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1. Introduction and Summary.

In the classical linear estimation set-up, we have
(1) Ey = X0,
where y' = (yl,ﬂ..,yh) is a random vector whose components are uncorrelated
and have equal variance, 0's (QO, 01,...,Qp) is a vector whose elements are
unknown constants and X 1is a matrix of n rows and p+l columns, n>ptl,
which has full rank and whose elements are known constants. Plackett 1(}{7
gives a historical note on the least squares estimator

8 = @x)txy
of 8, for which the following property is well-known, --
(I) Each component 63 of é is the uniformly minimum variance, unbiased,
linear (in y's) estimator of the corresponding component Gj of @,

It can also be easily seen that
(II) For a quadratic loss function for the estimator of each component Qj of
S, the least squares estimators have uniformly minimum risk among the class of
all linear (in y's) estimators with bounded risk.

Lehmann and Hodges 1717 have shown that if we do not restrict ourselves to
estimators which are linear in y's, then the least squares estimators have the
following weaker property, --

(III) If the loss in estimating the true vector @ by another vector B is

(6 -B) (8 -B8), then the least squares estimator is minimax among the class

of all estimators of © if there exists a number Vv such that

Var y, <V, i =1,...y, n, and the family of distributions(3; of (yl”°"yn)

contains the sub-family 8;; of all independent normal distributions of

(yi,...,yn) which satisfy (1) for some 9, and have Var y, =v, i =1,...,n.
In many situations, however, (y, xl,...,xp) follows a (ptl) - variate dis-

tribution on which observations are made and the method of least squares 1is
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applied to estimate the linear regression of ¥y on xl,...,xp, regarding the
x - observations to be non-stochastic. This problem differs from the classical
problem of linear estimation in two respects, --

(a) Instead of (1) the model should be

E/y |27 = xg,

where the elements of the X wmatrix are stochastic, and

(o) the problem being that of estimating the entire regression function
rather than the coefficients of the linear regression individually, the loss
function should be defined in the space of all linear functions of xl"'°’xp’
For reasons given in section 2, the loss in estimating the true regression

function ¢(xly...,xp) by another function w(xl,goo,xp) may be considered

to be of the form,
Jf zrb(xl,...,xp) - \!r(xl,...,xp)_j2 a F(xl,...,xp),
where F is the distribution function of (xl,...,xp).

For the above loss function, it is shown under certain conditions that if
the class of estimates which are linear in y's and have bounded risk is non-
empty, then the estimate obtained by the method of least squares belongs to this
class and has uniformly minimum risk in this class. A necessary and sufficient
condition on F(xl,.q.,xp) is obtained for this class to be non-empty, which
unfortunately is not easy to verify in particular cases and is violated in a
very simple situation. However, by a sequential modification of the sampling
scheme, this condition may always be satisfied at the cost of an arbitrarily
small increase in the expected sample size. It is also shown under certain
further conditions on the family of admissible distributions that the least

squares estimator is minimex 4n the claes of all estimators,

2. Formal statement of the problem.

Let y,'xl,...,xp be real-valued random variables whose Joint distribution

satisfies the following conditions, --



Condition (i). The distribution function F of X)ss00sX) is such that

*(a) for every non-null a' = (aQ,al,,.,,ap), the set
= H + 000t =
5, {(xl, M9,1&]?). agta Xpteosta X 0}

hae probability measure zero,

= E(xdxjf) is finite, J,J' = 0,1,0eeyp, %, = 1.

(0) uyy0 o,

Condition (ii). E/y lxl,...,xp_—/ is a linear function of Xyyees,% , 88Y

¢(X1’.'.°’}.§P) = OO + el xl + oot @pxpo

Condition (iii). V/y 'xl,.‘.?xp__7 = <o , which does not depend on
(xl,...,xp)o
(yi’},cli”°'?xpi)’ i=l;4e4,n, n > ptl, are mutually independent observations
on (y,xl,.o.,xp)e The problem is to estimateAthe regression function

¢(Xl,ceo,xp) =0 _ + lel +o00t GPX

o) p’

or in other words the row vector B©' = (Go, 91,..°,Op), where the loss in-

volved in estimating © by B 1is,

(2) w(e, B) =f[(eo + lel+..,+Opxp)-(Bo+le1+...+Bpxp_)_72 QF ()5 e00s%))
P P
= jfo jio Myge (04 - fBJ.) (65 = By1)
= (e'-g") M (g -8),
where
1 Hop *e “Opj
M = Hor M1 et Hyp

LN 4

Hop  Mip vt Fpp f *
It follows from condition (i) that M is positive definite, and
0 < W (g, Q) < ®

¥This condition is satisfied if x has a continuous distribution and
J

X, = x" or if xl,...,xp are sin x, sin 2X,.e¢., CO8 X, CO8 2X, 0008 o

J



for all B # 9.

The loss function (2) is motivated by the following consideration,
Suppose we are required to predict the value of y associated to a random
observation made on (xl,...,xp) subject to a quadratic loss. If the true
regression function

LN = + +'l'+

¢ (xl, ,xp) 6t 9 % Qp X,

were known, out prediction rule would be
= + .06t

y (xl,..e,xp) e, * 6 x gp X0
and the risk of the procedure would be 02. If however, we use the prediction
rule

' X = +*oee

then the risk would be o> + W (9, B).

3. Optimum property of the least gguares estlmator in the eclasgs of linesar

estimators with bounded risk.

In this section we shall restrict our attendion only to those procedures
which are linear in y's and have bounded risk. Let us denote the class of all

such procedures by tg Then an estimator ¢t € f? 1 if and only if

1°
(3) 20 P
ptlxl prixn nxl
and r(e, t) = B [W(e, t) 7
is a bounded function of Oo, Gl,...,Gp, where each element ﬂji of L is a
function Of Xy;,.eesXy seeesXgyeceyX ), and y' o= (yl,...,yn)° Let
i 1 Xyq eoe xpl
X = 1 Xyp eee xp2
_~1 X9y o Xpn




Then the estimator obtained by the method of least squares is,
t*¥ = (xrx)~t Xy.

Since n > ptl, it follows from condition (ia) that the matrix X bas rank
ptl with probability 1 and therefore t¥ can be uniquely determined for al-
most all samples,

In what follows, E v|x [ U(x,y)_/ stands for E ¥ [ U(x,y) lx__7.

We shall first show that if an estimator ¢ e‘@ 12 then for almost all
X, the conditional expectation of each component of %t given X should be
equal to the corresponding component of @, whatever 6 may be,

For any t ¢( ,» 1t follows from (3) that

n

: P
L R T e I FL (R

where hjj' are functions of X. Let H be a (ptl) x (prl) matrix which has
hjj' in its Jjth row and j'th column. To every ¢t € @ 17 there corresponds
such a matrix H, and to show this correspondence, we shall use the notation

H . Thus if t € @ 12 ‘then

t
() Ejp(e) - @ = B9,

We now prove

Lemma 1, It Eeg

for almost all X.

Proof. By virtue of (4) it will be enough to show that if
p/H, +07>0,
then t ﬁ@ 1° Let t satisfy (3); then we shall show that r (8, t) is un-

bounded., We have

(g, £) = By o (e - By p(8) ) Mt - Eppy (8) y 7

+ By [ Ejlx () - & Ju By |x(8) - @ 17



2 B[ (Bypy(t') - @) M (B (s) - 0]/

Ey /€ H£ M HE 07/

If P/r-'Ht 4 97 > 0, some element of Ht is non-zero with positive probability.

Let that element be one in the joth column of Ht' Let

AJO=(9:93=0 for 3430 .
Then for © e Aj ’
O H M H o = 6 g(X)
t t = 3
= = )
where P/ g(X)> 0/ = 1 and P/ g(X)> Q;7'> 0, since M is positive definite.
Hence there exists & > 0 such that
P(8) = P(/eg(X)>8/ >o0.

Then for 6 € A, ,

2
r(e, t) > E, /¢ Hj'_:M Hy e/ > GJO 5 P(d),

and for any given c, r(g, E) can be made greater than ¢ by choosing

8 in A, with

lgj |> J<hB (B .

0

This completes the proof,

The following corollary is immediate,

Corollary. If ¢t efg 1? then

(5)  x( ) 2§ 3 o0
rie , t) = ¢ sx kgl

’ . P LA R

where 2ji are the elements of the matrix L through which t 1is defined

and they satisfy

n
(6) r i, x,, =1,

X, 2,. x,, =0 for j4 3'=0,1,...,p
=1 Ot O =1 JF I

for almost a1l X.
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. It follows from the above corollary that for ¢t € gl’ r(e, _1'1) does not
depend on ©. Therefore, if we minimize the right side of (5) with respect
A
to £, subject to the conditions in (6), the resulting matrix L will de-

Ji's

fine an estimator

| >
]
>
<

for which

A .
r(e, t) < r(g, t)

for all © eand for arbitrary ¢t € é’ 1°
A
Now the equations giving L are
A
(7) ML =AX
A
(8) LX = I

a.e., where /\ is a (p*1) x (p+tl) matrix of constants and I is the
‘ (p*1) x (p+tl) unit matrix. Solving (7) and (8) we get
A -1
L = (xx)™ xr,

and the resulting estimator

>

t = (xrx)~t x¢ y = t*%, a.e.,
where t* is the estimator obtained by the method of least squares.
But we still do not know whether t* e"@ 1° However, it can be easily

seen that unless ﬁl is empty, ¢t* e'gl. We thus lave

Theorem 1., If ’gl is non-empty, then the least squares estimator t¥ eg 1?
and
r(e, t*) < r(e, t)

for all @ and for arbitrary 1t e 61 with a strict inequality holding if

P/lt=t*7 < 1,

If we denote by 52 the class of estimators which are linear in y's,
then the following corollary is immediate from the fact that r(8 , t*) 1is a

constant for all G.
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7
Corollary. If C? 1 is non-empty, then the least squares estimator t* is

the unique minimax estimator in éfe.

The optimum property of ¥ thus depends on the non-emptiness of é?l
which can be characterized in terms of F(xl’°"’xp)' We have seen that {?l is
non-empty if and only if r(g s E#) is finite, Clearly,

r@, ) = & B tr [xNTN_T.

Let us denote by B the (p+l) x (p+l) matrix of which the (j,J')th element
is the expectation of the corresponding element in (X'X)“l and for any matrix
A, 1let us call the largest of the absolute values of its elements, the nornm
ﬁh& ﬂ, of A , Then a necessary and sufficient condition for é?l being non-
ampby is,

Condition (ic). [[B ]| < ®.

Thus if the joint distribution of (¥, X yeee, xp) satisfies condition (ic)
along with (ia), (ib), (ii) and (iii), then we can delete the phrase "if éfl

is non-empty" in the statements of theorem 1 and its corollary.

4, Minimax property of t* in the class of all estimators;

Let F be the unknown marginal distribution of (xl?;;;, xp) and let
‘é? be the family of admissible distributions of (v, xl,,.o,xp) which have
F as the marginal distribution of (xl,...,xp). In this section we assume
F to satisfy conditions (ié), (ib) and (ic) and the family-é; to satisfy

condition (ii) and

Condition (iv). v = Sup Sup Vg [ylxl,.a.,x 7 < o,
G eé? D =
1’0'., p

where V., Zp y !xl,...,xp ;7 stands for the conditional
variance of y given xl,,..,xp under G.

Condition (v). 'é;includes the class i%L o ©f all G obtained by taking

the product of the distribution F of (xl,...,xp) with a



conditional distribution of y given xl,,go,xp vhich is
normal with mean satisfying (ii) with some © and with
variance v ;
Under - these conditions we shall prove that Ef is & minimax estimate for
©. We shall require the following lemma to prove the minimax property.
TLemma 2. Let A(z) be a mapping from an arbitrary space 2 to the
space of all kxk non-singular matrices such that || A(z) || and
I A(z)‘1 | are both bounded. Let U be a fixed kxk matrix and fbm} a
sequence of real numbers converging to zero., Then,
(a) Det [ A(z) + b, U/ converges to Det A(z) uniformly in z.

such that /[ A(z) + b 97‘1 exists

(b) These exists an integer "My

for m 2 m  and for all z € Z,
(c) I/Aa(2) + b 27-1 - A(z)-1 I converges to zero uniformly in 2z, where
lrk(z) + bm 27_1 is defined to be the matrix each of whose elements is
max [ Sup | A(z) ||, Sup || A(2)7F |7+ 1 if Det [A(z) + b U7 = o.

Z€Z ZEZ

Proof, Suppose max lf Sup “ A(z) "; Sup " A(Z)-l ”; ” U ”;7 = C.
2€Z z€Z

Then (a) follows from the fact that
k .
[Det /A(z) + b U7 - Det A(z) <o lctewt, ar fo [ <.
Since [Det A(z)'ll < L okt , |Det A(z)| > l/bk. ki . Also, it follows
from (a) that there exists an integer mb such that for m > m
Det A(z) - 1/2ck .kt < Det [A(z) + b U/ < Det A(z) + 1/2ck° ki
for all z € Z, Hence for m 2> m  and for all z € Z,
k
[Det /[A(z) + b U/ | >1/2c" . x4,
and therefore (b) follows.
(c) 1is proved s soon as we apply (a) to the determinants of

{A(z) + b U } ,m=1,2,... and all their cofactors.
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Theorem 2. Under conditions (ia), (ib), (ic), (ii), (iv) and (v), the
least squares estimator t¥ is minimax for @ 1in the class of all es-
timators.

Proof ., We shall first prove‘that

(9) Sup r(G, t*) < Sup r(G, t )
Gef?o Ge{}o
for all t-

Since G ef% o is completely described by @, we can write r(g, E)
instead of r(G, E) for arbitrary t where © corresponds to G, and

variastion over’é;o is the same as variation over ©. So we shall show

that

Sup r(9, t*) < Sup r(9, t)
for all t. 2 Suppose there egists g such that
(10) Szp r(e, g) = Sgp r(Q, t*¥) - ¢, € > o.

We shall argue up to a contradiction to (10) and (9) will follow.
Conditions (ib) and (ic) implies that E tr/ (xrx)t M/ exists.
Hence we can find a constant c(e) such that
l ftr[(x'x)‘l M7 R aF(xyg,eeex ) - B tr/(xx)°P M7 | < efav.
x: ) < ele), | xOH< ele) )
Denote the set {X: [[(X'X){| < c(¢), l(xrx)~t | <c(e)l by R(e).

Consider the sequence { gm} of a priori distributions of © such that

— "'(p'i'l)/e 1 [ P
dgm(g) = (2m) exp lr - 15?‘9 _g;7 Zo d Qj .
Since the joint probability differential of (y, Xl,...,xp) under G o
is

} n n
g, (yiX) = ady, =« AP (X, s 9 0e0esX )
g =1 =1 11 pe

where

&g (y|X) = const. exp /- -%;—(1 -X Q) (y -x0)_7/,
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and 6 corresponds to G, we have

A
r(§ t) ‘}ﬁz_ y/n b/?@ £)'M(o- t)gg(le) nl dy, dF(xli,...,xpi'7 de_ (9)

n 0 o
ff/‘ ﬂe £)M(o- t)gg(ylx) at (o) 7 mdy; m dF(xpy,eeerX )

1=1 & i=1 pl
XeR(e) y
= Const. / f/' /(Q—t)' M(Q-t)
XeR(e) Y
x exp/ - 5 [9 (xxe L I)-]'X'_y_] HRXE T) {o- (X0 %+ %1)‘l
P n '
x x40, 7+ exp/~5 zy+-y'X(X'X+ ;;I) X’yjit dy, = dF(xli,uo jL)
j=o i=1 i 1

for sufficiently large m, since the hypotheses of lemma 2 are ensured for
X € R(e) and hence there exists m, such that (X'X + % I)'1 exists for all
m > m, and for all X € R(e). Now for such large values of m and for any

given X and Yy

A A
S (46> m(a-t)

s
x exp/ -z~ {8 -(XX + = 1) y (XX + % I) {e-(X'X + %51 I)'lx'__-[ ) 7
P
X n d e,
J=o J
> f{_@_ (xx+InTxy rwfe- x+ Ity )
9

x exp/- = (0 -(xx+I DTy ) (rx+l1) (@ -(xx+g Nt xy 17

d o

b
N arg

(since M is positive definite)
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e o« I1f we define

. v ooyl vy o+ 2oyt .
4 (XX+mI) Xty ir (X "+mI) exists

1]

(x'x)7} Xty cthervise,

L}

A
then r(g , t)

> f /[’ f(Em-‘g)‘M(gm-g) gg(y_IX) at (0)_7

XeR(e) y *]

X lzl dyi i:.l dF(Xli,ooo,xpi)
- S S %) x ay, 7
B (t_-0)M(t _-8) g (y IX) = dy,
XeR(e) o y &7 mT 2T i=1
n
X dgm(g) 7 dF(Xli”"’xpi)
1=1
- / f[f((x*x + 1 1)ty - (xx o+ x Dt xxe ).
XeR(e) e y

dyi

LU= W

cu L (X2 D) xy - (x4 2 1) x0x 9) x gy (ylv)
- n - % i

n
1 Y 1y lyeyo. ¥ -1
+ (XX + - I)77X'Xe-0 M {(X'X + " 1) X'Xg}—7dgm(—g-)i:ldF(xli’""Xpi)

n
= t v -1 4, t ¥ -1

P f tr /T (X'X + % I)7xx-1) . (XX + Z? )7xex-r hu7

n
X “ dF(X .,...,X .)
=1 1i pl

n
= \g 1 X -1 =7 o
f tr[(x X + m) M_'/ izl dF(Xli, X "xpi) = pm(e ) 88Y.
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It follows from lemma 2 that

lim pm(e) =v / tr[(X'X)'1M7 dF
B —>0 XeR(e)

» « For sufficiently large m,

pyle) > v f tr/(xx)H M7 aF - Y,

XeR(e)

> v E tr[(x'x)‘1 M7 -¢

. » For such large values of m,

r(tm, g) > v E tr[(x'x)‘l M7 -¢

But for all §,
r(g, t*) =v B tr/(X'X)"" M7 = Sup r(9, t¥)
‘ e

Now if (10) is true, then

A
Sup r(@ ,t) = v E tr_['(X'X)"l M/ - e
8

A
< r(tm, t)

for sufficiently large m, which is impossible. Hence (9) holds,
Since g . C g s

Sup r(G,t) < Sup r(G,t)
Ge4 T T Ge% -

0

for arbitrary t. Thus,

Sup r(G, t*) < Sup_ r(G, t) for all t.
2

Ge% Ge%

o
Now Sup r(G, t*¥) = v E tr[(X'X)-l M7= Sup «r(G, t*) .

Ge.?o Ged

Hence Sup r(G, t*) < Sup r(G, t) for all t.
G e g Ge

5. -Remarks,

a) Condition (ic) is not satisfied in general. In fact, it can be easily



1k
seen that for p =1 and for a normal distribution of 15 this condition is

satisfied if and only if n > k, though t¥* can be uniquely determined for al-
most all samples of size 2 or more, |

b) It is obvious that when condition (ic) is not satisfied, the least
squares estimator is inadmissible.

¢) Nothing is known about the uniqueness of t¥ as a minimax estimator
for © or even its admissibility when the conditions of theorem 2 are satis-
fied, According to Stein's Zﬁ§7 conjecture, t* may be shown to be inadmissible.

d) No simple way of verifying condition (ic) is known, However, under the
following modification of the sampling scheme, this condition is always satis-
fied.

Suppose (y, xl,.g.,xp) follows 8 (p+1l)-variate distribution. Let us choose
and fix a constant c, however large. We then call the independent observations
(yi, xli""’xpi)’ i=l,...,n > ptl, on (y, xl,...,xp) having risk of order ¢

or less if and only if H(X'X)'l | < c. Then our sampling scheme is as follows:

Sampling Shceme. Choose and fix a positive constant c, Make n
independent observations on (y, Xl"°°’xp)’ If the x-observations have
risk of order c or less, stop sampling; if not, reject the observations
and repeat the procedure till a set of observations having risk of order
¢ or less is obtained, which is called the set of effective observations
up to a risk of order c,

For any c, the effective observations up to a risk of order c¢ can be con-
sidered to be cbservations on a process (yi, xii,.oe,xéi), i=1l,...,0 for which
yi,.o.,y£ given xli""’xpi’ i=1?...,n, are mutually independent, the re-
gression function of yi on xi,.oa,xé and the copditional variance of yi
given xi,...,xé are the same as those for (y, xl,...,xp), while the margipal
distribution of (xi,...,xé) satisfies condition (ic). Hence if (y, Xl,...,xp)
satisfy condition (ii), then (y*, xi,...,xb) also satisfies condition (ii), and

similarly for condition (iii) or (iv) or (v). It can also be noticed that we
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heve never made use of the independence of (xli""’xpi)’ 1=1,...,n 1in course
of our analysls; all that we required was the independence of (yi,...,yn) given
(xli,..o,gpi), i=1,o..,§4>an§ this property is preserved in the process
(yi, xii,...,xéi), i=1,...,0. Thus we see that under conditions (ia), (ib),
(i1) and (iii), the least squares estimator t* obtained from a set of effec-
tive observations up to a risk of some order c¢ belongs to Té?l, and is the
unique estimator for © having uniformly minimum risk among all members of f? 1
obtained from the same set of observations. Also, under conditions (ia), (ib),
(i1), (iv) end (v), the above estimator is minimax for © in the class of all
estimators obtained from the same set of observations. Under this sampling
scheme, the sample size becomes a random variable with expectation greater than
n but since (X'X)"l exists with probability 1 by virtue of condition (ia),
the increase in the expected sample size over n can be made arbitrarily small
by taking c¢ sufficiently large. Also, since no observation on y is necessary
in order to decide about the effectivenessvof a set of (yi, xli”"’xpi)’i=l’“”n’
and in many practical situations, an observation on (xl,...,xp) is much less
costly than the observation on the associated y, the real increase in the cost
of observations due to the introduction of the above modification in the

sampling scheme may be much less than what appears at first sight.

The author wishes to thank Professor Wassily Hoeffding and Professor S, N.

Roy for making some helpful suggestions.
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