Modeling and prediction of nonstationary spatial processes
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SUMMARY

We present an approach for the spectral analysis of non-stationary spatial processes, that is based on the
concept of spatial spectra, this means spectral functions which are space dependent. This notion of spatial
spectra generalizes the definition of spectra for stationary processes, and under certain conditions, the
spatial spectrum at each location can be estimated from a single realization of the spatial process. We
propose a nonstationary nonparametric and various parametric approaches to estimate the spectral density
of a nonstationary spatial process defined on a continuous space, and we develop new fitting algorithms.
The methods are based on the spatial spectral approach. We also study the asymptotic properties of the
proposed estimates via shrinking asymptotics, assuming the distance between neighboring observations tends
to zero as the size of the observation region grows without bound.

We also consider the problem of testing a given spatial process for stationarity and isotropy. The approach
is based again on the spatial spectral analysis, and the proposed method consists essentially in testing the
homogeneity of a set of spatial spectra evaluated at different locations. In addition to testing stationarity
and isotropy, the analysis provides also a method for testing whether the observed process fits a uniformly
modulated model, and a test for randomness (constancy of spectra). Applications include modeling and

testing for non-stationary of sulfur dioxide concentrations over different geo-political boundaries.
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1 Introduction

Spectral methods are powerful tools for studying the spatial structure of stationary processes. It is widely
recognized that in real applications spatial processes are rarely stationary and isotropic, then an important
extension of these spectral algorithms is to processes that are nonstationary. In this work, we present some
new spectral approaches and tools to estimate the spatial structure of a nonstationary process. More specifi-
cally, we propose a nonstationary nonparametric and various parametric approaches to estimate the spectral
density of a nonstationary spatial process defined on a continuous space. We also study the asymptotic
properties of the proposed estimates via shrinking asymptotics, assuming the distance between neighboring
observations tends to zero as the size of the observation region grows without bound. With this type of
asymptotic model we can uniquely determine the spectral density, avoiding the aliasing problem.

Use and properties of spatial nonparametric spectral estimates for stationary processes have been inves-
tigated by Stein (1995), Guyon (1982,1992), Ripley (1981), Rosenblatt (1985), and Whittle (1954) among
others. Pawitan and O’Sullivan (1994) proposed a nonparametric spectral density estimator using a pe-
nalized Whittle likelihood for a stationary time series. Guyon (1982) studied the asymptotic properties of
various parameter estimation procedures for a general stationary process on a d-dimensional lattice, using
spectral methods. The spectral representation of a stationary process Z is interpreted as its representation in
the form of superposition of sine and cosine waves of different frequencies. Spatial processes in environmental
sciences, oceanography, soil science, and many other disciplines are generally nonstationary, in the sense that
the spatial structure depends on location. This lack of stationarity thwarts the use of the standard spec-
tral methods mentioned above. Dahlhaus (1996a) uses the notion of local stationarity to study asymptotic
properties of nonstationary time series. The asymptotic model proposed by Dahlhaus (1996a, and 1996b) is
for discrete processes observed at some fixed times, ¢ = 0,...,7. This asymptotic model assumes that by
increasing the sample size (T' — oo) more and more data of each local structure become available allowing
for meaningful asymptotic investigations of statistical procedures. This means an increase of the bandwidth
of stationarity with an increase of the sample size. Dahlhaus and Sahm (2001) use the same asymptotic
framework for random fields. This asymptotic framework is appropriate for time series but unrealistic for

most spatial processes. Generally, in a spatial analysis the subregions of stationarity correspond to some



geographic areas and the bandwidth of stationarity should not be altered by increasing the sample size. The
models by Dahlhaus and Sahm (2001), and Dahlhaus (1996b) are for discrete processes. However, in most
spatial settings the underlying spatial process is continuous. The work presented here is for spatial continu-
ous processes. This continuity assumption makes estimating the spectrum a more challenging problem due
to the aliasing phenomenon, that occurs when we try to approximate the spectrum of a continuous process
using observations on a lattice.

What is novel about this paper is the introduction of spectral methods to study the spatial structure of
a nonstationary process spatial process, using a “spatial spectra”; that is, spectral functions which are space
dependent. New fitting algorithms are developed using parametric spectral estimates within a Bayesian
framework. We also introduce a new estimate of the spectral density for spatial processes and we study
its asymptotic properties using a novel asymptotic model for spatial processes. In cases where the data are
observed on a d-dimensional lattice, it is argued that these spectral approaches have computational benefits
compared with maximum likelihood on the space domain.

All the work that has been done so far to test the non-stationarity of a random process is mainly in one
dimension. Several authors have proposed methods for testing whether or not a given time-series may be
regarded as stationary, some of these methods are designed to detect non-stationary “trends”. Priestley and
Rao (1969) used the concept of the “evolutionary (time-dependent) spectrum” to test the lack of stationarity
of a time series, and this is the key idea for the work developed in this article. The method to be described
in this paper may be used to test the owverall stationarity of the complete second-order properties of a
spatial processes in two or higher dimensions. A further advantage of our method is that it enables one
to test not only the overall stationarity of the spatial process, but also to examine the character of the
non-stationarity (when it exists) and the potential anisotropy. To implement our test for nonstationarity we
need the approximations provided by the asymptotic results obtained in this article.

This article is organized as follows. In Section 2, we introduce a spatial spectral representation for
a nonstationary spatial process, using spectral functions which are space dependent, and we define a new
asymptotic model called shrinking asymptotics, which assumes the distance between neighboring observations

tends to zero and the size of the observation region grows without bound. In Section 3, we propose parametric



and nonparametric approaches to estimate the spectral density of a nonstationary spatial process, and we
study the properties of the proposed estimates. In section 4, we consider the problem of testing a given
spatial process for stationarity. The approach is based on the spatial spectral analysis. Section 5 is an
application of the methodology presented in this paper to atmospheric air pollution data obtained from
EPA. The source of air pollution data in this article is from the regional scale air quality models, known as
Models-3, that are run by EPA and the U.S. States. Models-3 provide pollutants concentrations and fluxes
in regular grids in parts of the US (see Figure 1). The lattice structure of Models-3 is perfectly suited to the

spectral methods presented in this article. In Section 6 we present some conclusions and final remarks.

2 Representation of a Nonstationary process

2.1 Spatial spectra

A random field Z in R? is called weakly stationary (or stationary), if it has finite second moments, its mean
function is constant and it possesses an autocovariance function C, such that C(x —y) = cov{Z(x), Z(y)}.
If C(h) = Cy(|h|) for some function Cy, then the process is called isotropic.

The spectral representation of a random process Z(x) is always interpreted as its representation in the
form of superposition of sine and cosine waves of different frequencies w. If Z is a stationary random field
with autocovariance C, then we can represent the process in the form of the following Fourier-Stieltjes

integral:

Z(x) = /R? exp(ixTw)dY (w) (1)

where Y are random functions with uncorrelated increments, (see Yaglom (1987), Cramér and Leadbetter

(1967) for example). Using the spectral representation of Z and proceeding formally,

C(x) = /R2 exp(ix’ w)F(dw) (2)

where the function F is a positive finite measure and it is called the spectral measure or spectrum for Z.

The spectral measure F' is the mean square value of the process Y,

E{]Y (w)]} = F(w).



If F has a density with respect to Lebesgue measure, this density is the spectral density, f, which is the
Fourier transform of the autocovariance function:

1 T
flw) = W/R? exp(—ix’ w)C(x)dx.

Each random process (not necessarily a stationary process) having a covariance function of the form
(2) where F' is a function of bounded variation is harmonizable, i.e. such a process is representable as the
Fourier-Stieltjes integral (1), where Z is a random function whose spectral function coincides with F.

There have been several attempts to define a spectrum for non-stationary one dimensional processes,
generally the object has been to obtain a single function whose properties depended on the behavior of
the process over the whole parameter space. Cramér (1960) considered the class of time series which are
harmonizable. In the approach we propose here, we define a spectral quantity whose physical interpretation
is similar to that of the spectrum of a stationary process. The nonstationary process is represented in
terms of a common underlying process with an amplitude varying with location. This is an extension of the
“evolutionary spectra” for time series introduced by Priestley (1965 and 1966) to spatial processes.

We define a new class of generalized spectral representations for nonstationary processes that we call
spatial spectral representation. This is an extension of the evolutionary spectra in time series to spatial
processes. For this new class of spatial models the spectral representation itself and the corresponding
spectral distribution function (or spectral density) can change slowly on space. Let Z be a nonstationary

process, we propose the following representation

26x) = | explixw)o(@)dy (@) 3)
where Y is an orthogonal process, so it satisfies the relation

BY (@)Y ()] = (w — w')dpu(w)

where ¢ is the delta Dirichlet function, and Y¢ denotes the conjugate of Y. We assume that the measure p(w)
is absolutely continuous with respect to Lebesgue measure, and that ¢x(w) are “slowly varying” functions

of x satisfying the condition

/ e () Pdpa(w) < o0 (1)
JR?2



for all x.
It is easy to see that then the covariance function, C, of the nonstationary process Z(x) is given by the

formula

covi{Z(x1), Z(x2)} = C(x1,%2) = /Rzexp{i(xl = %2)" W) }¢x, ()5, (w)dp(w) (5)

In particular

{2} = Cxx) = [ [6x(w) *du(w) ©

so that condition (4) is necessary for the variance of Z(x) to be finite at all x, i.e. for the existence of a
covariance function C'(x;,x2). The representation may be interpreted as representation of the process Z in
the form of a superposition of sinusoidal oscillations with different frequencies w and random amplitudes
¢x(w)dY (w) varying over space, i.e. Z(x) is a superposition of amplitude modulated random oscillations.
According to this interpretation, (6) describes the distribution of the “total power” of the process Z(x) at
location x over the frequencies w, hence the contribution from the frequency w is |¢x(w)|?du(w). Therefore

the function Fy(w) defined by the relation
dFx(w) = |dx (W) dp(w) (7)

will be called the spatial spectral distribution function of the process Z, and fx(w) = |¢x(w)|?h(w) is the
spatial spectral density of Z, where h is the density associated to the measure u.

Since ¢« (w) is a slowly varying function of space, it is clear that the process Z may be regarded as being
“approximately stationary” within subregions in D. If, however, we examine the behavior of Z within two
subregions which are sufficiently far apart, we could find that although Z is practically stationary in both

[4

subregions, the spectral distribution function of the two “portions” of Z will, in general, be different (i.e.,
the spectral distribution of the power of Z varies on space).
There exits different representations of the form (3) for a nonstationary process Z, each representation

based on a different family of ¢ (w) functions. This problem is similar to the selection of a basis for a

vector space. Apart from that, it would not be physically meaningful to interpret w as the frequency in all



cases. In the physical theory of oscillations the function Ay (w) = ¢x(w)exp(ix”

w) is said to describe the
amplitude modulated oscillation of frequency w only if the “amplitude” ¢«(w) is a slowly varying compared
to exp(ix’ w) function, i.e. if the Fourier transform of ¢, (w) as a function of x includes mainly frequencies
much lower than w, it is even often assumed that this transform must be concentrated in a neighborhood

of zero frequency. We restrict the permissible variability of the function ¢x(w) of x by considering only

functions ¢x(w) that admit a generalized Fourier representation

bulw) = [ () (8)

with |dH,, (7)| having its maximum at 7 = 0 for any fixed w. This condition guarantees that the Fourier
transform of ¢x(w) as a function of x includes mainly frequencies much lower than any w, and it has been
suggested by Priestley in the time series context. Since the functions ¢« (w) = 1 clearly satisfy the conditions
to be imposed on ¢x(w), the representation (3) certainly includes all the stationary processes having a finite
variance.

Alternatively, we suggest here a different constraint for the two-dimensional case. We impose the following
condition on dH,,(7), instead of assuming that that |dH,,(7)| has its maximum at 7 = 0. We assume dH,, (T)

is of bounded variation and

[ ] [t miarw) < « (9)

then the corresponding covariance function is necessarily a harmonizable covariance function.

2.2 Relation to other approaches
A broad class of stationary Gaussian processes may be represented in the form
Z(x) = /K(x —u)W(u)du,

with K (-) some positive kernel function and W (-) a constant-variance Gaussian white noise process. Higdon,

Swall and Kern (1999) considered extensions of the form

Z(x) = /Kx(u)T/V(u)du7 (10)



where the kernel K depends on position x. The idea of Higdon et al. was to model Kx(u) as an unknown
function in terms of specific parameters which can then be estimated in a hierarchical Bayes framework. In the
case where Ky is a Gaussian kernel for each x, this leads to tractable expressions for the covariance function
and hence the likelihood function for the process. Ver Hoef and Barry (1998) used a similar moving average
specification of a Gaussian process for cokriging and multivariable spatial prediction. The development of
Higdon et al. relies heavily on the Gaussian form of kernel function and it is not clear how restrictive this is.
The approach proposed here has a quite different motivation, but it also includes model (10) as a particular
case. In model (3), if we treat Ax(w) as a positive kernel function and Y as a Wiener process, we obtain
representation (10). However, our representation is more general, Ay is a complex function and Y a process
with orthogonal increments (not necessarily a Wiener process).

The nonstationary model in (10) is quite different idea from earlier approaches for nonstationarity; see for
example Sampson and Guttorp (1992), Guttorp and Sampson (1994), Haas (1995), and Nychka et al. (1999).
But it also has the disadvantage of not being easily related to traditional spatial models. In the approach
proposed by Fuentes (2001), the nonstationary process Z is modeled locally as a stationary isotropic random
field with some parameters that describe the local spatial structure. These parameters are allowed to vary
across space and reflect the lack of stationarity of the process. Thus, the space domain of interest D is
divided into small subgrids Sy, ..., S centered at the nodes sq,...,sy, and Z is represented as a weighted

average of orthogonal stationary processes:

2(x) = 3 Zoge) 0K (x ~ ) (11)

where Zg(s,) is a Gaussian stationary process with a covariance function Cy(s,), that explains the spatial
structure of Z in the subregion S;, and K (x — s;) is a nonnegative weight function. The parameter function
0 is allowed to vary across space to reflect the lack of stationarity of the process. This representation
of a nonstationary process was first introduced by Fuentes (2001), and then Fuentes (2002a) used it to
propose a new spatial periodogram for nonstationary processes. Fuentes and Smith (2001) generalized this
representation of a nonstationary process by allowing the parameter function 8 to vary continuously across

space.

We derive the spectral representation of the nonstationarity model (11) and we compare it to the spectral



model (3) presented here. The processes {Zg(s,)} are assumed to be orthogonal and stationary with absolutely

summable covariance functions, so they admit a representation

Zg(s;)(x) = /exp(inX)dYg(si)(w). (12)

and E|dY(s,)(w) |2 = ¢§(Si) (w)dw. The processes dYg(s,)(w) fori = 1,..., M are pairwise orthogonal because

the processes { Zg(s,) } are orthogonal. We obtain the spectral representation of Z

Z(x) = /exp(inx)dYx(w), (13)
where
dYy(w) = ZK(X — 81)dYg (e (w).

Then for each x, Yx(w) is a process with orthogonal increments; that is, E[dYyx(w)dYS(w')] = 0, and

EldYy¢(w)]? = ¢2(w)dw, where {¢2(w)} can be defined in terms of the kernel functions as

Px(w) = iKQ(X — 8i)Pp(s,) (@) (14)
We also have 7
M
E [dYx(w)dYy (w)] = ; K(x —s)K(y — si)¢z, (w)dw (15)
and F [dYy(w)dY{ (w')] = 0. _
We define
Pxy(W)dw = E [dYx (w)dYy (w)] ; (16)
then, we have
Px,y (w)dw = -JXM;K(X —s)K(y — 8i)¢2, (w)dw.

We can derive a spectral representation for the covariance of Z in terms of the functions {¢x y(w)} :

cov(Z(x), Z(y)) K(x —s;)K(y —si)Co(s;)(x —y)

0

-
Il
-

Kx = s)K(y = s0) [ explio” (x )} 650, (w)de

e

-
Il
=

(17)

expliw? (x — y)}E [dYy (w)dYy (w)]

expliw” (x = y)}x,y (w)dw,

—_— —



where the third equality is obtained from (15) and the last expression in (17) is obtained from the definition
of ¢xy(w) in (16). Therefore, by comparing (17) to (5) we conclude that the representation (11) is not
reducible to one of the new form (3) presented here (¢« y in (17) is not a separable function of x and y as
in (5)). Fuentes (2002b) provides more detail about the spectrum of model (11).

The spatial spectral representation (3) proposed here is a promising approach for spatial processes in
two or higher dimensions. One of the attractive features of the nonstationary model (3) is that it provides a
natural framework to easily fit and estimate the spatial structure of a nonstationary process (Section 3) and
to test for stationarity (Section 4). Apart from all the enormous computational benefits obtained by the use

of the Fourier transform.

3 Estimating the covariance

3.1 Parametric estimate

Consider a nonstationary process Z, in this Section we present a parametric approach to estimate the spectral
density and the covariance of Z, based on the concept of “spatial spectra”. Since Z is nonstationary the
spectral density of the process Z is space dependent. A class of practical variograms and autocovariance
functions can be obtained from the Matérn class of spectral densities. We denote f;(w) the spectral density

of Z(Xi),
filw) = di(a? + |w>) (-9 (18)

with parameters v; > 0, a; > 0 and ¢; > 0 ( d is the dimensionality). Here, the vector of covariance
parameters is 0; = (¢;,vi, ;). The parameter a;l can be interpreted as the autocorrelation range. The

parameter v; measures the degree of smoothness of the process Z at x;. The parameter ¢; is proportional

to the ratio of the variance o} (also called the sill parameter) and the range (a;!

;1) to the 2" power,

2v

7¥. The parameter 8; changes with location.

¢; = afoz
The smoothness of a random field, the parameter v; in the Matérn class, plays a critical role in interpo-

lation problems (Stein, 1999). A number of commonly used models for the covariance structure, including

spherical, exponential and Gaussian structures assume that the smoothness parameter is known a priori.
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The first step in our analysis will be to estimate this parameter from the data, instead of considering it
known.

We assume a parametric model for the spectral density, a Matérn with parameter 6; changing with
location. We could model 8 as a function of location, @(s) for s € D. This parameter function 6(s) for
s € D, measures the lack of stationarity of the process Z. Then, it would be natural to treat (s) as a
stochastic process, with correlated errors. Alternatively, we could use a spline approach to model 8(s),
though the approach presented here allows splines as a special case. We model the parameter function 6 as

a spatial process with correlated errors,
0(s) = po(s) + €a(s) (19)

1o (s) represents the spatial trend (the large scale structure) and the process eg(s) represents some spatially
correlated zero-mean noise. We assume here ug(s) is a polynomial function in s with coefficients, 8y, and
the process eg(s) is Gaussian with mean zero and a Matérn stationary covariance, cov(eg(x +y), €g(x)) =
Cr,(y), with parameters 7.

We consider a hierarchical Bayesian approach to model and take into the account the spatial structure

of the parameter 0(s) when estimating fx.
Stage 1. (g, T are the hyperparameters, we need to specify the priors.
Stage 2. [0|5y, To] is Gaussian

Stage 3. [Z]0] is Gaussian with covariance (5).

The parameter function 6 could be also modeled using a Bayesian version of the median polish approach
(e.g. Cressie, 1993). Assume the process Z is observed in a grid n; X na, then we propose the following

model for the parameter function 6

6(s) = a+ri+c;+eals) (20)
where s = (s;,s;), for i =1,...,ny and j = 1,...,ny. The hyperparameters a, r; for i = 1,...,nq, and ¢;
for j = 1,...,ny, are unknown and correspond to the g parameter function in Stage 1 of the hierarchical

model. Once we determine the values of 8(x) for x € D using a likelihood or a Bayesian approach, the

spectral density (and the corresponding covariance) of Z would be completely specified.
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3.2 Nonparametric estimate

Consider a spatial process Z. We observe the process at N equally spaced locations in a regular grid D
(n1 X ny), where N = njing, and the spacing between observations is A. Let dH,,(8) denote the Fourier

transform of ¢x(w) as a function of x, so that we may write, for each w,

+oo +o0
Ox(w) :/ / exp{ix’ 0}dH,,(0)
We define the characteristic width of the process Z,

Bz = [sup,{Bu(w)}] '

where
+oo +oo
Buw) = [ [ elldt.©)
J—o0 J—x0
The characteristic width of Z may be interpreted roughly as the maximum area over which the process may
be treated as approximately stationary. Dahlhaus (1996b) allows the characteristic width to tend to infinity
as we increase the sample size. We could use a similar approach here, but we prefer to treat the characteristic

width as a geographic area of stationarity which should not be altered by increasing the sample size.

We propose a nonparametric estimate of the spectral density. We first define Jx(wq)

3

Jx(wo) = A Z Z g(x — Au)Z(Au) exp{—iAu’ w}, (21)

where u = (u1,us), and {g(s)} is a filter satisfying the following conditions

B.1 {g(s)} is square integrable and normalized filter, so that

ey [ :o / :o s = [ :o / :o IT(w)[?de = 1

rw - [ :o / :og<s) exp{—is"w}ds

Here

denotes the Fourier transform of {g(s)}.

B.2 {g(s)} has finite ”width” B, defined by

“+oo “+oo
B~ [ [ islas)ds

12



where B, is smaller than By.

We refer to | Jx(w)|? as the spatial periodogram at a location x for a frequency w. In practice, the spatial peri-

odogram estimate for w is computed in the set of Fourier frequencies 27f/(An) where f/(An) = (Af;h , Af—fm) ,

and f € Jy, for

In={|—-(n1 —=1)/2],...,n1 — [n1/2]} x {|—(n2—1)/2],...,n2 — [n2/2]}. (22)

where |u] denotes the largest integer less or equal than u. The spectral estimate |Jx(w)|? is an approximately
unbiased estimate of fx(w) (see Theorem 1), but as its variance may be shown to be independent of N it
will not be a very useful estimate in practice. We therefore estimate fx(w) by “smoothing” the values of
|Jx(w)|? over neighboring values of x. More precisely, let W, be a weight function or “window”, depending

on the parameter p, which satisfies
C.1 W,(s) >0, for all s, p.

C.2 W,(s) decays to zero as |s| — oo, for all p.

C.3
+o00 +oo
/ W,(s)ds =1, for all p.
C.4
+00 +o0
/ / {W,(s)}?ds < oo, for all p.
C.5 We write

w,(A) = /:O /;OO exp{isT A} W, (s)ds

We assume that there exists a constant C such that

l +m +m G
lim,_, o {pz/ / |wp()\)2d)\} =C

The parameter p determines the effective ”width” of {W,} and it is chosen, such that the width of

{W,} is larger than B,.

13



Then, we estimate fx(wo) by

fulwo) :/Z /Z W, (x — 8) | Ja(wo) 2 ds (23)

In (23) every entry requires an integration. Since each such integration is actually an expectation with
respect to a uniform distribution, in practice we propose to evaluate (23) by Monte Carlo integration. We
draw an independent set of locations s,,, m = 1,2,..., M over the domain of interest D, and approximate
(23) with
M
M7 Wo(x = sm) s, (wo)? - (24)
m=1
Thus, fx(wo) can be interpreted as an average of the total energy of the process contained within a band
of frequencies in the region of wy and an region in space in the neighborhood of x.
In the application presented in this article we consider {g(s)} for s = (s1, s2) to be a multiplicative filter,

i.e. the tensor product of two 1 dimensional filters, g(s) = g1(s1)g1(s2), where g, is of the form

1/{2Vhr} s/ <h
g1(s) = (25)
0 |s| > h
corresponding to the Barlett window. Then, I'(w) = I'y (w1)I'1 (w2) for w = (wq,w2). We also choose W, to

be of the form W,(s) = Wi ,(s1)Wi ,(s2), where

/p —1/2p<s<1/2p
Wi p(s) = (26)
0 otherwise
corresponding to the Daniell window.

We will study next the asymptotic properties of fx(wg) using a shrinking asymptotics model described

later in this section, but first we discuss the aliasing phenomenon in the spectral domain.

3.2.1 Aliasing

The spatial spectral functions fx and Fx are closely related to the spectral decomposition of the process Z
into a superposition of harmonic oscillations. However, it is easy to see that such a decomposition cannot

be uniquely restored from observations of a continuous process Z on a lattice. Assume we observe Z(x) at

14



locations x € AZ?, where A is the distance between neighboring observations, and Z? is the integer lattice.
Indeed,
exp{iwuA} = exp{i(w + v27/A)uA} = exp{iwuA} exp{i2nrvu}

for any u and v in Z2. We simply cannot distinguish an oscillation with an angular frequency w from all
the oscillations with frequencies w + 27v/A. The impossibility of distinguishing the harmonic components
with frequencies differing by an integer multiple of 27 /A by observations in the integer lattice with spacing
A is called aliasing effect.

Then, if observation of a continuous process Z is carried out only at uniformly spaced spatial locations
A units apart, the spectrum of observations of the sample sequence Z(Ax), is concentrated within the finite
frequency band —7w/A < w < w/A. The whole frequency spectrum is partitioned into bands of length 27 /A
by fold points (2y + 1)7/A, with y € Z2, and the power distribution within each of the bands distinct from
the principal band —7/A < w < @w/A, is superimposed on the power distribution within the principal band.
Thus, if we wish that the spectral characteristics of the process Z to be determined accurately enough from
the observed sample, then the Nyquist frequency m/A must necessarily be so high that still higher frequencies
w make only a negligible contribution to the total power of the process. Therefore, we must have a dense
sample of observed values (small A).

The spectral density fa x of the process on the lattice, can be written in terms of the spectral density fx

of the continuous process 7,

fax(w) =" f« (w + @> (27)

Qez?

Similarly, we can obtain a representation of ga x in terms of ¢x.

The spatial spectral representation (see (3)) of a nonstationary process Z(x) for x € R? is given by

Z(x) = / exp(ixTw) ()Y (@), (28)

where Y is a Wiener process. Thus, by combining (27) and (28), we derive the spectral representation of

the process on the lattice Z(Au) for u € Z2,
Z(Au) = / exp(iAu? w)pa Au(w)dY (w), (29)
HA2
where 14 = [-7/A, 7/A]%
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3.2.2 Shrinking asymptotics for 2-d periodogram

In some instances, consistency demands that the length of the grid (n; x ns) over which the process is
observed increase as the number of observations increases. This ensures that the amount of information in
the data increases. We should also ask that the spacing between neighboring observations, A, goes to 0 as the
number of observations increases. This guarantees that an accurate picture of the covariance function and
spectral density can be developed non parametrically, assuming only smoothness conditions. Therefore, our
asymptotic model supposes that the observed data represent a realization of Z(uA) for u = (uy,us), where
0 <u; <my,and 0 < uy <ny. We assume that A goes to zero as n; — 00, ny — 00, and ny/ny — A, for
a constant A > 0, and that An; — oo, Ans — co. We call this type of asymptotics shrinking asymptotics.
This is a mixture of increasing-domain (eg. Cressie 1993) and fixed-domain asymptotics (Stein, 1995) in that
the distance between neighboring observations tends to zero and the size of the observation region grows
without bound. Constantine and Hall (1994) used this asymptotic model for one dimensional processes.

Throughout this paper, we study asymptotic properties using the shrinking asymptotics model described
above. In the next theorem we study the asymptotic behavior of the spatial periodogram.

We introduce now some notation, for each x = (z1,72) € R?, we write ||x|| to denote the Euclidean norm

Theorem 1

Consider a Gaussian process Z(x), with covariance cov(Z(x), Z(y)) = C(x,y) and spatial spectral density
fx(w). The process Z is observed at N equally spaced locations in a regular grid (n; X ny), where N =
(1 4+ n1)(1 + n2) and the spacing between observations is A. We define for w € [~7/A,n/A]? a spatial
periodogram function, fx(w), as in (23) to estimate the spectral density of the process observed on the lattice
Z(Au). We consider two filters {g(s)} and {I¥ (s)} satisfying conditions B.1-B.2 and C.1-C.5 respectively.

We assume:

A.1 The rate of decay of the spectral density fx(w) at high frequencies is proportional to ||w| =™, where

% > 2, for all x.
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A.2 The Fourier transform of fy(w) as a function of w, Cx(s), satisfies the following inequality:
supx/||s|||Cx(s)\ds < 0.

A.3 A —0,n — o0, ng = 00, ny/ny — A for a constant A > 0, Any — o0, and Any — 0.

A.4 We assume B,/Bz — 0, i.e. the spectrum is changing very slowly over the effective range of the filter

{g(uw)}.
A.5 We assume B, /p — 0, so that the ”width” of W,(s) is much larger than B,.
Then we get:

e (i) The expected value of the smoothed spatial periodogram, fx(w), for w € [~7/A,7/A]?, is asymp-

totically f+°° f+oo fu(w + 0)|T(0)|2d6 where
- “+oo “+oo
fx(w+0) = / / fx_s(w + O)W,(s)ds

e (ii) The asymptotic variance of fy(w) is

(C10) 2w {/+°°/+°° tao)

) — f+°° [T 12 (W) {W,(s) ) 2ds
T ff;:f{w s)}2ds.

e (iii) The spatial periodogram values fx(w) and fy(w’) are asymptotically uncorrelated, if either:

where

|lw + w'|| is sufficiently large so that

/ / (0 +w)?|T(0 + w')2dw ~ 0, (30)

i.e. if |w + w'|| > bandwidth of |T'(6)]? or

[lx — yl|| > effective ”"width” of the function {W,(u)}.

Condition A.1 is always satisfied by the Matérn spectral density (18), we refer to Section 3.1 for more

information and discussion about the Matérn spectral density. Condition A.2 implies that the spectral density
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fx has a bounded derivative for all x, condition A.3 describes the asymptotic model used here (shrinking
asymptotics). Condition A.4 ensures that the spectrum is changing very slowly over the effective range of
the filter {g(s)}, and condition A.5 assumes that the "width” of W,(s) is much larger than the ”width” of
{g(s)}. The bandwidth of [T'(6)|? is related to the magnitude of 1/B, and it can be approximated by the
distance between the “half-power” points on the main lobe of |I'(w;)||? (Priestley and Rao, 1969).

As a consequence of Theorem 1. If the “bandwidth” of |['(6)|? is small compared with the “frequency
domain bandwidth” of fyx(w), that is if fy(w), is smooth compared with |T'(@)|?> for each x. Then, the
expected value of the smoothed spatial periodogram, fx(w), for w € [-7/A,7/A]?, is approximately fx(w).

If the “bandwidth” of |W,(s)|? is small compared with the “space-domain bandwidth” of fx(w), Then,

f:%(w) is approximately f2(w), and the asymptotic variance of fx(w) is
+oo +oo
i@l [ e},

4 Test for non-stationarity

Using the novel asymptotic results obtained in the previous section, we present now a formal test for sta-
tionarity of a spatial process. This test is a generalization of the test for stationarity of time series presented
by Priestley and Rao (1968) to spatial processes. We first estimate the spatial spectral density fs, (w) at m
nodes sy, ..., S, that constitute a systematic sample on D.

We write
U(Si7 w) = lOg .sz' (QJ) + E(Si7 w)

We have obtained (Theorem 1) that asymptotically E(e(s;,w)) = 0 and var{e(s;,w)} = o where

i {[ - [ i iro) (o) do}. (31)

for w ¢ 6114, where [In = [—m, 7] and 0113 denotes the boundary of the region II4. The variance o? is
clearly independent of x, and w.
Now, we evaluate the estimated spatial spectra, fsi( ), at the m nodes s1, ..., s, and a set of frequencies

wi,ws, ..., wy, that cover the range of locations and frequencies of interest. Assuming the s; and w; are

spaced “sufficiently wide apart,” then the €(s;, w;) will be approximately uncorrelated. This result is based
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on asymptotic properties of fs. (wj). The spatial periodogram values fx(w) and fy(w’) are asymptotically
uncorrelated, if either ||w & w'|| > bandwidth of |['(8)]? or ||x — y|| > effective "width” of the function
{Wp(w)}-

Assuming that the process Z is Gaussian, the logarithmic transformation brings the distribution of a
smoothed spatial periodogram closer to normality (Jenkins, 1961). Thus, we may treat the e(x;,w;) as
independent N (0,0?). We write

Uz'j = U(Si, wj)

logfsi(wj) = fij
€ij = e(si,wj).

Then we have the model
Uij = fij + €ij. (32)

Equation (32) becomes the usual “two-factor analysis of variance” model, and could be rewritten in the more
conventional form:

Hy Uiy =p+a; + 65 +7ij + €5

fori =1,...;mand j = 1,...,n. Then, we test for stationarity of Z by using the standard techniques to
test the model

H():Uij:/l+ﬂj+€ij

against the more general model H;. Wince we know the value of 0 = var{e;; }, we can test for the presence
of the interaction term, ;;, with one realization of the process. If the model Hy is rejected, then there is a
significant difference between the parameters «a;, for ¢ = 1,...,m, which is evidence of lack of stationarity
for Z at the m nodes. Thus, the complex and challenging problem of testing for nonstationarity is reduced
to a simple two-factor analysis of variance.

The parameters {a;}, {§;} represent the main effects of the space and frequency factors, and {v;;}
represents the interaction between these two factors. A test for the presence of interaction is equivalent

to testing if Z is a uniformly modulated process, this means log fx(w) is additive in terms of space and
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frequency, then fy(w) is multiplicative, i.e. fx(w) = ¢?(x)f(w), so the process Z is of the form
Z(x) = ¢(x) Zo(x)

where Zj is stationary with spectral function f and c¢ is a function of space. We give now an example of a
uniformly modulated spatial process. Supposed that the lack of stationarity of a process Z is caused by the
change with location of the sill parameter o%(x), this means that the variance of the process depends on
space. Then, Z(x)/o(x) is a stationary process and consequently Z(x) would be an uniformly modulated
process.

If the interaction is not significant, we conclude that Z is a uniformly modulated process. If the interaction
is significant, we conclude that Z is non-stationary, and non-uniformly modulated. We can study if the non-
stationarity of Z is restricted only to certain frequency components, by selecting those frequencies, e.g.
{wj,,...,wj, } and testing for stationarity at these frequencies.

If Z is an isotropic process, then fyx(w) depends on its vector argument w only through its length ||w||.
Then, we could test for isotropy by selecting a set of frequencies with the same absolute values, say {w;, ,w;, }
where wj, # wj, but ||w;, || = [|wj,||, and examine whether the "main-effect” effect 5 (the frequency effect)
is significant.

We could test for “complete randomness”, this means constant spectra, by testing the “main-effect” g,
either at all locations when the interaction term is not significant, or at a particular subset of locations. All

these comparisons are based on a y? rather than F-tests, because ¢2 is known.

5 Application

Our goal is to understand and quantify the weekly spatial structure of air pollutants using the output of the
regional scale air quality models (Models-3). Models-3 estimates hourly concentrations and fluxes of different
pollutants. The primary objective of Models-3 is to improve the environmental management community’s
ability to evaluate the impact of air quality management practices for multiple pollutants at multiple scales,
as part of the regulation process of the air pollutants standards. As an example we examine nitric acid.

The spatial domain, D, is a regular grid (69x75), the dimensions of each cell in the grid are 36km x 36km.
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The 69x75 lattice for EPA Models-3 is a two dimensional grid obtained taking into account the effects
of the earth’s curvature. Models-3 provides the estimated concentration for the middle point of each cell,
i.e. A = 36km, where A is the spacing between observed values. In this example we analyze the spatial
structure of a process Z, which is the hourly averaged nitric acid concentrations for the week starting July
11, 1995. Statistical models for output of air quality models are of urgent need. Some applications include
the evaluation of the performance of numerical models (by interpolating the model output at the locations
where we have observations), the construction of reliable maps of air pollution and metereological variables
by combining numerical models output with observations, e.g. by using the method proposed by Fuentes
and Raftery (2001), data assimilation and estimation of spatial and temporal patterns of air pollutants.
First, we use the methods proposed in Section 3 to estimate the spatial structure of a process Z. For the
purpose of illustrating the techniques presented in this paper, we take a systematic sample of locations in
D, the sample points xq, ..., xg are the centroids of the 9 equally-dimensioned regions Sy, ..., Sg, shown in

Figure 1. We estimated the parameters of the 9 spectral density Matérn models (18) {fx,} fori=1,...,9
by fitting parametric models to the empirical estimates {fxi}7 we used a non linear least squares approach
in the log scale i.e. we fitted a parametric model to log (fxi(w)> fori=1,...,9, where w € [-7/A, m/A]%.
Figure 2 shows the fitted models for the spectral densities, fx,, for i =1,...,9,. The smoothing parameter
represents the rate of decay at high frequencies. We observe a relatively fast rate of decay in Region 6, with
smoothness parameter .8, compared for example to Region 5 that has smaller smoothing parameter (.4).
The smoothing parameter for each stationary model in this application does not seem to change too much
with location, probably because we are analyzing preprocessed spatial data, the output of a physical model
(Models-3). When the range parameter is large (eg. Region 8, Region 1), assuming the other parameters
are fixed, there is a faster decay at short frequencies, e.g. compare the spectral density in Region 1 (large
range) to the spectral density in Region 2 (small range). The variance of the process, also called the sill
parameter, is the integral of the spectral density function, fRQ f(w)dw. In this example, the sill is relatively
large in Region 8. There is higher spatial variability (large sill) mainly on the great lakes area (Region

8) due to downwinds from sources of pollution, primary Chicago. In general we observe larger ranges of

autocorrelation on the western part of the grid. Furthermore, on the eastern part we should not expect large
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ranges because of the discontinuity of the nitric acid concentration due to transition from land to ocean.
The change with location of the estimate values for the spectral density parameters indicates that this is
clearly a nonstationary process.

Now, we implement the test for stationarity. Using the asymptotic results obtained in this paper, we
select values of locations x and frequencies w that are sufficiently apart. The estimates, fx(w) were obtained
using expression (23) in which W,(u) is given by (26) with p = 20 units (1 unit = 36 km), and g(u)
is of the form (25) with h = 3. The window |T'(w;)||* has a bandwidth of approximately n/h = 7/3.
We used the distance between the “half-power” points on the main lobe of |I'(w;)||?> to approximate the
bandwidth. The window {W,(x)} has a bandwidth of p = 20. Thus, in order to obtain approximately
uncorrelated estimates, the points w; and x; should be chosen so that the spacings between the w; are
at least w/3 and the spacings between the x; are at least 20 units, the sample points x1,...,xg are the
centroids of the 9 equally-dimensioned regions S, ..., Sy, showed in Figure 1. The w; were chosen as follows
w; = (wj,,wj,) = (1j/20,7j2/20) with j; = 1(7)15, jo = 1(7) 15, corresponding to a uniform spacing
of 7m/20 (which just exceeds 7/3). The values of fy(w) are shown in Table 1, where w; = (7/20,7/20),
wo = (87/20,7/20), w3 = (157 /20,7 /20), ws = (7 /20,87 /20), ws = (87/20,87/20), ws = (157/20, 87 /20)

wr = (m/20,157/20), ws = (87/20,157/20), and wq = (157 /20, 157 /20).

x\w w1 Wao ws Wi Ws Weg wr wg Wq

X1 431592 3149 535 28.01 9.18 0.20 3.89 5.12 1.02
X2 3376.27 3546 3.30 3581 873 467 458 6.29 431
X3 2670.07  38.01 6.54 4099 1238 10.68 7.36 2.86 2.14
X4 1617.05  13.28 3.52 1490 298 208 124 491 3.20
X5 1256.20  38.80 5.69 30.58 13.56 3.05 9.66 3.30 2.64
Xg 1765.69  14.20 0.52 1393 729 145 1.16  2.36 4.79
X7 2016.57 1297 2.55 1788 0.69 3.27 037 013 221
X8 13597.65 70.37 10.67 75.72 23.63 820 1255 6.89 6.36

Xg 4618.01 63.28 12.09 56.93 21.94 7.71 1032 1.23 1.21

Table 1. Values of fx(w).
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We need to calculate o2 (see Equation (31)) to perform the test of stationarity for Z. In this application

o2 = 16h2/(9p%) = 0.04.

Item Degrees of freedom  Sum of squares Y2 = (sum of squares/o?)
Between spatial points 8 26.55 663.75

Between frequencies 8 366.84 9171

Interaction + residual 64 30.54 763.5

Total 80 423.93 10598.25

Table 2. Analysis of variance.

The interaction is significant (x? is very large compared to x2,(0.05) = 83.67) confirming that we do not
have a uniformly modulated model, and both the “between spatial points” and “between frequencies” sums
of squares are highly significant (x? is extremely large compared to x2(0.05) = 15.51), confirming that the
process is non-stationary and that the spectra are non-uniform.

In Figure 2 we fitted isotropic parametric Matérn models, assuming then that fy(w) depends on its vector
argument w only through its length ||w||. If isotropy is a reasonable assumption then columns 3 and 7 in
Table 1 should have similar values. We present now an approach to test if there is any significant difference
between columns 3 and 7 in Table 1.

The next table (Table 3) presents an analysis of variance to study the significance of the difference
between columns 3 and 7 in Table 1. The spatial points are the same as in Table 2, x5,..., Xg, and the

3 3

frequency values used here are w3 and w7, both having the same absolute value.

Ttem Degrees of freedom  Sum of squares x? = (sum of squares/o?)
Between spatial points 8 15.96 399.18

Between frequencies 1 0.12 3.17

Interaction + residual 8 2.87 71.99

Total 17 18.95 473.75

Table 3. Analysis of variance.
The “between frequencies” effect is not significant (y? is smaller than x?(0.05) = 3.84), suggesting

3

that then there is no evidence of anisotropy. However, the “between spatial locations” sums of squares
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is highly significant (x? is extremely large compared to x2(0.05) = 15.51), confirming that the process is
non-stationary.
We could test for stationarity within the subregions Si,...,Sy, by drawing a larger systematic sample

in D with more than one sample point within each subregion. Further testing suggests that 6(x) does not

change significantly within the subregions Si, ..., Sy.

6 Conclusions and final remarks

In this paper we develop a spectral theory for a class of non-stationary processes by introducing the concept
of “spatial spectra”, this means spectral functions that are space-dependent. We show that the spatial
spectrum at each location could be estimated from a sample of a single realization. We propose parametric
and nonparametric estimates of the spectral density. We also consider the problem of testing a given spatial
process for stationarity.

However, before the spectral estimate f(wo) can be evaluated we have to choose the form of the filter
{g(s)} and the form of the weight function {W,(s)}. Generally, {g(s)} will be chosen from the standard
collection of ”windows” and will involved a parameter h, so that by adjusting the value of h we can vary
the values of B,. Similarly, we may choose {W,(s)} from the same collection of windows with a parameter
p. Suppose now that we have chosen the mathematical forms of {g(s)} and {W,(s)}. The problem arises
as to how we should choose the parameters h and p so that the estimate f(wg) possesses certain required
properties. If there are no requirements for specified degrees of resolvability in either domain, we may choose
h and p so as to jointly minimize the relative mean-square error of f(wo). Thus, subject to the conditions
By « Bz and p < 4D, where 6D is the diameter of D, we choose h and p to minimize the mean square
error of fx(wg)7 we could allow the parameters h and p to be both space and frequency selective. Note that

as

p 1, var{ fx(wo)} |, bias{ fx(wo)} T

and as

p Lo var{ fx(wo)} 1, bias{ fx(wo)} 4 -
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Also, as
BQ T: Var{fx(WO)} T: bias{fx((.U[))} *lr
and as

By 4y var{ fx(wo)} 4, bias{ fu(wo)} 1

The asymptotic results obtained in this paper (Theorem 1) provide an approximation for the mean squared
error (mse) of f(wo). We suggests using a plug-in approach and replace f(wg) with f(wo) in the expression
for the mse, to obtain the values of h and p that minimize the relative mse of f(wo).

An alternative method to choose h and p is using the statistical model presented in Section 3.1 and

putting priors on the hyperparameters h and p. This method adds another stage to the Hierarchical Bayesian

parametric approach proposed in Section 3.1.

Appendix: Proofs

Proof of Theorem 1:

Proof of part (i):

In part (i) of Theorem 1 we seek to obtain an asymptotic expression for the expected value of the estimate

fx(w) (Equation (23)).

First, we define,

Fea(®) =22 33 glx = Av) {fa.av(N)/ fax W)}/ exp{—i(x — Av7)0}

1)1:0 ’UQ:O

The function Jx(w) is written in equation (21) in terms of the process Z(Au) for u in the lattice, then by

using the representation of Z(Au) given in (29), we get

5@) =& [ [ Tawro®)fA2w + 6) explideTx}dY (w + 0
JTA JTIA '
since the process Y has orthogonal increments, we have
N o0 o0 9
Bl = [ [ W@E{Inw)} ds

_ / / W, (s) / Fa o(@ + 0)|Tx_s.or0(6)2d0ds,
J—00 J —0C “ HA “ HA
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By Priestley (1965) Theorem 8.1

/ fax—s(w +8)|lswr6(0)]7d0 = / fax—s(w + 0)|Ca(0)]?d0 + 0(B,/Bz)
IIa JIIA A JIIa

were the residual term is uniform in x, A and nq,ns and

0) = A? Z Z g(Av) exp{—iAv'8}.

1)1:0 ’UQ:O

Then, we obtain

i = [ [T [ gsxdwor ors@Pds] wiyis + 0,/ 52),
Joo oo LIna J1a
Now we study the term in brackets fHA fHA fax—s(w+0)|Ta(0)]*d6, which is the expected value for the
periodogram I, of a tapered process Z,(Au) = Zx_s(Au)g(Au — x), where the process on the lattice,
Zx_s(Au), has spectral density fa x—s (which does not depend on u) and covariance Ca x_s. We define

Tyw) =AY > 7Z,(Au)exp{-iAu"w}. (34)

u =0 U =0

for w € [-m/A,w/AJ?, then the periodogram of Z, is Iy(w) = Jy(w)J;(w). We could write fa x—s in terms
of CA,xfs:

fax_s(w) =A%27)" Z Z Oa x—s(T) exp{—iATTw} (35)

TIEL T2EZL

where 7 = (71, 72). By combining (34) and (35) we obtain the following expression for the expected value of

I, in terms of Ca x_s (see Brillinger (1970) for example):

E{J(w)J¢(w)} = A? i i (Z Z g(t —T)g )) Cax_s(T)exp{—iAT"w}

ni=—(n—1) Ta=—(nz—1) \L1=7T1—m la=72—ny
_ /m /mfAyx,s(w+9>\r(0)|2d0+eN,A. (36)

We prove now that as n; =+ oo and An; = oo for ¢ = 1,2, the term ey a goes uniformly to zero. First,

by Lemma P4.3 in Brillinger (1981, pag. 403), the residual term in (36) can be bounded as follows:

2(n1—1) 2(n2—1)

n11n2 > > AT[ICA x—s(7)] (37)

T1=—2(n1—1) 12=2(n2—1)

len,al <

where 7 = (71, 72). By the definition of Ca x_s and under assumption A.2,

1 2(n1—1) 2(n2—1)

1 _ —2p7—1
— Y Y IATICax(nI < 57 [ I¥ICalay = 0AN ). (39

T1=—2(n1—1) 12=2(n2—1)
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Thus, by combining results (36),(37) and (38), we obtain that for w € [—n/A,7n/A]*, E{J,(w)J;(w)}

converges uniformly to [*_ [% fa x—s(w + 6)|['(8)]*d6,
E{ly(w)} = / / fax—s(w +0)T(0)°d0 +0(A 2N ).

Thus, we obtain that fHA fHA fax—s(w+6)|Ta(0)?d converges uniformly in w and in x — s to
J750 oo fax—s(w + 0)[1(6)[d6.

Now, we obtain that as A — 0, and n; — oo for i = 1,2, the spectral density of the sampled data
Zx—s(Au) for u € Z2 becomes the spectral density of Zx s(y) for y € R?, i.e. fa x_s(w) converges to
fx—s(w). We also address the question of how fast the convergence fa x—s(w) to fx_s(w) occurs.

Define Z* = Z — {0}, and Z* = 7Z2 — {0}, then

faxs(@) = froa(@) = 3 frs (w + ?) —fxs(@) = Y frs (w + ?)

QeZ? QeZ*2

Under condition A.1, for A small enough the previous expression is proportional to

>

Qez*2

—Tx—s

(39)

2mQ
“’*T‘

Under condition A.1 we have 7, > 2 for all x, then by the integral test (see Stein (1967), pag. 319) the series

(39) converges, we get that for w € [~7/A, 7/A)?,

21Ql ™" 21Q -2 9
Z w + TH < Z w + T‘ < A°K
QGZ*2 QEZ*Q
where K does not depend on w or x — s.
Therefore,
E{Jy(w)J;(w)} = / / fx_s(w + 0)|T(0)]?dO + 0(A2N"") + O(A?). (40)

Thus, we obtain that fa x_s(w) converges to fx_s(w), uniformly in x —s. This result and the convergence
of [i1. Ju, fax—s(w+0)[Ta(0)]d0 to 7= [7 fax—s(w + 0)|T(0)[2dB, lead to the proof of Theorem 1

part (i), we get

E{fx(w)} = / :O /:O

Proof of part (ii):

/°° /°° Fx—s(w + O)[L(0)2dB| W, (s)ds + 0(B,/Bz) + 0(AT*N™1) + O(A?%)
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The variance of fy(w) can be written in terms of the covariance for |J(w)|?,

var fx /2 2W cov{|JX s( )\27\Jx,y(w)\2}dsdy (41)
r2 JR

where by Priestley (1966)

var { /W /+Oovar V(W ()} ds{/m /+OO |4d0}+0( 2/Bz) + O(B, /)

with the residual terms uniform in n1,no and A. It can be shown that
var(Iy(w)) = f3 x—s(w) + O(ATZNTH) (42)
To derive (42) we write first the variance of I, in terms of J,,
var(Iy(w)) = cov (J( ) g (W), J, (w)Jg(w))
= cov (Jy(w), Jy(w)) cov (J§ (w), J¢ (w)) +
cov (Jg(w), Jg(w)) cov (J§(w), Jy(w))
= E{Jy(w)J (W)} E{J5(w)J (W)} + [ E{Jy(w) Jg(w) }*.

By combining (36), (37) and (38), as a generalization of Theorem 5.2.4 in Brillinger (1981, pag. 125), we get

E{Jy(w)Jy (W)} E{T§ (@) J5 (@)} + |E{ ]y (w) Jj(w)}* = fA x s(w) + O(ATNTT)

the residual term is uniform in w. This leads to (42).

Then, we get

var fx /+O°/+O°fos H{W,(s }ds{/+°°/+°° dB} (A2N"T)

Thus, we can write the variance of the periodogram in terms of the spectral density, fa x_s, of the process
on the lattice. Now, we prove that as A — 0, An; — oo and n; — oc for i = 1, 2, the function fi’xfs(w),

converges to f2__(w).

P (@) — f2y(w) = ( > fee(w ?)) - Rw)

Qez? (44)
= D> frs (w 27TQ1> > fes (w + 27TAQZ>
Qi cz*? Q.cZ*?
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By A.1, for A small enough the previous expression becomes

2 2

Qi€Z*2 Q2€7Z*2

" 27TQ1 T s

2rQy || Tt
A T

A

If 7 > 2 for all x (assumption A.1) the series (45) converges. We obtain

2 2

Q1EZ*2 QQEZ*Q

—Tx—s

< 2

(;21 EZ*2

27Qn
A

271'Q2

27 Qy
A +

w + A

w +

)y

QQEZ*Q

w +

A

where K7 does not depend on w or x —s. Thus,
+oo +oo + oo 400
var fx / / w){W,(s)} ds{/ / 0)] dﬂ} O(By/Bz) + O(A

Therefore, by (46) and condition (C.5), the variance of fx(w) is asymptotically:

(C1) {/+°°/+°° a0

Proof of part (iii):

2

)

The covariance of fy(w) can be written in terms of the covariance for |Jy (w)]
+oo +oo B B
cor {Fx(w). fu@)} = [ [ W 6Wa)e0v {Is() . Moy ()} sy
and we have
cov {|Tx—s(@)|*, [ Fr—s (") } = cov{I,(w), I, (w")}

by (38) and Theorem 5.2.4 in Brillinger (1981, pag. 125), we get

cov{I, (W), I,(w')} = E{J, (@), (@)} LIS (@) 5 (@)} + | BLT, (@) (@)} = 0(A >N

27TQ2 B

2
< A'K,

2N 4 0(AY).

(46)

1).

(48)

Therefore, by expression (48) and condition (A.4), if ||x — x'|| > than the ”"width” of the function W,(u)

the the covariance between fx(w) and fr (w) would be approximately zero.

The covariance between fx(w) and fy (w') as a function of the frequency (w) is proportional to (Priestley,

1966):

/ / (0 + w)|? (0 + ') Pdw

(49)

Thus, the covariance between fy(w) and fy (w') would be also approximately zero if ||w # w'|| > bandwidth

of |T(0)]?, because then, expression (49) would be effectively zero.
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Nitric Acid concentrations
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Figure 1: Output of EPA Models-3, showing the hourly average concentrations of nitric acid (ppb) for the

week starting July 11, 1995. The resolution is 36 km?.
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Figure 2: This figure shows the estimated Matérn spectral densities { fx,} of the nonstationary process Z at

9 locations, x4, ..., Xg, which are the centroids of the 9 equally-dimensioned subregions Sy, ..., Sy, shown in

Figure 1, e.g. location 1 (x1) corresponds to the centroid of the subregion in the lower left (TX) of Figure

1. We estimated the parameters of the 9 spectral density Matérn models by fitting parametric models to

the empirical estimates {fxi} in the log scale, we used a non linear least squares approach. Each spectral

density represents the local spatial structure of the process Z at a different location. The sill is in km, and

A (the spacing between observed values) is 36 km.
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