
Abstract

SHEN, JI. Three Essays on Realized Volatility Models for High-Frequency Data. (Under the direction
of Denis Pelletier.)

The dissertation centers on modeling volatility of stock returns with high frequency data. It contains

three chapters.

In Chapter 1, we propose a multivariate realized GARCH model where the conditional variance

of daily returns depends on lagged realized measures of volatility computed with high-frequency data.

In turn, a measurement equation contemporaneously links the realized measures and the conditional

variance. To greatly reduce the number of parameters in the measurement equation, we use adaptive

Lasso and the least-angle regression algorithm. For the GARCH dynamic of the conditional variance,

we favor a diagonal BEKK structure applied to rotated variables. Our empirical results suggest that the

use of variable selection with adaptive Lasso for the measurement equation instead of OLS leads to

improved out-of-sample forecasting performances.

In Chapter 2, we introduced a realized Markov regime-switching BEKK model which generalizes

the BEKK model by using two regimes featuring different variance dynamic specifications. Within each

regime, we use a BEKK model to govern the variance. The persistence of both regimes yields an extra

source of volatility persistence compared with standard, single-regime BEKK, thereby enhancing the

flexibility in describing the volatility persistence of shocks. To reduce the parameters in estimation, we

implement covariance targeting with rotated variables. The empirical evidence shows that the regime-

switching BEKK model has a significantly better performance in both in-sample fit and out-of-sample

forecasting.

In Chapter 3, we generalize the realized Markov regime-switching GARCH model in Chapter 2 by

allowing the regime transition probability to vary over time using pre-determined observable variables

which is the realized kernel in this case. This model has more flexibility regarding volatility persistence

compared with the one in Chapter 2. To avoid the computational difficulty due to an increasing number

of parameters, we utilize this model with one stock only. Our empirical research shows that the the use



of time-varying transition probabilities leads to better in-sample fit and improved forecasting ability in

the near future (about 10 days).
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Chapter 1

Realized Rotated BEKK Model

1.1 Introduction

With the advent of cheaper data storage and improved computational resources, high-frequency financial

data have seen increased availability. This growing availability has led researchers to focus on methods

for utilizing high-frequency data to study the statistical properties of financial assets. A number of re-

alized measures of volatility, including realized variance, bipower variation, the realized kernel, and

many related quantities have been introduced in the literature (Andersen and Bollerslev, 1998; Ander-

sen, Bollerslev, Diebold, and Ebens, 2001; Andersen, Bollerslev, Diebold, and Labys, 2003; Barndorff-

Nielsen, 2002; Barndorff-Nielsen and Shephard, 2004; Andersen and Benzoni, 2008; Barndorff-Nielsen,

Hansen, Lunde, and Shephard, 2008; Hansen and Horel, 2009). Any of the aforementioned measures

is far more informative about the current level of volatility than the squared return. As a result, real-

ized measures are more useful for modeling and forecasting future volatility. Engle (2002) estimated a

GARCH model that included a realized volatility measure in the GARCH equation. This model, which

specifically included lagged realized variance to drive the dynamics of conditional variance of returns,

has since come to be known as the GARCH-X (Forsberg and Bollerslev, 2002). Engle and Gallo (2006)

model a 3-variable system comprising the squared return, the high-minus-low price range and the re-

alized variance in an multiplicative error model (MEM) setup suggested by Engle (2002). They apply
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the MEM to squared returns and realized volatility as separate models. The univariate and multivariate

HEAVY models introduced by Shephard and Sheppard (2010) and Noureldin, Shephard, and Sheppard

(2012) consider a system including a measurement equation for multi-step forecasting of the conditional

variance of daily returns. The mathematical structure of the HEAVY model is a generalization of the

MEM framework.

While the HEAVY model postulates GARCH-type dynamics for the realized measure by modelling

its conditional expectation, the univariate realized GARCH model introduced by Hansen, Huang, and

Shek (2012) relate the realized measure itself to conditional variance and a term that captures leverage

effects. The basic idea is that the connection between the realized measure and the conditional variance

can be used to update the realized measure process, thus providing a recursive prediction of the con-

ditional variance of the asset. Almost universally, the incorporation of realized measures into volatility

models has led to large economic and statistical gains (Christoffersen, Jacobs, and Mimouni, 2010; Do-

brev and Szerszen, 2010). Forecast gains tend to be more pronounced at short time horizons, typically

the first several days. All of the models mentioned above focus on a small number of assets. For exam-

ple, multivariate HEAVY models separate ten assets into five groups, and deal with two assets in each

group. In general, most of these models suffer from a curse-of-dimensionality problem that constrains

their practical application.

Automatic model-building methods are familiar in the linear model literature. They are used to

automatically produce better models in terms of prediction accuracy and parsimony. One promising

model-building method is the Lasso; its computationally simpler variation called Least Angle Regres-

sion (LARS) will be applied here.

In this paper, we generalize the realized GARCH to the multivariate case. The number of coefficients

in the measurement equation is reduced using the Lasso method, which makes this modeling approach

tractable for relatively large portfolios of assets.

2



1.2 Literature Review

1.2.1 Univariate Volatility Models

In financial econometrics, the autoregressive conditional heteroskedasticity (ARCH) model is a bench-

mark tool for analyzing the time-variation of conditional variance. The ARCH model is essentially an

ARMA model for the squared return and many tools of standard, linear time-series analysis can be di-

rectly applied. The family of ARCH models is easy to estimate; these parsimonious models are capable

of providing good descriptions of the dynamics of asset volatility. The complete ARCH(p) model relates

the current level of volatility to past p square shocks (Engle, 1982). Consider rt, which denotes the log

return of a single asset, and is characterized as a real-valued discrete-time stochastic process. We model

rt as

rt = µt + εt

where µt can be any general model for the conditional mean (e.g. autoregressive (AR) model, moving

average (MA) model, autoregressive integrated moving average (ARIMA) model, etc). In practice, the

model for the conditional mean should be flexible enough to capture the dynamics present in the data.

For many financial time series, particularly those measured over short intervals such as one day or one

week, assuming µt = 0 is appropriate. As for the error term,

var(rt|Ft−1) = E(ε2t |Ft−1) = ht,

εt = h
1/2
t et,

where h1/2
t is a positive real value and Ft−1 is the set of all information up to time t− 1. Also, assume

the random variable et meets two moment conditions:

E(et|Ft−1) = 0,

var(et|Ft−1) = 1.

3



For an ARCH(1), the variance process is given by

ht = ω + αε2t−1.

They key feature of this model is that the conditional variance of the shock, εt, is time varying and

depends on past values through its square. The variance ht is the time t − 1 conditional variance and

is measurable in Ft−1. The generalized ARCH (GARCH) process, introduced by Bollerslev (1986),

improves the original specification by adding lagged conditional variances. These lagged terms essen-

tially act as “smoothing” terms. GARCH models typically fit as well as higher ordered ARCH models

while remaining relatively parsimonious. The conditional variance in a GARCH(1,1) process evolves

according to

ht = ω + αε2t−1 + βht−1.

In this specification, the conditional variance is an average of the lagged shock, ε2t−1, and the lagged

variance, ht−1, plus a constant. The effect of the lagged variance is to produce a model that is actually

an ARCH(∞). This result is readily obtained by continued backward substitution of the conditional

variance. To ensure the conditional variances are always positive, restrictions must be imposed on the

parameters of the GARCH model. In a GARCH(1,1), these restrictions are ω > 0, α ≥ 0, and β ≥ 0.

The unconditional variance can be derived as

h̄ ≡ E[ht] =
ω

1− α− β
.

The GARCH model with 1−α−β > 0 is covariance stationary as long as the model for the conditional

mean corresponds to a stationary process.

1.2.2 The BEKK Model

The BEKK model (Baba, Engle, Kraft and Kroner) is a multivariate GARCH model designed to ensure

that the conditional covariance is positive definite (Engle and Kroner, 1995). The primary insight of
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the BEKK is that quadratic forms are positive semi-definite, and the sum of a positive semi-definite

matrix and a positive definite matrix is positive definite. The model specification is an extension of the

univariate model. Specifically, consider a vector of returns rt of dimension k × 1. Similar to the setup

in the univariate case,

rt = µt + εt, (1.1)

where µt is a general time series model for the conditional mean vector. The conditional variance is

cov(εt|Ft−1) = Ht

where Ht is a k × k positive definite matrix and

εt = H
1/2
t et

where H1/2
t can be obtained by the Cholesky factorization of Ht. The moment conditions

E(et|Ft−1) = 0

cov(et|Ft−1) = Ik

must also hold, with Ik denoting the k dimensional identity matrix. The covariance in a BEKK(1,1)

model evolves according to

Ht = CC ′ +BHt−1B
′ +Aεt−1ε

′
t−1A

′

where C is a k × k lower triangular matrix and A and B are k × k parameter matrices. The elements of

Ht depend on both squared returns and the cross-product of returns.

1.2.3 Realized Volatility

Over the past decade, extensive research has shown that the rich information in high-frequency data

can be effectively used to construct realized measures of volatility. For univariate processes, the corre-
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sponding measure is the realized variance. Consider a log-price process, pt, driven by a standard Wiener

process with time-varying drift and stochastic volatility,

d pt = µt d t+ σt dWt. (1.2)

where µt is of finite variation and σt is strictly positive and square integrable. Realized variance is

constructed by frequently sampling pt throughout the trading day. Suppose that prices on day t were

sampled on a regular grid of n + 1 points (0, 1, ..., n) and let pi,t denote the ith observation of the log

price on day t. The n-sample realized variance is defined as

RV n
t =

n∑
i=1

(pi,t − pi−1,t)
2 =

n∑
i=1

r2
i,t. (1.3)

RV n
t is a consistent estimator of the integrated variance under the assumption of no market micro-

structure noise, which includes bid-ask bounce, discreteness of price changes, etc:

lim
n→∞

RV n
t =

∫ t+1

t
σ2
sds,

where the bounds t and t + 1 represent the (arbitrary) interval over which the realized covariance is

computed and n is typically somewhere between 13 (30-minute returns) and 390 (1-minute returns).

The realized variance measure suffers from a number of problems. The most pronounced is that

observed prices are contaminated by noise since they are only observed at the bid and ask. The observed

return is the sum of the true return and an MA(1) shock. As a result, returns are autocorrelated and com-

puting the RV using (1.3) will result in upwardly biased estimates. This bias increases with the number

of sampling points. Several solutions to this problem have been proposed. The simplest solution is to

avoid the issue by sampling prices infrequently, which usually means limiting samples to somewhere

between 1 to 30 minutes (Bandi and Russell, 2008). Another problem is the continuity of return process

in equation (1.2) may be interrupted by sudden discrete movements (jumps) when unexpected news hits

the market, which adds an upward bias to the realized variance. Barndorff-Nielsen, Hansen, Lunde, and
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Shephard (2008) propose a realized kernel estimator which is consistent under the general conditions,

e.g., higher-order dependence or endogeneity in the noise process, and robust to jumps. The idea is to

capture (potentially noise induced) serial correlations in trade-to-trade returns by a kernel. The realized

kernel estimator (RK) is defined as:

RK = γ0 +

Q∑
q=1

k

(
q − 1

Q

)
(γq + γ−q), (1.4)

with

γq =

n∑
i=q+1

riri−q, for q ≥ 0,

where k(·) is a kernel weighting function and k(0) = 1, k(1) = 0; Q is a bandwidth parameter which is

chosen to minimize mean square error (MSE).

The multivariate case retains many of the features of the univariate case. For a multivariate process,

the measure of interest is the realized variance/covariance matrix. Assume that the k×1 log-price vector,

P (t), is governed by the following multivariate diffusion process

dPt = Utdt+ Ωt dWt

where Ut is the k × 1 drift vector and Σt = ΩtΩ
′
t is instantaneous covariance. dWt denotes k-variate

mutually independent Brownian motion. Realized covariance estimates the integrated covariance matrix

∫ t+1

t
Σs d s.

Realized covariance is computed using the outer-product of the high-frequency returns,

RCt =
n∑
i=1

ri,tr
′
i,t =

n∑
i=1

(pi,t − pi−1,t)(pi,t − pi−1,t)
′

In principle, prices should be sampled as frequently as possible to maximize the precision of the realized
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covariance estimator. However, frequent sampling leads to practical difficulties since transaction prices

are contaminated by noise (e.g. bid-ask bounce) and not perfectly synchronized (Epps, 1979).

Barndorff-Nielsen, Hansen, Lunde, and Shephard (2011) proposed the multivariate realized kernel

which uses a “refresh time” sampling procedure to adapt the sampling scheme to the trading intensity

of the least active asset at any given time within a day. The kernel also includes a well-chosen weight

function for the lead and lag returns used in the computation of the covariance matrix. This ensures con-

sistency of the estimator, while also guaranteeing positive semi-definiteness of the estimated covariance

matrix. Formally, the multivariate realized kernel (RK) is defined as

RK = Γ0 +

Q∑
q=1

K

(
q − 1

Q

)
(Γq + Γ′q) (1.5)

with

Γq =

ñ∑
i=q+1

r̃ir̃
′
i−q, for q ≥ 0,

where r̃ are refresh time returns, ñ is the number of refresh time prices, K(·) is a kernel weighting

function, and Q is a bandwidth parameter which is chosen to minimize mean square error (MSE).

Refresh time returns are computed by sampling all prices and using last-price interpolation only when

all assets have been traded. The recommended kernel is the non-flat Parzens kernel:

K(x) =


1− 6x2 + 6x3 0 > x ≥ 1/2,

2(1− x)3 1/2 > x ≥ 1,

0 x > 1.

Jittering is another common technique applied in the calculation of the realized kernel. Jittering

averages m ≤ ñ prices at the very beginning and end of the day to eliminate end-effects and ensure that

the realized kernel is consistent. Larger values of m imply smaller end-effects. However, increasing m

reduces the amount of available data for computing the realized kernel. The optimal amount of jittering
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will minimize the MSE caused by end-effects and the increased asymptotic variance due to reduction of

the effective sample size. Setting m = 2 is a common rule of thumb.

1.3 Realized BEKK Model

1.3.1 Definitions and Notation

In this section we introduce a new model, the realized BEKK (RBEKK) model. Similarly to the BEKK

model in section 2.2, we start by assuming E(rt|Ft−1) = 0. This is a legitimate assumption based on

several empirical studies. Otherwise, this condition could be met by reinterpreting rt as the return minus

its conditional mean. As a result,

rt = H
1/2
t et, (1.6)

et
i.i.d∼ (0, Ik),

where Ik is the k × k identity matrix. The key quantity of interest in many financial applications is

the conditional variance/covariance, Ht = cov(rt|Ft−1). For the conditioned variance/covariance, we

assume it follows the following dynamic:

Ht = CC ′ +BHt−1B
′ +AXt−1A

′. (1.7)

In the standard GARCH(1, 1) model Ht is a function of Ht−1 and rt−1r
′
t−1. In the present framework,

a realized measure of variance/covariance Xt−1 will replace rt−1r
′
t−1. In practice, Xt−1 could be the

matrix of realized variance/covariance or a realized kernel. The k×k matrices A and B each have k2 free

parameters, while C is a k×k lower triangular matrix with k∗ = k(k+ 1)/2 free parameters. Under the

assumption that the starting value H0 is positive semidefinite, the parameterization in (1.7) guarantees

that Ht is positive semidefinite for all t. Moreover, if C is a full rank matrix, then Ht is positive definite

for all t. The coefficient matrix B determines the “smoothness” of the RBEKK model.

We will refer to (1.6) as the return equation and (1.7) as the RBEKK equation. We define the mea-
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surement equation in (1.8) to close the system:

xt = d+ Γht + ut (1.8)

ut
i.i.d∼ N (0,Σu)

where xt, d, ht, and ut are all k∗ × 1 vectors, d is the intercept vector, and ut is the innovation vec-

tor. Moreover, Γ is a (k∗ × k∗) constant coefficient matrix. This matrix characterizes the dependence

between the realized measure and all of the elements of the conditional covariance matrix. A major

feature of the RBEKK model is that the realized measure Xt can be linked with the contemporane-

ous logarithmic Ht embedded in the measurement equation. Define xt = vech(logmXt) and similarly

ht = vech(logmHt) where the vech operator stacks the lower triangular portion, including the main

diagonal, of a (k × k) symmetric matrix into a (k∗ × 1) vector. The logm operator gives the matrix

logarithm which is a generalization of the element-wise logarithm (Higham, 2008). In our case, since

the realized measure of variance/covariance is a real symmetric matrix, it can be decomposed into the

product of a diagonal matrix of eigenvalues and a matrix of eigenvectors. Specifically, assumingX is the

realized measure of variance/covariance, we can write X = V X̃V −1, where V is the matrix of eigen-

vectors of X (each column of V is an eigenvector of X), and X̃ is a diagonal matrix whose diagonal

elements are eigenvalues of X . Replace each diagonal element of X̃ by its natural logarithm to obtain

log X̃ . Then we have logmX = V (log X̃)V −1. Since the realized measure of variance/covariance is

positive definite, the eigenvalues of X are all positive. As a result, logmX is always a real, symmetric,

and unique matrix.

The BEKK-type parameterization in (1.7) has O(k2) parameters. If the elements of A and B are

unrestricted, which is a full parameterization, the evolution of every element in Ht will be influenced

by its own lag as well as every cross-asset effect in the RBEKK model. A parsimonious specification

is diagonal BEKK where the coefficient matrix A and B are assumed be diagonal. In this case, the

equations for each element in the matrix Ht characterize a group of univariate realized GARCH models

in which the conditional variances or covariances are driven by their own lags and the corresponding

10



realized measure.

For demonstration, consider the 2 by 2 case of (1.7), with diagonal coefficient matrices.


h11,t

h12,t

h22,t

 =


c2

11

c11c21

c2
21 + c2

22

+


b211h11,t

b11b22h12,t

b222h22,t

+


a2

11x11,t

a11b22x12,t

a2
22x22,t


Although equation (1.8) has O(k4) parameters, the vectorized form is easy to estimate since its

structure is amenable to seemingly unrelated regression (SUR). If a model has too many parameters,

it begins to model the random noise in the data; this is commonly known as overfitting. Overfitting

produces misleadingly high R-squared values and a reduced ability to make meaningful predictions. We

use variable selection methods in estimation to reduce the number of elements in the coefficient matrix

Γ.

For demonstration, extend the previous example by writing out the 2 by 2 case of (1.8) in vech form:


x11,t

x21,t

x22,t

 =


d1

d2

d3

+


γ11 γ12 γ13

γ21 γ22 γ23

γ21 γ22 γ33




h11,t

h21,t

h22,t

+


u11,t

u21,t

u22,t


It is clear that each element in the realized covariance is a function of every component of the conditional

covariance matrix. The RBEKK model fully specifies the dynamic system of daily returns and realized

measure.

1.3.2 Covariance Targeting Under Rotation

The RBEKK equation is a nonlinear model that is hard to estimate when the number of parameters is

high. Covariance targeting suggested by Mezrich and Engle (1996) allows a reparameterization of the

model and a first-step estimation of some parameters by empirical moments. The remaining parame-

ters are estimated by QML in a second step. This can substantially reduce the number of parameters to

be estimated through non-linear optimization. For multivariate models, we can apply the rotation tech-
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nique to keep the flexibility of dynamics in the full specification model while using the restricted model

to reduce the parameters. The rotated GARCH models were introduced by Noureldin, Shephard, and

Sheppard (2014). They compared scalar and diagonal rotated BEKK, DCC, and OGARCH models in

the 10- and 30-dimensional cases. We apply this idea to the high-frequency volatility model. Assuming

the process is stationary, the unconditional covariance of the daily return and expected realized measure

are, respectively, V ar[rt] = E[Ht] = H̄ and E[Xt] = X̄ , the covariance targeting for Ht is

Ht = (H̄ −BH̄B′ −AX̄A′) +BHt−1B +AXt−1A, (1.9)

assuming that (H̄−BH̄B′−AX̄A′) is positive semidefinite. It is difficult to specify sufficient parameter

restrictions to ensure that (H̄ − BH̄B′ − AX̄A′) is positive semidefinite. This feature of the model

prevents the estimation of more flexible dynamics.

We fit the model with rotated variables to extend the idea of variance targeting to covariance tar-

geting in multivariate models of any dimension. With the rotated variables we can estimate a restricted

version of BEKK model which has fewer parameters to estimate while keep the flexibility of full speci-

fied model. Define the rotated return as

et = (H̄1/2)−1rt = H̄−1/2rt, (1.10)

we have

V ar(et) = Ik.

The conditional covariance of the rotated returns is V ar[et|Ft−1] ≡ H̃t, noting thatHt = H̄1/2H̃tH̄
1/2.

Similarly, for the realized measure of covariance, we have Xt = X̄1/2X̃tX̄
1/2, where X̃t is the rotated

realized measure of covariance. This leads to H̃t = H̄−1/2HtH̄
−1/2 and X̃t = X̄−1/2XtX̄

−1/2. The

basic idea is that the variables Ht and Xt are normalized by their unconditional expectations so that the

expectation of rotated variables are equal to identity matrices. The covariance targeting RBEKK model
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is

H̃t = (Ik − B̃B̃′ − ÃÃ′) + B̃ H̃t−1 B̃ + Ã X̃t−1 Ã (1.11)

with

E[H̃t] = E[X̃t] = Ik.

This model has 2k dynamic parameters since we assume B̃ and Ã are diagonal. It is easy to impose

positive definiteness on (Ik − B̃B̃′ − ÃÃ′) under this specification. For the conditional covariance

matrix of unrotated returns Ht, the BEKK model in (1.10) and (1.11) implies the original model in (1.7)

Ht = H̄1/2H̃tH̄
1/2 = CC ′ +BHt−1B

′ +AXt−1A
′ (1.12)

where

B = H̄1/2B̃H̄−1/2, A = H̄1/2ÃX̄−1/2, CC ′ = H̄1/2(Ik − B̃B̃′ − ÃÃ′)H̄1/2 (1.13)

The rotated BEKK leads to a BEKK with full specification for the original variables, although the

specification is constrained, since A and B depend on the Cholesky decomposition of H̄ and X̄ .

Bauwens, Laurent, and Rombouts (2006) discuss the invariance of multivariate models to linear

transformations of returns. A transformed model is invariant if it keeps the same dynamic specification

(in scalar, diagonal, and full parameterizations). They also note that BEKK models are invariant to

linear transformations except in the case of diagonal dynamics. Since Ã is diagonal, directly derived

from (1.13), A is a full asymmetric matrix. This results in a fully parameterized BEKK model for the

unrotated variables. In this sense, fitting a diagonal rotated RBEKK model allows for richer dynamics

for the unrotated returns in practice because we avoid the curse-of-dimensionality.

In the diagonal specification, Ã and B̃ are assumed to be diagonal with elements α1/2
ii and β1/2

ii for
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i = 1, ..., k. This specification implies

h̃ij,t = (1− κij)1[i=j] + β
1/2
ii β

1/2
jj h̃ij,t−1 + α

1/2
ii α

1/2
jj xij,t−1 (1.14)

κij = α
1/2
ii α

1/2
jj + β

1/2
ii β

1/2
jj . (1.15)

for i, j = 1, ..., k. It is assumed that α1/2
ii > 0 and β1/2

ii > 0. The cross-equation parameter restric-

tions between the variance and covariance equations are a feature of BEKK-type parameterizations.

Covariance stationary is determined by the eigenvalues of the diagonal matrix Ã ⊗ Ã + B̃ ⊗ B̃. For

the rotated model given in (1.10) and (1.11), we ensure covariance stationarity and also the positive

definiteness of (Ik − B̃B̃′ − ÃÃ′), where for any k × k matrix Ã with eigenvalues κ1, . . . , κk and all

k ∈ Z+, ρ(A) := maxi |κi| .

Assumption 1 In the rotated RBEKK model given by (1.10) and (1.11), ρ(Ã ⊗ Ã + B̃ ⊗ B̃) ≤ 1,

α
1/2
ii > 0, and β1/2

ii > 0.

In practice, αii+βii < 1 is a necessary and sufficient condition for this assumption to hold and is easily

imposed in estimation (see Engle and Kroner, 1995).

1.3.3 Common Persistence Specification

In the rotated model, (Ã⊗ Ã+ B̃ ⊗ B̃) is a diagonal matrix with diagonal elements κij = α
1/2
ii α

1/2
jj +

β
1/2
ii β

1/2
jj . We adopt the Noureldin, Shephard, and Sheppard’s (2014) common persistence (CP) speci-

fication for the diagonal structures. The CP specification imposes

κii = κ, i = 1, ..., k

implying common persistence for the diagonal elements of H̃t. This results in the dynamic equation

H̃t = (1− κ)Ik + B̃ H̃t−1 B̃ + Ã X̃t−1 Ã (1.16)
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where B̃ is a diagonal matrix with elements β1/2
ii > 0, Ã is a diagonal matrix with elements (κ−βii)1/2,

and 0 < κ < 1 is a scalar parameter satisfying κ ≥ maxβii. This implies

h̃ij,t = (1− κ)1[i=j] + β
1/2
ii β

1/2
jj h̃ij,t−1 + (κ− βii)1/2(κ− βjj)1/2xij,t−1 i, j = 1, ..., k (1.17)

The CP specification has k+1 dynamic parameters compared to 2k dynamic parameters in the diagonal

model. It imposes common persistence on the diagonal elements of H̃t through a common persistence

parameter, κ, for the conditional variances. The condition for covariance stationarity is simply κ < 1

and βii > 0, which also guarantees that (1 − κ)Ik is positive definite. This specification allows the

elements of H̃t to load freely on the lagged variances/covariances. Corresponding shocks will have

different levels of ‘’smoothness”, but the variances are restricted to have common persistence through

κ.

Assumption 2 In the rotated RBEKK model given by (1.16) , 0 < κ < 1 and κ ≥ maxβii, and βii > 0.

1.4 Adaptive Lasso method

1.4.1 Definition and Notation

Since the measurement equation (1.8) is a fully parameterized linear model with k∗ = k(k + 1)/2

parameters in the coefficient matrix Γ that must be estimated. Equation (1.8) can be seen as a group

of seemingly unrelated equations, each with one dependent variable corresponding to an element of

the matrix logarithm of the realized matrix Xt. There are thus k∗ univariate linear equations. Each

equation has k∗ parameters to link to the matrix logarithm of the realized covariance with all of the

conditional covariances across different assets. From the literature on univariate realized GARCH mod-

els, the coefficient of the measurement equation is usually less than one if the measurement equation is

specified in level as xt = β0 + β1ht + ut, and around one if is is specified in natural logarithm form

log xt = β0 + β1 log ht + ut (Hansen, Huang, and Shek, 2012). Ideally, the coefficient matrix Γ should

be a sparse matrix with elements on the diagonal between 0 and 1 and elements off the diagonal close to
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zero. We achieve model parsimony by using a variable shrinkage technique to select the most significant

variables and reduce all others to zero.

The Lasso method is a regularization technique for simultaneous estimation and variable selection

in linear regression (Tibshirani, 1996). Parameters are estimated by least squares subject to an `1 norm

slackness parameter penalty. Zou (2006) showed that the Lasso estimator is possibly inconsistent, so we

adopt the Adaptive Lasso (ALasso) method. The ALasso method avoids inconsistency by utilizing an

adaptively weighted `1 penalty. Define the ALasso estimator β̂ALasso as

β̂ALasso = argminβ‖y −Xβ‖2 + λŵ|β|, (1.18)

where (n× 1) vector y is the observed response variable, (n× q) matrix X is the matrix of prediction

variables, (q×1) vector β is the set of model coefficients determining the load on each predictor variable,

and ŵ = 1/|β̂OLS | is a vector of weights. The unpenalized OLS estimator is given by β̂OLS . The first

term of (1.18) is the `2 Euclidean vector norm and the second term is the so-called “`1 penalty” where

λ is a nonnegative regularization parameter. Equation (1.18) constitutes a convex optimization problem

that does not suffer from the possibility of multiple local minima. The global minimizer can be found

by applying the Least Angle Regression (LARS) algorithm of Efron, Hastie, Johnstone, and Tibshirani

(2004).

1.4.2 Least Angle Regression

There are several algorithms that may be used to compute the solution of the shrinkage linear regres-

sion problem. These include the quadratic programming approach in Tibshirani (1996), the LARS in

Efron, Hastie, Johnstone, and Tibshirani (2004), and so on. Different algorithms should produce similar

results, and with minor modifications, they will produce identical solutions. Zou (2006) used the LARS

algorithm to compute the solution for the ALasso estimator. Denote by A the active set including all

non-zero variables selected by the LARS algorithm. The algorithm starts with the empty set of active

variables, which is a constant model, and moves towards the full OLS regression. The correlation be-
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tween each variable x and the response y is measured, and the variable with the highest correlation

becomes the first variable to be included in the active set. The first direction of the move is towards the

least squares solution using this single active variable. The angles between the variables and the residual

vector shrink along this direction until another variable obtains the same correlation with the residual

vector as the active variable. Then the new variable moves to the active set. The resulting direction is

towards the least squares solution of the two active variables. After q steps, the full OLS solution is

reached. The LARS algorithm is efficient since there is a closed form solution for the step length at

each stage. Denoting the model estimate of y at iteration k by ŷ(k),1 ≤ k ≤ q, and the least squares

solution including the newly added active variable by ŷ(k+1)
OLS , the walk from ŷ(k) towards ŷ(k+1)

OLS can be

formulated as (1 − γ(k))ŷ(k) + γ(k)ŷ
(k+1)
OLS where 0 ≤ γ(k) ≤ 1. Estimating ŷ(k+1)

OLS , the position where

the next active variable is to be added, then amounts to estimating ŷLARS . We seek the smallest positive

γ where correlations become equal, that is

x′i∈I(y − (1− γ)ŷ(k) − γŷ(k+1)
OLS ) = x′j∈A(y − (1− γ)ŷ(k) − γŷ(k+1)

OLS )

where I and A represent the respective inactive and active sets. Solving this expression for γ,

γ(k) =
(xi − xj)′(y − ŷ(k))

(xi − xj)′(ŷ(k+1)
OLS − ŷ(k))

=
(xi − xj)′ε(k)

(xi − xj)′d

where ε(k) is the residual, d = ŷ
(k+1)
OLS − ŷ(k) is the direction of the step, and j ∈ A. As d is the

orthogonal projection of ε(k) onto the plane spanned by the variables inA, we obtain x′jε
(k) = x′jd ≡ c,

representing the angle at the current breakpoint ŷ(k). Furthermore, the sign of the correlation between

variables is irrelevant. Therefore,

γ(k) = min

(
x′iε

(k) − c
x′id− c

,
x′iε

(k) + c

x′id + c

)
, 0 ≤ γ(k) ≤ 1
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where the two terms are for correlations of equal and opposite signs. The coefficients at the next step

are given by

β(k+1) = (1− γ(k))β(k) + γ(k)β
(k+1)
OLS

The full LARS algorithm is described in Algorithm 1.

1 Assuming the explanatory variables are standardized to have zero means and unit variance and
that our response variable also has zero mean

2 Initialize the coefficient vector β(0) = 0 and the fitted vector ŷ(0) = 0
3 Initialize the active set A = ∅ and the inactive set I = 1...q, where q is the number of predicted

variables
4 for k = 0 to q − 2 do
5 Update the residual ε(k) = y − ŷ(k)

6 Find the maximal correlation c = maxi∈I |x′iε(k)|
7 Move the predictor X(k) corresponding to c from I to A
8 Calculate the least squares solution β(k+1)

OLS = (X ′AXA)(−1)X ′Ay, where XA si the predictors
in the active set

9 Calculate the current direction d = XAβ
(k+1)
OLS − ŷ(k)

10 Calculate the step length γ = min+
i∈I

(
x′iε−c
x′id−c

,
x′iε+c
x′id+c

)
, 0 ≤ γ ≤ 1

11 Update regression coefficients β(k+1) = (1− γ)β(k) + γβ
(k+1)
OLS

12 Update the fitted vector ŷ(k+1) = ŷ(k) + γd

13 Let β(q) be the full least squares solution β(q) = (X ′X)(−1)X ′y

14 Output the full set of estimated coefficient vectors [β(0)...β(q)] with different vectors
corresponding to models with different sets of regressors

Algorithm 1: LARS algorithm

1.4.3 Model selection

Each step of Algorithm 1 adds a covariate to the model until the full least squares solution is reached. It

is natural to parameterize this process by the size of the coefficient vector at each step of the algorithm.

Define K as the number of non-zero elements of the parameter vector β. The model with larger K will

achieve a better fit. The question of how to choose a suitable model involves the trade-off between bias

and variance, along with a desire for parsimony.
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We choose the optimal model in terms of K by minimizing an information criterion. Two of the

most popular criteria are the Akaike Information Criterion (AIC) and Bayesian Information Criterion

(BIC) for the ALasso method proposed by Zou (2006)

AIC(K) =
∥∥∥y −Xβ(K)

∥∥∥2
+ 2σ2

εK

BIC(K) =
∥∥∥y −Xβ(K)

∥∥∥2
+ log(n)σ2

εK

(1.19)

The measure σ2
ε represents the residual variance of the OLS model, σ2

ε = 1
n−K ||Y − X

′βols||2. AIC

and BIC have different asymptotic properties. AIC tends to select the model with optimal predictive

performance, while BIC identifies the true sparse model if the true model is in the candidate list (Zou,

Hastie, Tibshirani, et al., 2007). Our intention in using the measurement equation (1.8) is to update the

realized volatility measure beyond one step and make multiple-period predictions. Accuracy of these

predictions is our main concern. From a forecasting perspective, AIC is the better information criterion

for model selection. With the entire ALasso solution path computed by the LARS algorithm, we select

the optimal model by identify the smallest value of AIC and the corresponding K.

As a selection criterion, AIC is a better choice than the Residual Sum of Squares (RSS). The RSS

carries no penalty for additional parameters, and if used to select the optimal model, it will select the

model that gives the smallest residuals. This invariably corresponds to the model with the most parame-

ters. Fully parameterized OLS minimizes the sum of squared residuals so the RSS of a linear regression

fit by OLS is minimal. Such models have a tendency to overfit the data and are unlikely to reliably

predict future observations.

For comparison of “shrunk” models with fully-specified models, we define ϕ as the relative param-

eter size

ϕ(β) =

q∑
j=1

|β̂j |/
q∑
j=1

|β̂jols|, ϕ ∈ [0, 1] (1.20)

Picking a suitable model for a particular analysis corresponding to selecting a suitable value of ϕ. The

quantity ϕ is used in the empirical analysis to show the relative size of the coefficient vector.

Given the ALasso problem defined in (1.18) for β̂ , computational details and model selection pro-
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cedures are shown in Algorithm 2. Applying the LARS to the estimation of the measurement equation

1 Define new covariates ,x∗j = xj/ŵj , j = 1, 2, ..., q. where ŵ is the adaptive weight 1

2 Solve the ALasso problem defined in (1.18) with the LARS algorithm (1) ,

βALasso = argminβ‖y −X∗β‖2 + λ|β|

which generates a sequence of solutions [β(0), ..., β(q)]
3 Substitute the ALasso estimators from step 2 into the information criterion equation (1.19). This

provides us a selection criteria value for each step.
4 Pick the β̃ which minimizes AIC (BIC)
5 Output β̂j = β̃j/ŵj , j = 1, 2, ..., q to reverse to original measure. This is the ALasso estimate.

Algorithm 2: The ALasso method with the LARS Algorithm

(1.8) requires each prediction variable in H to be normalized by subtracting the mean and scaling so

that
∑T

i=1 ‖h∗1i,t‖ = 1. The measurement equation can then be estimated in the normalized form



x∗11,1

x∗11,2

...

x∗11,T


=



h∗11,1 h∗12,1 h∗13,1

h∗11,2 h∗12,2 h∗13,2

...
...

...

h∗11,T h∗12,T h∗13,T




γ∗11

γ∗12

γ∗13

+



u11,1

u11,2

...

u11,T


(1.21)

where x∗11,t is centered and h∗1i,t is centered and normalized such that each variable has zero mean and

unit Euclidean length. γ∗1i = e× γ1i, such that h∗1i,t× z = h1i,t, where z =
∑T

i=1 ‖h1i,t‖. The intercept

can then be estimated as d̂i = (1/T )
∑T

t=1(xi,t − Γ̂iht) where Γ̂i is the estimate of the ist row of Γ in

measurement equation (1.8).
1Since in ALasso coefficients are weighted penalized, we need to rescale the predictors to acheive the ALasso method. As

the sample size grows, the weights for zero-coefficient predictors get inflated (to infinity), whereas the weights for nonzero
coefficient predictors converge to a finite constant. It is numerically stable.
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1.5 Estimation and Inference

1.5.1 Estimation for RBEKK Equation

The asymptotic properties of the quasi-maximum likelihood estimator within the RBEKK model given

by (1.6) and (1.7) are important for making reliable inference. We estimate the parameters in a rotated

model (1.16) and then reverse the linear transformation to recover the unrotated parameters. The BEKK

equation (1.7) and rotated model (1.16) are parameterized with a finite-dimensional (δ × 1) parameter

vector θ ∈ Θ ⊂ Rδ. Decompose θ = (θ′s, θ
′
d)
′ , where θs = (h̄, x̄) denotes the model’s static parame-

ters that can be estimated by unconditional moments. Let θd denote the vector of dynamic parameters

indexing Ã and B̃ in the rotated model. The covariance targeting RBEKK (1.11) can be estimated by

QMLE.

Specifically, the static parameters are estimated by the following moment estimator

ˆ̄h′ = vech(logm( ˆ̄H)), ˆ̄x′ = vech(logm( ˆ̄X))

where

ˆ̄H = T−1
T∑
t=1

rtr
′
t,

ˆ̄X = T−1
T∑
t=1

Xt

These estimates are then decomposed into ˆ̄H1/2 and ˆ̄X1/2 and used to construct the time series of

rotated returns and the realized kernel êt = ˆ̄H−1/2rt and ˆ̃Xt = ˆ̄X−1/2Xt
ˆ̄X−1/2 for t = 1, 2, ..., T . In

the second step, θd is estimated by Gaussian QMLE. The joint density is the product of all conditional

densities, so the log-likelihood function of the joint distribution is the sum of the logarithms of the

multivariate-normal distribution in this case. Letting Lt(θd; θs) be the likelihood function at time t, and
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l(θd; θs) be the log of the joint likelihood function,

l(θd; θs) =
T∑
t=1

logLt(θd; θs) (1.22)

logLt(θd; θs) = constant− 1

2
(log |H̃t|+ r′tH̃

−1
t rt) (1.23)

where θs is estimated in the previous step. We take the unconditional variance of the return of assets as

the initial value of H̃t in the first period. Then the joint likelihood can be calculate in a recursive way.

The QML estimator θ̂d is

θ̂d = argmaxθd∈Θ l(θd; θ̂s)

Asymptotic theory for QML estimation of the BEKK model is discussed in several literature, for exam-

ple, Comte and Lieberman (2003) and Hafner and Preminger (2009). For the closely related covariance-

targeting BEKK model, Pedersen and Rahbek (2014) prove consistency and asymptotic normality. The

rotated BEKK model applies the same parameterizations but to rotated returns.

Using two-step maximum likelihood estimation, if the usual assumptions for the validity of QMLE

are satisfied, the estimates are consistent and their asymptotic distribution is

√
T


θ̂s
θ̂d

−
θs
θd


→ N(0, V )

with

V =

[
G−1
θs
−G−1

θs
GθdM

−1

0 M−1

]
E

[
∂l

∂θ

∂l

∂θ′

] [
G−1
θs
−G−1

θs
GθdM

−1

0 M−1

]
where

Gθs = E

[
∂g(θs, θd)

∂θ′s

]
;Gθd = E

[
∂g(θs, θd)

∂θ′d

]
;M = E

[
∂m(θd)

∂θ′d

]
g(θs, θd) =

[
∂l(θs, θd)

∂θs

]
;m(θd) =

[
∂l(θs, θd)

∂θd

]

The proof can be found in Newey and McFadden (1994).
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1.5.2 Estimation of the Measurement Equation

Since the measurement equation is over-parameterized, the ALasso method is used to simultaneously

estimate and shrink its parameters. As mentioned, the measurement equation is actually a system of

equations that can be estimated using SUR methods. Using the LARS algorithm, we can estimate the

measurement equation efficiently. Although the formula for the variance of estimator of the ALasso

method is given in Zou (2006),

var(β̂A) = σ2(X ′AXA + λ
∑

(β̂A))−1X ′AXA(X ′AXA + λ
∑

(β̂A))−1

where the subscriptA denoting the sub-matrices consisting of the columns (variables) ofX correspond-

ing to the indices in the active set selected by the ALasso method. and
∑

(β̂A) = diag( ŵ1
|β1| , ...,

ŵk
|βk|).

σ2 is the variance of the error term in the model, including all the regressor residuals, which is esti-

mated with the sample variance of the OLS residuals. Difficulties arise in extracting λ from the LARS

algorithm. Instead of that, we typically avoid this issue by resorting to the bootstrap. var(β̂A) can be

calculated using the bootstrapping method proposed by Efron (1979). Bootstrapping is a nonparametric

method which allows statistics to be computed or distributions to be estimated by drawing randomly

with replacement from a given dataset. The Bootstrap Algorithm is described as following:

1 Draw N pairs of independent bootstrap samples(y∗1, x
∗
1), (y∗2, x

∗
2), ..., (y∗n, x

∗
n) with replacement

from the original data
2 Estimate the ALasso parameters β̃ for these bootstrap samples
3 Repeat step 1,2 for M times, so we get M of estimates: β̃1, β̃2, . . . , β̃M

4 Estimate the variance var(β̂ using empirical moments v̂ar(β̃) =
[

1
M−1

∑M
m=1(β̃m − ¯̃

β)2
]

where ¯̃
β = 1

M

∑M
m=1 β̂m

Algorithm 3: The Bootstrap Algorithm
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1.6 Empirical Illustration

To examine the empirical effects of model parsimony, we estimate the RBEKK model with and without

a sparse coefficient matrix in the measurement equation. Results are then compared in terms of their

forecast abilities.

1.6.1 Data Description

The model is applied to high-frequency prices for ten liquid stocks from the S&P 100 2. The sample

period is Jan 03, 2006 to April 30, 2012 and the source of data is the TAQ database. We focus on the

noise-robust realized kernel of Barndorff-Nielsen, Hansen, Lunde, and Shephard (2011) as our choice

forXt. To control for overnight effects, the opening and closing 15 minutes of trading are excluded from

the analysis. Returns are calculated as the first difference of the log-price and open-to-close returns are

used at the daily frequency.

Plots of the daily return and annualized realized volatility of the ten stocks can be found in the ap-

pendix. The sharp increase in realized volatility from 2008 to 2009 is associated with major upheavals

in financial markets during the subprime mortgage crisis. The increase in volatility is especially pro-

nounced after the collapse of Lehman Brothers in the middle of September 2008. Visual inspection of

the plots of annualized volatility suggests that the financial crisis lasted approximately from August

2008 to April 2009.

1.6.2 Estimation Results for RBEKK model

The following results were obtained when the model is applied to rotated data. Estimates of Ã and

B̃ along with their standard errors are shown in Tables 1.1 and 1.2. The estimates of the unrotated

parameters A and B are recovered according to (1.13). From the literature on GARCH models using

realized measures, the variance/covariance process in this model is more responsive to innovations. As

a result, the elements (in the diagonal positions) in Ã in (1.11) will be larger than those in traditional
2The ticker symbols are AXP(American Express), BAC(Bank of America), DD(DuPont), GE(General Electric), IBM,

INTC(Intel), JPM(JPMorgan Chase), KO(Coca-Cola), MSFT(Microsoft), and XOM(Exxon Mobil).
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GARCH models. The means of the diagonal elements in the coefficient matrices are 0.722 for B̃ and

0.209 for Ã, which is in line with estimates found in other studies. The estimate for B̃ implies that the

dynamic of Ht will be smooth, though less smooth than the traditional GARCH model, which typically

has a smoothing parameter around 0.9. The estimate of Ã indicates that the realized measure plays an

important role in updating Ht.
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Table 1.1: Parameter Estimates of the matrix Ã in the rotated RBEKK model

AXP BAC DD GE IBM INTC JPM KO MSFT XOM

AXP
0.5139

(0.0257)

BAC
0.8070

(0.0614)

DD
0.6297

(0.0652)

GE
0.5578
(0.034)

IBM
0.3817

(0.0097)

INTC
0.2727

(0.0008)

JPM
0.5759

(0.0272)

KO
0.4016

(0.0143)

MSFT
0.3961

(0.0155)

XOM
0.3938

(0.0072)

Table 1.2: Parameter Estimates of the matrix B̃ in the rotated RBEKK model

AXP BAC DD GE IBM INTC JPM KO MSFT XOM

AXP
0.8466

(0.0414)

BAC
0.5741

(0.0434)

DD
0.7644

(0.0791)

GE
0.8183

(0.0492)

IBM
0.9138

(0.0225)

INTC
0.9521

(0.0036)

JPM
0.8057

(0.0375)

KO
0.9053

(0.0317)

MSFT
0.9077
(0.035)

XOM
0.9087

(0.0157)
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For the BEKK paramerization, using (1.13), the estimates of A and B are

Â = ˆ̄H1/2Ã ˆ̄X−1/2 =

0.4620 0.1319 0.0567 0.0060 −0.0349 0.0286 −0.0222 −0.0029 −0.0068 0.0243

−0.0129 0.8201 0.0298 0.0048 −0.0646 0.0699 −0.0289 0.0261 0.0041 0.0030

0.0091 0.0535 0.5698 0.0103 −0.0369 0.0181 0.0039 0.0111 0.0154 0.0155

0.0008 0.0919 0.0480 0.4424 −0.0264 0.0679 −0.0168 0.0892 0.0484 0.0427

0.0107 0.0172 0.0358 0.0143 0.2984 0.0817 −0.0383 0.0583 0.0391 0.0439

0.0297 0.0417 0.0484 0.0223 0.0137 0.1994 −0.0643 0.0076 0.0351 0.0523

−0.0060 0.1748 0.0438 0.0159 −0.0207 0.0485 0.4628 0.0301 0.0128 0.0057

0.0126 0.0041 0.0188 0.0073 −0.0158 0.0800 −0.0471 0.3495 0.0641 0.0553

0.0118 0.0289 0.0336 0.0004 −0.0061 0.0917 −0.0453 0.0464 0.3390 0.0465

0.0173 0.0347 0.0403 0.0133 −0.0179 0.1451 −0.0586 0.0596 0.0810 0.3228


B̂ = ˆ̄H1/2B̃ ˆ̄H−1/2 =

0.8693 −0.0003 0.0132 0.0082 0.0020 −0.0210 0.0052 −0.0010 −0.0026 −0.0003

0.0008 0.4887 0.0231 0.0258 0.0065 −0.0543 0.0255 −0.0103 −0.0100 0.0070

−0.0074 −0.0085 0.7479 0.0087 −0.0033 −0.0208 0.0034 −0.0051 −0.0112 −0.0020

−0.0005 −0.0041 0.0190 0.8257 0.0076 −0.0672 0.0191 −0.0306 −0.0278 0.0006

0.0025 0.0034 0.0270 0.0378 0.9185 −0.0710 0.0173 −0.0136 −0.0235 0.0056

0.0216 0.0386 0.0167 0.0641 0.0489 0.9680 0.0438 0.0101 0.0143 0.0859

−0.0020 −0.0133 0.0147 0.0151 0.0032 −0.0449 0.8449 −0.0135 −0.0117 0.0035

0.0003 0.0069 0.0210 0.0722 0.0237 −0.0799 0.0288 0.9065 −0.0245 0.0148

0.0024 0.0070 0.0238 0.0497 0.0248 −0.0710 0.0194 −0.0019 0.9109 0.0276

0.0085 0.0089 0.0256 0.0546 0.0266 −0.1012 0.0226 −0.0061 −0.0243 0.9163


Asymmetry in A and B is typical with rotated models. The standard error of the estimates of A and B

can be obtained from the estimation of the rotated model using the delta method.

1.6.3 The ALasso method Under Different Selection Criteria

The performance of the three different estimators can be ascertained by comparing the Residual Sum-of-

Squares (RSS) and MSE, as shown in Table 1.3. This comparison is made for the measurement equation

in (1.8). The OLS estimator has the smallest RSS and the BIC-based shrinkage estimator has the largest.
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Since the OLS estimator is fully specified, this ranking should come as no surprise. OLS will generally

obtain the best in-sample fit, while BIC-based shrinkage selects the most parsimonious model. The AIC-

based shrinkage estimator has the smallest MSE since it balances the competing concerns of model fit

and parsimony.

Table 1.3: Fit for Measurement Equation Estimators
(1.8)

Minimizing based on OLS AIC BIC

RRS 348.9 351.91 372.06
MSE 0.227 0.225 0.236

Note the MSE = RSS/(N −K), where N is the number
of observations and K is the number of variables.

The two information criteria, AIC and BIC, can be compared in terms of the relationship between

relative model size ϕ(β) defined in (1.20) and the model fit MSE. Figure 1.1 shows the relationship

between the ALasso estimates and the ϕ(β). The ALasso method continuously shrinks the coefficients

toward zero asϕ(β) decreases; some coefficients shrink exactly to zero if the penalty is sufficiently large.

In Figure 1.2, we can see the number of non-zero estimates decreasing as the relative bound decreases

(penalty constraint increases). Both figures show the differences in the models that result from variable

selection according to different criteria. The broken line gives the AIC break point while the solid line

gives the BIC break point. The selected model under AIC has AIC=365.54 and ϕ= 0.4377, while the

selected model under BIC has BIC=390.48 and ϕ= 0.1196. These values of ϕ validate the sparsity of

the true model. Roughly, this corresponds to keeping just 40% of the predictors when using AIC as

the criterion for selection. In Figure 1.3, the mean square error of the ALasso estimate decreases as

the relative bound ϕ increases (penalty constraints decreases). The curve has a pronounced kink, which

indicates that a portion of the parameters contribute only minimally to reducing the MSE. As a result,

optimal selection of ϕ will occur near the kink. It seems AIC and BIC has similar effect in reducing

MSE in Figure 1.3.
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Figure 1.1: ALasso shrinkage of the coefficients of the first measurement equation in (1.8).

Figure 1.2: Shrinkage of Degrees of Freedom. DF refers to the number of non-zero parameters.
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Figure 1.3: Mean Squared Error ALasso as a function of relative model size

1.6.4 Estimation Results for the Measurement Equation

For the measurement equations, each realized variance (covariance) is a function of the corresponding

conditional variance (covariance) and the conditional covariances of the pairs of all other assets (after

taking the matrix logarithm). Assuming that there are three assets – A, B, and C – the realized vari-

ance of asset A is updated by the conditional variance of A, and conditional covariance of A and B,

the conditional covariance of A and C, and the conditional covariance of B and C. Each conditional

variance/covariance is the main driver in updating its counterpart in the realized measure. As a result,

the coefficient matrix should have larger elements in the diagonal positions. Most elements shrunk by

the ALasso method are in the off-diagonal positions. Some diagonal elements will also shrink due to the

nonlinear transformation by matrix logarithm reallocate the linkage between the corresponding elements

in conditional variance/covariance matrix and realized kernel.

In the case of ten assets, the size of the coefficient matrix Γ is 55*55. On the diagonal, the elements

in rows 1, 11, 20, 28, 35, 41, 46, 50, 53, and 55 belong to the matrix logarithm of the realized variance

of each asset. These are much larger than the elements corresponding to covariances. In Table 1.4,
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estimates of the matrix corresponding to the variance of each asset are compared under OLS and the

ALasso method (AIC and BIC) estimation methods. In the last two rows, the percentage of non-zero

coefficients in the matrix Γ, and the MSE, are given. As the OLS estimator does not shrink any variables,

the percentage of non-zero coefficients is 100%. The number of non-zero coefficients under the AIC-

based shrinkage estimator is 40.63%, much larger than the BIC-based shrinkage estimator’s 12.79%.

Again, we find that BIC emphasizes the parsimony of the model. However, AIC is more accurate in

terms of MSE. In the second to last row of the table, we show the number of non-zero elements on

the diagonal of the coefficient matrix. The AIC-based shrinkage estimator results in 74.55% of the

elements being non-zero, while the BIC-based estimator results in 67.27% of the elements being non-

zero. The coefficient matrix estimated by the ALasso method is essentially a diagonal matrix with a high

percentage of shrinkage occuring in off-diagonal positions. The fourth to last row of the table reports

the mean of the coefficient for each variance. The value for BIC is 0.889, the largest of all the models,

since this estimation method implies the most shrinkage.

To check the fit of the measurement equation, we focus on the test of autocorrelation of the residuals.

If there are autocorrelation of residuals, we may need to add lags of dependent variables. The Lagrange

multiplier (LM) test for autocorrelation developed by Breusch (1978) and Godfrey (1978) has become

a standard tool in applied econometrics. It is often applied to the residuals of a multivariate regression

such VAR or SUR of time series model. A vectorized version of LM test is proposed Doornik (1996)

by testing the significance of lagged residuals ût−h (obtained under the null hypothesis) in the auxiliary

regression:

ut = d+ Γht + b1ût−1 + ...+ bhût−h + vt (1.24)

vt
i.i.d∼ N (0,Σv)

We wish to test the significance of lagged residuals, so the null hypothesis is

H0 : b1 = ... = bh = 0. (1.25)
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Table 1.4: Estimates of coefficient matrix Γ

Index of
diagonal position

OLS AIC BIC

1 1.04(0.05) 1.07(0.03) 1.01(0.03)
11 0.72(0.05) 0.75(0.03) 0.85(0.02)
20 0.73(0.07) 0.75(0.05) 0.80(0.03)
28 0.78(0.09) 0.77(0.05) 0.81(0.06)
35 1.00(0.07) 1.04(0.03) 1.12(0.03)
41 0.80(0.04) 0.78(0.02) 0.87(0.03)
46 0.72(0.07) 0.76(0.05) 0.89(0.06)
50 0.62(0.08) 0.67(0.04) 0.95(0.03)
53 0.50(0.06) 0.51(0.04) 0.56(0.02)
55 0.86(0.09) 0.88(0.03) 0.93(0.03)

Mean 0.78 0.80 0.88
Nonzero Pct. 100% 74.55% 62.27%
Overall Nonzero Pct. 100% 40.63% 12.79%
MSE of the measurement equation 0.201 0.199 0.203

Estimates of the coefficient matrix Γ of the measurement equation under OLS and ALasso
using AIC and BIC criteria. The numbers in parentheses are standard errors. The Nonzero
Pct means the percentage of nonzero estimates in the diagonal position of coefficient matrix
Γ. The Overall Nonzero Pct means the percentage of nonzero estimates of all position in
coefficient matrix Γ.
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which implies no autocorrelation of residuals for lag one through lag h. The test statistic is constructed

as:

LM = TnR2
m (1.26)

with an asymptotic χ2
hn2 under null . n is the dimension of the system, h is the number added lagged

regressors in the each auxiliary regression and T is the sample size. R2
m is a R2-type measures of

goodness of fit:

R2
m = 1− (1/n)tr(v̂v̂′)(ûû′) (1.27)

where v and u are p∗ by T matrix of residuals from the auxiliary regressions and measurement equations.

Since the dimension is large relative to the sample size, we only test the lag for 2. LM value for the

measurement equation with OLS and LASSO are 5717 and 2421, and the p-value are 0.999 and 1,

which can’t reject the null hypothesis.

1.7 Model predictive Ability Evaluation

We compare the out-of-sample performance of the ALasso method and OLS, when estimating the mea-

surement equation. Let the loss function Lt,s(H0
t+s, Ĥ

i
t+s|t) denote the loss at time t resulting from

the s-step ahead forecast using model i. Under this notation, H0
t+s denotes the true (latent) covariance

matrix and Ĥ i
t+s|t is the s-step ahead forecast of model i conditional on the information set at time

t. Since the latent covariance H0
t+s is unobservable, we use the realized kernel as a proxy such that

Ĥ0
t+s = Xt+s. We use the quasi-likelihood (QLIK) loss function:

Lt,s(Ĥ
0
t+s, H

i
t+s|t) = log |H i

t+s|t|+ tr((H i
t+s|t)

−1Ĥ0
t+s). (1.28)

The loss function in (1.28) is the negative of the log-likelihood of a Wishart density function, excluding

the constant terms. The QLIK loss function can be used to consistently rank volatility models since it
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is robust to noise in the proxy realized measure Xt+s (Patton and Sheppard, 2009; Laurent, Rombouts,

and Violante, 2013).

Denote the total sample size by is T , dividing it into Tin of in-sample and Tout of out-of-sample

portions. Then Tout − s + 1 is the number of s-step ahead predictions, the out-of-sample observations

span Tin + s through Tin +Tout. The estimation window (in-sample) portion runs from January 4, 2006

to April 29, 2011 with a sample size of 1340. The out-of-sample portion runs from May 2, 2011 to April

30, 2012 with a sample size of 252. Given the loss function, the loss difference is

Dt,s = Lt,s(Ĥ
0
t+s|t, Ĥ

Lasso
t+s|t )− Lt,s(Ĥ0

t+s|t, Ĥ
OLS
t+s|t),

t = Tin, Tin + 1, ..., T − s.

The average loss is then

D̄s =
1

(Tout − s+ 1)

T−s+1∑
t=Tin

Dt,s. (1.29)

Average loss was used in tests of predictive ability by Diebold and Mariano (1995) and West (1996).

The null and alternative hypotheses are

H0 : E[Dt,s] = 0,

H1 : E[Dt,s] > 0,

or H2 : E[Dt,s] < 0.

The test statistic is constructed as

Tloss = (Tout − s+ 1)1/2 D̄s

Ŝ
1/2
d

, (1.30)
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where

Ŝd =
s∑

j=−s
τ̂(j),

τ̂(j) = τ̂(−j) = (Tout − s+ 1)−1
T−s+1∑
t=Tin

(Dt−j,s − D̄s)(Dt,s − D̄s),

j = 1, 2, ..., s.

Significantly negative values of the test statistic indicate that the measurement equation estimated with

the ALasso method has superior forecast performance compared to the OLS estimate. The test of fore-

cast ability is conducted on the rotated model using two different estimators for the measurement equa-

tions. We estimate the model with an expanding window (recursively), starting from observation number

1342, and then use the parameter estimates to obtain forecasts of Ht at horizons s = 1, 2, 3, ..., 22 days.

The parameters are updated every 5 days, so the expanding window grows by 5. The estimation and

prediction are repeated 50 and 250 times respectively.

Results for the test are given in Table 1.5. The results for 10 assets show that the difference in

loss function is statistically significant and positive at the 10% level at horizons s = 8, 9, 10. The

difference is statistically significant and negative at the 10% level at horizon s = 20 and at the 5%

level at horizons s = 21, 22. The results with 15 stocks3 show significantly negative values at the 10%

significance level at horizons s = 3, 4 and at the 5% significance level at horizons s = 5, 6, ..., 22. With

20 stocks,4 significantly negative values occur at the 10% significance level at horizons s = 4, 20, 21 and

at the 5% significance level at horizons s = 5, 6, ..., 19. Broadly, the measurement equation estimated

with the ALasso method outperforms the measurement equation estimated with OLS. The difference in

performance between the two estimators increases as the number of assets under consideration increases.

The statistics D̄s show improvement in the 15 and 20 stock cases, except at the far end of the forecast

horizon. The advantageous predictive power of the ALasso method in the 20 stock case is diminished

at long forecasting horizons. Overall, the model using the ALasso method performs significantly better
3The ticker symbols are the original 10 plus C, CSCO, DELL, F, and WFC
4The ticker symbols are original 15 plus FCX,GS,MS,ORCL, and PFE.
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than OLS methods, and this effect is more pronounced when additional assets are considered.

Table 1.5: Statistical Test of Predictive Ability

Prediction Step
Number of Stocks

10 15 20

2 0.116 -1.285 0.980
3 0.263 -1.645* -0.248
4 0.503 -1.679* -1.539*
5 0.864 -1.686** -1.984**
6 1.184 -1.681** -2.077**
7 1.271 -1.692** -2.117**
8 1.389* -1.761** -2.143**
9 1.392* -1.763** -2.08**
10 1.370* -1.754** -2.066**
11 1.255 -1.847** -2.053**
12 1.078 -1.787** -2.04**
13 1.005 -1.924** -2.026**
14 0.73 -2.003** -2.032**
15 0.486 -2.054** -2.015**
16 0.187 -2.095** -2.018**
17 -0.149 -2.216** -1.996**
18 -0.543 -2.263** -1.92**
19 -1.009 -2.273** -1.78**
20 -1.462* -2.246** -1.59*
21 -1.894** -2.213** -1.32*
22 -2.216** -2.248** -1.015

Test of predictive ability: Loss(ALasso)-Loss(OLS). A negative test value indi-
cates model using the ALasso method has better predictive ability. The critical
values are: 2.4 (1%), 1.68 (5%), 1.3 (10%). * denotes significance at the 10%
level, ** significance at the 5% level, and *** significance at the 1% level

There are several different loss functions other than the likelihood value (see Patton, 2011). We

choose the loss function constructed by mean squared error (MSE) to check how much gain using

ALasso to forecast the covariance matrices compared with the model using OLS. The sign of the differ-

ence of predictive covariance matrices is negative if the Alasso is better. The loss function is constructed
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as:

Lt,s(Ĥ
0
t+s, H

i
t+s|t) = 1/N2

N∑
m,n=1

(h(mn)it+s|t − ĥ(mn)0
t+s)

2. (1.31)

where h(mn)it+s|t is the element in mth row and nth column in H i
t+s|t, similar definition goes with

ˆhmn
0

t+s. Comparing (1.28) with (1.31), the former loss function represents which method are more

possibly predict the true covariance the later indicate which method is closer to the true covariance with

respect of the estimated value. The result of portfolio with 10, 15 and 20 assets for each forecast step

are reported in Table 1.6. From the table, we can see that the mode with Alasso performs better for the

portfolio with more number of assets and for the further steps in forecasting. Further, we can check the

economical difference by inserting these predictive covariances into asset pricing formula or calculating

the Value at risk.

1.8 Conclusion

In this chapter we present the realized rotated BEKK model to model vectors of daily returns and their

corresponding realized measures. This allows for a more accurate depiction of the dynamics of the con-

ditional covariance matrix of daily asset returns. To deal with the curse-of-dimensionality, the ALasso

method is applied to estimate a sparse coefficient matrix in the measurement equation, and a parsimo-

nious parameterized common persistence specification is used in conjunction with diagonal structures

in the BEKK equation. With a rotation technique we can keep a richer dynamic while fitting a diagonal

BEKK on rotated returns. In an empirical application, we find that the ALasso method, imposing a sparse

coefficient matrix in the measurement equation, leads to superior predictive performance, especially for

relatively large portfolios. Estimating the model for portfolios of 10, 15, and 20 stocks, our model leads

to statistically significant gains in the loss function evaluation. AIC-based shrinkage method strikes a

balance between in-sample fit and model parsimony, which leads to gains in out-of-sample performance

at short and moderate horizons. Shrinkage methods hold promise as larger and more complete models

of asset dynamics continue to be developed.
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Table 1.6: Gain of predictive covariance using ALasso

Prediction Step
Number of Stocks

10 15 20

2 -1.037 0.004 -1.835**
3 -0.334 -0.145 -0.917
4 0.628 0.763 0.048
5 1.392* 1.116 0.025
6 1.223 0.883 -0.049
7 1.036 0.678 -0.264
8 0.658 0.259 -0.791
9 0.590 -0.199 -1.132
10 0.073 -0.699 -1.396*
11 0.041 -1.248 -1.658*
12 -0.218 -1.935** -1.978**
13 -0.716 -2.444*** -2.282**
14 -0.766 -2.876*** -2.440***
15 -1.045 -3.381*** -2.475***
16 -0.884 -3.668*** -2.548***
17 -1.354* -4.075*** -2.672***
18 -1.525* -4.369*** -2.790***
19 -2.008** -4.686*** -3.037***
20 -1.713* -4.752*** -3.228***
21 -1.371* -4.765*** -3.430***
22 -1.191 -4.995*** -3.605***

Test of predictive ability: Loss(ALasso)-Loss(OLS). A negative test value indi-
cates model using the ALasso method has better predictive ability. The critical
values are: 2.4 (1%), 1.68 (5%), 1.3 (10%). * denotes significance at the 10%
level, ** significance at the 5% level, and *** significance at the 1% level
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Chapter 2

Realized Markov Regime-Switching

BEKK Model

2.1 Introduction

In the last few decades, GARCH (Generalized Autoregressive Conditional Heteroscedasticity) models,

which were introduced by Engle (1982) and Bollerslev (1986) have been the most popular and successful

models in characterizing financial volatility. However, GARCH models often give good in-sample fit, but

poor out-of-sample forecasting performance. According to Andersen and Bollerslev (1998), one reason

for this is we typically compare the model forecasts with a weak measure of ex-post volatility, such

as squared returns. The solution is to use the “realized volatility” calculated with intra-daily data. The

other common problem of GARCH models in forecasting is that the volatility forecasts are usually too

smooth and too high across periods due to structure breaks. Hamilton and Susmel (1994), for example,

found that, for their stock return data, a shock on a given week would produce non-negligible effects on

the variance more than one year later. Lamoureux and Lastrapes (1990), among others, show that this

persistence may originate from structural changes in the variance process.

Empirical work has often shown that a single standard GARCH model is not valid over an extended

period. Ignoring these breaks by assuming constant parameters in econometric models typically leads
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to forecasts that are far from realizations (see Stock and Watson, 1996). The accumulated evidence

from empirical research suggests that the volatility of financial markets displays a type of persistence

that cannot be appropriately explained by classical GARCH models. In particular, these models usually

show high persistence in the conditional volatility which is not compatible with the poor out-of-sample

forecasting results of these models. These findings indicate a potential source of misspecification in that

the structural form of the conditional mean and variance is relatively inflexible and fixed throughout the

entire sampling period. Therefore, models in which the parameters are allowed to change over time may

be more appropriate for modeling volatility.

Since the seminal paper by Hamilton (1989), which characterized the U.S. business cycle by pe-

riodic shifts from recessions to expansions and vice versa, the use of Markov-switching models has

become increasingly popular in dynamic econometrics. The dynamics of the observed process is driven

by a standard GARCH model as long as the persistence mechanism remains in the same regime and

is powered by a different standard GARCH model whenever the working mechanism switches to an-

other regime. Introducing change in the regime increases the model flexibility substantially and allows

for interesting economic interpretations. See Kaufmann and Scheicher (1996) for a survey on Markov-

switching models.

In the present work, we incorporate a GARCH model into a Markov regime-switching framework

to allow for different volatility regimes. Within each regime, we use a GARCH model to govern the

variance. The persistence of both regimes yields an extra source of volatility persistence compared with

standard, single-regime GARCH, thereby enhancing the flexibility in describing the volatility persis-

tence of shocks.

When the GARCH process is subject to regime switching, however, the basic form of the model is

intractable due to a path-dependency problem (see Cai, 1994; Hamilton and Susmel, 1994; Gray, 1996).

Path-dependency occurs when the conditional variance at time t depends on the entire information

set and path of the regime switching process up to time t due to the recursive nature of the GARCH

process and state-dependent GARCH coefficients. Gray (1996) solves the path-dependency problem by

collapsing the conditional variances in each regime into a single variance at each point in time. Klaassen
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(2002) also integrates out the unobserved regimes, using all available information up to time t, whereas

Gray (1996) only integrates conditional on information up to t − 1. By doing so, the model becomes

path-independent and the likelihood is tractable even with a large sample size.

Our realized Markov regime-switching GARCH model is as an extension of Klaassen’s (2002)

univariate generalized Markov regime-switching model to the bivariate case (except the forecasting

mechanism) and potentially multiple-variate case. To improve not only the out-of-sample forecasting

performance but also the accuracy of forecast evaluation, we use the realized measure as the ex-post

volatility. In our model, a latent state variable governing the regime shifts follows a first-order, two-state

Markov process, the parameters of which are estimated via quasi-maximum likelihood along with other

unknown parameters, including transition probability and prediction probability of regimes.

2.2 The Markov Regime-Switching GARCH Model

The basic set up of the univariate Markov Regime-Switching GARCH Model is shown in this section.

Let pt be the price of a financial asset at the end of day t, then define rt = log(pt) − log(pt−1) as

the daily return. Let st be the unobserved variance regime at time t, which represents different state

of volatility dynamics. Note that the time subscript t of the expectation operator Et and probability

pt means the arguments are conditional on some information sets, e.g. pt(x) = p(x|Ft), in which

Ft represents the observable information set till period t, and we use the notation pt−1(st|s̃t−1) =

p(st|Ft−1, s̃t−1) to denote the ex-ante probability of some series going to regime st at a specific time t

conditional on the information set of the data-generating process, which consists of two parts. The first

part, Ft−1, denotes the information that can be observed, which is (rt−1, rt−2, · · · , r1) in our case. The

second part, s̃t−1, is the regime path (st−1, st−2, · · · , s1), which can not be observed. The dynamic of

the conditional variance of return, hs̃t,t = vart−1(rt|s̃t), is our research interest, where the subscription

t, st of h means the conditional variance predicted for time t based on the information set including the

regime path until t − 1. Without loss of generality, we assume that st follows a two-regime first-order
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Markov process with constant transition probabilities independent with time stamp t defined as:

pij = p(st = j|st−1 = i) (2.1)

with pt,i1 + pt,i2 = 1 for i, j = 1, 2. Equation (2.1) indicates the probability of switching from state i

at time t − 1 to state j at t. The transition probability matrix is a 2 by 2 matrix composed with these

probabilities

P =

 p11 p12

p21 p22

 =

 p11 1− p11

1− p22 p22

 (2.2)

The unconditional probability of staying in state st = 1 is equal to π1 = (1− p11)/(2− p11− p22). We

choose to model the mean of the daily return as zero since the focus of this paper is the volatility rather

than the mean. If the mean of daily return is not zero, it would also typically be modeled as a Markov

regime-switching quantity, but not bring much change to our structure. Therefore, under the full regime

path-dependent specification, the return equation is modeled as

rt = h
1/2
s̃t,t
zt (2.3)

zt
i.i.d∼ (0, 1)

where ht,s̃t = vart(rt|It−1, s̃t) denotes the time-varying state-dependent variance given the whole

regime path. The Markov regime-switching conditional covariance hs̃t,t follows a GARCH(1,1) process:

hs̃t,t = ωst + bst ht−1,s̃t−1 + ast r
2
t−1.

2.3 The Model Development

We generalize the previous univariate specification to the multivariate case in this section. By applying

the realized BEKK model in Chapter 1 for such a Markov regime-switching context, we would obtain a
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model similar to the one described above except all the variables would become bivariate. Specifically,

let theK×1 vector pt be the price of two assets at the end of day t, then define rt = log(pt)−log(pt−1)

as the daily return. The time-varying state-dependent covariance matrix Ht,s̃t with subscript s̃ implying

it depends on the whole regime path. Therefore, Ht,s̃t = covt−1(rt|r1, r2, ..., rt−1, s1, s2, ..., st). Since

Ht is positive semidefinite, we define H1/2
t as the symmetric square root of Ht using the Cholesky de-

composition. The Markov regime-switching conditional covarianceHt,s̃t follows a BEKK(1,1) process:

Ht,s̃t = CC ′ +Bst Ht−1,s̃t−1 B
′
st +Ast Xt−1A

′
st (2.4)

where Xt−1 denotes the realized measure of volatility (see Chapter 1). As discussed in the introduction,

the Markov regime-switching BEKK model (MRS-BEKK) with a state-dependent past conditional vari-

ance is practically intractable. The conditional covariance matrix Ht,s̃ would in fact depend not only on

the observable realized measure Xt−1 and the current regime st, but also on all past states s̃t−1. For a

sample of length T , the evaluation of the likelihood function of the model withN regimes would require

the integration over all the NT possible paths, which renders the model impossible to estimate unless

T is uselessly small. The intercept is set to be regime independent since we use the covariance target in

the estimation.

Cai (1994) and Hamilton and Susmel (1994) were the first to solve this difficulty by dropping the

lagged variance that causes the path dependence using only ARCH terms in (2.4) and several lags. Since

Ht,s̃ in such a dynamic system construction only depends on the current regime st, there is no path-

dependence problem anymore. Another way to avoid the path-dependence problem in the BEKK model

is proposed by Gray (1996), who suggests keeping the lagged variance and integrating out the regime

path s̃t−1 in the BEKK term in (2.4) by using a weighted sum of the past variances over the probability

of possible regimes period by period. As a result, the lagged conditional covariance Ht−1,st−1 in (2.6)
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depends only on regime st−1 instead of the path s̃t−1. Following his method, we redefine the daily return

rt = H
1/2
t,st zt (2.5)

zt
i.i.d∼ (0, IK)

with subscript st to indicate the variable is solely conditional on current regime. The conditional covari-

ance matrix Ht,st follows

Ht,st = CC ′ +Bst Et−2(Ht−1,st−1)B′st +Ast Xt−1A
′
st , (2.6)

Et−2(Ht−1,st−1) =
2∑

st−1=1

pt−2(st−1) ·
(
Ht−1,st−1

)
,

where

pt−2(st−1) =

2∑
st−2=1

pt−2(st−2) · pt−2(st−1|st−2) (2.7)

is the ex-ante probability of the regime in period t − 1 based on information in period t − 2 and

pt−2(st−2) is the so-called “filtered probability” of volatility, which represents the probability of the

volatility process being in the different regime conditional on information set at the same period. The

filtered probability is a key term, from which we could derive all other probabilities in this paper. The

filtered probability is computed as follows:

pt(st) = pt−1(st|rt) (2.8)

=
ft−1(rt|st) · pt−1(st)

ft(rt)

=
ft−1(rt|st) · pt−1(st)∑2
st=1 ft(rt|st) · pt−1(st)

Note the ex-ante probability is the product of filtered probabilities pt−2(st−2) and the constant transition

probability pij . The term ft(rt|st) is the density function of the return in regime s in period t, which will
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be defined below. Dueker (1997) uses a collapsing procedure in the spirit of Kim’s (1994) algorithm to

overcome the path-dependence problem, which is essentially as the same with Gray (1996).

Klaassen (2002) suggest an improved RS-GARCH model by calculating the expectation of lagged

conditional variance with a broader information set. Klaassen (2002) has two differences compared with

Gray (1996): first, the lagged term in (2.6) is calculated as conditional on Ft−1 instead of Ft−2, which

allows us to use more observable information about previous regimes; second, Klaassen includes st in

calculating the expected conditional covariance in period t−1. As a result, we replace Et−2(Ht−1,st−1)

with Et−1(Ht−1,st−1 |st) in (2.6); this modification will include a lot of information, particularly if the

regimes are highly persistent. For our MRS-BEKK(1,1) model, the specification using broader informa-

tion would be:

Ht,st = CC ′ +Bst Et−1(Ht−1,st−1 |st)B′st +Ast Xt−1A
′
st , (2.9)

where the expectation of conditional covariance in period t − 1 is integrated across the regime st−1

conditional on Ft−1 and the current regime st:

Et−1(Ht−1,st−1 |st) =
2∑

st−1=1

pt−1(st−1|st)(Ht−1,st−1), (2.10)

where the probabilities are calculated in a Bayesian fashion:

pt−1(st−1 = j|st = i) =
pijpt−1(st−1 = j)

pt−1(st = i)
. (2.11)

Therefore, there is no problem of path dependence in the model.

2.3.1 Measurement Equation and Prediction of Conditional Covariance

The difference between our model and Klaassen (2002) is that we use the realized measure Xt−1 in

the model and forecasting. In the realized BEKK framework, we can easily make one-period-ahead

predictions with the observed realized measure Xt. However, when we want to predict the conditional

covariance beyond one period, such as Ht+2, we need to forecast the realized measure of covariance
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Xt+1, which we cannot observe. In our model, the realized measure Xt+1 would be updated by the con-

temporaneous conditional covariance Ht+1. However, we only have Ht+1,st+1 with different regimes.

Therefore, we need to collapse Ht+1,st+1 in period t + 1 to obtain the expected conditional covariance

Ht+1, which will be used to update Xt+1 in a logarithm manner with a linear function. Similarly with

Chapter 1, we define the measurement equation in a vectorized form as following,

xt = d+ Γht + ut (2.12)

ut
i.i.d∼ N (0,Σu)

where

xt = vech(logmXt)

ht = vech(logmHt). (2.13)

The vech operator stacks the lower triangular part including the main diagonal of a K ×K symmetric

matrix into a K(K + 1)/2× 1 vector. Hence, xt, d, ht and ut are all K(K + 1)/2× 1 vectors, with d

being the intercept and ut the innovation vector. Moreover, Γ is a K(K + 1)/2×K(K + 1)/2 constant

coefficient matrix. This matrix characterizes the contemporaneous link between the realized measure

and all the elements of the conditional covariance matrix. This vectorized form is easy to estimate since

its structure is similar to the seemingly unrelated regression. The Ht in (2.13) is taken as

Ht = Et−1(Ht,st) =
2∑

st=1

pt−1(st) ·Ht,st . (2.14)

The logm is defined in Chapter 1 as the matrix logarithm. The pt−1(st) is the predicted probability of

regime st, which is calculated in (2.7). We refer to (2.9) as the realized BEKK equation. Since the real-

ized measure Xt could be interpreted as a measurement of conditional covariance Ht, equation (2.12)

is referred to as the measurement equation, tying the realized measure Xt to the expected conditional

covariance Ht. Thus, the realized BEKK model fully specifies the dynamic system of daily returns and
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the realized measure.

2.3.2 Covariance Targeting Under Rotation

The covariance targeting parameterization was introduced by Mezrich and Engle (1996) for the univari-

ate GARCH model. Covariance targeting in large models is useful as it allows for two-step estimation,

where in the first step, we estimate parameters representing unconditional moments with empirical mo-

ments. It substantially reduces the number of parameters to be estimated through nonlinear optimization.

Rotated ARCH models were introduced by Noureldin, Shephard, and Sheppard (2014). They compared

scalar and diagonal rotated BEKK and DCC models for 10 and 30 dimension cases. We cannot di-

rectly use this method in equation (2.9) due to the complexity of Markov regime-switching model in

computing the unconditional expectation. However, we can still build a model imitating the idea of scal-

ing to reduce the parameters. Let us denote the unconditional variance and covariance of daily returns

as var[rt] = E[Ht,st ] = H̄ and E(E(Ht−1,st−1 |st)) = H̄ , the conditional covariance Ht,st can be

expressed by covariance-targeting as following,

Ht,st = (H̄ −BstH̄Bst −AstX̄Ast) +Bst Et−1(Ht−1,st−1 |st)Bst +Ast Xt−1Ast , (2.15)

where the unconditional mean of the realized measure is denoted as E[Xt] = X̄ . We assume that

(H̄ −BstH̄Bst −AstX̄Ast) is positive semidefinite.

From (2.15), it is difficult to specify sufficient parameter restrictions to ensure that (H̄−BstH̄Bst−

AstX̄Ast) is positive semidefinite. This feature has restrained us from estimating more flexible dynam-

ics of this model rather than just assuming that A and B are scalars. However, we can fit the model to

rotated variables to extend the idea of covariance targeting in multivariate models of any dimension.

Using the unconditional variance of daily returns, var(rt) ≡ H̄ , we define the rotated return et as

et = H̄−1/2rt. (2.16)

The conditional variance of the rotated returns is V ar[et|It−1, st] ≡ H̃t,st , noting thatHt,st = H̄1/2H̃t,stH̄
1/2
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and E(Ht−1,st−1 |st, It−1) = H̄1/2E(H̃t−1,st−1 |st, It−1)H̄1/2. Similarly, for the realized measure of

covariance, we have Xt = X̄1/2X̃tX̄
1/2, where X̃t is the rotated realized measure of variance of the

returns. Therefore, we obtain E(H̃t−1,st−1 |st, It−1) = H̄−1/2E(Ht−1,st−1 |st, It−1)H̄−1/2, X̃t−1 =

X̄−1/2Xt−1X̄
−1/2. Basically, we rotate the variables with their unconditional variance to make their

unconditional expectation equal to an identity matrix. A variance-targeting realized MRS-BEKK model

is:

H̃t,st = (IK − B̃stB̃′st − ÃstÃ
′
st) + B̃st Et−1(H̃t−1,st−1 |st) B̃st + Ãst X̃t−1 Ãst (2.17)

E[H̃t,st ] = E[Et−1(H̃t−1,st−1 |st)] = E[X̃t] = IK

This model has 2K dynamic parameters when B̃st and Ãst are diagonal. It is easy to impose the positive

semidefinite of (IK − B̃stB̃′st − ÃstÃ
′
st) for this specification.

For unrotated returns, the diagonal BEKK model defined in equation (2.17) for rotated returns im-

plies a non-diagonal BEKK model:

Ht,st = H̄1/2H̃t,stH̄
1/2 = CC ′ +Bst Et−1(Ht−1,st−1 |st)B′st +Ast Xt−1A

′
st

where

Bst = H̄1/2B̃stH̄
−1/2, Ast = H̄1/2ÃstX̄

−1/2, CC ′ = H̄1/2(I2 − B̃stB̃′st − ÃstÃ′st)H̄1/2,

(2.18)

It is clear the rotated BEKK implies a BEKK specification for the original variables in a constrained

version since Ãst and B̃st depend on the spectral decomposition of H̄ and X̄ .

Bauwens, Laurent, and Rombouts (2006) discuss the invariance of multivariate models to the linear

transformation of returns. In their definition, invariance means the transformed model is in the same

model class and maintain the same dynamic specification (e.g. scalar, diagonal, or full parameteriza-

tion). In the case of diagonal specification, our model is clearly not invariant to linear transformation.

Supposing Ãst is diagonal, Ast derived from (2.18) is a full asymmetric matrix, which means we obtain
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a full parameterized BEKK model for the unrotated variables. For the rotated model given in (2.16)

and (2.17), similar to Chapter 1, we could impose the Assumption 3 to ensure the long-run covariance

stationarity and the positive definiteness of (IK − BstB′st − AstA
′
st). For any K ×K matrix M with

eigenvalues λ1, λ2...λK , define ρ(M) := max(|λ1|, |λ2|, ..., |λK |) .

Assumption 3 In the realized rotated MRS-BEKK model given by (2.16) and (2.17), ρ(Ãst ⊗ Ãst +

B̃st ⊗ B̃st) ≤ 1.

This assumption is easy to impose in the estimation.

2.4 Estimation and Inference

2.4.1 Estimation for the BEKK Equation

In this section we discuss the asymptotic properties of the quasi-maximum likelihood estimator within

the MRS-BEKK model. We could estimate the parameters in the rotated model, and then reverse the

linear transformation to retract the unrotated measure.

The realized BEKK equation (2.9) and (2.17) can be parameterized with a finite-dimensional (δ×1)

parameter vector θ ∈ Θ ⊂ Rδ. Decompose θ = (h̄′, x̄′, θ′d)
′, where h̄ and x̄ denote the model’s static

parameters, the unconditional moment, we can estimate by sample counterparts. Let θd denote the vector

of the dynamic parameters indexing Ã and B̃ in (2.17) and the transition probabilities p, q in (2.2), which

can be estimated by maximum likelihood method conditional on estimate ˆ̄x and ˆ̄h. We denote the true

parameter vector with θ0. Specifically, the static parameters are to be estimated by a moment estimator:

ˆ̄h′ = vech( ˆ̄H), ˆ̄x′ = vech(X̄),

where

ˆ̄H = T−1
T∑
t=1

rtr
′
t,

ˆ̄X = T−1
T∑
t=1

Xt.
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These estimates are then decomposed into ˆ̄H1/2 and ˆ̄X1/2. Subsequently, we construct the time series

of rotated returns and realized measure êt = ˆ̄H−1/2rt,
ˆ̃Xt = ˆ̄X−1/2Xt

ˆ̄X−1/2t = 1, 2, ..., T . Then θd

will be estimated by QML estimation in the second step,conditional on ˆ̄x and ˆ̄h.

Let Lt(θd; θs|st) be the contribution of observation rt to the likelihood function LT (θd; θs). For

rt
i.i.d∼ N (0, Ht,st), the log-likelihood function constructed from observation rt is defined as:

lT (θd; θs|st) =

T∑
t=1

logLt(θd; θs|st) =

T∑
t=1

(constant− 1

2
(log |Ht,st |+ r′tH

−1
t,strt)) (2.19)

According to (2.5), the multivariate distribution of rt is not assumed normal. (2.19) is the quasi-likelihood

function and the estimation is performed by QML, which provides consistent estimates regardless of the

underlying distribution of observation rt (see Bollerslev and Wooldridge, 1992). We assume that the

initial value of H̃t,st in the first period is known and positive semidefinite. For our path-independent

model, we maximize the sum of log-likelihood function with expectation in each period with respect to

the distribution of the regimes. Let

lT (θd; θ̂s) =

T∑
t=1

logEt−1(Lt(θd; θ̂s|st)) =

T∑
t=1

log

2∑
st=1

Lt(θd; θ̂s|st) ∗ pt−1(st) (2.20)

where the ex-ante probability pt−1(st) is given in equation (2.7)). The QML estimator is θ̂d, where

θ̂d = argmaxθd∈ΘlT (θd; θ̂s). The asymptotic theory for QML estimation of the GARCH model is

discussed by Comte and Lieberman (2003) and Hafner and Preminger (2009). For the closely related

covariance-targeting GARCH model, Pedersen and Rahbek (2014) prove its consistency and asymptotic

normality. We note that the Rotated BEKK model applies the same parameterizations but to rotated

returns.

Since we used two-step maximum likelihood estimation, if the usual assumptions for the validity of

QMLE are satisfied, the estimator is consistent and the asymptotic distribution:

√
T


θ̂s
θ̂d

−
θs
θd


→ N(0, V ),
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with

V =

[
G−1
θs
−G−1

θs
GθdM

−1

0 M−1

]
E

[
∂lT
∂θ

∂lT
∂θ′

] [
G−1
θs
−G−1

θs
GθdM

−1

0 M−1

]
,

where

Gθs = E

[
∂g(θs, θd)

∂θ′s

]
;Gθd = E

[
∂g(θs, θd)

∂θ′d

]
;M = E

[
∂m(θd)

∂θ′d

]
g(θs, θd) =

[
∂lT (θs, θd)

∂θs

]
;m(θd) =

[
∂lT (θs, θd)

∂θd

]
.

The proof is in Newey and McFadden (1994).

2.4.2 Estimation of the Measurement Equation

Since the measurement equation in our model is just a linear model, we will use linear regression to

estimate the parameters in the measurement equation. As mentioned before, the measurement equation

is actually a system of equations estimated in a similar manner as using SUR method. To be concrete,

we express (2.12) as the system of equations. For example, fo the first element of xt we have:



x11,1

x11,2

...

x11,T


=



d11

d11

...

d11


+



h11,1 h12,1 h13,1

h11,2 h12,2 h13,2

...
...

...

h11,T h12,T h13,T




γ11

γ12

γ13

+



u11,1

u11,2

...

u11,T


(2.21)

which is just the stacked first rows of (2.12) along the time dimension. We can estimate the first row

of coefficient matrix H in (2.12) with linear regression of the equation (2.21). Other rows of H can be

estimated in similar way.

2.4.3 Smoothed Regime Inference

Although the regimes are not observed, one can estimate the probability that the process is in a particular

regime in each period. This is useful if one wants to check how much time the series spends in each state.
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Following Kim’s (1994) smoothing algorithm, we compare the smoothed regime probabilities pT (st) =

p(st|IT ), which are the probabilities of a series being in one specific regime conditional on the complete

observations up till time T . Hence, it gives the most informative answer to the question of which regime

the process was in at time t. The smoothed probabilities can be calculated recursively. According to the

assumption of Markov properties, the hidden regime st depends on past observation rt−1 only through

the value of st−1. Similarly, when we estimate the past regimes from present observations, the st depends

on observations rt+1 only through the value of st+1 :

pT (st|st+1) = pt(st|st+1) (2.22)

Note that

pt(st = i|st+1 = j) =
pt(st = i, st+1 = j)

pt(st+1 = j)
(2.23)

=
pt(st = i) ∗ pt(st+1 = j|st = i)

pt(st+1 = j)

=
pij ∗ pt(st = i)

pt(st+1 = j)

i, j = 2

where pij is just the constant transition probability in (2.1). It is therefore the case that

pT (st = i, st+1 = j) = pT (st+1 = j) ∗ pT (st = i|st+1 = j) (2.24)

= pT (st+1 = j) ∗ pt(st = i|st+1 = j)

= pT (st+1 = j) ∗ pij ∗ pt(st = i)

pt(st+1 = j)

i, j = 2

52



The second equality follows from (2.22) and the third equation follows from (2.23). The smoothed

inference for date t is the sum of (2.24) over the value of st+1:

pT (st = i) =
2∑
j=1

pT (st = i, st+1 = j) (2.25)

=

2∑
j

pT (st+1 = j) ∗ pij ∗ pt(st = i)

pt(st+1 = j)

= pt(st = i)
2∑
j=1

pij ∗ pT (st+1 = j)

pt(st+1 = j)

= pt(st = i) ∗ [pi1, pi2] ∗

 pT (st+1 = 1)/pt(st+1 = 1)

pT (st+1 = 2)/pt(st+1 = 2)


= pt(st = i) ∗ Pi ∗ (PT (st+1 = j)(÷)Pt(st+1 = j)),

i, j = 2

where 1-by-2 vector Pi denotes the ith row of the transition matrix P and the sign (÷) indicates the

element-by-element division. Collecting the equations (2.25) for i = 1, 2 in a 2-by-1 vector, we can

express the smoothed probability in as

PT (st) = Pt(st)� {Pi ∗ (PT (st+1)(÷)Pt(st+1))}, (2.26)

i, j = 2

We can iterate the equation (2.26) backward from t = T − 1 to t = 1. This iteration is started with

PT (sT ), which is just the filtered probability obtained from (2.8). For more details of Kim’s algorithm,

please refer to Kim (1993) and Hamilton and Susmel (1994).

2.5 Empirical illustration

So far, we have generalized the single-regime BEKK to MRS-BEKK to obtain more flexibility in mod-

eling the volatility persistence. In this section we estimate both models and examine whether this gen-
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eralization pays off empirically in terms of improved volatility forecasts, the central issue of the paper.

2.5.1 Data Description

The model is applied to high-frequency prices for two liquid stocks from the technology sector, IBM

and INTC. The sampling period is from January 3, 2006, to April 30, 2012, and the source of data is

the TAQ database. We focus on the noise-robust realized kernel of Barndorff-Nielsen, Hansen, Lunde,

and Shephard (2011) as our choice for Xt. We compute daily returns and the realized kernel from EST

9:30-16:00, which are the weekday hours of the stock market. To eliminate the overnight effect, the

prices recorded during the 15 minutes at the beginning and end of opening hours are excluded.

Figure 2.1: The open-to-close log daily return of IBM and INTC.

The summary statistics for the daily log open-to-close returns are presented in the left part of Table

2.1. As expected, the average daily returns are around 0%. These two stocks from the technology sector
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Figure 2.2: The close-to-close log daily return of IBM and INTC.
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appears less volatile than some we have seen from the financial sector. The ranges of both returns are

within 20%. Additionally, the summary statistics for the daily log close-to-close returns are presented

in the second part of Table 2.1. Due to the overnight effect, the close-to-close log daily return is more

volatile than the open-to-close log daily return. For example, one of the biggest drops of daily return

of INTC in April 2006 is not showing in the open-to-close return graph. The ranges of both return also

increases from under 20% to the interval between 20% and 25%. All the histograms of open-to-close

(Figure 2.1) and close-to-close (Figure 2.2) daily returns appear slightly right-skewed.
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Figure 2.3: The annualized realized volatility and co-volatility of IBM and INTC.
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We plot the annualized realized volatility and co-volatility of these two stocks in Figure 2.3. The

sharp increase in realized volatility from 2008 to 2009 is associated with the major upheavals in the

financial markets during the subprime mortgage crisis. The increase in volatility is much more pro-

nounced especially after the collapse of Lehman Brothers in mid-September 2008. According to the

visual inspection of the plot of annualized volatility, the financial crisis period approximately spanned

from August 2008 to April 2009. We also record the summary statistics of annualized volatility in Table

2.2.

Table 2.1: Summary Statistics of Daily Return

Statistics
Open-to-Close Log Returns Close-to-Close Log Returns
IBM INTC IBM INTC

Mean 0.098 0.034 0.056 0.006
St.dev 1.116 1.454 1.498 2.088
Max 7.708 9.000 11.051 11.393
Min -6.119 -6.857 -6.274 -13.366

The log return are in percentage point.

Table 2.2: Summary Statistics of Realized Volatility

Stocks
Open-to-Close Realized Volatility and correlation

Mean St.dev Max Min

IBM 17.192 11.572 127.455 5.035
INTC 23.182 12.150 146.214 4.822
IBM-INTC 0.455 0.161 0.888 -0.208

The annualized realized volatility is the square root of 252 times the realized kernel,
the last row is the realized correlation of IBM and INTC.
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2.5.2 Estimation Results

This subsection presents the estimation results for the MRS-BEKK model. For comparison, we also

estimate the single-regime BEKK model. Table 2.3 presents the QML estimation results. The smooth

effect and the innovation effect correspond to B and A in equation (2.9). As expected, the MRS-BEKK

model provides a better fit than the single-regime BEKK model. The gain in the log-likelihood value

of the MRS-BEKK model over the regular BEKK model is 14. The standard LR test is not valid for

nested model, we will test the significance of the second regime in a later section with a bootstrap

method. In the single regime BEKK model and regime 1 of MRS-BEKK model, the smooth coefficients

B have larger values than the innovation coefficients A. This implies that the conditional variance is

smoother in regime 1. Interestingly, the result for regime 2 is characterized by more sensitivity to recent

shocks and less persistence than in regime 1. The effect of individual shocks die out quickly during

the periods of regime 2, but has a longer lasting effect during regime 1. As a result, regime 1 features

a smooth regime while regime 2 characterize a responsive regime. An unexpected shock in the stock

market induces an observable jump of volatility which is not persistent unless the volatility process stay

in regime 1 in the following days. This result is consistent with the stylized fact called pressure relieving

in the stock market; that is, some shocks are not persistent at all, but are followed by a tranquil period.

Another finding is that the persistence of single-regime BEKK is larger than that of the second-regime

of MRS-BEKK, which indicates the shock will be less persistent in a responsive regime.

The estimate of the constant Markov transition probability matrix is presented in Table 2.4. The

result shows the value of staying probabilities p11 and p22 (values in the diagonal position) is larger than

the switching probabilities p12 and p21 (values in the off-diagonal), which means that the regimes are

persistent. Another finding is that p11 > p22. Since the unconditional probability of being in regime,

1 pt(s1) is (1 − p22)/(2 − p11 − p22) = 0.619, we can conclude that regime 1 is more likely than

regime 2. We define two sources of volatility persistence in regime-switching model. One source is the

within-regime persistence which is indicated by the parameters in BEKK equation. The other source is

the persistence of regimes. The estimates of the BEKK coefficient reported in Table 2.4 indicate that the

variance is persistent in each regime.
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Table 2.3: Estimation of coefficient

Coefficients
in different model

Regime 1 Regime 2

MRS-BEKK

a11 0.294(.066) 0.815(.002)
a12 -0.028(0.013) 0.031(0.005)
a21 0.07(0.021) 0.082(0.006)
a22 0.139(0.093) 0.772(.056)
b11 0.908(.043) 0.109(.007)
b12 0.018(0.006) 0.08(0.022)
b21 -0.024(0.012) -0.108(0.039)
b22 0.974(.028) 0.407(.232)
η1 0.911 0.676
η2 0.9968 0.761
Loglike -4027

BEKK

a11 0.488(.031) -
a12 -0.018(0.005) -
a21 0.088(0.009) -
a22 0.33(.022) -
b11 0.802(.03) -
b12 0.034(0.005) -
b21 -0.046(0.009) -
b22 0.929(.022) -
η1 0.882 -
η2 0.971 -
Loglike -4041

Standard errors in parentheses. “logLik” denotes the log-
likelihood value. η1, η2 denotes the “persistence” of the
model. The estimated models belong to the model de-
scribed by equations (2.9), amn,bmn are element in mth
row and nth column in A and B.

Table 2.4: Markov Transition Probability

Regime st+1 = 1 st+1 = 2

st = 1 0.95(0.024) 0.05
st = 2 0.081 0.919(0.031)
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2.6 Likelihood Ratio (LR) Test

In this section, we focus on the likelihood ratio test of the null of a single-regime model against a

Markov regime-switching model. There are two problems that make testing the stability of coefficients

particularly challenging. The first is known as the problem of nuisance parameters (the transition prob-

abilities pij) that are unidentified under the null hypothesis, so that the asymptotic distribution of the

likelihood ratio is not the usual χ2-distribution (see Hansen et al., 1996). The second problem is that the

information matrix is singular under the null hypothesis. This is due to the fact that underlying regimes

are not observable.

A few papers propose tests for the Markov regime-switching models. Garcia (1998) studied the

asymptotic distribution of a sup-type likelihood ratio test. Hansen(1992) treated the likelihood as an

empirical process indexed by all the parameters (those identified and those unidentified under the null).

His test relied on taking the supremum of LR over the nuisance parameters. Carrasco, Hu, and Ploberger

(2014) proposed a likelihood test using parametric bootstrap which derives the null distribution of the

test and a bootstrap method to compute its p-values. We use a similar strategy to derive the null distri-

bution of LR test to approximate the α critical values cα and the p-value of the estimated LR value. The

procedure is described in algorithm (4).

Suppose our model has log-likelihood lT (θ, γ) =
∑T

t=1 lt(θ, γ) with parameter vectors θ and γ

where θ is fully identified, but γ is not identified under H0. The hypothesis takes the form

H0: The true model of the volatility process is the single-regime BEKK model

vs. H1: The true model of the volatility process is the two-regime BEKK model

Define the log-likelihood ratio (LR) function:

LRT (θ) = 2 ∗ (lT (θ1)− lT (θ0)) (2.27)

where θ0 is the value of θ under H0 while θ1 is the value of θ under H1. Letting the number of simu-

lated samples S → ∞ will force the empirical critical values to converge to the critical values for the
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1 Using the observed data, estimate θ by θ̂0 and θ̂1, the maximum likelihood estimator under H0

and H1. Compute the test statistic LR.
2 Given θ̂0, generate S independent samples ys1, ..., y

s
T s=1,2,...,S under H0.

3 Using each simulated sample ys1, ..., y
s
T , estimate θ by θ̂s0 and θ̂s1 the MLE under both hypothesis

and compute LRs, s = 1, 2, ..., S.
4 Define cα,s as the empirical critical values using LRs, s = 1, 2, ..., S, which is the (1− α)

quantile of LRs. Moreover, the bootstrap p-value is given by 1
S

∑S
s=1 1(LRs > LR), which

1(·) is the indicator function.
Algorithm 4: The Parametric Bootstrap procedure for the LR test

distribution of the test statistic under H0. By performing the algorithm (4) with S = 100, we obtained

LR = 28.967 and the pvalue = 0.02, which means the null hypothesis is rejected at significance level

above 2%.

2.6.1 Result of Regime Inference

Figure 2.4 shows the estimates of the probability of the variance process being in regime 2. We can see

that the smooth regime (regime 1) dominates the process, which implies the volatility of the asset price is

smooth most of the time. The second finding is that the process does not stay too long in the responsive

regime but quickly switches back to the smooth regime. The regimes appear to switch frequently and

randomly. By comparing this figure with the graph of realized volatility and daily return, we could

determine that the volatility process is likely to stay in the responsive regime in early 2008 before the

financial crisis hits the market, which means the stock market was very sensitive in that period. Then, a

few major shocks hit the market, and the regime appears to switch back to a smooth regime for a short

time. The persistently high level of volatility at that time may be the reason for this. However, the smooth

regime does not last for long before switching back to the responsive regime, which indicates that the

market was still not stable due to the aftershock. We also check the mean of the covariance matrix of

each regime and find that the elements of the covariance matrix are larger in the responsive regime. This

fact implies that the stock market is more volatile in the responsive regime, or the market experiences

great shocks when in a responsive regime and then switches back to a smooth regime after the shock.

Therefore, the scenario is that the market starts in a responsive regime and a shock hits the market,
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inducing a volatile period; the market switches to the smooth regime, keeping a weakened volatility for

a period before it switches back to the responsive regime again until the next shock.
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Figure 2.4: Probability of staying in responsive regime (regime 2)
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2.6.2 Estimation Result of Measurement Equation

Following the structure of the measurement equations, each realized variance (covariance) is the func-

tion of the corresponding conditional variance (covariance) and the conditional covariance of the pairs

of all the other assets. We wish to emphasize one empirical observation that concerns the difference

between open-to-close returns and close-to-close returns. With open-to-close returns our estimates of

the coefficient matrix of Γ in (2.12) for the MRS-BEKK models are reported in (2.28)

Γ̂ =


1.054(0.04) −0.103(0.103) 0.096(0.05)

−0.0081(0.014) 1.082(0.033) 0.048(0.017)

0.1(0.04) −0.053(0.102) 1.057(0.05)

 (2.28)

where the numbers in parentheses are standard errors. Note that the empirical estimates of elements in

the diagonal position are consistent with the belief that the realized kernel is roughly an unbiased mea-

surement of (open-to-close) Ht. With close-to-close returns, we obtain the estimates of the coefficient

matrix of Γ (2.12) for the MRS-BEKK(1,1) models in (2.29):

Γ̂ =


0.975(0.035) 0.0737(0.087) 0.206(0.04)

0.007(0.012) 0.837(0.03) 0.05(0.014)

0.237(0.034) 0.138(0.084) 0.84(0.039)

 (2.29)

It is not surprising that the estimate of elements in the diagonal position is less than one in this case since

realized measure only covers partial period (open-to-close) of the close-to-close daily return. The point

estimate suggests that the volatility during the open period amounts to about 84% of the daily volatility

for Microsoft. However, this effect is not as obvious for IBM; one possible reason is that the overnight

effect is not significant for IBM.

Similar to Chapter 1, to check the fit of the measurement equation we focus on the test of auto-

correlation of the residuals. If there are autocorrelated residuals, we may need to add lags of dependent

variables. The Lagrange multiplier (LM) test for autocorrelation developed by Breusch (1978) and God-

frey (1978) has become a standard tool in applied econometrics. It is often applied to the residuals of a

65



multivariate regression such VAR or SUR of time series model. A vectorized version of the LM test is

proposed Doornik (1996) by testing the significance of lagged residuals ût−h (obtained under the null

hypothesis) in the auxiliary regression:

ut = d+ Γht + b1ût−1 + ...+ bhût−h + vt (2.30)

vt
i.i.d∼ N (0,Σv)

We wish to test the significance of lagged residuals, so the null hypothesis is

H0 : b1 = ... = bh = 0. (2.31)

which implies no autocorrelation of residuals for lag one through lag h. The test statistic is constructed

as:

LM = TnR2
m (2.32)

with an asymptotic χ2
hn2 under null. n is the dimension of the system, h is the number added lagged

regressors in the each auxiliary regression and T is the sample size. R2
m is a R2-type measures of

goodness of fit:

R2
m = 1− (1/n)tr(v̂v̂′)(ûû′) (2.33)

where v and u areK(K+1)/2-by-T matrix of residuals from the auxiliary regressions and measurement

equations. We only test the lag up to 10, which is enough for the stock data. The LM value for the

measurement equation with 1 regime and 2 regime switching models are 0.754 and 0.993, and the p-

value are 0.999 and 0.521, from which we can’t reject the null hypothesis.
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2.7 Volatility Impulse Response Functions

We use Volatility Impulse Response Functions (VIRF) to check the persistence of different regimes

of the MRS-BEKK model. Since they were introduced by Sims (1980), Impulse Response Functions

have been used in VAR models to analyze the response of a variable to a shock. Every BEKK model

possesses a unique equivalent vec specification (see Engle and Kroner, 1995); we investigate the VIRF

for our MRS-BEKK model by transforming it to vec form. Still considering the BEKK(1,1) case,

vech(Ht) = c+B∗vech(Ht−1) +A∗vech(H
1/2
t−1εt−1ε

′
t−1H

1/2
t−1) (2.34)

with B∗ and A∗ as function of A and B. Denote the unconditional covariance matrix H , and

vech(H) = (I −A∗ −B∗)−1c. (2.35)

At time t=0 some independent news is reflected by ε0. Assuming the independence of the compo-

nents of εt, one may assume a shock in one component and set all the other components to zero. The

volatility state at time t = 0 is assumed to be the steady state H0 = H . The conditional covariance

matrix Ht is a function of the innovations ε1, ..., εt−1, the initial shock ε0, and H0. VIRF is defined as

the expectation of volatility conditional on an initial shock and volatility, i.e.

Vt(ε0) = vech(Ht|ε0, H0 = H). (2.36)

In (2.36),Vt(ε0) is a K(K + 2)/2 dimensional vector, where K is the number of assets. For our case,

K = 2, then the first and third elements of Vt(ε0) represent the VIRF of the conditional variances of

the first and second assets, respectively, and the second element of Vt(ε0) is the VIRF of the conditional

covariance. Starting at t = 1, it can be seen that

V1(ε0) = c+B∗vech(H0) +A∗vech(H
1/2
0 εt−1ε

′
0H

1/2
0 ), (2.37)
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and for t ≥ 2,

Vt(ε0) = c+ (A∗ +B∗)Vt−1(ε0). (2.38)

This recursive formula can be efficiently used in algorithms. Assuming a shock in ε0 and reducing the

volatility profile relative to a baseline where ε0 is set to its expectation zero.

V ′t (ε0) = E[vech(Ht)|ε0 = (δ1, δ2)]− E[vech(Ht)|ε0 = (0, 0)] (2.39)

We will choose one of element in (δ1, δ2) to be zero and the other to be positive and see how the

component of Ht is affected by them. Note that limt→∞ Vt(ε0) = 0, and we can use a graph to detect

how persistent our model is within different regimes.

Figure 2.5: The impact of one standard deviation innovation of IBM.

In Figure 2.5, we generate one standard deviation innovation of IBM and see how it affects the IBM,
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the INTC, and their covariance. The upper row shows the VIRF in the smooth regime, and the lower

row shows the VIRF in the responsive regime. It is obvious that, in the smooth regime, the volatilities

are persistent to the shock, which lasts for nearly one month for IBM itself and hardly affects INTC.

However, in the responsive regime, the volatilities have a much larger response to the shock, but lower

persistence. These results are consistent with the analysis of the dynamic parameters of the MRS-BEKK

model.

2.8 Model Predictive Ability Evaluation

McCracken (2007) shows that the pseudo-out-of-sample procedure produces costly power reduction

relative to the full-sample statistic while simultaneously producing no offsetting benefits. Nevertheless,

We find the prediction has importance in the financial world. The goal of this section is to evaluate the

out-of-sample performance of MRS-BEKK compared with the single-regime BEKK. We consider the t

statistic or equal predictive ability developed by Diebold and Mariano (1995) and the F statistic proposed

by McCracken (2007). Let the loss function Lt,s(H0
t+s, H

i
t+s|t) denote the loss at time t resulting from

the s-step forecast using model i, where H0
t+s denotes the true (latent) covariance matrix and H0

t+s|t

is the model i’s s-step forecast conditional on the information set at time t. Since the latent covariance

H i
t+s is unobservable, we will use the realized kernel as the proxy such that Ĥ0

t+s = Xt+s. We use the

Mean Squared error (MSE) loss function in our analysis:

Lt,s(Ĥ
0
t+s, H

i
t+s|t) = 1/N2

N∑
mn=1

(ĥ(m,n)0
t+s − h(mn)it+s|t)

2 (2.40)

where ĥ(mn)it+s|t is the element in mth row and nth column in prediction covariance matrix H i
t+s|t,

similar definition goes with ĥ(m,n)0
t+s. The index i ∈ (1, 2) represents the models in the comparison.

The MSE-type loss function consistently ranks the volatility models as it is robust to noise in the proxy

covariance Xt+s (see Patton and Sheppard, 2009; Laurent, Rombouts, and Violante, 2013). The total

sample size T = Tin + Tout is divided into in-sample and out-of-sample portion. The in-sample obser-

vations span from 1 to Tin. The out-of-sample observations span from Tin + 1 through T − s, so the
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out-of-sample size is Tout − s. In our case, the estimation window (in-sample) part runs from January

4th, 2006, to April 29th, 2011, with Tin = 1340, and the out-of-sample spans from May 2, 2011, to

April 7, 2012 with Tout = 230. Given the loss function, we calculate the loss difference as:

Dt,s = Lt,s(Ĥ
0
t+s, H

BEKK
t+s|t )− Lt,s(Ĥ0

t+s, H
MRS−BEKK
t+s|t )

t = Tin, Tin + 1, ..., T − s

We construct the following test hypothesis:

H0 : E(Ds) = 0 (2.41)

vs H1 : E(Ds) > 0 (2.42)

Diebold and Mariano (1995) suggest a test of the form using t-statistic:

Tloss = (Tout − s+ 1)1/2 D̄s

Ŝ
1/2
d

, (2.43)

with mean loss differential

D̄s =
1

(Tout − s+ 1)

T−s+1∑
t=Tin

Dt,s (2.44)

where Ŝd, has been defined in Chapter 1, denotes a consistent estimate of the asymptotic variance of

the mean loss differential D̄s. In the nested context, the null hypothesis means the extra regime does

not have predictive power, which shows that the single-regime BEKK model is the true model. The

significant positive value of D̄s means the MRS-BEKK model has better predictive ability. As a result,

we consider the one sided alternative. Note that Diebold and Mariano’s (1995) statistics are probably not

valid in the nested model framework. While West (1996) proves directly that the t statistic in the test we

just described can be asymptotically standard normal when applied to nonnested forecasts, this is not the

case when the models are nested. In particular, the results of West (1996) require that under the null, the

population-level long-run variance of Dt,s is positive. This requirement is violated with nested models.
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Intuitively, with nested models, the null hypothesis that the restrictions imposed in the benchmark model

are true implies that the population errors of the competing forecasting models are exactly the same. As

a result, in population, the loss difference is Dt,s = 0 for all t, which makes the corresponding variance

also equal to 0. Because Dt,s and its variance converge to zero at the same rate, the test statistics have

nondegenerate null distributions, but asymptotic normal distribution does not hold. Motivated by (i) the

degeneracy of the long-run variance of D̄s and (ii) the functional form of the standard in-sample F-test,

McCracken (2007) developed an out-of-sample F-type test of equal predictive power, expressed by

Floss = (Tout − s+ 1)
L̄BEKK − L̄MRS−BEKK

L̄MRS−BEKK
= (Tout − s+ 1)

D̄s

L̄MRS−BEKK
(2.45)

where

L̄BEKK =
1

(Tout − s+ 1)

T−s+1∑
t=Tin

Lt,s(Ĥ
0
t+s, H

BEKK
t+s|t )

L̄MRS−BEKK =
1

(Tout − s+ 1)

T−s+1∑
t=Tin

Lt,s(Ĥ
0
t+s, H

MRS−BEKK
t+s|t )

Clark and McCracken (2001) and McCracken (2007) show that, for one-step-ahead forecasts from well-

specified nested models, the F-statistics converge in the distribution to functions of stochastic integrals

of quadratics of Brownian motion with limiting distributions that depend on the sample split parameter

π = Tout/Tin and the number of exclusion restrictions k, but not on any unknown nuisance parameters.

The critical values of t-test for π = 0.2, k = 6 are 1.639 for 1% significance level, 0.998 for 5%

significance level and 0.642 for 10% significance level; The critical values of F-test for π = 0.2, k = 6

are 3.846 for 1% significance level, 2.124 for 5% significance level and 1.313 for 10% significance level.

Another fact is that the F-test provide more significant values than t-test, which is in line with Clark

and McCracken’s (2005) claim that the F-type test is often more powerful than the t-type counterparts

test in such a nested scenario. He also suggests using the F-test instead of the t-test because the latter is

often conservative. We decide to conduct both t-test and F-test for an equal predictive ability test. The

asymptotic null distributions of these statistics are non-standard. We use the critical values provided by
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McCracken (2007) with the Monte Carlo method. Note that these critical values are not robust to the

nuisance parameter problem, so we decide to leave them for reference, since, to our knowledge, there

is no published research that solves this problem in out-of-sample. We estimate the model using an

expanding window starting from 1342 observations and then use the parameter estimates to obtain fore-

casts of Ht at horizons s = 1, 2, 3, ..., 22 days. Since the estimation of MRS-BEKK takes quite a long

time, the parameters are updated recursively every 5 days instead of every day, so the expanding window

will grow by 5. The size of the out-of-sample is 230, in each day we predict the conditional covariance

matrix for the step of 1 to 22. We report test statistics to test the equality of predictive ability in Table

2.5. The results of the F-statistic show that the difference of the value of loss function are statistically

significantly positive at the 10% significance level at horizons t = 12, 21, statistically significantly pos-

itive at the 5% significance level at horizons s = 4, 22 and positive at 1% significance level at horizons

s = 5, ..., 11. The t-statistics show that the difference of the value of loss function are statistically sig-

nificantly positive at the 10% significance level at horizons s = 4, 21, statistically significantly positive

at the 5% significance level at horizons s = 5, 6, 7, 8, 11, 22 and statistically significantly positive at

the 1% significance level at horizons s = 9, 10. Therefore, we conclude that the MRS-BEKK model

outperforms the single-regime BEKK model with just one regime. The effect of the performance keeps

from horizons 4 to 11 but goes weaker as the prediction horizon grows. This result means the Markov

regime-switching mechanism plays a very important role in improving forecasting volatility. The reason

for the good forecasting performance of MRS-BEKK compared with the single-regime BEKK is that

the regular realized BEKK, which only assumes one regime drifts in a certain direction when there is a

random change in a real-world situation as time passes. This also explains why the MRS-BEKK model

needs several days to outperform the model with one regime; the later model needs several days to drift

away from the true state. In other words, the regime switching grasps the essence of randomness of

reality by simulating a parallel world with different volatility dynamics and forms an expectation from

them in constructing the predicted conditional covariance.
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Table 2.5: Statistical Test of Predictive Ability

Prediction steps F statistics T statistics

1 1.248 0.582
2 1.12 0.38
3 0.505 0.177
4 2.940** 0.894*
5 4.573*** 1.223**
6 6.051*** 1.417**
7 6.841*** 1.52**
8 5.254*** 1.446**
9 5.341*** 1.901***
10 4.670*** 1.707***
11 4.149*** 1.43**
12 2.022* 0.65*
13 1.209 0.427
14 -0.331 -0.114
15 -0.25 -0.084
16 -0.41 0.142
17 -0.129 -0.046
18 -0.49 -0.174
19 -0.322 -0.118
20 0.112 0.043
21 2.048* 0.860*
22 3.121** 1.464**

A positive value means the model using regmie switching
has better predictive ability. ** means significant at 95%, ***
means significant at 99%.
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2.9 Conclusion

This chapter introduced the realized MRS-BEKK model for vectors of daily returns and correspond-

ing realized measures. This model has more flexibility regarding volatility persistence; that is, not all

shocks have to be highly persistent. The model generalizes the BEKK model by using two regimes with

different dynamic specifications to describe the variance within the regimes. Its specification combines

the attractive feature of Hansen, Huang, and Shek’s (2012) realized GARCH and Klaassen’s (2002)

Markov regime-switching GARCH, such as the recursiveness of the likelihood function, resolved path

dependence problem, and the more accurate realized measure of volatility. We also apply Noureldin,

Shephard, and Sheppard’s (2014) rotated techniques to ease the burden of estimation in multivariate

models due to the large number of parameters. Kim’s (1994) smoothed algorithm is used for the in-

ference of the probability of regimes. Our model is easy to use for estimation and multi-period-ahead

volatility forecasting for multivariate cases.

In the empirical part of the paper we estimate the model using approximately seven years of daily

data on two U.S. stock returns (IBM and INTC). A comparison of our regime switching model with the

single-regime BEKK model shows that our model has a better performance in and out-of-sample. The

interchange of the probability of regimes seems in line with the pattern of volatility disturbance.

One drawback of our model is we cannot model the different levels of unconditional volatility in

different regimes due to the rotation trick used in the model. We leave the solution of this problem for

future research. Another possible extension in future work includes building Markov regime-switching

models with time-varying Markov transition probabilities. Identification of the number of regimes in the

Markov chain is also a promising research direction.

74



Chapter 3

Realized Markov Regime-Switching

GARCH with time-varying transition

probability

3.1 Introduction

Markov regime-switching models have been widely used in economics and finance. Good examples are

changes in fiscal or monetary policies and exchange rate regime. In terms of econometrics, analyzing

regime switching is difficult because econometricians rarely (directly) observe such a process, but must

infer them from data. Since the seminal paper by Hamilton (1989), Markov regime-switching models

have been adopted in numerous applications and extensions, see Hamilton (2010) for a survey. The

key attractive feature of Markov regime-switching models is that the conditional distribution of a time

series depends on an underlying latent regime, which can take only a finite number of values. The usual

assumption is that the regime evolves over time as a discrete Markov chain, in which a regime at time t

only depends on the regime at time t − 1. We can summarize the statistical properties with a transition

probability matrix.

Although Hamilton’s (1989) fixed transition probability Markov regime-switching model (we call
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it FTP model for brevity) has yielded great success, an extension of the FTP model has led to many

interesting studies because of its intuitive appeal. The extension allows transition probabilities to vary

over time as a function of exogenous or pre-determined variables (e.g., economic indicators). We call

it the time-varying transition probability Markov regime-switching model (TVTP model). Examples

of this extension appear in many fields. Researchers have used TVTP model to study business cycle

fluctuations (Filardo, 1994), interest rate dynamics (Gray, 1996), bubbles and asset pricing (Schaller and

Norden, 1997) and exchange rates (Diebold, Lee, and Weinbach, 1994; Engel and Hakkio, 1994). The

Hamilton filter can easily be generalized to handle such cases of the time-varying transition probability.

3.2 The Framework

In this chapter, we generalize the model in Chapter 2 to allow the transition probability to vary over

time using observable variables. Compared to the FTP model there are more parameters involved in the

TVTP model. Therefore we limit our focus to the univariate case.

Following the realized Markov regime-switching GARCH model in Chapter 2, let pt be the price of

a financial asset at the end of day t, then define rt = log(pt)−log(pt−1) as the daily return. We are using

the univariate realized kernel xt as the measure of volatility, which was proposed by Barndorff-Nielsen,

Hansen, Lunde, and Shephard (2008). This realized measure has the form introduced in (1.4). Let

st ∈ Z+ be the unobserved regime at time t, which represents different regime of volatility dynamics. As

in the last chapter, the time subscription t of expectation operatorsEt and probability pt means the argu-

ments are conditional on some information sets, e.g.,Et(x) ≡ E(x|Ft), pt(x) ≡ p(x|Ft), whereFt rep-

resents the observable information set till period t. Therefore, we use pt−1(st|s̃t−1) = p(st|Ft−1, s̃t−1)

to denote the ex-ante probability of a series going to regime st at a specific time t conditional on the

information set of the data-generating process, which consists of two parts. The first part, Ft−1, denotes

the information that can be observed, which is (rt−1, rt−2, · · · ) in our case. The second part, s̃t−1, is

the regime path (st−1, st−2, · · · ), which is not observed. The dynamic of the conditional variance of

the return, hs̃t,t = vart−1(rt|s̃t), is our research interest, where the subscript t of h means the condi-

tional variance predicted for time t based on the information set at t − 1 and the regime path. Without
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loss of generality, we assume that st follows a two-regime first-order Markov process with transition

probabilities defined as:

pt,ij = pt(st = j|st−1 = i) (3.1)

pt,i1 + pt,i2 = 1

for i, j = 1, 2.

Equation (3.1) represents the probability of switching from regime i at time t − 1 to regime j at t. The

model can be easily generated to more than two regimes.

3.2.1 Markov Transition Probability

Table 3.1: Markov Transition Probability

Regime st = 1 st = 2

st−1 = 1 pt,11 1− pt,11

st−1 = 2 1− pt,22 pt,22

We illustrate the transition matrix with these probabilities in Table 3.1 withN = 2 different regimes,

it is a 2 by 2 matrix. Compared with the setting in Chapter 2, we drop the constant restriction upon the

transition probabilities to let them be time-varying. To guarantee the probability pt ∈ [0, 1], we model

it with the logistic function of zt−1′ζi, i = 1, 2, where the conditioning vector zt−1 contains economic

variables that affect the regime transition probabilities and ζi is a vector of parameters. Intuitively,

the volatility of the stock return is the main reason that drives the market to switch between different

regimes. Hence, we choose the realized kernel xt as the variable to affect the transition probabilities. In

this way, the dynamics of the regime can be determined endogenously. We also notice that the negative

returns have a larger impact on the conditional volatility than positive returns (see Engle and Ng, 1993;

Ding, Granger, and Engle, 1993). The GJR GARCH model (Glosten, Jagannathan, and Runkle, 1993)
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introduces a dummy variable to carry the asymmetric effect of return in the dynamic process of volatil-

ity. They allow the parameter before the innovation of return in GARCH model to change to a different

level whenever the daily return is negative. In our Markov regime-switching setting, we introduce the

asymmetric effect of return into the transition probabilities by adding a dummy variable into the lo-

gistic regression. As a result, the leverage effect play a role in the Markov regime-switching process.

Specifically, the transition probabilities are functions of the realized volatility of stock return as follows:

pt,11 =
exp(ω1 + β1xt−1 + α1xt−1Dt−1)

1 + exp(ω1 + β1xt−1 + α1xt−1Dt−1))
(3.2)

pt,22 =
exp(ω2 + β2xt−1 + α2xt−1Dt−1)

1 + exp(ω2 + β2xt−1 + α2xt−1Dt−1)

Dt =


1, if rt < 1

0, otherwise

It is worth noting that when the α1 and α2 are set to zero, then the model is TVTP model. If β1,

α1 and β2, α2 are set to zero, the transition probability functions are time-invariant so the TVTP model

degenerates into the FTP model with pt,11 and pt,22 simply constants. If no restrictions are applied to the

parameters, we call it time-varying transition probability Markov regime-switching model with negative

return effect (TVTP-N model). We will estimate the three nested models in the empirical section later.

3.2.2 Realized Markov Regime-switching GARCH Model

In this section, we introduce our Realized Markov regime-switching GARCH model (MRS-GARCH

model). As discussed in the introduction of Chapter 2, the MRS-GARCH model is intractable due to

the regime-dependent structure and unobserved discrete regimes unless the sample size T is uselessly

small. Several approaches have been applied to tackle this problem. The one we are using is Gray’s

(1996) collapsing method. Under the full regime path-dependent specification, the conditional variance

of return rt is defined as ht,s̃t = vart−1(rt|s̃t) which follows a GARCH(1,1) process (the following
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specification can be generalized to GARCH(P,Q) straightforwardly),

ht,s̃t = c+ bst−1 ht−1,s̃t−1 + ast−1 xt−1, (3.3)

where c is the intercept independent of regime, bst−1 is the smoothing parameter, which represents how

smooth the variance process is, and ast−1 is the innovation parameter which represents the responsive-

ness of volatility dynamic to shocks. The subscript s̃t means the variable is conditional on all the regime

along the historical path. Since hs̃t−1,t−1 depends on the whole regime path, this model becomes in-

tractable due to the number of paths grows at an exponential rate. Therefore, we specify a different

dynamic for the conditional variance that does not have this path dependence. As a result, we switch

subscript s̃t to st to indicate the variable is solely conditional on current regime. Therefore, the return rt

is assumed to follow

rt = h
1/2
t,stzt, (3.4)

zt
i.i.d∼ (0, 1),

where ht,st follows a MRS-GARCH(1,1) process:

ht,st = c+ bst−1 Et−1[ht−1,st−1 |st] + ast−1 xt−1. (3.5)

The expected value is calculated as:

Et−1[ht−1,st−1 |st] =
2∑

st−1=1

pt−1(st−1|st)ht−1,st−1 (3.6)

where the probability is calculated as

pt−1(st−1|st) =
pt−1(st−1, st)

pt−1(st)
. (3.7)
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The term in the nominator is a product of the transition probabilities and filtered probabilities, and the

denominator is the ex-ante probability. We have calculated the filtered probability and ex-ante probabil-

ity recursively in Chapter 2, and the transition probability can be calculated by the logistic function in

our model, i.e. equation (3.2).

3.3 Estimation and Inference

3.3.1 Estimation for GARCH Equation

In this section we discuss the asymptotic properties of the quasi-maximum likelihood estimator within

the MRS-GARCH(1,1) model given by (3.4) and (3.5). The estimation is similar to that in Chapter 2

for the Markov regime-switching model with constant transition probabilities. In addition, we include

the parameters ωi, αi, and βi (i = 1, 2) in modeling the time-varying transition probabilities beside

the regime-dependent GARCH parameters. We follow the recursive estimation process introduced in

Chapter 2. The Realized MRS-GARCH model defined by (3.5) and (3.2) is parameterized with a finite-

dimensional (δ×1) parameter vector θ ∈ Θ ⊂ Rδ. Therefore, we write parameters as θ = (θ′d, θ
′
s)
′ with

dynamic parameters θd = [c, b1, b2, a1, a2, ω1, β1, α1, ω2, β2, α2] denote the coefficients in GARCH

model and logistic regression for transition probabilities. The static parameters θs = (h̄, x̄)′ denote the

unconditional expectation of the variance and the realized kernel, which can be estimated by sample

averages. Specifically, the static parameters are estimated by a moment estimator:

ˆ̄h = T−1
T∑
t=1

r2
t , ˆ̄x = T−1

T∑
t=1

xt. (3.8)

These moment estimators are used in the variance targeting introduced later in section 3.3.3. Letting

Lt(θ) be the likelihood of observation t and lT (θ) be the joint log-likelihood function, gives

lst,T (θd; θ̂s) =
T∑
t=1

logLt(θd; θ̂s|st) =

T∑
t=1

[
constant− 1

2
(log h2

t,st +
r2
t

ht,st
)

]
(3.9)
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According to (3.4), the distribution of rt is not assumed normal. Equation (3.9) is the quasi-likelihood

function and the estimation is performed by QML, which provides consistent estimates regardless of

the true distribution of zt (see Bollerslev and Wooldridge, 1992). We assume the initial value of ht,st

in first period is known and nonnegative. For our path-independent model, we maximize the sum of

log-likelihood function with expectation in each period with respect to the distribution of the regime.

Let

lT (θd; θ̂s) =

T∑
t=1

logE(Lt(θd; θ̂s|st)) =

T∑
t=1

log

N∑
st=1

Lt(θd; θ̂s|st)pt−1(st) (3.10)

where the ex-ante probability pt−1(st) is defined as

pt−1(st) =

2∑
st−2=1

pt−1(st−1) · pt−1(st|st−1) (3.11)

where the latter term is the transition probability defined in (3.2). The QML estimator is θ̂d, where

θ̂d = argmaxθd∈ΘlT (θd; θ̂s). The asymptotic theory for QML estimation of the GARCH model is

discussed by Comte and Lieberman (2003) and Hafner and Preminger (2009). For the closely related

variance-targeting GARCH model, Pedersen and Rahbek (2014) prove its consistency and asymptotic

normality.

Since we use two-step QML estimation, if the usual assumptions for the validity of QML estimator

are satisfied, the estimates are consistent and their asymptotic distribution is:

√
T


θ̂s
θ̂d

−
θs
θd


→ N(0, V )

with

V =

[
G−1
θs
−G−1

θs
GθdM

−1

0 M−1

]
E

[
∂lT
∂θ

∂lT
∂θ′

] [
G−1
θs
−G−1

θs
GθdM

−1

0 M−1

]
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where

Gθs = E

[
∂g(θs, θd)

∂θ′s

]
;Gθd = E

[
∂g(θs, θd)

∂θ′d

]
;M = E

[
∂m(θd)

∂θ′d

]
g(θs, θd) =

[
∂lT (θs, θd)

∂θs

]
;m(θd) =

[
∂lT (θs, θd)

∂θd

]

The proof is in Newey and McFadden (1994).

3.3.2 Measurement Equation in Forecasting

As in the previous chapters, we use a logarithm form for the measurement equation to update the realized

kernel xt when doing multi-step ahead forecasting. The univariate measurement equation is defined as:

log xt = d+ γ log(ht) + ut (3.12)

ut
i.i.d∼ N (0, σu)

where

ht = Et−1(ht,st) =
N∑
st=1

pt−1(st)ht,st (3.13)

where ht,st are computed in the MRS-GARCH equation and the forecasting step runs in a recursive

manner.

3.3.3 Variance Targeting

We use variance targeting to estimate the static coefficients in the MRS-GARCH equation as described

in the previous chapters. Variance targeting allows for two-step estimation with a first step consisting in

estimating parameters representing unconditional moments with empirical moments and a second step

of QML estimation which requires less computing resources. Two-step estimation is useful as it reduces

the number of parameters needed to estimate in the second step. Following the notations in (3.8) the
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variance targeting is demonstrated in the following equation:

ht,st = (h̄− bst h̄− ast x̄) + bst Et−1(ht−1,st−1 |st) + ast xt−1 (3.14)

assuming (h̄− bst h̄− ast x̄) is nonnegative.

3.4 Empirical Illustration

So far, we have generalized FTP model to TVTP and TVTP-N models to obtain more flexibility in

modeling volatility dynamics. In this section we estimate all the models and examine whether this

generalization pays off empirically in terms of improving model fitting and volatility forecasts.

3.4.1 Data Description

The model is applied to the high-frequency price records for stock with sticker name IBM, one of the

most liquid stocks from the technology sector. The sampling period is from January 3rd, 2006, to April

30th, 2012, and the source of data is the TAQ database. We compute daily returns and the noise-robust

realized kernel xt from EST 9:30-16:00, which are the weekday hours of the stock market. To eliminate

the overnight effect, the prices recorded during the 15 minutes at the beginning and end of opening hours

are excluded.

3.4.2 Estimation Result

This subsection presents the estimation results for three models: the FTP model, the TVTP model and

the TVTP-N model. Table 3.2 presents the QML estimation results. As expected, the TVTP model

provides a better fit than the FTP model. The gain in the log-likelihood value is 6.

From the estimates of FTP, it is obvious that the process is split into two distinct regimes. In the

first regime, b1 is much larger than a1; in the other regime, b2 is smaller than a2. The parameters a1

and b2 show are not statistically significant at the usual significance levels. We call regime 1 the smooth

regime, while regime 2 is the responsive regime. The transition probability estimates (0.843, 0.874) in
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the FTP model are fairly large which shows that the regime does not switch frequently.
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Figure 3.1: The filtered probabilities of FTP (upper panel) and TVTP (lower panel) in the responsive regime (regime 2).
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In the TVTP model, we obtain a similar classification of regime with respect to the estimate of

dynamic parameters b and a. However, the parameters in the responsive regime (b2 and a2) are not as

extreme as the counterpart in the FTP model, and they are both significant at the 1% significance level.

We compare the filtered probability of staying in the responsive regime (regime 2) in Figure 3.1. From

the graph, we can tell that the occurring of transition of regime in FTP model is more evenly distributed

than the one in the TVTP model. For the TVTP model, during the financial crisis in 08-09, the transition

between regimes of volatility process is much more frequent than other periods due to the time varying

transition probabilities affected by the surging volatility.

The estimates of the parameters in the logistic regression (ωi, βi, αi) for the TVTP and TVTP-N

model reveal how the volatility affects Markov transition probabilities. Both slopes β1 and β2 are neg-

ative, which indicates that the larger volatility leads to larger probability regime switching regardless

of the regime as illustrated in Figure 3.1. Furthermore, α1 and α2 in the TVTP-N model are both neg-

ative, which indicates that negative returns make the regimes even less persistent. The difference of

log-likelihood between FTP and TVTP is 5.7. The value for the LR test is defined as twice the differ-

ence LRT = 2∗(LTV TP −LF ) = 11.4, and the p-value is 0.002 based on a chi-square distribution with

2 degree of freedom. Therefore, the null hypothesis is rejected at the 1% significance level. However,

there is no significant difference (p = 0.511) of log-likelihood between TVTP and TVTP-N model to

conclude that negative return effect play any important rule in modeling transition probabilities. Since

the TVTP-N model has no improvement in likelihood compared with the TVTP model and the estimates

of α1 is not significant, we decide to keep the analysis of TVTP-N as only an illustration and will not

consider it in the forecast evaluation below.

The measurement equation (3.12) is a static time series model. To see how the model fits, we want

to check if there is any autocorrelation of the residuals of the OLS estimation. The Lagrange multiplier

(LM) test for autocorrelation developed by Breusch (1978) and Godfrey (1978) is a standard tool in

applied econometrics due to its simplicity and flexibility. The test is performed through an auxiliary
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Table 3.2: Estimation of GARCH Coefficient

Parameters in
GARCH model

FTP TVTP TVTP-N

b1 0.990*(0.345) 0.943*(0.08) 0.952*(0.028)
a1 0.010(0.017) 0.010(0.057) 0.010(0.04)
b2 0.010(0.041) 0.376*(0.112) 0.378*(0.114)
a2 0.980*(0.189) 0.621*(0.109) 0.619*(0.111)
ω1 0.841*(0.071) 8.101*(1.97) 9.887*(6.876)
β1 0.73*(0.069) -2.787*(0.721) -3.208*(1.896)
α1 - - -0.828(1.813)
ω2 - 7.373*(2.224) 8.151*(4.75)
β2 - -1.647*(0.785) -1.663*(1.158)
α2 - - -0.444(0.586)

Log-likelihood -2933.1 -2928.4 -2927.7

Parameter estimates of three different GARCH models: FTP (fixed transition proba-
bilities); TVTP (time varying probabilities driven by realized kernel); TVTP-N (time
varying probabilities driven by realized kernel with a leverage effect). Values in paren-
theses are the standard errors.
∗-estimates are statistically significant at the 5% level.

regression of the residuals ût on their l lags ût−l and original regressors:

ût = ρ+ ρ0 log(ht) + ρ1ût−1 + ...+ ρlût−l + et, (3.15)

where ρ is the intercept and the error term et is a zero mean normal process. Then the significance

of all regressors is tested. We can drop the original independent variable log(ht) if we have orthog-

onal assumption in (3.12), which is valid according to the our empirical result. The test statistic is

computed as TR2, where T is the sample size, and R2 is the usual r-square of auxiliary regression

(3.15). This statistic has an asymptotic χ2
l distribution under the null of no serial correlation when l

lagged residuals are used. This is usually called the Breusch-Godfrey test for AR(l) serial correlation.

There is strong evidence of AR(2) in the error ut for the FTP model. The significant estimates, stan-

dard errors, between parameters, in (3.15) are ρ1 = 0.052(0.025), ρ2 = 0.078(0.025) with sample

size T − 2 = 1590 and R2 = 0.01. As a result the LM statistic for testing (3.15) is 14.6 which re-
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ject the null at 1% significance level. For the TVTP model, there is only one significant estimate in

(3.15), ρ1 = 0.186(0.025) with sample size 1591 and R2 = 0.03. The LM statistic for testing is 52.9

which reject the null at 1% significance level. We use the Cochrane-Orcutt (CO) estimation developed

by Cochrane and Orcutt (1949) to correct the autocorrelation with the quasi-differenced data. For the

FTP model the modeled data are differenced as log x∗t = log xt − 0.052 log xt−1 − 0.078 log xt−2 and

log h∗t = loght − 0.052 log ht−1 − 0.078 log ht−2 ; for the TVTP model, the data are differenced as

log x∗t = log xt − 0.186 log xt−1 and logh∗t = loght − 0.186loght−1. After the correction, we re-run

the LM test using log x∗t and log h∗t only find that there is no significant evidence to reject the null of

no autocorrelation in ut up to lag 10. Table 3.3 presents the estimates of the measurement equation cor-

rected for serial correlations. The estimates of γ in (3.12) for both FTP and TVTP model are significant

and close to 1 (not rejecting equality of 1 with t test at 1% significance level) indicating that the realized

kernel is a good measure of the conditional variance.

Table 3.3: Estimation of coefficient measurement
equation

Parameters in
GARCH model

FTP TVTP

d -0.104(0.017) -0.06(0.019)
γ 0.987(0.012) 0.971(0.013)
σ2
u 0.215 0.226

Estimates of the coefficients in the measurement equation
for the FTP and TVTP models. The values in parentheses
are the standard error. All the parameters are statistically
significant at the 1% level.

In multi-step ahead forecasting, the measurement equation is used to project the realized kernel. We

utilize the detected serial correlation of error ut in (3.12) in computing the forecasts. Specifically, for

the FTP model when predict the conditional variance ht+2, we want to compute

Et(log xt+1) = d+ γ Et(log(ht+1)) + Et(ut+1) (3.16)
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where

Et(ut+1) = d+ ρ̂1ût + ρ̂2ût−1. (3.17)

We can recursively update the error term Et(ut+s) for s+1-step ahead forecasting. To predict E(xt+s),

we use the property of log-normal distribution.

Et(xt+s) = exp(Et(log xt+s) + σ̂2
u/2)

For the TVTP model, we follow the same procedure except adapting the (3.17) to a AR(1) structure.

The coefficients for (3.17) are re-estimated at the same time with other parameters in the whole model

when forecasting.

3.5 Model Predictive Ability Evaluation

In this section, our goal is to evaluate the out-of-sample performance of the two competing models.

Similarly to Chapter 2, we consider the t statistic developed by Diebold and Mariano (1995) and the

F statistic proposed by McCracken (2007) for the equal predictive ability test. Let the loss function

Lt,s(h
0
t+s, h

i
t+s|t) denote the loss at time t resulting from the s-step forecast using model i, where h0

t+s

denotes the true (latent) variance and hit+s|t is model i’s s-step forecast conditional on the information

set at time t. Since the latent variance h0
t+s is unobservable, we will use the realized kernel as the proxy

such that ĥ0
t+s = xt+s. The mean squared error (MSE) type loss function is used in our analysis:

Lt,s(ĥ
0
t+s, h

i
t+s|t) = (ĥ0

t+s − (hit+s))
2 (3.18)

The total sample size T = Tin+Tout is divided into in-sample and out-of-sample portion. The in-sample

observations span from 1 to Tin. The out-of-sample observations span from Tin+1 through T−s, so the

out-of-sample size is Tout − s. In our case, the estimation window (in-sample) part runs from January

4th, 2006, to April 29th, 2011, with Tin = 1340, and the out-of-sample spans from May 2, 2011, to

89



April 7, 2012 with Tout = 230.

Given the loss function, we could calculate the loss difference as:

Dt,s = Lt,s(ĥ
0
t+s, h

FTP
t+s|t)− Lt,s(ĥ

0
t+s, h

TV TP
t+s|t ) (3.19)

t = Tin, Tin + 1, ..., T − s

We construct the following test hypothesis:

H0 : E[Dt,s] = 0

vs H1 : E[Dt,s] > 0

(3.20)

The null implies the informative variables included in the transition probabilities are not providing

more forecasting ability. The alternative, positive value of E[Dt,s], means the TVTP model has better

predictive ability. As a result, the test is one-sided to the right. The out-of-sample t-type test:

Tloss = (Tout − s+ 1)1/2Ŝ
−1/2
d D̄s (3.21)

with mean loss differential

D̄s =
1

(Tout − s+ 1)

T−s+1∑
t=Tin

Dt,s (3.22)

where Ŝd, has been defined in Chapter 1, denotes a consistent estimate of the asymptotic variance of the

mean loss differential D̄s. The out-of-sample F-type statistic of equal predictive power is as follows:

Floss = (Tout − s+ 1)
L̄FTP − L̄TV TP

L̄TV TP
= (Tout − s+ 1)

D̄s

L̄TV TP
(3.23)
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where

L̄FTP =
1

(Tout − s+ 1)

T−s+1∑
t=Tin

Lt,s(ĥ
0
t+s, h

FTP
t+s|t)

L̄TV TP =
1

(Tout − s+ 1)

T−s+1∑
t=Tin

Lt,s(ĥ
0
t+s, h

TV TP
t+s|t )

Clark and McCracken (2001) and McCracken (2007) show that, for one-step-ahead forecasts from well-

specified nested models, both the t-statistic and the F-statistics converge in the distribution to the func-

tions of stochastic integrals of quadratics of Brownian motion, with limiting distributions that depend

on the sample split parameter π = Tout/Tin and the number of exclusion restrictions k, but not on

any unknown nuisance parameters. Clark and McCracken (2005) claims that F-type test is often more

powerful than the t-type counterparts test in such nested scenario. They also suggest using the F-test

instead of the t-test since the latter is often conservative. The asymptotic null distributions of the F-test

are nonstandard. Each can be written as functions of the stochastic integrals of Brownian motion. We

use the critical value simulated by McCracken (2007) with the Monte Carlo method. In our test, The

critical values of t-test for π = 0.2, k = 4 are 1.731 for 1% significance level, 1.101 for 5% significance

level and 0.742 for 10% significance level; The critical values of F-test for π = 0.2, k = 4 are 3.44 for

1% significance level, 1.964 for 5% significance level and 1.225 for 10% significance level.

We estimate the model using an expanding window starting from 1342 observations and then use

the parameter estimates to obtain forecasts of ht at horizons s = 1, 2, 3, ..., 22 days. To save the compu-

tation time, the parameters are updated recursively every 5 days instead of every day, so the expanding

window grows by 5. The size of the out-of-sample is 230, in each day we predict the conditional vari-

ance for the step for 1 to 22 step ahead. We report both F-statistic and t-statistic to test the equality

of predictive ability in Table 3.4. The result of the F-test shows that the difference of the value of loss

function is statistically significantly positive at the 5% significance level at horizons s = 3, 7, 11 and

statistically significantly positive at the 1% significance level at horizon s = 1, 2, 8, 9, 10; statistically
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significantly negative at the 10% at horizon s = 13, statistically significantly negative at the 5% signif-

icance level at horizons s = 14, ..., 19, 21 and statistically significantly negative at the 1% significance

level at horizons s = 20, 22. The result of the t-test shows that the difference of the value of loss function

is statistically significantly positive at the 10% significance level at horizons s = 2, 7 and statistically

significantly positive at the 5% significance level at horizons s = 1, 8, 9, 10; statistically significantly

negative at the 10% at other horizons s = 7, 14, 15, 16, statistically significantly negative at the 5% hori-

zons s = 18, 19, 21 and statistically significantly negative at the 1% horizons s = 20, 22. In summary,

the result of both test show that these two models can’t beat the other uniformly. In near future the TVTP

model statistically significantly outperforms the FTP model in terms of volatility forecasting. The FTP

model becomes better in forecasting performance as the prediction horizon grows. The possible reason

is that the predicted realized kernel included in the logistic function for the transition probabilities has a

predictive error. Such error brought into the transition matrix grows along with the forecast horizons.

3.6 Conclusion

The final chapter introduces the univariate realized Markov regime-switching model featuring time-

varying transition probabilities. This model has more flexibility regarding volatility persistence than

does the Markov regime-switching model in Chapter 2; that is, the Markov transition probability reflects

market information through a logistic regression model. The realized measure of volatility is added as an

independent variable in the logistic model. Its specification combines the attractive features of Hansen,

Huang, and Shek’s (2012) realized GARCH, Klaassen’s (2002) Markov regime-switching GARCH and

Diebold, Lee, and Weinbach’s (1994) Markov regime-switching model, such as recursiveness of the

likelihood function, resolution of the path dependence problem, and a more accurate realized measure

of volatility. Our model is easy to use for estimation and multi-period-ahead forecasting for financial

market volatility.

In the empirical part of the paper we examine the model using about seven years of daily data on

one of the most liquid U.S. stock (IBM). A comparison of two Markov regime-switching models with

constant and time-varying transition probabilities shows that the TVTP model has better in-sample per-
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Table 3.4: Statistical Test of Predictive Ability

Prediction steps F statistics t statistics

1 9.5530*** 1.7249**
2 6.0054*** 1.0130*
3 2.1648** 0.4587
4 0.3178 0.0817
5 -0.5712 -0.1586
6 0.1134 0.0341
7 2.3535** 0.7517*
8 4.8890*** 1.4623**
9 4.8438*** 1.4328**
10 4.8826*** 1.2505**
11 1.7261** 0.5287
12 -0.0144 -0.0049
13 -1.3843* -0.4867
14 -2.3857** -0.8998*
15 -2.2866** -0.9386*
16 -2.2708** -0.8839*
17 -1.4457** -0.5281
18 -2.6572** -1.0931**
19 -2.9010** -1.4237**
20 -3.6368*** -1.7587***
21 -3.1044** -1.3073**
22 -3.7268*** -1.5665**

Test of predictive ability: Loss(FTP)-Loss(TVTP). A positive
value means the model using TVTP has better predictive abil-
ity.* means statistically significant at 10%, ** means statistically
significant at 5%, *** means significant at 1%.
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formance and better out-of-sample performance in the near future than the FTP model. The realized

measure of volatility seems to provide useful information for updating the Markov transition probabili-

ties.

One drawback of our empirical application is that we cannot obtain stronger evidence that the time-

varying transition probability offer a better forecasting result uniformly across forecasting horizons.

However, this might due to the incomplete list of informative variables in the logistic regression. A

possible future work is identifying and including more economic indicators in modeling the Markov

transition probability to enable the regime transition process to reflect the ongoing economic regime.
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Appendix A

Graphs of Realized Measure of Stocks
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Figure A.1: The open-to-close log daily return of AXP,BAC,DD,GE,IBM.
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Figure A.2: The open-to-close log daily return of INTC,JPM,KO,MSFT,XOM.
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Figure A.3: The annualized realized volatility of AXP,BAC,DD,GE,IBM.
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Figure A.4: The annualized realized volatility of INTC,JPM,KO,MSFT,XOM.
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