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SUMMARY

The problem of the direct (without step-by-step analysis of all the deformation history
from the very beginning of the load) determination of the steady cyclic stresses and strain
rates is considered for the three-dimensional elastic-perfectly plastic continuum. The men-
tioned problem is formulated as a maximization (or minimization) principle for correspond-
ing functionals. Two, statements have been suggested:

I) From all the kinematically admissible cycles of plastic strain rates and corresponding
residual stress rates (securing the acceptability of the total stresses in any point of the body
at any time-moment) the actual steady cycle is such that the total work performed in it
by the difference between total and yield stresses becomes maximum.

It is shown that the well known static (Melan) and kinematic (Koiter) shakedown (non-
shakedown) theoremes directly result from the formulated principle assuming that the
steady behavior of the body is perfectly elastic (or, correspondingly, that the plastic strain
rates differ from zero).

II) From all the initially residual stresses fields at which the total stresses are statically
possible and acceptable at any time-moment and the strain rates depending upon them
are compatible in the actual steady cycle are realized the ones which ensure the minimum
of the total elastic energy corresponding to the difference between the residual stresses at
the beginning and at the end of the cycle.

The extreme principles suggested and proved may be practically used for the exact or
approximate determination of the steady cyclic stresses and strain rates due to the given
forces and temperature fields.

The mentioned principles may be extended to formulate the conditions under which
the incremental collapse begins when the altenating plasticity is present.

Some examples illustrating the applications of the suggested principles are given. In all
the considered cases the problems are treated either as Pontryagin’s maximum principle
problem, or convex or linear programming.
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For structures having limlted operating time the work outside the shake=
down locus would be admissible in some cases., Then it is essential to know
what type of the cyclic plastio deformation processes (alternating plasti=-
clty, incremental collapse or their combination) are expected. The analysis
and the stress calculations made by the step=by-step procedures show the con=
vergence of oyclic deformation processes., As the mentioned procedures are re=
lated with certain difficulties the direct determination of the strain amp-
litudes (in the case of alternating plasticity) and of the strain incre =
ments (when their persistent aocumulation is expected) at the steady-state
response of the structure would be a problem of essential interest.

The general existence and uniquiness theorems on the steady stress oyc=
les based on the known Drucker's postulate were proved first by Frederick
and Armstrong [1] . But somewhat earlier the problem of direct steady
8tress and strain rate calculation under the creep oonditions was formula=
ted and solved by Shorr [ 2, etc ]. Then Ponter [ 3 etc. ], Martin and Wil=
lisms [4 ] proposed some approximate bounds for steady cycle charachteris=—
tlcs taking into conaideration both plasticity and creep. The corresponding
bounds were also suggested by Mroz [ 5] .

In this paper the problems of the stress and strain rate caloulation and
of the determination of the loading parameters according to the given kine=
matical features of the steady stress cyocle are formulated on the basis of
suggested general extremum principle. The latter differs from the known
principles [ 6] as it covers the whole deformation process within the fra=-
mework of one extremum problem. Such approach proves to be possible while
the yield surface does not depend on the deformation history (i.e. for slas=
tic=perfeotly plastic bodies).

1. Arbitrary deformation processes

Let the acting body and surface forces XI;@‘], bi(w) and the temperatu-
re fields z}('[) at the time interval 0 <7< 7, be given as well as the
initial state of the structure defined by the residual stress /)5 (at v=0)

0 _ a, _
Py =% Ayt =0 @
Then if the actual stress (consisting of elastic and self=squilibrated
parts)
® o A
%t By +4/)[jdg ()

and the strain rate distributions at any time-moment have to be found they
must satisfy the following conditions [6]
a) The equilibrium equations -

-ﬂ&_/ = 0, /0‘4/ flj =0 (3)

where p;/ is the residual stress rate.
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b) The compatibility equations for residual strain rates including the

P -
plastic EU and elastio Alijﬁkﬁ/?k components =

5 +AU/?/</)/7/( 2( U/,b) 4)

where u; denotes the residual velooities and Ayﬁ/( is the elastic modu-
1i tensor,
¢) The physical equations having for ideal elastic-plastic materlals the

form -

+ﬁ/ +/ﬁ/dg) 0, (5)
ZA 073(/80/, >0 (6)
(3) 0 . _
7;(6.-+,o&.j+f0/)&-jd2)—,0 Q@
7,
Ao(éf( +ﬁ5/ +4/’5jd5)= 0 (8)
where 7&(66/)::0 (x=1,2,...,n) (9)

denotes a set of regular functions defining the yield surface, Ay-lhe
nonnegative multiplier differing from zero only if the stresses reach the
yield surface and unloading does not occur, (7‘(;(-6) = elastio stress suppo-
ged to be a known function of the loading parameters, For the further ana-
lysis 1t is convenilent to reduce the problem to the variational one repla=
cing the condition (7) by a specially designed functional to be minimized.
Then the followlng extremum principle can be formulated,

1.1, In an actual deformation process defined by the given initial
state and loading history suchplastic strailn rate fields are to be realized
which satisfy conditions (3) - (5) and minimize the speoific funotional

J= / a!fcf[ +/)‘/ +//26/dg)]e” dv (10)

where 6o'j denotes the yleld stresses assoclated with the strain rates by
eq. (6).

If the displacement field includes discontinuities the righthand side of
ego (10) must be completed with the term

z/ d?;/[ +/)U+/p6/a’Z)]nAaa’S (1)

where Ad(; is the corresponding Jump on the surface 5;“ and 7?/ =the uni=-
ty normal vector to the latter, For the sake of simplicity, term (11) 1is
onitted elsewhere (exoept the examples below).
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To prove the suggested principle one can note that according to eq.(5)
the actual stresses (2) are admissible ( 6/ ) and due to the Drucker's
postulate

L5, +pU +//%, as)le)= ;- )6” (12)
where equality to zero is possible if 6§) and qU (more exaotly-their
components essential for eq.(9) ) are equal, i.e. if eq.(7) 1s satisfiled,
Hence asocording to nonequality (12) funotional (10) 1s negative for all
plastioc strain rate fields satisfying egs. (3) = (6) and it becomes an sb=
solute minimum (equal to zero) only when eq. (7) holds.

The adequacy of the principle formulated as a necessary condition is now
almost evident. The conditions become sufficient when in addition eq. (8)
holds. But the latter being essential for exact theoretical analysis is
not obligatory in practiocal applications when the finite strain increments
are determined.

The mentioned principle permits one to obtain the necessary and suffi-
clent conditions for the existence of any deformation process defined by
the given kinematiec features. For example, the principle reduces to the ki=
nematic theorem for plastic collapse [Gj] assuming that the strain rates
are nonconstrained at some time-moment. Similarly, assuming that the plas=
tic strain rates are constrained at any moment one can obtain the corres-—
ponding static theorem,

2 Steady stress and strain rate oyocle

Let the structure be subjected to certain forces and temperature fields
changing cyclloally with some period 7 . As the steady strese oycle 1s clo=
sed the following additional condition must be satisfied

7. 7,
4 (T)= /)6./0.+4/J&-jd'&'=/)0-; (M./mw) (13)

or in the kinematic terms

Aé‘” 2(Au6/+Auﬂ), AS// f dz‘, Au fu adz (14)

Then principle 1.1 takes the following form,

2.1, The plastio strain rates éf- and initial self-squilibrated
stress pb to be realized in the actual steady oycle must satisfy eqs.(1),
(3) = (6) and (13) (or equivalent eq. (14) ) and minimize the functional

/dT/( 6”dV (15)

Comparing the oonstraints and the funotionals to be minimized due to
extremum principles 1.1 and 2.1 respeotively one can see that the latter
would be proved if the following condition holds
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/af’[/(/)b +/ﬁ dZ)a[”dV 0 (16)

Actually, as the self-stress state /%i does not depend on the time and
the plastic strain=-rate cyocle is admissible due to the virtual work prin-
ciple [ 6] we may write

fa’f[/pé/a”a’y /pbjzle”a’v 0 (17

The second addend of the left-hand side of eq. (16) using virtual work
principle and eqs. (3), (4), (13) can be transformed to the form

J /] |, iy & Jjy av= ~407z/Ad/-,,,([ ézj s /fi,av =
(18)
- gLy A 4 Jv=0

Then eq. (16) holds and henoce prinociple 2.1 1s proved as a necessary
condition. It becomes sufficient if in addition eq. (8) holds (see the
corresponding remark above).

It should be noted that some other versions of the extremum principle
for steady ocyclic stress determination can be proposed. For example, from
all flelds of stresses /% and plastlioc strain rates 56 which satisfy
conditions (1), (3)=(8) in the actual steady cyocle are realized the ones
which ensure the minimum of nonnegative functional

/drf(AU,,,,/Jj/pMdg)dv 2/ /,,,([p‘/(f)ﬂ][p,,k(f) P v

But it is practlcally leass convenient than 2.1 dus to nonlinearity of the
corresponding oonstraints and functional,

On the basls of suggested principles 1.1, 1.2 the problems of the stress
enalysis (for continuous structures) can be formulated in terms of optimal
control theory and solved by using the Pontriagin's maximum principle {7,8].
But in meny cases the mathematical programming procedures bagsed on descrete
desoription of the structure are more oconvenient. Using the piecewise line=-
ar yleld surfaces one can reduce the mentioned problems to the linear (for
steady cyocles when only the necessary conditlons defined by principle 2.1
held) or quadratic (for arbitrary deformetion processes) programming prob-
lems.

3« Limit conditilons according to the given kinematical features

Consider some special cases for prineiple 2.1. The simpliest case is

when the plastic strain rates are equal to zero ( 69"0 ) at any time-mo=-

ment (the structure shakes down). Then eqs. (3), (4), (6 ) peduce to iden-
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tities and funotional (15) becomes equal to zero. According to principle
2.1 the condltions necessary for the existence of such cycle include only
eq. (1) and inequality (5) which takes the form

ACHYARLY (19

The condition obtained would become sufficient (according to eq.(8) )
if there 1s strict inequality. But it is not essentisl practically. Thus
the result in faot coincides with Melan's theorem.

Similarly the kinematic lnadaptation theorem established by Koiter can
be inferred from principle 2,1 correspondingly assuming that the plastic
strain rates unequal to zero include & ocommon indeterminate multiplier.

A more general problem 1s to determine the maximum values of the loading
parameters for steady stress cycle satlsfying the following oonditions

Auﬁds COU (20)

where Aug denotes the displacement increments in some points K=/2,..

of the astructure, C{‘Lthe glven values. Similarly the dual problem (bo
obtain the minimum values of those parameters when Au§k> COU ) can be
formulated. In thls case the following consequence of principle 2.7.can
be used.

3.1, The inequality (20) holds in the aotual steady cycle if there is
any strain rate field é’/ and any initial stress field /0 gimultane-
ously satisfying the constraints (20), (1), (3)=(6), (14) while the func=-
tional (15) attains zero value.

The problems formulated can be reduced (using some descretizing procedu=
re) to the dual problems of convex or linear parametric programming,

A special case of essential interest is the determination of loading pa=-
remeters when ALQ=0 anywhere on the struoture (it should be taken into con-
slderation that the alternating plasticity possibly takes place). Let the
variable forces and temperature fields paremeters be given while the time=-
independent load (defined by some multiplier) 1s to be determined. Then
the independence of the strain rates under cyclic plastioclty upon the con=
stent loads (1:[" Aui,E 0) can be used (the oorresponding proof may be omitted
here). On this basis two theorems closely similar to those by Melan and
Koiter (transformed to more convenient Porms in [ 9, 10] ) can be formula-
ted. They differ from the latter only in replacing the elastic stresses

(5?9 wilth actual stresses 6/T corresponding to the known yield limits
and (only) variable forces and temperature fields.

3.2. According to the new static theorem the strain accumulation does
not occur if the following inequality holds

(66/0') = max f(q./o-+ Gyg) < 0 (1)
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where Gﬂ denotes the stresses balanced by the constant body and surface
loads

X/ =0, on (22)
%, 7% =

3.3, Resgpectively, due to the proposed kinematic theorem the gtrain aoc-
cumulation (incremental collapse) will take place if the corresponding in=
equality is satisfied

JX; Auodw/pdz]u asy qu*deqodv (23)

where qﬂ* 1s the atress reffering to the fiotitious yleld surface whigh
1s defined by the condition

)= marx (G’

yx T Gl = 0 (2%)

y%
(remember that the fterms corresponding to the poasible discontinulties of
the displacement field are omitted in (23) ).

The static and kinematlc theorems formulated above represent the further
development of the limit analysils of the elastic-=perfectly plastic structu-—
res. It should be noted particularly that they form the suitable generali-
zation of the stress superposition method appied in [ 9] to some simple
problems of the type considered. Now all the sets of the exact and approxi-
mate methods developed for the elastic shakedown problems [9, 10 can be
used to determine the general incremsntal collapse limlt conditions due to
theorems 4.2, #4+¢3.

4, Examples of theorems applications

Then let us consider some examples to illustrate the application of the
suggested principles and theorems.

4.1, Example of steady-state cycle determination, The simple two-para=-
metric system (Fig.1) 1s subjected to the constant load AP and variations
of the temperature (let bar 1 be oyolically heated and cooled). The plastic
gstrain rates of the bars (i==$2,3 ) can be presented as differences of the
tension and compression rates

o (t) )
Then the functional (15) to be minimized takes the form
T ) ()
H1E 5L 06 X = - 6= o= A, fdle (26)

where<%p, O;¢ denote the elastioc stresses due to the force and temperature
regpectively, 6@ = the yleld stress., In the case considered the const-
raints system (1), (3)=(6), (14) assumes the form
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3, 5.

im0 G0 @7
t) X

(A - 257+ E’p‘-)zi = const (28)

0 7.
=G S Gyt Oyt gt P AT <G (29)
s0, 2%>0 (30)

N ) N )]

414-(/16- -/10. )df=cozzst (3)

Thus the problem reduces to the linear programming one (the appropriate
procedure is known and will not be dicussed here), By means of the symplex
program one can obtain the strain amplitudes and increments sorresponding
to the given values of the aystem and loading parameters.

4.2, Example of the ilnoremental collapse conditions determination. Let
a oylindrical shell (Fig. 2a) be subjected to a time-independent ring load P
and oyclic variations of the linearly distributed (across the thickness of
the shell) temperature

TO)=0+ S4(t), -4 < G(T)<, &=2/h,-1< &< 1 (32)

The boundaries of the elastic shakedown locus for the shell were deter=—
mined in [ 91, The corresponding diagram ABC is presented in Fig.2b. Here
the following terms are used

__oEty b 4O hV2R (35
q*— 63(7—_/1) ’ 0~ VR

The line AB corresponds to the alternating plasticity limit condition,
the line BC , similarly, to the incremental collapse condition, the verti-
cal line drown from the point { oorresponds to limit equilibrium condition.
Let us determine the upper bound for the parameters of the incremental col=
lapse limit cycle at g;:>7 (1,6, when alternating plasticity takes place).
The actual thermal stresses and reversible plastic strains are easy to ob=-
tain due to perfeot plasticity

o<Et1(z’) o .
o ==y S ST br= 0 M [2/< & o

= = ; & _/I” ?» -
Syg = Opr = = G5 Signl 24w, [éfzax, = [ehrdx, =
=-ast)+ Losignrstmy it 1215, (35
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!
z = = 1L
0 % (26)

Let the adopted set of the ocollapse mechanisms be similar to those oon=
sidered in solving a similar problem in the book [9] (see the thin lines
in Fig.2a). Then the inequality (23) takes the form

The thermal stresses values minimizing the integrands are shown in
Fig.3 by shaded lines. After simple transformations of (3’7) one ocan obtain

Ghly  46gh°

P = +
%R 37,5 Ly (38)
Then minimizing the load P due to the parameter L results in
Py / 4 Rh
5 T T Ly= (39)
H 7. V64, (4 37* )

to which the line BJ (Fig.2b) corresponds.
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Fig. 1. Two=-parametric system
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Fig.2. a) Cylindrical shell and its collapse mechanism, b) Limit conditionss
ABC = shakedown, BD = incremental collapse when alternating plasticity
takes place.
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Fig.3. Thermal stresses at ¢, >/, =0  (alternating plastioity)



