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SUMMARY

This article gives a probability-theoretical justification to the pre-
vious work [ 5 ] on the asymptotic null-distribution of the F-statistic for
testing a null-hypothesis in a randomized partially balanced incomplete block
design with m associate classes under the Neyman model, which is the most
general case among the series of our preceding works along the same line
f1, 2, 3, 4, 5]. The theory of asymptotic equivalence of probability distri-
butions developed by one of the authors [ 6, 7 ] seems to be effectively
usable for the present study. The investigation in thisarticle throws a
light on the asymptotic nature of the power function of the F-statistic under

consideration, which will be worked out in the forthcoming paper.

1. Statemént of the Problem

Throughout this article the notation and terminology are the same as those
of [ 5 ] unless otherwise stated.

We are concerned with a partially balanced incomplete block design with
m associate classes, which has v treatment with the association, b blocks
of size k each, r replications of each treatment, and the number of in-
cidence of any pair of treatments xu if they are u~th associates,

Let the incidemce matrices of treatments and blocks be 3 and ¥
respectively, then the Neyman model assuming no interaction between the
treatments and the units is given by
(i.l) , x=9L+ 8%+ P+ n+e,
where x' = (xl,..;, xh) is the observation vector, 1! = ( Tyreees tv)
and B* =(ﬁl,...,ﬁb) are tregtment-effects and block~effects being subjected
to the restrictions

. v b

(1.2) Z 7,=0 and LB =0
i=1 a=1



respectively, and xn' = (“i’ coe nn) stends for the unit-errors being sub-
jected to the restriction

(1.3) ¥ =0,

Finally, e' = (el,..., e ) is the technical-error being distributed as
. . n
N(O:Ozln)o

Sums of squares due to treatments adjusted and errors are given by

' 2 _ 1f »
(1.4) 5 == 2V
2 ' 1 -
E =x (1-—1-{—- B -ufl vi)x
respectiﬁely, where
(1.5) vF-cr-Emnrfa-L5), u=12..,n

with
Tf = §Au#¢', B=vyy' and

k

w® FE-pg 2 LTl m

c

Here, Ahﬁi u = 0,1,see, m with Ao# = Go/v are m + 1 orthogonal idempotents
of the association algebra, and Pp 0= 1,600, m and pJ = rk are the
characteristic roots of NN', N being the incidence métrix of the design, with
respective multiplicity oi,‘..., %, O for which Eﬁi o = v-1,

We are interested in testing a partial null~hypothesis that some of the
hypotheses Au#} =0, u=1,s0s, m are true, We can take, without any loss
of generality, the null-hypothesis

(1.6) Ho(h): A_u#'r =0, Uu=1, eee, h

where h is a positive integer not greater than m., This hypothesis is called

the 'partial' hypothesis, and is equivalent to the hypothesis Eggl'Au#& = 0,




fu hiﬂ.

o) E

When h = m, this reduces to the'total' null-hypothesis HB: T =0,

To test the null-hypothesis Ho(h)’ we consider the partial sum of

squares
| 2 (z vt
(1.7) S =x' (s v") x
| t(n) uol U
instead of Si given by (L.4). Then the null-distribution of the variate
' -
(1.8) )ﬁ(h) = St(h)/°2

before the randomization is the non-central chi-square distribution of the
degrees of freedom q = ai+..+a£ with the non-centrality parameter

T Q(Z c A #5¢'ﬂ/02

u—l

x*( Z v 79L)n:/oa
u=l

it

(1.9) R

Whence its probability element is givén by

mlm

+P"l

J

=)

N4QI
+

r|
2 [ 2
e 1(h) 1(h)
exp (\ 5 d \ 5
In the special case when h =m, the variate (1.8) reduces to
(1.11) G = 82/,

and the null-distribution of this variate before the randomization is the
non-central chi-square distribution of degrees of freedom v-1 with the

non-centrality parameter



iy

| .,
(1.12) k= (EZT, )x/,

whose probability clement is given by
Vel

K 5 te-1
1, % ("2'%)“' (";i)
(1.13) o () T
e (5 +u)

q q

exp (- %) a (- %)
The null=-distribution of the variate
2 . a2/
(.14) X3 Se/°2
before the randomization is, independently of the hypotheses, the non-central
chi-square distributions of degrees of freedom n=-b-vrl = b(k-1)-(v-1) with

the non~centraliby parameter

. n
(1.15) kg = T zlcuAf) #1n/
ye=

NE =T - % = 5 -k

where A =n'n and

= moog
\Kl= x! ( p) Vu e
u=h+l

(i. 16)

Hence the probability element of the variate xg is given by

2
d Ko v X Dbovil o
@.17) - <2 : (=) (7). 2 -
1.17 exp (= = - s
27 0 Vi r,(n b2v+l V)

2, . 2

exp (- =) 4 (D) .

Since xi and )é are mutually independent in the stochastic sense,

i ekt

the null-distribution of the F statistic given by




L

L

J

5 ,
(1.18) p = Robovil Stjh)
o sg

before the randomization is the non-central F-@istribution, whose probability

element is given by

AN, (1-5.9)7

—A © ( A )Z
(1.19) exp ( ) & 8%
202 =0 4! V=L vy,
n-b- O - \a
T ( 5 Aty ) 5 éz +u -1
! - n-p=-v+1 ’
i o n-b=-v+l
T (-'é— H) (== V) //
- n-b-a _
n-b-v+l n-b-v+1
vhere we have put
. _m _
(1.20) =5 O =v-1-0,
u=h+1 '

S

o h#
9 =n'"( ZV)n/A and
u=1 ¢

D

When h=m, the null-distribution of the

m
=x'( % vf)ﬂ/A.
u=h+1

F-statistic

Sz

n-b-v+1 t

(1.21) F =5 -
e

before the randomization is the non-central F-distribution, whose probability

element is given by



o (2

(1.22) exp (- 2-) 5 —2%- T r = 2 Fi-9)Y
262 4=0 ¥ utv=t “‘ ‘
(= n-b +8) i, p-1
V-1 F 2
v-l -b-v+l + ) n-b=-v+l

r(—5 + w2

n-b
UETE R
n=b=v+1 n=-b-v+1l

where

(1.25) =0+ 08=n' ZV#) /A

In the previous paper [ 5] the authors showed, by compeiring the mean
values and variances of both distributions in a very tedious way,. that the
permutation distribution of ( 6,8 ) due to randomization can be approximated

by the Dirichlet distribution, whose probability element being given by

4 I,(n-b _g_l=%_l __n—g—v+l_l~=
(1.24) 6 ) (1-0-0) aeds,

T (-gé);r(-—'g’—) P(Eﬂ%‘iﬂ)

for sufficiently large b, under the conditions

(1.25) A (= ]; ngp)a) = &, end T (= z::(P)) = [, DP=1ees, b
i= i=1

where ﬂgp) stands for the unit error of the i-th unit of the p-th block.

Then, they integrated out the factor §u§V(1_5_3)7 in (1.19) with respect

to (1.24) to show that the null-distribution of the F-statistic given by (1.18)

after the randomization is approximated, for large b, by & familiar central




F-distribution with degrees of freedom (Q, n-b-v+l).
In the special case when h=m (see [ 4 ], for m=2), it was shown, by
the same method, that the permutatioh distribution of 6 due to randomization

is approximated by the Beta-distribution whose probability element being

1.,(n é b) ) zéi -1 n—bév+l -1
(1.26) ] (1-0) ag, (0<6<1)
P(v - l)r(n—b£v+l)

2
for large b, under the conditions (1.25). Then, the factor e*(1-0)V in
(1.22) was integrated out with respect to (1.26) to get the central F-distri-
bution of &egrees of freedom (v-1, n-b-v+l) as an approximation to the null-
distribution of the F-statistic given by (1L.21) after the randomization;

From the probability theoretical peint of view, the above argument presents
us two questions: (a) In what sense is the permitation distribution of
(B, B) or 6 approximated by (1.25) or (1.26), and (b) in what sense is the
null-distribution of the F-statistic given by (1.18) or (1.21) after the
randomization approximated by the central F-distribution of degrees of
freedom (Q, n-b-v+l) or (v-l,rn-b-v+l)?
Furthermore, the condisions given by (1.25) under which our argument carried
out seem too severe from the viewpoint of practical applications.

This article treats these problems and gives satisfactory answers to

them, where the uniformity conditions (1.25) are weakened,

2. Asymptotic Permutation Distributions of (6, 8) and 6.

In this section we shall derive asymptotic distributions of (?i ?%
and 6 which are asymptotically equivalent to the permutation distributions
of (8, 8) and 6 in the sense of type (8) as b-»w, under certain conditions.

We shall take a special numbering of the whole set of units such that



the i-th unit of the p-th block is numbered as f = (p-1) k+i, i=1,2,...,k;

p=1,2ys¢+, b, Then it is clear that B=Y¥ ¥' becomes

Gk 0
Gk
(2-1) : B = .. )
' 0 Gk

vhere Gy designate the Xk x k matrix whose elements are all unity. Let

us teke an arbitrary but fixed incidence matrix of the treatments §, and

let

- (2.2) U_ = o,

by

DT (c}(l) a?(a) o (k)
P% ) D

Then, for any incidence matrix of the treatments , 3%, there can be found
a permutation matrix U_ such that Uy * = Jor ¥* = Uof@i

Now, since the m + 3 matrices

1 T 1 1
(2.3) vu#, u=l,2,e00,m, (I == B - il vu#), ~B -G,
1
n Gn
with respective ranks
au, u=l,2’ocn, m, n-b-V+l, b"l, l

are mutually orthogonal idempotent matrices [ 8], there exists an orthogonal

matrix of order n




G e e U L e

Cﬁ)'"cﬁ)”'cﬁ)”'Cﬁ)"'"'Cﬁ)"'ca(i)""" g)...c(b)

. L

(1)... (1)... (2)... (2)-.---- (p)... (p)--.--. (b)... (b)
vll vlk vll vlk vil v&l vll vlk

G0 00 80800V POR O P SCOP S EI S REE PPN IENOOROPOCOESOEBOOIBRINIPIES

dll Vdm’...’."...lI‘QOOICl.......OO....".‘...‘.O...dj-n

dn-v+ll......."..Q.l.'O..OC'IO.l..Ql..l‘.‘.l.l"...l..l n-v*wl

satisfying the conditions

fo |l "
.
P vu P B OlNu 1 ) u=l,..-’ m
ld', é
o. . §
0 e |}
001
! : 4
0 0
- matmm— - 1 = i
(2.5) P(Im =3B zv#) P N gy ||
u= \
*1
0 0
*0
O. o
“
L . 't . ‘0 g P(—=— '
P(k B - = Gn) P! = 0 11\]0-1 and P( " Gn)P =
iO
% 0
O ..
01
similtaneously. 7The submatrix C consiéting of the first ¥l rows of P is

divided into two #ubmatrices




C_ and C_, consisting of the first & rows and of the last & rows of C,

(0 (04
for which we have

m

(2l.6) (z v#) c— = Iz and (= v#) c& I -
u=L - u=h+1

Zrtb is also noted that any row of the matrix C satisfies the following conditions
(2.7) z c(g_,?. = 0, DP=1y32,400,b
i=1
Now, since =x is orthogonal to the matrix B and hence to Gr’ and

the sum of m+3'matrices in (2.3) is equal to I, , we have

Tf

(2.8) A = 'U(zv#)Un+:r'U'(z V#)U:rcﬁU'(I-—LB-ZV)
T u=1 =i+l ¥ u=1
= 'U'P'P(Z‘. v#) P'PUfr+1tU' P'P(Z VﬁL)PPUﬂ
u=l u=h+1
1 m
| + 'Y PP (In- B - )P'PU 7
"u=l
= 11! t — ’
= U, Bl ll\Ot\ 0 0 o i
*en) PU_=n + w'U ' P! * P U
1O o o Ol\- i o
. 1 'a
0 .o o. }
0 0 1y
0 ‘0
° o
1] | ¢
+t Uo_ P Ob. PUO_:t
0 0
ll.
2 o
10



and therefore

8= (Ca u)' (Ca U, ) /4,

i

(2.9 C B=(c_u_ )" (c_U, ) /8
; : a o

6 =0, +6, = (cu(T 7)'(C U, n) /A,

We shall demonstrate the asymptotic normality of the vector variates

cC.U=m, CU

0 " and C Uo_vr under certain conditions, TFor this, we
a

Q

prepare the following

IEMMA 1 All the elements of the matrix C are of order ( \/_3: )
, b

. i .
as b —»e, keeping v, Xk, Diyeee, Ny and ij fixed, .
Progf - Let €' be any row vector of the matrix C. Then, form (2.6) it
follows that € must be a linear combination of v-,ll'inea:c'ly indeprendent

column vectors of the matrix (F.I:;1 1 Vf , le.,

V=1
(2.10) € = .Z 7‘:1"1
: iml
m
where (vl""’vvnl) is a set of linearly independent column vectors of I Vu.
. u=1

Putting v v, =wiji,j=l,...,v-l,' N=()\l,...,>\v_l), and

(2. ll) W A= r “ Wij n(fij:l, .o .,Vﬂ.)
we have
(2.12) ¢'c === X =1,

11
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n L

Since the W ij,s are elements of the matrix. Z V., it follows from (1.5)
u=l

that each element of the matrix W given by (2.1i1) is of order 0(1) under

the limiting conditdon stated in the lemma, Furthermore since W is non-
simgular and symmetric, its characteristic roots 61,...,6\4 are all positive
and of order 0(1) as b—® and there exists an orthogonal matrix X of order

wl., whose elements being of order 0(1) as b-»®, such that

1
% o
KWK! = ‘.
0 e
Sﬂ.
Hence, putting p = KA\, g’ = (p.l,....u“l), we obtain by (2.12)
(2,13) T A  and z 5, ;F =r,

=1

from which it is easy to see that all components of A must be of order O(\ b)
as b—w, simce r and b are of the same order of magnitude as b-u; .

Hence it follows from (2.10) that all the elements of the matrix C are
of order G(l/\/io) as b -, which proves the lemma.,

Uming this result, we can show the following

IEMMA 2 Suppose that the following conditions are satisfied:

- b ' l o 1+8
(2.14) B =2 &, =8 and £~ I ,Ap— Al ~0(bese )
P=l p=l

for some Ao> 0 and 8 > 1/2. Then , the permutation distributions of the vector

variates C U . C,Uxand C Uo_:t converge to the multi-normal distributions

& 0‘

. A A A
o o) o . .
w(o =T Ia_), N(O,-E-_-i- T) &t %o, 1 Iv-l) respectively, in the sense of

Lo i

type (#) as bow .




vl

FAY ,
PROOF We shall show that CU_ converges to N(o, F:% I ) in the
sense of type ($) as b —w .
Let us put
[ E C (P) 1€ (p)
_ . 1i o(i)
b ) g | |
(2.15) CUm= Z , o
=1 C(p) (}3) >
Z o1 (.)
i=
k
Z (P) 1t (P?
121 Wi o (i)

Then, since

2)—-_1_-

(2.16) = =

5 () = 0, Bl (D)

ana, £1)..., ¢

A and E (n(P)
D

o(i)" o (1)

(p)

) = —(——) A (174;1)

are mubually independentrin the stochastic sense, we have

(2.17) E(CUO_TI) =0
and by (2.7) ] )
(o) (um) = = eE@E®) - 5 L4 5 (@) ofp).
p=l = i=
__1 (®) @) |
k-1) iijcjf i //
b A K (3,3=1,044,v1)
- o(@)o(p
(2.18) B p=1ﬁﬂlzl Ji fiﬂ(j,a—l,...,wl)
A
" Tl Tt k-lpzl(A A). ”121 °§f) ip)
Since



‘;(A 5) z oPf (2 <(g,A A’a)(z}z c@lep)] &'ye
p=1 i=1 p=1 p=lli=1
(=

and, by lemma 1, : a

(z ’ 2P 22T < X yoo(1) (o),

p=1l | i=1l
we obtain, putting §=l+6
(2.19) ]1.;11(4;:p 2) i:cg)cgp) / 145 _%_ p]:l /Ap -
Hence, we have
(2.20) E((cu_n)(cu m) ) = : r(e (P @)y Ag

p=1

Now, let y(t) be the characteristic function of CU_st. Then, by (2.17),

(2.21) log (p(f) =

where @ = 0(1) as b =», Since

1
' ()
vi. k =
11)2 (1@)2 2
<) iy f.l 1§1c51 Y,
ve get _
3 3 3
b 5 b = vl 2
(2.22) sk |t eP)e ' ¢)° 2/ a?( = zc(P) 2
p=l ' : ‘ s ) p=l * (s=l i=1 i )

From lemma 1 it follows that

v-1 k
(= =

s=1 i=l

(b =),

3
)
2205

gL

I CETOR

b : Db
_ _%_.tv zE(g(p)g(?) ) ¢ o+ @ T E(J¢ g(p)‘_s),
p=1 p=1l

8

- m l.lu slmll




and hence ‘
; . 3
(2.23) z E(]t' (p)l )y <M (" t) ----73 AZ
p=1 p—l P
p 2 2
1 2 2
where M = 0(1) as b=w, Since - IA A~ (b =), we have
| e B
(2.24) 2 e (o e®)1%) 50 (o s
p=l

Therefore, it follows from (2.20), (2.21) and (2.2L) that

(2.25) p(6) - 5= (e )

which proves the lemma,
From this lemma, it is straightforward to prove the following lemma,
IEMMA 3 Under the conditions (2.1h),

(a) the permutation distribution of b(k-1)8, b(k-1)8 and b(k-1)6 converge

to xg' x% and X$-1 in the sense of type (8) as b->» , where x;

designates a random vaeriable distributed according to the chi-square

distribution with degrees of freedom f, and

(v) ((k-1)8, b(k-1) 6} and hence { 6, %} are voth asymptotically independent

set of random variables in the sense of type (8) as b —-w.

It should be noted that the limiting chi-square  distribution in(a),
x& and x% , can be assumed to be independent in the ctochastic sense.

Applying Theorem 4,1 of [‘7 ], we have

THEOREM 1 Under the condition (2.14) of Lemma 2, (a) the two random

vectors

(2.26) (5,8 o (s 50 5y %)

. are asymptotic.ally equivalent in the sense of type (S) as b -, where we

15



' 2
can assume that 'ﬂ%:i) x5 and BTT{%_].T xg are mutually independently

distributed for each fixed b, and (b) two random variables

1
(2.27) 6 and D) X\Zr-l

i@ asymptotically equivalent in the sense of type (S) as b =,

. - . -‘ . -‘ -

3, Alternative Asymptotic Permutation Distributions of ('5, ?) and 6.

In this section, we deeive other types of distribution which are
asymptotically equivalent to (5,%) and 6 in the sense of type (8) as b—w .

In the first place, we consider the latter variable 6.

IEMMA 4 Two random variables

2
G- BT]%T]_.) Xy 8nd @v-l

are asymptotically equivalent in the sense of type (B) ([ 7]) as b —w,

where @ A stands for a random variable whose probability element is given

by (1.26).
PROOF Since type (B) and type (I) asymptotie equivalence are mutually
equivalent in this case, Theorem 1.4.2 of (6] is applicable.

The probability density functions of the variables in (3.1) are given

by L oy bkl
G.2) F(y) = Qﬁ;rf,_k,;?ﬁ_]_i) 2 e ®  (o<y < )
and -
' b(k-1) v-l n-b-v+1
(3.3) 6(y) = 1; ((v_i) P(i_b_m) v2 v 2, |
2 2
(0o <y <1) '

respectivelys. Hence, the Kullback-Leibler mean information in the Theorem

1.k.2 of [ 6 ] is given in the present case by

i

16



. 1
(3.4) I(g : f)= \/p g (y) log —%%%%— dy

This is calculated as follows:

- ~ o (b{k-1)y _ n-b-v+l V-1
(3.5) log —%é%} =log P{—5 ) log T ( 5 ) + =

- - ke
X log 2 - Val log (b(k-1)) + (-ﬁl—%‘-’-ﬂ -1log (1-y) + _b(“_z?l

By using the $tirling formula, we have

|1og r( bglec-l)) ) (b(lé:-l) ) ; ) log b(lzs-l) } :b(g-;)

(3.6)
+ log N@n| - O
n-b=-v+l n-b-v+l 1l . n-b-v+l n-b-v+l
|10 PERFEE) - (EFER - ) 10e B -
+ log JE%{-» 0

as b—w , Furthermore,

' »

Db(k-1 -1

(3.7) f g(y) =3 ) yay = -

0

and again using the Stirling formula, we have

1
(Rkewid [ &(y) log (1-y) day = - (BB )

| a 1
X [ a7 (log ' (p+q) - log I'(p) ) -1 (p n-b-v+l )

2
v-1

(qm———

2

11



(3.8) = lim | - =5 {108 (A o v+l) o (k- l)(n-b V1) } ]

1
]
|+
=

It follows from (3.4) (3.5) (3.6) (3.7) and (3.8) that
(3.9) I(g: £) =0, (b= ),
which proves the lemma.

Next, we shsll show the following

ILEMMA 5 Two variates

(3.10) (_Tk_lT 2, m——) Xa) and @ , B )

are asymptotically equivalent in the sense of type (B) as b-»w, where

(Qii ,@%i ) is a random vector whose probability element is identical to

that of (1.24)

PROQF Analogously to the the proof of the preceding lémma, it suffices
to prove that the Kullback-Leibler mean information of both variates of (3.10)

tends to zero as b = ,

The probability density function of the first variate of (3.10) is

given by
v-1l - = I!
b(k-1)] ° -1 7- 1= 252 (xsy) v,
(3.11) £(x, y) = %Ill-ﬁ—— 5. X ¥y e )

(O<x,y< )

and that of the second variate of (3.10) is

p(_sk_lz) a ., Q. Bbovil l
2 - .
(3.12) glx, y) = Y X v 2 (l—x-y) , W
- + ‘
r(2) r(-2) r@ ; ) o
(o < X, ¥, x+y<l) .5
18



Hence the Kullback-Leibler mean information is given by
1 1 Xo -
Gov) e 0= [T st v) s Bl e
y ¥

Thus, fabm (3.11) and (3.12) we have

P(bfg-l)) 5

-1
2

} o+ (B2 1) log (1-(xy)

(3.14) 1I(g: £) = E(X, 7) [log { V-1
P(E (p (x-1))

- 2D )]

where E(x,y) stands for the expectation with respect to (3.12). Under (3.12)
x + y is distributed according to the Beta-distribution (3.3). Therefore
I(g: f) given by (3.14) has the same value as that in the preceding lemma,

and hence

(3.15) I(g: £) -0, (b-w)
which proves the lemma.

From theée results and Theorem 1 in the preceding section, we have the
following

THEOREM 2 Under the conditions (2.14) of Lemma 2, (a) the permutation
distribution of (§,§) are agymptotically equivalent to (G%i,cga), whose
probability element being given by (1.24), in the sense of type (8) as
b -, and (b) ﬁhe permutation distribution of 6 are asymptotically equivalent

to (5%1’ whose probability element being (1.26), in the sense of type (8)

as beeo,

/9



4, Asymptotic Null-distribution of the F-statistic after the Randomization

In the present section, we show that the null-distribution of the
F-statistic given by (1.18) or (1.21) after the randomizatiom.can be asymptoti-
cally approximated in the sense of type (8), b& a familiar central F-distribution
with degrees of freédom.(a,n -b-v+1) or (v, n-b-v+l), which is obtained
by integrating out the conditional variates in (1.19) or (1.22) by the approxi-

mate distribution (1.24) or (1.26) of the permutation distribution of (5,50 or

6 .
First we shall prove the following
THEOREM 3 Let

(4.1) ps(z[x) dzd Fs(x)

be a probability element of the two dimensional real random variable (ZS, Xs),

where Fs(x) stends for the cumlative distribution function of Xs, 8=1,2,,..

Let Y° be another probability @istribution which X&' asymptotically equivalent
to X° in the sense of type (8) as s-w, and let the cumlative distribution function
of ¥° be G (¥), 5=1,2,...

Let us assume that the following conditions are satisfied:

(1) ps(z[x) is continuous with respect to (z, x) jointly, for every s.
(ii) ‘For Y®, #here exist constants ¢ >0 and d_, 8=1,2,..., such that the
variable

(4.2) = (° - a), sL,2,...

s .
tends to a certain fixed distribution of the continuous type, Y, in the sense of

type (8) as s —»w, Then, two distributions whose probability density function

being given by

(+.3) | f”Ps(zlx) JFS(X) andf;s(z'x) d Gs(x) '
@ I
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are asymptotically equivalent in the sense of type (§) as s =,

PROOF To prove this, it is sufficient to show that

o me Ia az_j“ps<zax> w () - [Can [To () dGs<X>j -0,
(s »=),

Let us put

(4.5) Pq (ajx) = L/pa ps(zlx) dz, s=1,2,...,

and : |

(4.6) 1) = [ o (a0 ar () mma k(o) = [ o (al) a0,

S = 1,2,000

Then, (4.4) can be written as

&.7) B <SI;£°° Hs(a) - Ks(a).' =0, (s —»w)

Now since
B (- ) =0, H(+o) = 1L and K (- ®) = 0, K (+ ») = 1,

for every s, there exigts a point a=a, such that

/HS(aS) - Ks(as)[ =wiwp[iﬁs(a) - Ks(a)/ y < a <
- 5 < &

for every s, and therefore (4.7) turns out to be

! ' -

(4.8) | (a) Ks(as)} = 0, (s> ).

Since the cumulative distribution function of the variable given by (4.2)

is Gs(csx + ds), the condition (ii) of thetheoremassures us that

21



(492 — < iuﬁ o IGs(ch tay) - G(x)] = 0, (s »=)

where G(x) stands for the cwmlative distribution function of Y, and there-
fore we have

(4.10) _”<§?6/F4gg+q%)-euﬁqo,@»n)

Taking a transformation of the variable, we have
X [}
(ke11) , Hs(a.s) - Ks(as) ‘ =lf P (asl e X + ds)d Fs(csx + ds)
-0
®
- I cps(as'csx + ds)dGs(csx + ds)l .

The function Py (ajx) giwen by (4.5) has the properties that 0 < <ps(a.‘x) <1

for all (a,x), and cps(alx) is continuous in (a,x), Henee, we can always find .
1 1 1 [3 t . )

a converggnt subsequence {cps (a.s Ics X + ds )} 8’ @ . ) of {»cps(asjcs X+ d )}

(s=1,2,...) and a function CPo(x) such that

Z t t H J |
(6.12) ¢ ' (ag ICS x +d/') =p (x) (s'-w)

Clearly, cpo(x) is continuous and 0 < © 0(x) <1 for all x.

Now, for any given e > o, there exists an interval IMf—'(-M, M) such that

(4.13) [a(m) - a (-u) |<e,

i

and hence, by (4.9) and (4.10), we can find a integer s Such that, if s' > s

then

_n,. .

()-l-'.l)-l-) { IFS'(CS'M+dS') —Fs'(- cs'M+dsl)I Se,

IGS'(CS’M + ds') - Gst(" CS,M + ds')I Le

Note that cpo(-x) is uniformly continuous on the interval I, and the convergence

(4.12) can be assumed to be uniform, i.e., there exists & pesitive integer s;,.

such that s' > s: implies that .



AR L . e

H|Al

(4.15) | oge(agilogex +d)) 9 (x)|< e
for all x Dbelonging to ;if
Hence, if s' > max (Se' s;f ), then
M | M
I JF' ¢s.(as,‘cs,x + ds,) dFs,(cs,x + ds,) - ‘jp wo(x)dFs,(cs,x + ds'#
-M

(1.16) 4

<e

M M \
If stt(asi‘cstx + ds') dGsn(csvx + dsc) 'f cPo(x)dGsv(csz+dst)/< e
-M -M

and, by (4.1%)
M
| [1,00a00) = [ 0gue, e, + ag0) @y(epx+ a0 [ <
(4.17) -M

M ,
IKS'(G'S') “f cpsv(asvlcstx + dsl) dGst(cstx + dsl)/ Se,

Thus,

(4.18)

[,1te) (00| - rfM 9 (1) @ (c_x + a,)
-M

- fM%(x)dGs.(cs,x '?'?».;.ds’) / /_<_ he

-M

Since, by (4.9) and (4.10),

(L, 19) kit M
/ J 00 @, lepm + ag) - [, @act) [ 20, (s-00)
- -M

and

: M M

20) | [ e g - [a et [ o, (51,
-M -M

‘there exisité, from (4,18), a positive integer S, Such that s' >s_ implies that
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(4,21) ]38,(as,) - Ky (a ) [< G
This shows that (4,8) is true for the subsequence A<}, from which it is easy
to see that the theorem holds.
This result can easily be extended to bivariate case, which will be
stated without proof‘ in the following.
THEOREM 4 Let
(k.22) ps(z[x, y) dz 4 Fs(x, y)
be the probability element of a threegdimensional real random variable
(2°, xi, Xg) , where Fs(x,y) désignates the cumulative distribution function
of (&, X)), 521,2,...
Iet (Yz, Y;) ;;be another probability distributior which is agymptotically
equivalent to (xi, )(Z)in the sense of type (8) as s =, whose curmlative
distribution is denoted by Gs(x, ¥), 8=1,2,.4. .
Suppose that the following conditions are satisfied:
(1) p;s(zlx, y) is continuous with respect to (z, x, y) Jjointly, for every s.

(i1) For (¥}, Y)) there exist contants ¢qs cp(>0) and die a3 5=1,2,400,

such that the variable

(4 23) (=3 - ), —5 (% - )
-1 2

tends to a certain fixed distribution (Yl, YB) of the continuqug type in the

sense of type (S) as s-» e,

Then, two distributions whose probability density functions being

given by

(1. 24) [Toyatn v ar e e [ plelmac, o) ®

2k

w0 - g



i}

il

are asymptotically equivalent in the sense of type (§) as s-o-;.

Applying these results to the problem stated in the section 1, we have
the following

THEOREM 5 Let us congdder the limiting process stated in Xemma 1
and the conditions (2. 14) given in Lemms 2. Then, under the 'pergial’
null-hypotpesis Ho(h.)‘ given by (1.6), the distribution of the F-statistic
given by (1.18) after the randomization is asymptotically equivalent to the
F-distribution of degrees of freedom (&, n-b-v+l) in the sense of type (S)
as b -)Q. |

Likewise, in the special case when h=m, under the 'total' null-hypothesis
H (7 =0), the distribution of the F-statistic given by (i.2l) after the
randomizé.tion is asymptotically equivalent to the F-distribution of degrees of
freedom (WL, n-b-v+l) in the sense of type (8) as b —w,

This gives a jﬁstifica.tion and a probability theoretical meaning to all
the results hetthg;'to obtained, concerning the asymptotic null-distribution of

the F-statistic after the randomization (1,2,3,4,5).
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