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ABSTRACT

We investigate the behavior of (univariate) cumulative distribution
functions which are defined on an abstract linearly ordered space. Special
emphasis is given to the study of a class of linearly ordered spaces which
J.H.B. Kemperman introduced into the subject of nonparametric tolerance
regions. Distribution functions on such spaces can be decomposed. Con~-
siderable attention is given to applications. In particular, it is shown
how a number of nonparametric statistical procedures can be extended to

include situations of multivariate and time dependent data.



UENERALIZED CUMULATIVE LISTRIBUTION Functioks: [.
e Liear Case wiTe SPPLICATIONS.
T6 1 OHPARAMETRIC STATISTICS®

by Gordon Simons

1. IiTRODUCTIGH AJD SUISARY. This paper begins a systematic study of

(cumulative) distribution functions defined on an abstract linearly ordered
space. J.H.B. Kemperman (1956) has already shown (in an abstract setting)

the potential such functions have for nonparametric statistical applications.
This potential has motivated our study (even before we were aware of Kemperman's
work on generalized tolerance 1imits) and it strongly influences and sorewhat
limits the topics discussed here. We find that it is possible to extend the
range of applicability of those procedures of nonparametric statistics which
are based on the so-called "probability integral transformation’ to include
situations in which the data is pultivariate valued.l/ (It is sufficient

that the data be expressible in a separable metric space.)

Kemperman requires his linearly ordered spaces to satisfy a mild but
important countability assumption. The implications of this assumption;are
more far reaching than his paper suggest. liany of the familiar properties
of classical (univariate) distribution functions fail without it. The
assumption, which is stated with no reference to probabilistic terms, can

be expressed completely in such terms. We do not always restrict our

-
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l/We do not wish to suggest that this possibility is entirely a new idea.
Indeed, Wald showed how to compute nonparametric tolerance limits for
multivariate data in 1943 [11]!



attention to spaces for which the assumption holds.

Finally, it should be mentioned that Flavio Rodrigues (1972) has found
a generalized distribution function (defined on a linearized separable
metric space) to be a useful theoretical tool in his work. Heis concerned
with demonstrating new relationships between the concepts of weak con-
vergence and convergence in probability. We shall not discuss his work

further except to indicate points of overlap.

2. BASIC CONCEPTS, TERMINOLOGY AilD ilOTATIQil. A nonempty space of

points X 1is linearly ordered if there has been an exclusive assignment of

one the relationships Xy < X, and X, < Xy to each distinct pair

X,y X, 1in X and the following transitive relationship holds: X, <%,

1’ 72
and X, < Xq imply X, and xy are distinct and x, < Xge Since this
is a well-known concept, we shall use without explanation the related order
symbols "<", ">", and "2" and statements such as ”xl precedes x2”,
"x, 1s larger tham xl" and "A < B" for subsets A, B of X.

Let X = AUB with A < B. We refer to any set such as A (including
X and the empty set @) as an initial and any set such as B as a terminal.
The smallest o~field B containing all of the initials (and terminals) of
X 1s called the order o-field and its members are called order sets.
If A (B) has a largest (smallest) point x it is said to be closed and

2/

we write A = X (B = ;). A (B) 1is open if B (A) is closed.

Of course, A and B may both be open and closed at the same time. Both

2/Since we shall have little need to refer to topology, we let convenience
take precedence over common topological terminology with this term and the
term “open" which follows.



may be neither closed nor open, as may be seen when ¥ 1s the set of
rational numbers and A = {x < V2}. Likewise, if X is the set of real
numbers, then X and ¢ are neither closed nor open. If X 1is the non-
negative integers, then X 1s a closed terminal but not a closed initial.
A linearly ordered space X is called a kappa space or, for brevity,
a k space if each nonempty initial of ) is expressible as a countable
union of closed initials and each nonempty terminal of X 1is expressible

3/

as a countable union of closed terminals.™ When X 1s a « space the
order o-field B 1is generated by the closed (alternatively the open) initials
of X.

Let (R, F) be a measurable space. A mapping X from { into the
linearly ordered space X 1s called a random variable (r.v.) (in X) if
the inverse image of each order set BeB is a set in F. This concept

includes the usual real random variable (r.r.v.).

Let P be a probability measure on (2,F). The function
F(x) = P(Xsx), xeX, is called the (cumulative) distribution function

(d.f.) of X. It is well-defined since XeB  for each xeX. Further,
F(X) 1is a r.r.v. since {xeX: F(x)st} 1s an initial for each real t.
A d.f. is dense if its range is dense in the real interval [0,1]. A d.f.
F is right contimuous at the point xeX i1f for each € > 0 there exists
an open initial A with xeA such that F(u) < F(x)+e for each wuecA.

A d.f. is right contimuous if it is right continuous at every point xe¥

for which x is a proper subset of X. A d.f. is discrete if there exists

£5'/T.his concept was introduced by J. H. B. Kemperman (1956). Actually, he was
working with a slightly more general ordering by allowing distinct pairs of
points_to be equivalent and notrorder comparable. Allvof: our results are
expressible in his greater generality.
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a set of positive constants {pm} (necessarily countable)} and corresponding

(distinct) points {xm} in X such that

F(x) = z{m:x <x} Pp» * € X
i

3. THE PROBABILITY IWTEGRAL TRAUSFORMATION. If F is the d.f. of a
random variakble X, F(X) (for historical reasons) is called the probability
integral transformation. It is an important fact in the study of nonpara-
metric statistics that F(X) is a uniformly distributed r.r.v. on [0,1]
when X is a r.r.v. and F 1is continuous.

We now state and (for completeness) prove the following theorem due

to Kemperman:

Theorem 1. Let X be a r.v. in the ¢ space ¥ with d.f. F
arising from the probability measure P. F(X) s a uniformly distributed

0 for every xeX.

[}

r.r.v. on [0,1] 2f, and only if, P(X = x)
Proof. Let 0 <t<1, A= {x: F(x) £t} and B =X- A. Then

F(X) dis distributed as claimed if we can show
P(F(X)<t) = P(XeA) = t.

Ssuppose A # @. Since X 1is a « space, the initial A may be expressed

®

as Uk=1 a, where a; £ a, s ... all belong to A. Then t 2 F(ak) =

P(Xegk) /'P(XeA) as k » », and hence, P(XeA) <t even if A = {.

(-]

Similarly, if B # @, then B = Uk=1 gﬁ vhere b12b22... all belong to

B and t < F(b) = P(Xsb,) = P(X<by) 1—P(x63k) \. 1-P(XeB) = P(XeA) as
k - o, Then, even if 5 =@, P(XeA) =2 t and the conclusion follows.

The converse is immediate. [J



There is a simple necessary and sufficient condition for F(X) to
be uniformly distributed on [0,1] which does not require X to be a

v space:

Theorem 2. Let X be ar.v. in X with d.f. F. FX) ig a
uniformly distributed r.r.v. on [0,1] if, and only if, F <8 dense.
Proof. If F is dense, then for any =xeX with F(x) ¢ [0,1) and
€>0, there exists a yeX for which F(x) < F(y) < F(x)te. Thus
F(x) = P(Xsx) < P(F(X)SF(x)) s P(F(X)<F(y)) s P(xsy) = F(y) s F(x)+e.
Since €>0 1s arbitrary, it follows that P(F(X)<t) = t for every t in
the (dense) range of F. This implies F(X) dis uniformly distributed

on [0,1]. The converse is immediate. [

4, KAPPA SPACES. In contrast to the distribution functionms of real
random variables, the d.f. of a r.v. X may not contain all the information
it reasonably should about X. To illustrate this, in Section 7, We
exhibit a r.v. X and a family of probability measures {Pa’ a e [0,1]7})
which all give rise to the same d.f. F for X. F(x) = 0 for all
xeX except for a particular point X°€X at which F(x) = 1, and yet
Pa(ano) = o, (Note the curious implication that F(X) 1is a Bernoullj
variable with mean o wunder Pa') Theorem 1 makes clear that this could
not happen when X is a r.v. in a k space. (Consider the case o = 0.)

This leads us the the following elementary result:

Theoreir 3. Let X be a r.v. in the k space X with d.f. F arising
from the probability measure P. Then F uniquely determines the value of

P(XeB) on the order o-field B.



Proof. Clearly, F determines the value of P(XeB) on the semi-ring
of sets B of the form X or §—§ and consequently on the o~rimg

generated by the closed initials. When X is a k space this o-ring

is B. 0O

With the assumption that X 1is a k space, we can establish useful

characterizations of dense and discrete distribution functions:

Theorem 4. Let X be a r.v. in a k space X with d.f. F. Then
1. F <is dense if, and only if, P(X=x) = 0 for xeX.
1I. F <s discrete if, and only if, Z{le} P(3=x) = 1 for same

cowitable set of distinet points {xm} in X, and then

F(x) = z{m:mex} P(X=x ), XeX.

Proof. I is immediate from Theorems 1 and 2. In showing II, we
need the following lemma:
Lemma. Under the Assumption of Theorem 4:
sup F(x) = P(X<u), inf P(%<x) = F(u) and sup F(x) = 1.
x<u x>u xeX

(The "sup™ is zero and the "inf" is one when their index sets are void.)

Wow suppose F is discrete so that F is expressible as

FGx) = z{m:xm.<.x} P2 ¥X-

From the lemmta, we obtain Z{le} mel and P(x=xm)=ZF(xm) - sup F(x)2 P

X<X
. ™
Thus

1= E{mZ]_} pm s z{le} P{X=Xm} <1,

and 11 follows (the converse being triviaDd. O
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Lemma Proof. Let A be the open initial {x:x<u} which is expressible

(unless A = @) as Uk:1 ;k with alSaZS ... all in A. ‘Then

sup F(x) 2 limk*w F(ak) = P(XeA) = P(¥<u).
x<u

Since F(x) < P(X<u) for x<u the first equality of the lemma follows,

including the case A = (). The other parts of the lemma are shown similarly. [}

Corollary 4.1. Let F be ad.f. associated with a r.v. X 1in the

kK space ¥X. Then F can be decomposed into dense and discrete parts as
F(x) = a Fi(x) + (1-a) Fz(x) y XEX,

1 (when o>0) and Fz (when a<l)

are, respectively, dense and discrete distribution functions of X wunder

for some unique oe[0,1], where F

alternative probability measures.

Proof. Let P (defined'on (Q,F)) be the probability measure which
results in the d.f. F for X and let {xm} denote the set of points x
for which P(X=x) > 0. Further, let B = [weQ: X(w)e{xm}] with complement

B' and o =P(B'). If a=1, set P, = P so that Fl(x) = Pl(XSx) = F(x).

1
Since Pl(A=x) =0 for all x, Fl is dense according to Theorem 4, part
I. If o =0, set P2 = P so that Fz(x) = PZ(XSX) = F(x). Since
E{mzl} P2(X=xm) =1, F2 is discrete according to Theorem 4, part II.

If O<a<l, set P, (A) = P(A|B') and P,(A) = P(A|B), AcF. P (X=x) =0
for 211 x so F; 1s dense, and z{mzl} PZ(X=xm) =1 so F, is discrete.

The decomposition follows. [J

Corollary 4.2. The d.f. of a r.v. in a ¢ space is right contirmuous.
Proof. Clearly, dense d.f.'s are right continuous. So, in view of the

decomposition given in the previous corollary, we may assume that the d.f.
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in question is discrete. There are two kinds of points x at which one must
show the d.f. F is right continuous: (i) The closed initial ; may also
be an open initial (expressible as {x: x<v}). Then, clearly, F(u) < F(x)+e

for all uex. (ii) The closed initial P may not be an open initial nor
equal to the entire space X. Then for any € > 0, F(u) - F(x), which

is expressible as P(X=xm) , will be less than € for an

z:<S
{m:x X ul}

infinity of wx. U

We digress briefly before proceeding to the next corollary. Let X
and Y be linearly ordered spaces and let ¥XxY denote the space of pairs
(x,y), xeX, ye¥Y, linearly ordered (lexicographically) according to:
(xl,yl) < (xz,yz) if X <X, OF X=X, and Y1<Y5e It is easy to check
that the order o-field for ¥Xxy i1s a sub-o~field of the product o-field
generated by the order o-fields of X and Y respectively. Thus, if
X and Y are random variables (arising from the same measurable space)
in X and Y respectively, them (X,Y) 1is a r.v. in XxY. Furthermore,

Xxy 1is a k space if, and only if, X and Y are k spaces.

Corollary 4.3. Let X and Y be random variables in the K spaces
X and Y, respectively, and let F((x,y)) denote the d.f. of (X%,Y).

If the d.f. of Y <& dense, then F((X,Y)) <& a uniformly distributed
r.r.v. on [0,1].

Proof. According to Theorem 4, P((X,Y) = (x,y)) < P(Y¥Y=y) = 0 for
(x,y) € Xxy (since the d.f. of Y 1is dense). The conclusion follows
from Theorem 1. [J
Remarks
1. This corollary is a generalization of a similar result due to Flavio

Rodrigwes (1972) when working with real random variables. (C.£., D.A.S.



Fraser (1953) page 50, Kemperman (1956).)
2. This corollary is still true if Y 1is not a K space; the proof is more

involved. We will not need this greater generality.

Corcllary 4.4 If X %8 a r.v. in a k space with d.f. F, then
F(X) <8 stochastically at least as large as a uniform variable on [0,1].
Prcof. Without loss of generality, we assume that the underlying
probability space admits a r.v. such as Y in the previous corollary (for
instance, a uniform variable). Then F(X) 2 F((X,Y)), a uniform variable
on [0,1] by the previous corollary. [
femark. Likewise F(X-) (where P(x-) = sup F(u) = P(¥<x)) is stochas-
u<x

ticatically no larger than a uniform variable on [0,1]. Specifically,

F(X-) < F((X,Y)) s F(X).

We now proceed to give a probabilistic characterization of k spaces.

Let X be a linearly ordered space with order o-field B and let Q

be a probability measure on (X,B8). It will be recalled that Ae© 1is
called an atom (relative to Q) if Q(A) > 0 and for each Bed with
3cA, either Q(8) = 0 or Q(B) = Q(A). We shall call an atom A a
point atom if there exists a point xeA for which Q({x}) = Q(A). Wote
that {x}eB. (An atom, in general, does not have to be a point atom

[as we illustrate in Section 7] vhen one is working with a measurable

space in which all of the single point sets are measurable.)

Theoren 5. X %8 a x space if, and only if, every probability
measure Q on (X,B) has at most point atoms.
Procf. Suppose the probability measure Q has an atom A. Let

A% = {x: Q(§A) = 0} and B* = {x: Q(;A) = 0}. A* 1is an intial and B*¥
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a terminal. If ¥ 1is a K space, then Q(A*A) = 0. For when A*#¢, it
, ® - .
may be expressed as Uk=l a with alSaZS... all in A%, in which case
<+
g = Q(akA) 7 Q(A%A) as k> =, Similarly, Q(B*A) = 0. Since 0Q(CA) > 0,
there must exist a point x ¢ A*UB*, Taen Q(§A) = Q(§A) = Q(A) > ¢

(since A is an atom), and it follows that =xeA and Q({x}) = Q(a).

Conversely, suppose that X 1is not a x space. Because of the
synmetry in the definition of a K svace, we assume without loss of generality
that there exists a nonempty initial A which can nof be expressed as a
countable union of closed initials. Ve proceed to define a probability
measure Q on (X,0) relative to which A is a non-point atom. Let
S be the semi-ring ,of "intervals®”, which are expressible as the set-
theoretic difference between two initials. For Se&, let Q(S8) =1
if for some xeA, S 2 §A, and let Q(S) = 0 otherwise. Thus Q(A) = 1.

Q extends to B (as a probability measure) providing Q is countably

additive on S. Therefore, suppose Sl, 32,... are (nonempty) disjoint
o -
sets in S8 and § = z Sk € §. The case Q(S8) = 0 is trivial, so we
k=1

only need to show that Q(Sk) = 1 for exact one index k when Q(8) = 1.

In view of the definition of Q on &, there can not be two or more

such indices. Now 53§A for some xcA. Therefore,there will be one such

index for which Q(Sk) =1 (i.e., for which Sk3§A for some xe€A) unless

there is an infinity of S, in each set §A, x€A. IDut then, by choosing

k

a point a from those sets Sk.SA, there results the contradiction

A=U gkg.
kv

Hence, A 1is an atom. If it were a point atom, A would have to be a

Thus ¢ extends to 8 and Q(B) = 0 or 1 for every EeB.

closed initial and therefore acountable union of closed initials. [J



The reader may wish to skip the remainder of this section which
discusses (without proofs) the properties of k spaces. No subsequent
references are made.

Suppose X 1is a K space. If Yy 1is a nonempty subspace of ¥,
it too is a k space relative to the ordering given for ¥.

Suppose X 1is any linearly ordered space and let ¥ denote the
class of initials of ¥. ;l is linearly ordered by proper set inclusion.
(That is, "initial A is less than initial B" means "A is a proper
subset of B".) A probably more useful subclass is the class of initials
which are open and / or not closed (or, equally well, the reverse) which
we denote by ¥X*. All of the initials of 2' and X* are open or closed.
X* completes X 1in the sense that ¥ is isomorphic to a subset of X*
and ¥** dis isomorphic to X*. (If X is the rational numbers in their
usual ordering, X* is ismorphic to the reals.) Finally, X, 2' and X*
are all K gpaces if anyone of them is. We do not know whether a K space

can have a cardinality in excess of that for the reals.

5. SOUE W{UWPARAETRIC STATISTICS. Roughly speaking, whatever one
does in nonparametric statistics with real random variables one can do
with random variables defined on a ¥ space. Kemperman has given one
example with his paper on generalized tolerance limits. We give other
examples as we discuss several (generalized) statistics associated with
the names of Kolmogorov, Smirnov, Cramér and von Mises. %e find that
all of these have the same distributions as their classical predecessors.
This is an obvious advantage, for it permits one to use well established

tables in the performance of statistical tests.

11
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We assume the readers of this section are reasonably familiar with
the classical concepts and results, We proceed with an informal exposition,
devoting special attention to "trouble spots".

For the remainder of this section, Xn denote iid random

Xlguoo’
variables in some linearly ordered space xg/ with common conjectured
d.f. F. X denotes @ r.Vv. in X whose d.f. is F.

Let

—l
Fn(x) = z I iksx] » XEX,

(where IA = 1 when A occurs and 0 when it does not) and let
L. = sup IFn(x) - F(x)].
xeX
While it is clear that Dn is a real number in [0,1]} for each point
w in the underlying probability space, it is not immediately clear that
it is a (real) random variable. It is easy to check that D = max (E+,E_)
k . ke~

where E, = max (= - F(X,,\), E~- = max (FX, =) - =),

* 1<ken P (k) 1sksn ) n
where X(l) < X(Z) S ves S X(n) are the values of Xl,...,Xn arranged
in ascending order (Yorder statistics™) and where F(x-) Z sup F(u)

u<x

(zero if the index set is void). Since F(x) and F(x-) are non-decreasing
functions, F(Xk) and F(XP-) are real random variables (and consequently
each F(X(k)) and F(X(k)-) is a r.r.v.). Thus D is a r.r.v.

Finally, let 5; denote a generic analog of Dn corresponding to

uniform variables Xl,...,Xn on [0,1] with F the true d.f. of such

u/Tne concepts of independent random variables and identically digtributed
random variables in a linearly ordered 0pace are the same as for real
random variables.



random variables, and let E; and E. be the corresponding values of

E+ and E_.

Theoren €.

I. If F <is the true d.f. of each % and if F 1is dense, then
D s distributed as D_.
n n

1. If F 18 the true d.f. of each X and X 18 a K 8pace,
then D_ is stochastically no larger than 5;.

Proof of I. According to Theorem 2, F(Xl),...,F(Xn) are 1iid
uniform variables. Identifying these random variables with those used to
define D, we obtain D =D . [

n n n

Proof of II. Briefly, we use the randomization device illustrated
in the proof of Corollary 4.4 and the subsequent remark. One obtains
F(Xk—) < F((Xk,Yk)) < F(Xk), where (for definiteness) the Yk's are
iid uniform variables independent of the Xk°s, and where the d.f., of
each (Xk, Yk)’ namely F((x,y)), 1is dense. Relative to the (Xk, Yk)'s,
there are random variables corresponding to Dn’ E, and E_. Call then

+

so that D_ s 5 , and
n n

~ ~ ~ v - < :7 - ,\?,
Dn, E+ and E.. Then L+ < L+ and B. <€ E_

(by part I) Bn is distributed as 5;. g

Quite clearly a Glivenko-Cantelli theorem holds (i.e., Dn + 0
a.s. as n + ) when F 1is the true d.f. if F is dense and / or
X 1is a k space. We omit the proof.

Cramér (1928), von Mises (1931) and Smirnov (1936) initiated con-
giderable interest in another class of statistics -- ones based on a

Stielffes integral. Cramér and von Mises suggested using

(0 I (F_(x) - PG ak(x)

X

13



with ¥ the real line and K a suitable non-decreasing function.

Smirnov suggested the modification

(2) f (F_(0) - F()? ¥(F(x) dF(x)

X
where again X 1s the real line and V¥, defined on [0,1], 1is a suit-

able non-negative (borel measurable) weight function.

We shall not try to interpret (1) in our contextﬁ/, but (2) can be
interpreted as a Lebesque-Stieltjes integral when ¥ 1is a Kk space:
According to Theorem 3, F induces a probability measure on (X,B).Q/
Alternatively, 1f F is dense, it determines a probability measure on the
o-field generated by the closed initials and this measure can be extended
to (X,B) by completing it, if necessary.

Our primary concern with (2) is when F 1is dense, in which case it
can be interpreted as the expectation of a real random variable for each
point w in the underlying probability space: Let Y = F(X), a uniform

variable on [0,1]. Then Fn(X) = a.s. where each

n-l z n

k=1 L{p(x)5¥]
Xk(m) is fixed at the value. X (k= 1,...,n). This is because
P(I[xksx] ? I[F(xk)sF(X)]) S P(Y = F(x)) = 0. Consequently, (2) can be

expressed as the expectation:

i/One might try to extend the definition of the Riemann~Stieltjes integral
using the “refinement of partitions’ method. See Apostol (1957), page
152. Alternatively, one might define (1) as a Legesque-Stieltjes integral
by trying to associate a measure (on the order o-field) with K. This

is not so easy to do as it is when X is the real line. Apparently, one
would need to study the topological structure of ¥X.

g/The integrand of (2) is B-measurable for each point « in the under-
lying probability space.

14
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3 B L2 {fp()s¥] ~ 2 ¥(Y) (o £ixed).

(3) can be used for computational purposes:
The statistic in question, when F 1is the conjectured dense d.f. (for

the Xk's), is equal to

1
-l ¢n 2 1/
‘4) Io C e I[F(Xk)st]-t) ¥(e) dt.

e state without further proof the following theorem:

1
Theorem 7. If F 18 dense and J y(t)dt<e, thm (2) is a r.r.v.
0
which may be computed as (4). Further, if F <8 the true d.f. for

each Xk, then (2) has the same distribution as

1 1¢n 2
Jo @ Le Ipy,sep = ¥ ¥(e) de

where Ul’Uz""’Un are iid uniform variables on [0,11].

(Nowhere have we assumed that X is a K space.)

6. LIikAKLY ORUERING A METRIC SPACE. Frequently, data represents
measurements in a separable metric space. Such spaces suffice for real
valued data and multivariate data. A continuous monotoring of a barometer
for a fixed period of time produces an observation in the separable metric
space of continuous functions on some bounded closed interval.

In this section, we show that a separable metric space X can be

linearly ordered with the following desirable features:

z/’J.‘his must be a r.r.v. (or possibly an extended real random variable) since
it is the limit of a sequence of approximating Riemann sums, each orea r.r.v,
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(i) The resulting linearly ordered space is a k space.

(i1) An observation in X may be interpreted as resulting from a

random variablé. X in X
(i11) The r.v. X has a dense d.f. unless there are points xeX with
P(X = x) > 0.

(iv) Usually, the linear ordering is constructable and not merely
existential. Test statistics can be evaluated (or adequately
approximated) to permit the performance of nonparametric tests.

(v) There is flexibility in the construction of the linear ordering.
Presumably, one might seek an ordering which produces a test with

good power against certain specific alternatives.

On the negative side, it may secem unnatural to linearly order multivariate
observations. The flexibility referred to in (v) may be interpreted by
some as undesirable arbitrariness. However, most gtatistical tests are
based on the size of a real valued test statistic. This has the implicit
effect of "linearly ordering' the sample space in the slightly weaker sense
that Kemperman refers to in his 1956 paper. That is, two points which are
not comparable are considered as equivalent.

By linearly ordering spaces which do not have a natural ordering, we
produce a new class of nonparametric statistical tests. These should be
evaluated on the basis of their operating characteristics.

Let X be a separable metric space and F be the Borel field
generated by the open set (equivalently, by the open balls). We consider

}

a sequence of progressively refinining partitions 2 = {A
m 11’12.",im

(r®1l) of X with the following properties:
(a) Each z contains a countable number of non-void elements belonging

to F.



(b) sup {]Al: AeZm} +0 as m~+», where |A] denoted the diameter

of an arbitrary set AcF.

(c) A = U A (m22).
Lypeeerd o {im} Lyseeesd

(d) Each index im is a positive integer.

The definition of a separable metric space easily guarantees that such
sequences of partitions exist.

The partitions {Zm} determine a unique linear ordering: For each
x€X, there exists a unique sequence of indices il,iz,... such that

XeA
1lgoou,im

sequence is unique to x. (Of course, an arbitrary sequence 11,12,...

for each m. Conversely, condition (b) insures that this

may not correspond to any point x since -ﬂm:1 Ay i might be void)

1,.0‘,] o

The sequences which correspond to points in X can be iinearly ordered
lexicographically (as one does with the decimal expansions of the real
numbers in [0,1)). This induces the linear ordering of X that we
associate with the partitions {Zm}.

This linear ordering procedure makes each element A
11,...,1m of

Zm into an “interval" (the set-theoretic difference of two initials)

and linearly orders Zm (m21l). For instance, each point of A1 , Dre-
3

cedes each point of A .
1,3
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Let B denote the order o-field associated with such a linear ordering.

We have the following theorem:

Theorem 8. X, as ordered by {Zm,le}, is a ¢ space and B = F.
Proof that ¥ 1is a k space. Briefly, any nonempty non-closed

initial (terminal) A can be expressed as the countable union

“
A = U {xB= BeZm for some m21, BcA}
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(A= Uf§B: BeZm for some m21, BcAl})

where xg 1s an arbitrary point in the set B. 0

Proof that ©cF. Since X 1s a k space, it suffices to show that an

arbitrary closed initial x ¢ F. (The closed initials generate B.) But

- o
x = Bm
n=1
where Bm is the (countable) union of all sets in z (and consequently
in F) which precede the point x or contain x. ([

Proof that FcB. Briefly, each open ball BeF can be expressed as

the countable union
B = U{cC: Cez ~ for some m21, CcB}l,
and each (“interval”) C is in the order o-field B. [J

With this theorem, the claims (i) - (v), mentioned earlier in this
section, are largely apparent: Certainly (i) is. Concerning (ii), an
observation X in a metric space X is generally interpreted to refer
to a random mapping into the measurable space (X,F). Since B=F, (ii)
holds. (ii1i) is a consequence of Theorem &, Conceriiing (iv),
is quite clear the linear ordering is constructable for finite dimensional
Euclidean spaces. The requirements for adequately evaluating a (nonpara-
metric) test statistic are less than one might initially suspect since the
values of P(B), BeZm, determine the values of the d.f. of X (associated
with the linear ordering) within certain bounds. When m 1is large, the
upper and lower bounds for F(x) will be quite close to each other.

From a practical standpoint, one does not need to completely specify the
linear ordering. The specification of a few of the partitions Zm may

be sufficient. Finally, property (v) does not require further comment.



Theorers5 and 8 combine to produce an indirect proof of the following
known result: If Q <s a probability measure on (X,F) where ¥ <e
a séparable metric space with Borel o-field F, then Q <8 non-atomic
ifs and only 1f, Q({x}) = 0 for each =xeX. Q has at most point atoms.
The approach we have used for defining a linear ordering appears in
the work of Flavio Rodrigues (1972). His purpose, like ours, is to define

a "univariate" distribution function but for a different reason.

7. COUNTER-EXAWPLES AND COMMENTS. 1In Section 4, we discuss the

importance and properties of k spaces; in this section, we exhibit linearly

ordered spaces which are not k spaces and demonstrate some of the possible

consequences.
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Let X be the set of ordinals which are less than or equal to the first

8/

uncountable ordinal Q.7 The order o-field is

B = {A: A or A'c¢c X + {2} for some xeX - {Q}}

(where A' denotes the complement of A). Let {Pa’ ac[0,1]} denote
the family of probability measures on (X,8) which are defined as follows:

0 1f Ac x for some xeX - {Q}

l=a if QeA' c X+ {Q} for some xeX - {Q}
) if QeA ¢ X + {0} for some xeX -~ {Q}
1 1f X ¢ A for some xeX - {2}.

PQ(A) = 4

g/This space has provided many counter-examples in general topology.
Halmos (1950), page 231, has used the space to exhibit an interesting
non-regular measure. M. Bhaskara Rao and X.P.S. Bhaskara Rao (1971)
pursue his example further.
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(I.e., Mass o 1is placed on the maximal point Q and mass 1l-o is
placed on each "interval” of the form [x,0), xeX-Q.) Finally, let X
be the didentity map from X into X (i.e., X(w) = w).
Under each probability measure Pa’ the d.f. for X 1is identically
given by

0 if xeX - Q

F(x) =11 4f x = q.

Clearly, the d.f. of X fails to identify the values of Pa(XeA) for
certain sets AeB. This is due to the fact that X is not a K space.
The initial X - {Q} can not be expressed as a countable union of closed
initials,

Under Pa’ F(X) 4is a Bernoulli variable with mean a. When a =0,
Pa(X =x) = 0 for all =xeX. This explains why the x space assumption is
included in Theorem 1.

This example can be used to illustrate several other counter-examples
associated with our results in sections &4 and 5. For instance, the
Glivenko-Cantelli conclusion fails for oe[0,1): Dn + 1l-a a.s., as n > o,
By deleting the point Q from X and using the probability measure Po
on the resultant order o-field, one finds that the corresponding r.v. X
has the d.f. F(x) = 0.

Sone concluding remarks:

1. These examples seem to suggest that linearly ordered spaces which are
not K spaces are so unpleasant that they should be excluded from any
theoretical consideration. Such a position does not appear fully justified.
For instance, theorems 2 and 7 do not require a kK space--only a dense d.f.
It is not difficult to produce dense d.f.'s on non-x spaces. (Look at the

product of the real line and the space X given above.)
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