
ABSTRACT 

DWAIRI, HAZIM M. Equivalent Damping in Support of Direct Displacement-Based Design 

with Applications to Multi-Span Bridges. (Under the direction of Dr. Mervyn Kowalsky.) 

This dissertation aimed at contributing to the advancement of Direct Displacement-

Based Seismic Design (DDBD) method in order to ensure its wider acceptance and to enable 

its implementation in future codes. The concept of equivalent linearization of nonlinear 

system response as applied to DDBD for single-degree-of freedom (SDOF) structures was 

evaluated. The evaluation process revealed significant errors in approximating maximum 

inelastic displacements due to overestimation of the equivalent damping values in the 

intermediate to long period range. Conversely, underestimation of the equivalent damping 

led to overestimation of displacements in the short period range. Earthquake characteristics 

had a significant effect on the equivalent damping, resulting in a scatter in estimating peak 

inelastic displacements between 20% and 40% as a function of displacement ductility. New 

equivalent damping relationships for 4 structural systems, based upon nonlinear system 

ductility and maximum inelastic displacement were proposed. The accuracy of the new 

equivalent damping relations was assessed, yielding a significant reduction of the error in 

predicting peak inelastic displacements. Furthermore, a simplified approach was proposed 

to select target displaced shapes for continuous bridges based on the relative stiffness 

between the superstructure and the substructure. The approach, in some cases, minimizes 

the effort and time needed to design multi-span bridge structures because it eliminates the 

need for the iterative approach in selecting target profiles. 
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1. INTRODUCTION  

Bridges has been always known for their structural system simplicity in comparison with 

buildings. However, bridges that were designed to sustain seismic forces did not perform as 

expected in recent earthquakes such as Northridge (California, 1994), Kobe (Japan, 1995), 

and ChiChi (Taiwan, 1999). The unexpected poor performance in the majority of cases was 

attributed to the design philosophy adopted, coupled with poor detailing. Buildings are 

known for developing alternative load paths due to the failure of one or more structural 

elements, resulting in reduced probability of total collapse. In contrast, bridges do not have 

this feature due to little or no redundancy in their structural system, therefore failure of one 

structural member or more results in a higher probability of total collapse than buildings. 

Thus, bridges require special care in the design, particularly in high seismic hazard regions, 

Priestley et al. [1]. 

The current objective of the United States codes for seismic design, such as Uniform 

Building Code (UBC) [2], International Building Code (IBC) [3] and AASHTO Specifications 

[4], is to prevent structure collapse and loss of life. However, the economic losses due to 

earthquakes are extensive and need to be accounted for in the design procedures. Hence, the 

performance-based design concept is well established to meet objectives other than loss of 

life. One of the first documents to lay out tentative guidelines for Performance-Based 

Seismic Engineering (PBSE) is Vision 2000 [5], published by the Structural Engineers 

Association of California (SEAOC) in 1995. This document provided a conceptual 

framework to the development of performance-based seismic engineering. The primary 

objective of PBSE is to design a structure to achieve predictable levels of performance (i.e 

levels of damage) in response to specific seismic hazard levels (i.e earthquake intensities) 

within definable levels of reliability. Performance levels are described in terms of 

displacements as damage is better correlated to displacements rather than forces. The current 

design practices, which are primarily based on forces, do not provide the appropriate means 

to implementing PBSE concepts. Therefore, new design approaches emerged to replace and 

overcome the deficiencies in the current force-based design (FBD) procedures. The new 

design approaches are based on displacements rather than forces. One such approach is 
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2. 

Direct Displacement-Based Design (DDBD) proposed by Priestley [6] in 1993, which aims 

at designing a structure to achieve a prescribed limit state under a prescribed seismic hazard.  

The primary objective of this research is to contribute to the advancement of Direct 

Displacement-Based Design in general, and more precisely for bridge structures. The DDBD 

procedure was comprehensively evaluated for single-degree-of freedom (SDOF) structures. 

Based on the evaluation results, new equivalent damping relationships were proposed to 

better estimate the required capacity of the structure. A simplified approach is suggested as 

well, to eliminate the need for iterative design algorithm for multi-span bridges. 

DISSERTATION ORGANIZATION 

The first part of this dissertation introduces the topic of direct displacement-based design 

(DDBD). The current design practice (FBD) is reviewed along with some of its deficiencies. 

The fundamentals of DDBD are then discussed. And a comprehensive review of equivalent 

linearization approaches since it was proposed in 1930 is presented with major differences 

between the various approaches.  

The second part is based on a paper submitted for publication in the journal 

“Earthquake Engineering and Structural Dynamics”. The paper consists of a comprehensive 

evaluation of Jacobsen’s equivalent damping approach as used in DDBD. Based on the 

research, new equivalent damping relationships are proposed. Shift in the period for the new 

relationships was based on secant stiffness at peak response in order to be compatible with 

the primary assumptions of DDBD. A catalog of one hundred earthquake records and 4 

hysteretic models were considered in the study. 

The third part is also based on a journal paper to be submitted to “Journal of 

Earthquake Engineering”. The paper presents a simplified approach to select a target 

displacement shape for multi-span bridges. The approach can eliminate the need for an 

iterative design procedure in some cases. A set of examples is presented to demonstrate the 

use of both the simplified and iterative design procedures along with an evaluation of the 

DDBD for MDOF bridges. 

Finally, the appendices include three parts; the first includes additional evaluation



 results of the equivalent damping approach for sinusoidal motions and different soil types. 

The second part introduces a “Visual Basic” application that utilizes the DDBD procedure to 

estimate design forces for a multi-degree-of freedom (MDOF) reinforced concrete bridge. 

The application designs a bridge in longitudinal and transverse directions for a specified drift 

limit, which corresponds to a certain level of damage. The application also verifies the design 

through inelastic time history analysis. The third part includes a catalog of 100 earthquake 

records that were used in the evaluation processes discussed in this dissertation. 
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3. FORCE-BASED SEISMIC DESIGN 

Force- or strength-based design is the current state of practice in seismic design. The design 

approach utilizes elastic acceleration response spectra based on a first estimate of structure’s 

period. The structure’s deflections are checked for allowable limits, and design is revised, 

although this iteration is rarely done in practice. The force-based design procedure is 

reviewed briefly in the following steps: 

1. Select initial parameters (i.e column heights, inertia masses and design spectra) based 

on structure geometry and location. A preliminary design for gravity loadings is 

conducted; as a result, a first estimate of member sizes is obtained.  

2. Estimate member stiffnesses based on the size estimates from step one and design 

assumptions. In some cases, gross stiffness is used, while a reduced stiffness is used 

in others to account for member softening. 

3. Based on member stiffnesses and masses (effective seismic mass), either the 

fundamental period is computed in the case of equivalent lateral force approach, or 

periods that correspond to a number of modes are computed through modal analysis. 

For a SDOF representation of the structure, the fundamental period is proposed by 

AASHTO [4] as given in Eq. 1 where W is the weight of the structure and K is the 

structure estimated stiffness. 

gK
WTn 623.31

2π
=  Eq. 1 



4. Determine elastic acceleration (ae) based on the structure period and acceleration 

spectra as shown in Figure 1a. Consequently, the elastic base shear without allowing 

ductile behavior is given as follow: 

))()(( IgmaV eeel =  Eq. 2 

In Eq. 2, I is importance factor dependent on the structure type and me is the effective 

seismic mass. 

5. The design base shear is then determined based on the equal displacement 

approximation as shown in Figure 1b. The elastic base shear is reduced with a force 

reduction factor Rµ to ensure inelastic behavior of the structure, as given by Eq. 3. 

Paulay and Priestley [7] proposed Eq. 4 and Eq. 5 as relationships between R, µ and 

T, where µ is the displacement ductility (∆max/∆y) and T is the structure’s fundamental 

period. 

µR
VV el

D =  Eq. 3 

7.0/)1(1 TR −+= µµ      (0 < T < 0.7 sec) Eq. 4 

µµ =R                               (T > 0.7 sec) Eq. 5 
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Figure 1 Force-Based Design: (a) 5% Acceleration Spectrum (b) Equal Displacement 
Approximation 
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6. Distribute the design base shear to the structure masses as inertia forces. The structure 

is then analyzed under the seismic forces to determine the required moment capacities 

and locations of plastic hinges.  

7. Design the structural members in accordance with capacity design principles. The 

displacements under seismic forces are then computed.  

8. Compare displacements with code-allowable limits. If computed displacements 

exceed code-limits, a redesign is carried out.  

The previous design procedure has a number of problems associated with it. One of 

those problems deals with the equal displacement approximation shown in Figure 1b. FBD 

reduces the elastic base shear to the design level in order to ensure ductile behavior without 

changing the stiffness of the member. However, experimental and analytical studies for 

reinforced concrete and masonry members showed that strength and stiffness are dependent 

on each other. Thus, changing the member strength should results in a change in the stiffness, 

which affects the structure period and design forces.  

A second problem is applying a constant reduction factor for all structural systems of 

a certain class, as well as to all members in a structural system. Consider a bridge 

configuration with three piers at different heights as shown in Figure 2. For simplicity, the 

piers have the same yield (φy) and ultimate (φu) curvatures, and hence the same curvature 

ductility. Yield displacements are approximately proportional to the height square, as shown 

by Eq. 6 where h is the pier height.  

3/2hyy φ=∆  Eq. 6 

If the bridge will deflect in a rigid body translation mode so that the piers will have 

equal top displacements. Since the piers height increases from pier 1 to pier 3 and according 

to Eq. 6, the yield displacements increase in proportion to that height squared. Because of 

equal maximum displacement, the pier displacement ductility decreases from pier 1 to pier 3 

resulting in a different ductility demand in each pier. This contradicts the equal ductility 

demand imposed by applying a constant force reduction factor in FBD to the entire structure. 

For further information on force-based design deficiencies refer to Prietley et al. [8]. 
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4. FUNDAMENTALS OF DIRECT DISPLACEMENT-BASED 

DESIGN 

The direct displacement-based design (DDBD) procedure utilizes the secant stiffness method 

and the equivalent damping approach to characterize the structure that is to be designed, as 

an equivalent linear single-degree-of freedom (SDOF) structure. The DDBD approach aims 

at designing a structure to achieve a selected performance limit state under a selected 

earthquake intensity. The procedure must be combined with capacity design principles to 

ensure that plastic hinges form where intended, and to prevent any non-ductile modes of 

inelastic deformation from occurring.  

In the case of multi-degree-of freedom (MDOF) structures, the DDBD characterizes 

such a structure by an equivalent SDOF oscillator with system mass (Msys) and system force 

(Fsys) based on equal work done by both systems, see Figure 3a. This is based on the 

substitute structure approach developed by Sozen and Shibata in 1976 [9]. The SDOF 

hysteretic behavior is then described in terms of the secant stiffness at peak response (Keff) 

and an equivalent damping that is proportional to the energy dissipated, as shown in Figure 

3b. Equivalent damping is a fictitious value that accounts for the effect of dissipating energy 

on the nonlinear response of a yielding structure. Damping is usually expressed as a function 

of displacement ductility, such relationships are shown in Figure 4a for different types of 

structural members. Procedures for obtaining the relationship between ductility and damping 

will be discussed in the next section, and part II of this dissertation. 

 7



After obtaining the equivalent damping, the design response spectrum is reduced 

through the use of a damping reduction factor. The displacements corresponding to, ξ, 

damping (∆T, ξ%) can be related to the displacements for 5% damping (∆T, 5%) by the 

EuroCode 8 [10] expression given in  Eq. 7 for far field records and Eq. 8 for near 
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     (a) SDOF Simulation                                            (b) Equivalent Linearization 

Figure 3 Equivalent SDOF Structure Characterization 
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       (a) Equivalent Damping vs. Ductility                                  (b) Design Displacement Spectra  

Figure 4 Obtaining Equivalent SDOF Structure Effective Period 

field records. The damped spectra is then entered with the target displacement (∆m), which is 

selected in accordance with the desired performance limit state, to obtain the equivalent 

SDOF structure effective period (Teff), as shown in Figure 4b. The effective period is then 

used to compute the effective stiffness (Keff) and the design base shear (VB) as given by  Eq. 9 

and Eq. 10, respectively. The design base shear is then distributed to the structural elements 

in accordance with their secant stiffnesses at maximum response. The structure is then 
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designed according to capacity design principles in order to guarantee the development of the 

desired failure mechanism.  

5.0
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ξξ TT  Eq. 7 
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ξξ TT  Eq. 8 
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π
=  Eq. 9 

meffBm KVF ∆==  Eq. 10 

5. DESIGN LIMIT STATES 

5.1 System Limit States 

The SEAOC guidelines [5] define a structure performance level as the coupling between 

performance limit state and seismic demand (i.e earthquake intensities), while a performance 

objective is defined as a series of performance levels. Figure 5 shows typical seismic 

performance objectives for buildings, where SP refers to structural element performance 

level and NP refers to nonstructural element performance level. For instance, the “Basic 

Objective” line relates performance levels to earthquake intensities for normal buildings such 

as houses and offices; however, the “Enhanced Objective 1” line relates performance levels 

to earthquake intensities for more important structures such as schools, firehouses and 

hospitals.  

The guidelines define five structural performance levels, SP1 through SP5. These 

vary from effective yielding (not first yield of a first element) of the system at SP1 to a 

collapse limit state at SP5. Performance levels defined between these two limit states are 

somewhat arbitrary. The structural performance limit states suggested by SEAOC are 

illustrated in Table 1 and Figure 6 in terms of displacement limits. For example SP3 

resembles the life safety limit where a structure utilizes 60% of its inelastic drift capacity 
 9



(∆p). However, the near collapse limit state is expected when the structure utilizes 80% of its 

inelastic drift capacity. The guidelines also define 4 seismic hazard levels, EQ-1 through EQ-

IV with probability of exceedence dependent on local seismicity. For instance, in California 

the return periods for these earthquake intensities are, 25 years, 72 years, 2/3 of the MCE and 

the MCE, respectively. The MCE is the Maximum Considered Earthquake with a return 

period of 2,475 years. 

 
Figure 5 Typical Seismic Performance Objectives for Buildings. Ref. [5] 

Table 1 Structural Performance Levels, Ref. [5] 
Structural 
Performance Level 

Qualitative 
Description  

System Displacement 
Limit 

SP-1 Operational ∆y

SP-2 Occupiable ∆y + 0.3∆p

SP-3 Life Safe ∆y + 0.6∆p

SP-4 Near Collapse ∆y + 0.8∆p

SP-5 Collapse ∆y + ∆p

 

5.2 Drift Limits for a SDOF Structure 

Damage is considered strain-related for structural elements and drift-related for non-

structural elements. Thus, for any selected limit state from the previous section, either 

structural or non-structural consideration will control the design. The following section 

applies for structural limit states. 
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Figure 6 Illustration of Structural Performance Levels, Ref. [5]. 

Consider the bridge pier under transverse response shown in Figure 7 where h is the 

height of the pier, which extends from the face of the footing to the center of the 

superstructure, and D is the pier diameter. Also shown in the figure are the bending moment 

and curvature diagrams at maximum response. The actual curvature distribution at yield will 

be nonlinear, however a linear approximation is adopted where φy is computed in terms of the 

first yield  φ’
y,  maximum moment  M  and yield moment  My  as given by  Eq. 11 where first 

yield occurs when the reinforcement closest to the extreme tension fiber yield. As a result, 

the yield displacements may be estimated as in Eq. 12. 

'
y

y
y M

M φφ =  Eq. 11 

3

2hy
y

φ
=∆  Eq. 12 

Assuming plane sections remain plane, the section strain profile under bending is 

shown in Figure 8 where εc is concrete compression strain and εs is reinforcement tensile 

strain. For any given limit state the corresponding material strains are εmc and εms for 

concrete compression and reinforcement tension, respectively. Therefore, there are two 

curvature limit states as given by Eq. 13 and Eq. 14 based on concrete compression and 

reinforcement tension, respectively. The lesser of the two curvatures will be the design 

curvature (φm). 
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Figure 8 Pier Section and Limit State Strains (Section c-c) 

cmcmc /εφ =  Eq. 13 

)/( cdmsms −= εφ  Eq. 14 

Once the design curvature has been established, based on strain criteria, the design 

displacement is calculated as given by Eq. 15. The length Lp is chosen such that the plastic 

displacement (∆p) at the top of the cantilever, predicted by the simplified approach is the 

same as that derived from the actual curvature distribution [7].  

hL
h

pym
y

pym )(
3

2

φφ
φ

−+=∆+∆=∆  Eq. 15 
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The structural drift limit state is computed as ∆m/h, which should be compared with 

the code-specified drift limit for non-structural elements θd, and the lower from both values 

must be used in the design.  
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6. EQUIVALENT DAMPING APPROACH 

6.1 Introduction 

The equivalent linearization concept was first suggested by Jacobsen [11] in 1930. In his 

pioneering paper, Jacobsen attempted to obtain an approximate solution of the steady forced 

vibration with general types of damping. The original nonlinear system involves one 

damping term  as given by  Eq. 16 where m is the mass, k is the original system 

stiffness and x is a harmonic displacement response. 

n
n xc &±

tFkxxcxm n
n Ω=+± sin&&&  Eq. 16 

The previous nonlinear equation was replaced by an equivalent linear equation with 

the damping force replaced by a simpler and equivalent one of the form . The equivalent 

linear system equation of motion is given by  Eq. 17. Note that both systems have the same 

mass and stiffness which results in equal initial periods for both systems. 

xc &1

tFkxxcxm Ω=+± sin1 &&&  Eq. 17 

The damping factor c1 was obtained assuming the response of both systems is 

sinusoidal and of the from x = X.sin(Ω.t – ψ). By equating the work done by both systems 

within a cycle of the response, the equivalent damping as given by Eq. 18 is obtained. 

Jacobsen carried out approximate solution of the forced vibration of a system with constant 

friction and velocity damping for four special cases on three different criteria of equivalent 

viscous damping force. The results were compared to experimental evidence and the three 

criteria gave approximately the same agreement with experiment. However, the one cycle 

criterion was superior at or near resonance. 

dttXcc nnn
n .cos4 2

0

111
1 ∫

Ω
+−− Ω

Ω
Ω≡

π

π
 Eq. 18 



Note that the previous expression is only exact for the case where n = 1, since the 

response is harmonic, however it is approximate for any other case. Also if the equivalent 

system frequency equals the forcing function frequency, a harmonic response is expected and 

the sinusoidal assumption is still valid. Jacobsen’s attempt to approximate the nonlinear 

solution was proven to be successful by the many examples he solved and compared to the 

available exact or numerical solutions. The previous concept was adopted by many 

researchers to approximate the peak response of a yielding system as discussed in section 6.3. 

However, the mechanism by which the response of a yielding structure damps differs from 

the type of damping Jacobsen considered in the original approach. Furthermore, the 

excitation applied to the yielding system was not harmonic as Jacobsen assumed; instead, it 

was random earthquake type excitation. Part-II, section 3 includes a discussion of the added 

uncertainties to the approach that arise by applying it to earthquake excitations. 

6.2 Equivalent Damping for a Yielding Structure 

The equation of motion for a yielding structure is given by  Eq. 19 where k(x) is a restoring 

force that takes different forms. A typical example of a restoring force, known as the bilinear 

hysteresis, is shown in Figure 9. Note that ki is the initial stiffness, keff is the secant stiffness 

at maximum response, xy is the yield displacement and xm is the maximum response. The 

secant and initial stiffnesses are related from geometry by  Eq. 20 where µ is the displacement 

ductility (xm/xy). The energy dissipated by this system through a cycle that passes through the 

peak response (xm) equals the area bounded by the loop as given in Eq. 21 where WNL is the 

energy dissipated by the nonlinear system. 

)().( tFxxkxcxm =±± &&&  Eq. 19 

µ
µ 1+−

=
rrkk ieff  Eq. 20 

)1(
)1)(1(4 2

+−
−−

=
rr

rxkW meffNL µµ
µ

 Eq. 21 

Let us assume that Jacobsen’s assumptions are valid for this problem, and define an 

equivalent linear system (ELS) like the one shown in Figure 10. The equation of motion for 
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this system is given by Eq. 22 and the steady state response is given by  Eq. 23 where Ω is the 

forcing function frequency and Φ is the phase angle. Since kinetic energy and potential 

energy (i.e strain energy) within one cycle of response equal 0, then the total energy 

dissipated by this system is equal to the work done by the damping force as given by Eq. 24 

where  WLS  is the energy dissipated by the equivalent linear system. 

Force

Ki

rKi

Keff

yx mx

Fy

 
Figure 9 Yielding Structure - Bilinear Hysteretic Model 

)sin(1 tFkxxcxm Ω=++ &&&  Eq. 22 

)sin()( Φ−Ω= txtx m  Eq. 23 

[ ] Ω=Φ−ΩΩ= ∫
Ω

 )cos( 1
2

2

0

2
1 π

π

cxdttxcW mmLS  Eq. 24 

m

c1

K

F(t) = F sinΩt

 
Figure 10 Equivalent Linear System Representation 

Recall that ωξ /.2 Kc =  where ω is the fundamental frequency of the equivalent 

system. Replacing ξ by ξeq and substituting in Eq. 24, and assuming that the equivalent 

system is at resonance (i.e Ω = ω) yields the following work done by the ELS: 
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22 meqLS xkW ξ=  Eq. 25 

In order to compute the equivalent damping, the energy dissipated by the original 

nonlinear and equivalent linear oscillators is equated. However, note that we have not 

specified the stiffness of the equivalent system (Eq. 25), hence, the equivalent damping will 

depend on our choice of that stiffness. Firstly, assume that the shift in the period is based on 

the secant stiffness, Keff, as given by Eq. 26 where Ti is the initial period, and then replace the 

stiffness in Eq. 25 by Keff. Equate the energy dissipated by both systems to obtain the 

equivalent damping relation given by Eq. 27. Secondly, select no shift in the period which 

means the equivalent system has the same stiffness of the nonlinear system Ki, which results 

in a different equivalent damping relation as given by Eq. 28. 

1+−
=

rrT
T

i

eff

µ
µ

 Eq. 26 

)1(
)1)(1(2)(

rr
r

effeq −+
−−

=
µµ

µ
π

ξ  Eq. 27 

2
)1)(1(2)(

µ
µ

π
ξ r

ieq
−−

=  Eq. 28 

Figure 11 shows both damping values (based on secant and initial stiffnesses) plotted 

against displacement ductility for a bilinear factor of 10%. The figure also shows the period 

shift based on secant stiffness and apparently the period shift due to initial stiffness is one. 

Clearly, there is a significant difference between both damping values; secant stiffness 

proportional damping has a maximum of 33%, while initial stiffness proportional damping 

has a maximum of 14%. 

Note that the previous damping is a fictitious value proportional to the energy 

dissipated by a yielding structure. This damping value is usually referred to as hysteretic 

damping. However, an elastic viscous damping for any structural system is also specified to 

account for: (1) the non-linearity within the ‘elastic’ range for concrete and masonry 

structures, (2) foundation damping due to soil flexibility, and (3) non-structural damping due 

to hysteretic response of  non-structural elements, and relative  movement  between structural 
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and non-structural elements. Thus, equivalent damping has two components: elastic and 

hysteretic. Elastic damping (ξv) is usually taken between 2%-5% for bridge columns. 

However, hysteretic damping is a function of the energy dissipated by the structural member 

due to ductile response as discussed earlier. Historically, these two values have been always 

added together to obtain the total equivalent viscous damping. However, a recent work by 

Priestley and Grant [12] indicated that viscous and hysteretic damping should not be added 

directly. In order to verify the design developed by DDBD, the assumptions for elastic 

damping made in the design and time history analysis need to be compatible. Therefore, if 

the designed SDOF structure is modeled in the time history analysis with elastic damping 

(ξTH) that is tangent stiffness proportional, then the elastic damping used in the design 

(ξDDBD) should be modified using the following equations: 

THDDBD ξλλξ 21=  Eq. 29 

Bilinear Model: )1)(1(11.0121 r−−−= µλλ  Eq. 30 

Takeda’s Model: )1)(1(095.0121 r−−−= µλλ  Eq. 31 

The factor λ1, given by Eq. 32, is an exact correlation between the damping 

coefficient of the nonlinear model and the equivalent linear structure, as the viscous damping 

remains linear in both cases. It accounts for using elastic damping that is tangent proportional 

in the design and using elastic damping that is initial stiffness proportional in the analysis. 
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Therefore, if a structure is modeled in the analysis with tangent proportional elastic damping 

then only λ1 is needed to correct the design tangent proportional damping. 

rr −+
=

µ
µλ

11  Eq. 32 

6.3 Literature Review 

As mentioned earlier, the equivalent damping approach was first proposed by 

Jacobsen [11] in 1930. Jacobsen aimed at obtaining a simple solution for the steady-state 

response of a nonlinear system. The approach defines an equivalent linear system based on 

the following assumptions: (1) Sinusoidal response (2) Equivalent energy dissipated by both 

systems through one cycle at peak response and, (3) Both systems having the same initial 

period. Jacobsen’s approach works reasonably well for harmonic excitations, however, when 

applied to earthquake excitations the approach shows large errors. Subsequent to Jacobsen’s 

work, many researchers have adopted the concept and developed different definitions of 

equivalent systems, as reviewed by Jennings [13] in 1968. 

In 1974, Gulkan and Sozen [14] introduced the definition of substitute damping. In 

their approach, the effective period corresponds to the secant stiffness at peak response. The 

substitute viscous damping was computed by equating the energy input into the system to the 

energy dissipated by an imaginary viscous damper over the period of excitation as given by 

Eq. 33 where sβ  is the substitute damping, tf is the excitation duration,  is the input 

acceleration and 

y&&

x&  is the relative velocity of the SDOF frame. Using experimental results 

and Takeda’s hysteretic model [15], Eq. 34 was suggested to compute equivalent damping 

for reinforced concrete columns. Gulkan and Sozen compared the results of their approach 

with experimental results and with Jacobsen’s approach, and found them to be in good 

agreement. 
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22 &&&&ωβ  Eq. 33 
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Iwan and Gates [16], in 1979 applied a statistical approach to obtain the optimum 

effective period and equivalent damping. Six different hysteretic models and 12 earthquake 

records were considered in the study. The optimization process was based on minimizing the 

root mean square of errors between the displacement of a nonlinear system and an equivalent 

linear system. Iwan [17], 1980, proposed Eq. 35 and Eq. 36 to estimate period shift and 

equivalent damping ratio for a hysteretic model derived from a combination of elastic and 

Coulomb slip elements.  Ti  is the initial period. 

939.0)1(121.01 −+= µ
i

eff

T
T

 Eq. 35 

371.0)1(0587.0 −+= µξξ veq  Eq. 36 

Kowalsky [18], in 1994 utilized a shift in the period based on the secant stiffness at 

maximum response and Jacobsen’s approach to develop the equivalent damping relationship 

given by Eq. 37. Takeda’s hysteretic model [15] was considered (see Figure 3c) with an 

unloading factor of 0.5 and post yield stiffness equal to zero.  

⎟⎟
⎠

⎞
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⎝

⎛
−+=

µπ
ξξ 111

veq  Eq. 37 

Recently Kwan et al. [19], in 2003 utilized the same approach suggested by Iwan to 

propose empirical relations for equivalent damping and period shift. Six hysteretic models, 

20 ground motions, and periods between 0.1 and 1.5 seconds were considered in the study. 

The proposed equations differ from previous empirical ones by accounting for the type of 

hysteretic model. Kwan et al. proposed Eq. 38 and Eq. 39 for elasto-plastic, moderately 

degrading and slightly degrading hysteretic models (i.e ductile steel and reinforced concrete 

structures).  

µ8.0=
i

eff

T
T

 Eq. 38 
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+= veq  Eq. 39 

More recently, Miranda and Lin [20], in 2004 proposed a new shift in the period and 

equivalent damping relationship based on 72 earthquake time histories. The relationships 

were obtained by minimizing the error for each period as opposed to Iwan’s approach [17] of 

averaging the error over all periods. Miranda and Lin expressed the new relationships in 

terms of strength ratio R as given by Eq. 40 instead of displacement ductility as usual. In Eq. 

40 m is the system mass, Sa ordinate of spectral acceleration and Fy is the system yield 

strength. Period shift and equivalent damping are given by Eq. 41 and Eq. 42, respectively. 

The new proposed relationships showed significant improvement in predicting nonlinear 

system peak response in the short period range of the spectra. 
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7. RESEARCH OBJECTIVES 

As mentioned earlier, the primary objective of this dissertation is to contribute to the 

advancement of DDBD in general and in particular to multi-span bridge structures. The 

objectives of this work are summarized as follow: 

1. The equivalent damping approach has been used for sometime in DDBD despite its 

uncertainties discussed earlier. Thus for the first time, this dissertation aimed at 

evaluating the accuracy of the equivalent damping approach as applied to DDBD 

procedure. It is also aimed at quantifying the scatter in the approach and capturing its 

sources. 
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SUMMARY 

The concept of equivalent linearization of nonlinear system response as applied to direct 

displacement-based design is evaluated. Jacobsen’s equivalent damping approach combined 

with the secant stiffness method has been adopted for the linearization process. Four types of 

hysteretic models and a catalog of 100 earthquake records were considered. The evaluation 

process revealed significant errors in approximating maximum inelastic displacements due to 

overestimation of the equivalent damping values in the intermediate to long period range. 

Conversely, underestimation of the equivalent damping led to overestimation of 

displacements in the short period range, in particular for Teff < 0.4 seconds. The scatter in the 

results ranged between 20% and 40% as a function of ductility, primarily due to earthquake 

characteristics. New equivalent damping relations for 4 structural systems, based upon 

nonlinear system ductility and maximum displacement, are proposed. The accuracy of the 

new equivalent damping relations is assessed, yielding a significant reduction of the error in 

predicting inelastic displacements. Minimal improvement in the scatter of the results was 

achieved, however. 

KEY WORDS 

(1) Equivalent damping, (2) Jacobsen’s approach, (3) Direct displacement-based design and, 

(4) Equivalent linearization. 
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1. INTRODUCTION 

Approximate solutions for nonlinear response of yielding structures have gained a wide 

interest as a simple analysis technique for seismic design procedures, such as Direct 

Displacement-Based Design (DDBD). One of the techniques used involves replacing the 

nonlinear structure with an equivalent linear structure whose maximum displacement 

response will be approximately equal to the original nonlinear structural response. The 

equivalent structure approach was first suggested by Jacobsen in 1930 [1]. At the time, 

Jacobsen suggested an approximate solution of the steady-state response of a nonlinear 

oscillator by defining an equivalent linear oscillator. In Jacobsen’s approach, both oscillators 

have the same natural frequency and dissipate equal energy per cycle of sinusoidal response. 

In 1993 [2], the equivalent structure concept was adopted for Direct Displacement-Based 

Design (DDBD) as a simple means of designing a yielding structure for a predefined 

performance level. 

Among a number of methods used for nonlinear response approximation, Jacobsen’s 

equivalent linearization approach was adopted for Direct Displacement-Based Design DDBD 

because of: (1) its simplicity, (2) the ease with which the relations between hysteretic shape 

and equivalent damping are obtained, and (3) the familiarity with elastic spectra for design. 

Alternative methods, such as inelastic spectra, do not provide sufficient benefit to warrant the 

added complexity, although they certainly could be adopted for DDBD [3]. 

Since Jacobsen proposed the equivalent damping approach in 1930, various 

researchers have adopted the concept. As noted by Jennings in 1968 [4], variations in the 

damping values in the literature are due to the manner in which the period shift is defined. 

Jennings reviewed and compared six earlier methods for obtaining the equivalent linear 

structure and reported a minimum equivalent damping value of 15.9% and a maximum of 

63.7%. Recently, Miranda [5] reviewed four of the most recent approaches used to 

approximate the nonlinear response based on the equivalent structure concept. Gulkan and 

Sozen’s [6] and Kowalsky’s [7] methods utilize a shift in the period based on a geometric 

stiffness definition (i.e. secant stiffness at maximum displacement). However, Gulkan and 

Sozen utilized energy balance to obtain equivalent damping values, while Kowalsky utilized 
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Jacobson’s [1] approach to compute the equivalent damping. Miranda concluded both 

methods yielded reasonably good estimates of maximum displacement in the long period 

range, while both approaches overestimate displacements in the short period range. Iwan [8] 

selected a shift in the period and equivalent damping based on minimizing the error between 

exact and approximate displacements. Miranda [5] concluded that Iwan’s method yielded 

better results in the long period range than the previous two; however, displacements were 

underestimated in the short period range. It is important to point out that empirical equations, 

which have variable period shift, are not directly related to the design base shear. 

Furthermore, these equations usually do not take the hysteretic model shape into 

consideration, which makes them less attached to structural behavior and consequently less 

appealing for design procedures. 

Recently, Ramirez et al. [9] validated the simplified methods of inelastic analysis 

suggested by the 2000 NEHRP provisions. The NEHRP provisions suggest an equation 

similar to Eq. 4 in order to estimate the equivalent damping for a bilinear hysteretic model 

like the one shown in Figure 1. The NEHRP equivalent damping is based on Jacobsen’s 

approach and the secant stiffness method. It will be shown later that the damping values 

given by Jacobsen’s approach are overestimated and need to be reduced. More recently, 

Kwan et al. [10] proposed empirical relations for equivalent damping and period shift 

derived from minimizing the root mean square of errors between the displacements of 

nonlinear systems and equivalent linear system. Six hysteretic models, 20 ground motions, 

and periods between 0.1 and 1.5 seconds were considered. The proposed equations differ 

from previous empirical ones by accounting for the type of hysteretic model. However, they 

yielded close estimates to the equivalent damping given by Iwan’s [8] and Galkan and 

Sozen’s [6] methods for reinforced concrete members.  

The purpose of this paper is to evaluate the accuracy of the equivalent damping 

approach combined with a period shift represented by the secant stiffness to maximum 

response. In addition, it is vital to quantify the scatter in the results and to capture its sources. 

The paper also aims at obtaining corrected equivalent damping relations, if necessary, based 

on the analysis results and statistical analysis. The results of the paper are directly relevant to 

seismic design procedures such as Direct Displacement-Based Design. 
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2. 

3. 

PAPER LAYOUT 

In this paper, Jacobsen’s [1] equivalent damping approach combined with the secant stiffness 

method is evaluated for 4 hysteretic systems, various ductility values, and 100 real 

earthquake records. A review of Jacobsen’s approach is provided with a brief discussion of 

the assumptions made. The assessment algorithm used to evaluate the equivalent damping 

approach is then discussed. Modified equivalent damping relations are obtained based on a 

best fit of the results from 100 earthquakes for the 4 hysteretic systems. 

JACOBSEN’S EQUIVALENT DAMPING APPROACH 

As mentioned earlier, the equivalent damping approach was first proposed by Jacobsen [1] in 

1930. Equivalent linear systems with fictitious equivalent damping were proposed to 

approximate the steady-state response of a damped nonlinear system. The basic assumptions 

in the approach are: 

1. Both systems have the same initial period (i.e. no period shift), 

2. Both systems undergo harmonic steady-state response given by a constant amplitude 

sinusoidal function of the form Xsin(ωt - ψ), 

3. Both systems are at resonance, and 

4. The energy dissipated per cycle of the assumed motion by the nonlinear system 

equals the energy dissipated per cycle by the equivalent system. 

These assumptions are not typically met, especially if the yielding structure is 

subjected to earthquake excitation. Real earthquakes tend to have (1) varied frequency 

content rather than a single excitation frequency, (2) a non-harmonic response and, (3) the 

potential of maximum displacement occurring before transient response has damped out. 

Hence, significant errors are expected in the approach, especially in the short period range 

where responses are more dependent on the fundamental period of the structure. In addition, 

the one cycle criterion suggested by Jacobsen ignores all cycles that take place prior to 

reaching the maximum displacement. Such an assumption is one source of the error in the 



equivalent damping approach. Considering the average value of the energy dissipated 

through all cycles is expected to yield lower equivalent damping values. 

The equivalent damping along with the secant stiffness yields the same period shift 

(Teff/Ti) for all hysteretic models. As a result, the equivalent damping values obtained by this 

approach are usually higher than those obtained by other techniques which consider less 

period shift. Thus, applying the equivalent damping approach for the theoretical case of a 

rigid-perfectly-plastic loop, which dissipates more energy than any other model, results in a 

maximum equivalent damping of 2/π.  

Jacobsen’s equivalent damping combined with the secant stiffness at maximum 

response is applied for a bilinear hysteretic model shown in Figure 1. The Bilinear model 

considered has initial stiffness Ki, secondary stiffness rKi, yield displacement ∆y and 

maximum displacement ∆max. It can be shown that the equivalent system has a period shift 

given by Eq. 1 where Ti is the initial fundamental period of the structure and µ is the 

displacement ductility (∆max/∆y). 
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Figure 1 Equivalent Damping for Bilinear and R-P-P Hysteretic Models 

As mentioned earlier, applying Jacobsen’s approach for the rigid-perfectly-plastic 

loop (R-P-P) shown in Figure 1 yields an equivalent damping value of 2/π. Since equivalent 
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damping is proportional to the energy dissipated by the hysteretic model, the equivalent 

damping for any shape is given by Eq. 2 and Eq. 3 where ξv is the initial elastic damping in 

the nonlinear system, ξhyst is the hysteretic damping due to the energy dissipated, A1 is the 

area of the hysteretic loop and A2 is the area of the R-P-P loop which passes through 

maximum displacement. In Eq. 2, viscous and hysteretic damping are added; however, the 

work by Grant et al. [11] has indicated that viscous and hysteretic damping should not be 

added directly. If the structure exhibits viscous damping which is proportional to tangent 

stiffness, this damping value should be reduced prior to adding it to the hysteretic 

component. Based on time history analyses, Grant et al. [11] identified this factor to be 

dependent upon the level of ductility. However, if the viscous damping term is small (about 

2% or less), the effect of the correction factor is minimal. In this paper, viscous damping and 

hysteretic damping have been added directly as given by Eq. 2.  

hystveq ξξξ +=  Eq. 2 

2

12
A
A

hyst π
ξ =  Eq. 3 

Substituting in the previous equations for the bilinear loop shown in Figure 1, yields 

the equivalent damping relation given by Eq. 4. Application of Jacobsen’s approach to other 

hysteretic models will be discussed in section 5. 
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 Eq. 4 

4. REVIEW OF DIRECT DISPLACEMENT-BASED DESIGN 

Since the equivalent damping approach is directly relevant to the Direct Displacement-Based 

Design procedure (DDBD), it is revised here. The DDBD approach [2] was first proposed in 

1993 as an alternative design procedure for force-based design. The procedure gained wide 

attention and now it is well developed for many types of structures. Direct Displacement-

Based Design aims at designing a structure to achieve a selected target displacement utilizing 
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equivalent elastic system properties and elastic response spectra reduced for equivalent 

damping values. The basic steps of the design procedure for SDOF structures are: 

1. Obtain target-displacement (∆t): Based on strain or drift criteria which define the 

desired level of performance. 

2. Estimate equivalent viscous damping (ξeff): Utilizing the target-displacement and 

estimated yield displacement, equivalent damping values are obtained as discussed in 

the previous section. 

3. Determine equivalent structure period (T ): eff Utilizing the target-displacement and 

elastic spectra reduced for the equivalent damping value from step 2, an effective 

period is determined as shown in Figure 2. 

4. Evaluate effective stiffness (K ) and design base shear (V ):eff B  Utilizing the 

effective period, the target displacement (∆t) and the structure mass (m), effective 

stiffness and design based shear are easily calculated as given in Eq. 5 and Eq. 6, 

respectively. 

2
24

eff
eff T

mK π=  Eq. 5 

teffB KV ∆=  Eq. 6 

The steps of the DDDB approach can be combined into a base shear equation given 

by Eq. 7. In this equation, the 5% damped elastic spectrum is reduced according to 

the equivalent damping ratio in accordance with EuroCode 8 [12]. Also, Eq. 7 

assumes a linear displacement spectrum defined by a corner period, Tc, and corner 

displacement, ∆c, as shown in Figure 2. 

eqc

c

t
B T

mV
ξ

π
+⎟⎟

⎠

⎞
⎜⎜
⎝

⎛ ∆
∆

=
2

74
22

 Eq. 7 

5. Design the structure: For MDOF structures, distribute base shear according to the 

assumed target displaced shape and conduct structural analysis. Design the structure 

in accordance with capacity design principles such that the desired failure mechanism 
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is achieved. For more information on the Direct Displacement-Based Design 

approach, refer to [13]. 
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Figure 2 Determination of Equivalent SDOF Properties 

5. EVALUATION PROCEDURE AND RESUTS 

In order to evaluate the displacement-prediction capability of equivalent linear structures 

(ELS) defined by Jacobsen’s equivalent damping and the secant stiffness method, a large 

number of nonlinear time history analyses (NLTH) were conducted, the parameters of which 

will be described later. In each case, the displacement of the nonlinear oscillator was 

obtained using inelastic time-history analysis (NLTH) and compared with the displacement 

of the equivalent linear structure (ELS). Since equivalent damping values vary with the 

hysteretic model considered, four models were selected for this study as shown in Figure 3. 

The selected parameters which define the size of the loops, and hence the equivalent 

damping are given in Table 1. The small Takeda model resembles a reinforced concrete 

column, while the large Takeda represents a reinforced concrete beam. The Elasto-Plastic 

model represents a steel member, while the Ring-Spring resembles a post tensioned column 

or wall, as well as a seismic isolation device. 

Applying Jacobsen’s approach as discussed in section 3, Eq. 8 through Eq. 11 result 

for the hysteretic models presented in Figure 3 and Table 1. The relationships represent 

hysteretic damping as a function of displacement ductility. Any initial elastic viscous 

damping should be added to the hysteretic  damping  values.  Hysteretic  damping values and 
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Table 1 Parameters Considered for Hysteretic Models 

Parameter Ring-Spring Large Takeda Small Takeda 

r 0.1 0.0 0.0 
α N.A. 0.0 0.5 
β N.A. 0.6 0.0 
rl 0.04 N.A. N.A. 
rs 1.0 N.A. N.A. 

 

period shifts have been plotted in Figure 4. Since the assumed bilinear factors for Takeda’s 

model and the Elasto-Plastic model are equal to 0.0, the period shifts for both models are 

equal according to Eq. 1. The Ring-Spring model has less period shift since it has a bilinear 

factor of 10%.  

Ring-Spring Hysteretic Model (r = 0.1, rl = 0.04, rs = 1.0): 
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Elasto-Plastic Hysteretic Model: 
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µ
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In order to evaluate the approach comprehensively, a set of 50 oscillators with periods 

between 0.1 and 5.0 seconds at intervals of 0.1 second was selected. In this study 2% elastic 

viscous damping (tangent stiffness proportional, Rayleigh damping) was included in the 

design and analysis for all cases considered. A total of 100 earthquake time histories [14] 
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were used in the evaluation process. The average results from the 100 records are presented 

and discussed in sections 5.4 through 5.7 for all four hysteretic models. 
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(b) Large Takeda (LT) 
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Figure 3 Hysteretic Models Considered in the Study: (a) Ring-Spring (RS) (b) Large 
Takeda (LT) (c) Small Takeda (ST) (d) Elasto-Plastic (EP) 
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Figure 4 (a) Hysteretic Damping vs. Ductility (b) Period Shift in Secant Stiffness 
Method  
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5.1 Evaluation Algorithm 

The equivalent damping approach was evaluated through the direct displacement-based 

design procedure by comparing nonlinear time-history analysis (NLTH) to equivalent linear 

structure (ELS) displacements, and by quantifying the scatter in the results due to 100 

earthquake records. The evaluation procedure is presented below as Procedure One. The 

second procedure illustrates the process of obtaining corrected equivalent damping values in 

order to minimize the error between NLTH and ELS displacements. 

Procedure One: Compare NLTH to ELS displacements for real earthquake records: 

1. Select earthquake time-history and generate elastic response spectra for different 

damping values.  

2. Each point on each spectrum represents an equivalent linear oscillator with ELS 

displacement equal to the spectral displacement, an effective period equal to the 

oscillator’s period and an equivalent damping equal to the spectrum’s damping value. 

3. For each hysteretic model, compute the ductility utilizing the equivalent damping 

value from step 2 and using the relationships given in section 5 (Eq. 8 through Eq. 

11). 

4. Based on period shift and ductility, define the original nonlinear oscillator’s initial 

stiffness and yield strength and run inelastic time-history analysis with the original 

earthquake record used in step 1 to determine the NLTH displacement. Note that the 

RUAUMOKO3D [16] software package was used for the nonlinear time history 

analysis. 

5. Compute the ratio of NLTH to ELS displacements for each earthquake record. Then 

average the values from the 100 earthquake records and calculate the coefficients of 

variation. 

The process discussed in procedure one is illustrated in Figure 5 for the elasto-plastic 

model. The lower line represents the elastic spectrum of a certain earthquake called ‘X’ for 

50% viscous damping. Since 2% initial viscous damping is assumed then the hysteretic 

damping equals 48% which corresponds, approximately, to a ductility of 4 according to Eq. 



11. Substituting the ductility value in  Eq. 1 for r = 0.0 yields a period shift factor of 2. So an 

equivalent elastic structure with effective period Teff = 3.0 seconds and maximum 

displacement ∆ELS represents a nonlinear structure with initial period Ti = 1.5 seconds and 

maximum displacement ∆NLTH. 
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Figure 5 Evaluation Process of the Equivalent Damping Approach 

Procedure Two: Obtain corrected equivalent damping values: 

1. As a result of the assessment algorithm in procedure one, a large number of nonlinear 

oscillators were obtained for the previously mentioned hysteretic models. 

2. Maximum NLTH displacement and displacement ductility were obtained through the 

inelastic time-history analysis. As a result, the actual shift in the period was 

calculated for each of the nonlinear oscillators. For instance, in Figure 5 the NLTH 

oscillator could have an actual period shift other than 2 based on its ductility form the 

NLTH analysis.  

3. Utilizing the actual effective period and the NLTH displacement, a corrected 

equivalent damping was obtained by changing the equivalent damping until the 

spectral displacement (ELS) equals the NLTH displacement at the new Teff. 

4. The corrected damping values were plotted versus actual ductility and a best-fit curve 

was fitted through the data to obtain new relationships for equivalent damping. 

5. The same assessment algorithm discussed in procedure one was used to check the 

accuracy of the new relationships. 
 35
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5.2 Implications of Design Response Spectra on the Evaluation Process 

There are different aspects associated with evaluating approximate linearizing procedures for 

design purposes. One of those aspects is whether to use design or actual earthquake spectra. 

It is important to note that all the evaluation processes in this study were performed for real 

earthquake records. Nonetheless, some discussion of the implication of using smooth, code 

based spectra for design is warranted, and as a result, a small subset of analyses was 

performed. For further elaboration, a design response spectrum is generated using the IBC-

2000 [17] for Soil class C. The spectrum is scaled to 0.5 PGA. Three artificial earthquakes 

were generated using the SIMQKE software [18] to match the design spectra. Also a real 

earthquake record is selected and scaled so that its spectra match the design spectra. The 

artificial and real earthquakes were used to verify the ELS displacements through inelastic 

time-history analysis (NLTH). Viscous damping of 2% was assumed for both ELS and 

NLTH analysis. An elasto-plastic hysteretic model was considered with 50 oscillators and 

two levels of ductility. The design spectrum was reduced for various levels of damping based 

on the EuroCode 8 [12] reduction equation.  

Figure 6 shows the design spectra with the results from the inelastic time-history 

analysis for artificial and real earthquakes. There are two sources of error that are introduced 

when a design spectrum is used for verification of equivalent linearization approaches as 

shown in Figure 6. One source of error relates to the differences between the spectra of the 

artificial records that are generated for the nonlinear analysis used for verification, compared 

to the smooth spectra used for the design. The second source of error relates to the effect 

viscous damping has on elastic response. Referring to Figure 6, it is clear that the nonlinear 

response, which is shown as a nonlinear spectrum, retains the rough shape of the elastic 

spectra. However, elastic spectra for higher levels of damping, which are used in Jacobsen’s 

approach, typically have a smoother shape than that of the nonlinear response. While this 

second source of error is an artifact of equivalent linearization approaches that cannot be 

eliminated, it is magnified when a smoothed design spectrum is used. The additional scatter 

due to this issue would complicate the process of evaluating the equivalent damping 

approach. Therefore, all the analyses conducted in this study were based on response spectra 



for real earthquake records, thus eliminating the errors introduced through the use of design 

spectra that are not intrinsic to equivalent linearization approaches. 
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(a) Displacement Ductility = 2  
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(b) Displacement Ductility = 6 

Figure 6 Design Response Spectra versus Inelastic Time-History Analysis: (a) 
Displacement Ductility = 2 (b) Displacement Ductility = 6 

5.3 Sinusoidal Earthquake Results 

In order to test Jacobsen’s main assumption of sinusoidal response, a number of sine waves 

were used in the evaluation algorithm discussed in section 5.1. Only the results of one sine 

wave are shown in Figure 7. Results for all cases can be found in [19]. Plotted in the figure is 

the ratio of NLTH displacements to ELS displacements against the oscillator’s effective 

period for 4 levels of ductility. The sine wave shown has a circular frequency of 10 radians as 

indicated by the dashed vertical line. It is clear that the earthquake fundamental period 

represents a demarcation point in the results; displacements of SDOF structures with periods 

less than the sine wave period were severely overestimated; NLTH displacements are about 

one quarter of the ELS displacements for all three hysteretic models at a ductility of 4. On the 

other hand, there was a reasonable agreement for periods greater than the sine wave period, 

particularly for hysteretic models with less energy dissipated.  

To further investigate this behavior, the displacement time histories for the nonlinear 

and the equivalent linear oscillators were plotted as shown in Figure 8. In addition, the 

hysteretic behavior for the nonlinear oscillator was also plotted with the linear response of 

the equivalent oscillator. Three oscillators were chosen to represent the results with ratios 

less than one, equal to one, and greater than one. Each oscillator has a different fundamental 
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initial and effective period, ductility and equivalent damping. It was concluded that for the 

cases with a ratio less than one (i.e actual displacements were overestimated), as shown in 

Figure 8a, the displacements were overestimated because the nonlinear oscillator did not 

respond inelastically as assumed. Instead, it remained linear in most of the cases or did not go 

far into the inelastic range in the others.  
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(a) Displacement Spectra 
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(b) Ring-Spring Model 

0.0

0.5

1.0

1.5

2.0

0.0 1.0 2.0 3.0 4.0 5.0

Effective Period (sec)

∆
N

LT
H
 / 

∆
EL

S

µ = 1.5
µ = 2.0
µ = 3.0
µ = 4.0

 
(c) Small Takeda Model 
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(d) Large Takeda Model 

Figure 7 NLTH to ELS Displacements Ratio for Sinusoidal Earthquake 

In the case where the ratio is nearly one, there was good agreement between the 

nonlinear and linear oscillator displacement time-histories. The loops were developed 

gradually with sufficient amount of ductility into the system as shown in Figure 8b. After 

investigating some of the cases where the displacements were underestimated (i.e the ratio 

was greater than one), the hysteretic loops showed a shift in the vibrating position of the 

nonlinear oscillator; as shown in Figure 8c. This behavior could be attributed to a large pulse 

that pushes the structure immediately into the inelastic range, and as a result, as it starts to 

unload it vibrates around a new position which causes the shift in the loops as shown.  
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(a) Displacement Time-History and Hysteretic Behavior for Oscillator 1 (Teff=0.7 sec) 
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(b) Displacement Time-History and Hysteretic Behavior for Oscillator 2 (Teff=0.75 sec) 
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(c) Displacement Time-History and Hysteretic Behavior for Oscillator 3 (Teff=1.05 sec) 

Figure 8 Nonlinear and Equivalent Linear Oscillators Displacement Time-History and 
Hysteretic Behavior for the Takeda Small Loop model, Sinusoidal Earthquake and 

12% Hysteretic Damping 

5.4 Evaluation Results for Ring-Spring (RS) Hysteretic Model 

For any real earthquake record, a damped elastic response spectrum could be generated. For 

this study, the spectra were dividing into 50 intervals between 0.1 and 5.0 seconds and 

Procedure One (described in section 5.1) was followed for the selected hysteretic model. 
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Repeating the previous steps for all 100 earthquake records and averaging the results will 

allow a comparison between NLTH and ELS displacements for that particular hysteretic 

model. The previous steps were followed for all the hysteretic models considered in the study 

and for various levels of ductility. The results are presented in the following sections. 

The average results from 100 earthquake records for the Ring-Spring model are 

shown in Figure 9. It is obvious that Jacobsen’s approach underestimates displacements for 

intermediate to long periods (Teff > 1.0) as a result of overestimating damping. The ELS 

displacements were about 17% less than the NLTH displacements at ductility of 4, despite 

the fact that the Ring-Spring model dissipates less energy and remains self-centered during 

the earthquake. For shorter periods (Teff < 1.0) the opposite behavior was noticed: 

displacements were overestimated as a result of underestimating damping. The scatter of the 

results, which is presented in Figure 9b in terms of the coefficient of variation, is bounded 

between 20% and 30% for long periods, which indicates the dependency of the accuracy on 

earthquake characteristics.  
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Figure 9 Average 100 Earthquake Results for Ring-Spring Hysteretic Model: (a) 
Average NLTH to ELS Displacement Ratio (b) Coefficient of Variation 

5.5 Evaluation Results for Large Takeda (LT) Hysteretic Model  
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The large Takeda model is usually used to represent reinforced concrete beam behavior, 

since it dissipates more energy than the Ring-Spring or Thin Takeda models which in turn 

results in higher damping values. The average results for the large Takeda model are shown 

in Figure 10, and as expected, Jacobsen’s approach overestimates damping for intermediate 

to long period structures. On average, ELS displacements were 25% less than NLTH 



displacements for intermediate and long periods at ductility of 4. The scatter in the results, 

presented in terms of the coefficient of variation shown in Figure 10b, remains the same as 

for the Ring-Spring model. This result indicates that the scatter is due to earthquake 

characteristics, while the type of hysteretic model has less effect on the scatter. One factor 

contributing to the underestimation of displacements, in addition to those mentioned in 

section 3, is the shift in the vibrating position of the structure. It is clear that the equivalent 

damping values for the large Takeda require more correction compared to that needed for the 

Ring-Spring model.  
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Figure 10 Average 100 Earthquake Results for Large Takeda Hysteretic Model: (a) 
Average NLTH to ELS Displacement Ratio (b) Coefficient of Variation 

5.6 Evaluation Results for Small Takeda (ST) Hysteretic Model  

The mean NLTH to ELS displacement ratio along with coefficient of variations for the small 

Takeda model are shown in Figure 11. As expected, Jacobsen’s approach yielded better 

results for the small Takeda than the large Takeda, yet the scatter remained the same. ELS 

displacements in the range of intermediate to long periods were, on average, 10% less than 

the NLTH displacements; while for short periods, in particular less than 0.4 seconds, NLTH 

displacements were overestimated by a factor of 2. It should be noted that the small Takeda 

model produced the best results among all four models considered in the study. 

5.7 Evaluation Results for Elasto-Plastic (EP) Hysteretic Model 

The average NLTH to ELS displacement  ratios for  100  earthquakes  for  the  Elasto-Plastic 
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Figure 11 Average 100 Earthquake Results for Small Takeda Hysteretic Model: (a) 
Average NLTH to ELS Displacement Ratio (b) Coefficient of Variation 

model are shown in Figure 12. The equivalent damping was overestimated in the 

intermediate to long period range while it was underestimated for effective periods less than 

0.3 seconds. As expected, the error in Jacobsen’s approach for this model was significant. 

ELS displacements were, on average, half the NLTH displacements at a ductility of 4. Even 

the scatter in the results was greater than the other models, which suggests it is not only the 

earthquake characteristics that affect the scatter, but also the amount of energy dissipated by 

the hysteretic model. 
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Figure 12 Average 100 Earthquake Results for Elasto-Plastic Hysteretic Model: (a) 
Average NLTH to ELS Displacement Ratio (b) Coefficient of Variation 

6. EQUIVALENT DAMPING MODIFICATION 

Obviously, the equivalent damping is overestimated in the intermediate to long period range 

of the spectrum and requires correction. It was preferred to keep the shift in the period 
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defined in terms of the secant stiffness because of its suitability for design procedures and its 

direct relationship with the design base shear, as given by Eq. 6. By following the correction 

algorithm described in procedure two of section 5.1, corrected relationships between 

equivalent damping and displacement ductility for effective periods greater than or equal to 

1.0 second were obtained. For shorter periods (Teff < 1.0sec), the equivalent damping was 

obtained as a function of ductility and the effective period itself, which is not appealing for 

design. However, the vast majority of structures fall in the range of effective periods greater 

than 1.0 seconds. The modified relations are shown below in Eq. 12 through Eq. 15. 

1. Precast Unbonded Columns, Post Tensioned Masonry Walls and Isolation 

Devices (Ring-Spring): 
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2. Reinforced Concrete Beams (Large Takeda): 
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 3. Reinforced Concrete Columns and Walls (Small Takeda): 
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4. Steel Members (Elasto-Plastic): 
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The hysteretic damping values given in these equations for effective periods greater 

than 1 second are plotted in Figure 13. By comparison with Figure 4a, it is clear that there is 

a significant reduction in the equivalent damping values for intermediate and long effective 

periods. On the other hand, there is an increase in the equivalent damping for effective 

periods less than 1 second. The same evaluation process described in procedure one of 

section 5.1 was adopted to verify the new equivalent damping relationships. Twenty 

earthquakes and 50 oscillators were used in the evaluation process for 5 levels of ductility. 

The results from the 20 records were averaged and presented in Figure 14 through Figure 17.  
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Figure 13 Modified Equivalent Damping Relationships for Teff ≥ 1 Second. 
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Mean NLTH to ELS displacements for the proposed equivalent damping equation 

given by Eq. 12 are plotted in Figure 14. The results indicate good agreement between NLTH 

and ELS displacements, with the results in the intermediate to long period range leaning 

more towards a conservative design. A clear improvement is noticed in the short period range 

for both mean ratio and coefficient of variation. No significant changes in the scatter of the 

results for the intermediate to long period range were noted.  
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Figure 14 Modified 20 Earthquake Average Results for Ring-Spring Hysteretic Model: 
(a) Average NLTH to ELS Displacement Ratio (b) Coefficient of Variation 

Figure 15 shows the average NLTH to ELS displacement ratio and the coefficient of 

variation of the mean values for the proposed equivalent damping equation given by Eq. 13. 

A significant improvement in the results is noticed compared to the results presented in 

Figure 10. However, the scatter in the results for the intermediate and long period ranges 

increased slightly, while a significant reduction is noticed for the short period range. 
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Figure 15 Modified 20 Earthquake Average Results for Large Takeda Hysteretic 
Model: (a) Average NLTH to ELS Displacement Ratio (b) Coefficient of Variation 

Figure 16 shows the average results for the modified equivalent damping equation 

given by Eq. 14. The results are on average conservative with a ratio less than one. A slight 

increase in the scatter of the results for the intermediate to long effective period range is 

noticed. A significant reduction in the scatter is evident for effective periods less than 1 

second.  
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Figure 16 Modified 20 Earthquake Average Results for Small Takeda Hysteretic 
Model: (a) Average NLTH to ELS Displacement Ratio (b) Coefficient of Variation  

Figure 17 shows the average NLTH to ELS displacement ratio and the coefficient of 

variation of the mean values for 20 earthquake records based on Eq. 15. On average, there is 

an apparent improvement in the mean values compared to the results of the original approach 

shown in Figure 12. Furthermore, the results for various ductility values collapsed to a 

narrower band. A slight improvement in the scatter has been achieved for the intermediate to 

long period range; however, a significant improvement is noticed for the short period range. 
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Figure 17 Modified 20 Earthquakes Average Results for Elasto-Plastic Hysteretic 
Model: (a) Average NLTH to ELS Displacement Ratio (b) Coefficient of Variation 

7. CONCLUSIONS 
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Presented in this paper is an extensive evaluation of Jacobson’s equivalent damping approach 

combined with the secant stiffness method. Four hysteretic models were evaluated, namely, 

(1) Ring-Spring, (2) Large Takeda, (3) Small Takeda, and (4) Elasto-Plastic. One hundred 
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earthquake records were used in the evaluation process with various levels of ductility. Fifty 

oscillators were considered with an effective period range between 0.1 and 5.0 seconds. New 

relationships for equivalent damping to be used with the secant stiffness method are proposed 

for 4 structural systems based on the actual inelastic response of the previously mentioned 

hysteretic models. 

Prior to the assessment of Jacobsen’s approach for real earthquake records, the 

fundamental assumptions of the approach were investigated through the use of sinusoidal 

motions. The application of sinusoidal earthquake motion for the Takeda and the Ring-

Spring models yielded reasonably good agreement between NLTH and ELS displacements 

for periods greater than the period of the sine wave period. An evident overestimation of the 

displacements is noticed for periods less than the sine wave period. Further investigation 

revealed that in some cases, the approach underestimates the displacements not only due to 

overestimating damping, but also due to the shift in the hysteretic loops as the oscillator starts 

vibrating around a new equilibrium position. 

Following the study with sinusoidal motion, an extensive evaluation of Jacobsen’s 

approach combined with the secant stiffness method for 100 real earthquakes was conducted. 

The results indicated, on average, an overestimation of the equivalent damping and 

consequently an underestimation of displacements for intermediate to long periods. The 

overestimation of damping is proportional to the amount of energy dissipated and ductility 

level. A large underestimation of the equivalent damping is apparent for short effective 

periods, in particular less than 0.4 seconds. The scatter in the results is proportional to 

ductility and due to earthquake characteristics for the Takeda and Ring-Spring models. The 

scatter ranged between 20% and 40% for intermediate to long periods. In the case of the 

Elasto-Plastic model, the scatter was slightly higher, which could be attributed to higher 

energy dissipation by the Elasto-Plastic model when compared to the other models. 

Modified relations for equivalent damping were proposed. The proposed equations 

take into account the effect of the hysteretic model type and effective period. The new 

relationships are a function of ductility for effective periods greater than or equal to 1 second, 

while they are a function of effective period and ductility for effective periods less than 1 

second. It is important to point out that the new relations are obtained based on average 
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results and are expected to yield reasonably good results. As a result, if the relations are 

applied to single earthquakes there is still the possibility of large errors in estimating inelastic 

displacements. However, as a result of this study, the magnitude of that error is known, 

which will provide some confidence to the engineer using simplified design approaches, such 

as Direct Displacement-Based Design. 
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SUMMARY 

Target-displacement profiles have a significant impact on the end result of direct 

displacement-based design (DDBD). Therefore establishing a realistic and achievable target 

profile is a necessity for the design procedure. In this study inelastic time history analyses 

were conducted for six multi-span bridge configurations. Parameters considered included 

bridge geometry, superstructure and substructure stiffness, abutment type, and earthquake 

record. Three inelastic displacement pattern scenarios were identified: (1) rigid body 

translation (2) rigid body translation with rotation and, (3) flexible pattern. These 

displacement patterns were identified based on the relative stiffness between the 

superstructure and substructure. The first and second scenarios require minimal effort in the 

design, since no iterations are needed to define the target-displacement profile. However, an 

iterative algorithm is presented to design for the third scenario. A series of bridges with 

various configurations was designed using DDBD for rigid body translation and flexible 

superstructure scenarios. The designs for the flexible scenario showed good agreement with 

selected target profiles for bridges with up to 5 spans. However, significant errors in selecting 

target profiles were noted for some bridges with a larger number of spans. 

KEY WORDS 

Inelastic Displacement Patterns; Direct Displacement-based Design; Continuous Bridges. 
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1. INTRODUCTION 

With the advent of performance-based earthquake engineering, the need for a 

comprehensive, yet simple, design approach is significant. Such approaches should allow the 

engineer to control the bridge displacement profile, and hence damage, for a variety of 

performance limit states and earthquake intensities. One such approach is direct 

displacement-based design (DDBD). In the DDBD method, a structure is designed such that 

a predefined displacement limit is achieved when the structure is subjected to a predefined 

earthquake that is consistent with that assumed for the design. The DDBD procedure, when 

applied to single column bridges was shown to provide excellent control over displacements 

and hence damage, across a wide range of column configurations [1]. This was evaluated by 

comparing the maximum displacements from dynamic inelastic time history analyses 

conducted on columns designed with DDBD to the target displacements specified during the 

designs. The DDBD procedure for single-degree-of freedom (SDOF) structures starts with 

selecting a target displacement that corresponds to the desired level of damage. An 

equivalent linear SDOF structure is then characterized by the secant stiffness to maximum 

response and equivalent viscous damping. The required effective period of the equivalent 

structure is then determined using the elastic design spectra reduced based upon the 

equivalent damping value. 

Given the expectation that damage will occur in moderate to large earthquakes, it is 

logical that the design methodology employed should (1) directly address the issue of 

inelastic behavior, and (2) Provide a method for controlling the amount of damage which 

occurs. However, current design approaches, which are predominantly force-based in nature, 

cannot reliably meet these needs largely because forces are poor indicators of damage 

potential. In order to specify damage for a given seismic event, it is necessary to specify 

deformation. While agreement may not be uniform, deformation quantities such as material 

strains are much more reliable indicators of performance than forces. Furthermore, strains 

can be correlated to inelastic displacements, which can then be used in the DDBD approach. 

However, before inelastic displacement can be specified, the mechanisms by which a 

complex structure deforms inelastically must first be understood. As a result, the primary 
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objective of this paper is to develop the tools – specifically, methods for establishing inelastic 

displacement patterns for multi-span bridges, that can then be applied in a direct 

displacement-based seismic design approach. 

The first effort at extending the DDBD approach initially proposed by Priestley [2] to 

multi-span bridges was carried out by Calvi and Kingsley in 1995 [3]. In order to extend the 

procedure to multiple degree of freedom systems (MDOF), it is necessary to first characterize 

an equivalent single-degree-of freedom system with the following parameters: system 

displacement, system damping, and system mass. The equivalent system displacement was 

proposed as the displacement that resulted in work equivalence between the equivalent 

SDOF system and the MDOF system. The equivalent damping was obtained using the 

substitute structure procedure proposed by Shibata and Sozen in 1976 [4], which weighs the 

effective system damping of each element in proportion to the flexural strain energy of each 

element. The equivalent system mass was defined based on force equivalence between the 

SDOF and MDOF systems. Applying these definitions to the design approach resulted in 

reasonable results for simple symmetric systems, however, for more complex systems, gross 

errors between expected and actual displacements occurred.  

Kowalsky [5] [6], proposed a similar definition for an equivalent SDOF system for 

multi-span bridges. The primary difference in characterizing the equivalent SDOF system 

was in the definition of the system damping, whereby the individual member damping values 

were weighted in proportion to the work done by each member. As a result, members such as 

abutments, which dissipate energy through the soil, could be modeled along with the column 

members. A more significant aspect of the research was related to the characterization of the 

target displacement profile. It was proposed that the displacement profile should be obtained 

by performing a modal analysis using reduced stiffness properties to account for the expected 

level of inelastic deformation. Kowalsky [6] proposed the effective mode shape method that 

utilizes column secant stiffnesses in the modal analysis process to establish ‘effective mode 

shapes’. These mode shapes are then used to determine a displacement pattern via modal 

combination. In order to obtain the target-displacement profile, the displacement pattern is 

then scaled such that at least one column reaches its intended damage level based on the 

strain criteria. The approach is iterative in nature and is embedded within the displacement-



 55

2. 

based design procedure. As a result, it can be time consuming although simplified by the use 

of computers. Furthermore, in some cases, such a complex approach may not be needed. 

The research in this paper aims to: (1) Identify the classes of displacement patterns 

typically encountered in bridge design, (2) Identify when such patterns are likely to occur, 

and (3) Apply the results to DDBD while demonstrating its application and providing a suite 

of analysis results for verification. 

EVALUATION OF INELASTIC DISPLACEMENT PATTERNS 

In order to obtain the target-displacement profile, two parameters need to be specified: (1) 

amplitude and, (2) displacement pattern. The amplitude depends on the displacement of the 

critical column, which is defined as the first member to reach its limit state based on a 

presumed displacement pattern. As mentioned earlier, limit states are usually expressed in 

terms of strain levels consistent with the desired levels of damage. Once these strain levels 

are selected, corresponding “damage displacements” are estimated [7] resulting in a damage 

envelope that controls the amplitude of the target-displacement profile. The relationships 

between the damage and its corresponding limit state are beyond the scope of this paper. 

Inelastic displacement patterns depend on the bridge geometry, superstructure and 

substructure stiffness and abutment type. Consider the inelastic pattern scenarios shown in 

Figure 1; scenarios ‘a’ and ‘b’ represent a rigid body translation where all members translate 

the same amount. Such a scenario is expected to occur in the case of a rigid superstructure 

with no eccentricity between center of mass and center of rigidity. Scenarios ‘c’ and ‘d’ 

represent a rigid body translation with rotation, which is expected to occur in the case of a 

rigid superstructure with eccentricity between the center of mass and the center of rigidity. 

The third scenario is the one shown as ‘e’ and ‘f’, which represents a flexible pattern. This 

scenario may correspond to the first mode or higher modes of the structure depending on the 

geometry and regularity of the bridge. 

2.1 Study Parameters and Analysis Algorithm 

In order to identify the inelastic displacement patterns of continuous bridges, a series  of  four 
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Figure 1 Inelastic Displacement Pattern Scenarios for Continuous Bridge Structures, 
Plan View 

span bridge structures subjected to 12 earthquake records was analyzed using inelastic time 

history analysis. The earthquake records were scaled to 1.0g PGA. The bridges considered 

range from regular symmetric to irregular asymmetric as shown in Figure 2. Each of the 

bridges was assumed to be with and without abutment restraint in the transverse direction. In 

the case of a restrained abutment, it was assumed that the superstructure is integrally built 

into the abutment which provides the superstructure with translational stiffness and no 

rotational restraint. Abutment stiffness was estimated for yield displacements of 25mm and 

60mm, based on CALTRANS memo 5-1 [8]. In the structural model used in the analyses, the 

abutments were modeled as translational springs that follow a bilinear with slackness 

hysteresis as shown in Figure 3; a gap of 40mm and a bilinear factor (r) of 5% were used.  
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Figure 2 Muli-Span Bridge Configurations Considered in the Study. 
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Figure 3 Bilinear with Slackness Hysteretic Model, [9]. 

The inelastic displacement patterns are believed to be highly dependent on the 

superstructure to substructure stiffness ratio; hence the superstructure moment of inertia 

around the vertical axis was varied between 5m4 and 500m4, although the majority of bridges 

in practice have moment of inertia values between 50m4 and 150m4. The pier yield strengths 

were varied between 2,000KN.m and 24,000KN.m. All columns were assumed to have a 

diameter of 1.5m and equal reinforcement ratio; as a result all columns have equal yield 

curvature and base moment. The modified Takeda hysteretic model [10] was used to describe 

the column inelastic behavior. Inelastic time history analyses were carried out for all the 

bridges using RUAUMOKO [9], a dynamic analysis software package. Table 1 summarizes 

all the study parameters. The total number of bridge structures analyzed in this study was 

about 16,500. 

Table 1 Summary of Study Parameters. 
Bridge 

Configuration Abutment Type Pier Yield 
Moment (KN.m) 

Superstructure Moment 
of Inertia (m4) 

Earthquake 
Record 

BR7-7-7 Free 2,000 5 Taft 
BR7-14-7 Integral (Dy=25mm) 4,000 10 Pacoima 

BR14-7-14 Integral (Dy=60mm) 8,000 25 El Centro 
BR7-14-14  12,000 50 Duze 
BR7-14-21  16,000 75 Kobe 
BR14-7-21  20,000 100 Northridge 

  24,000 125 Tabas 
   150 Santa Barbara 
   200 Nahanni 
   350 Big Bear 
   500 Gazli 
    El Alamo 
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In order to classify these bridges, the relative stiffness ratio (RS) between the 

superstructure and substructure was used. The deck was modeled as a beam pinned from both 

ends, and its stiffness (Ks) was calculated as the force which will cause a unit displacement 

at mid-span, as shown in Figure 4a. It is well accepted to assume that the deck will remain 

elastic under the design earthquake; therefore, the gross moment of inertia was utilized for 

superstructure stiffness calculations. On the other hand, the piers were modeled as double 

bending cantilevers, and their cracked stiffnesses (Kc) were calculated for a unit 

displacement at the free end, as shown in Figure 4b. The resulting relative stiffness (RS) is 

given by Eq. 1. 
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 Eq. 1 

In Eq. 1 n is number of piers, Ic is pier cracked section moment of inertia, hc is the 

pier height, Is is the deck gross moment of inertia and Ls is the deck total length. 

P=Ks

P=Kc

(I )c cr

(I )s g

(a) Deck Modeling for RS Calculation, (b) Pier Modeling for RS
Calculation, (Elevation)(Plan View)

∆ = 1
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Figure 4 Relative Stiffness (RS) Calculation.  

For each of the cases the displacement envelopes were determined, which in most 

instances were close to the actual displacement profile. In the case where the superstructure 

can be assumed to be rigid, all the points on the deck are expected to translate the same 

amount, which results in a theoretical coefficient of variation for the deck displacements 

equal to 0. However, in the event that the superstructure is rigid with an eccentricity between 

the center of mass and the center of rigidity all the points on the deck are expected to have 

equal rotations, which also results in a 0 coefficient of variation for the deck rotations. In the 

case of a flexible superstructure, the deck is expected to have a flexible displacement pattern 
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with a coefficient of variation greater than 0. It is suggested that if the displacement pattern 

has a coefficient of variation greater than 10%, it should be considered flexible. The 

following section presents and discusses the analyses results. 

2.2 Rigid Body Translation Displacement Pattern (RBT) 

Only symmetric bridges are expected to have a RBT pattern, thus the coefficient of variation 

of displacements envelope was plotted against the relative stiffness as shown in Figure 5 

through Figure 7. As the relative stiffness increases, either the superstructure stiffness 

increases or the substructure stiffness decreases. Note that there is more than one 

combination of superstructure and substructure stiffnesses that results in the same relative 

stiffness. Each symbol on these figures represents one of the earthquakes given in Table 1. 

Shown in Figure 5 through Figure 7 are the results for three symmetric bridges. 

Recall that a bridge with a RBT scenario is defined as having a coefficient of variation of the 

displacement profile, equal to or less than 10%. A RBT scenario was identified for all three 

bridges with free abutments, while no apparent trend was identified for bridges with 

integrally built abutments. Based on the results presented in Figure 5, a bridge with free 

abutments and all piers having the same height could have a RBT scenario if its relative 

stiffness is equal to or greater than 1. In addition, a bridge with the middle pier twice the 

height of the side piers is expected to have a RBT scenario if its relative stiffness is equal to 

or greater than 2, see Figure 6. However, a bridge with the middle pier half the height of the 

side piers is expected to have a RBT scenario if its relative stiffness is equal to or greater than 

3, see Figure 7. Theoretically, bridges with integrally built abutments could have a rigid body 

translation pattern in the case of an extremely rigid superstructure, however, based on the 

results from the previous figures this could only happen for structures with impractical 

relative stiffnesses. At low relative stiffness values (i.e a flexible superstructure or weak 

piers), bridges with free abutments had higher coefficient of variations than bridges with 

integrally built abutments, which could be attributed to the excessive movement of the 

superstructure at the free ends. It is noted that the stiffness of integrally built abutments, 

chosen based on the CALTRANS memo 5-1, did not have any significant effect on the 



inelastic displacement pattern. Also the vast majority of bridges with integral abutments are 

expected to have a flexible scenario with coefficients of variation less than 50%. 
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(a) Free Abutment 
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(b) Integral Abutment, ∆y= 25mm 
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(c)Integral Abutment, ∆y= 60mm 

Figure 5 Coefficients of Variation for the Displacement Envelopes of BR7-7-7  
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(a) Free Abutment 
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(b) Integral Abutment, ∆y= 25mm 
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Figure 6 Coefficients of Variation for Displacement Envelopes of BR7-14-7 
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(a) Free Abutment 
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(b) Integral Abutment, ∆y= 25mm 
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(c) Integral Abutment, ∆y= 60mm 

Figure 7 Coefficients of Variation for Displacement Envelopes of BR14-7-14 

2.3 Rigid Body Translation with Rotation Displacement Pattern (RBTR) 

Shown in Figure 8 through Figure 10 are the results for three asymmetric bridge structures. 

Such bridges with rigid superstructures are expected to exhibit a rigid body translation and 

rotation due to their asymmetric geometry. The coefficients of variation shown are for the 

rotations of all the nodes used to model the deck behavior. Similar to the symmetric bridges, 

it was possible to identify a rigid body translation with rotation displacement pattern only for 
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free abutment bridges, while no such pattern was identified for bridges with integrally built 

abutments. Based on the results presented, a bridge with one side pier half the height of the 

other two is expected to have a RBTR scenario if its relative stiffness is greater than 6. 

However, a bridge of the form L-2L-3L with relative stiffness greater than or equal to 10 is 

expected to have a RBTR displacement pattern. On the other hand, a highly irregular 

asymmetric bridge of the form 2L-L-3L is expected to have a RBTR scenario if its relative 

stiffness is greater than or equal to 12. In Figure 8 through Figure 10, it is apparent that the 

stiffness of the integrally built abutment has no significant effect on the displacement pattern. 

The vast majority of bridges with integral abutments are expected to have a flexible scenario 

with coefficients of variation of deck rotations less than 50%. 
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(a) Free Abutment 
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(b) Integral Abutment, ∆y= 25mm 
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(c) Integral Abutment, ∆y= 60mm 

Figure 8 Coefficients of Variation for Rotation Envelopes of BR7-14-14 
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(d) Free Abutment 
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(e) Integral Abutment, ∆y= 25mm 
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(f) Integral Abutment, ∆y= 60mm 

Figure 9 Coefficients of Variation for Rotation Envelopes of BR7-14-21 
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(g) Free Abutment 
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(h) Integral Abutment, ∆y= 25mm 
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(i) Integral Abutment, ∆y= 60mm 

Figure 10 Coefficients of Variation for Rotation Envelopes of BR14-7-21 
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2.4 Flexible Displacement Pattern 

It is evident based on the previous discussion that the vast majority of bridge structures will 

deform in a flexible mode like the ones shown in Figure 1e and Figure 1f. The flexible 

displacement pattern could be either symmetric or asymmetric based on the bridge geometry 

and stiffness distribution across the bridge. In the case of a flexible superstructure, columns 

are not expected to deform independent of each other like the theoretical case of an infinitely 

flexible superstructure, or deform in the same amount as the rigid body translation case. 

Instead, the displacement pattern is expected to be a function of the bridge mode shapes, 

which in turn are a function of the relative superstructure to substructure stiffness.  

These mode shapes, which should be used to obtain the displacement pattern, are also 

a function of the design limit state. In the case of structures that will be designed for 

essentially elastic limit states, such as the serviceability limit state, it is apparent that the 

mode shapes used to obtain the target profile should be based on elastic properties of the 

structure. However, in the case where structures are designed to the damage-control limit 

states, where members are expected to respond inelastically, it is necessary to consider 

effective properties (secant stiffness to maximum response) of the structure in the mode 

shape calculations. Kowalsky [6] proposed the effective mode shape (EMS) method to obtain 

target-displacement profile for inelastic systems. The method is iterative in nature and 

embedded in the displacement-based design procedure, and it comprises the following steps:  

1. Evaluate Mode Shapes (φj): When identifying a displacement pattern, structure 

properties are not available, thus a first estimate is required to start the procedure. It is 

well accepted to assume that the superstructure will respond elastically, therefore its 

elastic properties should be used. However, it is suggested that a stiffness equal to 

10% of the uncracked section stiffness be applied to columns expected to deform 

inelastically. While a stiffness equal to 60% of the uncracked section stiffness is 

proposed to be used for columns that are expected to remain elastic. If the abutments 

are assumed to deform elastically then 30% of their initial elastic stiffness should be 

used. Once the structure properties have been established, any computer program or 



hand calculations could be used to solve the eigenvalue problem and obtain the mode 

shapes.  

2. Evaluate Modal Participation Factors (Pj): The modal participation factors can be 

computed as given in Eq. 2. 

j
T
j

j
j M

Mr
P

φφ
φ

=  Eq. 2 

Where M represents a diagonal mass matrix and r is a unit vector. 

3. Evaluate Bent Modal Displacements: Compute the expected modal displacement of 

each bent according to  Eq. 3 where index i represents the bent number, index j 

represents the mode number, φi,j is the modal factor of bent i and mode j, and Sdj is 

the spectral displacement for mode j obtained by entering the 5% damped design 

spectra with the modal period obtained from the modal analysis. 

ijjiji SdP,, φ=∆  Eq. 3 

4. Evaluate Expected Displacement Pattern: Finally, the displacement pattern is 

obtained by any appropriate combination of the modal displacements. Such a 

combination can be computed as square root of the sum of squares (SRSS) as given 

by Eq. 4. However, complete quadratic combination (CQC) is expected to yield better 

results when the natural frequencies of the participating modes in the response are not 

well-separated. 

∑ ∆=∆
j jii

2
,  Eq. 4 

In order to obtain target-displacement profile, the displacement pattern given by Eq. 4 

is then scaled such that none of the column displacements exceed the target 

displacements obtained based upon strain criteria. 

Once the target-displacement profile has been established, the displacement-based 

design steps described in section 3 are followed. As a result, the member design forces are 

known and can be used to compute member secant stiffnesses as given by Eq. 5 where Vi is 

the member design shear force. If the revised secant stiffnesses differ significantly from the 
 63



assumed values, then the revised stiffness values are used in the modal analysis to obtain a 

revised target-displacement profile, and the entire design procedure is repeated again until 

convergence is achieved. 

iieff VK
i

∆= /  Eq. 5 
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3. DDBD PROCEDURE FOR MULTI-SPAN BRIDGE STRUCTURES 

As mentioned earlier, DDBD aims to design a structure to achieve a prescribed limit state 

that may be defined directly from displacements or derived from strain criteria under a 

prescribed earthquake intensity. The procedure utilizes the elastic response spectra reduced 

for an equivalent damping value and the secant stiffness at peak response. The procedure 

characterizes the MDOF structure as an equivalent SDOF based on the substitute structure 

concept [4]. The equivalent SDOF inelastic response is represented by the secant stiffness at 

peak response and equivalent damping value based on Jacobsen’s approach [11]. A flowchart 

of the DDBD procedure is shown in Figure 13 and Figure 14. Note that the flowchart has 

been divided into two figures for clarity. The user must always start with Figure 13, and may 

or may not need the portion of the flowchart shown in Figure 14, depending on the 

characteristics of the displacement pattern. The DDBD procedure for a MDOF bridge is 

discussed in detail in the following steps: 

1. Select a Displacement Pattern: As a starting point, assume the cracked section 

stiffness of all columns is equal to 60% of the uncracked section stiffness. Assume 

also the seismic force carried by the abutments is equal to 30% of the total seismic 

force carried by the bridge. Compute the relative stiffness (RS) and determine 

whether the bridge has a rigid or flexible displacement pattern based upon the results 

from section 2.  

2. Define Target-Displacement Profile: In the case of a rigid displacement pattern, the 

target-displacement profile is obtained by scaling the selected pattern to match the 

critical column limit-state displacement. In the case of a flexible pattern, follow the 

effective mode shape method discussed in the previous section.  



3. Define an Equivalent SDOF Structure: Based on research conducted by Calvi and 

Kingsley [3], an equivalent SDOF structure is established based on equal work done 

by the MDOF bridge and the equivalent SDOF structure. The equivalent SDOF 

structure is described by a system displacement and a system mass as given by Eq. 6 

and Eq. 7, respectively.  

∑
∑

∆
∆

=∆
ii

ii
sys m

m 2

 Eq. 6 

∑ ∆
∆

= ii
sys

sys mM 1
 Eq. 7 

In Eq. 6 and Eq. 7, mi is the inertia mass associated with bent ‘i’ and ∆i is the target-

displacement of bent ‘i’. 

4. Estimate Level of Equivalent Viscous Damping: Utilizing the chosen target 

displacement for each column and estimated yield displacements, the ductility level is 

calculated for each member. Yield displacements are estimated using Eq. 8 and Eq. 9 

where εy is the reinforcement yield strain, D is the circular section diameter and hc is 

the rectangular section depth [12]. 

Circular Concrete Column: Dyy /25.2 εφ =  Eq. 8 

Rectangular Concrete Column: cyy h/10.2 εφ =  Eq. 9 

Utilizing Jacobsen’s approach [11] and assuming an appropriate hysteretic model, a 

relationship between hysteretic damping and ductility is obtained. Such a relationship, 

which was obtained by Dwairi et al. [13], is shown in Figure 11 and given by Eq. 10 

and Eq. 11 for Takeda’s hysteretic model [10]. For instance, a R/C column with 

displacement ductility of 2 is expected to have 8% hysteretic damping. Additional 

0%-5% elastic viscous damping (ξv) should be added to obtain the level of equivalent 

viscous damping in accordance with the approach proposed by Grant et al. [14].  
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µ
µ

π
ξξ vi  Eq. 10 
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R/C Beam: %165
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+=

µ
µ

π
ξξ vi  Eq. 11 

These damping values need to be combined in some form to obtain system damping 

for the equivalent SDOF structure. A weighted average may be computed as given by 
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Figure 11 Hysteretic Damping Relation for Takeda’s Hysteretic Model 

Eq. 12 where Qi is a weighting factor. Three different approaches have been 

suggested to compute the weighting factor; firstly Shibata and Sozen [4] suggested 

that the weighting factor be estimated based on flexural strain energy, secondly, 

Kowalsky [5] [6] proposed that the factor be based on the work done by each column, 

and thirdly, Priestley and Calvi [15] proposed that the weighting factor be based on 

the shear force carried by each member. For the case of a rigid displacement pattern 

and as a starting point for the case of a flexible pattern, the bridge columns are 

assumed to have equal reinforcement, as a result column base moments will be equal 

and shear forces will be inversely proportional to column heights [6] (assuming all 

columns yield). Consequently, the weighing factor given by Eq. 13 could be used, 

where hi is the column height. In the case where some columns remain elastic, the 

weighting factor for these columns is given by Eq. 14 where µi is the displacement 

ductility. Note that in Eq. 14, the displacement ductility of elastic columns is less than 

one. In the case where a portion of the seismic forces is resisted by elastic bending of 

the superstructure, abutment reactions should be included in Eq. 12. In proceeding 
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iterations, the system damping is computed in proportion to the forces obtained from 

structural analysis.  

∑ ∑ ⎟⎟
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Q ξξ  Eq. 12 

Yielded Columns:  Eq. 13 ii hQ /1=

Elastic Columns: iii hQ /µ=  Eq. 14 

5. Determine Effective Period of the Equivalent Structure: Utilizing the system 

target displacement, level of system damping and elastic response spectra for the 

chosen seismic demand, the effective period of the equivalent structure is determined 

as shown in Figure 12. For a design displacement of 0.50m and 10% level of 

equivalent viscous damping, the effective period is estimated to be 3.0 seconds. Once 

the effective period has been determined, effective stiffness and design base shear are 

computed by Eq. 15 and Eq. 16, respectively. 
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Figure 12 Effective Period Evaluation Based on DDBD Procedure 
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6. Check Design Assumptions: Distribute the design base shear in proportion to the 

height inverse as discussed in step 4. Compute the actual initial and secant stiffnesses 

and recalculate the bridge relative stiffness. If the assumption of a rigid displacement 

pattern is still valid go to step 8, otherwise, utilize the computed secant stiffnesses in 

the effective mode shape method to obtain a revised flexible target-displacement 

profile. 

7. Structural Analysis: Once the target-displacement profile stabilizes, distribute the 

base shear as inertia forces to the masses of the MDOF structure in accordance with 

the target-displacement profile as given by Eq. 17 [3]. In this equation Fi are the bent 

inertia forces, VB is the design base shear, index i refers to bent number and n is 

number of bents. Perform structural analysis on the bridge under the inertia loads to 

obtain the design base shear for each column. Secant stiffnesses should be used in the 

structural model analysis in order to be consistent with the DDBD philosophy. At this 

stage of the design column secant stiffnesses are unknown, so as a start, designers 

should assume reasonable values, conduct the analysis and check the displacement of 

the critical column (the first column to reach its limit state), if it does not equal the 

design displacement then the stiffnesses are changed accordingly, and the process is 

repeated until convergence is achieved. 

∑
=

∆∆=
n

i
iiiiBi mmVF

1
)(/)(  Eq. 17 

In the first structural analysis iteration, it is suggested to distribute the base shear to 

the columns as given by Eq. 18 where µi is less than one for elastic columns and 

equal to one for columns that have yielded. Secant stiffnesses are then calculated 

according to Eq. 19 and used in the structural analysis. In  Eq. 18 FAbt is the portion of 

seismic forces carried by abutments, which is assumed to be 30% in the first design 

iteration and revised according to the structural analysis results. 

∑
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iiieff VK ∆= /)(  Eq. 19 

Once the displacement profile obtained from structural analysis converges to the 

assumed target-displacement profile, column secant stiffnesses and abutment forces 

are compared to assumed values. If the values differ significantly then revise the 

target-displacement profile utilizing the effective mode shape method and structural 

analysis forces. Repeat steps 3 through 7, skipping step 6, until column secant 

stiffnesses and abutment forces converge. 

8. Design the MDOF Structure: Design the structure in accordance with capacity 

design principles such that the desired failure mechanism is achieved. Further 

information on the Direct Displacement-Based Design approach can be found in 

Priestley et al. [12]. 
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Figure 13 Direct Displacement-Based Design, Part I  
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4. SAMPLE BRIDGE DESIGNS 

The DDBD procedure described by the previous flow charts was applied to a series of bridge 

structures. Each of the bridges was designed for a drift ratio of 3%. The weight per unit 

length of the superstructure is 200KN/m (including cap beam). Column heights are measured 

to the center of the superstructure depth and were assumed to be fixed at the foundation level 



and monolithically connected to the superstructure. All steel was assigned a yield stress 

455MPa, while concrete compressive strength was 35MPa. The elastic modulus of all 

concrete was 33.7GPa. The design elastic spectra from IBC 2000 [16] with PGA of 0.7g were 

generated for various levels of damping as shown in Figure 15.  

The first example (section 4.1) is a 4 span bridge that was designed for a rigid body 

translation target profile. The second example (section 4.2) consists of a set of 4 bridges with 

flexible target profiles. One of the 4 bridges is designed in detail, while a summary of the rest 

of the designs is provided. The third example (section 4.3) is a set of six- and eight- span 

bridges that were designed with DDBD in order to challenge the design algorithm. 
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(b) Displacement Response Spectra 

Figure 15 IBC-2000 Soil Type C, 0.7 PGA Response Spectra: (a) Acceleration Response 
Spectrum, (b) Displacement Response Spectra 

4.1 Symmetric Bridge with Rigid Body Translation Target Profile 

The first bridge considered in this study is shown in Figure 16. The bridge has a 

superstructure second moment of area of 100m4 and does not have abutment restraint in the 

transverse direction. The target-displacement profile is determined based on a limit state 

defined by 3% drift. As a start, a column diameter of 2.0m is assumed which allows 

calculation of the yield curvature with Eq. 8 and the relative stiffness with Eq. 1. Assuming 

the column cracked moments of inertia to be 60% of the gross moment of inertia, the bridge 

relative stiffness (RS) is computed as follow: 

Relative Stiffness: RS = (8/3)(100/1403)(2 * 83/0.471 + 163/0.471) = 1.06 
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Based on the results shown in Figure 7d and a relative stiffness of 1.06, this bridge is 

expected to deflect in a rigid body translation mode, where all column displacements are the 

same. As a result, the shortest column will control the target-displacement profile of the 

bridge (0.03*8 = 0.24m) as shown in Figure 17. Once the target-displacement profile has 

been established, the equivalent SDOF structure is defined as follows: 

System Displacement: ∆sys = 0.24m 

System Mass: Msys = 140*200/9.805 = 2,856KN/g (100% of total mass) 

Yield Curvature: φ  = 2.25ε /D = 2.25(0.00228/2.0) = 0.00256/m y y
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1
1
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2

h =8m
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3
3

 
Figure 16 Symmetric Multi-Span Bridge with Free Abutments 

0.24m 

 
Figure 17 Presumed Target-Displacement Profile 

For the purposes of yield displacement calculation, a strain penetration of 0.022fydb = 

0.022*455*0.042 = 0.42m is added to the column heights. Thus the yield displacements are: 

∆y1 = ∆y3 = 0.00256*8.422/3 = 0.06m; ∆y2 = 0.00256*16.422/3 = 0.23m. 

Displacement Ductilities: µ1 = µ3 = 0.24/0.06 = 4 ; µ2 = 0.24/0.23 = 1.04 

Column Equivalent Damping: Assuming a 2% elastic damping and utilizing Eq. 10, the 

equivalent damping is computed as follow: 

ξ1 = ξ3 = 2 + (50/3.14)(4 – 1)/4 = 14% 
ξ2 = 2 + (50/3.14)(1.06 – 1)/1.06 = 3% 
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System Damping: Equal reinforcement is selected for all columns. Consequently, base 

moments are also equal and column base shear is inversely proportional to column height 

(since all columns yield). Thus, system damping is computed in accordance with Eq. 12 and 

Eq. 13: 

ξsys = (0.4*14 + 0.2*3 + 0.4*14) = 11.8% 

Effective Period: According to EuroCode 8 [17], the spectral displacement reduction factor 

for the computed system damping is (7/(2+11.8))0.5 = 0.712. Reducing the 5% displacement 

design spectra and entering with the system displacement, the effective period of the 

equivalent structure is found to be 1.38sec. 

Effective Stiffness: Keff = 4π2Msys/(Teff)2 = 4π2(28,000/9.805)/1.382 = 59,200KN/m. 

Base Shear: VB = Keff ∆sys = 59.2 * 0.24 = 14,208KN. 

Distribute the base shear to the columns in proportion to 1/h, which is consistent with 

the basic assumption of equal reinforcement: 

VB1 = VB3 = 0.4 * 14.208 = 5,683KN ; VB2 = 0.2 * 14.21 = 2,842KN. 

Check Basic Assumptions: Compute the actual cracked section moments of inertia and 

revise the estimated relative stiffness. Since the bilinear factor for Takeda’s model used in 

the design equals 0.0, the yield moment is equal to the ultimate moment. As a result, the 

actual cracked section moments of inertia are: 

Icr1 = Icr3 = ((5.683*8)/(33.7*103 * 0.00256) = 0.527m4 (67% of Ig) 
Icr2 = ((2.842*16)/(33.7*103 * 0.00256) = 0.527m4 (67% of Ig) 
Consequently, RS = 0.95 (insignificant change in RS value, which was originally 
estimated as 1.06) 

Design Verification: In order to verify the previous design in terms of meeting the target-

displacement profile and hence damage levels, the bridge was subjected to 4 artificially 

generated earthquakes through inelastic time history analysis. The analyses were performed 

with RUAUMOKO [9], using the Takeda hysteretic model shown in Figure 11 for R/C 

columns to model the pier inelastic action. The artificial earthquakes were generated with the 

computer program SIMQKE [18] to fit the design spectrum. However a certain amount of 

scatter in the artificial records and their associated response spectra is expected. Bridge 



columns were modeled as inelastic members with design yield strength and cracked section 

moments of inertia, while the superstructure was modeled as an elastic member.  

Shown in Figure 18 are maximum displacements from inelastic time history analysis 

with the design target profile. Clearly, the analysis results match the design profile 

reasonably well and also confirm the assumption of a rigid body translation displacement 

pattern. 
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Figure 18 Time History Analysis Results – Symmetric Bridge with Rigid Body 
Translation Target Profile 

4.2 Bridges with Flexible Target Displacement Profiles 

Under this category, a series of 4 multi-span bridge structures, as shown in Figure 19, were 

designed for a 3% drift limit state under the design spectra shown in Figure 15. Only the 

design of one asymmetric bridge, shown in Figure 19d, will be discussed in detail. Further 

information on the design of the other bridges can be found in Dwairi [19]. Each of the 4 

bridges was designed with abutments integrally built to the superstructure. Abutments were 

assumed to be fully restrained against translational movement in the transverse direction. All 

bridge superstructures have a moment of inertia about the vertical axis equal to 50m4.  

• Detailed Design of BR8-16-24  

Since this bridge is expected to have a flexible displacement pattern, the effective mode shape 

method described in section  2.4  is used to determine the target displacement profile. A 2.5m 
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Figure 19 Bridge Configurations Considered for the Design of Flexible Scenarios 

column diameter was selected. As a first estimate, assume the secant stiffness of all columns 

to be equal to 10% of the uncracked stiffness (Kg) and solve the eigenvalue problem. 

Considering the first three mode shapes and following the Effective mode shape method 

steps, the following displacement pattern was obtained: δ  = 0.338, δ  = 0.623 and δ1 2 3 = 

0.520. For this pattern and a drift limit of 3%, the shortest column was determined to be the 

critical column. Thus, scaling the displacement pattern so that the shortest column has a 

displacement of 0.03*8 = 0.24m results in the following target-displacement profile: ∆1 = 

0.240m and ∆  = 0.442m and ∆2 3 = 0.369m. Once the target profile has been established, the 

equivalent SDOF structure is defined as follow: 

System Displacement: The superstructure is modeled with 5 nodes, two of which are pinned 

and have no contribution to the work done by the structure. The masses at the top of the piers 

are: m1 = m2 = m3 = 50*200/9.805 = 1,020KN/g. The system displacement is computed 

according to Eq. 6:  

∆sys = (0.242 + 0.4422 + 0.3692)/(0.24 + 0.442 + 0.369) = 0.370m 

System Mass: The equivalent SDOF structure mass is computed in accordance with Eq. 7: 

Msys = 1,020*(0.24 + 0.442 + 0.369)/0.370 = 2,895KN (94.7% of participating mass) 

Yield Curvature: φ  = 2.25ε /D = 2.25(0.00228/2.5) = 0.00205/my y

Yield Displacements: Adding 0.42m strain penetration to column heights, the column yield 

displacements will be: 
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∆y1 = 0.00205*8.423/3 = 0.048m ; ∆y2 = 0.00205*16.423/3 = 0.184m  
∆y3 = 0.00205*24.423/3 = 0.407m 

Displacement Ductilities: µ1 = 0.24/0.048 = 5 ; µ2 = 0.442/0.0.184 = 2.40   
 µ3 = 0.369/0.407 = 0.905 (elastic) 

Column Equivalent Damping: Utilizing Eq. 10 and adding 2% viscous damping, the 

following equivalent damping values are computed: 

ξ1 = 2 + (50/3.143)(5 – 1)/5 = 14.7% 
ξ2 = 2 + (50/3.143)(2.40 – 1)/2.40 = 11.3% 
ξ3 = 2% 

System Damping: Since at this stage in the design we do not know the inertia forces carried 

by the abutments due to elastic bending of the superstructure, we make an assumption that 

30% of the total shear is carried by the abutments with a damping value of 5%. System 

damping is then calculated in proportion to the shear force carried by each member according 

to Eq. 12 and Eq. 14, assuming equal reinforcement in the columns. Thus, the weighting 

factors and system damping are calculated as follow: 

∑ ii h/µ  = (1/8) + (1/16) + (0.905/24) = 0.225 
Q1 = 0.7*(1/8)/0.225 = 0.388  
Q2 = 0.7*(1/16)/0.225 = 0.194 
Q3 = 0.7*(0.905/24)/0.225 = 0.117 
ξsys = (0.3*5 + 0.388*14.7 + 0.194*11.3 + 0.117*2) = 9.60% 

Effective Period: According to EuroCode 8 [17], the spectral displacement reduction factor 

for the computed system damping is (7/(2+9.6))0.5 = 0.777. Reducing the 5% displacement 

design spectra shown in Figure 15b and entering with system displacement of 0.370m, the 

effective period of the equivalent structure is found to be 1.97 seconds

Effective Stiffness: Keff = 4*(3.143)2*2,895/1.972 = 29,489KN/m 

Base Shear: VB = 29.489*0.287 = 10,918KN 

Recall that 30% of total force is carried by the abutments and equal base moment for 

all columns was assumed in the design, based on that the base shear is distributed as follow:  

VB1 = 0.388*10.918 = 4,241KN 
VB2 = 0.194*10.918 = 2,121KN 
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VB3 = 0.117*10.918 = 1,281KN 

Now, the primary assumption that all columns have secant stiffnesses equal to 10% of 

the uncracked stiffness is checked. The secant stiffnesses and effective moments of inertia 

are computed according to Eq. 20 and Eq. 21 as follow: 

∆= Beff VK  Eq. 20 

)3/()( 3
ceffeff EhKI =  Eq. 21 

Keff1 = 4,141/0.240 = 17,671KN/m ; Keff2 = 2,121/0.442 = 4,796KN/m  
Keff3 = 1,281/0.369 = 3,473KN/m 
Ieff1 = 17,671*83/(3*33.7*106) = 0.089m4 (4% of Ig) 
Ieff2 = 4,796*163/(3*33.7*106) = 0.194m4 (8.7% of Ig) 
Ieff3 = 3,473*243/(3*33.7*106) = 0.475m4 (21.2% of Ig) 

Because of the difference between the assumed secant stiffnesses and computed 

stiffnesses, a second iteration is needed. The second iteration results are shown in Table 2. 

Clearly, there is still some difference between assumed and calculated stiffness values. Two 

additional iterations were carried out until the target-displacement profile stabilized. The 

results from the last iteration are also shown in Table 2. 

Table 2 Summary of Design Iterations (Abt. force = 30% of total shear) 
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Item Abut.1 Column1 Column2 Column3 Abut.2 
 SECOND ITERATION 
Computed Secant Stiffness, Keff.  4.0%Kg1 8.7%Kg2 21.2%Kg3  
 REVISED TARGET DISPLACEMENT PROFILE 
Target Profile (m) 0 0.240 0.378 0.2870 0 
System Displacement. (m) 0.313 
System Mass (KN/g) 2,953 
Displacement Ductility  5.0 2.05 0.706  
Equivalent Damping  14.7% 10.2% 2.0%  
System Damping 10.0% 
Effective Period, Teff (sec) 1.70 
Equivalent SDOF Keff (KN/m) 41,410 
Design Base Shear (KN) 12,946 
 SHEAR FORCE DISTRIBUTION 
Assigned Base Shear  (KN)  5,222 2,611 1,229  
Computed Secant Stiffness   4.9%Kg1 12.9%Kg2 26.1%Kg3  
 FOURTH ITERATION 
Computed Secant Stiffness, Keff.  4.6%Kg1 11.5%Kg2 24.6%Kg3  
 REVISED TARGET DISPLACEMENT PROFILE 
Target Profile (m) 0 0.240 0.384 0.296 0 
System Displacement. (m) 0.318 
System Mass (KN/g) 2,950 
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Table 2 Continue … 
Item Abut.1 Column1 Column2 Column3 Abut.2 
Displacement Ductility  5.0 2.09 0.726  
Equivalent Damping  14.7% 10.3% 2.0%  
System Damping 10.1% 
Effective Period, Teff (sec) 1.73 
Equivalent SDOF Keff (KN/m) 39,120 
Design Base Shear (KN) 12,436 
 SHEAR FORCE DISTRIBUTION 
Assigned Base Shear  (KN)  4,997 2,499 1,210  
Computed Secant Stiffness, Keff   4.7%Kg1 11.8%Kg2 24.9%Kg3  

After the target displacement profile has been established, structural analysis is 

conducted to determine the actual force carried by members. Design base shear is distributed 

to the masses at the top of the columns in accordance with Eq. 17. The inertia forces are: 

F1 = 12,436*(1.02*106*0.24)/9.377*105 = 3,246KN.  
F2 = 12,436*(1.02*106*0.384)/ 9.377*105 = 5,191KN. 
F3 = 12,436*(1.02*106*0.296)/ 9.377*105 = 3,999KN 

The structure is then analyzed under the previous inertia forces utilizing the secant 

stiffnesses from the last iteration, see Table 2. The displacement of the critical column is 

compared with the corresponding target displacement, if both values differ, the column 

stiffnesses are changed accordingly and the analysis is repeated until convergence is 

achieved. The results from the structural analysis are shown in Table 3. 

Table 3 Summary of Structural Analysis 
Item Abut.1 Column1 Column2 Column3 Abut.2 
 FIRST ITERATION 
Assigned Base Shear (KN)  4,997 2,499 1,210  
Analysis Displacement (m) 0 0.229 0.367 0.283 0 
Analysis Base Shear (KN) 971 4,766 2,389 1,158 3,152 
 SECOND ITERATION 
Assumed Base Shear (KN)  4,766 2,383 1,154  
Analysis Displacement (m) 0 0.237 0.378 0.290  
Analysis Base Shear (KN) 1,049 4,701 2,345 1,132 3,210 
Computed Secant Stiffness, Keff  4.4%Kg1 11%Kg2 23.3%Kg3  
 CONVERGENCE ACHIEVED 
 

Note that the forces carried by the abutments are 34.2% of the total design shear force 

which is 4.2% greater than the assumed value. Although this difference is not expected to 

cause a significant change in the target profile, the effective mode shape method is used once 

again with the secant stiffness values and abutment forces based on the structural analysis 



 79

results. The results are shown in Table 4. Finally, conduct structural analysis utilizing 

member effective properties to distribute the design base shear (12,676KN) to the members. 

A summary of the analysis results is shown in Table 5. Since abutment reactions and column 

effective stiffnesses did not change from what was assumed, the design was concluded.  

The design results for all the bridges, shown in Figure 19, are presented in Table 6. 

Note that the number of iterations required to achieve convergence increases with the degree 

of bridge irregularity. Also in all design cases, the shortest column controlled the amplitude 

of the target deflection profile. BR16-8-24 has the smallest system displacement of 0.203m, 

and the shortest effective period, as well. Abutment forces ranged between 27.1% and 34.1% 

of the total design shear. The previous designs were verified through inelastic time history 

analysis. The same verification process described in section 4.1 was followed. The results 

from the time history analysis with the target displacement profile are shown in Figure 20. 

Clearly the effective mode shape method was able to capture the displacement pattern, 

reasonably well, for all the bridges. 

Table 4 Final Design Iteration 
Item Abut.1 Column1 Column2 Column3 Abut.2 
Computed Secant Stiffness, Keff.  4.4%Kg1 11%Kg2 23.3%Kg3  
 REVISED TARGET DISPLACEMENT PROFILE 
Target Profile (m) 0 0.240 0.382 0.293 0 
System Displacement. (m) 0.316 
System Mass (KN/g) 2,951 
Displacement Ductility  5.0 2.07 0.72  
Equivalent Damping  14.7% 10.2% 2.0%  
System Damping 10.0% 
Effective Period, Teff (sec) 1.71 
Equivalent SDOF Keff (KN/m) 40,1000 
Design Base Shear (KN) 12,676 
 SHEAR FORCE DISTRIBUTION 
Assigned Base Shear (KN)  4,791 2,390 1,154  
Computed Secant Stiffness, Keff  4.5%Kg1 11.3%Kg2 24.0%Kg3  

Table 5 Distribution of Final Design Base Shear 
Item Abut.1 Column1 Column2 Column3 Abut.2 
Assigned Base Shear (KN)  4,791 2,390 1,154  
Analysis Displacement (m) 0 0.240 0.383 0.294 0 
Analysis Base Shear (KN) 1,065 4,798 2,401 1,160 3,252 
 CONVERGENCE ACHIEVED 

 



Table 6 Summary of Design Results for 4 Flexible Superstructure Bridges 

Item BR8-16-8 BR8-24-24 BR8-16-24 BR16-8-24 

Top of Pier 1 Target Disp. (m) 0.240 0.240 0.240 0.163 
Top of Pier 2 Target Disp. (m) 0.349 0.396 0.382 0.240 
Top of Pier 3 Target Disp. (m) 0.240 0.307 0.293 0.190 
System Displacement (m) 0.286 0.328 0.316 0.203 
System Mass/Total Mass (%) 96.6 96.0 96.5 97.5 
System Damping (%) 11.0 8.9 10.0 8.8 
Effective Period (sec) 1.61 1.68 1.71 1.04 
Abutment 1 Reaction (KN) 1,757 718 1,065 2,251 
Pier 1 Base Shear (KN) 3,773 5,893 4,798 4,338 
Pier 2 Base Shear (KN) 1,885 1,910 2,401 9,812 
Pier 3 Base Shear (KN) 3,773 1,479 1,160 1,530 
Abutment 2 Reaction (KN) 1,757 3,402 3,252 4,162 
Abutment Force/Total Shear (%) 27.1 30.7 34.1 29.0 
Number of Design Iterations 3 4 4 4 
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(d) BR16-8-24 
Figure 20 Maximum Displacements from Time History Analysis – Flexible 

Superstructure Bridges. 
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4.3 Six- and Eight- Span Bridge Designs 

In this category, the design algorithm shown in Figure 13 was challenged by applying it to 2 

six-span and 2 eight-span bridge structures as shown in Figure 21. A relatively stiff 

superstructure with a moment of inertia about the vertical axis equal to 85m4 was used. A 

column diameter of 2.5m was selected for all 4 bridges. Each bridge was to be designed for 

3% drift under the design spectra shown in Figure 15. The design results are summarized in 

Table 7.  
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Figure 21 Six- and Eight- Span Bridge Configurations Designed with DDBD 

Table 7 Summary of Design Results for Six- and Eight- Span Bridges 

Item BR8-16-
24-16-8 

BR8-12-
16-20-24 

BR8-14-20-
24-20-14-8 

BR8-12-16-
20-24-28-32 

Top of Pier 1 Target Disp. (m) 0.240 0.179 0.215 0.178 
Top of Pier 2 Target Disp. (m) 0.439 0.357 0.420 0.332 
Top of Pier 3 Target Disp. (m) 0.522 0.480 0.587 0.480 
Top of Pier 4 Target Disp. (m) 0.439 0.462 0.656 0.592 
Top of Pier 5 Target Disp. (m) 0.240 0.286 0.587 0.609 
Top of Pier 6 Target Disp. (m) N/A N/A 0.420 0.510 
Top of Pier 7 Target Disp. (m) N/A N/A 0.215 0.298 
System Displacement (m) 0.411 0.388 0.505 0.481 
System Mass/Total Mass (%) 91.4 90.8 87.7 89.1 
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Table 7 Continue … 
Item BR8-16-

24-16-8 
BR8-12-
16-20-24 

BR8-14-20-
24-20-14-8 

BR8-12-16-
20-24-28-32 

System Damping (%) 12.2 10.2 11.8 8.7 
Effective Period (sec) 2.414 2.118 2.925 2.454 
Abutment 1 Reaction (KN) 537 799 735 53.8 
Pier 1 Base Shear (KN) 3,546 4,479 3,300 1,331 
Pier 2 Base Shear (KN) 1,814 3,399 2,296 3,001 
Pier 3 Base Shear (KN) 1,204 2,633 1,725 3,668 
Pier 4 Base Shear (KN) 1,814 2,155 1,442 3,393 
Pier 5 Base Shear (KN) 3,546 1,266 1,725 3,133 
Pier 6 Base Shear (KN) N/A N/A 2,296 2,684 
Pier 7 Base Shear (KN) N/A N/A 3,300 1,050 
Abutment 2 Reaction (KN) 537 2,713 735 1,863 
Abutment Force/Total Shear (%) 8.3 20.1 8.4 9.6 
Number of Design Iterations 4 7 6 11 
 
The previous designs were verified through inelastic time history analysis under the 

same 4 artificial earthquakes used in the previous examples. The maximum displacements 

from time history analysis with target design profiles are shown in Figure 22. Clearly, there 

is good agreement between target-displacement profiles and analysis results. 
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(d) BR 8-12-16-20-24-28-32 
Figure 22 Maximum Displacements from Time History Analysis – 6 and 8 Span Bridges  
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5. EVALUATION OF DDBD FOR MULTI-SPAN BRIDGES 

In order to evaluate the accuracy of DDBD procedure to predict the target-displacement 

profile, 100 bridge design cases were carried out and verified through inelastic time history 

analysis. Parameters considered in the study included bridge geometry as shown in Table 8, 

superstructure stiffness and design spectra. Each bridge was designed for superstructure 

moments of inertia equal to 50m4 and 100m4. The spectra shown in Figure 15 were used 

twice in the design with peak ground acceleration (PGA) equal to 0.7g and 1.0g. A limit state 

that corresponds to 3% drift was considered in the designs. 

Table 8 Bridge Configurations 

Symmetric Bridges Asymmetric Bridges 

BR8-8-8 BR8-16-16 
BR8-16-8 BR8-24-24 
BR16-8-16 BR8-16-24 
BR8-16-16-8 BR16-8-24 
BR16-8-8-16 BR8-24-16 
BR8-8-8-8 BR8-16-24-32 
BR8-16-24-16-8 BR16-8-32-24 
BR16-8-24-8-16 BR8-14-20-24-30 
BR8-16-24-24-16-8 BR8-14-30-24-20 
BR16-8-24-24-8-16 BR8-16-24-32-20-10 
BR8-16-24-32-24-16-8 BR8-8-16-16-24-24 
BR16-8-24-32-24-8-16 BR8-12-16-20-24-28-32 
BR16-24-8-32-8-24-16 BR12-8-16-32-28-24-20 

 

The bridges were subjected to 4 artificial earthquakes that fit the design spectra. The 

maximum displacements from the NLTH analyses were averaged and compared to the target 

displacements. Figure 23 shows the ratio of the NLTH displacements to target displacements 

plotted against column positions across the bridge normalized to the bridge total length. Each 

line represents the average analysis results for one bridge. Clearly, for 4 and 5 span bridges 

the NLTH displacements (∆NLTH) were somewhat less than the design target displacements 

(∆Target). The DDBD procedure was reasonably accurate in predicting the bridge target-

displacement profile, which is implied by the almost uniform ratios across the bridge as 

shown in Figure 23a. On the other hand, the NLTH displacements exceeded the target 

displacements in about half of the 6, 7 and 8 spans cases presented in Figure 23b and 



apparently the design algorithm failed in some of the cases to select a target profile that is 

compatible with the bridge ‘actual’ deflected shape. 

Similar to the symmetric bridges, Figure 24 shows the ratios of the NLTH 

displacements to target displacements against column positions normalized to bridge total 

length for asymmetric group of bridges. The ratios of NLTH to target displacements for the 

cases of 4 and 5 span bridges were evenly distributed about 1, and in most of the cases the 

displacement profile was predicted with a reasonable accuracy. However, for bridges with 6, 

7 and 8 spans as shown in Figure 24b, target displacements were exceeded in the majority of 

the cases. The DDBD procedure failed to select a target profile that is compatible with the 

bridge ‘actual’ deflected shape in about 30% of the 6, 7 and 8 span design cases.  
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Figure 23 Nonlinear Time History Analysis to Target Displacement Ratios for 
Symmetric Bridges: (a) 4 and 5 Span Design Cases (b) 6, 7 and 8 Span Design Cases. 
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Figure 24 Nonlinear Time History Analysis to Target Displacement Ratios for 

Asymmetric Bridges: (a) 4 and 5 Span Design Cases (b) 6, 7 and 8 Span Design Cases. 
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It is important to note that the ratios shown in the previous figures do not exactly 

represent the ratio of the ‘actual’ deflected shape to the target profile displacements; they 

actually represent the ratios of the NLTH displacements envelope to the target profile. 

However, in the majority of the design cases, the maximum NLTH displacements occurred at 

almost the same time, and as a result, the displacements envelope coincided with the actual 

displacement profile. 

In order to shed some light on why the DDBD failed to predict the displacement 

profile of some of the 6, 7 and 8 span bridges, one of the previous design cases was studied 

in more detail. Figure 25 shows a comparison between NLTH maximum displacements and 

target displacements for BR16-24-8-32-8-24-16. The bridge was designed for a 3% drift 

limit, superstructure moment of inertia equal to 50m4 and the design spectra shown in Figure 

15 scaled to 0.7g PGA. The dark line (envelope 1) in Figure 25 represents the maximum 

NLTH displacements of the bridge where member shear forces were obtained based on 

structural analysis under inertia forces as discussed in section 4. Clearly, the effective modal 

analysis (using secant stiffness at maximum response), which forms the basis of the target 

displacement profile, and shear forces distribution do not match the NLTH analysis. For a 

nonlinear SDOF system, the structure may be represented with equivalent linear system that 

is defined by the secant stiffness at peak response and equivalent damping based on the 

amount of energy dissipated. However, for a MDOF system, damping values less than 20% 

have insignificant effect on the mode shapes and damped frequencies [20], which is why the 

modal analysis using effective properties of the structure will not yield a correct target-

displacement profile unless the response is dominated by the first mode. Therefore, in Figure 

25 the design assumed that the two shortest columns will yield, while the NLTH analysis 

revealed that four columns actually yielded with different levels of ductility from that which 

the design procedure anticipated. Despite the inaccuracy in the chosen target profile, the 

design base shear was redistributed to the columns based on NLTH analysis. In this 

procedure, column shear forces were assumed and displacements from NLTH were 

compared to the corresponding target displacements, if they differ, column strengths were 

changed accordingly until convergence is achieved. After three iterations the NLTH analysis 

yielded envelope 2, which agrees well with the presumed target profile. Although this 



procedure is expected to yield a distribution of shear forces that agrees well with the selected 

target profile, it is still computationally extensive which negates the idea of a simplified 

design approach. However, this procedure is only needed for few cases where bridge 

configurations are abnormal and rarely found in practice. 
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Figure 25 Design Results for BR16-24-8-32-8-24-16 

6. CONCLUSIONS 

Described in this paper is a study aimed at identifying inelastic displacement patterns 

for multi-span bridges in support of the direct displacement-based seismic design procedure. 

Three different displacement patterns were identified, namely: (1) Rigid body translation, (2) 

Rigid body translation and rotation, and (3) Flexible pattern. These three patterns were found 

to be highly dependent on the relative stiffness between superstructure and substructure, 

bridge regularity and abutment type. The first two patterns require minimal effort in the 

DDBD approach, since no iterations are required to converge to a target displacement profile. 

However, the third pattern requires iterating over the target-displacement profile until 

convergence is achieved. 

In order to identify these patterns, a series of nonlinear dynamic time history analyses 

were conducted on selected multi-span bridges. Variables considered included bridge 

geometry, superstructure stiffness, substructure stiffness, abutment conditions, column 

flexural strength, and earthquake time history. Based on the analyses results, a rigid body 

translation pattern was identified for symmetric bridges with free abutments. In addition, a 
 86
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1. CONCLUSIONS 

The main tasks of this research are categorized into four sets: (1) Investigating the 

fundamental assumptions of Jacobsen’s equivalent damping approach through the use of 

sinusoidal motions, (2) Extensive evaluation of the equivalent damping approach, (3) 

Developing a new model for equivalent damping if necessary and (4) Identifying possible 

inelastic displacement pattern scenarios for multi-span bridges. First, the Takeda and Ring-

Spring hysteretic models were considered in investigating the fundamental assumptions of 

Jacobsen’s approach. The maximum nonlinear response of fifty oscillators with effective 

periods between 0.1 and 5.0 seconds was assessed for various levels of ductility. Based on 

the assessment results, the following was concluded: 

• A reasonably good agreement between nonlinear time history and equivalent linear 

structure displacements for periods greater than the period of the sine wave period. 

• An evident overestimation of ‘actual displacements’ or nonlinear time history 

displacements (i.e underestimation of damping) for periods less than the sine wave 

period. 

• ‘Actual displacements’ were underestimated in some cases due to a shift in the 

hysteretic loops as the oscillators start vibrating around new equilibrium position. 

• ‘Actual displacements’ were overestimated in some cases because the nonlinear 

oscillator remained elastic or did not go far into the inelastic range. 

Second, an extensive evaluation of Jacobson’s equivalent damping approach 

combined with the secant stiffness method was carried out. Four hysteretic models were 

evaluated, namely, (1) Ring-Spring, (2) Large Takeda, (3) Small Takeda and, (4) Elasto-

Plastic. A catalog of 100 earthquake time histories was used in the evaluation process for 

various levels of ductility. Fifty oscillators were considered with effective periods ranged 

between 0.1 and 5.0 seconds. The following was concluded: 
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• On average, overestimation of the equivalent damping and consequently 

underestimation of ‘actual displacements’ for structures with intermediate to long 

periods. 

• The overestimation of damping was found to be proportional to the amount of energy 

dissipated and displacement ductility level. 

• A significant underestimation of the equivalent damping (i.e. overestimation of 

‘actual displacements’) was apparent for structures with short effective periods. 

• The scatter in predicting nonlinear structure peak displacement was proportional to 

the ductility level and primarily attributed to earthquake characteristics. 

• The scatter ranged between 20% and 40% for the Takeda and Ring-Spring hysteretic 

models; however it was slightly higher for the Elasto-plastic hysteresis. 

• Type of soil did not have any significant effect on predicting the nonlinear structure 

peak response or the scatter of the results, as well. 

Third, based on the results from the evaluation process, the need for a new equivalent 

damping model was found to be vital. The new equivalent damping relationships were 

obtained based upon the nonlinear structure peak response and ductility. The new 

relationships are presented in the next section. Finally, and based on the last part of this 

study, three different displacement pattern scenarios were identified, namely: (1) Rigid body 

translation, (2) Rigid body translation and rotation and, (3) Flexible superstructure. These 

three scenarios were found to be highly dependent on the relative stiffness between the 

superstructure and the substructure, bridge regularity and abutment type. In order to identify 

parameters which define the previous scenarios, a series of nonlinear dynamic time history 

analyses was conducted on selected multi-span bridges. Variables considered included bridge 

geometry, superstructure stiffness, substructure stiffness, abutment conditions, column 

flexural strength, and earthquake time history. In addition, a study was conducted to evaluate 

the accuracy of the DDBD procedure for MDOF structures. About 100 multi-span bridges 

with variable configurations were designed using DDBD. The ‘actual’ deflected shapes for 
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the designs were obtained through inelastic time-history analysis and compared to the 

selected target shapes. Based upon this part of the study, the following was concluded: 

• A rigid body translation pattern was identified for symmetric bridges with abutments 

not restrained in the transverse direction. 

• A rigid body translation with rotation pattern was identified for asymmetric bridges 

with abutments not restrained in the transverse direction. 

• The majority of bridges with abutment restraint in the transverse direction had 

flexible displacement patterns with coefficient of variations of the displacement or 

rotation envelopes less than 50%. 

• In the cases of symmetric bridges with number of spans less than 5, the nonlinear 

time history analysis (NLTH) displacements were on average around 20% less than 

the target displacements. This implies that the strength provided to the designed 

bridges was overestimated. However, there was a reasonably good agreement 

between selected target profiles and NLTH analysis deflected shapes for all bridges 

with number of spans less than 5. 

• The NLTH to target displacement ratios were evenly distributed around 1 for 4 and 5 

span asymmetric bridges with a good accuracy in predicting the target shapes in most 

of the cases. 

• The target displacements were exceeded in over than 50% of the design cases for 6, 7 

and 8 span bridges for symmetric and asymmetric configurations, and in a limited 

number of cases with abnormal configurations and flexible superstructures the design 

procedure failed to predict the target-displacement profile. 

• The failure is attributed to the inability of the effective modal analysis to estimate the 

inelastic displacement profile because of the equivalent damping values associated 

with a yielding structure have insignificant effect on the mode shapes of a MDOF 

structure. 
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2. RECOMMENDATIONS 

Modified relations for equivalent damping were proposed. The proposed equations take into 

account the effect of the hysteretic model type and effective period. The new relationships 

are a function of ductility for effective periods greater than or equal to 1 second, while they 

are a function of effective period and ductility for effective periods less than 1 second. It is 

important to point out that the new relations are obtained based on average results and are 

expected to yield reasonably good results. However, if these relations are applied to single 

earthquake, there is a possibility of large errors in estimating peak inelastic displacements. It 

is recommended to use the following equation in displacement-based design approaches as 

they showed better accuracy than available relationships. 

• Precast Unbonded Columns, Post Tensioned Masonry Walls and Isolation Devices 
(Ring-Spring Model): 
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• Reinforced Concrete Beams (Large Takeda): 
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• Reinforced Concrete Columns and Walls (Small Takeda): 
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• Steel Members (Elasto-Plastic): 
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It is also recommended to utilize the relative stiffness (RS) definition presented in the 

PART III to determine whether to design a bridge for rigid body displacement pattern or 

flexible displacement pattern. The relative stiffness is defined as the average ratio of the 

superstructure elastic stiffness to the column stiffnessses based upon their cracked section. 

Given by Eq. 5 is the relative stiffness expression where Is and Ls are the superstructure 

moment of inertia about the vertical axes and length, respectively; Ic and hc are the column 

moment of inertia and height, respectively; and n is the number of bents. The relative 

stiffness value and bridge configuration should be used along with Figure 5 through Figure 

10 to determine the expected displacement pattern scenario. 
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3. FUTURE WORK 

• Strength degrading type hysteresis should be considered in the future to develop new 

relationships between equivalent damping and ductility for such models. 

• It is believed that earthquake duration has a significant effect on the equivalent 

damping values, thus it is important to assess this effect and incorporate it in the 

damping relationships, if possible. 

• A comprehensive evaluation of the DDBD procedure for MDOF systems is required 

through comparing design targets with nonlinear analysis displacements. Parameters 

to be considered should include: (1) Bridge geometry (2) Bridge regularity (3) 

Superstructure rigidity (4) Abutments type and, (5) Earthquake characteristics. 
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• Three approaches have been proposed to simulate the MDOF system as a SDOF 

structure. The major difference between these approaches was in characterizing the 

system damping of the MDOF structure. Therefore, these approaches should be 

evaluated in the sense, which approach yields better estimates of target 

displacements. 
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A1. INTRODUCTION 

Due to the fact that structures in seismic regions are designed to respond inelastically and the 

design procedure needs to be simple, methods of approximating maximum displacement of 

inelastic system gain primary importance. One such method that is used to determine the 

maximum displacement of a non-linear system is the inelastic response spectrum, where an 

exact spectrum could be obtained for a SDOF system with a selected period and hysteretic 

rule. Unfortunately, the resulting R-µ-T relationships vary as a function of earthquake and 

soil type. Another method being used involves representing the nonlinear system by an 

equivalent elastic system with secant stiffness at peak response and equivalent damping. The 

advantage of this method lies in its simplicity and ability of using the more familiar elastic 

response spectrum. In this appendix, an assessment algorithm (see Part-II, section 5.1) has 

been used to investigate the accuracy of the equivalent damping approach as used in direct 

displacement-based design (DDBD). Equivalent damping approach was tested first for 

sinusoidal earthquakes to eliminate the main assumption in the approach. Then it was 

evaluated for 100 real earthquake records, categorized based on soil type.  

A2. SINUSOIDAL EXCITATION RESULTS 

The equivalent damping approach coupled with the secant stiffness method was evaluated for 

various sine wave motions. The sine waves considered had the form A.sinωt where the 

amplitude, A, and the frequency, ω, were varied to guarantee the occurrence of inelastic 

action in each oscillator. The evaluation algorithm discussed in Part-II, section 5.1 was 

utilized to evaluate the equivalent damping approach for small and large Takeda’s hysteretic 

models. The difference between the large and small models is that the latter predicts less 

hysteretic damping for the same level of ductility. Elastic response spectra were generated for 

different viscous damping values, hence, ductility levels between 1.5 and 4. In the analysis 

and design, 2% elastic viscous damping that is tangent proportional was assumed. The results 

were found to be dependent on the sine wave period. For all the sinusoidal motions 

considered, apparent overestimation of ‘actual displacements’ (i.e Nonlinear time history 



analysis displacements, ∆NLTH) was noted due to underestimating the damping for period less 

than the sine wave period. However, better agreement between actual ∆NLTH and approximate 

(Equivalent linear system displacement, ∆ELS) displacements was noted for periods greater 

than the sine wave period. Clearly, the equivalent damping approach fails to estimate the 

maximum displacements of nonlinear response for oscillators with periods less than the sine 

wave period and high levels of ductility. 

Figure 1 shows the evaluation results for a sine wave with amplitude of 50g and 

circular frequency of 20π radians. The results show the ratios of nonlinear time history 

analysis displacement (∆NLTH) to the equivalent linear structure displacement (∆ELS). The 

NLTH and ELS displacements for the small Takeda model agree very well for periods 

greater than the sine wave period. The NLTH were only overestimated with a small factor, i.e 

ELS displacements were 10% less than the NLTH displacements. However, the NLTH 

displacements were underestimated for the large Takeda model where NLTH displacements 

were 27% greater than ELS displacements at ductility of 4. 
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(a) Sinusoidal Motion (A=50 and ω=20π) 
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(b) Response Spectrum 
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(c) ∆NLTH/∆ELS for Small Takeda 
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(d) ∆NLTH/∆ELS for Large Takeda 

Figure 1 Evaluation Results for Sine Wave I (A=50 and ω=20π) 
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Figure 2 shows the evaluation results for a sine wave with amplitude of 5g and 

circular frequency of 10 radians. Note that the vertical bold-dashed line represents the period 

of the sinusoidal motion, which obviously forms a demarcation point in the results. The 

NLTH displacements were significantly overestimated for periods less than the sine wave 

period for both Takeda’s models. The NLTH and ELS displacements showed good 

agreement for small Takeda for period greater than the sine wave period. However, the 

NLTH displacements were underestimated for large Takeda for some periods that are greater 

than the sine wave period. This underestimation was due to a shift in the oscillator’s 

hysteretic loops because the structure starts vibrating around a new vibrating position. 
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(a) Sinusoidal Motion (A=5 and ω=10) 
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(b) Response Spectrum 
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(c) ∆NLTH/∆ELS for Small Takeda 
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(d) ∆NLTH/∆ELS for Large Takeda 

Figure 2 Evaluation Results for Sine Wave II (A=5 and ω=10) 

Similarly, Figure 3 shows the results for the last sine wave which has amplitude of 5g 

and circular frequency of 2π radians. For this case also, the NLTH displacements were 

significantly overestimated for periods less than the sine wave period for both Takeda’s 

models. However, better agreement between NLTH displacements and ELS displacements is 

evident for period greater than the sine wave period. Note that for all the previous cases, the 
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results were unstable around the resonant period, however moving away a short distance 

from that period gives the best indication on the accuracy of the approach. 
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(a) Sinusoidal Motion (A=5 and ω=2π) 
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(b) Response Spectrum 
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(c) ∆NLTH/∆ELS for Small Takeda 
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(d) ∆NLTH/∆ELS for Large Takeda 

Figure 3 Evaluation Results for Sine Wave III (A=5 and ω=2π) 

A3. SOIL TYPE EFFECT 

The evaluation algorithm discussed in Part-II, section 5.1 was also utilized to evaluate the 

equivalent damping approach coupled with the secant stiffness method for various soil types. 

The approach was evaluated for 4 hysteretic models: (1) Ring-Spring, (2) Small Takeda, (3) 

Large Takeda and, (4) Elasto-Plastic as shown in Part-II, Figure 3. One hundred earthquake 

records were used in the evaluation process, categorized based on soil types. Twenty 

earthquakes were used for each soil type shown in Table 1.  

The ratios of NLTH to ELS displacements for each 20 earthquakes were averaged 

and presented in Figure 4 through Figure 23 along with the coefficients of variations. NLTH 

displacements were underestimated in the intermediate and long periods and were 

overestimated in the short period range for all cases. A general trend is noticed for the Ring-
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Spring and the Takeda models where the best agreement between NLTH and ELS 

displacements was obtained for soil types B and D for intermediate and long periods. 

However, the best agreement and least scatter in the intermediate and long period range for 

the Elasto-plastic model was noticed for soil type NF.  

Table 1 Soil Type Definition (IBC-2000, modified Dwairi 2004) 
Average Properties in top 100ft 

Site class Soil profile name Soil shear wave 
velocity, vs, (ft/s) 

Standard 
penetration 

index, N 

Soil undrained 
shear strength, Su, 

(psf) 

B Rock 2,500<vs≤5,000 N.A. N.A. 

C Very dense soil 
and soft rock 1,200<vs≤2,500 N > 50 Su ≥ 2,000 

D Stiff soil profile 600≤vs≤1,200 15 ≤ N ≤50 1,000 ≤ Su ≤2,000 

E Soft soil profile vs < 600 N < 15 Su < 1,000 

NF Near Fault  
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(a) Average(∆NLTH/∆ELS) - Soil Type B (b) Coefficient of Variation - Soil Type B 

Figure 4 Average NLTH Displacement to ELS Displacement ratio and Coefficients of 
Variation for the Ring-Spring Hysteretic Model – Soil Type B 
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(a) Average(∆NLTH/∆ELS) - Soil Type C (b) Coefficient of Variation - Soil Type C 

Figure 5 Average NLTH Displacement to ELS Displacement ratio and Coefficients of 
Variation for the Ring-Spring Hysteretic Model – Soil Type C 
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(a) Average(∆NLTH/∆ELS) - Soil Type D (b) Coefficient of Variation - Soil Type D 

Figure 6 Average NLTH Displacement to ELS Displacement ratio and Coefficients of 
Variation for the Ring-Spring Hysteretic Model – Soil Type D 
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(a) Average(∆NLTH/∆ELS) - Soil Type E (b) Coefficient of Variation - Soil Type E 

Figure 7 Average NLTH Displacement to ELS Displacement ratio and Coefficients of 
Variation for the Ring-Spring Hysteretic Model – Soil Type E 
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(a) Average(∆NLTH/∆ELS) - Soil Type F (b) Coefficient of Variation - Soil Type F 

Figure 8 Average NLTH Displacement to ELS Displacement ratio and Coefficients of 
Variation for the Ring-Spring Hysteretic Model – Soil Type NF 

0.0
0.5
1.0
1.5
2.0
2.5
3.0

0.0 1.0 2.0 3.0 4.0 5.0
Effective Period (sec)

µ = 1.5
µ = 2.0
µ = 3.0
µ = 4.0

A
ve

ra
ge

 ( ∆
N

LT
H

 \ 
∆

EL
S)

0%

20%

40%

60%

80%

100%

0.0 1.0 2.0 3.0 4.0 5.
Effective Period (sec)

0

µ = 1.5
µ = 2.0
µ = 3.0
µ = 4.0

C
oe

ffi
ci

en
t o

f V
ar

ia
tio

n

(a) Average(∆NLTH/∆ELS) - Soil Type B (b) Coefficient of Variation - Soil Type B 

Figure 9 Average NLTH Displacement to ELS Displacement and Coefficient of 
Variation for Small Takeda Hysteretic Model – Soil Type B 
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(a) Average(∆NLTH/∆ELS) - Soil Type C (b) Coefficient of Variation - Soil Type C 

Figure 10 Average NLTH Displacement to ELS Displacement and Coefficient of 
Variation for Small Takeda Hysteretic Model – Soil Type C 
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(a) Average(∆NLTH/∆ELS) - Soil Type D (b) Coefficient of Variation - Soil Type D 

Figure 11 Average NLTH Displacement to ELS Displacement and Coefficient of 
Variation for Small Takeda Hysteretic Model – Soil Type D 
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(a) Average(∆NLTH/∆ELS) - Soil Type E (b) Coefficient of Variation - Soil Type E 

Figure 12 Average NLTH Displacement to ELS Displacement and Coefficient of 
Variation for Small Takeda Hysteretic Model – Soil Type E 
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(a) Average(∆NLTH/∆ELS) - Soil Type F (b) Coefficient of Variation - Soil Type F 

Figure 13 Average NLTH Displacement to ELS Displacement and Coefficient of 
Variation for Small Takeda Hysteretic Model – Soil Type NF 
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(a) Average(∆NLTH/∆ELS) - Soil Type B (b) Coefficient of Variation - Soil Type B 

Figure 14 Average NLTH Displacement to ELS Displacement ratio and Coefficients of 
Variation for Large Takeda Hysteretic Model – Soil Type B 
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(a) Average(∆NLTH/∆ELS) - Soil Type C (b) Coefficient of Variation - Soil Type C 

Figure 15 Average NLTH Displacement to ELS Displacement ratio and Coefficients of 
Variation for Large Takeda Hysteretic Model – Soil Type C 
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(a) Average(∆NLTH/∆ELS) - Soil Type D (b) Coefficient of Variation - Soil Type D 

Figure 16 Average NLTH Displacement to ELS Displacement ratio and Coefficients of 
Variation for Large Takeda Hysteretic Model – Soil Type D 
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(a) Average(∆NLTH/∆ELS) - Soil Type E (b) Coefficient of Variation - Soil Type E 

Figure 17 Average NLTH Displacement to ELS Displacement ratio and Coefficients of 
Variation for Large Takeda Hysteretic Model – Soil Type E 
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(a) Average(∆NLTH/∆ELS) - Soil Type F (b) Coefficient of Variation - Soil Type F 

Figure 18 Average NLTH Displacement to ELS Displacement ratio and Coefficients of 
Variation for Large Takeda Hysteretic Model – Soil Type NF 
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(a) Average(∆NLTH/∆ELS) - Soil Type B (b) Coefficient of Variation - Soil Type B 

Figure 19 Average NLTH Displacement to ELS Displacement ratio and Coefficients of 
Variation for Elasto-Plastic Hysteretic Model – Soil Type B 
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(a) Average(∆NLTH/∆ELS) - Soil Type C (b) Coefficient of Variation - Soil Type C 

Figure 20 Average NLTH Displacement to ELS Displacement ratio and Coefficients of 
Variation for Elasto-Plastic Hysteretic Model – Soil Type C 
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(a) Average(∆NLTH/∆ELS) - Soil Type D (b) Coefficient of Variation - Soil Type D 

Figure 21 Average NLTH Displacement to ELS Displacement ratio and Coefficients of 
Variation for Elasto-Plastic Hysteretic Model – Soil Type D 
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(a) Average(∆NLTH/∆ELS) - Soil Type E (b) Coefficient of Variation - Soil Type E 

Figure 22 Average NLTH Displacement to ELS Displacement ratio and Coefficients of 
Variation for Elasto-Plastic Hysteretic Model – Soil Type E 
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(a) Average(∆NLTH/∆ELS) - Soil Type F (b) Coefficient of Variation - Soil Type F 

Figure 23 Average NLTH Displacement to ELS Displacement ratio and Coefficients of 
Variation for Elasto-Plastic Hysteretic Model – Soil Type NF 
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APPENDIX B 

DBD BRIDGE DESIGN APPLICATION  

 
 

Hazim M. Dwairi 
 

 
 



B1. SCOPE AND CAPABILITIES 

DBD bridge design is Excel Add-Ins program written with Visual-Basic for Applications 

(VBA) programming language, see Figure 1. The program is capable of designing a multi-

span reinforced concrete bridge for seismic loading utilizing the Direct Displacement-Based 

Design method developed by Priestley [1]. The main goal of the program is to provide the 

design base shears, moments and stresses for bridge piers under a prescribed demand 

spectrum and drift ratio. The design is carried out in longitudinal and transverse directions 

based on user’s choice. Takeda’s hysteretic model is used to model the inelastic action in the 

piers. First estimate of target displacement profile is either entered by the user or estimated 

utilizing the Effective Mode Shape method [2]. The program is integrated with 

RUAUMOKO3D, thus it is capable of verifying the design through inelastic time history 

analysis.  

 
Figure 1 DBD Bridge Design Control Sheet 
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B2. INSTALLATION NOTES 

The program comprises two files: (1) DBD Bridge Addin.xla, and (2) DBD Bridge 

Design.xls. The first file contains the source code of the routine while the second file 

contains a Control sheet, which is used to input data and choose design options. Place both 

files in a folder of your choice on the hard-drive and follow the usual procedure for installing 

Excel Add-Ins: 

1. Start Excel with empty sheet, 

2. Select <Add-Ins...> from the <Tools> on the menu bar, 

3. Once in the Addins Manager, search for <Browse > and select only the DBD 

Bridge Addin.xla file, 

4. Click Ok 

Note: in order to use the program, RUAUMOKO3D [3] needs to be in the same folder with 

the ‘.xla’ and ‘.xls’ files. The program utilizes RUAUMOKO3D for structural and modal 

analysis as well as to verify the design through inelastic time history analysis. 

When starting, Excel loads DBD Bridge Design, however, if you want to stop it from 

loading every time you start Excel then simply deselect its check-box in the Excel Add-Ins 

Manager. If you decided to uninstall the program then just simply delete the folder that 

contains it.  

B3. STARTING THE PROGRAM 

Once the program is loaded, a menu bar appears with 3 buttons: (1) Input Data, (2) 

Load Spectra, and (2) Start Design. Use the Input Data button to load the Control sheet in 

order to input required data. Then use the Load Spectra button to load a 5% design spectra. 

Note that the design spectra should be a ‘.txt’ file with three columns: (1) Period (second), 

(2) Acceleration (g), and (3) Displacement (m). Finally, Use the Start Design button to start 

the design process, you will be asked to enter the output file name and to specify the path, in 

which it will be stored. Note that the file will be saved as Excel file with 3 sheets, namely: 

(1) Design Summary, which contains only the final design results, (2) Design Details, 
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which contains the results from all design iterations performed before achieving the final 

design and, (3) Chart1, which comprises the verification results in the form of a plot of 

maximum displacements from inelastic time history analysis and to the target displacement 

shape. 

B4. INPUT DATA 

The Control sheet consists of six input cards as follow (Note that all dimensions and other 

quantities should be in SI units): 

Card-I: Use to specify the geometry of the bridge. The required parameters are: 

• Number of spans, depth of superstructure (m), span length (m), and superstructure 

weight (N/m). 

• I1 (m4) = Second moment of area of the superstructure section about horizontal axis. 

• I2 (m4) = Second moment of area of the superstructure section about vertical axis. 

• Height (m) = Pier clear height (from top of foundation to bottom of superstructure). 

• Diameter (m) = Pier Diameter. 

• DLb (m) = Longitudinal reinforcing bars diameter. 

Card-II: Use to specify all material properties. The required parameters are: 

• Ec (Pa) = Concrete Modulus of Elasticity 

• Fy (Pa) = Reinforcement yield strength. 

• ξpier (%) = Piers elastic viscous damping. 

• ξabut. (%) = Abutments elastic viscous damping. 

Card-III: Damping Reduction Factor: 

This factor is computed according to EuroCode8 [4] equation, which takes the following 

form: 



λ

ξ ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+−

=
)5(c

cR  

Input the ‘c’ factor and select whether the location is Near Filed (λ = 0.5) or Far Field (λ = 

0.25). Note that ‘c’ in EuroCode8 [4] used to be 7; however, recently it was changed to 10. 

Card-IV: Use to select design options, which include: 

• Select the direction you want the bridge to be designed for, and then input the drift 

limit state for that direction (%). 

• Select the procedure to estimate first target shape. Either input the first guess yourself 

or let the program compute it based on the effective mode shape method [2]. 

• Select the desired modal combination rule that will be used to combine different 

modes to obtain the target displacement profile. Three rules are available: (1) Square-

root- of-sum-of-squares (SRSS) [5], (2) Complete Quadratic Combination (CQC) 

developed by Der Kiureghian [6] and, (3) Complete Quadratic Combination (CQC) 

developed by Rosenblueth and Elorduy [5]. The SRSS rule is given by Eq. 1 where 

∆ij is bent ‘i’ maximum displacement that is associated with mode shape ‘j’ and ‘N’ is 

the number of modes considered. The CQC rule is given by Eq. 2 where ρkj is a 

correlation coefficient which accounts for the interaction between modes ‘k’ and ‘j’. 

The ρjn is given by Eq. 3 and Eq. 4 for Der Kiureghian and Rosenblueth-Elorduy 

equations, respectively, where βkj = ωk/ωj. Note that the equations considered 

assumed equal modal damping. 
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• Select a design algorithm. The available algorithms are: 

¾ Algorithm I: The algorithm accepts the effective mode shape method or user’s 

input as a first estimate of the target shape. Design Base shear is distributed using 

structural analysis with effective properties and more importantly the effective mode 

shape method is utilized to revise the target shape, if necessary. See Figure 2. 

¾ Algorithm II [2]: The algorithm also accepts the effective mode shape method or 

user’s input as a first estimate of the target shape. The design shear is distributed in 

proportion to inverse of the pier height. Abutment forces are obtained through 

equivalent structural analysis with effective properties. See Figure 3. 

¾ Algorithm III [7]: The algorithm accepts the effective mode shape method or 

user’s input as a first estimate of the target shape, as well. Design base shear is 

distributed using structural analysis with effective properties. More importantly, the 

target profile is revised according to the deflected shape obtained form structural 

analysis. See Figure 4. 

• Select an appropriate equivalent damping equation. The following relatioships are 

available for R/C columns: 

¾ Jacobsen: 
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Where rr −+= µγ 1  

¾ Dwairi, Kowalsky & Nau [8]: % 150 ⎟⎟
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¾ Priestley & Calvi [5]: % 195
5.0
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Figure 2 Design Algorithm I 
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Figure 3 Design Algorithm II 

Define initial parameters 
(column height and diameter, 

inertia mass, material 
properties and design spectra) 

Use the Effective 
Mode Shape method 

or user input to 
obtain a target shape 

Define equivalent SDOF 
structure, obtain the 

structure effective period 
and design base shear VB

Utilize column secant 
stiffnesses and structurally 
analyze the structure under 

inertia forces 

Abutment 
Forces equal 

assumed? 
No 

Compute 
column secant 

stiffnesses 

Distribute VB 
in proportion 
to the height 

inverse.  

Column secant 
stiffness equal 

assumed? 
YesNo 

Yes 

Verify Design through 
Inelastic Time History 

Analysis  

 
STOP 

Verify 
Design? 

Yes

No



 118

 
Figure 4 Design Algorithm III 
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Card-V: Takeda’s Hysteretic Model [9] 

Input the parameters which define the size of the loop. The parameters are: ‘r’, ‘α’, and ‘β’ as 

shown in Figure 5. For further information, refer to RUAUMOKO user’s manual [3]. Note 

that the damping equations given in Card-IV, except Jacobsen’s, are only applicable for 

Takeda smallest loop. Thus, to be consistent between design and analysis, the model 

parameters should be fixed to: r = 0, α = 0.5 and β = 0. 
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Figure 5 Takeda’s Hysteretic Model 

Card-VI: Design Verification 

If you choose to verify the design, a number of earthquakes (maximum 4) that fit the design 

spectra should be placed in the same folder with the rest of the program. Two formats are 

available in order to be compatible with RUAUMOKO3D requirements: (1) Free and (2) 

Caltech. See example below or review RUAUMOKO user’s manual [3]. 

Free  Caltech (T Step =0.01, Duration =30 second, Scale =10000) 
START 
1     0.00     11 
2     0.01     22 
3     0.02     31 
4     0.03     41 
5     0.04     47 
6     0.05      48 
7     0.06     53 
8     0.07      59 
9     0.08      59 
10    0.09      64 
 . .       .          . 
 .          .           . 

"SIMQKE" ARTIFICIAL EARTHQUAKE 
Earthquake # 1                                                           
Number of Points . . . . =      3001 
Time-step size (Seconds) =     0.010 
Maximum Acceleration (g) =     0.700 
Record to be divided by. = 10000 
START 
1     11     22     31      41      47    48       53    59     59      64 
2     75     81     93      104    111   125   135   135   136    137 
3     130   128   114    89      90     82    67     60      44      52 
4     31    -15    -30     -47    -44    -65   -98   -73     -104  -120 
5       .        .         .         .        .        .        .       .          .         . 
6       .        .         .         .        .        .        .       .          .         . 
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The following parameters should be specified: 

• Start Line = Input the number of lines that precede the START word in the records 

(enter 7 for the Caltech format in the previous table).  

• Name = Input the name of the earthquake record file with the extension (for example 

“EQ1.txt”) 

• T Step (second) = Input the record time interval (enter 0.01sec for the record in the 

previous table). 

• Duration (second) = Total duration of the record (enter 30 seconds for the record in 

the previous table). 

Scale = Scale coefficient to reduce the record ordinates (enter 10000 for the record in 

the previous table). Note the scaling factor is 1/Scale. 

B5. 3D BRIDGE MODELING 

The following example is provided to demonstrate the modeling procedure followed to verify 

the design in the DBD Bridge Design application. The 4-span bridge of Figure 6 has a 

superstructure depth of 2m, and monolithic connections between columns and superstructure. 

Column heights are measured to the center of the superstructure depth and superstructure 

mass is 200KN/m. The abutments are restrained against transverse displacement. The 

moments of inertia of the superstructure around the vertical and horizontal axes are 50m4 and 

40m4, respectively. Torsional stiffness of the superstructure can be neglected. Longitudinal 

reinforcement was assigned a yield strength of 455MPa and concrete modulus of elasticity 

was presumed to be 33.7GPa. All three piers of the bridge have a diameter of 2.2m and 

follow the Takeda hysteretic model with α = 0.0, β = 0.6, r∆ = 0, reloading stiffness power 

factor = 1, and unloading as by Emori and Schnobrich.  

This bridge was designed to sustain a drift limit of 3% under the design spectra 

shown in Figure 7. The DBD Bridge Design was used for the design, and based on the 

design results the needed design parameters for design verification are given in Table 1. 



Table 1 DDBD Design Results 

Element My (N.m) Icr (m4) Lp (m) 

Pier1 & Pier3 6.58 * 107 0.839 1.630 

Pier2 5.92 * 107 0.755 0.990 
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Figure 7 Acceleration and Displacement Design Spectra 

The bridge was discretized as shown in Figure 8. The spans were modeled with 10 

elastic elements each, and the piers were modeled as inelastic members with single curvature 

response. The superstructure masses were lumped at the deck nodes; however, column 

masses were neglected. The structure was subjected to an artificially generated earthquake 

that fits the design spectra. The following options were used in the analysis: 

• Dynamic time-history (Newmark constant average acceleration, β = 0.25). 

• Inelastic time-history analysis. 
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• Diagonal mass matrix. 

• X-direction earthquake. 

• Small displacement analysis. 

• 5.0 % elastic viscous damping, which is secant stiffness proportional. 

• Beam members, no axial-moment interaction. 

• Deck was modeled as 18 elastic members, 10m length each member. 

• Columns were modeled as one segment inelastic elements; the bottom end of the 

column is built into the fixed joint while the upper end is internally pinned into the 

free joint in order to insure a single curvature response. 

1 2 3 4 5 6 7 8 9 101112 1314 1516171819

20 22

21

 

Figure 8 Discretized Structure 

The maximum top displacements and base moments from the nonlinear time history 

analysis are tabulated in the table below. A copy of RUAUMOKO3D input file used in the 

analysis is also provided. 

Table 2 Analysis Displacements and Moments 

Element Maximum Top Displacement
(m) 

Maximum Bottom Moment 
(m.N) 

Pier 1 & 3 0.1436 4.757E+07 
Pier 2 0.2319 5.920E+07 

 

RUAUMOKO3D Input File is Shown Below: 
 

4-span bridge internally pinned       
2. 1.  0.  1.  0.  0.  0.  0.  0.  0.      
22.  21.  3.  3.  1.  3.  9.81  5.  5.  0.001 30.  1.    
0.  5.  0.  0.  1.  1.  1.  0.  0.  0.  0.    
Default               
0              
               
NODES               
1.    0. 16. 0. 1. 1. 1. 0. 0. 1. 0. 0.    
2.    0. 16. 10. 0. 0. 0. 0. 0. 0. 0. 0. 
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18.  0. 16. 170. 0. 0. 0. 0. 0. 0. 0. 0. 
19.  0. 16. 180. 1. 1. 1. 0. 0. 1. 0. 0.  
20.  0.  0.  40. 1. 1. 1. 1. 1. 1. 0. 0.    
21.  0.  8.  90. 1. 1. 1. 1. 1. 1. 0. 0.    
22.  0.  0.  140. 1. 1. 1. 1. 1. 1. 0. 0.   
  
ELEMENTS               
1.   1.  1.    2.  0. 0. +X  0.        
18. 1.  18. 19. 0. 0. +X  0. 
19. 2.  20.  5.  0. 0. +X  0.        
20. 3.  21. 10. 0. 0. +X  0.        
21. 2.  22. 15. 0. 0. +X  0.    
     
PROPS               
1. FRAME              
1. 0. 0. 0. 0. 0.          
3.37E+10 0. 0. 0. 40. 50. 0. 0. 0. 0.      
0.          
      
2. FRAME              
1. 2. 2. 0. 4. 0. 0. 0.        
3.37E+10 0. 0. 0. 0.839 0.839 0. 0. 0. 0.      
0. 0. 0. 0.            
0. 0. 0.             
1.63 0. 1.63 0.            
0. 0. 0. 0. 0. 1.          
6.58E+07 -6.58E+07 6.58E+07 -6.58E+07            
0. 0. 0. 0.            
0.5 0.0 1. 2.   
          
3. FRAME              
1. 2. 2. 0. 4. 0. 0. 0.        
3.37E+10 0. 0. 0. 0.755 0.755 0. 0. 0. 0.      
0. 0. 0. 0.            
0. 0. 0.             
0.99 0. 0.99 0.            
0. 0. 0. 0. 0. 1.          
5.92E+07 -5.92E+07 5.92E+07 -5.92E+07            
0. 0. 0. 0.            
0.5 0.0 1. 2.    
        
WEIGHTS 1              
1.   1.00E+06     
2.   2.00E+06 
18. 2.00E+06 
19. 1.00E+06 
  
LOADS  
              
EQUAKE               
1. 7. 0.001 1.00E+04 -1. 0.  0.  1.        



B6. DESIGN EXAMPLES 

In the following, several examples are presented to demonstrate the required input of various 

parameters. All examples will be design for a drift limit of 3% in longitudinal and transverse 

directions under the design spectra shown in Figure 9 with PGA of 0.7g.  

0.00

0.50

1.00

1.50

2.00

0.0 1.0 2.0 3.0 4.0 5.0
Period (sec)

5% Damping

Sp
ec

tra
l A

cc
el

er
at

io
n 

(g
)

 
(a) Acceleration Response Spectrum 
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(b) Displacement Response Spectra 

Figure 9 Design Response Spectra 

B5.1 Example I 

This example defines a 4 span R/C bridge structure with asymmetric configuration as shown 

in Figure 10. The weight of the superstructure including cap beam is 200KN/m with a second 

moment of area about the vertical axis of 50m4. Column heights were measured to the center 

of the superstructure with estimated diameter of 2.5m and were assumed to be fixed at the 

foundation level and monolithically connected to the super structure. All steel was assigned a 

yield stress of 455MPa and the elastic modulus of all concrete was 33.7GPa. Column and 

abutments elastic damping was assumed to be 2% and 5%, respectively. 

h =8m
D =2.5m
1
1 h =16m

D =2.5m
2
2

h =24m
D =2.5m
3
3

 
Figure 10 Bridge Geometry for Example I 
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First, click Input Data button then use Card-I to input the bridge geometry. Select the 

end condition of abutments in the transverse direction which is pinned in this case, on the 

other hand, abutments are assumed to be free all the time in the longitudinal direction. The 

first card with all necessary information is shown in Figure 11. Note that Depth is the 

superstructure depth and column heights are the clear values. 

 
Figure 11 Card-I: Bridge Geometry. 

Use cards II through V to input the required data as shown in Figure 12. Once the 

design direction is selected, the drift limit for that direction(s) should be entered in the 

box(es) adjacent to the text that appears below. If you wish to input a first estimate target 

shape then make the necessary selection as shown in Figure 12. A table will appear to the 

right so you can input the presumed target shape. If the effective mode shape method is used 

to obtain the first estimate of the target shape then no further action is needed. The effective 

mode shape method was used for this example.  

Finally, if it is required to verify the design then choose Yes in Card-VI and enter the 

number of earthquake records that will be used in nonlinear time history analysis, see 

Figure10. It is important to place the earthquake files in the same folder as the DBD Bridge 

Design program. Card-VI uses 4 earthquake records named EQ1 through EQ4, and all 

 125



records have the file extension .eqc which is ASCI format that can be accesses through any 

word processor such as Wordpad, Notepad and Winword.  

 
Figure 12 Cards II through V: Material Properties, Damping Reduction Factor, Design 

Options and Takeda Hysteretic Model. 

 
Figure 13 Card-VI: Design Verification. 

Now, click the Load Spectra button where a standard Excel open dialogue box will 

appear. Use the dialogue box to browse for the spectra file and click ok. Make sure that the 

spectra were loaded correctly by checking the table labeled with Design Response Spectra 

in the middle of the Control sheet. 

To start the design click the Start Design button, a standard Excel saveas dialogue 

box appears. Type in the name of the output file and save it in any preferred folder. This 

example took 5 design iterations including the first one before convergence and only the 
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Design Summary is shown in Table 3. Note that in the longitudinal direction, the design is 

carried out assuming equal column reinforcement thus shear forces were distributed in 

proportion to inverse of the column height. 

Table 3 Example I Design Summary 
Item Abutment 1 Pier1 Pier2 Pier3 Abutment 2
  Transverse Direction Design 
Target Displacement Profile (m) 0.000 0.240 0.382 0.293 0.000
System Displacement (m) 0.316 
System Mass (N/g) 2.951E+06 
Yield Displacement (m)   0.048 0.184 0.407   
Displacement Ductility   5.0 2.1 1.0   
Equivalent Damping   14.7% 10.2% 2.0%   
System Damping 10.0% 
Effective Period (Sec) 1.705 
Effective Stiffness (N/m) 4.010E+07 
Design Base Shear (N) 1.268E+07 
Member Design Shear (N) 1.065E+06 4.798E+06 2.401E+06 1.160E+06 3.252E+06
  Longitudinal Direction Design 
Target Design Displacement (m) 0.210 
Yield Displacement (m)   0.021 0.086 0.194   
Displacement Ductility   10.01 2.45 1.08   
Equivalent Damping   16.3% 11.4% 3.2%   
System Damping 12.8% 
Effective Period (Sec) 1.26 
Effective Stiffness (N/m) 1.017E+08 
Design Base Shear (N) 2.136E+07 
Member Design Shear (N)   1.206E+07 5.629E+06 3.671E+06   

 

Finally, Figure 14 shows displacement envelopes, i.e maximum displacements from 

nonlinear time history analysis (NLTH), with the target-displacement profile. The NLTH 

maximum displacements could be considered as ‘actual’ deflected shapes, since all 

maximum NLTH displacements occurred almost at the same time. 

B5.2 Example II 

The second example is a set of three 4-span bridges as shown in Figure 15. The bridges were 

design for the same drift limit, design spectra and material properties as example I. Design 

summaries are tabulated in Table 4 through Table 6, and design verification are presented in 

Figure 16. 
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Figure 14 Example I Design Verification through NLTH Analysis 
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Figure 15 Four Span Bridge Configurations Considered for Example II 

Table 4 Design Summary for BR8-16-8 
Item Abutment 1 Pier1 Pier2 Pier3 Abutment 2
  Transverse Direction Design 
Target Displacement Profile (m) 0.000 0.240 0.349 0.240 0.000
System Displacement (m) 0.286 
System Mass (N/g) 2.957E+06 
Yield Displacement (m)   0.06 0.23 0.06   
Displacement Ductility   3.97 1.52 3.97   
Equivalent Damping   14% 7.4% 14%   
System Damping 11% 
Effective Period (Second) 1.607 
Effective Stiffness (N/m) 4.525E+07 
Design Base Shear (N) 1.295E+07 
Member Design Shear (N) 1.757E+06 3.773E+06 1.885E+06 3.773E+06 1.757E+06
  Longitudinal Direction Design 
Target Design Displacement (m) 0.210 
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Table 4 Continue … 
Item Abutment 1 Pier1 Pier2 Pier3 Abutment 2
Yield Displacement (m)   0.026 0.107 0.026   
Displacement Ductility   8.01 1.96 8.01   
Equivalent Damping   15.9% 9.8% 15.9%   
System Damping 14.8% 
Effective Period (Second) 1.342 
Effective Stiffness (N/m) 8.955E+07 
Design Base Shear (N) 1.881E+07 
Member Design Shear (N)   7.624E+06 3.558E+06 7.624E+06   

 

Table 5 Design Summary for BR8-24-24 
Item Abutment 1 Pier1 Pier2 Pier3 Abutment 2
  Transverse Direction Design 
Target Displacement Profile (m) 0.000 0.240 0.396 0.307 0.000
System Displacement (m) 0.327 
System Mass (N/g) 2.938E+06 
Yield Displacement (m)   0.048 0.407 0.407   
Displacement Ductility   4.96 1.00 1.00   
Equivalent Damping   14.7% 2.0% 2.0%   
System Damping 8.9% 
Effective Period (Second) 1.684 
Effective Stiffness (N/m) 4.094E+07 
Design Base Shear (N) 1.340E+07 
Member Design Shear (N) 7.177E+05 5.893E+06 1.910E+06 1.479E+06 3.402E+06
  Longitudinal Direction Design 
Target Design Displacement (m) 0.210 
Yield Displacement (m)   0.021 0.194 0.194   
Displacement Ductility   10.01 1.08 1.08   
Equivalent Damping   16.3% 3.2% 3.2%   
System Damping 11.4% 
Effective Period (Second) 1.196 
Effective Stiffness (N/m) 1.126E+08 
Design Base Shear (N) 2.365E+07 
Member Design Shear (N)   1.470E+07 4.474E+06 4.474E+06   

 

Table 6 Design Summary for BR16-8-24 
Item Abutment 1 Pier1 Pier2 Pier3 Abutment 2
  Transverse Direction Design 
Target Displacement Profile (m) 0.000 0.163 0.240 0.190 0.000
System Displacement (m) 0.203 
System Mass (N/g) 2.982E+06 
Yield Displacement (m)   0.184 0.048 0.407   
Displacement Ductility   0.886 4.96 0.467   



Table 6 Continue … 
Item Abutment 1 Pier1 Pier2 Pier3 Abutment 2
Equivalent Damping   2.0% 14.7% 2.0%   
System Damping 8.8% 
Effective Period (Second) 1.040 
Effective Stiffness (N/m) 1.089E+08 
Design Base Shear (N) 2.209E+07 
Member Design Shear (N) 2.251E+06 4.348E+06 9.812E+06 1.530E+06 4.162E+06
  Longitudinal Direction Design 
Target Design Displacement (m) 0.210 
Yield Displacement (m)   0.086 0.021 0.194   
Displacement Ductility   2.45 10.01 1.08   
Equivalent Damping   11.4% 16.3% 3.2%   
System Damping 12.8% 
Effective Period (Second) 1.259 
Effective Stiffness (N/m) 1.017E+08 
Design Base Shear (N) 2.136E+07 
Member Design Shear (N)   5.629E+06 1.206E+07 3.671E+06  
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(a) BR8-16-8 
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(b) BR8-24-24 
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(c) BR16-8-24 

Figure 16 Example II Design Verification through NLTH Analysis 
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B5.3 Example III 

The proposed design algorithms for this program differ mainly in the way the target shape is 

modified and the shear force is distributed. The first algorithm iterates utilizing the effective 

mode shape method to obtain the target profile, however the shear force is distributed 

according to equivalent structural analysis. The second algorithm designs the bridge 

presuming equal reinforcement in all columns, i.e forces are distributed in accordance with 

the height inverse, and the target profile is modified using the effective mode shape method. 

The third algorithm distributes the shear force using equivalent structural analysis and revises 

the target profile according to the deflected shape obtained for the structural analysis. In 

addition, the first and third algorithms compute system damping in proportion to the shear 

forces carried by members, however, the second algorithm computes it in proportion to the 

work done by each member.  

In this example, a 6-span and 8-span bridges, see Figure 17, were designed with the 

three algorithms to demonstrate the differences. It was noticed that these algorithms yield 

almost the same results for symmetric regular bridges; however, a considerable difference 

was noticed for asymmetric irregular bridges.  
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Figure 17 Bridge Configurations Considered for Example III 

A summary of the designs is presented in Table 7 where the Roman numbers refer to 

the design algorithm used. The designs were verified through comparing the target profiles 

with maximum displacements from nonlinear time history analysis. It is clear that algorithm I 

yielded better results in terms of the agreement between target and inelastic analysis
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displacements, however, it required much more design iterations. 

Table 7 Design Summary for 6-Span and 8-Span Bridges 
BR8-12-16-20-24 BR8-12-16-20-24-28-32 Item I II III I II III 

Top of Pier 1 Target Disp. (m) 0.179 0.174 0.109 0.178 0.111 0.011 
Top of Pier 2 Target Disp. (m) 0.357 0.353 0.304 0.329 0.238 0.125 
Top of Pier 3 Target Disp. (m) 0.480 0.480 0.480 0.479 0.420 0.354 
Top of Pier 4 Target Disp. (m) 0.462 0.465 0.498 0.600 0.600 0.597 
Top of Pier 5 Target Disp. (m) 0.286 0.290 0.314 0.624 0.674 0.720 
Top of Pier 6 Target Disp. (m) N/A N/A N/A 0.529 0.594 0.642 
Top of Pier 7 Target Disp. (m) N/A N/A N/A 0.312 0.356 0.373 
System Displacement (m) 0.388 0.389 0.400 0.490 0.514 0.555 
System Mass/Total Mass (%) 90.8 90.5 85.3 89.0 83.1 72.6 
System Damping (%) 10.2 9.9 8.7 8.8 7.9 6.2 
Effective Period (sec) 2.118 2.093 2.041 2.508 2.529 2.476 
Abutment 1 Reaction (KN) 799 800 3,487 41.2 3,487 2,279 
Pier 1 Base Shear (KN) 4,479 4,489 8,163 1,184 4,222 1,038 
Pier 2 Base Shear (KN) 3,399 2,992 3,356 2,949 2,815 4,719 
Pier 3 Base Shear (KN) 2,633 2,244 1,856 3,651 2,111 3,635 
Pier 4 Base Shear (KN) 2,155 1,795 1,454 3,291 1,689 2,496 
Pier 5 Base Shear (KN) 1,266 1,065 1,825 3,020 1,407 1,988 
Pier 6 Base Shear (KN) N/A N/A N/A 2,540 1,165 1,868 
Pier 7 Base Shear (KN) N/A N/A N/A 960 4,778 2,646 
Abutment 2 Reaction (KN) 2,713 2,713 3,327 2,002 3,327 2,434 
Abutment Force/Total Shear (%) 20.1 21.8 29.0 10.4 32.9 20.4 
Number of Design Iterations 7 6 2 11 4 2 
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(a) Algorithm I 
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(b) Algorithm II 
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(c) Algorithm III 
Figure 18 BR8-12-16-20-24 Design Verification 
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(a) Algorithm I 
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(b) Algorithm II 
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(c) Algorithm III 
Figure 19 BR8-12-16-20-24-28-32 Design Verification 
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This appendix comprises a catalogue of 100 real earthquake records that were used for the 

evaluation study of the equivalent damping approach. These earthquakes were provided by 

Professor Eduardo Miranda, a faculty member at Department of Civil Engineering at 

Stanford University. The records are tabulated in Table 1 through Table 5. 

Table 1 Ground Motions Recorded on Site Class B  
Magnitude Station Comp. PGA Date Earthquake 

Name (Ms) 
Station Name 

Number (deg) (cm/s2)
06/28/92 Landers 7.5 Silent Valley, Poppet Flat 12206 0 48.9 

06/28/92 Landers 7.5 
Twentinine Palms Park 
Maintennance Bldg 22161 0 78.7 

06/28/92 Landers 7.5 Amboy 21081 90 146.0 
10/17/89 Loma Prieta 7.1 Point Bonita 58043 297 71.4 

10/17/89 Loma Prieta 7.1 
Piedmont, Piedmont Jr. High 
Grounds 58338 45 81.2 

10/17/89 Loma Prieta 7.1 San Francisco, Pacific Heights 58131 270 60.2 
10/17/89 Loma Prieta 7.1 San Francisco, Rincon Hill 58151 90 88.5 

10/17/89 Loma Prieta 7.1 
San Francisco, Golden Gatae 
Bridge 1678 360 228.6 

10/17/89 Loma Prieta 7.1 Hollister-SAGO vault 1032 360 60.1 

10/17/89 Loma Prieta 7.1 
South San Francisco, Sierra 
Point 58539 205 102.7 

10/17/89 Loma Prieta 7.1 
Berkeley, Lawrence Berkeley 
Lab. 58471 90 114.8 

10/17/89 Loma Prieta 7.1 
Coyote Lake Dam, 
Downstream 57504 285 175.6 

01/17/94 Northridge 6.8 
Mt Wilson, CIT Seismic 
Station 24399 90 228.5 

01/17/94 Northridge 6.8 Antellope Buttes 24310 90 99.7 
01/17/94 Northridge 6.8 Los Angeles, Wonderland 90017 185 168.7 
01/17/94 Northridge 6.8 Wrightwood, Jackson Flat 23590 90 54.5 
01/17/94 Northridge 6.8 Littlerock-Brainard Can 23595 90 7.2 
01/17/94 Northridge 6.8 San Gabriel E. Grand Ave. 90019 180 256.0 

10/01/87 Whittier 6.1 
Los Angeles, Gritfith Park 
Observatory 141 0 133.8 

10/15/79 Imperial Valley 6.8 Superstition Mountain 286 135 189.2 
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Table 2 Ground Motions Recorded on Site Class C  
Magnitude Station Comp. PGA Date Earthquake 

Name (Ms) 
Station Name 

Number (deg) (cm/s2)

10/15/79 Imperial Valley 6.8 
El Centro, Parachute Test  
Facillity 5051 315 200.2 

02/09/71 San Fernando 6.5 Pasadena, CIT Athenaeum 80053 90 107.9 
02/09/71 San Fernando 6.5  Pearblossom Pump 269 21 133.4 
06/28/92 Landers 7.5 Yermo, Fire Station 12149 0 167.8 
10/17/89 Loma Prieta 7.1 APEEL 7, Pulgas 58378 0 153.0 

10/17/89 Loma Prieta 7.1 
Gilroy #6, San Ysidro 
Microwave site 57383 90 166.9 

10/17/89 Loma Prieta 7.1 Saratoga, Aloha Ave. 58065 0 494.5 

10/17/89 Loma Prieta 7.1 
Gilroy, Gavilon college Phys 
Sch Bldg 47006 67 349.1 

10/17/89 Loma Prieta 7.1 Santa Cruz, UCSC  58135 360 433.1 
10/17/89 Loma Prieta 7.1 San Francisco, Dimond Heights 58130 90 110.8 
10/17/89 Loma Prieta 7.1 Freemont Mission San Jose 57064 0 121.6 
10/17/89 Loma Prieta 7.1 Monterey, City Hall 47377 0 71.60 
10/17/89 Loma Prieta 7.1 Yerba Buena Island 58163 90 66.70 
10/17/89 Loma Prieta 7.1 Anderson Dam (downstream) 1652 270 239.40 

04/24/84 Morgan Hill 6.1 
Gilroy Gavilon college Phys Scl 
Bldg 47006 67 95.0 

04/24/84 Morgan Hill 6.1 
Gilroy #6, San Ysidro 
Microwave Site 57383 90 280.4 

07/08/86 Palm Springs 6.0 Fun Valley 5069 45 129.0 
01/17/94 Northridge 6.0 Littlerock, Brainard Canyon 23595 90 70.60 
01/17/94 Northridge 6.8 Castaic Old Ridge Route 24278 360 504.2 

01/17/94 Northridge 6.8 
Lake Hughes #1, Fire station 
#78 24271 0 84.9 
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Table 3 Ground Motions Recorded on Site Class D 
Magnitude Station Comp. PGA Date Earthquake 

Name (Ms) 
Station Name 

Number (deg) (cm/s2) 
06/28/92 Landers 7.5 Yermo, Fire Station 22074 270 240.0 
06/28/92 Landers 7.5 Palm Springs, Airport 12025 90 87.2 
06/28/92 Landers 7.5 Pomona, 4th and Locust FF 23525 0 65.5 

01/17/94 Northridge 6.8 
Los Angeles, Hollywood 
Storage Bldg. 24303 360 381.4 

01/17/94 Northridge 6.8 Santa Monica City Hall 24538 90 866.2 
01/17/94 Northridge 6.8 Los Angeles, N. Westmoreland 90021 0 393.3 

10/17/89 Loma Prieta 7.1 
Gilroy 2, Hwy 101 Bolsa Road 
Motel 47380 0 394.2 

10/17/89 Loma Prieta 7.1 
Gilroy 3, Sewage Treatment 
Plant 47381 0 531.7 

10/17/89 Loma Prieta 7.1 Hayward, John Muir School 58393 0 166.5 
10/17/89 Loma Prieta 7.1 Agnews, Agnews State Hospital 57066 0 163.1 

10/01/87 Whittier 
Narrows 6.1 Los Angeles, 116th St School 14403 270 288.4 

10/01/87 Whittier 
Narrows 6.1 

Downey, County Maintennance 
Bldg 14368 180 193.2 

10/15/79 Imperial 
Valley 6.8 

El Centro #13, Strobel 
Residence 5059 230 136.2 

10/15/79 Imperial 
Valley 6.8 Calexico, Fire Station 5053 225 269.6 

04/24/84 Morgan Hill 6.1 Gilroy #4, 2905 Anderson Rd 57382 360 341.4 

04/24/84 Morgan Hill 6.1 
Gilroy #7, Mantnilli 
Ranch,Jamison Rd 57425 0 183.0 

04/24/84 Morgan Hill 6.1 Gilroy #2, Keystone Rd. 47380 90 207.9 

04/24/84 Morgan Hill 6.1 
Gilroy #3 Sewage Treatment 
Plant 47381 90 189.8 

02/09/71 San Fernando 6.5 
Los Angeles, Hollywood 
Storage Bldg. 135 90 207.0 

02/09/71 San Fernando 6.5 Vernon, Cmd Terminal 288 277 104.6 
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Table 4 Ground Motions Recorded on Very Soft Soil Sites (Site E) 
Magnitude Station Comp. PGA Date Earthquake 

Name (Ms) 
Station Name 

Number (deg) (cm/s2)

10/17/89 Loma Prieta 7.1 Foster City (APEEL 1; Redwood 
Shores) 58375 90 277.6 

10/17/89 Loma Prieta 7.1 Foster City (APEEL 1; Redwood 
Shores) 58375 360 63.0 

10/17/89 Loma Prieta 7.1 Larkspur Ferry Terminal 1590 
(USGS) 270 134.7 

10/17/89 Loma Prieta 7.1 Larkspur Ferry Terminal 1590 
(USGS) 360 94.6 

10/17/89 Loma Prieta 7.1 Redwood City (APEEL Array 
Stn.2) 

1002 
(USGS) 43 270.0 

10/17/89 Loma Prieta 7.1 Redwood City (APEEL Array 
Stn.2) 

1002 
(USGS) 133 222.0 

10/17/89 Loma Prieta 7.1 Treasure Island (Naval Base Fire 
Station) 58117 0 112.0 

10/17/89 Loma Prieta 7.1 Treasure Island (Naval Base Fire 
Station) 58117 90 97.9 

10/17/89 Loma Prieta 7.1 Emeryville, 6363 Christie Ave. 1662 
(USGS) 260 254.7 

10/17/89 Loma Prieta 7.1 Emeryville, 6363 Christie Ave. 1662 
(USGS) 350 210.3 

10/17/89 Loma Prieta 7.1 San Francisco, International 
Airport 58223 0 231.5 

10/17/89 Loma Prieta 7.1 San Francisco, International 
Airport 58223 90 322.7 

10/17/89 Loma Prieta 7.1 Oakland, Outer Harbor Wharf 58472 35 281.4 
10/17/89 Loma Prieta 7.1 Oakland, Outer Harbor Wharf 58472 305 265.5 

10/17/89 Loma Prieta 7.1 Oakland, Title & Trust Bldg. (2-
story) 58224 180 191.3 

10/17/89 Loma Prieta 7.1 Oakland, Title & Trust Bldg. (2-
story) 58224 270 239.4 

10/15/79 Imperial 
Valley 6.8 El Centro Array 3, Pine Union 

School 5057 140 260.9 

10/15/79 Imperial 
Valley 6.8 El Centro Array 3, Pine Union 

School 5057 230 216.8 

04/24/84 Morgan Hill 6.1 Foster City (APEEL 1; Redwood 
Shores) 58375 40 45.1 

04/24/84 Morgan Hill 6.1 Foster City (APEEL 1; Redwood 
Shores) 58375 310 66.7 
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Table 5 Near-Fault Records with Forward Directivity 
Magnitude NEHRP PGA Date Earthquake Name 

(Ms) 
Station Name 

Site Class (cm/s2) 
10/17/89 Loma Prieta 7.1 Los Gatos D 704.0 
10/17/89 Loma Prieta 7.1 Lexington Dam D 673.0 
01/16/95 Hyogo-Ken-Nanbu, Kobe 6.9 Takatori Station D 771.0 
01/16/95 Hyogo-Ken-Nanbu, Kobe 6.9 Kobe Station D 1067.0 
01/16/95 Hyogo-Ken-Nanbu, Kobe 6.9 Port Island D 426.0 
03/13/92 Erzican, Turkey 6.9 Erzican Station D 424.0 
01/17/94 Northridge 6.8 Rinaldi Receiving Station D 873.0 
01/17/94 Northridge 6.8 Sepulveda D 715.0 
01/17/94 Northridge 6.8 Sylmar County Hospital D 718.0 
01/17/94 Northridge 6.8 Newhall, LA County Fire Station D 709.0 
10/15/79 Imperial Valley 6.8 Meloland D 372.0 
10/15/79 Imperial Valley 6.8 El Centro Array 6 D 424.0 
04/24/84 Morgan Hill 6.1 Coyote Dam D 712.0 
04/24/84 Morgan Hill 6.1 Anderson Dam D 436.0 
08/17/99 Kocaeli, Turkey 7.8 YPT D  311.5 
08/17/99 Kocaeli, Turkey 7.8 DZC1 D  390.1 
11/12/99 Duzce, Turkey 7.8 DZC2 D  404.2 
08/17/99 Kocaeli, Turkey 7.8 IZT1 AB  164.3 
11/12/99 Duzce, Turkey 7.8 BOL2 D  755.9 
08/17/99 Kocaeli, Turkey 7.8 GBZ1 AB  240.2 
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