ABSTRACT

DOSHI, VISHWARAJ DILESH. Dynamics of Interacting Stochastic Systems on Networks.
(Under the direction of Dr. Do Young Eun).

Interaction based stochastic dynamics are powerful tools for obtaining non trivial
theoretical results, and for explaining various real world scenarios such as the competitive
dynamics of opinions, products, or epidemics on networks. However, they are under utilized
and often overlooked when it comes to the development of useful algorithms and analytical
tools for graphs.

In this research, we first develop a framework in which we construct a stochastic process
comprising interacting random walks on a graph and show that a suitably scaled version of
our stochastic process converges to the Fiedler vector of graph Laplacian matrices, for a
sufficiently large number of walks. The Fiedler vector of a graph, namely the eigenvector
corresponding to the second smallest eigenvalue of a graph Laplacian matrix, plays an
important role in spectral graph theory with applications in problems such as graph bi-
partitioning and envelope reduction. Our random walk based framework does not require
a priori knowledge of the entire graph, while deterministic algorithms designed to estimate
this quantity do - amajor problem when the graph in question is at least partially unexplored.
Importantly, unlike any existing random walk based methods such as Markov Chain Monte
Carlo (MCMC) methods where the focus is on the first eigenvector, our framework with
interacting random walks converges to the second eigenvector of any reversible Markov
chain kernel in general, opening up the door to higher order eigenvector approximation
via purely random walk methods.

We also study self-repellent random walks on graphs, which interact with their own past
history and tend to prioritize transitions to less visited nodes. While similar mechanisms
have been studied in the past, existing works tend to focus on special graph topologies, such
as complete graphs and grids. Motivated by potential applications such as graph sampling
and revision protocols seen in evolutionary game theory, we show how self-repellent walks
can be designed such that their occupational measures converge to any target probability
distribution. We do so by providing almost sure convergence and a central limit theorem
results for the same, and also show that our self-repellent mechanism can achieve smaller
asymptotic covariance than the well known simple random walk.

In addition to random walk based algorithms, we answer key open questions in the



literature of Susceptible-Infected-Susceptible (SIS) models of epidemic spread. The single
virus SIS model is well analyzed in literature, with precise conditions existing for global
convergence to the dichotomy of outcomes: a virus-free network, or a pandemic state.
However, when it comes to the competition between two such epidemics over a network,
a situation more likely to arise in the real world and captured by the so called bi-virus or
bi-SIS models of epidemic spread, existing works have been unsuccessful in characterizing
convergence properties for a large subset of the model parameter space. This includes
the set of all parameters for which the competitiveness of the bi-virus system could be
significant enough to attain coexistence of the epidemics. We solve this open problem
and completely characterize the model parameter space; giving precise necessary and
sufficient conditions that lead to global convergence of the system to a trichotomy of
possible outcomes: a virus-free state, a single-virus state, and to a coexistence state — the
first such result.

For bi-SIS epidemic models, we also prove monotonicity of the coexistence equilibria
(CE) with respect to effective infection rates of the two viruses, and provide the first quanti-
tative analysis of such equilibria in the form of upper bounds involving spectral radii of
the underlying graphs, as well as positive equilibria of related single-virus systems. Our
results provide deeper insight into how the long term infection probabilities are affected by
system parameters.
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Chapter 1
Introduction and Overview

With the explosion in technological growth over the past few decades and the prevalence of
messaging services, social networks, internet of things, and the world wide web in general,
the influence of network dynamics on our daily activities can be felt now more than ever.
Observations made on the propagation of social network phenomena such as memes, fake
news, and other trends, brings forth the well established argument that human societies
and organizations can be modelled as large networks or graphs, upon which ideas, rumours,
opinions, vices, diseases, and other phenomena spread via edges representing interactions
between individual communities. The modern push towards a data driven world and the
increase in large scale data mining capabilities as a result is helping uncover more and more
of such hidden networks that have a significant influence on our lives. The development of
models and algorithms to help understand, learn from, and manipulate these networks
and related dynamics is therefore becoming an increasingly important field of research.
Networking dynamics are often stochastic in nature. In this research, we take a closer

look at two of the most prominent ones:

Random walk based estimation algorithms on graphs: Random walk based algorithms
have proven to be robust methods for the task of estimating various network statistics. The
graphs in question are often very large and at least partially unexplored. In such cases,
storing the topological information of the entire network is often infeasible, rendering de-
terministic tools such as iterative, power-method based techniques inapplicable. Random
walk based methods, on the other hand, provide a way to deal with the above challenges by
performing in-situ computations as they explore the graph on-the-fly. As exhibited time
and again in the field of Markov Chain Monte Carlo (MCMC) [55, 84, 101], they can be used



robustly to estimate target quantities on graphs without really feeling the repercussions
of scale, lack of knowledge of the state space or the effect of dynamically changing graph
topology.

Models of epidemic, opinion spread on networks: Graph based epidemic models are
widely employed to analyze the spread of real-world phenomena such as communicable
diseases [74, 56], computer viruses, malware [49, 137, 66], product adoption [8, 104, 107],
opinions and rumors [128, 142, 82]. The propagation of such phenomenon (which we
cumulatively refer to as epidemics or viruses) usually takes place via processes such as
human contact, word-of-mouth, exchange of emails or even in social media platforms.
Graph based techniques, with edge based mechanisms to model information spread, have
therefore proven to be effective in capturing such epidemic dynamics [11, 48, 43].

Both, random walk based algorithms and graph based epidemic models have enjoyed
considerable attention throughout the second half of the past century and up till recent
times. However, since the seminal, pioneering works such as the development of the
Metropolis Hastings random walk [55] for sampling on general undirected graphs from
any given probability distribution, and the analysis of an epidemic model for the spread of
Gonorrhea [74] that set up the benchmark in terms of analysis and qualitative results in
the epidemic model literature, the general scope of possible results in these fields remain
largely un-extended. We elaborate on this, and discuss how one possible way of breaking
through these existing theoretical barriers is by introducing interactions into the study of

such techniques.

1.1 Aneed for interaction based dynamics

1.1.1 Interaction based random walk algorithms

We describe the following in the context of Markov Chain Monte Carlo (MCMC) methods
since they are among the most commonly employed methods for sampling on graphs an

estimating various network statistics.

Overview and limitations of existing methods:

MCMC methods for sampling from large graphs essentially employ random walks that

are Markovian and ergodic in nature, meaning that the underlying (stochastic) transition



kernels have nice properties such as, aperiodicity, positive recurrence and irreducibility. The
ergodic theorem for such Markov chains ensures that the empirical distribution x(¢) = [ x;(¢)]
of the stochastic process X(t), given by x;(t)=(1/ t)z,izl 1(x(k)=i; for allnodes i of the graph,
converges to the stationary distribution 7t of the Markov chain, that is x;(z) — 7; for all
i. This stationary distribution 7 is the solution to 77P =7, such that #71=1and 7 >0,
and is the eigenvector corresponding to the largest eigenvalue of P, also referred to as
the first/leading/principal eigenvector of the Markov chain kernel. Sampling each node
visited by the random walk is then equivalent to sampling from # in the long run, and the
problem is then the design of a Markov chain whose stationary distribution coincides with
the desired sampling distribution, given up front. Techniques to do this have been well
established, such as the acceptance-rejection framework which forms part of the famous
Metropolis Hastings algorithm, and importance-reweighting schemes which allow the use
of simple random walks for sampling [101].

While the convenient properties of the underlying linear Markovian kernels of such
estimators have allowed the extensive application of classical probability and linear algebra
techniques, with useful theoretical results on mixing times and asymptotic variance of the
estimates [1], application settings have largely been restricted to those accommodated
for by the initial works in the field. This is because of a reliance on the ergodic theorem
of Markov chains [26], which only guarantees convergence of the estimates to the leading
eigenvector of the kernel, severely restricting the family of algorithms to only the estimation
of positive vectors that are either probability distributions or various centrality measures
such as PageRank. However, there are important network quantities other than leading
eigenvectors, such as higher order eigenvectors of graph Laplacian matrices, for which no
random walk based approximation algorithms exist. The field of spectral graph theory[32] is
dedicated to analysing the properties of these matrices, and it so happens that higher order
eigenvectors of these graph Laplacian matrices are key to performing tasks such as spectral
clustering [114, 135]. We make the crucial observation that the combinatorial Laplacian
L can be used to generate a continuous time Markov chain (CTMC) with transition rate
matrix (or kernel) Q =—L. Thus an eigenvector vector v, of L can be interpreted as the an
eigenvector of Q corresponding to the smallest positive eigenvalue A,(L), which opens up
the possibility of using random walks to approximate it. This relationship between graph
Laplacian matrices and reversible Markov chains on discrete, finite state spaces is bijective,
implying that there exists a (weighted) directed graph for every reversible Markov chain

kernel as well. Therefore any interactive random walk based method to extract information



on the eigenvectors of a graph Laplacian matrix can also be used to extract information on
the eigenvectors of a reversible Markov chain kernel as well. Considering this important
connection, the lack of any such methods towards the approximation of higher order

eigenvectors of Markovian kernels, given their importance, is concerning.

Expanding theoretical boundaries by employing interactons

Interaction based stochastic processes is a major branch of probability theory. These in-
clude systems of stochastic processes that interact with each other according to their
location on the state space [87], as well as processes which interact with their own empirical
distributions [19], or both. Interaction mechanisms can be thought of as intuitive ways of
introducing non-linearities to the stochastic process, with analysis of limiting behavior
usually performed through the study of a closely related deterministic system rather than
depending on the ergodic theorem.

An example is the self-interacting, non-Markovian process originally described in [2],
with further analysis and extensions in [19, 25], whose empirical distribution converges to
the quasi-stationary distribution QSD) of a sub-stochastic (transient) Markov chain kernel.
The QSD by definition is the long run distribution of a transient Markov chain conditioned
on the event that it never gets absorbed by the absorbing states, and very recently the
interacting mechanisms in [19] were leveraged to develop a non-Markovian Monte Carlo
algorithm for sampling on a directed graph from any given probability distribution [76].
This was the first such extension of the original setting in the Metropolis Hastings, and
even though the QSD is still a leading eigenvector (of a sub-stochastic matrix), this is a
good example of how simple interactive terms can be employed to expand the theoretical
boundaries. Considering the fact that this first true extension of use cases of Random walk
samplers took nearly fifty years, it is clear that little attention has been given to leveraging

these interaction mechanisms for more algorithmic purposes.

1.1.2 Competitive interactions in models of epidemic spread

Classical models of epidemic spread focus on the qualitative description of the propagation
of a single disease/virus strain/epidemic over a population. By qualitative, we mean that
they focus on being able to capture and explain fundamental characteristics, such as the
epidemic eventually infecting everyone in models like the Susceptible-Infected (SI) model
if recovery from the infection is not possible; or the epidemic being strong enough to



go pandemic and having a constant long run presence in models like the Susceptible-
Infected-Susceptible (SIS) model where recovery and reinfection of individuals are both
allowed. In recent years, the development of models which capture the competition of two
or more of such epidemics has seen a surge of interest. In particular, models capturing the
behavior of two competing epidemics of the Susceptible-Infected-Susceptible (SIS) types,
also known as the bi-virus or bi-SIS models, have garnered significant attention over the
years [104, 108, 109, 138, 83].

Epidemic models take the form of ordinary differential equations (ODEs) and their anal-
ysis involves the identification of fixed points of the system, their uniqueness properties,
and ultimately showing the convergence of the solution trajectories to those fixed points.
The technique via Lyapunov functions has historically been a popular method to prove
convergence to fixed points and was also used in epidemiology literature to derive the con-
vergence properties of the SIS epidemic model. The SIS model was originally introduced in
[74] to capture the spread of Gonorrhea due to contact between individuals in a population,
and was further developed in [95, 130, 50, 81, 136, 51]. The central result for SIS epidemics,
originally proved using Lyapunov functions in [74], is a dichotomy arising from the relation
between model parameter (7 >0) representing the effective infection rate or strength of the
virus,! and a threshold value (7*>0). When 7 <7*, the virus spread is not strong enough
and the system converges to a ‘virus-free’ state. When 7> 7*, it converges to a state where
the virus infects a non-zero portion of the population. Attempts have also been made to
perform similar convergence analysis for the bi-virus epidemic model [104, 109, 138, 83].
The key questions posed in such literature are: Can both competing epidemics coexist over
the network? If not, which one prevails? Or do both die out? This trichotomy of possible
results is what the recent literature has been trying to characterize.

While the original SIS model introduced in [74] had the aggregate infection and recovery
rates of a node as linear functions of the number of infected neighbors, there has been a
push towards studying more generalized models where these rates are made heterogeneous
(across nodes) and non-linear [12, 64, 68, 13]. Realistic assumptions such as infection
rates tending to saturation with continual increase in neighborhood infection [85] have
become more commonplaces, implying that the models employing strictly linear spreading
dynamics often provide overestimates to the real world infection rates [138]. In some special
cases, non-linear recovery rates also have an interpretation linking them to reliability theory

I = /8, where 3 > 0 stands for the infection rate of the virus and & > 0 the recovery rate from the virus.
Section 4.1 provides a detailed explanation.



in the form infection duration with increasing failure rates (failure here being the recovery
of an infected node). Allowing for non-linear infection and recovery rates leads to a more
general version of the bi-virus model on overlaid graphs, albeit much more complicated,
and the complete convergence criterion is yet to be fully established [109, 138].
Surprisingly, convergence properties of competing models are not as well established
as those of their single-virus counterparts. In bi-virus models for instance, most recent
attempts to establish convergence to various possible equilibria of the system, and the
corresponding conditions on the virus strength, have not really gone beyond resorting to
use the original Lyapunov functional in [74] and convergence results therein. However, we
observe that models with such competition based interactions end up satisfying certain
monotonicity properties with respect to a specially designed cone-based partial ordering of
the state space. From basic real analysis, we know that monotone sequences in closed and
bounded subsets of R” converge [140]. Using this as the starting point, we believe that the

complete qualitative analysis of competition based epidemic models is indeed possible.

1.2 Research focus

For the rest of this report, we build on the intuition provided in Section 1.1. The research

work in this report focuses on:

* Designing interactive random walks to approximate the second eigenvector, or
Fiedler vector of reversible Markov chains: By the second eigenvector, we are referring to
the eigenvector corresponding to the second largest eigenvalue of reversible CTMC kernels,
or the second smallest eigenvalue of graph Laplacian matrices; usually referred to as the
Fiedler vector. Originally introduced by Miroslav Fiedler in his works on algebraic connec-
tivity [45, 46], the Fiedler vector has found applications in areas such as graph partitioning
and clustering [102, 103, 39, 94, 114, 141, 38, 96, 4], graph drawing [70], graph colouring [9],
envelope reduction [14] and the analysis of proteins [73, 111]. It plays an important role
in spectral graph theory [34, 32], providing powerful heuristics by solving relaxations of
NP-hard, integer problems on graph bi-partitioning[135, 112, 52]. While MCMC techniques,
by employing various versions of random walks and via the ergodic theorem, are successful
in estimating 7 (or sampling according to x) - the first/leading/principal eigenvector of
the Markov chain kernel Q, no similar techniques have provided extensions to the second

eigenvector. We take a step forward and provide a framework based on interacting random



walks, a suitably scaled version of which achieves the second eigenvector of the class of
reversible Markov chain transition matrices, for sufficiently large number of walks. To the
best of our knowledge, our framework is the first one to do so, and opens up possibili-
ties of estimating higher order eigenvectors by using such interacting random walk based

techniques.

* Designing Self-Repelling Markov Chains to speed up convergence of MCMC esti-
mators: Random walks on graphs can suffer from slow diffusion, depending on the topology.
When using them to drive Markov chain Monte Carlo algorithms, samples obtained can
often be highly correlated - an undesirable side effect that can increase estimator variance
[cite]. We design a self-repellent random walk (SRRW) which is less likely to transition to
nodes that were highly visited in the past, and more likely to transition to seldom visited
nodes. This form of interaction with its own past history puts the random walk in the class
of self-interacting Markov chains (SIMC) - generally described as a technique to simulate
nonlinear Markovian kernels. We prove convergence of the SRRWs on general graphs by
providing a Strong Law of large Numbers (SLLN) result and a Central Limit Theorem (CLT)
for its occupational/empirical measure. We show that the SRRW achieves a smaller asymp-
totic covariance than the well known simple random walk (SRW) in the sense of Loewner
ordering of covariance matrices, thereby exploring its potential as a (nonlinear) MCMC
estimator.

e Providing complete characterization of the trichotomy of outcomes for the com-
peting, bi-SIS epidemic model: We analyze the bi-virus model with non-linearinfection
and recovery rates (or the non-linear bi-virus model in short) and provide the complete
characterization of the trichotomy of the outcomes with necessary and sufficient condi-
tions under which the system globally converges to one of the three possible points: (i) a
‘virus-free’ state, (ii) a ‘single-virus’ equilibrium, or (iii) an equilibrium where both viruses
coexist over the network. While the result for convergence to the virus-free state of the
bi-SIS model is not new for non-linear infection and linear recovery rates, our proof for
the same is the most general form known to date, covering the case with both infection
and recovery rates being non-linear. The proof of convergence to the virus-free state of
the bi-virus model is straightforward, and directly follows from the convergence criterion
for the single-virus SIS model with non-linear rates. However, the convergence results for
fixed points where only one of the two viruses survives, or to the equilibrium where both

viruses coexist, are not as straightforward to establish, rendering the typical Lyapunov



based approach largely inapplicable.

In proving these results, we first show, using a specially constructed cone based partial
ordering, that the bi-virus epidemic model possesses some inherent monotonicity prop-
erties. We then use novel techniques from the theory of monotone dynamical systems
(MDS) [119] to prove our main results - the global stability of the system for any possible

combination of the model parameters, starting from any initial point in the state space.

* Quantifying the coexistence equilibria of bi-SIS epidemic models: To complement
out qualitative study on global convergence of bi-SIS models on multi-layered graphs, we
also provide quantitative results characterizing the behaviour of coexistence equilibria
(CE) of the bi-SIS model on general graphs with respect to effective infection rates 7,, 7, of
the two competing viruses. Building upon crucial observations obtained via fixed point
analysis of the bi-virus system in the MDS framework, we provide new results on the
relationship between the long run probability of being infected by Virus 1 versus that
of Virus 2, with regards to change in system parameters 7,, 7,. These results are sharper
than those emerging out of mere convergence analysis, and enable us to further quantify
the connection between the CE and the positive equilibrium of corresponding single-SIS
models, as well as the spectral radius of the underlying graphs in the form of various upper
bounds. We also briefly show via numerical results that the upper bounds are successful in
capturing the trend in which the CE fixed points change with the system parameters. Our
results provide a deeper understanding of how the increase (decrease) in strength of one
virus affects the presence of its competitor over the network, showing that the expected

decrease (increase) can be more drastic than one would expect.

1.3 Current Status Quo

We briefly look at existing techniques for approximating the Fielder vector, and current

status quo when it comes to analysing the bi-SIS epidemic model.

* Existing Fiedler vector approximation techniques: Since no random walk based
techniques exist, ours is the first attempt to the approximation of the Fielder vector using
random walk methods. Hence, we just have a brief look at the deterministic methods often

employed for approximating the Fiedler vector. We will not provide a comparison of these



works with ours, since they assume that the entire graph in question is given up front, which

is not the same as our problem setting which requires no such assumption.

The most notable of these deterministic algorithms are techniques based on graph
sparsification [122, 123, 124], and multi-level/multi-grid techniques [14, 15, 29, 44]. Both
of these focus on pruning edges of the graph to obtain a ‘sparser’ or ‘coarser’ subgraph.
Fiedler vector computation is then performed on these subgraphs to obtain approximations
to the Fiedler vector of the original graph. While the pruning can be done via innovative
probabilistic rules based on measures such as effective resistance [122], or using greedy,
deterministic rules [15], the core computation of the Fiedler vector is still carried out by
various kinds of power methods. The Fiedler vector is also directly related to the mixing
time[80, 1, 26] via the corresponding second eigenvalue A,(Q), also known as the spectral
gap, and algorithms to approximate this quantity [33, 53, 67] are fundamentally different
from those estimating the Fiedler vector. Other techniques include [24], which approximates
the Fiedler vector in a distributed fashion over ad-hoc networks, where ‘ad-hoc’ refers to
the nodes having the ability to process information locally and exchange information with
neighbors in a synchronous fashion, and ‘distributed’ refers to each node estimating it's own
component of the Fiedler vector using a local version of power iterations; and [125], which
uses techniques such as matrix deflation to develop another power method to numerically

compute the Fiedler vector using the dominant eigenvector of a slightly smaller matrix.

* Study of random walks employing self-avoidance/repelling mechanisms: Theoret-
ical studies on random walks on countable state spaces employing self-repelling mecha-
nisms, where the repulsion is ‘soft’ in the sense that past visited nodes are never completely
avoided with probability one, have mainly been conducted on state spaces such as the 1
or d-dimensional lattices [127, 3, 131]. While many of these studies take into account not
just the vertex visit count but the also number of times edges are traversed, the theoretical
results, while still intriguing, are often not suitable to the design of real world algorithms on
finite networks. Some works do consider finite topologies such as complete graphs [31, 105],
although interactions in this case are not with the random walker’s own empirical measure,
and are instead with that of an opposing particle. Although the analytical approach therein
using stochastic approximation and the ODE method is more aligned with the techniques
in Chapter 3, there is little control over the dynamics and the knowledge of its stationary
distribution. In summary, the study of self-repelling random walkers on general graphs
that can be designed in a way that it allows for a degree of control over their occupational



measures, has remained a largely unexplored territory.

 Status quo on analysis of the bi-virus epidemic model: Of all the recent works con-
cerning the spread of SIS type bi-virus epidemics on overlaid networks, [138] and [109]
provide conditions under which the system globally converges to the state where one virus
survives while the other dies out. [138] approaches the problem of showing global con-
vergence by employing the classic technique via Lyapunov functions. However, finding
appropriate Lyapunov functions is a highly non-trivial task, and as mentioned in [109],
is even more difficult due to the coupled nature of the bi-virus ODE system. This can be
seen in the condition they derive in [138] for the case where, say, Virus 1 dies out and
Virus 2 survives. When 7, and 7, represent the effective strengths of Virus 1 and Virus 2,
respectively, their condition translates to 7, <77 where 77 is the threshold corresponding
to the single-virus case, meaning that Virus 1 would not have survived even if it was the
only epidemic present on the network. More importantly, [138] is unable to characterize

convergence properties for 7,>7% and 7,>77}.

The authors in [109] take a different approach and tackle this problem by applying
their ‘qualitative analysis’ technique, which uses results from other dynamical systems that
bound the solutions of the bi-virus ODE; and provide conditions under which the system
globally converges to single-virus equilibria. As we show later in Section 4.4.2, however, their
conditions not only characterize just a subset of the actual space of parameters that lead to
global convergence to the single-virus equilibria (which they themselves pointed out), but
the size of this subset is highly sensitive to the graph topology, often much smaller than
what it should be in general. In other words, a complete characterization of the entire space
of model parameters, on which the system globally converges to one of the trichotomic

states, has still been recognized as an open problem in the bi-virus literature [138, 109, 83].

 Existing quantitative results for bi-SIS systems: Threshold conditions for the single-
virus SIS model have been repeatedly, independently rediscovered [30, 90], with follow-
up works [130, 129] being successful in establishing quantitative bounds on the long run
infection probabilities/market share/influence in the case when the virus/product/opinion
persists, even showing convexity of the average infection probabilities in 1/7 in some cases
[90]. However when it comes to bi-SIS epidemics, apart from a few results which are simply
by-products of the techniques utilized for the convergence proofs in [41, 139], there is a

lack of quantitative bounds on coexistence equilibria, and little understanding of their
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monotonicity properties with respect to the system parameters.

1.4 Organization

The rest of the report is organized as follows. In Chapter 2, we detail the construction of our
interactive random walk based stochastic process and provide a complete analysis of the
same to formally prove the convergence of a suitably scaled version of the process to the
Fiedler vector for any time reversible Markov chain kernel, along with simulations to support
the same. In Chapter 3 once again employ self-interactions as a source of nonlinearity
in state transitions to design the self-repellent random walk, showing its improvement
over the classical simple random walk, via analysis of the covariance matrix arising out of
second order convergence results. In Chapter 4, we work on the analysis of the bi-virus
epidemic model and give precise conditions under which the system globally converges
to the trichotomy of possible outcomes. We then take a closer look at the co-existence
equilibria of bi-virus models, providing quantitative analysis in Chapter 5. We then provide

our concluding remarks in Chapter 6
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Chapter 2

Fiedler Vector Approximation via

Interacting Random Walks

In this chapter, we begin by giving the basic notations and an introduction to the Fiedler
vector via its application in graph partitioning in Section 2.1. The main theoretical results
are distributed among Sections 2.2, 2.3 and 2.4. In Section 2.2, we detail the construction of
our stochastic process and via Theorem 2.2.4 we relate it to a system of ordinary differential
equations (ODEs) as its fluid limit. We show that over a finite time horizon, the stochastic
process rarely deviates from the solution of the ODE when the number of walkers is suffi-
ciently large. Section 2.3 is devoted to the stability analysis of the resulting deterministic
ODE system, where we show using a Lyapunov function that the Fiedler vector is the only
asymptotically stable fixed point of a suitably scaled version of the system, while all others
being unstable. In Section 2.4 we bring together our results from Sections 2.2 and 2.4 to
formally show that for sufficiently large number of walkers, our stochastic process spends
most of its time in the long run around the asymptotically stable Fiedler vector, while
never getting stuck around an unstable fixed point. In Section 2.5, we provide numerical
results to support our theoretical findings and also simulations over time varying dynamic
graphs to show the robustness of our framework in that setting. In Section 2.6, we extend all
our results to include various graph Laplacians and time reversible Markov chain kernels.

Section 4.7 provides our concluding remarks.
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2.1 Preliminaries

2.1.1 Basic notations

Let 9(./, &) denote a general, undirected, connected graph, with .4" being the set of nodes
and & being the set of edges, represented by pairs (i, j) for i, j € /. Let the cardinality of A
be given by a natural number N (i.e. |-#| = N). The mathematical quantities best capturing
all the information of ¥(./, &) are the ‘adjacency matrix’ A' defined as A;; =1, if (i, j) € &
and 0, otherwise Vi, j € .4, and the diagonal ‘degree matrix’ D of the graph defined as
D;=> jev Aij Vie /. We call D;; the ‘degree’ of node i € .4/, and alternatively represent
itas d(i)=D;;.

Since vectors and matrices will be used throughout the chapter, we standardize their
notation. Lower case, bold faced letters will be used to represent vectors (e.g. ve RY), while

NxNy “unless

upper case, bold faced letters will be used to represent matrices (e.g. M € R
clarified otherwise. The i™ (i j thy entry of vector v (matrix M) will be denoted by v; or [v];
(M; ; or [M];;), depending on the situation. We let D, := diag(v) represent the diagonal matrix
with [D,];; = v;. Also denote by 1 =[1,1,---,1]" and 0 =[0,0,---,0]%, the N-dimensional
vectors of all ones and zeros respectively, and e, forall k € {1,---, N} represent the canonical
basis vectors in R, which take value 1 at their k™ entry, 0 at every other entry.

The use of ‘Q’ will be reserved exclusively for representing transition rate matrices
of continuous time Markov chains (CTMCs). ‘P(-)’ will be used to denote the probability
measure, while simple ‘P’ will be used exclusively for transition probability matrices of
discrete time Markov chains (DTMCs). Note that throughout the chapter, we shall often
refer to these matrices using the umbrella term kernel of Markov chains. Vectors such as
x(t) and y(¢), with ¢ being time, will be used to denote (deterministic) solutions to systems
of ordinary differential equations (ODEs). However, if indexed by a parameter, for example
x"(t) and y"(¢), they will be used to denote stochastic processes (also parameterized by n).
This distinction between notations of similar deterministic and stochastic quantities shall
be reiterated when we define such quantities later on.

Finally, we let || - || denote the Euclidean norm for any Euclidean space (i.e. with the

IIn the case of a weighted graph, we replace A by the weighted adjacency matrix W, where the i j*”* entries
represent the weights assigned to each edge. All other equations remain the same. However, we will safely
exclude any further, separate mention of weighted graphs because the scope of our results is broad enough to
cover not just weighted graphs, but also similar quantities such as kernels of time reversible Markov chains,
as we shall observe later in Section 2.6.
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appropriate dimensions implicitly understood), and use ~ to denote normalized versions of

vectors, or sets containing normalized vectors.

2.1.2 Graph Laplacians

Consider an undirected, connected graph ¥(.//, &). The quantity of interest throughout
the chapter will be the Combinatorial Laplacian, which is defined as

L=D—A.

L is a symmetric (due to the graph being undirected), positive-semidefinite matrix with
non negative eigenvalues. Since the graph is connected, A, and as a result L, are irreducible
matrices. Thus, the Perron Frobenius (PF) [65, 88] theorem applies and the smallest eigen-
value 0 (with eigenvector being 1) has multiplicity 1. We denote by 0 =4, < A, <--- < Ay,
the spectrum of L, with 1 =v,, v,,---, vy being the corresponding eigenvectors.

Closely related to the combinatorial Laplacian is the normalized or symmetric Laplacian,
which goes by

@ AD2LDY2 =1 —D~V2AD V2,

Also a symmetric positive semi-definite matrix, it’s smallest eigenvalue is 0 (with corre-
sponding eigenvalue being D'/?1). Denote by 0= A, < A, <--- < Ay, the spectrum of L, with
D'/?1=v,, v,,---, Vy being the corresponding eigenvectors.

The third graph Laplacian we introduce is the random walk Laplacian, denoted by L™".
We shall define it using the combinatorial and symmetric Laplacians as

L'Y2D 'L=D""?¥¢D"?=1-D'A.

It gets its name because P =D™! A is a stochastic matrix (all the rows add up to one) which
defines a simple random walk in discrete time on the graph. L"" is not a symmetric matrix.
However, note that due to the similarity transformation (second equality), it shares the same
spectrum as £ with its left eigenvectors given by v = D'/2v; where V; is an eigenvector
of <. The PF eigenvector of L"* is therefore given by vi* = D1, the vector with its entries

being the degree of the respective node.
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2.1.3 Graph bi-partitioning and Fiedler vector

The second eigenvalue of L, i.e. A,, is known as the algebraic connectivity of a graph,
and the corresponding eigenvector is commonly referred to as the Fiedler vector. We
shall however use the term Fiedler vector to refer to second eigenvectors of any graph
Laplacian matrix. To convey the relevance of the Fiedler vector, we look at the problem of bi-
partitioning a graph, whose objective is to partition a connected graph into two connected
subgraphs in the most ‘natural’ way possible. This is often interpreted as partitioning the
graph into two subgraphs S and S¢ with the fewest number of edges interlinking them, but
also not having meaningless solutions such as partitioning the graph at leaf nodes. This
train of thought has evolved into the study of problems such as the Ratio-cut problem
(RCut) [135, 52] and the Normalized-cut problem (NCut) [135, 112], among others. Define
Cut(S)=(1/2) 3 ;cs 2. jese Aij, for any S € 4. The RCut problem for graph bi-partitioning is

given by
Cut(S) Cut(S ”))

+
N |Se]
Unfortunately, minimizing the RCut over all subsets of .4" is an NP hard problem. [52]

RCut(%) = min RCut(S) = min( 2.1)
Sc N Sc N

showed that by enlarging the integer valued domain into the real valued domain, approxi-
mate solutions can be found efficiently. For the RCut problem, this real valued relaxation is
given by

RC N f'Lf
ut(¥) ~ ﬂr{%lfl;élo i

the solution to which is well known, and is the Fiedler vector v, of L. Likewise, a relaxation
of the similar NCu#* problem is solved by v,, the Fiedler vector of the normalized Laplacian
%2 (or equivalently, the Fiedler vector of L, since they share the same signs for the entries,
leading to the same partition). Partitioning according to the signed entries of these second
eigenvectors therefore solves natural relaxations to well-defined but difficult to solve bi-
partitioning problems, and these observations have paved the way for spectral clustering[34,
32,94, 40, 141, 38, 52, 112, 102, 113] as a powerful data analysis tool.

2The NCut problem is similar to the RCut problem with the terms |S| and |S¢| in the denominator replaced
by Vol(S) and Vol(S¢), where Vol(S) =D . d(i).

ieS
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2.2 A multi-walk, interacting stochastic process with a de-
terministic limit

We aim to construct a random walk based process which, in the long run, can approximate
the Fiedler vector (second eigenvector of L = D —A). Our process consists of multiple
random walks interacting with each other in a prescribed manner. This can also be written
as a density dependent process (with parameter ‘n’ proportional to the number of random
walks) that has a deterministic fluid limit. In this section we provide construction of our
stochastic process, and the result on its convergence to a deterministic process (its fluid

limit).

2.2.1 The interacting stochastic process

Let ¢(./, &) be any undirected, connected graph, with N =|./'| as before. For any n €N,
consider 2n-many random walkers traversing ¢¥(./, &) according to a CTMC generated by
the kernel Q =—L=A—D. These 2n walkers are split into two groups, of n walkers each,
by labeling them as either ‘type-x’ or ‘type-y. Define the stochastic process (X (1), Y(t)) 150’
where X(¢) e N/ (Y(¢) € N) is a vector such that X(¢); (Y(¢),) indicates the number of
type-x ( type-y) walkers present at node i € 4" at time ¢ > 0. Since there are n walkers of
each type, we have > ._  X(t); =) .., Y(t);=n forall ¢ > 0. The state space is given by

ZX,:ZYi:n}. 2.2)

ieN ieN

I,z {(x, Y)eNY xNY

Ever so often, a type-xwalker traversing the graph may find itself at a node with type-y
walkers present. Such an event is what we call an ‘interaction’. When an interaction occurs,
every type-ywalker present ‘kills’ each type-xwalker present with rate x/n, for some scalar
Kk €(0,4+00). In return, every type-xwalker present ‘kills’ each type-y walker present with
rate k/n. Another way to describe this interaction is in a pairwise manner. Given any
possible ‘pair’ of one type-xand one type-ywalker present at node j, they both kill each
other with rate k/n. At every node j € .4 there are X(r); Y(¢); such pairs at any time ¢ > 0.
Thus, overall, type-x or type-y walkers die with rate ;. X(#);Y(¢);. Upon being killed, the
‘dead’ walker relocates to the position of another randomly selected walker of the same

type. At time ¢ > 0, this is equivalent to saying that a killed type-xwalker will redistribute to
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Interaction at node 1:

Key: | : node i, with [ Red and m Blue walkers.
v () 2 Blue, 3 Red walkers -

N . node 1 detailed view "/’ worateX____
\ - T 1t g

N iz
A Blue walker Q21' % o . ) et < O
makes the jump / / \ Killed Blue walker ~

«—> 1 redistributes
from node 2 to 1 'O 0+-0 ;
\\ \ /

each O killed withrate 3 -2 - k/6 = K
each O killed withrate 2 -3 - k/6 = K

(a) Walk according to ergodic CTMC Q (b)Killed with rate (£) X(£);Y (¢); at node i (c)Killed—> Redistribute to node j, w.p. X(£);/n

Figure 2.1 The interaction and redistribution mechanism.

some node i € 4 with probability X"(¢);/n, which is proportional to the number of type-x
walkers present at node i. Similarly, a killed type-y walker will redistribute to node i € A
with probability Y"(¢),/n.

Consider Figure 2.1 as an example of an interaction event. We consider n = 6. The
colour blue is used for type-xwalkers, while red is used for type-y walkers. At each node,
the number of blue and red walkers present is given by the respectively coloured numeric
entry. Figure 2.1(a) shows a blue walker moving from its initial position at node 2, to node
1, with rate Q,,. Figure 2.1(b) shows a snapshot of the system at a time right after the event
in Figure 2.1(a). Node 1 is now the site of interactions between 2 blue and 3 red walkers. A
detailed view of the interactions at node 1 is shown, where an arrow represents a pair of
walkers killing each other with rate x/n. Let r € N count the number of arrows connected
to any particular walker. Then, that walker is killed by the group of the other type walkers
with the total rate % - r. Following this logic, each blue walker in Figure 2.1(b) is killed with
rate % -3 =k /2. Since there are two blue walkers present, one of them is killed with rate
g -2 = k. Similarly, each red walker is killed individually with rate x /3, and since there are
three red walkers, one of them is killed with rate k. Therefore the rate with which a blue
walker dies is the same at which a red walker dies at node 1. Finally, Figure 2.1(c) shows an
event in which a blue walker is killed at node 1. Upon death, it instantaneously relocates
to the position of another blue walker chosen uniformly at random. That is, it randomly
redistributes to node i with probability X(¢);/n. A similar redistribution would occur if a
red walker was to die instead of a blue walker, in which case it would redistribute to node j
with probability Y(z);/n.

Events of the process (X (1), Y(t))tzo involve type-x or type-y walkers going from a node

J to another node i. This corresponds to jumps of size (e; —e;, 0) for type-xand (0, e; —e;)
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for type-y walkers. At any state (X, Y) € I,,, jumps can be caused by walking from j — i
according to the base CTMC kernel Q, which happens with rate Q;; X; for type-xwalkers
and Q;;Y; for type-y walkers. The jumps can also occur as a result of being killed at node j
and redistributed to node i. As mentioned earlier, one of the type-xwalkers at node j is
killed with rate 7, X(); Y (£);, upon which it redistributes to i with probability % Therefore,
the jump j — i occurs with the overall rate 3 X(¢); Y(¢) j% for type-x walkers. Similarly,
type-yare killed at j and redistributed to i with overall rate ;; X(¢); Y (¢) ]%

Hereafter, for any state (X, Y) €T, we use x€ R" to denote the density distribution of
type-xwalkers over the graph, with x; = % Similarly we use y € RY to denote the density
distribution of type-ywalkers over the graph, with y; = % Let QZ:]._,Z.(X , Y) denote the total

rate with which jumps of type (e;—e;, 0) occur, and similarly let Q;:j_,l.(X , Y)denote the total

rate with which jumps of size (0, e; —e;) occur. From all of the above, these two quantities
can be written as

- K
_ K
Qi X V)= Qi ¥+ (=X Y)ys = n(Qjiy; + (5%, 7)) y:). (2.4)

We can think of Q;’:]._,l. and Q}'}:jﬁi forall i, j €./,i# j as the off-diagonal entries of a 2N x
2N dimensional matrix Q(X, Y). This matrix is then the transition rate matrix of the CTMC
(X (1), Y( t))t>0 on a finite state space I, as in (2.2), and we have now fully characterized our

stochastic process.

2.2.2 A closely related deterministic system

A

Define the density dependent version of the stochastic process (X (1), Y ()),;»¢ as (x"(£),¥"(£)) ;50 =
(X(t)/n, Y(t)/n),s,- Its state space ©,, is a version of I, where each entry is scaled by %, or
more precisely,

0,=%,x%,, (2.5)

where &, = ZN{iu|ue Z"}, with ¥ = {u € RY |u’l = 1,u > 0} and Z" being the N-
dimensional grid. Jumps of size %(ei —e;,0)and %(O, e; —e;) for the process (x”(t),y”(t))t>0
occur with rates (2.3),(2.4). Using this information, we can define a vector field F : ©,, —» RV,

For any (x,y) € ©,,, F(x,y) captures the average change in (x,y) € ©,, per unit time, and is
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written as

F(x,y)=(Exy) F,xy)), (2.6)
where
A (e;—e;) n
Eay)=> > ——Q, &) 2.7)
iEN jeN,j#i
A (ei —e ) =n
Fy(x,y):z Z - QL xy). (2.8)
ieN jeN,j#i

The following result helps us write the above two equations in a more compact form.

Proposition 2.2.1. (Proofin Appendix A.1.1.) For any (x,y) €©,,, we have

F,(x,y)=Q"x+[rx"ylx—KkDyx (2.9)
F(xy)= Q'y+[kx"yly—kDyy (2.10)

Proposition 2.2.1 allows us to consider the following system of ordinary differential

equations:
d
X(1)= E(x(2), y(1))
d
—¥(1)= B (x(1), y(1) &1

x(0)'1=y(0)"1=1,

where we let (x(t),y(t))t20 denote solutions to (2.11) for ¢ > 0 (this is sometimes referred
to as the semi-flow of F). Note the distinction between the notations (x”(t),y”(t)) and
(x(t),y(t)), where the former is a stochastic process (parameterized by n), while the latter is
the deterministic solution to an ODE system. For the next result, let ||-|| denote the Euclidean
norm in R?", and S be the subset of R*" given by

S2{xyeR™ |x"1=y"1=1}. (2.12)

Proposition 2.2.2. (Proof in Appendix A.1.2.) F : S — R?N is Lipschitz continuous with
Lipschitz constant M < oo, and for every initial point(x(O),y(O)) €S, there exists a unique
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solution to the system (2.11).

The set S is an invariant set for the ODE system (2.11). Indeed, observe that for any
(x,yeS)we have d(17x)/dt =1T F(x,y)=17QTx+ kxTy— ky"x =0 since Q1 = 0. Similarly,
d(17y)/d t =0, and any solution starting in S stays in S. We will only consider such solutions
in our analysis of the ODE. To ensure that this is the case, we rewrite (2.11) as an equivalent

system given by

d
—x(1)= Q"x(1)+ A (£)x(1)— KDy x(1)

d
YD) =QUy(1)+ A, (1)y(£) — KDy, (1) (2.13)

x(t)"1=y(t)"1=1(Vt >0),

where A, () and A, (¢) are real valued scalars. By summing up all the entries of %x(t)
and “Lx(t) and substituting x(¢)"1 =y(¢)"1 = 1, it can be easily seen that A (t) = A, (1) =
kx(t)Ty(t). Thus, we retrieve the original system and hence the equivalence. Moving for-
wards, we will use A(£) = A, (1) = Ay (t)= kx(t)Ty(t) in our equations. Before proceeding

with our first important result, we make an observation about fixed points (x*, y*) of (2.13).

Remark 2.2.3. Any fixed point (x*,y*) € S of (2.13) has all strictly positive entries. In other

words, there exists no i € A such that x; =0 or y;=0.

Proof. (Remark 2.2.3) Consider (x*,y*) € S to be fixed points of (2.13). Then, the i entry of

x* satisfies the equation

0= Z Qj,-x;'.‘+ [Kx*Ty*]x,- —KXxy’

JjeN

Suppose x =0. Then the above equation becomes 0= Qj xj*.‘. This means that for

e, j#i
any j € .4 suchthat Q;; > 0 (implying thatnode j isa neigljlbor]:f node i), the corresponding
entry x7 = 0. This in turn leads to x; = 0, for all neighbors k of node j. Since our graph
is connected, there is always a path connecting node i to any other node of the graph,
implying x = 0. Similarly, if y* = 0, following the same steps as before gives us y* = 0. This is
in violation of the third equation in (2.13), giving us a contradiction. This completes the

proof. O

We are now ready to state the main result connecting the stochastic process from Section
2.2.1 and the deterministic ODE system from Section 2.2.2.
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2.2.3 From stochastic to deterministic dynamics

In this section we show that the stochastic process from Section 2.2.1, indexed by n, almost
surely converges to the deterministic ODE system from Section 2.2.2. Before we state the

theorem, we make the following assumption.
Al: Forany n €N, (x(0),y(0)) = (x"(0),y"(0)).

Theorem 2.2.4. (Proofin Appendix A.1.3.) Consider the family of stochastic processes (in-
dexed by n) {(x”(t),y”(t))tzo}neN, with kernels (Q”)HGN defined as in (2.3) and (2.4). Let
(x(t),y(t)) be solutions to the ODE system (2.11) that satisfy (Al). Then, for all T € (0, 00), we
have

lim sup [|(x"(¢),y"(¢))—(x(2),y(t))|=0 a.s. (2.14)

=00 g<s<T

More precisely, forany e >0 and T € (0, 00), we have

P( sup ||(x”(t),yn(t))—(X(f)’Y(t))” Z€ )

0<t<T
€ee
V2N(N—-1)1+K)T

T (2.15)
§4N(N—1)exp(—n(1+K)T'h( ))

where h(x)= (1+ x)log(1+ x)— x, M is the Lipschitz constant from Proposition 2.2.2, and
N =|A| is the size of the graph.

(2.15) gives an upper bound on the probability that, uniformly over a finite time horizon
[0, T'], the stochastic process indexed by n € N deviates from the solution to the deterministic
process by at least € > 0, provided they start at the same initial point. A discussion on the
effect of parameters 7, k and N on the bound (2.15) and the long run behavior (as T — ©0)
is deferred to the end of Section 2.4.

2.3 Analysis of the deterministic flow and convergence to
FV

From Theorem 2.2.4, the solutions (x(t),y(t))t20 of the ODE system (2.13) serve as a de-
terministic approximation for the CTMC (x”(t),y"(t))t20 for larger values of n € N. Then,

it makes sense to analyze the trajectories of the ODE system for its convergence prop-
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erties and the nature of its fixed points. For the rest of the chapter, we use the notation
A(t)=A,(t)=A,(t) mentioned earlier.

2.3.1 Fixed points of the system

We first state a consequence of the Courant-Fischer min-max theorem [65, 88] (specific to
our case), which we shall refer to later in this Section.

Lemma 2.3.1. LetS = {weRN | w!1=0,||w||=1}. Given a CTMC kernel Q =—L, whereL is
a Laplacian matrix with eigenvalues ordered as0 = A, < A, <--- < Ay, we have

A, =minu’[—Q]"u, (2.16)
ues
with v, =v,/||v,|| being the minimizer, and

A= max u’'[—Q]"u, (2.17)

ueS, ul{vi,, vy}
with v, =v/||vi|| being the maximizer.

Letz(t)=x(t)—y(t)forall t >0, and consider an (implicit) system of equations obtained

by subtracting the second equation of (2.13) from the first one, which then reads as

a . .
A1) =Q 1)+ A(1)(1) (2.18)

z(t)"'1=0(Yt>0).
Let 2 denote the set of fixed points of (2.18). Any fixed point z* € Q2 satisfies

Q'z =LTz*=\*Z" (2.19)
z71=0 (2.20)

for some A* € (0, 00), and could therefore be a (left) eigenvector of L (up to a scalar multiple),
or the zero vector (which we shall often refer to as the origin). Since, for any ¢ >0, z(¢) =0 if
and only if x(#) =y(t), the fixed point 0 € Q2 of (2.18) corresponds to the invariant set S, of
(2.13), defined as

S={xyeS|x=y,x'1=y"1=1}. (2.21)

22



To exclude, from our analysis, the case where trajectories of (2.18) might hit zero after some
finite time, or equivalently trajectories of (2.13) might enter set S, and stay there for all

future times, we show the following result.

Proposition 2.3.2. For all sufficiently large k, the invariant set S, defined in (2.21) is an

unstable set for the system (2.13).

Proof. Recall the form of the Jacobian of F : R*¥ — R?N from Appendix A.2. When evaluated

atx =y (which we shall use here in place of x* and y* to denote fixed points), we can write

it as
Q 0 xx! +D,D, —D, xx! —Dy
Jr(x,x)= +K ’ .
0 Q xx' —Dy xx' +D,D,—Dy
o D2 0 11
= Q +x| * +K ®[xxT—DX],
0 QF 0 D2 11

Here, D ® E denotes the Kronecker product of two square matrices D and E. To simplify

further analysis, we write down the above matrix as J(x,x) = A+ B+ C, where

Q" 0 D2 0
A= , B=x| *
0 Qf 0 D?
11
C=«x ®[xxT—Dx]
11

For any symmetric matrix M € RV*V et A,(M) < A,(M) < --- < A5 (M) denote the ordering of
its eigenvalues. Observe that the eigenvalues of A are the same as those of Q with double the
multiplicity, implying A, (A) =0, and A, (A) = A,(Q) for all k € {1,---, N}. The eigenvalues
of B are the diagonal elements. Thus, A,(B) =k min;c , x? and A,y(B) =k max;c 4 x7.

For matrix C, observe that xx” — D, has a zero row sum, with negative diagonal entries
and non-negative off-diagonal entries. It therefore defines a CTMC transition rate matrix,
and we have A,y (xx” —D,) = 0, with the other eigenvalues being strictly negative. It can
also be checked that the matrix of all ones on the left of the Kronecker product has the
spectrum {2,0}. The eigenvalues of the Kronecker product are equal to eigenvalues of the
two involved matrices cross multiplied. We therefore obtain 2NV eigenvalues of C, with
Aon(C)=---=Ax_1(C) =0, and the others being strictly negative.

The Weyl’s inequality[65, 88] for real symmetric matrices D, E € RY*Y is given, for any
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ke{l,---,N}, as
AMD)+AL(E) < A (D+E) < An(D)+ AL(E)

Applying the lower bound of Weyl’s inequality on Ay _;(A+ B+ C), we get
AMA)+ Ay (B+C)<An_1(A+B+C).
Applying the lower bound of Weyl’s inequality once again, this time on A5_;(B+ C), we get
AMA)+A,(B)+ Ay (C) <Ay (A+B+C).
Now since A,(A) = A,(Q) =—Ay(L), Ay_1(C)=0and A,(B) =k min; , xl.z, we get
—An(L)+ K min X7 < Ay (Jp(x,%)).

As a consequence of Remark 2.2.3 in Section 2.2.1, x; > 0 for every i € /. This means the
N +1 largest eigenvalues of the Jacobian become positive for all sufficiently large k > 0, and
each fixed point in S, has an unstable space® of minimum dimension N + 1 associated with
the linearized system at the point [100]. Therefore the set S, is linearly unstable in S. This

concludes the proof. O

The above result is equivalent to saying that the fixed point 0 € Q2 of (2.18) is unstable.
This allows us to consider trajectories starting from (x(O),y(O)) € S\ Sy, or equivalently, from
z(0) # 0, which will be useful in Section 2.3.2.

2.3.2 Convergence to the Fiedler vector

From Section 2.3.1, we know that the set 2 of fixed points of (2.18) contains any scalar
multiples cv; of the (left) eigenvectors v, of L for k > 2. This includes 0, which we showed to
be an unstable fixed point in Proposition 2.3.2. The next question is about the convergence

properties of the ODE system, and we have the following.

3An unstable space of a point is the set where trajectories move away from the point. For individual
fixed points, it is usually enough to show that this unstable space is at least 1-dimensional to guarantee
instability. This can be done by showing that one of the eigenvalues of the Jacobian evaluated at the point is
positive (for linear instability)[100]. However when showing instability of all points associated to an invariant,
k-dimensional set given by K, we need to show that the unstable space of these points is of dimension at
least k + 1, in order to rule out the unstable spaces made of vectors pointing simply inside set K. Showing the
existence of an unstable space of dimension k + 1 hence shows instability of the set K itself.
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Theorem 2.3.3. Trajectories of the system (2.18) always converge to a fixed point. Further-
more, the Fiedler vectorv, is an asymptotically stable fixed point of the ODE system (2.18),

with all others being unstable.

The rest of this section is devoted to the proof of Theorem 2.3.3. First, we provide a
‘Lyapunov function’ V : RN — [0,+00) with strictly negative slope along trajectories of
(2.13), at any point which is not in Q (i.e. not a fixed point). This will subsequently be
shown in Proposition 2.3.4. We then put together our proof of Theorem 2.3.3, where we
show convergence to a fixed point using the LaSalle invariance principle (Theorem A.2.2 in
Appendix A.2). This will prove the first statement of Theorem 2.3.3. To prove the second
statement, we use the Lyapunov stability theory to show that all the fixed points of type cv;
(k >3, ¢ #0) are unstable, and the only possible candidate left for convergence, i.e., cv,, is
asymptotically stable. For the sake of completeness, we provide relevant definitions and
results from the theory surrounding LaSalle invariance principle and Lyapunov stability in
Appendix A.2.

Recall that the set S, is unstable and we only consider trajectories starting from S \ S,.
For such trajectories, since z(t) # 0 in S\ S,, we can construct another (implicit) system

whose solutions are

z(t)
llz(2)|

Trajectories of (2.22) are always contained in the set S = {we RN ’ w!1=0,|w||=1}. Non-

Z(t)= forall ¢t > 0. (2.22)

zero fixed points of (2.18) will also be fixed points of this new system. However, this time,
they are normalized, and isolated in space, unique up to only a sign. This will make it easier
to apply the LaSalle principle later to show convergence. Since we are now working in the
normalized space, we let {V,,---,Vy} denote the normalized eigenvectors of L, and denote
the set of fixed points as Q= {¥,,---,¥y}.*

Define the Lyapunov function V : RN — [0, co) as

1 1
Viu)= EuT[—Q]Tu: zuTLu, foranyueR". (2.23)

We shall now analyze the function V(u) over trajectories Z(t) as defined in (2.22).

Proposition 2.3.4. For trajectories of (2.13) starting from any (x(0),y(0)) € S\ S, we have
% V(#(1)) <0, with equality only at the fixed points Q that are left eigenvectors of L.

4Technically, it should be Q={£¥0,,---,£¥y}, but we use ¥, to refer to ¥, irrespective of the sign.
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Proof. For the rest of this section, we suppress the ‘()" notation and assume it implicitly.
We also use f to mean % f whenever convenient. Observe that

1z'[— Q]T

VAN /

V(z(t) = ~ﬁ QF”=

Differentiating V' along the trajectories of (2.18) gives

1 d d
—V(Z(1t) = T ([ZTQTz][Esz] - [sz][EzTQTz]). (2.24)
First, we have
%(ZTZ) =22"%(t) = 2(zTQTz+A(t)sz), (2.25)
and similarly we have
%(ZT[—L]Z) =2"Q"z+2"Q"2=2(A(1)2"Q"z+2"[Q*] ). (2.26)

By substituting (2.25) and (2.26) into (2.24), we get

d (zQ"2)" —(27[Q!"Z)(z"z)
V@)= — (2.27)

To show (2.27) is non-positive, we leverage the property of Q =—L being a symmetric
matrix whose eigenvectors {¥,, V,, - -- ¥, } form an orthonormal basis for R". Thus, any vector
z < RN can be written as a linear combination of these orthonormal eigenvectors. Since the
trajectory z always satisfies z’ v, =21 =0, we can write z= Z],Lz ¢V, where ¢, =z' v, and

similarly,
N N N
T, _ 2 T Ty 2 Tr21T. 2 2
zZ 7= E ¢, z [-Q'|z= E Aecy, 2°[Q°] z= E Aci (2.28)
k=2 k=2 k=2

Substituting these into (2.27) yields

lzxk(Zk " )r[kﬁ;li—(z;jzz”zﬂ. (2.29)

Now, for each t > 0, define a discrete random variable R(¢) which takes values A, with
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probability ]\f"(z)z( for k€{2,3,---,N}. We can then rewrite (2.29) as

k=2 k(1)

d
T V(Z(t))= E[R(t)]*—E[R(t)*]=—Var[R(1)] <0, (2.30)
where the equality % V(z(t))= 0 holds when the random variable R(t)is constant, i.e., when
only one of the ¢,(#)’s is non-zero. In other words, we have zero derivative only when Z(t)

hits an eigenvector v, for some k =2,3,---, N. This completes the proof. O

Using the above results and Theorem A.2.4 from Appendix A.2, which is regarding the

stability of fixed points, we are now ready to prove Theorem 2.3.3.

Proof. (Theorem 2.3.3) First, we use the LaSalle invariance principle (Theorem A.2.2) to
prove convergence to a fixed point. Note that any trajectory originating from S = {w €
RN | w’1=0,||w|| =1} (and as a result never leaving S) is relatively compact. This is because
S is a closed and bounded subset of a finite dimensional Euclidean space RY, and hence
compact. Also, the fixed points {V,,V3,---,Vy} of (Z(t))tzo are isolated in S. Then, Theorem
A.2.2 implies that the solutions given by (2.22) have all their trajectories starting from z(0) € S
converge to afixed point (i.e. no limit cycles exist and convergence to a point is guaranteed).

Now, we use Proposition A.2.4(i) to show that the Fiedler vector v, is an asymptoti-
cally stable fixed point. We already know from (2.16) in Lemma 2.3.1 that ¥, is the global
minimizer of the Lyapunov function V, and by Proposition A.2.4(i), it is asymptotically
stable.

To see why the eigenvectors v, € Q\ {¥,} are unstable, we show that they can never be
local minima. Indeed, for any @ € (0,1) and k > 2, let p =V + a(V, — V) = (1 — @)V + aV,.
Then, we have again as a consequence of (2.17) in Lemma 2.3.1 that V(p) < V (V). Moreover,
if Z(0) = p we have V(Z(0)) < 0 by Proposition 2.3.4. Therefore, for k > 2, ¥, is definitely not
alocal minimizer, and is thus unstable in view of Proposition A.2.4(ii).

In summary, we have shown that the Fiedler vector is the only asymptotically stable fixed
point of (2.18), with all other fixed points (eigenvectors) being unstable. This completes
the proof. ]
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2.4 From deterministic back to stochastic dynamics

In this section, we take the opportunity to reflect upon the results in Sections 2.2 and
2.3, and their influence on the long run behaviour of the stochastic process constructed
in Section 2.2.1. Theorem 2.2.4 made the first connection between stochastic processes
(x"(t),y"(t)) for n €N, and the solution (x(¢),y(t)) of the deterministic ODE system (2.11)
(or, consequently, between z"(¢) = x"(t)—y"(t) and z(t) in (2.18)) by showing that uniformly
over a finite time horizon (and sufficiently large n) the stochastic process rarely deviates
from the solution of the ODE system. This prompted us to analyze system (2.18) and in
Theorem 2.3.3, we gave stability results on all the fixed points of (2.18). The Fiedler vector
V, (up to a constant multiple) turned out to be an asymptotically stable fixed point, with all
the higher eigenvectors v, k > 3 (up to constant multiples) being unstable. This gives us
reason to believe that a working algorithm simulating the interacting stochastic process
(x"(t),y"(t)) should have z"(¢) converge to cv, in some sense, provided it never gets stuck
around other, unstable fixed points forever. In this section, we make this intuition precise
by resorting to results in [22], Sections 2.2.2 and 2.2.3.
For any set B Cc RY and given z"(0) € B (stochastic process starts in B), let

T"(B)=inf{t >0|z"(t) ¢ B}

define the exit time from set B. Similarly, let

T
1
Hn(B, T) = ?J ﬂ{zn(s)eB}ds
0

denote the (random) fraction of time the stochastic process z"(¢) spends inside set B in the
interval [0, T]. Note that z"(¢) takes values on the N-dimensional grid (Z") scaled by the
factor 1/n. Denote this scaled grid by %ZN. Then, z"(t) € B for some B € R and ¢ > 0 is
possible only if BN+ Z" # @. Using this, define for every k > 2 the set B(vy, m) as the smallest
open ball containing cv;, but not the origin, such that B(vy, m)Nn %ZN # @. Note that as m
increases, B(v;, m) gets smaller and smaller for each k > 0 (since resolution of the grid %ZN

gets finer), until the sets do not intersect anymore, and lim,,,_,o, B(vy, m) = {cv, c € R}°.

5The above can also be done for the normalized version Z(¢), in which case the fixed points are v; and
truly isolated in space, making construction of the isolating simple. However, we construct B(vy, m) the way
we do to emphasize that for larger n, B(v;, m) can be taken to be tighter around cv;. for larger m.
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Therefore for large values of m, the sets B(v;, m) for k > 2 are disjoint and never contain
two or more different eigenvectors as fixed points, thereby isolating them. Also, for any set
B c RY containing v, k > 3, let B represent all points in B such that starting from those
points, the ODE trajectories z(¢) leave B in finite time (i.e. subset of the unstable space of
v, which is contained in B). Then, we can prove the following by adapting Propositions 3

and 4 in [22] to our system.

Proposition 2.4.1. Consider m sufficiently large such that B(vy, m) for all k > 2 are disjoint.
Then,

(i) foranyk >3 and sufficiently large n, the stochastic process originating fromz"(0) €
B(vy, m) leaves the neighborhood B(v,, m) of v, in finite time with high probability.
More precisely,

P(limsup T"(B(vy, m)) < +oo) =1.
(ii) for n sufficiently large and any B(v,, m) where m < n, with high probability the process
z"'(t) spends almost all its time, in the long run, in the neighborhood B(v,, m). More

precisely, for every m € N,we have

lim [liminf H"(B(v,,m), T)]=1 a.s.

n—oo T—oo

The above result states that for all sufficiently large n, the stochastic process spends
only finite time in a neighborhood of the unstable fixed points v;, k > 3. It then proceeds to
spend almost all its time, in the long run, in a neighborhood of the asymptotically stable
fixed point v,. The second statement of Proposition 2.4.1 is especially helpful to us. Since it
implies that for all sufficiently large n, the stochastic process spends most of its time in a
small neighborhood of v, with high probability, we expect to observe that +- f OT z"(s)ds~v,
via simulations, for large time horizon T. In the next section, we provide numerical results
to show that this is indeed the case for interacting random walks over different values of n.

Lastly, recall the bound (2.15) in Theorem 2.2.4. (2.15) only gives information on how
closely the stochastic process follows the solution to the ODE system, and is not by any
means a measure of how quickly z"(#) might converge to v,. That being said, the bound in
(2.15) increases with k and N, but decreases in n. Therefore, theoretically, increases in k and

N need to be compensated by increasing n if we want (2.15) to ensure that the stochastic
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process (x”(t),y”(t))t20 closely follows the solution (x(t),y(t))t20 of the ODE system (2.11).
However in practice our framework turns out to be forgiving and requires only moderately

large n to work well with a wide range of N and k, as we shall observe in the next section.

2.5 Numerical results

We begin by providing our simulation setup in Section 2.5.1. In Section 2.5.2 we present
simulation results over a range of parameters and different graphs in order to confirm our
main theoretical results from Sections 2.2, 2.3 and 2.4. In Section 2.5.3 we consider the
setting of dynamic graphs, and present numerical results that show the robustness of the

performance of framework over a dynamic topology.

2.5.1 Simulation setup

We source two real world datasets, one is about a social network of dolphins (62 nodes, 159
edges) [86] and the other is about the Facebook social network (4039 nodes, 88234 edges)
from the SNAP repository [79]. They are undirected, connected graphs, each having its own
combinatorial Laplacian matrix L. Walking according to Q =—L on any graph is very natural,
since it requires only local information.® For a specifically chosen n, we keep track of the
quantities X*(¢) = % fot x"(s)ds and y"(t) = % f Ot y"(s)d s, the empirical density distributions
of type-xand type-y walkers; and our Fiedler vector estimator 2"(¢) =X"(¢)—y"(t) for all
t>0.

To show how our framework approximates the Fiedler vector and leads to a natural
bi-partition of the graph, we illustrate in Figure 2.2 the progression of a single simulation
run over the Dolphins graph, with n = 15 walkers in each group and x = 1000 kept constant
throughout the run. Figures 2.2(a), (b) and are ‘snapshots’ taken at times ¢ = 0 (initial
configuration), 10 and 50 respectively. The color of a node represents which group of walkers
hold majority at that node, and its intensity depends on the corresponding (normalized)
value of 2"(t). Figure 2.2(d) is an illustration of what the spectral bi-partitioning using the
true value (computed offline) of v, would be. As the simulation progresses, we can observe
the bi-partition taking shape and Figure 2.2(c) and (d) end up closely resembling each

6A walker at node i, will stay there for a random exponential time with rate d(), after which it will move to
a neighbor of i chosen uniformly at random. Hence, the walker uses only local information to walk according
to CTMC Q=—L.
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Figure 2.2 Colormap showing progression of the algorithm over a short time. Red and blue colors

denote which group of walkers has majority at the corresponding node, while intensity of the color

depends on the value of the corresponding FV estimate. (d) shows partition obtained using entries
of the actual Fiedler vector.

other.

We wish to make these observations from Figure 2.2 more concrete, and show quantita-
tively that the quantity 2"(¢) converges to the Fiedler vector v, over time. For this purpose
we use two metrics to help visualize the convergence, namely the Rayleigh quotient (RQ)

and the cosine similarity (CS), which are given respectively by

np o s 2'(2)TL2"(2)
RQ(z UD:W

2" (1) v,

o CS@(1) 2 Vel
)= o vl

From Lemma 2.3.1, RQ(-) achieves its minimum, A, at the Fiedler vector v,. Therefore
RQ(Zz"(t)) approaching A, signifies that 2"(¢) approaches v,. The cosine similarity C S(z"(¢))
tracks the angle between v, and 2"(t). CS(2"(t)) = 1 if 2"(t) aligns with v,, implying its
convergence, and CS(2"(t)) = 0 if it is orthogonal to v,. CS(Z"(¢) does not just track the
convergence, but also tests Proposition 2.4.1(i), i.e. whether 2"(¢) ever gets stuck near one
of the unstable fixed points, v, for k > 3. Such a case would cause CS(2"(¢)) =0, and will
be fairly visible in our results if it is a common occurrence. For each simulation run, every
random walker starts at an initial position on the graph selected uniformly at random. We
use 100 different runs for each simulation setup and display results as averaged over the
100 runs. To test these simulations, we pre-compute values of A, and v, for our datasets
and use them to compare with RQ and to obtain values of CS respectively. It should be
noted that this is purely for comparison purposes, and our framework never requires such

computations to be carried out.
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Figure 2.3 Simulations for the Dolphins graph.

2.5.2 Simulation results over a range of parameters

We first present simulation results for the Dolphins graph. Figures 2.3(a) and (b) show
the results for values of n = 15,20 and 25 for each type of walker, with k set at 1000. For
each n, simulation shows the Rayleigh quotient RQ approaching A, of the Laplacian of the
graph. This hints convergence to v,, which is also confirmed by the cosine similarity CS
approaching one. The inset in Figure 2.3(a) plots the data on the log-log scale, and shows
that RQ decays roughly polynomially fast to A, for each n. As would be expected, z"(t)
for n =25 outperforms the other two choices of n early on in the simulation, but its early
advantage in performance is less pronounced as the simulation progresses.

Figures 2.3(c) and (d) show convergence results under different values of k = 10,100, 1000
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Figure 2.4 Simulations for the ego-Facebook graph.

and 10000, while keeping n = 15 for each run. Observe that the simulation results for k = 10
do not show any convergence to the Fiedler vector. This can be attributed to the failure
of k = 10 in satisfying Proposition 2.3.2 by not being sufficiently large. For larger values
of k, we observe robust convergence over a wide range of values with no visible trend
in k. We now present simulation results for the ego-Facebook graph, where we perform
similar simulations as before. it is interesting to see how well our interacting random walk
based method scales to a larger graph. Figures 2.4(a) and (b) show simulation results for
n = 25,100,250 and 400, for a fixed k = 10000. As can be seen in Figure 2.4(a), the Rayleigh
quotient for all four simulation sets converges towards A,. The inset in Figure 2.4(a) shows
that similar to results for the Dolphins graph, RQ decays roughly polynomially to A,. The
simulation for n = 25 seems to perform worst, at least early on, and n =400 performs best
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early on. An increase in n clearly shows faster convergence of RQ, but the big improvement
from n =25 to n =100 is nowhere to be seen between n =250 and n =400. This appears to
be because the probability of the stochastic process of deviating from the deterministic
ODE decays exponentially fast in n, as theorized in Theorem 2.2.4. This is also the reason
why even though ego-Facebook is a much larger graph than Dolphins, even values of n that
are less that 3% of the graph size can provide good approximations, compared to about 50%
needed for the much smaller Dolphins graph. In the longer run, 2”(¢) for all the simulations
seems to align well enough with v,, as can be seen in Figure 2.4(b). Even for small number
of walkers (n = 25), the CS eventually catches up with the rest and shows the expected
close alignment with v,. This suggests that if high precision approximation is not needed,
lower values of n can provide quick, yet reasonably accurate approximations of the Fiedler
vector. This is useful for applications such as graph partitioning, where only the signs of
the entries of the Fiedler vector matter, not the numerical entries themselves.

We also present simulations over ego-Facebook to test the effect of k. Figures 2.4 (c) and
(d) show the results for k =40, 1000, 10000 and 100000, keeping 7 = 100 constant over all
the run’. We can observe that k = 40 fails to be sufficiently large to satisfy Proposition 2.3.2
and does not show convergence to v,. As observed before for the Dolphins graph, there is
no visible trend when it comes to k influencing the performance of the simulation, with
similar performance for a wide range of higher values of k. Overall from simulation results
of both the Dolphins and ego-Facebook graphs, it appears that as long as « is large enough
to satisfy Proposition 2.3.2 (which it seems to satisfy as long as k is atleast of order o(IN)) its
value does not affect the performance of our framework, with convergence being robust
for any choice of large k.

It should be noted that in no simulated case did large N or large k affect the ability of
our stochastic process (x”(t),y”(t)) 150 LO closely follow the solutions (x(t),y(t)) 150 of our
ODE system (2.11), even though they possibly could have caused the bound in (2.15) from
Theorem 2.2.4 to grow large®. This is because (2.15) is just an upper bound and in reality,
the (x"(t),y”(t)) could closely follow (x(t),y(t)) over a much larger range of parameters.
Moreover, it is an upper bound for the largest deviation over a finite time horizon [0, T'] and
not for each time ¢ > 0, meaning that it provides a worst case bound and efforts taken to

make it smaller can be overkill.

"We plot these on a different scale compared to Figures 2.4(a) and (b) to accommodate all the results in a
single frame.
8Failure to converge for smaller values of x in Figures 2.3(c) and (d), and Figures 2.4(c) and (d) is attributed
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2.5.3 Simulations on dynamic graphs

Our random walk based framework is also expected to perform well in the setting of dynamic
graphs. In this section we provide simulation results to support that statement. We modify
the Dolphins and ego-Facebook graphs by removing sets of nodes at certain time points
during the course of each simulation run. When a node is removed, we also delete all the
edges associated with it. While the instances at which these changes occur are selected
for convenience of presentation, the sets of nodes to be removed are randomly generated
before the simulation begins, with the condition that their removal does not affect the
connectivity of the original graph. To differentiate the dynamic graphs from the original
one, we rename our dynamic version of the graphs with node removal as Dolphins-dyn
and ego-Facebook-dyn, respectively. We change the graphs three times in total by deleting
a different set of nodes and all related edges at each of those instances. Overall, we delete
around 21.0% of nodes from the original Dolphins graph and 12.4% of nodes from the
original ego-Facebook graph, maintaining their connectivity as we do so. Table 2.1 gives

details about the times at which nodes are removed and the number of nodes removed.

Table 2.1 Statistics of the dynamic changes made

(t;, # removed) | (f,, # removed) (t3, # removed)
Dolphins-dyn (25, 4 nodes) (75, 3 nodes) (100, 6 nodes)
ego-Facebook-dyn | (50, 196 nodes) | (100, 150 nodes) | (125, 154 nodes)

During the three pre-selected times f,, t,, £; > 0 when all the nodes from the corre-
sponding sets are removed, any random walker currently located at the removed node
is redistributed to the position of another randomly selected walker (of the same group)
present at an unremoved node of the graph®. While plotting the Rayleigh quotient for the
dynamic graphs, we represent by the black dotted lines the values of 1,(%), the algebraic
connectivity of ¢, updated to reflect the changes in graph topology.

Figures 2.5(a) to (d) show our simulation results under the dynamic graph setting over

to failure to satisfy Proposition 2.3.2, and is an intrinsic trait of the ODE system (2.11) itself and not the
stochastic process.

9We did this only for convenience of the simulation, and the redistribution need not follow a prescribed
rule since our theory allows for convergence starting from any arbitrary initial condition.
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Figure 2.5 Simulations for Dolphins and ego-Facebook graphs subject to node removals.

arange of parameters. Figures 2.5(a) and (b) show results concerning Rayleigh quotient
RQ for the Dolphins-dyn and ego-Facebook-dyn graphs. We represent by the black dotted
lines, the values of A, updated to reflect the modification in graph topology. As expected,
we observe small jumps in RQ at the times when nodes are deleted. Better visible in Figure
2.5(a) than in Figure 2.5(b), these jumps are similar in size to the jumps in A,(%), and
apart from these, the Rayleigh quotient values monotonically decrease with time without
any unexpected fluctuations. From this, we can safely conclude that even after nodes
are deleted, trajectories of the simulation do not diverge from their intended paths and
keep converging to the Fiedler vector (of the updated/modified graphs). While they do
not diverge, the trajectories do face minor changes in terms of a small loss in progress, as

can be observed across all the values of 7 and « in Figure 2.5(c) at time t = 25, where the
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cosine similarity CS for Dolphins-dyn drops due to deletion of nodes. On the other hand,
these changes can also be minor improvements/gains in progress as can be seen more
clearly for n =250,k = 1000 in Figure 2.5(d) at time ¢ =50, where CS for ego-Facebook-dyn
actually increases due to deletion of nodes. Therefore changes in topology can randomly
be either beneficial, or disadvantageous depending on the random state the simulation is
in. However, these random effects seem too minor to be a cause of concern, and there is no
observable improvement or reduction in performance.

Thus, we can conclude that the framework behaves as would be expected and is robust
to dynamical changes in topology, as long as the graph remains connected. It should be
noted that even if the graph gets disconnected from time to time, the framework will still,
by its design, converge to the Fiedler vector as long as connectivity is eventually restored
again'®.

2.6 Extensions to reversible Markov Chains

In Section 2.2 the CTMC used as the basis for constructing our stochastic process was
given by Q =—L, the negative of the combinatorial Laplacian. We then went on the show
convergence of a suitably scaled version of this process to the Fiedler vector v, of L in
Section 2.3 and discussed the long run behavior of our stochastic process in Section 2.4.
In this section, we generalize our results by extending them to not just the combinatorial
Laplacian L, but also any time reversible CTMC kernel which, is an important part of our
contribution.

Consider the kernel Q € RV*N of an ergodic time reversible CTMC on a finite state
space ./ (where |.#| = N), not necessarily symmetric. We denote by = € R", its stationary
distribution (7 Q = 0). The vector & is also the first left eigenvector of Q. If we now define
our stochastic process in Section 2.2.1 and all the consequent systems with respect to time
reversible Q, we still have z"*(¢)"1 =0 (and z(¢)" 1 = 0) by construction. Earlier in Section
2.2 when Q was a symmetric matrix, its eigenvectors formed an orthogonal basis of the
N -dimensional Euclidean space. This meant that being orthogonal to 1 automatically
guaranteed being in a set where v, minimized the Lyapunov function V. This, however, is
not the case for any general non-symmetric, time reversible CTMC kernel Q. We will extend

10For a disconnected graph, the Fiedler vector is not well defined, since the second eigenvalue is also zero,
and no longer strictly positive. Therefore talking about the Fiedler vector of the whole graph makes sense
only when it is connected.
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our results to time reversible Markov chain kernels by introducing a specially constructed
inner product which ensures orthogonality to the first left eigenvector of Q, .

For these purposes, we first formally define time reversible Markov chains.

Definition 2.6.1. A Markov chain with Q is called ‘time reversible’ if and only if there exists a
uniquen such that foralli, j € A ,i # j, the pair(r, Q) satisfies the ‘detailed balance equation’

Qi =m;Qj;.

For a given pair (r, Q), define an N -dimensional vector space H endowed with an inner
product (-, -)%, defined as

=x'TI"'y, foranyx,yeR"

xy)

1
where [1=D,.

Lemma 2.6.2. [26] The pair (r, Q) is reversible if and only if Q" acting as a linear operator
from 7. onto itself, satisfies (Q"u,v)1 = (y,Q"v)..

1

Such operators are called self-adjoint or Hermitian and always have real eigenvalues.
Thus, we can define the ordering of eigenvalues of —-Qas 0 =21, <A, < A3 <--- < Ay, just
like we did for L. The eigenvectors of self-adjoint operators are orthogonal with respect
to the related inner product. Hence, for any two left eigenvectors v; and v, of Q, i # k, we

have (vi,vk)% =0. Picking i =1, and substituting v, =7, we obtain

Therefore, the Euclidean subspace that is orthogonal to 1, is also a subspace of %% orthog-
onal to & in terms of our new inner product, ., -)%. Also, z"(1)'1 =0 < (z”(t),n)% =0,
giving us the desired orthogonality with n. This alloWs us to recover results from Section 2.3
by a redefinition of the Lyapunov function V in terms of (-, -) 1, ie.

1
V(u)= E(u, —Q"u), forallue sz,

1
and appropriately using the new inner product (i.e. (u, w)% instead of u’w, for any two
vectors u and w) wherever necessary. The results from Section 2.4 never required a specific
form of Q to work as long the results from Sections 2.2 and 2.3 held, and now therefore hold

true for any choice of time reversible Q.
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From the above, we have extended our main results to be applicable to any time re-
versible CTMC kernel Q. It is important to note that our extension is purely based on an
update in the inner product used for the analysis purposes in Section 2.3, and requires
no modification to the way our stochastic process is constructed in Section 2.2, making Q
simply a plug-and-play term in our framework.

We now show the applicability of this extension to any ergodic, time reversible DTMC
kernel P as well. The Fiedler vector for such matrices is now the eigenvector corresponding
to the second largest eigenvalue of P, also known as the spectral gap [80, 1, 26]. We start by
defining a CTMC kernel Q,, based on the time reversible P as Q, = P—I'!. Suppose 7 is the
unique stationary distribution of P, such that the pair (7, P) satisfies the detailed balance
equation (DBE) from Definition 2.6.1. Then, the pair (77, Q, ) also satisfies the DBE and Q,
is a time reversible CTMC. This means that all our theoretical results stand for Q,, if we use
it as the basis for generating our stochastic process in Section 2.2.1. Therefore, z"(¢) for a
system of random walkers, which walk according to the CTMC Q, =P —I and interact in
the same manner as in the previous sections, will approximate v, of the DTMC P*? in the
long run.

We can also apply this extension to the random walk Laplacian L™* =1—D™'A, and the
normalized Laplacian ¥ =1—D~2AD~'/2, introduced earlier in Section 2.1.2. We can do
this by first observing that D~'A is a DTMC kernel with the degree distribution vector zr7d
serving as its stationary distribution. The pair (d—}ld, D_IA) is also time reversible [1, 26] and
satisfies the DBE. Thus, setting Q,,, = D"'A—I=—L"% as our CTMC kernel extends all the
results of the chapter to the random walk Laplacian and allows us to obtain approximations
for v;", the Fiedler vector of the random walk Laplacian. Given a component [vg w1;, the
corresponding component of the Fiedler vector v, of the normalized Laplacian . can be
obtained by setting [V,]; = [v,"];/ v/ d(i), due to the similarity relationship between the
two matrices as shown in Section 2.1.2. Therefore, once [v,"]; is approximated, a simple
localized computation involving only the degree of the concerned node allows us to obtain
[V,]; as well. With this, we can now use our framework to approximate (on-the-fly) the
Fiedler vectors of all the three important graph Laplacians as special cases of our extended

theoretical results.

See that Q,1=(P—I)1 =0, and Q,, has non-negative off-diagonal entries and negative diagonal entries. It
is therefore a well defined CTMC kernel
'2Since eigenvectors of Q,, and P are the same.
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2.7 Concluding remarks

In this chapter, given any time reversible Markov Chain kernel, we have detailed the con-
struction of a stochastic process based on interacting random walkers. Random walk algo-
rithms usually relate to the leading/principal eigenvectors of their respective kernels. In
fact, the field of Markov chain Monte Carlo (MCMC) is dedicated to the problem of using a
random walk to sample according to a given probability distribution. Famous examples
include the Metropolis Hastings Random walk and the Gibbs sampler [55, 84, 101, 77],
which construct Markov chains and leverage the ergodic theorem to sample according to
its first eigenvector. While usually these are restricted to sampling on undirected graphs,
[76] samples from a directed graph using a novel method which involves mapping a target
distribution to the quasi-stationary distribution (QSD) of a sub-stochastic Markov chain.
However, this technique also essentially leverages properties of a leading eigenvector, which
is the QSD in this case. No such random walk type technique has been applied towards
approximating the second eigenvector. By relating our stochastic process to a deterministic
ODE system we show convergence to the second eigenvector, making our random walk

based method a first in literature.
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Chapter 3

Self Repellent Random Walks on General
Graphs

We begin this chapter by providing basic notations, and introduce the topic of nonlinear
Markov chains, specifically self-interacting Markov chains on finite state spaces, and also
introduce the simple random walk (SRW) on a general graph. With these preliminaries in
place, we introduce our self-repellent random walk (SRRW) algorithm in Section 3.3, giving
the precise form of the transition kernel and introducing a closely related deterministic
system whose analysis will be crucial to obtaining our main results. In Section 3.4 we
establish the global convergence result for the deterministic system using the aid of a
Lyapunov function. We use this in Section 3.5 to provide first order and second order
convergence results for a slightly modified SRRW process with random truncations; showing
that the SRRW improves over the well-studied simple random walk (SRW) in the sense of a
Loewner ordering of co-variance matrices. In Section 3.6, we provide numerical results that

support our theoretical results, and end this chapter with our conclusion in Section 3.7.

3.1 Preliminaries

3.1.1 Basic Notation

Since vectors and matrix will be recurring mathematical quantities throughout the chapter,

we standardize their notations. Lower case, bold faced letters will be used to represent
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vectors! (e.g. v=[v;];c » € RY), and upper case, bold faced letters are reserved for matrices
(e.g. M=[M; ili,jer €RV*N unless clarified otherwise. For any vector v, the term diag(v)
denotes a diagonal matrix with v; as the i’th diagonal entry. Also, denote by 1 =[1,---,1]7
and 0=10,---,0]” the vector of all ones and zeros respectively. Eigenvalues will always be
indexed such that subscripts N, -+, 1 are assigned from the largest to smallest eigenvalues
(in modulus). We denote by <; (<;) Loewner ordering of matrices, such thatA <; B (A<; B)
means x’ (A—B)x < 0 (< 0) for any x € RY. Throughout the chapter, we will use ¥ = {x €
RY | 17x=0, x; €[0,1]} to denote the probability simplex, and Int(X) to denote its interior.

We use ¥(.¥, &) denote a general, undirected, possibly weighted, connected graph, with
N ={1,---, N} being the set of nodes, and & being the set of edges where (i, j) € E denotes
an edge for i, j € /. Denote by A = [a;;]; jc v, the ‘adjacency matrix’ of 4(.4, &), where
a;;=0if(i,j)¢ &, and a;; >0 otherwise.? The use deg(i) = Zjeﬂ a;; to denote the ‘degree’
of each node i € .4/, with the ‘degree matrix’ D of the graph being a diagonal matrix with
deg(i) as the i’th diagonal entry.

The use of matrices K and P (in various forms such as involving superscripts) will be
reserved for transition probability matrices of discrete time Makrov chains (DTMC’s). Note
that throughout the chapter, we shall often refer to these matrices using the umbrella
term kernel of Markov chains. Vectors such as x(¢), with t € R, being time, will be used to
denote (deterministic) solutions to systems of ordinary differential equations (ODEs), while
those of the form x,,, with n € N being a discrete time step, will be reserved for stochastic
sequences. For any vector valued function F : RY — RY with f; : R¥ — R being its i’th
component, we denote by J(u), the Jacobian matrix of F(-) evaluated at u € RY, where

A Of;
]F(x)ij: a’}j‘)

|X:ll

3.1.2 Simple Random Walk on General Graphs

We review the simple random walk on an undirected, connected graph (.4, &), with
A=[a;;]; je» beingits adjacency matrix. Denote by {Y, } > a simple random walker (SRW)
over the node set .4” of the graph. At any time, the SRW transitions from its current node
to a neighbouring node uniformly at random. In other words if ¥, =i € 4" at time n € N,

then Y, ., = j w.p. 1/deg(i) if (i, j) € . The linear Markov kernel for SRW is then given by

1All vectors are assumed to be column vectors.
2In case of unweighted graphs, a; j =1 when (i, j) € &.
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Ks™ = [Kl.sj.rw]i,jel/v, where
" 3.1)
Y deg(i)
or equivalently, KW = DA, where D is a diagonal matrix with its i’th diagonal entry being
the degree deg(i) of the corresponding node. Since the underlying graph is connected,
{Y,},.0 is an ergodic MC, and there exists a unique invariant distribution which solves
the detailed balance equation. For SRW, the stationary distribution is simply the degree
proportional distribution denoted by d =[d;];c », where d; = deg(i )/ > deg(k)forallie /.
We now mention some results regarding the spectrum of K. Let (A;,u;) (similarly
(A;,v;)) be left (right) eigenvalue-eigenvector pairs of K", where the normalization is
such that u/v; = 1. Following similar steps to those in Chapter 2 Section 2.1.2 for the
random walk Laplacian therein, we can deduce that A;’s are real. They are ordered as
1=Ay>Ay_; == A, >—1, and we have uy =d and v, = 1. Moreover, we know (from
reversibility of K"") that u; = diag(d)v; and u] v; =0 for all i, j € .#. These facts will be used
in the later sections when analyzing the performance the self-repellent random walk.

3.2 Self-Interacting Markov Chains - Literature Review

We now provide a general introduction to the topic of stochastic processes driven by non-
linear Markov kernels, specifically self interacting Markov chains, to put our subsequent
sections in context with the wider literature on this topic. Consider a discrete time stochastic
process {X,, } ,en, OVer afinite state space .4#" = {1,---, N'}, where state transition probabilities

from i — j are given by mappings K : A& x A x ¥ — [0, 1], thatis
K[ X|=P(X,=j | X,=1,%), Vi,jenN, 3.2)

where x € ¥ is the nonlinearity inducing probability vector. The transition probability
matrix K[x] = [K [x]; f]i,je, yvisa called a (discrete time) nonlinear Markov kernel. For each
x € ¥, ergodicity assumptions on K[x] ensure the existence and uniqueness of invariant
measures 71(x) € T satisfying the balance equation 71(x)" K[x] = 7(x)”. A problem of interest
requiring further analysis is the root finding problem - determining the existence, possible
uniqueness, and convergence of the stochastic process in some sense to a x* € X which
satisfies 77(x*) = x*. The freedom in choice of K[:] and the nature of its argument x can

lead to the design of stochastic processes driven by nonlinear Markov kernels to perform
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tasks such as higher order eigenvector estimation [42](also see Chapter 2), and sampling
from directed graphs [76], although this connection with nonlinear Markov chains was
not explicitly mentioned in those works. However, despite recent progress on the topics
[69, 93], there is still no unifying framework which we can directly utilize for the analysis of
algorithms driven by nonlinear kernels..
The process {X,,},>¢ is termed as self-interacting when the nonlinear Markov kernel
takes as argument the occupational measure x,, € X, given by
1 &
X, = Ox,, (3.3)

n+1 —

that is, the n + 1'th transition is driven by the kernel K[x,,] for all n € N.3 The term self-
interacting Markov chains (SIMC) was initially introduced in [36, 35] where they were
described as heuristic procedures for solving the root finding problem n(x*) = x*. Later
works [5, 6] employed them for Monte carlo tasks and analyzed genetic-SIMC kernels -
where the nonlinearity is primarily in the form of random restarts of the Markov Chain via
jumps to a previously visited state, sampled from some distribution which is a function of
the empirical measure x,,. Closely related are the so-called iferacting Markov chain Monte
Carlo (i-MCMC) algorithms [92, 28], which also inlucde the equi-energy sampler [71, 110]
as a special case, utilize n—many parallel random walks running at n different levels - the
nonlinear jump for the random walk at level k < n depending on interactions with the
occupational measures of random walks running at the 1’st to k — 1'th levels. With a large
augmentation of the original state space (to the power of V), the i-MCMC is still an example
of SIMC, and it was shown that these i-MCMC algorithms can be designed to sample from
N different probability distributions in parallel. The nonlinearities in both genetic-SIMC
and i-MCMC algorithms come from the random jumps caused by self-interactions, the
Markovian component involved in the local diffusion of the process itself being a linear
kernel. This is different from the nonlinear MC studied in this chapter which assumes
no such special structure, and our results are not a special case of the aforementioned
literature.

Weak convergence results were obtained in [36] under certain assumptions on the

3Self-interactions or interactions with a random walker’s own occupational measures are different from
the interaction based mechanism defined in Chapter 2 Section 2.2. Although the underlying kernel therein is
also a (continuous time) nonlinear Markov kernel, the interactions are with the density distribution many
different random walkers over the graph, as opposed to interacting with history as in SIMC.
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nonlinear Markov kernel which imply (in a weak sense) contraction of 7(x) with respect to
a total-variation norm, which still remains the most general convergence result for SIMCs.
However, it is not always possible to show contractions with respect to standard L norms,
especially when the nonlinear kernel is not uniformly Lipschitz as is the case for the SRRW
introduced in the following section. In this case, we will still show a contraction property
as part of our first order convergence proof, albeit with respect to the Hilbert’s projective
metric [78]. Convergence proofs in [6] and [36] involve analyzing the solutions of the Poisson
equation [cite] and its regularity, which also forms a vital part in proving the convergence
of stochastic approximation (SA) algorithms via the so-called ODE method [54, 17].
Indeed, SIMCs have been studied as stochastic approximations as well, mainly in the
form of vertex reinforced random walks (VRRWSs) [97, 16, 21, 105, 75, 20]. In its most basic
form, the VRRW on a graph ¥(.//, &) with adjacency matrix A, is driven by a nonlinear

Markov kernel with transition probabilities of the form

a;;g(x;)

K[X]ij B Zk aijg(xj),

where g : [0,1] — R, is an increasing function. The self-interacting implementation is
thus biased towards visiting the more frequently visited nodes. The VRRW was originally
introduced in [97], later analyzed for various types of graphs [99, 133, 134, 126, 21], and
have often been interpreted as sampling algorithms for revision protocols in the field
evolutionary game theory [98, 18]. This type of SIMC is the closest to the one we study
in this chapter, the key difference being that our self-repellent mechanism is a form of

negative-reinforcement, as opposed to the positive-reinforcement process of VRRWs.

3.3 Self Repellent Random Walk

Let 4(./, &) be an undirected, connected, possibly weighted graph with adjacency matrix
A. We aim to design a nonlinear Markov chain which, at stationarity, samples from the
degree proportional probability distribution d € Int(>). We assume that the visit count for
each node is set to one at the start of the process, that is x, = 1/N where x,, is the historical
empirical distribution/occupational measure as defined in (3.3). Suppose that at any time
n € Ny, the random walker’s current location is node i € .4/, thatis X, = i. At time n + 1, the

walker moves to a neighbor j of i with probability inversely proportional to the ratio of the
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(a) Simple random walk (b) Self-repellent walk with a = 0.4

Figure 3.1 SRW vs SRRW dynamics. The probability of moving to the node with 3 past visit counts is
0.37 for SRRW, while it is 0.5 for SRW.

visit count to node j and its degree; that is

1+ n7 Ty —; - x:\ ¢
P(Xn+1:j|Xn:i!Xn—1""rX0)O<( Zk_o B ]}) :(_l) ’

deg(/) d;

where a > 0 is a parameter which controls the sensitivity of the transition probabilities to
differences in visit counts between nodes. Since x; captures the visit counts from time steps
0 to n—1, the conditioning on {X,,_;,---, X} can be replaced by conditioning on x,,. This
allows us to write the nonlinear transition probability kernel K[x] = [K [x]; j], as defined in

(3.2), as »
Qij (d—)

Dk “ik(%)_a,

for each x € Int(X), where the denominator serves as a normalizing term. With this descrip-

K[x]ij = (3.4)

tion of the SRRW in mind, we can write the sequence of occupational measures {X,} <y, as

arecursion, given by
1
X1 =X, + n—+2(6Xn+1 —Xn), (35)
for any n € N, where X,,,, = j with probability K[x,]x, ; as given in (3.4), ‘step-size’ has

n + 2 in the denominator instead of 7 + 1 to account for the initial choice of x,,.

Remark 3.3.1. Settinga =0 in (3.1) coincides with the SRW case, where the random walker
visits any of the neighbors of the currently occupied node with equal probability as seen in
Figure 3.1(a). On the other hand, as seen in Figure 3.1, SRRW prioritizes the neighbor with
a smaller ratio of visit count to degree. All the results presented in this chapter allow for
a =0, and will thus trivially apply to the SRW case as well. This will neatly set the stage for
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comparing, in some sense, the performance of two types of random walks.

Note that K[x] is only well defined for x € Int(X), and not on the boundary of ¥, the
probability simplex.* This will not be major of concern due to the initial choice of x, and,
in some sense, the invariance of the sequence {x,},cy, in Int(X), as shall be seen in later
sections. The following result shows the existence and uniqueness of an invariant distribu-
tion associated with K[x] for every x € Int(>), and will allow us to further decompose the
update rule in (3.5).

Proposition 3.3.2. For anyx € Ini(Y) there exists a unique probability distribution ni(x) =
[70;(X)];cv € IN(X) which solves n(x)'K[x] = n(x)T, and is given by

Zanl#) (&)
> Y a3 @)

ke N leN

foralli e V. Furthermore, the pair (n(x), K[x]) is reversible for allx € In{(Y), that is, it solves
T;(X)K[x];; =7 ;(x)K[x];; foralli,j€.N.

Proof in Appendix B.1. O

The uniqueness of 77(x) allows us to rewrite the update rule (3.5) in the form

1
Xp1 =Xy +—F (F(Xn) + E(Xn+1)xn)) ’ (37)
n+2

where F(x,) = n1(x,)—X,, and €(X,,,,,X,) = 0 x ,, —7(x,) for all n € N,. The sequence {X,},o
is then an example of a stochastic approximation (SA) algorithm with state-dependent noise
€ : N xInt(X) — RY, and mean-field F : Int(X) — RY (see, for instance, Chapter 6 in [54]). Its
limiting behaviour can be deduced by analyzing the convergence properties of trajectories
{x(%)},50 of the ODE system given by

L xtt)= Fx(1) = m(x(1) (1), 5.8)

4The boundary includes all x € ¥ such that x; =0 for some i € 4.
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which can be written for all i € A4 as

L )= Fix() = = ) 3.9)
at Y Yaul(z) (3)
keN leN

We conclude this section by giving the following remark, which widens the scope of our

results in this chapter.

Remark 3.3.3 (SRRW for a given target distribution). Let P be a time-reversible® Markov
kernel with stationary measure 1) € Inf(X). Then, by setting A = diag(n)P, or equivalently
a;;=n,P;; givesusd=m), sinced,; :21 aij/ZkZl a; =n,-zj Pl-j/zk N 2 Prr=n; forall
i € . Moreover, a;j = 1;P;; = 1n;P;; = aj;, the new matrix A is also symmetric, and can
therefore be considered to be the adjacency matrix of an undirected, weighted, connected
graph with the same edge set & (with possible addition of self-loops). With this observation,
we can construct a SRRW for any given target distributionm), whereP can then be a Metropolis
Hastings algorithm; and all the results in this chapter will still hold. It is worth noting that
one only needs to know ;s up to a constant multiple, and P;;’s up to a constant multiple for

each i € ., in order to deduce state transition probabilities.

3.4 Analysis of the ODE - Global convergence

Before formalizing the relationship between the sequence of occupational measures {x,, } ,,
satisfying the SA update rule (3.5), and the trajectories {x(#)},>, of the ODE system (3.8)
in Section 3.5, we first analyze the latter and characterize its convergence properties. As
the first step towards establishing global convergence properties, we establish sufficient
conditions that guarantee uniqueness of the fixed points (3.8). Global convergence is then
obtained by introducing a Lyapunov function and applying LaSalle’s invariance principle
(Definition A.2.1 and Theorem A.2.2 respectively).

First, we observe that for any ¢ > 0, the degree proportional vector d € Int(X) solves the

fixed point equation F(d)=n(d)—d =0, and is therefore a fixed point of the ODE system

5Check Definition 2.6.1 in Chapter 2 for a formal definition of time-reversible Markov chains.
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(3.8). Indeed, observe that for each i € A", ¢ > 0, setting x;(¢) = d; in (3.9) gives us

D a4

(d) = JEN I R deg(i) —d.=o.
Jid) Z Z Akl l Z deg(k) l
keN leN ke N

The following result provides sufficient conditions to ensure the uniqueness of d as the fixed
point of (3.8).

Lemma 3.4.1. Foralla €(0,1/2), the degree proportional probability vector d € In(X) is the
unique fixed point of (3.9).

Proof in Appendix B.2. O

The proof of Lemma 3.4.1 first involves showing that z : Int(X) — Int(X) is a contrac-
tion mapping with respect to Hilbert’s projective metric® dy(-,-), that is by showing that
dy(n(x), n(x)) < dy(x,y) foranyx,ye Int(X)and 0 < a < 1/2.

Let V : Int(X) — R be given by

V(x) :Zzai j (3)_ (%)_ (3.10)
i !

j
We will now show that the mapping V(') is a strict Lyapunov function for (3.8).

Lemma 3.4.2. Derivatives of V (-) along trajectories of the ODE system (3.8) evaluated at any
x € Inf(X) is non-positive, that is % V(x) <0, with equality if and only ifx=d, the unique
fixed point of (3.8).

Proof in Appendix B.2. O

The uniqueness of d as the fixed point of (3.8) is critical, since it guarantees that V(x) > V(d)
for all x € Int(X)\ {d}; a fact not obvious from directly examining (3.10). The derivative being
non-positive also ensures that {x()},-, € Int(X) for any initial point x(0) € Int(X), implying
that solutions of the ODE system leave Int(X) positively invariant. The global convergence

result now follows from a straightforward application of LaSalle’s invariance principle.

SHilbert’s projective metric, as in Definition B.2.1 in Appendix B, has been effectively applied in proving
convergence of nonlinear positive (with respect to some partial ordering) operators, in what is now known as
nonlinear Perron Frobenius theory [78].
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Theorem 3.4.3. For all initial pointsx(0) € Int(X), the trajectories {X(t)},», converge to the
. . . [—00
unique fixed pointd, that is, x(t) —— d.

Proof in Appendix B.2. O

Before moving on to the next section where we provide first and second order conver-
gence results for the sequence of occupational measures {x,},-o, we give the following
result for the Jacobian matrix Jz(x) of F(x), when evaluated at x=d. To capture its depen-
dence on the parameter a > 0, we use the notation J(a) =J z(d). In the following result, A;’s,
u;’s and v;’s, as originally defined in Section 3.1.2, are the eigenvalues, and corresponding
left and right eigenvectors of the SRW kernel K™ = DA respectively,

Proposition 3.4.4. For any a >0, we have
J(@)=2adl” —aAD ' —(a+ 1)L (3.11)

Furthermore, let u; denote the i'th eigenvalue of J(a). Then, we have

withu; (v;) being the right (left) eigenvectors corresponding to u; foralli € A .

Proof in Appendix B.2. O

3.5 Convergence and asymptotic performance of SRRW

As mentioned briefly in Section 3.3, the nonlinear Markovian kernal K[x] that drives the
sequence {X,,,X,},ey, via the update rule (3.5) is only well defined in Int(X) and not over
the entire probability simplex ¥. This also means that 71(x) is not Lipchitz in Int(X), and as a
result neither is F(x). Unfortunately, most of the classical SA theorems [cite]| require F(x)
to be Lipschitz to ensure that SA iterates remain bounded, by ensuring in some sense, the
regularity of the state dependent noise terms €(X,,,x,) in (3.7). While the boundedness of
the iterate sequence {x,},cy, is not a concern in our setting, since x,, >0 and 1”x, =1 for
all n € Ny, the classical proof techniques (see Chapter 6 in [54]) still depend on F(x) to be
Lipchitz.

In this section, we look at a modification of the SRRW update rule (3.5) involving ran-

domly occurring truncations at the boundaries of a sequences of expanding sets, following
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which, the algorithm restarts in the interior of a suitable, compact subset of Int(X). For this
modified SRRW update rule, we apply the results from [7] and [47] (or alternative [37]) to
obtain almost sure convergence of the sequence of occupational measures {X, } ,cy, to the

degree proportional distribution d, and also provide a central limit theorem for the same.

3.5.1 SRRW with random truncations

Define a sequence of compact subsets {.%}, } .y, of Int(X), where for each n € N,, we have

A = {xe Y| x; € [ 1—— ]}, for some (possibly large) positive integer M. We have

1
n+M’ "+ n+M

Hy C Hyyy VnEN,, and U,y A, =Int(X). (3.13)

Consider the following stochastic approximation update rule, with x, € %, X, € A, ¢, =0,
Ko =0and v, =0, such that for all n €N, we have:

(EXVL+1 _X”)

(x,H%, cnt+1l, K, v, +1), ifxn%ej{,%
update (Xnﬂ’ Cn+lr Kn+1 Vn+1): . ,
(X9, ¢, +1—v,, k,+1, 0), otherwise

set xn+%:xn+g )
n

(3.14)

where X,,,, is drawn from K[x, |y . forall n € N.

In the above, x,,1 can be thought of as ‘proposal’ obtained via the regular update
as in (3.5). The integers ¢,, k,, and v, are counters which keep track the current step-
size index, the index of the truncation set % at iteration n, and number of steps since
the last truncation/restart of the algorithm. If the proposal x,,,1 lies within the current
truncation set %, , it is ‘accepted’ by setting x,,,, =x,,,1 and the algorithm moves forward
by incrementing ¢,, and v,, by one, while keeping x,, and as a result the current truncation
set %, the same for the next iteration. Otherwise, the algorithm is effectively restarted
from the initial position by setting x,,,; =X, and resetting the step-size index ¢, back to the
index at the previous truncation event. In this case, the truncation set is also enlarged by
incrementing k,, by one.

Remark 3.5.1. The original update rule (3.5) is simple to implement since it does not require
the size of the underlying graph 4(./, &) to be known a priori. In comparison, there is no

straightforward way to implement (3.14) without knowing the graph size, sincex, 1 € %,
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(or ¢ ., ) needs to be checked at every iteration; and it can also prove to be computationally
expensive for large graph sizes. However, we will show in Section 3.6 that numerical results
from simulating the update rule (3.5) (without truncations) also align with the theoretical
results derived in this section for (3.14). Therefore, the introduction of the truncation based
mechanism is mostly just for mathematical rigour, and the search for more general proof

techniques not requiring random restarts of the algorithm is still an ongoing work.

3.5.2 Main results

We are now prepared to state the main results of the chapter. The first theorem below
provides a first-order, almost sure convergence result (SLLN) for the sequence of occu-
pational measures {x, },-, satisfying update rule (3.14), and also provides a second order
(CLT) result.

Theorem 3.5.2. Let{x,},-, be the iterates of (3.14). For any initial (X,, X,) € In{(>) x A, and
large enough M such thatx, € X, we have

x,~~>d and, ﬁ(xn—d)%N( 0,V(a)), (3.15)

whereV(a) is the covariance matrix, which is given for all a €[0,1/2) by

V(a)= j‘oe (@25 o t((a)+1/2)" dt, (3.16)
0
with
S+
=27, W 3.17)
P
Proof in Appendix B.3. ]

The first-order result in the above is in departure from the more classical analysis of SA
algorithms, which first prove that a continuous time version’ of the stochastic sequence
{X,} >0, is indistinguishable in the long run from deterministic trajectories {x,},-o, when
compared over any compact time interval.? The almost sure convergence then follows by

establishing the convergence properties of the mean field ODE system, which may not

"Constructed via a suitable interpolation in the time parameter.
8We say that the continuous time interpolation is an asymprotic pseudo-trajectory of the flow generated by
the mean field ODE system [17].

52



necessarily be via Lyapunov function techniques. Instead, for Theorem 3.5.2, we apply The-
orem 5.5 in [7], which ensures a more direct form of convergence without first establishing
an asymptotic pseudo-trajectory property for the stochastic system. However, as a critical
component of the proof, it requires the existence of a Lyapunov function such as the one
we constructed for Lemma (3.4.2). The proof techniques therein ensure that the number of
restarts of (3.14) are finitely many almost surely, with the tail probability of the number of
restarts decreasing super-exponentially (Theorem 5.4 in [7]).

The spectral form of matrix U as shown in (3.17) is entirely in terms of eigenvalues
and (left) eigenvectors of the SRW kernel K*" introduced in Section 3.1.2. Recall from
Proposition 3.4.4 that the entire spectrum and eigenspace of J(), and also that of e ‘0(@*1/2)
as a result, can also be written in terms of the eigenvalues and vectors of K¥ and a > 0.
This encourages further analysis of the covariance matrix V(a) given by (3.16), leading to

the following important result.

Theorem 3.5.3. For anya, > a,> 0, we have
V(a;) <; V(a,) <; V(0).? (3.18)

Proof in Appendix B.3. O

The above Loewner ordering result tells us that processes with larger a, and therefore a
higher degree of self-repellence, achieve a smaller variance in the estimation of d along
any principal axis. While this is only useful for a € [0, 1/2), this condition on « is utilized
only as a sufficient condition in Lemma 3.4.1 to ensure the uniqueness of d as the fixed
point of (3.8). Therefore, larger degrees of self interaction in terms of larger a could lead to
a improved SRRW under more general results guaranteeing uniqueness of d. Via numerical
results in the next section, we will see that the uniqueness indeed holds for larger a, with

the monotone ordering predicted by Theorem 3.5.3 also observed for a > 1/2.

3.6 Simulation results

In this section, we simulate the SRRW on a few real world graphs, walking according to the
update rule without truncations (3.5). We compare the convergence of the occupational
measures of multiple SRRWs over a wide range of a > 0, with that of the SRW (a = 0), and the
non-backtracking random walk (NBRW) [77]. The NBRW is a modification of SRW, where at
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every time step, the random walker avoids the node visited at the previous time step with
probability one. This was shown to be an improvement over SRW in sense of achieving a
smaller asymptotic variance [77].

We source our real world, undirected graphs from the SNAP repository [79] - the sub-
graph of a social network (Facebook) with 4,039 nodes and 88,234 edges, and an Au-
tonomous Systems graph (AS-733) with 6,047 nodes and 13,233 edges. We run SRW, NBRW,
and eight different SRRWs with a € {0.1,0.2,0.3,0.4,0.5,1.0,2.0,10.0}, and for each ran-
dom walker, we calculate the total variation distance TVD(x,,, d) between its occupational
measure X,, at time 7 > 0 and the degree distribution vector d, given by

!
TVD(Xn’d)zzllxn_d”h (319)

where || -||; denotes the 1-norm, given by |lul|=>_,_ , |u;| for any u € R". For all simulation
runs, the starting position X, € 4" of the random walkers is chosen uniformly at random,
with x, = 1/N, consistent with the description in Section 3.3. In total, we average our TDV
plots over 500 simulation runs for each type of random walker.

Our simulation results are shown in Figures 3.2 (Faceboook graph) and 3.3 (AS-733
graph). For all different random walkers, we can observe convergence to the target distribu-
tion d in Figures 3.2(a) and 3.3(a), which are plotted over the semi-log scale. This suggests a
geometric rate of convergence, even for SRRW with a > 0.5. Recall that our convergence
results in Theorem 3.5.2 were only shown for a €[0,0.5), which was the sufficient condition
to guarantee uniqueness of d as the fixed point of (3.8). The observed convergence of SRRW
for @ > 0.5 in our simulation points to a potential relaxation of the uniqueness condition to
cover a much wider range of @ > 0. In the asymptotic regime, that is TDV vs n plotted in
Figures 3.2(b) and 3.3(b), we can observe the eventual ordering of TDV(x,,,d) in @, in line
with the performance ordering predicted for covariance matrices in Theorem 3.5.3, with
larger values of a achieving smaller TDV. While SRRW performing better than SRW for all
a > 0 is as predicted by Theorem 3.5.3, we also observe that in cases of both the graphs,
SRRW achieves a smaller TDV than even NBRW. While there is no theory supporting this
observation, the comparison between self-repellent and non-backtracking mechanisms is
nevertheless interesting, and can be a topic of future research.

Even though Theorems 3.5.2 and 3.5.3 were shown for the truncation based update
rule (3.14), the simulation results in this section which do no employ any truncations or

random restarts, still algin with the theoretical expectation. Thus, it is likely that the first
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Figure 3.2 Simulation results for Facebook graph

order convergence and CLT result in Theorem 3.5.2 also holds for occupational measures
satisfying the original update rule (3.5), as previously mentioned in Remark 3.5.1.
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3.7 Conclusion

In this chapter, we introduced a self-repellent random walk which can be designed to
achieve any target distribution 7 € Int(X) via nonlinear interacting with its own occupational
measure. We provide convergence results for the sequence of occupational measures by first
analyzing a closely related deterministic process whose convergence is proved with the aid
of a Lyapunov function, and then utilizing results from stochastic approximation theory to
establish first and second order convergence results for a modified update rule with random
restarts or truncations. Our results are still restricted to the case where « €[0, 1/2), although
numerical results point to possibilities of relaxing on this condition, as well as proving
the necessary convergence results without the need of random restarts. In light of these
possible improvements on the results shown in this chapter, our theory of self-repellent
random walks is still a work in development.
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Chapter 4

Competitive Epidemics on Graphs -

Global Convergence and Coexistence

In Section 4.1, we first introduce the basic notation used throughout the chapter, along
with the classical (single-virus) SIS model and the bi-virus model. We then provide the
generalization to non-linear infection and recovery rates in Section 4.2 with some key
assumptions on the infection and recovery rate functions, complimented by a discussion
in Appendix C.3 regarding a special class of recovery rates. In Section 4.3, we provide
a primer to the MDS theory, and establish monotonicity results for the single-virus SIS
model, proving the convergence result for the single-virus model with non-linear infection
and recovery rates whose proofs are deferred to Appendix C.5. We then go on to show in
Section 4.4.1 that the non-linear bi-virus model is also a monotone dynamical system
with respect to a specially constructed cone-based partial ordering, and include the main
convergence results in Section 4.4.2. In Section 4.5 we take the opportunity to provide a
more intuitive version of our results by considering the special case of linear infection and
recovery rates, along with brief comparisons with the existing literature. In Section 4.6, we
provide numerical results which confirm our theoretical findings. We then conclude in
Section 4.7.

For better readability of the chapter, all technical proofs of the main results are deferred
to Appendices C.5 and C.6. The appendices also include some selected definitions and
results from matrix theory (Appendix C.1), ODE theory (Appendix C.2), and from MDS

theory (Appendix C.4), which we use as part of our proofs of the Theorems in Section 4.4.2.
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4.1 Preliminaries

4.1.1 Basic Notations

We standardize the notations of vectors and matrices by using lower case, bold-faced letters
to denote vectors (vé RY), and upper case, bold-faced letters to denote matrices (MeRY*V).
We denote by A(M) the largest real part' of all eigenvalues of a square matrix M. We use
diag(v) or D, to denote the NxN diagonal matrix with entries of vector v € R" on the
diagonal. Also, we denote 1=[1,---,1]" and 0=[0,---,0]7, the N -dimensional vector of all
ones and zeros, respectively. For vectors, we write x<y to indicate that x; < y; for all i; x<y
if x<y and x#y; x<y when all entries satisfy x; < y;. We use ¥4(.//, &) to represent a general,
undirected, connected graph with .4/ = {1,2,---, N} being the set of nodes and & being the
set of edges. When we refer to a matrix A=[a;;] as the adjacency matrix of some graph
Y(N, &), itsatisfies a;; = 1; jies) forany i, j € A; we use d,,;,(A) and d,, , (A) to denote the
minimum and maximum degrees of the nodes of the corresponding graph. Since we only
consider connected graphs, all the adjacency matrices in this chapter are automatically
considered to be irreducible (see Definition C.1.1 in Appendix C.1).

4.1.2 SIS Model with Linear rates

Consider the graph ¥(.//, &), and assume that at any given time ¢t > 0, each node i € .4 of
the graph is either in an infected (I), or in a susceptible (S) state. An infected node can infect
each of its susceptible neighbors with rate § > 0.2 It can also, with rate 6 > 0, be cured from
its infection and revert to being susceptible again. We write x(¢) =[x;(#)] € RY, where x;(t)
represents the probability that node i € ./ is infected at any given time ¢ > 0. Then, the
dynamics of the SIS model can be captured via the system of ODEs given by

d
- t)i/i(l— () ajx;(6)—6x,(0) (4.1

JjeN

'We use the A notation instead of something like Ap,, since it will mostly be used in cases where the largest
eigenvalue is real, for which A itself is the largest real eigenvalue. For example, A(A) becomes the spectral
radius for any non-negative matrix A [89)].

ZWe say an event occurs with some rate a > 0 if it occurs after a random amount of time, exponentially
distributed with parameter a > 0.
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forall i € A and t > 0. In a matrix-vector form, this can be written as

d
d—’t‘ 2 Bdiag(1—x)Ax— 6x 4.2)

where we suppress the () notation for brevity. The system (4.2) is positively invariant in the
set[0,1]V, and has 0 as one of its fixed points (the virus-free equilibrium). The following

result is well known from [74], which we will generalize in Section 4.3.2.
Theorem 4.1.1 (Theorem 3.1 in [74]). Lett=/6. Then,
(i) either t <1/A(A), andx* =0 is a globally asymptotically stable fixed point of (4.2);

(ii) or T > 1/A(A), and there exists a unique, strictly positive fixed pointx* € (0,1)N such
thatx* is globally asymptotically stable in[0,1]V \ {0}.

4.1.3 Bi-Virus Model with Linear rates

Consider two graphs %, (.//, &) and %,(./, &,), on the same set of nodes .4/ but with different
edge sets & and &,. At any given time ¢ > 0, a node i € ./ is either infected by Virus 1,
infected by Virus 2, or is susceptible. A node infected by Virus 1 infects each of its susceptible
neighbors with rate 8, > 0, justlike in the SIS model, but does so only to nodes which are its
neighbors with respect to the graph ¥,(./", &;). Nodes infected by Virus 1 also recover with
rate 6, > 0, after which they enter the susceptible state. Similarly, nodes infected by Virus 2
infect their susceptible neighbors, this time with respect to the graph ¥%,(./, &,), with rate
B, > 0, while recovering with rate 6, > 0. This competing bi-virus model of epidemic spread,

also referred to as the SI; I,S model, can be represented by the following ODE system:

li/jl —JYi Zal] ] 51x
dy e 4.3)
: iﬂz( —J’i)z bijyj_52yi
JEN
forall i € A and t > 0. In matrix-vector form, (4.3) becomes:
d
X s pidiag(1 —x—y)Ax—§,x
dr (4.4)
dy . )
P = p.diag(1 —x—y)By—0d,y,
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where A=[a;;] and B=[b;;] are the adjacency matrices of graphs ¥%;(./¥, &) and ¥%,(.V, &),

respectively.

4.2 Epidemic Models with Non-linear Infection and Recov-
ery rates

In this section, we introduce the single-virus and bi-virus SIS models with nonlinear in-
fection and recovery rates. Non-linearities can be attributed to the spread and recovery
from the virus being related to the susceptibility of the disease (or its prevalence in the
population) in a more complicated manner. This is more general than simply exponential
random variables with constant rates used to model the spreading and recovery processes,
which in aggregate scale linearly with the infection probabilities.? This is shown to be lim-
iting in accurately modelling the trajectories of an infection spread; the linear scaling of
the infection and recovery rates shown to being an overestimate to what is observed in
reality [138, 68]. Many works thus argue for the modelling of these spreading processes
with non-linear functions [13, 12, 64, 85]. We first present the more general single-virus
SIS model with a set of intuitive assumptions (A1)—(A5) for the non-linear infection and

recovery rates.

4.2.1 SIS Model with Non-linear rates

In (4.1) the term Z jey AijX i(r) denotes the overall rate at which a susceptible node i € A
gets infected by its neighbors. In what follows, we replace this by a generic function f;(x(¢)),
thereby allowing the overall infection rate for each node to be any non-linear function of
x;(t) for all neighbors j of i. Similarly, we replace the term 6 x;(¢), denoting the overall
recovery rate for any node i € ./, by a non-linear function ¢g;(x(¢)). This generic version of
the SIS model, allowing for non-linear infection and recovery rates, is given by the ODE

dx;(t)
dt

3‘Aggregate’ here refers to the mean field approximation which is one way to derive SIS-type ODEs. Another
way is the large population mean field limit of a stochastic process, where the connection to the correspond-
ing ODE system is formed via the Kurtz’s theorem [2]. In this case, linearity is induced by the uniform or
homogeneous mixing assumption which is also a subject of criticism in epidemiology literature [12, 64, 68, 13].

= fix(£)) = (1 — x; () fi(x(2))— qi(x(£)) (4.5)
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forall i € A and t > 0. In a matrix-vector form, this can be written as
— = F(x) = diag(1 —x)F (x) — Q(x) (4.6)

where F(x) =[f;(x)] € RY, and Q(x) = [¢,(x)] € RY are the vectors of non-linear infection
and recovery rate functions, respectively. We assume that they are continuous and twice
differentiable in [0, 11V, with Jz(x) and J,(x) denoting the Jacobians of F and Q respectively,

evaluated at any point x € [0, 1]V. We now make the following key assumptions:

(A1) F(0)=0and Q(0)=0;

(A2) JrX)];;= aaf%fjx) >0 forall i # j with a;; >0, otherwise [Jz(x)];; = 0;

(A3) []Q(x)]” = ag;;fix) > 0, and []Q(x)] = ag;(;() < 0 for all i # j, x € [0,1]V. Moreover,

ij
;[IQ(X)]U <[Jo®)].;
j#i

(A4) fi(x)is concave in [0,1]V, that is i <0forall i,j,keN;

) 5xj6’xk

(A5) g;(x)is convex function of x; €[0,1]¥, and a concave function of x jforall j #i. That

is, 2% >0 and ;24 <0forall i€/, and j, k€4 \ {i}.

ijaxk

Assumption (A1) ensures that the virus-free state is a fixed point of (4.6), while (A2) is a
proximity assumption that models infection spread only through edges of the underlying
graph. Assumption (A3) concerns with the recovery rate, allowing it to be reduced by infected
neighbors while still being no-negative. (A4) and (A5) assume concavity properties of the
functions f;(x) and g;(x) in x; for any neighbor j of i. This allows the effect of neighborhood
infection x; to saturate* as x; increases. Assumption (A5) also assumes convexity of g;(x) in
local infection x;, which means that increase in recovery rate caused by x; can be larger as
X; increases.

Examples for non-linear infection rates satisfying (A1)-(A5) include logarithmic func-
tions f;(x) = Zj a;;In(1+ x;), similar to those in [138]. Examples of non-linear recovery
rates include polynomial functions such as ¢;(x) = (1 + x;)¥ — 1 for any k > 1. A special class

of the permissible non-linear recovery rates, where the infection duration is dependent

*As x; increases for any neighbor j of node #, the magnitude of the resulting change in both infection rate
fi(x) and recovery rate g;(x) decreases. This is similar to the case of diminishing returns.
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G1(V, &€1)

Figure 4.1 Bi-Virus epidemic spread across overlaid graphs sharing the same set of nodes. Red and
Blue arrows denote the spread of Virus 1 and 2, respectively from infected nodes j and k (coloured
Red and Blue) to the susceptible node i (uncoloured) with the instantaneous rates as shown. The
infected Red and Blue nodes also recover with a total rate of r;(x) and s;(y) for any node i € .4/,
respectively.

solely on local infection x;, is related to processes that have decreasing failure rates (DFR)°.
This special class of recovery processes that are DFR also includes the case of linear re-
covery rates. Note that our assumptions allow f;(x) and g;(x) to be heterogeneous across
all nodes i € ./, and the case with linear rates in (4.2) readily satisfies (A1)-(A5). This also
extends to the linear bi-virus model (4.4) being a special case of the non-linear bi-virus
model introduced in the next subsection, with infection and recovery rate functions therein

satisfying the same assumptions (A1)—(A5).

4,2.2 Bi-Virus Model with Non-linear rates

The Bi-Virus model with non-linear infection and recovery rates is given by the following

coupled system of ODEs:
dx,- _ a
ar =gixy)= (1 —X;— yi)gi(x)_ ri(x)
dy; (4.7)
4 tl = hi(x,y) 2 (1—x;— y;) hi(y) — s,(y)

S Failure rate for a non-negative random variable is defined as the ratio between its probability density
function (PDF) and its complimentary cumulative distribution function (CCDF). In the context of infection
duration, decreasing failure rate means that nodes recover at a decreased rate the longer they stay continuously
infected. A more detailed discussion regarding the connection to SIS recovery rates can be found in Appendix
C3.
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forall i € A and t > 0. In a matrix-vector form, (4.7) becomes:

d_x = G(x,y) = diag(1 —x—y) G(x)— R(x)
j; 4.8)
= H(x,y) = diag(1—x—y) H(y)—S(y),

Where G(x) = [g;(X)], R(x) = [r;(x)], and H(y) = [h(y)], S(y) = [s;(y)] are the non-linear
infection and recovery rate functions for viruses 1 and 2, respectively. The pairs (G, R) and
(H,S) each satisfy the assumptions (A1)-(A5); where G and H specifically satisfy (A2) with
respect to their corresponding graphs with adjacency matrices A and B, respectively. Figure
4.1 illustrates of how these competing epidemics spread over the corresponding overlaid
graphs.

Assumptions (A1)—(A5) are also more general (weaker) than those assumed in [109, 138],
where the recovery rates are restricted to being linear functions and are thus a special case
of our model. We emphasize that while the set off assumptions for non-linear rates are
mostly similar to (slightly more general than) those in literature, the characterization of
all convergence scenarios for their respective bi-virus models is incomplete, as we shall

discuss later in Section 4.5.

4.3 Monotone Dynamical Systems and the Single Virus Epi-

demic

In this section, we provide a succinct introduction to monotone dynamical systems (MDS)
and some important definitions therein. We go on to show that the SIS model (4.6) is a
monotone dynamical system (specifically a cooperative system) and briefly apply these
MDS techniques to epidemic models by deriving the exact convergence result of the non-
linear SIS model. We also observe that Theorem 4.1.1 is a special case for when the infection

and recovery rates are linear.

4.3.1 Monotone Dynamical Systems - A Primer

A well known result from real analysis is that monotone sequences in compact (closed and
bounded) subsets of R” converge in R” [140]. This simple, yet powerful result has been

fully integrated with the theory of dynamical systems in a series of works [57, 58, 59, 61,
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60, 116, 120, 121, 63, 118], which cumulatively form the theory of monotone dynamical
systems (MDS). The foundations of MDS were laid down in [57, 58, 59, 61, 60] which study
ordinary differential equations, specifically cooperative ODE systems. We here provide a
brief, informal introduction to such ODE systems, with more details in Appendix C.4.

A central tool in the theory of MDS is the notion of generalized cone-orderings, which

extends the concept of monotonicity in vector spaces.

Definition 4.3.1. Given a convex cone K C X for any vector space X, the cone-ordering <y
(<, <) generated by K is an order relation that satisfies

(i) x<gy <= (yx)€K;
(ii)) x<yxy < x<gyandx#y; and
(iii) XLy < (y—Xx) € infK), foranyx,y€ X.

Note that, ‘<’ implies ‘<’ and is a stronger relation. Cone-orderings generated by the
positive orthant K =R" are simply denoted by < (<, <), that is, without the ‘K’ notation.
Let ¢ ,(x) denote the solution of a dynamical system at some time # >0 starting from an

initial point ¢y(x)=x€R".

Definition 4.3.2. Given a cone-ordering <y <y, <), the dynamical system is said to be
monotone if for every X,y € R" such thatx<yy, we have ¢ ,(x)<yx ¢,(y) for all t >0. The
system is called strongly monotone if for allx,yeR" such thatx<yy, we have ¢ ,(X)<x ¢ ,(y)
forall t>0.

The main result from MDS theory says that (almost) every solution trajectory of a
strongly monotone system always converges to some equilibrium point of the system [58,
121, 63, 119]. If the system has only one stable fixed point, then this in itself is enough to
prove global convergence. Monotonicity properties of a dynamical system can therefore be
leveraged as an alternative to constructing Lyapunov functions, which is often intractable.

Consider the following autonomous ODE system
x=F(x), (4.9)

where F(x) =[f;(x)] € R" is the vector field. If ¢, (x) is the solution of this ODE system, we

say the system is co-operative if it is monotone. There are ways to find out whether an ODE
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system is co-operative or not. In particular, one can answer this by observing the Jacobian
of the vector field [117]. The so-called Kamke condition [118] says that (4.9) is co-operative

with respect to the cone-ordering generated by the positive orthant K =R if and only if

of;
axi

>0, foralli#]j. (4.10)

While it is not straightforward to obtain such a clean condition for any general convex cone
K, one can still deduce the co-operative property of the ODE with respect to any one of the
other orthants of R” by observing the signed entries of the Jacobian. We will show how this
is done for the bi-virus system (4.4) later in Section 4.4.1.

If the Jacobian of an ODE system is an irreducible matrix in a subset D of the state space,
we say that the ODE system is irreducible in D (Definition C.4.2 in Appendix C.4). If the
ODE system is co-operative in D as well as irreducible in D, then it is strongly monotone
in D (Theorem C.4.4 in Appendix C.4). To prove convergence properties, we should ideally
be able to show that our system is strongly monotone in the entirety of the state space it is
contained in, for which we can directly apply the main MDS convergence result. However,
this is often not the case, and one needs additional results from MDS literature to prove
convergence. These details are deferred to Appendix C.4.

4.3.2 Monotonicity and convergence of SIS epidemic models

The following proposition establishes the monotonicity of the single-virus SIS model with
non-linear infection and recovery rates with respect to the regular ordering relationship
(cone-ordering generated by RY).

Proposition 4.3.3. The ODE system (4.6) is cooperative in[0,1]N and irreducible in (0,1)Y
with respect to the cone-ordering generated by the positive orthantRY .

We now state the convergence criterion for the non-linear single-virus SIS model.

Theorem 4.3.4. Ler](x) and](x) denote the Jacobian matrices of the vector valued infection
and recovery rate functions F (x) and Q(x) from (4.6), respectively. Then,

(i) either A(Jp(0)—J(0)) <0, andx* = 0 is the globally asymptotically stable fixed point of
(4.6);
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(i) or AJr(0)—J(0)) > 0, and there exists a unique, strictly positive fixed pointx*>> 0 such
thatx* is globally asymptotically stable in[0,1]V \ {0}.

The proof for Theorem 4.3.4 utilizes a result from the monotone dynamical systems
literature, provided as Theorem C.5.1 in Appendix C.5. It was originally proved and applied
to linear SIS epidemics in [72] as an alternate proof of the convergence properties of the
model for Gonorrhea spread in [74], which is a special case of our non-linear model (4.6).
We can also see this in the following remark.

Remark 4.3.5. For the single-virus SIS model with linear infection and recovery rates (4.2),
the conditions derived in Theorem 4.3.4 reduce to those in Theorem 4.1.1.

Proof. By substituting F(x) = BAx and Q(x) = ox in (C.7) (Jacobian of the single-virus
system (4.6), mentioned in the proof of Theorem 4.3.4) and evaluating at x = 0, we get
J(0) = J£(0)—J,(0) = BA—61. The condition A(Jz(0)—J,(0)) = A(BA—61) > 0 (< 0) can
be rewritten as 7 > 1/A(A) (< 1/A(A)) where T = /0, which as the same as in Theorem
4.1.1. L]

While Theorem 4.3.4 can likely also be shown using the steps in [74], which were recre-
ated again in [138], it requires first the application of two different Lyapunov functions and
also requires proving the uniqueness of the positive fixed point. Using Theorem C.5.1 is a
simpler way to derive the same results, and the details of the proof are deferred to Appendix
C.5.

4.4 Main results for the nonlinear Bi-Virus model

We provide the necessary and sufficient results on the non-linear infection and recovery
rates of the bi-virus system (4.8) for convergence to each of the three different kinds of
equilibria: the virus-free, the single-virus equilibrium, and the co-existence equilibrium.
However, before stating the main convergence results (proofs deferred to Appendix C.6),
we establish the monotonicity of the non-linear bi-virus model.

4.4.1 Monotonicity of the Bi-Virus epidemic models

We first revisit the Kamke condition from Section 4.3.1, in this instance given for a the

southeast cone-ordering as stated below.
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Southeast cone-ordering and the Kamke condition

Consider the cone-ordering generated by the convex cone K = {RY x R¥} c R*". This cone
is one of the orthants of R?Y, and for N = 1, it would correspond to the southeast orthant of
R? (K ={R, x R_} ¢ R?). For any two points (x,y), (%, §) € R?", it satisfies the following:

() xy)<k(Xxy) < x;<Xxand y;> y; foralli e A&

(i) xy)<x ®Yy) <= xy) <k &Yy)and (xy)#XV);
(iii) (x,y)<x X y) < x;<X;and y;> y,; foralli e ¥

This type of cone-ordering is often referred to as the southeast cone-ordering, and the corre-
sponding cone K is the southeast orthant of RV, As shown in [117], the Kamke condition
for determining whether an ODE system is cooperative or not with respect to the positive
orthant R®" can be generalised for cone-orderings generated by any orthant of R*", in-
cluding the southeast orthant. Once again, this is done by observing the Jacobian of the

respective ODE system. Consider the 2N dimensional system given by
x=G(x,y) and y=H(x,y),

where G(x,y) = [&;(x,y)] and H(x,y) = [h;(x,y)] are vector-valued functions in R". The
Kamke condition for this system with respect to the southeast cone-ordering [117] is

2g; o h; .. 2g;
>0, — >0, , d <
x, 2" 5y, Vi#j, an

r_.SO) .7 .-
dy; ~  0x; Vi

d h;
0

Roughly speaking, the Jacobian J; 4 (x,y) of the system, evaluated at all points in the state
space, should be in the following block matrix form (where the signs are not strict):

+___-

[« +
+ x + — = =
+ + x - = =
Jen= (4.11)
- - — % + +
- - — + x +
- — — + + x|

Note that the state space of the ODE system (4.4) is given by D = {(x,y) € [0, 1]?V |x+y < 1}.
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Proposition 4.4.1. The ODE system (4.8) (the nonlinear bi-virus model) is cooperative in D

with respect to the southeast cone-ordering. It is also irreducible in In{(D).

Proof. Forall (x,y)e D and i # j €./, we have

28:i(xy) 2g:i(x) Ir(x)
ot 1—xi— v _ >
9 x; (=% =) ox;  0x; 20
and _
oh: , 8hl 1} i
,(xy):(l_xi_yi) ) _os&_
a2y, a2y, ay;
since aag;(;c) >0, ﬁar;(;() < 0 and f)ah_;/(jy) >0, "%(jw < 0 from assumptions (A2) and (A3), and

(1—x;—y;)=0. Moreover for all i € ./,

0g; 8l_z,~
= 0. < ——N. <
3y, g;(x)<0 and ax, h;(y)<0,

withdg;/dy; =2 h;/d x i =0. Thus, the Kamke conditions are satisfied and the system is
cooperative in D.

The Jacobian J ;(x,y) of system (4.4) is written as

SxyIG(X)_DG(x)_]R(X) —Dc(x)

, (4.12)
—Dy(y SxyJ 11 (¥Y)—Dpyy —JIs(y)

Jen(xy)=
where S, , = diag(1 —x—Yy), D = diag(G(x)) and Dy, = diag(H(y)). Since the infection
rate functions satisfy assumption (A2) for their corresponding underlying graphs, J;(x) and
J 1 (y) follow the sign structure of A and B respectively and are irreducible. The off-diagonal
blocks of J; z(x,y) are diagonal matrices with non-zero diagonal entries for (x,y) € Int(D),
and there does not exist a permutation matrix that would transform this into a block upper
triangular matrix. Hence, by Definition C.4.2, the system is irreducible in Int(D), and this

completes the proof. O

From Proposition 4.4.1, we deduce that the non-linear bi-virus system of ODEs (4.8)
is co-operative in D, and thus strongly monotone in Int(D) in view of Theorem C.4.4 in
Appendix C.4. This property also extends to the linear bi-virus system (4.4) which is a special
case of (4.8).
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4.4.2 Convergence and Coexistence properties of the Bi-Virus model

We are now ready to establish results on convergence properties of the bi-virus model and
provide conditions for coexistence of two viruses in the non-linear bi-virus model as in
(4.8).

Let x* and y* be the globally attractive fixed points of the single-virus SIS models that
system (4.8) would reduce to when Virus 2 and 1, respectively, are not present over the

network. These systems are given by
x=F*(x) = G(x,0) = diag(1 —x)G (x)— R(x), (4.13)

y=F’(y)= H(0,y)=diag(1 —y)H(y)—S(y); (4.14)

and by Theorem 4.3.4, x*=0 (y*=0) if A(J5(0)—Jz(0))<0 (if A(J;(0)—J5(0))<0), and x*>>0
(y*>0) otherwise.

We first state the result when the virus-free equilibrium is globally attractive. We prove
this by presenting simple arguments which require only Theorem 4.3.4 for SIS model along
with the monotonicity properties derived in the previous section, eliminating the need of a

Lyapunov based approach.

Theorem 4.4.2 (Convergence to virus-free equilibria). IfA(J;(0)—Jz(0))<0 andA(J5(0)—J5(0))<

0, trajectories of (4.8) starting from any point in D converge to (0,0).

We next characterize the conditions when the system globally converges to equilibria
when only one of the viruses survives over the network. Let S,=diag(1—x) and S, =diag(1-y)
for any x,y € R". Also denote by B, = {(x, y)eD |x> 0} the set of all points (x,y)e D for
which x;>0 for some i €N, and let B, = {(x, yeD |y> 0} be a similar set for the y; entries.

Theorem 4.4.3 (Convergence to single-virus equilibria). When /l(Sy*]G(O)—]R(O))> 0 and
MSxJ 1 (0)—Js(0))<0, (x*,0) is globally attractive in B, ;° that is, every trajectory of system (4.8)
starting from points in B, converges to (x*,0).

Similarly, when A(S,:J(0)—Jz(0)) < 0 and A(S,.J4(0)—J5(0)) > 0, (0,y*) is globally at-

tractive in B,.

5We consider B, as the global domain of attraction instead of D because x = 0 for all points in the set
D\ B,. Starting from such points the system is no longer a bi-virus epidemic, but a single-virus SIS system
for Virus 2.
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Figure 4.2 Illustration of the convergence to (x*,0)

Sketch of the proof (convergence to (x*,0)). The idea behind the proofisillustrated in Figure
4.2. For every (x,y)€ B, (for example p, and p, in Figure 4.2), we construct a point (x,,y;)
which eventually bounds the trajectory starting from (x,y); that is, we have (x,,y;) <
¢+, (%, y)<k (x*,0)" for some £, >0. From the monotonicity shown in Proposition 4.4.1, we
have ¢,(x,,y)<x @41, (X,y) < (x*,0) for all time ¢ >0. We prove that the trajectory starting
from (x,,y,) converges to (x*,0) monotonically, with respect to the southeast cone-ordering
(Figure 4.2(a)). Using this, we show the convergence of trajectories starting from (x,y) via a
sandwich argument (Figure 4.2(b)). See Appendix C.6 for detailed proof. O]

Finally, we give the necessary and sufficient conditions that guarantee the co-existence
of the two viruses in the long run. Let E denote the set of all fixed points of the system in
(4.8).

Theorem 4.4.4 (Convergence to coexistence equilibria). Suppose thatA (Sy,JG (0)—] R(O)) >0
and A(SxJ;(0)—Js(0)) > 0, then there exist fixed points of system (4.8) (X,¥) > (0,0) and
(x,¥)>(0,0) such that

0,y) <k (X 9) <k (X,¥) <k (X,0),

with the possibility that (X,¥) = (X,y). All trajectories of system (4.8) starting from B, N B,
converge to the set of coexistence fixed points S = {(xe,ye)e E|XYV)<kX.V.) k(X )'f)}.

"¢ ,(x,y) denotes the solution of (4.4) at ¢ >0, with initial point (x, y).
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Figure 4.3 Characterization of the parameter space

The proof of Theorem 4.4.4 follows similar arguments to that of the previous theorem,
and is the first convergence result for coexistence fixed points in the competing SIS literature.
Note that while we have convergence to ‘a’ coexistence equilibrium, it may or may not
be unique in the state space. The global convergence is therefore to the set of possible
coexistence equilibria, and not necessarily a singular point. Thus, via Theorems 4.4.2,
4.4.3 and 4.4.4 we cover all possible convergence scenarios of the bi-virus SIS system (4.8),
and successfully establish the complete theoretical characterization for the trichotomy of

possible outcomes.

4.5 Linear Infection and Recoveryrates - Discussion and Com-

parison to Literature

In this section, we provide corollaries of Theorems 4.4.2, 4.4.3 and 4.4.4 which charac-
terize convergence to the trichotomy of possible outcomes for the special case of linear
infection and recovery rates. These results, along with Figure 4.3, are reproduced here as
they originally were in our previous work [41] which focused only on characterizing the
convergence properties in the case of linear infection and recovery rates. We do this for the
sake of completeness, and also with the intention to better explain our contribution, using
visual aids in the form of Figure 4.3, helping us compare our work with existing literature
more effectively.

Consider the linear bi-virus system (4.4). By setting G(x) = 8,Ax, R(x)=0,xand H(y)=
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B.By, S(y) = 6,y, we get
J5(0)=0:A, Jz(0)=0,]1,

and
IH(O):ﬂZB’ 15(0)2521-

Defining 7, = 8,/6,, 7, = AB,/8,, and plugging in the above expressions for the Jacobians
in Theorems 4.4.2 and 4.4.3, we have the following Corollaries.

Corollary 4.5.1. If7,A(A)<1 and 7,A(B)<1, trajectories of (4.4) starting from any point in
D converge to(0,0).

Corollary 4.5.2. When 7,A(Sy.A)>1 and 7,A(Sx.B)<1, (x*,0) is globally attractive in B, 2
that is, every trajectory of system (4.4) starting from points in B, converges to (x*,0).
Similarly, when T,A(Sy.A)<1 and 7,A(Sx.B)>1, (0,y*) is globally attractive in B, .

From Corollary 4.5.2, we can deduce that the threshold values for 7, and 7, below which
each of the viruses will die out are given by the equations 7,=1/A(Sy.A) and 7,=1/A(S.B),
respectively. Figure 4.3(b) plots these threshold values for Virus 1 (in blue) and Virus 2 (in
red) for varying values of 7, and 7,, and partitions the entire parameter space into regions
R1 - R6 as shown. When 7,>1/A(A) and 7,>1/A(B), for which values of 7, 7, do not lie in
regions R1, R2 or R3, the blue curve lies above the red curve as in Figure 4.3(b). This was
originally shown in [108] by deducing that the ratio of slopes of the red and blue curves
at point (7, 7,)=(1/A(A), 1/A(B)) is less than one. This means there exist combinations of
T4, T, for which 7, lies to the right of the blue curve (7, A(Sy.A)>1), and 7, lies above the red
curve (7,A(SxB)>1).° This corresponds to region R6 in Figure 4.3(b), and our final corollary
(derived from Theorem 4.4.4) shows that for values of 7,7, which lie in R6, we observe

convergence to coexistence equilibria.

Corollary 4.5.3 (Convergence to coexistence equilibria). If 7,A(Sy.A)>1 and 7,A(Sx.B)>1,
there exist fixed points of system (4.4) (X,¥)>(0,0) and (X,y)>(0,0) such that

(0,y9) <k (X,9) <k (X,¥) < (X", 0),

8We consider B, as the global domain of attraction instead of D because x = 0 for all points in the set
D\ B,. Starting from such points the system is no longer a bi-virus epidemic, but a single-virus SIS system
for Virus 2.

9Note that T1M(8y:A)<1 and 7,A(Sy.B)<1 is only possible in region R1, since it is the only region where 7,
can lie to the left of the blue curve, and 7, can lie below the red curve. This effectively reduces the expressions
to T;A(A)<1 and 7,A(B)<1, the conditions for convergence to the virus-free equilibrium as in Corollary 4.5.1.
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with the possibility that (X,¥) = (X,¥). All trajectories of system (4.4) starting from B, N B,
converge to the set of coexistence fixed points S = {(xe,ye)e E|X¥)<k(X. V)< (X )‘r)}.

Comparison to existing literature

Now that we have established all our results, we briefly compare our work with results from
[138, 109], which also talk about global convergence to single-virus equilibria. To this end,
we illustrate the limitations of the existing conditions for global convergence in [138, 109]
in Figure 4.3(a); and use Figure 4.3(b), where we provide complete characterization of the
parameter space, to draw comparisons with our results.

When translated to the setting of linear infection and recovery rates, the result from
[109] says that when 7,d,,;,(A) > T,d,,..(B), the Virus 2 is sure to die out (Virus 1 could
persist or die out), and similarly when 7,d,,,(A) < 7»d,,;,(B), the Virus 1 is sure to die out.
We illustrate these conditions in Figure 4.3(a), where Virus 1 (Virus 2) is sure to die out if
parameters (7, T,) lie above (below) the blue (red) line. Therefore, the entire yellow-shaded
region in Figure 4.3(a), between the blue and red lines, is left uncharacterized in [109]. When
A and B are regular graphs with the same degree (d,,;,=d,,..=d), the blue and red lines
coincide, making coexistence infeasible. This is also mentioned in [108] where they show
that for regular graphs with same degree, the system behaves as if the two graphs were
the same - rendering coexistence impossible (which is also in line with results in [104]).
In contrast, the maximum degree of graphs can also be much larger than the minimum
degree (e.g., power law graphs), causing the yellow-shaded space to become very large,
possibly spanning almost the entire parameter space.

The main resultin [138], when similarly translated to our setting as above, says that when
7;A(A)>1 and 7,A(B) < 1, Virus 1 survives and Virus 2 dies out. Similarly, when 7,A(B) > 1
and 7,A(A) < 1, Virus 2 survives and Virus 1 dies out. These correspond to regions R2 and
R3 in Figure 4.3(b). However, their results do not cover the convergence properties for 7,, 7,
which lie in regions R4 — R6. Our Theorems 4.4.3 and 4.4.4, through their corresponding
corollaries, do account for these values of 7,, 7,, and show convergence to (0,y*), (x*,0) or
to a coexistence fixed point whenever they lie in regions R4, R5, or R6, respectively.

In summary, without our Theorems 4.4.3 and 4.4.4, results from literature fail to charac-
terize a sizeable portion of the parameter space as shown in Figure 4.3(a) by the ‘?’ region
(part of the shaded region surrounded by the arrows). The parameters leading to coexis-

tence are entirely contained in this region as well - explaining the dearth of convergence
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Figure 4.4 Phase plots for a system with linear infection and recovery rates (CASE 1) on the AS-733
graph.

results for such equilibria in the existing literature.

4.6 Numerical Results

In this section, we present simulation results to support our theoretical findings for the
bi-virus SIS model for combinations of non-linear as well as linear infection and recovery
rates. To this end, we consider an undirected, connected graph (103 nodes, 239 edges),
called Autonomous System (AS-733), from the SNAP repository [79]. For both the linear and
non-linear bi-virus model, we generate an additional graph, overlaid on the same set of
nodes, by modifying the original graph (AS-733-A with A(A)=12.16), removing and adding
edges while ensuring connectivity between the nodes. The new additional graph, AS-733-B,
has 741 edges with A(B)=15.53. Note that since our theoretical results hold for any general
graphs, we only use this set as example graphs to numerically demonstrate the convergence
properties. Similar numerical results can indeed be obtained for any other networks (such
as social networks).

We test the convergence dynamics of the bi-virus model over a range of combinations of
linear and non-linear infection and recovery rates. To this end, we consider three different
bi-virus models, and Table 4.1 summarizes the three cases with the corresponding infection
and recovery rate functions as shown. Note that for non-linear infection and recovery rates,
we consider the logarithmic and polynomial functions briefly mentioned in Section 4.2, to
ensure that our three cases satisfy assumptions (A1)-(A5).

For each of the three cases, we construct combinations of parameters (7, or 7, for linear
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Figure 4.5 Phase plots for a system with non-linear infection and linear recovery rates (CASE 2) on
the AS-733 graph.

rates, and «, or &, for non-linear rates), to develop three convergence scenarios, that satisfy
the assumptions of Theorems 4.4.3 and 4.4.4. These three scenarios correspond to global
convergence of the bi-virus system to fixed points where (a) Virus 1 is the surviving epidemic
(which spreads on graph AS-733-A), (b) Virus 2 is the surviving epidemic (which spreads on
graph AS-733-B), (c) both viruses coexist, (where Virus 1 spreads on graph AS-733-A and
Virus 2 on AS-733-B). Parameters corresponding to these three scenarios are provided in
the table inset in Figures 4.4-4.6(a)—(c) corresponding to the three cases.

To visualize our system in two dimensions, we use avg X =(1/N)>,_ , x; on the x-axis,
and avgY=(1/N)>.._ , y; on the y-axis. We plot trajectories of the bi-virus system starting
from different initial points in the state space D to observe their convergence, with red
arrows representing the trajectories’ direction of movement at various time intervals. Here,
the state space D is the region that lies below the dotted-line (for example, in Figure 4.4),
ensuring x; + y; <1 for all i € ./, for every initial point. To ensure that the convergences
observed in our phase plots match the conditions laid out in Theorems 4.4.3 and 4.4.4, we
track the eigenvalues A(U) = A(S,.J 5 (0)—J z(0)) and A(V) = A(S,.J #(0)—J5(0)). A(U) (A(V)) being
positive or negative corresponds to Virus 1 (Virus 2) surviving or dying out, respectively.

Table 4.1 Summary of infection and recovery rate functions chosen

8i(x) hi(y) ri(x) si(y)
CASE 1 Z]. a;;X; Zj b;;y; 0.1 x; 6,2Y;
CASE 2 Zjaijln(l+a1xj) Zj b;;In(1+a,y;) | 6,x; 6,2Y;
CASE 3 Zjaijln(1+a1xj) Zj bijin(l+a,y;) | A+x)—1 | (1+y)—1
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Figure 4.6 Phase plots for a system with non-linear infection and recovery rates (CASE 3) on the
AS-733 graph.

In Figures 4.4-4.6(a)—(c), we show numerical results for the three cases, respectively.
Figures 4.4-4.6(a) and 4.4-4.6(b) show convergence to the two different single-virus equi-
libria, where the parameters therein satisfy the two set of conditions as in Theorem 4.4.3.
Figures 4.4-4.6(c) show convergence to the coexistence equilibria, which also satisfies the
coexistence conditions as outlined in Theorem 4.4.4. We observe a unique coexistence
equilibrium when the viruses are competing over graphs AS-733-A and AS-733-B, for which
the eigenvalues A(A) and A(B) are significantly different. Interestingly, we also observe mul-
tiple coexistence equilibria as shown in Figure 4.7. We obtain this result by creating another
additional graph by modifying the original graph AS-733-A such that the eigenvalue of this

0 0.2 0.4 0.6
avg X

Figure 4.7 Coexistence condition with Multiple equilibrium points
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new graph is as close to the original one where this new graph AS-733-C has 259 edges with
A(C)=12.26. The ‘upper left’ and ‘lower right’ coexistence fixed points characterize the set
S of all such equilibria, as in Theorem 4.4.4. This can be seen more closely in the inset in
Figure 4.7, where the number beside each fixed point (in red) corresponds to the different
initial starting points (in blue) of the trajectories. Thus, convergence to set S occurs globally
over the state space, but exactly which coexistence fixed point the system converges to
is dependent on the initial point. We are thus able to observe all possible convergence

scenarios from Section 4.4.2, including multiple coexistence equilibria.

4.7 Conclusion

By utilizing the techniques from Monotone Dynamical Systems (MDS), in this chapter, we
show that a generic bi-virus epidemic model with nonlinear infection and recovery rates is
monotone with respect to a specially constructed partial ordering. This monotonicity allows
us to give necessary and sufficient conditions on the non-linear infection and recovery
rates, and thus completely characterize the entire parameter space of the bi-virus system, a
contrast to the usual Lyapunov based approach. We bridge the gap between linear stability
properties and global convergence results (or lack thereof) for the bi-virus model with
nonlinear rates (including the special case with linear rates) in the literature, and succeed
in providing a complete characterization of the trichotomy of possible outcomes for such
competing epidemics - a well known open problem. Our results demonstrate how powerful
these alternative proving techniques can be, compared to classical Lyapunov approaches;
and we note that it may be worth exploring such monotonicity properties in other dynamics
on graphs as well, where competition is a general theme.
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Chapter 5

Bi-SIS Epidemics on Graphs -
Quantitative Analysis of Coexistence

Equilibria

The chapter is organized as follows. In Section 5.1, we give succinct overview on bi-SIS
model with a summary of existing convergence results. Section 5.2 contains our main
results of the chapter, with the proofs deferred to the Appendices. We then provide brief

numerical results in Section 5.3, followed by the conclusion.

5.1 Bi-SIS Epidemic Model - A Primer

5.1.1 Basic Notations

We use lower case, bold-faced letters to denote column vectors v e RY, and upper case,
bold-faced letters to denote square matrices M € RV*N, We denote by A(M) the spectral
radius of a non-negative matrix M. We use diag(v) to denote the N x N diagonal matrix
with entries of vector ve RY on the main diagonal, and 1/0 for all one/zero vectors with
appropriate dimensions. We write [x]; or normal letter x; with index i to represent the i-th
entry of vector x. For vectors, x <ymeans x; < y; forall i; x<yifx<yand x#y, x< y if
x; < y; forall i. Let ¥(./, &) denote a general, undirected and connected graph with its

adjacency matrix A=[a;;], where a;; =1(; ;s forany i, je ¥
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5.1.2 The Bi-SIS Model

We consider the spread of Virus 1 and 2 on overlaid graphs ¥, (¥, §;) and %,(.V, &,) respec-
tively, sharing the same set of nodes ./, but different edge sets &, and &, through which
the respective epidemics propagate.! At any given time, a node i € /" is either susceptible,
or is infected by either Virus 1 or Virus 2. If infected by Virus 1, the node infects one of its
susceptible neighbors with rate 3, >0, where neighbors are determined with respect to the
edge set &, of the graph ¥,(.//, &,). Virus 2 is transmitted similarly with rate 8,>0 through
the edge set &,. Also, infected nodes recover with rates 6,, 0, >0 depending on whether they
are infected by Virus 1 or 2 respectively. We call 7,=f3,/6, and 7,=f3,/8, as the effective
infection rates of two corresponding viruses. The system dynamics are described by the

following set of ordinary differential equations (ODEs):

5(8) =B —x,(0) = yi(0) D ayyx,(£) =81 x:(1),

JjeN

3(8)= B0 = x,(0) = yi(1) D by y;(1)—5,yi(t)

jewN

(5.1

for all i € ./, where x;(t), y;(t) €0, 1] are the probabilities that node i € ./ is infected by
Virus 1 or 2 respectively at any time ¢ > 0. Note that x;(#)+ y;(#) € [0,1] at all time. In a
matrix-vector form, (5.1) can be written as
x = fdiag(1 —x—y)AXx—0:X, (5.2)
y = p.diag(1-x—y)By—0,y,
where A =[a;;] and B =[b;;] are the adjacency matrices of the overlaid graphs ¥%,(./, &)
and %,(./, &,), respectively. We denote by E c [0, 1]?" the set of all possible equilibria of
system (5.2), which trivially contains (0, 0).
The single-SIS dynamics for Virus 1 can be obtained by setting y=0in (5.2), and is given
by
x = f3,diag(1 —x)Ax—0,x. (5.3)

When 7,> 77 =1/A(A), this system converges to a positive equilibrium x* > 0, otherwise

the system converges to 0 [74]. Similarly, single-SIS model for Virus 2 can be obtained

1Using overlaid graphs with different edge sets &, and &, model the different media through which epi-
demics, opinions, malware and other such phenomena propagate.
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by substituting (f3,,0,, B) for (,,0,,A) in (5.3), with its positive equilibrium y* > 0 when
T,>7T5 =1/A(B).

A preliminary result for bi-SIS epidemics [138] is that any virus which fails to satisfy its
respective single-SIS survival threshold will die out in the long run; that is, Virus 1 (Virus 2)
will die out irrespective of the presence of its competing virus if 7, <1/A(A) (7,<1/A(B)). If,
at any given time s > 0, a trajectory of (5.2) enters the sets [0, 1]" x {0} (Virus 2 dies out) or
{0} x[0,1]" (Virus 1 dies out), it remains in that set for all times ¢ > s, and the bi-SIS model
effectively reduces to a single-SIS model corresponding to the surviving virus, whose long
run behaviour is governed by the single-virus convergence criterion as outlined earlier.

The non-trivial case arises when both 7,>1/A(A) and 7,>1/A(B), for which the tech-
niques used to derive the single-SIS convergence criterion no longer apply. Specifically,
both positive equilibria of the related single-virus systems x*, y* > 0 may exist, and it is
only under this scenario when the system can possibly converge to one of (finitely) many
coexistence equilibria of the kind (X,¥) > (0,0). The complete convergence criterion derived
in [41] does include the case when 7, > 1/A(A) and 7, > 1/A(B), and gives the following

additional conditions on 7, T, and the respective outcomes:

(C1) If 7,A(diag(1—y*)A) > 1 and 7,A(diag(1—x*)B) < 1, the bi-SIS system (5.2) converges
to (x*,0);

(C2) If 7,A(diag(1—y*)A) <1 and 7,A(diag(1—x*)B) > 1, the bi-SIS system (5.2) converges
to (0,y*);

(C3) If 7, A(diag(1—y*)A) > 1 and 7,A(diag(1—x*)B) > 1, the bi-SIS system (5.2) converges
to one CE fixed point (X,¥)> (0, 0) in the equilibria set E;

Since our focus is quantitative characterization of CE fixed points, in the rest of this chapter,
we will assume that 7,, 7, always satisfy 7, >1/A(A) and 7, > 1/A(B) and condition (C3),
unless mentioned otherwise.

5.2 Quantitative analysis of the Bi-SIS model

Before presenting our results for the bi-SIS case, we give a bound on the positive equilibria
for single-virus SIS models.
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Proposition 5.2.1. Consider the single-virus SIS system (5.3), and let T, > 1/A(A) withx*> 0
being the corresponding positive, globally attractive equilibrium. Then, we have
17x* 1

<1l-— <x* Zmaxx’ 5.4
N T, AMA) T M ey (54)

This upper bound on the average infection probability 17x*/N in (5.4) has also been
alluded to in [129] as emerging out of the convexity of x* in 1/7, [90]. Here, we present a
formal statement for the bound in the form of Proposition 5.2.1, providing a more direct
proof using the FKG and Jensen’s inequalities in Appendix D, without the need of first
showing convexity via lengthy computations. Our approach also allows us to provide the
lower bound on the largest entry of x*, the second inequality in (5.4).

For regular graphs (with degree d for every node), both the inequalities in (5.4) become
equality since we know from Lemma 7 [130] thatx¥ =1—1/7,d foreach i € ./, and A(A) =d.
When 7, is only slightly larger than the threshold 1/A(A), intuitively speaking, the virus
should not infect a large portion of the network, since it is barely strong enough to survive.
The first inequality in (5.4) confirms this intuition since 17x*/N is still close to zero for such
7,, implying that the virus barely survives in the long run. If 7, is very large, or 1/7,A(A) — 0,
the upper bound of 17x*/N in (5.4) gets closer to 1 and doesn't tell much information about
x*. From (5.4), however, the node with largest infection probability has x* — 1, showing
that the virus has at least infected the ‘weakest’ node in the network that is susceptible to
infection.

We now provide quantitative results for the bi-SIS CE fixed points. A CE fixed point
(X,¥)>(0,0) of system (5.2) satisfies the following equations for each i € A"

Za,] 1) Zb,]y] — Ai_j\/i). (5.5)

jenN JjenN

Analyzing these equations by first trying to show the convexity of CE in the system param-
eters, as done in [90] for the single-virus SIS model, would be infeasible. This is because
the second-order derivatives of the bi-SIS model quickly become intractable due to the
highly coupled nature of the ODE system and its fixed point equations, as seen in (5.2) and
(5.5) respectively. Instead, our approach is to first leverage the underlying monotonicity
properties of the bi-SIS system. Apart from the bi-virus ODE system (5.2) being MDS [41],

i.e., the trajectories of (5.2) preserving the ordering of the initial points, we show in the
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equilibrium in the shaded region is deferred to previous Chapter 4. Green solid-line is the set of
system parameters (71, 75) inside C3 such that they exhibit the same upper bound
(17x+179)/N <(k—2)/(k—1) for k > 2.

following lemma that the CE (which is the limiting state of the system) also exhibits strong

monotonicity with respect to the effective infection rates 7, and 7,.

Lemma 5.2.2. Let (X,¥)> (0,0) be a CE of the bi-SIS ODE (5.2). Foralli € ./, entries X; of X
increase in T, (decrease in 7,), while entries J; of ¥ decrease in v, (increase in 7). That is,

0Xx; 27; ox; 27,
al >0, Y <0, and x <0 _y>

, 0.
ot ot o1, 0T,

From Lemma 5.2.2, we can see that changes in X and ¥, caused by perturbation to any
of the system parameters, are always in the opposite direction. Moreover, changes in both
X; and y; with respect to 7, and 7, are strict. This form of strong monotonicity helps us
establish the following result, which better captures the coupled relationship of X and y

with the system parameters in (5.5).

Theorem 5.2.3. The term J;/(1 — X;) strictly decreases (increases) in T, (t,) foralli € V.
Similarly, the term X; /(1 — ;) strictly increases (decreases) in T, (t,) forallie .V . O

Lemma 1 implies that 1/(1 — %;) increases in 7, due to X; increasing in 7,, while j; de-
creases in 7;. However, their product j;/(1—X;) may not possess any apparent monotonicity

in 7,, depending on the amount of increase and decrease observed by x; and ;. Theorem
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5.2.3 asserts that this term indeed decreases monotonically in 7,, implying that the decrease
in 1— %; is not large enough to offset that of y; for all values of 7, in (C3). Thus, Theorem
5.2.3 is much sharper in capturing the coupled change in entries of X and y as the system
parameters 7, and 7, are varied, and we are able to do this by combining Lemma 1 with
careful analysis of the first order derivatives of the CE fixed point equations (5.5). We have

the following corollary as a consequence of Theorem 5.2.3.

Corollary 5.2.4. Foreachi < ./, we have the inequalities
)/(\,'i < x;‘(l—f/,-), j)i < yl*(l —JACI) ] (5.6)

To understand the implication of Corollary 5.2.4, we consider briefly consider the exam-
ple of competing products (modelled as viruses). Where a new product (Product 1) enters
a market, more often than not, there is another existing dominant product (Product 2)
enjoying its own market share y = y*. Through mechanisms such as marketing techniques,
the Product 1 increases its own influence 7, and eventually gains a foothold into the market
X> 0. From Lemma 1, we can only guess that the market share y would fall below its initial
dominating value y*, but there is not much one can say in terms of quantifying the reduc-
tion in y. From Corollary 5.2.4, we now know that the at each node i € .4, the influence of
Product 1 j; will fall by a factor of at least (1 — ;) compared to its original value of y/*. This
is particularly useful when the competing viruses have access to the information about
each others’ local market share at each node. When this in formation is not available, we
have the following proposition which decouples the complicated relationship between CE

fixed points.

Proposition 5.2.5. Let(X,¥) be a CE fixed point of the bi-SIS system (5.2). Then, the average

number of infected nodes in the network (1*x+17y)/N is upper bounded as

l(1Tf<+1TA)<1— ! (5.7)
N y T AA)+ T, AB)—1° '

Suppose that 7,A(A) and 7,A(B) are only slightly larger than 1, implying (in light of
condition (C3)) that quantities 7, A(diag(1—y*)A) and 7,A(diag(1—x*)B) are also only slightly
larger than 1, and just barely satisfy the coexistence condition (C3) by a small margin. In this
case, the average number of infected nodes (17%+17§)/N must also be small (albeit strictly

positive), as would be expected. Note however that the upper bound in (5.7) holds for much
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larger values of 7., 7, as long as they satisfy the CE condition (C3). For instance in Figure
5.1, the green dash-line represents the set of all possible 7, 7, in the CE condition satisfying
T, AMA)+ 7,A(B) = k such that the upper bound remains the same for all the parameters in
this (level) set. We also note that the upper bound in (5.7) holds for all possible (finitely
many) CE fixed points. In addition, our bound on the CE decouples the cross-dependency
of competing viruses on overlaid graphs, into each of single-SIS on its own graph. This
will shed some light on how to fine-tune the system parameters 7,, 7, or how tho modify
the graph adjacency matrices A, B for some real-world applications, e.g, strategy design in
the medical area in order to control the infection probability of either of two viruses with

limited medical resources.

5.3 Numerical Results
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AS-733-B as overlaid graphs AS-733-B as overlaid graphs as overlaid graphs for Corollary
for Corollary 5.2.4. for Proposition 5.2.5. 5.2.4 with three CE fixed points.

Figure 5.2 Numerical results on the AS-733 graph.

In this section, we present numerical results to assess the tightness of the upper bounds

in Corollary 5.2.4 and Proposition 5.2.5. To this end, we consider an undirected, connected

Table 5.1 System Parameters

7,:0.06~0.22, 7, =0.3173 | A(A)=22.13, A(B)=6.3
7,=0.17,7,:0.15~0.92 | A(C)=6.59, A(B)=6.3
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graph AS-733 from the SNAP repository [79] and generate three graphs with the same 103
nodes but with different edge sets, by modifying the edges of AS-733 while preserving the
connectivity. The new graphs AS-733-A, AS-733-B and AS-733-C have 616, 267, and 297
edges, respectively. Table 5.1 summarizes the range of system parameters, chosen in a way
to ensure that 7, > 1/A(A) and 7, > 1/A(B), i.e., the infection rates never lie in the gray
region in Figure 5.1. We numerically solve the ODE system (5.2) for the chosen parameters
until convergence is observed.

To capture how the upper bounds behave with change in system parameters, we fix
7, and vary 7, in Figure 5.2a, 5.2b. Denote by u(%,y) = (1/N)>., 7;/(1— %;), and »(&,§) =
(1/N )Zi X;/(1—7,). In Figure 5.2a, the range of 7, and 7,values are under the CE condition.
We can see that ¥(X,¥) is increasing in 7, as is expected from Theorem 5.2.3. In addition,
Y(X,¥) gets closer to the average infection probability of Virus 1 in the single-SIS case as 7,
increases because Virus 1 becomes more dominant over Virus 2 and the bi-SIS ODE system
(5.2) behaves similar to the single-virus system. For Figure 5.2b, as 7, increases over the
range of values from the first row in Table 5.1, the system parameters transit from regions
(C1) to (C3) to (C2) of Figure 5.1; Virus 1 dies out for 7, €[0.06,0.072] while Virus 2 survives,
both viruses survive for 7, €(0.072,0.208), and Virus 2 dies out while Virus 1 survives for
7, €[0.208,0.22]. The upper bound (in black line) also captures the trend for the average
probability of being infected by either virus and has good estimation as 7, increases.

Next, we fix 7; and vary 7,, which is given in the second row in Table 5.1, in order to
see how 71,, instead of 7,, can affect u(%,¥) in Corollary 5.2.4. Unlike to Figure 5.2a and 5.2b
that only contain single CE, we use AS-733-B and AS-733-C as overlaid graphs to show the
existence of multiple CE fixed points in Figure 5.2c, which all satisfy (5.6) in Corollary 5.2.4.
The curves in Figure 5.2c also share the similar trend in Figure 5.2a that the upper bound

becomes tight for large 7,.

5.4 Conclusion

In this chapter we have provided, for the first time, quantitative results on the coexistence
equilibria of bi-SIS epidemic models for general graphs. A future direction can include
similar analysis for graphs with special topologies such as star, and line graphs, as well as
cases such as ER random graphs, for which one could potentially obtain tighter results than

those in Section 5.2 which were presented for general graphs.
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Chapter 6
Concluding Remarks

In this dissertation, we first studied how interaction based dynamics can be used for the

design of randomized algorithms on general graphs.

* In Chapter 2, we developed a framework of multiple interacting random walkers,
where interactions were with the density distribution of the walkers over the network. This
enabled us to prove convergence of a suitably scaled version of the density distribution,
to the second eigenvector of any time-reversible Markov chain. Thus, by leveraging non-
linearities induced by the interaction mechanism (typical, non-iteration based Markov
chains can be thought of as linear operators), we are able to design a random walk based

algorithm which converges to a higher-order eigenvector - a first in literature.

* In Chapter 3, we consider random walks which interact with their own past history, of-
ten termed as self-interacting. We show that using self-interacting, specifically self-repelling
mechanisms, which are purely random walk in nature without the need of employing jumps
to distant nodes as is common for many adaptive MCMC procedures, we are able to design
arandom walk procedure that, in the sense of Loewner ordering of co-variance matrices,

performs better in estimating a given target distribution.

Through our research, it is evident that introducing interaction based mechanisms to
randomized algorithms can allow one to better control their convergence, and increase
their utility for algorithm design. The design of non-linear Markov kernels for practical
algorithms is a fairly young field of research, and we believe that the results in Chapters 2

and 3 are still simply scratching on the surface.
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We then turn our attention to existing interacting dynamics on networks which often
have a stochastic interpretation - epidemic models. Specifically, we examine the bi-SIS

model on general, multi-layer graphs.

* In Chapter 4, we provide the complete convergence criterion for bi-SIS models which
allow for the infection and recovery rates to be non-linear, thereby solving an open
problem. We utilize techniques from the theory of monotone dynamical systems,
showing that the bi-SIS system is monotone with respect to a specifically constructed

partial ordering.

¢ Building up on the monotonicity properties deduced in Chapter 5, we provide the
first quantitative results on the behaviour of equilibria of the system, specifically

co-existence equilibria where the two epidemics coexist over the network.

Studying epidemic models as monotone dynamical systems is a departure from typical
Lyapunov function based methods which are commonly used to prove convergence results
for epidemic models. Thus, our results present a case where analysis of the system’s fun-
damental monotonicity properties enables us to provide a more complete set of results
than what can be shown using typical Lyapunov functions, which difficult to construct in

general.
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Appendix A

Appendix for Chapter 2

A.1 Appendix for Section 2.2

A.1.1 Proof of Proposition 2.2.1:

We only show that (2.7) implies (2.9), since the steps relating (2.8) and (2.10) are exactly the
same in terms of algebra. By substituting (2.7) into (2.3), we obtain

Fx(X!Y):Z Z (ei_ej)jSxj+Z Z (e, —e;)Kkx;y;)x; =u+w, (A.1)

ieN jeN,j#i ieN jeN,j#i

where we use u € RY and w € R to denote the two summation terms. Observe that the k™
entry of u can be written as

Uy :Z(l—O)ijxj +[Z(0— I)Qki]xk :Zijxj + QX = Z Qjrx; =[Q"xIy,

Jj#k i#k j#k jeN

suggesting that u = [u;] can be written as u = Q”x. Similarly, the k" entry of w can be
written as

wy = :Z(l —O)Kxjyj]xk +Z(O— 1)(K X yie) x;
J#k i#k
- _Z(l _O)Kxjyf]xk + (K Xk Yie) X +Z(0— D)(K X Vi) X — (K X Vi) X
j#k iZk
= Z Kxjyj]xk_kayk Z x; = KXy X — K Xk Vi
jen ieN
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suggesting that w = [w; ] can be written as w = [kx” y]x—xDyx. Substituting the expressions
for uand win (A.1), we obtain (2.9), which completes the proof.

A.1.2 Proof of Proposition 2.2.2:

For this proof, we make a change of notation. Vectors (x,y) € R*" will now be written as

X] . Similarly, we have
y

F(x,y)=

F(xy)| |Q"—xDy 0
Fxy)] | 0  QT—«D

X X
+ [KXTY][ ]
y y

Denote by || - || the 2—norm for any vector in R?Y, and the induced matrix norm for any
2N x 2N dimensional matrix. Using this notation for any (x,y) € S and (u,w) € S, by the
mean value theorem, there exists a point (a,b) € S on the line segment joining (x,y) and
(u, w) such that

||F(x,y)—F(u,w)||=||1F(a,b)||Hl H“]j A.2)

X
y| (w
where Jz(a, b)) is the Jacobian matrix of F evaluated at (a, b), given by

0 b” +D,D,—D T—D
]F(a,b):[(g Q]+K a allb —Up aa a

bbT—Db baT +DbDa_Da

All elements of the Jacobian matrix are bounded uniformly over the line segment joining
(x,y) and (u,w), which in turn means that ||Jz(a, b)|| is bounded too. Therefore, F : S — RV
is Lipschitz continuous which is necessary and sufficient for the existence and uniqueness
of solutions to (2.11) [62, 91].

A.1.3 Proof of Theorem 2.2.4

Proof. (Theorem 2.2.4) Before the main part of the proof, we borrow some results from

literature which will be used later.

PropositionA.1.1. (Proposition 5.2in[43]) Let Y be a Poisson process with unitrate(i.e. Y (t)~
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Poisson(t) forall t >0). Then foranye >0 and T >0,

P( sup |Y(t)—t|2€)SZeexp(—T-h(e/T))

0<t<T
where h(x)=(1+x)log(1+ x)—
We also state Gronwall’s inequality.

Lemma A.1.2. (Gronwall’s inequality) Let f be a bounded, real valued function on [0, T']
satisfying f(t)<a+b fot u(s)ds forallt €[0, T], where a and b are non-zero, real valued
constants. Then, f(t)<aexp(bt) forall t [0, T].

Observe that since Q;; =—L;; = A; is no bigger than 1 for all j # i and x;, y; €(0, 1) for

all i € 4/ ,we can bound the terms in (2.3) and (2.4), and obtain!

Qr_xy)<n(l+x) and Q. (xy)<n(l+x). (A.3)

yij—i

We now proceed with the main body of our proof.

For a unit rate Poisson process Y (¢), its centered version is given by V()= Y(t)—t for
all £ > 0. Let Yi and Y]Jl' forall i, j € ., j # i be independent Poisson processes of unit
rate. Let Y and Y./ be their centered versions, i.e. Y*(¢)= Y*(¢t)—t and Y (t)= Y (t)—

Jji Ji Ji Jji Ji Jl
forany ¢ > 0.

The continuous time Markov chain {x"(¢),y"(t)};o can be constructed for any ¢ > 0 as

(' (0y"(1) = (x(0)y"0) + > > (<= J QK ()y"(5))ds)
ieN j#i
#2207

) (f Q;/l:j—»i( (), n(S))dS).
ieN j#i 0

Indeed, forany i, j € 4, j#1i,(%5=,0) and (0,
and (2.4), at any instant s €[0, t], these jumps take place with rate Q;’]_)l( ”(s),y"(s)) and

(A.4)

’_ej ) are the admissible jumps. From (2.3)

Qf; P l.( ”(s),y"(s)). The Poisson processes that counts the number of such jumps up till

time ¢ € [0, c>o) are therefore non- homogeneous Poisson processes, which are given by
Vil Qe b1y () and V([ Q5 () y" ()

Ifor Q # —L, the entries are still bounded by some positive constant given by C = max;, jer Qji- Inthis case,
we use C instead of 1 to bound Qj;. The rest of the steps remain the same.
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(A.4) can be rewritten in terms of F, Y]’l‘ and ij (the centered verions of ij and Y]Jl’ ) as

t
(x"(£),y"(1)) = (x"(0),y"(0) +ZZ( : )Y;;(J QL (x"(5)y"(9))ds
ieN j#i
. . (A.5)
+ZZ( 1?{ J Qr_(x"(s)y"(s )))ds+f F(x(s),y(s))ds
ieN j#i 0
Subtracting (2.6) from (A.5) and taking norm yields
"),y () — (x(0), 7)) < ||(x"(0), ¥ (0) — (x(0), y(O))|
f |F(x"(5),y"(s))— F(x(s), y(s))||ds
t
f Q;l]_}l(xn(s)’yn(s)))ds| (A.6)
ieN j#i
+zzH 0 @txy)as
ieN j#i
where the mequality comes from repeated applications of triangle inequality. Note that
H G e’ e e’ 0 H:ﬁ/n.Thus, we can rewrite the above inequality as
1(x"(6),y"(8))— (x(2), y()) || < || (=" — (x(0), y(0)

+f ||F(x"(8),yn(s))—F(x(s),y(s))”ds
]l f Qx ]—»; ! )))ds‘
(f y]—>z( (S),yn(s)))ds‘.

(A1) says [|(x(0), y(0))—(x"(0),y"(0))]| = 0 for all n € N. From (A1), Proposition 2.2.2, and using

lE/V ]7é1

DPRC

ieN j#i
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the bounds from (A.3), we obtain

(" (2),y" (1)) = (x(2), y(0))| SJ M||(x"(2),y"(£)) = (x(2), y(0)) || ds

(A.7)
+ZZ—[ f n(1+K)t’ ’Yy (1+x)t “
€N j#i
Define

en(0)= V2] l?jf(n(1+;<)t)‘+ Aji(n(1+K)t)H (A.8)

forany i, j €./, j#i.This quantity is what we would like to control. Observe that

ne
(OSSI:ET;V; ez e)s ZV; (sup £5:02 =)
ne
P Y(n(1 S

22l e )

=2N(N — l)P( sup |Y(s)> n—e)
0<s<n(1+k)T ﬁN(N— )

€

V2N(N )(1+K)T))'

<AN(N —1)exp (—n(l +K)T - h(

The first inequality comes from the fact that P(Ele X; > 6) < Zle P(Xl- >e€/ n) Applying
the same to 871.( t)in (A.8), which contains two terms (one corresponding to x and the other
to ), gives us the second inequality. The centered Poisson processes Y are written in an
un-indexed manner to emphasize their independence, which gives us the (third) equality.
Finally, last inequality is a result of applying Proposition A.1.1.

Applying Lemma A.1.2 (Gronwall’s inequality) to (A.7), we get

P( sup || x" y”(t))—(x(t),y(t))” > eeMT)

0<t<T

<2N(N —1)exp (—”(1 TR h(zﬁN(N—el)(l + K)T))'
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This can also be written as

P( sup ||(x"(2),y"(1)— (x(2), ¥(1))] = €]

0<t<T

Ee_MT
<AN(N —1)exp|—n(1+«x)T-h
( ) p( (L1+x) (ﬁN(N—l)(lJrK)T))
which is (2.15). Now observe that the above bound is finite and decreasing exponentially as
n increases. Therefore,

> P( sup [|(x"(2),y" (1))~ (x(1),¥(0))|| 2 €] < 00

' ‘o<t
and the almost sure convergence in (2.14) follows from the Borel Cantelli Lemma. This
completes the proof of Theorem 2.2.4. O

A.2 Lyapunov theory and LaSalle invariance principle

In this section, we collect some definitions and results from the Lyapunov theory for non-
linear systems. By the term Flow (or Semi-flow) with respect to some deterministic system,
denoted by a function ® : R x X — X, we mean that ®(x,, ¢) gives the solution to that
deterministic system at time ¢ and starting at x; at time 0 (note that ¢ > 0 always in case of
semi-flows, while ¢t € (—oo,+00) for flows).

Often in literature, the term ‘Lyapunov function’ V : X — R is defined as a non-negative
function, with V(0)=0and d(V)/dt <0 for any x € X, x # 0. This is useful for analyzing
systems with only one fixed point that can be easily translated to the origin 0 € X without
loss of generality. However, our ODE system (2.18) consists of multiple fixed points. The

results we state below are accordingly adjusted to cover such general cases.

Definition A.2.1. (Section 3 in [10]) Consider a flow® :R x X — X contained within some
set X. A point in z € X is a fixed point of the flow ® if®(¢t, z) = z for all time t > 0. A function
V : X = R is called a ‘Lyapunov function’ if

(i) V is continuous over X,

(ii)) V(p(t,x)) < V(x)forall x € X and t >0 (negative semi-definiteness),
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(iii)) If V(y(t)) = ¢, where c is some constant, for some periodic oribit Y (t) forall t € R,
then Y (t) is actually some fixed point x of the flow ¢ .

Such Lyapunov functions can be used to prove convergence of a flow induced by a
system of ODEs using the following famous theorem.

Theorem A.2.2 (LaSalle’s invariance principle). (Theorem 3.1 in [10], Chapter 5 in [132],
Chapter 3in[115]). Let V : X — R be a ‘Lyapunov function’ for some set X and flow ®. Let
v*(x) denote the forward (in time) orbit of the flow ®(:, x), i.e. starting at x. If y*(x) is relatively
compact, and all fixed points of ® are isolated, then for all x € X, ®(t, x) — z for some fixed

point z.

To help characterize fixed points of the system, we give the definitons of Lyapunov
stability, and then state a theorem that helps characterize the stable and unstable fixed

points in terms of the Lyapunov function V : X — R.
Definition A.2.3. (Stable, unstable and asymptotically stable fixed points).

(i) Afixed point z € X of a flow ® is stable’ if for all € > 0, there exists a 6 > 0 such that for
anyxeX,||lx—z||<o = ||®(t,x)—z|| <€ forallt >0.

(ii) A fixed point z € X of a flow ® is ‘unstable’ if it is not stable.
(iii) A fixed point z € X of a flow ® is asymptotically stable’ if it is stable and there exists a

0>0suchthatxeX,||x—z||<d = ||®(t,x)—z||—0ast — co.

Theorem A.2.4. (Theorems 4.1 and 4.2 in [10], Chapter 5 in [132], Chapter 4 in [115]). Let
z € X be an isolated fixed point of flow ®, and let V : X — R be a Lyapunov function. Let
r*(x) be relatively compact for any x € X with y*(x) bounded. Then,

(i) z is asymptotically stable’ if there exists a 6 > 0 such that V(x)> V(z) forany x € X
where||x — z|| < 0, implying that z is a local minimizer of V.

(ii) z is ‘unstable’ if it is not a local minimizer of V, i.e. for any € > 0, there exists an x € X
such that||x—z||< e and V(x)< V(z).
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Appendix B

Appendix for Chapter 3

B.1 Appendix for Section 3.3

Proof of Proposition 3.3.2. To show that 7(x) in (3.6) is indeed a stationary distribution,
it is enough to check that (7(x), K[x]) satisfies the balance equation, that is 7;(x)K[x];; =
7;(x)K[x];; forall i, j € 4 and x € Int(Y). Indeed, for 7(x) and K[x] given by (3.6) and (3.4)
respectively, we have

A\ u .
T (X)K[x];; = (;_t) keﬂalk(;_l’z) a;’/’(‘%)a
S T e @) @) Dean@)”
menN neN
x: % 4
GRS NNy
S ann (i) (@) Seanli)”
menN neN
= 7, (0K x5,

forall i, j € .4/, where the third equality follows by using a, ; = a;; and rearranging the terms.
Moreover, since the underlying graph is connected, A is an irreducible matrix, and so is K[x]
since it shares the same sign structure as A for all x € Int(X). The uniqueness of 7(x) then
follows from the Perron Frobenius theorem for non-negative, irreducible matrices. O
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B.2 Appendix for Section 3.4

First, we introduce Hilbert’s projection metric on the cone Rf .

Definition B.2.1. Foranyx> 0 andy> 0, let

M(x;y)=inf{f >0; x< By} :m_axﬁ,
and

x.
m(x;y) = sup{a>0; x> ay}=min—.

Then, the Hilbert's projective metric dy(X,y) is given by

m(x;y) ViXj

log( M(X:y)) — Irilﬁgxlog( % ), ifx,y>0

A

dy(x,y)=1 0, ifx=0,y=0 (B.1)

0o, otheruwise.

Proof of Lemma 3.4.1. Let h(x) = [h;(x)];c v, where

4 NEANE -
h,.(x)_Za,j(di) (dj) . (B.2)

Then, 7t;(x) = h;(x)/17h(x) for all i € 4. For vectors in RY, let (>,>,>) be the cone ordering
induced by the positive orthant RY. Then, observe that we have the following properties
for h(-):

e h(x) > h(y) for any x <y, where x,y> 0, (order reversing)

e h(Ax)=A"?¢h(x) for any x>0, and a<€[0, 1/2). (—2a-homogeniety)

A

Now, let ¢; = m(x;y) and let ¢, = M (x;y). By definition, we have
Yy <x< oy,
and due to the order reversing nature of h(-), we have

h(¢,y) > h(x) > h(c,y).
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From the —2¢-homogeniety of h(:), we have
¢, **h(y) > h(x) > ¢, **h(y).

Since r(x) = h(x)/1 7 h(x), and from the upper bound c 2ah(y) > h(x) in the previous equation,

we have 1 Thy) hy) h(x)
—2a _ —2a y X _
@ The) VTG Trhg 2 17heg

Performing the same steps using the lower bound h(x) > ¢, **h(y) and combining with the
above equation, we can obtain

—2a 1 Th(Y)

C —2a 1 Th(Y)
1 1Th(x)

ny)=n(x)>c, 17h(x)

7o(y) (B.3)

We now have (x) 17h(y)
' _ Ti\X —Za—y
M(ni(x); n(y)) = max 7.(y) =67 Th(x)’

and
ﬂ-i(x) > —2a lTh(Y)

Ty~ ? 1Thx)

where the inequality comes from the upper bound in (B.3). Thus, we have

iy (), 7(y) = 10g(w) < log( C)

m(n(x); t(y)) c,

m(7(x); 7£(y)) = min

|—2a
c M(x;y)
=lo 2—):|—2(le10 ( )=|—2a|d x,y),
g( oy Smixy) ey

where the third equality is because —2a < 0, and the fourth equality comes from the def.
of ¢, ¢,. m(x) is a strict contraction for a € (0,1/2). The uniqueness follows from Banach
contraction principle.

]

Proof of Lemma 3.4.2. We use the notation [ﬁ]_a to denote a vector with the i’th entry
being [;—i]_a, for any a € R. For any vector ve R, we will occasionally use the notation [v];

to denote its i’th entry. Taking partial derivative of the Lyapunov function with respect to

WCEN

Xx;, we have
aV(x) _ —2a

ox;  d;
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Taking derivative of V(x) along trajectories of the ODE system (3.8), we get

%V(x): i aavg)%=—2aieﬂ(dii[%]_a_l[A[g]a]j)-(m(x)—xi)
e (ala] M) (mla] PRI
w2l ) (TR o)

—2a
-7 ;B,-(x) + Cy(x), (B.5)

o= [l )] ) (G D)

ci(x):(dii[gi]‘“‘l :A[g]‘“]i)-mmx,.).

Define a random variable Z(x) which takes values Z;(x) = dii [ﬁ—i]_a_l [A[ﬁ]_a]_ with proba-

where

and

bility x;. Then, we can see that

o= 3] T ] T )<
and as a result,

ZB(X Zz 2x, =E[Z(x)]. (B.6)

We can similarly write ), C;(x) as
g;’ci(xh—wx)zi[ﬁ]_a_l[A[g]_a]i-xi
~(Zalal” [AE]‘“L-xk)(;ﬂ%z]‘“” AET])
(Z Z,(x) xk) (ZZ(X ) E[Z(x) (B.7)

111



Substituting (B.6) and (B.7) in (B.5) gives us

d 20
= V(x)= V) ;Bi(x) +CG(x)=

—2a
V(x)

—2
(E[Z(x]~E[ZX)]) = ——=Var[Z(x)] <0. (B.8)
V(x)
To show that the equality is only achieved at the fixed point, all we need to show is that
Var[Z(x)] =0 <= x=7(x). The Variance term is zero ifand only if Z; = Z; for all i, j € .,

that is

il Parl=ala] Wary e
— mi(x) _ 7 ;(X)
X; X;

for all i, j € 4, where (B.9) comes by rewriting the form for Z; as w(x)r;(x)/ x;. Equation

(B.9) is true if and only if 7;(x) = x; for all i € .4, which completes the proof. O

Proof of Theorem 3.4.3. Observe that trajectories {x(¢)},5, starting from any x(0) € Int(X)
are relatively compact and bounded, since the flow of the ODE system (3.8) leaves the
probability simplex positively invariant. Then, the global stability of d € Int(X) follows
by application of Lemma 3.4.1, Lemma 3.4.2, and Theorem A.2.2 (LaSalle’s Invariance

principle). [

Proof of Proposition 3.4.4. Let h;(x) as in (B.2), for allx e Int(X), and let g(x) = >, _ , I (X).

Then, for f;(x) as in (3.9), we have
h;(x)
(X)) = —=, (B.10)
fix) e

for all i € 4/ and x € Int(X), and its partial derivatives follow

osin)_ £ e
ox; g(x)?

(B.11)

To deduce %f%fjx) q We evaluate each quantity the above equation evaluated atx=d, and
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then substitute them back in the above expression. We have

h;(d) = deg(i), Vie,
g(d)=> deg(i)= D,
ieN
3 hy(x) a (xi )—“(xj) “a (xl )—2“ s ag .
_ = —— al —_— —_— — ii __aD_a_) VZEW)
3Xi x=d X; ]EZJV J dl dj i dl x=d di
ohx)| = «a x\ o ay; .
3X]- x:d_ xjaij(di) (d]) :d_ adj» VZ#JEW)
o 2 AT E AN .
8 __“ a; (ﬁ) (—]) =—2aD, Yie.
oX; x=d Xi =% d; dJ x=d

of y
fi) =2ad;,—«a a”. —a—1, VieN,
1% & d deg(i)
2 fi(x) a;j .
l_a ~—Q, Vl EJV,
ox; | g deg(j) 7

and by rewriting the above in matrix form, we get
J(@)=2adl” —aAD ™ —(a+ 1)1 (B.12)

which is the same as (3.11).
We now prove the eigenvalue result in (3.12). Recall that AD™! = K™ since A is a

symmetric matrix. For each u; for i € {1,---, N}, we have
J(@) u; =2ad1”u; —aK™ w; — (@ + Du;.

When i = N, thatis u; =uy =d, then we have d17uy =uy1’d=d =uy, and K™ uy = uy,

and so the above equation becomes

J(@) uy =R2a—a—a—1uy =(—1)uy.
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When i # N, we have d1”u; =dv] u; =0, and K™ "u; = A,u;, and we similarly have

Similar steps follow when we start from v J(a)" instead, and uy =—1, y; = (a(-1—2;)—1)
foralli € {1,---, N —1} are the eigenvalues of J(a) with u; and v; being the corresponding
left and right eigenvectors. Since (—A; —1)<0forall i € {1,---, N —1}, u;’s follow the same

ordering as A;’s and this completes the proof. ]

B.3 Appendix for Section 3.5

Proof of 3.5.2. The proofis divided into two parts, the first one for showing almost sure
convergence, and the second part for proving the CLT result.

1

Almost sure convergence: The term .-

in (3.5) is the step-size of the SA sequence, some-

times denoted by 7,, for all n > 0. We prove our first order result for step size sequence

{Yn }nZO satisfying

Bl Y ri=00,and Y y** < oo for some € €(0,1).
k>0 k>0

The above assumption is only slightly stricter than the typical one where € =0, such as A4
in [47] and (D) in [37], and we show that € need only be very small. Therefore in practice,
B1 is nearly indistinguishable from A4 in [47] and (D) in [37]. For our choice of step-size
v, =1/n+1, there exists € > 0 small enough such that (y,, €) satisfy B1.

We first introduce a sequence {¢, } where ¢, = 27/2 for some 0 €(0,1) (and thus 2y, < ¢,).
The condition for acceptance of x,, 41 can then be rewritten as requiring ||x,, e & l<e.,
alongwithx, 11 €Ay, where the former is trivially satisfied since [|x,, 117Xy <y ll0x,, =, <
2y, < e, . With this modification, update rule (3.5) is then a special case of the general SA
algorithm described in Section 3.2 in [7]. The rest of the proof will then be checking that
the assumptions required for applying Theorem 5.5 in [7] are satisfied.

Assumption (A1) in [7] is satisfied with V' (x) in (3.10) as the choice of Lyapunov function.
Al(i)-(iv) in [7] all follow from Lemma 3.4.2, coupled with the fact that x* = d € Int(X) is the
unique fixed point; the set of equilibria £ = {d} is a singleton and therefore a closed set
with non-empty interior, and the constants M, and M, can be any real numbers such that
V(d)< My <M, <o0.
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Assumption (A2) in [7] is naturally satisfied by the construction of our SA algorithm,
since K[x] is irreducible for any x € Int(X).

We now check the set of assumptions (DRI) in [7]. The condition (DRI1) is satisfied by
any ergodic Markov chain [cite], and therefore also by K[x] for any x € % C Int(X) with
V(i)=1forall i € &, where % is any compact subset of Int(X). Condition (DRI2) when
translated to our setting requires checking for any compact ¢, ¢ C Int(X) that

sup||6;—x|[<C, and  sup |ly—x|["lly-xl<C,

xex xyex xx’
for some C €R and f €0, 1]. This clearly holds true with C, =2 and = 1. The condition
(DRI3) when translated to our setting requires showing for any (x,y) € # x ¢ that there
exists C, € R such that

IK[xJu—Klylull < G, |lulllx—yl”, VaueRY,lull < co.

This is again clearly holds with =1 and for some C, < 00, since K[-] is not just continuous
but also Lipschitz in any compact subset of Int(X). Thus, update rule (3.5) satisfies (DRI)
which implies (A3) in [7].

In order to satisfy (A4) in [7], we need to show that the sequences {y,},o and {¢,},>o

are non-increasing, positive, and satisfy Z >0 Tk =09, limy_,, &, =0, and

Z{yi +reet (e 1)} < 0.

k=0
Here, we canset0<a < 3 =1 and p > 2 (these can be deduced from the drift conditions
(DRI), as discussed in Section 6 of [7]). By setting ¢,, = 27/?2 for some small 6 € (0,1), the

condition boils down to choosing a € (0, 1) such that

Zyi‘s“ < 00.!

k>0

By setting € =1—aé > 0 in assumption B1, we can see that (A4) in [7] is satisfied. Note that
ao can be chosen to be very close to 1, which implies that in practice, B1 is no stricter than

the square suitability assumption typically found in SA literature.

!This implies summability of y5 term, while that of the (¢,'y,)” is ensured by setting p > 2 to a large
enough value.
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We can now apply Theorem 5.5 in [7] to obtain the almost sure convergence.

Central Limit Theorem: From Theorem 5.4 in [7], the number of truncations are always
finitely many. Therefore, there exists some 7, > 0 such that the sequence {x,},,, satisfies
the original update rule (3.8). Then, it suffices to show that assumptions (C), (D) and (MS)
in [37] are satisfied and apply Theorem 25 therein to prove our CLT result.

Our choice of step size, 1, = ;15 satisfies >, . 7y, =00 and Y, . 7% < 00. Besides,

11 _(n+3)—(n+2)< 1
n+2 n+3 (n+2)(n+3) ~ (n+2)2

Yn—Yn1=

Then, we have ZneNo 17— il < EneNO 1/(n+2)? < 00, and (D) in [37] is satisfied.

Since our mean field F(x) is differentiable everywhere in Int(3>) and therefore continu-
ous, it is Lipschitz for all compact subsets ¢ C Int(X), and thus also Lipschitz over some
neighborhood of d € Int(X). Moreover linear stability of d follows from the global stability of
shown in Theorem 3.4.3, and all eigenvalues of J -(d) have negative real parts. This ensures
that (C) in [37] is satisfied.

Now, since K[x] is irreducible for all x € Int(X), the semigroup {e‘®*-1} . of the related
CTMC kernel K[x]—1I converges exponentially towards 171(x)” (geometric ergodicity). Thus,

for all x € Int(X), or equivalently for all x € ¢ for any compact % C Int(X), the matrix

Qx]= f (e _17(x)")d ¢
0

is well defined. Moreover, it solves the Poisson equation, that is

oo

(I—K[x])Q[x] = f (I—Kx]))e " ) —(1—K[x])17(x)" ) d ¢
0
~ =I-1xx)"

[eo]
— f (1— K[x])e—t(I—K[x])d r=I— lﬂ(x)T —[— o !(KXI-D
0
0

where the last inequality is because —e "®*I=D the semi-group operator of an ergodic CTMC.
The solution of the Poisson equation Q[x], as well as the state dependent update (matrix)
I—17(x)?, have bounded entries for all x € ¢ C Int(X), which implies that

s;'{/UPNIIQ[VJC]Teillz +HII—172(x)") el = [1Q[vx].ill, +118; — 2|, < 0.
XeA ,lE.
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Moreover, since K[x] and Q[x] are continuous, they are also Lipchitz in .. Thus fore each
A, there exists a constant C,, such that for any x,y€ .7/,

sup I IKIx]QIx]]. ; — [KIylQIyIL; ll2 < Cx lIx—ll..

e

With this, we satisfy (MS) in [37] and can apply Theorem 25 therein to obtain the CLT result.
To obtain the closed form of U, we first provide Lemma 6.3.7 in [27]), but re-written for

vector-valued functions instead.

Lemma B.3.1 (Lemma 6.3.7 in [27]). Let {X;};>¢ be an ergodic Markov chain (reversible)
with finite state space [n), transition probability matrix P and stationary distribution . For

any functionf:[n]— R4, we have
U (f) = 2F" diag(r)ZF —F" diag(n)F—F nn'F, (B.13)

where U(f) is the asymptotic covariance matrix for function f, matrix F is given by F =
[f(1),--- ,f(n)]?, andZ=(1—P+1x")"'. Moreover, sinceP is reversible, we have (equation 6.34
in[27])

F'u,u/F, (B.14)

whereu,. are the left eigenvectors of P withu,, = .

For our update rule (3.8), we have F=1—1d”.? The asymptotic covariance matrix U is
the same for all a > 0, since is given with respect to F and the transition kernel P =K[d] =

K" = D'A (that is ¢ = 0 case), which means that 7 = d. Thus, we can write down U as

N-1 N-1
B 1+ A T ™ _ 1+, T
U—kzzgl_kk(l—dl)ukuk(l—ld )_gl—ak“’““k (B.15)
where the last equality is because uy =d and vy, =1, and since u;v; =0 for all i # j. ]

Proof ofProposition 3.5.3. Proposition 3.4.4 allows us to write down the spectral decom-

position of e /U(@+1/2) 3

N—1
e [0@)+1/2) _ Z et(u,-+1/2)uiviT e Ve + el )—-1/2) IVZ"- (B.16)
ie N i=1

2The map f can be thought as a function to be estimated by sampled at X,,,, and corresponding to the
update rule evaluated at x,, =d, thatis, Fx . =f(X,.)=6x  —d.
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Substituting (B.15) and (B.16) in (3.16), we get
N—-1 1+Ak N—-1
_ —2;)-1/2) T T —1/2 T (a(-=1-2;)}-
V(a)—(e uyv +Ze uivi)( 4 I—Akukuk)(e quN+Zeta

1 N-1 N—1
1+ A
- e A2y vt kukuz e 1720712y y T
i\ 1=, 2 i
k=1 i=1

I
®

where all the equalities follow from orthonormality of the left and right eigenvectors.

For any vector x € RY, we then have

N-1

1+ A; 1+7L
2t(a(=1-A;)-1/2) = " 7+ T E 2t(—1/2) i T
X e llll X< XUUX X VOX,

i=1

where the inequality is because A; € (—1,1), and asaresult, a(—A;—1) < Oforalli € {1,--- ,N—

1}. In fact, the ordering is monotone in ¢ > 0. This completes the proof. O
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Appendix C

Appendix for Chapter 4

C.1 Basic Definitions and Results from Matrix Theory

We first provide some well known results surrounding irreducible square matrices.

Definition C.1.1. [89] A square matrix A is reducible if there exists a permutation matrix P
such that PTAP is a block diagonal matrix. If no such permutation matrix exists, we say that
A is irreducible.

One way to check if a matrix is irreducible is by observing the underlying directed graph,
where there is an edge between two nodes only if a; ; # 0. The matrix A is irreducible if and

only if this underlying directed graph is strongly connected.

Definition C.1.2. [23] A M-matrix is a matrix with non-positive off-diagonal elements with
eigenvalues whose real parts are non-negative.

We use the following well known result for non-negative, irreducible matrices heavily
throughout the chapter.

Theorem C.1.3. (Perron-Frobenius)[89] Let A be a non-negative, irreducible matrix. Then,
AA) is a strictly positive real number, and the corresponding eigenvector v where Av = A(A)v
is also strictly positive. We call A(A) > 0 and v>> 0 the PF eigenvalue and PF eigenvector of
the matrix respectively.

The following result is on irreducible M-matrices.

Lemma C.1.4. [23] Given an irreducible and non-singular M-matrix M, its inverse M~ has
strictly positive entries.
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C.2 Definitions and results from ODE literature

We use the following definitions and results from the ODE literature throughout the chapter.

Definition C.2.1. The flow’ of a dynamical system in a metric space X isa map ¢ : XxR— X
such that for any x,€ X and all s, t € R, we have ¢y(x,)=x, and ¢ (gbt(xo)):qbﬁs(xo).

Definition C.2.2. Aflow ¢ : X xR — X is positively invariant in set P C X if for every x, € P,
¢.(x0)€P forallt>0.

Definition C.2.3. Given a flow ¢, an ‘equilibrium’ or a fixed point’ of the system is a point
x* € X such that {x*} is a positively invariant set. For the ODE system x = F(x), we have
F(x*)=0 at the equilibrium.

For an equilibrium point x* € X we say that the trajectory starting at x, € X converges to x*
iflim;_,, ¢,(xy) = x*. The following result is true for stable fixed points of the ODE system
from Definition C.2.1.

Proposition C.2.4. [100] LetJF(x,) be the Jacobian of the ODE system evaluated at a fixed
point x, and assume it to be an irreducible matrix. Let A(JF (x,)) < 0 and suppose the cor-
responding eigenvalue v is strictly positive (v>> 0). Then, there exists an € > 0 such that
F(xo+1rv)<O0 forallr €(0,€] and F(xy+ rv)>0 forall r €(0,—€]'.

C.3 DFR Processes as Non-Linear Recovery Rates

In this appendix, we form the connection between failure rates from reliability theory [106],
and the infection duration at any node in SIS type epidemics. To this end, we start by

formally defining the term failure rate.

Definition C.3.1. [106] Let T > 0 be any continuous random variable with distribution
F;(s)=P(T < s), and density function f;(s) for all s > 0, with Fy(s)=1—F(s)=P(T > s).
Then, the failure rate at any given time s > 0 is defined as

2 fT(S)

rr(s) F(s) (C.1)
T

!In other words eigenvector v is tangent to the stable manifold of the ODE system at the stable fixed points
Xg.
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Wesay T has a decreasing/increasing failure rate (DFR/IFR) if r(s) is a decreasing/increasing
function of s > 0.

When T is the lifetime of a system, the DFR case corresponds to the system aging
negatively. This means that as time elapses, the residual time (time till the system fails) is
more likely to increase rather than decrease. T could also have an interpretation in the
context of node recovery. For the linear SIS epidemic model as in (4.1), consider an infected
node i € .4 and define T = time taken for node i to recover (random), with f;(s) and F;(s)
as in Definition C.3.1. Loosely speaking, we can ignore the infection rate terms in (4.1) to

take a closer look at the recovery process via the ODE
J'C,-(S)=—5x,-(s), (CZ)

with the initial condition x;(0) =1 (implying that node i is last infected at time s =0). The
ODE (C.2) has an exact solution for all s > 0, given by x;(s) = e~°*. This solution allows us
to interpret x; as the cumulative distribution function (CCDF) of an exponential random
variable? with rate § > 0. Using this interpretation, we have x;(s) = P(T > s) = F;(s), and
—x;(s)= fr(s). (C.2) can then be rewritten as

—X;(s)

rT(S): x-(S) =0,

for any s > 0. T is thus exponentially distributed, and has a constant failure rate (it is both
DFR and IFR).

We now consider the case where the random variable T is defined for the more general
SIS epidemic model with non-linear recovery rate g;(x;) for node i. Ignoring the infection

rate terms in (4.5) like before, we obtain
xi(8)=—q; (x;(s)), (C.3)

retaining the previous interpretation of x; as the CCDF of T'. This can be further rearranged
to obtain an expression for the failure rate as

—x;(s) _ qi(x;(s))
x;(s) B x;(s)

rr(s)=

2When T ~ exp(§), we have F;(s)=P(T > s)=e %,
*Note that this is the special case where g; is only a function of x;, not of x; for neighbors j of node i.
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for any s > 0. From Definition C.3.1 we know T is DFR if r;(s) is decreasing in s > 0.

Supposing ¢; is such that T is indeed DFR, log(r;(s)) is also decreases in s, and we get

qi(xi($))x;(s)  Ki(s)
q(x;(s)) x;(s)

d

| —
s og(rz(s))
where g/(x;(s)) denotes the derivative with respect to x;. Since ;(s) = —¢q;(x;(s)) from
(C.3) and g;(x(s)) = 0 from (A3), rearranging the previous equation gives us following the
condition for T to be DFR

x:4;(x;)— q;(x;) > 0. (C.4)

In (C.4), the (s) notation has been suppressed for clarity. Since g;(0) =0, the convexity of g;
with respect to x; implies (C.4).

Roughly speaking, the DFR case (which also includes linear recovery rates as in (4.1)) is
a subclass of recovery rate functions ¢;(x) satisfying assumptions (A1)-(A5). Even though
the above steps may not be exact, they provide intuition on how infections which fester

and grow worse with time form part of our modelling assumptions in Section 4.2.

C.4 Results from MDS and Cooperative Systems

Definition C.4.1. [57, 116, 119] A flow ¢ is said to be monotone if for allx,y € R" such that
x<gyandanyt >0, wehave ¢,x) <y ¢,(y

If the flow represents the solution of an ODE system, we say that the ODE system is co-
operative.

Definition C.4.2. Consider the system (4.9) and letJF (x)= [d fix)/dx; ] be the Jacobian of
the right hand side evaluated at any pointxeR". We say that (4.9) is an irreducible ODE in
set D eR" if for allx € D, JF(x) is an irreducible matrix.

Definition C.4.3. [116, 118, 119] The flow ¢ is said to be strongly monotone if it is monotone,
and for allx,y e R" such thatx <y y, and time t >0, we have ¢ ,(x) <. ¢,(y).

Theorem C.4.4. [116, 118, 119] Let (4.9) be irreducible and co-operative in some set D C R".

Then the solution ¢ (restricted to t > 0) is strongly monotone.

As part of the main result of monotone dynamical systems, trajectories of strongly

monotone systems, starting from almost anywhere (in the measure theoretic sense) in the
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state space, converge to the set of equilibrium points [58, 121, 63, 119]. However, often the
systems are strongly monotone only in the interior of the state spaces instead of the entirety

of the state space. In such cases, the following results are useful.

Proposition C.4.5. (Proposition 3.2.1 in [118]) Consider the ODE system (4.9) which is coop-
erative in a compact set D C R" with respect to some cone-ordering, and let <, stand for any
of the order relations <y, <y,<g. Then, P,={xeD | 0<, F(x)} and P.={xeD | F(x)<,0} are

positively invariant, and the trajectory {(pt(x)} for any pointxe P, orxeP_ converges to

t>0
an equilibrium.

Theorem C.4.6. (Theorem 4.3.3in [118]) Let (4.9) be cooperative (with respect to some cone-
ordering <y ) in a compact set D C R" and letx, € D be an equilibrium point. Suppose that
s =MJF(xy))> 0 (i.e. X, is an unstable fixed point) and there is an eigenvectorv:> 0 such
thatJF (x,)v= sv. Then, there exists €, € (0, €] and another equilibrium pointx, such that

foreach r €(0, €], the solution ¢ (x,) has the following properties:
(D X, <x @, (X)) @1, (X)L X, for any 0< 1, < 1,.
2) do,x,)/dt >0, foranyt > 0.

3) ¢:x,)—x,,ast— o0.

C.5 Proofs of the results in Section 4.3

Proof of Proposition 4.3.3. To prove that system (4.6) is co-operative with respect to the
positive orthant, we show that it satisfies Kamke’s condition in (4.10). Differentiating the
right hand side of (4.5) with respect to x;, we get

2 f,(x) 2fi(x) dqx)

ax]' ( XI) 3x] 8x]

This corresponds to the (i j)'th off-diagonal entry of the Jacobian J z(x) evaluated atx € [0, 1]V.
It is non-negative for any i # j € A since (1 — x;) > 0 and due to assumption (A3), and the
ODE (4.6) is therefore co-operative in [0, 1]V with respect to the regular cone ordering.
From assumption (A3), Jz(x); ; is also strictly positive for any x € (0, 1)N whenever a; i>0.
This means that Jz(x), and as a consequence the ODE system, is irreducible for any x €
(0, 1)V, O
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To derive the convergence properties of the non-linear S1S model, we make use of a

result form [72], rewritten below in a simpler form suitable for our setting.

Theorem C.5.1. (Theorem 4 in [72]) Consider a generic ODE system (4.9) invariant to some

subset S CRY, and let] stand for its Jacobian matrix. Suppose that:
(C1) f;(x)=0 forallx>0 with x; =0;

(C2) forallx>0inS, a €(0,1), it satisfies J5(x);; < Jp(ax);; for alli, j € N, with strict

inequality for at least one pair of i, j;
(C3) forallukwins, it satisfies J (w) < Jz(u);

(C4) itis co-operative in S with respect to the regular ordering relation, and irreducible in
IntS).

Then, exactly one of the following outcomes occurs:
(i) ¢.(x) is unbounded for allx € S \ {0};
(ii)) ¢,(x)—0ast— oo, forallxe S\ {0};

(iii) There exists a unique, strictly positive fixed pointx* > 0 such that ¢ ,(x) = x* as t — 00,
forallxe S\ {0}.

We now use the above to prove Theorem 4.3.4.

Proof of Theorem 4.3.4. We prove Theorem 4.3.4 by showing that it satisfies conditions
(C1)-(C4) of Theorem C.5.1, and then performing stability analysis to evaluate conditions
for each of the three possible outcomes therein.

From Proposition (4.3.3), we know that (4.6) already satisfies (C4). The right hand side
of (4.5) satisfies (C1) because g;(x;) =0 when x; =0, and because (1 — x;) and f;(x) are all
non-negative for any x € [0, 1]V. To check whether (C2) and (C3) is satisfied, observe that
from assumptions (A2)—(A5), we have

Jr(u) > J (W) (C.5)

Jo(u) <Jpo(w) (C.6)
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for all u <w.* Here, ], is a diagonal matrix since dq;/0x; =0foralli # j €.V
Denote by Jz the Jacobian matrix of system (4.6). Note that for any point x€[0, 1]V, we
have
J(x) = diag(1 —x)J ¢ (x) — diag (F (x)) —Jo(x) (C.7)

Combining the above with (C.5) and (C.6), we have for any points u < w that

J(u) = diag(1 —u)J x(u) —diag(F (u))—Jo(u)
> diag(1—w)J(w)—diag(F (u)) —Jo(w)
> diag(1—w)J(w)—diag(F(w))—Jo(w)

= IF(W)r

where the first inequality is due to (1—u) > (1—w) and (C.5) and (C.6). The second inequality
is from the non-negativity and monotonicity assumptions (A2) and (A3) implying F(u) <
F(w). Since Jz(u) > J z(w) for any u < w, this is enough to satisfy both conditions (C2) and
(C3).

Since system (4.6) satisfies (C1)-(C4), Theorem C.5.1 applies. Since the system is invari-
antin [0,1]", which is a bounded subset of R, outcome (i) of Theorem C.5.1 never occurs.
From assumption (Al), the vector 0 =[0,---,0]” (the virus-free equilibrium) is always a fixed
point of the system. We now find conditions under which trajectories of (4.6) starting from
anywhere in [0, 1]V \ {0} converge to either zero, or to a unique strictly positive fixed point
(outcomes (ii) and (iii) in Theorem C.5.1 respectively), by check the stability properties of
the system.

The virus-free fixed point zero is unstable [100] when A(J z(0)) = A(J z(0)—J ;(0)) < 0. Under
this condition, outcome (ii) in Theorem C.5.1 is not possible, and there exists a unique,
strictly positive fixed point x* > 0 which is globally asymptotically stable in [0,1]V \ {0}.
Conversely when zero is a stable fixed point, that is when A(Jz(0)) = A(Jz(0)—J(0)) > 0, it is
globally attractive. 0

“Here, the ordering between matrices M® < M” means M?j < Mf’j with the inequality being strict for at
least one pair of i, j.
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C.6 Proofs of the Main Results

Throughout this Section, we use ¢,(X,,y,) to represent the solution of (4.8) at time ¢ >0,
starting from (x,,y,) € D. We will need the following results to prove the theorems from
Section 4.4.2.

Proposition C.6.1. Starting from any point D \ {(0,0)}, trajectories of (4.8) converge to the
set
Z = {(u,w)€ D | (0,y") <x (u,w) < (x*,0)}.

Proof. For any (r,s) € D \ {(0,0)}, there exists points x,y € [0, 1]¥ such that (0,y) <g (r,s) <g
(x,0). Then, from Definition C.4.1 of a monotone system, we have ¢,(0,y) <x ¢,(r,s) <g
¢.(x,0)forany ¢t > 0. Since ¢,(x,0) — (x*,0)and ¢,(0,y) — (0,y*), we get (0, y*) <y lim,_,o, ¢,(r,s) <g

(x*,0). Thus the trajectory {¢ ((r, s)} converges to Z, completing the proof. O

>0

Since the set Z depends on x* and y*, the fixed points of systems (4.13) and (4.14), and
we can determine when these fixed points are positive or zero, Proposition C.6.1 helps us
to quickly point out a subset of the state space to which trajectories starting from any point
in D\{(0,0)} converge.

Proof of Theorem 4.4.2. When A(J;(0)—Jz(0)) <0 and A(J5(0)—Js(0)) <0, we know from
Theorem 4.3.4 that x* = y* = 0. Therefore, trajectories of (4.8) starting from any point in
D\ {(0,0)} converge to the set Z = {(u,w) € D | (0,0) <y (u,w) <x (0,0)} = {(0,0)}. Hence, the

virus-free equilibrium is globally asymptotically stable in D, which completes the proof. [

Proposition C.6.1 can also be applied to show that (x*, 0) where x*>> 0 is globally attractive
when A (J;(0)—Jz(0))>0and A (J;(0)—J4(0))<0. This is because from Theorem 4.3.4, we know
that x*>>0 and y*=0. We then have Z = {(u,w) € D | (0,0) <y (u,w) <, (x*,0)}, implying that
the system (4.8) ultimately reduces to the single SIS system (4.13), which we know globally
converges to X*. By a symmetric argument, we also have that (0, y*) where y*>>0 is globally
attractive when A (J;(0)—Jz(0))<0 and A(J;(0)—Js(0))>0. Therefore these cases are easily
analyzed by applying Proposition C.6.1 in conjunction with Theorem 4.3.4. In terms of the
linear bi-virus model whose parameters are easier to visualize, values of 7, and 7, which
satisfy these conditions, lie in regions R2 and R3 of Figure 4.3(b) and we henceforth exclude
them from our analysis, considering only those values of 7, and 7, for which 7,A(A)>1 and
7,A(B)>1 always holds; equivalently considering only the cases where A(J;(0)—Jz(0)) >0
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and A(J;(0)—Js(0)) > 0 always hold for nonlinear infection and recovery rates. Thus, x* and
y* are henceforth implied to be strictly positive vectors.

Before formally proving Theorems 4.4.3 and 4.4.4, we provide some additional construc-
tions and notations which will help simplify the proofs. As in the proof of Theorem 4.3.4,
the Jacobians JF *(x) and JF” (y) of systems (4.13) and (4.14), respectively, are

JF*(x) = diag(1-x)] ;(x) — diag(G (x)) —Jr(x),
JF?(y) = diag(1—y)J x(y) — diag(H (y)) —Js(y),

for all x,y € [0,1]Y. Now recall the Jacobian J;(x,y) of the bi-virus ODE (4.8) from (4.12).
When evaluated at (x*,0) and at (0,y*), we get

JF*(x*) K
- - (x*,0) = C.8
Jen(x*,0) 0 5, (C.8)
where K=—diag(G(v x*)), J, =diag(1—x*)] ;(0)—Js(0), and
J 0
Jor(0,y) = (C.9)
¢a(0,y") L JEY(y)

where L=—diag(H (y*)), J =diag(1—y*)J ;(0)-J z(0). This leads us to the following proposition,
where the ordering <y (<, <) stands for the south east cone-ordering.

Proposition C.6.2. When A(S,.J;(0)—Jz(0)) > 0, we have A(J¢5(0,y*) = A(J,) >0, and the
corresponding eigenvector (u,v)ER?N of ]z 7(0,y*) satisfies (u,v)> (0, 0).

Proof. First, recall that y* > 0 is the asymptotically stable fixed point of (4.14). This implies
that the real parts of all eigenvalues of the Jacobian JF”(y*) of (4.14) evaluated at y* are
negative. Since JF”(y*) is an irreducible matrix as discussed in Section 4.4.1, with non-
negative off-diagonal elements, its PF eigenvalue (obtained by perturbing with a large
multiple of the identity matrix) is real and negative, thatis A(JF”(y*)) <O0.

From the assumption, we have A (SY,JG(O) —J R(O)) =A(J,)> 0. Since J;5(0,y*) is a block
triangle matrix, we have A (J H(O,y*)):rnax{k( I ), A(JFY (y*))}, and since A(JFY(y*)) <0, we
obtain A(J;7(0,¥*)) = A(J) > 0. Then, the corresponding eigenvector (u,v) satisfies

Jou=A(J,)Ju and Lu+JFY(y )v=A(J)v.
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From the first equation, we can tell that u is the eigenvector of J, corresponding to its PF
eigenvalue, and thus satisfies u>0. Now recall that JF?(y*) had eigenvalues with strictly
negative real parts. A(J,)I-JF?(y*) is then a matrix with eigenvalues having strictly positive
real parts (since A(J,)>0). The matrix M = A(J . )I-JF”(y*) is then, by Definition C.1.2, an
M-matrix. By construction, it is also irreducible and invertible and from Lemma C.1.4,
we obtain that M~ is a (strictly) positive matrix. The second equation in the above can
then be rewritten as v=M"'Lu < 0, where the inequality is because L=—diag(H (y*)) has
strictly negative diagonal elements (H (y*) being positive from assumptions (A2) and (A3)).
Therefore, since u>> 0 and v< 0, we have (u,v) >y 0, completing the proof. O

The intention behind introducing Proposition C.6.2 was to satisfy the assumptions of
Theorem C.4.6. In particular, when A (SY*IG(O) —J R(O)) >0, (0,y*) is an unstable fixed point;
by Proposition C.6.2 and Theorem C.4.6, there exists an €, > 0 and another fixed point
(X.,Yy.) such that for any point (x,,y,) = (0,y*)+ r(u,v) where r € (0, €, ], we have

(0’y*)<<(xrrYr)<<K ¢t(xr’Yr)<<K (Ps(xrrYr)SK(X*»O)

for all s > ¢ > 0. Moreover, for all (x,y) such that (0,y*) <k (x,y) < (X.,¥.), there exists an
r €(0, €] sufficiently small such that (x,,y,) <x (X,¥) <x (X.,V.)- Since ¢,(X,,y,) — (X.,¥.),
monotonicity implies ¢,(x,y)—(X,,y.) as t — 00.

Now, we can either have (x,,y,)=(x*0), which occurs when (x*,0) is the other stable
fixed point of (4.8), or (x,,y.) = (X,¥) > 0 which occurs when (x*,0) is an unstable fixed
point. Note that (x*, 0) is stable (unstable) if and only if A (SY*IG (0)—] R(O)) <0 (>0). We will
talk about both these possibilities one by one and exploring these will eventually lead to
Theorems 4.4.3 and 4.4.4. But before we do that, we first prove the following proposition

about convergence to the fixed point (x,,y,) (wWhichever of the two it may be).

Proposition C.6.3. Trajectories of the system (4.4) starting from any point (X,y) such that
(0,¥") <k (x,¥) <k (X.,Yy.) converge to (X,,y.)-

Proof. Recall that we already know that for all (0, y*) < (X, y) <(X*, ¥*), ¢ (X%, y)—(x*,0). We
would however like to show this for all (x,y) € Z \ (0,y*), that is even when (x,y) satisfies
(0,y*) <k (x,y) < (x*,0). To do this, we create a set of points which converge to (x*,0), just
like we created (x,,y,) before, and then use a monotonicity argument to show convergence
to (0,y*) of trajectories starting for all points (x,y) satisfying (0, y*) <y (x,y) < (x*,0).
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Recall that, y* is an asymptotically stable fixed point of (4.14), and from the proof
of Proposition C.6.2 we know that A(JF”(y*)) < 0. Let w > 0 be the corresponding PF
eigenvector. Then by Proposition C.2.4, there exists an €, > 0 such that for all s € (0, €,],
FY(y*+ sw) < 0. We can then define points (x,,y,) = (ru,y*+ sw) for any r € (0,¢,] and
s €(0,€,], where u> 0 is the eigenvector of J, from Proposition C.6.2. We will first show
that trajectories starting from these points converge to (x,,y,). By rearranging the terms of

(4.8), we can rewrite it as

x = diag(1 —y")G(x)— R(x) + diag(y* —x—y)G(x)
= diag(1—y")J¢(0)x—J(0)x
+ diag(y* —x—y)G(x)+ O ([Ix/I*)
=J.x+ O (IXI[lly—y*II +lIxI),
y = diag(1—y)H (y)—S(y) — diag(x)H(y)
=F’(y)+ O(lyl),

for all (x,y) € D,°>where the first equality is from a Taylor series expansion of G and R around

0. For any point (x,,y;) = (ru,y*+ sw), the above equations can be written as

x=rAJJu+rO([ull[s]w][+ r{ul])
=r[AJJu+O(r +s)]

y=F'(y"+sw)+ O(|lsyll)
=F7(y*+sw)+ O(s).

For sufficiently small r and s, we have x> 0 (since A(J,) > 0 and u>> 0) and y < 0 (since
FY(y*+sw)< 0 for all s €(0,€,]). This satisfies the conditions for Proposition C.4.5, and
trajectories starting from such points will be monotonically increasing (according to the
south-east cone ordering), eventually converging to the fixed point (x,,y,).

Now see that for any point (x,y) such that (0, y*)<x (X,y) <k (X.,¥.), Wwhere x>0 and y<y*,
by the nature of the ODE system (4.4) all zero entries of the x term will eventually become
positive (if it isn’t already). Therefore, there exists a time ¢, > 0 such that x(#,;)>0, and there
exist r, s small enough such that (x,,y,)<x ¢ (X,y)<k (X,,y.). Again by monotonicity, since

¢.(x;,y5) = (X¢,¥e), we have ¢, (X, y) — (X.,y,.) as t — 00, completing the proof. O

SHere, O(x) is used to represent terms which satisfy O(x) — 0 as x — 0.
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We now consider the case where (x,,y,)=(x*0) and give the proof for Theorem 4.4.3.
We prove it only for when 7, A(S,.A)>1 and 7,A(S,.B)<1, since the other case follows by a

symmetric argument.

Proof of Theorem 4.4.3. When A(J;(0)—J5(0)) <0, (x*,0) is a stable fixed point of system
(4.8), since all eigenvalues of J; 7(x*, 0) have non-positive real parts, and we have (x,,y,) =
(x*,0). Proposition C.6.3 then implies that trajectories starting from all points in Z \ {(O,y*)}
converge to (x*,0). According to Proposition C.6.1, trajectories starting from all points
(x,y) € B, in the system eventually enter the set Z, thereby eventually converging to (x*, 0),

giving us global convergence in B,. O

Similarly, we use Propositon C.6.3 to prove Theorem 4.4.4.

Proof of Theorem 4.4.4. When A(J;(0)—]Jz(0))> 0 and A(J;(0)—J(0)) > 0, both (0,y*) and
(x*,0) are unstable fixed points, and (x,,y,) takes the form of a positive fixed point (X,¥)> 0
(it cannot be (x*, 0), which is unstable). Then from Proposition C.6.3, it attracts trajectories
beginning from all points (x,y) satisfying (0,y*) <x (X,¥) <x X, V).

Similarly, we have a symmetric result beginning from 7,A(S,.B) > 1 (symmetric to
Proposition C.6.2 which assumes 7, A(S,.A) > 1 instead), and we can say that there exists
another fixed point (X, ¥) > 0 which attracts all points (x,y) satisfying (X, y) <y (X,y) <x (x*,0).
By construction, we then have (%X,¥) <x (X,¥), with the possibility of being equal.

To prove global convergence to the set S = {(xe,ye) eE | (XX) <y (X, V.) <k X, }'r)}, ob-
serve first that as part of the proof of Proposition C.6.3 we showed that for trajectories
starting from any point (x,y) in the state space, there exists r > 0 and s > 0 small enough,
and 1, > 0 such that (x,,y,) <k ¢, (x,y) <k (X,¥) where (x,,y;) is a point very close to (x*,0).
By a parallel argument, we can find a similar point (x,,y,) very close to (0,y*) and a time £,
such that (X,y) <x ¢,,(x,y) <k (X,,¥,). Then, we have (x,,y,) <x @max(s,,1,}(X¥) <k (X,,¥q)-
Since ¢,(x,,y,) — (X,X) €S, and ¢,(x,,y,) — (X,X) € S, we can once again, due to monotonic-
ity of the system and by invoking a sandwich argument, say that ¢, max(,,1,}(X, ¥) converges

to an equilibrium point in S as t — oco. This completes the proof. O
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Appendix D
Appendix for Chapter 5

Proof of Proposition 5.2.1. By considering the i-th entry in (5.3) and setting d x;/dt =0,
we obtain the fixed point equation

L1 %
D ayx; == (D.1)

— * '
jewn 71 X;

From the min-max theorem, we write A(A) in the Rayleigh quotient form such that
xF a;; x*
yiAy  (x)TAx* ieZN l jEZJV T
A(A) = max > =
y£0 yTy (x*)Tx* Z (x;‘)z

ieN

(D.2)

where the inequality comes from picking y = x* and the second equality is by rewriting
the matrix multiplication in the summation notation. Define a random variable Y which
takes values x; with probability 1/N forall i € .4, and E[Y] = 17x*/N. Then, replacing
2. jer @ij X} in (D.2) with (D.1) gives

N e /A= x) _E[Y?/1-Y)]
T 2uien (X2 TE[Y?]

AA) > (D.3)

Since Y? and 1/(1 — Y) are both increasing functions in Y € (0, 1), FKG inequality gives
E[Y?/(1—Y)]>E[Y?]E[1/(1—Y)]. Then, from (D.3) we have

TAA)>

E[VE[1/(1-Y)] _ [ L ]_ L (D.4)

> )
E[Y2] 1-Y | 1-E[Y]

where the second inequality comes from Jensen’s inequality. Rearranging (D.4) gives (5.4).
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We denote R, the set of all positive real numbers. Then, with the Collatz-Wielandt
formula [2], we rewrite A(A) as
Ayl _ [Ax*]; 1
< max

A(A)=minmax —— < — =
yeRY i€V Y ieN  X; T(l—xmax)

) (D.5)

where the inequality is from choosing y = x*. The second equality in (D.5) comes from (D.1).
Then, rearranging (D.5) gives X, = 1—1/TA(A). O

Proof of Lemma 5.2.2. We only present the proof for the behaviour of X and y in 7,, since
the case involving 7, follows by symmetry. Consider the bi-SIS model
x=(p, +€)diag(1 —x—y)Ax—0,x 06
y= p.diag(1—x—y)By—0.y,
where we use € as the parameter to vary 7,. It is enough to show that entries X; of X (j; of y)
increase (decrease) in €.!.

We now consider trajectories of system (D.6) starting from (X, ¥). Note that by definition
(X,¥) > (0,0) is a fixed point of the system when € =0, and in this case we have x=0 and
y = 0. However for any € > 0, we have x>0 and y=0. Let ¢,(x,y) €[0, 1]>N denote the flow
of the system at time ¢ > 0, with initial point (x,y) € D, with ¢ *(x,y) €[0,1]" corresponding
to the the infection probabilities for Virus 1, and ¢ (x,y) € [0, 1]V corresponding to those
of Virus 2. Then for any € > 0 sufficiently small s > 0 we have ¢ }(X,y) > ¢ (X,¥) =X, and
P& =gy (% ¥

As a consequence of Proposition 3.1 in [41], the bi-SIS system is considered to be strongly
%, ¥)>x, and ¢}, (%, ¥) < yforall r > 0. For
any € > 0, let (X,,V,) = lim,_ ., ¢,(X,¥) denote the convergent point of trajectory starting

monotone in Int(D).* The result is that ¢ s
from (%,¥). Since we consider only small enough € > 0 that still satisfying the coexistence
conditions (C3), the point (X.,¥.)>(0,0) is now the CE fixed point corresponding to the
choice of € > 0, and satisfies X.>X and y. < y. By similar arguments, the reverse holds true
when € <0, while still satisfying conditions (C3), that is the trajectories starting from (%,y)
converge to another CE fixed point such that X, <X and y.>V.

Therefore, for all system parameters 7, 7, satisfying coexistence conditions (C3), and

Instead of 8, + ¢, we could also vary 7, by replacing &, with § — €. The steps of the proof remain similar,
with both methods leading to the same conclusion.
2A short educational primer on MDS is included in [41].
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lying within the corresponding region in Figure 5.1, the entries of X increase (entries of
decrease) in 7, for any CE. This completes the proof. O O

Proof of Theorem 5.2.3. Let f; = §;/(1—%;) and g; = %;/(1 — y;) for notation simplicity. We
only prove that f; is decreasing (increasing) in 7, (7,), since the similar result for g; follows
by a symmetric argument.

We use the notation by [[7' /0% j]ﬁ = % to denote the change in j; with respect to
change X; due to increase or decrease in 7,. Similarly, we use the notation [6 x;/0 j/j]Tz to
denote the change in X; with respect to change in j; due increase or decrease in 7,. We first
prove the following inequalities:
9%
0X;

Vi [3J7i
1-%;" 0%,

<— (D.7)
X;

T1 T2

Taking partial derivative of the logarithm of >’ j bi;¥; in the fixed point equation (5.5) with

respect to 7,, we obtain

0%
1 9y; 9y 1L1+|:5_J7ii|72_ o7,
Zbijj)]'jeﬂ Y0ty O\ 3 1-Xi—J  T0)
JjeN

(D.8)

The left-hand side of (D.8) is positive since b;; > 0, £; €(0, 1), and 0 j/j/&’ T,>0in Lemma
5.2.2forall i, j € &. Then, we have

0% %
1 1+[a_y,»]fz 1 1 ”[aﬁi]n

0<T+ —— —~ <—+
Vi 1=9—X 71,09/97, P 1-X—

(D.9)

where the first inequality is from the positivity of the terms in (D.8), and the second equality
comes be removing the third summand, which we can do since d ;/9 7, > 0 from Lemma
5.2.2. Then, rearranging (D.9) with respect to [8 ¥:/0 J%i]TZ gives us [8 ¥:/0 fci]TZ <—73;/(1=%,).
Performing the same steps by differentiating by the logarithm of the fixed point equation by
7, instead of 7, gives us [8 ¥:/0 fc,-]T1 <—79;/(1—1%;), proving (D.7). Now, in order to show f;
is strictly decreasing in 7, > 77}, it is enough to show 0 f; /9 7, <0. Taking partial derivative

of f; with respect to 7, gives

N L 2)[2] +9
of, _(-wg+nst _ ox (-%IF]r (D.10)
oty  (-%p ot (-xp |
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The first inequality of (D.7) gives (1—%,)[8 7;/0 x,.]ﬁ+ :<0. Together with 8 %;/07, >0
from Lemma 5.2.2, we can see from (D.10) that d f;/Jd 7, < 0 for all i € 4. Similarly, we have

o [ 94 .
IACE? (l—xi)[a—ﬁ]iji>0 D)
o1, 01, (1—x;)2 '

because 0 %;/07, <0 from Lemma 5.2.2, showing that f; is strictly increasing in 7, for all
ieN. O

Proof of Corollary 5.2.4. We follow the notations f; = y;/(1— X;) and g; = %;/(1— ;) and
assume the coexistence condition 7, > 1/A(diag(1 —y*)A) and 7, > 1/A(diag(1 —x*)B).

If 7, < 1/A(diag(1—y*)A), then virus 1 will die out, i.e., £; =0, J; = y;* and f; = y* for all
i €./.Since f; is decreasing in 7, > 1/A(diag(1 —y*)A), we have f; < y*.

Similarly, if 7, < 1/A(diag(1—x*)B), Virus 2 will die out, i.e., ; =0, X; = x} and g; = x for
all i € /. Since g; is decreasing in 7, > 1/A(diag(1 —x*)B), we have g; < x*. O

Proof of Proposition 5.2.5. We first quantify the upper bound of y;+X;, Vi € ./". Rearranging
(5.6) gives
Ji<min{y*(1—%),1—%;/x'}. (D.12)

Then, adding X; on both sides in (D.12) gives
Ji+ % <min{y (1—%)+ %, 1—%/x + %} (D.13)

Note that y; € [0, y*], X; €[0, x}] and y* x} < 1, ensuring that the right-hand side term in
(D.13) is concave in %; € [0, x}]. Then, the maximum of the upper bound in (D.13) is obtained
by solving y*(1—X;)+ X; =1—X;/x} + %; in terms of X;, which gives us X; = (x}— y*x})/(1—
y;x}). Putting this expression back to (D.13) leads to ; + X; <(x}+ y—2x}y)/(1—x}y}), or
equivalently,

(1—x)1—y/) 1

1—9.—X; > = } (D.14)
Yi i 1—x'y; 1__1)6?_'_1_;}/;_1

Note that x*,y* are unrelated to each other because they are the fixed points in the
single-virus SIS case where the other virus dies out. We define two independent random
variables X, Y that take values x}, y;* with probability 1/N for all i € .4". From (D.4), we

have
T, AMA)>E[1/(1-X)], 7,AB)>E[1/(1-Y)]. (D.15)
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We also define a random variable Z that takes values 1/(1—x*)+1/(1— y;*) with probability
1/N forallie A, and E[Z]=E[1/(1—X)]+E[1/(1—Y)]. From (D.15), we have

E[Z]> 7, A(A)+ T,A(B). (D.16)

Then, summing (D.14) over all i €.4" and dividing by N gives

1 o 1 1
NZ(I—y,-—x,-)>Nzl 1—1_E[Z—1]' (D.17)

ieN ieN 1=xf ' 1=y

Using Jensen’s inequality in (D.17) leads to

1Z(l h— %) > 1 ! (D.18)
N - Vi X2 B 710 T T AA) T AB)—1 '

where the last inequality comes from (D.16). Rearranging (D.18) completes the proof. [
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