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1. TINTRODUCTION AND LITERATURE SURVEY

1.1 The Qutlier Problem

The probiem of treating outlying observations has been approached
in various contexts and with various objectives. Usually it is assumed
that a sample has been observed in which one or more of the observations
may be from a distribution other than the distribution of chief interest.
In chemical laboratories, for example, it is common practice to monitor
the preéiéion of an analytical method with a series of analyses on a
hemogeneous batch of material. These analyses may be psed to provide an
estimate of the true hatch concentration, and this estimate may also be
.ﬁsed in the calibration of other methods. Occ;sianally, because of iﬁ.
experienced personnel or other causes, grossly deviant analyses occur,
Such results are frequently helpful in drawing attention;to conditiens
needing attentiop, Beyoud this they are likely to be harmful in anal-
ysis of the data, and their rejection, or atrigést isolation, is desir-
able.

For normally distributed ohservations, the qutliers are usually
assumed to differ in mean (location conptamination) or in variance
(scalar ¢ontamination) from ﬁhe other obseyvations, Some studies have
considered the effect of rejection of gbservations on the estimation of
parameters. In other studies the detecticn of outliers has been an

objective in itself,

1.2 Review of Literature

Since reviews of the literature on this subject are available else-

where, e.g. Anscombe (1960) and Ferguson (1961), only the centributiens



most relevant to the prasent study will be mentioned here. Residuals
ha&e long been used in eytlier detection., Anscombe states that Wrigh:
(188L) suggests that an ebservation whosg residual exceeds in magnituiz
five timeg the probable error should be rejected, This rule is stu-
iﬁentized by Thompson (1935), who proposes that in a normal sample,
Xy5X,000,% , those observations for which [x.ui{/s exceels some gon-
SEAnt be classed as outliers, where x = & ilel, and 82 = % %l( i )2.
1hqmpson provides a table of constants which allews the avarage number
oﬁvreJectlons per sample free of ocutliers to be predetermined, Pearson
and Chandra Sekar (1936) peint out that (xiri)/s is likelyr to be in-
efficient for detection of outliers if there is mowe than ene outlier i-.
the'samplen The presence of additionai‘outliers tends to increase s arc
é;sk all of them. They show that if x(l) < X(E) < aee () are the
ordared observations, there ave algebraic maxima whieh (x(n)ui)/a,
(Kén-l\”g)/s’ ete. cannot exgeed.

; The distribution of (x( )-x)/q is obtained by McKay (1935).

bimpier derivations are given by Nair (1948) and Grubbs (13'C). Nair
tabulates the probatility integral of this statistiec for n < 9. Grubbs
~rynishes the upper .5%, 1%, 5%, and 10% values, n < 25, for use as re-
jeeted constants. For yse when the variance is unknown, Neir determines
15;2: 1% and 5% points for (x(n)ai)/sv, where si is a mean square esti-
ugge of yariance with v d.f. and Iindependent of xl,xgl.,..xa. Grubbs
gbtains the distributiom of a statistic equivalent teo (x( )-x )/s and

»

uggar 1%, 2.5%, 5%, and 10% values. Quesenberry and David (1961) give

n - 2
g@mstants for rejection @f outliers based op (%, \-k) r (x «3)2'+vs.,
J ' (n) [i=1'"1 "



thus using all the data to estimate o when external information is
available,

Procedures in\which %(qy 18 classed as an. outlier if (x(n)-i)/s
exceeds some constant are shown by Murphy (1951), Paulson (1952), and
Kudo (1956) to have a certain optimum property. The precise nature of
the optimality will be explained in Chapter 3. All three of the devel-
opments are based on restriction to procedures whieh are invariant under
change of scale and lacation (y = ax + b, a >0), and all assume that
the outliers, if present, have means different from that of the other
observations, FEach of them treats a different generalization of the
outlier problem. Murphy shows that the most powerfuyl invariant proce-

dure for selecting K ohservations as outliers is based on

-X) + «X) + oo + -X .
[Oﬁ(x(n) %) aﬁul(x(n-l) %) Q:n-k+l(x(n~-k+l)' %)]/s
His develppment assumes no external information as to 02, and that
Otn »> Otn_l > hae > an,wk'i‘l
by which the means of the outliers differ from the mean of the non-

are knoyn ¢onstants proportional to the amounts

outliers, Since the procedure depends on the Q's, there is no procedure
which is most powerful for all outlier means if k > 1. If the outliers
are assumed to have the same distribution, however, the a's~méy be taken
as equal, and an equivalent statistic is (ileig)/s, where il is the mean
of the k highest observationsand 22 the mean of the remaining observa-
tions, If the test is for only one outlier, the statistic is equivalent
to (X(n)‘”;‘)/S-
Paulson treatg the case of the one-.wyay classification with equal

numbers in the cells., He develaps a procedure for deciding that all



cells have the -same mean or that one-cell has a mean higher than the
others, the other meamsbeing equal. Paulson's procedure is based on
(x(n)ui)/s when there is but one observation per cell, and the problem
reduces to that of at most one outlier in a normal sample.

Kudo considers three groups of independently distributed observa-
tions, The first group is distributed N(u,cg) except possibly for one
outlier, which has a mean exceeding p. The second group is N(u,cg) and
f{ge of outliers. The third group is N(ul,cg) with by # 4. When there
are no observations in the second group, the test statistic which Kudd
derives reduces to that fox which Quesenberry and David determine rejec-
tion constants, When theré are observations only in the first group it
reduces to (x<n)-§)/s.

Dixon (1950) investigates the performance of outlier tests using
‘random -sampling, The tests studied include Grubbs' test and various
tests based on ratios of differences of order statistics, such as
(x(n)“x(n~l))/(x(n)_x(l))' Both scalar and location contamination are
considered, with one or two outliers, or with some percent of the popu-
lation sampled being contaminated. For one or two outliers, performance
‘i the percentage of samples in which the outliers are extreme values
iﬂé are detected as outliers, For contamination of a percentage of the
population samples, performance is the percent of tdtal contamination
discovered.

David and Paulson (1965) mention several possible measures of the
performance of outlier tests for the case of at most one outlier. In
these measures the emphasis is on detection of outliers as an end in

itself rather than a means of improving estimates of parameters. The



different méasures result from such considerations as whether the out-
lier is also the extreme value and whethe;‘the-quggier is the only
gignificant result in the samﬁlepb.éome of these measures would be
extremely difficylt to evaluate nﬁmericallyg For a variety of cases

David and Paulson determine

; . . ‘x—ﬁ“;i J.f"-n f)
|3 S PRON— > v 2%

n T
-\ 2 2
X//Z (x.ux)g + oy 5
: . 1 " i«
i=1 t

aé;é'function of the shift in mean of X5 which is assumed tq be the

only outlier, with Véf’v) such that, with ne outliers,

X, | =X
Pr (B >-v§"‘~’v)} = a.

o -

\/Z (X-;I)E + V82
.. 1 v
i=]

- Thus they determine the probability that the outlier is significant,

without regard to whether other valyes are also significant,

1.3 Problems Considered in This Study
In the presént study problems of more than one outlier are con-
sidered, with emphasis on the case of two outljiers, Usyally we assume

that a sample of independent observations L SVRERFE . such that

2 . , .
x, ~ N(u,0%) L= 1,200 ,3=1,3%],000,kel,k¥l,.00,n
X, ,%,_ ~ N(p+r 02) A>0
j)k 9
' j,k unknown

i.e., xj,xk are outliers differing from the other observations in mean.




Some consideration is given to cases in which the two outliers do not

have the same mean. 1In these cases it isJASSuméd either that xj and Xy

have expectations u+kl, u+x2

In Chapters 2, 3, and 4, respectively, the performance of the fol~

s with kl,AQ > 0, or P+d, H=l,

lowing three procedures for detecting outliers in this situation-is
evaluated:

1. Sequential test of maximum residual., In this procedure, X (n) is

comsidered am owtlia& if
(x(n)né)/¢ > e
wihen the variance is known, and if

(x(n)qi)/s >c
when the variance is unknown. if x(n) is detected as an outlier,
the test is repeated on the remaining n-1 observations. For twé;:l?.;
sided alternatives X (1) =X ts replaced with the largest residual in
absolute value,
2. Murphy's test, The two largest observations are considered outliers
if

x(n)mi + x( -X

n-1) >c .

s

If the variance is known, the denominator is replaced with o,

3. Grubbs' test. The two largest observations are considered outliers

if
n-2 5
i§l(x(i)“xn,n-l) n-2
— <ec where x = ¥ x,,\/n-2.
nya-1 0 (i)

n
b (xi-i)2
i=1
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Here ¢ is a generic constant which provides in each case probability
1-G that no observations will be declared outliers if in fact there are
none,

These procedures are improvements over Thempson's procedure if
there are multiple-ouytliers, The sequential procedure has a desirable
feature when the number of potential putliers is unknown, since the
first step has good properties when there is only ene outlier, Grubbs'
and Murphy's tests are designed to test for exactly two outliers.

In evaluating performance, x. and x, are assumed to be oytliers,

1 2

The probabilities of rejectiyn constants being exceeded for X, and X,
were calculated, without regard to whether they are extreme values or
other considerations, This is s direct generalization of the approach
-of David and Paulson.

For the sequential procedure there are three rather natural meas-
ures of performance as follows:

1. Probabjlity of detecting at least one outlier,

2, Probability of detecting both outliers in two steps,

5. Probability that both outliers are significant at the first

step,

For Grubbs' and Murphy's tests the choice is between two outliers and no
outliers, The only measure copsidered is the probability that both X,
and X, are detected. The performance measures were evaluated numerically
as a function of Mo in a variety of cases,

Chapter > coptains a development of the distribution of
(X(n) + *(no1) " 2x) /o, and upper 5% and 1% percentage points. Aléo a

simplified derivation is presented for an optimum procedure for detecting



a predetermined number of eutliers. This derivation,isvsufficiently‘
general to include the procedures of Murphy, Paulson, and Kudd as
special cases or easy extensions, but is simplified considerably by the
-use of sufficient statistics,

In Chapter 5 performances of the three procedures are compared,
summarizing results of the preceding chapters. Finally, some conclu-

.8ions as to the use of outlier tests are presented,



2. SEQUENTIAL TEST OF MAXIMUM RESIDUAL

2.1 Known Variance

2,1,1 The Test Procedure

Let X %pyeen, X be a sample of independent obsgryations, each
distribit;q N(u,cg) if there are po outliers. Outliers, if any, are
‘distrébutéa‘N(u+k,02), A >0. If o° is known we can assume for con-
veniénée'that 02 = 1. We denote the ordered observationg X(l) <'x(2)

< vos < x(n)° A suitable procedure for detection of a single outlier is

to consider x(n) an outlier if

. v(2ol) X(n) - X > Vén)

n
where x = i Y x, and V(n)
: n 1 [0

i=]
(19%0) such that

1§ the rejection constant tabulated by Gruybbs

Pr ( 2y - g > vé“) } =a

if actually there are no outliers., For at most one outlier, this proce-
dure is optimum in a sense discussed in Chapter 3. In practice, how-
ever, the number of potential outliers is likely to be unknown. It
seems reasonable to consider the sequential procedure of testing for a
single outlier and, if an outlier is detected, rejecting it and repeat-
ing the test on the remaining data. Thus if (2,1) holds, we reject x(n)

in the first stage. If also

= (n-1)
X(n_l) = X(n) > Va

where x(n) is the mean of observations exc¢luding X(n)’ we reject x(n_l)y
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etc, until the test fails to reject an obserwatien. In this way the
probability of rejecting no obgervations if there are no outliers remains

1-¢, while in some samples more than one observation is rejé#ted.

2.1.2 Performance Criteria

To evaluate the performance of this procedure with two outliers we

~ assume that the outliers are Xy and %o; i,e.

(2.2) x, ~ N(w, 1) i=1,2 A >0

1l
N
>
=
e

X~ N(u, 1) i s ,m

~and consider the following measyres of performance:

P = Probability  that gt‘léast.onevou;}ier'is detected
P = Probability that both.outliers are detected
) Pé = ?rababii%ﬁy;phét both outliers are significant at the

first stage .
Thus we coppider only whether the test procedure yields significant re-

.sults With the true outliers, without regard to whether other observa-

tions also are significant.

2.1.3 Calculation of Performangce

The following easily verified resulfs are helpful in numerical

evaluation. of the performance measures.

(2.3) Vén"l) < Vé“)

'(E,k)_ If x > Xns then xev-xl > --*- (x -X) .

(2.5) 1f x, > x, and ngx > V( ), then x,- x1 > V(n'l)
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(2.6) The joint distribytion of xl-i and x,-X 1is bivariate normal
1

Withpv:r-'a“""'o

(2.7) xi-i and xj-ii are independent if i # j.

Here, as elsﬁwhefe, ii dagg;as:ghe mean_of?cbservapions excluding X
Thaﬁ (2.3) holds can be verified from the table'of Vé?> apd‘can also be
~shown analytically fox « of the usual size. Then (2.4) and (2.5) are
'- simp1e algébraiq results. The importance of (2.5) is that simultaneoué
first stage signifigance of x_. and Xy implies sequential significance.

1
consequently

(2.8) - P,>P >P_ .

Calculation of the probabilities Pé, Pb’ and Pe is now straight-

foryard and proceeds as follows:

Pr { min(xl_iyxg_ﬁ) > Vén) }

.Pc =
='f°° foo £(y.5y,) dy.dy,
Vén) vc(xn‘) e 2'.

where f(yl,yg) is the.bivariate-normal density with

R P

B(yy) = B(yp) = E(x,-%) = E(xp-%) = + *
-t
e n-1

Also



¥

i TH bl (ﬂ)
Py = Pr ( %=X > Vu

kg

- (n) - . o(n-1)
+ ?r { X,o% > Va , X =Xy 2>V } - P

1 = (07 C
- (n) | - (n-1)
= . . >V { - .
2 Px { X, ~X \a TP ( %, xl > Va } Pc
y(e)  n-2 v(n’l) | bee
=2 [ 1-F (-l (2 ) - B
. :"In:‘, "IV a2
Vo Vi
where
. v
§(Z) ’-—f 1 - e g ot
-00 2n
Similarly,
- () - ()
= - + - > -
Pa Pr {,xl X > Va } Pr { X5-X V@ } Pc
V(n) n..2
a " a .
=2[1-8 (————) ] - Pc
 JocT
Y n

The bivariate normal integrals cam be evaluated easily using tables
published by National Bureau of Standards (1959) provided E%i is an
integral multiple of 0.05. Results for n = 6, 11, and 21 and O = ,05
and .01 are plotted in Figures 2,1(a)-(f). For comparison, the prob-
ability of detecting a single outlier is also shown., Tt appears that

in most cases Pa is slightly higher than the probability of detecting a

single outlier,



r

13

1.00

. 50 (a) n=b
0=,05
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Figure 2,1 Performances P, P, P, of sequential maximum residual test
of section 2,1,1 at level O when VN N(u+r,1) and
xa,q oey'xn ~ N(i,1) , with dashed lines showing the perfora.
anc= of the ordinary maximum residual test in the presence
of one outlier



1.00

.25

1.00

T3

25

Figure 2.1 (continyed)

(c)

(d)

1k

n=11
o=,05

n=11
g=.01



LS

looo ™

115

.25

Figure 2,1 (continued)

(e)

(£)

n=21
o=,05

n=21
=01

15



Y

Yo

+ 8

16

2,1.k4 Two-sided Alternatives

Up to now it has been assumed that the distribution of outliers is
N(p+M, 1), A > 0. If we do not know the direction in which the distribu-
tion of the outliers has shifted, or if the two outlier distributions
may have shifted in apposite directions, we consider the procedure of
declaring outliers those observations X; for which

(2.9) %, -%] > w(g“)

Rejection constants, Wéﬁ)ﬁ tor such tests were given by Halperin et al,
(1955). As before, we consider the probabilities of significance of the
true outliers, Now, however, we evaluate performance for the case

X, o~ N(u+2, 1) A>0
(2.10) %, ~ N(p-2,1)

x, ~ N(w,1) i=3,b,ec0,n

and take as performance measures

Pa = Probability of detecting at least one outlier
- Sy s ()
= Pr { max(’xlmxl, ng“xl) >W, )
Pc = Probability of detecting both outliers

pr ( min(|x,-%|, [xy&]) >w® ),

In this case we do not assume the test to be repeated using observations
not rejected using (2.9), since sequential rejection of two outliers in

opposite directions implies first stage rejection of both, If
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(n) (n-1)
x) - x> Wy s By - &, < W
* then
(n)
- W
:o D Lz s o1 KX (mg) Vg
Bp =¥ < -Wg TAR -x S W - oW - e

This implies

- (n)
82 w X < "\’wa

fAiif

.‘  or -

oy
(n-1) Yo
an 1) “%1 < _wén)
(éell)' w(n'l) w®

(94 nql a

That (2 11) holds can be verified numerlcally for all cases pf interest.

»There 15, of course, pOSlthe probability that an gqutlier is signifi-

.cant in the~opposxte,d1rection from its twue shift. If this happens, an

additional outlier can be detected by repeating the test on the remain-’

"_v;ng'observatiQnS. With the model (2.10), however, thg'prébabiLiﬁy»that

_this occurs is negligihle for other:than small A, We therefgre dis-

regéxd Pb’ ;he probability of sequential detection of the t&o-outlieré,
"Resultsvf§r'Pa and Bg using the model (é{9) are shown for some

répreseni@tive Casesrin Figures 2-2(a)a(f) The probabilities R,

P for the one-81ded model c¢n31dered earller are. showp as dashed lines :

for c:;am.pal:'i.~;~:cn,f
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(r) n=6
a=,05

(b) n=6

: o=, 01

Figure 2.2 Performanges P P. of gequential maximum resi&ual test of

- sectiQnAEQl.h'when'xl ~ N(u*lil), Xy~ N(p-X,1) and
Kypoet Xy ™ N(1,1) , with dashed 1ines-showipg B By
of the one-sided test of:section.2.1.
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Figure'eoz {continued)
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Perfonmance for the model with both outliers on the same side with
the direction of shift unknown was not evaluated, Except for small X
this. sityation is similar to the one-sided model (2.2) but using the
larger rejection congtants Wéﬁ). The sequential progedpre is again
advantagebus. .Tﬁa perfbrmance would be inferior to that of the one-
sided case becaﬁ#e of the larger rejectipn ;onstants. On the other hand

Figure 2,2 indiecates that two outliers in oppdsite,direc;ions may be

"easier to detect than.two on the same side even if the direction is

known,

2,2 Unknown Variance

2.2,1 The Test Procedure

As with known variance, we consider a sample xl’xz""’xn of in.
dependent observations, each distributed N(u,og) if there are no out-

liers. let

n
$° = 3z (x.~§)2 + vsi s
i=1 *

Si = X (xi-:-cK)2 + vsi
1K
where~q§ is a mean squaye estimate of wariance based on v d.f.,. inde-

pendent of X a¥pae e ,X . We consider a sequential procedure in which

we reject the largest observation in the first stage if

Ky | =K
S o

where-Vé?’v) is the rejection constant tabulated by Quesenberry and
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David (1961). Thus the first gtage is based on the statistic proposed

._ by Kudd (1956), which is optimum in a par'tj,i.‘;;ui_a.‘::'senﬁe-if. there is at
most.ene outlier, If K(p) L8 declared an'qutliefybthé'test is repeated

with the remaining observations, i.e. if

x(!}:wlz -!(n) S Vén—l(q v)

(n)

then x( is also declared an outljer.

n-1)

2.2.2 }?erformam‘:e Criteria

We now assume that the only outliers 1n the sample ave Xy and X,
and consider probabilities that these observations yield gignificance in
the relations above, but without regard to order relatiomships, We use

the performance measures defined in section 2.1.2,

' 2.2,3 Qalculation of Performapce

The results (2.3) ~ (2.5) still hold, In addition we need

| (n-1, (nyv)
.(2_"'12) VOtn - V) < H?I Vanw

~ n 2 n 2 o
(2.13) 2 (%,-%)" 5 — (x,~K)" + I (x -%,)
N o

- = - ('ﬂ,V) - (n_.w_jL‘, V),
(2.14) 1f X -k > %% >V, 8, then Kok, >V, 8

‘ xfi XomXy
(2. 15) - aI'ad -«-§-l-— are independent.
The inequality (2.12) '»i;s'ue:i,fied ﬁun{er»ica],ly from the table of rejec-

tien constants, Relation (2,13) is an aigebraic identity; it 4s
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frequently usefui that the two terms on the right are independent, To

prove (2,14), we have from (E.h)land (2.13)

- no, - n_ _(n,v)
Xpwky > ooy (%pm) > o0 Vs

=2 v n,v) 2 (% ni)é + ; (x, -% )2 +' vs2
" o1 o \\n-l T jop 171 v

n__(n,v) (n-1,v)
> —— ’ > i
n-1 Va 'Sl VG Sl

the last step following from (2.12), This means that, as with known
variance, simultaneoyus first stage significance of two observations
implies two-stage significance, Hence relation (2.8) also holds For
unknown variance, Conclusion (2.15) was proved by Quesenberry and David
using a theorem of Basu, They needed the conclusion only in the case of
A =0, but it follows jmmediately for A # O,

Evaluation of the performance measures is more difficult with un-
known variance, but can be aceomplished by numerical integration. Be-
fore proceeding with this, it is helpful to recall that under some

condi tions P, = 0. Pearson and Ghandra Sekar (1936) showed that

X X
(n-1) n-
(2. 16) S < o
£ (x,-%)°
i=1
and
‘x-il(n 1) 1
(2.17) . < 5
n
\/E (xi-i)g
i=1

N
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where Ix’ﬁt(n 1) denotes the second largest of the residuals in absolute

. value, Thus we algo have
X ~K
(n-1) n-2
(2.28) ——=— <\

which is to say that for any n and v, one can choose a rejection

constant so large that the simultaheous rejections of two outliers is

-impossible. (The copdition for Pc = O is implicit in expression %.3 of
- Quesenberry and David.) For « = 0,05 and 0.01, the n and v for which

Pc = 0 are as follows:

l v
Q=05 0=,01
3 < 15 <eh
L <10 <18
. ‘ 5 < 8 <15
6 < 7 Ele
7 < 6 <11
' 8 <5 <10
9 < b <9
. 10 < 3 < 8
12 < 1 < 6
- 1 0 < b
15 S 3
21 Y

For n > 14 with o0 = .0% and n > 21 with o

Rl

01, P,c is positive even if

v =Q,
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To calculate the performance measures, we consider first the prob-

ability that x. is significant at the first stage, i.e.:

1

3r { xl_i > vo(;‘"’)s ‘}' = Pr ( ,(xl"i)?> v2-se, xl-.i >0}

n a R
Pro (x,-0)% > v [ 0% 4 s Gy 4)° +V,VS§],lxl;i >0 )

=
. n .
o .2 _ 2 n S2 . mel o2 o2
=Pr { (=) 2V [ (e eR)T v n-2 (p=y) " 155(xi"’x12)-

2 -
+vs ], X)X > Ov}

where Xlg 1 anQ X5 'When:there

is the mean of observations exclpding x
is no danger of confusion, we write for Vé?’v) simply V. 1In the last

_expression the four terms in square brackets are mutually independent.

The sum of the last two of these terms is distxibuted'_as‘x2 with n-3+y

d. £, Letting

X =% = tl’ Xg-X = LW
we have
Pr { x &> VS ]:— P; { t2 Sy Bl R o, el (t 4—.2L)2
17 SRS TR A ey S v 2 nel
. D .
+Xn-3+v]" tl>0}

which, after Spme.réarranggmept) becomes

- . . - . 1‘ ) ¥ . _'2 . 1
.‘(‘2719) Pr x,~X > V8 ) = Er_,[~t§ [EV?- a.'(n_g__)_] - _etltg N (n-l)tg

2 . -
> (n-2) Xpegay? T 203+
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The discriminant of the quadratic function is
n-2 :
lI- + u [——2"' - (n—l)](n—-l)
v

2

which is positive, sinée vV < Eﬁi . Consequently, for fixed X2 the

-region in the tl’tE plane where-xl is sigpnificant is bounded by one

branch.of a hyperbola, By analagy,

(2.20)  Pr { x,-k > VS ) = Pr ( tg [:‘\7;2 - (a-1)]- 2t ¢, - (n—l)ti

> (n-2) xi £ >0 )

3+y’ 2

In Figure 2.3 the situation for n = 11, v =0, & = .05 is represented,
The quadratic expressions in (2.19) and (2.20) specify families of

hyperbolas intersecting the tl and t2 axes, respectively., Each family
2 2

is indexed by Xi The hyperbolas drawn are for 107 X 50 and

Stv

X29O’ where X§ is the solution of Pr { Xa < Xs } = p. Asymptotes, which
correspond to X2 = 0, are also shewn,

For fixed X2 the probability that x. is significantly high is the

1
integral of the joint density of ty and t, over the region bounded by

the branch intersecting the ppsitive t_ axis of the hyperbola correspond-

1

ing to the fixed XE, The probabjilities that x_ is significantly low and

1
that ¥ is significantly high or low can be obtained in the same way,

. 8till conditioned on X?o The unconditional probabilities can be ob-

tained by integrating pumerically the conditiomal probabilities with
regpect to the pdf of Xgo

In this example the probabjlity of simultanequs rejection of X, and

X, is zerq, which is seen from the non-overlapping of the hyperbolas for
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Figure 2.3

Rejection regions for first stage of sequential maximum
residual test of section 2.2.1 for n = 11, v = 0, a = .05,

2 ., , , . . .
and X~ fixed, showing corresponding regions for rejection
of low outliers
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all X?, Otherwise the probability of simultaneous rejection, Pc,,can be
. ‘computed by integrating over the overl‘a,ppingvregiqns. Also, in this
example, the two agymptotes in the second and fourth quadrants virtually
coineide. This is not generally true., In fact,.the'probability of
‘ gimultaneous rejection.of one high and one low observation can be ob-
tained by integrating over the appropriate overlapping regions in those
quadrants. Otheg examples, in which simultaneous rejection has non-zero
probability, are shown in Figure 2.4, In these figures only the posi-
tive branches of the hyperbolas for X?50 are.drawn,

Once the probabilities of first stage rejection of one or hoth of

x. and x, are established, calculation of Pa and Pb is relatively easy.

1 2
We have
P =Pr [ x_-% >VV(n’V)S } +Pr { x.-% > V(n;V)S }
a 1 o 2 o
- Pr { min(xf;"xe"i) > vén"’)s }
= = (n,v)
—2Pr{xl-x>Va S]._.PC
— - (n,V) . - (n*l;v)
Pb—Pr{ xl—x>Va S } Pr{x2_x1>Va sl]

= (n; V) = (n-‘l, 'V) '
+Pr{x2-x>Va S}Pr(xl-x2>vav Sg} ...Pc

= (nﬂ’) = (n"l:V) |
2Pr{xl-x>va S}Pr[x2-—xl>Va }-~P¢.,

Probabjilities of rejecting ene qutlier after the other has been rejected,

such ag Pr { xg-il > Vé?'l?v)s

These probabilities can be expressed as nonecentral t integrals and

1 }, are the only problems remaining.



Figure 2.4 Rejection regions for first stage of sequential maximum

residual test of sectjon 2.,2,1 for X2 =X

-5
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n=6
v=1l5
0=,05%

Figure 2.4 (continued)
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evaluated from tables as did David and Paulson (1965),. or obtained by
numerical integration, In fact they can be obtained with the nymerical
integratipn scheme just discussed for first stage.rejection probabili-
ties, if the means of the bivariate normal variables tl and t2 are
properly adjusted. With sample size n-1 and one outlier, the means.of

can be taken as 2:2 M and 0. This is an upnecessarily compli-

and t2 T

t
1

-cated-approach, but provides some useful checks on numerical results.

The computational procedure for first stage.rejection probabilities

48 also applicable if there are two outliers with unequal means. In

this ease, of course, the last formula for Prs above, no longer holds,
The geometric representation used here.verifies the. results of

Pearson and Chandra Sekar. Because of symmetyy, the condition that

hyperbolas do maot eoverlap in the first (or third) quadrant can be ex-

pressed by requiring the slope 7o pf the t. asymptote to be less than

1

one, i,e.
-

-1 + \/l + (n«-l)[i:-;ég - (n-1)]

7o = N-1 <1

which implies

2 n=-2
V. > e

verifying (2.16). Also, requiring the slope, 710 of the asymptote in

the fourth (pr second) guadrant to exceed -1, i e.

-1 - \/1 + (n~1)[3'2—2v r (n-1)]
- \
71 7 ) — -1

yields
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2 1
\ > 3
verifying (2.17).

2.2.4 Asymptotic Properties of Performance Criteria

If the two outliers are from the same distribution, the mean of the

bivariate normal distribution of t, and t, 1s on the line t, =ty

specifically at the point (——— A, E:— \). Consequently if P >0, i.e.

if the hyperbolas for first stage rejection gverlap, then P,—>1as

‘A —> 00, But if P, =0, the probability of detecting even one-outlier

approaches O as A —> @, except in the case in which the asymptotes

-coincide, for which P —>1L

If the means of the two outliers are different, say A, and A Ay let

1
Et
- -_2_(n-)n-1
n=d/ sy Fe, T a-l-m
Then, as ll andr}»2 increase, the mean of the distribution.of & and t,
moves along the line~t2 = 7tlﬂ If this line does not intersect the

hyperbolas of either family, the probability of rejecting either outlier

approaches zero as kl,lz —> 00, The portion of the ll o plane for

which detection of either outlier becomes increasingly difficult as.

kl,ke increase can be expressed as the region
1
Yo S 7<=
o %o

provided 7o < l. TIf 7o > 1, there is no such region, Some.representa-

tive values of 7, are as follows:
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sr e %
6 0 .815 b7k
2 .732 . 662

b . 666 , 826

6 .61k 971

11 0 . 706 . 803
5 . 600 1.128

10 . 528 1.396

15 ey 1.622

The value of 7 depends only on n and V, not specifically on v, although

for given @, V depends on v.

2,2.5 Numerical Results

The foregoing discussion provides some indigation of the- circum-
stances in which this sequential procedure might be effective in a
sample containing two outliers, A rough indication of what‘is likely
to happen at the first stage for any A. and A. can be seen from the

1 2

families of hyperbolas. Numerical results for Pos P, and P_ have been

.obtained for a few cases and are shown in the following figures,

Figure 2.5 shows performance characteristics for n = 11 and n = 21
for unknown variance with ¢ =0, o = ,05, kl =25 In the first case
simultaneous rejection of X, and X, is imposgible, and the performance
characteristics approach zero as ) increases,

Figure 2.6 is also for m = 11, but here A, = 2),. Again simultane-

ous rejection of two outliers is impossible, but Pa and Pb approach 1 as

A increases, Performance for kuown variance in this case is also shown.
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Figure 2.5 Performances Pa’ Pb, Pc of sequential maximum
residual test of section 2.2.1 when @ = .05 and

2 2
X1,%, ~ N(ph, o7), g9 ,X, ™ N(u,0%)
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Figure 2.6

Knowmn
Variance

Performances Pa’ Pus P of sequential maximum

residual test of sections 2.2,1 and 2,1,1 when

@ = .05 and x. ~ N(u+ll,02)g X

oo
XB’eoo}Xn ~ N(I—L;;O- )

2

1 2
~ N(p ","'2')‘1: o),
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Figuge 2,7 shows a comparison of the value of internal and external
4,1, wifh.respect to the performance characteristics, with ll = heu

It appears that external d.f, are not necessarily more valuable in

detecting outliers,

2,2,6 Two-sided Alternatives

We consider here the problem with unknown variance of testing for
outlie.s which may have shifted by diffecent amounts, or even in dif.
ferent directions, The first stage of the procedure is e ciass av an

outlics the observation with the largest absolute residual if

& _
where wé »v) is the two-sided rejection constant tabulated by Quesen-

berry and David. If an observation is classed as an outlier at this

-stage, the test is repeated on the remaining observations, etc, Unlike

the corresponding test with known variance, this procedure can reject

an obgervation in the second stage in the opposite direction from one

‘rejected in the first stage, In fact simultaneous detection at the

first stage ordinarily implies sequential detection. Anm explanation of
conditions for which this is true is given in Appendix 7.1.
Earlier it was pointed out -that there are two families of hyper-

bolas which relate to the efficiency of the maximum studentized residual

- test with two outliers shifted to the. right, This is also true with one

high and one low outlier. For means shifted by the same-amount, A, in
opposite directions, the probability that both outliers are detected at

the first stage approaches one as A —> o if the two families everlap
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Figure 2,7
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Performances Pag Pb, Pc of sequential maximum residual
test of section 2.2,1 when n+ty = 21, & = .05 and

2 2
XppXp ™ N(“+k:g )s X§3°9°3xn ~ N(H,U )
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in the second and fourth guadrants, The condition for the hyperbolas to

2 - . .
overlap is 7y < .l, or W < % . IEf Wd >‘% » the probability of de-

tecting even one outlier approaches O as A —> 0o, The portion of the

ll,hg plane for which the first stage detecticn probabilities approach O

for kl,lz > 00, Ag/hl constant is obta;ned from

L < 7 < 71 o
71

Some representative values of 71 for the two~sided situation are as

folivwy:
o a ¥ o5 N
6 0 £y - . 60L
2 JTTL - 821
l »708 ~ 997
6 . 657 ~1.145
11 0 LTk -~ 897
5 .638 -1.205
10 . 566 -1, 449
15 . 513 ~1,659

A cowparison of these results with thoge on page 32 indicates that
convergence of first stage probabilities is more favorable in testing
for one high and one low outlier than in testing for two high outliers,
In this statement more favorable convergence means that convergence to 1
ogpcurs for a greater portion of the appropriate quarter plane of xl,x .
Convergence §is still less favorable Lf we are cove erned with two. outw

liers eiiher both pesitive or bath vegative, This situation would
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, Ixmxl /n)
require use of the rejection constants for ————-L | which are larger
q ] S ; g

than for (x(n)mi)/S, but for the first stage probabilities to converge
to 1 we would have to have overlapping hyperbolas in the first and third
quadrants.

Figure 2.8 shows the perfcrmance of this test against the alterna.
tive of one high and one low outlier given in \2.1U)., Forn = 11, the

convergeuce (o U i slower rhan in the cne-sided case., This might be

[N

expected, since 7y T L80% T+ fhe cne sided.case and 7, = ~,897 for the
two-sided case.  For n - 75, wue asymprtotes faver the one-sided case,
Nevertheless the two.sided pertormance seems to be more faverable for
the larger values of A, indicatiny ibe difference in correlations of

residuals is important.

2.,2.7 bBxternal Studentization

One way of escaping part of the masking effect of multiple outliers
is to studentize with an independent variance estimate., This procedure
is obviously superior in some circumstances, since the test based on
combined internal and external studentization may have decreasing prob-
ability of detecting even one outlier as A increases, It may happen
that external studentization is preferable in other cases also, as shown
by the examples of Figure 2,9,

With results for additional cases, one could perhaps determine for
each sample size the minimum v for which external studentization would
be in some sense superior, The incentive to do so is somewhat limited,
since if one knew the alternative (o epeciiy exactly two outliers there

2

are better tests, as discussed in Chapter 3,
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Figure 2,8 Performances Pa’ Pb, Pc of sequential maximum
residual test of section 2.2.6 when & = ,05 and
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Figure 2.9 Performances Pos Pps Py of externally studentized

sequential maximum residual test of section 2,2,7

when o = .05 and X 5%, ™ N(u+k,02),

2

x3,oo-?xn ~ N(uycz), showing the performances of the

test of section 2.2.1 as dashed lines for comparison
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The numerical calcatation of P, P, and P_ for external
studentization were obtained by numerical integration. For this test
preocedure the first and second stage test statistics (xlmﬁ)/sv and
(xemil)/%y_are noe 1ndependent., For fixed s o hewever, P, Py, and
P are easily determiped, and .an be integraced with respecs t. the

pdf of 8

L3
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5. MURPHY'S TEST FOR TWO OUTLIERS

3.1 Introduction

Suppose that in a sample of n normally distributed cbservations,
K observations are distributed N{u+k902), A >0, and n-K observations
are distributed‘N(u,cg)o Among tests invariant under change of scale
and location, Murphy (1951) showed that the most powerful test of the
hypothesis » - O sgaiast the alternative A > 0 is: declare the K

largest observations oatlicrs if

X, + ® [ = o~ Kj'E
(5.1) i) e . X(n_K+1) > b
T G n,o
wheun o is known. and
% L N S - Kx
(3.2) {n) (n-1) (n-K+1) o e
o s B - o'

if o is unknown. 1In this chapter rejecticn constants are presented for
some tests with K = 2, When this is noi feasible bounds and approxima-~
tions are given. Finally, simpler proofs of some of Murphy's results

are included.

3.2 Known Variance

%.2.1 Rejection Constants

, 2 .
For the case of known variance we assume ¢ = 1, The first problem

is the development of suitable rejection constants, bn o such that
k4

(3.3) Pr { X(n) + X(nml) o DR e hnya } s

when in fact there are no outliere, Using an approach similar to that
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of Grubbs (1950) and Naiv (1948) in obtaining the distribution of the

largest residual, a method of obraining & for given b will be developed.

Then b corresponding to a prescribed & can be obtained by inverse inter-

polation,

Following Grubbs and using his notation in this section, the

density of the ordered observations X, <x, <

we have

PR

"
N
=
—
o3
>
N

N

2
13
2 .
i=
- ¥
no
n
. .J.I.f
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e
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and
n
-5 I g
, i
f(ﬂ n) = ni e i=2
}000’9 n" 2 0
2 n (23’[) 1
Making the further transformation
. _Vr(e-1)
U= =l g
T r T
we have, still following Grubbs and Nair
1 noy 2
- 3 Z -1 't
Vs ”:‘ \\]-ﬁ 2
(7)‘)l~) I T o} - e 0 <u
K 1 1y /2 - 2
(rml)ur_l < ru_
The u's are closely related to residvals. In fact
U =X e X
T T £
where
_ xl + + Xr
X
r r
Grubbs and Nair integrate out u,.,....,u in {3,4), For our purpose we

2 & 4 N l

want the joint density of u ,U . and iontegrate out only u_o....0 .
n, join ensity of e 12 Py g Y Uy P

Using the follewing functions as dofined by Grubbs,

. _ 2 ,mxi
I‘Q(U) - / -

e 0
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u B LIS

Fn(u) =z Vo f 1 e 2 -1 nel EEE x)dx
n-1 0 V2 T T
we obtain
- 1 n r 2
J—“ J—“ T2 z -1 'r 3

- nlyn Y 3
flo,,..., 11]) ] 5 e Fg('é' U‘B)

iy 2

{ "L)
a{uu.H SN o \[2-_____._ Ve FB(% ult)

(27() -

. etc., until finally
l.n-1 2 n
S o = uT A —
flu ,u) = n{n-1) \[n . ol e 2l57 Y n-lu'rz;]
‘"n-1""n’ T 2g Vo3 ne2'nls Ya.1/®
0 < u < n .

- el — N1l N

The functions Fn(x) have been tabulated by Grubbs for x in intervals of

LR

.05 and for n < 25, This means that numerical integration of f(un l,un)

is fairly easy,

Recall that



. We ave iuterested ip ihe region where

%t x - 2X > b
n j

or

n-2

u + — >h,
n-1 w1 'n

Te facilitate evaluation, let

v el
I n-' )
[
v L
' bl)l 1

Hence

where
[
o V
X ] 5V,
B(V,)) = v @ 0 ©
2:!(
2 0 < Vl < V;_?

) over the region

3
8

We now want to integrate f"(vl_.\l

IS

e ? Ne? .
e Ve V. > h
n-1 1 n-1 .
WHM A
i.¢e, \' R Q.
—— 2 7 VCL] B { VA, V})

‘ remembering alsq that

L8
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e

Jﬁin;

v, >

i)
Hence for any b the probability that (3,3) holds when there are no out-

liers can be approximated hy

N e, ) -2 V2
a(b) = 5 An \/i&:&lﬁﬁ:ﬁl P {v ) e 2 n- 1i [1 =
. 27 2" 1,
i=1] L
™, n-1
Vamg (b ag - 7))
b fmax + 1
““mnt : Vl
Va(n-Ij i
whetre
V! - vl v i L0 .. L Nel
i+l i
Taking trial values of b and computing . b oter v = 0% and @ = L01

can then be obtained by interpolation, 11 was found {hat approximations

to bn a with uncertainties only in the fourth significant {igure can be
3

agbtained with A = »1, N abcur 30. and V] suitably chogen for the
particular b, Resylis ave presenied in Table A 1a

%.2.2 Performance

As before we copsider the wedel

*y o MO ) i1,
k.o N, 1) T T

We use the single measure of pevformane s

Py | o= S S N B
) ) ! ey
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Table 3,1 Rejection constanis hn a for sum of largest two standardized

residuals

J

o~ o= B

o]

RS IAN R N VI

571
.613
e
. 690

i, 728
4,764

.98

.01

2,934
. 380
.693
.932
.122
279
Sh11
. 526
625
LTk
T4
.866
h.931
4,990
5,045
5.097
5. 1kk
5. 190
5.232
5,273
5. 310
5. 346
5.379
5. 410
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witheur regard to wherher other x's are significant, Since xl + x2 - 2%

. - . et 4. n-2, . ) . -
is pormgltly distributed with mean cin—)k and variance E(Bag)p the per-

formance is easgily calculated. Some results are shown in Figure 3.1.

For a particular O, the curves for two values of n, say ny and LY in.

tersect at exactly one point. The ) coordinate of this point is

n_-2 n, -2
b \/ 2o .,bna\j 2

1 b n., H n
A SRR S 1 2 [
i fn - n_ B n, =2 n_.2
‘J\/‘ \!;“__(\/2 m\/l )
v TN \ nl n2 nl

Suppose uw, - o, Then the et mance for n, will be better than that
for n, i1 A - S s v .f vmance for n2 is better,

Comparison of the Muyphv teer and ithe sequenrial test of Chapter 2

will he doferved to a later chapter, We nate here aonly that the per-

formance of Lhe Murphy tesk is vor directly comparable wirh Pb of the
previous chapter (Pb being the probabitivy of sequeniial detection of
both outliers) with the same . Thig is because the average mumber of

observations rejected in samplez with o outliers is different,

3.3 Unknown Variance

3: 3.1 The Problem of Rejectinn Constants

Murphy's test for two outliers with unknown variance is to reject

H if
0
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.15

.25
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Figure 3.1 Performance of Murphy's test for two outliers
when x.,%, ~ N(p+2,1), XgpooosXy ™ N(u,1),

»

>0
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To evaluate the perfcrmance of the test, or even to apply it, constants
Chog dTe neceded such that (3.9) holds with probability O when there are
2

no outliers. The general soclution of this problem is difficult, In

-some cases, however, it happens that at most one pair of x's can be

rejected with a test of the form (%.5), and a simplification results.
This oecurrence is a generalization of the masking effect mentioned
earlier., Previously it was enough to know the upper bound for the

next largest studentized residual, Now we need the corresponding bound
for the next largest sum i K residuals, From this bound we can obtain
immediately the conditison under which Murphy's test can reject at most

one pair of x's,

5.%.2 Condition for Rejection oi at Most One Ser of K x's

The following bound for the second largest sum of K studentized
vesiduals from a sample of n was given by Murphy. The derivation . in-
cluded here is simpler than that of Murphy, and uses an approach similar
to that of Pearson and Chandra Sekar (1936) in treating a single ordered
studentized residual., There arve (E) distinct sets of K residuals in a

sample of n observations and corresponding to each a value
(xj -X) + (xj “X) b .. + (%, «X)

i
oo _ o1 2 K

j S =

where the indices jl,jgyo,uyjK are chesen from 1,2,.,.,n,

" n — b= i | F . i ?
Let (K) =m, and T(l) < 1(2) <ol < T(m) the ordered T°'s.
2 . 2nK - 2K2 n
Theorem: T(mwl) < R et
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S

5

- - ’ - - 2
_ [(x(n)wx) + (X(nml)mx) tooo (X(n~K+2)'x) +(x(n-K)_x)]

Proof: T%m—l)

n
bX (xi-i)2
i=1

[(R-1) (x,-%) + (x(n_K)-i]2

& (2 8) 21 (e ag) =) T iy =8 H(0-K-1) (R %) P (meb) 82
where il = izn?K+2 (1) / K-1
_ N-K-1 /
X, = 2 X,. Nn-Ka1
2 4o @)
neKa~1 n
n-b 2 . X, .\ =X e X, .\ =X 2 .
(0% y O ok ()=

Hence T%m-l) attaing its maximum when Sg =0 and x(n-K+1) is as small as

possible, i.e, The only problem remaining is the

F(n-k+1) T *(n-K)

spacing between the three groups of x's, i.e,
(1) T T T R ek
*(n-K) ~ *(n-K+1)

x(n_K+2) = ©c o e = x(n)
The problem is unaffected by scale and location, so let
) T T *ake1) T O

*(n-K) T F(nek41) T L

Flo-k+2) T 0 T x(n) =t.
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We want to maximize in t the functien

[1H(R-1)e-RE]" _ 1+ RDE-E 23 (Re)ey2
Z(xi-i)E (RK-1)[t+ Eii5521532+2[1m 2ii§§£1532+(n_Knl)[éixiii);lg

which after simplification is

[(R-1) (n=K)t + (n~2K)]2
tg(an+l)(K~l)n + t[-bn(K-1)] + 2n(n-2)

Differentiating with respect to t, the maximum is found to occur at t=2,

and consequently

_EHK - 2K2 - N

2
T(m-l) = 2n ’

With a little algebraic manipulation this agrees with Murphy's result.

For the two outliexr case we have

2 3n-8
GO Ty s B2

-

Thus

(x,~%) + (x,-%)
ks - J — > ¢

E
-2
-z (ximx)
i=1
holds for at most ene pair i,j provided

' 1 3n.8
(1) e >\ Z

We then have by symmetry under H_
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(3.8)

alx)

() * )

= Pr {
n
Z (x,-X)
i=1
X_ =X + X, =X
= (M pr ( & 2 >
¢ 'n
Z(xux)
i=1

>

c}

The right hand side of (3.8) can be evaluated as follows:

(3.9)

-~ ™ v '-2
XX + x,.-X (x,-X + x,=X) X, +x
1 R | P S, e
_/;;——-——__ n 2
-2 2
\/ z (xi X)) - by (ximii)
=1 i=2 *©
N=2,2 /-
l4‘("‘_')( ) o - -
= Pr { >c; %, >x )
2(%5) (= #,) 0, '
n~2
-2\ 2 N2 .\ 2 2.2 -
:Pr{[h(n =2(——r-1—— 1(x -»xg) >eTX 5 X
(5-2)
o 2 [2 ](xlwxg) P _
= Pr (_ - ) >c; X, >X
n2 /n_ 1
n-=2
- 2 2,
—Pr{(am 2)t >y xl>x}
T
spr{t> | [—S )
2 c
n " n-2

where

56
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xR
|

n
L x, / n2
i=3 i

and t has the t distribution with n.2 degrees of freedom. Thus we have

that if (3.7) holds, then

- ———
(3.10) afc) = (g) Pr { t > 5——c-?—- }
n " -2

The restriction on ¢ which allows at most one pair of x's to be
significant is equivalent to a restriction.on & The maximuym o which

can be evalyated precisely with (3.10) is obtainable from (3.10) with

' c = \/32;8 . The results are as follows:
o Maximum ¢

) 1.0
4 .901
5 672
6 . L6l
T . 504
8 . 191
. 9 . 115
B 10 .069
11 .0ko
) 12 .026
- 13 .013
14 .007
15 .00k

These values show that agcurate rejection constants can be obtained

with (3.8) only for n < 10 if & = .05 and n < 13 if o = ,0L,
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%.3%.%5 A Bound for Error in & in Other Cases

The bound for error im & derived below may be uyseful in extending

the class of tests slightly beyond these for which c2 > égﬁé . In any
cage, we have by Bonferroni inequalities

(3,11) ©Pr{ Tmax >c¢ } <mPr 'I‘ij >¢}

(3.12) pr { T >l >mPr (T >c]}- % Pr { Tij>cpTKz>c]

1 (i, 1) A(K, £)

where

o)

xiwi + X, X
T :.—.;_..__.-......;l..‘...

ij \/E——*~—~;
£ (x,-%)
1 i

and the last sum in (3,12) extends over all distinct pairs, of which

there are (;), We call Tij and Ty, a0 overlapping pair of T's if the

2
pairs (i,j) and (K, ) have one element in common., Otherwise they are
non-overlapping, Let the number of non-overlapping pairs be NO and the

nymber of overlapping pairs be Nlo Then

N = (2)5 = n(nml)(ng)(nw5)

since we can chopse the four indices in (E)waysj and each of these sets

can be divided into two pairs in 3 ways, Similarly

= (03 - R o)

. A . ,n .
since the three indices can be chogen in () wave and the common element
2



.

T

can then be chosen in three ways, 1t ie easily verified that

The problem now is to compute an upper bound for

(3.13) b Pr { T,, >c, T, >c}
(11)A(x ) L KA
= N, Pr { T.n > TBM >c )
+N Pr [T, >e, T >c ),

The last term is the more important. It will be shown later that the

term with non-overlapping T's is small in the cases of interest,

Let
g - 2 i
17,573
n Xi
X, = 5 —=
e 1=H’n”5
n
= 3 (x._i)2
. 1
1._:
- -2
)= I (xp-x))
i=
n
2 -2
5 = ii (e -%5)

then

9



T2 _ 1 o Y
12 2 2 . A2, 42
‘ 8 5] + A& + 83
(e, v ey + 2020 G g7 (ke ey
_ 2 n 172 - 3
3ot + A° 4 X, X _ + A + X €.
‘= n-k nali jop 1
- where
- [%?rp}) - -
. Vi it R o
A \ n (’xl )
K ) .ITB..:-:
V in
t, ¥ %,.x I =1,2,3 .

For any given ‘X‘3 and A, the contiguration of tl'“’t t, that maximizes

2773
. 2 el i
‘ mln(TlB’ 115) is
- = P (
t2 t5 Z (say)
tl = 27 .
Hence
2 .2 (RA + z)2
: win(T)p,T)5) < ——— 5
g X~ + AN+ 62
. 2 4 2
The value of Z which maximizes this function is ;—BKZT— . Hence
2 2 2
X~ +A
. .2 2 (KA + —r—) e 1
win(T),,T)5) < -aav-1- Bl ey - SRS O
' o2 2 | 6(X" +A%) X~ +A
AT 52
36KA
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Thus for nenzero probability that both Tig,TiB exceed c2 we need
2 S
c < 5 5 + Z
X~ +A
or
A? S 1
e
511
¢ -5
or
2 n-l S
A () N
-1 2 1,
2 _% *n(c -2

where tn L is student's t with n-4 degrees of freedem., An upper limit

for the probability that TiE’T§3 both exceed c2 can be-obtained by

finding the prebability that (3.1L4) holds, i.e. the prebability that

2 2 . , » s e . .
X" and A” are in such a ratio that simultaneous significance is possi-

ble, We have

2 2 2 Nl

2 . o
] > > .
Pr { Tl2 > c s Tl3 o/ ] _P<_ Px { tnup)-l- 7+(n-5) . }
3n(c” - 3
Now LHS = 2 Pr { T12 > ¢, T13 >c¢c )} +2Pr{ T12 > ¢, T15 < -c }, so

that

. n-l

sn(c” - )
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We now consider hhe-simultaneaus significance of non~overlapping T's,
Since TlE and TBh are negatively correlated,
, 2
(3.16) Pr { T, > ¢, Ty, >e ) <[Pr{T,>c} ], ec>0.
From -(3.9), (3.10), (3,12), (3.13), (3.15), and (3.16), we now have the
bounds

(3.27) Pr{T . >c)<mPr{t ,>

(3.18) pPr { Toax > € 1 2mPr [t ¢

s}
\i2 c
a7 N2

i
=
o)
o]
]
L]
——
-+
]
no
\

I et
I 4(n-3)

]" Bazl(c2 - %)

i
2
-]
e}
oy
(a3
[
§
=
\Y%
e

= 1

The second term on the right in (3.18) is relatively emall and can

frequently be disregarded. For ¢ will usually be established so that

Pr { T, >e } is appreximately of/m. 1If

pr{T,>c} =0/m

-the term in question becomes

n, % - e20 2 &

which is small enough to he ignored in most cases,
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The following tahle was obtained ueing (3.17) and (3.18).

n c ﬁfégg Oﬁin
11 . 9926 <1375 .02
1.0489 0550 L0543
1.053%8 .0500 .0L97
15 1.0037 050 015
21 1.006kL .0100 L0054

From these results it appears that the simultaneous significance of two
T's can safely be ignored only slightly beyeond the range of n for which
simultaneous significance is iwpoesible, For example the uncertainty
in O intended to be .0% is negligible ftor n = 1] but considerable for

n =15,

3.2.4 Performance
A ————y oyt
As before we consider the sipgle measire of performauce which is

the probability of rejection of the two outliers. In this case we

compute
E.-X + % =X
Pr { l_wm_:i ________ > ¢}
n
2 x, -%)
\ i=1 .
where
2 : .
Xy ™ N(p+d,07) i= 1,2
X, ~ N, ng) L= 3.4, ...0 .,

For the cembipations N, considered, the unceriatufy in @ is either nil



6l
or negligible altheugh the possibility of simultaneous significance of
two T's was disregarded in establishing c. Some results of performance
were obtained with the help.of noncentral t tables of Locks et al,

(1963), and are.shown in Figure 3.2.

3.4 An Opuimum Test for a Predetermined Number of Outliers

Suppose X s%55000,%  are independent, normal obgervations with
. 2 . | .
-common variance ¢ and means o We want to test the hypothesis
HO:' By = 1 i=1,2,...,n against the alternative that the means of

k < n of the observations have shifted by amounts proportional to known

constants, Thus under Ha

Ex, =0, A+pu
1 il

Ex

Ll

o, A+ U

Exn = QE A+
n

where Gy 5@ es0,0 are known and 1500051 18 an unknown permutation of
the-iptegers 1,2,...,n, Consequently there are n! alternative hypothe-
ses, The @'s are not necessarily distinct, and some may be zero, but
under the. restrictions imposed later they are not all equal, and at
least one must be nonzero, Without loss of generality we assume

@l < Qé S oo S_QE, We. require a procédure for deciding between HO

and one-of the n! alternative hypotheses corresponding te the n! per-

-mutations. = The procedure should have the following properties,

1. Thé probability of choosing H_ when H 1s true- should ‘be 1-0
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1.00 ] i
a=,Q
.75 2 -
- 0f- -
.25 -
fo] ™ | \
8 9
1.00 R AT
.75~ -
n=11
a=,05
50 -
a=,01
i 1 i { | ]
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A

Figure 3.2 Performance of Murphy's.
when x ,%, ~ N(u+k,02),
A>0

test for two outliers

2
x?),on.’xn ~ N(u}o— )}
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2. The proceduyre ig unchanged if the same number ig added to each
observation.

5. The procedure is unchanged if each observation is multiplied by
the same positive number,

4, The probability of choosing an alrernative if that alternative
is true is the same for each of the n! alternatives.,

%L The probability of a correct decision 1¢ maximum,

Consider first the problem of testing whether a slippage has accurred

corregponding to 4 particular permutation of the &'s, For simplicity

of notation suppose this permutation takes the subscripts in their

natural order. Hence
E = o+ O
Xi 3 Ollf

‘and we want to test

against
Hs A>0,
a

In this cage

- a2
L(Xiwumakk)

1 2¢

—————— n e
(o 2x)

f(xlyxgﬂuugyxn) =

and consequently the statistics ¥x

2 . e
57 Bxixiy 2x . are sufficient for u,
2 . g = X 2
A, 07. Equivalently we can take as sufficient %, S fx,-x), and s ,
’ A T o

where
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\ 2 f.
'(nm2)s; = ngiux) - =
S, «G)
i
Here,-si is the familiar estimate of residual variance in regression,
For invariance under location change the test must depend only cn
Zaa(xi_i) and Siﬂ and for invariance under scale change as well, it

depends only on the ratie Zai(xiui)/son But thig i& equivalent to a

t statistic with noncentrality parameter ZZ(Q&m&)gy and the test desirsa

rejects HQ if

£, (t)

-f—'(i—)- > ¢ .

)
We use c as a generic constant in the follewing statements, It has been
shown (e.g. Fraser {1957), p. 103) that the preceding statement is

equivalent to

cr

S
o

- I

Using the definition of Siy we can gay that the test rejects H0 when

o, (%, -X)
l&— '>(’.“

|07

Returning to the ni+l decisfon problem, and applying the generalized

Neyman Pearson lemma proved in the appendix, the procedure is:



Y

0

Eux(ximi)
Choose Ho if s < ¢

e
v&iximx)

for all permutatirns of indices of the Q's.

X (x,-%)
Chcese Ha if Lt > ¢

m \ /z(xi;sz) 2

for gome permutaticn ot the Q's, and am is the permuvaticn for which the

test statistic is maximized,

Crdinarily the O's are wet all aifferent, and hence the n! permuta-
tions are not all distincc. At rimee ¢nly a restricted set of permuta-
tions is relevant because of the nature 5f che problem, The fellowing

examples show some of the more likely applicatcions:

Example 1. The test for K outliers with the game disgtributicn,
Suppese we want to choose hetwsen the null hypcthesiz af no octliere and

I ° . r P s N P a i
the (k) alternative hypotheses that k observationg of nospecified gube

-8cript come from a diatribution with mean ik, k>0, Let al:¥2=oao:

anwk:oﬁ and anmk+l

observations as cutliers if

=roo=ahrln The procedure selects the K largest

e =X (%, eX) F ces 4 {x, )-%)
(x(n) X) 4 {X\nml) X) + + &x{n-k+;) %)

I
\ Z’(x“mﬁ)g
\. L
Wi=] .

and ptherwise accepts Hou As epectal cases we nave the rest for tweo
outliers considered earlier in this chapter andi the ussar test for one

outlier,
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Exampie.eu The test foi one outlier to the right with some observations
known ta be nonoutliers, Suppose the lagt r observations contain the
outlier, if any,  The nonzero & may be taken as 1, and the only permuta.-
tions_of the_afs ﬁhichléorresPond to digtinct alternative hypothesis

are the r permutations containing 1 in one of the last r positions and

-0's elsewhere. . The prbcedure chooses the largest awong the last r ob-

.servations as an outlier Lf

This test is easily generalized t3 consider the posgibility of a number

of outliers greater than one,

Exaﬁple 3. Paulson’s resgult, Suppese the cteervations are in r groups,
with K observations in each group. We want to decide which group, if
any,.cames from g distribution with mean shifted to the right, Let K
of the 0's be 1 and all others O. The onlv permutatione cf interest
are those in which the nonzers a's fall in the game group. The price-

dure chooses the group with the largest sample mean if

(5, -%)

where ii is the sample mean of the & group,

Example 4. External estimate of variance tec be included. Suppcse that

in addition to the data considered above we have an external estimate



Ic

3y

0

. 2 . : T g
of variance 8 based on v d.t, The sufficient statistics are now
: 2 2
(n-2)s  + vs
D \ ) o v y

" L2 2 L= - .2 |
%, mi(xi"x) s and s . But %, Zozi\xmx)P and s = s are

also sufficient. After imposing the requirements of inrariance we find

the test must uepend on

oy (x_i -X)
~ 1

s
|4

or equivalently

o, ,xi»-x)

- 2
(x —»x)2 + s
1 v

which again ig a t statistic. The external estimate of variance is
essentially the same information as contsined in Kuid‘s third group of

observations,
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4, GRUBBS' TEST FOR TWO OUTLIERS

4,1 The Test Procedure
The test for two outliers proposed by Grubbs (19%0) is to reject

the two highest observations if

n-2 5
2 Lo(x,,y - X% )
Sp.im _ imp () el -,
S2 n o) n,o
Z (ximi)
i=1
where x is the mean of the observations excluding the two highest,

n"'l}n

The corresponding statistic can be used to test the two lowest observa-
tions. Grubbs derived the distribution of the test statistic and gave
a table of rejection constants, The test was proposed on intuitive
grounds and no optimum properties are claimed, Since the test is easy
to apply, however, and is perhaps widely used, some numerical results

for its performance will be given here,

4,2 Performance of Grubbs' Test

As before, we investigate the probatility that X, and Xy assumed

to be the true outliers, are significant, without regard to whether

other observations are significant. The pevformance index is thus

n
z (g%,

pr { 252 < d )
o 2
z (xi_x)
i=1

where
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n Xi
Xy = % —%
12 1=3 N2
Since
n n X, +x. 2
-2 _ - 2 , 2(n-2) ;- 1 72 1,
-z (x;-%)" = =z (Xi"’xle) Ml (xle ) g (xexp)
- i=]1 i=3%
we have as the peffcrmance
1
Pr { . < d )
2(11..:2) (i Xl +X2)2 +£ (x y )2 npa
14 n 27 2 2“1
= —
- 2
TR
i=3
1
° - -
-
, X
. n->
(h.1)
12
=Pr{ —— > 2o L 1)
X2 dn Q
w3 7
=Pr { F' > (a.i_..l)“_;é}

n,o

where Xég ig noncentral X? with 2 d. £, X§m3 is ordinary X2 with n=3%
d,f., and F' is npncentral F with 2 and n.3 d,f, If the two outliers
have mean.), the noncentrality parameter is 2(n-2)/n lgg say 2K,

Tang (1938) gave the following formula for evaluation of non-

-central F probabilities if the degrees of freedom of the denominator X2

‘ is even:
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; b1
(4.2) P =Pr { FI<F_} = e’K(l“'x‘) x5 ¥P-1 I T,
II o — L
i=1
where
.1 Y& e C fyme = X
a =3 [numerator X~ degrees of frzeiom] = 5V
1 o2 e " = =
b = 5 [denominator X~ degrgee of freedom] = 3 Vo
p 1
& v,
* Ty
1+ Fa_..J_‘
Vo
l-x
= +b i o+ «X )T
Ti = { (a+b 1*KX>T1_,1 K(1 X)Time}
T, = (a +b - 1 +Kx) =% To=1
1 x .7 70

The performance of Grubbg' test for n = 11 and n = Qi wae evaluated

using formula (4,2), with the results shown in Figure k4.1,

5
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5, COMPARISON OF PROCEDURES AND CONCLUSIONS

5.1 Cemparison of Murphy's and Grubbs' Tests

The performances with o° wnknown of Murphy s (1951) and Grubbs?®
(1950) tests for two outliers with the same distribution are shown in
Figures 5.1 and 5.2 for n=5 and n=11. Murphy's test is superior, as
expectéd from the development of section 3.3 but by a smaller margin for
for n=11.

If the outliers are from different distributions, say of means u+kl
and u+h2, the optimum procedure in the sense of section 3.3 would be

based on the weighted sum of two residuals with the weights proportional

to A and A, But since ll and A,,, or even their ratio, are not likely

1 2

to be known, it may be of interest to consider the performance of

e

Murphy's test for two outliers from the same distribution when in fact
Kl # kge We recall that the performance of Murphy's test involves the
integral of a noncentral t statistic, It follows from (3.9) that the

Consequently, lines

noncentrality parameter is proportional to kl+%20

plane are of the form A +)_ =K,

i A,
of constant performance in the Kl“ 5 1y

Performance of Grubbs® test is an integral of the noncentral F
distribution of expression (L.1). If the outlier means are unequal, the

noncentrality parameter is

A A, 2
12
( )

4 82
2(n-2) (kl”hz)
) +

n 2

Cnl 2.2, 2
=5 (A +)\2) - )\l)\

2

and the curves of constant performance are the family

2.2 N
(n-l)(xl+x2) ~ 2\ h, =K .
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Representative lines of constant performance for Murphy's and Grubbs'
tests are shown in Figure 5.3. The performances associated with the
lines were read graphically, and are accurate to the second place at
most. Nevertheless they suffice to show that if the assumption of equal
outlier means is not met, the superiority of Murphy's test diminishes
rapidly, while Grubbs' test is more robust. If we cannot specify the
shift of one outlier relative to the other, but believe beth have

-8hifted to the right, we may do better with Grubbs' test,

5.2 Comparison of Three Tests

To compare the sequential test with Murphy’s or Grubbs' tests we
can consider Pb’ the probability ol detecting both outliers with the
‘sequential test, along with the single criterion used with the other
tests, If O = .05 for the sequential procedure, however, the avexage
number of observations rejected per sample with ne outliers is
.05 + (005)2 = ,0525, Since the average number of rejectiéns with the
other tests is 20, we choose O = ,02625 to obtain a performance  com-
parable to Py with the seqﬁential test, The comparison still favors
Grubbs' and Murphy's tests somewhat, since the sequential test will
detect a single outlier sometimes when it fails tc detect both, Also,
should it happen that only one outlier exists, the sequential test is
preferable,

Grukbs® test is intended for use when 02 is unknown., A comparison
of the sequential test and Murphy's test for known variance is shown in
Figure 5.4, As expected, Murphy's test shows the better performance,

The sequential performance ie nevertheless reasonably gecd. A given
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performance level can be attained with the sequential procedure with )
about 1o larger than the A needed to attain that performance with
Murphy's test. ' This difference is the price paid for not knowing the
exact number of potential outliers,

Figure 5.5 shows a comparison of the three tests with unknown

variance for n=11 and of Grubbs' and sequential tests with n=P1, The

‘rejection constant for Murphy's test for n=21, O=,02625 is not accu-

rately known. The sequential test, compared on this basis, seems to
have consistently lower performance than either of the other two tests,
The inefficiency of the sequential tests is really serious, however, in
those cases for which P.=0. In other cases the sequential procedure is
not unreasonable, especially il at wmesi on: outlier is expected in the

majority of samples to be examined,

5.5 Conclugions
Based on results obtained in this study the following conclusions
appear reasonable, The conclusions apply cnly to outliers displaced in

mean, and, except where noted, to problems of at most twe cutliers,

5.5,1 Samples Expected to Contain at Mest One Outlier

If a sample is virtually certain to contain at most one cutlier,
one of the sequential tests of Chapter 2 is the best procedure for
outlier testing, The appropriate form of the test should be used,
depending on whether the variance is konown or estimated and whether

one-sided or ‘two-sided alternatives apply,
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5,3,2 Samples with a Predetermined Number of Petential Outliers

If the number of potential eutliers is K > 1 (K knewn), and the
choice is between K outliers or no outliers, a test for the particular
K should be used. Grubbs' and Murphy's tests are preferable to the

-gequential test 1f K=2, If the relative shifts of the outliers are
known, as with outliers equal in mean, Murphy's test should be used
when rejection constants are available, If the relative shifts cannot

be assumed, Grubbs®' test is preferable,

503.3 Samples with an Unknown Number of Outliers, Known Variance

If the number of pptential ourliers is unknewn and the variance is
kpown, the sequential maximum residyal procedure is satisfactory for one

‘or two-outliers and n > 6.

5.3.4 Samples with an Unknown Number of Outliefsp Unknown Variance

If the number qf,potentiél outliers and the variance are beth un-
known, a choice of procedures should be made depending on the serious-
negs of maﬁking by multiple outliers, if present, for the particular
n, v, and & Under conditions for which P. =0, e.g. n +v <15
(approximately) for 0=.05, the sequential test of maximum residual

should be avoided., For somewhat larger n+v the sequential procedure is

satisfactory,

5.3.5 External Studentization if Multiple Outliers Are Suspected

For cases in which the sequential test is inefficient, as for
n +v <15 0=05, or marginal, as for n+v slightly larger, the test
based on external studentization can be preferable to the one based on

internal and external studentization even if v is ag low as 5.
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T. APPENDICES

T-1 Conditions for Which Simultaneous Detection Implies
Sequential Detection

To establish conditions under which simultaneous detection of one
high and one low outlier implies sequential detection, we use the
geometrical representation introduced in section 2.2,3, 1In Figure 7.1
the situation for n=21, v=0, 0=.05 is shown., Only the hyperbolas for
X2 = 17,338 are drawn. To relate this to the second stage rejection

0

of, e.g., X, given that x, was rejected at the first stage we have

- 2 (n-1,v)\2.,2 _ (n-1,v)\2 .n-1 -2 2
(X2'x1 > (woz ) 5. = (woz ) 55 (x2”x1 * Xn-+-v-5]

which leads to

Xg o1

(7.1) t, > T 5
\ <w(n~l,vf) T n-2
a

X2 1

ty <v( T 2 &1 " &l t
w(n_l,v) T n-2
(04

This allows us to show, for the same fixed XEJ the upper and lower

rejection regions for X, and X, at the second stage., These regions have

linear boundaries, The two shaded regions in the figure are the regions

in which x, can be rejected first as a high outlier, followed by x, as

2

a low outlier, and the region in which x, is rejected as low followed by

2

X, as high, The intersection region is that of simultaneous rejection,

1

From the figure we see that for X?S, initial significance of tl

and t2 implies sequential significance, For an algebraic expression of
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- maximum residual test with 02 unknown when n = 21,
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a sufficient condition for this, we can require the point of inter-
section Q to be within the lower second stage X, rejection regions (or

upper second stage xl rejection region). This requirement can be stated

() - 2
(0

( l )2 - n-'l
W(nml,v) n-2
a

(7.2) (E2)2 .

The requirement does not contain ng and hence holds for all X2 if it

holds at all,

For n, v, and O ordinarily of interest, (7.2) can be verified
numerically. In the limit as v —> oo, however, the condition fails,
Figure 7.2 shows the first and second stage rejection regions for xl

and X, with known variance, for n=21, Q=,05. The first stage rejection

regions are

- 2
|xi-x] = lti] > ufoé) = 2,97 i=1,2

and are shown as vertical and horizontal dotted lines,

The second stage rejection regions are given by

= 1 (20) _
%y | = ey w1t > Wos =29

| = 1 (20) _
]xl'xel - ,tl Ta1 tpl > woo5 = 2.9%

and are shown as sloping lines, Simultaneous first stage rejection
regions are shaded in the first and fourth quadrants, and show the

different relation to.second stage rejection depending on whether the

‘outliers are on the same side of the mean,
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7.2 A Generalization of the Neyman.Pearson Fundamental Lemma

Suppose we require a procedure for classifying the observations
xl,xe,uoo;xn as having come from one of the densities fogfl"°°9fm’
such that

(a) Probability of choosing fo when fo is correct is 1-0,

(b) Probability of choosing fi when fi is correct is the same for

i=1,2,000,m,

(c) Probability of a correct decision is maximum, subject to (a)
and (b),
The procedure is to choose £ if Cfo(i) < fi(f)’ i=1,2,...,m; and

choose £ if fi(i) > fj’ i # 1 aod fi(f) > Cfo(§> .

Proof: Let the decision functions be-di(E), i =0,1,o++,m with di=l

where fi is selected and di=O otherwise, Consider the integral

(1.3) [le 4560 + 24,6086 .
, i=1

The required decision procedure is that which maximizes (7.3) subject to
(a) and (b)., Let Do,Dl,oae,qn be the partition of the sample space

corresponding to the procedure

d =1 if cf > f, i=1,2,...,m

di=l if fi > fj’ i #1i and fi > cf0

with c chosen to satisfy (a). Let CpoCise0-,C  be the partition corre-

sponding to any other procedure, say diy also satisfying (a) and (b).
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selects f, and d' selects‘fKe If j=K,

C ¢C o
o 1 Cm

D

)

Dl

D

m

Consider the set SjK’ for which d i

the integral of the form (7.3) over S

and j,K > 0 we have

K is the same for

3

d and d', If j&K

é [ed! (x)£_(x) +Eld;(§) £, (x)]dx = é £ (x)dx < £ £, (x)dx

jK

Similarly if j=O

] led](x)f (x) + = d(x)f, (x)]ax

SoK i=1

and if K=0

jK jK

=_£ [ed (x)£ (x) +
iK

SOK oK

=£ [ed (x)£ (x) +
oK

i__Z_ldi(z) £, (x)]ex .

=] e < of (x)dx
..._._S 0 ' T

iildi ()£, (x)1dx

é [ed) (x) £ (x) +igld{(§)fi(§)]d§ = £ cf (x)dx < £ £4(x)dx

jo

jo jo

=£ [ed (x)£ (x) +
jo



g2
. Hence the integral (73) is smaller with the procedure d’ than with d,

This completes the proof.
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7.3 Tables of Numerical Results

Table 7.1 Performance of sequential maximum residual test of section
2.1.1 vhen x.,%, ~ N(u+r, 1), Xgs e oo Xy ™ N(g,1), A >0

n A . 0=.05 . . a=,01
P, Py P, P, P P

6 1 .096 .007 ~0N1 .027 .001 000
2 . 332 .085 .019 . 138 .017 .002
3 . 694 . 392 . 146 LL22 .158 .035
L .93L . 786 . 469 776 . 537 .213
5 .995 . 966 <797 962 877 . 565
6 1,000 .998 .95k .998 .986 .855
7 1,000 .9Y3 1,000 . 999 971
8 . 999 1.000 . 996
9 1.000 . 1,000

11 1 .080 .003 .001 .024 .000 .000
2 . 346 .065 .028 . 156 .01k .00k
3 - 753 « 370 ., 222 . 512 . 162 075
L .966 . 789 . 626 .872 573 L37h
5 . 997 . 968 911 .989 .903 .TT0
6 1.000 . 998 .989 1.000 .991 .958
7 1,000 - 999 1,000 .996
8 1.000 1.000
9

21 1 .058 .001 .001 .018 .000 .000
2 . 310 .0k .025 . 143 .009 .005
3 . Th3 . 304 .228 . 517 . 130 .085
L . 969 . T46 . 658 . 889 . 532 .has
5 - 999 . 962 ,932 .993 . 890 .824
6 1,000 .998 <90k 1.000 .989 .976
7 1.000 1.000 1.000 .999
8 1.000
9




ok

Table 7.2 Performance of sequential maximum residual test of section
2.1.4 when x, ~ N(p#, 1), x, ~ N(p-2,1), Xgyoto s X ~ N(i,1)
n A a=,05 a=,01
P P P P
a C a C
6 1 117 .008 -040 .001
2 . 525 . 137 .297 .0L3
3 .913 . 576 LT72 o 342
L .996 .92 .980 . 804
5 1.0 .996 1.0 .981
6 1.0 1.0 1.0 .999
11 1 072 .002 .023 .000
2 . 599 .06k <207 .016
3 . 8Ll Lok . 663 . 204
i . 990 .838 .956 . 666
5 1.0 .984 .999 .OL8
6 1,0 -999 1.0 997
21 1 .0L43 .001 .01k .000
2 . 292 .029 o142 .007
3 L7554 271 . 554 .121
L 976 733 .920 . 535
5 1.0 . 963 .997 . 900
6 1.0 <998 1.0 .992
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Table 7.3 Performance of gequential maximum residual test of section
. 2
2,2,1 when Xy5%y ~ N(p+r,6%), Xgyo00 g%y ™ N(u,o-a), A >0,

a = ,05
n X 2 s T e
6 15 1 071 .00k 0
2 . 204 -0l7 0
i 635 o 51T .018
6 929 ' .928 . 178
8 . : SUN1
11, o 1 .0k6 .002 0
2 111 .008 0
L .198 - .132 0
6 .195 - .188 0
8 156 S L1555 0
10 1 - L060. 002 0
2 . 206 .036 0 -
L . 702 . .5k2 039
6 973 965 .299. -
8 999 .91 .631
21 0 1 L0ho - L ;001 -0
' ' 2. 222 . ,028 - . 0
-k 631 - g T 020
6 953 1,939 . 217
8 998 T L9935 . » Shk




Table 7.4  Performance of sequential maximum residual test of section
2,2.1 when X, ~ N(p.+}\l,0'2), X, ~ N(u+k2,02),
Xgpot ooy ™ N(u,o*g), A, =2), >0, a=.05
)\l Pa Pb PVc
n=11 -
v=0
1 .038 .001 0
2 .120 .005 0
L <450 .068 0
6 . 760 .290 0
8 .915 .609 0
n=11
Y=
. 668 .032 0 0
177 .183 .009 .003
2.88 . 538 .066 .028
3.98 .869 .21k J111
5.08 .985 <h31 .2hs
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T.5 Performance of sequential maximum residual test of section 2,2,6

when x

1

a=.05 v =0

~ N(“+l:°2): X

2

~ N(“"h)

2

2. .
U),%ﬂ“ﬂnNNmﬂ),l>%

11

21

} >

DO ONE N

OONE N

.03%6
.109
.243
. 280
.263

.028

-137
. 640
-929
-999

257

605
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Table 7.6 Performance of sequential maximum residual test of séction
2.2,7 with extérnal studentization and with internal and
external studentization when xl,x2'~ N(u+k,02),
x3"’°’xn ~ N(“'}O_E)J A>0, a=.,05

Pa . Pb Pc

A 8/ g gt 1+8Y ¥ .Y
n=| 2 . 267 .20k .076 .051 .022 0
v=15 L .836 .635 .66L . 528 . 366 .018
a=,05 6 »996 .9%9 986 .93L , 886 .178

8 1.0 .983 1.0 .983 .996 Lula
n=11 2 .231 . 206 .054 .0k .029 0
v=10 L .810 . 702 <571 . 558 17 .03%9

6 .987 .973 . 969 .966 .913 .299

8 1.0 .999 1.0 .998 .998 631
n=11 2 .162 . 169 Lokl L031 .025 0
v= L 592 » 503 . 388 . 388 279 ,001
0=,05 6 ,912 .792 .83k .785 .72k .018

8 .989 .999 .980 .95h9 .951 4029

E/ External,

E/ Internal + External,



Table 7.7 Performance of Murphy's test for two outliers when

2
XysXy ~ N(p+r, o ), xB,..,

X~ N(k,0%), A >0

99

2

Performance with 0=,05

Performance with o=,01

Known ¢ A n=6 n=11 n=2]1 n=6 n=11 n=21
1 . 063 . .038 .020 ,020 012 006
2 . 354 <311 240 .187 . 164 121
3 .783 LT84 . 738 . 605 .618 . 570
i 97k . 980 .976 .922 .943 .936
5 .999 1.0 1.0 .995 .998 . 998
Unknown 0'2 Performance with o = ,05
n=h n=6 n=10
A Perf. )» Perf. A - Perf,

. 866 .027 .968 .023 1.186 .026
1.732 .06k 1.937 .092 2,372 .193
2.598 .120 2,905 237 3. 558 . 564
3, L6k .19k 3.873 Lo b, 7Ll 875
4,330 .279 4,841 .654 5.930 .983
5,196 . 370 5.810 .820 7.116 .999

Performance with n=11

A a=.05 0=, 025 o=,01
1.23 .032 .019 .008
2,46 .261 .182 .100
3.69 - 701 .583 ko9
4,92 .951 .901 .780
6.15 . 997 . 990 +959
7.38 1.0 1,0 .996
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Table 7.8 Performamce of Grubbs' test for two outliers when
2 -2
Xy %5~ N(p+r, o), Kgyoooy Ry ~ N(i,0"), A >0 |

Performance -

n Ry o=, 05 a=,025 0=,01
5 1 .029 .01k .006
2 .060 .03%0 .012

4 .178 .091 .036

8 .51L . 299 .129-

12 . 798 . 545 . 264

11 1 .021 .011 .00k
2 <115 .067 .031

3 .358 .2L0 132

I 675 . 526 345

6 <979 939 . 834

21 1 016 .008 .003
2 .132 .085 ~0L5

3 o h77 o373 251

b .849 . 765 <634

6 .999 . 997 . 990




