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ABSTRACT

MOHAMED FUTAUH ABUL ATA. Stochastic Models of Birth Intervals
According to Data Ascertainment Method and Relevant Fertility Indices.
( Under the direction of Dr. C. M. SUCHINDRAN. )

Three stochastic models for the ith-order birth interval are developed
corresponding to each of the following ways for considering birth
interval data:

(a) All Closed Birth Intervals (Retrospective and Prospective Studies);
(b) Last Closed Birth Interval;

(c) Prospective Next (Straddling) Birth Interval;

(d) Prospective Interior Birth Intervals; and

(e) Open Birth Interval. |

The first model assumes that the fertility hazard for the i birth ,
A;(x), of women who have reached parity (i-1) is indépendent of parity
and time (age), i.e., >\i(x) =A. The second model regards fertility as
strictly a parity-dependent process:A, (x)=A, , A # A for all k¥l=1,2,...,i.
The third model takes into account that reproductive behavior is more
likely to be independent of existing parity after some level of parity is
attained (e.g., 4 or 5). In this model:

A

>\r‘+ i =A

for all k¥l=1,2,"*",r, and
ra 2= UENENN L k=1,2,00r
The second model was utilized to investigate how truncation bias in

the first two moments of the birth interval varies with birth order, the
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length of the observation period (marital duration), fertility hazard
function chosen, and data ascertainment method. The sensitivity of the
birth interval measure to detect fertility changes was also investigated.
MLE produces estimates of fertility hazards that are recovered
(purged) from truncation bias for All Closed, Last Closed , and Open
Birth Intervals. These hazard estimates are further utilized in deriving
three important length-unbiased cohort fertility quantities, viz., mean
length of interlive birth interval, parity progression ratio, and birth
interval survival function. The models were applied to data from the
Egyptian Fertility Survey (1980) for a marriage cohort with 5-9 years
of intact marital life. While the recovered birth order-specific hazard
estimates are generally of the same magnitude irrespective of the
ascertainment method of éonsidering birth interval data, they are largely
below the corresponding estimates derived from Straddling Birth
Intervals. Comparison between model-based and life-table-estimated
survival probabilities of the second birth interval indicates that the

former is more likely to be better adjusted for truncation bias.
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CHAPTER 1
BACKGROUND AND RESEARCH PROBLEM

1.1 Introduction

In recent years ehquiries into childspacing patterns have increasing-
ly focused upon the number of months between successive births (i.e.,
closed birth intervals) and/ or the open interval since the last birth.
Studying such intervals is of interest for several reasons. First, mo-
dels of the birth process have indicated a close relationship between
length of birth interval and birth rates (Perrin and Sheps, 1964).
Birth intervals play an important role in determining birth rates and
rates of natural increase. For example, consider an-increasing populat-
ion, where each generation is "k" times the size of the previous one.
Assume that, with no other changes, the interval between births become
longer, producing an increase in the mean age of women at childbirth.
Since in this situation it takes longer for the population to increase by
k times, annual birth rates are reduced, leading to lower rates of
natural increase.

Second, current interest in evaluating family planning programs, es-
pecially in developing countries, has necessitated developing indices
sensitive enough to detect current or very recent changes in fertility

patterns of women still in the reproductive ages. Variations in either

the number or timing of births are produced by modifying one or more



behavioral and physiological factors that determine fertility, ultimately
by modifying the effective reproductive period, fecundability, pregnancy
wastage, and the duration of non-susceptibile periods. Since changes

in these factors are immediately reflected in the distribution of birth
intervals, it has been suggested that analyses of data on closed and
open birth intervals might detect changes in underlying fertility behav-
ior earlier than period birth rates, which are not highly sensitive to
these changes (Ryder, 1965).

A crucial value of closed birth interval data (Srinivasan, 1979)
stems from the possibility of carrying out component analyses of such
interval data. Broadly speaking, the closed birth interval can be de-
composed into the following four components:

(a) the period of postpartum amenorrhoea following birth;

(b) the duration of menstruation between two live births;

(c) the periods of pregnancy and post-termination amencrrhoea
of any abortions, miscarriages, and stillbirths intervening
between the two live births; and

(d) the period of pregnancy associated with the last live birth,

The first component, the duration of post-partum amenorrhoea,
during which conception is generally impossible, is influenced by the
health of the woman, her innate fecundity, and breastfeeding. As a
result, sociologists, demographers, and reproductive physiologists and
epidemiologists have become increasingly interested in this component
of the birth interval. The second component is the total waiting time

during which the woman is susceptible for conceiving following a birth,



The time at which conception may occur can never be predicted with
certainty and is determined by a variety of biological and sociological
factors. The fecundity of the woman (biological capacity to conceive),
the frequency and timing of sexual intercourse, the sperm count and
mobility of sperms in the ejaculations of the male partner, contracep-
tive practice, and the health status of the couple are among the more
important factors. The duration of menstruation is determined basic-
ally by the above mentioned and possibly other factors.

The distribution pattern of these menstruation interval and the
identification of the effect of various factors on this component of the
birth interval have become of increasing interest to scientists iﬁ var-
ious disciplines, inciuding demography. The parameter usually consid-
ered for characterizing the length of the menstruation interval is fec-
undability, i.e., the monthly (instantaneous) probability of conception.
The duration of menstruation intervals between two live births depends
on the number of fetal losses, which, in turn depends on the probabil-
ity that a conception will result in a live birth.

The third component of the birth interval is the effect of fetal loss-
es as they occur to the woman between two live births. The number and
gestational length of pregnancies that terminate in fetal losses and the
accompanying periods of amenorrhoea are important factors to be taken
into account.

The fourth component is of course the gestation period that ends in a
live birth. Although it is the least variable component, it is not poss-

ible to determine the exact time of delivery for a pregnant woman.



1.2 Errors In Birth Interval Data

Information on birth intervals and the family-building process is
ascertained mostly from retrospective household surveys and, to a
much lesser extent, from prospective studies of females of reproduc-
tive age. Retrospective last closed birth intervals, prospective next
birth intervals (straddling intervals), and prospective interior intervals
are alternative data ascertainment strategies that can be used based on
these types of data. A detailed description of each of these strategies
is given in section {.4.

A major source of error in retrospective data is what is known as
memory failure or recall bias. Time misallocation of events, espec-
ially those occurring long before the survey date, and underreporting of
events themselves are consequences of memory failure. A strategy of
cdetecting digit preference biases, reflecting temporal misallccation of
date data, has been developed by Srinivasan for birth interval data
(1979). The major underlying assumption of this method is the uni-
form distribution of the residues 1,2,...,6 or 1,2,...,12 resulting from
dividing the reported monthly birth intervals by 6 or 12 respectively.

Additionally, most fertility surveys, irrespective of the method of
data collection, produce only cross-sectional data, where the informa-
tion pertains to the experience up to the date of the survey (or the end
of the prospective study) of women still of reproductive age. In this
situation the analyst is confronted with a set of incomplete maternity

histories. With these, she/he cannot proceed to a direct estimation of



all birth interval distributions, or calculate complete cohort fertility
indices such as parity-specific cohort fertility rates and cohort parity
progression probabilities . In this context, it is important to distin-
guish three problems caused by the incomplete observation of birth
intervals, viz., selectivity, censoring, and truncation.

Selectivity refers to the fact that the transition from parity i-1 to
parity i can only be studied for women who reached at least parity i-1
by the survey date. This group of women tends to be selected on a num-
ber of characteristics, for example, age, and is thus not representative
of the entire population. Rodriguez et al [1980] exemplified this situa-
tion by saying,

“...the transition from parity 2 to parity 3, for example,

can only be studied for women who have 2 or more children at
the time of the survey. For the cohort aged 20-24 the subset
with two or more children consists of women who married
early and had two children in relatively quick succession. Such
women will tend to be more fertile, and hence less educated and
modern, than the average member of the cohort aged 20-24".

Although most demographers use the terms censoring and truncation
interchangeably to refer to the incomplete observation of failure time
variables, there exists, from the statistical standpoint, a significant
difference between them (Suchindran, 1972 and Srinivasan, 1979). In
the context of birth interval data, Suchindran (1972) has defined cens-
soring and truncation as follows:

If a cohort of women Ni of parity i, with marriage considered parity
.th

zero, are observed from the birth of the i~ child for a time period of

length t , the exact time to the (i+i)th live birth is known only for n,

out of Ni women who experience such an event during the observation



period. For the remaining N;- n; women, what is known is only that
their time to the (i+1)th live birth exceeds t . Data of this nature are
generally known as censored data. There are three types of censorship
that usually affect birth interval data, as follows: (1) Type {, where
observations censored at a single point t: the exact time to the event is
known for the n; women, but for the remaining Ni- n; women the time
to the occurrence of the event is known to exceed t. (2) Type 2, where
a cohort of Ni women is observed for a maximum duration t time units,
women are allowed to withdraw from observation before having given
birth to the (i+i)th child. The number withdrawn is treated as fixed
or random. The number is considered random if women drop out from
observation as a result of death, widowhood, divorce, or are lost to
follow up. The withdrawals are fixed only if a preassigned number of
women are excluded from the study to reduce the data collection work
load. (3) Type 3, where each woman has a distinct potential censoring
point: For every woman of parity i we know either an exact time to

)th birth or know that the time to the occurrence of this birth

her (i+1
exceeds some period of time. This situation occurs when a study is
conducted for t time units and all those who experienced the ith birth
during the study period are observed. Thus, the maximum potential
observation period (censoring time) differs among women,.

A truncated observation, on the cther hand irvclves a truncated pro-
bability distribution, which is formed from the corresponding complete
probability distribution by cutting off and ignoring the part lying in

some finite or infinite range. Symbolically, suppose F(*), and f(*) are



distribution and density functions of a positive random variable X, and
we consider values of X only below some level C. Then the density

function, h(x), of the corresponding truncated variable is given by:

h(x)z% , 0S x <C
=0 x2 C.

Then, h(x) is said to be a truncated density function of X, with a trunca-
tion at C. A truncated sample is obtained by sampling from a truncated
population , i.e., for failure time variables, this population having an
underlying failure time distribution truncated at a specific point in
time. In a censored sample, although the exact times until the (i+i)th
live birth of the Ni- n; censored observations are not known, the numb-
er of women whose observations are censored ( N,-n,) is known. But
in a truncated sample, the number of women for whom the time until
the occurrence of the (i+1)th birth exceeds the truncated point is not
known. This type of sample can result from a retrospective étudy in
which only women married for t years and having at least one live
birth are asked to give their time to the first live birth.

In light of the above discussion, we conclude that birth interval data
are generally subject to a truncation effect that may mask changing
parameters, such as changes in fecundability, lactation practices, etc.

This truncation effect can be thought of as having two aspects. The

first relates to the fact that if women are followed until they become



secondary sterile, their birth intervals are truncated as compared with
theoretical results derived from reproductive period of infinite length.
The second aspect arises when the observation is terminated at some
point before the intervention of secondary sterility, creating distrib-
utions of birth intervals different from the complete (final) distrib-
utions of the same women.

In order to appreciate the presence of the biological truncation eff-
ect on estimates of fertility from truncated cohorts, Poole (1973) and
Sheps et al (1970) examined the following rather simple situation.
Suppose, in the absence of all risks competing with fertility, a sample
of n women from the same age-marriage cohort, defired as a birth
cohort of fertile women married at the same age, is observed through-
out its reproductive life. The date of birth of each child is recorded.
This, in effect, represents the situation where a number of n general
renewal processes are observed for the entire reproductive life (0,A),
where A is age of menopause,with age at marriage is set to zero.
Mathematically, under the assumption of infinite reproductive life, let
Xy XZ’ X3,..., represent the birth intervals between marriage and
first birth, first and second birth, etc., for a typical woman , if and as
successive births occur. |
Let:

K
Sk;gxi » k=1,2,...
i=1
and
Sp=0

Then the sequence { Sy } is a general renewal process. If C(0, A) is



the counting process which records the number of births (renewals) in
(0,A), i.e., C(O, A) is the largest k such as Sk < A, then the following

duality relation holds:

S, SA e C0, A 2k , k=1,2,...

k

Let X, (A) be the random variable indexing the length of the interval (if

th and it births when the process is truncat-

it exists) between the (i-1)

ed at A. Then obviously;
X (A) = A

which shows that X, (A) and X, (Ke) do not generally have the same

distribution. To clarify this , define the biologically truncated distrib-

ution function, H';\(x), of Xi(A) as:

H’;‘(x):Pr‘[ X (A) S x ]
=Pr[ X, <x | S SA]

Pr[XinﬂSiSA]

B G, (A)

where Gi(A):Pr‘[ Si <AL
Here
X

Pr{X, SxNS A= JPr[ S, S A | X;=y ] fly) dy, which,
0

assuming independence of X,, Xo,...,

X
:ijr[ S, S Ay £y dy



0
Thus
X
o) Gt £ o
Hi(x): . (1.2.1)
G, (A)

1
-

Where fi (y) is the p.d.f of Xi’ the length or tne "7 birth intervai,

assuming an infinite length of the reproductive life. The p.d.f of X (A)

is given by:
A ,_d A
hi (x) = e Hi (x).
G, [ (A-x) f.(x)
t A — 1-1 1
n; (x)= Gi(A) s X S A (1.2.2)

It is clear that

f,0)= Lim hf‘(x).
A—ro

Equivalently, fi{x) = hf\(x) iff Gi(A)=i, but G, (A) is always less than
! whenever Gi-i (A-x) <1 for x >xo and for some x > Xg» fi(x) > 0.
This is because Gi(A) is the convolution :

A
Gi (A) SJGi_i(A-x) fi(x) dx.

[t then follows that

E[X(A)VISE[X]], forall 121, r21, (1.2.3)
where the inequality strictly holds iff Gi(A) < 1.
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This result arises because for some x > x4, the weight given to f;(x) in
(1.2.2) decreases with increasing x. Hence the mean length of the ith
birth interval can be overestimated if it is based on an analytical meth-

od that assumes a reproductive life of infinite length.
1.3 Life Table Analysis Of Birth Intervals

The simple analysis of data on closed birth intervals, irrespective
of how they are ascertained, is subject to serious limitations when the
observations are truncated at some point before the age of menopause.
Since for any woman in the age-marriage cohorts under study, the in-
terval recorded between marriage and any birth cannot be longer than
the duration of the marriage at the time its history is terminated, a
tendency for selection against long intervals exists. With respect to the
first birth, however, this tendency could largely be dealt with by limit-
ing the analysis to the records of women who had been married for a
sufficiently long time. With truncated data the bias against selecting
(observing) long intervals is greater the higher the order of the birth.
To minimize this bias resulting from incomplete observations of birth
histories, a life table analysis of successive birth intervals is usually
applied. In such an analysis a woman who has had i-1 births is a mem-
ber of cohort i birth until she has her i birth or her record termi-
nates (e.g., by date of interview). If she does not have the i birth
she is "withdrawn" from risk, and from the cohort, at the end of the
observation period. The analysis method yields estimates of the proba-

bility of not having the it birth at each specified time interval after

11



entry into the cohort, giving an attrition curve (survival curve) over

' time. At any time since the (i-i)th

birth, the probability of not having
another birth is the complement of the parity progression probability
at that same time. The life table also yields estimates of the condi-
tional probability of an ith birth during a specified time after the
(i-i)th birth, of the probability distribution of the ith birth per a wom-
an in the original cohort, and of the relative frequency distribution of
the length of birth intervals. From the latter, ad Jjusted means and var-
iances (or higher moments) may be obtained. Although these estimated
moments are not highly reliable, for reasons to be explained shortly,
they provide less biased estimates than those calculated directly from
the data.

A number of different methods are applied to derive estimators of

th

. q; (%), the conditional probability of an i“" birth at interval x after an

(i—i)th birth. Given such an estimator, &i (x), an estimator of Si (x), the
unconditional probability of not having an ith birth before the end of an

interval x after the (i-i)th, is then derived as follows:

- X R
Si(x) =IT { i—qi (y) } , x=1,2,3,........ T,
y=1

where t is the last interval in the life table.

An estimator often used for q; (x) incorporates the person-years con-
cept. Let Ni-i (t) be the number of women who have had at least (i-1)
births by time t. For Ni (t) among them, there is an observation Xi(t);

the length of the ith birth interval, and for Ni-i - N, , there is an
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observation on the open interval (censoring time), u;(t). Let n_ be the
number of observations with xi(t) =x, and Cy the number with U t) = x.

Then the person-years estimator is:

A n
A(x)= X
9 x-1
Ni-i(t) - gi(ny + cy ) -3 Cy

The life table mean and variance of the it birth interval may be calcul-

ated as :

T ~ ~
- Ex{Si(x-l) —Si(x) }
X =x=1 ;

! 1 -S. (1)

1

'C' ; 2 ~ A
L IR Sen S
ag. =
1

1- éi(ﬂ

Simulation studies (Sheps et al, 1969) on the efficiency of life table
analysis of birth intervals show that such an analysis compensates, to a
degree, for the truncation effect on closed birth intervals between
births, but does not fully succeed in eliminating this effect. Serious
shortcomings appear especially in the presence of heterogeneous fecund-
ability, which surely, characterizes human (and other) populations.
Thus, women with longer intervals have a greater probability of not
having the next birth and thus of being considered withdrawals. Hence,
a fundamental assumption of life table analysis is violated in the pre-

sence of heterogeneity. In general, the magnitude of the adjustment
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introduced by life table analysis depends on both the proportion of
women who complete an interval and the distribution of open intervals.
Morever, life table analysis does not account for the fact that the rep-

roductive span is limited and hence Xi , the length of the ith birth in-

terval, cannot exceed a certain value. In other words, Xi belongs to
some truncated probability distribution (Sheps et al, 1973; Srinivasan,
1979). To see this,

let X, be the random variable indexing the length of an i birth intervl,

and
}\i(x)A(x) = Pr { x< Xi < x+Ax | Xi > x} , i=1,2,...,
be the fertility risk function of the ith birth, given the
occurrence of the (i-i)th at some time point within the
reproductive span.

[t follows that
X
Fi(x)= 1 - exp[- ()\i(y) dy ]
0

and

X
fi(x)= A (x) exp[EJAi(y) dy ] » x> 0

where Fi (x) and Fi(x) are, respectively, the probability distribution and
density functions of X;- This is the probability model estimated with
the life table method. For Fi(x) to be a proper distribution function ,

it should satisfy the condition that:

Fi(xo) =1 , for some x4 € (0, A),

where A is, as defined before, age at menopause, with age at marriage

set to zero.
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In other words, the condition required for the above model to be valid
is that the transition probability from parity i-1 to parity i is certain,
which is not generally true. Hence, such a model, which can reasonably
approximate the intervals of the first few births when the observation
period is sufficiently long, may introduce biases for births of higher
order. In this respect, it is worth mentioning that the adjustment fac-

tor, i-éi(r), that usually used to properize life table distribution of

birth interval ( see the above expressions of mean and variance) does
not entirely solve the truncation problem because the truncation point ©
is dictated by the data, and hence may differ from sample to sample
drawn from the same population. Also, this adjustment does not clear-
ly account for the fact that the total length of successive birth intervals
has a natural upper limit which is the duration of reproductive life.
Despite the inadequate adjustments provided by life table analysis,
they are preferable to simple calculations of birth interval parameters

based only on the observed closed intervals.
1.4 Specification of the Research Problem

The ultimate goal of the present research is to devise an analytical
method for dealing with birth interval data that may be more effective
than the life table method in alleviating biases resulting from the two
aspects of truncation as well as selectivity problems, as explained in
sections 1.2 and 1.3. Towards this end, stochastic models of the ith

birth interval will be derived for several data ascertainment strategies.

They are described as follows:
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(a) Prospective Studies. A sample from an age-marriage cohort of

fertile women is observed from their marriage until t time units have
elapsed. The dates of birth, death, widowhood, and divorce are
recorded for each woman.

(b) Retrospective Studies. The age marriage cohort is sampled t time

units after marriage where the reproductive histories of selected indi-
viduals are ascertained.

(c) Studies on Retrospective Last Intervals. This scheme is similar

to retrospective studies except only the dates of the last closed birth
interval (if existant) are recorded. The open birth intervals are
measured as well.

(d) Studies on Prospective Next (Straddling) Intervals. t time units

after marriage, a sample of currently married women is drawn and
observed until the next event occurs. The interval between the last
event before the observation pericd and the first occurring during the
observation period is recorded. Hence, intervals straddling the
hypothetical survey point t are observed.

(e) Prospective Interior Intervals. The age-marriage cohort is

sampled at time t and observed until T,all intervals interior to t, T
are observed. For example, if there is an ith interval interior to (t,T),

then observations are made on Xizti—ti_i, ti-i_ t, and T- t where

t; is the time (measured from marriage) at which the i birth occurs.

(f) Open Birth Intervals. The open birth interval is the interval,

measured at the survey point, since the last live birth.
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SCHEME OF
DATA ASCERTAINMENT PLANS

i1 -Prospective Studies.

| A * * 3 H * ]
yWym o

0 X, 1 Xy 2 Xy 3 WM g X rU gt

2-Retrospective Studies.

I * * * * *

0 Xi i X2 2 X3 3 r-1 Xr‘ r Ur‘+i

4-Prospective Next (Straddling) Intervals.

(l) . 1* tl d,w,m
1- \ / 1.
X.

1
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Three different models of the it" birth interval will be considered in
this study according to data ascertainment method. The first model is
based on the simplistic assumption of a parity-and time (age)-indepen-
dent fertility hazard. Subsequently, this restrictive assumption will be
partly relaxed in two stages, producing the other two models. In the
first, fertility is regarded as strictly parity-dependent process, while
in the second considerations are given to the possibility that after a
certain birth order fertility is governed by biclogical factors rather
than by how many live births a woman has ever had. In all three cases,
however, age is assumed to play no prime role in determining the like-
lihood of having a new birth (see Chapter III). For reasons explained in
Chapter III , forces which compete with fertility , e.g., mortality, wi-
dowhood, divorce, are considered only in the first model but skipped
in others.

The parity-dependent fertility models will be used to study how trun-
cation bias and sensitivity of birth interval to detect fertility change
are influenced by the duration of the observation period, birth order,
fertility hazard, and data ascertainment method.

The Maximum Likelihood Method will be followed in estimating
model parameter(s). Apart from its appealing asymptotic properties,
a crucial advantage of this method for the current situation is that its
resultant estimates are recovered from truncation bias in the three
most common ascertainment methods, namely, All Closed (prospective

and retrospective studies), Last Closed, and Open Birth Intervals.
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The recovered estimates of the fertility hazard are further utilized
in estimating three important length-unbiased cohort fertility indices,
viz., mean length of birth interval, parity progression ratio, and birth
interval survival function. Fertility differentials among age-marriage
cohorts can be analysed via the estimated fertility indices. The availa-
bility of variance estimates of each also makes statistical inferences
possible.

The birth histories of a sample of Egyptian women, obtained retro-
spectively in the Egyptian Fertility Survey (1980) as a part of the
World Fertility Survey Program, will be analysed applying the proposed
analytical approach. The credibility of the suggested method relies, to
a large extent, on the tenability of the underlying assumption. The
Egyptian data, as will be seen in Chapter VI show no major deviation
from the important assumption of an age invariant parity-dependent

fertility hazard.

1.5 Review of Pertinent Literature

A brief review of pertinent literature comprises two reléted catego-
ries. The first describes important work in the area of modelling the
fertility process, from which the current work is a natural extension.
The second focuses on several studies which have given some attention
to methods of data ascertainment for analysing birth intervals.

1.5.1 First General maternity models

Thanks to Henry (1953), the distribution of birth intervals was
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initiially derived under various models. Henry devised a rather simple
mathematical model to estimate natural fertility, i.e., fertility in the
absence of deliberate measures to regulate births. Birth intervals
were assumed to be a function of: (a) pregnancy duration, (b) the non-
susceptible period following a live birth, and (c) the fecundability of the
woman. Based on the assurnptions of no foetal losses, constant fecund-
ability, and constant duration of the non-susceptibile period associated
with a live birth, Henry showed that the instantaneous birth rate, B(x),
converges to the asymptotic fertility rate, p~, with increasing duration
of marriage, where p~ is the inverse of the mean birth interval. This
result is analogous to the one obtained in renewal theory (Chiang,
1968). An expression for the expected number of births to a wornan
with a marital duration of X years was also derived, as was an exp-
ression for the expected number of births in a population where fecun-

dability and non-susceptible periods were allowed to vary.

An extension of the above model included foetal losses and non-
susceptible periods associated with a pregnancy, varying with the out-
come of pregnancy, is given by Henry (1957). Fecundability was con-

sidered as a function of age in a non-contracepting society.

Under certain limiting conditions, Perrin and éheps (1964) introd-
uced the notion of treating the reproductive process as a Markov ren-
ewal process. Consequently, the distributions and moments of birth
intervals were derived.

used right after birth and practiced without interruption. Considering
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two groups of women, identical in all respects except that one is contr-
acepting while the other is not, Potter concluded that if a contraceptor
Srinivasan (1966) assumed a beta distribution for fecundability among
women, constant fecundability for a given woman over time, and no sec-
ondary sterility in deriving probability models for the closed birth in-
tererval. An empirical illustration showed that the expected frequency
under given models for parities 2 and 3 were consistent with observed
frequency. Later, in (1967), he extended the model to include open in-
tervals, assuming the open interval (terminated by the survey date) is a
random portion of the closed interval. Based on this assumption, he ob-

tained expressions for the first two moments of open intervals.

Leridon (1969) questioned this above assumption of Srinivasan
(1967), pointing out that the distribution of a closed interval which
straddles a fixed point (survey date) is not the same as that of any
closed interval. Leridon also showed that the longer the closed
intervals, the more likely it is to be interrupted by the survey date.
Hence, the mean length of an it interval which straddles the survey

point is greater than the mean length of all i intervals.

Venkatacharya (1969) investigated the effects of short marital dura-
tions on live birth intervals. The bias, defined as the difference bet-
ween the mean of the i birth interval estimated from retrospective
studies terminated at some date before menopause and that correspond-
ing to a complete observation, i.e., terminated at the end of the repro-

ductive life, is viewed as an important element which ought to be
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accounted for in the context of fertility change assessment studies. The

author showed that this bias is not necessarily small, and is notably .

serious in low fertility situations.

Suchindran et al (1977), addressed the problem of comparing the
distribution of the length of birth-order-specific intervals for two or
more groups when the distributions are obtained using life table tech-
niques. Mantel-Cox, Gehan, and Peto & Pyke’s significance tests have
been applied using data from the 1965 U.S National Fertility Survey.

The performance of these tests in various situations is discussed.

Mishra, R. N., et al (1983) developed a probability distribution for
the first birth interval taking into account the following two factors:

(a) Two groups of women with different levels of fecundability.

(6) Some women may not be exposed to the risk of conception immedia-
tely after marriage due to temporary separation for a specific period.
The proposed model was judged to approximate empirical observations
well.

Nour (1984) proposed parity-specific fertility tables, in which the
parity of women, instead of their age, is used as the criterion to
summarize the fertility experience of a synthetic cohort. The theoreti-
cal underpinning of the proposed fertility table incorporates developing
an analytical model of the family-building process. The author assumed
that the parity of a woman at age x, [ I(x) ], is a Markov process,
where for every x € X, [(x) has a finite space S={ 0,1,2,...,k }, with

k the maximum attainable parity. An expression for the parity trans-
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ition probability was developed .

Chiang (19895) developed a general stochastic model of human repro-
duction which accounts for the truncation of reproductive life at the age
of menopause. He assumes that the fertility hazard is related to

parity and age according to the following specification :

NOEPWEINR

where i and x represent parity and age respectively. No specific

functional form of 6(x) was given.

1.5.2 Second Models emphasizing ascertainment plans

Sheps and Menken (1973) discussed the lifetime variables under
various data ascertainment methods. Using very general forms of
competing risks, the authors derived the relevant probability distrib-
utions for cohort as well as stable and stationary populations. The pre-
sent study will be based on the general stochastic expression developed
by Sheps et al (1970) and Sheps & Menken (1972). For this reason, a
detailed exposition of some of these models is given below.

Let:
P; be the conditional risk (hazard) of occurrence of event Ej at time
t, where j=1,2,...,k.
Pr [ Ej occurs between t and t+At | Ej has not occurred before t ]=
pJ.+o(At)

Pr [ Ej N Ej’ » j s j° »occursin (t, t+At) ]= o(At); and
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Pr [ none of the events EZJ »j=1,2,...,k occurs in (t, t+At) ] = .
-3 P (t) At + o(At),

where lim %%_)_ =0
At—0

Define Yj (t) to be the unconditional probability that Ej occurs in
(t, t+At), i.e., the p.d.f. of Ej' Then, this p.d.f. can be written as the

product of the hazard and survival functions,i.e.,

[o0)
yj(t) = pJ(t)JyJ-(X) dx.

If we let
[0 ]
P.(t =j. dx,
J() . yJ(X) X

then . i

_ d
pJ. (t)= - _dElOge PJ (t).

Define the folvlowing notation. Let:

X, bea r.v defining the length of an ith birth interval, i=1,2,...;

i
®. (x,a) be the conditional risk of an ith

i birth at age (a+x) to a married

woman who had an (i-i)th birth at age a and has not had yet an
it birth;
Fi (a,b) be the probability that no births occur to a woman in the age
interval (a,b), given she had an (i-i)th birth at age a, then
b-a
Fi(a,b)= exp [ afqbi(x,a) dx]
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p_(2) be the conditional risk of death at age a, given that death has not

occurred before a;

pw(a) be the conditional risk of widowhood or divorce to a married

woman at age a , given neither event has occurred before age a;

PL(a,b) be the conditional survival probability from age a to b given

surviving up to age a
b
= exp [- [p,_(r) dr ]
a

P, (a;b) be the probability that a married woman at age a will not get
divorced or widowed in the age group (a,b)
b
= exp | —Jpw(r) dr].
a
Also let

g; (x,a) be the conditional density of an it birth at age (a+x) given the

occurrence of the (i-i)th birth at age a, i.e.,

;gi(x,a) = ¢i(x,a) Fi(a,a+x) Pw (a,a+x) PL(a,a+x) (1.5.1)

assuming independence of the events.

Then w; (a), the density of an it" birth at age a, is given by:

a-15
wi(a) :OI gi(x,a-x) wi_i(a-x) dx (1.5.2)

where wg (a) is the density of marriage at age a.
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The unconditional density of an i~ birth at age a+x and an (1-1)th birth

at age a is, therefore given by:

hi(x,a) = gi(x,a) Wi-i(a)' (1.5.3)
this yields, from (1.5.2):
a-15
w.(a) = [h. (x,a-x)dx. (1.5.4)
i R

The unconditional density of >(i irrespective of the age at birth of
the (i-i)th child is given by:
S0-x 50
hi(x) = Jhi(x,a) da = {hi(x,a-x) da \ (1.5.5)
15 1 S+x
Equations (1.5.4) and (1.5.5) imply no births occur before age 15 or

after age 50.

The above densities pertain to improper r.v’s, since the integrals of
hi (x,a) and hi (x) do not equal 1. We present here the properized dist-
ributions as given by Sheps (1972), details can be found in the quoted
reference.The truncated joint density function of 'Xi and the occurrence
of an (i-i)th birth at age a is therefore given by

hi(x,a)
Bi(x:a) = —=s57553 ;

J Jh.(x,a) dx da
15/ o/ !

and the unconditional truncated density function of ><i is

(1.5.8)
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h. (x) h; (x) h, (x)

— 1
X) = 335 =730 —
J hi(x) dx Jw.(a) da 1
0 15/ !
50

I
(=
-
N
>

B, (

1

where wiz[ Wi (a) da.
15
Since the above densities consider all intervals occurring to all

women in the cohort, the ascertainment method is clearly based on

prospective data, with truncation at age S0.

The interval Xi for surviving married women who have had an ith

birth at age (a+x) < b, i.e., a retrospective study with truncation at
age b, has the following p.d.f.:

b-x
_1SJ hi(x,a) PL(a+x,b) Pw(a+x,b) da
61(x|b) =5 (1.5.8)

iS(wi(a) PL(a,b) Pw(a,b) da

, x <b-15.
The retrospective last interval Xi for women of exact parity i at age b

has the following density:

b-x
J hi(x,a) PL(a+x,b) Pw(a+x,b) Fi+1(a+x,b) da
g (x|b) = 19 ,

"1(b)
(1.5.9)
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b-15

=O Jwi(b-u) PL(b-u,b) Pw(b-u,b) Fi + i(b-u,b) du.

where L (b)

And the straddling interval X, which straddles age b has the following
p.d.f:

b
Jhi (x,a) da
b-x

u.l(x|b) = " . , x<{35 (1.5.10)
J J hi(x,a) da dx
0] b-x

An interval Xi’ which is interior to the age group (b,b+y), has the
following p.d.f; y-x
J h1 (x,b+v) dv

0
Y ¥yX

J Jh.(x,b+v) dvdx
0/ o/t

r‘i(xlb) = y X<y. (1.5.11)

In retrospective studies terminated at age b, let Uiy 1 =b-(a+X,)

be the open interval following an ith birth. Then the p.d.f of Ui at
age b is given by

w._ (b-u) P; (b-u,b) P_ (b-u,b) F, (b-u,b)
hlulb) = — ‘51 L W 1 ,u<b-15.(1.5.12)
-1

OJwi_i(b—u) PL(b—u,b) Pw(b-u,b) Fi (b-u,b) du

Poole (1973) used models of the p.d.f's of Xi analogous to those
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developed by Sheps and Menken, to estimate non-parametric probability
distributions of Xi free from the truncation effects introduced by var-
ious data ascertainment strategies. He approached this problem by ad-
Jjusting the observed distribution of X, resulting from a specific stra-
tegy. The adjusting factors are composite functions of the survival
probabilities of different competing risks and of the truncation point
implied by a particular strategy. Poole relied on the relative frequen-

cy concept in estimating survival probabilities.

Sehgal (1971) investigated the sensitivity and robustness of birth
intervals obtained through various ascertainment plans. He defined the
sensitivity of a fertility indicator, such as the birth interval, as the
extent to which it changes in a short pericd of time as a consequence
of a change in the underlying fertility component parameters, such as

in fecundability, incidence of foetal loss, and duration of post partum

amenorrhoea, or the age specific fertility rate. The earlier in time a
particular fertility indicator, such as the closed birth interval obtained
from a particular ascertainment plan, can pick up and reflect changes
in underlying fertility parameters, the more sensitive the fertility in-
dicator. On the other hand, it is also important that the indicator be
robust, i.e., not change as a result of changes in factors other than

the underlying fertility parameters. Thus, the less the indicator is
influenced by non-fertility factors, the more robust it is . Sehgal
investigated the sensitivity and robustness of data on birth intervals

using computer simulation, where comparisons were made between
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closed and open birth intervals obtained through various ascertainment
plans under different fertility assumptions. He studied how changes in
fertility and non-fertility input parameters have affected birth intervals.
The criterion used to investigate sensitivity is such that, if in a par-
ticular ascertainment of birth interval, u, = mean length of birth inter-
val without changes in fertility input parameters, and M2 = mean length
when fertility parameters are changed in such a way as to induce an in-
crease in the birth interval by 25%, say. Then, the hypothesis of

interest is:

HO: M2 < 1.25 Hi VS. Ha : M2 > 1.25 M1

A rejection of Hy lends credence to the sensitivity of this type of birth
interval.

With regard to robustness, assume H, is the mean birth interval in
a particular ascertainment under a certain set of parameters describ-
ing various competing risks (i.e., fertility, mortality, marriage, etc.),
and p is the mean birth interval under a different set of parameters,
where the only parameters that differ are for variables not directly

affecting fertility. Then the test criterion is

Ho : Hy = Hy Vs. Ha: Hat My

Rejecting H, indicates this type of birth interval measure is not robust.
The following findings were obtained by Sehgal:
(a) The length of the open birth interval is highly sensitive to fertil-

ility changes when analysed by the age of mother at the survey date,
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remaining at the same time robust to changes in other non-fertility
parameters.

(b) The last closed interval is both sensitive and robust when the analy-
sis is made by parity.

(c) The straddling interval is quite sensitive and fairly robust.

(d) All closed intervals, taken together irrespective of parity and age,
were judged to be not sensitive to fertility changes. For example,
changes in fertility input parameters did not affect the mean closed
birth interval noticeablly until about 15 years after the change.

(e) Prospective interior intervals were shown to be neither sensitive
nor robust, especially when the observation period starts at relatively

older ages.

Hoem (1970) developed stochastic models, within the framework of
a Markov process , to estimate marital fertility. He argued that in
retrospective studies the birth histories for a given cohort of women
are not representative of the actual experience of the entire cohort,
since the women included in such studies are a select subset of their
cohort by virtue of survival. In this context, Hoem provided an exp-
ression for the transition probability from parity m at age x to parity
n at age y conditional on survival to age z (the survey date). It is
clear that

x <y <z,and mSn. This transition probability is shown below:
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Pr { N(y)=n, D(y)= 0 | N(x)=m , D(x)=0} =<
Pr{D(z)=0 | N(y)=n, D(y)=0

p* (x,y,2) =
mn Pr { Dz)=0 | N(x)=m, D(x)=0 }
Pmn (X,)’) Pn()'ez)
B Pm(x,z) ,
where if

O if the woman is alive at age x
D(x) = {
1 otherwise
and N(x) is the parity attained at age x.
Then

Pran®y)=Pr { N(y) =n, D(y)=0 | N(x)=m, D(x)=0 }, and

P (y,2) =mESann(y,Z) s Py (%52) =n§m P (%:2)-

*
Hoem enphasized that Fr’nn(x,y,z) cannot be the same as the transition

probability of the entire cohort, Pmn(x,y), unless the fertility experien-
ce of those who died or emigrated before the time z is included. The
term purged fertility index was given to Il?n:(x,y,z) by Hoem. The idea
behind this terminology is that data of the kind céllected in retro-
spective studies have the same property as data that result from
purging a continuous population register of all information concerning

members deceased or emigrated.
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More recently, Pathak (1983a) developed a stochastic model for
describing the variation in any closed interval of women of marital
duration t. The model incorporates the possibility of the woman being
sterile at the time of marriage consummation. An estimate of trunc-
ation bias in mean closed birth intervals is given. In another article,
Pathak et al (1983b) proposed a modified stochastic model of closed
birth intervals that allows for the possibility of varying periods of post
partum amenorrhoea among women. The major assumption implied in
both models proposed by Pathak and Pathak et al is the exponential

survival of all risks under study.
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CHAPTER 1I

BIRTH INTERVAL MODELS WITH CONSTANT
FERTILITY HAZARD

2.1 Introduction

In this chapter the probability distributions of X, the interval from
an (i-i)th birth to an ith birth, will be given for a rather simplistic
situation, that is in which the fertility hazard function is viewed as
constant with respect to parity and age. The probability models will be

shown for each of the data ascertainment strategies, defined in section ‘ .

1.4, and for the open birth interval as well. Section 2.2 deals with
the imaginary situation in which marriage dissolution forces or equi-
valently fertility competing risks (e.g. divorce, widowhood, and death)
do not exist. The models are then extended in Section 2.3 to accommo-
date such competing risks. Expressions for the distribution function
and the first two moments of Xi corresponding to each ascertainment

strategies will also be developed.

2.1.1 Notation and Definitions

In all definitions below "i" is used to denote the order of a birth

interval: i1=1,2,3,.... Also,

Xi is the random length of the interval from the (i-i)th ‘
birth to the 1 birth when the potential duration of



A, (X) Ax+o(Ax)

M (x) Ax+o(Ax)

a fecund marriage is assumed to be infinite; that is,
every married women will experience birth interval X,
with certainity.

is the total waiting time from marriage till the
occurrence of an ith birth, Si;lz Xj'

is the duration of marital lifeJt—hét terminates by death,

widowhood, or divorce.

is the probability that an i birth oceurs in {x , x+Ax)
given being at parity i-1 at time x.

is the probability that a marriage terminates in (x,x+Ax)
given being married at x.

,u(x):,ui(x)+,u2(x)+,u3(x) , Where

py(x) is the risk of mortality,

Ho(x) is the risk of widowhood, and

Hy(x) is the risk of divorce.

is duration of marriage measured at survey (study
termination) date.

-1s age of menopause, with age at marriage being zero.
is the counting process that counts the number of births
in (O, t).

is pr [ C(O,t)=i ].

is the random length of the interval from the (i-i)‘th

to ith birth, conditional on duration of marriage

{observation period) of length t.

is the random length of the open interval from the
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(i-i)thbir‘th, as being the most recent one, up to the

survey date.

The notation used for density, distribution, and survival functions of

the variables given above is shown in the following table:

rv | X, S; X 1) U, (®) Y
Function
Censity f, (x) g; (x) hit (x) of(x) r(x)
Distribution |F, (x) G, () H?(x) og(x) R (x)
Survival [ () G Hw xR

2.1.2 Assumptions

1. The fertility hazard function is assumed to be incependent of
parity and age; that is )xi(x) =

2. Fertility and the competing forces ( e,g., mortality, widowhood,
divorce) are assumed to operate in a statistically independent
fashion. As a result, such competing forces can be represented
by a single risk parameter equivalent to total individual risks,
which, in turn, is independent of parity.

3. The risks of the competing forces combined are assumed to be
constant over the age interval (15, 49). This assumption relies
on the fact that while the risks of mortality and widowhood are
slightly and steadily increasing in this age segment, empirical

observations generally indicate downward trends of divorce rates
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with age. The resulting rate of change over time (age) of these
three risks combined can therefore be considered negligible.

4. The forces of temporary sterility during periods of gestation,
pospartum amenorrhoea, and contraception are assumed to affect
women through A, (x).

5. A live birth is defined here as a confinement producing at least

one live birth.

The assumption of a time-and-parity-invariant fertility hazard gives
rise to the congruity of human reproduction with a renewal process.

Sriefly, a renewal process may be described as follows:

For a sequence of occurrences of a defined event, such as conception or
birth, let X, be the length of the interval up to and including the time of
the first event and X, (i21) be the length of the interval following the
i’th event. If it is adsumed that X, are mutually independent for all i
and have identical distributions for'i21, the sequence conforms to the
definition of a renewal process. The generalization of renewal process-
es inciude more than one type of event, as in Markov chains and Markov
renewal processes (Sheps et al, 1969) .
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2.2 Stochastic Models of Birth Intervals in the Absence of
Fertility Competing Risks

2.2.1 Prospective Studies

In prospective studies, we follow an age-marriage cohort of fertile
women, defined as a birth cohort of women married at the same age,
from the date of marriage until a time period of length t has elapsed,
whereQ St < A,

Let X;(t) be a random variable denoting the length of the interval

th

(if exists) between the (i-1 )" and it births, where the fertility

process is being truncated at t. Then, obviously,

Xi(t) St

Let H§ (x) be the distribution function of Xi(t):
Hi(x) = Pr | X, (t) < x ]
=Pr{X <x|S. st]
i i

Pr[XinﬂSiSt]
G, (t)

Then we have

i

X
PrX $xNS St]= fPr‘(SiStiXizy)f(y)dy
0
X
:OJPr(Si_ist-y) fi(y) dy.
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Thus, the distribution function for Xi (t) is

X
. OJ Gi_i(t-y) f.l(y) dy
Hi(x) = , XSt.
G.(t)

1

And the density function of X (t) is

il i xSt (2.2.1)

According to the model specification for a time-and-parity-invariant
fertility hazard, the underlying density function of X; s exponential

with parameter (A), i.e.,

Fx) = A e A0, x >0, i=1,2,

1

And S; has a gamma distribution with location and scale parameters
A and i respectively. The density function of S, is

(i)
where i is a positive integer and A>0, s>0.
It follows from the duality relationship between gamma and Poisson

distributions that:

] ]
G, (1) = Pr (S, St)—Jg (s)ds =1 - 20 "‘iﬁL.
J:
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Similarly,

-2y, 1]
Gyt =1 -3 N0 ltal],
= '
Therefore, from equation 2.2.1 on p. 39
i-2 .
NN 1 =S MY a1/ )
t J=0
hi(x) = .
i i-1 At .
1- e M (A)d /!
%0
i-2 .
xe AX e->\t % )\J+1(t _ X)J/J|
- i-1 ’
- e S wd/g
j=o
for i22 , x <t , A> 0. (2.2.1.1)
And for the first birth interval,
N A e X
hi(x) = 1-e'>‘t , XSt 00, (2.2.1.2)

The distribution function of Xi (t) is
X
t t
HE () =Of ht(y)dy

2 . |
1- ™M - M ST AT I gt /e
j=o
i-1 ’
{ -At

-e ) /4
MR-t

for i22, xst, A>0. (2.2.1.3)
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And for the first birth,

=AX
1_
H} () = —ie—M— , xSt, A>0. (2.2.1.4)
-e
t
The expected value of X, ( f X h ) dx , is evaluated as:
i-2
Al [t+>\-1+>\_1J§O an3*2/ (421
E [ Xi(t) ] = -1 : )
-\t i .
1-eS owd /5
=0
for i22. (2.2.1.5)
And for the first birth,
Ao r-ah et
E[X®]= X . (2.2.1.6)
-e
The second moment of X f N h (x) dx, is
-2 Aty "2 A S 2 N:)J+3
2 2>\ -2 it +\ Lix Je ZO G+31
E [Xl(t) ] = i-1 ’
-At i, .
1-e™S (wd/g
j=0
for i22. (2.2.1.7)
And for the first birth,
, 222262+l e a PN
E X ] = Y . (2.2.1.8)

i -e

By definition the variance of Xi( ) is: V[ ] E[X )1- { E[Xi (t)] }2.
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2.2.2 Retrospective Studies

In this strategy, the survivors of the cohort are traced retospect-
ively t time units after marriage so as to solicit information on the
number and timing of their live births in the period (O,t).

The probability distribution of X;(t) is the same as that derived in
prospective studies, as are the first two moments. This is because the
fertility behavior of those who dropped out of observation are discarded

in both ascertainment strategies.

2.2.3 Retrospective Last Closed Intervals

In this situation, it is envisaged that an age-marriage cohort of
women has been sampled at time t for information about the dates of

their last two births, with marriage considered as birth order zero.

The distribution function of Xi (t) is defined as,

Hi 60 = pr( X, (1) < x ]

=pr| )(i < x | exactly i births in (0,t)]

pr{ XiS x N C(0,t)=i]
p; (t)

1

X
—Ofpr [C(O,t)=i|Xi=y] f,(y) dy

p,(t)

x .
i OJ pr[ C(0,t-y)=i-1] fi(y) dy

- pi(t)
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Thus,

i p,(® fi(x) , 121, xst.

The fact that X, are i.i.d exponentially distributed with parameter A
implies that C(O,t) has a Poisson distribution with parameter At, thus,

Hog = e e M) a1 0

1 .
e M ow! -1

_ i(t-x)i.1 i>2 <
== , 122, x5t (2.2.3.1)
t
And for the first birth,
R ( 1 <
1 x) = t JXSt. (2.2.3.2)

It is interesting to note that the density function does not involve the

parameter A.

Consequently, the distribution function of X, (t) is

1
SHOES! -—‘—t;—XL 122, x<t. (2.2.3.3)
t
And,
t _ X
HY (=2 X<t (2.2.3.4)

The first two moments of Xi (t) are

E[X.(t)] =— R for i22 , and (2.2.3.5)
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E[X, ()] = ‘7 (2.2.3.6)

2
ELX,0) ] = — 5z for 122, and (2.2.3.7)

2 t2

2.2.4 Prospective Next (Straddling) Intervals

In this ascertainment method, the cohort under consideration is
sampled at time t and asked about the preceding open interval. Women
are then followed until the next birth occurs. Consider the itV inter-
‘ive birth interval among those women in the sample who had one in the

interval (t,T), assuming that observation terminates at T(< A), its dis-

tribution can be defined as follows: . .

Let X;(t) be the length of the ih birth interval for those women who

have had the (i~i)th birth before t and ith birth after t (and before T).

Thus the distribution function is
H 10 = pr [ X, (¢,T) <x |
=pr (X, Sx|S_StNt<S (T

X
:Ofpr [Si-ist Nt< SiS T]Xizy] fi(y) dy
pr[Si_i<t N t(SiST]
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X
_ OJpr‘[Si_1<t Nty <S s T-y)] f,(y) dy

, XST.
priS;_{<&tN t<SiST]
Differentiating, the density function is
priS._, <t N (t-x <S,_,<T-x)] f. (x)
h'ic’T(x)= i-1 i-1 i x<T.

pr [Si-1<t N t(SiST]

In order to evaluate the intersected event of the numerator, it is nece-
ssary to consider the relationsip of t with its complement (T-t). It
turns out that the random variable X, {t,T) has two densities according

to whether t <T-t or t >T (see Appendix A for details).

First consider the situation t ST-t. The density function is as follows:

-1
) ei pr[t-x(Si_ist] fi(x) , for xst
t, T -1
hi (x)z*ei pr[Si_ist] fi(x) for t<{x<T-t ,
“ 6. pr(S,_ <T-x] (3 for T-t<x<T,

where Gi=pr[Si_i e N t<Si<T].

Second, for t > T-t. The density function is

) Gi-ipr‘[t—x<Si_1$t] fi (x) , for x<T-t,
KT o= { 07 dpr[t-x<S. (<T-x] f. (x) for T-t<Xst
S i-1 i =t
"6 tpr(s, ST« £, (0 for,t (x<T.
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In the following are the formulae of 8, and other terms included in the

above densities,

t
Gizpr[Si_ic N t<{§;=T] :OJ pr[t(SiSTlSi_izz] g;.q(2) dz

t
8[ pr[t-z(XiST-z] g;.q(2) dz

t

:J([ Fi(T-2) - F.(t-2) ] g;_ (@) dz.

0

Applying the assumptions employed in this chapter we find,

dz

t .
-1 i-2 -)z
_ [ Xz, -t AT, AMizlt4e
81— Ie (e -e ) r(l‘i)
0

) (A)!
(i-1)!

Also, pr[t.-x<Si_i$t] = Gi-i (t) - Gi-i (t-x)
= pr{C(0,t)2i-1] - pr[C(0,t-x) 2i-1]
=pr(C(0,t-x)<i-2] - pr(C(0,t)<i-2]
2 M (g 1d- e M g

i-1
@M AT .

And, pr | Si_1<t } =pr [C(O,t) 2i-1]
:1-i§ ————e-xs(xt)‘j .

Following the same logic, we find,
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pr[t-x(Si_isT-x] =G, (Tx) - G,y (t-x)

M (101
7 '

Accordingly, the density function , of Xi t,T) , i22 , is as follows:

Case ! t < T-t.

7!
) i-2 -At ]
hoTx) ={ 87 iae™X(1-5 &t
i i 0 j!
o 122 AT
gt e 5 26N MT0l
=0

Case 2 fort > T-t.

122 2o M1 - xe 2 (a)d

-1
W Tg=lert 572 D9 - ae M T (T)]
i 1Tl & j!
J_
_ i-2, -AT —1J
or A - S e J[|>\(Tx)] ]
j=0
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for x<t,

for t{x<T-t,

for T-t{x<T.

(2.2.4.1)

for x<T-t,

for T-t{x<t,

for t{x<T.

(2.2.4.2)



The density function of the first birth interval is shown below

fi (x) )\e-xx
pr‘[tsxisﬂ T T Nt_-AT for, t<x<T,
t, T e’ e
hi (x) =
0 otherwise. (2.2.4.3)

The expressions of the distribution function for i22 are given next.

Case 1 t < T-t.

-1 [(At)"ie"\‘ N { e M-I T A ] .
S UL ST < G 3T
J= JXSt
i-1 -At -2 Aty i
LA T e O 1 e Mowd
HE’T(X) =% U — “Eo L L¢x<Tt
) i-1 _ i-2 g+t )
6 T e e Muss m((J-TTT))]—! ) ™
j=0 y T-t<{xST.
(2.2.4.4)
Case 2 t>T-t.
i-1 -At -2 -At TN (T2 B
YT e A SE e MDw I e (At)9
e e T2 g T
( J= ,XST-t
i-1 i-2 i+1 -At
L W e AT K et e )
it Tog=l O DT~ HHe e Sy, T
i 3= DI e,
(G+D!
) i-1 _ _ ) i-2 _ardtl o T-tdxse
e e O AT{“Z‘O . (§—J+X1))_! ]
) L <xST.
(2.2.4.5)
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The distribution function of the first birth interval is
e—>\t_e>\x
——T— , for t<x<T,
NN
Ht’T(x) _ ] e e

0

otherwise.

(2.2.4.6)

The moment expressions of straddling birth interval, i 22, are the

same for both densities given above. The first two moments are
shown below:

i-1
EIX, t,T)]=6 LAl

A L oAt AT ATOW !
i Ehr i He e - et ]
122, (2.2.4.7)
And for the first birth,
{ At AT
_ A e Munn- e M
EIX, (t,7)] = A LAl . (2.2.4.8)
e -e
Also,
2 - -
ELX;6,T)] = 6;' [ 2372

it oot onitt e T
&-tfu +5 +Eii)1)!}{e e e

e M2t 2 (taaT) A 2x e AT (1ot (Lt -

i-1 i ) i-1
((i\}i)! - O\it!) } ‘*‘(T‘t)ze AT{i‘ ((>i\~t)i)! }]
, 122 .

(2.2.4.9)
And for the first birth,
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2, At 121 AT
E[Xzi(t,T)]z A %le {1+_(£:>\-t”}e {1+(1+AT) }1 (2.2.4.10)

2.2.5 Prospective Interior Intervals

The cohort is sampled at time t and observed until T. All birth in-
tervals interior to (t , T) are recorded along with the parts of other in-
tervals that occur within (t,T). For example, if there is an ith interval
interior to (t,T), then observation is made on Xi=ti- ti-i , ti-f t, and

T- t» Where t; is the time (measured from marriage) at which the ith

birth occurs. Suppose,

Xi(t » T) = length of the ith interlive birth interval for women who have

such an interval in (t , T).

Then let
¢, T _
Hi (x) = pr [ Xi(t,T) Sx]
:pr[Xin!Si_i ZtﬂSiST]

pr‘[XinﬂSi_iZtﬂSiST]
T T prl(S,., 2tNS. 2T
i-1 i

Jpr‘ i ZtﬂS ST|X—y]f dy
r[S. ZtﬂS < T]

OJpr‘[Si_1 ZtﬂSi_i STyl fi(y) d

= prS, | 2tNS ST]
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pr | Si 2t Si-i < T-x ] fi(x)

¢ -
=TS [ StNS5 2T

pr‘[tSSi_1 < T-x] fi(x)
- prS;,;2tNs sT]

With reference to the constant risk assumption, we find that,
pr‘[tSSi_i STx]=pr[C(0,t)<i-2]-pr[C(0,T-x)<i-2]

22 A I C AT T
J':O J! )

And

pr [ S, ztﬂSiST]:Jpr‘[SiSTISi_iz)/]gi-i(Y)d)’

i-1

?J pr[S;+X = TS, =y lg. i dy

T
= Jpr [X;sT-ylg_ i dy,
t
where g, (y) = %1- Al yi—1 e->\y,
T T-y
-1 -Ax yi-1 i-2 _-Ay
"r(i-i)tJ OJ Ae ANty T e dxdy
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N =" (-1t
thS,
i-2 )
T g=6, A {e A d - TEa (T -x) 9 }/J',
J:
for xsT-t, i22, (2.2.5.1)
where,
21 AT oo AT -1 i-1
6, = {e (At)I- Q\T)J} PRI ON R 0N Y
J= J! (i-1)! ’
for x<T-t, i22.
And

. 1‘2 _ . AT . 3
Ho =071 {e—M(i-e M oI e ATttty
* 3+ ! a

forx<T-t,i2 2. (2.3.5.2)

. th . . . . 4
The first two moments of the i"' interior birth interval ,i22, are as

follows:
o7t
E[X,(,7) ] = —Al-{e‘“ ~e M [ Laa(T) }2 M
. i-2 yj+! :
-6 % ATEO(§+2), [T+ Ted T Lo )3 42 (2.2.5.3)
]
And
, 0; i-2

=X )= {ZG‘M- AT 12 ) 3 ()

j=01
o:te ATEZ ML 543 gt 2
%(J+3 {ZT T (5+3) [ (T-n+2T] 42 }}. (2.2.5.4)
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2.2.6 Retrospective Open Intervals

The open birth interval is defined as the interval between the birth

date of the most recent live birth and survey date.

Let Ui(t) be the random variable indexing the length of the open int-

erval between an (i-i)th birth and the survey date, and t the woman’s

age at the time of data collection, with age at marriage set to zero.

Then the density function of Ui(t) is

. (t-u) F. ()
oF ()= 8i-1 t)l

' Py

,ust, i22,

With reference to the assumptions employed in this chapter, the

functional forms of 8i-1 (t-u) , Fi(u), and Pi-q (t) are as follows:

L el 102 At
gi_i(t U) = I_'(1-1) A (t U)
F W) =1- e N F,(0) = e M and

P-4 U ="y
Thus the density function is

i-2 e-)\ (t-u) e-)\tu
i-1

Sty =T ey

i ri-1) e M ()
=L ena- Bl ,ust

which does not contain the parameter A.

And the distribution function is defined as follows:
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O;(u)zi-(i-f—) Lust L,i22. 2.26.2 @

The first two moments are shown next:

E (U] = —f— , 122, and (2.2.6.3)
2 tZ
E [Ul(t) ] = W , 12 2. (2.2.6.4)

2.3 Stochastic Models Of Birth Intervals In The Presence Of
Fertility Competing Risks

2.3.1 Prospective Studies

As before, let the distribution function for Xi(t) be
H60 = pr [ X, < x ]
=pr [ X sx| survival to S, <t ]

pr [ X,sx N S;st N Y2S, |

= s, X St
pr‘[SiStﬂYZSi]

Here,

X
pr [ X,$x N S,St N Y25, | SJpr [S,St NY2S, | X,=2 ] £,(2) dz

54



Jpr -1StzN Y25, +z ] f.(2)

t
Therefore, Hi(x) is as follows:

B onr [S,. StzNY2S  +z]f (2) dz

Hti(x) = ,
pr[S;stNY2S, ]
and
h'.t(x) _ pr[S iStx(’\YZS i+ x ] fi(x)
! pr [ S;St N Y2S, ]
Thus
t-x
JR(y+x) dG (y)
(x) = f (x) , Where

O[R(y) dG; (y)
Y o
G, (y) :Ojfl(—i_) A gl Az g, , and

Riy) =e ™.

It follows that,

-X
__ t-x
R (y+x) dGi-i(y) —_-OJ o Hly+x) I_"i(_i-T)Al-i y1-2 e -y dy

O\_._.q\f"
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e'px Al-i i-2 .
= ——-—i_—i[i-exp{ (A+u) (t-x) } 2 A+u) (t-x) M /5 ).

(A +pu)
And
f— t
[ my Lyi it A
SR G0y -Ofe#y o ALy N gy
Al :
=———— [ {-exp{-O\+u)t} 2 M) /50 1.
A+t j=0

Thus, the density function is

A+ ) exp{-(A+u)x} - exp{-(A+u)t} 2 (A +u) It 1(t X)J/J ]

h.(x) =

1

._;

1- exp{-(A+u)t} 2 (A+u)t J/J'
j=0 L xSt 1220 (2.3.1.1)

And the density of the first birth interval is

¢ (A+u) exp{-(A+pu)x}
hi(x) = , XSt. (2.3.1.2)
1 - exp{-(A+u)t}

These density expressions are the same as expressions (2.2.1.1) and

(2.2.1.2) in which the parameter X is replaced by A\+u.

The distribution function is shown as follows:
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i-2 :
1-exp{-(A+p)x} - exp{-(A+u)t} 2 (A+p ~]+i(t-J+i [t x]3+i)
3=0 G+ D!

HE(X)Z ! .
1 - exp{—(mp)t)%[ A+u)t]d/ 5

, XSt, 122, (2.3.1.3)

And for the first interval,

1- exp{-(A+wu)x}
{-exp{-(A+p)t}

Hti (x)= , xS<t. (2.3.1.4)

The first two moments are shown next. For the first,

I - -
E X, (0] 9] e - exp(- Ot} [ Ove) T+
i-2 ‘ .
(}\+/.1)-i > ()\+/.1)J+2 tJ+2/(j+2)!ﬂ

iz J
J

JSori 22, (2.3.1.5)

where 6. = 1 - exp{-(\+u)t 2 A+t 19/

And for the first birth interval we find that

O L= expl-rt) [ e+
E [X,®)]= . (2.3.1.6)
1 - exp{-(Ap)t}

The second moment is derived as follows:
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2

2 - - - -
E [xi(t)]zzeii{o\ﬂ,) 2 exp{-(\+)t) St e 2+

it |
202 3 (O3 (g )

J=0
, fori 22. (2.3.1.7)
And for the first interval,
-2 % 1 2
2 2(Z+u) = - 2exp{-(A+u)t} [7+t(>\+p) +(A+u) 7]
£ [X, ()]= . (2.3.1.8)

L - exp{-(Apu)t}

2.3.2 Retrospective Studies

The distribution function of Xi (t) is defined as follows:

HI) =pr [ X< x] =pr| X, Sx | S;StN Y2t ]

pr | Xin N SiSt N Y2t ]

pr [ S;st N Y2t ]

X
OJ pr[S;stN Y2t ]xizz]fi(z) dz

pr[S;stN Y2t ]

Hence,

pr[ S, (Stx N Y2t ] f (x)
htx) = i-d i , xSt
pr [ S;istN Y2t ]
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Following the assumption that fertility is independent of its competing

risks (mortality, widowhood, divorce), we have

pr (S, {St-x) f; (x)
pr ( Si <t)

h? (x) = , XSt,

which is identical to the density function for the prospective/retrospec-
ive studies in the absence of these risks compete with fertility. There-
fore, all expressions given in section 2.2.1 are applicable as well to

the current situation.

2.3.3 Retrospective Last Closed Intervals

The distribution function of Xi (t) is defined as follows:

Ho(x)= pr [ X, (6) < x ]

i
=pr | X< x | exactly i births in (0,t) and survival from

other decrements to t ]

=pr [ XSx | COH=1 NY 2t ]

=pr | Xin | C(O,t) =i ], when survival from other decrements is

independent of fertility.

It follows that all formulas presented in section 2.2.3 for non-compet-

ing risk situation are alsc applicable here.
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2.3.4 Prospective Next (Straddling) Intervals

The distribution function of Xi(t,T) is defined as
H?’T(x) =pr | X.l(t,T) < x]

=pr [ X< | Sy St N (t<S<T) N Y2, ]

X
OJpr‘ [ S st N t-y<S;_{<T-y) N YZSi_1+y] f.y) dy

pr[S; St (t <5< NY2S]

Hence,

h T =67 tor | Si-yStN (X< S <T-x) N Y2S,_ +x ] £(x), where

Gi——-pr[Si_iSt N SN N Y>S, 1.

Following the same reasoning as for the non-competing risk situation

above, the density funcion is as follows:

Case ! t < T-t.

o 6. pr{tx<S,_ <t N Y25 4x] () for x <t,
AT = 8, priS,. <t N Y2S (] £, for t<x<T-t,
L 6;'priS,_ <Tx N Y25, +x] Fx)  for T-t<xsT.

60



Case 2 t > T-t.

- 6. lpritx<S,_, <t N Y2S,_ +x] £, (X for xST-t,

heTeo={ 6] pritw<S,_ (T NY>S_ +x] £, for T-t<xst,

L 67 prlS,  <Tx N Y>S,_ +x] £, for t<x<T.

Applying the assumptions followed in this chapter, we find that the

value of Gi is

6,=pr[S, st N tSKD N Y>S,]

t
5[ prl(t<S,<T) N Y>S, IS, ,=2] g,_, @)dz

O:J pr[(t—z<X1<T-z) N Y>Xi+z] gi_i(z)dz

Similarly,

prit-x<3, <t N Y>S,_(*+x] =

aidgmx i-2 Aty tx)[>\+ )tx)]' (}\+,u)t[(>\+u)t]j

v+ =0 !
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(A+,u)i-1 J:O J ’
i-1 -ux -2 A+ (T-x) 1]
priS;_<T-x]= A e'-i [1-S 2 _ [A+u) (T-x) ]
' O = L

And prit-x <Si-1 (T-x]=

ATl hX 22 & O 0 1) 3o A TR 4y 1)

Accordingly, the density function of Xi (t,T) , i 22, is evaluated as

shown below,

Case { t<T-t.

i-2 -
(x) =1 a;i()\+p)eg(>\+'u)x[i—zo &
J‘:

A )

t,T
h J! ,t<XST't

i_
Car e AFRIX

J= , [-t<{x<T,
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Case 2 tOT-t.

a_1122 Ore” M ) (1010t ATF I s )3
f j=0 J! XST-t
R T mlor 157 Octie AT EY O ) o0 1d-uie M T (101
1 1 = J.
3=0 ,T-tdxst
e e Vx5 Oune MET o) ()]
1 , “— H
3=0 ! LCxST,
i1 ) (2.3.4.2)
where a,= (i\ifi))!t (e (A+pt (>\+'“)].
The density of the first interval is
-(A+u)x
=(Atue , t<x<T. (2.3.4.3)

t,
hy = Ot T

The expressions for the probability distribution functions of Xi(t,T),

i22, are shown as follows: Case | tsT-t,

-\ +u)t -(A+u)t P41
[+t O K o) (-1
9 { (11 Kt 2{ i -

(j+1)!
e R () )
il
{ () 2 J » X
] -1 -+t -2 -+t j
’ ’t<XST't

ka;i{[(.}\ﬂ{zt]i—i(e-()\+p)t_e-(}\+,u)T) O IT(

(i-H! )
i-2 [(A+u) (T-x) ]J ]1 -(A+pu)x
2T G
J= , T-t<x<T.
(2.3.4.4)
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Case 2 t>T-t.

o 1{[(A+ )t]1 ie.o“}'“)t —(}\+p)t_%‘% e-O\ 'U)t{uw-p) (t-x)]Jti
'q i (l i) J:O (J+i)
Sakiatal (7 SBE!
I y XST-t
o) (t-x)]J“e'(““’ L) (T3t e AT }
I (j+1)!
, T-t{xst
i-1
\a~ii { (();j-i))!t [e-(>.\+2/.1)t_e-(>\+p)T]_e-(>\+,u)x e Ty
< i+1 .
(2.3.4.9)
The distribution function of the first interval is
A+t -(A+u)x
t,T, ,_e -
Hi {x) e_(>‘+P)t—e°(>‘+/")T , t<x<T. (2.3.4.6)
The expressions of the first two moments are shown next
i-1 i )
E[X t, 7] 1{()\‘*‘}1 {u?\:il))'t] +[(>\1T}J)t] H e (>\+,U)t (>\+,U)T}_
(T-t)e”A+H) TU_‘u_J_A(w“i }
i-
,i22, (2.3.4.7)

and for the first interval,
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e MR s e e AT g T)

(A+u
E[X,t,D]= o At T

(2.3.4.8)

2 _ _ i-1 i+1
coxDiee 2o g Ll g o

e O Ty oy e M T s 2+ 0 T ) +

i-1 i
20w e AT Ty (1o (e Lot =[O

i-1
(T_t)Ze'()\+,lJ)T{1_ (>\+ )t }}

(i-1)! ,i22. (2.3.4.9)

The second moment of the first interval is

e 0w e MY s e 2 M T e e T )
E_[Xl(t’T)]: e_(>\+,u)t_e_(>\+,u)-r .

(2.3.4.10)

2.3.5 Prospective Interior Intervals

The distr‘ibl:rtion function is defined as follows:

HE T o= pr [ X (6,T) < x )

=pr [X,Sx | S,_(2tNSSTNY2S, |

pr [ X,Sx NS, {2t NS,STNY2S, |

= y XST - t.
pr(S, (2tNSSTNY2S ] X
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Hence,
pr [t<S. ,ST-x N Y2S,  +x ] f, (x)
Rt T 9= i il - , xST-t 122,
pr { Si_iZt N SiST N YZSi]

Here, pr [ tSSi_isT-x N YZSi_iﬁ-x ] =

-ux>\l {i-2 (>\+,u)t[(>\+u) t]‘]"' e‘()\‘f'}.l) (T-x) [(A+u) (T‘X)]‘] }
v+ =0 J*
And

pr'[Sl 1—tﬂSSTHYZS ]—pr[S 1—tﬂS iS'I'X N Yz2S, +Xi]

i-1
:pr[tSS STX ﬂY>S 1 X]

T-t T-x _
:o[ t[ gi_i(s) fi(x) R(s+x) ds dx.

With reference to the assumptions adopted in this chapter, the above

expression is equivalent to

AL RSTE 2 2 “ 1t ) Tz { ( >\+p) (T-x) M,

A+

e MIT ke 3 -1 g

Hence, the density function is

W T =

o\+mzo[ M) (3= & NI Ty (T ]/J!
J_
y 122, x<T-t, (2.3.5.1)
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where the value of Gi is

i-2 .
6= 2 A+t vt 3- e MR T Ty ) /5t +
J—
A+ T . -
© o+t o Y600

And the distribution function is

H ()
i-2 . .
ol S [e'(“f‘“[(mp)tﬂ[1-e'(“f‘)x]/j! v AT O (T3 -
j=0 - 1
[+ T Y /G0 |
, fori 22, x<T-t. (2.3.5.2)
The first two moments are shown next:
E (X,t,D]=
911 [ A+t - T 12 1oy }
) { [{+A+w) (T- t)]}Jgo 31
J+i
J=
,i22 (2.3.5.3)

And the second moment is as follows:
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i j+1 . .

o7l Mt ST ORI o p i3y a3y (T-t)+2T]+2t%)]
2 .

022, (2.3.5.4)

2.3.6 Retrospective Open Birth Intervals

The density function of the open birth interval is

o= 8. (t-WF, (WR() _ 8- () F, (W
i t — =
Ojgi-i (t'U)Fi (WR(t)du Pi-l (t)

The above d.f. is identical to that given in the non-competing risk sit-
uation. Thus, all expressions given in section 2.2.6 are also applicable

here.
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CHAPTER III

PARITY-DEPENDENT MODELS OF
BIRTH INTERVALS

3.1 Introduction

The key assumption of all models described in Chapter II is that fer-
tility is independent of a woman’s age and parity. such a simplistic
description of human reproduction is inappropriate for populations
where fertility is widely under voluntary control. It may, however,
approximate the reproduction process in the exceptional cases where

fertity is totally governed by biological forces.

Traditionally, human reproduction has been viewed as an age-parity
dependent process, where a woman’s age and parity, in order of impor-
tance, are recognized as the most important variables associated with
her reproductive behavior. But given current levels of effective contra-
ceptive practice, age ceases to play the prime role in determining rep-
roduction in most populations. Instead, birth order or parity has emer-
ged as the most influential factor in the formulation of reproductive
patterns of human populations. [Chiang & Vanden Berg, 1982; Nour,
1985].



In recognition of this fact I present, in this chapter, stochastic

models of birth intervals specific to each ascertainment plan, using a
strictly parity-dependent fertility hazard. Age is considered here to
play no direct role in the likelihood of having a birth. Thus any effects
of age are assumed to be exerted through birth order. This postulate .
is based on the fact that age at birth and birth order are almost always

highly positively correlated . For example, if we consider the extreme

case in which all cohort members have births at the same age, then the

step function that relates the fertility hazard to birth order is the same

function that relates the former to age, but in segmented fashon. Thus,

the higher the association between birth order and age at birth, the

more the relation of the fertility hazard with birth order will also

reflect the influence due to age.

It is important to point out for the probablistic derivations below
that all assumptions of Chapter II are also applicable here, but after
letting >\i(x) = >\i, i=1,2,..., there is no need to repeat them. However,
the condition Al*kk for all 1*%k=1,2,...,i, is crucial in all expressions

given in this chapter, otherwise the probability models are not defined.

Chapter III is organized into three sections. Following this intro-
duction, Section 3.2 includes derivations of the probability distributions

and related quantities of the ith

birth interval corresponding to each
ascertainment plan. Section 3.3 discusses how the truncation bias in -
the mean and variance of the birth interval ( and the sensitivity of the

former to fertility change) are influencd by the type of ascertainment

70



former to fertility change) are influencd by the type of ascertainment
method, the length of observation period, birth order, and the fertility

input parameter ( hazard).

It is evident in Section 3 of the preceding chapter that models of
birth intervals and expressions that account for fertility competing
risks are exactly the same as in the non-competing risk situations. The
only difference is that the parameter in the first case is (A\+u), while
it is only A in the second. For this reason, the competing risk will be
disregarded in the remaining work of this study. Consequently, the pro-
spective and retrospective studies coincide; in the sense that only the
survivors enjoying their first marriage are the units of analysis under
both ascertainment methods. The closed birth intervals ascertained by

either method will be termed henceforth by "All Closed Intervals".
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3.2 Stochastic Models Of Birth Intervals And Related Quantities .

3.2.1 All Closed Intervals

The general expression of the density function of the ith birth

interval has been shown in equation 2.2.1 as

h§ (x)= 1 1 , X<t

Here the density function of the waiting time till the ith birth, g;(-), is

obtained as shown below:

oQ
=
~—
"
——
.
—
h
—
X
—
)
\)
x
Nv
)
—
-
x
—_
X
A
t
3
*r.
[y
Q.
X
—-
'
for.
a.
X
—

0 t-x, t-(x1+x2+.. '+Xi-2)

where fk(x):xke'*kx, k=1,2," -1,

i i
=TI N _€ , t>0. [Chiang, 1968]
=1

t
It follows that the denominator of hg(x); Gi(t)z j gi(s) ds, is
0

->\kt

[N

i -
G;(t)= 11_.11)‘1 gi 11 . '
151 A
1 ¥k

72



Similarly,

i1 il A )
G (tx)=IT X, =€
VR EC H oo
i AT
14k

Substituting for Gi(t)’ Gi-i (t-x), and fi (x) in the general expression of

h§ (x) yields,

—}\k(t°x)
‘Aix i-1 i-1 {1 -e
e I 2
#
nf(x) = 1k
. At
i i { - e k
1U1 >\1k21 i
1*k
oaxoit o
=6i e > = , XSt 122, (3.2.1.1)
k=1
1*k
where 6. is
! . At
i {-e k
13k
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The density function of the first birth interval is given next,

A} 60 = le xSt (3.2.1.2)

A x Nt A
. i ) (L-e Ty -xe Mt-e ]
H= 6" 5 — :
K=1
1#%k , xSt, 122, (3.2.1.3)

(x) = —1 e , xSt (3.2.1.4)

The first two moments of Xi(t) are

-1 i-1 (}\i-)\k) [i-(i+t)\.) ]—>\ {e -[1+t(}\i->\k)]e }
E(X; (0] =6;' > 1
k=1 NN ) I o
I=1
1%k
, 122, (3.2.1.5)
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2 - l‘i 1 ‘)\t
=X w1=6;,! 5 — — {0 a3z trsn e T
AN T O
¥k
At -A.t
N 2e - (1410 A1P) e ‘]}

And for the first interval,

1 —>\1t
}\1 (1 - (1+t>\i)e ]
E[Xi(t)] = R (3.2.1.7)
->\1t
1 -e
and
-A.t
. ALz (e e ) |
E[Xi(t)]: T . (3.2.1.8)
1-e !

3.2.2 Last Closed Intervals

The general expression of the density function of X (t), for i22, is

pr( Si_1<t-x N Si_1+Xi+i>t-x ) fi(x)

t _ .
hi(x) = pr( Si<t al Si+1>t ] , XSt, 122,

The analogous expression for the first interval is
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pr(X2>t-x) fi (x)
pr{ Si<t N 52>t ) , XSt,

h (x) =

The denominator of h? (x) is evaluated as:

Pr(S;<t NS, >t) =pr (S<t) pr (S, dt|S,<t)

t

Cﬂgi(y) pr (S, >tIS;=y) dy

t
= [gi(y) pr { Xi+1>t-y) dy.
0

Applying the assumptions of the current mcdel to the above expression

yields
t “ALY
i i k A (ty)
— e i+1
pr (Sl<tﬂSi+i>t) —lgixl(kéi A e d
0 II;IIO\I-AR)
1*k
_ . AN )
ﬁAeAl+itzl { [ { e K 1+1]
- l i AL-A AL- A,
I=1 k=1 k i+1d k “i+1
LA
1%k
i . . ALt
At i i i k
=TI A i+1 -1 e
M 2, TH M2
U (Al-Ak) U ()xl— Ak)
1=1 I=1
1*k 1*k
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Using the result given by Chiang (1968) that

i+1 {
=0
=) i+1 :
1¥k
we found
i . i+1
-1 _ 1 1
=) i+1 - kgi i+1 +
L Ay LA T A )
1¥k 1%k
_ 1
i
LAy p)

Thus the value of pr ( S;<t NS, 2t) reduces to

i i+l e'>‘kt
r(S;<tN Sy 2t) = UNZ U
1I=1 k=
IT
1=1
17k

Also the first term of the numerator of h; (x) is evaluated as
pr (S, (<tx N [Si_i+Xi+1]>t-x) =

pr (S 1<tx pr ( [S +1]>t'X|Si-1<t‘X)
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t-x
=Ojgi_1(y) pr ( Xi+i>t-x-y) dy

t-x
i-1 i-t -\ y Ay (tx-y)
_ 1 k i+1
oM 2 T J
H
=1
1*k
i N A ()
z e - e
1: k=1 i-1
JEOUAD O = A
1¥k

Accohdingly, the density function of Xi(t) is

. S A st e—Ak(t-x)_ . Ajyq ()
o =epte TS e
LAY g2
1*k y XSt, 122
i+1 e'>‘kt
where 6,= 2 T
k= T1 A
l*k

The density of the first interval is shown below

oy o M RATRT

(>\1 -\

Tt , XSt.
i1 -e C

78

(3.2.2.1)

(3.2.2.2)




The distribution function of Xi (t), i22, has been evaluated as follows:

H ()= o) ! %1 S { ?Akt [1- e-(>\i->\k)x] -
i I & i-1 >\i )‘k
LI AR Oy 2
13k
e-)\i+it[ 1_e"*1'*1+1)"] }
AT A4

, xSt, 122, (3.2.2.3)

And for the first interval the distribution function may be seen to be

e . P P
t I -e 17z
Hi(x) = , XSt (3.2.2.4)

-(Ai-kz)t

The Expressions for the first two moments can be shown to be as

follows:
i-1 At
EIX.(1)]=67! S L [ L {e k™.
S SN )lni Ay-A) Sk
i1 LA
14k
At - A t =MLt
i 1 i+1 i
e T 1+t(h.-A )]}- {e N NTITNEY )]}]
ik (}\{)\k)Z i Ti+d
. 122; and (3.2.2.5)

79



oy i1 ALt
o Ty N

I=1
1%k
At At
e {1+t AY1E) } -—L {Ze i+
(>‘i'>‘i+1)
At X
e L{L+[1HtNA, )] }} J , i22. (3.2.2.6)
And for the first interval,
-\, AA)t
t-e 12 [14t(h 2]
E[X, ()] = : (3.2.2.7)
“n AL
CYEVSITI )
and
S\ AAt
. 2-e P em A
E[X, 0)]= YD T : (3.2.2.8)
(AP t-e 12

3.2.3 Prospective Next (Straddling) Intervals

It has been shown in Chapter II that this strategy of collecting data
on birth intervals gives rise to two density functions of X (t,T), for
i22, depending on whether t < T-t or t}> T-t. The general expressions

of the p.d.f in both cases are shown over
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Case | t < T-t.

caitpr (tx<s,_ <) £, (%) for x<t,
htToo={a;tpr (S, <) £,(0 for t<x<T-t,
Lagipr‘ (S;. < Tt) f,(x) for T-t<{x<T.
Case 2 t©OT-t.
ropr (tx<S <) £ () for xST-t,
AT =] o tpr (tx<S,_ <T) £, () for T-t<xst,
. a;ipr‘ (Si-i <{T-x) fi(x) for t<{xsT,

where a; is pr (Si-i <t N t(Si<T).

According to the parity-dependent assumption, the quantities involved

in the above two densities are evaluated as shown next,

t
a;=pr (S, <t Nt5<T) =O[pr (t<S,<T|S;_y=2) g;_4 (2) dz.
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The formula of 8;-1 (@ is given in section 3.2.1 as

i-1 -t e'Ak
:IUI Z S
lgi A
1%k
[t follows that,
i-1 iy e"*kz At-z) oA (T-2)
ai:HAljZ 11 (e -e ) dz
=1 g k=1
I= 1
1*k

=TI, e -e t-e e -1]
=t ‘K=t -
I:I O‘l_xk)
13k
S B SR AT
Similarly, pr (t-x<S, _, <t) Hixlkzi el—i — ’
1#k
and
-1 it _e'>\kt
1%k

Hence, the density functions of X, t,T) , 122, take the following forms
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Case | tS T-t.

-A.xi-1 'Ak(bx) ‘Akt

-1 i o
6. Aie S =

(! k=1 i
l!__'li()\ AN A
1#k
: At
-A.x i-{ k
t, T,y — Ja-1 i | -e
h). (x) = *91 }\i e kgi =
1#k
; A (T-x)
-A.x i-1 k
Loy e S l-e
1 1 k=1 i-1
1#k
Case 2 t > T-t.
-1 A% i-1 ')\k(t’ )- e‘)\kt
6. " \.e 2
r 1 1 — 1
k=1 H
1=1 e
1%k
- oy AL(x) - (T-x)
T, | a1 >\.1x1iek —ek
h? " (x)={6."A. e ,
1 1 1 k:i 1'1
1¥k
- . -Ap (T-x)
| o-1 >\ix i-1 { -e k
o e NS
1 1 k=1 i-4
1%k

i-1
where 61— IlT_—.i\l
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for xst,

for t<{x<T-t,

for T-t{x<T.

(3.2.3.1)

for xsT-t,

for T-t<{xst,

for t<{x<T,

(3.2.3.2)



The pdf of the first interval is shown as follows:

‘>\1X
SR S wa SEEENCS
ht’T(x) _|er ( tin<T) e { e {
1 =
0 Otherwise. (3.2.3.3)

The probability distribution function of Xi (¢, T), for i22, is evaluated

as shown next:

Case | t<T-t.

At (A=A ) x At -A\. X
i e Ste PR NAJe K lle V]
9 i i
(&L l <
lr:'Ii()\l-)\k))\k yX<t
1*k
-At -At -)xlx -Akt
g i-t Ae Ae - (A e (1-e )
1%k
_y il { At -t A (T-t)-A t
*6.1 {Ae k-e Ae ! k+
L& i k k
IT 0w
=1
l*k '>\ X _Ak(T-X)
e [/\ie “AA] }
, T-t<{x<T.
(3.2.3.4) .
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Case 2 tOT-t.

At Ax At ALK
qkle Moyade The Ky ae LKD)
9 1 i-1 1
K=t -
1%
At AT AAIX At AT
e T g b Ae k[i-e ! J-xe ! k (e k-e k]
NN TR , T-t<x<t
L%k
e { At At At (T-t)
Lol's . Ml S-e Ty-xe KT
I & i k k
Ne T A
1k

, t<xsT.
(3.2.3.5)
The distribution function of the first interval is
e-Ait_e-Aix
Nt AT » 1T,
Hti’T(x) _]e -e
0 Otherwise. (3.2.3.6)

The first two moments of Xi(t,T), i22, are exactly the same for both

densities given above. They are shown next:
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At AT
A (243 Je 1+{)\i(2+T>\i)->\k(1+T>\i)}e +

-Ai(T-t)-Akt
LA T01X [24, (T-0) e }

122, (3.2.3.7)
, it At
EIX, (t,T)]= eii : i {Z[A?—(Ai-)\k)3e k",
k=1 A2 (Ai-Ak)ZIHio\l-Ak)xk
1k

. -\t
[{Ai-xk}3{1+(1+>\it)2}— A?{i+[1+t(>\i—>\k)]2} J e -

AT
[{Ai-xk}3{i+(1+>\iT)2} —>\i3{i+[i+T(>\i->\k)]2}Je Py

Apt-A(T-t)
{{Ai-xkﬁ{i+[1+xi('r-t)]2}->\3{1+[1+(T-t)(xi->\k)]2Je T

i

y 122, (3.2.3.8)

The first two moments of the first interval are given by:

1 -Ait _AiT
[e (1+t>\1) -e (1+T>\1) ]
_)\it T , and (3.2.3.9)
1

e -e

Ay
E(X, t,T)]=
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AT

At {

\ APl L {t+(1enn?) e
E[Xi(t,T)]z Y _)\iT

t
e 1-e

(1+(1+x, 1))

(3.2.3.10)

3.2.4 Preopective Interior Intervals

The general expression of the density function of X (T,1), 122, is

¢T pr (t < Si_1<T-x) fi (x)

h NS St N S KT » =Tt
T-x
Here, pr (t(Si_i<T—x) =tf g;_q (x) dx
I i-1 -1 e-AkS
- J Al i-1 ds
1=1
¥k
et NS _e'xk(T'X)
" M2, T
13k
T-t

And pr(Si_i>t N Si<T) :OJ pr (t<Si-i<T_X) f, (x) dx
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Nt AT AT
lI:Ii '2-1 A AJe < lt-e 1

= A

=1 &y

(A=A ) (T-t)
]- )\ie (1-e ! K

]

i
1=1
13k

Therefore, the density function of Xi(t,T), i22, is

At A (T-x)
N k k
. T 1 A X i-1 e -e
h* ' (x) = 6. \e > —
i i i =y i-1
1=t
1¥k
for x<T-t and 122, where Gi is:
At =N, (T-t) AT =N N ) (T-t)
il (Z\AJe N[t b J-ne K 1K
6.: 1 l
b k=t

i
Ne [T A
1

(3.2.4.1)

The probability distribution function of Xi (t,T), 122, is as follows:

—Akt -\ X —>\kT -(A.-Ak)x
¢ T 1 i-1 (}\i-)\k) e [1-e '] —>\ie [1-e !
A= 87 2 i

Ne [T A
13k

, XST-t.
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(3.2.4.2)

The first two moments of this distribution are given in the following:




it At
EIX, (6, T)]= eiikzi — {(Ai-,\k)ze k [1—
AN TR
1k

A (T-t) AT S M) (T-1)
[+, (T-0]e J -x’; e K l:i-[i+(>\i->\k)(T-t)]e ik ]}

, 122. (3.2.4.3)
2 - l"i ‘)\ t
EIX.(t,T)]=6 1 !l __ {(A.—A 13e K21+
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3.2.5 Open Birth Intervals

The general expression of the density function of Ui(t) is

Lo g IR
o.(u =
! pr [C(O,t) =i-1]

, ust | i22.
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According to the assumptions of the present chapter,

terms involved in o;' (u) take the following forms:

iy Y
8 l(t‘u) :IUIAIk—i i-1
A
1k
i TN
and Pi-y (1 =1U1>‘1k21 i
I § RS
1=1
1

Accordingly, the p.d.f of the open birth interval is

it T A
o, (uy = 96, — , USt, 122, (3.2.5.1)
i et i-1
A
1¥k
wher‘e elzkéiT—— .
I=1
1¥k

And the distribution function of Ui(t) is as follows:
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3.3 Patterns of Bias in the Mean and Variance of Birth Intervals and
Sensitivity of the Mean to Fertility Change

The manner in which truncation bias affects the mean and variance
of order-specific birth intervals, and the sensitivity of the mean to de-
tect fertility changes are the focus of the present section. Elaboration

will be made on how the bias and sensitivity are influenced by the

length of the observation period (marital duration), birth order, fertil-
ity hazard function, and data ascertainment method. For each ascer-
tainment method the bias is measured as the difference in the moments
from those attained based on the complete reproductive history of the
cohort. In an other dimension, sensitivity is assessed as the propor-
tionate increase in the mean interval relative to the level and pattern

of decline in fertility hazards

Apparently expressions for the first two moments of the i birth

interval given in Section 3.2 above are so involved that one cannot
determine analytically any pattern of relationships among the moments
pertaining to the different ascertainment methods. For this reason the
analysis will be made on the basis of numeric values of the mean and
variance, which are calculated for the second, third and fourth birth
intervals. Fertility parameters (>\i’ >\2, >\3, >\4, >\5) are assumed to
take intial values of (.9 .8 .7 .6 .5), level (H). Then, this set of
values is allowed to decrease to four different levels in two different

manners. First the decrease is proportionally by 10% for level (Ip) and
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by 20% for level (Lp), in all fertility hazards. Second, the decline is
disproportionately by (10%, 15%, 20%, 25%, 30%) for level (Id), and

by (20%, 25%, 30%, 35%, 40%) for level (Ld), in As >\2, A3, Ag» As
respectively. The results of this numerical illustration are summar-

ized below.

3.3.1 All Closed Intervals

Assuming that age at marriage is 15 and age of menopause is 50
for all cohort members, the complete observation pericd is 35 years.
In addition to the mean and variance corresponding to the complete rep-
reductive history, which represent the true population values ( i.e., at
t=35 years), table 3.1 shows such summary statistics for two incomp-
lete observations of length 10 and 20 years. As expected, the bias,
measured as the deviation from the true population values, increases
with the shorter the observation period, the lower the fertility level,
and the higher the birth order interval (table 3.1). The absolute rela-
tive bias is consistently higher in the variance than the mean

In general, 20 years of observations are sufficient to yield summary
statistics of birth intervals very close to the true values. This is evi-
dent even for the fourth interval at the lowest fertility level (Id), where
the relative biases are -2.7% and -12.2% in the mean and variance
respectively.

When observations are truncated 10 years after marriage, the bias

in the second interval is almost negligible at the highest fertility (H),
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but increases steadily the lower the level of fertility, peaking at the

lowest fertility level (Ld) at -4.2% and - 8% for the mean and variance, ‘
respectively. The bias, however, is relatively large in the third and

fourth intervals. We found that the relative biases in the mean and

variance of the third interval range from (- 4.2%, - 15.7%), at the high-

est level of fertility, to (-13.2%, -38.9%), at the lowest level. The
corresponding figures of the fourth interval are (-11.4%, - 33.8%) ard

(- 28.5%, - 62.5%).

With respect to sensitivity, Table 3.1 below reveals strong evidence
of high sensitivity, particularly when the observation period extends to
20 years or more. This is true irrespective of the level or manrer of
fertility decline. In fact, the percentage increase in the mean interval

of the three birth orders, at t=20, exceeds the percentage decline in the

respective fertility hazards. For instance, at t=20 and with a 20%
proportional decline in all fertility hazards, the gain in mean interval
length is about 25% for all births. In the case of disproportional dec-
line in fertility according to level (Ld), mean birth intervals increase
by 34%, 42%, 50% in the second, third, and fourth intervals, respectiv-
ely. But when observations continue only for 10 years or less, the
means, particularly for the higher order intervals, do not possess the
same detective power. For instance, the proportionate increase in the
mean length of the fourth interval is about half the proportionate dec-
rease in the respective fertility hazard (e.g., the difference 1.48 to

1.56 is only 5%).
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3.3.2 Last Closed Intervals

Controlling for the length of the observation period, the numbers in
Table 3.2 are larger than their counterparts in Table 3.1. The dis-
parity increases the longer the observation period, the higher the fer-
tility, and the lower the birth order. This upward bias is due to the
additional influence of left truncation caused by discarding women of
parity i+1 and higher at time t, when studying intervals of order i or
less. Of course such women have had their births in quick succession
relative to others. At t=20, the total relative bias in the mean and
variance of the second interval ranges from (246%, 629%) at the
lowest fertility, to (371%, 1214%) at the highest fertility. It ranges,
for the fourth interval, from (89%, 113%) to (182%, 385%). At t=10,
the corresponding numbers are (93%, 96%), (158%, 250%) for the
second, and (-10%, 51%), (36%, 13%) for the fourth intervals.

The sensitivity of the last closed birth intervals is minimal especia-
lly when fertility risks decline proportionately by the same amount.
The response of the mean is either null or in the opposite direction.
This insensitivity is manifest irrespective of the level of fertility dec-
line, length of observation period, or order of birth interval. Table 3.2
shows that the best possible improvement in mean last closed interval
is about 4.4%, corresponding to birth order 2, t=20, and fertility level

Lp.
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3.3.3 Straddling Intervals

This type of birth interval is similar to the last closed one with
respect to liability to both right and left truncation. Also, the positive
bias of left truncation here more than offsets the negative bias of right
truncation, leading to an overall positive bias in the moments, with the
exception of the variance of the fourth interval corresponding to the
observation period (5,10). In this respect, it is important to point out
that this result is not always generalizable because the direction of
bivas , in this and in the last closed interval, is contingent upon, among
other factors, the prevailing level of fertility. If fertility was much
lower than the levels specified in the tables, the net bias might move in

the reverse direction. Table 3.3 affirms the conjecture that the farth-

er point t is from marriage and/or the longer the observation period, . )
the greater the effect of left truncation. When the observation period
is (5, 10), the total relative bias in the mean and variarce of the
second interval ranges from (148%, 24%), at the lowest fertility level
to (209%, 101%) at the highest. Similarly, the bias in the fourth inter-
val at the séﬁe fertility levels ranges from only (25%,57%) to (7{%,
10%). Similar figures corresponding to the observation period (10,20)
are (356%, 270%), (466%, SO07%) for the second and (123%, 43%),
(197%, 167%) for the fourth intervals.

The sensitivity of straddling intervals is, to some extent, better
than that of last closed ones. Generally, the proportionate increase in

the mean is positively associated with the birth order, the decline in
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the current hazard relative to the decline in lower order hazards, and
especially the length of the observation period. The sensitivity also
shrinks remarkably as the survey point t moves towards the upper age
of the reproductive span. As an illustration, with the observation per-
iod (5, 10), the proportionate increases in the mean of the second in-
terval at fertility levels (Lp) and (Ld) are 4.1% and 7.5%, respectively,
while similar numbers for the fourth interval are 4.9%, 11.9%. When
the observation period becomes (5,15) the corresponding gains in the
mean birth interval, at the same fertility levels, are 6.6% and 11.1%
in the second, and 10.4% and 23.6% in the fourth intervals. But if the
observation period changes to (10, 20), the gain in the mean second
birth interval, at fertility levels (Lp), (Ld), drops to 2.0% and 7.8%,

respectively, and in the fourth interval, to 4.0% and 15%.

3.3.4 Prospective Interior Intervals

This type of birth interval is very similar to that labeled as All
Closed Intervals. In fact, they are identical if observations start with
marriage instead of t (>0). The overall bias, in absolute value, is gen-
erally less than that of the last closed and the straddling intervals, par-
ticularly for the mean. The relative bias decreases with the length of
observation period, lower birth order, and higher fertility. Shifting
some observation periods along the reproductive span does not result
in major change in total bias. It is noteworthy that the second interval

remains entirely unchanged if the location of an observation period is
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altered, see Table 3.4. When the observation period is (S, 10), the

total relative bias in the mean and variance of the second birth inter-
val ranges from (-15,2%,- 44.2%) at the highest fertility to (-26.9% ,
-62.6%) at the lowest. For the fourth birth interval, the relative bias
at the same fertility levels ranges from (- 29.3%,-65.1%) to (- 48.1%,
- 82.9%). The corresponding numbers for the observation period
(10,20) are (-8%, - 5.1%) and (-4.2%, - 16.5%) for the second,(- 4.8%,
-18.0%) and (-16.4%,-46.6%) for the fourth birth intervals.

The sensitivity of prospective interior intervals is more dependent
upon the length rather than the location of the cbservation . With short-
er observation periods, sensitivity is reasonably high only for lower
order intervals. But with a longer observation period it is relatively
high for all birth intervals. For instance, at the observation period
(5, 10), the gains in mean second interval corresponding to fertility
levels (Lp) and (Ld) are 11.3% and 15.1% respectively, while the gairs
in the fourth interval are only 5.9% and 12.7%. When the observation
period is (10, 20), the gains in the mean interval, corresponding to
the same fertility levels above, are (21.8%, 29%) for the second and

(17.6%, 34.6%) for the fourth birth intervals.
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Table 3.1
PATTERNS OF VARIATION IN MEAN AND VARIANCE OF ALL
CLOSED BIRTH INTERVALS FOR DIFFERENT VALUES OF t
AND VARYING FERTILITY LEVELS

Order of Birth Interval

t Fertility

2 3 4
Years level Mean Var. Mean Var. Mean Var.
H {.24 1.591 1.37 1.72 1.48 1.84
Ip 1.37 1.82 1.49 1.95 1.56 1.99
10 Id 1.44 2.04 1.63 2.26 1.74 2.31

Lp 1.52  2.23 (.61 2.21 1.65 2.13
Ld 1.60 2.56 (.77 2.54 1.83 2.46

H 1.25 1.56 1.43 2.04 1.66 2.75
Ip  1.39 1.93 1.59 2.5¢ 1.84 3.34
20 Id .47  2.16 1.78 3.16 2.20 4.63
Lp 1.56 2.44 1.78 3.15 2.06 4.10
Ld  1.67 2.78 2.03 4.06 2.49 5.76
H .25 1.56 1.43 2.04 1.67 2.78
Ip  1.39 1.93 1.59 2.52 1.85 3.43
35 Id 1.47  2.16 1.79 3.19 2.22 4.94

Lp 1.56 2.44 1.79 3.19 2.08 4.34
Ld 1.67 2.78 2.04 4.16 2.56 6.56

H: 0\1’>‘2’>‘3’>‘4’>\5) = (.9,.8,.7,.6,.5).

Ip: 10% proportionate decrease in fertility hazards.
Id: 10%,15%,20%,25%,30% decrease in A Ao has A s,
Lp: 20% proporticnate decrease in fertility hazards.

Ld: 20%,25%,30%,35%,40% decrease in >\1,>\2,>\3,/\4,)\5.
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Table3.2
PATTERNS OF VARIATION IN MEAN AND VARIANCE OF LAST .
CLOSED BIRTH INTERVALS FOR DIFFERENT VALUES OF t
AND VARYING FERTILITY LEVELS

Order of Birth Interval
2 3 4

t Fertility

1
Years level Mean Var. Mean Var. Mean  Var.

H 1.65 1.38 1.30 0.98 1.07 0.73
Ip l.e6 1.38 1.30 0.98 .07 0.73
S Id 1.65 1.38 1.32 0.99 1.09 0.75
Lp 1.66 1.38 1.29 0.97 1.06 0.72
Ld t.e6 1.39 1.3t 0.99 1.08 0.74

H 3.22 5.46 2.66 4.04 2.27 3.14
Ip 3.24 5.48 2.65 4.03 2.25 3.10
10 Id 3.20 5.44 2.69 4.12 2.32 3.23
Lp 3.26 5.49 2.64 4.00 2.23 3.06
Ld 3.22 5.46 2.69 4.11 2.30 3.20

H 5.89 20.50 5.22 16.34 4.71 13.56
Ip 6.02 20.85 5.27 16.39 4.71 13.44
20 Id 5.63 19.81 5.23 16.57 4.83 14.08
Lp 6.15 21.16 5.30 16.04 4.69 13.28
Ld 5.78 20.26 5.29 16.69 4.84 13.99

! See footnote in table 3.1.
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Table 3.3
PATTERNS OF VARIATION IN MEAN AND VARIANCE OF
STRADDLING BIRTH INTERVALS FOR DIFFERENT VALUES
OF (t,T) AND VARYING FERTILITY LEVELS

Order of Birth Interval

t,T) Fertility

2 3 4
1
Years Level Mean Var. Mean Var. Mean  Var.
H 3.86 3.14 3.15 2.75 2.85 2.49
Ip 3.94 3.27 3.22 2.85 2.9 2.57
(5,10) Id 4.07 3.31 3.39 3.00 3.11 2.76

Lp 4.02 3.40 3.30 2.93 2.99 2.66
Ld 4.15 3.44 3.48 3.{1 3.19 2.84

H 3.95 3.59 3.30 3.46 3.09 3.62
Ip 4.07 3.92 3.42 3.84 3.23 4.05
(5,19) Id 4.23 4.09 3.68 4.35 3.59 4.92

Lp 4.21 4.34 3.59 4.31 3.41 4.56
Ld 4.39 4.58 3.88 4.93 3.82 5.56

H 6.98 9.02 5.48 7.60 4.73 6.29
Ip 6.99 9.21 5.48 7.67 4.73 6.29
(10,195) Id 7.35 8.94 5.87 7.92 5.09 6.68

Lb 7.01 9.41 65.49 7.72 4.73 6.28
Ld 7.38 9.16 §5.89 8.00 S.i1 6.69

H 7.07 9.46 5.63 8.32 4.96 7.42
Ip 7.12 9.86 569 8.65 5.04 7.76
(10,20) Id 7.51 9.72 6.16 9.27 5.57 8.84
Lp 7.21 10.34 5.78 9.08 S5.14 8.19
Ld 7.62 10.29 6.29 9.83 S5.72 9.41

! See footnote in table 3.1.
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Table 3.4 .
PATTERNS OF VARIATION IN MEAN AND VARIANCE OF
PROSPECTIVE INTERIOR BIRTH INTERVALS FOR DIFFERENT
VALUES OF (¢,T) AND VARYING FERTILITY LEVELS

Order of Birth Interval

(t,T) Fertility

2 3 4
Years Level Mean Var. Mean Var. Mean Var.
H 1.06 0.87 1.12 0.92 1.18  0.97
Ip 1.12 0.93 1.17 0.97 1.21 1.04
(5,10) Id 1.16 0.97 1.24 1.04 1.29 1.08
Lp 1.18 1.00 1.22 1.02 1.25 1.04
Ld 1.22 1.04 1.29 1.09 1.33 1.12
H 1.24 1.48 1.40 1.83 1.58 2.23
Ip 1.36 1.76 1.53 2.12 1.71 2.91
(5,18  Id - (.44 1.94 1.69 2.49 1.94 3.04
Lp 1.51 2.10 1.68 2.46 1.84 2.80
Ld 1.60 2.32 1.86 2.88 2.10 3.36
H 1.06 Q.87 1.13 0.9 (.20 1.0t
Ip 1.12 0.93 1.19 0.99 1.25 1.08
(10.15) Id t.16 0.97 1.25 1.06 1.33  1.13
Lp 1.18 1.00 t.24 1.0S 1.29 1.09
Ld 1.22 1.04 1.31 1.1 1.38 {.17
H 1.24 1.48 1.40 1.84 1.59 2.28
Ip 1.36 1.76 1.53 2.14 1.73  2.58
(10,20) Id 1.44 1.94 1.69 2.52 1.97 3.14
Lp 1.51 2.10 1.68  2.49 1.87  2.90
Ld 1.60 2.32 1.87 2.92 2.14 3.50

! See footnote in table 3.1.
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CHAPTER IV

QUASI PARITY-DEPENDENT MODELS OF
BIRTH INTERVALS

4.1 Introduction

As mentioned before, the models in Chapter III have been set up on
the basis of a crucial assumption: the strict dependence of the fertility
hazard on birth order or parity. In fact those probablistic models are
undefined if two or more of the parity-dependent hazards are of the
same value. In real situations, however, we are more likely to accept
, apriori, the notion that after a certain parity, say 4 or S, the risk of
fertility for higher birth orders is almost independent of achieved
parity. The reproductive behavior of women who have already attained
high parity is likely to be governed more by fecundity rather than
conscious regulating of fertility. Therefore, for this group of women
achieved parity have little influence on their reproduction . However,
the average risk for lower birth orders among all cohort members is
still regarded as strictly parity-dependent.

Morever, suppose as a result of a formal testing of hypothesis,
based on the parity-dependent model, we were not able to reject the
null hypothesis that after a certain parity, r, the fertility hazard is
invariant with birth order. The models proposed in Chapter III are not

of any practical use for reestimating the parameters to improve the



precision that would result from considering the reduced parameter

space (>\1, )\2,' . ',)\r, A) of dimension r+1, instead of the ith dimen-

sional space ()\1, >\2,' C >\r’ . ',)xi), where i23 and i-r 22. In
response to these factors , we believe it is necessary to extend the
parity dependent models of the ith birth interval and of the open inter-
val since the most recent birth so as to accommodate the assumption of

the equality of the parameters after a designated parity.

In this chapter we present the distribution of the i birth interval,
for each ascertainment method included in this study, accounting for
this situation of reduced parameter space. The cpen birth interval will
be covered as well. Apart from this newly introduced assumption, all
others in the preceding chapters are still in effect. Following this
introduction, we deal with each of the different ascertainment metheds

and the open birth interval, each in a separate section.
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4.2 All Closed Intervals

The key assumption throghout this chapter can be stated formally as,

)xi*>\2*° : '*)\r and >‘r+1:>\r‘+2:. CUEAEA

where >\*>\k for all k=1,2,...,r, 3<i<m, i-r22,

and m is the highest birth order under study.

In All Closed Intervals we know that the general expression of the

p-d.f of X, (t) (expression 2.2.1 p. 39) is

Gi-i (t-x) f.(x)

t _ i
hi(x) = Gi(t) ,XSt.

In the current situation the waiting time from marriage until the occur-

ence of the 1th

Sy
bles (Xi,XZ,'
parameter >\j such that }\J.* )xk for all j*k=t,2,- - -,r. And S12 is the

birth, Si’ is comprised of two independent components,

S‘Z' Here Sii is the summation of r independent random varia-

R Xr) , each with an exponential distribution with

summation of i-r identically exponentially distributed random
variables with parameter X\, where )x*)xk , k=1,2,- - -,r. The density
function of Si is, therefore, the convolution of the densities g4 OR

giz(') of Sii and SiZ’ respectively, where

-)\k
g1 (s H)\ E >0,

S
= A
=1 3

Lk
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And

=T S e ,$>0.

Therefore,

S
g;(s) :o{ g1 () g;5(sy) dy

r .
1-r
1r:11A1>\ Ly SN i Ay
= r(l-r‘) kzi r j e (S'Y) © Gy
lgi(xl-xk) 0
1k
ﬁ i-r
Ay A -\ S
=1 1T Tk S_v-a)z .
~ T'(i-r) =T Je K zlridz.
lgi(xl-xk) 0
Lk

The integral in the above expression has been evaluated by successive

integration by parts. So, this expression becomes

A s o -As
...r r k i-r-1 _i-r-j-t
gi(s)lern)\l > r‘1 = ir > = '+1}
UKL g O 530 gt dor?
=1
1*¥k , s20.
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And the distribution function of Si is:

S
Gx(S) =o[ g;(y) dy .
. =AS
i-r-j-1 a
-AS e 1_2 el iAS)
N o r {- k i-r-1 =) al
=ATIA S — e .5 =0
— po r _ 1I-r = _ J 1-r-
I=1 TSt o) S MANDTT 00 AT J
4 Tk
1=1
1*k

Similarly, we can find the expression of G, , (*). Substituting for G, _

1(t-x), Gi(t), and fi (x) in the general expression for h}(x) , we get the

following functional form of the density function:

-A (t-x)

i-r-j-2 o1
I Al o 1-ST At
ht(x):egi 2 r‘e = i-r-1 = j+1 i-r~"-1 )
KEET -ny) A j=0 A-AITE AT
ET
1%k
, 123, i-r22 , xst, (4.2.1)
where 0, is given by:
ir-j-t My
rooy 1 At et 1 2—0 al
6=2 — i-r == jtl yi-r-j ]
i<, r } < A -
1=1
1*k
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The probability distribution function of Xi(t) is found to be

4N N AL
X)) = - -
1 1 k:i r i A (A"A )l'r'l
I=1
I -AX  i-r-j-2 A g a+!
A-i (1_e ) _ e A t
E—z 24 (a+1)! |

, 123, i-r22, x<t, (4.2.2)

The first two moments of Xi(t) are shown below:

y 123 , i-r22; and (4.2.3)
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EX®] =0l S !
: VEL S i-r-1

-At
[)C3[2—{1+(1+>\t)}2e ] -

At -2t
(>\->\k)'3[2e k-{1+[1+(>\->\k)t]2}e ]J -

L -At
5 5 At 1-§J'2 2a  AX t<:\'-+-3
1 ﬁ { i-r-2 A T[2-{1+(1+A))%e ].cr—O (a+3)1!
T p— e it ]
i r ; +1 yi-r-j-1
K=1 \ 4 -j=0 (A=A 9T AT
lI;IiO\l >\k) k
1%k , 123, i-r22, (4.2.4)

4.3 Last Closed Intervals

The general expression of the density function of Xi (t) is

ht(x) _Pr [Si_i<t-x N (Si—1+ Xi+1)>t-x ] f, () >
i pr[Si<tﬂSi+i>t] %=ty

t
where, pr | Si <t N Si+i>t 1= j g;(y) FH_i(t-y) dy.
0

The expression of gi(') is as given in section 4.2, and

(t-y) = e AW,

i+1
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It follows that:

. r r ->\kt -At
pr[31<t n Si+i>t]: Al—rlI_Ti kzi r 1 (e}\_A ):'i'f"i
T 11;110‘1_)*) k
1*¥k

i-r-{ t i-r-j
=0 et eap It

Similarly, the first term of the numerator of hti (x) is

t-x
pr [Si_1<t-x N (Si_i+Xi+i)>t-x] = J gi_i(y) Fi+i(t-x-y) dy,
0
_}\l‘r"i ﬁ }\ % 1 e_xk(t—X)' e—>\ (t—X) -
=1 17k
1%k
“A(t- ,
i-r-2 o (t-) (t_x)l‘r‘fj 1 :[
520 g1t eIt

Accordingly, the density function takes the following form:
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-AX —Ak (t-x) A (t-x)
e

t 1< _ e -e
e =6t 3 — — -
II:-Ij.()\l_}\k) k
1#k
-A(t- .
ir2 | (tx) (t_x)l-r“J-i
% ity Oy (JtH
=0 (r-3-1)F -A)
,i23, i-r22, xst, (4.3.1)
where 0, is
i ANt N A
o = { e " -e k& e ¢t . :I
PEL ey A-aTH j'—% (-3t a3
=1 17k
13k
th

The distribution function of the i“'' last closed interval is

-Akt -(>\-)\k)x -\t
¢ 4 & { e {1-e } - t-A) e
H(x) = ei kgi r [: A )i-r+1
I1 A=A k
1=1
1*k

ir-2 A i j-r-
e [tVT - (t-x) Jj]

Eo (i3 a3

, 123, i-r22, x<t. (4.3.2)
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The first two moments are shown below:

-Akt -At 2
X { e -1/2e [1+{1+t(>\->\k)} ]
E[xi(t)] - 61 kéi r l: (- )i~r‘+2 B
1*¥k
i§-2 e_M T+l J
20 G-+ 1)t ea* T
,i23 , i-r22; (4.3.3)
and
2 -1 r { ‘)\kt -At
E[Xi(t)]:e.1 kz = 3 [Ze -1/3e {3+
=1 i-r+
TTLOA x)
1#k
3[L+tAAY]2 + t3(>\-)\k)3 }] §

, 2
4 & { i-r-2 2 glr-j+a
e'1 2 r [2 . e. j+1]
k=1 I O‘l_xk) =0 (i-r-j+2)! (}\—Ak)
1=1

123, 1-r22. (4.3.4)
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4.4 Straddling Intervals

It has been shown previously that this strategy of collecting data on
birth intervals gives rise two density functions, according to whether

t< T-t or t >T-t. The general forms of these pdf’s are as follows:

Case { t <T-t.
o tor (t-xSs,_ St) £, (X , for xst,
h?’T(x)m cx{ipr' (Si_ist) £ (x) for t{xsT-t,
. a;ipr (S;_{<T-x) for T-t<xsT.
Case 2t > T-t.
) agipr‘ (t-x SSi_i <t) Fi(x) , for x<T-t,
h?’T(x)=< a{ipr‘ (t-x <8, | ST-x) f(x) for T-t{(xst,
\ cr; pr (Si_iST—x) f, (x) for t<{x<T,

where a;= pr{ Si_ist N (t(SiST) ].

Applying the assumptions of the current models to the above densities

gives the following expressions of the p.d.f.:

113



Case { t<T-t.

-AX “Ap(t-x) At
r k' k
hF’T(x) _ 6,-1 S \e [ e —e _
‘ CEL oy b MO
1%k
iy mA(t-X) -t
rgj-2 DEx]%e ¢
i-r-2 a=0 al ]
,Xst,
. -At
i-r-j-2 a
ht,T(x)ze"iz )\ e r 1 - e : _ r 1 - C(:O ‘o | J
i L& - ] I_}\ A )1-r-1 _% =N )J+i -t
IT (>\1 A k) k k
I=t
1k LT,
-AX - (T-x)
r k
hF’T(x)zé.'i S Ae 1 -e —
i VL o) B AT
1= Tk
1k
s -AMT-x)
1 rﬁ 2 e [)\(T_x)]a
i'r“2 i - G:O d' J
s [-t<{xST.

for, 123, i-r22, (4.4.1)
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9 _ e-At— e-xT[e-(Ak'A) t- 1~i—r~—2 ti_r-j_i ]
: =1ﬁ(>\1_>\k) OA'TT 0 g1 ()\_)\k)j+1 :
1=1
1#k
Case2 tDT-t.
“AX AL tx) ALt
r k k
T = 6]t 5 AE 2T
k=1 ﬁ (}\ Y ) A{((}\_}\k)l r
ST
1%k
i—pve = ‘)\(t‘X) At
. 1%‘] 2 e D\I(t-x)]a—e (M)a
IE—Z a=0 a: J
3=0 (A-Ak)JH ar-j-d
[ XsT't,
“AX AL tx) A (T-%)
ht’T(X) = e"i Er }\e e k - e k i
i i k=1 ﬁ A ) A{((}\_}\k)i'r‘-i
1=y LK
1%k
e - -\ (t-x) A (T-x)
s : [Atx)] - e M(T-x]°
13—2 oo 5l ]
j=0 ()\_Ak)j'*'i R
’ T‘t(XSt’
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o T=el 5 Qe [1 S—
i P& L A A )1-r1
- H(Al—xk) k k
1*k
o -AT-x)
1-r‘§-2 e M(T-x)] &
ir-2 1-< al
2 G—O J
%0 (}\_}\k)ﬁ-i it

L xET.
for, 123, i-r22. (4.4.2)

The distribution functions corresponding to the above densities are

given next below:

Case { t<T-t.

-)xkt “AX - ()x-)\k) X
He'=6" S [ . -
I OAY k k
=1
1k
i-r-2 -At i-r-j-1
{ A I
EO o Ty { Hr5 7 -
. . -AX
“At “‘g'z D] - )% e }
© <2 (a+1)!
) Xst,
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i-r-2 ; {e-M opiT il oAt 1-r2—j- . )
(i-r-j-I)! =0 al

o A (T-x)
")\X ‘At '>\X l'I’"J‘Z e [x (T"X) ] a
e -(e -e ) az:O 21 } J

L xST-t,

At At A(TAt)-At
T, _a-lw 1 ! k" k
H ' (x)=86, " > [)\ T {Ake e Al

, T-t{xsT.
for i23, i-r22. (4.4.3)
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Case 2 t>T-t.

-Akt{ -\x -(>\->\k)x}
., r e e (A-AL) + AL - e
Ho Ty =07l 55—t [ k_ Tk _
' PR AL AT
I ()\l—)\k) k k
1=1
1%k
-At i-r-3-1 At i-r-j-2 a+{ AX o
AT I74 I (t-x)] (At)
ig—Z [(x-r—j-i)' -1)-e GZ: { (a+1)! "€ al }J
j=0 (A:AQJ+1 RS
JXST-t,

1< r i-r
k=1 TN MOAY
1%k
_1—r‘~2 i { [e'>\t- e')\T][ (}\t)i—r_‘j-j_- 1] _
20 ooag T Gr-3-D1
C . -t
1-§J-2[ e [A(t-x)]a+i -e-AT L)\(T-x)]a+i] }
25 (a+ 1) (a+ 1)
s Tt {x<t,
r -AX At
H.t’T(x)z 6"i > 1 ! — { e -e )+
! VIS T ag T AR U
=1 LK
1#k
-Akt -A(T-t) -AX ->\kT-(>\—>\k)x
}\ke [1-e ] -Xe +Xe } -
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i—r-z 1 { (At) i'r'j‘i -At (At) i-r"'\j-i -AT
20 Gt T LD

-A\X AT i-r-j-2 a+1
e 4e 5 TCIAIx] H

for, 123, i-r22. (4.4.4)

The first two moments of case | & case 2 distributions are identical.

They are:
4 r At
ElX,6,D] = 6] 5 — L e Mg
FEAT opay ~ A
1=1
1%
e {(A-)xk) (1+At) -A [1+t(>\->\k)]} +
e {ANTUATONY] - WA (L+AT)) +
A(T-t)-A t
e KLY ZUAAT0) = AL+ A]) } -
i-r-2 i-r-j-1 i-r-j At -AT
{ t At i i
JEO PEWNL {[(i-r‘-j-i)! *arprile -e ]
N R
AT-t)e m } J , 123, i-r22. (4.4.5)

119



r ALt
ELX; ¢t,D)] 2 - [ ! i_H_Z{Ze “I3-eag)
I=1
1*k
-At

re (A {1+ (a0 ?) - A3+ U )]

AT
re DAL OAITIZ - a3 (L+(14AD) )]

A(T-0)-A t
re CIONPU+EAT-012) - N3 {141+ 00 (T013))

i-r-2 1 -At -AT firj-1 AT \2 i
2 _‘JH{ e mgmt Tt T
J—- ()\‘Ak)

-AT i-r-j-1 i-r-j
-xe  (T-t) { [2+X(T-t)] Ei-r‘-yi) + 2 >Elt ml i} } J

, 123, ir22.  (4.4.6)

4.5 Prospective Interior Intervals
The general expression of the density function of X (t,T) is

pr [ tSSi_iST-x] fi (x)

R T (x) =
! pr [ S, {2t N S.<T] , xST-t,
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Applying the current assumptions to the terms of the above expression

yields
T-x
pr‘(tSSi_iST-x) = J 8.1 (x) dx ( where 81 (‘) is as shown in 4.2)
t
At X (T-x)
i1 - 1 e K-g K _
=A I A 2 r i-r-1
I=1 k=t ) A W)
ITOv-A) Tk 7k
1=1
1%k
.5 At “AT-x)
£ 2e D% e IM(T-x]°
i-r-2 et al :l
J:O (A‘)\ )J+1 }\l'r"J‘i
And
T-t
pr (S.l_iZt N Si <T) = f pr (ts Si_iST-x) fi(x) dx,
- 0
R r At -A(T-t)
=ATiga s —4 : _{(A-)x)e K (1 ) -
=1 UL & A I U Tk
1=1
1%k

AT -(A-A ) (T-t)
K'g-e K ]}-
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-At -AT -AT
1%—3 -2 (a+1)(>\t)a(e e ) _}\a+1(Ta+i_ta+1)e
i-r-2 = (a+1)!
o e ]
J% (>">‘k)J+i airj-1
Accordingly, the density function of Xi(t,T) is
-AX At - (T-x)
T,y ol = e ek~ek _
R (x) =0." > .
=g LK
1#k
i-r- _2 —At a 'A(T_X) a
S’ A%-e A (T-x)]
i-r-2 =0 al
> = - ]
=0 (N }\k)J+i air-j-d
, 123, 1-r22, x<T-t, (4.5.1)
where 6i is as follows:
0, =1 A“”ir[ ter(s_2tns <1

The formula of the probabilty distribution function is given next:
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Ht,T(X) - 6—1 zr i [(A-Ak)(i-e )e -}\e [1'8 ]-
' ! k=1 r A (}\_}\ )I‘I"
1=1
1%k
At -AX AT
I-EJ-Z @) (A)%  (1-e )-A“He [T“+i-(T-x)a+i]

i-r-2 =0 (a+i)!
> —= i J
j=0 (>\_>\k),]+i Al‘F-J-i

The first two moments of this distribution are evaluated as follows:

At
1 & { { 2 N
Ex Tl 6 S [M )i_m{ DapZe Kt -

r
T 2 kAN

ir2 ir-j-2 Y
JZO (A'}\ )J+1 >\'1-r‘-j { 2 W [: (a+i) (a+2) (>\t) [ e -
B k

-AT

-AT
e (LATH} -2 e [TOM2- (q42) (Tt @Hi- (@2 JH

i23, i-r22. (4.5.3)
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“A-A(T-Y)

‘>\kT
e [2-e {1+[1+

i-r-2 { {i—r-j—z {

2 1-r
WA (T-0]9) b - T
K } go A-AITE AT U 20 (g4

[ (a+1)
1)

At AT AT
(@+2) (@+3) A0 %[2e e (L+[L+A(T-1]9)] AT (2793

(a+2) (a+3) (T-) 2t L2 (@ 3) (T-)1 022093 }J ,

i23 , i-r22. (4.5.4)

4.6 Open Birth Intervals

The general expression of the density function of the open interval

for the ith birth, Ui(t)’ is as follows:

(t-u) F(u)
oF(u) = 8

X JUSt.
pr(S; (st N S4

With reference to the current assumptions, the denominator of the

above expression is found to be:
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r ')\kt 'At
pr(S,_;St N Sp1)= x“”inxlz | e o
1=1
1%k
-2 MY e }
=0 gt ea It
It follows that the density function is
Au Atw Al
o e (et
K=t ﬁ OATT 20 g2t a3
=1
1tk i23, i-r22, ust,  (4.6.1)

where 6, = = [ AT 111'] Al 1p (S;.{StNSHY).

And the probability distribution function of Ui(t) is

At -(A-AJu
K k)

1-e
i-r
(A2

o= 6 Er | {e

p—
;,'_'_:11

: t . . . .
i-r-2 o [t1-r-3—1 _ (t-u)l_r-J-i] }
B0 g aeagt!

i23, i-r22, ust. (4.6.2)
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The first two moments of the open interval are given below:

At -t

4T e X [t+tAAY]
E{U;(0]=6, gi r { a )i THL
13k
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}
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CHAPTER V

PARAMETER ESTIMATION AND FERTILITY
INDICES

5.1 Introduction

This chapter deals with procedures for estimating the parameters
of birth interval models developed in previous chapters. It also illus-
trates how the parameter estimates can be utilized in quantifying var-
ious aspects of the reproductive process.

Due to its favorable asymptotic properties, the Maximum Likelihood
Estimation method (MLE) will be used. More important, MLE makes
possible deriving a single set of estimates of parity-specific fertility
hazards generalizable to an entire cohort. Using other methods, say
moment estimation, may result in different estimates of the same
parameter, depending on the order of the birth interval employed in the
estimation process. For example, in All Closed Intervals, the moment
estimation based on parity dependent models of X, , (t) and X, (t) prod-
uces estimates for {)\1,>\Z,>\3,"',>\i_i}, {>\1,>\2,>\3,"',>\i} respectively.
It is not guaranteed that the common points in the corresponding two
sets of parameter estimates are of the same magnitude, nor is it clear
how to merge them into a single set of estimates. Furthermore, in

some instances MLE would enable us to combine information on closed



and open birth intervals for the sake of recovering the hazard estimates
from the bias resulting from right truncation. In other words, estimat-
ing A; from the closed birth intervals of those members with achieved
parity i jointly with the open interval for the birth order i results in
an estimate which better reflects the underlying propensity of shifting
to parity i from parity i-1 for all cohort members. Also, MLE allev-
iates the effect of left truncation impacting Last Closed, Open, Stradd-
ling, and Prospective Interior Birth Intervals because the experiences
of women with different parity are simultaneously incorporated in est-
imating the parameters. Yet, it was still not possible to purge the
true hazards of right truncation in two ascertainment methods, namely
for the Straddling and Prospective interior intervals.

In addition to the inferential value of the hazard estimates which are
recovered from right and left truncation, they will be further utilized
to produce other important length-unbiased fertility quantities such as,
the survival function of the ith birth interval, mean interval length,
and parity progression ratios.

This chapter is comprised of seven sections. The five sections foll-
owing this introduction present the likelihood and log likelihood func-
tions for the five ascertainment methods dealt with in this study. All
three models developed in previous chapters will be covered. The first
and second partial derivatives of the log likelihood function with res-
pect to the parameters estimated will not be shown because they are
very lengthy and, in most cases, do not result in expressions compact

enough to be of practical use in estimating the parameters.
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A derivative-free MLE method will be applied instead. Section 7 is
devoted to describe the various fertility quantities that can be built

using the hazard estimate .

5.2 All Closed Intervals

The data on all closed intervals are ascertained from the truncated
fertility history of all cohort members, where the truncation point t ,

t<A, is common among them. If we consider the random vector,

(6) Xy () X (1))

a la ra

as representing the successive birth intervals up to the pth birth for a

woman a who is of at least parity r at time t, then under the indepen-

dence assumption of Xi’ Xost X the joint density function of Xt

-~

can be shown to be,

fi (xi) f2(x2)"' f (x)

ht (x) = rr , Where
T~ G_(t)
~ r
r-1
O<xi<t, O<x2<t-x1,"', O<xr<t—J§1xJ.
Obviously, for a given woman a, )(1 (t), X2 t), -, Xr(t) are not

independent random variables. Since

=t t
Hhi(x) ¥ hr(x).

i=1 ~

-~
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ie. r Gl'i(t-X) fl(X) R fi( i) f2 XZ) - f (xr)
i=t Gr(t) l»(t)

As a result, the product of the univariate densities of Xi(t) over all

women of at least parity i and over all parities cannot be taken as a
valid likelihood function of the data.

Furthermore, it is known that in single failure problems the MLE
derived from truncated probability distributions overestimates the un-
derlying parameter [Johnson and Johnson, 1980]. Hence, to recover the
estimate it is important to combine the information on closed and open
birth intervals in the estimation process. By doing so, we compensate
for the effects of right truncation that characterizes this type of birth
interval. This is because the MLE of A; derived in this way is not

solely based on the experience of women who achieved parity i in (0,t).

The open interval since the occurrence of the (i-i)th birth is also uti-
lized. The rational behind this proposed approach rests on its analogy
with the conventionial MLE of the hazard function in single failure
problems. For instance, if , in the later situation, the underlying dist-
ribution is untruncated exponential; we know that the MLE of the hazard
is a rate in terms of occurrence/exposure, where exposure consists of
two components, one for the unfailed (censored) observations and the
second for the failed ones. Thus, the derived MLE of the hazard utili-
zes all available information, and hence is generalizable to all sub jects
included in the study.

In order to achieve this target for a multiple failure situation, such
as the one understudy using truncated probability models, we need to
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modify the condition of truncation in such a way as to include the
open interval along with all previous closed intervals in the multivar-
iate probability model. The appropriate condition is the event that
(SrSt N Sr+1 >t ), which is exactly equivalent to the event that
a cohort member is of exactly parity r at time t, instead of (SrSt).

To see that, define the random vector Xa(t), of dimension r+i,

slightly different from before, as including all closed intervals for a

woman a of exactly parity r at t, and the open interval for the birth

order r+i, i.e.,

XgU=(Xy 0 Xpp 0 - X (0 Upyy (1)), where
r
obviously, U_ 4 (t) =t -igi X, (1),
The multivariate density function of X _(t) conditional on
Cra™t N Spiq, o7t
can be shown to be:
r

t _ fylxy o) falxog) = fRlxpg) [1 Fr+1,a(t_.§ Xi o) ]

h (x )= i=1

r_ o ,

- pra(t)

r-1
where O<x1<t, O<x2<t-x1, L O<xr<t —igixi.

Correspondingly, the likelihood function of the data pertaining to a

specific age-marriage cohort is as follows:
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m

iLx,M I'I Hh( >\),

~ ~ r=!a=1

r=
where r<m , and n. is the number of women of exactly parity r at t.

This is the likelihood function that will be followed in estimating the
parameters of All Closed Intervals for parity and quasi parity-depend-
ent models given in Chapters III and IV. Unfortunately, we cannot
apply it in the constant hazard situation because, as shown below, the
likelihood expression turns out to be free of the parameter of interest.
Sections 5.2.1, 5.2.2, 5.2.3 include, respectively, MLE procedures
for the constant hazard, parity-dependent, and quasi parity-dependent

models.

5.2.1 Constant Hazard Model

The joint density function of the random vector X () of a woman .

a of exactly parity r at time t is,

r r
. ll_Tifi(xi’ [1-Fyl 1 ixi) ]
h (x ) = == -
r X
~ " PA(t)
-As -A(t-s)
_ A\ e e
- -2t
e (af
r!
_ r! .
tF ,r‘-i

r
where x1<t R x2<t-x1, Cee, Xr< t- % X s s=> X,

i= i= -

Clearly, the probability model is independent of .
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To overcome this problem, we resort to the univariate density of
Xi(t) » i=1,2, + * -, m, where m is the highest birth order under
study. We expect that the MLE of A derived from birth intervals of
different order will not be exactly the same, so some fluctuation is
anticipated. Although the resulting estimates should be in the same
vicinity if the model fits the data adequately, we propose to take a
weighted average of all resulting estimates as an overall MLE of A,

with the weights being the proportions of births of order i, i=1,2,...,m.

The density function of X;(t), for a woman a of at least parity i at t

is
-AX i-2 -Af{t-x ) :
xe 9[1-5 e 1 Alt-x ) 19/31]

The likelihood function of the data is

n.
1
n, A > X Ny i-2 -A(t-xa) .
n; Nte a=t I [1-5 e (At )19/31]
_ t _ a=1 1=0
Li —ar:Ii hi (xa) - i-1 -At n ’

[1-Se /]!t
j=0

and the log likelihood function, I=Log L, is shown as follows:
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G 2 -Altx) . ®
I=nlog X - AZ xa+§ log [ 1 —'2 e [)x(t-xa)]-]/_j! 1-
a=1 7 a=l\ j=0

i-1 At
n, log [ 1 -goe atJd /5t 7. (5.2.1.2)
J':

5.2.2 Parity-Dependent Model

According to this model, the joint density function of the random

vector i(a(t) = (Xia(t) Xza(t) R Xr‘a(t) Ur‘+1,a(t) ) is
r
L N e- izi i Xig A +1(t-sr'a)
AL -
ht (x ) = i=1
ra At
~ r r+1 o k
Sl
1£I1 ArAd
1#k
r
'.§1>‘i Xia ) )\r+i (t-sr‘a)
- __e 1= e

r+1 At

2 e

=t r+1i
I 2
1=1
13k

r-1 r
where , xia<t R x2a<t-xia s U, xm<t— 12=1xia’ sm:igixm'
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The likelihood function is

n
LI'IHh(),

r={ a=1 ~

~

where n. is the number of women of exactly parity r at time t, and m

is the highest parity attained by any cohort member. Then

n n

m r r m r
2 2y F Wi 2 2 et
L=-= € : (5.2.2.1)
nes S
=y r+i
i
1k

And the log likelihood function, I = logl, is

- A - A t-s_ ) -
r=1 a=1 i=1 ! r=1 a=|{ r+1 ra
m r+1 e’xkt
ginr‘ log kéi r+1 : (5.2.2.2)
1=1
13k
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5.2.3 Quasi Parity-Dependent Model

According to this model, the random vector of successive closed
intervals and the open interval since the most recent birth for a woman

a of exactly parity r at time t ,

>fa(t) = (xia(t) XZG(t) o xua(t) xu+i,a(t) o 'xr'cx(t) Ur+i,a(t) s

is such that the first subset of intervals up to x,, follow the specificat-
ion of the parity-dependent model, while the remaining intervals have a
constant fertility hazard different from all preceding parity-dependent

hazards.

Accordingly, the multivariate p.d.f of Xq (t) of dimension r+1, for

a woman a of exactly parity r (2y) is

v *
= A¥ig At -s)
~ =
hy t(xa) _ e e ,
~ NEOAt At
~ % { e e r-v-1 R
2 s ) j+1 J
k=1 b (A = () j=0 (r-v-j! (A=A
1=t
¥
r-1 *x VY
where Xgg$ts Xo o Xtoxy g v v ey X<t —.2 Xiq * Spaq= > Xigq » T2V

And the p.d.f. of X (t) for r<v is as follows:
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r

=2 *ia , r<v.

r-1
where Xia<t ’ X2a<t'xiaa T, Xra< t _lgi xia b4 Sr‘a_izi

It follows that the likelihood function of the data is

e TV a=1 J

[ e
- NE Ay A r-v-j n.
7]}

m 1%
1 [e -e e t
1 {E AAYTHH Jgo (rv-3)t (N

1%k
(5.2.3.1)

The log likelihood function of the data, I = log L, is shown as follows:
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w1 O N r+1 -Akt
rgi az— 121 Alxla;zi azixr+i Sra ;2 n logz T+
T oy
1=1
1¥k
23503 s
~ A.X, = A (t-s_)
r=v aq=1 i={ !9 r=y a=1 ra
At -t -
k r-v-1 R v-j
1 e - e e
_zun log 5__ v l: - )r‘-u+i JEO (Fv- J+1 :l
lni()\l >‘k) k
1% (5.2.3.2)

[t should be noted that the ML estimate of Ay for parity-dependent and
quasi parity-dependent medels is based exclusively on the closed inter-
val fof the first live birth. In other words, cohort members who have
not yet had the first birth contribute no information towards estimating
Ay- This limitation will not have a major effect if the observation
period (O,t) is long enough for almost every woman to have a first

birth. Analogously, the estimate of A the fertility hazard for the

m+1’
birth that immediately follows the highest observed birth order attained
by some cohort member, is solely based on the open interval since the
occurrence of birth order m. For this reason, the reliability of the

resulting estimate of Am+q May be doubtful, particularly if it is likely

that women will eventually shift to parity m+1 with higher probability.
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5.3 Last Closed Intervals

In this ascertainment method, every woman under study is only rep-
resented by one live-birth interval, the space between the two most
recent births. As such, the MLE procedures of the univariate distrib-

utions are applicable for the current situation.

t
Let hi (xicx

woman a of exactly parity i at time t (SA). Then the likelihood funct-

) be the p.d.f. of the last closed interval , Xi(t)’ for a

ion of the data is:

n,
1

R (x. ) i=1,2,- - m, a=1.2, - - “n.,
i=1 o=t '@ '
where m is the highest birth order considered in the analysis and n, is

the total number of cohort members of exactly parity i at t.

The likelihood functions are given below for parity- and quasi parity-
dependent models. The constant hazard modei is skipped because its

truncated density function is no longer dependent on the parameter A.

5.3.1 Parity-Dependent Model

The likelihood function is
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k&%) A X )

X, -
11 e - e
e
g:i i-1 N N
U( k) i+1” k)

m i

1*k
II
=2

(5.3.1.1)
The log likelihood function, Z =log L, is shown next as:
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Ny -AAJt m Ny

I=n log(A,-X5) =N\ ;-X5) > x, - n,log(l-e ) -S> A S x.
1 172 172 &y la S isy 1a.
m i i-1 e-xk(t-xia) _e_>‘i+1(t_xia) m i+1 e'xkt
+2 z 10g i1 -2 ni logz ErS
i=2 a=1 k=!I ) ) i=2 k=1 i
L AI Oypy2) LAY
1#k 13k
(5.3.1.2)

5.3.2 Quasi Parity-Dependent Model

The assumption employed here is that all birth intervals for lower
order live births up to and including birth order v follow the specifica-
tion of the parity-dependent model while birth intervals of order higher
than v have a constant hazard model. As such, the last closed intervals
of the cohort members of parity v or less at time t have the following

density function:

Lp N A ()
A xS S —€
e ! k=1 il
LI ORI Oy 2
) = K :
i+1 (_j‘kt
) 71
1%

i=2,3,4,...,v, x<t.
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For the first interval this is

-()\i->\2)x
_ (A1'>\2) e

1(X)—
-(>\1->\2)t

, XSt.
1 -e

The p.d.f. of the last closed interval for birth order i, i>v, is

-AX AL (%) -A(t-x). -A (t-x) L
v e e K - -1u2e (t_x)luJ1
2 1% i i-y 2 N j+i ]
k=1 1 (A2 (A-Ap) j=0  (i-v-j-1)! (>\->\k)
1=1
hy ()= —L% - :
At At -At .
zu { e k™ e i 1§-1 e iV 1
i~ v NN L 22 T RUENES
S (A (A2 J=0 (-3t (A
1=1

1*k ‘ .

v<is<m, xSt

It follows that the likelihood function of the data on last closed

intervals is

¥ e N e BB
L= T b (x, ) Yx, ) R (x. ).
e [ I A T TR g

Substituting for the expressions of the densites in L yields,
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ny (>\1‘>\2)a2:1>‘1
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L =(Ay-A5)t n
(1-e 1720 M
v N A(tx ) A (tx, )
S S «x i-1 Tk *ia +1 " Nia
el LI 1
e T Il EU T 0y A (A A
=2 a=t MM P
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_ v i+l e-Akt n, 4
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Mk
1%k
i
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m i
-‘2}\ — xlCI m ni v -Ax(t_ ia) -Mt-xla)
el—u+ia—1 8l s { e _-e
i=v+1 a=1{ K=t ﬁ(A ) DD
=y 10K '
» »
1%k
jop-p MR (t-x. )i_V—J_1
s e ia }
5200 Gt a3
J
m % { e-)\kt_ Ay T (V- N
mo| i =i} |
=t L ﬁo‘l”‘k) O N = D IV Ra
I=1
1%k
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The log likelihood function is

I=n,log(\,-\,) - ( Xy 4~ Nylog(i- ) - >, X,
i 1 72 a—i la S &yl
v 0 i-1 e_xk( X! _e_>‘i+1(t‘_xia) i+1 -Akt
EP-Th -znlogz i+
e - | 1“1%) OSTRRIN 1H1(>‘ A
1%k 1tk
m n1 n; \ -Ak(t—xia) -)x(t-xia)
A S x S S log 2 {e -e
S Rt R R Sy =g Y N e
11:'110\1 A k
14k
-2 X ) (t-x. yivey- m { e-Akt_ At
et el PRl b
J=0 (i-v-j-1)I( ) i=v+ lnio‘l'xk) (A-A)
1k
. At
i-v-1 i-v-j
s e , } (5.3.2.2)

<. . +1
370 (i)t A

5.4 Prospective Next (Straddling) intervals

It has been shown that this ascertainment method gives rise to two
different density functions of Xi (t,T), for 122, depending on whether the
length of follow up period (T-t) is less than or greater than t, the mari-

tal duration of cohort members at the time of observation ( e.g.,
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interview date). It was also demonstrated that each density function
has three different components for three disjoint ranges of the random
variable X. (t,T).

Let h! dT( ) be the p.d.f. of the i birth interval , 122, that lies in

the r' range, where r=1,2,3, and d=1 for tsT-t, d=2 for t>T-t. The
definition of r is as follows:
For t<T-t; r=1{ = xiSt, r=2 —» t<xiST—t, r=3 — T-t<xiST.

And for tD>T-t; r=1 = xiST-t, r=2 —>» T-t(xiSt, r=3 = t<xiST.

Thus, the likelihood function of the data on straddling birth intervals is:

n Nir t, T

{ ;
Ld: {:I-_I h 10‘;] l- 1 H hid (xir‘a)-! ’
a=1 -1 r‘ —

where m is the highest birth order under study and x; _ .is the observed
length of the 1M birth interval that lies in the range r for a woman «a.
3 m
The aggregate number of such women is n, , and n,= > N o N= > n;.
r=1 i=t
Sections 5.4.1, 5.4.2, 5.4.3 present the likelihood and log iike-
lihood functions for the constant hazard, parity-dependent and quasi

parity-dependent models respectively.
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5.4.1 Constant Hazard Model

Case | t<T-t.

The likelihood function is given by

Mo, T m M1 ., T N2 ¢,T 13 tT
L =c¥-=11 hib< iI:I l- H hx( ia) arli hi(XiZG) cx— 1 13a)_.l
s
AD X 3 'ir
1
AN e o= ’ m A2 2 Xy
[(e -e ) 1)1 J
i=1 (i-1)!
Altx, | ) At )
N1 -2 e Hapex, H-e owd 12 A5
ila e At i2
M I i1 -2 ] ]
a={ j=0 J! i=0 J
“ANT-x%. 4 )
M3 12 e B \(Tx )
IT [1- . ] (5.4.1.1)
a=1  j=0 J
The log likelihood function, I =log L., is therefore
m At AT i-1 !
I=-2 n log(e -e )%1}‘—;)—]+nlog>\) A2 X,
i=1 a=1
A (t-x ) -2t
m z3 o fu 2”11 [§2 e MU, e
-A X, log ]
15 r=1a=1 TY fE29=1 20 J'
ANT-x.4 )
-\t . i3a
m i-2 j m"i3 i-2 e [N(T-x.4 ]9
At
+ % N> log[t-> e——\(ﬂ—)]*'%z log[l -3 3T i3a ]
1= J=0 =ea=t o gE (5.4.1.2)
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Case 2 t)OT-t.

S Ssh
- X -A
<, Tla & < Xira
[ = 1 ] AN ea—i RE r=1a=1
ﬁ\ [(e-xt_ e-)xT) O\t)l-i}l
i=1 (i-1)! -
A (t-x., ) -At
m ”11[1-2 e MTpx ¥ -e )
iI;IZ a=1 j=0 J: )
A (t-x. 5 ) -AT
m N2 -2 PN R PN g
I3 2 |
AT-x.4 ) 1
m M3 12 e 3 N (Tox, 5 )
[i - , - (5.4.1.3)
i=2a=tL  j=0 J
By
The log likelihood function, Z log L, is
ny
I=n(log \) Az Xy =N
% i=1 a 1 ira
“At-x., ) -\t
m ”211 2 e Dax I -e ()
+ log .
i=2 a=1  j=0 J*
“A(t-%.~ ) AT .
m D2 g2 e NS L N S b
+ og
i=2 a=t  j=0 3!
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“AMT-x:4 )

N3 -2 e 13y p ]
+z S lglt-5 —i3a
i=2a=1 j=0 J:
m At AT i-1
-2nleglle -e ) g
=1 (5.4.1.4)
5.4.2 Parity-Dependent Model
" Case 1 t<T-t
Ny n
_ m 3 ir
- >‘1az= Xiq SN |
L=H }\'i e e1=2 r=1 q=1 ¥
i=1 ! At AT
e et ]
m Nt [1-1 exk(t_xiia)_e'xktJ s i N M2
=2 o=t K&y i =2 [«:1 i1 J
14k 14k
i=2 a=1 gl i _ ] i'r—'-g l:kZi !
ST Oga) N T 2y
I=1 =1
1k 1#k
(5.4.2.1)
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The log likelihood function, I = log L, is

{

m i At AT
Izigini log )xi—>\1§:1xia-ni log l:e -e :[

(5.4.2.2)
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m N2 i . i2a i2a
11;12 ar=Ii l‘-gzi i1 i
IT 20 A
1#k

. At At AT - -t -n.
rnf[liek'—el—el[ekl—i]:,l
i=2 Lk=t :
R
1*k
(5.4.2.3)
The log likelihood function, I=log L, is
. § NN “21 g | At —AiT]én 23 “ir
= n. log A, - X, -n, log [e -e -2 A, X,
i=1 ! . 1or‘—'i la 4 i=2 'r=1 ogi tra
g Ni{ i% e-Ak(t_xiia) ) e'>‘kt
+ log —
=2 &=1 K= o0
=y 17k Tk
1*k

i2a
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1:1(>\1—>\k) A
13k
- s NN AT St !
_ n log S e i e e e i
i=2 ' K=t
LA
1k

(5.4.2.4)

5.4.3 Quasi Parity-Dependent Model

The underlying key assumption of this model is that X, has an expon-
ential distribution with parameter A for all izv+1,0+2,--*,m, such that
A*)\I*Ak for all 1*%k=1,2,--",v and i-v 2 2, i=3,4, -",m.

Hence, the straddling birth intervals of order v or less follow a
parity-dependent model, while the intervals of order v+1,0+2,:*,m
follow a quasi parity-dependent model.

Accordingly, the likelihood function of the data is

Mot v 3 N LT
Ld:l:ogi hi’d (xia)J [n I hic,i (xira)J

i=2 r=1 a={

*
n

m 3 ir o
[: I 11 hicti,T(xira) :[’

i=v+!l r=1 a=\
3 3

* *
= i< .= . i £ m.
where n, rginir , iSy and n, rginlr ,v(isSm
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Substituting for h? d (x. ), h:dt’T(x ) in the above equation for L ,

ira ira

we get the expressions for the likelihood and log likelihood functions,

I=log L, as follows:

Case! t<T-t.

n X1 ot At AT -(AJt on
L_Hl[)\ie ﬁl_liek-el—el[e kl_ll *1
my L xr JILI e i

e -e lnj_ ()\1'>\k)
v 3 Nir v
% _22 A 21 2__1 Xira v "1 op-t M )_ At
l—g(xl)nl el-— r=i a= H [ e =i e >
i= i=2 a=1 k=1
1¥k
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v -1, At 12, M3y ATxi34)
l-e i1-e
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LMD A L AR A
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1%k *
m & 2m 23 Mir
n. - .
i=uE+i ! i=v+1 r=1 q=1 F<
() e *
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(5.4.3.1)
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The log likelihood function is

v Ny Ayt -AiT) v N %”Em
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Case 2 t> T-t.
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The log likelihood function is

V Ny -\
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5.5 Prospective Interior Intervals .

The probability models of this ascertainment method dealt with thus
far are basically concerned with an it birth interval occuring in the
observation period (t , T), where i=2,3," * * m and m is the highest
birth order under study. In other words, we have been only considering
the univariate probability distribution of a prospective interior birth
interval. However, if a woman bears more than twice within the inter-
val (t, T), the intervals spacing these sequence of live births are not
statistically independent. Hence, it is necessary, for the estimation

purposes, to derive the multivarite distribution of the random vector

X D= (X0T) X 6T X 0D X6T)

where j2i ,2<i<m.

With reference to the condition imposed by this ascertainment

method, the multivariate density of X(t,T) , h.(t’T)

i (x ), can be shown

as:

pr [ t< Si-i (T-z] IJ[ fl(xl)
ATy = I=i
bl o pr‘[Si_12tﬂSJST]

. i1
where z= éxl, xiST-t, xi+15(T't) Xy T, XJS(T-t) -lﬁ X|e
I=i =i

It follows that the likelihood function of the data is

160



IJ& pi’J ’

where, A j is total number of cohort members who give the

(i- 1)th 'th, (-i-i)th RN jth live births in the interval (t,T).

Sections 5.5.1, 5.5.2, and 5.5.3 include the likelihood and log
likelihood functions of the constant, parity-dependent, and quasi parity-

dependent models for this ascertainment method .

5.5.1 Constant Hazard Model

The likelihood function is

>\(t+26) ‘)\T r
. i-2 e ) -e ANT-z )]
-1y joit+1 $ 1
L= 6.* A > ,
rll n érli ! r=0 r! _j
(5.5.1.1)
where
. -At -)\T -AT . .
6.:1_22 o O\t) OT) roj-i 1+r‘-1 (_i)aTr-a(THa- 1_t1+a-1)
b= % al (r-a)! (i-2)! (i+a-1)
The log likelihood function, I=log L, is
>\(t+26) ‘)\T r
' i-2 e (A)F- AT-z )]
Izé > g (j-i+1) log A + log {12 }
i=2 j=i =0 r!

% m
"2 2 Ny log f ] (5.5.1.2)
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5.5.2 Parity-Dependent Model

The likelihood function in this case is

°1 1=i e -e

Itj =i d=1 l © kgi i-1 ’ (5-5.2.1)

1#k
where
Nt N T AT
5 = i-1 ()\a‘>\k) e - }\ae + >\ke
i . i-1 -
k=1 a=i

1%k l#q

The log likelihood function, I=log L, is therefore

) . n. . . At AL (T-x )
M m i i-1 km_ "k 74
> é A¥ig+ 2 2 3 log 3 —
=2 j:1 = i52 210=1 K=t
lni(xl-xk) A
1k
] m
-2 2> n;; log 6,. (5.5.2.2)

5.5.3 Quasi Parity-Dependent Model

To recall, this model implies that the fertility hazards for birth
orders v or less are parity-dependent, while those for higher order

births are constant.
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Here, we are faced with three different types of birth experiences

that may take place in the study period (t,T). They are described as

follows:
(1) The jth birth order is less than or equal to v;
(2) The birth order v lies somewhere between i and j, i.e, i<v{j;

(3) The ith birth order is greater than v.

2 3

Let h.l(.t’T)(x), 1§t 1) (x) , higt’T) (x) be, in order, the multivariate
density functions of the above three sets of birth intervals. Then the
likelihood function of the data is:

(1) (2)

. n. .

1% 1 1

=0 ATy ] [n 1 1 r g Jr
i=2 j=i 6=t -9 =2 j=u+i Yoo~

, k]
1 u+13 i j
(@ (@

where nij’ Dy nljare the total cohort members classified according

to the three categories of birth intervals indicated above. It is clear

()
that hij(X) is exactly the same as in the parity-dependent model. Subs-

-~

tituting for the density functions in L yields the following likelihood:

}-I’ { ii >‘1x1c5 i e->\kt ) e-Ak(T—zé) :l
L= - {e — } *
112I j=i ) kg i | )

(N A A
=1 k
1¥k
(2) 1% j
v m i “[F_ AXg TA i X|4)
i =1 I=p+1 >
I ™ °
i=2 j=v+1 o=l Gi
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(5.5.3.1)

(1) 2) (<))

where z5= ﬁ X148 and 6i . 6i R 6i are defined as follows:
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The log likelihood function, I=log L, is given next:

(1)
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5.6 Open Birth Intervals

It was shown in Chapter II that the density function for open birth
intervals under the assumption of constant hazard does not include the
parameter of interest A. The likelihood functions is therefore confined

to parity-dependent and quasi parity-dependent mocels.

5.6.1 Parity-Dependent Model

The likelihood function is

n
L= o {u. ),
1:1} a=1 ! 1@

where u,  is the observed length of the open interval for the birth

order i experienced by a woman af(=1,2," - ',ni), and {m-1) is the

highest birth order attained by the cohort members.

Substituting for the parity-dependent density function in L gives

i-1 e’Akt’(Ai AUy
- (>\1‘>\k)
m N 1=1
$
=1 1 Lk (5.6.1.1)
i=2 a=1 i -Akt
kzi -
I_I(xl-xk)
1=1
1%k
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The log likelihood functio, I=log L, is

m N -1 NERGU i e'>‘kt
=2, 2 %8 2 i1 20 log 2 77
IT A IT -2
1=1 =1
Lk L%k

(5.6.1.2)

5.6.2 Quasi Parity-Dependent Model

The assumption of this model is that all birth intervals for lower
order live births up to and including birth order v follow the specifica-
tion of a parity-dependent model, while intervals for births of order
higher than v have a constant hazard. Therefore, the p.d.f’s of the open
birth intervals for birth order v or less and of order higher than v are

as given in expressions (3.2.5.1) and (4.6.1) above, respectively.

The likelihood function can therefore be shown to be

*

- e ] (BT Seg ],

i=2 a={ i=v+1 a=1

where o: (") is the p.d.f of U, () , 1=2,3,4,,, and

o’i't(.) is the p.d.f. of U, (t), i=v+1,0+2,,m.

T t *t . .
Substituting for Oi(uia) and o, (u ) inL yields
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i-1 e-Akt— A AU
<, i-1
k=1 A
N =1
L= 1#k *
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K=1 ﬁ Ouon )
=1 1K
13k
) ) ) “A(t-u, ) L
zu e Auicx o Ak(t Uld) 1§-2 e e (t-um,)1 v-j-2
=1 O™ 20 (o521 et
x - lrzli()\l—)\k) k k q
mo L#k
'n +1 Hi At
1=V a= - R
zy 1 e-)xkt_ e-)xt %‘2 o tl‘V"_]'i }
= ﬁ Aor) N = e VLI O W AL e
=1 1 7k
1#k
(5.6.2.1)
And the log likelihood function , I=log L, is
v N -t N A PN
I= X zilog {k s —'22 n, logkzi . }+
i=2 a= = _ i= = )
g T LA
1¥k 1¥k
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* -A\u, -Ak (t-uia) -A(t-u, )

§ ;1 zu e @ : e i-§2 e ta (t-uw()i'u'-j'2
log { . - .
L . p v RURY 5 0 e L gl
=vtta=t’ WS o (A (A1) 30 (imv-5-2) Ay
1=1
1*k
§ N v ) ‘ e”‘kt ) e’“ -2 M i1 ]
- n. log { — - : }
o+t * g:i ﬁ (A AATY =0 -1t (A-Ak)JH
1=1 )
1%k

(5.6.2.2)

5.7 Relevant Fertility Indices

The estimated fertility hazard has an important descriptive value as

it reveals the intensity of fertility and how it varies with birth order.
The asymptotic variance of hazard estimates, obtained via maximum
likelihood estimation, makes statistical inference feasible. In addition,
recovered hazard estimates, i.e., derived from All Closed, Last Closed,
or Open Birth Intervals with incomplete observation periods, can be
further utilized in deriving several useful length-unbiased cohort fertil-

ity indices. They are described below:

h

5.7.1. Mean and Variance of the it Birth Interval

We know that when an age-marriage cohort of women is followed
from marriage until menopause, the resulting distribution of the ith

birth interval is the population distribution which we attempt to

170



estimate unbiasedly from truncated fertility information. Length-
unbiased estimates of the moments of this distribution can be obtained
by substituting the recovered hazard estimates in the relevant moment

expressions of all Closed Birth Intervals with complete observations.

5.7.2. Parity Progression Ratios (PPR)

The parity progression ratio for the i birth order is defined as the
probability of ever shifting from parity i-1 to parity i. Let Si-i be the
random variable of the waiting time until the occurrence of the (i-i)th

live birth. Thus, the PPR, conditional on a certain value of S,y is

*
PPR,=pr [ X;< A-s| 5, _,=s]
and the F’F’Ri over all possible values of 5, | is

A

O[ pr | X < A-s| S;_{=s ) g;_y(s) ds
PPR,= A

j g; (s ds

122,
0

Using the above expression, the recovered hazard estimates, A, can
be utilized to derive length-unbiased estimate of PPR,. Expressions of

PPR, estimate, PPR,, and its variance approximation will be shown

next for Constant, Parity-dependent, and Quasi Parity-dependent models.
The Taylor series expansion are used to approximate the variance of

PE’Ri, where )\i is replaced by Ai in the partial derivative expressions.
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First, Constant Model
Using the relevant expressions given in chapter 2, PPR is

- M,
PPR= { - & (%) /(-1 422 (5.7.2.1)
i'2 "AA -~ .
L-S & (\A)J
o ¥
Based on linear approximation,
VI[PPR] ~E [ 2 PPR);_, (A-N) 12
SN -
3 pppy~ 12 vus
= [ = (PPR)5_,]° VN,
N A=A ]
ANA L
A i-1 Ji-2,.
where, -2 (PPR) = =1 l:e A A TU-1MA) :l
A -2 AAL (i-1)!
-5 e .(l)\A)J
o ¥
2AA . o
. { [ Ae (A3 J —
oo AA ; (i-1)! (i-2)!
J:

Second, Parity-Dependent Model
Using the relevant expressions given in chapter3, F’l?DRi is

oA AA
Ei e k e 1
SR BN
1=g LK
PPR =f - L%k . i22. (5.7.2.2)
1 'AkA
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where 2\:0\1 >\2 >\3...>\i).
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~ A -AIA 'AkA
a -~ _1 1‘1 [i+(>\->\k)A] e -e
- (PPR))= x 1 1
A, . AN A k=1 e s
i é-i (- K (Ai-xk)lrzli(xl-xk)
k=t AN 1k
IT O\ =X )N
LR B
1%k

Third, Quasi Parity-Dependent Model

Using the relevant expressions given in chapter 4, PPRi is

-)\kA “AA ->:A i-v-2 Ai-u—j-i

v
i e -e
S [S——— - S ]
ETa s AN 320 (gD AAIF
1=
) %k
PPR,=1- . :
n i-v-j-2 e-AA(XA)a
zu { : i_e-AkA i§-2 i_az_o al
- —~ ]
< v . - = ~ e
ST O GAQIIR 350 (3 )i+t {iwst
1=1
¥k

for 123, i-v22, )xj*}\k for all j*k=1,2,:'-,v, and

>‘u+i:>‘u+2=m=>\i:>\ *AJ. for all j=1,2,",v.  (5.7.2.3)

The variance approximation of PI;’Ri is as follows:
v+i

V[ PPR ] _g:i {[‘3;‘5( PPRY: 12 Vi }+

~ ~

v+1i
2 { PPR.)A (PPR) . Cov.(han }
%y— ' = axy A=A 3 Y

~ ~
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where for 8=1,2,3,"*,v, -2 (PPR) is
3\ !
B
- (P};R) = - "[ S (num.)][deno.] - [num.]] 9 (deno.)] :J /[deno.]2
" 9g Mg

-y A AA L AA 2 ALV )
+ —=—— (e e )} -e > ST
J=0 (iv-j-1)t -2
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(e 3 i} { 3 —
SRS =Y WY

_ABA MA -2 alv-j-1 { } J
NS, <~ C i ’
(>\->\‘B) j=0 (i-v-3-1)! (A )\B) w 1"Ag
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The partial derivative of PPR, with respect to X is, similarly,

3

a}\ (PPR {[aA (num. )][deno.]-[num.][a%(deno.)] J/[deno.]2
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where num. and deno. are the same as shown above, and

NA -XkA A

Ae e < -e ) (=)
v A-A
—i(num.)= V1A - l: ~ k4
A = B (A= 2
I=1
13k n
_ -ANA .
X RPN . 4 S
13—2 N -Ak
=0 gt eIt ’
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(1-e K )il
vy A - )xk
—(deno.)= > ——— < ~—51 -
3 k=1 I O‘l'xk) }\k (A- >\k)
1=1
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AA A
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=0 ()\_}\k)ﬁ-i N v-j-1 Pomcty) al
-2 e-B\A (A i+ iy-i- 1
[1-3 - ) [ s el
a= ) >\->\k A

The Parity Progression Ratio for the first live birth, in both

constant and parity-dependent models, is

~

A

5 A
PPR,= 1-e

1

Finally, the variance estimate of PPR, is approximated as
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VIPPR ] = [ 2~ PPR)} _, 12V (h)) ,
aX, =M ’

a ~ 'AiA

where —= (PPR1)= Ae .

Iy

5.7.3. Survival Function

In the context of birth interval analysis under complete observation,

the survival function, H'{\ (x), is defined as the probability of not having

the ith birth within x time units after the occurrence of the (i—i)th

birth. When the observation period is incomplete, a length-unbiased
estimate of the survival function can be obtained by substituting the
recovered hazard estimates in the expression for the survival function
of the itM birth corresponding to the All Closed ascertainment method
with complete observation. In the following sections, we show the

estimated survival functions and their variances for the Constant,

Parity-dependent, and Quasi Parity-dependent models.

First, Constant Model

The estimated survival function is

AX AA 2 . | .
. t-e -e S AT ATt At e
HA ) = 1 - =0 ,
i SV
L-e S (AA)/5
=y

i22, (5.7.3.1)
and its variance approximation is as follows:
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— — 2
VERN) = [ ST 0003, ] v,

Here the partial derivative of éiA (x) with respect to A is

- . oA
—. o] = ] . e->\x_ A)\l-i[(A_x)l-i_Ax-i] e
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Second, Parity-Dependent Model

The estimated survival function of the ith birth is

o Ao MNA D)X
1 A (e T)-ne K- KT
2 1 k
k=1 VR £
HA (x)=1- L
i-e
3ot
lrzli(xl-xk) N
Ik L i22. (5.7.3.2)
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The variance of HiA(x) is approximated as

= 1 = ~
ViElw 123 [ L ifw s, | VA -
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1 = Y N N
2S [i[ O 13oy —>— [HS60 152, Covih WA J
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where \ = ()\1 >\2 >\3 - ')xi).

-~

And the partial derivative of Ej{?(x) with respect to ;\j’ j=1,2,3,,i-1,

is as follows:
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Third, Quasi Parity-Dependent Model

The estimated survival function is Hi

~

A(x) =1- (—;A(x) , Where

i

~
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The variance of HiA(x) ia approximated as
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The partial derivative of H’f‘(x) with respect to )\B, p=1,2,",v, is
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The estimated survival function for the first birth, in the Constant and

Parity-dependent models, is

~

HiA(X): 1- —i-:i,.— .

Its variance is approximated as
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CHAPTER VI
APPLICATIONS

6.1 Introduction

This chapter deals with estimating parity-specific fertility hazards
based on birth interval data pertaining to different ascertainment me-
thods. The parity-dependent models described in Chapter [II for All
Closed, Last Closed, Straddling, and Open Birth Intervals are utilized
for this purpose. In addition, estimates are obtained from the quasi
parity-dependent model for the Last Closed Interval. As explained in
Chapter V, maximum likelihood estimation method is followed. Evi-
dently, MLE hazard estimates derived from All closed, Last Closed,
and Open Birth Intervals are recovered from truncation bias ( see
Chapter V). However, the estimates cannot be fully recovered from
truncation bias in the cases of Straddling and Prospective Interior
Intervals; estimates derived from those strategies are likely to be
recovered from left but not from right truncation. The recovered
hazard estimates are further utilized in estimating three important
length-unbiased cohort fertility indices, namely, mean length of order-
specific birth interval, parity progession ratio, and birth interval
survival function--the probability of not having the iM birth within a

specified time period from the occurrence of the (i-i)th live birth.

The crucial assumption underlying all models in this study is the



exponentiality of live birth intervals when reproduction is regarded as
an infinite process. Assessing this assumption is necessary before
applying any of the proposed models to real data. Inferences based on
these models are only meaningful if this exponentiality assumption is
tenable.

Data from Egyptian Fertility Survey, 1980 (EFS), are used to demo-
nstrate the plausibility of the proposed models.

The present chapter is organized into four subsequent sections.
Section 2 deals with data sources and appraisal of quality; Section 3
addresses the issue of assessing the exponentiality assumption; and
Section 4 shows the maximum likelihood estimates of parity-dependent

fertility hazards and the resulting relevant fertility indices.

6.2 Data Source and Appraisal

The data used for this application are extracted from the 1980 Egy-
ptian Fertility Survey conducted by the Central Agency for Public
Mobilization and Statistics (CAPMAS) of the Government of Egypt.

The survey was a part of the World Fertility Survey Program and was
executed in collaboration with the World Bank (CAPMAS, 1983a).

The EFS was designed to be representative of the entire nation, exc-
luding only the Sinai, nomads, and non-Egyptian nationals. A self-
weighted sample of 10,000 households was selected from 200 Primary
Sampling units (PSU’s), Shiakha and villages, the smallest adminst-
rative units in urban and rural areas, respectively. Within each selec-

ted PSU, a second stage cluster sampling was performed, in which the
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Ultimate Area Units (UAU’s) were selected. In the final stage of the
sampling process, a systematic sample of dwellings from each selected
UAU was drawn. |

The EFS data include pregnancy, birth, and marital histories, as
will information on infant/child mortality, contraceptive practice, and
socioeconomic characteristics of 8788 ever-married women under age
50 (CAPMAS, 1983b).

Consideration should be given to the quality of the survey data before
drawing any inferences based on them. In particular, since this study
deals with dates of retrospective events--dates of marriage and consec-
utive live births, the accuracy of reporting of these events is of special
interest. Indead, any survey of similar magnitude as the EFS under-
taken in a society which is not highly literate cannot be expected to be
error-free. However, evaluation of the quality of the EFS data deter-
mined that "omission of births was negligible and that misplacement of
dates of birth was of a modest magnitude" (CAPMAS, 1983c).

Bearing in mind that this application is merely for illustrative pur-
poses, a rather young marriage cohort of 5-9 years of women in their
first intact marriage was selected. Fertility histories of the members
of this cohort were used to estimate fertility hazards and related
fertility quantities. For this cohort, data on the detailed reproductive
history, the observed interval between the two most recent live births,
the open interval since the last live birth, and the birth interval
straddling the end of the second year of marriage were compiled from

the original EFS dataset. Since twins and multiple births were treated
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in the original data file as if they were consecutive births, minor

editing was undertaken so that multiple birth dates representing
multiple live births could be reduced to only one date. Hence, there is
no closed birth interval of length zero. The cohort size amounts to
1473 ever-married women whose parity distribution is shown in Table

6.1 below.

Table 6.1
PARITY DISTRIBUTION OF THE MARRIAGE COHORT
WITH 5-3 YEARS OF INTACT MARITAL LIFE

Parity Number %
0 81 5.5
t 125 8.5
2 384 26.1
3 529 35.9
4 274 18.6
S 66 4.5
6 14 0.9

total 1473 100.0

source. Egyptian Fertility Survey (1980).
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With reference to the proposed models, childless women contribute
no information for estimating the fertility risk for the first live birth.
They are, therefore, omitted in the estimation process. Observed dist-
ributions of All Closed Birth Intervals by birth order are given in
Appendex B. No significant heaping or digit preference can be detected

from those distributions.

6.3 Assessing Exponentiality

A common method of assessing the plausibility of a presumed para-
metric model to failure time data is to plot some function of the non-
parametrically estimated survival probabilities against time. The life
table method, as detailed in Chapter 1, is usually used for estimating
survival probabilities. If an exponential distribution is hypothesized,
the plot of negative cumulative hazard (log of the survival probability)
should be linear with time, with the line passing through the origin.

This can be stated formally as follows:

It is known that the survival function is defined as

_ X
Fix) = exp {- J)x(y) dy} ,
0
. X
— ~LogF (= | Ay} dy
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When exponentiality is assumed, the above equation becomes

- Log F(x) = Ax.

This assessment approach has been followed with the order-specific
birth interval data under study. But, as there exists a protection period
of about 9 months for a live birth to occur after the preceding one, the
survival probability was plotted against x-9, where x is the length of
the order-specific closed birth interval. Thus a line passing through
the origin would be expected if exponentiality was satisfied. Ordinary

Least Square Regression was performed to fit the model

E [-— Log E(x) ] = a + A(x-9).

2
The R for the above model and the results of testing the null hypothe-

sis that a=0 for all birth orders are shown in Table 6.2.

Table 6.2
ASSESSING THE LINEARITY OF CUMULATIVE HAZARD
WITH BIRTH INTERVAL

Order of birth

interval 1 2 3 4 S 6
R 93 .99 .99 98 .95 .96
; .358  .006 -.102  -.107 -.076 -.061
se. (a) 182  .066  .057 066 .069  .05¢
p-value 09 .92 .10 A3 .30 .28

'For testing H) : =0 vs. H_: a*0.

192




The above results suggest that the linearity of negative Log survival
probabilities versus birth interval, with the line passing through the
origin, is reasonable. As a result, a linear model without intercept
was fitted to the data. The resultant fit as well as observed cumulative
hazard are plotted against x-9. Figures 1-6 confirm the appropriate-
ness of the exponentiality assumption to model this set of birth intervail
data. The estimated regression coefficients of the latter model are
simply graphical estimates of birth order-specific fertility hazard

when fertility is regarded as an infinite process. Table 6.3 displays

the graphical estimates of fertility hazard.

Table 6.3

GRAPHICAL ESTIMATES OF BIRTH ORDER-SFECIFIC
FERTILITY HAZARDS

Order of Birth

interval

A .0413 .0534 .0438 .0467 .0346 .0324

‘Estimated monthly.
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6.4 Hazard Estimates and Relevant Fertility Indices .

The likelihood functions corresponding to each ascertainment and
model developed in Chapter V were used to estimate the parameters.
The computer program followed in finding the maximum likelihood
estimates of parity-dependent fertility hazards is BMDP ( PROG =
BMDPAR ). The first derivative of the Log likelihood function with
respect to each parameter being estimated is not required. The graph-
ical estimates of fertility hazards given in Table 6.3 represent a
reasonable initial set of estimates to start with.

Hazard estimates are derived from parity-dependent mecdels for All
Closed, Last Closed, and Open Birth Intervals. Assuming that fertility
hazards for birth order S and higher are constant, the quasi parity-

dependent model of the Last Closed Interval is applied to estimate the

relevant set of parameters. Estimates of the first 3 hazards are de-
rived from the parity-dependent model of Straddling Birth Intervals,
where the point of straddling is defined as the last day of the second
year of marriage. The distribution of birth intervals straddling the
end of the second year of marriage according to birth order is given in
Table 6.4.

It is worth noting that during the process of estimating the paramet-
er set (\y A5 * * * A-) based on parity-dependent model of All Closed,
Last Closed, and Open Birth Intervals, the asymptotic variances were
given conditional on some of these parameters fixed at their initial
values. This situation is caused by high correlation among parameter

estimates (singularity of the variance/covariance matrix). A way out
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of this problem was to find the maximum likelihood estimates of the
seven parameters without paying much attention to the variances; then
the computer program that produced the MLE estimates was rerun with.
a new instruction that the least important parameter A be held fixed
at its previously attained MLE value. Having done that, the program
produced variance/covariance estimates for the remaining 6 parame-
ters conditional on A fixed at its MLE (initial) estimate. The resul-
ting new set of estimates as well as the likelihood value are about the
same as in the first run. Also, it should be noted that with this set of
data the likelihood function for the Open Birth Intervals was apparently
very flat around its maximum value since different combinations of re-
sulting estimates were accompanied by almest the same value of the
log likelihoed function at which convergence was obtained.

Table 6.5 displays MLE estimates of fertility hazards jointly with
their asymptotic coefficients of variation. The important finding is
that while the set of recovered hazard estimates do not vary tangibly
with the ascertainment method, they are considerably below the corres-
ponding estimates derived from Straddling Bbirth Intervals. The type
of truncation introduced by the latter ascertainment method clearly
leads to overestimating the underlying fertility hazards.

Knowing that the mean age at marriage of the marriage cohort under
study is about 18 years, we roughly estimated the longevity of the eff-
ective reproductive life of this cohort as of 26 years. The following

guidelines were considered in approximating the effective reproductive

span:
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a. Age at menopause of the Egyptian women is about 47 years.

b. The expected number of years to be survived in the age span 20-50
by a married female is about 28.8 years ( level 18 of the South
Region, Coale & Demney Model Life Table).

c. Husband’s age is , on average, S years higher than wife’s.

d. The expected number of years to be survived in the age span 25-55
by a married male is about 28.2 ( same source as in b).

e. Remarriage of a widowed or divorced woman is uncommon.

The estimated effective reproductive span of 26 years, jointly with
the recovered hazard estimates, produces length-unbiased estimates of
the moments of birth intervals, parity progression ratios, and survival
probabilities. Substituting for t and other parameters in expression

3.2.1.5- 3.2.1.8, we get the mean and variance of each order-specific

birth interval. Similarly, expressions 5.7.2.2, 5.7.3.2 and related
variance approximations are used to estimate the parity progression
ratios and survival function along with their variances. The length-
unbiased estimates of the order-specific mean birth interval and the
standard error of the mean for each data ascertainment method are
displayed in Table 6.6. For purposes of comparison, the observed
means and standard errors derived from the same ascertainment
methods are also given. Table 6.7 gives the observed and length-
unbiased parity progression ratios and their standard errors. The
parity-dependent model-based survival probabilities of the second birth
interval derived from the All Closed ascertainment method jointly with

the life table estimate of the same function are shown in Table 6.8 and
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Figure 7. Evidently, the median of model-based survival function (36
months) is about 12 months larger than the corresponding life table
estimate, which is very close to the observed (23 months). This again
confirms what has been indicated in Chapter I, that life table analysis
of birth intervals does not fully succeed in eliminating truncation

biases. The proposed analytical approach performs better.
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Table 6.4
DISTRIBUTION OF BIRTH INTERVALS STRADDLING
THE END OF SECOND YEAR OF MARRIAGE BY
BIRTH ORDER

Birth
Number %

order

1 434 29.5
2 880 59.7
3 34 2.3
NA' 125 8.5
Total 1473 100.0

! includes childless and women of parity one who have had

their births in the first two years of marriage.
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Table 6.5

PARITY-DEPENDENT HAZARD ESTIMATES ACCORDING

TO ASCERTAINMENT METHOD

Ascertainment :
method - M Ao A3 Ag As A6
All clzosed .0281 .0i187 .0148 .0278 .0403 .048t
(CV) (.903) (1.333) (1.672) (.899) (.607) (.515)
Last closed .0329 .0232 .0177 .0326 .0329 .0483
(CV) (L121) (.083) (.032) (.122) (.014) (.030)
Last closed  .0303 .0233 .0189 .024! 0522 -
(CV) (.001) (.0002) (.009) (.000) (.042) -
Open interval .0202 .0200 .0184 .0394 .0549 .0643
(CV) (1.237) (1.246) (1.325) (.e18) (.451) (.427)
Straddling- .0717 .06617 .1209 - - -

interval (CV) (.0001) (.0017) (.0118) -

! per month.
2 Coefficient of variation.

3 Based on quasi parity-dependent model
* The figure is .000038.
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Table 6.6
LENGTH-UNBIASED AND OBSERVED MEAN BIRTH
INTERVAL ACCORDING TO DATA
ASCERTAINMENT METHOD

( in months)

Ascertainment Birth Order

method ] 2 3 4 5 6

a. Length-Unbiased

All closed 35.5 51.6 58.2 32.9 23.1 19.3
1
(Se ) (.99) (1.48) (1.74) (1.68) (2.52) (5.07)

Last closed 30.4 42.7 52.1 29.3 28.3 19.6
(Se) (.81) (1.20) (1.62) (1.52) (3.06) (5.14)

Open interval 49.0 48.1 49.0 24.2 17.5 15.0

(Se) (1.28) (1.29) (1.52) (1.26) (1.94) (3.96)
b. Observed

All closed 22.0 25.2 26.3 24.1 21.7 20.3

( Se) (.38) (.33) (.37) (.54) (.84) (2.12)

Last closed 39.9 31.07 29.2 25.4 22.7 20.3
(Se) (2.01)  (.72) (.50) (.63)  (.94) (2.12)

Straddling- 38.2 26.3 28.0
interval (Se) (.70) (.41) (2.59)

! Standard error of the mean.
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Table 6.7
LENGTH-UNBIASED AND OBSERVED PARITY
PROGRESSION RATIO

Ascertainment Birth Order

method g 2 3 4 5 6

All closed .9998 9917 .9407 .9454 .9476 .9435
(Se) (.001) (.0587) (.331) (.233) (.189) (.175)

Last closed .9999 .9976 .9735 .9736 .9561 .9588

1

(Se) (.000) (.001) (.004) (.002) (.004) (.004)

Open interval .9981 .9880 .9545 .9679 .9699 .9683
(Se) (.014) (.078) (.241) (.135) (.112) (.107)

Observed .945 .9100 .6969 .4009 .2260 .1750

! The variance is 1.89*10_9
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Table 6.8 .
MODEL-BASED AND LIFE TABLE SURVIVAL PROBABILITIES
OF THE SECOND BIRTH INTERVAL ASCERTAINED

FROM ALL CLOSED STRATEGY

Model Life table

X

surv. prob. Se. Surv. prob. Se.
0 1.000 .000 1.000 .000
12 797 .229 .943 .006
24 .635 .364 012 .014
36 .506 .433 221 0t1
48 .403 .458 .103 .009
60 .320 .453 .057 .007
72 .254 .429 .031 .006
84 .202 .394 .023 .006
96 .160 .354 .019 .006
108 126 312
120 .099 271
132 .077 232 i
£44 061 196 o
156 .047 .163
168 .036 .134
180 .028 .108
192 .021 .086
204 .016 .067
216 011 .051
228 .008 .038
240 .006 .027
252 .004 .018
264 .002 011
276 .001 .006
288 .001 .003
300 .000 .000
312 .000 .000
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Figure 7

Model-based and life table survival probabilities of the

second birth interval ascertained from all closed strategy
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CHAPTER VII

SUMMARY AND SUGGESTIONS FOR
FUTURE RESEARCH

7.1 Summary

Irrespective of the method of data collection, most fertility surveys
produce only cross-sectional data, where the information pertains to the
fertility experience up to the date of the survey (or the end of the pros-
pective study) for women still of reproductive age. In this situation the
analyst is confronted with a set of incomplete maternity histories.
With these, (s)he cannot proceed to a direct estimation of all birth in-
terval distributions, or calculate complete cohort fertility indices such
as birth order-specific fertility rates, parity progression ratios, and
birth interval-survival functions. The magnitude and pattern of trunc-
ation bias in birth interval data vary considerably with the prevailing
fertility level, birth order, parity, marital duration, and the ascertain-
ment method of considering birth interval data.

Estimates of birth interval distributions and related moments can be
partially adjusted for truncation bias by applying life table analysis
for censored data to birth intervals of different orders. Nevertheless,

life table techniques do not produce satisfactory estimates, if at all, of
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parity progression ratios from incomplete fertility histories.

The present study has as its major purpose to bridging this gap. It
proposes an analytical approach to deal with birth intervals viewed in
different ways, i.e., different data ascertained strategies. Based on
these strategies, various cohort fertility quantities recovered from
(purged of) truncation bias are shown to be possible. This approach is
built upon a stochastic formulation of the i order birth interval ob-
tained from each of the following ascertainment methods of considering
birth interval data: (a) All Closed Birth Intervais; (b) Last Closed
Birth Interval; (c) Prospective Next (Straddling) Birth Interval; (d)
Prospective Interior Birth Intervals; and (e) Open Birth Interval.

o
“

h and an
th

Three models are proposed for the interval between an (i-1)
if live birth. The first assumes that the fertility hazard for the i
birth, Ai(x), of women who have reached parity i-1 is independent of
parity and time (age), i.e., >\i(><):>\ for all i=1,2,"-". The second mocel
regards fertility as a strictly parity-dependent precess: A=A
)\k*)\l for all k*l=1,2,---,i. The third model takes into account that rep-
roductive behavior is more likely to be independent of the existing pa-
rity after some level of parity is attained (e.g., 4 or 5). In this model:
)\k*Al for all k*¥l=1,2,*-*,r ; and >\r+1:>\r+2:m: >\i2>\*>\k,

for k=1,2,-"-,r.

The second model was applied to hypothetical age-marriage cohorts
with specified fertility risks to investigate how truncation bias affects

the first two moments of the ith-or'der‘ birth interval ascertained from

different strategies. The truncation bias, measured as the deviation of
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the length-biased observed moments of the ith-order birth interval
from those resulting from a complete fertility history of the same
cohort, is generally low for the All Closed Birth Intervals strategy,
especially at higher fertility levels, longer marital durations, and
lower birth orders. Controlling for the length of the observation
period (marital duration), the moments derived from the Last Closed
and the Straddling Birth Intervals are generally higher than from the
All Closed Birth Intervals ascertainments. This disparity increases
with the longer the observation period, the higher the fertility, and the
lower the birth order. This upward bias is due to the additional influ-
ence of left truncation characterizing these types of birth intervals,
which apparently more than offsets the regular downward bias of right
truncation. The moments of Prospective Interior Birth Intervals are
generally less biased than those of Last Closed and Straddling Birth
Intervals.

Investigating the sensitivity of the mean length of inter-live birth in-
tervals, measured as the proportionate increase in the mean resulting
from several levels of decline in fertility hazards, leads to the general
conclusion that the higher the truncation bias inthemean birth interval,
the lower the sensitivity of the mean to fertility change.

Maximum likelihood estimation is a very important procedure for
estimating the parameters of the proposed models for the following
reasons : (a) its asympototic properties are known, hence hypothesis
testing is possible; (b) alternative estimation methods, such as method

of moments, may result in different estimates of the same parameter
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depending on the order of birth interval involved in the estimation
process; and (c) it produces estimates that are recovered from trunca-
tion bias in All Closed, Last Closed, and Open Birth intervals.

The second and third models were applied to data from the Egyptian
Fertility Survey (1980) for a marriage cohort with 5-9 years of intact
marital life. While the recovered birth order-specific hazard estim-
ates are generally of the same magnitude irrespective of the ascertain-
ment method of considering birth interval data, they are largely below
those derived from Straddling Birth Intervals. In addition to the des-
criptive value of the recovered hazard estimates, as reflecting the un-
derlying fertility levels of all women exposed to the risk of having the
ith birth since the occurrence of the previous one, they are used as an
input to estimate three important length-unbiased cohort fertility in-
dices, viz., mean length of interlive birth interval, parity progression
ratics, and the birth interval survival function. A comparison between
mode!l-based and life-table-estimated survival probabilities of the
second birth interval suggests that the former is likely to be better
adjusted for truncation bias. The extent of this adjustment is greatly
profound in the corrected set of parity progression ratios as contrasted

with its observed analogue particularly for higher parities.

7.2 Suggestions For Future Research

Possible theoretical improvements in the proposed models and

broader avenues of application can be outlined here.
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7.2.1 Theory
Various potentially interesting research topics are stimulated by
the present study, including the following:

(a) A common assumption of all models developed in this study is
that cohort members are homogeneous with respect to the risk of
having a new live birth. This assumption may not be strictly valid in
real populations with a vast diversity across socioceconomic classes.
For this reason, giving some consideration to potential heterogeneity
among cohort members may result in models that more adequately
describe the underlying fertility process. Heterogeneity can be either
observed or uncbserved. Observed heterogeneity is basically attrib-
utable to dissimilarities in the socioeconomic determinants of fertility
at the individual, household, and community levels. A way to deal with
this type of heterogeneity is to assume that A; is a log linear function
of an array of socioeconomic variables under consideration; i.e., that

%5,
A= e ,
where, for each woman involved in estimating A X, is a row vector

~

of the fertility predictors chosen, and Biis the column vector of corr-

-~

esponding parameters to be estimated. Although this model specificat-

ion of )\i may not be very manageable from a computational standpoint,
the likelihood functions developed in Chapter V can be used to obtain
maximurm likelihood estimates of the vector of parameters B,. Hence,

~

the relative importance of each of X; components can be assessed.

“~
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On the other hand, the unobserved heterogeneity can be independently
handled by considering A; a random variable from some probability

distrbution (e.g., gamma). Then, the resulting compounding probability

model of the birth interval can be applied to estimate E[)\i], the mean

of >‘i’ as representing the underlying fertility hazard for the ith birth

accounting for unobserved heterogeneity. Unfortunately, It is not clear
how to cope with both types of heterogenity simultaneously. Existing
methods require dealing only with either independently ( however, see
Lawless (1987) for a possible approach).

(b). The assumption that fertility is strictly parity-dependent or quasi
parity-dependent (without any direct effects of age) is plausible to the
extent that fertility is either widely under voluntary control or that age
at birth and birth order are highly correlated. Otherwise, it may be
reasonable to include age in the stochastic formulation of the interlive
birth intervals. Research in this area is probably worthwhile.

(c) Further research is needed to modify the proposed models of
Straddling and Prospective Birth Intervals so that recovered hazard

estimates may be attainable from those ascertainment methods.

7.2.2 Further Applications

The utility of the proposed models of birth intervals, particularly
those which produce recovered estimates, can be greatly enhanced by
using them to formally assess cohort differentials in fertility risks.
Evidently, the models avoid any loss of information due to controlling

for marital duration which would otherwise be inevitable if comparisons
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among cohorts were based on observed birth interval data. Statistical
multiple comparisdns can be conducted among cohorts of the same fer-
tility survey or between surveys. In either case changes in fertility
over calendar time, can be detected based on the underlying truncated
maternal histories, which may not be possible following other app-
roaches. In this context, it is important to emphasize that the applicat-
ion of the family rejection region (e.g., Bonferroni) is necessary for
drawing meaningful statistical inferences out of multiple comparison

procedures.
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APPENDIX A
Derivation of the General Expression for the p.d.f of

Straddling Birth Interval

The distribution function is defined as:

HE’T(X)Z pr [ X, (t,T) <x]

=pr [ X;<x | (St Nt S<T)]

1

X

ijr‘ [S,.y StN S =T | X=y)] fi{y) dy

pr [ S, (<t NS T]

Differentiating with respect to x, the p.d.f is

t’T(x): pr | Si_iﬁt N (t-x <Si_1ST-x)] fi(x)

! pr[S, (<t Nt(SST]

h

=6 pr [ S StN (tx <S_ <ST-0] f,lx) , x<T,
where eiz pr | Si_1<t N t(SiST].

Define the event C to be:

C=1 Si—ist N (t-x <Si_iST-x)], then C can be written as:
C=| Si-ist N { Si_1>t-x N Si_isT-x)]

= [(S_(StNS_>t=) N (S StNS,  <T)]

= ( t-x(Si_iﬁt ) N ( Si—ist N Si~1s T-x)

=(ANB),

here A= ( t-x < Si-ist) and B= (S5, st N Si-iST_x)‘
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t-x<S, st for xSt
Here A = { ! .
Si—i <t for x>t , and
Si-ist for t<T-x or x< T-t
B = {
Si-is T-x for T-x<t or x>T-t.

Therefore the event ( A N B ) can be written as follows:

) [(t-x(Si_iSt) NS, (st = (t-x<S;_y=t) , for x<t and

xST-t
Si-i <t for x>t and x<T-t
C=(ANB) ={
[(t-><<Si_1 <L) N Si_isT-x] for x<t and x>T-t
“{ S;_{<tN S;_{ST] for x>t and x>T-t

Thus, in order to determine disjoint ranges of x it is necessary to
consider two cases: case 1; t<T-t, and case 2; t>T-t. They are given

next

Case { t< T-t.

) (t-x < Si-is t) for x<t
S;.4<t for t<{xsT-t
N o for x>t and x<T-t N
. Si_isT-x for T-t <{x<T.
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Case 2 t > T-t.

{tx <5, _, sy) for x<T-t

J ¢ for x>t and x<T-t
= (t-x<S;_; <T-x) for T-t<{xst

- (Si_isT-x) for t<{x<T.

Accordingly, the general expressions for the p.d.f of X, (t,T) given on

page 45 and onwards follow.
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APPENDIX B
CLOSED BIRTH INTERVAL (CBIJ*) BY BIRTH ORDER FOR
THE MARRIAGE COHORT WITH 5-9 YEARS
OF INTACT MARITAL LIFE
(IN MONTHS) .

CBIl FREQUENCY  PERCENT

81
7 3 0.2
8 28 2.0
9 85 6.1
10 86 6.2
11 70 5.0
12 87 6.3
13 72 5.2
14 77 5.5
15 55 4.0
16 73 5.2
17 64 4.6
18 50 3.6
19 53 3.8
20 49 3.5
21 47 3.4
22 38 2.7
23 21 1.5
24 33 2.4 .
25 30 2.2
26 21 1.5
27 25 1.8
28 25 1.8
29 15 1.1
30 21 1.5
31 19 1.4
32 15 1.1
33 14 1.0
34 13 0.9
35 11 0.8
36 13 0.9
37 9 0.6
38 12 0.9
39 5 0.4
40 7 0.5
41 16 1.1
42 8 0.6
43 12 0.9
44 5 0.4
45 7 0.5
46 4 0.3
47 6 0.4 .
48 6 0.4



(Continued)

49
50
51
52
53
54
55
56
57
58
59
60
61
62
63
64
65
66
69
70
71
72
74
75
76
77
81
84
85
88
92
107

HFHERDNNONNODROREFEOOFERFNDNEFEFNDRFREWERERNDEWRND S WSO WN SN

* J stands for the order of birth interval.
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CLOSED BIRTH INTERVAL (CBIJ) BY BIRTH ORDER FOR
THE MARRIAGE COHORT WITH 5-9 YEARS
OF INTACT MARITAL LIFE
(IN MONTHS)

CBI2 FREQUENCY  PERCENT

. 206

8 7 0.6

9 13 1.0
10 20 1.6
11 39 3.1
12 45 3.6
13 42 3.3
14 54 4.3
15 42 3.3
16 49 3.9
17 52 4.1
18 49 3.9
19 54 4.3
20 50 3.9
21 47 3.7
22 44 3.5
23 59 4.7
24 57 4.5
25 39 3.1
26 38 3.0
27 33 2.6
28 29 2.3
29 30 2.4
30 26 2.1
31 33 2.6
32 26 2.1
33 32 2.5
34 25 2.0
35 19 1.5
36 32 2.5
37 20 1.6
38 12 0.9
39 12 0.9
40 9 0.7
41 15 1.2
42 7 0.6
43 8 0.6
44 8 0.6
45 9 0.7
46 6 0.5
47 8 0.6
48 8 0.6
49 5 0.4
S0 5 0.4
51 7 0.6 "'
52 4 0.3
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(Continued)
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54
55
56
57
58
59
60
61
62
63
64
66
67
68
69
70
71
75
77
78
87
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CLOSED BIRTH INTERVAL (CBIJ) BY BIRTH ORDER FOR
THE MARRIAGE COHORT WITH 5-9 YEARS
OF INTACT MARITAL LIFE
(IN MONTHS) ¢

CBI3 FREQUENCY  PERCENT

: 590
8 2 0.2
9 10 1.1
10 14 1.6
11 17 1.9
12 29 3.3
13 27 3.1
14 16 1.8
15 26 2.9
16 21 2.4
17 33 3.7
18 26 2.9
19 28 3.2
20 34 3.9
21 35 4.0
22 33 3.7
23 37 4.2
24 40 4.5
25 35 4.0
26 45 5.1
27 29 3.3
28 30 3.4 .
29 34 3.9
30 35 4.0
31 20 2.3
32 18 2.0
33 20 2.3
34 15 1.7
35 11 1.2
36 13 1.5
37 17 1.9
38 20 2.3
39 9 1.0
40 10 1.1
41 13 1.5
42 12 1.4
43 11 1.2
44 1 0.1 y
45 9 1.0
46 5 0.6
47 5 0.6
48 5 0.6
49 3 0.3
50 2 0.2
51 3 0.3 o
52 2 0.2
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(Continued)
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53
54
55
57
59
60
61
62
64
67
70
72
75
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CLOSED BIRTH INTERVAL (CBIJ) BY BIRTH ORDER FOR
THE MARRIAGE COHORT WITH 5-9 YEARS
OF INTACT MARITAL LIFE

(IN MONTHS)
CBI4 FREQUENCY PERCENT .
) 1119
8 2 0.6 ,
9 4 1.1
10 5 1.4
11 7 2.0
12 16 4.5
13 16 4.5
14 7 2.0
15 16 4.5
16 18 5.1
17 16 4.5
18 13 3.7
19 11 3.1
20 11 3.1
21 16 4.5
22 11 3.1
23 22 6.2
24 18 5.1
25 10 2.8
26 11 3.1
27 9 2.5
28 14 4.0
29 8 2.3
30 8 2.3 .
31 8 2.3
32 13 3.7
33 7 2.0
34 8 2.3
35 5 1.4
36 5 1.4
37 6 1.7
38 2 0.6
39 7 2.0
40 6 1.7
41 1 0.3
43 2 0.6
44 1 0.3
45 3 0.8
46 1 0.3
47 1 0.3 ‘
48 1 0.3
50 1 0.3
51 1 0.3
53 2 0.6
56 1 0.3
65 1 0.3
66 1 0.3 @
72 1 0.3
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CLOSED BIRTH INTERVAL (CBIJ) BY BIRTH ORDER FOR
THE MARRIAGE COHORT WITH 5-9 YEARS
OF INTACT MARITAL LIFE
(IN MONTHS)

CBIS FREQUENCY PERCENT

. 1393

8 1 1.3
10 1 1.3
11 2 2.5
12 4 5.0
13 2 2.5
14 2 2.5
15 6 7.5
16 6 7.5
17 2 2.5
18 3 3.8
19 2 2.5
20 6 7.5
21 3 3.8
22 6 7.5
23 3 3.8
24 6 7.5
25 3 3.8
26 4 5.0
27 4 5.0
28 1 1.3
29 1 1.3
30 5 6.3
31 1 1.3
34 2 2.5
36 1 1.3
38 1 1.3
39 1 1.3
50 1 1.3

CBI6 FREQUENCY  PERCENT

. 1459

9 1 7.1
11 1 7.1
14 1 7.1
16 3 21.4
18 1 7.1
20 1 7.1
21 1 7.1
24 1 7.1
25 2 14.3
30 1 7.1
39 1 7.1
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