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SUMMARY

The objective of this paper is to present the results for stress-intensity factors (SIF),
directly computed through a three-dimensional, embedded singularity, hybrid-displace-
ment finite element procedure, for semi-elliptical cracks, of various geometries, located at
the outer or inner surfaces of pressurized or thermally shocked thick walled cylinders.

The only available estimates for SIF in the present class of problems are due to Ko-
bayashi et al. (paper G4/3, 3rd SMiRT) based on the conjecture that the SIF for surface
flaws in cylinders can be estimated from SIF’s for surface flaws of similar geometry in
flat plates and the “curvature-correction factors” obtained from simple two-dimensional
analogs. This estimation procedure has been argued, in subsequent literature, to be ques-
tionable for deep surface flaws in thick-walled pressure vessels. This motivated the present
computations, which involve no restrictive assumptions.

In the present paper, an embedded singularity, fully three-dimensional hybrid-displace-
ment finite element model, as applied to linear fracture analysis, the theoretical develop-
ment of which is given in Atluri et al. (paper L 7/3, 3rd SMiRT), is employed to directly
compute SIF’s in the above class of problems. The developed hybrid-displacement model
is based on a modified variational principle of total potential energy with three 1ndepen-

fie (a) an’ arbitrary displacement field u in the in-
em e of elements near the crack front, the asymp-
Vr is embedded; (b) an inherently comDa‘uble in-

terelement-boundary displacement field; v; and (c) a boundary traction field (Lagrange
Multiplier) which is used to enforce the boundary displacement compatibility condition,
u=v at the interelement boundary. In the case of elements near the crack front, the
asymptotically correct 1/vr type analytical solution is embedded in the boundary traction
field. The developed procedure has been checked for its convergence properties by solving
problems such as embedded penny shaped, or elliptical cracks in infinite domains, for
which analytical solutions are available. Through this study, an optimum size of the ele-
ments near the crack front, as compared to the “‘characteristic length” of the crack, is also
derived. The procedure was then applied to study the present class of problems.

While the present results for SIF were found to agree reasonably with the estimates
of Kobayashi et al. for the case of semi-circular surface flaws, significant differences were
found in the case of deep, oblong, semi-elliptical flaws at either outer or inner surfaces
of thick walled pressurized cylinders. The possible reasons for these discrepancies will be
discussed in the paper.

Due to length limitation, the paper will contain SIF solutions for pressurized cylinders
of inner to outer diameter ratios of 4:5,2:3 and 1: 2, with pressurized and unpressurized
inner semi-elliptical cracks of aspect ratios (b/a=.1, .2 and .5), at crack depths of b/h=.5
and .8; and with outer semi-elliptical flaws of similar geometries. Results for the above
crack geometries in thermally-shocked cylinders will also be discussed.
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1. Introduction: An important category of problems in thick-walled pressure vessels, espe-
cially those in nuclear reactor structural applications, is the presence of surface flaws,
mostly of semi-elliptical geometries, either inside of the pressure vessel or outside of thae
pressure vessel. Presence of such surface flaws elevates the stresses considerably, Increa-
sing the possibility of failure of the pressure vessel. Thus the fracture analysis of such
thick-walled pressure vessels is of utmost importance In assessing the structural integrity.
Much prior work has not been done to Investigate such problems, though some investigators
have obtained approximate solutions using, for instance, two-dimensional analogs of these
problems., Clifton et al [1] determined the critical stress-intensity factor for internally
pressurized thick-walled vessels. Kobayashi et al [2,3,4] investigated several inmer and
outer semi-circular and semi-elliptical surface crack problems in internally pressurized and
thermally shocked cylinders. Employing a conventional three-dimensional finite element pro-
gram and virtual crack extension method, Blackburn and Hellen [5] obtained the solution for
stress-intensity factors for surface cracks in blocks and cylinders. Recently Ayres [6]
made an elastic three-dimensional analysis of semi-elliptical surface cracks subjected to
thermal shocks and Hellen and Blackburn [7] calculated the stress-intensity factors, both
using two- and three-dimensional conventional finite elements.

It has been well established that the singularity in stresses and strains due to the
presence of flaws or cracks in structural components has to be specially treated in the
analysis and golution procedures. In most of the previous works mentioned, either a conven-
tional finite element solution procedure, which proves to be more expensive and less accu-
rate; or highly approximate solution procedures such as the alternating method [2,3,4],
with "correction' of flat plate solutions by '"curvature correction factors" estimated from
two-dimensional analogs, are used. When the crack 1s oblong and penetrates deeper into the
thickness of the pressure vessel, a mere two-dimensional analog or a simple three-dimensio-
nal conventional finite element method may not be sufficient to assess the actual situation.
In the solution procedures of Kobayashi [2,3,4] and Underwood [8], the effects of back sur-
face on the crack were ignored and this may be very critical in the case of oblong cracks
when the cracks penetrate deeper into the thickness of the pressure vessel wall. The solu-
tions for stress-intensity factors for iInner and outer surface cracks in pressurized ves-
sels are obtained in the present paper through a newly developed, embedded singularity,
three-dimensional hybrid-displacement finite element procedure with no restrictive assump-
tions, and the results are presented here for various aspect ratios of the ellipse, inner
to outer diameter ratios and crack depth to thickness ratios. In the present procedure, the
stress-intensity factors are computed directly instead of computing them indirectly such as

from crack opening displacement method etc.

2. Formulation of the Problem: A brief description of the theoretical formulation of the

three-dimensional, embedded singularity, hybrid-displacement finite element procedure is
given here. The complete details of the mathematical formulation along with the assumed
field functions can be found in references [9,10]. The accuracy, convergence and optimum
size of the special singular element has been studied and well established [10,11].

The variational principle which governs the hybrid-displacement finite element model is

the stationary condition of the modified total potential energy given below.
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where N is the total number of finite elements; Vm is the volume of mth element; avm is the
bounding surface of vm; SU is that portion of avm where surface traction I is prescribed;
E is the elasticity tensor;m E is the body force; u is the arbitrary interior displacement
field (whith would contain the asynptotic variation of displacements for the elements near
the crack front); v is an inherently compatible interelement boundary displacement field;
ZL are Lagrange multipliers (physically the boundary tractions) which are used to enforce
the boundary displacement compatibility condition at the interelement boundary; and g are
the strains derived from the interior displacement field function. The field functions are
assumed as follows (subscript 's' denotes a "singular element", and subscript 'R' denotes a

far field '"regular element'"):
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where gm are arbitrary polynomial functions; EH are asymptotic displacement solution func-
tions; és are interpolates for boundary displacements; gs are arbltrary functions for
boundary tractions; o and § are undetermined parameters; g are the element nodal diaplace-
ments; and KI’ KII and KIII are the three stress-intensity factors. The field functions
can be assumed such that the near field singular elements contain asymptotic solution and
the far field regular elements do not contain asynptotic solution as given by eq. (2).
Substituting the assumptions of eq. (2) in eq. (1), and eliminating the undetermined
parameters ¢ and B in terms of g at the element level, the final system of algebralc matrix

equations can be written as follows, the detailed derivation of which can be found in [10].

*

T
K1 K2 3 9
3
&2 §3 E gg

e

where q are the structure's nodal displacements; and K are the stress-intensity factors for
~ ~
the three modes of crack extension at nodes along the crack front. As seen from eq. (3),

the stress-intensity factors are directly solved for.

3.1 Results and Digcussiong: Fig. 1 gives the geometry of the internally pressurized thick-

walled cylinder with semi-elliptical inner and outer surface cracks. The Poisson's ratio

of the material is assumed to be 0.3. The length of the cylinder is assumed to be such
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that L/2a (and L/Ro) > 3 for the finite element solution. Stress G0 corresponding to
the plane strain condition (Uzz =-y (GRR 4+ o)) (where R and ¢ are the polar coordinates
in the cross section of the cylinder) were imposed on the faces of the cylinder to account
for the end condltion of the problem. When the crack 1s at the inner surface of the prea-
sure vessel, unpressurized as well as pressurized cracks are considered. The finite ele-
ment breakdowns of the cylinder with inner and outer cracks are given in Fig. 2. Only one
fourth of the cylinder needs to be modeled because of symmetry. The breakdown has 156

elements and 2670 total number of degrees of freedom.

3.2 Oblong Inner Semi-Elliptical Flaw: The solution for the stress-intensity factors for an

oblong inner semi-elliptical flaw in a pressurized cylinder with geometric parameters b/a =

0.2, b/(Ro - Ri)= 0.8, Ro/Ri = 1.5 with crack surface pressure is givgn in Fig. 3. The
- 2RoPi . The result of
o 2 2
Ry 'Ri

the same problem estimated by Kobayashi [4] is also given in Fig. 1 and it can be seen that

value of % used in the normalization procedure 1s given by 5

they are significantly different, though the two solutions agree well near the deepest pene-
tration. In order to re-check the present result, the problem of pressurized inner semi-
elliptical crack in a pressurized cylinder was solved again by removing the stresses %y

- v (GRR+ c¢¢) which was espplied to simulate the plane strain condition, and enforcing the
plane strain condition through supressing the displacements at corresponding faces. The
result obtained for this case is also given in Fig. 3 by dotted lines and 1s very close to
the result obtained by enforcing the plane strain condition through the stresses O,y =7V
(cRR+ o ). The estimated value of stress-intensity magnification factor at the free sur-
face (9 = o°) is 2.26, which is about 1.7 times higher than that of Kobayashi [4] estima-
tion, and at the deepest-penetration (8 = 90°) is 1.19 with a dip at § = 45°. The solution
for stress intensity factors for the same problem with no crack surface pressure is given
in Fig. 4, wherein the value of 9, used in the normalization procedure is given by g, = Pi
[(Ro/Ri)z + 17 / [(Ro/Ri)Z - 1]. The results are lower at all 8-locations as compared with
the same problem with crack surface pressure and no comparative solution is given by Kobay-
ashi [4].

3.3 Quter Semi-Elliptical Flaw: The results of the variation of KI for an unpressurized ou-

ter semi-elliptical crack with geometric parameters, (b/a = 0.6; Ro/Ri =1.5; b/(Ro-Ri) =
0.4) 1s shown in Fig. 5. The stress-intensity factor variation is normalized with respect
to the closed form solution of an embedded elliptical flaw, the faces of which are acted on
by a uniform pressure, Oy equal to t;e hoog s;ress at the outer face of the cylinder due
to internal pressure P, v, , 0 = 2R1Pi/(Ro-Ri)'

The results estimated by Kobayashi [4] for an identical problem and by Blackburn and
Hellen [5] for slightly different geometry (Ro/Ri = 1.461, whereas in the present case
Ro/Ri = 1.5) are also given in Fig. 5. Again, as in the case of inner surface cracks, the
computed stress-intensity magnification factor is maximum at the front surface (9 = oo) and
the magnification factor decreases continuously with increasing elliptical angle 6. The
actual stress-intensity factor at & = 0° is only about 1.5 percent lower than the stress-
intensity factor at © = 90°. As it can be seen from Fig. 5, the comparison of the present
directly computed result with that of Kobayashi [4] and Blackburn's [5] solution, the pre-

sent result agrees reasonably well with Blackburn's solution throughout except for first 10
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degrees of the elliptical angle. However, Kobayashi's solution seems to differ signifi-
cantly from the other two solutions. The 13 percent difference in stress-intensity magnifi-
cation factor between present and Blackburn's solution at the free surface (8 = o°) could
be attributed to the indirect solution procedure, le, through the virtual crack extension
method, and slight difference in the geometry of the problem in [5]. Thus, it appears that
the method of estimation of stress-intensity factor in [4], through the solution for surface

flaws in the flat plates modified by curvature correction factor is questionmable,

3.4 Quter Semi-Circular Flaws: The results of the varlation of stress-intensity factors for

unpressurized semi-circular crack with geometric parameters, (b/a =1, Ro/Ri =1.5) and two
depth to thickness ratios 0.6 and 0.8 are given in Fig. 6 and Fig, 7 respectively. The va-
lue of 9, used in the normalization procedure is also given by Oy = ZRiPi/(R:-Ri). The qua-
litative features of these two problems are also similar to the inner as well as outer
semi-elliptical crack problems discussed before. With all the geometric parameters, except
the ratio of crack depth to the thickness of the thick-walled cylinder, kept constant, one
can observe the effect of increased stress-intensity megnification factor at all §-locations
for a deeper crack from Fige. 6 and 7. The comparative estimates of Kobayashi [4] are also

shown in Fige. 6 and 7 and again were found to differ: significantly for these problems.

4. Conclusiong: The solutions by the present procedure are found to be in reasonable agree-
ment with those obtained through conventional finite element method, such as those of Black-
burn and Hellen [5]. The procedure used by Kobayashi et al [4], namely the alternating me-
thod for flat plates with "curvature corrections' to account for cylindrical geometry, gave
excellent correlation with the solutions obtained by the present hybrid-displacement model
in the case of pressurized and unpressurized seml-circular inner surface flaws in a pressu-
rized cylinder [12]. But in the present case of oblong semi-elliptical flaws and cracks
penetrating deeper into the thickness, the alternating method used by Kobayashi [4] fails to
yield results comparable to the present. The procedure in [4] may not be valid for cases of
crack depths in which the effects of back surface had to be considered. Again in the alter-
nating solution procedure of [4] the hoop stress variation along the thickness direction of
the thick-walled cylinder was approximated by polynomials, and since the solution of embed-
ded elliptical crack in an infinite solid (needed in the alternating method) 1s available
for only a limited class of polynomial crack pressure distributions, the above polynomial
fitting of actual stresses may not be accurate enough. Moreover in the case of oblong and
deeper semi-elliptical surface cracks, & simple two-dimensional analog employing various
curvature correction factore may not be an adequate modeling of a complex three-dimensional
problem and may be questionable.

Results for other crack aspect ratios, and cylinder ratioe are not included in the pre-

gent paper due to conference imposed page limitations.
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