
ABSTRACT

GOLE, NEERAJ NITIN. Transcranial Ultrasound Beam Focusing using Fast Marching
Method. (Under the direction of Dr. Yun Jing.)

Transcranial High Intensity Focused Ultrasound (HIFU) has very promising thera-

peutic applications in treatment of brain tumor, stroke and drug delivery. Skull presents

a barrier to precise focusing of acoustic waves due to refraction and scattering. To ensure

focusing, phase correction is applied using ultrasound transducer array. This thesis pro-

poses use of Fast Marching Method (FMM) to obtain the correction information. Similar

to past approaches, a point source at focal point is numerically simulated. Acoustic rays

are propagated through 3D skulls, using acoustic properties obtained from computer to-

mography of skull under study. The data containing necessary information is received

outside the skull at exact locations of transducer elements. In previous researches, full

wave equation was solved using conventional FDTD, k-space method etc. and hence the

computation time was high. The current study will use FMM to solve the Eikonal equa-

tion. This equation makes use of bent ray approximation of waves thus reducing wave

equations into a differential equation independent of frequency. The main advantage lies

in the fact that while accuracy of full wave equation methods greatly depend on number

of grid points per wavelength and hence resolution, FMM is far less sensitive to it. Thus

one can use lower resolution for computation which greatly decreases computation time.

Numerical simulations demonstrate the precise focusing with significantly lower required

time, enabling pre-treatment computation on the order of seconds. The thesis also makes

an important comparison between the case with and without averaging of arrival times

over a transducer element. In reality a transducer element has finite dimension rather

than being a single point. Thus, though the arrival times will differ across its surface,



it will emit waves simultaneously. This can add up to the error in precise focusing. The

comparison reveals that the error is not very large and hence validates use of average

arrival times across the surface of transducer element.
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Chapter 1

Introduction

1.1 Therapeutic Ultrasound and HIFU

Ultrasound has found many applications in medical science during recent decades; from

cleaning teeth in dental hygiene to treatment of cancer [5]. It has been used to relieve

pain and related musculoskeletal disorders by physiotherapists[49][12]. Short ultrasound

pulses can also heal fractures[6]. One such application is High Intensity Focused

Ultrasound (HIFU). HIFU is a hyperthermia therapy which makes use of heat to

treat diseases and destroy tumors. To generate this heat locally, ultrasound energy is

focused at the application point. This necessitates a precise focusing of acoustic waves

to achieve maximum heat generation with minimal co-lateral damage to healthy tissue.

In 1935, Gruetzmacher discovered the physical phenomenon that using a curved piezo-

electric device, short ultrasound waves can be made to focus at a point. The energy thus

concentrated at the focal point was 150 times compared to the energy recorded near the

same point using a vibrating plate. Pioneering work in biological application of this phe-

nomenon was done by John. G Lynn, et al. [34]. This group also used curved piezoelectric
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device. When an AC current was passed through it, the expansion and contraction of the

quartz piezo crystal generated sound waves of same frequency as the current. They were

thus able to produce high frequency waves. Due to the curved nature of the device, the

ultrasound was focused inside fresh tissue blocks and into tissues and organs of living an-

imals. They were able to show a local ablation at focal point while the intervening tissue

remained healthy. Fry et al., in the 1950s, produced lesions and deep cuts in brains and

spinal cord of cats and monkeys[21] [20]. Instead of a single focused beam of ultrasound,

they used four transducers to produce as many beams to focus at a point. This helped

in reduction of amount of intervening tissue, an important consideration in thin tissues

like spinal cord. Though it was subsequently used for treatment of patients with Parkin-

son’s disease and other neurological conditions [19], limitations of technology at that

time restricted the progress. Several studies were conducted on viability of high intensity

ultrasound in treatment of cancer[43], and its effects on various tissues was documented

[3] [15] [33]. Most of the HIFU applications are still in research stages. A lot of study

has been undertaken to check the feasibility of HIFU for treatment of uterine benign

tumors[44], prostate cancer[39], Parkinson’s disease and other neurological disorders[19].

1.2 Principle of HIFU

When acoustic wave propagates through tissues, part of it is absorbed and converted

into heat. This wave can be made to focus at a point deep inside the tissue, raising the

local temperature. The focus obtained is usually on the order of millimeters. By shifting

the focal point minutely, or in other words focusing at different points, specific volume

of tissue can be heated. The heat causes inhibition of cellular reproduction or complete

destruction of tissue through ablation. In certain medical procedures like hyperthermia
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or thermotherapy the temperature is maintained at around 430C for 60 min or longer[32].

This restricts cellular reproduction. But as treatment time is high, it is inconvenient and

also allows dissipation of heat to surrounding regions thus raising the possibility of lateral

damage to the tissue. On the other hand, in HIFU a very high intensity ultrasound wave

is made to focus. The temperature raises rapidly up to 800C [45], which even for exposure

of 1second can cause cell death due to thermal toxicity [26]. Thus the tumor or malignant

cells can be killed without damage to healthy tissue. Chen and et al. have demonstrated

that exposure times of 3 s or less can effectively inhibit the chances of local thermal

diffusion and heat dissipation from target region [7], thus proving the advantage of HIFU

over other forms of thermotherapies. Focusing can be done by following ways:

1. Geometrically, by means of a polystyrene lens or a curved transducer

2. Electronically, by correction of phases of elements in a transducers array (phased

array).

Advantages of using phased array are that the phase adjustment can be done dynamically

to focus at different locations and that phase aberrations due to tissue structure can be

easily corrected. To find the focal point and to guide the sound waves two methods are

used:

1. Magnetic resonance imaging: This uses an MRI to locate the target volume and

hence determine the focal distance. Advantage of this method, also known as

MRgHIFU, lies in the fact that as MRI technology is well developed, it can be

readily used for the said purpose. The disadvantage lies in the fact that separate

instruments are required for MRI and HIFU due to difference in operating princi-

ples.
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2. Diagnostic sonography: In this technique, acoustic waves itself are used to locate

the target surface and determine the focal distance. As sonography and HIFU, both

use acoustic waves, there is viability to combine them into one machine which first

diagnoses for target and then treats using HIFU.

Figure 1.1 is the schematic of HIFU principle.

Figure 1.1: HIFU principle

The total power deposition is the amount of heat generated at a given point. It is

directly proportional to absorption coefficient and summation of squared pressure, while it

is inversely proportional to density and speed of sound in the medium[50]. A continuous

wave excitation can have n patterns. Thus relationship for heat deposition at spatial

coordinate r is given by:
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Q(r) =
α

ρc

N∑
n=1

p(r, n)p∗(r, n)

where α is absorption coefficient, ρ and c are density and speed of sound in medium

respectively, and p∗(r, n) is the conjugate transpose of pressure at r for nth pattern[50].

Absorption coefficient is a material property and its units are cm−1 and it increases

with frequency. Absorption coefficient of mammalian brain at 700KHz is about 0.014

neper/cm while it is about 0.024neper/cm at 1MHz[24]. Another important parameter is

attenuation. Though absorption and attenuation are generally used interchangeably, for a

narrow beam of wave, there is a fundamental difference. Attenuation includes absorption

and all other losses like scattering, etc. Attenuation coefficient is always greater than

absorption coefficient but varies similarly.

1.3 Advantages

1. As stated earlier, the biggest advantage of HIFU is that the tissue/ bone between

transducer and target remains functioning and intact. Thus there is hardly any need

for post-therapy recovery as is the case in surgical procedures. There are much lower

side-effects compared to surgery.

2. Radiotherapy, chemotherapy and surgery affect the anticancer immunity of the

patient leading to further complications. Ultrasound has no such effects.

3. Radiotherapy is invasive and hence needs to be given in multiple dosages, requiring

the patient to attend multiple sessions. HIFU is mainly administered in a single

dose thus making it more convenient.
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4. Chemotherapy and radiotherapy depend on type of host tissue. Some tissues are

more resilient and hence require stronger dosage to treat cancer and other malignant

growths. HIFU, on the other hand, is a thermotherapy and all cells types get killed

due to heat. Thus there will not be any tumor resistance to the treatment. Hence

it can be said to be independent of tissue type to be treated.

1.4 Limitations

1. The biggest limitation is that ultrasound cannot pass through air cavity. Thus

tissues inside organs with air-filled passages cannot be treated. Examples of such

tumors are those inside lungs and bowel.

2. The current HIFU procedures are slow for large tumors. Thus, while is takes about

1hour to destroy breast tumor of 1cm in diameter, a 10cm diameter liver tumor

can take more than 6hours for complete ablation. [31]

1.5 Time Reversal Transcranial HIFU

As mentioned in previous sections, HIFU can be used to treat tumors deep inside the

tissue by ablation. This technique appears attractive in case of neuro-surgery. In many

cases of brain tumor, the diseased tissue is located deep inside. Due to critical nature

of brain, the conventional surgery has always been difficult and involves great risks. As

HIFU techniques are non-invasive, they can be used for treating such cases without the

conventional risks. As stated earlier, it was Fry et. al who first studied the effects of

ultrasound focusing inside tissue of central nervous system[21] [20]. This study involved

producing lesions by ultrasound focusing. Another study by Fry and Meyers in 1962 was
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based on temporary modification of brain structure rather than complete ablation[17][23].

They were also able to alter the thermal dosage and maintain tissue at a particular

temperature. The result was that vascular system in both grey and white matter of brain

remained intact and functioning and only neural components were destroyed[22]. It was

also possible to destroy grey matter (nerve cell bodies) while keeping the white matter

(nerve fibres) intact. Thus HIFU can be used not only for destruction of brain tumor but

also for disease like Parkinson’s disease[23]. Many neural disorders involve only a small

region of brain and flexibility of treating only this region while keeping rest of the tissue

and its vascular system intact is a great advantage.

One of the features of transcranial HIFU which differentiates it from other HIFU

therapies is that unlike HIFU therapy for prostate cancer, breast cancer, neck tumor, etc.,

brain is shielded by the skull. The acoustic properties of most soft tissues are similar to

that water. This is because cells of soft tissues are made up mostly of water. For example,

water constitutes 76−78% of mammalian brain[24]. Average speed of sound in soft tissues

(like brain) is 1561m/s[9] which is a deviation of less than 4% from that of water (which

is 1500m/s). Noteworthy factor is that deviation within the medium (soft tissue) is even

lesser. Thus for all intents and purposes, a soft tissue can be assumed to be homogeneous.

The focal point (distance of target from lens/transducer) can then be easily calculated

by using geometric relationship.

The study by Fry et. al[21] involved removal of bone (small portion of skull) to

allow ultrasound to pass directly into brain tissue. The advantage lies in the fact that

though bone needs to be surgically removed/ reflected, the brain tissue itself is untouched

and lesions deep inside the tissue were achieved. In absence of bone, the tissue can be

treated as homogeneous and beam could be geometrically focused. The disadvantage lies

in the fact that surgery is involved which leads to healing time post therapy. Another
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research by McDannold et. al also involved removal of bone. Craniotomy was performed

two weeks before ultrasound therapy to allow enough time for the surgery wound to

heal. The experiment was performed on rhesus monkey[38]. Thus transcranial (transkull)

ultrasound focusing appears attractive option as it involves no surgery and there is little

pre and post-therapy medication required.

For bones (like skull) however, the acoustic properties differ drastically from that

of soft tissue or water. The density and speed of sound inside the skull is far greater

than in brain. Coupling with this is the fact that skull has a highly irregular structure

and shape. All this leads to failure of the homogeneity assumption as described for soft

tissues. The HIFU thus gets far more complicated. Acoustic waves, like light rays, tend

to bend when passing between points with a different speed. This is called refraction

and it plays a major role in determining the path followed by the wave. Thus a simple

geometric calculation will lead to erroneous focal distance. For this reason time reversal

technique is used.

The idea of time reversal is simple and was studied for acoustics by Mathias Fink[13].

Theoretically, the classical theorems of physics are invariant in time reversal. Consider

an example of a ball being thrown down from certain height h to hit a particular target

on ground. Classical physics states that the ball will trace the same path but in opposite

direction if it was thrown from the target to reach the height h with speed v0, instead

of being thrown down with same initial speed v0. In other words, motion (which is a

function of time) reverses direction when t→ −t, but the trajectory (path) remains the

same. The advantage is guarantee of hitting the target. The problem with application

of this property was suitable time mirroring to reverse time. In reality, it is not always

practicable to throw the ball up from the target to study the motion backward. In imaging,

however, we can make a movie run backwards by changing the direction in which the
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recording is played[13]. Similarly if we are able to capture the motion of a wave originating

from a point in form of images, we can play the images backward to make the waves travel

back to the source. This is the philosophy behind time reversal. In time reversal acoustics,

a small source of sound waves is located at the target by either placing transmitting device

experimentally or by simulating numerically[13]. The waves from this source propagate

outward, passing through the entire intermediate medium before reaching transducer

elements of a phased array. The wave field is recorded at locations of transducer elements.

The time can then be reversed and waves emitted accordingly by the transducer. As the

waves have undergone all the possible refractions, the waves thus emitted focus back

to the target. This leads to a sharp focus of high intensity; a necessary condition for

HIFU. The reversing of time is done by emitting acoustic waves in opposite direction

but with same phase as was recorded from wave originating from the point source. This

is analogous to throwing the ball down with same speed but opposite direction in the

above example. Experimentally placing a transmitting device has the advantage of high

accuracy, but it has following limitations:

1. It might not be feasible to place the device inside a tissues and organs like brain.

2. The transducer array has to act as sensor elements leading to more costly equip-

ment.

This leads to numerically simulating the source as an attractive option. In this

method, sound speed of skull is extracted from CT scans[1]. Wave equation is then solved

for a point source simulated at the target and mathematically calculated for locations of

transducers. Thus by knowing the difference in these phases at different transducers, a

phased array can generate acoustic waves to reach the target simultaneously.
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1.6 Research Objective

Previous research on this subject involved solving full wave equation for the simulated

point source to obtain phase correction. The wave equation is solved by Finite Difference

Time Domain (FDTD) approach [1], or by k-space method [28]. Solving full wave equation

naturally has the advantage of accuracy as the solution accounts for reflection, refraction

and dispersion of acoustic waves passing through a medium. The disadvantage lies in

the fact that the process is time consuming, particularly for the (FDTD). A study by

Marquet et al reported computation time of 2 h for 3D simulation through the skull

[36]. Solving the wave equation is resolution sensitive and requires fine mesh to correctly

capture phase information leading to strain on computing resource. This problem is partly

solved in k-space approach [28], which samples two points per wavelength as prescribed

by Nyquist theorem. The computation time is still high.

The present study aims at improving the computational efficiency on CT based phase

correction method. Instead of solving full wave equation, Eikonal equation is solved using

an efficient Fast Marching Method (FMM). The chief advantage of this method is sharp

fall in computation time and decrease in sensitivity to resolution. As the phase correction

requires fixing the location of target from the transducers, the computation cannot be

done offline. In other words, the computation time adds up to the therapy time. In

practice, the target would be a small volume than a single discrete point. Thus multiple

simulations will be required for set of closely spaced points. Thus it becomes crucial to

have an efficient algorithm to make transcranial HIFU a viable technology.
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1.7 Structure of Thesis

The second chapter deals with detail explanation of the thesis and theory behind it. It

involves discussion of Eikonal equation, justification for its use and explanation of Fast

Marching Method (FMM). Included in the same chapter is the derivation of Eikonal

equation for acoustic waves as well as working of FMM. The third chapter consists of

explanation of setup and numerical simulations carried out to justify the hypothesis. In

the latter section, results are discussed in detail with comparisons to other methods.

They are in form of graphs and plots. Chapter four concludes the thesis, pioneering ideas

for future work.
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Chapter 2

Theory

In Chapter 1, the principle of HIFU transcranial ultrasound was introduced with its

application. As mentioned earlier, the previous research was based on solving the full

wave equation by different methods like Finite Difference Time Domain (FDTD), K-space

method, etc. This study aims at using the Eikonal equation which is a high frequency

approximative method of full wave equation. The inherent advantage of this method lies

in the fact that it reduces the equation into a differential equation in only spatial variable.

This reduction is due to ray approximation or the Eikonal approximation.

2.1 Derivation of Eikanol Equation in Acoustics.

The wave equation in spatially dependent sound speed (as is the case in any heterogeneous

medium) is given by

∇2p(x, y, z, t)− 1

c2(x, y, z)

∂2

∂t2
p(x, y, z, t) = 0 (2.1)
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Factorizing p(x, y, z, t) from Eq. 3.1, we get

(
∇2 − 1

c2(x, y, z)

∂2

∂t2

)
p(x, y, z, t) = 0 (2.2)

For sound traversing through such a fluid, the amplitude varies with position and surfaces

of constant phases can be complicated. Assume trial solution:

p(x, y, z, t) = A(x, y, z, t)ejω(t−τ(x,y,z) (2.3)

The quantity τ is called eikonal. Substituting the trial solution in Eq. 3.2 and collecting

real and imaginary parts gives

−∇
2A

A
+ ω2∇τ∇τ =

(
ω

c

)2

2
∇A
A
.∇τ +∇2τ = 0

(2.4)

Now from Eq. 3.4, if we have a condition that:

∣∣∣∣∣∇2A

A

∣∣∣∣∣�
(
ω

c

)2

(2.5)

then the first equation of Eq. 3.4 assumes a much simpler form

(∇τ)2 =

(
1

c

)2

(2.6)
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Thus we have

(∇τ)2 =

(
1

c

)2

∴ |∇τ | =

(
1

c

) (2.7)

Here, c(x, y, z) is function of space. By solving Eq. 2.7, we will get the curves of constant

phase (wavefront) from which one can find the arrival time of this wavefront at each

point in space. We can plot contours representing constant arrival time from the source.

Thus we can easily find the arrival times for each of the transducer elements and phase

difference across them. By correcting the phase we can focus the waves at simulated

source location.

2.2 Eikonal Approximation and its Justification

Eq. 3.4 made very important assumption

∣∣∣∣∣∇2A

A

∣∣∣∣∣�
(
ω

c

)2

The sufficient conditions satisfying this assumption are

1. the amplitude of the wave does not change significantly over distances comparable

to wavelength, i.e ∇A� ω

2. speed of sound does not change significantly over distances comparable to wave-

length, i.e c� ω
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For a given medium, speed of sound does not change in time. The wavelength λ then

varies inversely with frequency. Thus for a high frequency sound passing through a given

medium, the wavelength is small. The acoustic properties of medium vary with space.

This variation would be less significant over small wavelength. Hence, the usage of Eikonal

equation instead of full wave equation is justified for transcranial ultrasound studies. The

current study assumes linear acoustics and hence transverse dimensions are not very large.

If a beam of sound wave has large transverse displacement, the assumption will fail at the

edges due to manifestation of diffraction which is completely ignored in case of Eikonal

approximation.

2.3 Fast Marching Method

Fast Marching Method (FMM) is a numerical method that approximates the solution to

nonlinear Eikonal equation of the form

S(x)|∇g(x)| = 1 (2.8)

FMM is a method which calculates the shortest distance from a set point/points to all

other points in a grid. As sound bends towards the medium with higher speed during

refraction, it in a way traces the path of shortest distance. Using FMM we arrive at

shortest distance field. Thus we can find the difference in shortest distances from the

simulated source to all the points on transducer. Necessary condition of FMM is S(x)>0.

This means that the speed of sound is positive and the waves are monotonically advancing

without reverse of direction. Comparing Eq. 2.7 and Eq. 2.8, it is realized that in this

case g(x) = τ and S(x) = c(x, y, z). The algorithm is similar to Djikstra’s algorithm[11].
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It uses upwind viscosity solution finite difference method to solve the above equation.

Thus it is a special case of level set method[14]. FMM is implemented for a 3D lattice by

working outwards from initial voxel (point). The steps are as follows

1. Initialization: In this step the initial voxel is set to be current and the distances to

all its neighboring voxels are computed and put in a binary heap where the element

is the pointer to each of these voxels and key is the computed distance. This binary

heap forms the unvisited voxels in the ascending/descending order of the key value.

2. Loop: In the first step, the unvisited voxel with smallest value is set as current.

Then the distance to all its neighboring unvisited points is calculated and tagged

in the binary heap. If the neighbor was already in the unvisited heap, then the

distance is simply recalculated and its position in the heap changed to reflect the

new value. In the last step, the current voxel is put in visited set and the algorithm

loops back to select the new smallest value unvisited voxel and proceeds to set it

as current. Note that mere examination of distance of neighboring voxels does not

make them visited. Only the current voxels, after the distance to their neighbors

calculated and new current voxel set, do become visited

The advantage of FMM is that each voxel is visited only once and it distance is not

calculated more than once. This ensures that the code runs at a great rate without

repetition of the calculation [2]. This study makes use of the high accurate FMM called

as multistencil fast marching method (MSFM). It calculates the arrival time (which is

time required to trace the shortest path from the point source) at each point in space

using Eikonal equation along multiple stencils that cover its entire neighboring region

and then select the one satisfying the upwind condition [25].
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Figure 2.1 illustrate the idea in 2D. Figure 2.1a is the sound speed image of 2D skull

with transducers in red color. Figure 2.1b is arrival time image of waves propagating

through a 2D skull image. Using FMM, Eikonal’s equation has been solved. Each color

represents a unique first arrival time of the wave front. Thus we can see that the waves

originate at the numerical simulated point source which is at (0,20) mm. Waves travel

outward. Direction of the waves does not reverse at any instance. As the arrival time

is the time required by only the first wave to reach a point is calculated, reflection and

total internal refraction are not accounted. The time required for the wave to propagate

to every grid point from the source is calculated. We can see that due to presence of

skull, the time fronts are not symmetric and they As location of the transducer elements

with respect to the grid is precisely known, one can easily find the arrival time and

these elements and hence calculate the phase difference. Figure 2.2 represents arrival

time images for half and quarter resolution. We can see a clear blurring of the image

in Figure 2.2b. Figure 2.2a is sharper than the quarter resolution case but more blurred

than original resolution. The sharpness of the image determines the accuracy of the arrival

time data. Thus the quarter resolution is clearly not as accurate as original resolution.

The results in Chapter3 will show the effect of resolution on sharpness of focus and prove

the robustness of FMM to low resolution.
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Figure 2.1: FMM illustration
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Figure 2.2: Arrival time image for half and quarter
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2.4 Advantage of FMM over Full Wave Equation

Method

The accuracy of full wave equations depends on number of grid points per wavelength,

partially because of Nyquist-Shannon theorem[35]. In FMM, the wave is assumed to be a

ray and close spacing of voxels is needed to accurately trace the shortest path. But it does

not depend on the wavelength and hence the method is more robust to resolution. While

k-space method reduces the resolution dependence compared to FDTD, it is found that

FMM is far less sensitive to resolution than any full wave methods. The results of this

study will prove the point. As computation time is directly proportional to resolution, use

of FMM in low resolution environment can substantially decrease the required time. Also,

FMM solves a differential equation in only spatial variable (Eikonal equation) instead of

full wave equation which has time and space as variables. This reduces the required

computation time.

2.5 Frequency Limitation

As the Eikonal approximation works the best for higher frequencies, there is a lower

limit of the waves for which the simulation will hold true. Increasing the frequency leads

to a sharper focus as the properties of medium change gradually with respect to the

wavelength of sound in such a case. Although, for waves of even higher frequencies the

approximation will hold true, the limiting factor is that high frequency waves are absorbed

at higher rate by skull causing local heating. Diploe is a soft spongy bone structure found

in between outer and inner layers of skull. Studies have shown that sound pressure atten-

uation coefficient increases from around 1 cm−1 at 500KHz to little more than 2 cm−1
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for 1MHz. For skull along with all the components, the attenuation coefficient rises from

about 1.8 cm−1 to 2 cm−1 for frequencies from 500KHz to 1MHz[18]. Thus there is a

sharp increasing in attenuation coefficient for diploe. Attenuation is due to absorption

and scattering. The absorbed energy is converted to heat and there is an increase in

temperature of skull along the path of ultrasound beam. This can be dangerous. Hence

the current study is for two frequencies: 670KHz[37] and 1MHz[36]. These are also the

frequencies widely studied for transcranial HIFU.

Thus theoretically, solving the wave equation is more accurate than Eikonal equation.

The tradeoff is between accuracy vis-à-vis computation time of FMM. In the proceeding

chapter, the study compares this aspect by presenting the findings with discussions on

each of them.
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Chapter 3

Results and Discussion

3.1 Simulation Setup

3.1.1 Explanation of Different Cases

This chapter presents findings of the current study. As stated, the objective is to test

the accuracy and required computation time of FMM and compare it with the k-space

method which solves the full wave equation. The accuracy is tested by comparing the

focus obtained by these two methods on the planes passing through the numerically

simulated source point. In all the simulations, the source has been placed at the center

of spherical binary mask representing the transducer (phased array). To demonstrate the

necessity of phase correction, results obtained without applying any phase correction have

been included. The model is a 3D binary grid. To accurately represent finite transducer

surface area, several grid points together form a single transducer element. Thus the

arrival time for one particular element is the average of arrival timesrecorded on each of

the grid points forming the element. As this may add a small error in phase correction,
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comparison was done for cases with and without taking this average was made for 1 MHz.

For each case, acoustic energy (normalized pressure square distribution) was measured

on the X-Y, Y-Z and X-Z planes passing through the point source (a focal point). In

the forthcoming sections, this has been shown by making use of contour plots. Energy

distribution along X-axis at the focal point is also captured and compared for different

cases via graph plot.

3.1.2 Use of k-Wave Toolbox

For the k-space method, the wave needs to be simulated, originating from the point

source. The pressure field is recorded at the locations of transducer for discrete time

intervals. Fast Fourier transform is used to express the pressure field in frequency domain.

The phase of the peak pressure to reach each grid point forming transducer elements is

recorded. Thus the phase delay between each element can be found out and correction

applied. The current study is non-experimental and hence forward propagation (waves

from transducer to the focal point) needs to be simulated for both, FMM and k-space

method. These wave simulations are done using an open source MATLAB toolbox called

k-Wave[46]. The toolbox solves the equivalent forms of generalized Westervelt equations

using k-space pseudo-spectral method. Here, the temporal gradients are solved using k-

space finite difference scheme[48]. The k-Wave toolbox is able to simulate nonlinear waves

through heterogeneous medium as also account for power law acoustic absorption[47].

However for the present study, nonlinearity and attenuation are not considered.
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3.1.3 Model

The skull speed image is obtained from computer tomography (CT scan). Acoustical

properties are derived from CT scans[1]. Density is given by

ρ = φ× ρwater + (1− φ)× ρbone (3.1)

where φ is porosity given by

φ = 1− H

1000

H = 1000
αx − αwater
αbone − αwater

(3.2)

H is the Hounsfield units. Here αx, αwater and αbone are linear photoelectric attenua-

tion coefficients for the part of tissue under consideration, water and bone respectively.

If the skull is completely degassed and placed in water, porosity in the bone will be

completely filled with water. The structure is thus made up of bone and water alone[1].

We can then propose a linear relationship between attenuation coefficients given by:

αx = φ× αwater + (1− φ)× αbone (3.3)

In Eq. 3.1, ρwater is set as 1500kg/m3. ρbone is the maximum density of human skull.

Using the average density found from statistical studies[18] and taking into consideration

the heterogeneity of inner table of skull, ρbone is set as 2100kg/m3[1]. Similarly speed of

sound is given by

c = cwater + (cbone − cwater)× (1− φ) (3.4)
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Here sound speed in water which is 1500m/s is assumed as minimum speed in skull or

tissue[1]. The cbone is again found from statistical studies by Fry et. al. [18] and set as

2900m/s.

The sound speed image for this study is only of a portion of skull. The reason for this

is computational resource limitation. As the study compares FMM with k-space method,

wave equation needs to be solved for the latter and it is the limiting factor. However,

study using larger portion of skull can be carried out by FMM using lower resolution.

More explanation on this topic is given in Chapter 4. The spatial dimensions of the model

are 180× 180× 90mm and the spatial resolution is 0.1953mm. Wavelength is related to

frequency by

λ =
c

f

where c is speed of sound in medium and f is frequency. Therefore in water, for 1MHz

frequency, wavelength is λ =
1500m/s

1× 106Hz
= 1.5mm. Thus resolution of .1953mm is suf-

ficiently smaller compared to wavelength and there are around 7 grid points per wave-

length. This is of importance in k-space method. Similarly, for 670KHz wavelength

λ = 2.3mm and there are about 11 grid points per wavelength. The transducer phased

array has geometry that a spherical cap of radius 84mm. There are total of 93 transducer

elements with each having dimension of 11.7×11.7mm. The skull speed image and trans-

ducer array are located as shown in Figure 3.1. The skull speed image is shown in blue

shade while the transducer is in red. Through out the study, point source (focal point) is

at the geometrical center of the spherical transducer array. Coordinates of point source

are (0, 0, 41)mm. For the simulations, a numerical grid was created with monotonically

increasing spatial dimensions.
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Figure 3.1: Model
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3.2 Focal Plane Contour Plots

These are the contour plots of energy distribution on the XY, XZ and YZ focal planes.

The results are presented in form of subsections, each one representing one case. 1MHz

frequency was used more extensively, including all the different cases like with/without

averaging for transducer elements, original and coarse resolutions, etc. Hence it is pre-

sented in the beginning sections followed by certain cases for 670KHz. The point source

(focal point) for all the cases is at (0, 0, 43)mm

3.2.1 1MHz Without Phase Correction

To illustrate the need of phase correction in transcranial ultrasound propagation, a trial

has been shown in which no correction was applied. As the target point is at the geo-

metrical center of spherical transducer array, the waves were simulated to emit in phase

(simultaneously) from all the elements. As can be seen from Figure 3.2, without any phase

correction the focus is not sharp. There are large areas away from focal point especially

in the X-Y and X-Z planes. In X-Y and Y-Z planes, these areas have energy level of 500

units which is 7 − 8% of the maximum energy which is at geometrical center (location

of point source). In YZ focal plane also the distribution is not precise. Thus correction

is necessitated.
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Figure 3.2: 1MHz without correction
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3.2.2 1MHz Fast Marching Method

This is result for phase correction applied by using FMM. Comparison with Figure 3.2

shows that the focus is much sharper in Figure 3.3. Also the energy level is far higher.

While the maximum amplitude in the case without correction was about 4500, it is

around 7000 in FMM. The contours at the boundaries have far less levels in this case.

Also, the energy quickly falls from focus to outer contours in space of 3mm. Thus there is

minimal energy concentration in healthy tissue while giving highest energy at the point

source. The computation time was around 23minutes
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Figure 3.3: 1MHz fast marching method
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3.2.3 1MHz K-space Method

The k-space method also gives a sharp focus. There is very less to distinguish between the

acoustic energy contour plots for fmm and k-space method (Figure 3.3 and Figure 3.4).

Again, the energy levels are high with inner contours at 6000, while it falls quickly to 1000

units. The significant parameter is computation time. k-Wave took about 24hours

for the simulation with the same numerical grid size, speed image and transducer mask

as was in the case of fmm.
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Figure 3.4: 1MHz k-space method
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3.2.4 1MHz Fast Marching Method Without Averaging

As mentioned earlier, a number of grid points form a single transducer element. In this

study 3600 grid points were used to define each element which has size of 11.7×11.7mm.

In reality the element will emit waves in a single phase, thus average of arrival times at all

the grid points of an element is taken. This can account for some error and hence this case

is presented wherein each grid point has its own recorded phase and no average is taken.

As expected, the results are more accurate as compared to the FMM with averaging case.

Figure 3.3 shows a maximum of 7000 while Figure 3.5 has 9000 units. But the focus is

not significantly sharper. The difference in amplitudes is also tolerable. Computation

time: 22minutes
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Figure 3.5: 1MHz fast marching method (without averaging)
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3.2.5 1MHz K-space Method Without Averaging

This case is similar to previous one but using k-space method. Compared to the one

with averaging (Figure 3.4), the focus is slightly sharper and has higher amplitude. With

regards to Fast Marching Method, without averaging, again k-space method gives better

results than FMM; but the difference is not significantly large. These two cases validate

the averaging over the grid points forming transducer element. The maximum energy is

at focus and equal to 9000 units (in Y-Z plane) while it falls to 1000 units over maximum

distance of around 3mm. Computation time: 24hours
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Figure 3.6: 1MHz k-space method (without averaging)
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3.2.6 1MHz Fast Marching Method With Half Resolution

Full wave equation methods have susceptibility to resolution. The accuracy diminishes

with lowering of resolution. The FMM, theoretically is insensitive to resolution. Numerical

calculations demand sufficiently close grid spacing. to test the robustness of the method

to spatial resolution, cases were studied for half and quarter of the original resolution.

This is the case for one half resolution with spatial resolution dx= 0.39706. Thus the

wavelength of sound through water at 1MHz (λ1MHz = 1.5mm) is 4 times the grid

spacing. There is very little to differentiate between half and original resolution cases.

However, the computation time decreases by an order of over 12.4 Computation time:

1.86minutes
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Figure 3.7: 1MHz fast marching method with half resolution

38



3.2.7 1MHz Fast Marching Method With Quarter Resolution

For quarter resolution case, spatial resolution dx=.7812 which is around half the wave-

length of sound through water at 1MHz. Thus, there are around 2 grid points per

wavelength which is the lower threshold for k-space method. This case has slightly lesser

amplitude at the focal point as will be presented in the X axis plots. But the focus is

equally sharp. Thus these trials prove the high immunity of FMM to resolution vari-

ation. Computation time decreased sharply. Thus there is a possibility of use of low

resolution speed images in case of FMM unlike for full wave methods. Computation

time: 8.4 seconds
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Figure 3.8: 1MHz fast marching method with quarter resolution
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3.2.8 670KHz Without Phase Correction

From here on, results for 670KHz frequency are presented. As is in the 1MHz case, phase

correction is necessary. Without correction the focus is not sharp and there are energy

peaks away from the point source, thus being potentially harmful. Figure 3.9 proves this

point. In the X-Y plane, there is a high energy region centered at around (-1.8, -2). This

is a secondary focus with energy of 500 units. Compared to the primary focus of 5000

units at (0, 0), it is almost 10%. Such a high energy secondary focus is very harmful to

healthy tissue. X-Z and Y-Z planes also show dispersed focus.
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Figure 3.9: 670KHz without correction
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3.2.9 670KHz Fast Marching Method

Again, the focus is sharp with maximum energy of 600 units which decreases to 1000 in

maximum space of 4mm. Comparing the following figures with Figure 3.3 (1MHz case),

we realize that in YZ and XZ focal planes, the maximum amplitude is slightly lower in

670KHz case. It has reduced from 7000 to 6000 units. Focus is also slightly less sharp.

This could be because of the theory that Eikonal equation is a high frequency assumption

and hence 1MHz has better results as compared to 670KHz. The difference, however is

not very large and hence Eikonal’s approximation still holds true. Computation time:

21minutes

43



10
00

1000

1000 1000

20
002000

2000

30
0030

00 4000

4000

5000

5000

6000

x (mm)

y 
(m

m
)

X−Y plane

−3 −2 −1 0 1 2

−3

−2

−1

0

1

2

(a)

10
00

10001000

1000
1000 1000

20
00

2000
2000

2000 2000

30
00

3000

3000
3000

4000
4000

4000

50005000

5000

6000
6000

z (mm)
y 

(m
m

)

Y−Z plane

36 38 40 42 44

−4

−2

0

2

4

(b)

10
00

10001000

1000 1000 1000

20
00

2000
2000

2000 2000

30
00

3000

3000
3000

40004000

4000

50005000

5000

6000
6000

z (mm)

x 
(m

m
)

X−Z plane

36 38 40 42 44

−4

−2

0

2

4

(c)

Figure 3.10: 670KHz fast marching method
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3.2.10 670KHz Fast Marching With Half Resolution

This case shows the robustness of FMM to resolution at even lower frequency of 670KHz.

For half resolution, spatial resolution dx= 0.3906mm. At 670KHz, wavelength of sound

waves through water is 2.24mm. Thus it is 5 times greater than grid spacing. Again,

compared to Figure 3.7 (1MHz case), the maximum amplitude is lower in this case. While

it is 7000 units for 1MHz, it is 6000 in this case. But the focus is equally sharp. Due to

decrease in resolution by half, computation time decreases by 12 times. Computation

time: 1.75minutes
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Figure 3.11: 670KHz fast marching method (half resolution)
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3.2.11 670KHz Fast Marching Method With Quarter Resolu-

tion

For quarter of the original resolution, dx= 0.7812. Thus there are around 2.86 grid points

per wavelength of sound wave through water at this frequency. Though this resolution

would have satisfied the Nyquist criterion while using k-space method, one must note the

computation time in FMM case. It falls substantially from the original resolution case.

Again the results in terms of sharpness and peak energy are slightly poor as compared

to corresponding 1MHz case (Figure 3.8). Computation time :8.2 seconds
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Figure 3.12: 670KHz fast marching method (quarter resolution)
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3.3 X-axis plots

In the previous sections, results were presented to prove that FMM gives a sharp focus.

In this section, comparison for amplitude of energy (squared pressure) at the focus is

made for different cases. The plots shown below are the energy distribution along a line

parallel to X-axis passing through the point source, hence referred to as X-axis plots.

These results demonstrate the amount of energy concentrated at the focal point, which

is an important parameter in thermotherapy. The plots also reveal the presence of side

lobes, if any. They represent noise, away from the focal point, which is very undesirable

parameter. Thus the results serve as an important litmus test of phase correction method

under consideration. Also included are similar plots comparing the cases of transducer

element averaging for 1MHz. These provide validation towards using mean arrival time

of grid points forming an element.
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3.3.1 1MHz Phase Correction Comparison

The first important revelation is the difference in amplitudes between the case without

phase correction and others. There is also a prominent side lobe at around 1mm from

the focal point. The difference between other cases is very marginal. FMM with half

resolution has the highest acoustic energy, closely followed by FMM (original resolution)

and FMM (quarter resolution). All the results are with averaging of transducer points

and hence the subtle differences in the methods get more or less nullified. AS will be

explained by next subsection, when averaging is done for transducer element grid points,

FMM is not necessarily less accurate than k-space though theoretically that should be

the case.
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Figure 3.13: 1MHz Phase correction comparison
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3.3.2 1MHz Averaging Comparison

These results show the difference in focus with and without using average of arrival times

on grid points forming each transducer element. As expected, k-space method is more

accurate than FMM when arrival times on each grid point is used without averaging. The

gap between k-space and FMM in this case is also slightly larger. On the other hand,

averaging nullifies this difference with FMM in fact having a higher peak than k-space.

Thus, when average of arrival times is used (which is realistic case as each surface of each

element emits waves simultaneously) FMM is not necessarily less accurate than k-space

method.
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3.3.3 670KHz Phase Correction Comparison

Comparison of FMM for different resolutions and the case without phase correction of

670KHz is shown below. Without any correction, the focusing is weak and there is a

prominent side lobe at around 2mm from the point source with energy of around 500.

The focus is also shifted by around 0.4mm. There is no significant difference between the

FMM cases for different resolutions. Again, half resolution has maximum energy level

closely followed by FMM for original and quarter resolutions.
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Chapter 4

Concluding Remarks

4.1 Summary of Research

High Intensity Focused Ultrasound (HIFU) is a method in which acoustic beam is focused

at a point to produce maximum local heat without damage to intervening tissue. The ad-

vantage is non-invasive treatment of tumors and other abnormalities situated deep inside

a tissue. Transcranial ultrasound beam focusing is an upcoming therapy in treatment of

brain tumor[16][42][29][40][30][10][8], thrombolytic stroke treatment[4], drug delivery[27],

Parkinson’s disease[19] and other neurological disorders. Skull, however, presents a bar-

rier to precise focusing. A time reversal method is thus used to focus ultrasound beam at

a single point. The technique uses numerical excitation of focal point and phase correc-

tion of the received data at transducer location. Various methods are used for the wave

propagation and phase correction. This study presented a new method: Fast Marching

Method (FMM) for transcranial beam focusing. It solved Eikonal equation instead of the

full wave equation. The results were compared to k-space method (a full wave equation

solving method) for focus sharpness, amplitude of converged acoustic energy and com-
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putation time. Two frequencies were studied, 670KHz and 1MHz, taking into account

past researches[37][36], high frequency approximation and attenuation through skull[18].

While the focus is equally sharp and amplitude reasonably close to the k-space value, the

biggest finding was the advantage in computation time for FMM. The k-space method

required around 22 − 24hours for any of the cases studied; the FMM had computation

time in order of minutes, from 21 − 23minutes. The FMM is also more robust to lower

resolution of CT skull image and there was no significant difference to the original res-

olution for any of the above parameters. However, due to the use of lower resolution,

the computation time decreased to around 1.75minutes for half resolution and about

8.2seconds for quarter the original resolution. Another important factor that was stud-

ied was the effect of averaging for grid points representing a transducer element. This

factor has hitherto not been studied in detail. As a transducer element has finite area

from which the waves will be simultaneously emitted, numerical calculations have an

error when undertaken considering each element as a set of n number of grid points.

The present study took up both the case, with and without averaging, and compared

the results for 670KHz and 1MHz. For k-space as well as FMM, the result proved that

averaging is a justified and realistic assumption. The research thus opens up the possi-

bility of a very low pre-treatment computation time and hence a quicker and convenient

therapeutic process.

4.2 Future Directions

The study carried out numerical simulation and showed the viability of FMM for phase

correction. This proof opens up vast number of opportunities for further research. The

present study was undertaken on only a portion of skull. The reason, as has been already
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stated, is the computation resource limitation for k-space method. As the results of

FMM were compared with those of k-space, the latter was the limiting factor. More

research can be undertaken using FMM on larger portion or complete human skull.

In such cases lower resolution image can be used as the research has already proven

the robustness of FMM to resolution. Also, here square transducer elements of 11.7 ×

11.7mm were used. Transducers with different element sizes and geometrical shapes can

be used for further studies. Pernot et. al have considered variations in transkull ultrasound

focusing using different array distributions like hexagonal, annular, quasi-random etc. The

correction was achieved by time reversal. They noticed slight deviations in the results

for different distributions[41]. Similar study can be carried out for the present method.

After considerable numerical simulations have been done, ex vivo experiments can be

done using either monkey or human skull. The skull speed image would be generated

using computer tomography. Numerically simulating a point source at specified location

relative to skull, phase computation can then be carried out in the same way as this study.

Instead of the forward simulation of wave propagation from transducer to focal point, a

real phase transducer array will be placed at the precise location where the arrival times

were determined. This array would then emit phase corrected ultrasound waves. Using

acoustic pressure sensor at the focal point, normalized pressure square (a form of acoustic

energy) can be determined. by shifting the pressure sensor away from the focus, it can

be determined whether the convergence is sharp. This study concluded with finding the

sharpness of focus and acoustic energy in form of normalized square pressure. The ex vivo

trials can be carried out using fresh human/ animal brain placed. Ultrasound can then

be focused across a human skull on to a point inside this brain. Such an experiment will

give heat generated and thermal effects on brain tissue and skull. Lesions and cavitation

produced can be studied. Hence it will be possible to determine the thermal dosage, or in
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other words the treatment timeand amplitude of each signal along with phase correction.

After ex vivo trial, in vivo experiments can be carried out bringing the technology closer

to implementation.
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