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Summarz

The paper describes a method for estimating the long term effects on structures under
gyclic changes of loading and temperature, For loads less than a certain critical value
{shakedown limit), it is shown that the stress in the structure will, after a sufficient
aumber of cycles, asymtote to a cyclic stationary state, consisting of an elastiec part in
response tc the eyclic loading, plus a constant system of self-equilibrating residual
stresses, corresponding to which the creep emergy dissipation over an entire cycle of
loading is 2 maximum, hence providing an upper bound to the total work per cycle after the
structure has shakedown. Instead of following the exact time history to reach this state,
this solution is obtained by a successive approximation procedure starting with any admiss-
ible residual stress distribution as an initial trial value, and correcting it by the
effect of the creep and plastic strains accumulated over an entire cycle, which are in
general not compatible and require a self-equilibrating stress system to give an elastic
strain so as to make the total strain satisfy compatibility, This is repeated until the
steady state is reached if and when no further correction is necessary. If the incremental
procedure does not converge to such a state, then the level of loading is outside the
shakedown limit. The nonlinear problem at every approximation step may be solved by any
convenient method. The procedure is an artificial device for obtaining the solution with
no correspondence to the real event, and thus can be accelerated by a suitable choice of
initial starting value for residual stress. It gives the upper-bound cyclic stationary
solution for a given amplitude of cyclic locading, and may be used to find the shakedown

limit if so desired.
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1. Introduction

A great deal of effort has already been spent on the assessment of the long term effects
on structures under cyclic loading and temperature. It is rightly recognised that an exact
evaluation of the structural response at every instant of time would be unnecessary as well
as uneconomical, and the purpose could be served by simpler estimations of the bounds on the
deformation or dissipated energy. This paper discussed a new procedure for the calculation
of an upper bound solution, established by following the usual energy principles as given in
references [1,2], but modified to include the effect of plastic deformation and to remove
some of the unnecessary restrictions, to be applied with the finite element method. It
stipulates that, for loading below a certain shakedown limit, the structure will settle down
to a cyclic stationary state after a sufficient number of cycles, with a constant system of
plastic strain and residual stress, and will respond to the cyclic loading only elastically.
The creep strain rate can then be determined from the creep law and then the amount of

deformation incurred over cycle estimated,

The problem is thereby reduced to that of finding the residual stress sytem corres-
ponding to the cyclic stationary state, which must of course satisfy the usual equilibrium
and compatibility requirements. This is done by a series of successive approximationms,
starting from any admissible initial residual stress system, and correcting it by the plastic
and creep strains accumulated over an entire cycle, during which the residual stress system
is maintained constant, Thus, the procedure resembles a sequence of psuedo-time steps,
solving a boundary value problem at discrete points of time corresponding to the end of a
loading when no force is applied and only the residual stress sytem exists. If the applied
load is below the shakedown limit, the calculation will converge and the residual stress
will remain unchanged. This will not take place if the applied load exceeds the shakedown
limit.

Although the calculation has the appearance of a time stepping procedure, it does not
represent the real event since it may start with any initial admissible residual stress
system, The real time sequence is approached if initially the residual stress is taken to
be zero, but convergence to the cyclic stationary state will be slow. On the other hand,
if the residual stress system is taken to be that due to a constant application of the
maximum load inducing only creep strains, (with no plastic strain taken into account), then

convergence to the required solution can be extremely fast.

The nonlinear boundary value problem at every step of the successive approximation
sequence can be solved iteratively by the Newton—Raphson method. The solution of the some-
what simpler problem at the beginning to obtain the initial trial values for the residual
stresses may be treated in the same way, or by any other convenient method which would

achieve rapid convergence,

2. Formulation of the Upper Bound

Consider a structure subjected to a periodic leading R(t) at time t with a cycling
time T so that R(t+7T) = R(t) , inducing a strain e(t) in respomse. The total rate of
strain € may be considered as the sum of

v s s s _ |
£ Ee+EP+EC € tY (1)
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where €, s Ep . and €, are the elastic, plastic and creep strain rate components, related
to the stress o by Hooke's law, the Prandtl-Reuss plastic flow rule and the viscous energy
dissipation function respectively. ¥ is the inelastic strain rate, being the sum of E:p+t-:c.

Here, all stresses and strains are defined as column matrices. These constitutive laws are

of the form

e, = Co (2)

. af .t

€. = A(a=) for f(g) =0

P B30 (3)
= 0 for f£(g) < 0

where f£(0) = 0 defines the yield surface for the materizl, assumed to be perfectly plastic.
The creep energy dissipation function is defined as

- t .

Do) = 0" d, = ¢(9) glt) )
where &(0) 1is a homogeneous functionm of o of degree n+1, (n is the creep index in

Norton's power law), and g(t) is a function of time, so that

. =
g.o= = (2 e : (5)

c
(note that since ¢ = -g-g d¢ where do is a column, % is a row matrix to give a scalar
del.

For stable materials, the Drucker's postulate shows that the surface ¢ is convex, in

much the same way as the plastic yield surface f is convex.
For two states of stresses @ and G on the $ surface, the convexity condition gives

%ca-c)so (6)

3¢

where T is the outward normal gradient to

the surface at o (Fig. 1) . The identity
02 ¢ (o) - ¢(o) (7

may be added to eq.(#) and using the
definitions in eqs.{4 & 5}, it becomes

* £ = -t = t s
(n+l) e (06-0) €« 0 E -0 £, (8)
rearranging and replacing éc by ".f"t:.P, eq. (8)

becomes

TY € (+Do-N"7 + <n+1)<6—u)tép

+ ot¢ +3° & (9)
P C

The total inelastic work over one complete cycle

of loading in the structure is then

FIG. I,

T T -
J I Ut‘Ydt dv < J J I:right hand side of CQ)J de dv
V.D v o] (]0)
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The stress state O may be considered to be the combination of an elastic stress distribu-
tion de(t) in equilibrium with the cyclic applied loading, together with a residual self-
equilibrating stess system p{t) , such that their combination

a(e) = o (o) + p(t) (n

gives the compatible strain rate £

The stress O may be arbitrarily defined to be the combination of the elastic response

Ge(t) to the applied load and a constant {in time) system of residual stress o

a{t) = g, (t) +p (12)

where p 1is such that G is within the plastic yield limits
£(@ £ 0 (13)
and has the same creep energy dissipation rate as o, as stated in eq.{(7).

The difference O-~G = p-p is a self-equilibrating stress sytem corresponding to zero
external applied load. The rate of virtual work done by this stress system on the compatible

strain Tate € is zero. Hence
— t - — t a
(c-a)" vy = -{o-0a) €, (14)
When this is integrated over one complete cycle of loading

T

J(d—c)tYdt = 0 (15)
[+]

since the elastic strain €, is completely recovered after a cycle. The first term on the

right hand side of eq.(10) therefere vanishes.

Applying the same kind of reasoning with respect to the convex yield surface f, as
that for ¢ in establishing the inequality (6), (e.g. consider Fig. 1 as an f surface

instead of a ¢ surface), an analogous inequality
G@-o° ép £ 0 (16)

can also be established.
3

Hence the inequality eq.(10) is strengthened if the second term on the right hand side
is ignored. The elastic strain rate ée may also be added to % on the left hand side of
(10) since it has no effect when integrated over a complete cycle. The inequality (10}

then becomes

JT(J ot édv)de < JT(J c?técdv)dt + J

o 'V o 'V o

T -
J a ep dv de an
v

Thus the total creep dissipation energy over a cycle of the cyclic stationary solutiomn a .
together with the total plastic dissipation energy over the cycles, provides an upper bound
to the total work per cycle, TFor a cyclic loading which would eventually allow the structure
to shakedown, the plastic strain rate ép = 0 and hence the plastic dissipation energy will
disappear, then the total work will be bounded by the creep dissipation energy of the upper

bound solution only.
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It can readily be seen that when no plastic deformation is involved, all terms involv-
ing ép will disappear, but the conclusion reached above remains completely valid, Further—
more, if any thermal strain is present, due to, say, a cyclic change of temperaturg T(t) ,
it may be included as part of the elastic strain since it will return to the original value

after a complete cycle of loading and the above formulation is once again unchanged.

It has been shown, reference [3], that if the stress system O exists, the actual
stress system o will approach this state after a sufficient number of loading cycles.
T is known as the cyclic stationary state in which the structure has shakedown after some
initial plastic deformation, and is now responding to the applied cyclic loading purely
elastically, together with a constant system of residual stresses, The creep dissipation
energy of the cyclic stationary stress system also provides an upper bound to the total work

per cycle of loading after shakedown has taken place and ép has vanished.

3. Calculation Procedure

To obtain this assymtotic solution for o » which would provide also an upper bound on
the creep energy dissipated gver a cycle of loading, it is only necessary to find the self-
equilibrating stress system R s constant in time, which when added to the elastic response
Ue(t) » will give the required cyclic stationary solution &(t) » providing that it does
not exceed the yield limit anywhere, and gives the same creep energy dissipation rate as the

actual stress system o , (i.e. conditions in eqs.(7) and {13) are satisfied),

This solution may be obtained quite artificially, starting with any admissible self-
equilibrating stress system Eo(x,y, z), and adding it to the elastic response Ge(t) to
obtain

9,(t) = o(t) + b (18)

as an initial guess for o ., A creep strain rate éc corresponding to 80 can now be
calculated from the creep law in eq.(5) which would automatically ensure that the condition
required in eq. (7} is satisfied, Likewise, a plastic strain rate ép can be calculated by

the plastic flow law defined in eq.(3}.

These rates may be integrated over a loading cycle of time T to give

) iF

Ec L Ecdt (19)
T -

Aep = L ep dt (20}

In general, these strain increments will not be compatible, and will require a correction to
the self-equilibrating stress system Ap » which will give rise to an elastic strain

increment by eq.(2)

pe, = Cbp zn
such that the total strain increment

Ae = e, *+ Ae, +Aep (22)

are compatible. The compatibility requirement on A€ » and the equilibrium requirement op
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Ap , define as usual a boundary value preblem, in this case nonlinear, which can be solved
by any of the available methods. The correction Ap must be such that 30 + Ap does not
exceed the yield limit in the iterative solution, For loads R(t) below a certain shake-
down limit, here modified somewhat due to the presence of the creep strain, repetition of
this successive approximation procedure will converge to give the required p when Ap
becomes sufficiently small, and the resulting stress system G will satisfy the yield

criterion defined in conditiom {13).

This procedure is merely an artificial device for finding the correct cyclic stationary
solution © which gives the upper bound to the energy dissipation over a cycle. It does
not correspond with any real event, In the case when Bo is taken to be zero, or the true
residual stress system if the structure has been loaded before, and the cycle time T is
short, so that the residual stress over a cycle is approximately constant, then the steps
of the calculation will approximately approach to the real events which take place over the
time sequence, with the stress states determined at discrete points of time coinciding with
the ends of the loading cycles. However, practical experience found the convergence rate
for such a calculation to be slow, Convergence may be accelerated considerably if Bo is
taken to be the residual stress given by the application of a constant maximum load, inducing

only creep strains without any plastic deformatiom.

The nonlinear problem involved in the initial solution, as well as the solution at
every subsequent successive approximation step, may be solved by, say, the Newton—Raphson

iterative method, or any other iterative method that would give rapid convergence,

4, Example

In this preliminary report, the simple problem of the bending of a beam by a moment
varying linearly over a time cycle T = 10 hours is used as an example, (Fig. 2). The beam
has a cross—section 10 mm square, made of a perfectly plastic material with a Young's
modulus E = 1.8 x 105 N/mmZ, a yield stress Y = 130 N/mm?, and a creep strain rate given
by éc = kol , yhere k = 0.817 % 1078 in ST units (with length in mm) and n = 7.

The end section of the beam is assumed to be constrained in such a way that plane cross—

sections remain plane.

e R
M

o

M 10 m
3

max

t

=

T= 10 hrs
FIG. 2.
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For this beam, the moment at the elastic limit M, = 21.67 N-m, and the fully plastic moment
Mp = 32.5 M~m, which is also the plastic shakedown limit if there is no creep, The elastie
response 0O{t) is simply a linear stress distribution over the cross-section proportional to

M(t) in magnitude. The residual stress distribution p at the cyelic stationary state

corresponding to a Mmax = 30 N-m is shown on Fig. 3. This value of Hmax is actually
larger than the modified shakedown limit of Zrn - % X 32,5 = 28,44 stipulated in

reference [1].

The initial guess EU is taken to be that due to the effect of creep alone for a con-

stant application of Mma shown in Fig. 3, the calculation requires only 8 corrective steps

to converge to the requir:d steady state p , with about 3 iterations for each step, total=~
ing 25 iteratioms for the entire calculation, including the initial solution for Eo ., On
the other hand, if 50 is teken to be zere, the calculation actually requires the sub-
division of the cycle time T into smaller time intervals before the "stiff™ equation would
vield a solution. The total iteration count for this approaches 130 before convergence takes

Place. The advantaece of the former choice of Eo is apparent.

More complicated examples requiring finite element idealisations for solution are being

prepared at the time of writing, reference [4]
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SYMBOL-KEY : —@— FOR MAX.CONSTANT LOAD WITH CREEP ONLY
—A— FQOR VAR.LGAD WIiTH CREEP ONLY
—&— FOR VAR.LOAOQ WITH PREEF‘ AND PLASTICITY:
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