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tion of nonstationary spatial pro
esses
Montserrat Fuentes1SUMMARYWe present an approa
h for the spe
tral analysis of non-stationary spatial pro
esses, that is based on the
on
ept of spatial spe
tra, this means spe
tral fun
tions whi
h are spa
e dependent. This notion of spatialspe
tra generalizes the de�nition of spe
tra for stationary pro
esses, and under 
ertain 
onditions, thespatial spe
trum at ea
h lo
ation 
an be estimated from a single realization of the spatial pro
ess. Wepropose a nonstationary nonparametri
 and various parametri
 approa
hes to estimate the spe
tral densityof a nonstationary spatial pro
ess de�ned on a 
ontinuous spa
e, and we develop new �tting algorithms.The methods are based on the spatial spe
tral approa
h. We also study the asymptoti
 properties of theproposed estimates via shrinking asymptoti
s, assuming the distan
e between neighboring observations tendsto zero as the size of the observation region grows without bound.We also 
onsider the problem of testing a given spatial pro
ess for stationarity and isotropy. The approa
his based again on the spatial spe
tral analysis, and the proposed method 
onsists essentially in testing thehomogeneity of a set of spatial spe
tra evaluated at di�erent lo
ations. In addition to testing stationarityand isotropy, the analysis provides also a method for testing whether the observed pro
ess �ts a uniformlymodulated model, and a test for randomness (
onstan
y of spe
tra). Appli
ations in
lude modeling andtesting for non-stationary of sulfur dioxide 
on
entrations over di�erent geo-politi
al boundaries.
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1 Introdu
tionSpe
tral methods are powerful tools for studying the spatial stru
ture of stationary pro
esses. It is widelyre
ognized that in real appli
ations spatial pro
esses are rarely stationary and isotropi
, then an importantextension of these spe
tral algorithms is to pro
esses that are nonstationary. In this work, we present somenew spe
tral approa
hes and tools to estimate the spatial stru
ture of a nonstationary pro
ess. More spe
i�-
ally, we propose a nonstationary nonparametri
 and various parametri
 approa
hes to estimate the spe
traldensity of a nonstationary spatial pro
ess de�ned on a 
ontinuous spa
e. We also study the asymptoti
properties of the proposed estimates via shrinking asymptoti
s, assuming the distan
e between neighboringobservations tends to zero as the size of the observation region grows without bound. With this type ofasymptoti
 model we 
an uniquely determine the spe
tral density, avoiding the aliasing problem.Use and properties of spatial nonparametri
 spe
tral estimates for stationary pro
esses have been inves-tigated by Stein (1995), Guyon (1982,1992), Ripley (1981), Rosenblatt (1985), and Whittle (1954) amongothers. Pawitan and O'Sullivan (1994) proposed a nonparametri
 spe
tral density estimator using a pe-nalized Whittle likelihood for a stationary time series. Guyon (1982) studied the asymptoti
 properties ofvarious parameter estimation pro
edures for a general stationary pro
ess on a d-dimensional latti
e, usingspe
tral methods. The spe
tral representation of a stationary pro
ess Z is interpreted as its representation inthe form of superposition of sine and 
osine waves of di�erent frequen
ies. Spatial pro
esses in environmentals
ien
es, o
eanography, soil s
ien
e, and many other dis
iplines are generally nonstationary, in the sense thatthe spatial stru
ture depends on lo
ation. This la
k of stationarity thwarts the use of the standard spe
-tral methods mentioned above. Dahlhaus (1996a) uses the notion of lo
al stationarity to study asymptoti
properties of nonstationary time series. The asymptoti
 model proposed by Dahlhaus (1996a, and 1996b) isfor dis
rete pro
esses observed at some �xed times, t = 0; : : : ; T . This asymptoti
 model assumes that byin
reasing the sample size (T ! 1) more and more data of ea
h lo
al stru
ture be
ome available allowingfor meaningful asymptoti
 investigations of statisti
al pro
edures. This means an in
rease of the bandwidthof stationarity with an in
rease of the sample size. Dahlhaus and Sahm (2001) use the same asymptoti
framework for random �elds. This asymptoti
 framework is appropriate for time series but unrealisti
 formost spatial pro
esses. Generally, in a spatial analysis the subregions of stationarity 
orrespond to some2



geographi
 areas and the bandwidth of stationarity should not be altered by in
reasing the sample size. Themodels by Dahlhaus and Sahm (2001), and Dahlhaus (1996b) are for dis
rete pro
esses. However, in mostspatial settings the underlying spatial pro
ess is 
ontinuous. The work presented here is for spatial 
ontinu-ous pro
esses. This 
ontinuity assumption makes estimating the spe
trum a more 
hallenging problem dueto the aliasing phenomenon, that o

urs when we try to approximate the spe
trum of a 
ontinuous pro
essusing observations on a latti
e.What is novel about this paper is the introdu
tion of spe
tral methods to study the spatial stru
ture ofa nonstationary pro
ess spatial pro
ess, using a \spatial spe
tra"; that is, spe
tral fun
tions whi
h are spa
edependent. New �tting algorithms are developed using parametri
 spe
tral estimates within a Bayesianframework. We also introdu
e a new estimate of the spe
tral density for spatial pro
esses and we studyits asymptoti
 properties using a novel asymptoti
 model for spatial pro
esses. In 
ases where the data areobserved on a d-dimensional latti
e, it is argued that these spe
tral approa
hes have 
omputational bene�ts
ompared with maximum likelihood on the spa
e domain.All the work that has been done so far to test the non-stationarity of a random pro
ess is mainly in onedimension. Several authors have proposed methods for testing whether or not a given time-series may beregarded as stationary, some of these methods are designed to dete
t non-stationary \trends". Priestley andRao (1969) used the 
on
ept of the \evolutionary (time-dependent) spe
trum" to test the la
k of stationarityof a time series, and this is the key idea for the work developed in this arti
le. The method to be des
ribedin this paper may be used to test the overall stationarity of the 
omplete se
ond-order properties of aspatial pro
esses in two or higher dimensions. A further advantage of our method is that it enables oneto test not only the overall stationarity of the spatial pro
ess, but also to examine the 
hara
ter of thenon-stationarity (when it exists) and the potential anisotropy. To implement our test for nonstationarity weneed the approximations provided by the asymptoti
 results obtained in this arti
le.This arti
le is organized as follows. In Se
tion 2, we introdu
e a spatial spe
tral representation fora nonstationary spatial pro
ess, using spe
tral fun
tions whi
h are spa
e dependent, and we de�ne a newasymptoti
 model 
alled shrinking asymptoti
s, whi
h assumes the distan
e between neighboring observationstends to zero and the size of the observation region grows without bound. In Se
tion 3, we propose parametri
3



and nonparametri
 approa
hes to estimate the spe
tral density of a nonstationary spatial pro
ess, and westudy the properties of the proposed estimates. In se
tion 4, we 
onsider the problem of testing a givenspatial pro
ess for stationarity. The approa
h is based on the spatial spe
tral analysis. Se
tion 5 is anappli
ation of the methodology presented in this paper to atmospheri
 air pollution data obtained fromEPA. The sour
e of air pollution data in this arti
le is from the regional s
ale air quality models, known asModels-3, that are run by EPA and the U.S. States. Models-3 provide pollutants 
on
entrations and 
uxesin regular grids in parts of the US (see Figure 1). The latti
e stru
ture of Models-3 is perfe
tly suited to thespe
tral methods presented in this arti
le. In Se
tion 6 we present some 
on
lusions and �nal remarks.2 Representation of a Nonstationary pro
ess2.1 Spatial spe
traA random �eld Z in R2 is 
alled weakly stationary (or stationary), if it has �nite se
ond moments, its meanfun
tion is 
onstant and it possesses an auto
ovarian
e fun
tion C, su
h that C(x� y) = 
ovfZ(x); Z(y)g:If C(h) = C0(jhj) for some fun
tion C0; then the pro
ess is 
alled isotropi
.The spe
tral representation of a random pro
ess Z(x) is always interpreted as its representation in theform of superposition of sine and 
osine waves of di�erent frequen
ies !. If Z is a stationary random �eldwith auto
ovarian
e C, then we 
an represent the pro
ess in the form of the following Fourier-Stieltjesintegral: Z(x) = ZR2 exp(ixT!)dY (!) (1)where Y are random fun
tions with un
orrelated in
rements, (see Yaglom (1987), Cram�er and Leadbetter(1967) for example). Using the spe
tral representation of Z and pro
eeding formally,C(x) = ZR2 exp(ixT!)F (d!) (2)where the fun
tion F is a positive �nite measure and it is 
alled the spe
tral measure or spe
trum for Z.The spe
tral measure F is the mean square value of the pro
ess Y ,EfjY (!)j2g = F (!):4



If F has a density with respe
t to Lebesgue measure, this density is the spe
tral density, f , whi
h is theFourier transform of the auto
ovarian
e fun
tion:f(!) = 1(2�)2 ZR2 exp(�ixT!)C(x)dx:Ea
h random pro
ess (not ne
essarily a stationary pro
ess) having a 
ovarian
e fun
tion of the form(2) where F is a fun
tion of bounded variation is harmonizable, i.e. su
h a pro
ess is representable as theFourier-Stieltjes integral (1), where Z is a random fun
tion whose spe
tral fun
tion 
oin
ides with F:There have been several attempts to de�ne a spe
trum for non-stationary one dimensional pro
esses,generally the obje
t has been to obtain a single fun
tion whose properties depended on the behavior ofthe pro
ess over the whole parameter spa
e. Cram�er (1960) 
onsidered the 
lass of time series whi
h areharmonizable. In the approa
h we propose here, we de�ne a spe
tral quantity whose physi
al interpretationis similar to that of the spe
trum of a stationary pro
ess. The nonstationary pro
ess is represented interms of a 
ommon underlying pro
ess with an amplitude varying with lo
ation. This is an extension of the\evolutionary spe
tra" for time series introdu
ed by Priestley (1965 and 1966) to spatial pro
esses.We de�ne a new 
lass of generalized spe
tral representations for nonstationary pro
esses that we 
allspatial spe
tral representation. This is an extension of the evolutionary spe
tra in time series to spatialpro
esses. For this new 
lass of spatial models the spe
tral representation itself and the 
orrespondingspe
tral distribution fun
tion (or spe
tral density) 
an 
hange slowly on spa
e. Let Z be a nonstationarypro
ess, we propose the following representationZ(x) = ZR2 exp(ixT!)�x(!)dY (!) (3)where Y is an orthogonal pro
ess, so it satis�es the relationE [Y (!)Y 
(!0)℄ = Æ(! �!0)d�(!0)where Æ is the delta Diri
hlet fun
tion, and Y 
 denotes the 
onjugate of Y . We assume that the measure �(!)is absolutely 
ontinuous with respe
t to Lebesgue measure, and that �x(!) are \slowly varying" fun
tionsof x satisfying the 
ondition ZR2 j�x(!)j2d�(!) <1 (4)5



for all x.It is easy to see that then the 
ovarian
e fun
tion, C, of the nonstationary pro
ess Z(x) is given by theformula 
ovfZ(x1); Z(x2)g = C(x1;x2) = ZR2 expfi(x1 � x2)T!)g�x1(!)�
x2(!)d�(!) (5)In parti
ular varfZ(x)g = C(x;x) = ZR2 j�x(!)j2d�(!) (6)so that 
ondition (4) is ne
essary for the varian
e of Z(x) to be �nite at all x, i.e. for the existen
e of a
ovarian
e fun
tion C(x1;x2). The representation may be interpreted as representation of the pro
ess Z inthe form of a superposition of sinusoidal os
illations with di�erent frequen
ies ! and random amplitudes�x(!)dY (!) varying over spa
e, i.e. Z(x) is a superposition of amplitude modulated random os
illations.A

ording to this interpretation, (6) des
ribes the distribution of the \total power" of the pro
ess Z(x) atlo
ation x over the frequen
ies !, hen
e the 
ontribution from the frequen
y ! is j�x(!)j2d�(!): Thereforethe fun
tion Fx(!) de�ned by the relationdFx(!) = j�x(!)j2d�(!) (7)will be 
alled the spatial spe
tral distribution fun
tion of the pro
ess Z, and fx(!) = j�x(!)j2h(!) is thespatial spe
tral density of Z, where h is the density asso
iated to the measure �:Sin
e �x(!) is a slowly varying fun
tion of spa
e, it is 
lear that the pro
ess Z may be regarded as being\approximately stationary" within subregions in D. If, however, we examine the behavior of Z within twosubregions whi
h are suÆ
iently far apart, we 
ould �nd that although Z is pra
ti
ally stationary in bothsubregions, the spe
tral distribution fun
tion of the two \portions" of Z will, in general, be di�erent (i.e.,the spe
tral distribution of the power of Z varies on spa
e).There exits di�erent representations of the form (3) for a nonstationary pro
ess Z, ea
h representationbased on a di�erent family of �x(!) fun
tions. This problem is similar to the sele
tion of a basis for ave
tor spa
e. Apart from that, it would not be physi
ally meaningful to interpret ! as the frequen
y in all6




ases. In the physi
al theory of os
illations the fun
tion Ax(!) = �x(!) exp(ixT!) is said to des
ribe theamplitude modulated os
illation of frequen
y ! only if the \amplitude" �x(!) is a slowly varying 
omparedto exp(ixT!) fun
tion, i.e. if the Fourier transform of �x(!) as a fun
tion of x in
ludes mainly frequen
iesmu
h lower than !, it is even often assumed that this transform must be 
on
entrated in a neighborhoodof zero frequen
y. We restri
t the permissible variability of the fun
tion �x(!) of x by 
onsidering onlyfun
tions �x(!) that admit a generalized Fourier representation�x(!) = ZR2 eixT �dH!(� ) (8)with jdH!(� )j having its maximum at � = 0 for any �xed !: This 
ondition guarantees that the Fouriertransform of �x(!) as a fun
tion of x in
ludes mainly frequen
ies mu
h lower than any !, and it has beensuggested by Priestley in the time series 
ontext. Sin
e the fun
tions �x(!) = 1 
learly satisfy the 
onditionsto be imposed on �x(!), the representation (3) 
ertainly in
ludes all the stationary pro
esses having a �nitevarian
e.Alternatively, we suggest here a di�erent 
onstraint for the two-dimensional 
ase. We impose the following
ondition on dH!(� ); instead of assuming that that jdH!(� )j has its maximum at � = 0:We assume dH!(� )is of bounded variation and Z Z Z jdH!(� )jjdH!(� )jdF (!) <1 (9)then the 
orresponding 
ovarian
e fun
tion is ne
essarily a harmonizable 
ovarian
e fun
tion.2.2 Relation to other approa
hesA broad 
lass of stationary Gaussian pro
esses may be represented in the formZ(x) = Z K(x� u)W (u)du;with K(�) some positive kernel fun
tion andW (�) a 
onstant-varian
e Gaussian white noise pro
ess. Higdon,Swall and Kern (1999) 
onsidered extensions of the formZ(x) = Z Kx(u)W (u)du; (10)7



where the kernel Kx depends on position x. The idea of Higdon et al. was to model Kx(u) as an unknownfun
tion in terms of spe
i�
 parameters whi
h 
an then be estimated in a hierar
hi
al Bayes framework. In the
ase where Kx is a Gaussian kernel for ea
h x, this leads to tra
table expressions for the 
ovarian
e fun
tionand hen
e the likelihood fun
tion for the pro
ess. Ver Hoef and Barry (1998) used a similar moving averagespe
i�
ation of a Gaussian pro
ess for 
okriging and multivariable spatial predi
tion. The development ofHigdon et al. relies heavily on the Gaussian form of kernel fun
tion and it is not 
lear how restri
tive this is.The approa
h proposed here has a quite di�erent motivation, but it also in
ludes model (10) as a parti
ular
ase. In model (3), if we treat Ax(!) as a positive kernel fun
tion and Y as a Wiener pro
ess, we obtainrepresentation (10). However, our representation is more general, Ax is a 
omplex fun
tion and Y a pro
esswith orthogonal in
rements (not ne
essarily a Wiener pro
ess).The nonstationary model in (10) is quite di�erent idea from earlier approa
hes for nonstationarity; see forexample Sampson and Guttorp (1992), Guttorp and Sampson (1994), Haas (1995), and Ny
hka et al. (1999).But it also has the disadvantage of not being easily related to traditional spatial models. In the approa
hproposed by Fuentes (2001), the nonstationary pro
ess Z is modeled lo
ally as a stationary isotropi
 random�eld with some parameters that des
ribe the lo
al spatial stru
ture. These parameters are allowed to varya
ross spa
e and re
e
t the la
k of stationarity of the pro
ess. Thus, the spa
e domain of interest D isdivided into small subgrids S1; : : : ; SM 
entered at the nodes s1; : : : ; sM ; and Z is represented as a weightedaverage of orthogonal stationary pro
esses:Z(x) = MXi=1 Z�(si)(x)K(x � si) (11)where Z�(si) is a Gaussian stationary pro
ess with a 
ovarian
e fun
tion C�(si), that explains the spatialstru
ture of Z in the subregion Si, and K(x� si) is a nonnegative weight fun
tion. The parameter fun
tion� is allowed to vary a
ross spa
e to re
e
t the la
k of stationarity of the pro
ess. This representationof a nonstationary pro
ess was �rst introdu
ed by Fuentes (2001), and then Fuentes (2002a) used it topropose a new spatial periodogram for nonstationary pro
esses. Fuentes and Smith (2001) generalized thisrepresentation of a nonstationary pro
ess by allowing the parameter fun
tion � to vary 
ontinuously a
rossspa
e.We derive the spe
tral representation of the nonstationarity model (11) and we 
ompare it to the spe
tral8



model (3) presented here. The pro
esses fZ�(si)g are assumed to be orthogonal and stationary with absolutelysummable 
ovarian
e fun
tions, so they admit a representationZ�(si)(x) = Z exp(i!Tx)dY�(si)(!): (12)and EjdY�(si)(!)j2 = �2�(si)(!)d!: The pro
esses dY�(si)(!) for i = 1; : : : ;M are pairwise orthogonal be
ausethe pro
esses fZ�(si)g are orthogonal. We obtain the spe
tral representation of ZZ(x) = Z exp(i!Tx)dYx(!); (13)where dYx(!) = MXi=1K(x� si)dY�(si)(!):Then for ea
h x, Yx(!) is a pro
ess with orthogonal in
rements; that is, E [dYx(!)dY 
x (!0)℄ = 0; andEjdYx(!)j2 = �2x(!)d!; where f�2x(!)g 
an be de�ned in terms of the kernel fun
tions as�2x(!) = MXi=1K2(x � si)�2�(si)(!): (14)We also have E �dYx(!)dY 
y (!)� = MXi=1K(x� si)K(y � si)�2si(!)d! (15)and E �dYx(!)dY 
y (!0)� = 0:We de�ne �x;y(!)d! = E �dYx(!)dY 
y (!)� ; (16)then, we have �x;y(!)d! = MXi=1K(x� si)K(y � si)�2si(!)d!:We 
an derive a spe
tral representation for the 
ovarian
e of Z in terms of the fun
tions f�x;y(!)g :
ov(Z(x); Z(y)) = MXi=1K(x� si)K(y � si)C�(si)(x� y)= MXi=1K(x� si)K(y � si) Z expfi!T (x � y)g�2�(si)(!)d!= Z expfi!T (x� y)gE �dYx(!)dY 
y (!)�= Z expfi!T (x� y)g�x;y(!)d!; (17)
9



where the third equality is obtained from (15) and the last expression in (17) is obtained from the de�nitionof �x;y(!) in (16). Therefore, by 
omparing (17) to (5) we 
on
lude that the representation (11) is notredu
ible to one of the new form (3) presented here (�x;y in (17) is not a separable fun
tion of x and y asin (5)). Fuentes (2002b) provides more detail about the spe
trum of model (11).The spatial spe
tral representation (3) proposed here is a promising approa
h for spatial pro
esses intwo or higher dimensions. One of the attra
tive features of the nonstationary model (3) is that it provides anatural framework to easily �t and estimate the spatial stru
ture of a nonstationary pro
ess (Se
tion 3) andto test for stationarity (Se
tion 4). Apart from all the enormous 
omputational bene�ts obtained by the useof the Fourier transform.3 Estimating the 
ovarian
e3.1 Parametri
 estimateConsider a nonstationary pro
ess Z, in this Se
tion we present a parametri
 approa
h to estimate the spe
traldensity and the 
ovarian
e of Z, based on the 
on
ept of \spatial spe
tra". Sin
e Z is nonstationary thespe
tral density of the pro
ess Z is spa
e dependent. A 
lass of pra
ti
al variograms and auto
ovarian
efun
tions 
an be obtained from the Mat�ern 
lass of spe
tral densities. We denote fi(!) the spe
tral densityof Z(xi); fi(!) = �i(�2i + j!j2)(��i� d2 ) (18)with parameters �i > 0, �i > 0 and �i > 0 ( d is the dimensionality). Here, the ve
tor of 
ovarian
eparameters is �i = (�i; �i; �i). The parameter ��1i 
an be interpreted as the auto
orrelation range. Theparameter �i measures the degree of smoothness of the pro
ess Z at xi. The parameter �i is proportionalto the ratio of the varian
e �2i (also 
alled the sill parameter) and the range (��1i ) to the 2�thi power,�i = �2i �2�i : The parameter �i 
hanges with lo
ation.The smoothness of a random �eld, the parameter �i in the Mat�ern 
lass, plays a 
riti
al role in interpo-lation problems (Stein, 1999). A number of 
ommonly used models for the 
ovarian
e stru
ture, in
ludingspheri
al, exponential and Gaussian stru
tures assume that the smoothness parameter is known a priori.10



The �rst step in our analysis will be to estimate this parameter from the data, instead of 
onsidering itknown.We assume a parametri
 model for the spe
tral density, a Mat�ern with parameter �i 
hanging withlo
ation. We 
ould model � as a fun
tion of lo
ation, �(s) for s 2 D. This parameter fun
tion �(s) fors 2 D, measures the la
k of stationarity of the pro
ess Z. Then, it would be natural to treat �(s) as asto
hasti
 pro
ess, with 
orrelated errors. Alternatively, we 
ould use a spline approa
h to model �(s),though the approa
h presented here allows splines as a spe
ial 
ase. We model the parameter fun
tion � asa spatial pro
ess with 
orrelated errors, �(s) = ��(s) + ��(s) (19)��(s) represents the spatial trend (the large s
ale stru
ture) and the pro
ess ��(s) represents some spatially
orrelated zero-mean noise. We assume here ��(s) is a polynomial fun
tion in s with 
oeÆ
ients, �0, andthe pro
ess ��(s) is Gaussian with mean zero and a Mat�ern stationary 
ovarian
e, 
ov(��(x + y); ��(x)) =C� 0(y); with parameters � 0.We 
onsider a hierar
hi
al Bayesian approa
h to model and take into the a

ount the spatial stru
tureof the parameter �(s) when estimating fx.Stage 1. �0; � 0 are the hyperparameters, we need to spe
ify the priors.Stage 2. [�j�0; � 0℄ is GaussianStage 3. [Zj�℄ is Gaussian with 
ovarian
e (5):The parameter fun
tion � 
ould be also modeled using a Bayesian version of the median polish approa
h(e.g. Cressie, 1993). Assume the pro
ess Z is observed in a grid n1 � n2; then we propose the followingmodel for the parameter fun
tion � �(s) = a+ ri + 
j + ��(s) (20)where s = (si; sj); for i = 1; : : : ; n1 and j = 1; : : : ; n2: The hyperparameters a, ri for i = 1; : : : ; n1; and 
jfor j = 1; : : : ; n2; are unknown and 
orrespond to the �0 parameter fun
tion in Stage 1 of the hierar
hi
almodel. On
e we determine the values of �(x) for x 2 D using a likelihood or a Bayesian approa
h, thespe
tral density (and the 
orresponding 
ovarian
e) of Z would be 
ompletely spe
i�ed.11



3.2 Nonparametri
 estimateConsider a spatial pro
ess Z: We observe the pro
ess at N equally spa
ed lo
ations in a regular grid D(n1 � n2); where N = n1n2, and the spa
ing between observations is �. Let dH!(�) denote the Fouriertransform of �x(!) as a fun
tion of x, so that we may write, for ea
h !,�x(!) = Z +1�1 Z +1�1 expfixT�gdH!(�)We de�ne the 
hara
teristi
 width of the pro
ess Z,BZ = [sup!fBH(!)g℄�1where BH(!) = Z +1�1 Z +1�1 j�jjdH!(�)j:The 
hara
teristi
 width of Z may be interpreted roughly as the maximum area over whi
h the pro
ess maybe treated as approximately stationary. Dahlhaus (1996b) allows the 
hara
teristi
 width to tend to in�nityas we in
rease the sample size. We 
ould use a similar approa
h here, but we prefer to treat the 
hara
teristi
width as a geographi
 area of stationarity whi
h should not be altered by in
reasing the sample size.We propose a nonparametri
 estimate of the spe
tral density. We �rst de�ne Jx(!0),Jx(!0) = � n1Xu1=0 n2Xu2=0 g(x��u)Z(�u) expf�i�uT!0g; (21)where u = (u1; u2), and fg(s)g is a �lter satisfying the following 
onditionsB.1 fg(s)g is square integrable and normalized �lter, so that(2�)2 Z +1�1 Z +1�1 jg(s)j2ds = Z +1�1 Z +1�1 j�(!)j2d! = 1Here �(!) = Z +1�1 Z +1�1 g(s) expf�isT!gdsdenotes the Fourier transform of fg(s)g.B.2 fg(s)g has �nite "width" Bg de�ned byBg = Z +1�1 Z +1�1 jsjjg(s)jds12



where Bg is smaller than BZ :We refer to jJx(!)j2 as the spatial periodogram at a lo
ation x for a frequen
y !. In pra
ti
e, the spatial peri-odogram estimate for ! is 
omputed in the set of Fourier frequen
ies 2�f=(�n) where f=(�n) = � f1�n1 ; f2�n2�,and f 2 JN , forJN = fb�(n1 � 1)=2
; : : : ; n1 � bn1=2
g � fb�(n2 � 1)=2
; : : : ; n2 � bn2=2
g : (22)where bu
 denotes the largest integer less or equal than u. The spe
tral estimate jJx(!)j2 is an approximatelyunbiased estimate of fx(!) (see Theorem 1), but as its varian
e may be shown to be independent of N itwill not be a very useful estimate in pra
ti
e. We therefore estimate fx(!) by \smoothing" the values ofjJx(!)j2 over neighboring values of x: More pre
isely, let W� be a weight fun
tion or \window", dependingon the parameter �, whi
h satis�esC.1 W�(s) � 0; for all s; �:C.2 W�(s) de
ays to zero as jsj ! 1; for all �:C.3 Z +1�1 Z +1�1 W�(s)ds = 1; for all �:C.4 Z +1�1 Z +1�1 fW�(s)g2ds <1; for all �:C.5 We write w�(�) = Z +1�1 Z +1�1 expfisT�gW�(s)dsWe assume that there exists a 
onstant C su
h thatlim�!1 ��2 Z +1�1 Z +1�1 jw�(�)j2d�� = CThe parameter � determines the e�e
tive "width" of fW�g and it is 
hosen, su
h that the width offW�g is larger than Bg :
13



Then, we estimate fx(!0) byf̂x(!0) = Z 1�1 Z 1�1W�(x� s) jJs(!0)j2 ds (23)In (23) every entry requires an integration. Sin
e ea
h su
h integration is a
tually an expe
tation withrespe
t to a uniform distribution, in pra
ti
e we propose to evaluate (23) by Monte Carlo integration. Wedraw an independent set of lo
ations sm, m = 1; 2; :::;M over the domain of interest D, and approximate(23) with M�1 MXm=1W�(x� sm) jJsm(!0)j2 : (24)Thus, f̂x(!0) 
an be interpreted as an average of the total energy of the pro
ess 
ontained within a bandof frequen
ies in the region of !0 and an region in spa
e in the neighborhood of x:In the appli
ation presented in this arti
le we 
onsider fg(s)g for s = (s1; s2) to be a multipli
ative �lter,i.e. the tensor produ
t of two 1 dimensional �lters, g(s) = g1(s1)g1(s2), where g1 is of the formg1(s) =8>><>>: 1=f2ph�g jsj � h0 jsj > h (25)
orresponding to the Barlett window. Then, �(!) = �1(!1)�1(!2) for ! = (!1; !2). We also 
hoose W� tobe of the form W�(s) =W1;�(s1)W1;�(s2); whereW1;�(s) =8>><>>: 1=� �1=2� � s � 1=2�0 otherwise (26)
orresponding to the Daniell window.We will study next the asymptoti
 properties of f̂x(!0) using a shrinking asymptoti
s model des
ribedlater in this se
tion, but �rst we dis
uss the aliasing phenomenon in the spe
tral domain.3.2.1 AliasingThe spatial spe
tral fun
tions fx and Fx are 
losely related to the spe
tral de
omposition of the pro
ess Zinto a superposition of harmoni
 os
illations. However, it is easy to see that su
h a de
omposition 
annotbe uniquely restored from observations of a 
ontinuous pro
ess Z on a latti
e. Assume we observe Z(x) at14



lo
ations x 2 �Z2, where � is the distan
e between neighboring observations, and Z2 is the integer latti
e.Indeed, expfi!u�g = expfi(! + v2�=�)u�g = expfi!u�g expfi2�vugfor any u and v in Z2. We simply 
annot distinguish an os
illation with an angular frequen
y ! from allthe os
illations with frequen
ies ! + 2�v=�. The impossibility of distinguishing the harmoni
 
omponentswith frequen
ies di�ering by an integer multiple of 2�=� by observations in the integer latti
e with spa
ing� is 
alled aliasing e�e
t.Then, if observation of a 
ontinuous pro
ess Z is 
arried out only at uniformly spa
ed spatial lo
ations� units apart, the spe
trum of observations of the sample sequen
e Z(�x); is 
on
entrated within the �nitefrequen
y band ��=� � ! < �=�. The whole frequen
y spe
trum is partitioned into bands of length 2�=�by fold points (2y + 1)�=�; with y 2 Z2, and the power distribution within ea
h of the bands distin
t fromthe prin
ipal band ��=� � ! < �=�, is superimposed on the power distribution within the prin
ipal band.Thus, if we wish that the spe
tral 
hara
teristi
s of the pro
ess Z to be determined a

urately enough fromthe observed sample, then the Nyquist frequen
y �=� must ne
essarily be so high that still higher frequen
ies! make only a negligible 
ontribution to the total power of the pro
ess. Therefore, we must have a densesample of observed values (small �).The spe
tral density f�;x of the pro
ess on the latti
e, 
an be written in terms of the spe
tral density fxof the 
ontinuous pro
ess Z, f�;x(!) = XQ2Z2fx�! + 2�Q� � : (27)Similarly, we 
an obtain a representation of ��;x in terms of �x.The spatial spe
tral representation (see (3)) of a nonstationary pro
ess Z(x) for x 2 R2 is given byZ(x) = ZR2 exp(ixT!)�x(!)dY (!); (28)where Y is a Wiener pro
ess. Thus, by 
ombining (27) and (28), we derive the spe
tral representation ofthe pro
ess on the latti
e Z(�u) for u 2 Z2;Z(�u) = Z��2 exp(i�uT!)��;�u(!)dY (!); (29)where �2� = [��=�; �=�℄2: 15



3.2.2 Shrinking asymptoti
s for 2-d periodogramIn some instan
es, 
onsisten
y demands that the length of the grid (n1 � n2) over whi
h the pro
ess isobserved in
rease as the number of observations in
reases. This ensures that the amount of information inthe data in
reases. We should also ask that the spa
ing between neighboring observations, �; goes to 0 as thenumber of observations in
reases. This guarantees that an a

urate pi
ture of the 
ovarian
e fun
tion andspe
tral density 
an be developed non parametri
ally, assuming only smoothness 
onditions. Therefore, ourasymptoti
 model supposes that the observed data represent a realization of Z(u�) for u = (u1; u2); where0 � u1 � n1, and 0 � u2 � n2. We assume that � goes to zero as n1 !1, n2 !1, and n1=n2 ! �, fora 
onstant � > 0; and that �n1 ! 1, �n2 ! 1. We 
all this type of asymptoti
s shrinking asymptoti
s.This is a mixture of in
reasing-domain (eg. Cressie 1993) and �xed-domain asymptoti
s (Stein, 1995) in thatthe distan
e between neighboring observations tends to zero and the size of the observation region growswithout bound. Constantine and Hall (1994) used this asymptoti
 model for one dimensional pro
esses.Throughout this paper, we study asymptoti
 properties using the shrinking asymptoti
s model des
ribedabove. In the next theorem we study the asymptoti
 behavior of the spatial periodogram.We introdu
e now some notation, for ea
h x = (x1; x2) 2 R2 ; we write kxk to denote the Eu
lidean normpx21 + x22:Theorem 1Consider a Gaussian pro
ess Z(x); with 
ovarian
e 
ov(Z(x); Z(y)) = C(x;y) and spatial spe
tral densityfx(!). The pro
ess Z is observed at N equally spa
ed lo
ations in a regular grid (n1 � n2); where N =(1 + n1)(1 + n2) and the spa
ing between observations is �. We de�ne for ! 2 [��=�; �=�℄2 a spatialperiodogram fun
tion, f̂x(!); as in (23) to estimate the spe
tral density of the pro
ess observed on the latti
eZ(�u): We 
onsider two �lters fg(s)g and fW (s)g satisfying 
onditions B.1-B.2 and C.1-C.5 respe
tively.We assume:A.1 The rate of de
ay of the spe
tral density fx(!) at high frequen
ies is proportional to k!k��x ; where�x > 2; for all x:
16



A.2 The Fourier transform of fx(!) as a fun
tion of !, Cx(s); satis�es the following inequality:supx Z kskjCx(s)jds <1:A.3 �! 0; n1 !1, n2 !1, n1=n2 ! � for a 
onstant � > 0; �n1 !1, and �n2 !1.A.4 We assume Bg=BZ ! 0; i.e. the spe
trum is 
hanging very slowly over the e�e
tive range of the �lterfg(u)g.A.5 We assume Bg=�! 0; so that the "width" of W�(s) is mu
h larger than Bg.Then we get:� (i) The expe
ted value of the smoothed spatial periodogram, f̂x(!); for ! 2 [��=�; �=�℄2; is asymp-toti
ally R +1�1 R +1�1 ~fx(! + �)j�(�)j2d� where~fx(! + �) = Z +1�1 Z +1�1 fx�s(! + �)W�(s)ds� (ii) The asymptoti
 varian
e of f̂x(!) is(C=�2) ~f2x(!)�Z +1�1 Z +1�1 j�(�)j4d�� ;where ~f2x(!) = R +1�1 R +1�1 f2x�s(!)fW�(s)g2dsR +1�1 R +1�1 fW�(s)g2ds:� (iii) The spatial periodogram values f̂x(!) and f̂y(!0) are asymptoti
ally un
orrelated, if either:k! �!0k is suÆ
iently large so thatZ 1�1 Z 1�1 j�(� +!)j2j�(� +!0)j2d! � 0; (30)i.e. if k! �!0k � bandwidth of j�(�)j2 orkx� yk � e�e
tive "width" of the fun
tion fW�(u)g.
Condition A.1 is always satis�ed by the Mat�ern spe
tral density (18), we refer to Se
tion 3.1 for moreinformation and dis
ussion about the Mat�ern spe
tral density. Condition A.2 implies that the spe
tral density17



fx has a bounded derivative for all x, 
ondition A.3 des
ribes the asymptoti
 model used here (shrinkingasymptoti
s). Condition A.4 ensures that the spe
trum is 
hanging very slowly over the e�e
tive range ofthe �lter fg(s)g, and 
ondition A.5 assumes that the "width" of W�(s) is mu
h larger than the "width" offg(s)g. The bandwidth of j�(�)j2 is related to the magnitude of 1=Bg and it 
an be approximated by thedistan
e between the \half-power" points on the main lobe of j�(!1)jj2 (Priestley and Rao, 1969).As a 
onsequen
e of Theorem 1. If the \bandwidth" of j�(�)j2 is small 
ompared with the \frequen
ydomain bandwidth" of fx(!); that is if fx(!); is smooth 
ompared with j�(�)j2 for ea
h x: Then, theexpe
ted value of the smoothed spatial periodogram, f̂x(!); for ! 2 [��=�; �=�℄2; is approximately fx(!):If the \bandwidth" of jW�(s)j2 is small 
ompared with the \spa
e-domain bandwidth" of fx(!); Then,~f2x(!); is approximately f2x(!); and the asymptoti
 varian
e of f̂x(!) is(C=�2)f2x(!)�Z +1�1 Z +1�1 j�(�)j4d�� :4 Test for non-stationarityUsing the novel asymptoti
 results obtained in the previous se
tion, we present now a formal test for sta-tionarity of a spatial pro
ess. This test is a generalization of the test for stationarity of time series presentedby Priestley and Rao (1968) to spatial pro
esses. We �rst estimate the spatial spe
tral density fsi(!) at mnodes s1; : : : ; sm that 
onstitute a systemati
 sample on D.We write U(si;!) = log f̂si(!) + �(si;!):We have obtained (Theorem 1) that asymptoti
ally E(�(si;!)) = 0 and varf�(si;!)g = �2 where�2 = (C=�2)�Z +1�1 Z +1�1 j�(�)j4d�� ; (31)for ! =2 Æ�2�; where �� = [��; �℄ and Æ�2� denotes the boundary of the region �2�: The varian
e �2 is
learly independent of x; and !:Now, we evaluate the estimated spatial spe
tra, f̂si(!), at the m nodes s1; : : : ; sm and a set of frequen
ies!1;!2; : : : ;!n that 
over the range of lo
ations and frequen
ies of interest. Assuming the si and !j arespa
ed \suÆ
iently wide apart," then the �(si;!j) will be approximately un
orrelated. This result is based18



on asymptoti
 properties of f̂si(!j). The spatial periodogram values f̂x(!) and f̂y(!0) are asymptoti
allyun
orrelated, if either k! � !0k � bandwidth of j�(�)j2 or kx � yk � e�e
tive "width" of the fun
tionfW�(u)g.Assuming that the pro
ess Z is Gaussian, the logarithmi
 transformation brings the distribution of asmoothed spatial periodogram 
loser to normality (Jenkins, 1961). Thus, we may treat the �(xi;!j) asindependent N(0; �2). We write Uij = U(si;!j);log f̂si(!j) = fij ;�ij = �(si;!j):Then we have the model Uij = fij + �ij : (32)Equation (32) be
omes the usual \two-fa
tor analysis of varian
e" model, and 
ould be rewritten in the more
onventional form: H1 : Uij = �+ �i + �j + 
ij + �ijfor i = 1; : : : ;m and j = 1; : : : ; n: Then, we test for stationarity of Z by using the standard te
hniques totest the model H0 : Uij = �+ �j + �ijagainst the more general model H1. Win
e we know the value of �2 = varf�ijg, we 
an test for the presen
eof the intera
tion term, 
ij , with one realization of the pro
ess. If the model H0 is reje
ted, then there is asigni�
ant di�eren
e between the parameters �i, for i = 1; : : : ;m; whi
h is eviden
e of la
k of stationarityfor Z at the m nodes. Thus, the 
omplex and 
hallenging problem of testing for nonstationarity is redu
edto a simple two-fa
tor analysis of varian
e.The parameters f�ig, f�jg represent the main e�e
ts of the spa
e and frequen
y fa
tors, and f
ijgrepresents the intera
tion between these two fa
tors. A test for the presen
e of intera
tion is equivalentto testing if Z is a uniformly modulated pro
ess, this means log fx(!) is additive in terms of spa
e and19



frequen
y, then fx(!) is multipli
ative, i.e. fx(!) = 
2(x)f(!), so the pro
ess Z is of the formZ(x) = 
(x)Z0(x)where Z0 is stationary with spe
tral fun
tion f and 
 is a fun
tion of spa
e. We give now an example of auniformly modulated spatial pro
ess. Supposed that the la
k of stationarity of a pro
ess Z is 
aused by the
hange with lo
ation of the sill parameter �2(x), this means that the varian
e of the pro
ess depends onspa
e. Then, Z(x)=�(x) is a stationary pro
ess and 
onsequently Z(x) would be an uniformly modulatedpro
ess.If the intera
tion is not signi�
ant, we 
on
lude that Z is a uniformly modulated pro
ess. If the intera
tionis signi�
ant, we 
on
lude that Z is non-stationary, and non-uniformly modulated. We 
an study if the non-stationarity of Z is restri
ted only to 
ertain frequen
y 
omponents, by sele
ting those frequen
ies, e.g.f!j1 ; : : : ;!jkg and testing for stationarity at these frequen
ies.If Z is an isotropi
 pro
ess, then fx(!) depends on its ve
tor argument ! only through its length k!k.Then, we 
ould test for isotropy by sele
ting a set of frequen
ies with the same absolute values, say f!j1 ;!j2gwhere !j1 6= !j2 but k!j1k = k!j2k, and examine whether the "main-e�e
t" e�e
t � (the frequen
y e�e
t)is signi�
ant.We 
ould test for \
omplete randomness", this means 
onstant spe
tra, by testing the \main-e�e
t" �,either at all lo
ations when the intera
tion term is not signi�
ant, or at a parti
ular subset of lo
ations. Allthese 
omparisons are based on a �2 rather than F-tests, be
ause �2 is known.5 Appli
ationOur goal is to understand and quantify the weekly spatial stru
ture of air pollutants using the output of theregional s
ale air quality models (Models-3). Models-3 estimates hourly 
on
entrations and 
uxes of di�erentpollutants. The primary obje
tive of Models-3 is to improve the environmental management 
ommunity'sability to evaluate the impa
t of air quality management pra
ti
es for multiple pollutants at multiple s
ales,as part of the regulation pro
ess of the air pollutants standards. As an example we examine nitri
 a
id.The spatial domain, D; is a regular grid (69�75), the dimensions of ea
h 
ell in the grid are 36km� 36km:20



The 69�75 latti
e for EPA Models-3 is a two dimensional grid obtained taking into a

ount the e�e
tsof the earth's 
urvature. Models-3 provides the estimated 
on
entration for the middle point of ea
h 
ell,i.e. � = 36km; where � is the spa
ing between observed values. In this example we analyze the spatialstru
ture of a pro
ess Z, whi
h is the hourly averaged nitri
 a
id 
on
entrations for the week starting July11, 1995. Statisti
al models for output of air quality models are of urgent need. Some appli
ations in
ludethe evaluation of the performan
e of numeri
al models (by interpolating the model output at the lo
ationswhere we have observations), the 
onstru
tion of reliable maps of air pollution and metereologi
al variablesby 
ombining numeri
al models output with observations, e.g. by using the method proposed by Fuentesand Raftery (2001), data assimilation and estimation of spatial and temporal patterns of air pollutants.First, we use the methods proposed in Se
tion 3 to estimate the spatial stru
ture of a pro
ess Z. For thepurpose of illustrating the te
hniques presented in this paper, we take a systemati
 sample of lo
ations inD, the sample points x1; : : : ;x9 are the 
entroids of the 9 equally-dimensioned regions S1; : : : ; S9; shown inFigure 1. We estimated the parameters of the 9 spe
tral density Mat�ern models (18) ffxig for i = 1; : : : ; 9by �tting parametri
 models to the empiri
al estimates ff̂xig, we used a non linear least squares approa
hin the log s
ale i.e. we �tted a parametri
 model to log�f̂xi(!)� for i = 1; : : : ; 9, where ! 2 [��=�; �=�℄2:Figure 2 shows the �tted models for the spe
tral densities, fxi ; for i = 1; : : : ; 9;. The smoothing parameterrepresents the rate of de
ay at high frequen
ies. We observe a relatively fast rate of de
ay in Region 6, withsmoothness parameter .8, 
ompared for example to Region 5 that has smaller smoothing parameter (.4).The smoothing parameter for ea
h stationary model in this appli
ation does not seem to 
hange too mu
hwith lo
ation, probably be
ause we are analyzing prepro
essed spatial data, the output of a physi
al model(Models-3). When the range parameter is large (eg. Region 8, Region 1), assuming the other parametersare �xed, there is a faster de
ay at short frequen
ies, e.g. 
ompare the spe
tral density in Region 1 (largerange) to the spe
tral density in Region 2 (small range). The varian
e of the pro
ess, also 
alled the sillparameter, is the integral of the spe
tral density fun
tion, RR2 f(!)d!: In this example, the sill is relativelylarge in Region 8. There is higher spatial variability (large sill) mainly on the great lakes area (Region8) due to downwinds from sour
es of pollution, primary Chi
ago. In general we observe larger ranges ofauto
orrelation on the western part of the grid. Furthermore, on the eastern part we should not expe
t large21



ranges be
ause of the dis
ontinuity of the nitri
 a
id 
on
entration due to transition from land to o
ean.The 
hange with lo
ation of the estimate values for the spe
tral density parameters indi
ates that this is
learly a nonstationary pro
ess.Now, we implement the test for stationarity. Using the asymptoti
 results obtained in this paper, wesele
t values of lo
ations x and frequen
ies ! that are suÆ
iently apart. The estimates, f̂x(!) were obtainedusing expression (23) in whi
h W�(u) is given by (26) with � = 20 units (1 unit = 36 km), and g(u)is of the form (25) with h = 3. The window j�(!1)jj2 has a bandwidth of approximately �=h = �=3.We used the distan
e between the \half-power" points on the main lobe of j�(!1)jj2 to approximate thebandwidth. The window fW�(x)g has a bandwidth of � = 20. Thus, in order to obtain approximatelyun
orrelated estimates, the points !j and xi should be 
hosen so that the spa
ings between the !j areat least �=3 and the spa
ings between the xi are at least 20 units, the sample points x1; : : : ;x9 are the
entroids of the 9 equally-dimensioned regions S1; : : : ; S9; showed in Figure 1. The !j were 
hosen as follows!j = (!j1 ; !j2) = (�j=20; �j2=20) with j1 = 1 (7) 15; j2 = 1 (7) 15; 
orresponding to a uniform spa
ingof 7�=20 (whi
h just ex
eeds �=3). The values of f̂x(!) are shown in Table 1, where !1 = (�=20; �=20),!2 = (8�=20; �=20), !3 = (15�=20; �=20), !4 = (�=20; 8�=20), !5 = (8�=20; 8�=20), !6 = (15�=20; 8�=20),!7 = (�=20; 15�=20), !8 = (8�=20; 15�=20), and !9 = (15�=20; 15�=20).x�! !1 !2 !3 !4 !5 !6 !7 !8 !9x1 4315.92 31.49 5.35 28.01 9.18 0.20 3.89 5.12 1.02x2 3376.27 35.46 3.30 35.81 8.73 4.67 4.58 6.29 4.31x3 2670.07 38.01 6.54 40.99 12.38 10.68 7.36 2.86 2.14x4 1617.05 13.28 3.52 14.90 2.98 2.08 1.24 4.91 3.20x5 1256.20 38.80 5.69 30.58 13.56 3.05 9.66 3.30 2.64x6 1765.69 14.20 0.52 13.93 7.29 1.45 1.16 2.36 4.79x7 2016.57 12.97 2.55 17.88 0.69 3.27 0.37 0.13 2.21x8 13597.65 70.37 10.67 75.72 23.63 8.20 12.55 6.89 6.36x9 4618.01 63.28 12.09 56.93 21.94 7.71 10.32 1.23 1.21Table 1. Values of fx(!). 22



We need to 
al
ulate �2 (see Equation (31)) to perform the test of stationarity for Z. In this appli
ation�2 = 16h2=(9�2) = 0:04:Item Degrees of freedom Sum of squares �2 = (sum of squares/�2)Between spatial points 8 26.55 663.75Between frequen
ies 8 366.84 9171Intera
tion + residual 64 30.54 763.5Total 80 423.93 10598.25Table 2. Analysis of varian
e.The intera
tion is signi�
ant (�2 is very large 
ompared to �264(0:05) = 83:67) 
on�rming that we do nothave a uniformly modulated model, and both the \between spatial points" and \between frequen
ies" sumsof squares are highly signi�
ant (�2 is extremely large 
ompared to �28(0:05) = 15:51), 
on�rming that thepro
ess is non-stationary and that the spe
tra are non-uniform.In Figure 2 we �tted isotropi
 parametri
 Mat�ern models, assuming then that fx(!) depends on its ve
torargument ! only through its length k!k. If isotropy is a reasonable assumption then 
olumns 3 and 7 inTable 1 should have similar values. We present now an approa
h to test if there is any signi�
ant di�eren
ebetween 
olumns 3 and 7 in Table 1.The next table (Table 3) presents an analysis of varian
e to study the signi�
an
e of the di�eren
ebetween 
olumns 3 and 7 in Table 1. The spatial points are the same as in Table 2, x1; : : : ;x9, and thefrequen
y values used here are !3 and !7; both having the same absolute value.Item Degrees of freedom Sum of squares �2 = (sum of squares/�2)Between spatial points 8 15.96 399.18Between frequen
ies 1 0.12 3.17Intera
tion + residual 8 2.87 71.99Total 17 18.95 473.75Table 3. Analysis of varian
e.The \between frequen
ies" e�e
t is not signi�
ant (�2 is smaller than �21(0:05) = 3:84), suggestingthat then there is no eviden
e of anisotropy. However, the \between spatial lo
ations" sums of squares23



is highly signi�
ant (�2 is extremely large 
ompared to �28(0:05) = 15:51), 
on�rming that the pro
ess isnon-stationary.We 
ould test for stationarity within the subregions S1; : : : ; S9; by drawing a larger systemati
 samplein D with more than one sample point within ea
h subregion. Further testing suggests that �(x) does not
hange signi�
antly within the subregions S1; : : : ; S9.6 Con
lusions and �nal remarksIn this paper we develop a spe
tral theory for a 
lass of non-stationary pro
esses by introdu
ing the 
on
eptof \spatial spe
tra", this means spe
tral fun
tions that are spa
e-dependent. We show that the spatialspe
trum at ea
h lo
ation 
ould be estimated from a sample of a single realization. We propose parametri
and nonparametri
 estimates of the spe
tral density. We also 
onsider the problem of testing a given spatialpro
ess for stationarity.However, before the spe
tral estimate f̂(!0) 
an be evaluated we have to 
hoose the form of the �lterfg(s)g and the form of the weight fun
tion fW�(s)g: Generally, fg(s)g will be 
hosen from the standard
olle
tion of "windows" and will involved a parameter h, so that by adjusting the value of h we 
an varythe values of Bg . Similarly, we may 
hoose fW�(s)g from the same 
olle
tion of windows with a parameter�. Suppose now that we have 
hosen the mathemati
al forms of fg(s)g and fW�(s)g: The problem arisesas to how we should 
hoose the parameters h and � so that the estimate f̂(!0) possesses 
ertain requiredproperties. If there are no requirements for spe
i�ed degrees of resolvability in either domain, we may 
hooseh and � so as to jointly minimize the relative mean-square error of f̂(!0): Thus, subje
t to the 
onditionsBg � BZ and � � ÆD, where ÆD is the diameter of D, we 
hoose h and � to minimize the mean squareerror of f̂x(!0); we 
ould allow the parameters h and � to be both spa
e and frequen
y sele
tive. Note thatas � "; varff̂x(!0)g #; biasff̂x(!0)g "and as � #; varff̂x(!0)g "; biasff̂x(!0)g # :24



Also, as Bg "; varff̂x(!0)g "; biasff̂x(!0)g #and as Bg #; varff̂x(!0)g #; biasff̂x(!0)g " :The asymptoti
 results obtained in this paper (Theorem 1) provide an approximation for the mean squarederror (mse) of f̂(!0). We suggests using a plug-in approa
h and repla
e f(!0) with f̂(!0) in the expressionfor the mse, to obtain the values of h and � that minimize the relative mse of f̂(!0).An alternative method to 
hoose h and � is using the statisti
al model presented in Se
tion 3.1 andputting priors on the hyperparameters h and �. This method adds another stage to the Hierar
hi
al Bayesianparametri
 approa
h proposed in Se
tion 3.1.Appendix: ProofsProof of Theorem 1:Proof of part (i):In part (i) of Theorem 1 we seek to obtain an asymptoti
 expression for the expe
ted value of the estimatef̂x(!) (Equation (23)).First, we de�ne,�x;�(�) = �2 n1Xv1=0 n2Xv2=0 g(x��v) ff�;�v(�)=f�;x(�)g1=2 expf�i(x��vT )�gThe fun
tion Jx(!) is written in equation (21) in terms of the pro
ess Z(�u) for u in the latti
e, then byusing the representation of Z(�u) given in (29), we getJx(!) = � Z�� Z�� �x;!+�(�)f1=2�;x(! + �) expfi�!TxgdY (! + �)sin
e the pro
ess Y has orthogonal in
rements, we haveEff̂x(!)g = Z 1�1 Z 1�1W�(s)E njJx�s(!)j2o ds= Z 1�1 Z 1�1W�(s) Z�� Z�� f�;x�s(! + �)j�x�s;!+�(�)j2d�ds: (33)25



By Priestley (1965) Theorem 8.1Z�� Z�� f�;x�s(! + �)j�s;!+�(�)j2d� = Z�� Z�� f�;x�s(! + �)j��(�)j2d� + 0(Bg=BZ)were the residual term is uniform in x, � and n1; n2 and��(�) = �2 n1Xv1=0 n2Xv2=0 g(�v) expf�i�vT�g:Then, we obtainEff̂x(!)g = Z 1�1 Z 1�1 �Z�� Z�� f�;x�s(! + �)j��(�)j2d��W�(s)ds+ 0(Bg=BZ):Now we study the term in bra
kets R�� R�� f�;x�s(! + �)j��(�)j2d�, whi
h is the expe
ted value for theperiodogram Ig of a tapered pro
ess Zg(�u) = Zx�s(�u)g(�u� x); where the pro
ess on the latti
e,Zx�s(�u); has spe
tral density f�;x�s (whi
h does not depend on u) and 
ovarian
e C�;x�s: We de�neJg(!) = � n1Xu1=0 n2Xu2=0Zg(�u) expf�i�uT!g: (34)for ! 2 [��=�; �=�℄2; then the periodogram of Zg is Ig(!) = Jg(!)J
g (!): We 
ould write f�;x�s in termsof C�;x�s; f�;x�s(!) = �2(2�)�2 X�12ZX�22ZC�;x�s(� ) expf�i��T!g (35)where � = (�1; �2): By 
ombining (34) and (35) we obtain the following expression for the expe
ted value ofIg in terms of C�;x�s (see Brillinger (1970) for example):EfJ(!)J
(!)g = �2 n1�1X�1=�(n1�1) n2�1X�2=�(n2�1) �1Xt1=�1�n1 �2Xt2=�2�n2 g(t� � )g(t)!C�;x�s(� ) expf�i��T!g= Z 1�1 Z 1�1 f�;x�s(! + �)j�(�)j2d� + �N;�: (36)We prove now that as ni ! 1 and �ni ! 1 for i = 1; 2; the term �N;� goes uniformly to zero. First,by Lemma P4.3 in Brillinger (1981, pag. 403), the residual term in (36) 
an be bounded as follows:j�N;�j � 1n1n2 2(n1�1)X�1=�2(n1�1) 2(n2�1)X�2=2(n2�1) k��kjC�;x�s(� )j (37)where � = (�1; �2): By the de�nition of C�;x�s and under assumption A.2,1n1n2 2(n1�1)X�1=�2(n1�1) 2(n2�1)X�2=2(n2�1) k��kjC�;x�s(� )j � 1N�2 ZR2 kykjCx�s(y)jdy = 0(��2N�1): (38)26



Thus, by 
ombining results (36),(37) and (38), we obtain that for ! 2 [��=�; �=�℄2; EfJg(!)J
g (!)g
onverges uniformly to R1�1 R1�1 f�;x�s(! + �)j�(�)j2d�;EfIg(!)g = Z 1�1 Z 1�1 f�;x�s(! + �)j�(�)j2d� + 0(��2N�1):Thus, we obtain that R�� R�� f�;x�s(! + �)j��(�)j2d� 
onverges uniformly in ! and in x � s toR1�1 R1�1 f�;x�s(! + �)j�(�)j2d�:Now, we obtain that as � ! 0, and ni ! 1 for i = 1; 2, the spe
tral density of the sampled dataZx�s(�u) for u 2 Z2, be
omes the spe
tral density of Zx�s(y) for y 2 R2 ; i.e. f�;x�s(!) 
onverges tofx�s(!). We also address the question of how fast the 
onvergen
e f�;x�s(!) to fx�s(!) o

urs.De�ne Z� = Z� f0g, and Z�2 = Z2� f0g, thenf�;x�s(!)� fx�s(!) = XQ2Z2 fx�s�! + 2�Q� �� fx�s(!) = XQ2Z�2 fx�s�! + 2�Q� �Under 
ondition A.1, for � small enough the previous expression is proportional toXQ2Z�2 



! + 2�Q� 



��x�s (39)Under 
ondition A.1 we have �x > 2 for all x, then by the integral test (see Stein (1967), pag. 319) the series(39) 
onverges, we get that for ! 2 [��=�; �=�℄2;XQ2Z�2 



! + 2�Q� 



��x�s < XQ2Z�2 



! + 2�Q� 



�2 < �2Kwhere K does not depend on ! or x� s:Therefore, EfJg(!)J
g (!)g = Z 1�1 Z 1�1 fx�s(! + �)j�(�)j2d� + 0(��2N�1) +O(�2): (40)Thus, we obtain that f�;x�s(!) 
onverges to fx�s(!); uniformly in x� s. This result and the 
onvergen
eof R�� R�� f�;x�s(! + �)j��(�)j2d� to R1�1 R1�1 f�;x�s(! + �)j�(�)j2d�, lead to the proof of Theorem 1part (i), we getEff̂x(!)g = Z +1�1 Z +1�1 �Z 1�1 Z 1�1 fx�s(! + �)j�(�)j2d��W�(s)ds+ 0(Bg=BZ) + 0(��2N�1) +O(�2)Proof of part (ii): 27



The varian
e of f̂x(!) 
an be written in terms of the 
ovarian
e for jJx(!)j2;varnf̂x(!)o = ZR2 ZR2W�(s)W�(y)
ov�jJx�s(!)j2; jJx�y(!)j2	 dsdy (41)where by Priestley (1966)varnf̂x(!)o = Z +1�1 Z +1�1 var(Ig(!))fW�(s)g2ds�Z +1�1 Z +1�1 j�(�)j4d��+O(Bg=BZ) +O(Bg=�)with the residual terms uniform in n1; n2 and �: It 
an be shown thatvar(Ig(!)) = f2�;x�s(!) +O(��2N�1) (42)To derive (42) we write �rst the varian
e of Ig in terms of Jg;var(Ig(!)) = 
ov �Jg(!)J
g (!); Jg(!)J
g (!)�= 
ov (Jg(!); Jg(!)) 
ov �J
g (!); J
g (!)�+
ov �Jg(!); J
g (!)� 
ov �J
g (!); Jg(!)�= EfJg(!)J(!)gEfJ
g(!)J
(!)g+ jEfJg(!)J
g (!)gj2: (43)
By 
ombining (36), (37) and (38), as a generalization of Theorem 5.2.4 in Brillinger (1981, pag. 125), we getEfJg(!)Jg(!)gEfJ
g(!)J
g (!)g+ jEfJg(!)J
g (!)gj2 = f2�;x�s(!) + 0(��2N�1)the residual term is uniform in !: This leads to (42).Then, we getvarnf̂x(!)o = Z +1�1 Z +1�1 f2�;x�s(!)fW�(s)g2ds�Z +1�1 Z +1�1 j�(�)j4d��+ (��2N�1)Thus, we 
an write the varian
e of the periodogram in terms of the spe
tral density, f�;x�s; of the pro
esson the latti
e. Now, we prove that as � ! 0, �ni ! 1 and ni ! 1 for i = 1; 2, the fun
tion f2�;x�s(!);
onverges to f2x�s(!):f2�;x�s(!)� f2x�s(!) = 0�XQ2Z2fx�s�! + 2�Q� �1A2 � f2x�s(!)= XQ12Z�2 fx�s�! + 2�Q1� � XQ22Z�2 fx�s�! + 2�Q2� � (44)
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By A.1, for � small enough the previous expression be
omesXQ12Z�2 



! + 2�Q1� 



��x�s XQ22Z�2 



! + 2�Q2� 



��x�s (45)If �x > 2 for all x (assumption A.1) the series (45) 
onverges. We obtainXQ12Z�2 



! + 2�Q1� 



��x�s XQ22Z�2 



! + 2�Q2� 



��x�s < XQ12Z�2 



! + 2�Q1� 



�2 XQ22Z�2 



! + 2�Q2� 



�2 < �4K1where K1 does not depend on ! or x� s: Thus,varnf̂x(!)o = Z +1�1 Z +1�1 f2x�s(!)fW�(s)g2ds�Z +1�1 Z +1�1 j�(�)j4d��+O(Bg=BZ) +O(��2N�1) +O(�4):(46)Therefore, by (46) and 
ondition (C.5), the varian
e of f̂x(!) is asymptoti
ally:(C=�2) ~f2x(!)�Z +1�1 Z +1�1 j�(�)j4d��Proof of part (iii):The 
ovarian
e of f̂x(!) 
an be written in terms of the 
ovarian
e for jJx(!)j2;
ovnf̂x(!); f̂x0(!0)o = Z +1�1 Z +1�1 W�(s)W�(y)
ov�jJx�s(!)j2; jJx0�y(!0)j2	 dsdy (47)and we have 
ov�jJx�s(!)j2; jJx�s(!0)j2	 = 
ovfIg(!); Ig(!0)gby (38) and Theorem 5.2.4 in Brillinger (1981, pag. 125), we get
ovfIg(!); Ig(!0)g = EfJg(!)Jg(!0)gEfJ
g(!)J
g (!0)g+ jEfJg(!)J
g (!0)gj2 = 0(��2N�1): (48)Therefore, by expression (48) and 
ondition (A.4), if kx � x0k � than the "width" of the fun
tion W�(u)the the 
ovarian
e between f̂x(!) and f̂x0(!) would be approximately zero.The 
ovarian
e between f̂x(!) and f̂x0(!0) as a fun
tion of the frequen
y (!) is proportional to (Priestley,1966): Z 1�1 Z 1�1 j�(� +!)j2j�(� +!0)j2d! (49)Thus, the 
ovarian
e between f̂x(!) and f̂x0(!0) would be also approximately zero if k!�!0k � bandwidthof j�(�)j2; be
ause then, expression (49) would be e�e
tively zero.29
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Figure 1: Output of EPA Models-3, showing the hourly average 
on
entrations of nitri
 a
id (ppb) for theweek starting July 11, 1995. The resolution is 36 km2.
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Figure 2: This �gure shows the estimated Mat�ern spe
tral densities ffxig of the nonstationary pro
ess Z at9 lo
ations, x1; : : : ;x9, whi
h are the 
entroids of the 9 equally-dimensioned subregions S1; : : : ; S9; shown inFigure 1, e.g. lo
ation 1 (x1) 
orresponds to the 
entroid of the subregion in the lower left (TX) of Figure1. We estimated the parameters of the 9 spe
tral density Mat�ern models by �tting parametri
 models tothe empiri
al estimates ff̂xig in the log s
ale, we used a non linear least squares approa
h. Ea
h spe
traldensity represents the lo
al spatial stru
ture of the pro
ess Z at a di�erent lo
ation. The sill is in km, and� (the spa
ing between observed values) is 36 km.
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