
ABSTRACT

LEY, KEVIN M. A Parametric Study on the Laser-Forced Ignition of Laminar and Turbulent
Round Jets in Non-Ideal Environments. (Under the direction of Dr. V. Narayanaswamy.)

Ignition is a complex phenomenon which strongly impacts the performance and reliability of

combustion. While hydrocarbon combustion contributes to greenhouse gas emissions, combus-

tion offers an energy density unrivaled by any practical alternative in most applications. As such,

any efforts that can be made to increase the efficiency of combustion is a worthy pursuit. Partic-

ularly for applications without an alternative, hydrocarbon ignition frequently occurs in highly

turbulent environments. Applications of note include commercial and military jet engines, and

earth to orbit rocket propulsion. These applications often provide additional challenges, such as

sub-freezing environments. Additionally, insights into turbulent ignition can potentially impact

many other fields of study as it is a complex, multi-scale, multi-physics phenomenon.

As most ignition applications are within turbulent environments, and computer-based models

of turbulent ignition require extensive assumptions to be made, experimental studies of turbu-

lent ignition provide valuable insights into its phenomena. The data sets from experimental

work also serve well as validation benchmarks for the continued development of computational

models. Turbulent ignition experiments must be performed in well-controlled environments to

avoid outside influences. Most funding for ignition work is motivated by engine manufacturers

seeking performance increases for specific combustion chamber geometries and fuel mixtures.

Unfortunately, the geometry of the combustion chamber significantly influences ignition behav-

ior; therefore, these types of application-specific experiments can be unproductive to deepening

the understanding of fundamental turbulent ignition phenomena. More basic setups, such as

a round jet or a spherical combustion chamber, allow for more fundamental findings. In ei-

ther setup, the key measurements generally include ignition probability and kernel development

behavior, both of which are strongly influenced by the flow field and mixture composition.

Parametric experimental measurements were performed on the laser-forced ignition of a

turbulent round methane jet in an air co-flow. The parametric variables studied included the



Reynolds number and mixture of the jet, the radial ignition location, and the temperature of

the jet and co-flow. An in-house insulated burner was designed and constructed, and when

paired with an in-house air handling system, the temperature of the jet and co-flow could be

adjusted between 20°C and �40°C. The jet and co-flow were separated from the surrounding

environment with a sufficiently tall, optically-transparent quartz tube. Ignition was effected by

a focused 1064nm laser pulse from a Nd:YAG laser. The ignition location was controlled with

a motorized linear translation stage. The experimental measurements performed consisted of

ignition probability, ignition energy, high-speed imaging (20kFPS) of ignition kernel develop-

ment, and phase-locked 2D particle image velocimetry along the ignition plane at varying times

shortly after laser energy deposition. An in-house designed laser shutter and testing automation

apparatus allowed for precise timing of the laser spark and full automation of the particle image

velocimetry experiments.

Laser-forced ignition was found to be a suitable method to reproduce the findings from spark-

gap ignition studies. The initial kernel shape was ovoidal and transitioned to an hourglass-shape

in the subsequent �s, as expected. In agreement with previous studies, the ignition probabil-

ity profiles assumed the largest values at locations between the mean-lean and stoichiometric

flammability limits. A decrease in reactant temperature decreased ignition probability in the

very fuel-lean regions of the jets studied while the fuel-rich and stoichiometric regions were not

significantly affected. Misfire kernels failed in one of two timescale ranges, the first between

0:1 ! 0:5ms after ignition, and the second after 1 ! 2:5ms. The magnitude of the ranges

were not affected by any of the variables studied, but the probability of the ’slow misfire’ range

increased with the equivalence ratio and Reynolds number.

Kernels that ignited outside of the mean flammability limits took longer to propagate down-

stream than those ignited in the ideal propagation region, but when upstream propagation

occurred, the flame region was the same. While flame-kernel growth was slower in terms of

intensity for higher Reynolds number jets, the average time until exponential kernel growth oc-

curred was constant at approximately 2ms. High-speed imaging revealed that the condition for

avalanche kernel growth appeared to be when kernels were transported to more favorable mix-



ture compositions. While frigid conditions did not affect the broad-spectrum signal strength,

a reduction in temperature resulted in a significant reduction of CH* production within the

flame front. Additionally, in frigid environments, the mean onset time before avalanche growth

occurred in the studied kernels decreased, as well as the overall variance in onset time. This

behaviour modeled the "Goldilocks principle", where the samples of successful kernels observed

in an area of low ignition probability are, on average, more consistent and vigorous than their

standard temperature counterparts. Statistical analyses of the flow field near the leading edge

of flame kernels showed a small positive correlation between enstrophy and misfire 100�s after

ignition. Nearly all statistical correlations degraded with further time after ignition, suggesting

that time scales lower than those studied (t+ < 100�s) offer additional findings.

The ignition probability of the turbulent jets studied were non-zero for compositions well

outside the mean flammability limits, consistent with previous studies. Contrary to previous

studies, no ignition kernels were observed to fail after increasing in strength. As with the two

misfire ranges, two distinct ranges of avalanche growth onset time were observed, one fast and

one slow. It was theorized that a delayed kernel growth would result in delayed upstream propa-

gation, but this was not the case. Downstream propagation preceded the late-onset cases � 2ms

after kernel avalanche growth onset time, while an average of � 6ms passed between instances

for the early-onset cases.

Absorbed energy for successful and failed ignition cases exhibited the most deviation in the

very lean regions with more energy absorbed in cases resulting in ignition. Interestingly, the

trend flipped in the fuel-rich regions, wherein, the successful kernel absorbed less energy than

the failed kernels. The author postulates that this is an outcome of chemical kinetics due to

the mixture fraction rather than turbulence, but an inverted jet experiment would be useful

in validating this hypothesis. Some flame kernels apparently developed within the mean-rich

flammability limit of the jets, but this was likely due to turbulent transport of the kernel to mean-

stoichiometric regions of the jet towards or away from the camera and could not be captured

with 2D measurements. The use of multiple high-speed cameras to generate a 3D model of the

flame kernel would be a great boon to this research area. Future work measuring kernel misfire



dynamics with nanosecond ignition sources would benefit from imaging at continuous sampling

rates exceeding 100kHz. Previous work suggested that misfire events occurred on much longer

timescales than observed both directly, and by observing statistical correlations in the current

work. It is likely that the most determinant timescale of misfire is lower (t+ < 100�s) than

the timescales examined in the present work. Simultaneous in-plane laser-forced ignition and

particle image velocimetry is possible, and additional information on the kernel can be extracted

from the raw images due to vaporization and displacement of the seeding particles due to the

laser plasma. Kernel edge determination from the raw particle image velocimetry images could

benefit from deep learning techniques in future work.
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Chapter 1 | Introduction

1.1 Motivation and Goals

Forced ignition of turbulent reactive mixtures is a complex multi-scale, multiphysics, phe-

nomenon that is critical to the performance and efficiency of many combustion applications.

Applications that are of particular interest in this work include jet engine efficiency and high-

altitude cold-start ignition. Understanding the ignition of reactive mixtures is also of tangential

interest to quantifying the explosive potential in mine shafts and other enclosed spaces. The

development of future air and space systems is dependent on reliable ignition in highly turbu-

lent flows, as well as the prevention of ignition in undesirable explosive mixtures. Laser-spark

ignition is well suited for experimental studies into ignition phenomena as the energy deposition

timescale is much faster than the timescales of turbulent flows. In addition to being a test bed

for high fidelity research into pending propulsion designs, the unique interactions observed in

laser-forced ignition provides validation targets for the next generation of computational models.

The success or failure of an ignition event depends on many factors including, but not limited

to, local mixture composition and stratification, ignition energy, reactant temperature, and

favourable/unfavourable turbulent transport of both mass and energy. The complexity of these

interactions provide a challenge when attempting accurate predictions of ignition performance in

engineering systems at various operation envelopes, especially in high-altitude relight scenarios.

As combustion applications shifted from basic furnace and internal combustion designs to higher

performance gas turbines, either for power generation or jet engines, research interest also shifted

from stagnant and laminar flows to turbulent mixtures. As such, ignition has been studied for

several decades in the context of flowing mixtures [1, 2], and in more recent years, the influence

of turbulence [3–8] brought into focus alternative ignition methods [9, 10], and the need for

advancements in optical measurement techniques [11].
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Significant advancements in the past few decades have improved the understanding and

prediction of the ignition process following the growth of a plasma kernel through to sustained

combustion. There are several open areas of interest that are specific to the forced ignition of

turbulent jets. These include:

1. Barring the work of Sick [12], most studies that investigated the local flow conditions dur-

ing kernel evolution were performed in setups that had very low bulk transport and the

background velocity fluctuations were typically about the laminar flame speed of the un-

reacted mixture. Most practical combustion applications tend to have high bulk transport

velocities and a range of turbulent velocity fluctuations that can exceed several times the

laminar flame speed. Questions remain on how strong bulk flow convection and aerody-

namic strain interplay with the chemistry to drive or inhibit ignition.

2. Most studies that investigated the ignition of turbulent non-premixed mixtures provided

inadequate information to learn if the firing and misfiring kernels absorbed different

amounts of input energy or underwent different radical decay trajectories with an im-

posed turbulent flow field. Such information would shed more light into the chemistry side

of the ignition process and provide critical information on turbulent chemical interactions.

3. Of the few studies that have investigated high altitude relight, most are application and

fuel-specific and do not attempt to study the fundamentals in more basic combustion

environments such as in a turbulent round jet. While there is a growing body of work on

the ignition processes of turbulent and laminar methane flames, there are limited studies

on the influences of turbulence and subfreezing conditions, on ignition processes. Will the

influences of a frigid environment be as significant in a basic jet in co-flow configuration,

and if so, could more fundamental insight be gained from a more basic environment?

The present work addresses the subjects above by investigating the forced ignition of a variable

temperature round turbulent jet with an air co-flow of a partially premixed methane air mixture

that reproduces the jets studied by Ahmed & Mastorakos. Contrasting the work of Ahmed &
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Mastorakos [13], a focused laser beam was used to create the ignition kernel owing to the non-

intrusive nature of the laser beam, the ease of generating the sparks at arbitrary locations, as

well as the repeatability of the spark in terms of its profile and energy. The ignition probability

was experimentally determined to study the influences of turbulence, mixture composition, and

reactant temperature on the ignition of turbulent jets. The energy absorbed by the spark was

also measured to discern any differences in the absorbed energy between the igniting and non-

igniting kernels. High-speed imaging of the development of the flame kernels were recorded

at varying flow turbulence, mixture composition, and reactant temperatures. In addition to

observations made into the macro trends of flame-kernel development, the imagery provided

semi-quantitative time-resolved decay rates of CH* radicals to provide insights into how flow

turbulence and reactant temperature impact the reaction zone and reaction progress in igniting

and non-igniting kernels.

1.2 Summary of Forced Ignition of Stagnant and Laminar Flows

A common ignition configuration studied in earlier work was that of stagnant premixed fuel-air

mixtures, in an enclosed apparatus, at variable equivalence ratios. Lewis and von Elbe designed

and performed early experiments on the minimum ignition energy (MIE) first defined by them

as the extrapolated energy from gap voltage that produced a spark "...just powerful enough to

ignite various explosive gas mixtures" [14–16]. Lefebvre demonstrated that the minimum ignition

energy approaches its minimum close to the stoichiometric mixture composition and tends to

increase upon deviation towards rich/lean mixtures [1]. Proceeding experiments found a strong

correlation between minimum ignition energy and the maximum flame speed of a mixture in

agreement with prior theory [2, 13, 17, 18]. Soon after the initial three-part study by Lewis and

von Elbe, theories developed to explain the origins of the minimum ignition energy. Notably,

the critical spark size for ignition corresponds to the quenching distance of the mixture, wherein

ignition will only occur if the spark size is larger than the quenching distance of the target

mixture [2, 19]. Consequently, engineers must design for a sufficient spark size in addition to
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meeting the minimum ignition energy requirement of the given combustible gas mixture.

In addition to ignition energy and spark size, the temperature of reactants is another funda-

mental variable which influences ignition performance in both stagnant and flowing mixtures.

Ambient air and fuel temperature are of particular interest for the high altitude relight problem

which has warranted attention within the aviation industry. The problem presents itself in jet

engines operating at cruise conditions after experiencing a flameout event. The engine cools

rapidly due to the frigid air at altitude and the speed at which it passes through the combustion

chamber. Difficulties in restarting the engine can occur when the fuel, which can decrease to

temperatures of �35°C at altitude, enters the combustion chamber without being sufficiently

heated [20]. The insufficient heating of the fuel, in addition to the turbulent and frigid condi-

tions of the combustion chamber, hamper ignition efforts. Fundamentally, the chemical reaction

rate decreases exponentially with a decrease in reactant temperature, as given by the Arrhenius

equation,

k = A e

�Ea
RT


(1.1)

where k is the rate constant, Ea is energy of activation, R is the universal gas constant, and

T is the absolute temperature [21]. In stagnant environments, decreased flame edge reaction

rates increase flame-kernel development time, but in flowing mixtures, the influence of quench-

ing compounds, due to the extended period of time the flame kernel spends within adverse

conditions.

Ignition of laminar combustible mixtures is well understood and behaves similarly to stag-

nant mixtures as the mixture fraction of laminar jets is constant and fixed in space relative to the

jet’s orifice. Lefebvre documented the increase of the minimum ignition energy brought about by

bulk convection in experiments using a closed-circuit tunnel to control for flow speed, isotropic

turbulence, and mixture. Summarily, at the low speeds of laminar mixtures, the minimum igni-

tion energy did not increase appreciably from stagnant conditions [1]. More recent work took a

more critical look at the chemical processes that occur with igniting and non-igniting kernels.

Beduneau et al. studied ignition of a laminar premixed (CH4/Air) Bunsen burner jet and noted
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that ignition failure appeared to be due to either stretching of the flame kernel, or the radicals

present during the chemical branching phenomena [22]. While they did not observe significant

deviation in the shape of fire/misfire kernels, the authors observed a deviation in total spectrum

intensity between 10� 100 �s after spark deposition. In the same study, Beduneau et al. noted

the importance of a temporal overlap of radicals caused by the spark (with the start of the

branching phenomena due to the spark heating the surrounding mixture for ignition).

The influence of flame composition stratification and diffusive species transport on the ig-

nition that occur in laminar non-premixed fuel/air mixtures was addressed by Phuoc et al.

[23]. The authors measured the equivalence ratio profiles of a laminar CH4 diffusion jet using

laser induced breakdown spectroscopy to map the equivalence ratio of igniting mixtures. The

measured ignition probability showed a profile with a peak at the stoichiometric ratio which

decreased to zero outside of the lean and rich flammability limits [8, 24]. A recent study into

the ignition of laminar non-premixed methane jet flames by electrodes showed that electron-

impact dissociation induced by a plasma discharge (corona type) could play an important part

in enhancing ignition characteristics [25].

1.3 Summary of Forced Ignition of Turbulent Mixtures

The forced ignition of turbulent mixtures at standard temperatures has been investigated since

the early 1970s. Some of the early work separated the bulk transport influences from aerodynamic

strain influences by conducting the ignition experiments in a stagnant facility with externally

imposed turbulent fluctuations [1, 2]. The authors found that the minimum ignition energy

exhibited an exponential increase with velocity fluctuation magnitude above certain value [1,

2]. More recently, at least two separate groups have reproduced the impact of turbulence on

minimum ignition energy and have further identified a significant transition point dependent

on turbulence between laminar/stagnate minimum ignition energy and the onset of energy

requirement increase [26, 27]. Cardin performed high-speed imaging of Hydroxyl radicals, OH*,

in the plasma kernel at various times after kernel formation [27]. The authors showed that
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kernels subjected to high turbulent velocity fluctuation exhibited significant wrinkling in their

topology, contrasting kernels subjected to low turbulent fluctuations which typically kept a

near-spherical shape. A mean turbulent velocity of �u0=1:88 m=s caused the kernel to develop in

the wrinkled flame regime. A kernel developed in the wrinkled flame region could be subjected

to coupling influences between flow turbulence and ignition chemistry due to the similarity in

time scales between chemical branching and Kolmogorov turbulent dissipation. Interestingly,

the recent work of Law, Saha, and Yang showed that there are certain Lewis number regimes

and electrode separation distances at which the flame surface growth by turbulent wrinkling can

cause the minimum ignition energy of the mixtures to reduce below the laminar limit [28].

In the past couple of decades, there has been a significant interest in learning about the

ignition of turbulent non-premixed gaseous mixtures as it occurs commonly in practical systems.

Mastorakos [7], in his review, notes that the forced ignition of turbulent non-premixed jets

occurred in four sequential stages, each occurring throughout progressively longer time-scales

[29]:

1. Transfer of energy from an ignition source to a combustible mixture.

2. Formation of the flame kernel.

3. Expansion of the flame front.

4. Flame stabilization.

Successful ignition occurs only when all four stages can successfully occur. Ahmed & Mastorakos

performed an extensive mapping of ignition probability in a turbulent non-premixed round

jet flame along with a time-resolved mapping of kernel transport using high-speed luminosity

imaging [13]. The authors showed that the ignition probability reaches a maximum close to the

stoichiometric mixture, similar to the experimental results for laminar non-premixed ignition

[23], and that the probability decreases upon deviation into rich or lean mixtures. However, the

ignition probability is substantially above zero at mixture compositions that are well-removed

from the rich and lean flammability limits, contrasting the observations in laminar jet ignition
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(also supported by Kang [30]). To explain the behavior of the ignition probability in this case, the

authors tracked the ignition kernel trajectory and hypothesized that the kernels that originate

at compositions away from the flammability limit can get transported by the bulk flow to

a location that would support chemical reaction breakaway. Thus, the eventual success of the

kernel ignition depends on the life process the kernel undergoes by virtue of turbulent transport.

To substantiate this, Ahmed & Mastorakos in a later work with bluff-body flame, showed that

the probability of ignition can be substantially smaller than the probability of kernel formation

at those locations where the kernels were transported to a region of high shear and unfavorable

compositions. Furthermore, Neophytou et al. demonstrated excellent success in predicting the

ignition probability by tracking the aerothermochemical conditions the kernel gets exposed to

along its trajectory [31].

Recent studies have performed flow field measurements around kernels to determine the tur-

bulent/chemical interactions that drive kernel ignition and misfire. Sick performed velocity field

imaging surrounding the spark-ignited liquid spray kernel of a model gasoline engine [12]. Sick’s

experiments showed that the kernels that successfully ignited corresponded to a substantially

higher local flow velocity compared to misfiring kernels. The authors argued that higher flow

velocities transported the kernels into more favorable locations within the combustor that al-

lowed the kernels to successfully grow into a sustained combustion. The also mentioned that the

aerodynamic strain-rates acting on the successful and unsuccessful kernels were not substan-

tially different. Boxx studied the local flow velocity and kernel propagation speeds of gaseous

counterflow turbulent gas mixtures in a time-resolved manner using the high-speed OH-PLIF

technique [32]. They showed that the kernel front propagated at speeds that substantially ex-

ceeded the laminar flame speed of initial mixture at early times and eventually settled down

to about 40 % of laminar flame speed. Comparing the igniting and non-igniting kernels, the

authors found that non-igniting kernels exhibited larger instances of a retreating flame front in

their velocity probability density functions (pdfs). Similar to Sick [12], Boxx [32] did not find a

substantial difference in the aerodynamic strain-rates acting on the kernel.

7



1.4 Approach

An experimental approach is used in the present work and leverages recent advancements in

high-speed photography and nanosecond Nd:YAG lasers against the stochastic, multiphysics

challenges of flame-kernel development. This approach contrasts the work of Ahmed & Mas-

torakos [13], whom used a spark-gap ignition source in conjunction with high-speed photog-

raphy. A focused laser-induced spark has advantages over spark-gap techniques owing to the

non-intrusive nature of the laser beam, the ease of generating the sparks at arbitrary locations,

as well as increased repeatability of spark temporal profile and energy. Ignition experiments were

performed on a simple round jet in co-flow (JICF) burner using a methane fuel mixture. Methane

has a simple hydrocarbon structure which reduces the complexity of its chain-branching stage,

providing better targets for computational models. The JICF burner also simplifies the flow

field, easing analysis.

Ignition probability was experimentally determined to study the influences of turbulence,

mixture composition, and reactant temperature on the ignition of turbulent jets. The laser

spark was generated with known and repeatable energy at different locations within the jet

while recording the number of fire and misfire events. The energy absorbed by the spark was also

measured to discern any differences in the absorbed energy between the igniting and non-igniting

kernels. High-speed imaging of the development of the flame kernels were taken at varying flow

turbulence, mixture composition, and reactant temperatures. In addition to observations made

into the macro trends of flame-kernel development, the imagery provided semi-quantitative time-

resolved decay rates of CH* radicals to provide insights into how flow turbulence and reactant

temperature impact the reaction zone and reaction progress in igniting and non-igniting kernels.

Finally, two-component velocity fields were acquired using particle image velocimetry to study

the local bulk velocity and derived properties of the turbulent flow field surrounding the ignition

kernel at various time delays after the kernel initiation.
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1.5 Overview of Dissertation

Chapter 2 provides an introduction to the types of turbulent flows discussed in this work in

addition to some of the statistical relations used when performing analysis on turbulent flow

fields. Chapter 3 introduces the reader to basic considerations of ignition and combustion with

additional detail concerning ignition in turbulent flow fields. Chapter 4 reviews the photonics

and optics that enabled the type of laser-forced ignition applied in the current work, as well

as an introduction to light scattering physics. A review of the experimental considerations for

particle image velocimetry and well the general mathematical principles used by the software to

generate flow fields from PIV data can also be found in Chapter 4. Chapter 5 details the hard-

ware used for experiments in addition to the experiment automation process and methodology.

In Chapter 6 the methods for processing the data collected during experiments are discussed.

Chapter 7 includes the initial experiments on laser-forced ignition, covering ignition probability,

absorbed energy, and the impact of temperature, turbulence, and mixture on the former. Chap-

ter 8 includes experiments performed using high-speed imaging of laser-forced ignition during

the kernel formation stages. The results of the experiments in Chapter 8 also include signal

analysis of both broad-spectrum and CH* chemiluminescence imaging. Chapter 9 discusses the

experimental results from simultaneous in-plane PIV and laser-forced ignition of a turbulent

methane jet. Statistical analysis is presented on the correlation between flow field terms and

misfire events. Chapter 10 gives a summary of the experimental work and a discussion on the

authors recommendations for future work on turbulent ignition.
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Chapter 2 | Turbulent Flows

2.1 Introduction to Turbulence

Combustion in turbulent flows is desirable as it accelerates mixing of the reactants. While

nearly all modern day applications of combustion occur in turbulent flows, turbulence is still not

fully understood. Turbulent flows are characterized by random fluctuations in velocity, both in

magnitude and direction. Turbulence is an expansive subject and the reader is advised to review

books such as TurbulentF lows [33] and TurbulentCombustion [34] for a deeper understanding.

Various turbulence models attempt to approximate turbulence, but its closed form equations

rely heavily on assumptions. In very turbulent flows the principle idea which drives these models

is known as eddy cascade. In this hypothesis the large scale vortexes in turbulent flows cascade

into smaller and smaller eddies until all the energy is dissipated in the form of heat through

viscous forces. Even when applying numerous assumptions, turbulence is a stochastic phenomena

in nature and therefore many of is attributes are defined in terms of statistics. This chapter will

provide a very basic introduction to some of the terms and methods used within the eddy cascade

model which have been applied to this work.

2.2 The Reynolds Number

The degree of turbulence, and the transition to turbulent regimes is given by the flows Reynolds

number, a non-dimensional value.

Re =
vL

�
(2.1)

In the above equation the Reynolds number Re is defined in terms of the flow velocity v, the

characteristic length scale of the flow L, and the fluid viscosity �. For round turbulent jets, such

as found in this work, the characteristic length scale L is the inner diameter of the jet nozzle
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at its orifice D. The term D may also be known as the hydraulic diameter of the jet nozzle.

Likewise, the characteristic flow velocity is the axial velocity of the jet Uj or simply U .

In this work, and most other work on turbulent jets, a polar-cylindrical coordinate system

is used as shown in Figure 2.1. Giving the jet-exit Reynolds number the following form:

Re =
UD

�
(2.2)

The transition from the characteristic parallel velocity streamlines of laminar flows to the fluc-

tuating values of turbulent flows occur over a wide range of Reynolds numbers. In pipe flows

the transitional region is 2; 300 < Re < 4; 000, where flows at or below Re = 2; 300 are laminar

and are fully turbulent by Re = 4; 000 [33]. There many other length and timescales associated

with turbulent flows are broadly discussed in available literature [33, 34].

Figure 2.1 Reference diagram of the polar-cylindrical coordinate system commonly used for round
jets, reprinted from Turbulent Flows [33].
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2.3 Turbulent Statistics

2.3.1 Fluctuating Velocity

Turbulent velocity fields are characterized by a fluctuating velocity term about a mean value.

The instantaneous velocity ui of any point in a turbulent velocity field, in the ith direction, is

therefore defined as,

ui = ui + u0i (2.3)

In the above, ui is the mean velocity, and u0i is the fluctuating term. This particular separation

of terms is known as the Reynolds decomposition. The mean velocity ui can be found experi-

mentally by taking the average of a large number of instantaneous velocity measurements. Large

data sets are critical to experimental turbulence work due to the stochastic nature of turbulence.

Once ui is known the fluctuating term u0i is the difference between each independent instanta-

neous velocity measurement and the mean. Most of the important characteristics of turbulent

flows stem from the statistical distribution of the fluctuating velocity field.

2.3.2 Probability Density Function

In stochastic analysis, it is useful to quantify the probability of finding a variable within a range

of values. For example, if it is known that an ignition method has a rapid decline in ignition

probability when the velocity of the flow field ui is lower than a particular value U , a distribution

function Fui(U) can be defined,

Fui(U) = P (ui < U) (2.4)

In more general terms, the above equation relates the probability P of finding the stochastic

variable ui lower than a related sample space variable U . The probability of finding the stochastic

value between two values follows as,

�Fui(U�) + Fui(U+) = P (U� < ui < U+) (2.5)
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Such that a probability density function (PDF) P (ui) of the stochastic variable ui may be

written in integral form, Z U+

U−

P (ui)@ui (2.6)

When the bounds are changed to �1 to +1 the solution reaches unity.

Useful quantities arise from a PDF once it is defined in terms of its nth moment,

uni =

Z +1

�1
uni P (ui)@ui (2.7)

The first moment of velocity, u1
i , corresponds to mean velocity,

ui =

Z U+

U−

uiP (ui)@ui (2.8)

Additional quantities such as variance and skewness are derived from the second and third

moments of the u0i, the fluctuating velocity term, respectively [34].

2.3.3 Joint Probability Density Function

When stochastic values are interdependent, such as the velocity components in turbulent flows,

a joint probability density function (JPDF) can provide insights into their relationship. Consider

the axial (u) and radial (v) components of velocity for a jet flow, both dependent on each other

and location and time.

P (u; v) = P (u)P (v) (2.9)

The JPDF P (u; v) for the probability of finding both of the velocity terms between their initial

values and a infinitesimally small deviation (ie. between u and u+ @u) is is unity for,

Z +1

0

Z +1

�1
P (u; v)@u@v = 1 (2.10)
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By definition, it is also possible to extract the individual PDF of one of the variables in the

JPDF by integrating the JPDF with respect to the other variable,

P (u) =

Z +1

�1
P (u; v)@v (2.11)

As with the PDF the nth moments of the JPDF are given by,

(uv)n =

Z +1

�1

Z +1

�1
(uv)nP (u; v)@u@v (2.12)

The first moment of their fluctuating velocity terms, n = 1, is the correlation between u and v,

u0v0 =

Z +1

�1

Z +1

�1
(u� (u)(v � v)P (u; v;x; t)@u@v (2.13)

When the above is normalized by the root mean square (r.m.s) values of the fluctuating velocity

terms, the correlation coefficient Cu;v is formed,

Cu;v =
u0v0p
u02v02

(2.14)

The correlation function is useful for quantifying the degree of correlation between two random

variables. If nearly perfectly correlated the function approaches �1, and if uncorrelated, it

assumes a value of zero.

2.3.4 Reynolds Stress

Referring back to Chapter 2.3.1 the velocity term of a turbulent flow can be decomposed into

its mean and fluctuating terms and is known as the Reynolds decomposition. The Reynolds

stress tensor describes the turbulent shear forces acting on the flow and can be derived from the

material derivative form of the momentum equation,

Duj
Dt

=
@uj
@t

+
@

@xi
(uiuj) (2.15)
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In the above ui and uj are the ith and jth components of velocity respectively, and xi with the

ith spatial direction. The derivation starts with finding the average of Equation 2.15,

Duj=Dt� 1 =
@uj
@t

+
@

@xi
uiuj (2.16)

Next, the Reynolds decomposition is used to substitute in for the mean velocity terms giving,

Duj=Dt =
@uj
@t

+ ui
@uj
@xi

+
@

@xi
u0iu
0
j (2.17)

The u0iu
0
j term in the above equation is the Reynolds stress tensor.

For round turbulent jets the Reynolds stress tensor takes the following form,

2666664
u02 u0v0 0

u0v0 v02 0

0 0 w02

3777775 (2.18)

The Reynolds stress tensor terms are commonly normalized by the square of the jet centerline

velocity U2
0 as once the flow is fully turbulent, the normalized terms are self-similar. Of the

Reynolds stress terms, the first term u02 gives the root mean square of the axial velocity when

its square root is taken r:m:su =
p
u02. To normalize the axial r.m.s it should be divided by the

jet centerline velocity,

r:m:su:norm =
p
u02=U0 (2.19)

The second and fourth terms are identical u0v0 and quantify the relative magnitude of the

turbulent shear stress. Useful experimental profiles of the normalized Reynolds stress terms and

the u0v0 correlation coefficient are shown in Figure 2.2 (a) and (b) respectively. The profiles in

Figure 2.2 are plotted against r=r1=2, the radial distance normalized by the radial location for

a given axial location at which the axial velocity is half of the mean centerline velocity at the

same axial location. Note that in Figure 2.2 the notation differs from the present work in that

15



(a) (b)

Figure 2.2 Experimental profiles of a round turbulent jet depicting the Reynolds stress tensor (a),
and the u’-v’ correlation (b). Original data collected using laser Doppler velocimetry (LDV) and hot

wire anemometry (HWA) by Hussein et. al [35], and later curve fit (shown here) by Pope [33].

< u2 > is equivalent to u02 in the present work, that is, the mean value of the square of the

axial fluctuating velocity term. Additionally, k in Figure 2.2 (b) is the turbulent kinetic energy

k = 1
2(u02 + v02 +w02), and puv is the same as the correlation coefficient given in Equation 2.14.

2.4 Introduction to Round Turbulent Jets

2.4.1 Mean Axial Velocity

Fully developed round turbulent jets are self-similar, and as such, theoretical equations can

match the mean velocity profiles with varying degrees of accuracy. Most theoretical approxima-

tions for mean axial velocity are not well suited at axial heights of less than 20 jet diameters

x=d < 20. The following relation for the mean axial velocity of a fully developed round turbulent
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jet is given with consideration for the virtual jet origin x0 = 5:0D=2,

u(r; x)

UJ
= 11:8

�
�0

�

�1=2� Dh

2(x� x0)

�
e�93:7(r=(x�x0))2

(2.20)

In Equation 2.20 UJ is the jet exit velocity, which can be determined from the mass flow rates

during experiments, � is the density of the jet, and �0 is the density of the surroundings (usually

air at STP) [36]. The theoretical equation for the mean centerline axial velocity U0 is also useful

when comparing experimental measurements to theoretical ranges,

U0 =
B UJ Dh

x� x0
(2.21)

In Equation 2.21 B is an empirical constant taken at 7:2 for the present work for jets with

Reynolds numbers ranging between 6; 000 and 10; 000 [33]. Unlike Equation 2.20, the mean

centerline velocity equation is valid for axial distances as close as x=D = 2:52.

2.4.2 Mean Mixture Fraction

Similar to how velocity fluctuations in a turbulent environment, so too do the constituents of

the turbulent fluid fluctuate from their mean path. In most applications of combustible jets the

jet is comprised of more fuel than oxidizer and burns within an oxygen environment. This type

of flame is known as a diffusion jet or a partially premixed jet (for the case where the jet has

a small portion of oxidizer mixed with the fuel). Mixture fraction f is an important variable in

combustion that is defined in general as the mass percentage of fuel in a mixture,

f = Yf +
1

1 + (F=O)st
(2.22)

In the above, Yf is the mass fraction of the fuel, and (F=O)st is the stoichiometric mass ratio

between the fuel and air [37].

For turbulent jets the mixture fraction is stochastic. The mean mixture fraction can be
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determined theoretically in the case of a fully developed round turbulent jet,

f(x; �) =
9:52 r�
x� x0

e�59 �2
(2.23)

In Equation 2.23 � = r=(x� x0), and r� = Dh(�0=�)=2 encapsulates the density ratio between

the jet � and the surroundings �0 [38]. For partially premixed jets the density of the jet should

be adjusted according to the mass fraction of the jet mixture.
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Chapter 3 | Turbulent Ignition and Combustion

3.1 Introduction to Ignition

Ignition is broadly defined as the process by which a combustible mixture is stimulated to a

point where rapid combustion occurs [39]. The method of stimulation can vary widely, but

for most practical applications sparks are used. The amount of energy the spark deposits into

a combustible mixture that results in ignition is defined as the ignition energy. As this work

focuses on the use of a laser spark to stimulate ignition, this Chapter will serve as a brief review

of some of the unique aspects of laser ignition and other general considerations.

3.1.1 Ignition Energy

There have been numerous studies on the impact of ignition energy on ignition outcome. For

laser sparks, the higher the incident energy, the farther the initial plasma spark expands away

from the focal point towards the focusing lens [40]. At the lower end of the spectrum, if the

laser energy delivered is below the threshold for breakdown, no ignition occurs. It is known

that increasing the total energy delivered will increase the spark size, however, for methane-air

mixtures the breakdown threshold generates a spark sufficiently large for ignition [18]. Increasing

the energy delivered by a spark will also increase the temperature of the hot gas left behind

which can be approximated by the homogeneous hot-gas model shown in Equation 3.1,

T = T0 +
E

4�r3cp�0=3
(3.1)

In the hot-gas model, T0 is the initial temperature of the gas, cp the heat capacity, �0 the

density, E the proportion of the deposited energy left for heating, and r the approximate radius

of the spark [17]. Studies have shown that the percent of energy responsible for heating E is

only 7 � 8:6% of the spark energy with most of the energy being lost through blast wave and
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radiate losses [10]. The minimum energy for ignition increases with flow velocity, but eventually

the blast-wave from the energy deposition will disrupt the evolution of the flame [17].

3.1.2 Ignition Energy Delivery Time

Spark duration has the most significant influence on the outcome of ignition as it increases the

probability that favourable mixture compositions will encounter the spark radical pool during

each ignition attempt. While a linear increase in spark energy will result in a linear increase

in the number of radicals observed [22], just increasing ignition energy may result in an excess

radical pool within a mixture incapable of combustion. Beduneau et al. go further to say that

for ignition to occur "...reaching a certain spark energy in a manner to obtain the right radical

levels at the same time as the start of the branching phenomena was necessary". By the same

mechanism, increasing the spark repetition rate has been shown to increase the probability of

ignition [41]. Though not common with Nd:YAG lasers, which have a very short pulse duration,

there is a direct relation between pulse duration and the energy gained by electrons at the focal

point. The breakdown threshold of a gas is reached when the electrons have gained enough

energy during the pulse duration to equal the ionization potential times the critical number of

generations,

kcrIo =

Z 4t
0

@�

@t
@t =

@�

@t
4t (3.2)

In the above, kcr is the critical number of generations, Io is the ionization potential, 4t is the

pulse duration. The rate of growth of the electron energy � in Equation 3.2 is given by Equation

3.3,
@�

@t
=
e2E2

m!2
veff

!2

!2 + v2
eff

(3.3)

In the above, veff = neve�tr is the effective collision frequency, ne is the atomic density, ve is the

electron velocity, �tr the transport cross section, E is the root-mean-square electric field (from

the laser light), m the mass of an electron, e the charge of an electron, and ! is its frequency.
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3.1.3 Ignition Optimization

Significant effort has been applied to spark optimization, but the majority of research (both

commercial and academic) has focused on unique use-cases with unusual geometry often linked

to a demanding current practical application [5, 7, 42–44]. Studies have shown that in spark plug

ignition there is an increase in the shear strain rate near the spark plug which can act to dissipate

the subsequent spark and prevent the formation of flame kernels in spray injection engines

[45]. Later studies into similar spray-guided spark-ignition direct-injection SG-SIDI (similar

to gasoline internal combustion engines) showed that in practice there are large variations in

velocity magnitude, equivalence ratio, shear strain rate, and vorticity values in the region near

the spark plug during the spray event [46].

Due to the large variations in the mixture variables that determine the minimum ignition

energy, spark energies and duration much larger than the average needed may be used to ensure

ignition. Other optimization techniques for internal combustion engines involve timing the spark

to occur immediately after the end of injection as well as placing the spark near the edge of the

spray to balance the shear influences of the spray with the ideal stochastic mixture ratio for

minimum ignition energy [12]. Additional optimization of energy delivery includes changing the

energy source away from spark plugs as they are limited to a fixed location and suffer from heat

loss to the electrodes. Laser sparks have been proposed as an alternative, though the issue of a

reliable optical pathway into the ignition chamber remains a significant barrier to this method

as the high-powered nanosecond lasers required for laser spark ignition become cheaper and

more energy efficient [47]. However, laser sparks do provide a useful method for isolating the

influences of aerodynamic shear and turbulence from the influences of the spark plug geometry

and placement to better study the influence of turbulence on ignition.

3.2 Ignition of Turbulent Jets

Ignition of turbulent jets is a multi-step process that requires each step to succeed for the next

to proceed. Sufficient energy must be delivered to a combustible mixture, a flame kernel must
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develop, expand into the surrounding flow while propagating downstream to the nozzle, and

finally find a stable location above the nozzle according the flame speed of the mixture, and the

Reynolds number of the jet. This Chapter will focus on introducing the reader to terms and

phenomena relevant to the last three stages of ignition of turbulent jets, as energy delivery was

covered in the previous Chapters (3.1).

3.2.1 Flame-kernel Development

A flame kernel is the term given to a closed-surface flame, approximately spherical in shape

immediately after ignition, and soon distorting to more complex shapes according to the sur-

rounding mixture and flow field. The outer surface of the flame kernel, where combustion is

occurring, is called the flame front. The location of the flame front can be experimentally deter-

mined when considering the spectral emission bands of short lived species which occur during

combustion. These short lived, intermediate, species are commonly known as radicals, as they

quickly react with the surrounding mixtures. For optical measurements using band-pass filters,

such as in the present work, the ideal radical should provide sufficient emission intensities to

detect with a camera, while also being short lived to provide suitable temporal resolution of the

flame front location.

Determining which radical to measure is dependent on the chemical kinetics of the fuel

oxidizer reaction. Stoichiometry and chemical kinetic databases may be used to determine the

likely chain branching reactions and their reaction rate. Most reactions are bi-molecular,

ReactantA +ReactantB �! Products (3.4)

The reaction rates are calculated by,

�d[A]

dt
= �d[B]

dt
= k[A][B] (3.5)

In Equation 3.5 the brackets around the reactants [X] mean they should be calculated with their
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molar concentration (moles per volume), and the proportionality k is the rate constant. Some

basic nomenclature includes chain initiation (diatomic molecule being split into two monotonic

molecules), chain propagation (reaction between two molecules resulting in two new molecules),

and chain termination (reaction between two molecules resulting in one molecule). In the present

work on methane jets, the methylidyne radical CH* is well suited for flame front determination.

As the reaction rate increase, so does the expansion rate of the flame kernel. The velocity

at which a flame front would expand in a stagnant environment is its laminar burning velocity

sL. This rate is most dependent on the mixture fraction at the flame front, but also depends on

the temperature and pressure of the combustion environment. If the flame kernel develops in a

laminar jet, then the expansion velocity is relative to the surrounding flow field. In turbulent

environments the flame front wrinkles and expands at a new rate, the turbulent burning velocity

sT . Previous experimental work has shown that the effect of the wrinkled flame front on burning

velocity can be approximated by the fluctuating axial velocity term u0 [48],

sT
u0
�
�
sL
u0

�0:3

(3.6)

Other work has found that the turbulent burning velocity can be approximated as sT � 2u0,

which is particularly useful if the mixture fraction, and therefore laminar burning speed, is un-

known [49]. For further review of the two relations given above, in addition to a deeper discussion

on turbulent premixed flames, the author recommends the review Turbulent Premixed F lames

by Pope [50].

3.2.2 Flame-kernel Stretch

In ideal conditions, a flame front will expand evenly in all directions until it approaches the mix-

tures flammability limit (if non-homogeneous), or reacts completely until the mixture can no

longer maintain combustion. In a jet in co-flow apparatus the flame front will expand likewise,

but relative to the aerodynamic flow of the jet. However, the strong aerodynamic shear present

in portions of turbulent flows has a significant influence on the shape of developing flame ker-
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nels. By observing flame kernels soon after ignition correlations between observed deformations,

aerodynamic shear, and fire/misfire outcome are possible. The same shear forces that stretch

flame kernels may also cause the kernel to be transported away from ideal combustion conditions

in addition to heat away from the flame kernel resulting in quenching.

The magnitude of stretch can be estimated by how eccentric the cross section of the kernel

is and quenching effects may be estimated by the flame speed of the downstream flame edge,

which, if un-quenched, should approach the theoretical flame speed of the mixture (relative to

the velocity of the mixture). Flow field measurements allow the deconstruction of a planar flow

field sample of a jet into its axial and radial velocity components. The instantaneous axial and

radial shear stress can be extracted from the flow field (PIV in the present work) by,

�(xj) = �
@ui
@xj

(3.7)

The shear stresses can be measured at locations next to the flame-kernel edge if both the velocity

field and approximate flame-kernel edge are measured simultaneously. The average shear stress

at the leading edge of the flame kernel can be compared to ignition probability to determine its

influence in addition to kernel eccentricity.

3.2.3 Flame-kernel Wrinkling

Flame wrinkling during the early states of a flame kernel is an indication of the turbulence

intensity inside the flame kernel immediately after formation. As more wrinkling is observed

with increasing turbulence, the flame perimeter length increases in addition to the related flame

surface area. While turbulence is associated with flame quenching due to the transport of heat

away from the reaction area, it can also promote faster kernel growth through increased reaction

area. It is of interest what influences the turbulence at the spark location and the turbulence

at the flame front may have on the ignition probability and downstream propagation of the

flame kernel. Prior studies focused on non-premixed turbulent jet flames found that the flame

chemistry and diffusion processes did not respond to the varying strain field along the flame
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wrinkle [51]. However, as a 2D measurement of a 3D property is insufficient to make strong

claims on the influence of the 3D property, any interpretations of the 2D measurement must

be taken with caution. As the flame kernels in this work are present in a turbulent jet, it is

expected that wrinkling will occur and should vary with the ignition location selected as the

mean turbulence intensity will change with respect the radial and axial location of the spark.
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Chapter 4 | Photonics and Scattering

4.1 Laser Ignition Mechanisms

Unlike spark plugs which ignite fuel by electrodes across anode cathode air-gaps, lasers gener-

ally create plasma with collision breakdown wherever the laser energy converges to a sufficient

irradiance. The laser spark plasma in the current work is caused by laser induced multi-photon

ionization followed by electron avalanche and is short lived on the order of nanoseconds. The

minimum irradiance (Watts=cm2) for laser induced breakdown of air can be determined if pres-

sure, wavelength, and pulse duration are known by using,

IBd = (8� 102)=(P tp �
2)(1 + 4:5� 10(�6P 2�2)(1+2�108tpP )) (4.1)

In the breakdown threshold equation, IBd is the required irradiance inWatts=cm2, P is pressure

in atmospheres, � is the laser wavelength in µm, and tp is laser pulse duration in seconds [52].

Laser irradiance is dependent on the spot size of the focal point which is strongly influenced by

the beam quality of the laser. In some cases beam quality may be assumed to be perfect, that

is, that the laser beam is a diffraction-limited Gaussian beam and its potential to be focused to

a point is maximized. As the beam quality faction (M2) increases from unity, its potential to

be focused to a point decreases.

The beam quality factor is not typically given on laser data sheets and for high quality lasers

papers may assume it to be unity [53]. However, M2 can be calculated with,

M2 = (� � !o)=� (4.2)

In the above, � is the beam divergence half angle, !o is the beam waist radius, and � is the

laser radius [54]. A non-ideal M2 may be roughly estimated by using the laser aperture radius,
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Da=2, as the beam waist radius. Then the non-ideal laser spot radius can be determined using

the estimated M2 found from Equation 4.2 as,

!actual = (M2 � f)=(� !o) (4.3)

[54] In Equation 4.3 f is the focal length of the focusing lens, !o is the input radius of the beam

on the lens, and !actual is the laser spot radius. Once the spot radius is known or estimated the

irradiance produced by a laser is determined by,

ICalc = (Ep=tp)=(� � [!actual]
2) (4.4)

In the above relation, Ep is the pulsed energy of the laser in mJ , tp is the pulse duration in

ms, and !actual is the calculated spot radius in cm [54]. With these values known, the laser

pulse energy can be set with a high confidence of meeting minimum irradiance requirements to

produce a plasma spark.

4.2 Nd:YAG Lasers

4.2.1 Frequency Doubling

In PIV a second-harmonic generator (SHG) is commonly used in Nd:YAG lasers to double the

frequency of the principle laser light from 1064nm to 532nm. This is done by passing the laser

light through a crystal with nonlinear properties. When the nonlinear crystal is exposed to the

incident laser lights electric field E(wi), where wi is the frequency of the field wi = c
�i
, the

crystal molecules oscillate as dipole moments at the frequency of the field wi and radiate two

electric fields, one of E(wi), and one of double the frequency E(2wi). The frequency doubled

photon is a result of two of the base frequency photons being destroyed, while one frequency

doubled photon is created simultaneously as shown in Figure 4.1. This is seen in the expanded

polarization formula for nonlinear material, which is explained in more detail in Chapter 4.2.2.
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Figure 4.1 Geometry of second-harmonic generation (a), and an energy-level diagram describing
second-harmonic generation (b) [55].

4.2.1.1 Impact on Laser Energy

While the theoretical energy efficiency possible by pure second-harmonic generation is very high,

when applied in a Nd:YAG laser there are numerous pathways for energy loss. Energy is lost

for a number of reasons, but the method of main concern is through destructive interference

between the fundamental wave wi and the second harmonic 2wi [55]. The nonlinear crystal needs

to be angled with respect to the incident fundamental wave such that the frequency doubled

wave is generated with the same phase. The angle which allows this phase matching to occur is

dependent on the refractive index of the nonlinear crystal. The refractive index is temperature

dependent and no material is perfectly transparent or reflective such that some of the incident

energy is absorbed by the crystal and heats it. This heating can be anticipated, and, if properly

tuned, the laser may be ’warmed up’ to the tuned temperature to maximize efficiency.

4.2.2 Nonlinear Optics

Nonlinear optics is the phenomena by which the optical properties of a material change when

it interacts with light. The nonlinear susceptibility of a material describes if, and to what

extent, a material reacts in a when exposed to light. Where a ’nonlinear manner’ is in such a

way that the reaction is not linearly dependent on the magnitude of the incident light but by

some other function. For example, the second harmonic intensity is dependent on the square
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of the applied/incident electromagnetic field. The expanded polarization equation of a material

formulates the effect of the electric susceptibility tensors �n,

P (t) = �0(�(1)E(t) + �(2)E2 + �(3)E3(t) + :::) (4.5)

In the above equation �(1) is the linear electric susceptibility tensor and the higher order terms

�njn>1 are due to nonlinear effects [55]. In SHG the second order electric susceptibility tensor

�(2) is present due to the nonlinear crystal used and results in the generation of the frequency

doubled wave 2wi. Higher order electric susceptibility tensors such as �(3) are present in most

materials, but to a much lesser effect unless carefully engineering such as in the case of super-

continuum generation. Currently, our understanding of nonlinear materials limits second order

nonlinear effects to noncentrosymmetric crystals [55]. Common crystals used to frequency-double

Nd:YAG Lasers include lithium niobate, potassium titanyl phosphate, and lithium triborate [56].

4.3 Introduction to Light Scattering

The following Chapters are present to inform the reader on various forms of light scattering. Light

scattering is the method by which information may be extracted from a flow field after particles

of specific size, shape, density, and reflective index are dispersed into the flow. In some cases

the molecules of the flow act as the seeding particles and in others the particles must be added.

In either case useful information may be extracted from the type and intensity of the scattered

light. In this work particle image velocimetry (PIV) was used for velocity measurements, though

many other types of optical measurements using light scattering could have been performed. In

particle image velocimetry a laser sheet is used to illuminate the ’seeded’ particles and the

scattered light is recorded as a picture. There are many types of light scattering, some of which

are more applicable to PIV than others, but all of which are useful to be aware of.
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4.3.0.1 Mie Scattering

Mie scattering is most associated with light scattering in PIV [56]. Mie scattering is the elastic

scattering of light by a homogeneous sphere with a diameter near that to the wavelength of the

incident light. The variable used to relate the particle size and wavelength is known as the size

parameter x and is defined by the following formula,

x =
2�a

�
(4.6)

In the relation above, a is the characteristic dimension of the particle (radius:spheres), and �

is the wavelength of incident light [57–60]. The Mie scattering region is limited to (x � 1) as

shown in Figure 4.2. The scattering theory used to model Mie scattering, Mie theory, is a general

Figure 4.2 Light-scattering regimes categorized in the x-m diagram. Region 1: Rayleigh-Debye-Gans
regime. Region 2: Anomalous diffraction regime. Region 3: Geometrical optics regime. Region 4: Total

reflection regime. Region 5: Optical resonance regime. Region 6: Rayleigh regime [61].

solution that is valid for all ranges of x but the solution for (x � 1) is known as Mie scattering.

The mechanism of Mie scattering is the result of the superposition of scattering from multiple

classical scattering centers. This is because the particle is not sufficiently small in relation to the

incident wavelength for the field to be considered homogeneous about the particle. Consequently,
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each part of the particle experiences various field strengths. Phase interference from the multiple

scattering points/centers results in a an angular dependent scattering to be discussed further in

Chapter 4.4.1.

4.3.0.2 Lorentz-Mie Scattering

Lorentz-Mie scattering is the solution to Mie Theory for Maxwell’s equation when the scattering

particle is a homogeneous sphere. As stated previously in Chapter 4.3.0.1, the Mie scattering

solution is commonly used as long as the size parameter x is not very small or very large. If

x << 1 Rayleigh scattering is appropriate, and as x >> 1 ray optics are more appropriate.

The scattered intensity of Lorentz-Mie scattering is a result of partial linear polarization and in

effect the scattering from stratified spheres. The equation for scattering intensity of Lorentz-Mie

scattering follows as,

Is =
I0(i1 + i2)

2k2R2
(4.7)

In the above equation Is is the scattering intensity in any direction, I0 is the intensity of the

incident light, k is the wave number,R is the distance to the observer, and i1;2 are the "...intensity

of light vibrating perpendicular and parallel to the plane through the directions of propagation

of the incident and scattered beams" [57]. While i1 and i2 are normally tabulated for x, m and

� they can also be solved for by,

i1 =
��S1(�)

��2 i2 =
��S2(�)

��2 (4.8)

The S1(�) and S2(�) terms in the above equation are the amplitude functions [57].

4.3.0.3 Rayleigh-Gans Scattering

The Rayleigh-Gans (or Rayleigh-Debye-Gans) scattering is a unique case for the Rayleigh scat-

tering regime and occurs when the following conditions are met,

jm� 1j << 1 &
2�dp
�
jm� 1j << 1 (4.9)
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The �rst of the above condition limits the solution to situations where the relative refractive

index m = np
ns

is close to unity and the second condition requires that the phase shift at any point

in the particle is negligibly small. If these conditions are met the resulting scattering pattern is

such that that the scattering intensity will peak at small angles relative to the incident light.

The general angular intensity of Rayleigh-Gans scattering is given here in terms of a spherical

volume with diameter dp,

I (� ) = I 0
� 4d6

p

9� 4R2 (m � 1)2(1 + cos � 2)P(� ) (4.10)

In the above,P(� ) is the form factor which varies depending on the size and shape of the particle

[57, 60]. This is due to the induced dipole electric �eld approximately matching the electric �eld

of the incident light such that their destructive interference at other angles greatly reduces the

total scattering. Of note is that the scattering intensity at � = [0 °; 180°], is the same as Rayleigh

scattering and decreases for all other scattering angles [60].

4.3.0.4 Willis-Tyndall Scattering

Tyndell, or Willis-Tyndall scattering, is the scattering of EM energy by particles in colloidal

suspension, a suspension where the particles do not settle or take a very long time to settle.

Under the above conditions, the incident light is scattered with the same process as with Rayleigh

scattering, but has a signi�cant increase in scattering power. This is because in a random array

of identical particles, such as in a colloidal suspension, the scattering intensity per unit volume of

the medium is the sum of the e�ects from each individual particle making the overall scattering

much easier to observe without assistance. Tyndell scattering is especially useful for quantifying

the size and particle density of contaminants such as aerosols in the atmospheres. If the total

volume of the measured scattering volume isNV then the observed intensity scattered per unit

volume for unpolarized light is,

NI s =
9� 2NV 2

2R2� 4

�
n2 � 1
n2 + 2

� 2

(1 + (cos � )2) (4.11)
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where N is the number density of the volume,R is the distance to the observer,� is the angle

from forward scattering, n is the refractive index of the particles,V is the particle volume, and

� is the wavelength of the incident light [60].

This type of colloidal suspension scattering receives its namesake from John Tyndall, who

was an English physicist who worked on one of the most elusive mysteries of his time, the

polarization of sunlight at right angles to the sun. Earlier attempts to explain the phenomena

were made by postulating that the atmosphere consisted of suspended water droplets of a size

su�cient for polarization to occur due to the re�ections o� of the exterior and interior thin �lm

of the droplet. This theory was disproved in a number of ways, but perhaps the most entertaining

way was that if present and large enough to cause the e�ect, the water droplets would magnify

star light to an enormous extent. John Tyndall postulated that it was due to a �ne suspension of

water molecules rather than droplets. Tyndall performed a number of experiments on aerosols,

which gave Rayleigh su�cient information to theorize that if the particles are su�ciently small

in comparison to the wavelength of the light, the EM �eld of the light would be homogeneous

to the particle, and that under such conditions it would become polarized in the same direction

as the �eld. The resulting induced dipole would scatter energy in the direction of the dipole,

perpendicular to the direction of the incident EM wave, and solving why the light scattered at

90° to the incident beam is completely polarized [60].

4.3.0.5 Raman Scattering

Where as Rayleigh and Lorentz-Mie scattering are elastic forms of scattering (energy is con-

served), Raman scattering is a result of inelastic interactions between photons and particle.

Because Raman scattering occurs during interactions with very small particles, it can be used

to measure �uids directly. The Raman scattering e�ect is capable of providing insights on molec-

ular composition, temperature, and a number of other useful quantities. This interaction is due

to the excitation of the particle resulting in a change of vibration or rotation energy state. For

nomenclature let us consider the angular frequency (! = 2 �c 0=� ) of the laser! i , the base state

(vibrations, rotational, or electronic) of the particle ! p = ! 0 = 0 , and the next highest state of
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the particle ! p = ! M .

In Rayleigh scattering the laser light excites the particle to the angular frequency of the

laser ! p = ! i + ! 0 and it emits the gained energy as scattering! s then returns to its base level

! p = ! 0 = 0 such that,

! s = ( excited + initial ) � (f inal ) = ( ! i + ! 0) � (! 0) = ! i (4.12)

All the energy added to the particle by the laser is emitted (elastic) with no change in frequency.

However, in Raman scattering, some of the energy is lost to changing the energy state which

results in a change of frequency of the scattered light,

! s = ( ! i + ! 0) � (! M ) = ( ! i � ! M ) < ! i (4.13)

The above scenario is the classical Raman scattering case, the Stokes Raman scatter. An addi-

tional case is possible if the incident energy interacts with the particle while otherwise excited

to a higher state,

! s = ( ! i + ! M ) � (! 0) = ( ! i + ! M ) > ! i (4.14)

This special case is known as the anti-Stokes Raman scatter [62].

4.3.0.6 The Cabannes Line

The Cabannes line, named after the French physicist Jean Cabannes, is a spectral structure

that exists within all scattered light. Jean Cabannes predicted its existence in the 1920s and

attempted to experimentally measure it. This was signi�cant at the time because Rayleigh scat-

tering was known to be an elastic process and as such should not cause any spectral shifts in the

scattered light. Jean Cabannes predicted the structure would consist of a Doppler-broadened

principle line and side-bands due to rotational Raman scattering. Physically, the spectral broad-

ening of the central peak is due to the oscillating motion of the scattering molecules when acted

upon by sound waves or other natural oscillatory forces/motion resulting in density �uctuations
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[63�68]. In this way the Cabannes line relates the other molecular scattering types as the in-

tensities for central and rotational Raman shifted lines derived by Cabannes, when summed,

provide the solution given by Rayleigh [63, 67] and proved that scattering is not a cut and clear

process but a symphony of coexisting phenomena.

In atmospheric scattering, particles have energy levels with a Maxwell-Boltzmann distri-

bution and all types of molecular scattering contribute to the total scattered light. To better

picture the various mechanisms of scattering and how the mechanisms are related an overview

is shown in Figure 4.3. It is important to note that the Cabannes line has its place in this

Figure 4.3 Overview of the various scattering mechanisms in molecular gases according to Young.
Reprinted from Atmospheric Physics by Ulrich Schumann [64, 67].

overview under the nomenclature of Rayleigh-Brillouin which is the mechanism that causes the

Cabannes line and sometimes the mechanism is also referred to as Cabannes scattering. The

main scattering intensity in the atmosphere is due to Rayleigh scattering with the central elastic

scattering wavelength being broadened according to the Cabannes line with slightly frequency

shifted emissions due to the vibration-rotation and pure rotational Raman scattering as shown

in Figure 4.4. As shown in the top graph of Figure 4.4 and discussed in Chapter 4.3.0.5 Ra-

man scattering can act in two modes, Stokes (right), and anti-stokes (left) vibration-rotation

scattering (black dots, gray lines) and their sum (light gray and dark gray squares, triangles,
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Figure 4.4 Simulated di�erential backscattering ( � = 180°) cross section of laser light (� = 355nm)
scattered in nitrogen N2(T = 300K ). Each graph shows the same data, but with a di�erent resolution.

Top, middle resolved vibration-rotation and rotation Raman lines (log-scale).Bottom resolved
Cabannes line for di�erent pressure values (linear scale). The integral of the Cabannes line represents

the scattering cross section already given in thetop and middle graph. Reprinted from
Atmospheric Physics by Ulrich Schumann [67]

and diamonds, respectfully) [67]. The middle graph of Figure 4.3 shows the rotational energy

level, Stokes, and anti-Stokes Raman scattering. Raman scattering has an additional mode (the

black diamond in Figure 4.4) called the Q-branch which is a mode of rotational Raman scat-

tering where molecules transition between degenerated states with di�erent magnetic quantum

numbers which represents0:64% of the Cabannes line [67].

Jean Cabannes breakthrough was to recognize that molecular motion is not in�nitely slow

relative to the dipole frequency and that this relative motion would result in spectral broad-

ening of the principle line. Jean Cabannes famously performed an experiment which showed

the broadening of the principle line and the e�ects of Raman scattering in which he recorded
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the scattered spectra and noted "...our spectra show in addition a considerable broadening

(nearly symmetrical) of the mercury lines in di�usion in benzene and ether" [63]. An example

of the spectra recorded by Jean Cabannes is shown in Figure 4.5 with notations of wavelength

shift from the center line in units of Angstroms (1Å= 0 :1nm). As previously mentioned, the

Figure 4.5 Positive and negative rays ofKClO 3 in quartz, calibrated against the iron arc [63].

method that causes the formation of the Cabannes line in atmospheric scattering is Rayleigh-

Brillouin scattering. The following discussion and derivation uses nomenclature from the book

Atmospheric Physics [67]. Rayleigh-Brillouin scattering is caused by any density �uctuation

which can be divided into two base causes, thermal (constant pressure), and pressure (constant

entropy), with sound waves falling into the later category. Figure 4.6 shows the interaction of

a traveling sound wave and the incident light whereki , ks, and ksc are the wave vectors of the

incident light, sound wave, and scattered light respectively.

The wave vector for some wavex by de�nition is jkx j = 2�n r
� x

where nr is the index of

refraction of the medium. By applying conservation of momentum and considering the wave

vector diagram for the scattered wave vector in Figure 4.6 an expression for the square of the
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Figure 4.6 Schematic diagram illustrating the Brillouin scattering process. The black arrows indicate
incident light, the black dashed arrows represent scattered light, and the gray lines represent the

traveling sound wave caused by pressure �uctuations and are responsible for the Brillouin scattering
process. The box on the right shows the corresponding wave vector diagram. Reprinted from

Atmospheric Physics by Ulrich Schumann [67].

wave vector of the sound wave can be derived,

jksj2 = jki j
2 + jkscj

2 � 2 � j ki jj kscj cos� (4.15)

To determine the frequency shift f s between the incident and scattered light the assumption is

made that jkscj j kscj allowing the simpli�cation,

jksj = � 2jki j sin
�
2

(4.16)

The above can be solved for the frequency shift (half-width of the broadening pattern) when

considering that for sound waves,f s = cs
� s

, wherecs is the speed of sound and� s is the wavelength

of the sound wave,

jf sj = 2
csnr

� i
sin

�
2

(4.17)

It should be noted that the Gaussian shape of the Cabannes line only occurs when the mean

free path between collisions is much larger than the scattering wavelength (Knudsen regime).

The Doppler broadening e�ect still occurs in the opposite case, but its pro�le changes to three

peaks separated by the frequency shift (Hydrodynamic regime) [64]. The parametery is used
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to determine the dominant scattering pro�le,

y =
nkB T
ksv0�

(4.18)

Where n is the number density, T is the gas temperature,kB is the Boltzmann constant, v0 is

the most probable thermal velocity, and� is the shear viscosity [67]. The shift in pro�le is shown

in Figure 4.7 where the Knudsen regime is reached aty << 1 and the hydrodynamic regime

when y >> 1.

Figure 4.7 Evolution of the Cabannes line shape of Rayleigh-Brillouin scattered light in nitrogen
N2(wavelength � = 355nm, scattering angle � = 180°), calculated using the Tenti model. Reprinted

from Atmospheric Physics by Ulrich Schumann [67].
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4.4 Particle Image Velocimetry

4.4.1 Observation Angle Considerations

Particle scattering (Mie scattering for PIV 4.3.0.1) has a formulated dependence between the

angle of the incident radiation and the observer� . In Mie scattering, this is due to di�raction

phenomena dependent on the size parameter and may be considered in general by introducing

the form factor P(� ),

P(� ) � 1 = 1 +
16� 2n2

sR2
g

3� 2
0

sin
�
2

(4.19)

In Equation 4.19 ns is the refractive index of the surrounding medium,� 0 is the wavelength of

the incident light in a vacuum, and Rg is the radius of gyration of the particle [57][60]. The form

factor is applied to the scattering intensity function such that,

I s(� ) � I 0P(� ) (4.20)

The I 0 term in Equation 4.20 is the intensity of the incident light, and I s is the intensity of the

scattered light measured at an angle� from the forward scattering direction.

Molecular scattering (Rayleigh scattering) is due to scattering by the oscillating induced

dipole generated by the electric �eld of the incident light. An induced dipole is formed when the

size parameter is su�ciently small for the electromagnetic �eld of the incident light to interact

with the particle as a homogeneous �eld. Milton Kerker provides an excellent derivation of

scattering by an induced dipole [60]. The direction of the electric �eld of the incident light,

propagating along the positive z-axis~E0, and polarized along the x-axis, alternates as a function

of its frequency ! = c
� . The induced dipole momentp then oscillates as a function of time and

frequency perpendicular to the direction of propagation of the incident light, and parallel to the

electric �eld,

~p(t) = q0 cos (!t ) (4.21)

Where q0 in Equation 4.21 is the charge of the molecule. Note, the induced dipole moment will
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switch signs as the negative charge on the outside of the molecule, and the particle charge in

the interior of the molecule, swap sides in response to the oscillating electric �eld of the incident

light.

The intensity of the scattered light from the induced dipole of a sphere observed from a

distance R and at an angle	 from the dipole is given by:

I s =
16� 4a6

R2� 4 (
m2 � 1
m2 + 2

)2(sin 	) 2 (4.22)

In the above, a is the radius of the particle, and m is the relative refractive index m = np
ns

.

When the incident light is unpolarized, Rayleigh scattering has an angular dependence, and its

scattering intensity is an average of the parallel and perpendicular polarized cases,

I s(�; a; R; m; � ) =
8� 4a6

R2� 4 (
m2 � 1
m2 + 2

)2(1 + cos � 2) (4.23)

There are two unique cases, depending on the polarization of the incident light, which will be

discussed further in Section 4.4.2. The angular dependent scattering pattern for unpolarized

molecular scattering was calculated in MATLAB and is displayed in Figure 4.8 (a) for its

general dependenceI s � (1 + (cos � )2). The angular dependence of Mie scattering (as in PIV

experiments) shown in Figure 4.8 (b) for comparison. It is clear from Figure 4.8 (a) that Mie

scattering has a much higher intensity, and that PIV observations should be taken as close to

perpendicular to the beam path as possible. The Mie scattering pro�le in Figure 4.8 (b) was

calculated using a modi�ed code base originally developed by Christian Matzler [69].

4.4.2 Laser Wavelength Considerations

The wavelength of the laser used for PIV relative to the size of the seeding particle should be

picked to avoid any laser-light polarization e�ects which complicates the observed scattering.

Laser-light polarization is most important in the regime where,x << 1, when the particle is very

small compared to the wavelength, the Rayleigh scattering regime. For accurate PIV images the
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(a) (b)

Figure 4.8 Calculated angular dependencies of scattered light intensity for unpolarized molecular
scattering (a), and for Mie scattering of 532nm light on 10�m glass particles in water (b).

seeding particles should closely match the velocity of their host �uids. This biases instrumental-

ists to use very small particles, to be discussed in detail in Section 4.4.2. If the Rayleigh regime

is accidentally entered, as mentioned in Section 4.4.1, depending on the polarization of light for

this scattering regime there are two unique cases.

If the incident light is polarized perpendicular to the scattering plane, 	 = 90 °, there is no

angular dependence,

I (a; R; m; � )(	=90 °) =
16� 4a6

R2� 4 (
m2 � 1
m2 + 2

)2 (4.24)

And if the incident light is polarized parallel to the scattering plane it does have an angular

dependence,

I (�; a; R; m; � )(	=90 °� � ) =
16� 4a6

R2� 4 (
m2 � 1
m2 + 2

)2(cos� )2 (4.25)

Both constructive and destructive interference results from the interaction between the laser

polarized scattered light and the linearly polarized laser light from the dipole. As shown above,

depending on the polarization this interference pattern can change signi�cantly, which is one
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reason the PIV wavelength relative to seeding particle size should be considered to avoid the

Rayleigh scattering regime [60].

4.4.3 Seeding Particle Considerations

4.4.3.1 Seeding Particle Geometry

Ideal Mie scattering only occurs for spherical particles as the arrangement of dipoles is speci�c

to the shape. Great care should be taken to ensure that the seeding particles are consistent

in shape and size. This is why most PIV experiments utilize high control quality titanium

dioxide or alumina spheres. For non-spherical and a di�erent distribution of dipoles would be

present, resulting in altered scattering patterns. In addition, non-spherical particles would result

in incomplete polarization, and most molecules do not fall under ideal spherical assumptions

due to their structure (such as diatomic molecules).

The geometry and dipole distribution di�erences may be approximated by using a transformation-

matrix (T-Matrix), which is the exact numerical solution to Maxwell's equations with boundary

conditions allowing arbitrary (but regular) shapes, can be used to determine the extent of the

e�ects of non-spherical scattering. Ideally, to determine the exact e�ect of non-spherical particles

one would simulate as many individual dipoles as possible to obtain the net scattering pattern.

The direct simulation method, the T-Matrix method, and others are brie�y discussed in the

2018 Springer Series inLight Scattering V olume 2 [61]. As particles deviate from spheres, the

�ow orientation with respect to the incident light direction starts to impact the total scattered

light to the observer. In the extreme case of a cylinder that is much larger than the wavelength

of scattering light in �ow angled away from the incident light, one can picture how the cylinder

would align with the �ow and present less scattering area to the incident laser light than if the

�ow was perpendicular to the laser source. This inconstancy in scattering area is not desirable

for PIV experiments which seek to capture instantaneous velocity in varying directions with

consistent particle intensity.
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4.4.3.2 Seeding Particle Size

The size of seeding particles used in PIV experiments is very signi�cant to the quality of PIV

measurements. Changing the particle size with respect to a constant laser wavelength changes

the size parameter, the step response of the particle (how well the particle follows changes in

the �ow), and the scattering intensity. Taking the particle to be T iO2, with a refractive index

of � 2:66, in air with a refractive index of � 1, the size parameter for100nm, 1000nm, and

1000�m particle diameter are0:590, 5:90, and 5; 900respectively. Mie scattering is applicable to

both the 100nm and 1000nm cases, but at1000um, other outcomes of Mie theory that utilize

approximations to Mie solutions combined with geometrical-optics should be used. In regards

to PIV applications, the use of particles much smaller than the laser light used is to be avoided

due to the decrease in scattering intensity. The amount of light scattered by Raleigh scattering

for a �xed wavelength decreases by a factor of 64 for each halving of particle size,

I (x<< 1;s) � d6
p (4.26)

While in the Mie scattering region, it is proportional to the diameter squared,

I (x� 1;s) � d2
p (4.27)

The relation between particle size and scattering intensity is such that as particle size decreases

the intensity falls o� drastically when entering the Rayleigh scattering regime [56]. When con-

sidering step response of the particle,

� s = d2
p

� p

18�
(4.28)

It is shown that the step response increases nonlinearly with the square of the particle diameter

dp [56]. As such, a particle diameter between100nm and 1000nm would be best suited for PIV

experiments with a illumination source with the wavelength of532nm.
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4.4.3.3 Turbulent Coagulation

The current work uses PIV to observe the e�ects of strong turbulence and an understanding

of turbulent coagulation can con�rm that the particle size is suitable to the level of turbulence

expected in such work. Turbulent coagulation, the process that results in the pairing or merging

of particles e�ectively increasing particle size, is more likely to occur in particles larger than

a few microns,dp > 1000nm, but in cases with large turbulence, sub micron particles may be

a�ected by turbulent coagulation [59]. To classify the signi�cance of turbulent coagulation the

rate parameter of energy dissipation per unit mass of �uid� d � L 2

T 3 is introduced along with

the kinematic viscosity (resistance to �uid motion) of the �uid, v � L
T 2 . The relation of these

two variables gives the Kolmogorov microscale of length� = � k = ( v3

� d
)

1
4 , which is the smallest

scale at which eddies are responsible for energy dissipation, at smaller scales than� k only

viscous e�ects dissipate energy. For coagulation to occur, their must be more than one particle,

and coagulation is more likely to occur the closer the particles are to each other. The particle

concentration N of a �uid is an important threshold variable, and for turbulent coagulation to

be a concern, the particle concentration must be such that the particles are in closer proximity

than the Kolmogorov microscale of length.

N � 1
3 << � k (4.29)

To avoid turbulent coagulation, which may result in irregular scattering intensity during PIV

experiments, the seeding concentration and particle side should be minimized.

To calculate approximate rate of collision, and consequently the rate of coagulation (after

taking into account the likely hood of coagulation upon collision), �rst consider if the particles

in the �ow are about the same size. If the particles are not of approximately the same size,

then collision due to inertial e�ects should be considered. In PIV applications the seeding media

used typically has listed, and tight controls, on particle size such that small-scale shear �ows

will cause the majority of collisions and inertial e�ects could be considered insigni�cant. For
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isotropic turbulence the r.m.s velocity gradient and ratio between the rate parameter of energy

dissipation and kinematic viscosity are related by,

s

(
dux

dr
)2 =

2
15

(
� d

v
)

1
2 (4.30)

In Equation 4.30 the r.m.s velocity gradient is given in orthogonal units for the standard jet

dimensions wherex is the axial direction and r is the radial direction. The collision frequency

function � (vi ; vj ) is given by,

� (vi ; vj ) = 1 :3(
� d

v
)

1
2 (ai + aj )3 (4.31)

Where in the above, (ai + aj ) is the interaction distance and the constant 1:3 is based the

dynamics of �uid turbulence [59]. Appropriate care should be taken to ensure that the particle

size and seeding density are suitable for the level of turbulence being studied by PIV methods.

4.4.4 Velocity Determination Methods for PIV

4.4.4.1 Autocorrelation

In single frame/double exposure PIV, scattered particles are detected by cameras show up as

varying intensity pixels. The resulting intensity �eld is comprised of noise, mean intensity, and

peaks that can be used to determine velocity. These peaks must be compared to one another

to correlate which are likely to be caused by the same particle moving in space between the

two exposures. An example of the process �ow used for autocorrelation of single frame double

exposure images is shown in Figure 4.9. The �rst image on the left in Figure 4.9 represents

the recorded PIV image of the double exposed �ow �eld. The image is then segmented into

discreet grids for individual analysis. The grid is sized according to the �ow velocity and the

time between exposures such that the majority of particles should not travel outside the grid

distance between exposures. Next a set of Fourier transforms are taken of each grid to �nd the

correlation between particles and determine the velocity within the grid based on the derived
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Figure 4.9 Analysis diagram of single frame/double exposure recordings: the fully digital
autocorrelation method. Reprinted from Ra�el et al. [56].

particle movement.

Autocorrelation is commonly expressed in the decomposed form,

RI ac = RC + RF + RP (4.32)

In Equation 4.36 RI ac is the autocorrelation function of the intensity �eld I ac(x; y)(the data),

RC is the convolution of mean intensities,RF is the �uctuating noise component, and RP is

the self-correlation peak [56]. The Wiener-Kinchin theorem states that the Fourier transform of

the auto-correlation function, and the power spectrum of the intensity �eld I (x; y) are Fourier

transforms of each other,
�
�FT (I )

�
�2 = Î (4.33)

In Equation 4.33 Î is the Power spectrum of the intensity �eld, and is related to the auto

correlation of the intensity �eld RI by,

FT � 1(Î ) = RI (4.34)

And conversely,

FT (RI ) = Î =
�
�FT (I )

�
�2 (4.35)

4.4.4.2 Cross-Correlation

The cross-correlation method requires two frame/single exposure PIV. The light scattering of the

particles in each frame is recorded as varying intensity pixels. For the cross-correlation method
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to be successful, it is crucial that each frame is exposed independent of the other, requiring

precise timing of the images in concert with the laser pulses. Interestingly, the exposure time of

the camera can be much longer than the timescale between paired laser pulses. Though shorter

exposures are easier to work with, as long as the exposure length is less than the time between

pulse trains and the timing of the start of the exposure can be controlled at the timescales

between paired laser pulses, a single exposure per image is possible. In this method the �rst

frame is compared to the second frame to correlate the movement of particles. An example of

the process �ow used for the cross-correlation method is shown in Figure 4.10. The recorded

Figure 4.10 Analysis diagram of double frame/single exposure recordings: the fully digital
cross-correlation method. Reprinted from Ra�el et al. [56].

frames shown on the left of Figure 4.10 are again segmented according to a predetermined grid.

Each grid segment is correlated to the corresponding grid segment of the paired frame.

The resulting correlation peaks are comprised of noise, mean intensity, and peaks that can

be used to determine velocity. These peaks must be compared to one another to correlate which

are likely to be caused by the same particle moving in space between the two frames. Cross-

correlation is commonly expressed in the decomposed form,

RI cc = RC + RF + RD (4.36)

In the above, RI cc is the cross-correlation function of the intensity �eld I cc(x; y)(the data), RC

is the convolution of mean intensities,RF is the �uctuating noise component, and RD is the

correlation function peak [56].
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4.4.5 Uncertainty in PIV Measurements

PIV measurement uncertainty is a vast topic has occupied entire PhD dissertation [70] from

which the following section draws. PIV processing measures the correlated location change of

illuminated particles in the form of pixels with respect to the time between exposures. The

uncertainty of the mean of measurementsx is the standard deviation of a number of those

measurements divided by the square root of the number of measurements,

U�x =
� xp
N

(4.37)

In the above, � x is the standard deviation of the measurement, andN is the total number of

measurements averaged. Additionally, each velocity point resulting from PIV is not indepen-

dently measured, but rather calculated as a function of its surrounding values. To correct for

the interdependence of measurements in PIV, N must be replaced such that the uncertainty of

mean velocity for PIV takes the form,

UP IV �x =
� xp
Nef f

(4.38)

The e�ective sample sizeNef f is de�ned as,

Nef f = N � 1
1X

n= �1

� (n� t) (4.39)

In Equation 4.39 � is the auto-correlation coe�cient, which is a function of the temporal separa-

tion between samples� (n� t). Uncertainty does vary throughout the sheet as particle density is

not constant, sheet thickness is not constant, and particle movement out of the plane can vary

depending on the �ow. Even in an ideal situation with constant seeding density and sheet thick-

ness, the velocity within the sheet will oscillate about the mean with respect to the turbulence,

and the standard deviation of each point velocity will not be the same for all points.

To avoid uncertainties resulting from strong gradients in velocity over small scales of the
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order of the interrogation region size, the particle image diameterdp (pixel diameter of the

particles) must be very large with respect to the variation in particle-image displacementa,

jaj =
di

do
� u (4.40)

In Equation 4.40 di is the image distance,do is the object distance, both dependent on the focal

length of the sensor optic used, and� u is the dimensionless local variation of the velocity �eld.

To keep a small an optical sensor with minimal magni�cation should be used, time between

exposures minimized, and the particle used would be as large as possible while being able to

match �ow velocity quickly such that,

dp >>
di

do

j� uj� t
d

(4.41)

In the above, d is the window size, and� t is the exposure time delay. If the above condition is

not met, then the peak amplitude measured by the auto-correlation function will decrease and

broaden resulting in additional uncertainty [71].
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Chapter 5 | Experiment Details

5.1 Laser Management and PIV

5.1.1 Laser Shutter

An in-house designed laser shutter was constructed with the objective of using the TTL output

of the Nd:YAG laser to time a physical blocking device to open before the next laser pulse

and close before the next subsequent laser pulse. This was accomplished using a fast micro-

servo to actuate a thin arm of laser blocking material. The timing of the servo was found by

determining the distance from the servo rotation point to the center of the laser beams exit

and calculating the necessary angular velocity of the servo. The laser blocking material was

replaced when needed as with use it would eventually deteriorate. While the servos used were

relatively inexpensive (� 40USD) the gearing would eventually fail in an expected way after

many uses. Extra servos and blocking material were kept on hand for continuous maintenance.

The reader is encouraged to �nd a su�ciently fast servo with all metal gearing if such a servo

could be sourced (no servos which met the actuation speed requirement and had metal gearing

were readily available during this work).

Both the Arduino-Uno that was used to control the servo, and the micro-servo are pictured

within the shutter box in Figure 5.1 (a). The laser shutter was �xed in place to the optical

table positioned under the laser with the shutter arm extending vertically to block the laser

aperture as pictured in Figure 5.1 (b). Calibration of the servo timing to the input signal from

the Arduino-Uno was performed by visual analysis at60fps . Video of the shutter arm actuating

was recorded with a Galaxy S7 and the approximate time for the blocking arm to clear the laser

ori�ce was determined. Using the clearing speed time of the blocking arm the necessary delay

after TTL detection was programmed into the Arduino-Uno. Laser energy with and without

the laser shutter was measured to ensure that the timing was correct and that the blocking arm
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