90.0 91.8 90.2 89.0 87.2 90.0 91.6 89.6 88.8 89.6 91.0 89.6 88.8 90.0
2,500 95 94.4 94.0 96.2 94.4 94.6 95.2 95.4 94.4 95.0 94.6 94.0 95.6 95.0 94.2 93.8 96.0 94.0 93.6 94.8
2,500 99 98.2 98.2 99.6 98.6 97.8 99.2 97.6 98.6 98.0 98.6 99.2 99.0 99.0 98.6 98.4 98.8 98.8 99.0 99.6
5,000 90 88.6 89.0 90.6 88.8 87.6 90.6 90.4 89.6 89.2 90.8 89.6 88.8 89.2 91.0 88.8 89.8 91.2 91.2 89.0
5,000 95 95.6 94.8 95.8 94.6 93.4 94.8 95.4 94.0 95.4 95.2 95.8 93.6 95.2 97.4 93.6 95.6 96.2 95.6 95.0
5,000 99 99.4 99.6 99.2 98.8 99.0 99.4 98.2 98.8 98.6 99.0 99.6 98.4 98.8 99.8 99.0 98.8 99.4 99.6 98.8
7,500 90 86.2 91.0 90.4 87.6 91.4 91.2 88.2 89.0 90.2 90.2 91.4 91.2 90.0 87.2 87.2 88.2 91.4 88.2 89.4
7,500 95 93.2 94.8 95.6 92.6 95.6 95.2 94.0 93.8 95.6 95.8 95.6 95.4 95.8 93.6 94.0 94.8 95.0 93.6 94.8
7,500 99 99.0 99.6 99.2 98.6 98.8 99.0 98.6 98.6 98.4 98.6 99.6 99.2 99.2 98.8 98.8 99.2 99.6 98.4 98.2
10,000 90 90.8 91.2 89.2 90.2 91.2 89.6 93.0 90.6 91.6 91.0 90.2 89.0 89.8 92.0 91.0 90.4 91.2 88.6 89.0
10,000 95 96.4 96.4 94.4 95.4 96.0 95.6 96.6 95.6 96.0 94.2 95.0 94.0 94.4 97.8 95.0 94.8 95.6 95.2 96.4
10,000 99 99.4 99.6 99.2 98.8 99.2 98.8 99.6 98.8 99.4 98.6 99.0 99.0 98.8 99.6 99.4 99.4 98.8 99.4 99.0
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Table 4.18: Coverage percentages using rs540691877 with 3 components, of which 2 were binary, for 11 degrees of freedom. 500 replications were performed
to generate the figures. W denotes the Wald test-statistic. βj6 denotes the SNP coefficient for the j’th component. σjk, τjk, and ωjk denote the heteroskedastic
covariance parameters for components j and k.

Obs. CI W β16 β26 β36 σ12 σ13 σ23 σ33 τ12 τ13 τ23 τ33 ω12 ω13 ω23 ω33

2,500 90 88.4 90.4 88.8 89.0 88.2 90.0 87.4 90.2 89.4 89.4 92.2 90.2 91.2 91.0 91.4 92.2
2,500 95 94.6 95.0 94.8 94.0 93.6 93.8 93.4 94.2 93.2 94.6 95.6 93.8 95.8 95.2 95.6 94.6
2,500 99 98.2 98.6 98.6 98.4 98.8 98.4 98.0 98.6 99.0 98.8 98.6 98.6 99.2 99.0 98.8 98.6
5,000 90 90.2 89.0 90.0 89.2 92.4 88.8 87.2 89.6 90.8 90.2 89.2 90.4 90.8 90.0 91.6 89.8
5,000 95 94.4 95.4 94.8 95.4 96.8 94.6 94.8 95.0 94.2 93.8 93.6 94.4 95.0 96.6 95.8 94.6
5,000 99 99.0 99.0 99.2 99.6 99.4 99.4 98.6 98.0 98.8 99.2 98.6 98.8 99.4 99.2 98.4 98.6
7,500 90 89.8 91.6 91.0 91.6 88.4 91.4 91.0 92.4 88.8 87.4 88.6 90.0 89.2 88.0 87.6 90.4
7,500 95 95.8 96.2 95.4 95.4 95.2 96.4 94.0 96.0 93.4 93.6 95.6 96.4 93.6 94.2 93.4 95.6
7,500 99 99.4 99.0 99.2 99.4 99.0 98.8 99.0 98.6 98.6 97.4 99.2 99.6 99.2 98.6 99.4 98.8
10,000 90 89.6 89.0 90.8 88.8 90.6 88.8 88.4 90.0 89.2 88.2 90.4 90.0 91.2 89.6 93.2 88.8
10,000 95 95.0 93.8 95.6 94.2 94.4 93.4 95.0 96.2 94.4 94.4 94.6 96.0 95.8 93.8 96.8 95.8
10,000 99 99.6 99.8 98.8 98.4 98.4 98.4 98.2 99.4 99.6 98.6 98.8 99.2 98.8 99.6 100.0 99.0
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Table 4.19: Coverage percentages using rs540691877 with 4 components, of which 1 was binary, for 22 degrees of freedom. 500 replications were performed
to generate the figures. W denotes the Wald test-statistic. βj6 denotes the SNP coefficient for the j’th component. σjk, τjk, and ωjk denote the heteroskedastic
covariance parameters for components j and k.

Obs. CI W β16 β26 β36 β46 σ12 σ13 σ14 σ22 σ23 σ24 σ33 σ34 σ44

2,500 90 87.4 90.0 91.4 89.2 91.2 90.2 89.0 89.6 90.4 90.0 90.6 89.4 89.4 89.4
2,500 95 92.6 94.0 95.6 94.8 96.4 95.0 94.0 95.2 94.8 95.0 94.8 95.4 94.4 95.0
2,500 99 98.4 99.0 98.4 99.0 99.4 99.0 98.6 99.0 99.0 99.6 99.0 98.0 98.4 98.2
5,000 90 88.2 90.8 89.8 87.2 89.0 89.2 89.4 89.0 91.0 87.6 92.2 90.2 89.2 89.6
5,000 95 93.0 95.4 95.8 92.8 95.6 93.4 93.6 94.8 96.6 93.2 97.0 95.4 95.0 94.8
5,000 99 98.6 99.4 99.6 99.2 99.2 99.2 98.2 98.8 99.2 98.2 99.4 99.0 99.2 98.8
7,500 90 86.6 88.8 88.8 89.0 89.2 89.2 89.0 89.4 92.8 88.0 87.6 90.0 88.6 88.2
7,500 95 92.0 93.0 95.0 93.0 94.8 94.0 95.8 95.4 96.8 93.4 93.4 95.2 93.4 93.6
7,500 99 98.8 97.8 99.4 98.0 98.8 99.0 99.8 99.0 99.4 98.8 98.2 98.8 98.8 99.2
10,000 90 88.4 90.6 89.6 87.6 90.0 91.8 92.2 91.4 91.0 91.8 89.2 89.0 90.2 90.4
10,000 95 94.8 95.8 94.6 92.8 95.2 95.4 96.0 95.6 97.2 95.8 94.8 93.6 95.6 95.4
10,000 99 99.4 99.0 98.4 98.4 98.6 98.6 99.6 99.0 99.2 99.8 98.6 98.6 99.0 99.8

Obs. CI τ12 τ13 τ14 τ22 τ23 τ24 τ33 τ34 τ44 ω12 ω13 ω14 ω22 ω23 ω24 ω33 ω34 ω44

2,500 90 89.4 90.8 89.2 89.2 89.6 90.2 92.0 87.2 91.4 91.4 89.6 88.8 87.8 88.6 90.4 88.6 91.2 91.4
2,500 95 95.8 95.0 94.4 94.0 95.8 95.6 95.4 95.2 96.6 96.8 94.6 94.0 93.4 94.8 94.8 94.4 95.6 95.6
2,500 99 99.4 98.4 98.0 98.6 99.8 99.6 99.4 99.2 99.6 99.0 98.6 98.6 98.8 99.2 98.4 98.8 99.0 99.0
5,000 90 90.8 89.8 91.8 88.6 89.4 90.8 90.6 91.2 86.4 90.6 91.4 89.4 89.6 88.2 89.6 90.4 88.2 88.4
5,000 95 95.2 95.2 96.6 95.4 94.8 95.4 95.0 95.6 93.4 96.0 96.2 94.4 95.6 94.8 94.2 95.4 95.0 94.4
5,000 99 99.0 99.8 99.6 98.2 98.6 99.6 99.4 98.8 98.6 99.4 99.4 98.8 98.4 99.6 98.6 99.2 99.0 98.4
7,500 90 90.4 90.0 90.0 90.6 89.8 90.2 87.6 87.4 91.8 89.4 90.4 90.8 91.0 88.2 87.0 90.2 89.0 90.0
7,500 95 95.4 93.6 95.0 95.8 94.4 95.0 92.8 93.8 97.4 94.6 95.2 94.8 95.2 94.6 94.0 95.4 95.6 94.8
7,500 99 98.4 98.4 99.4 98.6 99.2 99.4 98.0 98.2 99.4 99.6 98.2 98.4 98.8 98.6 98.6 99.0 99.4 98.6
10,000 90 90.6 90.0 91.0 90.2 89.8 89.0 89.4 92.4 88.4 87.6 88.0 91.0 91.0 91.6 88.2 90.2 88.6 88.4
10,000 95 96.6 95.4 94.6 96.4 94.2 93.2 94.4 95.8 93.8 94.6 94.6 95.8 95.6 96.2 94.4 95.4 94.4 92.6
10,000 99 99.0 98.8 98.8 99.4 99.0 98.2 98.8 99.4 98.4 99.0 98.4 99.4 98.8 99.2 99.2 99.8 99.6 98.6

107107107



Table 4.20: Coverage percentages using rs540691877 with 4 components, of which 2 were binary, for 20 degrees of freedom. 500 replications were performed
to generate the figures. W denotes the Wald test-statistic. βj6 denotes the SNP coefficient for the j’th component. σjk, τjk, and ωjk denote the heteroskedastic
covariance parameters for components j and k.

Obs. CI W β16 β26 β36 β46 σ12 σ13 σ14 σ23 σ24 σ33 σ34 σ44

2,500 90 86.2 92.8 88.4 87.4 90.2 89.0 91.4 91.2 87.8 91.0 89.0 91.8 87.2
2,500 95 93.4 96.0 92.6 93.4 94.8 93.2 96.2 95.6 93.2 94.4 94.0 95.6 93.4
2,500 99 98.4 98.2 99.0 99.2 99.6 98.6 98.8 98.8 97.8 99.0 98.0 98.8 98.6
5,000 90 90.8 88.4 90.0 91.4 88.6 89.6 90.2 88.6 91.8 90.8 90.2 90.6 91.8
5,000 95 95.2 94.4 96.4 96.2 94.4 94.0 93.8 95.0 96.0 94.8 97.0 94.6 95.6
5,000 99 98.6 99.4 99.2 98.8 98.4 99.6 98.0 99.2 98.6 98.0 99.4 99.0 98.8
7,500 90 86.4 90.2 89.2 91.6 90.2 90.2 89.4 88.2 90.2 90.0 91.4 90.0 92.0
7,500 95 92.8 94.4 94.2 97.0 94.6 94.6 94.4 94.6 95.2 94.8 95.2 94.6 96.2
7,500 99 98.6 98.8 99.0 99.0 99.4 99.0 99.2 98.0 98.6 98.8 98.0 97.6 99.0
10,000 90 87.8 88.6 89.4 89.6 90.8 90.8 89.4 89.4 90.2 90.6 89.6 90.6 89.6
10,000 95 94.8 95.2 95.2 94.6 95.8 94.2 95.0 94.4 94.4 96.0 95.0 95.0 95.4
10,000 99 99.4 98.6 99.0 98.6 99.2 99.0 98.4 99.4 98.6 99.0 98.4 99.2 98.4

Obs. CI τ12 τ13 τ14 τ23 τ24 τ33 τ34 τ44 ω12 ω13 ω14 ω23 ω24 ω33 ω34 ω44

2,500 90 88.0 91.4 90.2 89.0 90.2 89.0 90.0 89.2 91.2 89.2 88.6 89.6 89.8 91.4 89.4 88.6
2,500 95 95.0 95.8 95.4 93.8 95.2 93.8 94.6 94.2 94.8 95.0 94.2 93.6 94.0 95.4 94.0 93.2
2,500 99 98.2 99.0 97.8 98.8 98.6 98.6 99.2 97.6 99.2 99.2 98.4 99.2 99.2 99.8 99.2 97.6
5,000 90 87.4 89.2 87.2 92.2 86.6 88.4 89.2 90.6 91.4 88.6 89.4 89.2 87.6 91.2 90.4 90.4
5,000 95 94.0 95.2 93.8 95.0 95.2 95.2 94.8 95.2 95.4 95.6 94.4 94.2 93.6 96.0 94.2 94.0
5,000 99 99.8 99.0 99.2 98.8 99.0 98.6 99.6 99.0 99.0 99.0 99.2 99.0 98.8 98.8 99.2 98.8
7,500 90 89.8 88.6 89.6 90.2 88.8 89.6 89.4 89.8 87.8 90.2 89.0 91.6 89.4 90.2 90.8 90.6
7,500 95 93.6 93.6 95.6 94.6 92.8 94.2 95.4 96.0 93.4 94.6 94.6 96.2 95.6 94.6 94.4 95.6
7,500 99 99.2 99.2 99.2 98.6 98.2 97.4 99.2 98.8 98.2 99.4 98.8 99.2 99.2 98.8 97.8 99.6
10,000 90 91.4 88.8 90.4 91.2 87.8 89.2 88.6 90.6 88.8 90.2 88.2 89.2 89.0 90.8 89.6 91.4
10,000 95 94.8 94.6 95.2 96.6 94.4 93.4 94.6 94.6 94.4 95.0 93.4 95.6 93.8 95.2 95.0 96.6
10,000 99 98.8 99.0 98.8 99.0 99.0 99.0 99.6 99.8 99.2 99.0 98.8 99.4 99.4 99.0 98.6 98.6
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Table 4.21: Coverage percentages using rs540691877 with 4 components, of which 3 were binary, for 18 degrees of freedom. 500 replications were performed
to generate the figures. W denotes the Wald test-statistic. βj6 denotes the SNP coefficient for the j’th component. σjk, τjk, and ωjk denote the heteroskedastic
covariance parameters for components j and k.

Obs. CI W β16 β26 β36 β46 σ12 σ13 σ14 σ23 σ24 σ34 σ44

2,500 90 87.8 89.8 88.4 91.4 90.2 89.6 89.8 92.2 89.6 90.8 87.6 91.4
2,500 95 92.8 95.6 94.2 96.0 94.2 94.6 95.4 96.8 93.6 94.6 93.2 95.4
2,500 99 98.2 99.0 99.2 99.2 98.6 98.8 99.0 99.2 98.4 98.4 98.2 98.8
5,000 90 89.4 89.6 91.2 89.2 92.8 89.8 89.2 90.0 88.2 91.6 89.0 89.8
5,000 95 93.6 95.0 95.6 95.4 97.2 94.6 94.4 94.8 92.8 95.6 94.6 95.6
5,000 99 97.6 99.2 99.6 99.4 99.2 99.4 99.0 99.2 98.2 99.2 99.6 99.2
7,500 90 90.2 91.2 92.2 90.2 92.0 89.8 90.0 90.2 90.8 90.6 91.0 87.6
7,500 95 95.2 95.8 96.4 93.8 95.4 94.8 94.0 95.2 95.4 95.2 95.0 96.0
7,500 99 99.2 100.0 99.2 99.4 98.8 98.6 97.4 99.4 98.8 99.6 98.6 99.6
10,000 90 89.6 90.4 86.8 90.4 89.2 89.2 90.4 89.4 92.4 88.6 88.8 90.0
10,000 95 95.8 95.6 93.2 95.6 95.8 94.8 95.6 95.0 96.2 94.6 94.4 96.0
10,000 99 99.0 99.0 98.8 98.2 99.4 98.4 99.4 99.4 99.0 99.4 99.6 99.4

Obs. CI τ12 τ13 τ14 τ23 τ24 τ34 τ44 ω12 ω13 ω14 ω23 ω24 ω34 ω44

2,500 90 90.4 88.6 92.4 90.4 89.4 88.2 88.2 90.4 90.4 91.4 89.2 91.8 90.6 91.8
2,500 95 94.4 94.6 97.2 95.4 95.4 93.6 94.0 95.0 95.6 95.8 94.8 96.0 95.2 96.2
2,500 99 98.4 98.6 99.4 99.0 99.2 98.6 98.6 98.6 99.0 99.4 98.0 99.2 99.6 99.4
5,000 90 91.0 89.4 89.4 88.4 90.4 91.4 91.0 91.0 88.4 86.0 88.4 89.6 91.8 90.2
5,000 95 95.2 93.6 95.0 93.0 96.2 94.0 95.0 94.8 93.6 94.0 93.8 94.4 96.8 95.0
5,000 99 99.2 99.0 99.0 98.6 99.6 99.4 98.8 99.6 99.4 98.4 98.0 99.4 99.4 99.0
7,500 90 92.2 90.0 88.4 88.0 89.6 91.4 91.0 90.2 91.4 90.4 90.8 91.6 90.8 89.6
7,500 95 96.8 94.8 95.0 95.2 94.4 96.0 96.2 95.2 95.2 95.6 94.2 97.2 96.6 94.0
7,500 99 99.8 98.8 99.0 99.2 98.8 99.6 99.2 99.0 99.4 99.4 98.4 98.8 99.4 99.2
10,000 90 91.0 89.6 89.8 90.8 90.4 89.0 91.0 89.0 90.8 89.4 91.6 90.6 89.2 89.2
10,000 95 95.8 94.6 93.4 94.6 95.4 94.4 93.8 93.6 94.2 93.8 97.0 94.6 94.8 94.8
10,000 99 99.2 99.8 98.8 99.4 99.6 99.2 98.8 98.6 98.8 98.8 99.2 98.6 98.8 98.8
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Table 4.22: Coverage percentages using rs577080509 with 2 components, of which 1 was binary, for 6 degrees of freedom. 500 replications were performed
to generate the figures. W denotes the Wald test-statistic. βj6 denotes the SNP coefficient for the j’th component. σjk, τjk, and ωjk denote the heteroskedastic
covariance parameters for components j and k.

Obs. CI W β16 β26 σ12 σ22 τ12 τ22 ω12 ω22

2,500 90 91.0 89.8 91.2 90.0 91.4 91.2 89.6 91.8 89.6
2,500 95 95.4 94.0 94.8 94.2 95.2 95.4 95.6 96.2 94.2
2,500 99 98.8 98.6 97.6 99.2 98.6 98.8 98.6 99.4 99.4
5,000 90 88.8 90.2 91.2 89.6 90.6 89.8 89.6 88.8 89.4
5,000 95 93.4 95.4 95.4 95.2 94.2 94.6 94.6 93.8 95.6
5,000 99 98.8 99.6 99.0 98.8 99.2 98.8 98.2 99.0 98.8
7,500 90 89.2 88.6 89.8 90.0 89.0 88.8 92.0 91.2 91.6
7,500 95 96.0 94.4 95.4 96.2 94.0 93.6 96.0 94.6 96.6
7,500 99 98.6 98.8 99.4 98.6 98.0 98.8 99.4 98.8 99.2
10,000 90 89.0 89.0 90.4 89.6 92.0 88.8 88.4 89.2 89.8
10,000 95 95.0 94.0 94.6 94.6 96.0 93.8 93.8 94.0 94.4
10,000 99 99.2 98.4 99.2 98.6 99.4 99.4 98.8 98.0 99.0
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Table 4.23: Coverage percentages using rs577080509 with 3 components, of which 1 was binary, for 13 degrees of freedom. 500 replications were performed
to generate the figures. W denotes the Wald test-statistic. βj6 denotes the SNP coefficient for the j’th component. σjk, τjk, and ωjk denote the heteroskedastic
covariance parameters for components j and k.

Obs. CI W β16 β26 β36 σ12 σ13 σ22 σ23 σ33 τ12 τ13 τ22 τ23 τ33 ω12 ω13 ω22 ω23 ω33

2,500 90 87.4 89.4 90.2 91.4 90.2 88.6 88.6 88.6 89.0 90.0 86.8 90.6 89.4 90.2 87.4 89.4 91.2 88.8 92.0
2,500 95 93.2 96.6 93.0 95.0 93.4 92.4 94.2 93.4 95.0 94.4 94.2 94.8 94.2 93.4 94.2 95.0 95.2 94.4 95.4
2,500 99 97.6 99.4 99.0 99.2 98.4 98.6 98.0 97.8 98.0 99.2 98.2 98.8 99.2 98.4 99.0 98.8 99.0 98.8 99.2
5,000 90 89.2 87.0 89.0 88.8 91.6 89.0 90.8 90.6 88.6 90.2 89.8 90.4 87.2 92.8 88.8 90.2 91.8 90.4 90.6
5,000 95 94.0 93.4 93.8 93.6 95.2 94.2 95.4 94.2 95.4 94.8 94.6 95.6 93.6 96.2 93.4 94.6 94.8 94.8 96.0
5,000 99 98.8 99.0 99.0 99.6 98.8 98.8 98.6 98.6 99.4 98.4 98.8 99.2 99.2 99.8 98.0 98.6 99.6 98.2 99.4
7,500 90 87.6 89.8 87.6 90.4 88.0 92.4 89.8 91.4 89.6 90.6 89.8 90.6 87.8 88.4 91.4 88.4 90.0 91.2 88.4
7,500 95 95.2 96.4 95.2 95.2 94.4 95.0 93.6 95.4 95.6 95.0 95.4 95.6 92.8 95.6 94.8 95.8 96.0 95.4 93.4
7,500 99 99.2 99.6 99.6 98.4 98.8 98.2 98.2 99.2 98.8 98.6 99.2 99.0 98.0 98.2 98.4 98.8 99.2 99.2 98.0
10,000 90 89.8 88.2 88.6 89.2 90.0 90.6 90.2 89.8 91.2 88.0 88.0 88.6 90.4 89.6 89.2 90.4 89.4 89.2 89.8
10,000 95 95.8 93.6 93.8 94.2 95.8 95.6 93.4 94.2 95.6 93.2 93.4 95.6 96.0 94.8 95.8 94.4 94.6 94.4 94.8
10,000 99 99.6 98.8 98.6 99.0 99.0 99.4 98.8 99.2 98.8 99.0 99.4 99.0 99.4 99.0 99.2 99.4 99.4 98.6 99.8
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Table 4.24: Coverage percentages using rs577080509 with 3 components, of which 2 were binary, for 11 degrees of freedom. 500 replications were performed
to generate the figures. W denotes the Wald test-statistic. βj6 denotes the SNP coefficient for the j’th component. σjk, τjk, and ωjk denote the heteroskedastic
covariance parameters for components j and k.

Obs. CI W β16 β26 β36 σ12 σ13 σ23 σ33 τ12 τ13 τ23 τ33 ω12 ω13 ω23 ω33

2,500 90 87.0 92.2 90.0 88.4 88.4 91.8 91.4 89.4 88.2 87.8 87.6 90.0 91.4 86.8 89.2 88.8
2,500 95 91.6 96.6 95.2 94.6 95.4 96.8 94.6 94.2 94.0 94.2 93.6 95.4 95.2 93.2 95.2 94.4
2,500 99 97.6 99.4 99.0 98.8 99.2 98.6 97.2 98.8 98.8 98.8 98.8 99.2 99.4 99.2 99.0 98.6
5,000 90 91.6 89.6 89.4 90.6 89.2 87.2 89.8 89.4 90.2 89.6 91.2 89.4 91.8 91.6 89.0 91.0
5,000 95 94.2 94.6 94.8 94.2 95.0 93.6 94.2 94.2 95.0 95.4 96.0 95.6 95.6 96.2 93.6 95.6
5,000 99 98.6 99.4 99.6 99.4 98.2 97.4 98.4 98.8 99.6 99.8 99.4 98.2 98.8 98.6 99.2 99.2
7,500 90 90.8 90.8 89.6 89.2 88.8 87.2 93.0 89.6 88.0 90.6 87.2 87.4 90.4 91.0 89.0 90.0
7,500 95 95.4 95.4 95.2 95.0 93.0 92.8 97.2 95.2 93.6 94.4 93.6 94.4 94.8 95.4 93.6 95.8
7,500 99 98.4 98.8 99.2 99.0 98.2 98.8 99.8 99.4 99.2 98.6 98.6 99.2 99.0 99.0 98.4 99.4
10,000 90 89.2 89.2 90.6 88.6 90.4 87.8 88.0 89.8 92.0 90.6 92.4 91.2 89.2 93.0 90.6 88.0
10,000 95 93.6 95.0 96.0 95.4 96.2 95.0 93.8 94.8 95.6 94.6 95.8 95.2 94.0 96.4 95.2 94.2
10,000 99 99.4 99.0 99.2 98.8 98.8 98.8 98.8 98.6 99.0 99.2 99.0 99.6 99.2 99.2 99.0 99.2
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Table 4.25: Coverage percentages using rs577080509 with 4 components, of which 1 was binary, for 22 degrees of freedom. 500 replications were performed
to generate the figures. W denotes the Wald test-statistic. βj6 denotes the SNP coefficient for the j’th component. σjk, τjk, and ωjk denote the heteroskedastic
covariance parameters for components j and k.

Obs. CI W β16 β26 β36 β46 σ12 σ13 σ14 σ22 σ23 σ24 σ33 σ34 σ44

2,500 90 84.4 90.2 88.8 91.4 89.6 88.6 89.4 90.6 88.6 91.0 89.4 90.6 90.0 89.8
2,500 95 90.4 94.8 93.6 96.2 95.0 95.0 93.8 95.8 94.4 95.2 94.2 94.2 94.0 94.6
2,500 99 98.0 99.2 98.4 99.4 99.2 99.2 99.0 99.8 98.6 98.6 98.6 99.2 98.8 97.8
5,000 90 84.8 90.0 88.0 90.6 89.6 89.6 87.4 91.8 90.0 90.8 90.2 89.8 90.8 87.8
5,000 95 92.0 94.6 94.4 94.2 95.4 93.8 93.6 96.4 94.0 94.6 95.0 95.8 94.8 92.6
5,000 99 98.2 98.0 98.2 97.8 98.8 98.0 98.2 99.0 98.4 98.6 98.2 99.0 99.2 97.6
7,500 90 90.4 92.8 89.2 89.8 87.8 90.8 90.4 90.0 89.8 91.2 88.8 91.2 91.8 89.8
7,500 95 94.0 96.4 94.8 95.2 93.2 94.8 95.6 95.2 95.2 97.0 94.2 95.2 95.6 95.0
7,500 99 98.2 99.4 99.0 99.2 99.2 98.4 99.2 99.0 99.2 99.4 98.8 99.0 98.6 98.4
10,000 90 90.2 89.4 90.2 91.0 91.2 91.0 92.8 90.6 92.6 86.8 90.2 89.6 90.8 89.2
10,000 95 95.6 94.8 95.6 95.4 95.4 95.4 97.4 95.4 96.4 94.2 94.8 95.0 96.0 94.8
10,000 99 99.4 98.8 98.8 99.2 99.2 99.4 99.6 98.4 99.2 99.0 99.4 99.6 99.4 99.4

Obs. CI τ12 τ13 τ14 τ22 τ23 τ24 τ33 τ34 τ44 ω12 ω13 ω14 ω22 ω23 ω24 ω33 ω34 ω44

2,500 90 89.0 91.8 90.0 92.2 89.6 88.2 90.4 90.6 87.0 90.0 90.4 88.6 88.4 90.2 89.2 92.0 88.4 90.8
2,500 95 94.8 96.8 94.8 95.6 94.8 93.2 93.4 94.4 95.4 94.4 95.0 93.6 93.4 94.4 93.4 95.2 94.0 94.2
2,500 99 98.6 99.2 99.2 98.6 99.4 99.4 98.6 99.0 98.8 98.4 99.0 99.4 98.6 98.6 97.6 99.8 98.8 98.8
5,000 90 92.0 88.4 89.4 88.6 89.8 89.4 89.6 90.4 90.4 89.2 88.6 90.6 90.6 88.8 88.4 90.6 92.8 90.4
5,000 95 96.2 92.4 95.2 92.4 94.0 95.0 93.6 94.2 94.6 95.2 93.4 95.0 93.8 94.6 95.2 95.4 96.2 95.0
5,000 99 99.4 98.6 99.0 98.6 99.2 99.2 98.4 99.4 98.4 99.6 99.0 99.2 99.0 99.0 99.0 99.0 99.6 98.6
7,500 90 90.2 89.6 91.6 88.4 89.6 89.8 88.6 91.6 89.8 91.2 90.8 89.6 91.4 90.2 90.6 91.8 91.4 90.0
7,500 95 94.6 96.0 95.6 93.0 95.4 95.0 93.4 95.0 95.2 95.6 95.6 94.4 96.0 95.0 95.8 95.6 95.0 94.4
7,500 99 99.0 98.6 99.6 98.2 99.4 99.4 99.0 99.4 99.2 99.0 99.2 98.6 99.2 99.0 99.2 99.2 98.8 98.6
10,000 90 90.2 89.0 92.0 87.8 90.4 91.2 90.0 89.4 88.6 88.8 87.6 92.0 89.0 90.0 90.4 90.8 91.6 90.8
10,000 95 93.8 95.4 96.2 95.2 96.0 95.8 96.2 93.8 94.4 94.8 94.2 95.8 95.2 95.0 95.6 95.8 95.6 94.2
10,000 99 98.8 98.8 99.2 98.4 98.6 99.0 99.2 98.2 98.4 98.4 99.2 98.2 98.8 99.6 98.8 99.2 99.4 98.0
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Table 4.26: Coverage percentages using rs577080509 with 4 components, of which 2 were binary, for 20 degrees of freedom. 500 replications were performed
to generate the figures. W denotes the Wald test-statistic. βj6 denotes the SNP coefficient for the j’th component. σjk, τjk, and ωjk denote the heteroskedastic
covariance parameters for components j and k.

Obs. CI W β16 β26 β36 β46 σ12 σ13 σ14 σ23 σ24 σ33 σ34 σ44

2,500 90 88.2 90.2 90.6 92.4 91.6 89.4 89.2 91.0 90.8 88.8 92.6 88.8 89.2
2,500 95 93.0 95.2 95.8 96.2 96.4 94.2 93.0 94.8 96.0 93.8 96.4 94.8 93.6
2,500 99 98.2 99.4 99.2 99.2 99.4 99.0 98.0 98.4 99.6 99.0 98.4 99.0 98.4
5,000 90 88.8 89.8 92.0 88.8 91.6 89.2 92.2 90.2 89.8 89.0 89.0 87.8 91.0
5,000 95 92.8 97.0 96.2 93.8 95.8 94.4 95.4 94.4 94.2 95.0 93.0 93.8 96.6
5,000 99 98.2 99.0 99.2 98.4 99.2 99.4 99.4 99.4 98.0 98.8 98.2 99.0 99.4
7,500 90 88.4 91.4 88.6 89.2 89.2 91.4 89.8 90.6 90.4 88.6 90.0 90.8 88.0
7,500 95 94.4 96.4 93.8 94.6 95.6 95.6 95.4 96.4 94.8 93.4 94.2 95.0 94.4
7,500 99 98.8 99.2 99.0 98.8 99.2 99.8 99.2 99.2 99.0 98.4 98.6 98.6 99.0
10,000 90 88.4 90.2 91.6 90.2 92.0 90.6 90.2 89.4 93.0 90.8 88.6 89.0 90.4
10,000 95 95.0 95.4 94.8 94.8 95.8 96.0 95.0 95.6 96.4 95.0 93.4 93.2 95.0
10,000 99 99.4 99.6 99.0 99.4 99.2 99.0 99.2 99.6 99.6 99.2 98.4 99.2 99.2

Obs. CI τ12 τ13 τ14 τ23 τ24 τ33 τ34 τ44 ω12 ω13 ω14 ω23 ω24 ω33 ω34 ω44

2,500 90 91.8 88.2 89.4 90.6 89.8 89.4 93.4 90.0 90.2 89.8 90.6 88.6 90.0 92.0 88.8 91.6
2,500 95 95.0 93.4 95.2 95.6 95.2 95.0 97.2 95.2 95.0 95.8 95.6 93.6 96.2 95.8 94.6 96.0
2,500 99 99.2 99.0 98.8 99.6 99.2 99.0 99.2 98.8 99.2 98.0 99.0 98.8 99.2 99.0 98.6 99.0
5,000 90 90.6 87.6 90.8 87.8 90.6 91.2 90.2 89.8 90.2 89.8 87.8 89.2 89.4 89.2 88.8 89.2
5,000 95 95.6 94.2 95.8 94.2 95.0 96.4 94.6 94.4 95.8 95.2 93.2 94.2 94.6 93.6 93.6 93.8
5,000 99 99.2 98.0 99.0 99.2 98.8 99.2 99.2 98.4 99.6 100.0 97.4 99.4 98.4 98.6 98.6 99.0
7,500 90 89.6 90.4 90.6 88.8 89.0 89.4 88.2 91.4 88.6 92.0 89.0 90.4 90.4 89.8 91.2 91.0
7,500 95 95.0 95.4 94.0 94.0 93.0 94.8 93.6 94.8 94.2 94.8 93.4 94.8 95.6 95.8 95.4 96.0
7,500 99 99.4 99.0 98.6 98.6 99.0 99.4 99.4 99.2 98.0 98.6 98.4 98.8 99.4 97.8 99.0 99.4
10,000 90 89.4 89.6 88.6 88.8 91.2 90.8 89.4 87.8 90.4 91.6 90.8 89.4 90.6 89.2 89.6 90.2
10,000 95 95.2 94.6 94.2 93.8 95.4 96.2 95.8 93.0 95.2 97.4 95.6 94.8 96.4 95.6 95.4 95.8
10,000 99 98.4 98.6 99.0 98.8 99.2 99.2 98.4 98.6 98.8 99.2 99.4 99.0 99.0 99.4 99.0 99.4
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Table 4.27: Coverage percentages using rs577080509 with 4 components, of which 3 were binary, for 18 degrees of freedom. 500 replications were performed
to generate the figures. W denotes the Wald test-statistic. βj6 denotes the SNP coefficient for the j’th component. σjk, τjk, and ωjk denote the heteroskedastic
covariance parameters for components j and k.

Obs. CI W β16 β26 β36 β46 σ12 σ13 σ14 σ23 σ24 σ34 σ44

2,500 90 88.0 92.0 89.4 89.8 88.6 92.0 86.2 91.0 90.8 89.4 87.8 92.4
2,500 95 93.6 96.6 95.0 95.0 94.0 95.4 93.4 95.6 95.6 95.0 93.4 96.4
2,500 99 97.8 99.2 99.6 99.0 98.0 99.0 98.6 98.8 99.4 98.2 98.6 99.4
5,000 90 88.6 89.6 91.4 89.0 91.6 90.4 87.0 90.6 87.2 92.6 92.2 90.2
5,000 95 94.4 95.6 95.4 93.8 96.2 95.8 93.0 94.2 93.0 95.6 96.4 95.0
5,000 99 98.4 99.6 99.2 98.2 99.2 99.4 98.6 98.4 98.2 99.2 99.8 99.0
7,500 90 88.8 88.4 88.2 89.6 92.6 89.8 86.6 91.0 90.0 91.4 86.4 91.0
7,500 95 94.2 94.4 92.8 95.4 96.2 94.4 93.0 95.6 95.6 95.4 94.6 95.6
7,500 99 98.2 99.4 98.2 98.2 99.2 98.4 98.6 99.2 99.0 99.4 99.2 99.2
10,000 90 91.8 88.8 90.0 90.2 89.2 90.2 90.8 93.2 89.8 91.8 90.8 89.6
10,000 95 94.8 94.6 95.0 93.6 94.6 96.2 95.8 96.4 94.2 95.8 96.0 94.8
10,000 99 99.6 99.0 99.2 99.0 99.4 99.4 98.4 99.0 99.2 99.0 99.4 98.0

Obs. CI τ12 τ13 τ14 τ23 τ24 τ34 τ44 ω12 ω13 ω14 ω23 ω24 ω34 ω44

2,500 90 89.6 89.6 89.8 88.0 90.6 88.8 90.2 89.6 91.2 92.2 89.6 89.8 87.4 90.8
2,500 95 94.4 94.2 95.0 94.6 96.6 94.0 95.2 94.8 95.6 95.8 94.4 95.8 93.0 96.6
2,500 99 99.0 98.6 98.8 98.8 98.8 98.4 99.2 98.8 99.2 98.8 98.6 99.0 99.2 99.8
5,000 90 87.2 91.2 91.2 91.2 91.0 91.2 86.4 90.4 91.0 92.4 89.6 90.8 91.8 91.6
5,000 95 93.8 95.4 94.6 95.8 95.6 96.0 92.8 95.4 96.2 96.6 94.4 95.8 95.0 95.4
5,000 99 99.0 97.8 98.6 100.0 99.0 99.2 97.6 99.0 99.8 99.4 98.4 99.6 98.8 99.8
7,500 90 88.4 89.2 90.8 90.2 89.4 91.6 89.2 89.2 90.2 90.2 87.6 87.2 91.8 91.6
7,500 95 94.8 94.2 95.2 94.6 94.6 95.6 94.4 95.6 95.6 96.6 92.6 95.4 96.2 95.6
7,500 99 98.6 98.8 99.2 99.2 98.6 99.0 99.6 99.0 99.2 99.2 99.0 98.6 99.2 99.2
10,000 90 87.0 91.8 88.6 88.2 89.6 92.0 91.6 90.2 89.4 89.8 88.8 89.8 92.8 91.2
10,000 95 92.8 95.6 94.4 93.6 95.2 96.0 96.2 95.6 93.2 94.4 96.2 93.4 97.0 95.0
10,000 99 97.8 99.4 98.6 98.4 99.4 99.2 99.4 99.6 98.4 98.4 99.4 98.4 99.6 99.6
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Table 4.28: Coverage percentages using rs71243915 with 2 components, of which 1 was binary, for 6 degrees of freedom. 500 replications were performed to
generate the figures. W denotes the Wald test-statistic. βj6 denotes the SNP coefficient for the j’th component. σjk, τjk, and ωjk denote the heteroskedastic
covariance parameters for components j and k.

Obs. CI W β16 β26 σ12 σ22 τ12 τ22 ω12 ω22

2,500 90 89.8 91.4 90.8 90.2 88.0 90.4 88.2 89.6 90.8
2,500 95 93.6 96.0 94.4 94.8 93.8 93.6 94.2 93.6 96.0
2,500 99 98.6 99.4 99.8 98.8 98.2 98.2 99.2 98.8 99.0
5,000 90 89.2 90.2 90.0 91.0 90.0 92.8 92.4 89.6 90.8
5,000 95 96.0 93.6 94.8 97.2 95.0 95.4 96.2 94.0 95.2
5,000 99 99.2 98.6 99.2 100.0 98.0 98.6 99.2 99.6 99.4
7,500 90 88.6 90.6 90.2 90.8 89.2 88.6 89.0 91.6 91.2
7,500 95 94.8 95.6 95.0 96.0 94.2 92.4 94.6 95.6 95.0
7,500 99 98.6 99.0 99.0 99.6 97.8 97.4 99.4 98.8 99.4
10,000 90 90.0 90.8 90.0 89.6 89.8 88.4 87.4 88.4 88.8
10,000 95 96.0 95.6 94.8 94.6 95.8 93.2 93.0 95.0 95.2
10,000 99 99.0 99.2 99.2 98.6 99.0 98.8 98.8 99.6 98.8
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Table 4.29: Coverage percentages using rs71243915 with 3 components, of which 1 was binary, for 13 degrees of freedom. 500 replications were performed
to generate the figures. W denotes the Wald test-statistic. βj6 denotes the SNP coefficient for the j’th component. σjk, τjk, and ωjk denote the heteroskedastic
covariance parameters for components j and k.

Obs. CI W β16 β26 β36 σ12 σ13 σ22 σ23 σ33 τ12 τ13 τ22 τ23 τ33 ω12 ω13 ω22 ω23 ω33

2,500 90 88.6 87.0 91.0 89.0 89.2 90.0 89.8 90.6 90.8 91.0 89.8 90.6 90.0 92.0 88.8 90.2 89.2 90.4 90.8
2,500 95 93.6 92.8 95.2 95.6 93.8 92.8 94.4 94.8 94.4 95.2 95.6 95.0 95.0 95.2 94.0 94.2 95.0 96.4 94.8
2,500 99 98.8 99.0 99.2 99.4 98.8 98.0 98.2 99.0 99.2 99.0 99.0 98.8 99.2 99.2 99.4 98.6 98.6 99.8 98.8
5,000 90 88.8 89.2 89.4 89.8 90.0 89.4 89.8 89.4 90.2 89.8 92.0 86.0 89.8 90.0 91.2 90.8 89.0 91.2 87.2
5,000 95 94.2 95.8 95.8 94.8 95.6 94.2 94.4 94.2 95.8 94.6 96.6 94.4 94.2 94.8 95.8 96.2 94.0 95.4 93.4
5,000 99 98.8 99.2 98.4 98.4 98.4 98.4 99.8 98.8 99.8 99.2 99.2 98.6 99.6 99.0 99.6 99.4 98.6 99.2 98.2
7,500 90 89.8 92.0 89.0 91.2 90.8 89.0 87.6 90.4 92.0 91.0 88.8 90.2 91.8 94.0 89.2 91.4 90.2 87.8 91.6
7,500 95 94.4 96.4 94.2 96.0 95.0 94.8 93.4 95.4 95.0 96.2 94.2 95.0 97.0 96.6 95.6 97.0 94.8 93.6 94.8
7,500 99 98.8 99.2 98.0 99.4 98.0 99.0 99.0 98.6 99.6 99.8 98.8 98.8 99.0 99.4 98.8 99.4 99.0 98.2 98.6
10,000 90 89.4 89.6 89.6 91.4 91.4 90.8 93.0 88.0 89.2 90.8 89.2 88.4 91.2 88.8 90.6 87.4 91.8 89.2 90.6
10,000 95 95.0 95.2 95.6 95.2 95.6 95.4 96.4 94.2 93.6 95.8 94.4 93.4 96.0 94.2 94.4 93.0 94.6 93.4 95.2
10,000 99 99.0 99.0 99.2 99.0 99.4 99.0 99.0 98.2 98.4 99.0 99.4 98.6 99.8 99.2 98.8 99.0 99.0 98.8 98.6

117117117



Table 4.30: Coverage percentages using rs71243915 with 3 components, of which 2 were binary, for 11 degrees of freedom. 500 replications were performed
to generate the figures. W denotes the Wald test-statistic. βj6 denotes the SNP coefficient for the j’th component. σjk, τjk, and ωjk denote the heteroskedastic
covariance parameters for components j and k.

Obs. CI W β16 β26 β36 σ12 σ13 σ23 σ33 τ12 τ13 τ23 τ33 ω12 ω13 ω23 ω33

2,500 90 87.6 89.2 86.8 89.6 88.0 90.2 90.2 89.0 91.8 90.6 89.2 90.4 89.4 89.4 92.4 88.8
2,500 95 93.8 94.4 94.2 93.6 93.6 95.4 94.6 93.2 95.8 96.2 94.8 95.6 95.0 94.8 96.2 94.2
2,500 99 99.0 99.0 98.0 97.8 98.0 98.8 98.8 98.0 98.6 99.6 99.2 99.0 98.4 99.2 98.2 98.6
5,000 90 89.6 89.2 90.6 88.8 90.8 91.8 90.2 89.0 90.8 88.6 89.4 92.4 91.4 89.2 88.6 89.0
5,000 95 95.6 94.6 96.0 93.8 95.4 95.4 95.8 94.6 97.0 94.6 95.0 95.2 95.2 94.8 93.4 93.2
5,000 99 99.4 99.6 99.4 99.0 98.8 98.8 99.4 98.8 99.2 98.6 99.4 98.6 99.4 98.6 98.8 98.0
7,500 90 90.0 87.6 90.0 89.4 92.2 89.6 87.8 89.8 90.2 92.4 91.8 89.2 89.0 90.4 91.6 90.2
7,500 95 94.6 91.6 95.6 93.4 96.2 95.4 93.4 95.2 96.2 96.0 96.4 95.6 93.6 94.0 94.8 95.2
7,500 99 99.0 98.8 99.0 99.0 99.2 99.0 98.6 99.2 98.4 98.8 99.2 99.0 98.4 98.8 98.8 99.0
10,000 90 88.8 89.4 91.0 88.8 89.6 90.2 88.2 92.2 89.0 92.0 90.0 89.8 90.0 88.6 87.4 90.6
10,000 95 95.4 96.0 95.2 94.6 94.8 95.6 94.8 95.4 94.6 95.4 94.8 95.2 94.6 95.4 94.6 94.2
10,000 99 99.2 99.2 99.0 98.8 99.4 98.2 98.8 99.0 99.6 98.8 99.2 98.2 99.2 99.2 97.6 98.4
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Table 4.31: Coverage percentages using rs71243915 with 4 components, of which 1 was binary, for 22 degrees of freedom. 500 replications were performed
to generate the figures. W denotes the Wald test-statistic. βj6 denotes the SNP coefficient for the j’th component. σjk, τjk, and ωjk denote the heteroskedastic
covariance parameters for components j and k.

Obs. CI W β16 β26 β36 β46 σ12 σ13 σ14 σ22 σ23 σ24 σ33 σ34 σ44

2,500 90 83.4 91.4 91.4 87.8 88.4 88.8 87.4 90.6 89.6 90.4 88.2 90.8 89.8 90.0
2,500 95 92.6 95.6 95.8 92.2 95.0 93.0 92.6 95.8 95.2 94.8 93.8 95.6 94.4 94.4
2,500 99 98.4 99.4 99.2 98.8 99.2 98.4 99.2 98.8 99.2 98.6 98.0 99.0 98.2 98.8
5,000 90 85.0 89.4 90.0 88.4 88.2 90.6 90.0 89.4 89.4 90.8 89.2 90.0 91.0 88.8
5,000 95 92.4 95.2 95.2 94.8 93.0 93.8 94.8 94.6 94.4 95.6 94.8 96.0 97.0 94.8
5,000 99 98.2 99.6 99.2 98.6 98.8 98.4 99.2 99.6 98.4 99.2 99.0 98.6 99.6 99.6
7,500 90 89.4 90.8 90.2 90.0 88.4 89.8 89.0 88.8 90.4 89.4 86.2 89.8 90.0 89.0
7,500 95 93.8 94.8 94.6 95.4 94.6 95.4 94.8 94.0 94.6 93.8 93.6 93.6 95.2 95.4
7,500 99 98.8 99.6 99.0 99.0 99.2 98.8 98.2 99.4 99.6 98.2 99.0 99.2 99.0 98.6
10,000 90 85.2 88.6 89.6 90.0 89.0 89.0 89.6 89.8 89.4 89.2 89.2 89.2 90.6 86.4
10,000 95 93.2 95.6 95.4 96.2 95.0 94.0 94.8 94.6 94.8 95.2 94.0 94.0 94.2 92.8
10,000 99 99.0 99.6 99.6 99.6 98.8 99.2 98.8 99.0 98.6 98.8 98.6 98.6 98.2 98.6

Obs. CI τ12 τ13 τ14 τ22 τ23 τ24 τ33 τ34 τ44 ω12 ω13 ω14 ω22 ω23 ω24 ω33 ω34 ω44

2,500 90 89.6 87.6 90.6 90.0 88.8 92.0 88.2 89.2 92.6 91.0 90.8 87.2 88.2 88.4 89.4 87.8 90.4 89.0
2,500 95 94.2 93.2 96.2 95.0 93.6 95.0 95.2 94.8 95.8 94.0 94.4 93.2 94.4 92.0 94.6 94.4 96.0 94.0
2,500 99 99.0 97.0 99.0 99.2 99.0 99.2 98.8 98.8 98.8 98.0 98.4 98.2 98.2 97.2 99.2 98.6 98.8 98.8
5,000 90 89.6 90.2 91.2 88.4 90.4 89.2 88.4 91.2 88.6 90.0 90.4 89.8 91.6 91.2 91.0 90.6 88.4 90.8
5,000 95 94.4 93.8 94.4 95.4 95.0 95.2 94.0 95.6 94.6 94.4 96.0 94.4 96.6 97.0 95.0 95.4 95.4 94.2
5,000 99 98.4 99.0 98.4 98.8 99.4 99.2 99.0 99.2 97.8 97.8 99.4 99.2 99.0 99.4 99.4 98.8 99.2 99.2
7,500 90 88.6 89.8 90.0 91.0 90.4 88.6 90.4 88.4 90.0 89.0 90.8 89.6 88.2 90.4 92.2 87.2 90.4 89.8
7,500 95 95.0 94.8 95.2 95.0 95.0 95.8 96.2 94.2 94.8 95.6 95.0 95.6 94.8 94.0 97.0 94.0 94.8 94.8
7,500 99 99.0 99.0 98.4 98.8 99.2 99.0 98.6 99.2 99.4 99.2 99.0 99.2 98.2 98.4 99.6 99.0 98.6 98.4
10,000 90 89.2 89.6 90.0 93.2 89.4 90.0 90.4 90.8 89.8 90.6 89.6 89.0 88.6 88.4 87.2 88.0 90.0 87.4
10,000 95 94.8 95.0 95.4 96.0 93.6 94.6 95.6 96.4 94.8 94.4 96.2 94.8 94.4 94.0 94.0 93.2 95.8 95.2
10,000 99 98.8 98.8 98.8 99.2 98.8 99.0 99.0 98.8 99.2 98.6 99.2 99.0 99.0 98.6 99.0 97.4 98.8 99.0
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Table 4.32: Coverage percentages using rs71243915 with 4 components, of which 2 were binary, for 20 degrees of freedom. 500 replications were performed
to generate the figures. W denotes the Wald test-statistic. βj6 denotes the SNP coefficient for the j’th component. σjk, τjk, and ωjk denote the heteroskedastic
covariance parameters for components j and k.

Obs. CI W β16 β26 β36 β46 σ12 σ13 σ14 σ23 σ24 σ33 σ34 σ44

2,500 90 86.0 89.8 90.6 89.0 88.6 90.8 87.4 89.6 87.0 90.0 90.2 88.8 89.8
2,500 95 91.0 94.6 95.0 95.4 94.0 94.8 93.2 96.0 93.4 94.0 94.4 94.2 95.0
2,500 99 98.4 99.2 98.4 98.8 98.0 99.4 98.4 99.2 98.4 98.8 98.0 99.4 99.2
5,000 90 88.6 89.2 92.4 90.8 90.4 90.4 87.6 87.8 88.8 90.8 91.6 90.0 91.4
5,000 95 93.8 94.2 96.0 94.4 95.4 95.8 93.4 93.8 95.0 95.2 95.2 94.0 95.4
5,000 99 98.6 98.6 99.0 98.4 99.6 98.8 98.4 97.8 98.4 99.0 99.0 99.4 99.0
7,500 90 88.4 91.0 89.0 85.8 89.8 92.2 88.8 90.0 90.2 90.4 87.4 87.4 89.0
7,500 95 93.4 95.6 95.0 92.2 93.6 96.2 95.2 94.6 94.4 95.4 92.2 94.0 93.2
7,500 99 97.8 99.4 99.2 98.0 98.8 99.0 99.4 99.2 99.0 99.2 98.0 98.0 98.0
10,000 90 92.0 91.0 89.4 91.4 90.6 89.4 90.4 90.6 87.8 90.0 89.2 89.4 91.0
10,000 95 96.0 96.8 93.6 95.6 94.6 95.8 93.6 95.0 94.0 94.8 95.6 95.8 95.0
10,000 99 99.2 99.4 98.8 99.4 99.0 99.0 98.8 98.8 98.8 99.6 98.8 99.2 98.6

Obs. CI τ12 τ13 τ14 τ23 τ24 τ33 τ34 τ44 ω12 ω13 ω14 ω23 ω24 ω33 ω34 ω44

2,500 90 88.6 91.2 90.6 91.2 91.0 89.0 86.8 88.8 90.6 90.4 88.0 91.4 87.6 89.6 88.6 88.4
2,500 95 94.6 94.8 95.6 95.6 95.0 94.8 93.8 95.4 95.4 95.8 93.8 96.0 94.8 95.2 94.4 94.4
2,500 99 99.0 98.8 99.0 99.2 99.4 99.2 97.8 98.8 99.0 99.6 99.2 99.2 99.0 99.2 99.2 99.2
5,000 90 91.6 89.8 87.2 90.4 87.6 91.4 89.8 90.4 90.4 91.4 90.4 89.0 91.4 87.4 90.6 88.4
5,000 95 94.2 95.2 94.0 95.4 94.0 96.4 95.2 95.2 95.0 96.4 96.0 94.2 94.6 95.4 94.2 94.2
5,000 99 99.4 99.0 99.2 99.6 98.4 99.6 98.4 99.2 98.2 98.8 99.0 99.6 99.2 98.8 98.4 98.8
7,500 90 90.0 91.8 92.2 90.8 89.4 90.4 91.8 89.4 90.4 89.8 90.6 91.0 89.2 90.0 89.8 89.2
7,500 95 95.4 96.6 96.4 95.8 95.2 94.4 96.4 94.8 95.2 95.8 95.2 94.8 95.0 95.0 94.0 96.0
7,500 99 99.2 99.4 99.0 99.6 98.6 99.4 98.8 98.6 99.6 99.8 99.4 99.2 99.0 97.6 99.0 99.2
10,000 90 89.6 90.6 88.6 88.8 91.0 90.8 93.6 92.0 88.2 90.0 89.8 91.6 91.2 90.0 89.8 90.8
10,000 95 94.6 97.0 95.0 94.8 96.4 95.8 97.0 96.6 93.8 95.8 94.4 96.6 96.4 94.0 93.8 95.8
10,000 99 98.2 99.8 99.2 98.4 99.6 98.8 99.6 99.0 99.4 99.0 99.0 99.2 99.6 98.8 98.8 99.6
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Table 4.33: Coverage percentages using rs71243915 with 4 components, of which 3 were binary, for 18 degrees of freedom. 500 replications were performed
to generate the figures. W denotes the Wald test-statistic. βj6 denotes the SNP coefficient for the j’th component. σjk, τjk, and ωjk denote the heteroskedastic
covariance parameters for components j and k.

Obs. CI W β16 β26 β36 β46 σ12 σ13 σ14 σ23 σ24 σ34 σ44

2,500 90 87.2 91.0 90.4 90.0 91.2 89.8 90.0 91.6 88.4 89.2 89.8 90.8
2,500 95 93.8 95.6 94.6 95.8 95.8 94.2 93.8 97.2 94.0 94.0 95.0 95.2
2,500 99 99.0 99.4 99.2 99.2 99.2 99.0 99.2 99.2 99.2 98.4 99.4 99.8
5,000 90 89.4 90.0 88.2 88.2 90.6 89.0 88.8 90.6 89.6 88.8 90.4 91.0
5,000 95 93.6 95.8 94.8 95.0 94.8 95.0 93.6 95.4 95.4 94.8 95.4 95.8
5,000 99 98.2 99.2 98.4 99.2 99.2 99.4 98.8 99.2 98.6 99.0 98.6 98.6
7,500 90 88.8 87.4 90.0 89.4 90.4 91.8 90.6 89.6 86.6 91.4 87.8 89.4
7,500 95 94.8 93.4 95.2 95.0 96.2 95.4 93.8 94.6 93.2 97.0 94.4 95.0
7,500 99 97.8 98.0 99.0 99.8 99.2 98.8 99.0 97.6 98.4 99.4 98.8 99.2
10,000 90 89.4 90.6 90.4 91.6 92.8 91.0 87.8 87.4 89.6 90.6 90.0 92.0
10,000 95 95.2 94.0 95.6 95.0 96.2 95.8 94.8 94.8 94.0 95.2 95.4 96.4
10,000 99 98.6 99.2 99.2 99.4 99.4 98.8 98.6 99.4 98.4 99.0 98.8 99.4

Obs. CI τ12 τ13 τ14 τ23 τ24 τ34 τ44 ω12 ω13 ω14 ω23 ω24 ω34 ω44

2,500 90 88.8 88.4 89.8 90.0 89.8 88.6 92.2 90.4 89.8 89.4 89.0 86.0 91.6 90.2
2,500 95 93.4 95.4 94.8 95.8 95.4 92.8 97.6 95.6 95.0 94.0 94.0 94.4 95.6 94.2
2,500 99 99.4 99.2 98.6 99.8 98.8 98.6 99.4 99.2 98.8 99.0 98.8 98.2 98.8 98.6
5,000 90 88.6 87.6 91.6 90.4 91.8 90.6 89.0 91.6 88.2 91.2 89.8 91.6 91.4 92.2
5,000 95 96.2 92.6 97.0 95.0 95.0 94.2 94.4 96.2 94.6 95.0 94.2 94.6 95.0 95.8
5,000 99 98.6 97.8 99.6 98.2 99.2 99.4 99.4 99.4 98.6 98.6 98.8 98.6 99.8 98.8
7,500 90 91.0 90.0 91.4 89.6 90.2 92.8 90.8 91.4 92.4 91.6 90.8 89.8 90.8 91.0
7,500 95 95.2 96.2 95.8 95.2 96.4 97.2 95.0 93.8 96.6 95.2 95.8 95.0 96.4 95.2
7,500 99 99.2 99.4 98.6 99.4 99.4 99.2 98.8 98.8 99.8 99.2 98.4 99.6 99.2 98.6
10,000 90 89.4 90.8 90.0 89.0 89.2 90.6 89.2 90.2 90.6 89.0 90.4 91.0 92.2 90.6
10,000 95 95.0 94.8 94.8 94.8 94.0 95.2 94.4 94.4 96.4 93.8 95.8 95.4 97.6 96.0
10,000 99 99.2 98.2 99.4 98.2 98.4 99.0 98.8 98.4 99.4 99.0 99.0 98.4 99.2 99.0
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Table 4.34: Coverage percentages using rs77267992 with 2 components, of which 1 was binary, for 6 degrees of freedom. 500 replications were performed to
generate the figures. W denotes the Wald test-statistic. βj6 denotes the SNP coefficient for the j’th component. σjk, τjk, and ωjk denote the heteroskedastic
covariance parameters for components j and k.

Obs. CI W β16 β26 σ12 σ22 τ12 τ22 ω12 ω22

2,500 90 87.8 89.8 89.4 87.8 90.8 88.0 91.2 90.4 87.8
2,500 95 93.4 96.4 95.0 94.0 93.6 94.8 96.0 95.6 93.6
2,500 99 98.8 99.6 98.8 99.0 98.2 99.6 98.8 99.2 98.2
5,000 90 90.4 92.0 88.6 89.4 88.2 88.8 88.6 89.6 90.0
5,000 95 94.2 97.0 93.0 95.6 93.8 95.0 94.8 95.2 95.8
5,000 99 99.4 99.8 98.4 98.8 99.0 98.6 98.8 99.8 99.0
7,500 90 91.6 91.4 90.2 89.8 92.2 89.4 88.6 90.4 89.8
7,500 95 94.4 94.0 96.0 94.4 96.0 95.4 94.0 95.6 95.4
7,500 99 99.6 99.2 99.2 99.4 98.8 99.2 99.0 99.0 99.4
10,000 90 91.6 91.0 90.6 90.0 90.0 87.6 89.8 89.4 90.4
10,000 95 95.0 97.2 95.4 94.0 94.6 93.8 95.2 94.4 94.0
10,000 99 98.6 99.0 98.6 98.4 99.4 99.0 99.0 99.4 98.4

122122122



Table 4.35: Coverage percentages using rs77267992 with 3 components, of which 1 was binary, for 13 degrees of freedom. 500 replications were performed
to generate the figures. W denotes the Wald test-statistic. βj6 denotes the SNP coefficient for the j’th component. σjk, τjk, and ωjk denote the heteroskedastic
covariance parameters for components j and k.

Obs. CI W β16 β26 β36 σ12 σ13 σ22 σ23 σ33 τ12 τ13 τ22 τ23 τ33 ω12 ω13 ω22 ω23 ω33

2,500 90 88.2 89.8 91.6 91.0 87.2 90.6 91.0 90.0 89.4 91.2 87.4 89.4 90.4 89.8 91.0 90.0 90.0 88.2 90.0
2,500 95 94.2 94.4 94.6 95.0 93.4 95.2 95.4 95.2 94.2 95.8 93.6 95.0 95.8 93.6 96.0 94.4 95.2 94.6 95.0
2,500 99 98.6 98.6 99.4 99.4 98.6 98.4 99.0 98.2 98.6 98.8 98.6 98.0 99.6 98.2 98.2 98.4 98.8 99.6 98.8
5,000 90 89.4 89.8 88.6 90.6 92.0 90.6 89.6 90.4 91.0 91.4 89.0 91.2 89.8 92.6 87.6 90.6 88.8 88.4 92.8
5,000 95 94.6 94.6 94.6 95.6 95.2 94.8 95.6 94.6 95.4 95.6 94.4 95.2 95.0 96.6 93.4 95.4 94.8 94.2 96.0
5,000 99 99.4 99.0 98.8 99.2 98.6 99.0 100.0 98.8 99.0 98.2 99.0 99.2 98.8 99.6 97.8 99.0 99.0 98.6 99.4
7,500 90 87.2 90.4 91.0 88.6 89.8 90.2 89.8 90.8 91.2 89.2 91.2 92.8 91.0 92.0 92.6 89.8 91.0 89.6 90.8
7,500 95 94.0 95.6 95.6 94.6 95.2 95.0 94.0 95.6 95.2 94.0 95.8 96.8 94.8 96.4 97.2 94.2 94.8 95.0 94.8
7,500 99 99.0 99.2 99.4 98.8 98.8 98.2 98.4 99.0 99.0 98.6 99.0 99.8 99.2 99.2 99.4 98.8 98.6 98.0 99.4
10,000 90 91.4 89.8 89.0 89.2 87.4 90.6 90.6 90.6 90.2 90.8 89.4 91.8 92.4 87.6 90.8 90.0 89.6 90.2 90.4
10,000 95 95.4 95.0 95.0 94.0 93.4 95.0 96.0 94.6 95.6 95.0 95.2 96.8 95.6 95.8 95.8 94.4 94.4 94.6 93.8
10,000 99 99.0 98.8 98.4 98.8 98.0 98.4 98.6 99.2 99.0 98.0 99.8 99.8 98.6 99.2 99.0 98.4 99.4 99.2 98.8
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Table 4.36: Coverage percentages using rs77267992 with 3 components, of which 2 were binary, for 11 degrees of freedom. 500 replications were performed
to generate the figures. W denotes the Wald test-statistic. βj6 denotes the SNP coefficient for the j’th component. σjk, τjk, and ωjk denote the heteroskedastic
covariance parameters for components j and k.

Obs. CI W β16 β26 β36 σ12 σ13 σ23 σ33 τ12 τ13 τ23 τ33 ω12 ω13 ω23 ω33

2,500 90 88.4 90.8 89.6 88.2 86.6 88.0 89.4 90.4 92.4 88.2 89.4 91.2 89.0 89.6 89.4 87.2
2,500 95 94.4 95.8 94.4 94.2 92.8 93.8 94.2 94.4 96.2 93.6 96.2 96.2 94.2 94.2 93.6 92.0
2,500 99 98.6 99.6 99.0 98.6 99.0 98.2 99.4 98.8 99.2 99.2 99.6 98.8 99.2 99.0 98.2 98.0
5,000 90 86.6 88.6 90.6 90.6 89.4 86.2 91.4 90.8 89.2 88.2 90.8 92.4 90.0 90.0 89.4 92.0
5,000 95 93.2 95.8 95.6 94.8 94.4 92.8 95.0 95.0 93.0 92.6 94.6 96.4 96.0 95.2 95.6 96.0
5,000 99 98.2 98.8 99.2 98.8 99.2 98.2 99.2 99.0 99.2 98.8 99.4 99.6 99.4 99.4 98.6 99.2
7,500 90 90.4 89.8 89.4 92.4 90.2 91.4 88.4 91.4 89.0 91.4 86.6 92.0 90.0 87.4 89.4 90.4
7,500 95 95.6 95.6 94.0 95.8 94.6 94.8 92.4 96.0 94.2 95.2 93.8 96.2 94.4 93.6 95.0 94.8
7,500 99 98.8 98.8 98.8 98.8 99.2 99.2 97.8 99.4 99.0 98.6 98.8 99.0 99.0 98.8 99.4 98.8
10,000 90 90.0 89.8 90.4 90.6 89.4 88.2 87.6 90.2 91.2 89.2 90.8 90.6 89.8 91.6 90.2 89.8
10,000 95 94.8 94.8 94.8 94.8 95.8 95.2 94.4 96.2 95.0 94.2 95.8 95.0 94.8 94.6 94.6 93.8
10,000 99 99.0 99.2 99.0 99.2 99.2 99.2 98.6 99.4 98.8 98.8 99.4 99.2 98.2 99.0 99.0 98.4
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Table 4.37: Coverage percentages using rs77267992 with 4 components, of which 1 was binary, for 22 degrees of freedom. 500 replications were performed
to generate the figures. W denotes the Wald test-statistic. βj6 denotes the SNP coefficient for the j’th component. σjk, τjk, and ωjk denote the heteroskedastic
covariance parameters for components j and k.

Obs. CI W β16 β26 β36 β46 σ12 σ13 σ14 σ22 σ23 σ24 σ33 σ34 σ44

2,500 90 86.6 90.4 90.0 90.2 90.4 89.8 91.2 90.4 91.4 90.4 88.2 92.6 89.8 91.4
2,500 95 92.4 94.8 95.8 94.4 93.8 94.4 94.4 94.8 96.6 94.8 92.4 96.2 94.6 96.6
2,500 99 98.2 99.0 99.2 99.2 98.8 99.4 99.2 99.0 99.0 98.6 97.4 99.4 98.6 99.0
5,000 90 86.8 92.0 88.2 90.4 90.2 88.2 87.0 90.0 92.8 89.2 88.2 91.0 89.6 90.2
5,000 95 93.6 96.6 93.2 93.4 94.4 95.2 93.6 94.8 97.0 93.4 93.6 96.0 94.0 95.2
5,000 99 98.8 99.8 98.8 98.0 99.6 98.2 98.8 99.0 99.6 98.2 98.8 99.4 99.0 98.4
7,500 90 88.6 91.8 91.2 88.2 92.0 88.4 88.8 90.2 88.8 89.4 88.2 89.0 92.8 89.4
7,500 95 94.2 95.4 95.2 94.0 95.6 94.8 93.6 94.4 95.8 94.6 94.6 93.8 97.0 94.4
7,500 99 98.6 98.6 99.2 98.8 99.0 98.0 98.8 98.4 99.4 99.2 99.0 98.6 99.6 98.6
10,000 90 91.4 92.8 90.0 92.8 90.2 91.2 90.8 90.6 89.2 88.8 87.4 91.2 89.6 90.4
10,000 95 95.2 95.6 94.4 95.8 94.4 97.0 96.4 94.2 94.4 94.2 93.6 95.6 95.2 95.0
10,000 99 97.8 99.4 99.4 98.8 99.0 99.6 99.2 98.4 98.4 99.0 99.0 99.0 98.4 98.0

Obs. CI τ12 τ13 τ14 τ22 τ23 τ24 τ33 τ34 τ44 ω12 ω13 ω14 ω22 ω23 ω24 ω33 ω34 ω44

2,500 90 86.6 92.0 88.2 90.6 90.2 90.4 88.2 89.8 89.0 93.0 90.4 89.4 90.6 87.2 89.4 89.2 89.6 87.8
2,500 95 93.0 96.4 93.2 95.0 94.4 96.6 94.0 94.2 93.8 97.6 95.4 93.4 95.0 94.0 95.4 94.8 94.2 92.2
2,500 99 98.8 99.6 98.6 98.4 99.0 99.4 97.8 99.2 98.2 99.8 98.8 97.8 98.6 99.0 98.8 98.6 98.8 99.0
5,000 90 90.0 91.8 89.2 88.6 87.6 91.2 87.2 87.6 91.4 87.2 89.0 90.4 91.8 90.2 90.0 88.4 88.0 90.6
5,000 95 94.8 95.4 94.6 94.0 93.0 95.0 92.8 93.4 95.8 92.8 93.2 95.6 95.6 96.2 94.2 94.0 93.2 95.6
5,000 99 99.8 99.4 99.2 99.0 97.4 98.6 98.2 98.8 99.2 98.8 98.0 99.0 99.0 99.2 98.4 98.6 98.0 99.8
7,500 90 89.6 91.4 89.8 93.8 92.6 90.2 89.4 91.4 91.6 90.0 88.8 89.2 91.8 89.0 92.8 89.4 90.8 89.6
7,500 95 94.4 95.2 94.0 97.4 95.6 94.2 96.4 95.6 95.8 94.8 94.2 94.6 96.0 94.8 96.6 94.2 95.4 95.4
7,500 99 98.6 98.4 98.6 99.6 99.4 98.6 99.4 98.6 99.6 99.0 97.8 99.0 99.2 98.8 99.0 98.4 99.0 99.6
10,000 90 87.8 89.2 89.8 94.0 88.4 90.8 88.6 87.8 91.2 92.2 90.2 89.6 92.0 91.6 91.4 90.2 90.8 90.0
10,000 95 93.8 94.6 95.6 97.0 94.8 95.4 94.0 94.8 95.2 97.0 95.2 94.0 97.0 96.2 94.8 95.0 95.2 96.0
10,000 99 98.0 99.4 99.4 99.6 99.2 98.2 98.0 99.0 99.0 99.6 98.6 99.2 99.4 99.0 99.2 99.6 99.0 99.4
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Table 4.38: Coverage percentages using rs77267992 with 4 components, of which 2 were binary, for 20 degrees of freedom. 500 replications were performed
to generate the figures. W denotes the Wald test-statistic. βj6 denotes the SNP coefficient for the j’th component. σjk, τjk, and ωjk denote the heteroskedastic
covariance parameters for components j and k.

Obs. CI W β16 β26 β36 β46 σ12 σ13 σ14 σ23 σ24 σ33 σ34 σ44

2,500 90 87.8 91.2 89.8 92.0 84.6 88.8 89.2 90.8 90.0 89.2 89.4 91.8 88.4
2,500 95 94.2 95.0 94.4 96.4 91.8 92.8 95.6 96.4 94.8 93.6 93.2 95.4 95.2
2,500 99 98.8 99.0 99.6 100.0 98.8 98.6 98.6 99.2 99.2 98.0 98.2 98.8 99.2
5,000 90 88.4 90.0 89.6 87.8 88.8 90.6 89.4 89.8 89.4 90.6 90.0 91.2 90.2
5,000 95 95.0 94.6 95.2 92.4 94.0 94.6 94.0 94.6 94.8 95.6 94.8 96.2 95.2
5,000 99 98.8 98.4 99.0 98.0 99.4 99.0 98.0 99.6 98.6 99.2 99.0 99.0 99.0
7,500 90 91.6 88.6 90.6 90.2 89.4 90.0 88.8 89.6 90.6 89.6 88.4 94.2 90.8
7,500 95 95.6 95.0 95.0 94.2 94.6 95.2 94.0 95.4 95.6 95.2 94.4 97.4 95.4
7,500 99 98.6 99.4 99.6 98.6 97.8 99.2 98.8 99.2 98.8 98.8 99.0 99.6 98.4
10,000 90 90.6 90.4 91.6 88.6 90.8 89.2 90.0 90.6 89.8 88.4 90.2 89.8 91.0
10,000 95 95.4 95.0 96.0 94.6 94.6 95.0 95.6 95.2 94.4 94.0 94.4 94.2 94.8
10,000 99 98.8 99.2 99.6 99.4 98.8 97.8 98.8 99.0 98.4 98.6 98.0 98.8 99.0

Obs. CI τ12 τ13 τ14 τ23 τ24 τ33 τ34 τ44 ω12 ω13 ω14 ω23 ω24 ω33 ω34 ω44

2,500 90 89.6 90.6 90.6 89.8 85.4 89.8 88.4 88.4 89.2 93.8 91.4 90.2 89.0 90.0 90.8 89.6
2,500 95 95.2 95.4 94.8 95.0 92.0 96.8 93.6 94.2 95.6 96.2 96.2 94.8 95.6 95.0 96.0 95.0
2,500 99 99.4 99.0 98.4 99.2 98.8 99.8 98.8 98.4 98.8 99.6 98.6 99.4 99.6 99.2 99.2 99.0
5,000 90 91.2 91.0 88.4 90.0 92.6 88.6 91.2 88.2 89.6 90.2 90.0 91.4 86.6 92.2 86.8 91.8
5,000 95 95.2 95.0 93.6 95.6 97.2 94.2 96.2 95.0 95.6 94.6 94.0 95.8 94.4 96.8 93.0 96.6
5,000 99 99.2 98.6 98.4 99.2 99.6 99.2 98.8 99.2 99.4 99.2 98.6 99.8 99.0 99.4 98.0 99.4
7,500 90 88.8 91.2 87.8 92.0 88.4 91.0 89.8 88.2 88.8 89.4 89.8 92.0 91.2 90.6 89.0 91.2
7,500 95 96.0 95.8 95.2 96.0 93.8 95.8 95.2 94.0 95.0 93.4 95.4 96.4 95.8 94.8 94.6 95.2
7,500 99 98.6 98.6 99.6 99.0 98.8 99.2 99.2 98.8 99.0 98.2 99.4 99.2 99.0 98.8 99.4 99.2
10,000 90 89.2 91.0 90.6 88.8 90.4 91.2 91.6 90.2 88.0 90.2 90.4 91.2 92.0 91.0 89.8 89.8
10,000 95 94.0 95.6 95.0 93.4 96.2 96.8 96.4 94.8 94.4 94.6 96.0 94.8 96.4 95.6 95.2 94.8
10,000 99 98.4 99.2 98.8 98.2 99.2 99.4 98.8 98.4 99.4 98.6 99.4 99.0 99.6 98.8 99.0 99.2
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Table 4.39: Coverage percentages using rs77267992 with 4 components, of which 3 were binary, for 18 degrees of freedom. 500 replications were performed
to generate the figures. W denotes the Wald test-statistic. βj6 denotes the SNP coefficient for the j’th component. σjk, τjk, and ωjk denote the heteroskedastic
covariance parameters for components j and k.

Obs. CI W β16 β26 β36 β46 σ12 σ13 σ14 σ23 σ24 σ34 σ44

2,500 90 85.4 90.8 88.6 89.6 90.4 89.4 88.2 91.2 91.8 91.4 92.2 90.4
2,500 95 93.6 96.6 94.4 93.6 95.2 93.2 93.2 96.4 93.8 95.2 95.8 96.0
2,500 99 98.4 99.2 98.6 99.2 98.8 99.0 99.2 99.0 98.0 99.0 99.4 99.2
5,000 90 88.6 90.8 90.8 89.6 89.2 90.4 87.4 89.6 89.2 91.2 89.6 88.2
5,000 95 93.2 95.6 95.6 96.4 94.4 94.4 94.6 94.4 94.2 96.8 95.6 93.8
5,000 99 99.4 99.8 99.0 99.8 99.0 98.8 98.8 98.8 98.8 98.8 98.8 98.6
7,500 90 91.6 91.4 91.2 90.0 89.6 91.8 88.6 90.8 88.2 88.4 89.6 90.0
7,500 95 95.4 95.8 95.6 95.2 94.4 95.0 95.6 95.6 94.0 94.4 94.2 95.4
7,500 99 98.6 99.2 99.2 99.4 99.0 98.8 99.0 99.8 99.6 99.0 98.6 98.4
10,000 90 90.2 90.0 90.2 91.6 91.6 88.8 92.4 91.4 89.6 90.0 89.8 88.6
10,000 95 95.8 95.0 95.4 96.4 96.2 95.0 96.8 95.2 94.0 95.0 94.8 93.8
10,000 99 98.8 99.2 99.0 99.0 99.4 98.8 99.4 99.4 99.2 98.8 98.6 97.4

Obs. CI τ12 τ13 τ14 τ23 τ24 τ34 τ44 ω12 ω13 ω14 ω23 ω24 ω34 ω44

2,500 90 89.4 89.4 90.2 87.8 90.2 90.8 86.2 91.6 92.2 91.0 90.2 88.8 91.6 88.8
2,500 95 93.6 94.0 94.0 94.0 95.2 96.0 92.8 96.6 96.2 95.4 96.2 93.4 95.6 93.8
2,500 99 98.4 99.6 98.6 98.6 98.6 98.6 98.4 98.6 99.0 99.4 99.6 98.4 99.4 98.4
5,000 90 89.0 88.2 89.2 89.6 89.8 90.8 91.6 88.4 89.2 89.6 89.4 90.4 90.0 88.6
5,000 95 95.0 92.6 94.6 93.4 93.8 95.6 95.8 94.0 93.4 94.0 94.2 96.2 96.0 93.8
5,000 99 99.4 98.8 98.0 97.6 98.6 99.0 99.2 99.6 98.6 98.8 99.6 99.0 99.2 98.8
7,500 90 89.6 87.4 91.2 88.8 91.6 88.6 88.4 88.2 91.2 91.4 88.6 90.6 91.0 88.8
7,500 95 94.8 93.4 95.4 94.6 96.4 93.4 95.0 94.4 95.4 96.0 94.6 95.0 94.8 93.8
7,500 99 98.8 99.2 99.4 99.2 98.6 98.2 99.2 98.8 99.2 98.8 98.4 98.8 100.0 99.0
10,000 90 89.0 91.6 88.8 94.0 88.2 90.6 89.8 90.8 91.0 90.8 91.2 91.0 90.6 90.0
10,000 95 95.4 95.0 93.2 97.2 92.2 95.2 94.8 94.6 95.6 95.6 95.6 94.6 95.4 95.0
10,000 99 99.6 99.2 98.8 99.2 97.4 99.2 98.8 99.2 99.2 99.4 98.8 98.8 99.4 98.6
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