
ABSTRACT

LUNDEEN, ANDREW. Solvable Model Analysis of Coherent Scalar (0++) or Pseudoscalar (0−+)
Meson Electroproduction Off Scalar Hadrons. (Under the direction of Chueng-Ryong Ji.)

Hadronic physics dynamics are not yet fully calculable from fundamental principles. While

experiments have illuminated some structure, the non-perturbative regime of the strong force and

the distribution of partons remain active research areas. Quantum Chromodynamics (QCD), the

theory of the strong force, is non-Abelian with non-linear gluon interactions, and the color charge

coupling αs is not perturbative at low energy, necessitating non-perturbative analyses. Baryons and

mesons are “dressed” by interactions with “sea” quarks and gluons, possibly key to understanding

the proton mass gap. Due to confinement, color-charged partons cannot evolve to free asymptotic

states, making all experimental measurements indirect. In the strong coupling regime, we also lack

a particle interpretation.

To extract information about hadronic structure, we construct theoretical toolkits to apply to

data from indirect experimental measurements. This includes Parton Distribution Functions (PDFs),

Generalized Parton Distribution Functions (GPDs), Transverse Momentum Distributions (TMDs),

perturbative QCD (pQCD), and Compton Form Factor (CFF) hadronic tensor decomposition, as

well as Lattice QCD. PDFs map momentum distributions of partons within hadrons using Bjorken

scaling in Deep Inelastic Scattering (DIS). At scales around 5 GeV2, the parton is approximately

free, but its momentum distribution indicates interaction with other fields in the hadron.

GPDs deconstruct dynamics in reactions like Deeply Virtual Compton Scattering (DVCS) or

Deeply Virtual Meson Production (DVMP) for a multidimensional femtography of the hadron.

Factorization into a “hard” perturbative part and a “soft” non-perturbative part is key, with GPDs

encoding soft-scale dynamics. This unlocks information about partonic contributions to GPDs.

Using the operator product expansion (OPE) in the hard part, GPDs are powerful for understanding

distributions of struck partons in the forward limit.

Factorization has a domain of validity. GPDs are meaningful in the forward limit, where the

gauge boson interacts with a single struck parton at high energy, and momentum transfer is

small (−t/Q2≪ 1). If momentum transfer is similar to probing energy, the struck parton returns

momentum to the rest of the hadron on timescales similar to the probe interaction, violating the

parton model. Factorization’s validity is not clear in this case. GPDs cannot give a complete picture

due to these restrictions. While higher-twist GPDs reveal more physics, understanding is limited to

near forward limit dynamics.

GPDs are not gauge invariant for the entire physical domain and cannot describe all transition

amplitudes. They exclude subsets of intermediate states. The “cat’s ears” diagrams are effectively

set to zero.

This work uses CFFs in the gauge invariant decomposition of the hadronic tensor to explore

general properties. CFFs are coefficients of gauge invariant quantities and functions of Lorentz



scalars, carrying unambiguous information about hadron response to interactions. CFFs measured

in one process predict outcomes in others.

CFFs are not calculable from fundamental principles; they are “black boxes” for hadron

femtography. Measuring CFFs in the forward limit allows comparison with GPDs to identify parton

contributions. CFFs and GPDs are complementary snapshots of the hadron.

An exactly solvable model Lagrangian for coherent meson electroproduction helps construct

CFF contributions and build a phenomenological femtography. Time-ordered next-to-leading order

(NLO) diagrams under light front quantization (LFQ) allow comparison of CFFs to GPDs.

We focus on coherent scalar or pseudoscalar meson electroproduction off a scalar target. Spin

degrees of freedom are suppressed, simplifying calculations. In DVCS, the produced photon can

come from the lepton beam (Bethe-Heitler (BH) process), obscuring hadronic contributions. This is

absent in VMP. The lack of spin reduces CFFs, simplifying analysis. We predict a vanishing Beam

Spin Asymmetry (BSA) in coherent electroproduction of a pseudoscalar meson off a scalar target,

as the hadronic current is a function of a single CFF, and the tensor is symmetric.

For scalar meson production, BSA is proportional to the imaginary part of CFF products. Tree

diagrams are real; a first loop order calculation is needed for imaginary CFF contributions.

Numerically evaluating an exactly solvable Lagrangian in coherent exclusive meson production

via CFFs is a step towards understanding hadronic structure. We perform novel calculations to

NLO. We construct benchmark BSA calculations in a 3+1D model. Non-vanishing BSA in scalar

meson production requires NLO CFF contributions. The computation is complex due to four

propagators and 3+1D loop momentum integration. We discuss results and significance, especially

compared to leading-twist GPDs.

We use ℏ = c = 1. Four-momentum vectors are in italic font, three-momentum in bold font.

Calculations use light front quantization at x+ = (x0 + x3). Momenta are pµ =
{
p+,p1,p2,p−

}
. The

light front metric is ĝµν = 1
2 {(0,0,0,1) , (0,−2,0,0) , (0,0,−2,0) , (1,0,0,0)}.
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Preface

Physics is the art of representing our state of knowledge about the world through the universal

language of mathematics. Physicists create postulates which generate a system of fundamental

equations, and the study of the consequences of these principles and their further implications

due to constraints and (approximate) symmetries is the field of theoretical physics. Observing

whether or not the universe behaves consistently under them is the task and joy of the experi-

mental physicist and now also the computational physicist.

One of the best examples of the interplay between theory and experiment is our modern

understanding of Nature’s forces arising from continuous local symmetries in the Standard

Model of particle physics. Noether’s theorem guarantees the existence of a locally (and therefore

also globally) conserved charge for each of the continuous parameters associated with local

symmetries of the Standard Model Lagrangian, and the application of these symmetries to

calculations restricts the physically-permitted set of scattering cross section formulas. When we

identify appropriate terms in the Lagrangian as quantum field operators carrying information

about the dynamical degrees of freedom of the system and the coupling strengths between

them and apply a group-theoretical understanding of the generators of the symmetries of the

Lagrangian, we get a physical understanding of the conserved charge(s) and the properties of

the gauge fields which mediate the interactions. One can say most concisely that a particle is an

irreducible representation of the proper orthochronous Poincare algebra acting on a quantum

state describing its existence (fixing its mass and spin eigenvalues), and that its quantum

numbers (electric charge, color charge, etc.) are due to symmetries of its Lagrangian.

The generators of the continuous symmetry of the Lagrangian transform the field operators

according to the algebra of continuous groups. This action is what constitutes a continuous

“internal” symmetry and generates a quanta of charge, generally proportional to the coefficient

of the generator. For example, the fields in the free Dirac Lagrangian are an irreducible spinor

representation of the Poincare algebra (on a space like Fock space, rotating rays representing

the quantum field state appropriately), and the global symmetry of the Dirac Lagrangian

(invariance of the action S =
∫

dt
∫

d3xL
(
ψ,∂µψ,ψ̄,∂µψ̄

)
under the transformation of the fields

ψi (x) → e−iqαψj (x)δij , q,α ∈ R) imposes that the fields contain an internal U (1) symmetry.

When this symmetry is promoted to a local symmetry, the introduction of the photon field (act-

ing as the so-called gauge field) becomes necessary to maintain the symmetry (otherwise ∂µα (x)
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terms “break” the symmetry). Quantum Electrodynamics (QED) arises from the terms in the

Standard Model that involve these Dirac spinors and their gauge field, the photon. Noether’s

Theorem then ultimately ensures (local) conservation of the electric charge four-current. This

implies the conservation of the total electric charge, dQ/dt = d/dt
∫

d3xj0 = 0, where j0 = ψ̄γ0ψ.

Equipped with perturbation theory and Feynman’s diagrammatic representation of the pertur-

bative expansion on the coupling parameter, physicists then computed the quantum effects

predicted to impact the magnetic dipole moment of electrons according to QED. The agreement

between the physicists’ results and experimental measurements is roughly to one part in ten

trillion [Fan23]. QED is therefore a well-established theory that explains a vast amount of phe-

nomena in our world from the subatomic to the astronomical; QED might even be considered

the most-successful scientific theory of all-time.

Due to this success in QED, one can hope to apply similar principles to understand the

other forces of Nature. In this Preface I would like to briefly summarize these foundations

beneath my thesis. To start, I would like to derive one of the most beautiful theorems in mathe-

matics, Noether’s theorem. After that, I will work towards where we are today with quantum

chromodynamics (QCD), highlighting some key points that motivate this work.

Since we need quantum field theory to understand the behavior of Nature at high energies,

we embark with a discussion of classical field theory first and the significance of Noether’s

Theorem in that context.

Background

While I cannot hope to cover all the relevant background information that forms the basis of

my research here, I want to include what I can in an effort to motivate and elucidate the physi-

cal meaning of the equations forming the bedrock of quantum field theory phenomenology,

numerical calculation, and modeling.

Elements of Classical Field Theory

Consider a classical Lagrangian (density) that is a Lorentz-invariant (scalar) functional of some

fields and their linear spacetime derivatives (for simplicity without loss of generality I will only
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consider a single scalar field φ here):

L = L(φ,∂µφ).

The equations that describe the dynamics for the field follow from the principle of setting the

action to an extremum, and this implies that the field(s) will evolve such that the (infinitesimal)

variation of the action vanishes:

δS =
δS
δφ

δφ+
δS

δ(∂µφ)
δ(∂µφ) = δ

[∫
d4xL(φ,∂µφ)

]
= 0.

Here, δφ ≡ limϵ→0
φ(x+ϵ)+ϵψ(x+ϵ)−φ(x)

ϵ for an arbitrary, continuous field ψ(x) and similarly for

the meaning of δ
(
∂µφ

)
. Expanding the term on the right, we have

δS =
∫

d4x

[
∂L
∂φ

δφ+
∂L

∂(∂µφ)
δ(∂µφ)

]
.

Now the variation of ∂µφ is operationally equivalent to the derivative of the variation of φ,

i.e., ∂µ(δφ) = δ(∂µφ), since our coordinate system is fixed (the metric is Minkowski, i.e., we

will not be considering fields in a dynamic metric). Therefore, using the Leibniz property for

derivatives, we now have∫
d4x

[
∂L
∂φ

δφ−∂µ
(

∂L
∂(∂µφ)

)
δφ+∂µ

(
∂L

∂(∂µφ)
δφ

)]
= 0.

However, the final term can be converted to an integration over the boundary of the spacetime

using the divergence theorem:∫
Σ

d4x∂µ

(
∂L

∂(∂µφ)
δφ

)
=

∮
∂Σ

d3ynµ

(
∂L

∂(∂µφ)

)
δφ,

where y is an event on the hypersurface of the 3+1D volume Σ. Generally ∂Σ is a spacelike

hypersurface spanning the metric at some particular coordinate time. Now, we can choose

deformations of our fields such that the configuration does not change at this boundary, so

this term vanishes under such deformations. (Although this choice seems arbitrary, because

the boundary is at spacelike infinity it is causally disconnected from the dynamics of our field,

as long as Σ is taken over a finite temporal interval. Therefore, the choice of variation is like

choosing a gauge, and the dynamics of physical observables must be independent of this choice,
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including the one we have made.) Factoring out the δφ of the remaining two terms, we see

that the remaining factor must vanish identically everywhere for a general choice of δφ. This

completes a derivation of the Euler-Lagrange equations of motion for the field,

∂L
∂φ
−∂µ

(
∂L

∂(∂µφ)

)
= 0.

There is one such equation for each dynamical independent degree of freedom of the La-

grangian. For example, a complex scalar field φ = φ1 + iφ2 will have two such equations.

Now consider explicitly which kinds of variations leave the equations of motion invariant.

Clearly a shift by an arbitrary constant leaves everything unaffected. (This is a reflection of the

fact that only differences in the potential V (φ(x)) due to field interactions impact the equations

of motion, not the absolute value of V (φ(x)).) But, more generally, we just saw how a divergence

term vanishes, so any general transformation of the Lagrangian of the form

L→L+ δL = L+∂µJ µ

leaves the equations of motion invariant, where J µ is any continuously differentiable vector

field. Now suppose we start with the Lagrangian of a single real scalar field (φ : R4→R) and

assert that an infinitesimal transformation of the field leaves the equation of motion invariant.

Then we have

φ→ φ+ δφ, and

δL = ∂µJ µ =
∂L
∂φ

(δφ) +
(

∂L
∂(∂µφ)

)
∂µ(δφ)

= ∂µ

(
∂L

∂(∂µφ)
δφ

)
+
[
∂L
∂φ
−∂µ

(
∂L

∂(∂µφ)

)]
δφ.

Now, the final terms vanish because of the Euler-Lagrange equation of motion for φ. We

therefore find

∂µj
µ = 0,

where jµ ≡ ∂L
∂(∂µφ)δφ−J

µ. This equation implies

d
dx0Q = 0,

where Q is the total “charge” in all space, Q ≡
∫

d3xj0. Note, however, that we have not just
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this global conservation property, but the local conservation of jµ! In electromagnetism, for

instance, this implies ∂ρ(x)/∂t = −∇⃗j(x), where ρ is the electric charge density and j⃗ is the

electric current. This is Noether’s theorem: for each continuous symmetry of the Lagrangian

there is a locally conserved current. To further see the significance of this result, consider a

Lagrangian that is invariant under infinitesimal shifts in spacetime:

xµ→ xµ − aµ.

If there is a scalar field φ(x) permeating this spacetime, then it transforms under this shift as

φ(x)→ φ(x) + aµ∂µφ(x) +O(a2).

Meanwhile, the Lagrangian must transform as a scalar in the same way,

L→L+ aν∂µ
(
δ
µ
νL

)
+O(a2),

where δ
µ
ν is the Kronecker delta function. Noether’s theorem now guarantees that the quantities

T
µ
ν ≡

∂L
∂(∂µφ)

∂νφ−Lδ
µ
ν

are conserved, i.e., ∂µT
µ
ν = ∂νT

µ
ν = 0. By applying this to the Lagrangian for the free Klein-

Gordon field, one finds that the charge conserved under time translations is just the Hamiltonian

and the current conserved under spatial translations is the physical momentum carried by the

field. In other words, we have at last arrived at the conclusion that energy and momenta are lo-

cally conserved in the absence of outside forces! (Tµν is, in fact, the classical energy-momentum

tensor that appears in Einstein’s equation in general relativity despite the lack of manifest

index-symmetry: Rµν − 1
2Rgµν = 8πGTµν , for the Minkowski metric. A manifestly symmetric

and generalized energy-momentum tensor is derived, for example, in Carroll’s excellent book

Spacetime and Geometry: An Introduction [Car03]).

Now that we have this fresh reminder of the relationship between continuous symmetries of

the Lagrangian and conserved quantities, consider next a Lagrangian invariant under a global

transformation of one of its (scalar) fields:

φ→Uφ,
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where U is a unitary operator that transforms the value of the field globally; this is an “internal”

symmetry of the field, in contrast to a physical transformation like a canonical coordinate

transformation. For example, one can try a global phase shift of the field by some angle θ,

e.g. φ→ e−iθφ everywhere in spacetime by the same amount θ. If the equations of motion

are invariant under such a transformation, then the physical situation is indistinguishable.

However, consider what happens if we promote the global transformation to a local one:

φ→U (x)φ = e−iθ(x)φ ≡ φ′(x)

In other words, we now phase shift the field by a varying amount at each event x. Now, the

Euler-Lagrange equations tell us that the dynamics of this new field are given by

∂µ
∂L
∂µφ′

− ∂L
∂φ′

= 0.

But these equations of motion for φ′ generally do not imply the original Euler-Lagrange

equations for φ any longer. This is because ∂µθ(x) appears in the formulae now:

∂µφ→ ∂µφ− i∂µθ(x)φ

But suppose we insist (as a matter of principle) on the invariance of the Lagrangian under this

local transformation of the field φ. In other words, we seek a new Lagrangian Lθ such that

∂µ
∂Lθ
∂µφ

− ∂Lθ
∂φ

= ∂µ
∂Lθ
∂µφ′

− ∂Lθ
∂φ′

= 0

At this point, we must introduce a new field that couples to φ in just such a way so that a

simultaneous local transformation of both fields leaves the Lagrangian invariant. Explicitly,

we seek a field A(x)→ A(x) + i∂µθ(x) to cancel out the offending term spoiling the original

Euler-Lagrange equations for the field φ. We call the new field a gauge field as it guarantees

gauge invariance at interaction events (in other words, the choice of θ(x) is completely arbitrary

and does not impact observables). As the gauge field couples to the original field, it is manifestly

a term in the potential V (x) of the Lagrangian, and the connection of the gauge field to the

force field that mediates interactions on the original field is manifest! We can therefore hope to

understand forces of nature as arising as a consequence of this gauge principle.

6



Let’s see this explicitly. First, consider the Dirac Lagrangian for free massive spinor fields

LD,free = ψ̄
(
iγµ∂µ −m

)
ψ.

Here γµ is a Dirac matrix that represents the Dirac algebra, i.e., {γµ,γν} = 2gµν1n×n, and ψ̄ ≡
ψ†γ0. We note that the global transformation given above, ψ→ e−iθψ, leaves this Lagrangian

invariant. Now, let’s promote the transformation to a local one and introduce a new field

designed to preserve the local symmetry of the Lagrangian. Since the violating term will be

of the form ∂µθ(x), we will try promoting the derivative to a covariant derivative of the gauge

field, ∂µ→Dµ = ∂µ + iqAν , the factor iq factored from the field for later convenience. If we only

transform the field ψ we would have:

LD = ψ̄
[
iγµ(∂µ + iqAµ)−m

]
ψ→LD + ψ̄iγµ∂µθ(x)ψ.

We now seek the simultaneous local transformation rule for Aµ to preserve the symmetry.

If Aµ undergoes a simultaneous transformation of the type Aµ(x)→ Aµ(x) + q−1∂µθ(x), then

one can easily show that the Lagrangian now remains invariant. (More terms could have been

added to the covariant derivative such as the Pauli coupling term aσµνF
µν ; using the “bare

minimum” promotion to guarantee the gauge invariance is cleverly called the minimal coupling

prescription.) Now, if we look at the Maxwell equations,

∂µF
µν = qjν

∂λFµν +∂µFνλ +∂νFλµ = 0

Fµν ≡ ∂µAν −∂νAµ,

we see that the equations of motion for the photon field are invariant under the same transfor-

mation of Aµ as before! So it is natural to associate the gauge field we introduced earlier as the

photon field, the mediator of the force between fermion fields like electrons and protons, with

the interaction Lagrangian LEM = −qψ̄γµψAµ. Electrodynamics follows from this Lagrangian,

and further imposing the canonical quantum relations gives us the theory of quantum electro-

dynamics.

Before extending this discussion further to more general unitary transformation operators

acting on fields with more than one internal degree of freedom, let us first review key elements

of group theory that are crucial for understanding QCD. Of course, readers who are literate in

group theory can skip the next section.

7



Fundamentals of Group Theory

The transformation operator we considered above, U = e−iθ(x), is an element of the continuous

unitary group which can be represented as

U (1) = {eiθ : θ ∈R}.

We will generally use matrix representations for group operations for calculations because

matrix multiplication is a familiar group operation for the linear groups we will consider. This

group is referred to as U (1), because the generators of the group are unitary and only act on

single-particle states. (Fields with a “hypercharge” can be represented in the state space as

multiplets. For example, SU(2) operators can be represented as 2x2 matrix elements appearing

in the exponential, acting on 2-plets.) This group is a continuous group because any finite

rotation of the field by θ can be achieved by repeated application of an operator infinitesimally

close to the identity:

e−iθ(x) = lim
ϵ→0
N→∞

∏
N

e−iϵθ(x),

where ϵ is an infinitesimal group parameter and Nϵ = 1. However, fields need not be restricted

to a single independent dynamical component. If a field has N independent components, it can

be represented as an N -plet,

ψN = {ψ1, ...,ψN },

and the group operators that act on the field can be represented by N ×N matrices; this set of

matrices is called the fundamental representation of the group. For example, a 2-component

field can be transformed by

ψ = {ψ1,ψ2} → e−iα(x)σ⃗ {ψ1,ψ2}.

If this transformation can be represented as the operation of an SU (2) generator:

SU (2) �


α −β∗

β α∗

 : α,β ∈C, |α|2 + |β|2 = 1

 ,
then the σi can be taken to be the 2× 2 Pauli sigma matrices, which satisfy[

σi ,σj
]

= iϵijkσk ,
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where ϵijk is the Levi-Civita symbol.

In general, generators of SU (N ) satisfy[
T a,T b

]
= if abcT c,

where the f abc are called the structure constants of the group (ϵijk are the structure constants

of SU (2) and note that there are 22 − 1 = 3 of them, matching the number of Pauli matrices).

The vector space spanned by the generators obeying these commutation relations constitute a

Lie algebra. Note that we can also represent SU (N ) by writing N2 − 1 basis vectors

ψ1 = {1,0, ...,0}, ψk = {0, ...1, ...0}, ψN 2−1 = {0, ...,1}, 1 < k < N2 − 1,

so that the representation of the generators are given by the Lie algebra itself, (T b)ac = if abc.

This is called the adjoint representation. ψ1 ... ψN 2−1 can be thought of as N2 − 1 adjoint fields.

Particles generally are represented by the fundamental representation, but the adjoint repre-

sentation has useful applications (see [Auz08] for example).

We can now more clearly see how field theory and group theory can give rise to a description

of fields and their interactions. One can postulate a Lagrangian to describe a system of classical

fields filling some region of spacetime, then promote global symmetries of the Lagrangian to

local symmetries. For every continuous symmetry, there will be a locally conserved charge

of the field. Interactions between fields are mediated by the gauge bosons that arise from

enforcing the local symmetries, and the properties of these interactions are governed by the

corresponding group structure.

This is all a coherent picture so far, but we are not finished yet. We know that Nature ex-

hibits qualities that are not explainable in terms of classical terms alone. We need to be able to

reproduce the Schrodinger equation, so we must promote our classical fields to quantum fields.

Further, we do not have a correspondence built between the fields we’ve been studying and

our physical conception of particles. To complete our basic understanding of the fundamentals

underpinning my thesis work, we need to examine quantum field theory. When the fields are

quantized, off-shell propagators may appear between asymptotic states due to the Heisenberg

uncertainty principle. A relativistic quantum field theory has the potential to account for

“quantum corrections” of transition amplitudes, and it preserves causality, incorporates Lorentz

covariance, and predicts the existence of anti-particle states and a mechanism to account for

radioactive decays which do not preserve particle number. Quantum field theories have all
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the ingredients needed to describe Nature as effective field theories and could account on a

solid theoretical backbone our measurements of Her, at least until gravitational interactions

become significant. Quantum field theories can even be adapted to linearized gravity in curved

spacetime.

From Classical to Quantum Field Theory

Quantum field theory is the study of fields and their properties upon so-called “second quan-

tization” of classical fields, and fundamental point-particle physics uses the theory to make

predictions and descriptions of phenomena at high energies and momenta. While our picture

of Nature is not complete with quantum field theory as gravity has not had its high energy

degrees of freedom successfully quantized within that framework, the group structure of the

Standard Model describes a vast set of phenomena extraordinarily well. But first, let’s consider

why the field description is essential.

Necessity of the Field Description

In non-relativistic quantum mechanics, we study the evolution of the states of systems according

to the Schrodinger equation,

i
∂
∂t

∣∣∣ψ(t)
〉

=H
∣∣∣ψ(t)

〉
where H is the Hamiltonian operator that acts on the wavefunction

∣∣∣ψ(t)
〉

=
∫

dx ⟨x|ψ(t) |x⟩, and

|x⟩ are the position basis vectors of the Hilbert space. The fundamental principle of quantization

is the promotion of position and momenta coordinates to operators that act on the Hilbert

space states, and as operators they do not commute at equal times:[
xi(t

′),pj(t)
]

= iδijℏδ(t − t′).

This is ultimately due to the wave nature of the quanta. A wave train that is contained within a

finite box has ambiguities associated with the wave numbers, due to the cutting off of the wave.

However, the momenta is associated with the wave number through p = hk, and therefore the

famous uncertainty relation

∆x∆px ≥ ℏ/2
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follows from the postulates of quantum mechanics.

However, it was clear from the beginning that quantum mechanics could not possibly be the

full story. First, relativity treats time and space on equal footing, but the Schrödinger equation

is linear in time while the Laplacian ∇2 appears in the Hamiltonian when the momentum

operator is represented acting on a position-basis ket as p→−i∇. Therefore the Schrödinger

equation is a differential equation that’s first-order in time and second-order in space. It works

in non-relativistic mechanics, as it accurately represents the diffusion of the wavefunction

and precisely predicts transition amplitudes, ionization levels, and other relevant physics.

However, the spin and statistics correspondence must be taken as a postulate to handle the

differences between fermions and bosons, especially in relation to the Fermi exclusion principle

and Bose-Einstein condensates.

But the troubles do not end there.

Since a quantum field theory should contain quantum mechanics, the space we will want

our states to live in should contain Hilbert space, but will be more general. Namely, it should

incorporate changing particle numbers and identities, which is not something the ordinary

Schrodinger equation handles. Much more could be said and derived here about quantum

mechanics, but we just need one more piece of information to give us a hint on how to work

with a quantum field theory: the particle interpretation. If we quantize the Hamiltonian of a

classical harmonic oscillator,

H =
1
2
p2 +

1
2
ω2x2 =ω(a†a+ 1/2),

where m = 1 was taken, a = 1√
2

(
√
ωx + i√

ω
p) and a† = a∗, we see that the Hamiltonian and a†a

have simultaneous eigenstates. With a bit of work, one can show that eigenstates of the Hamil-

tonian can be generated by applying a† repeatedly to the vacuum state of the Hamiltonian,

|0⟩. Similarly, states can be “lowered” by repeated application of a. Interpreting the operator

N = a†a and the parameter ω with the (rest) mass of the particles, we can see that we can

interpret particles as the elements of the spectrum of the quantized harmonic oscillator.

We therefore have an idea of how to proceed to a quantum field theory of particles: we

should try generalizing Hilbert space to something that can incorporate changing particle

numbers, and the fields should be promoted to operators that act on this space, obeying equal

time commutation relations. Further, a particle interpretation may follow from thinking of the

field as an infinite set of harmonic oscillators permeating spacetime. Much like a longitudinal

wave traverses along a wire, a particle is a wave of an excitation in its corresponding field, and
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corpsucule behavior results when the wave is much smaller than the other relevant interacting

parts of the system.

Second Quantization and Fock Space

The fundamental idea underlying canonical quantization is the promotion of classical objects

into operators that act on appropriate state vectors in a quantum space and postulating that

these operators obey either commutation or anti-commutation relations. For example, one

can take the classical field φ and its conjugate momentum π = ∂L/∂ (∂tφ) which obeys the

equations of motion which arise from its corresponding Hamiltonian and promote these to

operators that obey equal-time canonical quantum relations[
φa (x⃗, t) ,πb

(
x⃗′ , t

)]
= iℏδabδ

(
x⃗− x⃗′

)
, (1)

where the first δ is the Kronecker-Delta function with the argument of the field index, and

the second δ is the Dirac-Delta function. This is an operator equation, meaning that it is im-

plied that these objects implicitly act on an appropriate state vector. This state vector can be

represented as an element of Fock space. Fock space has some similarities with the Hilbert

space of (first-quantized) quantum mechanics. Fock states, however, transform appropriately

under Lorentz boosts in Minkowski spacetime. Namely, causality is manifestly preserved

by the introduction of anti-particle state elements. The inner product of Fock space vectors

representing different particle numbers is also generally non-vanishing. Namely, Fock space

permits state transitions that involve particle number non-conserving processes, given enough

energy and momentum to satisfy the energy and momentum conservation requirements due

to the continuous spacetime symmetries in the Lagrangian of the system. The discussion thus

far of Fock space has been rather informal. Let’s consider a more careful definition of Fock space.

As Fock space is a central mathematical object in quantum field theory, let us carefully

elucidate the properties of this space. First, we define the Fock space as the direct sum of

symmetric or antisymmetric tensors in the tensor powers of a single-particle Hilbert space H,

Fν (H) =
∞⊕
n=0

SνH⊗n. (2)

(Here, H⊗n ≡ (H ⊗ · · · ⊗H), e.g., H⊗2 = (H ⊗H).) The tensor powers of the Hilbert space are the
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representation of multiparticle states. The direct sum over n tells us that we build the Fock space

by identifying the vacuum or 0-particle state, then take the direct sum of all single-particle

Hilbert space direct products. For example, a system of two electrons can be represented as

a direct product of two single-particle spin-1/2 fermion states, and this is included in the

direct sum along with three electrons, four electrons, etc. The factor Sν either symmetrizes

or antisymmetrizes the direct product of singular-particle Hilbert spaces depending on the

particular combination of bosonic and fermionic degrees of freedom of each term. This will

guarantee that each term in the direct sum will obey the correct spin-statistics relations for the

Fock space. The overline indicates the completion property of the Fock space, i.e., the sum over

all exterior products of states sums to the identity operator, similar to the identity of quantum

mechanics
∑
n |n⟩⟨n| = 1.

We will write a general state of Fock space as

|Ψ ⟩ν == |Ψ0⟩ν ⊕ |Ψ1⟩ν ⊕ |Ψ2⟩ν ⊕ · · · = a|0⟩ ⊕
∑
i

ai |ψi⟩ ⊕
∑
ij

aij |ψi ,ψj⟩ν ⊕ · · · . (3)

Here ν ∈ {−1,1} indicates the (anti-)symmetry of the state(s), |0⟩ is the vacuum state, a ∈ C,

|ψi ,ψj⟩ν = aij |ψi⟩ ⊗ |ψj⟩+ aji |ψj⟩ ⊗ |ψi⟩ ∈ Sν(H ⊗H), aij = νaji ∈C, and so on in this infinite sum.

It’s significant to notice that in this expansion that the first term represents the vacuum, the

second term represents a sum of single-particle states (completely unentangled), and every

other term is a sum of states containing particle entanglement. (This entanglement simply plac-

ing restrictions on the tensor product states such as overall symmetrical or anti-symmetrical

properties of the states.) For any system containing more than a few particles, the Fock space

volume is utterly dominated by the deeply-entangled terms!

Just like in ordinary quantum mechanics in order for this definition to be meaningful

physically we equip the Fock space with the axiom that this infinite sum is convergent. This

is guaranteed when the sum of the magnitudes of the inner products of the states converges,

namely

∥|Ψ ⟩ν∥2 =
∞∑
i,j=0

⟨Ψi |Ψj⟩ν =
∞∑
n=0

⟨Ψn|Ψn⟩ν <∞,

where the n-particle norm is defined by

⟨Ψn|Ψn⟩ν =
∑

i1,...in,j1,...jn

a∗i1,...,inaj1,...,jn⟨ψi1 |ψj1⟩ · · · ⟨ψin |ψjn⟩,
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so the basis vectors are orthogonal: ⟨Ψi |Ψj⟩ = cijδ
i
j . Take care to note the difference between the

single particle Hilbert space states |ψi⟩ and the multiparticle states like |Ψ2⟩ν =
∑
ij aij |ψi ,ψj⟩ν .

For example, for two general states

|Ψ ⟩ν = |Ψ0⟩ν ⊕ |Ψ1⟩ν ⊕ |Ψ2⟩ν ⊕ · · · = a0|0⟩ ⊕
∑
i

ai |ψi⟩ ⊕
∑
ij

aij |ψi ,ψj⟩ν ⊕ · · · ,

and

|Φ⟩ν = |Φ0⟩ν ⊕ |Φ1⟩ν ⊕ |Φ2⟩ν ⊕ · · · = b0|0⟩ ⊕
∑
i

bi |φi⟩ ⊕
∑
ij

bij |φi ,φj⟩ν ⊕ · · · ,

the inner product of these states is then given by

⟨Ψ |Φ⟩ν =
∑
n

⟨Ψn|Φn⟩ν = νa∗0b0 +
∑
ij

a∗ibj⟨ψi |φj⟩+
∑
ijkl

a∗ijbkl⟨ψi |φk⟩⟨ψj |φl⟩ν + · · · .

In summary, Fock space is constructed to represent relativistic multiparticle quantum states.

Each element contains the quantum field information of the system, namely the particles

present and their corresponding quantum numbers.

The S-Matrix and Feynman Diagrams

We are now equipped with almost all the tools that we need to create a simple quantum field

theory. We have an idea of how to employ the methods of classical field theory to find solu-

tions to field equations which arise from the terms that appear in the postulated Lagrangian.

These terms, in turn, are postulated to couple together and form interactions due to internal

symmetries of the degrees of freedom of the fields, promoted from a global symmetry to a

local one. This requires the introduction of the gauge fields which undergo simultaneous linear

transformations with the matter fields to preserve the local symmetry structures. In this way,

the gauge fields are identified as the source of the momenta exchange among the matter fields,

i.e., the gauge fields are the sources of forces. Next, when we second quantize the fields by

imposing commutation or anti-commutation relations, we promote the fields to operators that

act on quantum states. We saw how Fock space provides a natural vector space representation

of the fields that preserves necessary properties like Lorentz invariance, causality, and the

algebraic structure of Hilbert space.
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So how can we go about measuring physical quantities, or better yet, predict them from our

postulated quantum field theory? We would like to be able to predict the expected scattering

distribution of particles as they interact with one another and are exposed to conditions that

create a system where our model Lagrangian is “active.” In order to do this, we wish to be able

to compute a transition amplitude. This is a complex number that represents the transition of

the initial scattering state to its final state. We can write this as

|Ψout⟩ = (Tfi − δfi) |Ψin⟩ .

In this equation, we assume we have prepared the system in an asymptotic condition wherein

the fields and particles are free and non-interacting at times and distance scales much larger

than the scale of interaction under study. This amounts to asserting that we can construct “in”

and “out” fields that are dominated by the direct sum of the individual particle states in the

Fock space expansion. In order to do so, we often use perturbation theory to our advantage

to relate the fully-interacting states to the free, asymptotic ones. One can easily “read off” the

Feynman rules from the structure of the Lagrangian, which can be postulated (like we do in

this work) to create model calculations of pertinent predictions like measurements of a beam

spin asymmetry.

Summary of QFT Fundamentals

A quantum field theory thus generally consists of the following procedure:

• Propose an effective Lagrangian representing the fields and degrees of freedom of the

system. Often, one constructs a gauge theory by representing fields and their correspond-

ing particles as irreducible elements of a (generally non-Abelian) group and postulating

coupled field terms as necessary ingredients from application of the gauge principle (the

promotion of global symmetries in the Lagrangian to local symmetries).

• Using Noether’s Theorem, construct the equations of motion for the fields and equip the

system with an appropriate Fock space representation.

• Approximate interactions as perturbative corrections to the solutions to the free field

equations of motion. Represent these interactions with Feynman diagrams. (Obviously,

the coupling constant of the interaction term(s) must be small for this to work. If this

is not the case, one must proceed to non-perturbative analyses.) The amplitude for the

process is related to the elements of the S-matrix, an operator that acts on a linear
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vector representation of the initial asymptotic state to transition the system into its

final asymptotic condition. One often accomplishes this by “turning off” the potential

before and after the system has transitioned well beyond the charactistic time scale of the

interaction.

• Evaluate the Feynman diagrams to the desired order in perturbation theory. Write the

differential cross section as the product of kinematic factors related to the luminosity

of interactions and the amplitude squared for the process. Average over initial spins

and/or sum over final spins depending on the polarization properties of the particles if

applicable.

The Standard Model of Particle Physics

We are now capable of postulating what a particle is and how it behaves. A fundamental

particle is an excitation of a relativistic quantum field (the state of the system is described

by a non-vacuum element of Fock space) belonging to the fundamental representation of the

Lagrangian, whose interactions are governed by gauge fields which arise from the principle

of local gauge symmetry. The interaction terms of the Lagrangian couple the gauge fields to

the dynamical degrees of freedom, so particles exert forces on one another by exchanging

momentum via the gauge fields. In non-Abelian gauge theories, interaction terms involving

only gauge fields generally appear, indicating a non-linear interaction of the gauge fields among

themselves. Fundamental particles have no further sub-structure beyond their set of quantum

numbers, which describe the state of the dynamical degrees of freedom of the particles, e.g.,

the particles’ energy, momentum, spin, electric charge, color charge, etc.

The Standard Model is a model Lagrangian containing particles which satisfy

SU (3)color ⊗ SU (2)weak ⊗U (1)EM

local gauge symmetry.

Physical particles are modeled as entities that represent the Poincare algebra; local gauge

symmetries introduce gauge fields that couple to the matter fields, resulting in forces. The

Standard Model Lagrangian is given in a compact form:
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L =− 1
4
BµνB

µν − 1
8
tr

(
WµνWµν

)
− 1

2
tr

(
GµνGµν

)
+ (ν̄L, ēL) σ̃µiDµ

(
νL
eL

)
+ ēRσ

µiDµeR + ν̄Rσ
µiDµνR + (h.c.)

−
√

2
ν

[
(ν̄L, ēL)φMeeR + ēRM̄

eφ̄
(
νL
eL

)]
−
√

2
ν

[
(−ēL, ν̄L)φ∗MννR + ν̄RM̄

νφT
(−eL
νL

)]
+
(
ūL, d̄L

)
σ̃µiDµ

(uL
dL

)
+ ūRσ

µiDµuR + d̄Rσ
µiDµdR + (h.c.)

−
√

2
ν

[(
ūL, d̄L

)
φMddR + d̄RM̄

dφ̄
(uL
dL

)]
−
√

2
ν

[(
−d̄L, ūL

)
φ∗MuuR + ūRM̄

uφT
(
−dL
uL

)]
+
(
Dµφ

)
Dµφ−

m2
h

[
φ̄φ− ν2

2

]2
2ν2

(Of course, a number of hypothetical terms can be added to extend the Lagrangian into an

even more general and inclusive form. All terms here are also taken to be effective field terms

at laboratory energies, so the formula lacks information about its potential dynamics around

spontaneous symmetry breaking limits. However, I wanted to write fields explicitly.)

This summarizes the Standard Model of Particle Physics. The fields represented in the

Lagrangian are second-quantized operator fields that realize the Poincare algebra as well as

their various internal symmetries and corresponding charges, such as spin and color-charge.

Crucially, gravity is not represented here, because the gravitational force described in classical

general relativity is non-renormalizable. It is likely that to incorporate gravity we must recog-

nize QFT as an effective field theory and that the most fundamental construction of Nature

will be one in which fields emerge at scales where the gravitational force is relatively weak

compared to the other forces.

The arena in which this research project operates is one where quantum chromodynamics

plays a crucial role, as we wish to investigate the structure of hadrons. To conclude this preface,

therefore, I think it is worth discussing QCD briefly.
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Quantum Chromodynamics

QCD is the force that binds protons and neutrons together in the nuclei of atoms. This force

counters the repulsive interactions of the protons via the electromagnetic gauge field. The

finite extent of the force plays a very important role in the structure of the periodic table, as

atoms beyond a certain threshold size tend to become unstable as the electromagnetic force

quickly begins to dominate. Nuclear energy scales tend to be immense, much larger than typical

chemical reaction scales, so understanding the dynamics of this force is a significant project.

QCD has not been solved. The non-Abelian nature of the group that gluons represent through

their color degree of freedom is ultimately responsible for an anti-screening effect. The low

energy, long distance exchange is non-perturbative; however, at high energy anti-screening

weakens the interaction. This allows the hadrons to be approximately “free” of the strong force.

We can therefore do perturbative QCD, but we must do so at high energies for the analysis to be

valid. This allows for explicit calculations and effective measurements of the strong coupling

strength in the perturbative energy regime.

However, we must rely on non-perturbative methods when the criteria underlying the asymp-

totic freedom assumption fail. At low energy scales, including the one in which we exist, protons

and neutrons experience the force strongly and therefore non-perturbatively.

One might ask how we know that the protons, neutrons, and other hadrons have internal

structure to study. It is possible that these particles to interact scale-invariantly with the envi-

ronment and thus evidence their fundamental nature. However, protons and neutrons were

discovered to have substructure due to measurements of their electric and magnetic form

factors not matching the value a fundamental Dirac particle would have. Further, observations

like Bjorken scaling restricted the dependence of these structure functions. Instead of the

structure depending on the momentum transfer and beam energy separately, Bjorken scaling

observations showed that in the limit the scaling behavior was dependent on just the ratio of

the momentum transfer (Q2) and beam energy (ν).

Light-front Quantization

Typically in texts that introduce quantum field theory, one will see commutation relations of

the sort [
φa (x⃗, t) ,πb

(
x⃗′ , t

)]
= iℏδ(3)

(
x⃗− x⃗′

)
δab, (4)
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as operator conditions placed on the fields and their conjugate momenta. However, Dirac

noted that this quantization, instant-form, is not a unique choice one can take when quantizing

the fields [Dir49]. Much like a choice of gauge, there is freedom in one’s choice of spacetime

quantization basis. Dirac introduced the light-front quantization by introducing new light-front

time and space coordinates

x+ ≡ x0 + x3

x− ≡ x0 − x3,
(5)

while x1 and x2 remain unchanged. Note: some authors may prefer to normalize the coordinates,

introducing an overall factor 1/
√

2 for both. The metric also transforms in the light-front

coordinates to maintain Lorentz covariance, on-shell mass conditions for the fields, and so

forth:

g µ̂ν̂ ≡ 1
2


0 0 0 1

0 −2 0 0

0 0 −2 0

1 0 0 0

 , (6)

where µ̂ is the light front spacetime component, and in particular we have x± = x∓. Note that

in Equation (4) that the operator condition applies on fields on a constant time hypersurface.

In this way the Hamiltonian naturally arises as the operator of the dynamic evolution of the

system. In the light-front quantization we have[
φa (x−, x⃗,x+) ,πb

(
x−′ , x⃗′ ,x+

)]
= iℏδ (x− − x−′)δ(2)

(
x⃗− x⃗′

)
δab, (7)

where the bold font x⃗ ≡
(
x1,x2

)
, the transverse space vector. In the front form, then, the system

is quantized at equal light-front times, and the generator of the dynamics of the system carries

the system from one light-front time hypersurface to the next.

The advantage of this formalism is that often the use of the light-front dynamics typically leads

to a simpler structure of the vacuum. This can aid in calculations as there are no contributions

from so-called “zero-modes” in the time-ordered amplitudes. Further, if one considers the

x+ = 0 hypersurface, there the number of kinematic operators of the Poincare increases from

6 to 7, and the dynamic generators reduce in number from 4 to 3. This happens because of

how the longitudinal Lorentz boost leaves x+ = 0, unchanged. Interestingly, this causes the

subalgebra of the Poincare group formed of these 7 generators to become isomorphic to the

Galilean algebra! In this way we can have a physical interpretation for the conserved currents

19



in the light-front.

One should be very careful about comparing and contrasting the light-front dynamics and the

infinite-momentum frame (IMF). In the IMF the dynamics are still governed by the instant-form

Hamiltonian and are the limit of taking the infinite rapidity longitudinal Lorentz boost.

Taking this choice of frame of reference and choosing the light-front coordinates for quantiza-

tion of the fields are quite different mathematical acts. Light-front dynamics fundamentally

changes the operator of the dynamical change of the system configuration, and the physical

Noether currents and tensors differ from the IFD. The photon, lacking mass, does not experi-

ence an evolution of our instant-form time. Also for the photon there is no spacial direction

under which we observe its propagation.

This reduces the dynamical degrees of freedom of the system, as the corresponding spatial

operator transforms into a kinematic operator. The photon experiences the universe, but it

is more natural to discuss its quantum properties by quantizing on the light cone. One can

then construct a Fock space on this light-front and identify particle number conserving and

non-conserving amplitudes, as “seen” from the light-front.

Similarly to how the choice of gauge is necessary when a field is under-determined but physical

quantities do not depend on the choice of gauge, one can model the photon and system on

either the light-front or the instant-front. However, calculations and certain physical properties

are more accessible depending on the choice of quantization axis. This is similar to how the

choice of gauge in electromagnetism can lead to the loss of manifest covariance of the theory,

or preserving the covariance can transform a degree of freedom of the photon field into an

auxiliary field as it no longer manifestly satisfies the first-class constraints.
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CHAPTER

1

INTRODUCTION

1.1 Hadronic Structure

Hadrons such as protons, neutrons, and composite atomic nuclei experience numerous interac-

tions; among them, the strong force binds hadrons together by the emission and absorption of

partons, balancing the electromagnetic repulsion that would otherwise disintegrate the nuclear

bound states. Quantum Chromodynamics (QCD), a quantum field theory which describes the

strong interactions in terms of exchanges of the “color” charge (SU (3)), was mainly developed

in the 1970s when asymptotic freedom and justification for the parton model first emerged

[Nag10].

We could try to model the proton as a fundamental particle which emits and absorbs pions

to exchange the strong force. If the proton were a fundamental Dirac particle, however, it would

have a magnetic moment given by

µDirac =
e

2mp
, (1.1)

but measurements indicate µp = 2.792 µDirac, a severe difference that shows that the proton

cannot be a fundamental Dirac particle despite its measured charge and spin. When the prob-
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ing particle has a high enough energy to see inside the proton, what it finds is an intricate

structure that currently eludes a complete theoretical understanding. The proton itself not

only has valence quarks, but it also has a teaming sea of other quarks and gluons (which dress

the valence quarks) that contribute to properties of the proton such as its spin [Tho08]. The

response of a hadron is generally dependent on the probing energy scale, on the ratios of energy

scales, and generally on other invariant Lorentz scalars as well. This is strong evidence that the

proton is not a fundamental particle but must be made of other constituents.

The internal structures of hadrons are not fully mapped, as challenges such as non-

perturbative degrees of freedom and confinement cause significant theoretical and experi-

mental hurdles. For example, a calculation of nucleon magnetic moments from first principles

is not yet available.

Color confinement prevents the appearance of asymptotically-free color charged states.

Therefore we are restricted to the study of color-neutral hadrons to investigate the strong force.

As the valence quarks in a proton, for instance, are not free but bound and strongly coupled a

long time before and after scattering in the lab, it is not possible to explicitly construct the |In⟩
and |Out⟩ Fock states fundamental to the LSZ reduction formula (which assumes the particles

are free a long time before and after a scattering event) needed to calculate cross section

formulae. To see this, let us examine the scaling behavior of the strong coupling constant. The

gauge particle of QCD, the gluon, appears in the Lagrangian as a field which preserves the

global symmetry of the fermionic parton fields when the symmetry phase is promoted to a

continuous local operator. However, since SU (3) is a non-Abelian group, the gluons couple to

themselves in a nonlinear fashion. One can show that this implies that the coupling strength in

QCD is scale-dependent [Nag10]. For example, at the Leading Log Approximation (LLA) one

can estimate the scale dependence of the coupling parameter as

αs
(
Q2

)
=

αs
(
µ2

)
1 + αs(µ2)

4π

(
11− 2

3nf
)
log

(
Q2

µ2

) , (1.2)

where αs is the strong coupling constant, µ is a reference energy scale, nf is the number of

active quark flavors, and Q2 = −qµqµ is the four-momentum squared of the boson probing the

hadron (such as a virtual spacelike photon). The asymptotic behavior of the coupling parameter
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of QED, on the other hand, is given by

α
(
Q2

)
|Q2≫m2

e
=

α (0)

1− α(0)
3π log Q2

m2
e

, (1.3)

which depicts a screening of the bare charge (qualitatively, the coupling strength decreases

with increasing distance or equivalently decreasing Q2). Equation (1.2) differs in multiple ways:

anti-screening, asymptotic freedom, and the presence of the reference energy scale µ set it

apart. Once the strong coupling constant has been measured through an observable such as

those through jet productions, the coupling strength at other energies can be inferred. (Though

for the perturbation expansion to be valid, we must have both αs≪ 1, αs log Q2

µ2 ≪ 1 [Nag10].

Finally, Nature also permits only color-neutral states in the lab (when Q < Λ ≈ 200 MeV or

less), a phenomenon known as confinement, which aggravates any attempt to directly observe

a quark or a gluon [Nag10]. Asymptotic freedom provides hope, however: if the interaction

timescale involving the “struck parton” is fast compared to the timescale of the parton-parton

interactions, then we can treat the state of the struck parton as approximately free. As the

coupling strength also decreases in this limit due to anti-screening, one may hope to under-

stand the structure of hadrons in this limit with the familiar tools of perturbation theory and

scattering cross section formulae.

It appears then, at least for now, the problem of completely understanding the internal struc-

ture of hadrons is intractable. (There is, however, a vast literature covering non-perturbative

QCD models and non-perturbative effects.) For even a seemingly-simple proton, we cannot

directly observe the valence quarks, sea quarks, or gluons directly due to confinement. QCD

is also a nonlinear theory with scale dependence that places low-energy probing scales in a

non-perturbative regime, where Feynman diagrams lose their predictive power [Bel95] [Tho08].

However, even given such limitations, one can still gain insights.

We can take advantage of three key ideas to help us. First, asymptotic freedom means

that at high interaction energies the interactions within hadrons can be treated perturbatively.

Secondly, we can take advantage of the Renormalization Group Equation (RGE). Simply put,

we can formulate a dimensionless observable in a high-energy context (so the masses of the

particles are not significant) and recognize that this observable cannot possibly be a function

of the scale µ. In other words, changes in the scale parameter µ must be compensated for

by changing the coupling constant. To state this mathematically, consider the dimensionless
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observable O
(
µ2,αs,Q

2
)
. Then we must have

d
dµ2O

(
µ2,αs,Q

2
)

= 0

=⇒ µ2
[
∂

∂µ2 +
∂αs
∂µ2

∂
∂αs

]
O

(
µ2,αs,Q

2
)

= 0
(1.4)

One can solve this equation and show that the observable is only a function of αs (µ), so when

one measures an observable at a given energy scale, one can predict the observable’s value at

a different scale by using Equation (1.2). This is a powerful result, and a relief considering

the mass parameter µ does not enter the QCD Lagrangian. Finally, one can take advantage

of factorization theorems, which separate interactions into a “hard”, perturbative, part and a

“soft”, non-perturbative part.

The parton model, which describes hadrons as constituted of a number of individual parti-

cles called partons, takes advantage of factorization by treating the partons as approximately

free during a short interaction time relative to the interaction time of the partons with other par-

tons. In this way, one may hope to encapsulate all the non-perturbative physics in distribution

functions, such as Parton Distribution Functions (PDFs) [Pla11b], Generalized Parton Distribu-

tion functions (GPDs) [Die03a], and Transverse Momentum Distributions (TMDs) [Mei19]. The

validity of the factorization theorems depends on the region of the kinematics; for GPDs to be

meaningful for instance the interaction energy must exceed all the relevant hadronic energy

scales. One typically takes |t| /Q2≪ 1 [Col97], where t = ∆2 = (P − P ′)2 effectively measures the

momentum transfer from the gauge boson (typically a virtual photon) to the target (see Fig.

(1.1)). |t|must be small in the parton model approximation, else the fundamental postulate that

parton-parton interaction times be long compared to interactions with the gauge boson is not

satisfied.

1.2 The Parton Model

The parton model describes hadrons as constituted of fundamental particle partons, which are

quarks and gluons. In order for the model to be valid, Bjorken scaling must hold. In order to

understand Bjorken scaling, let us first consider some fundamentals of inelastic scattering.
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Figure 1.1 Factorization in π+ electroproduction off the proton target. In order for the factorization
approximation to hold, the probe momentum must be significantly larger than the momentum trans-
ferred to the target, else it is unclear if the parton model holds: |−t| ≪ Q2. This tends to require the
electron beam to scatter in a colinear fashion, especially for a heavy hadron target. Within this do-
main of validity, one can write a scattering cross section proportional to a convolution of the hard
(leptonic) amplitude, soft (hadronic) amplitude, and the pion’s distribution amplitude. Figure taken
from Fig. 1 of [Die20].

1.2a Deep Inelastic Scattering

Consider a high energy electron scattering off a hadron target and splitting it into any number

of hadrons in a final state (MX ≥Mp):

e (k) + p(p)→ e(k′) + X(p′) , Mp ≤MX ≡
∑

hadrons

Mi . (1.5)
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Suppose the high energy electron interacts with the target with a spacelike (Q2 = −q2 > 0)

virtual photon, and assume that this photon sees the hadron as a collection of point-like

particles (partons). Then one can write the cross section as a sum of the cross sections of each

parton the photon could interact with,

dσ
dΩ

=
∑

partons

dσpi
dΩ

, (1.6)

where the momentum of the partons are denoted pi . This is known as the impulse approxi-

mation, and it requires that the interaction time be small relative to the time it takes for the

partons to communicate with one another. We now assume that from the photon’s point of

view each parton is moving roughly with the whole hadron, so the fractional momentum it

carries parallel to the hadron’s motion is greater than zero. We also assume that the hadron’s

momentum is simply the direct sum of all the parton momenta, namely∑
xi = 1, 0 < xi < 1, (1.7)

where xi is the fractional momentum carried by the i-th parton parallel to the motion of the

hadron. Since each xi is greater than zero, no individual parton can be carrying all of the

momenta, hence xi < 1 as well. Finally, we assume from the photon’s perspective the transverse

momenta of the partons are negligible. If we consider the cross section with a parton to be

quite small, it makes sense to assume that if the photon scatters off a parton, it will only scatter

off one and pass through the rest of the hadron. See Figure 1.2 for an intuitive picture of the

parton model in DIS. In the parton model, the struck parton is approximately free before and

after the interaction with the photon. If we let m2 be the mass of the parton, we therefore must

have

m2 = (xp)2 = (q+ xp)2

= q2 + 2xq · p+ x2p2

⇒ q2 + 2xq · p = 0

⇒ x =
−q2

2p · q
=

Q2

2p · q
.

(1.8)

If we let ν = k0 − k′0 and evaluate x in the laboratory frame, we have

xTRF =
Q2

2Mpν
. (1.9)
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Figure 1.2 Simple schematic of parton kinematics in DIS. The hadron is taken to be a cluster of point-
like particles called partons from the point of view of the photon, which strikes one parton while the
rest of the partons simply spectate as the struck quark interacts very quickly with the photon before
the other partons can influence the momentum distribution of the struck parton.

1.2b Parton Distribution Functions

Let’s consider the scattering of an electron off a hadron, such that the photon sees a parton

distribution in the hadron as before. Let us assume that the struck parton is a quark. We can

then write the cross section of the photon scattering off the i-th parton having a momentum

fraction between x and x+ dx as

dσ
dy

=
4πα2

Q4 xs

[
(1− y) +

y2

2

]
λ2
i pi (x)dx, (1.10)
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where y = k·p
p·q , λie is the charge of the parton, and s = (k + p)2. Taking the impulse approximation

again, whose conditions also satisfy those of Bjorken scaling, we can write

dσ
dxdy

=
4πα2

Q4 xs

[
(1− y) +

y2

2

]∑
i

λ2
i pi (x) . (1.11)

However, we can also write the scattering cross section in terms of structure functions as

dσ
dxdy

=
4πα2

Q4 s

[
νW2

(
ν,Q2

)
(1− y) + 2xMW1

(
ν,Q2

) y2

2

]
. (1.12)

Comparing these equations, we see

W2

(
ν,Q2

)
→ F2 (x) = x

∑
i

λ2
i pi (x)

W1

(
ν,Q2

)
→ F1 (x) =

1
2

∑
i

λ2
i pi (x) .

(1.13)

The structure functions describing the most general responses of the hadron used to depend

on two energy scales, ν and Q2, but taking the parton model approximation has enabled us to

not only write these functions in terms of a single dimensionless variable x, but we see a direct

connection between the structure functions and the momentum distributions of the partons!

1.2c GPDs and TMDs

Parton distribution functions offer a clean one-dimensional picture of the structure of hadrons

by providing predictions within the parton model of the longitudinal momenta spectra of the

partons within the hadron. However, the concept of the parton distribution function can be

generalized and more than one dimension can be accessed. This has been the subject of much

research in the literature; the generalized parton distributions (GPDs) and transverse momen-

tum dependent parton distributions (TMDs) describe complementary aspects of the structure

of hadrons by extending the theory of the ordinary PDFs of DIS [Die16][Die03b][Pla11a].
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1.2d Structure Functions and Form Factors

The elastic form factors of the nucleon are defined by

qJ
µ
p (x) ≡ e

〈
p′

∣∣∣ Jµ (x) |p⟩

= eū (p′)
[
F1

(
q2

)
γµ +

χ
2Mp

F2

(
q2

)
iσµνqν

]
u (p)e−iq·x

(1.14)

This is the most general form of the current, as the only Lorentz vectors available are qµ =

(p′ − p)µ, (p+ p′)µ, and γµ. However, a term proportional to qµ isn’t allowed by gauge invariance,

∂µqJ
µ
p (x) = 0. The Gordon equality relates γµ and (p′ + p)µ to iσµνqν when these operators are

sandwiched between the on-shell spinors, so there are only two gauge invariant terms present.

Going to the non-relativistic limit one can show that F1 and F2 are related to the nucleon’s

Coloumb interaction and its magnetic moment, respectively. Mapping the full spectrum of F1

and F2 provides complete information about the response of the nucleon to photon probes in

the elastic scattering case.

Compton form factors carry similar information about the response of the nucleon to

inelastic scattering [Ji19]. Let us consider again the inelastic scattering described by Equation

(1.5) and shown diagrammatically in Figure 1.2. The S-Matrix element is given by

iTf i = i (2π)4 δ(4) (k + p − k′ − p′) jeµ
e2

q2 J
µ
p , (1.15)

where p′ is the sum of all the momenta of the final state hadrons, jeµ is the one-photon exchange

lowest-order lepton current, given by

jeµ = ū (k′)γµu (k) , (1.16)

and J
µ
p is the hadron current, given most generally by

J
µ
p =

〈
X (p′)

∣∣∣ JµEM |p (p)⟩ . (1.17)

We can then write the differential cross section in terms of the electron flux, electromagnetic

coupling, scattered electron phase space element, and contraction of leptonic and hadronic

tensors by

dσ =
(4π α)2

4k · p
LµνHµν

d3k′

(2π)3 2ω′
. (1.18)

29



If we are working with an unpolarized lepton beam, then we sum over the initial state spins

and find

Lµν = 2
[
k′µkν + k′νkµ +

(
q2/2

)
gµν

]
. (1.19)

The hadronic tensor is, obviously, more complicated. We can generally write it in terms of the

hadronic current as

Hµν = (2π)4
∑
{p′}

δ(4) (p+ q − p′)

1
2

∑
spin

J
µ
p J
ν∗
p

 . (1.20)

As the hadronic current causes the transition of the hadronic states via the virtual photon,

it is not calculable from first principles. However, we can take advantage of what we know

about what its general form must look like from symmetry considerations and write the un-

known amount of contributions from each term in terms of structure functions [Bur00] [Gui08]

[Kum22][Kro13].

We now consider what terms the hadronic current could be proportional to. Since the

reaction is inclusive, we sum over the initial spin states of the hadron and average over final

state spins. Therefore the only independent terms present are qµ, pµ, and ϵµναβ . However, since

the leptonic current is symmetric, contracting it with the totally antisymmetric Levi-Civita

tensor causes the term to vanish. This is because we are looking at a process that conserves

parity. Written in terms of structure functions G1 and G2, the hadron current can therefore

written as

J
µ
p = G1

(
qµ −

q2pµ

p · q

)
+G2

(
pµ −

(p · q)qµ

q2

)
, (1.21)

as we must have q · Jµp = 0 to satisfy gauge invariance. Let’s see what happens if we simply plug

this expression back into the expression for the hadronic tensor. We find

Hµν = (2π)4
∑
{p′}

δ(4) (p+ q − p′)

G1G
∗
1

qµqν − q2

p · q
(qµpν + pµqν) +

q4pµpν

(p · q)2


+ (G1G

∗
2 +G2G

∗
1)

qµpν − (p · q)qµqν

q2 −
q2pµpν

p · q
+ pµqν


+G2G

∗
2

pµpν − p · qq2 (pµqν + qµpν) +
(p · q)2 qµqν

q4


.

(1.22)
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Multiplying the terms of the second line by − q
2

p·q , and the terms of the final line by q4

(p·q)2 ,

Hµν = (2π)4
∑
{p′}

δ(4) (p+ q − p′)


(
G1G

∗
1 −

p · q
q2

[
G1G

∗
2 +G2G

∗
1
]

+
(p · q)2

q4 G2G
∗
2

)qµqν
−
q2

p · q
(qµpν + pµqν) +

q4pµpν

(p · q)2




= (2π)4
∑
{p′}

δ(4) (p+ q − p′)


(
G1 −

p · q
q2 G2

)(
G1 −

p · q
q2 G2

)∗ qµqν − q2

p · q
(qµpν + pµqν)

+
q4pµpν

(p · q)2




= (2π)4
∑
{p′}

δ(4) (p+ q − p′)

 q2

p · q |
F1 +F2|2

p · qq2 qµqν − (qµpν + pµqν) +
q2

p · q
pµpν


,

F11, F2 ≡ −
p · q
q2 G2.

(1.23)

This expression satisfies the original gauge invariance, in other words, qµHµν =Hµνqν = 0. No

new constraints have been introduced, so there are still two independent structure functions. To

work with them more cleanly, we look back to the original form of the hadronic current. Instead

of directly plugging this into the equation for the hadronic tensor we can try multiplying the

individual terms by themselves only. As long as we pick up all the tensor coefficients this is

also a valid expression of the hadronic tensor, just with different definitions of the structure

functions. To that end, divide out by q2 on the first term of the hadronic current and use

pµ = pνgµν to get

Hµν ∼ |G′1|
2
(
qµ

q2 −
pνg

µν

2p · q

)(
qν

q2 −
pµg

µν

2p · q

)
+ |G′2|

2
(
pµ −

2p · q
q2 qµ

)(
pν −

p · q
q2 qν

)
. (1.24)

Absorbing the pµpν

4(p·q)2 term into the expression proportional to |G′2|2 and multiplying by q2 into

the definition of |G′1|2 and finally renaming the structure functions by their rescaled definitions

we obtain

Hµν ∼W1

(
qµqν

q2 − g
µν

)
+W2

(
pµ −

p · q
q2 qµ

)(
pν −

p · q
q2 qν

)
. (1.25)

31



Once again we see that the gauge invariance is satisfied. No matter how one constructs the

hadronic tensor in terms of structure functions, we see the explicit dependence on qµqν , qµpν ,

pµqν , and pµpν . Since this is an inclusive reaction, the structure functions can only contain

lepton variable dependence. Some candidates include the energy loss, ν ≡ ω −ω′, the lepton

scattering angle in the leptonic plane χ, and the momentum of the virtual photon, Q2. One can

show however that these variables are related to each other in the target rest frame as

ν =
Q2

2Mp
=
ωω′

Mp
(1− cosχ) , (1.26)

so the structure functions only depend on two of these three variables.

If one knew the explicit functional form of the structure functions, we would have a com-

plete picture of the relevant structure of the hadron for inclusive reactions with a lepton probe

(though we have neglected the potential interaction of the weak force and the potential for

photoproduction or electroproduction of hadrons. Photoproduction and electroproduction

involve the creation of particles from the energy of the beam, whereas the inclusive reaction we

have considered is simply hadronization that originates from the binding energy of the initial

hadron).

In the next chapter, we investigate the Compton form factors that are defined in the context

of coherent, exclusive electroproduction of a meson off a scalar target. They are also structure

functions; by measuring them, one obtains very general information about the response of the

hadron to a lepton current.
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CHAPTER

2

COHERENT ELECTROPRODUCTION
OF A SCALAR OR PSEUDOSCALAR

MESON OFF A SCALAR TARGET

2.1 Motivation and Theory

The coherent meson electroproduction process off a hadronic target offers us a unique oppor-

tunity to investigate the internal structure of the hadron(s) by gleaning information from the

particular nature of the scattering. In particular, meson production off a scalar target lacks

interference from the Bethe-Heitler process present in DVCS for example [Bet34]. Further, the

lack of spin degrees of freedom in the scalar or pseudoscalar meson production (as opposed to

a process like real photon production) provides us with an opportunity for direct analysis of

the dynamics of the non-spin degrees of freedom. Measurements of the Beam Spin Asymmetry

(BSA) for example can tell us information about leading-twist GPD contributions in forward

kinematics where t/Q2≪ 1 is satisfied. In particular, a measurement of a non-vanishing BSA

tells us that the chiral-odd GPD, HT , has overcome a
√
−t/Q suppression factor.
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The most general form of the hadronic current for the coherent, exclusive pseudoscalar

meson electroproduction off the scalar target can be expressed in terms of only one Compton

form factor. We will show that this structure causes the BSA to identically vanish. Meanwhile,

the scalar meson current is constructed with only two Compton form factors (CFFs). This

simple structure easily permits a method to extract the values of the CFFs from experiment

[Ji19]. As the measurement of the BSA is instrumental both in obtaining the CFFs for the

scalar production case and also indicates interesting physics for the chiral-odd GPD HT , we

will show later in detail a benchmark calculation carried out within a simple, solvable model

in 3+1D which seeks to find kinematics where the BSA is non-vanishing. We first formulate

our methodology of analysis, then we motivate and illustrate our choice of kinematics, and

finally we derive expressions for the BSA in terms of a Rosenbluth-type decomposition of the

differential cross section.

2.2 Formalism of Coherent Meson Electroproduction off the Scalar

Target

Our approach is to formulate a very general methodology that makes minimal assumptions in

order to form a complete picture independent of kinematic restrictions and the hadron under

investigation. We form a manifestly gauge invariant hadronic current in terms of CFFs to form

an explicit formula for the BSA, whose measurement provides unambiguous information about

the CFFs.

2.2a The Hadronic Current and Compton Form Factors

We consider the exclusive meson production reaction

e (k) + h (P )→
{
e′(k′) +γ∗(q) + h(P )

}
→ e′ (k′) + h′ (P ′) + m (q′) , (2.1)

with the virtual photon momentum defined to be q = k − k′, see Fig. 2.1 for a pictorial repre-

sentation. The middle expression in Eq. (2.1) is the lowest-order intermediate state, i.e., we do

not consider contributions from the exchange of more than one virtual photon, and we do not
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dress the leptonic vertex. Therefore we write the amplitude as

M =
e2

q2L · J, (2.2)

where Lµ = ūe′ (k′ , s′)γµue (k,s) is the leptonic current and Jµ is the hadronic current mediated

by the virtual photon. A five-fold differential cross section for this reaction as observed from

Figure 2.1 Momentum assignments in the meson electroproduction process with one-photon-
exchange. The hadronic current is defined as the operator which carries the initial hadron state to
the final state.

the TRF can be expressed as
dσ

dydxBdtdφk′dφq′
= κ⟨|M|2⟩ (2.3)

where

κ ≡ 1

(2π)5

yx

32Q2
√

1 +
(

2MT xB
Q

)2
. (2.4)
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Here, y = P · q/P · k TRF= 1−Ek/Ek′ is a measure of the beam energy transferred (Ek and Ek′ are

the beam energy and scattered beam energy seen in the TRF, respectively). xB =Q2/2P · q TRF=

Q2/2MT ν is the Bjorken scaling parameter with MT the target mass and ν the virtual photon

energy in the TRF. Q2 = −q2 characterizes the wavelength and therefore the probing scale of

the virtual photon. t = ∆2 ≡ (P − P ′)2 = (q′ − q)2 characterizes the momentum transferred to the

target. See Figure 2.2 for an illustration of the TRF kinematics.

The amplitude squared for this process calculated from Eq. (2.2) is given by

Figure 2.2 Target rest frame kinematics. As we consider a spacelike virtual photon taken to have no
transverse momentum (q⊥ = 0,

∣∣∣q3
∣∣∣ > ∣∣∣q0

∣∣∣), it follows that Q2 = −q2 = −2q+q− > 0, and the choice
−q+ > 0 implies q− = (q0 − q3)/

√
2 > 0. We therefore choose the convention q+ < 0, q3 < 0.

⟨|M|2⟩ =
e4

q4L
µνHµν

=
e4

q4

[
2q2

ϵ − 1
⟨
∣∣∣τf i ∣∣∣⟩2 + 2iλϵµναβkαk

′
βJ
†
µJν

] (2.5)

where the hadronic tensor is given in terms of the hadronic current through

Hµν = J†µJν , (2.6)
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and the leptonic tensor with a possible beam polarization λ is expressed by

Lµν = q2Λµν + 2iλϵµναβkαk
′
β , (2.7)

with Λµν the lowest-order contribution to the unpolarized (λ = 0) leptonic tensor, Λµν = gµν +
2
q2 (kµk′ν + k′µkν). The symbol ϵ in Eq. (2.5) is a parameter that characterizes the virtual photon’s

transverse polarization density, given by ϵ ≡ Λxx−Λyy
Λxx+Λyy

TRF= (2−y)2

1+(1−y)2+2x2
Bjy

2z2 − 1, z2 ≡M2
T /Q

2, and

ϵµναβ is the fully antisymmetric Levi-Civita symbol in 3+1D. A derivation of these formulae is

given in Appendex B. Comparing Eq. (2.5) to the expansions given in Eqs. (2.6) and (2.7) we

find that

⟨
∣∣∣τf i ∣∣∣⟩2 =

1
2

(
Hxx +Hyy

)
+
ϵ
2

(
Hxx −Hyy

)
+ ϵLHzz +

√
1
2
ϵL (1 + ϵ) (Hxz +Hzx) , (2.8)

where ϵL = (Q2/ν2)ϵ is a parameter characterizing the longitudinal polarization of the virtual

photon.

The hadronic currents for coherent pseudoscalar and scalar meson electroproduction off the

scalar target, expressed in terms of Compton form factors, are given by

J
µ
P S = FP Sϵ

µναβqν P̄α∆β

J
µ
S = F1

(
q2∆µ − q ·∆qµ

)
+F2

[(
P̄ · q

)
∆µ − (q ·∆) P̄ µ

]
,

(2.9)

respectively [Cho21] [Ji19]. This choice of the CFF coefficients preserves manifest gauge in-

variance, q · J = 0. Note that the number of independent CFFs must be equal to the number

of degrees of freedom in the hadron sector. For scalar meson production off the scalar target,

in the hadron sector there are three independent momenta, related by P + q = P ′ + q′. We can

choose q, P − P ′ = ∆, and P + P ′ = P̄ to characterize the independent momenta of the particles.

While we can then generally write 3 CFFs, the restriction of the Ward identity constrains

them, so only 2 independent CFFs remain. As the reaction has even parity, the CFFs must have

coefficients that are symmetric under the space inversion operation [Bro18]. On the other hand,

for pseudoscalar meson production we must have a current that flips sign under the parity

operator, and there is only one independent term that can do this.

The CFFs themselves must be functions only of independent scalars as the CFFs are scalars. As
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there are three independent momenta and no spin degrees of freedom we can form
(3
2
)

= 3 inde-

pendent kinematic scalars. (This is independent of the beam polarization or lack thereof as we

can cleanly separate the leptonic and hadronic contributions to the transition amplitude.) Nat-

ural choices are Q2 = −q2, xBj =Q2/2P ·q, and t = ∆2 = (P − P ′)2 = (q′ − q)2 [Bei10]. Q2 describes

the structure resolution power of the virtual photon (and when Q2 is large, we consider the

photon probe to be deeply virtual or ‘hard’, and when Q2 > 0 this describes a spacelike photon).

xBj is the familiar Bjorken-scaling variable which for approximately 1 GeV < Q < 30 GeV gives

the momentum fraction carried by the struck parton in the parton model. t tells us information

about the momentum transferred to the target; as noted earlier, one should be wary of the

validity of the parton model if t is comparable in order of magnitude to Q2. Note that in 1+1D

there is a reduction in the number of independent scalars; for example, xBj is related to t, Q2,

and the masses of the target and produced meson through

xBj =
2t

t (1 +µs + τ)−
√
t
(
t − 4M2

T

) [
(1 +µs + τ)2 − 4τ

] , (2.10)

where µs = M2
S—PS/Q

2 and τ = −t/Q2 with MS—PS the mass of the produced scalar (pseu-

doscalar) meson. We will prove this in the next section. Therefore, in 1+1D the CFFs are

functions of only two independent scalars.

2.2b Kinematics

We are only considering the single photon exchange process, so it is advantageous to align the

virtual photon with the z-axis. As we wish to have a spacelike photon with lightfront component

q+ < 0, we choose coordinates so that its 3-momentum is in the negative z-direction. We also

introduce ζ ≡ ∆+/P + which measures the skewness, the asymmetry in the plus momentum.

1+1D

We introduce kinematics following the convention introduced in Choi, Choi, Ji, and Oh [Cho22].

We start with defining the momenta of the target and the momentum transfer, as we wish

to express our momenta in terms of the skewness parameter ζ and require P 2 = M2
T and
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∆2 = (P − P ′)2 = t. Therefore,

P =
(
P +,

M2
T

2P +

)
∆ =

(
ζP +,

t
2ζP +

)
.

(2.11)

As the scattered target is observed in the exclusive process and does not disintegrate from the

impact of the virtual photon, we must have P ′2 =M2
T and P ′ = P −∆ so

P ′ =
(
(1− ζ)P +,

1
2P +

(
M2
T −

t
ζ

))
. (2.12)

We would now like an expression for q′ and q. As q′ is on-shell and not massless, we have q′+ > 0

and q′− > 0 and q′2 =M2
S . Further, since P +P ′ = q+q′ we have q′ −q = P −P ′ = ∆. Therefore it is

sensible to write q′− as a term proportional to Q2/P +. Writing this proportionality constant as

1/ζ′, we have

q′ =
(
µsζ
′P +,

Q2

2ζ′P +

)
q = q′ −∆ =

(
(µsζ

′ − ζ)P +,
Q2

2P +

( 1
ζ′

+
τ
ζ

))
,

(2.13)
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where we have introduced µs = M2
S /Q

2 and τ = −t/Q2. Now by enforcing q2 = −Q2 we can

relate ζ′ to ζ:

q2 = (µsζ
′ − ζ)Q2

( 1
ζ′

+
τ
ζ

)
=Q2

(
µs −

ζ
ζ′

)(
1 + τ

ζ′

ζ

)
=Q2

(
µs +µsτ

ζ′

ζ
− ζ
ζ′
− τ

)
=Q2 ζ

ζ′

µs ζ′ζ +µsτ
(
ζ′

ζ

)2

− 1− τ ζ
′

ζ


=⇒ 1 + (τ −µs − 1)

ζ′

ζ
−µsτ

(
ζ′

ζ

)2

= 0

=⇒ ζ′

ζ
= −

1 +µs − τ −
√

(1 +µs − τ)2 + 4µsτ

2µsτ

= −
−4µsτ

2µsτ
[
(1 +µs − τ) +

√
(1 +µs − τ)2 + 4µsτ

]
∴

ζ′

ζ
=

2

1 +µs − τ +
√

(1 +µs + τ)2 − 4τ
.

(2.14)

In the above derivation we chose µsζ′ −ζ < 0 to have q+ < 0, and we need ζ′ > 0 for q′+ > 0. Next,

we derive Eq. (2.10). As xBj =Q2/2P · q we have

xBj =
Q2

2(P +q− + P −q+)

=
Q2

2
(
P +

(
Q2

2P +

(
1
ζ′ + τ

ζ

))
+
(
M2
T

2P + (µsζ′ − ζ)P +
))

=
Q2

Q2
(

1
ζ′ + τ

ζ

)
+M2

T (µsζ′ − ζ)
.

(2.15)
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Alternatively, we note that

t = 2P ·∆

= 2P · (q′ − q) = 2(P · q′ − P · q)

=⇒ 2P · q = 2P · q′ − t

= (P + q′)2 − P 2 − q′2 − t

= (P + q′)2 −M2
T −M

2
S − t.

(2.16)

At this stage, we also note that the expression for t relates the skewness parameter to it:

ζ =
1

2M2
T

(
t +

√
t2 − 4tM2

T

)
. (2.17)

Now using the kinematics for p and q′:

P + q′ =
(
(1 +µsζ

′)P +,
1

2P +

(
M2
T +

Q2

ζ′

))
, (2.18)

we have

(P + q′)2 =M2
T +M2

S +
Q2

ζ′
+µsζ

′M2
T , (2.19)

and therefore

2P · q =
Q2

ζ′
+µsζ

′M2
T − t =

( ζ
ζ′

)Q2

ζ
+µs

(
ζ′

ζ

)
ζM2

T − t. (2.20)

So

xBj =
Q2

2P · q
=

Q2(
ζ
ζ′

)
Q2

ζ +µs
(
ζ′
ζ

)
ζM2

T − t
. (2.21)

Finally, inserting Equation (2.14) and Equation (2.17) into this expression and simplifying, we

recover the expression for xBj given in Equation (2.10).

Because t is strictly less than 0 in our kinematics and reaction, there must be some momentum

transferred to the target. This implies that there is an upper limit on xBj at a given Q2. This

value will be given when the momentum transfer is as small as possible, in other words at

threshold: xBj,max = xBj|t=tth , where tth = −|tmax|. As we consider Q2 a given constant, we can

find an expression for tth, because the differential change in xBj at its maximum will be zero:

dxBj = (∂xBj/∂Q
2)dQ2 + (∂xBj/∂t)dt = 0, but dQ2 = 0, so

41



dxBj

dt

∣∣∣∣∣∣
t=tth

= 0. (2.22)

After doing a fair amount of algebra, we get the expression for the threshold momentum

transfer squared,

tth = −
MT

(
M2
S +Q2

)
MT +MS

, (2.23)

This corresponds to the threshold point where the momentum directions of the outgoing target

and the produced meson are swapped in the center-of-momentum frame. As the minimum

momentum transfer occurs in the forward limit in 3+1D, this can be compared to a minimum

value of −t/Q2,

− tth/Q2 =
MT

(
M2
S +Q2

)
Q2 (MT +MS )

, (2.24)

which in the limit of very large Q2 is approximately

lim
Q2→∞

−tth/Q2 =
MT

MT +MS
. (2.25)

If we need to ensure that −t/Q2 is less than some fraction b < 1, then we must have

b

(
MS

MT
+ 1

)
> 1. (2.26)

3+1D

It is easy to extend the above kinematics to the 3+1D case.

Generally we use the TRF when expressing physically measurable quantities like the BSA:

P = {MT ,0,0,0} (2.27)

The instant form dynamics are natural to use when referencing the TRF. The lepton kinematics

are given by

l = {Eb,Eb sinα,0,−Eb cosα}

l′ = {Eb − ν, (Eb − ν)sin(α +χ),0,−(Eb − ν)cos(α +χ)}
(2.28)
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We define q ≡ l − l′, and requiring a spacelike virtual photon with no transverse momentum

leads to the expression

q =
{
ν,0,0,−

√
ν2 +Q2

}
. (2.29)

We define φ to be the azimuthal angle between the leptonic and hadronic planes as seen from

the TRF and θ to be the angle between the 3-momentum q⃗ and q⃗′: q⃗ · q⃗′ =
∣∣∣q⃗∣∣∣ ∣∣∣∣q⃗′∣∣∣∣cosθ. This

completes the kinematics in the TRF, as q + P = q′ + P ′. We also use the notation P̄ ≡ P + P ′ and

∆ ≡ P − P ′, taking the three independent momenta in the hadronic sector to be q, P̄ , and ∆.

Writing the momentum of the produced meson next, we can write

q′ =
{
Eq′ ,

√
E2
q′ −M

2
S cosφsinθ,−

√
E2
q′ −M

2
S sinφsinθ,−

√
E2
q′ −M

2
S cosθ

}
, (2.30)

which satisfies the condition q′2 = M2
S . From momentum conservation we note that ∆2 =

(q′ − q)2 = q2 + q′2 − 2q · q′ =M2
S −Q

2 − 2q · q′ = t. Further, P ′ = P −∆ = P − q′ + q, and we require

P ′2 =M2
T , thereforeM2

T = P 2+q′2+q2−2P ·q′+2P ·q−2q ·q′. Or, −2q′ ·q =Q2−M2
S−Q

2/xBj+2P ·q′,
where xBj ≡Q2/2P · q. In the TRF 2P · q′ = 2Eq′MT , so we end up with the expression

M2
S −Q

2 +Q2 −M2
S −Q

2/xBj + 2Eq′MT = t, (2.31)

which we solve for E′q:

Eq′ =
Q2 + txBj

2MT xBj
. (2.32)

Finally, using ν =Q2/2MT xBj, this expression for Eq′ , M
2
S −Q

2 − 2q · q′ = t, and 2q · q′ = 2
(
Eq′ν −√

ν2 +Q2
√
E2
q′ −M

2
S cosθ

)
gives us the expression:

cos2θ =

[
2M2

T x
2
Bj

(
t −M2

S

)
+Q2xBj

(
2M2

T xBj + t
)

+Q4
]2

Q2
[(

4M2
T x

2
Bj +Q2

)(
x2

Bj

(
t2 − 4M2

SM
2
T

)
+Q4 + 2Q2txBj

)] . (2.33)

One should take care to choose the correct sign for θ and φ for consistent kinematics that

match the schematic shown in Figure 2.2.
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TRF Summary
Free parameters:

{
Q2,xBj, t,y,φ,MT ,MS

}
l = {Eb,Eb sinα,0,−Eb cosα}

l′ = {Eb − ν, (Eb − ν) sin(α +χ),0,− (Eb − ν)cos(α +χ)}

α = sec−1

2Eb
√
Q2 + ν2

Q2 + 2Ebν


χ = cos−1

(
1− Q2

2Eb (Eb − ν)

)
P = {MT ,0,0,0}

q = l − l′ =
{
ν,0,0,−

√
ν2 +Q2

}
q′ =

{
Eq′ ,

√
E2
q′ −M

2
S cosφsinθ,−

√
E2
q′ −M

2
S sinφsinθ,−

√
E2
q′ −M

2
S cosθ

}
∆ ≡ P − P ′ = q′ − q

P ′ = P −∆

ν =
Q2

2MT xBj

Eb =
ν
y

Eq′ =
Q2 + txBj

2MT xBj

cos2θ =

[
2M2

T x
2
Bj

(
t −M2

S

)
+Q2xBj

(
2M2

T xBj + t
)

+Q4
]2

Q2
[(

4M2
T x

2
Bj +Q2

)(
x2

Bj

(
t2 − 4M2

SM
2
T

)
+Q4 + 2Q2txBj

)] .
2.2c Light Front Dynamics (LFD)

For computing and amplitudes and comparison with other works we use the LFD. (And usually

the TRF if computing a frame-dependent quantity.)

In the following I use the convention k = {k+, kx, ky , k−}, k± = k0±k3, and k·l = (k+l− + k−l+) /2−
k⃗ · l⃗.
It is very convenient to continue working in an inertial frame where P⃗ ⊥ = 0:

P =
{
P +,0,0,

M2
T

P +

}
. (2.34)
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We continue in the hadronic sector by defining

∆+ ≡ ζP +, (2.35)

which sets the skewness parameter, ζ, and 0 < ζ < 1. Next we define ∆2 = (P − P ′)2 ≡ t. Notating

|∆⃗⊥| = ∆⊥, this determines the momentum transfer directly to the (coherent) target as:

∆ =
{
ζP +,∆⊥ cosφ,−∆⊥ sinφ,

t +∆2
⊥

ζP +

}
. (2.36)

Since we use a frame where the target lacks any transverse momentum, this defines the recoiled

target momentum to be given by

P ′ = P −∆ =
{

(1− ζ)P +,−∆⊥ cosφ,∆⊥ sinφ,
M2
T

P + −
t +∆2

⊥
ζP +

}
. (2.37)

Since the recoiled target is still the same target nucleus, P ′2 =M2
T , this generates an invertible

expression for ∆⊥ in terms of ζ and t and a limiting expression on the domain of t:

P ′2 =
1− ζ
ζ

(
ζM2

T − t − ζ∆
2
⊥
)
−∆2
⊥ =M2

T

=⇒ −ζ(M2
T +∆2

⊥) +
1− ζ
ζ

t = 0

=⇒ M2
T +∆2

⊥ −
1− ζ
ζ2 t = 0

=⇒ ∆2
⊥ = (1− ζ) t − ζ2M2

T

=⇒ ∆⊥ =
√

(1− ζ) t − ζ2M2
T .

(2.38)

Since ∆⊥ ≥ 0, we must have (1− ζ)t − ζ2M2
T ≥ 0, or t ≤ −ζ

2M2
T

1−ζ , which defines the upper-bound

on the value of t,

tmax = −
ζ2M2

T

1− ζ
≤ 0. (2.39)

We define a new variable ζ′ when writing the q′ vector. Also, since we want the virtual photon

to not have any transverse momentum and q′ − q = ∆, the transverse part is already determined:

q′ =

µsζ′P +,∆⊥ cosφ,−∆⊥ sinφ,
Q2

(
1 +∆2

⊥/M
2
S

)
ζ′P +

 , (2.40)
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where µs ≡M2
S /Q

2 withMS the mass of the electroproduced scalar meson. Writing the momenta

q and q′ in this way shows explicitly the order of each component in Q2. Now we can construct

q directly from q′ and ∆:

q = q′ −∆ =

(µsζ
′/ζ − 1)ζP +,0,0,

Q2
(
1 +∆2

⊥/M
2
S

)
ζ′P + −

t +∆2
⊥

ζP +

 (2.41)

Requiring q2 = −Q2 yields the expression for the ratio ζ/ζ′. Defining ζ/ζ′→ β, −t/Q2→ τ , and

∆2
⊥/Q

2→ δ for algebraically compacting the expression, we have

q2 = (µs/β − 1)[Q2(1 +∆2
⊥/M

2
S )β − t −∆2

⊥] = −Q2

=⇒ (µs − β)
[
Q2(1 +∆2

⊥/M
2
S )β − t −∆2

⊥
]
+Q2β = 0

=⇒ (µs − β)
[
(1 +∆2

⊥/M
2
S )β + τ − δ

]
+ β = 0

=⇒ (1 +∆2
⊥/M

2
S )β2 −

(
µs(1 +∆2

⊥/M
2
S ) + 1− (τ − δ)

)
β −µs(τ − δ) = 0

=⇒ β =
µs(1 +∆2

⊥/M
2
S ) + 1− τ + δ ±

√
(µs(1 +∆2

⊥/M
2
S ) + 1− τ + δ)2 + 4µs(τ − δ)(1 +∆2

⊥/M
2
S )

2(1 +∆2
⊥/M

2
S )

=⇒ 1/β =
2(1 +∆2

⊥/M
2
S )

µs(1 +∆2
⊥/M

2
S ) + 1− τ + δ ±

√
(µs(1 +∆2

⊥/M
2
S ) + 1− τ + δ)2 + 4µs

(
1 +∆2

⊥/M
2
S

)
(τ − δ)

=⇒ ζ′

ζ
=

2(1 +∆2
⊥/M

2
S )

1 +µs(1 +∆2
⊥/M

2
S )− (τ − δ)±

√[
1 + (τ − δ) +µs

(
1 +∆2

⊥/M
2
S

)]2
− 4(τ − δ)

(2.42)

Defining µ′s ≡ µs
(
1 +∆2

⊥/M
2
S

)
, τ ′ ≡ τ −∆2

⊥/Q
2, we obtain the expression for the ratio:

ζ′

ζ
=

2µ′s/µs

1 +µ′s − τ ′ +
√

(1 + τ ′ +µ′s)
2 − 4τ ′

. (2.43)

Here we pick the sign before the square root term in order to ensure 0 ≤ ζ < ζ′ ≤ 1 which assures

q+ < 0, a necessity for exploring the spacelike region of the virtual photon. This expression

manifestly reproduces the result obtained in 1+1D in the limit ∆⊥→ 0.
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We can also solve for an expression for ζ:

P ′2 = (P −∆)2

=⇒ M2
T = P 2 − 2P ·∆+∆2

=⇒ 2P ·∆ = t

=⇒ P +∆− + P −∆+ = t

=⇒
t +∆2

⊥
ζ

+ ζM2
T = t

=⇒ t +∆2
⊥ + ζ2M2

T − ζt = 0

=⇒ ζ =
t +

√
t2 − 4M2

T

(
t +∆2

⊥
)

2M2
T

(2.44)

The Bjorken scaling variable xBj =Q2/2MNν (where MN is the nucleon mass) is related to

xA given by

xA ≡
Q2

2P · q

=
Q2

P +q− + P −q+

=
Q2

P +
(
Q2(1+∆2

⊥/M
2
S)

ζ′P + − t+∆
2
⊥

ζP +

)
+ ζM2

T

(
µs

ζ′
ζ − 1

)
=

Q2

Q2

ζ

[(
1 +∆2

⊥/M
2
S

)(
ζ′
ζ

)−1
−
t+∆2

⊥+ζ2M2
T

(
1−µs ζ

′
ζ

)
Q2

]
=

ζ(
1 +∆2

⊥/M
2
S

)(
ζ′
ζ

)−1
−
t+∆2

⊥+ζ2M2
T

(
1−µs ζ

′
ζ

)
Q2

=
ζ

(µ′s/µs)
(
ζ′
ζ

)−1
+ τ ′ −

ζ2M2
T

(
1−µs ζ

′
ζ

)
Q2

xBj =
2(t +∆2

⊥)

t (1 +µ′s + τ ′)−
√
t
[
t − 4M2

T

(
1 +∆2

⊥/t
)] [

(1 +µ′s + τ ′)2 − 4τ ′
]

(2.45)
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2.2d Other Kinematics Choices and Relations: Preliminaries of Model Calcula-
tions

Here we summarize some kinematics that we will use in the following chapters.

GPD Scaling Behavior Kinematics - Fermion Constituent Case

The following kinematics is informative for the scaling behaviors of the GPDs.

kµ = (xp+,0,0,0)

k′µ =
(
(x − ζ)p+,−∆⊥,0,−

∆2
⊥

2(x − ζ)p+

)
qµ =

(
(−ζ +α (µs +µt))p

+,0,0,
Q2

2p+

( 1
α

+
µt
x − ζ

))
,

q′µ =
(
α (µs +µt)p

+,∆⊥,0,
Q2

2αp+

)
,

where ∆µ = q′µ − qµ = kµ − k′µ,µs =m2/Q2, µt = ∆2
⊥/Q

2 and

α =
2ζ(x − ζ)(

(1 +µs +µt) (x − ζ)−µtζ −
√
D

with D = 4µt (µs +µt)ζ(x−ζ) + ((1 +µs +µt) (x − ζ)− µtζ)2. We note that α ≈ ζ as µs→ 0 and

µt→ 0.

The corresponding Mandelstam variables s = (k+ q)2, t = (k − k′)2, and u = (k − q′)2 are given

by

s =
Q2

2ζ(x − ζ)

(
(1 +µs +µt)x

2 − (3 +µs)xζ

+2ζ2 + x
√
D
)

t = ∆2 = − x
x − ζ

∆2
⊥

u =
−Q2

2ζ(x − ζ)

(
(1 +µs +µt)x

2 − (1 + 3µs + 2µt)xζ

+2µsζ
2 +
√
D
)

and s+ t +u = −Q2 +m2.

The hadronic amplitudes of the S and U channels in the quark level are respectively given

by
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JSh,h′ ,λ = ūh′ (k −∆)Γ
(
̸ k+ ̸ 1 +mq

)
<λ (q)uh(k),

JUh,h′ ,λ = ūh′ (k −∆) <λ (q)
(̸
k− ̸ q′ +mq

)
Γuh(k),

where Γ = ES +FS ̸ q′ +GS ̸ k +HSσµνq′µkν .

We use these kinematics to discuss the scaling behaviors of the leading-twist chiral-even

and chiral-odd GPDs in Appendix A.

Kinematics for Checking Independence of Component for GPD

We use the following when checking the form of the GPD is independent of component which

will be covered in Chapter 3.

q′ =
{
αζP +,

√
αQ+∆⊥,0,

Q2

ζP +

}
q =

{
(α − 1)ζP +,

√
αQ,0,

Q2

ζP +

}
∆ ≡ q′ − q =

{
ζP +,∆⊥,0,0

}
(2.46)

This defines the parameter α as

α ≡ µs
ζ′

ζ
, (2.47)

where
ζ′

ζ
=

2(µ′s/µ)

1 +µ′s − τ ′ +
√

(1 +µ′s + τ ′)2 − 4τ ′
, (2.48)

where µ′s = µs
(
1 +∆2

⊥/M
2
S

)
, and τ ′ = τ

(
1−∆2

⊥/Q
2
)
.

2.3 Rosenbluth-type Separation of the Differential Cross Section

and Beam Spin Asymmetry

The expression for the differential cross section given by Eq. (2.3) can be decomposed into a

sum of contributions of separately measurable differential cross sections. This Rosenbluth-type

separation of the differential cross section is written with the MAID notation introduced in
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[Dre92]:

dσλ = dσT + ϵcos2φdσT T + ϵLdσL + cosφ

√
1
2
ϵL (1 + ϵ)dσLT +λdσBSA (2.49)

Formulae for the BSA in terms of the Rosenbluth-type expressions may be obtained by direct

computation and comparison with the result of expanding Eqs. (2.3), (2.5), (2.6), (2.8), and

(2.9), starting with

BSA ≡ dσλ=+1 −dσλ=−1

dσλ=+1 + dσλ=−1
=
ϵ − 1
q2

 iϵµναβkαk′βHµν⟨
∣∣∣τf i ∣∣∣⟩2

 . (2.50)

.

2.3a Pseudoscalar Meson Production

According to Eqs. (2.9) and (2.5), the cross-section for pseudoscalar (0−+) meson production

will be proportional to Hµν = J †µ Jν :

dσPS ∝ |FP S |2 ϵµαβγϵνα′β′γ ′qα P̄ β∆γqα
′
P̄ β
′
∆γ

′

=Hµν =Hνµ.
(2.51)

The hadronic tensor for pseudoscalar meson production off the scalar target is thus symmetric.

However, we see looking at Eq. (2.50) that the BSA is proportional to the contraction of the fully

antisymmetric Levi-Civita symbol with the hadronic tensor. If the hadronic tensor is symmetric

in µ, ν the BSA must vanish. The hadronic current JPS
µ = FPSϵ

µναβqν P̄α∆β is completely model-

independent. We therefore have a strikingly-simple expression for the BSA for the pseudoscalar

meson production:

BSA(PS) = 0. (2.52)

The differential cross section for pseudoscalar meson production is given by

dσPS = dσPS
T + dσPS

T T ϵcos2φ = dσPS
T (1− ϵcos2φ) , (2.53)

where

dσPS
T = −dσPS

T T

= κ
e4

∣∣∣∣FPS

(
Q2, t,x

)∣∣∣∣2 sin2θ

4M2
T x

4
Bj (1− ϵ)

(
4M2

T x
2
Bj +Q2

) [
x2

Bj

(
t2 − 4M2

PSM
2
T

)
+Q4 + 2Q2txBj

] , (2.54)
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with the pseudoscalar meson mass MPS and the lab angle θ for the meson production in the

hadronic plane (see Fig. 2.2) [Ji19][Gol10].

2.3b Scalar Meson Production

The differential cross section for the scalar meson production is given by

dσS
λ = dσS

T (1 + ϵcos2φ) + dσS
LϵL + dσS

LT cosφ

√
1
2
ϵL (1 + ϵ) +λdσS

BSA, (2.55)

where dσS
T = dσS

T T and can be written in terms of the Compton form factors
dσS

T

dσS
L

dσS
LT

dσS
BSA

 =


T1 T2 T3 0

L1 L2 L3 0

I1 I2 I3 0

0 0 0 SA




|F1|2

|F2|2

F+
12

F−12

 (2.56)
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with F±12 = F1F
∗
2 ± F2F

∗
1. The matrix elements evaluated in the TRF can be calculated without

much difficulty; they are given by

T1 =
κe4 sin2θQ2

4M2
T x

2 (1− ϵ)

[
x2

(
t2 − 4M2

SM
2
T

)
+Q4 + 2Q2tx

]
,

T2 =
κe4 sin2θQ2 (x − 1)2

4M2
T x

4 (1− ϵ)

[
x2

(
t2 − 4M2

SM
2
T

)
+Q4 + 2Q2tx

]
T3 =

√
T1T2

L1 =
κe4Q4

8M2
T x

2 (1− ϵ)
(
4M2

T x
2 +Q2

) [M2
S +Q2 + t (2x − 1)

]2
L2 =

κe2
[
M2
S

(
4M2

T x+Q2
)

+Q2
(
4M2

T x+ 2tx − 3t
)
− 4M2

T tx+Q4
]2

8M2
T x

2 (1− ϵ)
(
4M2

T x
2 +Q2

)
L3 =

√
L1L2

I1 =
κe4IC tanθQ2

[
M2
S +Q2 + t (2x − 1)

]
2M2

T x
2 (ϵ − 1)

(
4M2

T x
2 +Q2

)
I2 =

κe4IC tanθ (x − 1)

2M2
T x

3 (ϵ − 1)
(
4M2

T x
2 +Q2

)(
M2
S

(
4M2

T x+Q2
)

+Q2
(
4M2

T x+ 2tx − 3t
)
− 4M2

T tx+Q4
]

I3 =
κe4IC tanθ

4M2
T x

3 (ϵ − 1)
(
4M2

T x
2 +Q2

)M2
S

(
4M2

T x
2 +Q2 (2x − 1)

)
+Q2

(
4M2

T x
2 + 4tx2 − 6tx+ t

)
− 4M2

T tx
2 +Q4 (2x − 1)


SA = −κe4 sinθ sinφ

2M2
T x

2y

(
M2
S +Q2 − t

)√
Q2 (y − 1) +M2

T x
2y2

√
x2

(
t2 − 4M2

SM
2
T

)
+Q4 + 2Q2tx.

(2.57)

Here IC = 2M2
T x

2
(
t −M2

S

)
+Q2x

(
2M2

T x+ t
)

+Q4 and cosθ = IC

Q
√

4M2
T x

2+Q2[x2(t2−4M2
SM

2
T )+Q4+2Q2tx]

.

Details of the derivations of these formulas can be found in [Ji19].
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CHAPTER

3

BENCHMARK CALCULATION WITH
AN EXACTLY SOLVABLE 3+1D MODEL

In this chapter we introduce a simple exactly-solvable phenomenological model

of meson electroproduction off the scalar target. While a somewhat more realistic

model may include spin degrees of freedom and utilize normal QED Feynman rules,

for simplicity we instead focus on the “bare bones” structure already revealed in

this work. The main advantage of this simple model is its explicit convergence at

each order in the perturbation expansion. Another benefit is the reduced degrees of

freedom corresponding to fewer independent Compton Form Factors (CFFs).

3.1 Introduction and Feynman Rules

Here Jµ is computed according to a phenomenological model and perturbation theory. Our

model Lagrangian is given by
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L =
(
∂µφa + ieaAµφa

)†
(∂µφa + ieaA

µφa)−m2
aφ
†
aφa

+
(
∂µφb + iebAµφb

)†
(∂µφb + iebA

µφb)−m2
bφ
†
bφb

− 1
2

(
M2Φ2 +M2

SΦ
2
M −∂µΦ∂

µΦ −∂µΦM∂µΦM
)

+ gΦ
(
φ†aφb +φ†bφa

)
+ Γ ΦM

(
φ†aφb +φ†bφa

)
.

(3.1)

Here φa,b are the scalar parton fields that compose the target hadron with charges ea,b
and masses ma,b. Aµ is the virtual photon field, Φ is the initial/final hadron target field

with mass M, ΦM is the electroproduced meson with mass MS and coupling parameter Γ ,

and g is a [M]1 coupling factor related to the binding energy of the partons. Since the me-

son is also a composite hadron, we can model the scalar-scalar interaction coupling with

Γ = ES +FS ̸ q′ +GS ̸ k +HSσµνq′µkν ; we simply take the identity coupling in this calculation, but

it is worth noting that the other terms can also contribute due to the composite nature of the

meson. In Appendix A we will discuss more details about the leading-twist chiral-even and

odd GPDs and how we only have the chiral-even GPD for using only the identity coupling, but

how the derivative coupling can introduce the chiral-odd GPD.

Since we are interested in finding the kinematics where F−12 is non-vanishing we calculate the

NLO contribution to the transition amplitude. Our goal is therefore to carry out a computation

of the four-point function with our exactly-solvable model. The relevant covariant amplitudes

are shown in Figure 3.1.

According to our model Lagrangian and the covariant diagrams our four-point function

contribution to the hadronic current is

J µ = J µS +J µU +J µC , (3.2)
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Figure 3.1 The covariant diagrams: (a) S-Channel, (b) U-Channel, (c) “cat-ears” channel, denoted C-
Channel. The inclusion of the C-Channel is necessary to preserve the gauge invariance of the theory.
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where

J µS = ie1N
∫

d4k

(2π)4

(2k + q)µ

(k2 −m2
1 + iε)((k + q)2 −m2

1 + iε)((k −∆)2 −m2
1 + iε)((k − P )2 −m2

2 + iε)

J µU = ie1N
∫

d4k

(2π)4

(2k − q′)µ

(k2 −m2
1 + iε)((k − q′)2 −m2

1 + iε)((k −∆)2 −m2
1 + iε)((k − P )2 −m2

2 + iε)

J µC = −ie2N
∫

d4k

(2π)4

(2k − 2P − q)µ

(k2 −m2
1 + iε)((k − q′)2 −m2

1 + iε)((k − P − q)2 −m2
1 + iε)((k − P )2 −m2

2 + iε)
.

(3.3)

Here, ei and mi are the charges and masses of the struck and observer propagators respectively.

N contains the g2 coupling factor and appropriate normalization factors.

To proceed we first represent the covariant diagrams with the equivalent sum of their

time-ordered parts. Although the manifest gauge invariance is hidden, the advantage is one can

easily identify diagrams which correspond to valence (diagonal S-Matrix elements acting on

Fock-space states) and non-valence (off-diagonal) contributions. We will use the light-front time

variable x+ instead of x0. We pick up a δ-function at each vertex for momentum conservation as

well as the condition that the intermediate-state particles are on-shell. We can then immediately

integrate over the minus-component, placing each particle on-shell with increasing light-front

time x+ from left-to-right in their diagrammatic representations.

We can therefore write for the single-photon exchange model that

J µNLO =
∑
i

j
µ
i , ji ∈

{
S
µ
twist,S

µ
stret,S

µ
open,S

µ
hand,U

µ
twist,U

µ
stret,U

µ
open,U

µ
hand,C

µ
(i),C

µ
(j),C

µ
(k),C

µ
(l)

}
⊕ eN

{
M
µ
S,ET ,val ,M

µ
U,ET ,val ,M

µ
S,ET ,non,M

µ
U,ET ,non

}
⊕ (permutations),

(3.4)

where each element is a time-ordered amplitude shown in Figure 3.3, and eN is the total

charge of the target, and permutations are over the distinguishable partons in the model and

their respective masses and charge factors. As an example, the “handbag” diagram, a valence

contribution, is given by

56



Figure 3.2 The light-front-time-ordered contribution S −hand to the four-point function, µ = + shown.

Mµ
s, hand = −

eQ1
N

4π

∫ p+

∆+
dk+

∫
d2k⃗ 1

(2π)2

2k
µ
b + qµ

Cs
(
∆k−bi

)(
∆k−bf

)(
∆k−bt

) . (3.5)

(See Chapter 3.2 for a complete definition of the terms appearing in this equation as well as

the variables that appear in all the other diagrams.)

Once J µ is calculated according to our model, we can extract the values of the CFFs in a

straightforward way. We simply contract with the independent momenta that are not qµ:

∆µJ
µ
S = F1

(
q2∆2 − (q ·∆)2

)
+F2

[(
P̄ · q

)
∆2

]

P̄µJ
µ
S = −

(
F1 (q ·∆)

(
P̄ · q

)
+F2

[
(q ·∆) P̄ 2

])
.

(3.6)

Here we used the fact that P̄ ·∆ = 0. The last step simply involves solving these for F1 and F2 as

each other quantity in these expressions is a calculated c-number for a given kinematics and

then taking the real and imaginary parts of the results.

To find which diagrams generally may have a contribution to the imaginary component of

the CFFs, one can investigate a diagram like the S-Channel “handbag” amplitude shown in

Figure 3.2 and deduce that the pole positions of the energy denominators are not all on one

hemisphere of the complex k+-plane. In this case, since the k + q and p − k propagators appear

simultaneously in a light-front-time “cut”, this implies that the ∆k−bt energy denominator term

will generate the imaginary component of the amplitude.

Other diagrams, like the S-Open diagram may or may not have imaginary contributions due

to dependence on the kinematics. (The term ∆k−bt is quadratic in k+ and always has a zero in
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Figure 3.3 The lightfront-time-ordered diagrams referenced in Equation (3.4) with µ = + shown. The
banners above each diagram show the k+ integration range corresponding to that diagram. Diagram
(a) corresponds to the first term, S-Stretch. The rest of the diagrams can be read off left-to-right and
down; for example, diagram (f) is the U-Stretch diagram. The ETS and ETU channels don’t contribute
for the neutral target case, in other words, when eN = 0. In the deeply-virtual limit only diagrams (d)
and (h) are non-vanishing for the valence contribution and only diagrams (c) and (g) contribute to the
non-valence part. Explicit expressions for each diagram are given in Chapter 3.2.
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∆+ < k+ < P +, but the other root might not lie within the integration region −q+ < k+ < ∆+.)

In total there are four diagrams (two in the S-Channel and two in the C-Channel) that can

contribute to the imaginary part of the CFFs from the four-point function contribution. Two

more diagrams can also contribute if the target is charged, allowing the virtual photon to

couple directly to the target’s incident propagator; however, these are three-point function

contributions (they are “triangle” diagrams, not “box” diagrams.)

3.1a Gauge Invariance Proofs

We must analytically prove gauge invariance to show that our model is consistent and does not

violate physical constraints. From there, an appropriate choice of coupling constants should

provide a reasonable structural approximation of the meson electroproduction process.

Tree-Level (Born Amplitudes)

First, let’s consider the tree-level diagrams for scalar meson production. These share the same

charge factor at the photon vertex, so I drop the overall charge factor for simplicity. The final

term is a contact diagram contribution; we use p+q−p′ = q′ and the factor 2 arises because it is

effectively the sum of both an “s” and “u”-channel contact diagram.

qµJ
µ
T ,s = qµ

{
(2pµ + qµ) [Is +Ds (2p+ 2q − q′) · q′]

(p+ q)2 −M2
t

+
(2pµ − 2q′µ + qµ) [Is +Ds (2p − q′) · q′]

(p − q′)2 −M2
t

− 2Dsq
′µ
}

=

(
2q · p+ q2

)
[Is +Ds (2p+ 2q · q′) · q′]

(
q′2 − 2p · q′

)
+
(
2q · p − 2q · q′ + q2

)
[Is +Ds (2p − q′) · q′]

(
q2 + 2p · q

)
− 2Ds (q · q′)

(
q′2 − 2p · q′

)(
q2 + 2p · q

)(
(p+ q)2 −M2

t

)(
(p − q′)2 −M2

t

)
(3.7)

The numerator of this expression is then given by

Num
[
qµJ

µ
T ,s

]
= Is

(
2q · p − 4q · pq′ · p+ q2q′2 − 2q2p · q′ + 2q2q · p+ 4(q · p)2 − 2q · q′q2 − 4p · qq · q′ + q4 + 2p · qq2

)
+Ds [. . . ]

= Is
[
q2 (q+ p − q′)2 − q2p2 + 2q · p

(
q′2 −

(
2p · q′ − q2 − 2q · p+ 2q · q′

))]
+Ds [. . . ]

(3.8)
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The first terms cancel out because q+ p − q′ = p′ and p2 = p′2. Next, note that

q′2 = (p+ q − p′)2

= p2 + q2 + p′2 + 2p · q − 2p · p′ − 2q · p′

= 2p2 + q2 + 2p · q − 2p · (p+ q − q′)− 2q · (p+ q − q′)

= 2p2 + q2 + 2p · q − 2p2 − 2p · q+ 2p · q′ − 2p · q − 2q2 + 2q · q′

= 2p · q′ − q2 − 2q · p+ 2q · q′

(3.9)

which means that the terms with the coefficient 2q · p cancel. Thus all the Is terms vanish. This

leaves only the derivative coupling terms. Note that there is a common factor Ds (2p − q′) · q′ in

the first two terms. Therefore, we are only left with

Num
[
qµJ

µ
T ,s

]
=Ds


(
2p · q+ q2

)
(2q · q′)

(p+ q)2 −M2
t

− 2q · q′
 (3.10)

But (p + q)2 −M2
t = 2p · q + q2, so it immediately follows that the derivative coupling terms also

cancel, hence we have shown that qµJ
µ
T ,s = 0 explicitly. Next, we investigate the 1-loop order

gauge invariance.

1-Loop Order

Figure 3.1 shows the covariant diagrams contribute to the NLO amplitude.

The S-channel covariant amplitude, for example, can then be written

iJ
µ
s =N g2

∫
d2l⊥

(2π)2

∫
dl+

2π

∫
dl−

2π
(2lµ + qµ) [Is +Ds (2l + 2q − q′) · q′]

dldl+qdl−∆Dl−p
, (3.11)

where

dl = l2 −m2 + iϵ

dl±p = (l ± p)2 −m2 + iϵ,
(3.12)

and

Dl±p = (l ± p)2 −m2
s + iϵ. (3.13)
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Later, I will also make use of

D ′l±p = (l ± p)2 −M2
t + iϵ. (3.14)

Is and Ds are the identity and derivative coupling constants, respectively, at the scalar meson

vertex.

Charge-neutral Scalar Target

In this case only the S-Channel, U-Channel, and C-Channel contribute to the current if we

neglect a derivative coupling with the produced meson. Including it, there is also a contact

term like in the tree level case; in the NLO the “dl propagator goes away”. The current is given

by

J
µ
s =

∫  d4l

(2π)4

[
Is +Ds (2l + 2q − q′) · q′

][ 2lµ + qµ

dldl+qdl−∆Dl−p
+

2lµ − 2q′µ + qµ

dldl−q′dl−∆Dl−p
+

2lµ − 2pµ − qµ

dldl−q′Dl−δDl−p

]

−
2Dsq′

dl+qdl−∆Dl−p


(3.15)

Contracting with qµ, (and dropping the contact diagram term until the last line for clarity) this

results in

q · J =
∫

d4l

(2π)4

[
Is +Ds (2l + 2q − q′) · q′

][ 2l · q+ q2

dldl+qdl−∆Dl−p
+

2l · q − 2q′ · q+ q2

dldl−q′dl−∆Dl−p
+

2l · q − 2p · q − q2

dldl−q′Dl−δDl−p

]
=

∫
d4l

(2π)4

[
Is +Ds (2l + 2q − q′) · q′

][ dl+q − dl
dldl+qdl−∆Dl−p

+
dl−∆ − dl−q′

dldl−q′dl−∆Dl−p
+

Dl−p −Dl−δ
dldl−q′Dl−δDl−p

]
=

∫
d4l

(2π)4

[
Is +Ds (2l + 2q − q′) · q′

] 1
dldl−∆Dl−p

− 1
dl+qdl−∆Dl−p

+
1

dldl−q′Dl−p
− 1
dldl−∆Dl−p

+
1

dldl−q′Dl−δ
− 1
dldl−q′Dl−p


=

∫  d4l

(2π)4

[
Is +Ds (2l + 2q − q′) · q′

][
− 1
dl+qdl−∆Dl−p

+
1

dldl−q′Dl−δ

]
−

2Dsq · q′

dl+qdl−∆Dl−p


(3.16)

Now if one shifts the momentum in the second term, l→ l + q, it should be clear that all terms

now cancel and q · J = 0 has been proven. (The momentum shift is permissible due to the
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manifest convergence of the integrals and the l-independence of the momentum translation.)

It is worth noting that if numerically one were to introduce a cutoff in the momentum inte-

grations, this would break the gauge invariance for the scalar coupling because the final step

required a constant shift in momentum, which requires integrating over an infinite region.

However, practically one only needs to integrate over the momentum phase space sufficiently

until contributions to the integral reach the precision level of the noise of the calculation.

Therefore, if one avoids the introduction of an ultraviolet cutoff, one should expect to see gauge

invariance satisfied even with a numerical integration.

Charge-2 Scalar Target

In this case the current for the charge-2 target is given by:

Jµ =
∫

d4l

(2π)4

 2lµ + qµ

dldl+qdl−∆Dl−p
+

2lµ − 2q′µ + qµ

dldl−q′dl−∆Dl−p
+

2pµ − 2lµ + qµ

dldl−q′Dl−δDl−p

+ 2

 2pµ + qµ

D ′p+qdldl−q′Dδ−l
+

2pµ − 2q′µ + qµ

dldl−q′Dp−lD
′
p−q′


(3.17)

Note the relative sign change of the C-Channel; the S, U, and C channels alone do not suffice any

longer to satisfy gauge invariance at this order. The ETS and ETU channels must be included.

They get a factor 2 due to the photon coupling to a charge-2 target. Now, note

2p · q+ q2 =D ′p+q

2p · q − 2q′ · q+ q2 =D ′p+q−q′ −D
′
p−q′

= (p −∆)2 −M2
t −D ′p−q′ = −D ′p−q′

(3.18)

A similar procedure as the previous section takes place and eventually one gets:

q · J =
∫

d4l

(2π)4

[
1

dldl−∆Dp−l
+

1
dldl−q′Dp−l

+
1

dldl−q′Dp−l
− 1
dl+qdl−∆Dp−l

− 1
dldl−∆Dp−l

− 1
dldl−q′Dδ−l

+
2

dldl−q′Dδ−l
− 2
dldl−q′Dp−l

] (3.19)

The first and fifth terms cancel immediately. The second and third terms add together and then

cancel out the final term. The only terms left are the fourth, sixth, and seventh terms. Shifting

the momentum of the fourth term l→ l − q, we see that it now combines with the sixth term

to cancel out the seventh term. Hence, q · J = 0 has been shown. It is worth noting that in this
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proof, the ETS and ETU channels were needed due to the sign flip of the C-Channel, the correct

charge factor was needed for those channels, and we relied on the p+q and p−q′ propagators in

the charged channels having mass Mt. Finally, the momentum shift requirement again implies

that a cut-off integration method will likely result in gauge invariance not being satisfied.

3.2 LFD Time-Ordered Amplitudes

The CFFs can easily be computed from the current. One simply contracts the current with one

of the degrees of freedom; for the scalar target the non-vanishing independent four-momentum

that can be used to extract the CFFs are ∆µ and P̄ µ as discussed previously in Equation 3.6.

The time-ordered amplitudes are computed by first integrating over a δ-function with

the minus-component, placing each particle on-shell with increasing light-front time x+ from

left-to-right. The only diagrams permitted are those contributions with positive light-front

energy for all propagators (though this is not the case for the virtual photon which has q+ < 0).

One can then write all the diagrams which represent all the possible intermediate states at each

light-front time expressed in this way. We can categorize the contributions of the diagrams into

channels; these share the same coupling factor from the virtual photon vertex. They can also be

sorted into different kinematic regions due to the differing propagators in each channel having

different non-vanishing light-front energy contributions. For example, in the S-Channel the

stretch and open diagrams both belong to “S2” where −q+ < k+ < ∆+, but the twist diagram

only has non-vanishing contributions for 0 < k+ < −q+ (“S1”) and the handbag diagram for

∆+ < k+ < P + (“S3”).
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In the following, we will frequently use the following notation:

Cs = k+ (k+ + q+) (k+ −∆+) (k+ − p+)

Cu = k+ (k+ − q′+) (k+ −∆+) (k+ − p+)

Cc = k+ (k+ − q′+) (k+ − p+ − q+) (k+ − p+)

k−i =
(k⊥)2 +m2

Q1

k+ − i ϵ
k+

k−f = ∆− +
(k −∆)2

⊥ +m2
Q1

k+ −∆+ − i ϵ
k+ −∆+

k−t = −q− +
(k + q)2

⊥ +m2
Q1

k+ + q+ − i ϵ
k+ + q+

k−b = p− +
(k − p)2

⊥ +m2
Q2

k+ − p+ − i ϵ
k+ − p+

k−u = q′− +
(k − q′)2

⊥ +m2
Q1

k+ − q′+
− i ϵ
k+ − q′+

k−c = p− + q− +
(k − p − q)2

⊥ +m2
Q2

k+ − p+ − q+ − i ϵ
k+ − p+ − q+

k
µ
j =

(
k+, k⃗⊥, k−j

)
∆k−jk = k−j − k

−
k

(3.20)

3.2a S-Twist Diagram

Figure 3.4 S − twist

Mµ
s,twist =

eQ1
N

4π

∫ −q+

0
dk+

∫
d2k⃗ 1

(2π)2

2k
µ
i + qµ

Cs
(
∆k−ib

)(
∆k−if

)(
∆k−it

)
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3.2b S-Stretch Diagram

Figure 3.5 S − stret

Mµ
s, stret =

eQ1
N

4π

∫ ∆+

−q+
dk+

∫
d2k⃗ 1

(2π)2

2k
µ
i + qµ

Cs
(
∆k−bi

)(
∆k−f i

)(
∆k−f t

)
3.2c S-Open Diagram

Figure 3.6 S − open

Mµ
s, open =

eQ1
N

4π

∫ ∆+

−q+
dk+

∫
d2k⃗ 1

(2π)2

2k
µ
b + qµ

Cs
(
∆k−bi

)(
∆k−bt

)(
∆k−f t

)
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3.2d S-Handbag Diagram

Figure 3.7 S −hand

Mµ
s, hand = −

eQ1
N

4π

∫ p+

∆+
dk+

∫
d2k⃗ 1

(2π)2

2k
µ
b + qµ

Cs
(
∆k−bi

)(
∆k−bf

)(
∆k−bt

) ,
3.2e U-Twist Diagram

Figure 3.8 U −Twist

Mµ
u, twist =

eQ1
N

4π

∫ q′+

0
dk+

∫
d2k⃗ 1

(2π)2

2k
µ
i − 2q′µ + qµ

Cu
(
∆k−if

)(
∆k−iu

)(
∆k−ib

)
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3.2f U-Stretch Diagram

Figure 3.9 U-Stretch

Mµ
u, stret = −

eQ1
N

4π

∫ ∆+

q′+
dk+

∫
d2k⃗ 1

(2π)2

2k
µ
i − 2q′µ + qµ

Cu
(
∆k−ib

)(
∆k−f i

)(
∆k−f u

)
3.2g U-Open Diagram

Figure 3.10 U-Open

Mµ
u, open = −

eQ1
N

4π

∫ ∆+

q′+
dk+

∫
d2k⃗ 1

(2π)2

−2k
µ
b + 2q′µ − qµ

Cu
(
∆k−ub

)(
∆k−f u

)(
∆k−ib

)

67



3.2h U-Handbag Diagram

Figure 3.11 U-Handbag

Mµ
u, hand = −

eQ1
N

4π

∫ p+

∆+
dk+

∫
d2k⃗ 1

(2π)2

2k
µ
b − 2q′µ + qµ

Cu
(
∆k−bf

)(
∆k−bu

)(
∆k−bi

)

3.2i C-(i) Diagram

Figure 3.12 C-(i)

Mµ
c(i) = −

eQ̄2
N

4π

∫ q′+

0
dk+

∫
d2k⃗ 1

(2π)2

2k
µ
i − 2pµ − qµ

Cc
(
∆k−ib

)(
∆k−ic

)(
∆k−iu

) ,
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3.2j C-(j) Diagram

Figure 3.13 C-(j)

Mµ
c(j) =

eQ̄2
N

4π

∫ p++q+

q′+
dk+

∫
d2k⃗ 1

(2π)2

−2k
µ
i + 2pµ + qµ

Cc
(
∆k−bi

)(
∆k−ci

)
(∆k−cu)

,

3.2k C-(k) Diagram

Figure 3.14 C-(k)

Mµ
c(k) =

eQ̄2
N

4π

∫ p++q+

q′+
dk+

∫
d2k⃗ 1

(2π)2

−2k
µ
b + 2pµ + qµ

Cc
(
∆k−bi

)(
∆k−bu

)
(∆k−cu)

,
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3.2l C-(l) Diagram

Figure 3.15 C-(l)

Mµ
c(l) =

eQ̄2
N

4π

∫ p+

p++q+
dk+

∫
d2k⃗ 1

(2π)2

2k
µ
b − 2pµ − qµ

Cc
(
∆k−bc

)(
∆k−bu

)(
∆k−bi

) ,
3.3 Derivation of the Leading-Twist GPD in the Deeply Virtual Limit

In the deeply virtual limit, Q2 dominates all other mass-squared quantities, so terms that are

not of the highest-order in Q2 in an expression may be treated as small.

More explicitly, if Q2 is larger than the other scales, namely Q2≫
(
M2
T ,M

2
S ,−t

)
, then from

Q2 ≫
(
M2
S ,−t

)
, we have (µs, τ) → 0, which leads to ζ = ζ′ ,q− = q′− = Q2/ζp+,q+ = −∆+ and

q′+ = 0. Furthermore, we also have ∆k−bt = ∆k−f t = ∆k−it = q−in the energy denominators for the

scattering amplitudes. (See Appendix B for the definitions of ∆−ij .) However, it should be noted

that the condition Q2≫M2
T is not used here in taking the DVMP limit. Writing the current as

J µ = F
µ
1F1 +F

µ
2F2 and the approximation ∆µ ≈ ζP µ we find that

F
µ
1F1 =

[
(∆ · q)qµ − q2∆µ

]
F1

≈ Q
2

2
(qµ + 2∆µ)F1

=
Q2

2
(2q′µ − qµ)F1

F
µ
2F2 =

[
(∆ · q)P̄ µ − (P̄ · q)∆µ

]
F2

= {(∆ · q)(2P µ −∆µ)− [(2P −∆) · q]∆µ}F2

= 2[(∆ · q)P µ − (P · q)∆µ]F2

≈ 2[ζ(P · q)P µ − (P · q)ζP µ]F2 = 0

(3.21)
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Therefore, one can extract information about the leading twist GPD from knowledge of

the form factors. By measuring the BSA, one gleans not just information about F1 and F2 and

the most general structure of the hadron target, but one also gains information about the

leading-twist GPD.

The impact of taking this limit is the great reduction in the number of non-vanishing diagram-

matic representations of the NLO amplitudes; the four-point function of the non-vanishing

diagrams reduces in the limit of the operator product expansion of the O
(
Q2

)
propagator(s) to

a three-point function. Figure 3.16 shows this reduction.

The leading-twist GPD correlated to the CFF F1 takes the same form independently of

the choice of µ in Jµ because its first moment gives the Compton form factor that one finds

independently of the choice of µ from the electromagnetic current of virtual photon emis-

sion/absorption:

FCFF =
Jµ

P̄ µ
∼

∫
dx

(1
x
− 1
x − ζ

)
H (x,ζ, t) . (3.22)

In this limit we assume Q2≫ {M2
S ,−t}, so that (µs, τ)→ 0. One may see the derivation of the

GPD schematically from the S-Handbag and U-Handbag diagram amplitudes starting with the

expression,

M+
s+u = −

eQ1
N

4π

∫
dx

∫
d2k⃗⊥ 1

(2π)2

 2k+
b + q+

Cs
(
∆k−bi

)(
∆k−bf

)(
∆k−bt

) +
2k+
i − q

′+

Cu
(
∆k−ib

)(
∆k−if

)(
∆k−it

) , (3.23)

where x ≡ k+/P +. In the DVMP limit, ζ = ζ′ ,q− = q′− = Q2/ζp+,q+ = −∆+, and q′+ = 0. Fur-

thermore, we also have ∆k−bt = ∆k−f t = ∆k−it = q−in the energy denominators for the scattering

amplitudes. We also note that

(k + q)2 −m2 ≈ Q
2

ζ
(x − ζ)

(k − q′)2 −m2 ≈ −Q
2

ζ
x.

(3.24)

This shows how the factorization illustrated in Figure 3.16 works. This leads to a formula for

the scattering amplitude in the DVMP limit in our model (using the plus-component of the
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Figure 3.16 Top: The covariant representation of the operator product expansion in the S-Channel
and the extraction of the 1/(x − ζ) factor. Bottom: After the operator product expansion and taking
the deeply virtual limit only two diagrams are non-vanishing. (a) The covariant three-point function
corresponding to the valence region; it is the deeply virtual limit of the sum of the light-front time-
ordered handbag diagrams of the S-Channel and U-Channel, Shand and Uhand. (b) The covariant three-
point function corresponding to the non-valence region; these correspond to the sum of the Stwist and
Ustretch diagrams. The blob at the vertex expresses the non-locality of the interaction at the vertex, due
to the operator product expansion.
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amplitude, but will be generalized in the next section):

MDVMP,+
s+u =

eQ1
N

4πq−

∫
d2k⃗⊥

∫ ∆+/P +

0
dx

1
k+ (k+ −∆+)

2k+ −∆+

∆k−ib∆k
−
if

( 1
x − ζ

− 1
x

)
+
∫ 1

∆+/P +
dx

1
k+ (k+ −∆+)

2k+ −∆+

∆k−bi∆k
−
bf

(1
x
− 1
x − ζ

)
=
eQ1
N

4πq−

∫
d2k⃗⊥

∫ 1

0
dx

( 1
x − ζ

− 1
x

) 1
k+ (k+ −∆+)

2k+ −∆+

∆k−bi

θ (x −∆+/P +)
∆k−if

+
θ (∆+/P + − x)

∆k−bf

 .
(3.25)

Also,

q− =
Q2

P +

(
τ −γ
ζ

+
1 +γ ′

ζ′

)
→ 1
q−

=
P +

Q2

(
τ −γ
ζ

+
1 +γ ′

ζ′

)−1

=
ζ2P +

Q2

(
ζ′/ζ

(τ −γ)ζ′ + (1 +γ ′)ζ

)
=
ζ2P +

Q2

(
1

ζ (1 +γ ′ + τ −γ)

)
2k+ −∆+ = P + (2x − ζ) ,

where γ ≡ ∆2
⊥/Q

2 and γ ′ ≡ ∆2
⊥/M

2
S . All the P + factors cancel in the final expression, so returning

to our expression for the amplitude and reducing variables in the DVMP limit, we therefore

have

MDVMP
s+u =

eQ1
ζN

4πQ2

∫
d2k⃗⊥

∫ 1

0
dx

( 1
x − ζ

− 1
x

)[2x − ζ
ζ

1
1 +γ ′

1
∆k−bi (x − 1)

×
(1
x
− 1
x − ζ

)θ(x − ζ)
∆k−bf

+
θ(ζ − x)
∆k−if

]
=
eQ1

ζN
4πQ2

∫
d2k⃗⊥

∫ 1

0
dx

( 1
x − ζ

− 1
x

)[2x − ζ
ζ

1
1 +γ ′

1
(x − 1)

×
(
−ζ

x (x − ζ)

) θ(x − ζ)
∆k−ib∆k

−
bf

+
θ(ζ − x)
∆k−ib∆k

−
if

]
=
eQ1

ζN
4πQ2

∫
d2k⃗⊥

∫ 1

0
dx

( 1
x − ζ

− 1
x

)[ 2x − ζ
x (x − ζ) (1− x) (1 +γ ′)

×
 θ(x − ζ)
∆k−ib∆k

−
bf

+
θ(ζ − x)
∆k−ib∆k

−
if

].

(3.26)
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Analyzing the explicit form of the denominators in this expression finally yields

MDVMP,+
s+u =

eQ1
ζN

4πQ2

∫ 1

0
dx

∫
d2k⃗⊥ (2x − ζ)

( 1
x − ζ

− 1
x

)[ 1
x (x − ζ) (1− x) (1 +γ ′)

×

ζ θ(∆+/P + − x)(
M2

0 −M
2
T

)(
t + x−ζ

x ∆2
⊥ +

ζ2(m2
Q1

+|k⊥|2)−2|k⊥|x∆⊥ζ cos(φ−ψ)
x(x−ζ)

) + (1− ζ)
θ(x −∆+/P +)(

M2
T −M

2
0

)(
M2
T −M

′2
0

)

]
,

(3.27)

where

M2
0 ≡

m2
Q1

+ |k⊥|2

x
+
m2
Q2

+ |k⊥|2

1− x
,

M ′20 ≡
m2
Q1

+ |k⊥|2 − 2|k⊥|∆⊥ cos(φ−ψ)

x′
+
m2
Q2

+ |k⊥|2

1− x′
−∆2
⊥

(1
ζ

+
1

x − ζ

) (3.28)

with x′ = (x − ζ)/(1− ζ). Noting

MDVMP,+
s+u =

∫ ζ

0
dx

( 1
x − ζ

− 1
x

)
HERBL (x,ζ, t) +

∫ 1

ζ
dx

( 1
x − ζ

− 1
x

)
HDGLAP (x,ζ, t) , (3.29)

we see how this furnishes an analytic expression for the GPD of the form, for the ERBL region

for instance, of

HERBL(x,ζ, t) =N ζ(2x−ζ)
x(x−ζ)(x−ζ)(1−x)(1+γ ′)

∫∞
0 |k⃗⊥|d|k⃗⊥|

1
(M2

0−M
2
T )

2|k⊥|∆⊥
x−ζ

∫ 2π
0 dψ 1

A+cosψ ,

(3.30)

whereA = −x
2∆2
⊥+tx(x−ζ)+(k2

⊥+m2)ζ2

2|k⊥|∆⊥ζ
. After integration over d2k⊥, one finds the analytic expressions

HERBL (x,ζ, t) = −4π2ζ(ζ−2x)(cot−1AE−tan−1BE)√
D

(3.31)

HDGLAP (x,ζ, t) = −4π2ζ(ζ−2x)(cot−1AD−tan−1BD)√
D

(3.32)
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where

AE =
ζ

√
(ζ2M2

T −ζt+t)
(
ζ2m4−2m2(ζ2(m2

s+M2
T )+(ζ−2)t(x−1))+ζ2(m2

s−M2
T )2

+2m2
s t(ζ+(ζ−2)x)−2M2

T t(x−1)(2x−ζ)+t2(x−1)2
)

√
(ζ−1)t−ζ2M2

T (t(ζ+(ζ−2)x)−ζ2(m2−m2
s+M2

T ))
,

(3.33)

BE =
−|t(x−1)x+(m2−M2

T x
2)ζ|−(ζm2(x−1))+ζx(m2

s+M2
T (x−1))√

−x2
(
ζ2m4−2m2(ζ2(m2

s+M2
T )+(ζ−2)t(x−1))+ζ2(m2

s−M2
T )2

+2m2
s t(ζ+(ζ−2)x)−2M2

T t(x−1)(2x−ζ)+t2(x−1)2
) ,

(3.34)

AD =
(x−1)|ζ−1|

√
−ζ2m4+2m2(ζ2(m2

s+M2
T )+(ζ−2)t(x−1))−ζ2(m2

s−M2
T )2−2m2

s t(ζ+(ζ−2)x)+2M2
T t(x−1)(2x−ζ)−t2(x−1)2

|x−1|(ζ(−((ζ−1)m2)+(ζ−1)m2
s+M2

T (ζ−2x+1))+(ζ−1)t(x−1))
(3.35)

BD =
|ζ−1|(x(m2

s+M2
T (x−1))−m2(x−1))−|(x−1)m2+t−(m2

s+t+M2
T (x−1))x+(m2

s+M2
T (x−1))ζ+(x−1)x(t−M2

T ζ)|
|x−1|

√
−ζ2m4+2m2(ζ2(m2

s+M2
T )+(ζ−2)t(x−1))−ζ2(m2

s−M2
T )2−2m2

s t(ζ+(ζ−2)x)+2M2
T t(x−1)(2x−ζ)−t2(x−1)2

(3.36)

and

D = −ζ2m4 + 2m2
(
ζ2

(
m2
s +M2

T

)
+ (ζ − 2)t(x − 1)

)
− ζ2

(
m2
s −M2

T

)2
− 2m2

s t(ζ + (ζ − 2)x) + 2M2
T t(x − 1)(2x − ζ)− t2(x − 1)2.

(3.37)

The continuity condition HERBL (ζ,ζ, t) =HDGLAP (ζ,ζ, t) can easily be checked in Mathematica.

We will now show explicitly that the form of the leading-twist chiral-even GPD H(x,ζ, t) is

independent of one’s choice of µ-component forMDVMP,µ
s+u . In order to investigate the three-point

function according to our model we introduce the kinematics

q′ =
{
αζP +,

√
αQ+∆⊥,0,

Q2

ζP +

}
q =

{
(α − 1)ζP +,

√
αQ,0,

Q2

ζP +

}
∆ ≡ q′ − q =

{
ζP +,∆⊥,0,0

}
,

(3.38)

where ∆⊥ =
√
−t, α = µs

ζ′

ζ and the ratio ζ′/ζ is given by the expression in Chapter 2,

ζ′

ζ
=

2(µ′s/µ)

1 +µ′s − τ ′ +
√

(1 +µ′s + τ ′)2 − 4τ ′
.
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Since α is proportional to µs, in the DVMP limit it goes to zero; however, deriving the GPD does

not require a limiting procedure α→ 0. The numerator factor associated with the deeply virtual

limit and the GPD is 2q′µ − qµ, which is asymptotically gauge-invariant. To show the invariance

of the structure of the GPD we will consider the plus, transverse, and minus components

separately.

Plus Component

First we note that for all components the denominators are given by

(k+ + q+)(q−)− (k⊥ + q⊥)2

= (xP + + (α − 1)ζP +)(Q2/ζP +)−αQ2

=Q2(x/ζ − 1) =Q2(x − ζ)/ζ,

(3.39)

for the S-Channel and

(k+ − q′+)(−q′−)− (k⊥ − q′⊥)2

= (xP + −αζP +)(−Q2/ζP +)−αQ2 −O(Q)

= −Q2(x/ζ)

(3.40)

for the U-Channel, as expected from Equation (3.24).

For the plus-component we have in the numerator

2k+ + q+ = xP + + (α − 1)ζP +

2k+ − 2q′+ + q+ = 2xP + − 2αζP + + (α − 1)ζP + = 2x − (α + 1)ζP +.
(3.41)

Therefore,

MDVMP
s+u(+) =

2xP + + (α − 1)ζP +

Q2(x − ζ)/ζ
+

(α + 1)ζP + − 2xP +

Q2(x/ζ)

=
ζ

Q2ζP
+
[

2x/ζ +α − 1
x − ζ

+
(α + 1)− 2x/ζ

x

]
=
ζ

Q2ζP
+ (2x − ζ)(α + 1)

x(x − ζ)

=
ζ

Q2 (α + 1)ζP +
( 1
x − ζ

+
1
x

)
=

1
Q2 (α + 1)ζP + (2x − ζ)

[ 1
x − ζ

− 1
x

]
.

(3.42)
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On the other hand in the GPD limit the prefactor for the + component is

(2q′+ − q+)/Q2 =
1
Q2 2αζP + − (α − 1)ζP +

=
1
Q2 (α + 1)ζP +,

(3.43)

so

MDVMP,+
s+u ∼ 1

Q2

∫
dx

( 1
x − ζ

− 1
x

)
H (x,ζ, t) . (3.44)

Minus Component

In this case our numerators are

2k−b + q− =Q2/ζP +,

2k−b − q
′− −∆− = −Q2/ζP +.

(3.45)

Meanwhile, the prefactor associated with the deeply virtual limit is

2q′− − q− =Q2/ζP +. (3.46)

Putting the numerators and denominators together and dividing out the prefactor yields

MDVMP,−
s+u ∼ ζ

Q2

∫
dx

 Q2

ζP +

x − ζ
+

Q2

ζP +

x

 1
Q2

ζP +

=
∫

dx
ζ

Q2

( 1
x − ζ

+
1
x

)
=

∫
dx

ζ

Q2

( 1
x − ζ

− 1
x

+
2
x

)
=

∫
dx

ζ

Q2
x − (x − ζ) + 2(x − ζ)

x(x − ζ)

=
∫

dx
ζ

Q2 (2x − ζ)
(

1
x(x − ζ)

)
=

∫
dx

2x − ζ
Q2

( 1
x − ζ

− 1
x

)
.

(3.47)

So we get the same result of the GPD as in the plus component.
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Transverse Component

In this case the numerators for the S- and U-Channel are given by

q⊥ =
√
αQ

−2q′⊥ + q⊥ = −
√
αQ −∆⊥ = −

√
αQ+O(Q0).

(3.48)

Therefore the total amplitude’s transverse component in the DVMP limit is given by

MDVMP,⊥
s+u =

√
αQ

[
1

Q2(x − ζ)/ζ
+

1
Q2(x/ζ)

]
=
ζ
√
αQ

Q2

[ 1
x − ζ

+
1
x

]
=
√
αQ

Q2 (2x − ζ)
[ 1
x − ζ

− 1
x

]
.

(3.49)

Meanwhile the prefactor is given by

2q′⊥ − q⊥ =
√
αQ+O(Q0), (3.50)

so it is clear that dividing the amplitude by the prefactor gives the correct form of the GPD in

the asymptotic limit.

3.3a GPD Lowest Moment Sum Rule and EM Form Factor

In general, the n-th moment of the GPD is defined by

Fn(ζ, t) =
∫ 1

0

dx
1− ζ/2

xn−1H(ζ,x, t)

It is well known that the polynomiality conditions given in [Ji97c] and [Rad99] for the n-th

moment of the GPD require that the highest power of ζ in the polynomial expression of Fn(ζ, t)

should not be larger than n. These polynomiality conditions are fundamental properties of the

GPD, which follow from the constraints of Lorentz invariance.

The first moment of H(ζ,x, t) is related to the EM form factor FM(t) of the targetM by the

following sum rule ([Ji97b], [Ji97a], [Rad96], [Rad97]):

FM(t) =
∫ 1

0

dx
1− ζ/2

H(ζ,x, t)

This can be compared with a direct calculation of the electromagnetic form factor derived

from the current of a spacelike photon emitted coherently from a hadron. This is given by the

’triangle diagrams’ shown in Figure 3.16.
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The current defined by these diagrams is given by

Jµ = FM (P + P ′)µ , (3.51)

where FM is the electromagnetic form factor. Therefore, under our model Lagrangian we can

compute and compare the first moment of the GPD to the electromagnetic form factor and gain

a tangible connection to the Compton form factors.

3.3b Valence Quark Contribution is Not Component-Independent

In this section we will show that, while the total electromagnetic form factor obtained from

the leading-twist GPD is component-independent, the contribution from valence quarks is

not. Already in 1+1D we know this from the analysis carried out by Y. Choi et. al. [Cho22].

Our results show that this continues to be true in 3+1D as expected, transverse component

included.

We carried out the calculation of the form factor with the following kinematics:

∆µ =
{
ζP +,∆⊥ cosφ,∆⊥ sinφ,

t + |∆⊥|2

ζP +

}
P µ =

{
P +,0,0,

M2
T

P +

}
P ′µ = ∆µ − P µ =

(1− ζ)P +,−∆⊥ cosφ,−∆⊥ sinφ,
ζM2

T − t − |∆
⊥|2

ζP +


(3.52)

The diagrams to analyze in our model are given by Figure 3.17.

To satisfy the gauge invariance, one should also include the contributions under the ex-

change m ← ms, k → P − k. Under our model the first diagram’s plus-component is given

by

M+
V al =

∫
d3k

2x − ζM2
T −

∣∣∣∣k⃗∣∣∣∣2+m2
s

1−x −
∣∣∣∣k⃗∣∣∣∣2+m2

x


M2

T −
∣∣∣∣k⃗∣∣∣∣2+m2

s

1−x −
∣∣∣∣ ⃗k−∆̃

∣∣∣∣2+m2

x−ζ


. (3.53)

Here,Mµ =Mval +Mnon-val, the valence contribution coming from the time-ordered diagrams

with particle-number-conserving structure. These valence diagrams correspond to the DGLAP

kinematics region of the leading-twist GPD, x = k+/P + > ζ.

The electromagnetic form factor calculated this way can be thought of as receiving relative
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Figure 3.17 The light-front-time-ordered triangle diagrams. The first diagram represents the valence
contribution to the current, and the second the non-valence contribution.

contributions from the valence and non-valence time-ordered LFD diagrams; however, the

contributions depend on the value of the skewness parameter ζ and also which spacetime

component is taken for measuring the relative contributions. The results for one particular

choice of ζ are shown in Figure 3.18.

3.3c Extraction of Individual LFTO Diagram Contributions

We now show how one can straightforwardly find the contributions of individual diagrams to

the CFFs that appear in the hadronic current for coherent scalar meson electroproduction off
the scalar target.

The hadronic current of each diagram can be written in terms of CFFs as

J
µ
i = Fi,1 F

µ
1 +Fi,2 F

µ
2 +Fi,3 F

µ
3 , (3.54)

where J
µ
i is the amplitude of an individual light front time ordered diagram and F

µ
3 ==

q2qµ + (q ·∆)∆µ +
(
q · P̄

)
P̄ µ is a “spurious” Compton Form Factor which is present for the

individual diagrams due to the gauge invariance constraint removed for any particular com-

ponent contribution. One expects that summing up the F3 from all diagrams to cause F3 to

vanish if the calculation is performed without error in order to satisfy the gauge invariance

constraint. We show in the results and conclusion how the sum of the F3 contributions vanishes
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Figure 3.18 The ERBL (M+
NV ) and DGLAP (M+

V ) GPD first-moment contributions to the EM form
factor for ζ = 0.3.

in the total physical hadronic current and how each diagram provides their own individual

contribution to the physical F1 and F2 CFFs.
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CHAPTER

4

CALCULATION OF
ELECTROMAGNETIC FORM FACTORS

WITH TRIANGLE DIAGRAMS

The three-point function for the emission of a spacelike virtual photon is given by

J
µ
T = FEM

(
∆2

)
(P + P ′)µ , (4.1)

where FEM is the electromagnetic form factor and the covariant expression for the current in

our model is

iJ
µ
T = iN

∫
d4k

(2π)4
2kµ −∆µ

(k2 −m2)
[
(k −∆)2 −m2

] [
(P − k)2 −m2

s

] . (4.2)

Performing the integration over k−, we can write the current as the sum of the light-front-

time-ordered diagrams illustrated in the previous chapter in Figure 3.17.

The first moment of the leading-twist GPD also gives the electromagnetic form factor:
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FEM (t) =
∫ ζ

0

dx
1− ζ/2

HERBL (x,ζ, t) +
∫ 1

ζ

dx
1− ζ/2

HDGLAP (x,ζ, t) , (4.3)

and the ERBL and DGLAP regions of the GPD itself corresponds to the integrand of the

plus-component of the triangle diagram current. This is because

2k+ −∆+

P + + P ′+
=

2x − ζ
2− ζ

=
x − ζ/2
1− ζ/2

. (4.4)

There is therefore a natural correspondence between the DGLAP and ERBL kinematic regions

and the valence and non-valence contributions to the amplitude in this case.

Therefore, we expect to identify the DGLAP and ERBL parts of the GPD to the valence and

non-valence contributions; however, this only works for the plus-component of the current,

even though the form of the GPD is independent of the choice of spacetime component as

shown in chapter 3. To show this explicitly, we introduce the kinematics

∆ =
{
ζP +,∆⊥,0,

t +∆2
⊥

ζP +

}
P =

{
P +,0,0,

M2
T

P +

}
P ′ = P −∆,

(4.5)

and evaluate the valence and non-valence contributions from J
µ
T according to each component.

Below, we present the exact triangle form factor calculations for +, ⊥ and - components.

4.1 Plus and Perpendicular Component Valence and Non-Valence

contributions

To compute the contributions of the plus-component, we numerically integrate

iM+
V = iN

∫
dxd2k⃗⊥

(2π)2
2xP + −∆+

x(x − ζ)(x − 1)
(
k−b − k

−
f

)(
k−b − k

−
i

)
iM+

NV = iN
∫

dxd2k⃗⊥

(2π)2
2xP + −∆+

x(x − ζ)(x − 1)
(
k−i − k

−
f

)(
k−b − k

−
i

) , (4.6)
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which are the amplitudes of the valence and non-valence diagrams respectively. An example

is shown in Figure 5.6. The contributions for the plus-component were in fact calculated

analytically in 1+1D in [Cho21].

For the perpendicular component we have

iM⊥V = iN
∫

dxd2k⃗⊥

(2π)2
2k⊥ −∆⊥

x(x − ζ)(x − 1)
(
k−b − k

−
f

)(
k−b − k

−
i

)
iM+

NV = iN
∫

dxd2k⃗⊥

(2π)2
2k⊥ −∆⊥

x(x − ζ)(x − 1)
(
k−i − k

−
f

)(
k−b − k

−
i

) , (4.7)

and an example of the result of the numerical integration is shown in Figure 5.7.

4.2 Minus Component Valence and Non-Valence Contributions

The minus-component contributions are given by

iM−V = iN
∫

dxd2k⃗⊥

(2π)2

2k−b −∆
−

x(x − ζ)(x − 1)
(
k−b − k

−
f

)(
k−b − k

−
i

)
iM+

NV = iN
∫

dxd2k⃗⊥

(2π)2

2k−i −∆
−

x(x − ζ)(x − 1)
(
k−i − k

−
f

)(
k−b − k

−
i

) . (4.8)

These integrals cannot immediately be evaluated numerically because they are logarithmically

divergent. However, we can regularize them, and after we do so we see a very striking difference

for the minus-component compared to the plus and transverse components. This includes the

non-vanishing of the non-valence contribution even as ζ→ 0+, and the crossing of the relative

contributions of the valence and non-valence contributions as −t increases. After isolating the

contribution from the logarithmically divergent part and finite part for the minus-component

these features can be seen in the results section in Figure 5.8.

4.2a Zero-mode Contribution in Minus-Current

The most apparent feature of the difference between the ERBL and DGLAP kinematics and the

association with valence and non-valence contributions comes from the minus-current. Here,

if one takes ζ→ 0+ the non-valence contribution to the electromagnetic form factor does not
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vanish. Even though the x-range of integration approaches zero, the non-valence contribution

does not vanish, indicating the so-called “zero-mode” contribution. On the other hand, the

contribution to the GPD from the ERBL region vanishes in this limit. This result has been

shown in 1+1D in [Cho22]. These results are discussed further in the results and conclusions

section.

4.2b Dimensional Regularization

The minus component contributions are individually logarithmically-divergent. This occurs

because the pole value is taken for k− which causes the numerator to be proportional to k⊥2 (in

contrast to the k⊥0 and k⊥ powers for the plus and perpendicular components, respectively)

so the whole integral asymptotically goes as
∫
d2k
k2 . This causes a dramatic difference in the

structure of the valence and non-valence diagram contributions.

We begin by expanding the denominator of the covariant expression for the triangle diagram

amplitude:

iMµ = g2
∫

d4k

(2π)4
2kµ −∆µ

(k2 −m2)
[
(k −∆)2 −m2

] [
(k − P )2 −m2

s

]
= g2

∫
d4k

(2π)4
2kµ −∆µ(

k+k− − k2
⊥ −m2

) [
(k+ −∆+) (k− −∆−)− (k⊥ −∆⊥)2 −m2

] [
(k − P )2 −m2

s

] (4.9)

Next, we integrate over dk−; the poles shift depending on the x-region. In the following we

will show the calculation for the valence component contribution; the non-valence calculation

proceeds in a similar fashion. For the valence contribution, ∆+ < k+ < P + and there is a pole in

the upper-half complex k− plane. Performing the contour integration we have

iMµ
(b) = i

2πg
2
∫ 1

0 dxθ (x −∆+/P +)
∫

d2k⃗⊥

(2π)2
2kµb−∆

µ

(k+k−b −k
2
⊥−m2)[(k+−∆+)(k−b −∆−)−(k⊥−∆⊥)2−m2]

.

(4.10)

where k
µ
b =

{
k+, k⊥, k−b

}
and k−b is the pole picked up from the contour integration, k−b = P − +

(k⊥−P ⊥)2+m2
s

k+−P + . Next, write the denominator as

D(b) = k+ (k+ −∆+)
(
k−b −

k2
⊥ +m2

k+

)(
k−b −∆

− −
(k⊥ −∆⊥)2 +m2

k+ −∆+

)
≡ k+(k+ −∆+)D1D2

(4.11)
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Next we introduce the Feynman parameterization,

1
D1D2

=
∫ 1

0
dz

1

[zD1 + (1− z)D2]2 , (4.12)

so now we can write the minus-component of the amplitude as

iM−(b) = i
2πg

2
∫ 1

0 dz
∫ 1

0 dxθ(x−∆+/P +)
k+(k+−∆+)

∫
d2k⃗⊥

(2π)2
2k−b −∆

−[
z
(
k−b −

k2
⊥+m2

k+

)
+(1−z)

(
k−b −∆−−

(k⊥−∆⊥)2+m2

k+−∆+

)]2 .

(4.13)

Focusing on the term in brackets in the denominator,

[· · · ] = k−b − z
k2
⊥ +m2

k+ − (1− z)
(k⊥ −∆⊥)2 +m2

k+ −∆+ − (1− z)∆−

= P − +
(k⊥ − P ⊥)2 +m2

s

k+ − P + − z
k2
⊥ +m2

k+ − (1− z)
(k⊥ −∆⊥)2 +m2

k+ −∆+ − (1− z)∆−.
(4.14)

Now we would like to isolate the k⊥ terms without fractions. For simplicity in the following

expressions, I define

k
p
f ≡ k

+ (k+ −∆+)

k
p
b ≡ k

+ (k+ − P +)

k
p
t ≡ (k+ −∆+) (k+ − P +)

Kp ≡ k+ (k+ −∆+) (k+ − P +)

(4.15)

The denominator can now be written as

[· · · ] =
1
Kp

{
k
p
f

[(
k⊥ − P ⊥

)2
+m2

s

]
− zkpt

(
k2
⊥ +m2

)
− (1− z)kpb

[(
k⊥ −∆⊥

)2
+m2

]}
+ P − − (1− z)∆−

=
1
Kp

(kpf − zkpt − (1− z)kpb
)
k2
⊥ − 2k⊥

(
k
p
f − zk

p
t − (1− z)kpb

)k
p
f P
⊥ − (1− z)kpb∆

⊥

k
p
f − zk

p
t − (1− z)kpb

+∆′(b)


=

k
p
f − zk

p
t − (1− z)kpb

k+ (k+ −∆+) (k+ − P +)


k⊥ −

k
p
f P
⊥ − (1− z)kpb∆

⊥

k
p
f − zk

p
t − (1− z)kpb




2

+∆(b)


,

(4.16)

where ∆(b) = 1
Kp

[
k
p
f

(
P 2
⊥ +m2

s

)
− zkpt m2 − (1− z)kpb

(
∆2
⊥ +m2

)]
+ P − − (1 − z)∆− −

(
k
p
f P
⊥−(1−z)kpb∆

⊥

k
p
f −zk

p
t −(1−z)kpb

)2
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and ∆′(b) is simply every term of ∆(b) except the last one. The coefficient of the denominator

term can now be pulled out of the integration of d2k⃗⊥ as it is only a function of x and z. Since

the integral for this amplitude is only logarithmically-divergent, we are permitted to perform a

shift in the integration variable:

k′⊥ = k⊥ −

k
p
f P
⊥ − (1− z)kpb∆

⊥

k
p
f − zk

p
t − (1− z)kpb

 . (4.17)

We therefore arrive at our amplitude in terms of a dimensionally-regularized Euclidean Re2-

space, an integration over the plus-momentum fraction variable x and an integration over the

Feynman parameter z:

iM−(b) = lim
ε→0

lim
d→2−2ε

i
2π
g2µ̄2ε

∫ 1

0
dz

∫ 1

0
dx θ (x −∆+/P +)

k+ − P +

k
p
f − zk

p
t − (1− z)kpb

∫
dd k⃗⊥
(2π)d

2k−b′ −∆
−(

k2
⊥ +∆(b)

)2 .

(4.18)

Here, µ̄ is a dimensionful parameter to compensate the original space dimension of the am-

plitude fixed such that the zero-mode contribution matches the results from 1+1D. k−b′ is a

momentum-shifted k−b :

k−b′ = P − +

(
k⊥ +

k
p
f P
⊥−(1−z)kpb∆

⊥

k
p
f −zk

p
t −(1−z)kpb

− P ⊥
)2

+m2
s

k+ − P + , (4.19)

which is calculable with regularization using d→ 2−2ε. Using the Euclidean regularization

identities ∫
dd l

(2π)d
1

(l2 −∆)n
=

(−1)n

(4π)d/2
Γ (n− d/2)

Γ (n)

( 1
∆

)n− d2
∫

dd l

(2π)d
l2

(l2 −∆)n
=

(−1)n

(4π)d/2
d
2
Γ (n− d/2− 1)

Γ (n)

( 1
∆

)n− d2−1
(4.20)

given in Appendix A in Equations (A5-A12) in [Bak05b], we see that the constant terms in the

numerator give a contribution that is proportional to

1
4π

Γ (1)
Γ (2)

1
β∆

=
1

4π
1

∆(b)
. (4.21)
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Expanding both the gamma functions and the (1/∆)−ε terms we find that the divergent parts

cancel and there is a finite part left over. This is because we have

lim
ε→0

∆−ε(b)Γ [ε] =
(
1− ε log∆(b) + · · ·

)
(
1
ε

+ · · · ). (4.22)

The finite part can then be expressed

− (log∆(b) + log∆(c)), (4.23)

where ∆(c) is the corresponding term from the non-valence calculation. The divergent parts 1/ε

cancel when the valence and non-valence diagrams are added together. The full anatomy of

the minus-component valence and non-valence contributions is given in the results chapter in

Figure 5.8.
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CHAPTER

5

RESULTS

We are going to present the numerical results simulating the Helium-4 target producing the

f0(980) meson using target mass MT = 3.7 GeV, produced scalar meson mass MS = 0.98 GeV

and constituent parton masses m =ms = 2 GeV.

In the first section we present our exact model results of the CFFs F1 and F2 real and imagi-

nary parts. We have analyzed the contributions to the CFFs from each light front time order

amplitude, S-Hand, S-Open, etc. and will show each contribution for a particular kinematics

to the F1 and F2 CFFs which form the hadronic current. Then we will use our exact model

calculation results to illuminate the −t/Q2 impact on the BSA and therefore the validity of the

lowest-twist GPD formulation in these kinematics. We also plot the structure of the BSA as a

function of the lepton-hadron plane angle φ for a typical kinematics, and we study the GPD

moments and predictions in comparison and contrast to our model calculations. Finally we

investigate the calculation of the triangle diagrams and the lowest moments of the leading-twist

GPD H(x,ζ, t).
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5.1 F1(xBj,Q
2, t) and F2(xBj,Q

2, t) Behavior

For fixed xA and t we investigated the Q2 behavior of F1 and F2. We also investigated the −t
behavior of F1 and F2 for fixed Q2. Here xA = MN

MT
xBj with MN the nucleon mass so xA ≈ xBj/4.

We saw as expected that for fixed xA and −t that as Q2 increases both F1 and F2 approach 0

which corresponds to the decreasing current and overall size of the differential cross section. In

general F2 is an order of magnitude smaller than F1, however it is non-vanishing in contrast to

1+1D where there is only one CFF. For this reason in 1+1D the BSA could not be analyzed, but

we can now analyze the BSA in 3+1D.

Figure 5.1 F1 and F2 plotted as functions of Q2 and −t. The normalization is fixed such that the cor-
responding electromagnetic form factor from the triangle diagram calculations has F(∆2 = 0) = 1.
One can see also, for example, that when Q2 = 1.5 and for t = −0.77 (indicated by X marks) in all
figures the values of the real and imaginary parts of F1 and F2 are consistent to about 1 part in 105.
The S-Hand + U-Hand diagram contributions (the “handbag” diagrams) sum give their real part of F1,
real part of F2, imaginary part of F1, and imaginary part of F2 as: needtoupdateallthese, −0.000796,
0.000286 and 0.0014 respectively.
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Table 5.1 The contributions from each individual light front time-ordered diagram. The data is taken
with Q2 = 1.5 GeV2, t = −.77 GeV2, xA = 0.05, MT = 3.7 GeV, MS = 0.98 GeV, and m =ms = 2 GeV.

F1 F2 F3

S-Hand −0.008887− 0.00854i −0.000073 + 0.0000391i 0.00023− 0.000134i
S-Open 0.00052 0.0000172 −6.42× 10−7

S-Twist 0.00115 0.0000589 1.72× 10−6

S-Stretch 0.0015 0.0000703 1.8× 10−6

U-Hand −0.00137 −0.0000354 −0.000145
U-Open −0.000137 1.92× 10−6 −2.87× 10−7

U-Twist 0.00117 0.0000661 2.1× 10−6

U-Stretch 0.00101 −6.49× 10−5 1.63× 10−6

C-(i) −0.00159 8.49× 10−6 −1.01× 10−6

C-(j) −0.00769− 0.00233i −0.000369− 0.000571i 0.000225− 0.000134i
C-(k) 0.00764 0.000421 −0.000133
C-(l) 0.00012 6.19× 10−6 1.79× 10−7

ETS1 −0.000187 3.48× 10−7 0.0000101
ETS2 0.000372 + 0.00496i −6.93× 10−7 + (9.24× 10−6)i 0.0000201− 0.000268i
ETU1 −0.000136 1.44× 10−6 −8.06× 10−6

ETU2 0.00279 0.0000295 −0.000166

Total: −0.0140− 0.00381i −0.000246− 0.0000177i 3× 10−11 − 2× 10−13i

5.2 Anatomy of Compton Form Factors

The real and imaginary parts of F1 and F2 can be analyzed from each light front time ordered

amplitudes. We compute F1, F2, and F3 for each diagram; generally the valence diagram

contributions (S-Hand and U-Hand) make a large impact on the total F1. For F2 the C-(k) and

U-Channel diagrams seem to play an important role. However the case may be, all contributions

are necessary for the gauge invariance to be satisfied; otherwise the sum of the F3 spurious

form factor contributions will not be vanishing. The imaginary part of F1 and F2 come only

from the diagrams with the poles in the energy denominators which only occur in S-Hand,

S-Open, C-(i), C-(j), ETS1, and ETS2 diagrams.

5.3 Beam Spin Asymmetry Data

Here we compute the BSA according to Equation (2.50) and integrate over the lepton-hadron

angle φ from 0 to π (the Sin[φ] dependence makes the full integration over φ from 0 to 2π
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Table 5.2 The contributions from each individual light front time-ordered diagram. The data is taken
with MT = 3.7 GeV, MS = 0.98 GeV, and m =ms = 2 GeV.

Data collected with Q2 = 3, xA = 0.05, and t = -0.77 F1 F2 F3
S-Hand 0.0251 + 0.0189 I 0.000457 - 0.000207 I 0.000401 + 0.000143 I
S-Open -0.000996 -0.0000359 -4.99 × 10−7

S-Twist -0.00382 -0.000189 3.87 × 10−6

S-Stretch -0.00259 -0.000118 2.06 × 10−6

U-Hand 0.0200 0.000312 -0.000282
U-Open 0.000666 9.47 × 10−6 -9.56 × 10−7

U-Twist -0.00183 -0.000101 2.16 × 10−6

U-Stretch -0.00290 -0.000169 3.26 × 10−6

C-(i) 0.000179 9.42 × 10−6 -7.99 × 10−7

C-(j) 0.0183 + 0.0003 I 0.000919 - 0.000075 I 0.000391 + 0.000143 I
C-(k) -0.0180 -0.000958 -0.000262
C-(l) -0.000261 -0.0000133 2.66 × 10−7

ETS1 0.000213 3.11 × 10−6 8.19 × 10−6

ETS2 -0.00171 - 0.00742 I -0.0000250 + 0.0001082 I -0.000066 - 0.000285 I
ETU1 0.000151 1.05 × 10−6 -6.59 × 10−6

ETU2 0.00443 0.0000308 -0.000193
Total: 0.0370 + 0.0118 I 0.000134 - 0.000174 I 4.05 × 10−11 + 3. × 10−13 I

vanish). As shown in Figure 5.2, the BSA is certainly not small indicating the presence of the

non-vanishing F−12 in contrast to the leading-twist GPD predictions where there is only one

leading-twist GPD. As mentioned before, if there is only 1 CFF/GPD then the prediction is that

the BSA should identically vanish due to the lack of the Bethe-Heitler process in DVMP.
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Figure 5.2 The BSA plotted as a function of φ. The data reported in the last column in the Beam
Spin Asymmetry Data figures is the integration from 0 to π of φ. The BSA is proportional to Sin[φ],
however there are attenuating factors of Cos[φ] and Cos[2φ] factors in the denominator. One can
clearly see the significance of the −t/Q2 information, and the BSA is quite substantial for −t/Q2 = 0.5.

We found a strong correlation between the value of the integrated BSA and −t/Q2. When the

−t/Q2≪ 1, the BSA approaches vanishingly-small values. This apopears to be consistent with

the leading-twist GPD prediction of the vanishing BSA which is restricted to this condition.

The largest BSA calculation occurs consistently at −t/Q2 ≈ 0.5; as −t/Q2 continues to increase,

the BSA slowly decreases, as even though the F−12 value is still significant, the total cross section

itself increases as well, making the ratio of F−12/dσtotal smaller as shown in Figure ??. However,

this region of the kinematics is not relevant when comparing and contrasting the leading-twist
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Table 5.3 The BSA with varying Q2 and −t constant; there is a peak at −t/Q2 ≈ 0.5.

Q2 (GeV2) -t xBj Ebeam (GeV) E′beam (GeV) θq′ −θq (◦) W 2[(p+ q)2] (GeV2) -t / Q2
∫ π

0 dφBSA

1. 0.5 0.185 3.60 0.901 12.1 100. 0.5 0.590
1.7 0.5 0.185 6.12613 1.53 7.66 289. 0.294 0.288
2.4 0.5 0.185 8.64 2.16 5.56 576. 0.208 0.169
3.1 0.5 0.185 11.1 2.79 4.36 961. 0.161 0.122
3.8 0.5 0.185 13.7 3.42 3.58 1444. 0.131 0.091
4.5 0.5 0.185 16.2 4.05 3.04 2025. 0.111 0.0764
5.2 0.5 0.185 18.7 4.68 2.64 2704. 0.0961 0.0650
5.9 0.5 0.185 21.2 5.31 2.33 3481. 0.0847 0.0496
6.6 0.5 0.185 23.7 5.94 2.09 4356. 0.0757 0.0496
7.3 0.5 0.185 26.3 6.57 1.89 5329. 0.0684 0.0450
8. 0.5 0.185 28.8 7.21 1.73 6400. 0.0625 0.0401

8.7 0.5 0.185 31.4 7.83 1.59 7569. 0.0574 0.037
9.4 0.5 0.185 33.9 8.47 1.48 8836. 0.053 0.0341

GPD prediction.

We see from the data that even for different values of t and Q2 as the Q2 value is varied in

Figure ?? and the t value is varied in Figure ?? that there is consistency with a peak integrated

value of the BSA around −t/Q2 ≈ 0.5. Below this value there is consistency with the decreasing

BSA value. Although the BSA values themselves are not completely identical, this is due to the

varying scattering angle θq′ −θq.

5.4 Generalized Parton Distribution Data

The electromagnetic form factor’s DGLAP and ERBL contributions from the first moment of

the GPD are shown in Figure 5.3. The ∆⊥ = 0 frame permits t→ 0 to be plotted; otherwise for

non-zero ζ we have t ≤ tmax < 0. If one holds ∆⊥ = 0, then the t→ 0− limit can be approached,

forming an “envelop” encasing the lines that “branch” off. The lines that branch off correspond

to holding ζ constant and increasing ∆⊥ to achieve the t shown. The boundary of the “branches”

(ζ = ζ[t]) for the valence and non-valence contributions shown have their nodes occur at tmax.

In Figure 5.4 we take ζ = ζ[t] and show the ERBL and DGLAP contributions. The line x = ζ

clearly delineates these regions. One can see the parton distribution function profile where

ζ → 0+ which corresponds to t→ 0− showing the peak of the distribution at x = 0.5 for the

equal constituent parton mass.

Using the definition ofMDVMP,+
s+u from Equation (3.29) we plot the GPD prediction of the

CFF versus our exact model calculation in Figure 5.5 using
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Table 5.4 The BSA with varying −t and Q2 constant; there is a peak at −t/Q2 ≈ 0.5.

Q2 (GeV2) -t xBj Ebeam (GeV) E′beam (GeV) θq′ −θq (◦) W 2[(p+ q)2] (GeV2) -t / Q2
∫ π

0 dφBSA

1.5 0.2 0.185 5.4 1.35 4.3 225. 0.133 0.107
1.5 0.23 0.185 5.4 1.35 4.9 225. 0.153 0.126
1.5 0.26 0.185 5.4 1.35 5.4 225. 0.173 0.144
1.5 0.29 0.185 5.4 1.35 5.9 225. 0.193 0.164
1.5 0.32 0.185 5.4 1.35 6.4 225. 0.213 0.187
1.5 0.35 0.185 5.4 1.35 6.8 225. 0.233 0.210
1.5 0.38 0.185 5.4 1.35 7.2 225. 0.253 0.234
1.5 0.41 0.185 5.4 1.35 7.6 225. 0.273 0.262
1.5 0.44 0.185 5.4 1.35 7.9 225. 0.293 0.292
1.5 0.47 0.185 5.4 1.35 8.3 225. 0.313 0.326
1.5 0.5 0.185 5.4 1.35 8.6 225. 0.333 0.363
1.5 0.53 0.185 5.4 1.35 8.9 225. 0.353 0.405
1.5 0.56 0.185 5.4 1.35 9.2 225. 0.373 0.449
1.5 0.59 0.185 5.4 1.35 9.5 225. 0.393 0.499
1.5 0.62 0.185 5.4 1.35 9.8 225. 0.413 0.554
1.5 0.65 0.185 5.4 1.35 10.1 225. 0.433 0.607
1.5 0.68 0.185 5.4 1.35 10.4 225. 0.453 0.619
1.5 0.71 0.185 5.4 1.35 10.6 225. 0.473 0.659
1.5 0.74 0.185 5.4 1.35 10.9 225. 0.493 0.679
1.5 0.77 0.185 5.4 1.35 11.2 225. 0.513 0.665

FDVMP =
MDVMP,+

s+u
1
2ζQ

2
(5.1)

which was also calculated in 1+1D in [Cho22] and plotted in Figure 8 in that paper. Our

results contrast the 1+1D case; the exact model calculation and the GPD result remain fairly

different until we go into the very high Q2 limit. This may not be surprising because in the

calculation of Figure 5.5 ∆⊥ was on the order of 1 GeV, considerably different from the 1+1D

case where of course ∆⊥ = 0. In 3+1D as well there is the effect of the integration over the k⊥

which might produce a more striking difference from the GPD. The “best case” was seen in the

1+1D case, but in the 3+1D case there seems to be further deviations. The −t/Q2 must become

quite small (O(10−2)) before the exact model calculation and the GPD predictions approach

each other.
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Table 5.5 More BSA data with fixed Q2 at twice the value as before and with a different xBj - again we
see the steady rising of the BSA value with increasing −t/Q2.

Q2 (GeV2) -t xBj Ebeam (GeV) E′beam (GeV) θq′ −θq (◦) W 2[(p+ q)2] (GeV2) -t / Q2
∫ π

0 dφBSA

3. 0.2 0.259 7.722 1.931 2.549 459.184 0.067 0.053
3. 0.3 0.259 7.722 1.931 3.9 459.184 0.1 0.087
3. 0.35 0.259 7.722 1.931 4.426 459.184 0.117 0.102
3. 0.4 0.259 7.722 1.931 4.896 459.184 0.133 0.117
3. 0.45 0.259 7.722 1.931 5.326 459.184 0.15 0.132
3. 0.5 0.259 7.722 1.931 5.725 459.184 0.167 0.147
3. 0.55 0.259 7.722 1.931 6.099 459.184 0.183 0.163
3. 0.6 0.259 7.722 1.931 6.452 459.184 0.2 0.18
3. 0.65 0.259 7.722 1.931 6.788 459.184 0.217 0.199
3. 0.7 0.259 7.722 1.931 7.108 459.184 0.233 0.194
3. 0.75 0.259 7.722 1.931 7.416 459.184 0.25 0.217
3. 0.8 0.259 7.722 1.931 7.712 459.184 0.267 0.255
3. 0.85 0.259 7.722 1.931 7.998 459.184 0.283 0.278
3. 0.9 0.259 7.722 1.931 8.274 459.184 0.3 0.304
3. 0.95 0.259 7.722 1.931 8.543 459.184 0.317 0.332
3. 1. 0.259 7.722 1.931 8.804 459.184 0.333 0.328
3. 1.05 0.259 7.722 1.931 9.058 459.184 0.35 0.391
3. 1.1 0.259 7.722 1.931 9.305 459.184 0.367 0.426
3. 1.15 0.259 7.722 1.931 9.547 459.184 0.383 0.465
3. 1.2 0.259 7.722 1.931 9.784 459.184 0.4 0.466
3. 1.25 0.259 7.722 1.931 10.015 459.184 0.417 0.505
3. 1.3 0.259 7.722 1.931 10.242 459.184 0.433 0.606
3. 1.35 0.259 7.722 1.931 10.465 459.184 0.45 0.62
3. 1.4 0.259 7.722 1.931 10.683 459.184 0.467 0.647
3. 1.45 0.259 7.722 1.931 10.898 459.184 0.483 0.662

5.5 Electromagnetic Form Factor with Triangle Diagram Computa-

tion

Here we calculated the valence and non-valence contributions to the electromagnetic form

factor from calculations of the triangle diagrams for the plus, transverse, and minus components.

We can see immediately in Figure 5.6 that there is a direct correspondence between the first

moment of the GPD ERBL and DGLAP regions and the non-valence and valence contributions

to the form factor respectively. However, the transverse component shows a difference for

ζ , 0 even though as ζ → 0 the plus and transverse non-valence and valence contributions

approach agreement. This is a natural expectation as the transverse component also does not

have a zero-mode contribution. However, this is certainly not the case for the minus component.

The minus component not only has the so-called “zero-mode” contribution at t = 0, but also
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Figure 5.3 The electromagnetic form factor’s DGLAP and ERBL contributions from the first moment
of the GPD. The arrows point to the contributions if one holds ∆⊥ = 0, and the lines that “branch” off
correspond to holding ζ constant and increasing ∆⊥ to achieve the t shown. The “branches” shown
have their nodes occur at tmax; ζ = 0.4 is pointed out by the arrows.

the valence and non-valence contributions cross as opposed to the valence remaining most

significant for the plus and perpendicular components. The leading-twist GPD first moment

therefore only corresponds exactly with the plus component model calculation.

In Figure 5.7 we plot the same electromagnetic form factor valence and non-valence contri-

butions using the transverse component of the current. Using the same value of ζ = 0.3 we can

see a clear difference between the valence and non-valence contributions but the total form

factor of course remains invariant under the possible different choices of ζ.

In Figure 5.8 we plot the minus component calculation. Once again the total form factor

is the same independent of the component chosen; however the non-valence contribution

clearly shows the zero-mode phenomenon and the valence and non-valence contributions

behave very differently than in the plus or transverse component case. Here as −t increases, the

relative contribution of the non-valence component to the electromagnetic form factor becomes

very significant, larger than the contribution from the valence component contribution near

t = −5. Similar behavior was computed in [Cho22], the crossover point between the valence

and non-valence parts occurred there at t = −9 approximately. In Figure 5.8 the Valence Finite

Part is the contribution from the non-divergent part of the integrand’s valence contribution
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Figure 5.4 The GPD plotted as a function of x and ζ. Here ∆⊥ is fixed equal to 0 and t is adjusted to
give the desired ζ. The full range to ζ→ 1 cannot be reached numerically due to this corresponding
to t → −∞. Here since ζ = 0 corresponds to t = 0 one can easily see the PDF from the front plane of
the 3D plot shown.

Figure 5.5 The DVMP form factor versus exact calculation.
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Figure 5.6 The plus component calculation of the triangle diagram.

(see Equation 4.23) and similarly for the non-valence contribution. The “Infinite Part”s are

the contributions from the divergent part of the integrand that remain after the integral is

regularized and the divergent parts cancel between valence and non-valence parts [Bak05a]

[Yao16].

In Figure 5.9 we plot the first three moments of the GPD shown as Fn(ζ, t)/F1(ζ, t). The

second and third moments are not ζ-independent, but they show the consistency with the

polynomiality conditions for the leading-twist GPD, namely that the n-th moment of the GPD

does not depend on powers of ζ greater than ζn. A similar calculation was carried out in
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Figure 5.7 The transverse component calculation of the triangle diagram compared to the first mo-
ment of the GPD. The first moment of the GPD ERBL and DGLAP regions clearly correspond to the
non-valence and valence contributions from the plus component, but this is not reflected when con-
sidering the transverse component for ζ non-zero. The discrepancy reduces as ζ approaches zero
because of the transverse component lacking any zero-mode contribution.

[Cho22] in 1+1D and shown in Figure 12 there.
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Figure 5.8 The minus component calculation of the triangle diagram with the contributions to the
valence and non-valence components from the finite part of the divergent term and the finite term
for each shown. The µ̄ parameter is fixed to agree with the 1+1D results found in [Cho22]. The non-
valence contribution is non-zero even at ζ = 0 which cannot be reconciled with the first moment of
the GPD ERBL region which has vanishing contribution and cannot be related to the non-valence
contribution of the minus current.
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Figure 5.9 The first three moments of the GPD shown as Fn(ζ, t)/F1(ζ, t). (The black line at 1 is the
first moment of course.) The second and third moments are not ζ-independent, but they show the
consistency with the polynomiality conditions for the leading-twist GPD, namely that the n-th mo-
ment of the GPD does not depend on powers of ζ greater than ζn.
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CHAPTER

6

DISCUSSION AND CONCLUSION

6.1 BSA, Connection to GPDs, Significance of Results

We have computed the BSA according to our exact model calculations that we have shown in

Chapter 3. We derived the BSA to be proportional to F−12. In 1+1D F1 and F2 were proportional

to one another, so the BSA could not be computed there. We found that generally F1 is about

an order of magnitude larger than F2 but it is not vanishing, so we had the non-vanishing

BSA in this model. We compare the prediction to the leading-twist GPD which only has the

chiral-even GPD H(x,ζ, t) so the prediction is that the BSA vanishes [Rad99]. Instead, we see

the substantial BSA with Sin[φ] overall dependence and that the −t/Q2 was highly correlated

to the integrated BSA value over φ. The small −t/Q2 region produced small BSA values in

our model. While the BSA seemed to be consistently saturated around −t/Q2 ≈ 0.5 and then

slowly decreased for higher values, this region is not relevant to the GPD formulation [Bei12].

Instead, although the F−12 is significant at the higher values of −t/Q2, the kinematic factors in

the numerator and denominator causes the slow decline of the BSA integrated values. In the

previous 1+1D model calculation −t/Q2 around 10−1 was where the GPD and exact calculations

seemed to converge. However, in the 3+1D case we have seen (for example, see Figure 5.5) that

the agreement between the leading-twist GPD and the exact model calculation were not close
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until −t/Q2 approached about 10−2. This has relevance to the Jefferson Lab 12 GeV electron

beam upgrade; we believe that even if Jefferson Lab has the 22 GeV beam energy upgrade, this

will not change the −t/Q2 ratio. Even though the accessible Q2 is increased. However the EIC

may be able to access the forward angle kinematics.

6.2 Future Work

Building on this work, future research could explore the next-to-leading order GPD first

moment, which is related to the gravitational form factor. By extending our model to include

a derivative-type coupling, we could calculate the energy-momentum tensor and access the

mass form factor A, spin form factor B, and the D form factor related to the deformation of

the target. It would be particularly interesting to determine the sign of the D term under this

extended model calculation, as it has implications for the stability of the proton.

Another potential avenue for future investigation is the inclusion of fermion loops in

our calculations. This extension would allow us to explore not only the chiral-even leading-

twist GPD but also the chiral-odd GPD. If the GPD prediction then provides a non-vanishing

BSA, it would suggest a significant contribution from the chiral-odd GPD that overcomes the

suppressing
√
−t/Q factor. Further extensions of our work could involve TMD computations

and explorations of the wavefunction of the light front dynamics quark models.

Other potential avenues of research that build upon the research discussed in this disser-

tation involve including spin degrees of freedom for either the target or the produced meson.

One could also push the calculation to higher order, including the effects of two virtual photon

interactions - this could generate the tensor hadronic current related to the gravitational form

factors. One could also explore not just the spacelike photon exchange but also the timelike

process. Indeed, the end of this current research program is a node with several paths one could

explore further upon. For now, however, we come to a close.

6.3 Conclusion

In this dissertation, we investigated the beam spin asymmetry (BSA) in the context of exclusive

scalar meson production off a scalar target nucleus. Using a simple, exactly solvable 3+1D

model, we calculated the next-to-leading order (NLO) contribution to the BSA. This exploration

illuminated the ”bare-bone” structure of the gauge structure of quantum chromodynamics

(QCD) involved in the scattering process, providing valuable background information for QCD
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phenomenology.

Our primary finding is that the BSA is non-vanishing for scalar meson production. This

result is significant because it contrasts with the prediction of the leading-twist generalized

parton distribution (GPD) formulation, which suggests a vanishing BSA due to the absence

of the Bethe-Heitler process in deeply virtual meson production (DVMP). This discrepancy

highlights the complementary nature of our work to the GPD formulations, indicating that the

GPD formulation may not fully capture the complexities of the process.

By exploring different −t/Q2 regions, we could summarize the applicability of the leading-

twist GPDs. Our results show that the leading-twist GPD formulation is valid for the Helium-4

target in 3+1D on the order of 10−2. This finding has implications for the ongoing research at

facilities like the Jefferson Lab 12 GeV electron beam upgrade and the Electron-Ion Collider

(EIC), suggesting that the EIC may be better suited to access the forward angle kinematics

necessary for the GPD formulation to be valid.

Building on this work, future research could explore the next-to-leading order GPD first

moment, which is related to the gravitational form factor. By extending our model to include

a derivative-type coupling, we could calculate the energy-momentum tensor and access the

mass form factor A, spin form factor B, and the D form factor related to the deformation of

the target. It would be particularly interesting to determine the sign of the D term under this

extended model calculation, as it has implications for the stability of the proton.

Another potential avenue for future investigation is the inclusion of fermion loops in our

calculations. This extension would allow us to explore not only the chiral-even leading-twist

GPD but also the chiral-odd GPD. If the GPD prediction then provides a non-vanishing BSA,

it would suggest a significant contribution from the chiral-odd GPD that overcomes the sup-

pressing
√
−t/Q factor. Further extensions of our work could involve TMD computations and

explorations of the wavefunction of the light front dynamics quark models.

In conclusion, this dissertation provides a thorough investigation of the BSA in the con-

text of exclusive scalar meson production. Our findings contribute valuable insights into the

applicability of the GPD sub-field, highlight potential limitations of the leading-twist GPD

formulation, and suggest promising directions for future research. The results presented here

have the potential to inform and guide further explorations into the ”bare-bone” structure of
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QCD and the dynamics of hadron structure.
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APPENDIX

A

SCALING BEHAVIORS OF
CHIRAL-EVEN AND CHIRAL-ODD

AMPLITUDES

Here we consider the scattering of the electron off a quark for the meson production at leading

order explicitly. In this way we find the dominating contributions for when the quark flips its

spin and for when the quark does not flip its spin. This should correspond to the leading-order

GPDs in the operator order expansion. This straightforward calculation therefore investigates

the overall kinematics factors associated with the contributions from the GPDs. The kinematics
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of this process are given by

kµ = (xp+,0,0,0)

k′µ =
(
(x − ζ)p+,−∆⊥,0,−

∆2
⊥

2(x − ζ)p+

)
qµ =

(
(−ζ +α (µs +µt))p

+,0,0,
Q2

2p+

( 1
α

+
µt
x − ζ

))
,

q′µ =
(
α (µs +µt)p

+,∆⊥,0,
Q2

2αp+

)
,

where k (k′) and q (q′) are the momenta of the incoming(outgoing) quarks and photons, respec-

tively, and where ∆µ = q′µ − qµ = kµ − k′µ,µs =m2/Q2, µt = ∆2
⊥/Q

2 and

α =
2ζ(x − ζ)(

(1 +µs +µt) (x − ζ)−µtζ −
√
D

with D = 4µt (µs +µt)ζ(x − ζ) + ((1 +µs +µt) (x − ζ)− µtζ)2. We note that α ≈ ζ as µs → 0 and

µt→ 0.

The corresponding Mandelstam variables s = (k+ q)2, t = (k − k′)2, and u = (k − q′)2 are given

by

s =
Q2

2ζ(x − ζ)

(
(1 +µs +µt)x

2 − (3 +µs)xζ

+2ζ2 + x
√
D
)

t = ∆2 = − x
x − ζ

∆2
⊥

u =
−Q2

2ζ(x − ζ)

(
(1 +µs +µt)x

2 − (1 + 3µs + 2µt)xζ

+2µsζ
2 +
√
D
)

and s+ t +u = −Q2 +m2. The hadronic amplitudes of the S and U channels in the quark level

are respectively given by

JSh,h′ ,λ = ūh′ (k −∆)Γ
(
̸ k+ ̸ q+mq

)
<λ (q)uh(k),

JUh,h′ ,λ = ūh′ (k −∆) <λ (q)
(̸
k− ̸ q′ +mq

)
Γuh(k),

where the scalar meson vertex is generally taken as Γ = ES +FS ̸ q′ +GS ̸ k +HSσµνq′µkν with

the external momentum q′ and the internal momentum k, and the quark mass mq is taken to be
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zero after the calculation.

In the limit mq→ 0, each hadronic amplitude can be expanded in the orders of ∆⊥
Q and the

results up to the second order
(
∆⊥
Q

)2
are summarized as follows:

JS↑,↑,+1 = 0,

JS↑,↑,−1 = −
√

2FSQ
3
√

x
x − ζ

∆⊥
Q
,

JS↑,↑,0 = −iFSQ3
√

x
x − ζ

∆2
⊥

Q2 +m2 ,

JS↑,↓,+1 = 0,

JS↑,↓,−1 = −
√

2ESQ
2
√

x
x − ζ

∆2
⊥

Q2 +m2 ,

JS↑,↓,0 = −iESQ2
√

x
x − ζ

∆⊥
Q
,

for the S channel, and

JU↑,↑,+1 = 0,

JU↑,↑,−1 = −
√

2FSQ
3
√

x
x − ζ

(
m2

Q2

)
∆⊥
Q
,

JU↑,↑,0 = −iFSQ3
√

x
x − ζ

(
m2

Q2

)
∆2
⊥

Q2 +m2 ,

JU↑,↓,+1 = −
√

2ESQ
2
√

x
x − ζ

∆2
⊥
Q2 ,

JU↑,↓,−1 =
√

2ESQ
2
√

x
x − ζ

∆2
⊥

Q2 +m2 ,

JU↑,↓,0 = iESQ
2
√

x
x − ζ

(
m2

Q2

)
∆⊥
Q
,

for the U Channel. We note here that the GS and HS couplings with the internal momentum k

do not appear in the leading-order calculation. These results show that the helicity flip and

non-flip amplitudes contribute with the ES and FS terms in the scalar vertex Γ , respectively,

where the ES term carries the identity operator while the FS term carries the q′ operator

which is dominated by the γ+operator with a Q2 factor. In the large Q limit of DVMP, the

helicity non-flip (chiral even) amplitude dominates over the helicity flip (chiral odd) amplitude

by one higher order of Q as the leading order contributions of helicity flip and non-flip
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amplitudes are given by JS↑,↓,0 = −iESQ2
√

x
x−ζ

∆⊥
Q ∼ Q∆⊥ and JS↑,↑,−1 = −

√
2FSQ3

√
x
x−ζ

∆⊥
Q ∼Q

2∆⊥

respectively. Consequently, in the GPD formulation, the chiral-odd GPD contribution appears

to be suppressed by an order of 1/Q with respect to the chiral-even GPD contribution, unless

ES /FS ∼ Q. If experimentally the BSA is suppressed, we would conclude that the chiral-odd

GPD is suppressed; if the BSA is not suppressed, this would show that the leading-order

chiral-odd GPD overcomes the 1/Q suppression factor calculated here.
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