
 

 

ABSTRACT 

YU, YANRU. Multivariate GARCH Modeling and Comparison to Real Kernel Estimates. 

(Under the direction of Professor Denis Pelletier and Professor Doug Pearce). 

 

In this dissertation we make two contributions to the current multivariate volatility 

li terature. Firstly, we provide an original approach for comparing the relative performance of 

existing multivariate GARCH models. These models produce forecasts for quantities that 

cannot be directly observed: variances, covariances, and correlations. From the recent 

literature on realized volatility, we now have very precise measurements of these objects that 

can be computed with so called intra-day high-frequency data. We called them realized 

variance, covariance, and correlation. We can use them as a target against which we can now 

compare the accuracy of the forecasts generated by the multivariate GARCH models (for the 

daily returns). In an empirical application, we compare the performance of ten of the most 

popular multivariate GARCH models in terms of forecasting accuracy and computational 

time. We find that the DCC model of Engle (2002) is the model that performs best. 

Secondly, following a recently proposed univariate volatility model by Hansen, Huang and 

Shek (2010) that combines a GARCH-type model with realized variance, we propose a 

similar extension to the DCC model of Engle (2002) ï the real Dynamic Conditional 

Correlation model. This model is specified through two equations. In the first equation, the 

current conditional correlation matrix is assumed to be a function of past conditional 

correlation matrices and of past realized measures of correlations. A second equation, links 

realized measures of correlations to the unobserved conditional correlations. In an empirical 

application, we show that this new realized DCC model provides superior forecasts of 

correlations than the existing DCC model of Engle (2002). 
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Introduction  
 

    The distribution of financial variables has been the central interest of financial 

econometrics for a long time. In the early years, people did extensive research on the mean of 

a variable, the first moment of the distribution. For the second moment, variance and 

covariance, people were inclined to at first use the simple, convenient but implausible 

assumption that conditional variance and covariance were finite and constant over time. This 

assumption, however, was contradictory to the observed time varying volatility as 

Mandelbrot (1963) commented. Black and Scholes said (Black and Scholes, 1972) ñ... there 

is evidence of non-stationarity in the variance. More work must be done to predict variances 

using the information available.ò  See Shephard (2005) and Bollerslev and Engle (1993) for 

relevant comments. Then Engleôs famous GARCH model (1982) initiated the long 

prominence of time-varying volatility models, which shapes the current view of volatility in 

both the academic and empirical finance world. 

As more and more research has been conducted on volatility, researchers found that 

volatility changes not only over time, but also across assets and markets. See Bauwens, 

Laurent and Rombouts (2006). The latest example is the European and US stock market 

turmoil driven by the European debt crisis. Another well-known example is the Asian 

Financial Crisis during 1997 and 1998 among major Asian countries and regions. We want to 

know if the volatility of one market causes that of another, or if we can forecast the possible 

volatility clustering of one market from the volatility clustering of another.  That calls for the 

expansion of our research from one dimension to multiple dimensions.  
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Multivariate volatility analysis is also required for computing the optimal hedge ratio. The 

hedge ratio is the ratio of the size of the position taken in futures contracts to the size of 

assets exposed to market risk. For example, an airline wants to hedge the risk brought by 

price fluctuations (market risk) with futures contracts.  Because there are no futures contracts 

on jet fuel available in the market, the company could only approximate them with heating 

oil futures (we call such a hedging strategy a crossing hedge). Then what fraction of risky 

assets should be covered? That is, what is the optimal hedge ratio? It will depend upon the 

correlation between the spot price change of jet fuel and the future price change of heating 

oil. A multivariate volatility model is useful in this case so that we can estimate the variance 

and covariance of price changes over time. 

A similar application of the multivariate volatility model is used to estimate the beta 

coefficient in the Capital Asset Pricing Model (CAPM). Beta is the ratio of the covariance 

between individual asset return and market return to the variance of the market return. By 

using a multivariate volatility model, we can calculate both parts at the same time. 

For portfolio management, multivariate volatility models are also popular. A portfolio 

consists of a bundle of assets. Regarding risk management, the portfolio manager has to 

evaluate the risk (measured by volatility) of the whole asset pool.  A question that is always 

of interest is how the risk of a portfolio will change when we change the portfolio weights. 

To answer that we have to know all the covariances between the assets in the portfolio on top 

of all the variances. Multivariate volatility models can provide this information. 

In the univariate case, econometricians have achieved a great deal in estimating time-

varying volatility both under continuous-time assumptions and discrete-time assumptions. In 
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the continuous time framework, stochastic volatility models have gained much attention.  

Discrete time models also have flourished since the Autoregressive Conditional 

Heteroskedasticity (ARCH) model. In 1982 Robert Engle proposed the ARCH model, in 

which he assumed that the future volatility is a function of its present value and the squared 

returns. The ARCH model inspired many researchersô approaches to volatility estimation and 

forecasting. A voluminous literature under this framework has emerged, such as the GARCH 

(Bollerslev 1986) model, the IGARCH model (Engle and Bollerslev, 1986), the EGARCH 

model (Nelson, 1991), etc. Given so many GARCH-type models, it is hard to compare their 

performance due to the lack of a good measure of the true volatility. Squared returns have 

long been used as a proxy but they turn out to be very noisy (Andersen and Bollerslev, 1998). 

Since the late 1990s thanks to the availability of high frequency data, a strikingly accurate 

measure of the true volatility has been modeled with a new methodology: the Realized 

Volatility model. The major contributors to this methodology include Andersen, Bollerslev, 

Diebold, and Labys (2001) and Barndorff-Nielsen and Shephard (2002). They originally 

utilized the ultimately detailed information (for example, TAQ data includes the record of 

every single trade or quote in one day on the NYSE) to measure the true volatility over a 

period of time based on a continuous-time stochastic volatility framework.   

Both GARCH models and realized volatility have their counterparts in the multivariate 

case.  The class of MGARCH models include, but is not limited to, the VEC model by 

Bollerslev et al. (1988), the BEKK model by Baba, Engle, Kraft, and Kroner (1995), the 

Orthogonal model by Kariya (1988) and Alexander and Chibumba (1997), the Constant 

Conditional Correlation (CCC) model by Bollerslev (1990), the Dynamic Conditional 
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Correlation (DCC) model by Christodoulaskis and Satch (2002), Engle (2002) and Tse and 

Tsui (2002), and the General Dynamic Covariance (GDC) model by Kroner and Ng (1998).  

On the other hand, the realized volatility models also manage to provide corresponding 

measurement of the true covariances and correlations, despite challenges such as micro-

structure noise and non-synchronous trading of high frequency data. Andersen, Bollerslev, 

Diebold and Labys (2003) developed a bi-variate realized co-volatility model as a natural 

generalization of the univariate realized volatility when they analyzed the exchange rates of 

DKK/$ (the abbreviation of Denmark currency Danish Kroner) and Yen/$. Barndorff-

Nielsen, Hansen, Lunde and Shephard (2006) proposed the Real Kernel model which 

addressed the micro-structure noise problem. In their later papers (2008) and (2011), they not 

only expanded the model to multiple dimensions, but also improved it to be immunized 

against non-synchronous trading and ensured that the obtained covariance matrices are semi-

definite positive.  

Given the accurate measures of volatility and covolatility above, we still need a time series 

volatility model so that we can leverage the knowledge about the current and past volatility 

to forecast its future movement. MGARCH-type models are still the preferred approach. New 

GARCH models make the realized measure both a benchmark for estimation and a new 

ingredient in the model itself (called the GARCH-X model). The improvement is genuine as 

proved by Engle (2002). But the GARCH-X model is unable to make forecasts more than 

one period ahead due to the model specification that we will give the details in chapter 3. 

There are already a few researchers who have embraced this challenge. Engle and Gallo 

(2006) introduced the Multiplicative Error Model (MEM) to allow multiple latent volatility 
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processes during the estimation of realized measures. Shephard and Sheppard (2010) 

proposed the HEAVY model which is nested in the MEM class of models. Hansen, Lunde 

and Voev (2010) developed the realized Beta GARCH model.  Hansen, Huang and Shek 

(2011) introduced a univariate GARCH-X model with a measurement equation to address 

multiple-period forecasting. Realizing the fact that the existing models have only solved 

some of the encountered problems, we develop a model to address more challenges in a 

single model. The new member we introduce to the multivariate volatility family is called the 

Real Dynamic Conditional Correlation, which adds a measurement equation. It is based on a 

traditional MGARCH model, the Dynamic Conditional Correlation (DCC) model of Engle 

(2002), after carefully comparing the ten most popular traditional MGARCH models. The 

performance is superior to its pioneers due to the inclusion of a realized volatility term and a 

measurement equation. For the proper formulation, the model controls the number of 

parameters to estimate so that the dimension curse is not a concern. Modeling details will be 

shared in the last chapter.  

This dissertation is organized as follows; Chapter 1 is an extensive literature review of 

current research on multivariate volatility. Section 1.1 provides a brief introduction to the 

GARCH model and the emerging of a call for an estimate of the actual volatility. In section 

1.2 the realized volatility model is introduced in detail. Section 1.3 presents the real kernel 

model which enhances the realized volatility model in some aspects. Section 1.4 provides the 

detailed modeling information about the multivariate real kernel estimate that will be the real 

term we use in the new model. Section 1.5 mainly focuses on introducing 10 traditional 

MGARCH models that we have studied in details, to find the optimal platform for our new 
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model. In section 1.6 we give a brief conclusion about the current multivariate volatility 

study. 

After providing all the background information above, in Chapter 2 we will report the 

results of the empirical analysis of those ten MGARCH models and rank them by order of 

their performance, using real co-volatility as the criterion. Chapter 3, the last chapter, will 

discuss the new model, the real DCC model with a measure equation in the multivariate case. 

All the formulations, empirical analysis and comparisons will be shared there. 
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Chapter 1 Review of GARCH Modeling and Realized Volatility Literature 
 

1.1 Introduction  
 

As a generalization of Engleôs famous ARCH model (1982), the GARCH model 

proposed by Bollerslev (1986) formulates the latent volatility as an autoregressive function 

of its past values and past squared returns.  A simple GARCH(1,1) model can be described 

as, 

1/2

t t ty he=  ,  Ὤ ‫ ‌ώ ‍Ὤ  , ‐ͯ ὔὍὍὈπȟρ                                     (1.1.1) 

A straight-forward conclusion is Ὁ ώ Ὤ due to the conditional mean of ty  being 

zero.  To test this condition, a Mincer-Zarnowtiz style regression can be conducted: 

   2

0 1t t ty hb b m= + + ,  ( ) 0E m=        (1.1.2) 

Test Ὄȡ ‍ πȟ‍ ρ v.s. Ὄὥȡ ‍π π or  ‍ρ ρ. 

Such a type of regression is to regress the actual variable on its fitted counterpart to test 

whether a model provides consistent estimate to the actual variable. In our case, we use the 

squared daily return as the proxy of actual volatility and take the estimated volatility from the 

GARCH model as independent variable. We do not reject Ὄ for such type of regressions in 

many researches. See Bollerslev et al. (1992), Bollerslev et al. (1994), Ghysels et al. (1996) 

and Shephard (1996). But they also found that the variation of estimated volatility Ὤ 

explained little of the variation of the ex-post squared returns ώ. That is, the Ὑ of such 

regressions is low. Bollerslev interpreted such low 2R  as the result of a magnified effect of 

the error term 2

te contained in squared returns, keeping in mind that2 2

t t ty he= . Calling for a 
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less noisy estimate of the actual volatility, they put aside the squared returns as a proxy, and 

proposed a new measure, realized volatility. 

1.2 The Realized Volatility 
 

    The Realized Volatility  (RV) was first coined by Andersen and Bollerslev (1998). They 

tried to use it to get a less noisy measurement of the true volatility than the squared daily 

return. As we saw in the first section, large variation in the squared return may be the result 

of large variation in the error terms instead of the true volatility, even if the volatility 

forecasted by GARCH is pretty precise, it can still render a seemingly low Ὑ  in the Mincer-

Zarnowitz regression. 

    Barndorff-Nielsen and Shepard (2002) presented theoretical inference for the Realized 

Volatility method. We will follow their notation.  

The asset price (take log) we can observe in the real world is in discrete time, denoted by 

ώᶻ. Given a fixed time interval of length Ὤ π, we denote the return over the ὭὸὬ interval as, 

ώ ώᶻὭὬ ώᶻ Ὥ ρὬȟὭ ρȟςȟȣ      (1.2.1) 

For example, if Ὤ represents a day, ώ is the daily return; if Ὤ represents a week, ώ is the 

weekly return. Then by evenly dividing the time interval of Ὤ into M pieces, the ὮὸὬ intra-h 

return at the ὭὸὬ time interval is, 

ώȟ ώᶻ Ὥ ρὬ ώᶻ Ὥ ρὬ ȟὮ ρȟςȟȣȟὓ  (1.2.2) 

We can define the realized variance for day Ὥ as, 

ώᶻ В ώȟ         (1.2.3) 

Correspondingly the realized volatility is just the square root of realized variance, 
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В ώȟ          (1.2.4) 

If we could prove that the realized volatility as defined above is a consistent estimate of the 

true volatility, we would substitute it for the squared return as the proxy of the true volatility. 

Next we will take a look at Barndorff-Nielsen and Shephardôs inference results for the 

asymptotic properties of the realized volatility. 

Their proof starts from the assumption that the true price generating process is a semi-

martingale, 

ώᶻὸ ‌ὸ άὸ   0t²         (1.2.5) 

where ώᶻὸ is log-price at time t, ‌ὸ is a drift term, άὸ is a local martingale.  

This specification implies two assumptions. First, we consider the continuous-time model 

as an approximation of the empirical discrete world. Given the voluminous trading of 

financial assets in the exchange nowadays, we believe this is a proper approximation. 

Second, ώᶻὸ is a special semi-martingale, where ‌ὸ is the predictable finite variation 

process so that the decomposition in (1.2.5) is unique. We would like to briefly interpret the 

concepts of martingale, local martingale and semi-martingale. (See Protter, 1990). 

Martingale: A real valued, adapted process ὢ ὢ  is called a martingale with 

respect to the filtration Ὂ  if  

Ὁȿὢȿ Њ and if ί ὸ, then ὉὢȿὊ ὢ. 

An adapted process means such a stochastic process doesnôt have a predictable future. In 

the financial market, because of the market efficiency assumption we believe that the 

observed asset price has eliminated any possibility of arbitrage. That is to say, if any non-



 

 

10 

 

zero expectation of the future shocks in price has been arbitraged immediately, the 

martingale assumption about the asset price is reasonable. 

Local martingale: An adapted, càdlàg process X is a local martingale if there exists a 

sequence of increasing stopping time, Ὕ, with ÌÉÍO Ὕ Њ a.s. (almost sure) ὢͮ  is a 

martingale, where ὸͮὝ ÍÉÎ ὸȟὝ . We can see from the definition that martingale is a 

special case of local martingale where Ὕ ὲȢ  All  martingales are local martingales but not 

vice versa. 

Semi-martingale: A process is a semi-martingale if it can be decomposed as a process with 

finite variation and a local martingale. A process is a finite variation process if all its 

realizations have finite variation. We call the semi-martingale special here because the 

process with finite variation ‌ὸ  is predictable (e.g. the process has a deterministic trend).  

According to the CAPM theory, an asset price can be decomposed into a riskless part and a 

risky part. Then it is natural to see the riskless part as the predictable process ‌ὸ with finite 

variation path and the risky part as άὸ, the local martingale process. By limiting ourselves 

to the special semi-martingale we can ascertain that such a decomposition is unique, 

otherwise we cannot identify where the stochastic change of prices comes from.  

Barndorff-Nielsen and Shepard (2002) made a further assumption about the specification 

of άὸ but we would like to hold the introduction of this assumption until it is necessary.  

The realized volatility is defined as, 

 
1
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The squared return from j to j+1 is equal to, 

ώᶻί ώᶻί   

ώᶻ ί ςώᶻί ώᶻί ώᶻ ί   

ώᶻ ί ώᶻ ί ςώᶻ ί ςώᶻί ώᶻί   

Ўώ ᶻ ςώί ώί ώί        (1.2.7)  

so that we know the realized volatility has the asymptotic property, 

В ώᶻί ώᶻί В Ўώ ᶻ ςώᶻίЎώᶻ   

and 

В Ўώ ᶻ ςώᶻίЎώᶻ ᴼώᶻ ώᶻ ς᷿ ώᶻί Ὠώᶻί  as O Њ .  (1.2.8)  

 The equation ώᶻ ώᶻ ς᷿ ώᶻί Ὠώᶻί is exactly the definition of the quadratic 

variation of a semi-martingale. Here we assume that ώᶻ π. More details about the quadratic 

variation can be found in Protter (1990, pp. 58~59). All the derivations just prove that the 

realized volatility is a consistent estimator of the quadratic variation.  But even if we know 

the fact above, what is the relevance of the realized volatility to the actual variance of ώᶻ? 

Next we will prove if we take *

ty  as the combination of a continuous component and jumps, 

and rewrite the quadratic variation as, 

ώᶻ ὸ ώᶻ ὸ В ώᶻί ώᶻί      (1.2.9) 

where *cy denotes the continuous component of *

ty , the bracket [ ] represents the quadratic 

variation operator and ώᶻί ώᶻί is the jump at time s. See Protter (1990, p. 62). 

Remembering that * ( ) ( ) ( )y t t m ta= + , we rewrite the quadratic variation as 
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ώᶻ ὸ ώᶻ ὸ В Ў‌ί В Ўάί ςВ Ў‌ίЎάί  
      

‌ ὸ ά ὸ В Ў‌ί В Ўάί ςВ Ў‌ίЎάί. 

           (1.2.10) 

Here ‌ ὸ π because a continuous local martingale with finite variation is constant. 

The quadratic variation of a constant is zero (Protter, 1990, pp. 64). Given the assumption 

that ( )ta  is predictable without any jumps, the items containing ‌ί on the right hand side 

are both equal to zero. Then the equation (1.2.10) can be simplified as, 

ώᶻ ὸ ά ὸ          (1.2.11) 

where ά ὸ ά ὸ В άί άί  similar to the expression in (1.2.9). 

That is to say, the variation of a semi-martingale comes from the variation of the local 

martingale part. At this stage, however, we havenôt obtained any information about whether 

the realized volatility is a consistent estimator of the true variance. Could the quadratic 

variation of the local martingale be the variance of the semi-martingale? The answer is ñyesò 

if we add the final assumption that the price ώᶻὸ follows a stochastic volatility process, 

which is a sub-segment of the semi-martingale class. This assumption allows for time-

varying volatility . Based on those three assumptions, we can take a look at what the realized 

volatility estimates. Given the assumption above we have, 

0
( ) ( ) ( )

t

m t s dw ss=ñ         (1.2.12) 

ά ὸ ᷿„ίὨύί ὸ  

 ᷿„ίὨύί ςḀ „ί„ί ὨύίὨύί .   (1.2.13) 

 

Given the fact that w(s) is a Wiener process, we have, 
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ςḀ „ί„ί ὨύίὨύί π . 

We can see from the equation (1.2.13) that, 

ά ὸ ᷿„ ίὨί         (1.2.14)  

The item on the right-hand side of the equation above is exactly the variance of*
ty , denoted 

by *2 ( )ts . Combined with results obtained previously, the realized volatility is  

* * *2[ ]( ) [ ]( ) [ ]( ) ( )My t y t m t ts­ = =   as M ­¤     (1.2.15) 

It is theoretically proved that realized volatility is a consistent estimator of the integrated 

variance of asset returns. Andersen and Bollerslev (1998) hence claimed that volatility can be 

treated as an observable variable from then on. If we increase M to a very large number, the 

realized volatility estimation will be so precise that we can proceed as if we observe the 

actual variance directly. 

    How does the realized volatility method work? If we return to the Mincer-Zarnowitz type 

regression discussed at the very beginning, is the realized volatility as the substitute for the 

squared return a better and less noisy proxy of the actual volatility? Andersen and Bollerslev 

(1998) applied this method on the series of foreign currency exchange rates, DKK/$ and 

Yen/$. The traditional regression with the squared return as the proxy of the true volatility 

only has a Ὑ  about 6.3% for DKK/$ and 8.9% for Yen/$. Setting the sampling frequency to 

every 5 minutes, their regression with the realized volatility as the proxy of the true volatility 

obtained an Ὑ  equal to 48.3% and 48.8% respectively. The difference comes from the 

change of dependent variable. The lift of Ὑ  means a Mincer-Zarnowitz type regression 

should be able to reflect the estimation goodness of the GARCH model if we find the proper 
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proxy of the true volatility. Treating the realized volatility as the observed volatility, 

Andersen et al. (2001) also applied it to the VAR(5) model to forecast the future volatility 

and compared the forecasts with those obtained from GARCH(1,1) and other GARCH type 

models to find that the VAR-RV model had more explanation power. For a thorough report 

about the volatility study of DKK/$ and Yen/$ data, one can refer to Andersen et al. (2001). 

The idea behind the realized volatility is simple. It uses quadratic variation to measure the 

variance of asset returns, hence converts the estimation of volatility to a problem of 

integration. Access to the high frequency data makes this strategy feasible. Andersen and 

Bollerslev along with others who pioneered this field believe the volatility can be treated as 

an observable variable from then on, whenever it is needed in financial applications.  

Although the Realized Volatility (RV) method gives very impressive results, it is not 

perfect. A first problem is that it only gives a measure of the volatility for a given period so it 

cannot be used to forecast future volatility. Also when we empirically implement it, the most 

common problem encountered is the presence of market microstructure noise caused by 

diverse factors such as the bid-ask spread and asymmetric information. Technically speaking, 

RV goes closer to the true value as a sample is selected more and more frequently. But 

frequent sampling also accumulates so many micro-structure noises that the estimated 

volatility would be contaminated. Barndorff-Nielsen and Shepard (2002) showed in their 

study that using the same dataset that Andersen and Bollerslev (2001) employed, we had 

expected to obtain a stable evolving path of RV to the true volatility as ὓᴼЊ but what they 

found was a V-shaped volatility signature plot that graphs the RV against increasing 

frequency of sampling M. 
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Figure 1. 1  Average (across days) value of the RV drawn against M.  

 

Taking M over 50, we can find the previously decreasing RV rises significantly. This 

result is considered as an indicator of the presence of the market microstructure noises. To 

avoid them, Andersen and Bollerslev (1998) chose to sample at an intermediate frequency 

like every 5 minutes or even 30 minutes although data can be observed almost every few 

seconds. A new problem arises if we do so. If the sample isnôt selected frequently enough, 

the estimates gained from RV wonôt be close to the true value. A closer look at the 

distribution of RV can provide some theoretical perception on the accuracy loss. 

Back to the model we just reviewed, 
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ώz ὸ ‌ὸ ᷿„ίὨύί
ὸ

π
         (1.2.16)

   

which is driven by a Wiener process. So we can see that  

 ώᶻὸȿ‌ὸȟ„ᶻ ὸͯ ὔ‌ὸȟ„ᶻ ὸ       (1.2.17) 

where *2 2

0
( ) ( )

t

t s dss s=ñ  
. Combined with the realized volatility ώᶻ В ώȟ defined 

in Barndorff-Nielsen and Shephard (2002), the asymptotic distribution of RV is, 
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and  
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    We can see that the convergence rate isM . So it does exist a visible loss of accuracy not 

to sample frequently enough in order to avoid microstructure noises. Researchers have 

worked on utilizing the available information efficiently under the RV framework. See for 

example Ait -Sahalia, Mykland, and Zhangôs paper (2011) where they sample at an 

intermediate frequency but compute intra-day returns starting many times from different 

starting times of the day and average the RVs obtained from each starting time.  



 

 

17 

 

Another problem encountered with the RV method is the irregular transaction durations. 

Realized Volatility is usually calculated on a fixed time interval to study the asymptotic 

property, therefore people need to implement interpolation at fixed time points where there is 

no trade occurring. Such a strategy could be problematic if the asset is not traded actively in 

which case the continuous-time assumption is not appropriate because of the presence of 

sizable discreteness. It is commonly accepted that the duration between trades is correlated 

with the volatility. Longer duration between adjacent transactions tends to accompany a 

larger volatility of the price. Simply interpolating the price will miss that useful information. 

We should find a way of dealing with such endogenous sampling interval. Barndorff-Nielsen, 

Hansen, Lunde, and Shepard (2006) discussed the asymptotic distribution of RV calculated 

on irregularly spaced time intervals.  

1.3 The Real Kernel Model 
 

Barndorff-Nielsen, Hansen, Lunde and Shephard (2006) proposed the real kernel 

estimator of the true volatility. They proved that this estimator is consistent and efficient 

despite micro-structure noise and endogenously spaced trades. The real kernel estimator is 

closely related to the Heteroskedasticity Autocorrelation Consistent (HAC) estimator well 

known for time series analysis. But the real kernel estimator is not scaled by the sample size, 

which makes it different from the HAC estimator in many ways. They started their analysis 

with the assumptions of regular-spaced log-price and independently distributed market 

microstructure noise. After proving the core results, they expanded the analysis to 

endogenously spaced trades and temporally dependent noises and proved that consistency 

and efficiency still hold.  
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The real kernel estimator has the following form, 

ὑὢ ‎ ὢ В Ὧ ‎ ὢ ‎ ὢ      (1.3.1) 

 where ὢ is a log price process, ‏ is a fixed time interval, and ‎ ὢ  denotes the ὬὸὬ 

realized autocovariance, 

‎ ὢ В ὢ ὢ ὢ ὢ  ),  ὲ ὸ
 (1.3.2)   ‏

The scalar ‏ denotes a very small time period so that we can think of ὢ ὢ  as 

the ὮὸὬ high frequency return and ὸ represents a single interval. The first item on the right-

hand side of (1.3.1) is the realized volatility we have discussed in detail in the previous 

section. The second item is the correction for micro-structure noises. We will pay much 

attention to the kernel function Ὧὼ (ὼɴ πȟρ), where the name real kernel comes from. 

The kernel function is so important that its characteristics decide the essential properties of 

the estimator such as asymptotic efficiency and convergence rate. 

Keep in mind that the observed log-price process X is contaminated by market micro-

structure noise. That is, 

ὢ ὣ Ὗ  (1.3.3) 

Where ὣ is true log price that we cannot observe and Ὗ denotes the market micro-structure 

noise. The variable Ὗ  is assumed to be a white noise process independent of ὣ. ὉὟ π, 

ὠὥὶὟ ‫ȟὠὥὶὟ ‗‫ȟ Ὗ Ὗ for any ὸ ί. What we are interested in is the 

volatility of ὣ. Why are we interested in the volatility of ὣ instead of that of  ὢ? That is 

because people may be confronted with many sources of the market micro-structure noises in 

empirical data analysis. Some realized volatility is calculated using mid-quote data in which 
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case noise from bid-ask spread reduced. Some other stocks may have noise from trading 

information lag. The effect of those noises is different across the stocks and changes over 

time. When we do multivariate analysis for multiple assets, we need to decompose the 

observable stock prices of those assets into the true price part and the noise part to make sure 

the comparison is independent of the noises included in those prices. The real kernel 

estimator ὑὢ  is proven to be consistent given the presence of Ὗ if the kernel function is 

flat top. A flat top kernel means that the kernel function is Ὧ  not Ὧ . The difference in 

the two specifications makes essential changes to the properties of the real kernel estimator in 

the presence of market micro-structure noise. If we define the kernel function as Ὧ , then it 

can be shown that ὉὑὟ ς‫ὲρ Ὧ π. And the estimator will be biased. So 

we impose the flat top constraint on the kernel function Ὧὼ . The proof is briefly 

summarized here. 

    To begin with the proof, we first present some definitions that will be used later. We adopt 

the notation from Barndorff-Nielsen, Hansen, Lunde and Shephard (2006). For any process 

X and Z, we define  

‎ ὤȟὢ В ὤ ὤ ὢ ὢ ȟὬ ὌȟȣȟρȟπȟρȟςȟȣȟὌȢ (1.3.4) 

and ‎ ὢ ‎ ὢȟὢ  . Given (1.3.3) we will see that, 

‎ ὢ ‎ ὣ ‎ Ὗ ‎ ὣȟὟ                                       (1.3.5)  

where  ‎ ὣȟὟ ‎ ὣȟὟ ‎ ὣȟὟ . Substituting (1.3.3) and (1.3.5) into the real 

kernel estimator formulation (1.3.1), we get      Substituting (1.3.3) and (1.3.5) into the real kernel estimator formulation (1.3.1), we get 

ὑὢ ὑὣ ὑὟ ςὑὣȟὟ  .      (1.3.6) 
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For future convenience, we define the realized auto-covariance vectors as the follow, 

‎ὢ ‎ ὢ ȟς‎ ὢ ȟȣȟς‎ ὢ   ,  ‎ὢ ‎ ὢ ȟ‎ ὢ ȟȣȟ‎ ὢ  , 

‎ὣȟὟ ‎ ὣȟὟ ȟ‎ ὣȟὟ ȟȣȟ‎ ὣȟὟ   

and a weight (kernel) vector defined below also helps to write the real kernel estimator 

ὑὢ  in a convenient form so its asymptotic properties are easier to illustrate: 

‫ ρȟρȟὯ ȟȣȟὯ .  

Given all the auto-covariance vectors and weight vector, we can rewrite (1.3.1) as, 

ὑὢ ‫‎ὢ          (1.3.7) 

and (1.3.6) can be rewritten as, 

 ὑὢ ‫‎ὣ ‫‎Ὗ ς‫‎ὣȟὟ      (1.3.8) 

    The equation (1.3.8) is an important formula because the asymptotic properties of the real 

kernel estimator ὑὢ  are deduced from the items on its right hand side. Given the 

assumptions about the market micro-structure noise Ὗ, we expect the second and third item 

on the right asymptotically to have a mean equal to zero. Barndorff-Nielsen, Hansen, Lunde 

and Shephard (2006) provide a theorem that helps to depict the distributions of those items. 

Theorem 1 Suppose that ὣ is a Brownian semi-martingale and the stochastic volatility is a 

function with constant volatility plus some adapted càdlàg processes, then as Ȣ‏ π , 

‏

ở

Ở
ờ
ὣ ᷿„Ὠό

‎ ὣ
ể

‎ ὣ Ợ

ỡ
Ỡ
ᴼὓὔπȟὃ ᷿„Ὠό ȟ        ὃ

ς π
π ρ

ȣ π
ȣ π

ể ể
π π

Ệ ể
Ễ ρ

 .       (1.3.9) 
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where ὣ  is the realized volatility calculated on ‏ fixed time interval, MN denotes mixed 

normal distribution and LS represents convergence in law stably. 

For the third item on the right hand side of equation (1.3.8), if Ὗᶰὡὔ and ὣṶὟ then  

 ‎ὣȟὟ ᴼὓὔπȟς‫ ὣὄ         (1.3.10) 

Where ὄ is a Ὄ ρ Ὄ ρ symmetric matrix with block structure, ὄ
ὄ ὄ
ὄ ὄ

ȟ  

ὄ

ς Ͻ
ρ ς

ϽϽ
ϽϽ

Ệ Ệ
Ễ π

Ệ Ͻ
ρ ς

 ȟὄ
ρ Ͻ
ρ ς

 , ὄ

π
π

ρ
π

ể
π

ể
π

 , ὄ ὄ and ὄ  is a 

Ὄ ρ Ὄ ρ symmetric matrix. 

When Ὗ is white noise and ὲ ὸ
for  ὲ ,‏ Ὄ 

Ὁ‎Ὗ Ὁ‎Ὗ ς‫ὲρȟρȟπȟπȟȣȟπ  ȟ   ὅέὺ‎Ὗ τ‫ ὲὅ Ὀ    

where Ὄ ρ Ὄ ρ symmetric matrices ὅ and  Ὀ have a block structure, 

ὅ
ὅ ὅ
ὅ ὅ

 ȟ   Ὀ
Ὀ Ὀ

Ὀ Ὀ
  

where the Ὄ ρ Ὄ ρ and Ὄ ρ ς dimensional matrices are, 

ὅ

ở

Ở
ờ

φ Ͻ
τ φ

ϽϽϽ

ϽϽϽ
ρ τ
π
ể
ρ
Ệ

φ ϽϽ
τ
Ệ
φ
Ệ

Ͻ
ỆỢ

ỡ
Ỡ
   ȟὅ

ở

Ở
ờ

ρ
π
π

τ
ρ
π

ể
π

ể
πỢ

ỡ
Ỡ
   

  Ὀ

ở

Ở
Ở
ờ

χ Ͻ
φ ρπ

ϽϽϽϽ

ϽϽϽϽ

ς ψ
π
ể
π

ςȢυ
ể
π

ρσ ϽϽϽ

ρπ
Ệ
Ễ

ρφ
Ệ

Ͻ
Ệ
ςὌ

Ͻ
ể
σὌ ρỢ

ỡ
ỡ
Ỡ
 ȟ   Ὀ

ở

Ở
ờ

ρ
π
π

τ
σȾς
π

ể
π

ể
π Ợ

ỡ
Ỡ
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with ὅ ὅ ȟ  Ὀ Ὀ ȟὸὬὩ ς ς άὥὸὶὭὧὩί ὅ ȟὈ  ὥὶὩ  

ὅ ρ ‗ ς ‗
ς ‗ υ ‗

   ȟὈ
‗Ⱦς ρ ‗Ⱦς

ρ ‗Ⱦς χȾς
  

For conciseness, the details of the derivation of those matrices based on asymptotic theory 

wonôt be covered here. With all the information about the items on the right at hand, we now 

know that ὑὢ ᷿„Ὠό should asymptotically have a mixed normal distribution with 

zero mean and its variance should be determined by A, B,C, and Ὀ. 

Theorem 2   Given the kernel (weight) vector 

‫ ρȟρȟὯ ȟȣȟὯ   

we assume that the kernel weight function Ὧὼ is four times continuously differentiable. As 

H increases, the flat-top kernels have 

‫ὃ‫ ὌὯϽ
ȟ ὕρȟ  

‫ὄ‫ Ὄ Ὧ π ὯϽ
ȟ ὕὌ ȟ  

‫ὅ‫ Ὄ Ὧ π Ὧ ρ Ὄ Ὧ π ὯϽ
ȟ ὕὌ ȟ  

‫Ὀ‫ Ὄ Ὧ π Ὧ ὯϽ
ȟ ὕὌ ȟ    

where  ὯϽ
ȟ ᷿Ὧὼ Ὠὼ  ȟὯϽ

ȟ   ᷿ ὯὼὯὼ Ὠὼ   ȟ   ὯϽ
ȟ ᷿ὯὼὯὼ ᴂᴂὨὼ    

 Looking back to (1.3.8), we will see that asymptotic variance of ὑὢ ᷿„Ὠό  can be 

written as, 

ὠὥὶὑὢ ᷿„Ὠό) = ‫ὠὥὶ‎ὣ ‫ ‫ὠὥὶ‎Ὗ ‫ ‫ὠὥὶ‎ὣȟὟ ‫ 

 (1.3.11) 
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From equation (1.3.9) we know that  

‏

ở

Ở
ờ
ὣ ᷿„Ὠό

‎ ὣ
ể

‎ ὣ Ợ

ỡ
Ỡ
ᴼὓὔ πȟ

ς π
π τ

ȣ π
ȣ π

ể ể
π π

Ệ ể
Ễ τ

᷿„Ὠό Ȣ           (1.3.12) 

We then know that, 

‫ὠὥὶ‎ὣ ‫ τ‏ ᷿„Ὠό‫ὃ‫ τὌὲ ᷿„ὨόὯϽ
ȟ   (1.3.13) 

‫ὅέὺ‎Ὗ ‫  τ‫ ὲ‫ὅ‫ ‫Ὀ‫ τ‫ὲὌ Ὧ π Ὧ ρ

Ὄ Ὧ π ὯϽ
ȟ τ‫Ὄ Ὧ π Ὧ π ὯϽ

ȟ                 (1.3.14) 

‫ὠὥὶ‎ὣȟὟ ‫ τ ς‫ ᷿„Ὠό‫ὄ‫ τ ς‫ ᷿„Ὠό Ὄ Ὧ π ὯϽ
ȟ  

                (1.3.15) 

Summing (1.3.13), (1.3.14) and (1.3.15) together and combining the same items, 

ὠὥὶὑὢ ᷿„Ὠό  τὌὲ ᷿„ὨόὯϽ
ȟ τὌ Ὧ π ὯϽ

ȟ ς‫ ᷿„Ὠό

‫ τ‫ὲὌ Ὧ π Ὧ ρ Ὄ Ὧ π ὯϽ
ȟ τ‫Ὄ Ὧᴂπ   

                                                                                                                  (1.3.16) 

Theorem 2 shows that the variance of ὑὢ ᷿„Ὠό is a function of H. If we relate H to 

ὲ ὸ
-ȟ , it is equivalent to associating the convergence  rate to the choice of H. Barndorff‏

Nielsen, Hansen, Lunde and Shephard (2006) set Ὄ ὧὲȾ  andὯ π π ὥὲὨ Ὧ ρ π, 

where ὧ is a choice variable that will be decided later to minimize the asymptotic variance. 

Then the asymptotic distribution of ὑὢ ᷿„Ὠό can be rewritten along with the 

convergence rate as the following, 
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ὲȾ ὑὢ ᷿„ὨόO ὓὔπȟτὧὯϽ
ȟὸ᷿ „Ὠό ψὧ ὯϽ

ȟ‫ ᷿„Ὠό

τ‫ὧ Ὧ π ὯϽ
ȟ         (1.3.17) 

We can see that the convergence rate is ὲȾ , which is the best convergence rate achieved.  

    As we mentioned above, c is chosen to minimize asymptotic variance of the real kernel 

estimator. So c should be a function of the kernel function Ὧὼ. ὧ then is determined as, 

ὧ ὨȟὨ
Ͻ
ȟ ὯϽ

ȟ ὯϽ
ȟ σὯϽ

ȟὪ      ύὬὩὶὩ Ὢ Ὧ π ὯϽ
ȟ  (1.3.18) 

and the corresponding optimal variance is, 

τὨὯϽ
ȟ ςὨ ὯϽ

ȟ Ὠ Ὢ„‫ Ὣ„(1.3.19)       ‫ 

Different types of kernel functions will return different derivatives and integrals. By 

assuming Ὧ π π ὥὲὨ Ὧ ρ π, the convergence rate will be the fastest. The authors 

have selected the Modified Turkey-Hanning kernel which achieves the highest asymptotic 

efficiency. That is the kernel used in our data analysis. 

    To obtain a feasible value of ὧ, we need to find the estimates of ὥὲὨ „, which are also ‫ 

provided in Barndorff-Nielsen, Hansen, Lunde and Shephard (2006). The variance of market 

micro-structure noise ,is given as ‫ ‫ ὢ Ⱦςὲ, where ὢ  is realized volatility 

computed with a very small time interval ‏, such as 1 minute, and „ ὢ  where ὢ  

is low-frequency realized volatility, say, a 10-minute interval. Usually we donôt think market 

micro-structure noise is included in low-frequency realized volatility. 

In empirical analysis another problem will be endogenous spaced trades. Actual trades occur 

at irregular times. But so far all of our inference has been based on the assumption of a fixed 
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time interval ‏. In Barndorff-Nielsen, Hansen, Lunde and Shephard paper (2006), they 

proved that a real kernel estimator calculated with tick time data (stochastically spaced) is 

also consistent for the true volatility.  

    We have assumed that the log-price process ὣ is a Brownian semi-martingale with its spot 

volatility expressed by „ ᷿„Ὠό. Now we add another stochastic process T, consisting 

of the observable trading times. T has the form of Ὕ ᷿†Ὠόȟ  with † having strictly 

positive, càdlàg sample paths and ὸ ὝȟὮ ρȟςȟȣȟὲȢ  By defining a new process written 

as ὤ ὣʐ Ὕ, we mean ὤ ὣ  ȟὮ ρȟςȟȣȟὲ for j-th measurement time. The interval 

denotion ‏ in this context means the fixed number of trades that actually happens. For 

example, if on average there are 5 trades occurring within 1 minute then the real kernel 

estimate calculated with irregular spaced returns of every 5 trades corresponds to that 

calculated with evenly spaced returns of every 1 minute. The following proposition will show 

that  ὤᶰὄὛὓ with spot volatility „†, which is consistent with the results obtained by 

Mykland and Zhang (2006). 

Proposition  Let ὺ „†  and ὡ ᷿ὺὨό then ὺ is a càdlàg process and ὡ Ὓʐ Ὕ, 

where ὡ is the stochastic volatility of the Z process. This implies that for the real kernel, we 

can write an irregularly spaced version of the log-price process ὤ such as  

ὤ ᷿ὥ †Ὠό ᷿„ †ὨὄΠ         (1.3.20) 

where ὄΠ is Brownian motion, and the corresponding tick version of the real kernel estimator 

is, 
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ὑὤ ‎ ὤ В Ὧ  ‎ ὤ ‎ ὤ     (1.3.21) 

with ‎ ὤ В ὣ Ὕʐ ὣ Ὕʐ ὣʐ Ὕ ὣ Ὕʐ  . 

    This version of the real kernel estimator is the one we use in our data analysis. To calculate 

roughly 1-minute real kernel estimates, we first calculate the average number of trades 

occurring during one minute and then select prices every x trades (number of trades 

occurring within 1 minute on average) and then computed the real kernel estimator based on 

these irregularly spaced prices.  

Barndorff-Nielsen, Hansen, Lunde and Shephard (2006) did both simulation studies and 

empirical analysis to study the properties of the real kernel estimator. They utilized high 

frequency data on General Electric (GE) stock prices in 2004 for the empirical analysis. The 

results, just as expected, show that the real kernel estimator has remarkably smaller 

confidence intervals than the realized volatility at high frequency (roughly 60 seconds). 

Proven to be a good starting point, the real kernel estimator was generalized to the 

multivariate case by Barndorff-Nielsen, Hansen, Lunde and Shephard (2011). In that paper, 

the non-synchronous trading problem is addressed and a multivariate real kernel estimator is 

introduced.  Now we briefly introduce this multivariate real kernel estimator. 

1.4 The Multivariate Real Kernel Estimator  
 

We start by considering a d-dimensional log price process ὢ ὢ ȟὢ ȟȣȟὢ ᴂ. 

Trades of those assets occur irregularly and non-synchronously over the time interval [0, T]. 

We adopt all the notation of Barndorff-Nielsen, Hansen, Lunde and Shephard (2011) so we 

set T=1 for simplicity as they did. In our empirical study we used the actual trade data from 
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NYSE, so the observation times we refer to here are all actual trading times. For the i-th asset 

the trading times are ὸ ȟὸ ȟȣȟ  which means that for i-th asset its price should be written as 

ὢ ὸ  for Ὦ ρȟςȟȣȟὔ . As they proved for the univariate case, the real kernel 

estimator is consistent even with a trade-based price process. But how should we synchronize 

trading time as a starting point of multivariate real kernel estimator computation? Barndoff-

Nielsen, Hansen, Lunde and Shephard (2011) proposed the concept of ñRefresh Timeò to 

solve this problem. 

Definition 1 Refresh Time for ὸɴ πȟρȢ Define the first refresh time as †

ÍÁØ ὸ ȟȣȟὸ , and then subsequent refresh times as 

† ÍÁØ ὸ ȟȣȟὸ        (1.4.1) 

The resulting Refresh Time sample size is N, the minimum number of trades over one day 

for each asset, while we write ὲ ὔ . This method of synchronization is equivalent to 

recording price updates at the lowest frequency, that is, not picking prices until all the prices 

are updated. What we get is actually one new price and d-1 stale prices. They have proven 

that such stale pricing errors donôt affect the asymptotic distribution of the real kernels. 

Obviously the more frequently traded stocks may lose more price information than the 

others, so the degree of data retention is measured by the size of the retained data divided by 

the size of raw data. For clear illustration, we borrow their refreshing time graph as follows, 
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Figure 1.4- 1  Multivariate real kernel data series alignment      

After synchronizing the return vector ὼȟ we define the multivariate real kernel estimator as, 

ὑὢ В Ὧ ῲ ,       (1.4.2) 

where ῲ В ὼὼ   Ὢέὶ Ὤ πȟῲ ῲ Ὢέὶ Ὤ π. The properties of the kernel 

function Ὧὼ are essential to determine the asymptotic distribution and positive-definiteness 

of the estimator. Here are some assumptions about the kernel function Ὧὼ: 

ὭὯπ ρȟὯ π πȠ         (1.4.3) 

ὭὭὯ Ὥί ὸύὭὧὩ ὨὭὪὪὩὶὩὲὸὭὥὦὰὩ ύὭὸὬ ὧέὲὸὭὲόέόί ὨὩὶὭὺὥὸὭὺὩίȠ    (1.4.4) 

ὭὭὭ ὨὩὪὭὲὩ ὯϽ
ȟ ᷿ Ὧὼ ὨὼȟὯϽ

ȟ ᷿ ὯὼὨὼȟὥὲὨ ὯϽ
ȟ ᷿ Ὧ ὼ Ὠὼ  (1.4.5) 

ὯϽ
ȟȟὯϽ

ȟȟὯϽ
ȟ Њ   

Ὥὺ᷿ ὯὼÅØÐὭὼ‗Ὠὼ π Ὢέὶ ὥὰὰ ‗ɴ Ὑ      (1.4.6) 
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It is easy to see that the assumption Ὧπ ρ in Ὥ  is to give unit weight to ῲ. Ὧ π π 

means the real kernel estimator gives long-lag auto-covariances a smaller weight. Ὥὺ is set 

to guarantee that the real kernel estimator is positive definite. 

    The inference with the multivariate real kernel estimator shares a lot of characteristics with 

its univariate counterpart. We wonôt repeat the shared part here but will focus instead on the 

differences. In the univariate case Barndorff-Nielsen, Hansen, Lunde and Shephard (2006) 

recommends the Modified Tukey Hanning kernel function while for the multivariate case, 

they found a Parzen type kernel can guarantee the estimator to be positive definite. 

    Another difference lies in the assumption of market micro-structure noise. In the univariate 

case, they assumed the noise to have an i.i.d distribution of noises, that is, Ὗ Ὗ Ὢέὶ Ὥ ὮȢ  

So they were reluctant to select data at a frequency higher than once every minute. In the 

multivariate case, they adopt a larger bandwidth H so that tick-by-tick data can also be 

considered. The new bandwidth in the multivariate case is specified as Ὄ ÍÁØ ὌȟȣȟὌ   

with  Ὄ ὅᶻ‚ȾὲȾ  for Ὥ ρȟςȟȣȟὨ where ὅᶻ
Ͻ
ȟ

Ⱦ ȟ‚ . The numerator 

   is the estimate of the variance of market micro-structure noise for asset i and Ὅὗ is the 

corresponding estimate of square root of the integrated quarticity ᷿„Ὠό, which is 

approximated by the low-frequency realized volatility in the empirical analysis. ὅᶻ is a 

constant equal to 3.51 for the Parzen kernel.  

    The simulation results along with the empirical analysis of 30 US stock prices both support 

the striking performance of the multivariate real kernel estimator. For details of simulation 

and empirical results, see Barndorff-Nielsen, Hansen, Lunde and Shephard (2011). 
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Given the availability of such an accurate estimate of the true volatility as the real kernel 

estimator, now we can do research on some topics that are interesting but were not feasible 

before. For example, is there any MGARCH model that outperforms its peers? Until recently 

we didnôt have a reliable measurement of the true volatility with which we could compare the 

MGARCH model estimates. But now we have seen that the real kernel estimator is a good 

measure of the true volatility and all the MGARCH model estimates can be compared with 

the real kernel estimator. Another question is whether we can develop a MGARCH based 

model that integrates the real kernel estimator of the true volatility if we do find an 

outperforming traditional MGARCH model. That is, we want to use the real kernel estimator 

as a term in the modeling function. We will briefly review ten of the most popular MGARCH 

models in this chapter and in Chapter 2 we will provide an empirical analysis comparing 

their performance at forecasting future volatility, taking the real volatility as a criterion. 

1.5  The Multivariate GARCH (MGARCH) models  
     

    We specify a GARCH(1,1) model as, 

ώ ‐ὬȾ           (1.5.1) 

where Ὁ ‐ π and ὠὥὶ‐ Ὅ with ὲ ρ. 

When we deal with the multivariate case, that is, ὲ ρ, we rewrite (1.5.1) as the following, 

ώ Ὄ
Ⱦ
‐           (1.5.2) 

where the conditional covariance matrix  Ὄ is a ὲ ὲ positive definite matrix, whose square 

root can be calculated with the Cholesky decomposition, and 

Ὁ ‐ π  ὥὲὨ ὠὥὶ‐ Ὅ . Those traditional MGARCH models differ mainly 
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through their specification of Ὄ . They can be classified into three categories. The first 

category is a direct generalization of the univariate GARCH model including the VEC, the 

BEKK and the factor model; The second category contains Orthogonal models and Latent 

Factor models; The last category includes the Constant Conditional Correlation (CCC) 

model, the Dynamic Conditional Correlation (DCC) model and the General Dynamic 

Covariance (GDC) models. See Bauwens, Laurent and Rombouts (2006) for a survey of 

some of these models. For simple notation, all the models are reviewed in (1,1) forms. 

Model 1 The VEC(1,1) model by Bollerslev et al. (1988) can be defined as, 

Ὤ ὧ ὃ– ὋὬ                 (1.5.3) 

Where Ὤ ὺὩὧὬὌ     ὥὲὨ – ὺὩὧὬώώᴂ  and ὺὩὧὬϽ  represents the operator 

stacking the lower triangular portion of a ὲ ὲ matrix as a ὲὲ ρȾς ρ vector. The 

matrices A and G are square parameter matrices of order ὲὲ ρȾς and ὧ is a ὲὲ

ρȾς ρ parameter vector. So the total number of unkown parameters is ὲὲ

ρ ὲὲ ρ ρȾς. That is to say, even a bi-variate VEC(1,1) model can have 21 

parameters, a tri-variate VEC(1,1) model will have 78 parameters to estimate, which is not 

feasible for high dimension. The simplified VEC model, Diagonal VEC (DVEC) model by 

Bollerslev et al. (1988), assumes A and G are diagonal matrices, which reduced the number 

of parameters to ὲὲ υȾς. Besides, to guarantee a positive definite Ὄ , DVEC is 

expressed in terms of Hadamard products (denoted by ṩ), 

Ὄ ὅЈ ὃЈṩ ώώ ὋЈṩὌ        (1.5.4) 
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ὃЈȟ  ὅЈ and  ὋЈ are ὲ ὲ  symmetric matrices, where ὃ ὨὭὥὫὺὩὧὬὃЈ , 

Ὃ ὨὭὥὫὺὩὧὬὋЈ   and ὧ ὺὩὧὬὅЈ. Ὄ is positive definite if A, G and C along with the 

initial variance matrix Ὄ  are positive definite. 

The BEKK model (1995), a synthesized work of Baba, Engle, Kraft and Kroner, 

guarantees a positive definite covariance matrix Ὄ  without the restriction of positive 

parameter matrices. 

Model 2 The BEKK(1,1,k) model is specified as, 

Ὄ ὅᶻὅᶻ В ὃᶻᴂώ ώ ὃᶻ В ὋᶻᴂὌ Ὃᶻ     (1.5.5) 

where ὅᶻȟὃᶻ and Ὃᶻ are ὥὶὩ ὲ ὲ matrices and ὅᶻ is upper triangular. 

The total number of parameters to estimate for the BEKK(1,1,k) model is ὲὲτὯ ρ

ρȾς. 

We can see both the VEC and the BEKK models have to deal with a large number of 

unknown parameters. The next model to be reviewed, the Factor model by Engle et al. 

(1990), overcomes this problem by assuming that ñco-movement of stock returns are driven 

by a small number of common underlying variablesò (Bauwens, Laurent and Rombouts 

2006). 

Model 3 The Factor-GARCH(1,1,k) model . 

The BEKK(1,1,k) model is called the Factor-GARCH(1,1,k) model if for k=1,2,é,K, 

ὃᶻ ὥὲὨ Ὃᶻ have rank one and have the same left and right eigenvectors, ‗ ὥὲὨ ‫ , i.e., 

ὃᶻ and Ὃᶻ   ‗‫‌ (1.5.6)       ‗‫‍ 

where ‌and ‍ are scalars, ‗ and are ὔ    ‫ ρ vector satisfying  
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 ‫
π Ὢέὶ Ὧ Ὥ
ρ Ὢέὶ Ὧ Ὦ

    ὥὲὨ В ‫ ρ  

  Substitute (1.5.6) into (1.5.5) to obtain, 

Ὄ   В ‗‗ᴂ‌‫ώ ώ ᴂ‫  ‍‫ᴂὌ (1.5.7)      ‫ 

We can see from (1.5.7) that the number of parameters in the F-GARCH(1,1,K) model is 

ὲὲ τὯ ρȾς, much less than ὲὲτὯ ρ ρȾς in the BEKK(1,1,k) model. A variant 

of the factor model is the Full-Factor GARCH model proposed by Vrontos et al. (2003). 

Model 4 The FF-GARCH model is defined as, 

Ὄ ὡ ὡᴂ           (1.5.8) 

where ὡ is a ὲ ὲ lower triangular parameter matrix with ones on the diagonal,  

ὨὭὥὫ„ȟȟȣȟ„ȟ where „ȟ is the conditional variance of the factors. The factors, ὡ ώ , 

follow separate univariate GARCH processes. The total number of parameters to estimate is 

ὲὲ υȾς. There are some other models than those we have discussed above. They are not 

directly generalized from the univariate GARCH model. Now we will take a look at the 

models from the second category of the MGARCH model family. 

First we will introduce the Orthogonal GARCH model, which assumes the ὲ ρdata 

vector is the orthogonal transformation of ὲ (or fewer) univariate GARCH processes. 

Model 5 The O-GARCH (1, 1, m) model by Kariya (1988) and Alexander and 

Chibumba(1997) is defined as, 

ὠ Ⱦώ ό Ώ Ὢ         (1.5.9) 
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where ὠ ὨὭὥὫὺȟὺȟȣȟὺ ȟ with ὺ the population variance of ώ , and Ώ  is a ὲ ά 

matrix, ȟΏ ὖὨὭὥὫὰȣ ὰ ȟὰ Ễ ὰȟ  which are the largest m eigenvalues of 

the population correlation matrix ό , and ὖ is the matrix of associated eigenvectors. 

Ὢ ὪȟȣȟὪ  is the vector whose volatility follows a GARCH (1,1) process such that, 

Ὁ Ὢ π   ὥὲὨ ὠὥὶὪ   ὨὭὥὫ„ ȟȣȟ„   

„ ρ ‌ ‍ ‌Ὢȟ ‍ȟ „ȟ        Ὥ ρȟςȟȣȟά    (1.5.10) 

Ὄ ὠὥὶώ ὠȾὠὠȾ   ύὬὩὶὩ ὠ ὠὥὶό Ώ  Ώ ᴂ   (1.5.11) 

The number of parameters in the O-GARCH model, in the case of m=n, is equal to ςὲ. 

The advantage of the O-GARCH model lies in the fact that it uses a small number of 

principal components (Alexander and Chibumba take m=2 for 12 assets), which reduces the 

computation burden. This scheme, however, also has drawbacks. For instance, if m<n, the 

rank of Ὄ is m, not full rank. The diagnostic test will, however, rely on the inverse of Ὄ. So 

Weide (2002) proposed the Generalized Orthogonal(GO) GARCH model, where orthogonal 

assumption is replaced by assuming Ώ is square and invertible. 

Model 6 The GO-GARCH(1,1) model is defined as Model 5, where m=n and Ώ is a 

non-singular matrix of parameters. The conditional correlation matrix of  ώ is, 

Ὑ ὐ ὠὐ ȟύὬὩὶὩ ὐ ὠṩὍ  Ⱦ  ὥὲὨ ὠ Ώ Ώ    (1.5.12) 

The number of parameters to estimate is ὲὲ ρȾς. After reviewing those models that 

assume a linear combination of univariate GARCH models, we will next cast a light on the 

models based on the assumption that the multi-variate variance matrix is a nonlinear 

combination of univariate GARCH processes. 
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Model 7 The Constant Conditional Correlation by Bollerslev (1990) is defined as, 

Ὄ ὈὙὈ ” Ὤ Ὤ        (1.5.13) 

 Where Ὀ ὨὭὥὫὬ ȟȣȟὬ ȟ  

Ὤ  is the conditional variance of an individual asset,  which we obtained from any univariate 

GARCH model and R is a symmetric definite matrix. The element ”  is the constant 

conditional correlation between asset i and j. From the specification of the CCC model, we 

can see that the multivariate variance matrix Ὄ  is a nonlinear combination of univariate 

variances Ὤ s. The total number of parameters to estimate is ὲὲ υȾς. Such models have 

fewer parameters, unlike the models in the first category. To guarantee that the variance 

matrix is positive definite, R has to be positive definite. 

The assumption of constant conditional correlation is not realistic in many cases. So some 

time-dependent conditional correlation models were developed. Here we will introduce the 

Dynamic Conditional Correlation (DCC)  Model of Tse and Tsui (2002) and the DCC model 

of Engle (2002). 

Model 8  The DCC model of Tse and Tsui (2002)  is defined as, 

Ὄ ὈὙὈ           (1.5.14) 

where Ὀ is the same as defined in (1.5.13) and like the CCC model, Ὤ  is the conditional 

variance of an individual asset we obtained by any univariate GARCH model. 

Ὑ ρ — — Ὑ —  —Ὑ        (1.5.15) 
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where — — ρȟ—ȟ— are nonnegative parameters. The matrix Ὑ is a symmetric ὲ ὲ 

positive definite parameter matrix with ” ρ, and    is the ὲ ὲ correlation matrix of 

ώ for † ὸ ὓȟὸ ὓ ρȟȣȟὸ ρ. The ὭȟὮὸὬ element of    is, 

‪ȟȟ
В ȟ ȟ

В ȟ В ȟ

        (1.5.16) 

Where ό ώȾὬ ,   the matrix     can be expressed as, 

  ὄ ὒ ὒ ᴂὄ          (1.5.17) 

where ὄ  is a ὲ ὲ diagonal matrix with ith diagonal element as В όȟ  and 

ὒ ό ȟȣȟό  is a  ὲ ὓ matrix, with ό ό  ό  Ễό ᴂ. To assure the 

positive definiteness, the model assumes ὓ ὲ. The total number of paramters to estimate is 

σὲ ς . Engle (2002) proposed another DCC model with a different specification of Ὑ. 

Model 9  The DCC model by Engle (2002) or DCC (1,1) model is defined as, 

Ὑ ὨὭὥὫή ȟȟȣȟή ȟὗὨὭὥὫή ȟȟȣȟή ȟ       (1.5.18) 

where ὗ is a symmetric positive definite matrix, ὗ ήȟ  is given by 

ὗ ρ ‌ ‍ὗ ‌ό ό ‍ὗ        (1.5.19) 

With ό defined as in DCC model of Tse and Tsui. ὗ is the unconditional variance matrix of 

ό. ‌ and  ‍ are nonnegative scalar parameters satisfying ‌ ‍ ρ. 

Letôs compare the difference between two DCC models through the bi-variate case. For 

Tse and Tsuiôs DCC model, 

” ρ — — ” —” ȟ —
В ȟ ȟ

В ȟ В ȟ

   (1.5.20) 
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For the DCC model by Engle, 

” ȟ ȟ ȟ

ȟ ȟ ȟ ȟ

    (1.5.21) 

   We can see from (1.5.20) and (1.5.21) that there is no weighted sum of past correlation in 

the conditional correlation obtained from Engleôs model. Both models can test the hypothesis 

of constant conditional correlation by testing the null hypothesis: — — π or ‌ ‍ π. 

And they also share the similar drawback that those four parameters are assumed to be scalar, 

so both models assume that all the conditional correlations have the same dynamic.  

    Pelletier (2003) proposed a regime switching model which assumes the correlation matrix 

is constant within a regime but changes along with the switching of regimes, and regime 

switching is driven by an unobservable Markov Chain. 

Model 10 The Regime Switching Dynamic Correlation (RSDC) model decomposes the 

covariance matrix into two parts, standard deviations and correlations. Standard deviations 

are assumed to follow univariate GARCH processes for individual variables and the 

correlation matrix is a regime switching model specified as, 

ῲὸ В ρЎὸάῲά
ὓ
ά ρ          (1.5.22) 

where ῳ is an unobserved Markov Chain defined by a ὓ ὓ transition matrix Ʉ and  ὓ 

states of the correlation matrix, ῲ. The elements in the transition matrix Ʉ and ῲ  can be 

estimated with the Expectation Maximization (EM) algorithm, 

“ȟ
В Ў ȟЎ ȿ Ƞ

В Ў ȿ Ƞ
        (1.5.23) 

ῲ
В Ў ȿ Ƞ

В Ў ȿ Ƞ
        (1.5.24) 
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where ό is the standardized return as time point t. The two-step estimation can estimate 

parameters in (1.5.23) and (1.5.24). The parameters appearing in the univariate GARCH 

process are denoted by — and the other parameters are denoted as —. Estimation of — is 

based on that of —. 

To make inference on the state of the unobserved Markov Chain, we use the Hamiltonôs 

filter as follow: 

Updated probability: ‚ȿ
ȿ ṩ

ȿ ṩ
      (1.5.25) 

Filtered probability: 1| |
Ĕ Ĕ't t t tx x+ =P        (1.5.26) 

Smoothed probability: ‚ȿ ‚ȿṩ ˜ ‚ ȿ ‚ ȿ       (1.5.27) 

where ‚ȿ is a ὓ ρ vector in which each element is the probability of being in each regime 

at time ὸ given the observations up to time ὸ. The ὓ ρ vector ‚ ȿ denotes the 

probabilities of being in each regime at time ὸ ρ given the observations up to time ὸ. The 

element in the ὓ ρ vector ‚ȿ  is the smoothed probability which is the probability of 

being in each regime conditional on the observations up to time Ὕ.  Those probabilities will 

be used when we calculate probabilities in (1.5.23) and (1.5.24). For the element in the 

denominator of (1.5.23) and (1.5.24), ὖῳ άȿόȠ— , we have ὖῳ άόȠ— ‚ȟȿ 

, where ‚ȟȿ is the smoothed probability in regime ά. For the numerator in the equation 

(1.5.23), we have 

ὖῳ Ὦȟῳ Ὥȿό; —]=P[ῳ Ὦȿό; —]ȟ ȿ Ƞ 

ȿ Ƞ 
 =‚ȟȿ

ȟ ȿ

ȿ
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Besides the RSDC model introduced above, Kroner and Ng (1998) proposed a general 

dynamic correlation (GDC) model which nests several of the multivariate GARCH models 

we discussed before such as the BEKK model, the DVEC model etc.  Their argument is that 

choosing different MGARCH models can lead to significantly different conclusions on the 

evolution of future variance and covariance matrices. Bauwens, Laurent and Rombouts 

(2006) have extended the definition of the GDC model to enable it to accommodate the DCC 

models. 

Model 11  The GDC model is defined as, 

Ὄ ὈὙὈ  ṩῸ         (1.5.28) 

Where Ὀ Ὠ ȟὨ —    ᶅὭȟὨ π ᶅὭ Ὦ   Ὸ —  

Ὑ is specified as DCC model by Tse and Tsui, or DCC model by Engle. 

  • ȟ• π ᶅὭȟ• •    

— ‫ ὥώ ώ ὥ ὫὌ Ὣ ᶅὭȟὮ   ὥ  ὥὲὨ ὫȟὭ ρȟȣȟὲ   

are ὲ ρ vector of parametersȟ  ‫ is positive definite and symmetric. The GDC 

model can be reduced to many MGARCH models we have reviewed such as the CCC model, 

the DCC models, the BEKK(1,1,1) model, the F-GARCH(1,1,1) model and the DVEC(1,1) 

model, depending upon what restrictions are placed on the parameters specified above. For 

example, if ὥ ‌ὰ andὫ ‍ὰ, Ὥᶅȟ  where ὰ is the ith column of an ὲ  ὲ identity 

matrix, and ‌ and ‍  are scalars and • π, then GDC is reduced to the DCC models. 

Because the GDC model is a general form of many models we have covered before, we 

wonôt include it in our empirical analysis.  
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In the empirical analysis, we estimate the parameters of those MGARCH models by 

Maximum Likelihood Estimation (MLE). The typical log likelihood function of a MGARCH 

model can be written as follows, 

ὒ ώȿ— В ÌÏÇ ȿὌȿ ώ ‘ ᴂὌ ώ ‘      (1.5.29) 

where Ὁ ώ ‘  and — is the parameter vector determining Ὄ. As we discussed before, 

MGARCH models differ from each other due to the different specifications of Ὄ . The 

specification decides the number of parameters to estimate, the shape of the likelihood 

function with respect to —, the convergence speed and the sensitivity to initial values. Due to 

the specifications of Ὄ, some models require the estimation of all parameters in one step 

while some others can break down the curse of dimensionality by estimating the parameters 

in two steps such as the DCC model of Tse and Tsui, the DCC model of Engle and the RSDC 

model of Pelletier. For example, the DCC model decomposes the covariance matrix Ὄ into 

two parts, the individual asset volatility process and the correlation matrix. We can first 

estimate the parameters in the univariate GARCH processes of N assets such as, 

ὗὒρ ώȿ—ȟ В В ÌÏÇὬ      (1.5.30) 

where —ȟ is the parameter vector that includes the parameters in the ith univariate GARCH 

process, — —ȟȟȣȟ—ȟȟȣȟ—ȟ ᴂȢ The subscript ὭὭὸ denotes the i-th asset at time ὸ. Those 

estimates of —  prove to be consistent so that we can use them as known parameters in the 

second maximum likelihood estimation, 

ὗὒς —ȿ— В ÌÏÇ ȿὙȿ όὙ ό       (1.5.31) 
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where ό Ὀ ώ ‘ , Ὀ  is the square matrix with the individual volatilities on the 

diagonal,  and —contains the remaining correlation parameters.  

1.6  Conclusion 

In this chapter we gave an extensive review of the current volatility literature. Under both 

the structural and non-structural frameworks, researchers have made remarkable progress on 

exploring new methods to estimate and forecast volatility. From the non-structural aspect, the 

realized volatility model triggers research using high-frequency data, which reflect the intra-

day information to estimate the volatility of daily returns of financial assets. It is proven to be 

consistent theoretically but faced with the market micro-structure noise contamination in 

empirical application. The real kernel model overcomes this problem by subtly designing the 

real kernel estimate which corrects the realized volatility for market micro-structure noise. 

Such an estimator can utilize much more intra-day information and is more reliable and less 

noisy than the realized volatility estimator. The real kernel estimator is still consistent and 

stable in the multivariate case in the presence of non-synchronous trading, as we showed in 

section 1.4. Based on the advantages listed above, we choose it as our measurement to 

compare the multivariate GARCH models which has not been done before. The multivariate 

GARCH models, as the structural models, have also been enriched with new members over 

time. The DVEC model at the very beginning is a generalization of the traditional univariate 

GARCH model. The BEKK model improves the DVEC model by automatically ensuring the 

positive definiteness of the covariance matrix with a quadratic form of parameterization. 

Another class of the multivariate GARCH models, the factor models like FGARCH(1,1,k) 
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model and Full Factor GARCH model, aim at breaking the dimensionality curse of the 

DVEC and BEKK models. Those models specify the conditional covariance matrix as driven 

by some common factors. There are some other models such as the O-GARCH model and 

GO-GARCH model which define the conditional covariance matrix as the linear combination 

of univariate GARCH processes. But we have seen from the previous sections that those 

models often have complicated parameterizations so the feasibility at high dimension is a 

question mark. The most recent multivariate GARCH model development focuses on the 

conditional covariance models such as the CCC model, DCC model of Tsui and Tse (2002), 

DCC model of Engle (2002) and RSDC model of Pelletier (2003). Those models decompose 

the conditional covariance matrix into two parts, the standard deviations and the correlation 

matrix. Such a specification allows a two-step estimation which we expect to ease the 

computation and can help to overcome the dimensionality curse.  

In the next chapter, we provide a detailed empirical analysis for those 10 MGARCH 

models in terms of forecasting accuracy and computation efficiency. We will see how the 

specifications of Ὄ can substantially affect the quality of the results. 
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Chapter 2 Data Analysis of the MGARCH Models Comparison 
 

    In the first chapter, we surveyed the major Multivariate GARCH models. Please keep in 

mind that the estimation of those models is considered to be consistent and reliable only if 

their assumption about the data structure matches the true data generating process. In reality, 

however, no one knows the true data generating process. Researchers must utilize their 

background knowledge to justify their estimation results. For example, Bollerslev, Engle and 

Woodridge (1988) believed that the results from their DVEC model make sense theoretically, 

as it is supported by the CAPM theory. Again because of the lack of knowledge about the 

true data generating process, we can only compare model performance by statistical tests or 

information criteria. Pelletier (2005) compared the Regime Switching Dynamic Correlation 

(RSDC) model with Engleôs DCC model by using the test proposed by Rivers and Vuong 

(2002) for non-nested models. Ideally, the comparison can become a lot more straight-

forward if we use a consistent and very precise non-parametric estimation of the true 

volatility such as the realized volatility and co-volatility, the quantity that all these models are 

trying to forecast. By comparing the parametric estimation obtained from the MGARCH 

models with the non-parametric estimation like the realized volatility, we obtain a relative 

performance of each MGARCH model. This is what we do in this chapter. 

The MGARCH models were originally tested on different data series. For example, the 

Diagonal VEC model was applied to a portfolio composed of the yield on the 6-month 

treasury bills, the yield on the 20-year treasury bonds and stocks returns while Vrontos, et al. 

(2003) studied the co-movement of eight stocks in the US stock market from January 1990 to 

January 1999. Some researchers apply their models to exchange rate data like Pelletier 
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(2005) for his RSDC model. For the purpose of comparison, we pick one set of stock data 

and test all the models with those data.  

2.1 Introduction  

2.1.1 Data Description 

  For daily data, we choose 5 stocks traded on the NYSE falling into three Standard & Poor 

defined industries. Within each sector, one or two stocks are picked so that we can both see 

the co-movement of the stocks in the same industry and that of stocks in different industries. 

The dataset for parameter estimation includes ten years of daily data spanning from 1/1/1993 

to 12/31/2002. The dataset for performance comparison covers the period of 1/1/2003 to 

12/31/2003. That is to say, we will use ten years of data to estimate the parameters and use 

one year of data to do model forecasting comparison. Adjusted closing prices are used for the 

MGARCH models because we need to take into account the effect of stock merges and splits 

and dividends to calculate the daily returns. The high-frequency data in the period of 

1/1/2003 to 12/31/2003 are used to compute daily realized volatility. I sort the daily data by 

their company names alphabetically in ascending order. For example, the correlation between 

stock 1 and stock 2 refers to that between AIG and AMD,  so on and so forth. 

We compare the model performances in two steps. The first step is to compute one 

correlation at a time, caring about the computation time and closeness of the correlation 

obtained from those models to their real kernel correlations. The second step is to expand the 

number of series from two to five so that we compute all the correlations all at once. By 

doing so we can find if a MGARCH model can handle the dimensionality well. If a 

MGARCH model needs much longer time to complete the computation when the number of 
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series doesnôt increase much, we will say that such a MGARCH model doesnôt do well in 

processing high-dimension problems. To measure the model performance across all pairs of 

stocks, we calculate the average distance to the real kernel estimates. The distance is defined 

as a norm, that is, the square root of the sum of squared differences between the multivariate 

GARCH estimated correlations and those of real kernel estimates for all the trading days. We 

first calculate the L2 norm of the difference between the estimated correlation and the real 

kernel estimates for each pair of stocks. Then we calculate the average of those norms across 

all pairs of stocks. Due to the curse of dimensionality some models fail to provide reasonable 

results as the number of series increases. That is why we select five stocks, for which all the 

models can provide estimates within reasonable times. 

 

Table 2.1.1- 1 List of the stocks for the model comparison 

Series No. Stock Company (NYSE Ticker) S&P Sector 

1 AIG (AIG) Finance 

2 AMD (AMD) Information Technology 

3 Apple (AAPL) Information Technology 

4 Bank of Ameica Corp. (BAC) Finance 

5 Baxter (BAX) Healthcare 

 

2.1.2 The Real Kernel Estimate 

    The real kernel estimate of a correlation matrix is specified as the following, 

0

1

1
( ) ( ) ( ){ ( ) ( )}
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h h
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d d d dg g g-
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= + +ä .      (2.1.2-1) 
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In chapter 1 we have given a detailed introduction to the real kernel model and we will only 

explain a few specifications. We chose bandwidth H and kernel function ( )k x  based on the 

Parzen kernel. The Parzen kernel is defined as, for the kernel function ( )k x , 

Ὧὼ
ρ φὼ φὼ π ὼ ρȾς

ςρ ὼ  ρȾς ὼ ρ
         (2.1.2-2) 

and we chose frequency d as every one minute. We will plot some correlation estimates and 

contrast them against various MGARCH model estimates. Denoting the dimension as n, we 

plot the correlation between AIG and BAC obtained with the real kernel method in the 

following graph, 

 

Figure 2.1.2- 1  Real kernel estimates of correlation between AIG and BAC in different 

dimensions. Time Period: All the trading days from Jan 1st, 2003 to Dec 31st, 2003.   

 

 

    The correlation between another pair of stocks, BAC and BAX is graphed as the 

following, 
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Figure 2.1.2- 2  Real kernel estimates of correlation between BAC and BAX in different 

dimensions. Time Period: All the trading days from Jan 1st, 2003 to Dec 31st, 2003.   

 

    We also look at the correlation between AMD and AAPL, because many MGARCH 

models forecast this correlation more accurately than they do to any other correlations. 

 

Figure 2.1.2- 3  Real kernel estimates of correlation between AMD and AAPL in different 

dimensions. Time Period: All the trading days from Jan 1st, 2003 to Dec 31st, 2003.   

 

2.2 The MGARCH Models Estimation 
  We have introduced the detailed specifications of the MGARCH models in Chapter 1. Here 
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we focus on their implementation and comparison statistics from the data analysis such as the 

number of parameters, the computation time, the distance to the real kernel estimates and the 

graphical contrast.  

2.2.1 The Diagonal VEC model 

 

    The Diagonal VEC model is originally defined as, for n-dimension returns, 

1 1t t th c A Ghh- -= + +  ,                                                   (2.2.1-1) 

where th is the half-vectorization of the covariance matrix tH , 1th- is the half-vetorization of 

the quadratic form of the daily returns ώ  When implementing this model, however, I use 

an alternative matrix form as the following, 

Ὄ ὅЈ ὃЈṩ ‐ ‐ ὋЈṩὌ        (2.2.1-2) 

whereC ,A , G  are n n³  matrices, A and G are rank-one matrices formed by a scalar 

multiplying a matrix of ones. The multiplication operator ṩ denotes Hardmard product 

(matrix multiplication element by element). To see how it works, I will illustrate it by taking 

n =2 as an example, 
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Substitute them into (2.2.1-1)

.
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Transform (2.2.1-3) into the vectorized form, 
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  .             (2.2.1-4) 

Which is the same as (2.2.1-1) when 
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Such a scalar specification is proposed by Ding and Engle (2001).  

  Estimating the DVEC model on several combinations of stocks for n=2, 3, 4, 5, we can see 

how the performance of this model is affected by the increase in the dimension. The five 

stocks included in this test are AIG, AMD, AAPL, BAC and BAX. We use ñdistanceò to 

measure how close the multivariate GARCH estimates are to the real kernel estimates. The 

distance is defined as L2-norm, that is, the square root of sum of squared differences between 

the multivariate GARCH estimated correlations and those of the real kernel estimates for all 

the trading days. 

 

Table 2.2.1-1 Distance of the correlations by the DVEC model 

 n=2 n=3 n=4 n=5 

AIG v.s. AMD 2.5934 3.1975 3.0010 2.9327 

AIG v.s. AAPL 2.8774 2.8295 2.8897 2.8160 

AIG v.s. BAC 2.6316 2.5291 2.3469 2.3908 

AIG v.s. BAX 3.4661 3.1673 3.2334 3.1129 

 



 

 

50 

 

Table 2.2.1-1 Continued 

AMD v.s. AAPL 2.5156 2.4334 2.3570 2.3618 

AMD v.s. BAC 3.4796 3.6488 3.5234 3.5415 

AMD v.s. BAX 3.1295 3.0770 3.0767 3.0610 

AAPL v.s. BAC 3.1876 3.2354 3.1511 3.2511 

AAPL v.s. BAX 2.8408 2.7433 2.9479 2.7938 

BAC v.s. BAX 3.0448 2.8416 2.8182 2.7655 

Average 2.9766 2.9703 2.9345 2.9027 

 

    Looking at the table above, we found that not all of correlation estimates get closer to the 

real kernel estimates as the number of series increases. 7 out of 10 correlation estimates get 

closer to the real kernel estimates when the number of series increases from 2 to 5. 

Considering 10 pairs of stocks as a whole, the correlations are closer to the real kernel 

estimates on average though. The average computation time for 10 pairs of stocks in case of 

n=2 is 69 seconds while computing for 5 dimensions and immediately obtaining 10 

correlations takes 457 seconds (around 8 minutes).  

We present the parameter estimates and their standard errors in the case that n=5 in the 

following table.  There are a total of 17 parameters to estimate. To guarantee the positive 

definiteness of the invariant matrix ὅЈ, we make Cholesky decompositions. The parameter 

listed in the table is the i,jth element of lower triangular matrix ὅ which satisfies ὅὅ ὅЈ. 
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Table2.2.1- 2 The parameter estimates of the DVEC model 

Parameters Estimates Standard Errors 

ὧȟ 0.0022 0.0002 

ὧȟ 0.0006 0.0003 

ὧȟ 0.0006 0.0003 

ὧȟ 0.0010 0.0002 

ὧȟ 0.0007 0.0002 

ὧȟ 0.0058 0.0005 

ὧȟ 0.0010 0.0003 

ὧȟ 0.0002 0.0001 

ὧȟ 0.0001 0.0001 

ὧȟ 0.0053 0.0004 

ὧȟ 0.0001 0.0001 

ὧȟ 0.0002 0.0001 

ὧȟ -0.0022 0.0002 

ὧȟ -0.0003 0.0001 

ὧȟ -0.0028 0.0002 

A 0.0346 0.0044 

G 0.9489 0.0014 

Log L -40852  
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We will pick two pairs of stocks to contrast the estimates of the DVEC model and the real 

kernel estimates in the following graphs. The correlation between AIG and BAC in the case 

that n=2 is plotted below. 

 

Figure 2.2.1- 1 The contrast plot of the correlation between AIG and BAC by the DVEC 

model and the real kernel estimate in the case that n=2. Time Period: All the trading days 

from Jan 1st, 2003 to Dec 31st, 2003.   

 

 

In the case that n=5, we have, 

 

Figure 2.2.1- 2 The contrast plot of the correlation between AIG and BAC by the DVEC 

model and the real kernel estimate in the case that n=5. Time Period: All the trading days 

from Jan 1st, 2003 to Dec 31st, 2003.   
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For another pair of stocks, BAC and BAX, the correlation is plotted in the following 

graph. In the case that n=2, 

 

Figure 2.2.1- 3 The contrast plot of the correlation between BAC and BAX by the DVEC 

model and the real kernel estimate in the case that n=2. Time Period: All the trading days 

from Jan 1st, 2003 to Dec 31st, 2003.   

 

In the case that n=5, we have got, 
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Figure 2.2.1- 4 The contrast plot of the correlation between BAC and BAX by the DVEC 

model and the real kernel estimate in the case that n=5. Time Period: All the trading days 

from Jan 1st, 2003 to Dec 31st, 2003.   

 

We also noticed that among all the correlation estimates, that of AMD and AAPL is closest 

to the real kernel estimate. In the case of n=2, 

 

Figure 2.2.1- 5 The contrast plot of the correlation between AMD and AAPL by the DVEC 

model and the real kernel estimate in the case that n=2. Time Period: All the trading days 

from Jan 1st, 2003 to Dec 31st, 2003.   

 

In the case that n=5, 
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Figure 2.2.1- 6 The contrast plot of the correlation between AMD and AAPL by the DVEC 

model and the real kernel estimate in the case that n=5. Time Period: All the trading days 

from Jan 1st, 2003 to Dec 31st, 2003.   

 

What we found from this model is that the result heavily depends upon the choice of initial 

values. The choice of the initial values also affects the computation time. Given multiple 

local optimums, I choose the one with largest log likelihood. Some initial values cannot lead 

to convergence and some others cannot generate reasonable results. 

  

2.2.2 The BEKK(1,1,1) model 

   As Engle and Kroner pointed out in their 1995 paper, the BEKK(1,1,k) model is basically a 

re-parameterization of the VEC model. The difference lies in the fact that the BEKK(1,1,k) 

model imposes the positivity condition on covariance matrixtH  more easily. They also 

proved that if parameter matrices C, A, G satisfy certain conditions, the VEC model can have 

an equivalent BEKK(1,1,k) representation. For all the estimates presented here, we take k=1.  

 

Table 2.2.2- 1 Distance of the correlations by the BEKK(1,1,1) model 

    n=2 n=3 n=4 n=5 

AIG v.s. AMD 2.6012 3.2168 3.0182 2.9384 

AIG v.s. AAPL 2.8606 2.8081 2.8834 2.8035 

AIG v.s. BAC 2.5651 2.7917 2.2902 2.3355 

AIG v.s. BAX 3.4784 3.0742 3.2468 3.1106 
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Table 2.2.2- 1 Continued 

AMD v.s. AAPL 2.5085 2.4128 2.3511 2.3522 

AMD v.s. BAC 3.4752 3.6300 3.5018 3.5336 

AMD v.s. BAX 3.1088 3.0525 3.0557 3.0413 

AAPL v.s. BAC 3.1423 3.1969 3.1250 3.2348 

AAPL v.s. BAX 2.8499 2.7375 2.9450 2.7920 

BAC v.s. BAX 2.9983 2.7221 2.7864 2.7151 

Average 2.9588 2.9643 2.9204 2.8857 

 

 Like the DVEC model, not all of correlation estimates get closer to the real kernel 

estimates as the number of series increases. 7 out of the 10 correlations get closer to the real 

kernel estimates when the number of dimensions increases from 2 to 5. Considering 10 pairs 

of stocks as a whole, the correlations are closer to the real kernel estimates on average. The 

average computation time for 10 pairs of stocks in the case that n=2 is 54 seconds while 

computing 5 dimensions and obtaining 10 correlations all at once takes 411 seconds.  

We transformed the parameters for the squared returns and past covariance matrix so that 

the transformed parameters automatically satisfy the stationary conditions and we can 

implement unconstrained optimization in MATLAB to increase computation efficiency:  

‌ ÓÉÎὥȟ‍ ȿÃÏÓ ὥȾ ρ ÅØÐὦ ȿ  

π ‌ ‍ ρȾρ ÅØÐὦ ρ  

    We list the parameter estimates and the corresponding standard errors below. 
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Table 2.2.2- 2  The parameter estimates of the BEKK(1,1,1) model 

Parameters Estimates Standard Errors 

ὧȟ 0.0022 0.0004 

ὧȟ 0.0006 0.0003 

ὧȟ 0.0006 0.0003 

ὧȟ 0.0010 0.0002 

ὧȟ 0.0007 0.0002 

ὧȟ 0.0058 0.0012 

ὧȟ 0.0010 0.0004 

ὧȟ 0.0002 0.0001 

ὧȟ 0.0001 0.0001 

ὧȟ 0.0053 0.0012 

ὧȟ 0.0001 0.0001 

ὧȟ 0.0002 0.0002 

ὧȟ -0.0022 0.0004 

ὧȟ -0.0003 0.0002 

ὧȟ -0.0028 0.0006 

‌ 0.1860 0.0319 

‍ 0.9741 0.0202 

Log L -40853  
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We will pick two pairs of stocks to show correlation from the BEKK(1,1,1)  model and the 

real kernel estimates in the following graphs. 

    The correlation between AIG and BAC in the case that n=2 is graphed as below, 

 

Figure 2.2.2- 1 The contrast plot of the correlation between AIG and BAC by the 

BEKK(1,1,1) model and the real kernel estimate in the case that n=2. Time Period: All the 

trading days from Jan 1st, 2003 to Dec 31st, 2003.   

 

 

In the case that n=5, we have 
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Figure 2.2.2- 2 The contrast plot of the correlation between AIG and BAC by the 

BEKK(1,1,1) model and the real kernel estimate in the case that n=5. Time Period: All the 

trading days from Jan 1st, 2003 to Dec 31st, 2003.   

 

    Letôs look at the BEKK(1,1,1) estimates in different dimensions. We still take the 

correlation between AIG and BAC as an example. When n=2 and n=5 respectively, we have 

 

Figure 2.2.2- 3  The BEKK(1,1,1) estimate of the correlation between AIG and BAC in 

different dimensions. Time Period: All the trading days from Jan 1st, 2003 to Dec 31st, 2003.   

                                   

Then we check the real kernel estimates in the dimension of 2 and 5, 
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Figure 2.2.2- 4  The real kernel estimate of the correlation between AIG and BAC in 

different dimensions. Time Period: All the trading days from Jan 1st, 2003 to Dec 31st, 2003.   

 

    From the graph, we can see that the distance shrinks mostly because the real kernel 

estimate changes with the dimension. 

  The correlation between BAC and BAX in the case of n=2 is graphed as the following, 

 

Figure 2.2.2- 5 The contrast plot of the correlation between BAC and BAX by the 

BEKK(1,1,1) model and the real kernel estimate in the case that n=2. Time Period: All the 

trading days from Jan 1st, 2003 to Dec 31st, 2003.  

  

 

In the case of n=5, we have 
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Figure 2.2.2- 6 The contrast plot of the correlation between BAC and BAX by the 

BEKK(1,1,1) model and the real kernel estimate in the case that n=5. Time Period: All the 

trading days from Jan 1st, 2003 to Dec 31st, 2003.   

 

To find how the estimates change with the dimension, I plot the BEKK(1,1,1) correlation 

between BAC and BAX with different dimensions.    

 

Figure 2.2.2- 7  The BEKK(1,1,1) estimate of the correlation between BAC and BAX in 

different dimensions. Time Period: All the trading days from Jan 1st, 2003 to Dec 31st, 2003.   

 

 The slight difference between the estimates obtained in different dimensions is caused by 

different synchronized price processes. I also plot the real kernel estimates for the correlation 

between BAC and BAX with different dimensions. 
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Figure 2.2.2- 8  The real kernel estimate of the correlation between BAC and BAX in 

different dimensions. Time Period: All the trading days from Jan 1st, 2003 to Dec 31st, 2003.   

 

The correlations are very close to those of the DVEC model. That also matches Engle and 

Kronerôs proved proposition that certain parameter matrices can lead to the equivalent BEKK 

representation of the DVEC model. But BEKK(1,1,1) uses less time in computation because 

of different parameterization. 

2.2.3 The Factor-GARCH(1,1,k) model 

 

  The factor-GARCH (1,1,k) model of Engle, Ng and Rothschild (1990b) formulates the 

covariance matrix as driven by some latent factors. Usually we assume the number of factors 

is smaller than the dimensions so that a large number of assets share the same driving factors. 

The factor-GARCH(1,1,k) model shares the quadratic form of the covariance matrix with 

BEKK(1,1,k) model. 

  We take k=1 so the Factor-GARCH(1,1,1) model is specified as the following according to 

the definition of Lin (1992). Then n³ matrices A and G have rank one and the same left 
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and right eigenvectors, land w,  where 'A awl=  and 'G bwl= , ' 1w l= and 
1

1
n

i

i

w
=

=ä  

and  

Ὄ   ‗‗ᴂ‌‫ᴂώ ώ ‫ ‍‫Ὄ ‫      (2.2.3-1) 

where ώ is the past asset return as defined in the DVEC model. W is the time-invariant part 

of the covariance matrix. The number of parameters to estimate in this model is ὲὲ ρȾς 

(the number of parameters in  ) plus ςὲ (the number of parameters in and ‗, plus 2 ‫ 

(scalars ‌ and ‍). ‌ and ‍ should satisfy the covariance stationary condition that ‌ ‍

ρ. The difficulty of estimation dramatically increases as the dimension increases due to the 

number of parameters being a quadratic function of the number of series. We tried several 

specifications to find the most feasible algorithm. We tried transforming the persistence 

parameters in equation (2.2.3-1) so that they automatically satisfy the covariance stationary 

condition then we implement the optimization algorithm using the simplex search method.  

But it took very long time to converge (50 minutes for n=5) and the correlations obtained are 

far away from the real kernel estimates. We also tried the RMLE estimation suggested in Lin 

(1992) that takes factor weights as given. The factor weights are set to be equal to ρȾὲ and ‫ 

ɚ is then derived as vectors of ones. The purpose of such a specialization is, as the same with 

that of the DVEC and the BEKK(1,1,1) models, to ease the computation without violating 

the definitions of the models. By doing so, we significantly reduce the computation time 

from 50 minutes to around 10 minutes for the case of n=5, obtained larger likelihoods than 

those obtained from the former method we tried, and got closer correlations to the real kernel 

estimates. We report the correlations in the following table. 
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Table 2.2.3- 1  Distance of the correlations by the FGARCH(1,1,1) model  

 n=2 n=3 n=4 n=5 

AIG v.s. AMD 4.2741 3.9339 4.1699 3.9316 

AIG v.s. AAPL 5.1301 4.7965 5.0720 4.8419 

AIG v.s. BAC 3.1300 2.1766 2.4206 2.4652 

AIG v.s. BAX 3.8010 3.1292 2.6958 2.7033 

AMD v.s. AAPL 4.4437 2.5190 2.6108 2.5701 

AMD v.s. BAC 4.2358 3.1808 3.5461 3.3812 

AMD v.s. BAX 4.1028 3.6480 3.8634 3.8626 

AAPL v.s. BAC 5.5870 4.4377 4.2331 4.1717 

AAPL v.s. BAX 3.8186 3.8786 3.8101 3.5619 

BAC v.s. BAX 4.3357 3.2876 2.9185 2.8602 

Average 4.2859 3.4988 3.5340 3.4350 

 

Unlike the DVEC model, all correlations from the FGARCH(1,1,1) model get closer to the 

real kernel estimates as the number of series increases. The average computation time for 10 

pairs of stocks in the case of n=2 is 89 seconds while computing 5 dimensions and obtaining 

10 correlations all at once takes 556 seconds (around 9 minutes). We summarize the 

parameter estimates below. The total number of parameters is ς. 
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Table 2.2.3- 2  The Parameter Estimates of the FGARCH(1,1,1) model 

ὧȟ ὧȟ ὧȟ ὧȟ ὧȟ 

-0.0111 

(0.0005) 

0.0086 

(0.0042) 

0.0112 

(0.0020) 

0.0016 

(0.0008) 

0.0077 

(0.0008) 

ὧȟ ὧȟ ὧȟ ὧȟ ὧȟ 

0.0394 

(0.0020) 

0.0034 

(0.0012) 

-0.0013 

(0.0010) 

-0.0061 

(0.0016) 

-0.0327 

(0.0040) 

ὧȟ ὧȟ ὧȟ ὧȟ ὧȟ 

0.0024 

(0.0015) 

0.0063 

(0.0012) 

-0.0143 

(0.0008) 

0.0100 

(0.0016) 

0.0000 

(0.0008) 

‌ ‍ Log L   

0.3696 

(0.0037) 

0.7542 

(0.0105) 

-40332   
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The correlation between AIG and BAC in the case that n=2 is graphed as below, 

 

Figure 2.2.3- 1 The contrast plot of the correlation between AIG and BAC by the 

FGARCH(1,1,1) model and the real kernel estimate in the case that n=2. Time Period: All the 

trading days from Jan 1st, 2003 to Dec 31st, 2003.   

 

For the case n=5, we have 

 

Figure 2.2.3- 2 The contrast plot of the correlation between AIG and BAC by the 

FGARCH(1,1,1) model and the real kernel estimate in the case that n=5. Time Period: All the 

trading days from Jan 1st, 2003 to Dec 31st, 2003.   
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The correlation between BAC and BAX in the case that n=2 is in the following graph, 

 

Figure 2.2.3- 3 The contrast plot of the correlation between BAC and BAX by the 

FGARCH(1,1,1) model and the real kernel estimate in the case that n=2. Time Period: All the 

trading days from Jan 1st, 2003 to Dec 31st, 2003.   

 

For the case n=5, we have 

 

Figure 2.2.3- 4 The contrast plot of the correlation between BAC and BAX by the 

FGARCH(1,1,1) model and the real kernel estimate in the case that n=5. Time Period: All the 

trading days from Jan 1st, 2003 to Dec 31st, 2003.   
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2.2.4 The Full Factor-MGARCH (FF -MGARCH) model 

 

The factor model has several varieties besides the F-GARCH(1,1,k) model. One of them, FF-

MGARCH, is defined as the following according to the definition in Vrontos, Dellaportas 

and Politis (2003), 

't tH W W= S ,           (2.2.4-1) 

where Wis a ὲ ὲ lower triangular parameter matrix with ones as the diagonal elements and 

the parameters to estimate as the off-diagonal elements, 
tSis a ὲ ὲ diagonal matrix whose 

diagonal elements are the conditional variances of the factors. The factors, ὡ ώ , follow 

separate univariate GARCH processes. This specification guarantees that tH  is always 

positive definite. The total number of parameters to estimate is equal to the number of 

parameters in   (3*k) plus the number of parameters inW, (k*(k-1)/2). The parameters in   

should satisfy the covariance stationary conditions.  When the dimension is set at 5, there are 

a total of 25 parameters to estimate. Due to the large number of parameters as the number of 

series increases, we tried several parameterizations to improve the computation efficiency. 

We tried FMINCON.m in which stationary conditions are specified in a constraint function, 

FMINUNC.m in which parameters in   are transformed so that they automatically satisfy 

the stationary conditions, and FMINSEARCH.m in which simplex search method is adopted 

instead of the Quasi Newton-Ralphson algorithm.  Finally we found the optimal strategy is to 

run 10000 rounds of iterations using FMINSEARCH.m from any initial values we chose, and 

run FMINUNC.m taking the estimated parameters from those 10000 rounds of simplex 

search iterations as the initial values. It turns out that the combined algorithm provides the 
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best results. The estimates here come from this strategy. The log likelihood obtained from 

such a strategy is larger than that obtained from a pure simplex search. The reason why we 

donôt use FMINUNC.m first is that the Quasi Newton-Ralphson algorithm is very sensitive 

to the choice of the initial values. If we randomly pick a set of initial values, in most cases, 

the algorithm will explode after a few rounds of iterations. But if we have an educated guess 

(the parameter estimates from a simplex search), the iteration got easier to find converged 

results. Such a combined strategy also saved the time for the computation for other 

dimensions (such as n=2, 3, 4 because we can pick a subset of the initial values for those 

dimensions). 

 

Table 2.2.4- 1  Distance of the correlations by the FFGARCH model 

 n=2 n=3 n=4 n=5 

AIG v.s. AMD 2.8320 2.8026 2.8840 2.8588 

AIG v.s. AAPL 2.6037 2.7210 2.9096 2.8347 

AIG v.s. BAC 4.5133 4.5096 4.3585 4.4380 

AIG v.s. BAX 2.4634 2.4781 2.5228 2.4880 

AMD v.s. AAPL 2.3936 2.5149 2.4684 2.4254 

AMD v.s. BAC 2.6853 2.7744 2.5763 2.5318 

AMD v.s. BAX 3.6026 3.5903 3.5626 3.3715 

AAPL v.s. BAC 3.9372 3.9766 2.6730 2.7616 

AAPL v.s. BAX 3.2909 3.2945 2.9156 2.9223 
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Table 2.2.4- 1 Continued 

BAC v.s. BAX 3.2843 2.5087 2.5462 2.5140 

Average 3.1606 3.1171 2.9417 2.9146 

 

Seeing from the table above, we find that correlations get closer to the real kernel 

estimates as the number of series increases. The FFGARCH model is very sensitive to the 

choice of initial values. The initial values that are good for some pairs of data series may not 

be a good starting point for others. The average computation time for 10 pairs of stocks in the 

case that n=2 is 30 seconds while computing 5 dimensions and obtaining 10 correlations all 

at once takes 4407 seconds (more than one hour). The reason why the computation for the 

case that n=2 takes a lot less time is that the initial values are the subset from 10000 rounds 

of iterations using a simplex search in the case that n=5. We already know those initial values 

when computing the correlations for the case n=2. When we report the time we didnôt take 

into account the  time spent on running 10000 iterations using simplex search (that can take 

more than one hour) while the computation time in the case that n=5 includes the running 

time of finding the best initial values. We list the parameters in the following table. 

 

Table 2.2.4- 2  The parameter Estimates of the Full Factor GARCH model 

ύȟ ύȟ ύȟ ύȟ ύȟ 

0.3533 

(0.0573) 

0.2863 

(0.0447) 

0.5396 

(0.0211) 

0.3169 

(0.0300) 

0.2312 

(0.0239) 
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Table 2.2.4 -2 Continued 

ύȟ ύȟ ύȟ ύȟ ύȟ 

0.0531 

(0.0085) 

-0.0082 

(0.0125) 

-0.0405 

(0.0100) 

0.0373 

(0.0158) 

0.0831 

(0.0303) 

‌ ‌ ‌ ‌ ‌ 

0.0668 

(0.0157) 

0.0092 

(0.0237) 

0.1341 

(0.0203) 

      0.0760 

(0.0272) 

0.2623 

(0.0192) 

‍ ‍ ‍ ‍ ‍ 

0.9184 

(0.0255) 

0.9900 

(0.0624) 

0.6968 

(0.0255) 

0.8971 

(0.0394) 

       0.3095 

(0.0200) 

logL -41163 Comp Time 4407 sec.  

 

    

 We would like to show some correlations of the stocks in the graphs below. The correlation 

between AIG and BAC in the case of n=2 is, 
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Figure 2.2.4- 1 The contrast plot of the correlation between AIG and BAC by the FFGARCH 

model and the real kernel estimate in the case that n=2. Time Period: All the trading days 

from Jan 1st, 2003 to Dec 31st, 2003.   

 

For the case that n=5, we have 

 

Figure 2.2.4- 2 The contrast plot of the correlation between AIG and BAC by the FFGARCH 

model and the real kernel estimate in the case that n=5. Time Period: All the trading days 

from Jan 1st, 2003 to Dec 31st, 2003.   

 

  The correlation between AIG and BAC gets closer to the real kernel estimates when the 
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number of dimensions increases from 2 to 5.  

  The correlation between BAC and BAX when n=2, 

 

Figure 2.2.4- 3 The contrast plot of the correlation between BAC and BAX by the 

FFGARCH model and the real kernel estimate in the case that n=2. Time Period: All the 

trading days from Jan 1st, 2003 to Dec 31st, 2003.   

 

In the case of n=5, 

 

Figure 2.2.4- 4 The contrast plot of the correlation between BAC and BAX by the 

FFGARCH model and the real kernel estimate in the case that n=5. Time Period: All the 

trading days from Jan 1st, 2003 to Dec 31st, 2003.   
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Another pair of stocks, AIG and BAX has a correlation shown as the following, when n=2, 

 

Figure 2.2.4- 5 The contrast plot of the correlation between AIG and BAX by the FFGARCH 

model and the real kernel estimate in the case that n=2. Time Period: All the trading days 

from Jan 1st, 2003 to Dec 31st, 2003.   

 

In the case of n=5, 

 

Figure 2.2.4- 6 The contrast plot of the correlation between AIG and BAX by the FFGARCH 

model and the real kernel estimate in the case that n=5. Time Period: All the trading days 

from Jan 1st, 2003 to Dec 31st, 2003.   
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    The FFGARCH model does provide close estimates to the real kernel estimates, but not 

for every pair of the stocks. The closest correlation to the real kernel estimate is the 

correlation between AMD and AAPL. We plot it in the following graph. In the case of n=2, 

 

Figure 2.2.4- 7 The contrast plot of the correlation between AMD and AAPL by the 

FFGARCH model and the real kernel estimate in the case that n=2. Time Period: All the 

trading days from Jan 1st, 2003 to Dec 31st, 2003.   
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For the case n=5, we get 

 

Figure 2.2.4- 8 The contrast plot of the correlation between AMD and AAPL by the 

FFGARCH model and the real kernel estimate in the case that n=5. Time Period: All the 

trading days from Jan 1st, 2003 to Dec 31st, 2003.   

 

2.2.5 The Orthogonal-GARCH(1,1,m) model 

 

The Orthogonal-GARCH(1,1,m) model considers that the observed data is an orthogonal 

transformation of several univariate GARCH processes. That is, 

  1/2 1/2

t tH V VV=          (2.2.5-1)  

where Vis the diagonal matrix with the unconditional variances of returns as the diagonal 

elements and 't m t mV =L SL, tSis a diagonal matrix with each diagonal element consisting of 

a univariate GARCH process. 1/2 1/2 1/2

1 2( , ,..., )m m mP diag l l lL =  1/2 1/2 1/2

1 2, ,..., ml l l  are the m largest 

eigenvalues of the unconditional correlation matrix of the standardized returns and mP are the 

associated eigenvectors. 

    We implemented the O-GARCH(1,1,n) model. That is, the number of factors is the same 
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as the number of series, m=n. So the total number of parameters to estimate is 2*n. We 

transformed the parameters in the univariate GARCH processes so that they automatically 

satisfy the stationary conditions. 

Table 2.2.5- 1  Distance of the correlations by the O-GARCH(1,1,n) model 

 n=2 n=3 n=4 n=5 

AIG v.s. AMD 2.1913 2.2831 2.3050 2.2334 

AIG v.s. AAPL 2.4557 2.3000 2.4913 2.3760 

AIG v.s. BAC 2.9957 2.9106 2.9141 2.9736 

AIG v.s. BAX 2.8143 2.9958 2.7846 2.6645 

AMD v.s. AAPL 4.1135 2.6690 2.6564 2.5991 

AMD v.s. BAC 3.3204 3.4238 3.2995 3.4130 

AMD v.s. BAX 3.1690 3.1564 2.7027 3.1635 

AAPL v.s. BAC 2.6872 2.5658 2.5359 2.6999 

AAPL v.s. BAX 2.7056 2.6391 2.4873 2.5496 

BAC v.s. BAX 2.6865 2.5279 2.5472 2.5681 

Average 2.9139 2.7472 2.6724 2.7241 

 

Looking at the table above, we found that the average distance of those 10 pairs of stocks 

correlations shrinks as the number of series increases from 2 to 5. 7 out of 10 correlation 

estimates get closer to the real kernel estimates when the number of series increases from 2 to 

3. This ratio is 8 out of 10 and 7 out of 10 as the dimension changes from 2 to 4 and from 2 

to 5, respectively. The average computation time for 10 pairs of stocks in the case that n=2 is 
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97 seconds while computing 5 dimension and obtaining 10 correlations all at once takes 1803 

seconds. We report the parameter estimates summary in the following table. 

 

Table 2.2.5- 2  The parameter estimates of the O-GARCH(1,1,n) model 

Parameters Estimates Standard Errors 

‌ 0.0599 0.0232 

‌ 0.0153 0.0209 

‌ 0.0464 0.0244 

‌ 0.0940 0.0193 

‌ 0.0490 0.0249 

‍ 0.0104 0.0170 

‍ 0.0000 0.0971 

‍ 0.0269 0.0162 

‍ 0.0864 0.0107 

‍ 0.0145 0.0164 

Log L -40842  

    

 The correlation between AIG and BAC for the case n=2 is presented below, 
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Figure 2.2.5- 1 The contrast plot of the correlation between AIG and BAC by the O-

GARCH(1,1,n) model and the real kernel estimate in the case that n=2. Time Period: All the 

trading days from Jan 1st, 2003 to Dec 31st, 2003.   

 

While for the case n=5 we have, 

 

Figure 2.2.5- 2 The contrast plot of the correlation between AIG and BAC by the O-

GARCH(1,1,n) model and the real kernel estimate in the case that n=5. Time Period: All the 

trading days from Jan 1st, 2003 to Dec 31st, 2003. 

 

 

Letôs take a look at the correlation for another pair of stocks, BAC and BAX. For the case 

n=2 we get, 



 

 

80 

 

 

Figure 2.2.5- 3 The contrast plot of the correlation between BAC and BAX by the O-

GARCH(1,1,n) model and the real kernel estimate in the case that n=2. Time Period: All the 

trading days from Jan 1st, 2003 to Dec 31st, 2003. 

 

 

While for the case n=5 we get, 

 

Figure 2.2.5- 4 The contrast plot of the correlation between BAC and BAX by the O-

GARCH(1,1,n) model and the real kernel estimate in the case that n=5. Time Period: All the 

trading days from Jan 1st, 2003 to Dec 31st, 2003. 
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  The major change happens on the OGARCH(1,1,n) model estimate which corrects its 

estimate to the volatile change of the correlation on around the 50
th
 day. The greatest distance 

reduction comes from the pair of stocks AMD and AAPL. In the case that n=2, the 

correlation between AMD and AAPL is graphed as belows, 

 

Figure 2.2.5- 5 The contrast plot of the correlation between AMD and AAPL by the O-

GARCH(1,1,n) model and the real kernel estimate in the case that n=2. Time Period: All the 

trading days from Jan 1st, 2003 to Dec 31st, 2003. 

 

While for the case n=5, the correlations are 
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Figure 2.2.5- 6 The contrast plot of the correlation between AMD and AAPL by the O-

GARCH(1,1,n) model and the real kernel estimate in the case that n=5. Time Period: All the 

trading days from Jan 1st, 2003 to Dec 31st, 2003. 

 

Among the 10 pairs of stocks, the correlation between AIG and AMD is the closest to the 

real kernel estimates. We present it in the following graph.  

    In the case that n=2 we have, 

 

Figure 2.2.5- 7 The contrast plot of the correlation between AIG and AMD by the O-

GARCH(1,1,n) model and the real kernel estimate in the case that n=2. Time Period: All the 

trading days from Jan 1st, 2003 to Dec 31st, 2003. 

 

For the case n=5, we have 
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Figure 2.2.5- 8 The contrast plot of the correlation between AIG and AMD by the O-

GARCH(1,1,n) model and the real kernel estimate in the case that n=5. Time Period: All the 

trading days from Jan 1st, 2003 to Dec 31st, 2003. 

                                

We find that the major change comes from the estimate of the OGARCH(1,1,n) model. For 

dimension of n=5, the OGARCH (1, 1, n) model has a pointy estimate on around the 50
th
 day.  

 

2.2.6 The Generalized Orthogonal GARCH (1, 1) model 

 

  For the case m=n, O-GARCH (1, 1, m) model can be generalized in the sense that we write 

the matrix Ώ as 1/2PL UL= . The matrix Uis an orthogonal matrix which is restricted to be 

an identity matrix in the O-GARCH model. Van der Weide (2002) expresses U as the product 

of the rotation matrices clockwise over all possible n(n-1)/2 angles. Under this specification, 

the implied conditional correlation matrix tR is expressed mathematically as the following, 

  1 1 1

t t t tR J V J- - -= , where  ὐὸ ὠὸṩὍά
ρȾς

 and 't m t mV =L SL  

All other notation corresponds to the same as for the O-GARCH model. The total number of 

parameters to estimate is n*(n-1)/2+2*n. We transformed the parameters in   so that they 
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automatically satisfy stationary conditions. For the transformed parameters‌, ‍ and 

untransformed parameters — , — , we have, ‌   ὥὲὨ ‍ ρ ‌Ⱦρ

ÅØÐ— . Both are reported in the estimation summary table. 

 

Table 2.2.6- 1  Distance of the correlations by the GO-GARCH model 

 n=2 n=3 n=4 n=5 

AIG v.s. AMD 3.1098 3.2851 3.3894 3.3658 

AIG v.s. AAPL 3.8636 3.7879 4.1344 3.8326 

AIG v.s. BAC 2.9367 2.7331 2.8154 3.1639 

AIG v.s. BAX 2.8010 2.8615 2.7906 2.7397 

AMD v.s. AAPL 2.5398 2.3051 2.9134 2.4206 

AMD v.s. BAC 2.9442 2.8793 2.7238 2.6122 

AMD v.s. BAX 3.8336 3.6208 3.8772 3.2868 

AAPL v.s. BAC 3.5645 3.6042 3.2752 3.0217 

AAPL v.s. BAX 2.9630 2.9290 3.1098 2.9637 

BAC v.s. BAX 2.7171 2.6867 2.5711 2.5432 

Average 3.1273 3.0693 3.1600 2.9950 

     

Results are shown in the table above. On average we can say that the distance of GO-

GARCH(1,1,M) correlations to the real kernel estimates steadily shrinks as the number of 

dimensions increases from 2 to 5. 7 out of 10 correlation estimates get closer to the real 
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kernel estimates when the number of dimensions increases from 2 to 5 just like what we 

found from some other models previously studied. The average computation time for 10 pairs 

of stocks in the case that n=2 is 33 seconds while computing five-dimension estimates and 

obtaining 10 pairs of correlations all at once takes 683 seconds. The computation time 

reduces by more than half of what OGARCH(1,1,m) takes (1803 seconds for 5 dimensions). 

But keep in mind that GOGARCH(1,1,M) gives estimates not as close to the real kernel 

estimates as the OGARCH(1,1,M) although it takes a lot less computation time. Here is the 

parameter estimation summary.  

 

Table 2.2.6- 2  The parameter estimates of the GO-GARCH model 

Parameters Estimates  Standard Errors 

‌ȟ 0.0652 0.0320 

‌ȟό 0.0685 0.0325 

‌ȟ 0.0000 0.1041 

‌ȟ 0.1666 0.0263 

‌ȟ 0.2627 0.0183 

‍ȟ 0.9211 0.0500 

‍ȟ 0.9095 0.0485 

‍ȟ 0.0177 0.0986 

‍ȟ  0.7239 0.0244 

‍ȟ 0.3056 0.0190 
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Table 2.2.6 -2 Continued 

Ὗȟ 3.1416 0.0005 

Ὗȟ 2.8817 0.0851 

Ὗȟ -0.0734 0.0279 

Ὗȟ 2.6370 0.0587 

Ὗȟ 1.5959 0.2103 

Ὗȟ 2.6428 0.1534 

Ὗȟ -1.2422 0.0431 

Ὗȟ -0.6603 0.0730 

Ὗȟ -2.7528 0.3223 

Ὗȟ 0.2076 0.0832 

Log L -40930  

     

We will illustrate the contrast of the correlations by taking two pairs of stocks as examples. 

The correlation between AIG and BAC in the case of n=2 is graphed as below, 
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Figure 2.2.6- 1 The contrast plot of the correlation between AIG and BAC by the GO-

GARCH model and the real kernel estimate in the case that n=2. Time Period: All the trading 

days from Jan 1st, 2003 to Dec 31st, 2003. 

 

In the case of n=5, we have 

 

Figure 2.2.6- 2 The contrast plot of the correlation between AIG and BAC by the GO-

GARCH model and the real kernel estimate in the case that n=5. Time Period: All the trading 

days from Jan 1st, 2003 to Dec 31st, 2003. 

 

We can see from those graphs that a slight change of the GOGARCH(1,1,m) estimate on 
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around the 200
th
 day leads to the change of distance to the real kernel estimates. We would 

like to check another pair of stocks, BAC and BAX. In the case of n=2, 

 

Figure 2.2.6- 3 The contrast plot of the correlation between BAC and BAX by the GO-

GARCH model and the real kernel estimate in the case that n=2. Time Period: All the trading 

days from Jan 1st, 2003 to Dec 31st, 2003. 

 

In the case that n=5, we get 

 

Figure 2.2.6- 4 The contrast plot of the correlation between BAC and BAX by the GO-

GARCH model and the real kernel estimate in the case that n=5. Time Period: All the trading 

days from Jan 1st, 2003 to Dec 31st, 2003. 
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Similar to what we found with the pair of AIG and BAC, distance change to the real kernel 

is caused by the change of the GOGARCH(1,1,m) estimates. For the pair of BAC and BAX, 

the correlation in the case that n=5 depicts the evolution of the realized volatility better. 

The pair of AMD and AAPL has the closest correlation to the real kernel estimate among 

all the 10 pairs of stocks. But the distance doesnôt shrink as the number of dimensions 

increases. 

In the case of n=2, 

 

Figure 2.2.6- 5 The contrast plot of the correlation between AMD and AAPL by the GO-

GARCH model and the real kernel estimate in the case that n=2. Time Period: All the trading 

days from Jan 1st, 2003 to Dec 31st, 2003. 

 

Letôs see the contrast plot in the case of n=5, 
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Figure 2.2.6- 6 The contrast plot of the correlation between AMD and AAPL by the GO-

GARCH model and the real kernel estimate in the case that n=5. Time Period: All the trading 

days from Jan 1st, 2003 to Dec 31st, 2003. 

 

Distances in both cases are quite similar. Both the GOGARCH(1,1,m) and the real kernel 

estimates change as the number of dimensions increases. In the case of n=2, 

GOGARCH(1,1,m) model has captured many volatile changes in correlations. By increasing 

the number of dimensions, estimates donôt improve much.  

    The GOGARCH (1,1,m) model is basically a generalization of the OGARCH(1,1,m) 

model. It provides slightly less accurate estimates than the OGARCH(1,1,m) model but takes 

a lot less computation time. 

2.2.7 The Constant Conditional Correlation (CCC) model 

 

  Unlike the factor GARCH models above, the CCC model, along with the Dynamic 

Conditional Correlation (DCC) models we will review later, assumes that the conditional 

covariance matrix is a non-linear combination of the univariate GARCH processes. The CCC 

and the DCC models decompose the covariance matrix into two parts, the correlation matrix 



 

 

91 

 

and the conditional standard deviations. The CCC model assumes that fluctuations in the 

conditional covariance matrix are caused by time-varying standard deviations while the 

conditional correlation matrix remains constant over time.  

  Due to that assumption, we wonôt compare this model with the others and with the real 

kernel estimates. All the other models assume a time-varying conditional correlation matrix. 

The estimation using the CCC model is more like the mean of the time-varying correlation 

matrix. My implementation also implies that. The algorithm estimates the constant 

conditional correlation of AMD and AIG for the case n=2 is 0.2831 while the mean of the 

real kernel estimates is 0.3000. For the case n=5, the CCC estimate is 0.2991. 

  The assumption that the conditional correlation matrix is constant over time is considered 

more as a starting point of the conditional covariance matrix decomposition, rather than a 

realistic specification. Starting from the CCC model, we can go further by assuming the 

covariance matrix is the product of a time-varying conditional correlation matrix and time-

varying standard deviations. Those are the Dynamic Conditional Correlation (DCC) models 

we study in the next section. 

2.2.8 Dynamic Conditional Correlation (DCC) model by Tse and Tsui 

 

  The DCC model of Tse and Tsui (2002) is defined as the following, 

  t t t tH D R D= ,          (2.2.8-1) 

where 1/2 1/2

11( ,..., )t t nntD diag h h= ,
2

, 1 , 1iit i i i t i ii th hw ae b- -= + + , 1,...,i n=  

  1 2 1 1 2 1(1 )t t tR R Rq q q q- -= - - + Y +,       (2.2.8-2) 
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where Ris a n n³  symmetric and positive definite parameter matrix with ones on the 

diagonal. The parameters —  and —  are scalars. The matrix    is specified as

1 1

1 1 1 1 1't t t t tB L L B- -

- - - - -Y = , where 1tB- is a n n³  diagonal matrix with ( )
1/2

2

,1

M

i t hh
u -=ä as the 

diagonal elements and1 1( ,..., )t t t ML u u- - -= , 1 2( , ,..., ) 't t t ntu u u u= , ό ώȾὬ  is the 

standardized return.  

  We use a two-step MLE estimation. At the first step, we estimate the parameters in the 

univariate GARCH processes by maximizing their individual likelihoods to calculate the 

standardized returns. Taking standardized returns as given, we estimate the parameters in the 

correlation model. We use sample correlation of the standardized returns as the estimate of 

constant term Ὑ in the correlation equation. With such a specification we reduce the number 

of parameters to estimate in the correlation equation (2.2.8-2) from k*(k+1)/2+2 to 2, which 

significantly eases the optimization and takes much less computation time. Such a 

specification also eliminates the sensitivity of the model to the initial values.  

 

Table 2.2.8- 1  Distance of the correlations by the DCC Tse and Tsui model 

 n=2 n=3 n=4 n=5 

AIG v.s. AMD 2.2264 2.2791 2.4006 2.1797 

AIG v.s. AAPL 2.3848 2.3501 2.5418 2.3195 

AIG v.s. BAC 2.5708 2.4143 2.3313 2.5226 

AIG v.s. BAX 2.3569 2.3281 2.4224 2.3909 
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Table 2.2.8 -1 Continued 

AMD v.s. AAPL 2.7884 2.7759 2.6901 2.5267 

AMD v.s. BAC 3.6852 3.2438 3.4518 3.2249 

AMD v.s. BAX 3.0644 2.9106 2.8831 2.9580 

AAPL v.s. BAC 2.7100 2.6942 2.5350 2.5213 

AAPL v.s. BAX 2.3427 2.2701 2.5505 2.3771 

BAC v.s. BAX 2.6053 2.6000 2.6657 2.6290 

Average 2.6735 2.5866 2.6472 2.5650 

 

The estimation of the univariate GARCH  processes  is summarized in the following table. 

 

Table 2.2.8- 2  The Parameter Estimates of the individual GARCH processes 

Stock ♪ 

(Standard Errors) 

♫ 

(Standard Errors) 

AIG 0.0668 

(0.0158) 

0.9184 

(0.0191) 

AMD 0.0101 

(0.0040) 

0.9889 

(0.0045) 

AAPL 0.1414 

(0.2159) 

0.6828 

(0.0681) 
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Table 2.2.8 -2 Continued 

BAC 0.0731 

(0.0156) 

0.9085 

(0.0222) 

BAX 0.2638 

(0.0145) 

0.3817 

(0.0033) 

 

We report the parameter estimates in the correlation equation in the table below. 

 

Table 2.2.8- 3  The Parameter Estimates of the Correlation Equation 

Parameters Estimates Standard Errors 

— 0.0050 0.0014 

— 0.9850 0.0008 

Log L -40813  

    

 The results from the DCC model of Tse and Tsui (2002) are shown below. The correlation 

between AIG and BAC is graphed as the following, 

 For the case n=2, we have 
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Figure 2.2.8- 1 The contrast plot of the correlation between AIG and BAC by the DCC model 

of Tse and Tsui and the real kernel estimate in the case that n=2. Time Period: All the trading 

days from Jan 1st, 2003 to Dec 31st, 2003. 

 

In the case of n=5,  

 

Figure 2.2.8- 2 The contrast plot of the correlation between AIG and BAC by the DCC model 

of Tse and Tsui and the real kernel estimate in the case that n=5. Time Period: All the trading 

days from Jan 1st, 2003 to Dec 31st, 2003. 

 

    For the correlation between AIG and BAC, increasing dimensions makes distance to the 
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real kernel estimate smaller. For another pair of stocks, BAC and BAX, the correlation in the 

case of n=2 is graphed as, 

 

Figure 2.2.8- 3 The contrast plot of the correlation between BAC and BAX by the DCC 

model of Tse and Tsui and the real kernel estimate in the case that n=2. Time Period: All the 

trading days from Jan 1st, 2003 to Dec 31st, 2003. 

 

In the case that n=5, we have got 
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Figure 2.2.8- 4 The contrast plot of the correlation between BAC and BAX by the DCC 

model of Tse and Tsui and the real kernel estimate in the case that n=5. Time Period: All the 

trading days from Jan 1st, 2003 to Dec 31st, 2003. 

 

As we observed in the previous model, the pair of stocks, AIG and AMD has the closest 

correlation to the real kernel estimate. For the case of n=2, we have  

 

Figure 2.2.8- 5 The contrast plot of the correlation between AIG and AMD by the DCC 

model of Tse and Tsui and the real kernel estimate in the case that n=2. Time Period: All the 

trading days from Jan 1st, 2003 to Dec 31st, 2003. 

 

In the case of n=5, 
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Figure 2.2.8- 6 The contrast plot of the correlation between AIG and AMD by the DCC 

model of Tse and Tsui and the real kernel estimate in the case that n=5. Time Period: All the 

trading days from Jan 1st, 2003 to Dec 31st, 2003. 

 

    Also as we observed in the previous model, 7 out of 10 pairs of stocks correlations get 

closer to the real kernel estimates as the number of series increases from 2 to 5. The average 

computing time in the case that n=2 is 34 seconds. The computing time for n=5 is 70 

seconds. And we found that as the number of series increases from 2 to 5 the parameter for 

the past latent correlation matrix is getting close to one so that the correlations are getting 

more like a straight line. 

2.2.9 The Dynamic Conditional Correlation (DCC) model by Engle 

 

  Engle (2002) proposed an alternative dynamic conditional correlation model to the DCC 

model of Tse and Tsui (2002). Unlike the DCC model by Tse and Tsui (2002), the DCC 

model of Engle doesnôt model conditional correlation tR as a function of the combination of 

the M-period past correlations. The DCC model of Engle (2002) can be expressed 
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mathematically as below, 

t t t tH D R D= ,              (2.2.9-1) 

where 1/2 1/2

11( ,..., )t t nntD diag h h= , Ὤ ‫ ‌ώȟ ‍Ὤȟ , 1,...,i n=  

1/2 1/2 1/2 1/2

11, , 11, ,( ,..., ) ( ,..., )t t nn t t t nn tR diag q q Q diag q q- - - -=                                                          (2.2.9-2)  

where tQ is a n n³ symmetric and positive definite matrix satisfying, 

1 1 1(1 ) 't t t tQ Q u u Qa b a b- - -= - - + +. The vector tu is defined as in the DCC model of Tse and 

Tsui (2002). The matrix Qis the n n³  unconditional variance matrix of tu . When we 

implement the model, we estimate it by its sample counterpart.  

     As in the DCC model of Tse and Tsui (2002), we estimate the parameters in two steps. 

The first step is to estimate the parameters in the univariate GARCH processes and calculate 

the standardized returns. Then in the second step we estimate the parameters intQ. Actually 

there are only two parameters in tQbecause we estimate Q by its sample counterpart. 

 

Table 2.2.9- 1  Correlations by DCC Engle  

 n=2 n=3 n=4 n=5 

AIG v.s. AMD 3.5183 3.5127 3.0279 3.0829 

AIG v.s. AAPL 4.0629 4.1089 3.1467 3.2007 

AIG v.s. BAC 2.3427 2.2566 2.2313 2.2933 

AIG v.s. BAX 2.6758 2.5725 2.5333 2.4887 

AMD v.s. AAPL 2.1872 2.2730 2.2050 2.1874 
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Table 2.2.9 -1 Continued 

AMD v.s. BAC 3.1126 3.3022 3.1622 3.1906 

AMD v.s. BAX 3.1995 3.1564 3.1699 3.2141 

AAPL v.s. BAC 2.8268 3.0323 3.0101 3.1993 

AAPL v.s. BAX 2.9745 2.8057 3.0009 2.9268 

BAC v.s. BAX 2.7060 2.6044 2.5672 2.5387 

Average 2.9606 2.9625 2.8055 2.8322 

 

    Looking at the table above, we found that 7 out of 10 pairs of stock correlations are 

slightly closer to the real kernel estimates as the number of series increases from 2 to 5. This 

ratio is the same as that we got from previous models. What distinguishes the DCC Engle 

model from the others is the computing time. On average it takes 25 seconds to calculate the 

correlation for one pair of stocks while the computing time is 45 seconds for dimension of 5. 

That is to say, the DCC Engle model handles the dimension problem better than the previous 

models. The increasing dimension doesnôt make computation take much more time.  

The estimation of the univariate GARCH  processes  is summarized in the following table. 
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Table 2.2.9- 2  The Parameter Estimates of the individual GARCH processes 

Stock ♪ 

(Standard Errors) 

♫ 

(Standard Errors) 

AIG 0.0668 

(0.0158) 

0.9184 

(0.0191) 

AMD 0.0101 

(0.0040) 

0.9889 

(0.0045) 

AAPL 0.1414 

(0.2159) 

0.6828 

(0.0681) 

BAC 0.0731 

(0.0156) 

0.9085 

(0.0222) 

BAX 0.2638 

(0.0145) 

0.3817 

(0.0033) 

 

 

We report the parameter estimates in the correlation equation in the table below. 

Table 2.2.9- 3  The parameter estimates of the correaltion equation 

Parameters Estimates Standard Errors 

‌ 0.0080 0.0017 

‍ 0.9783 0.0015 

Log L -41132  
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The results from the DCC Engle model are shown below. The correlation between AIG and 

BAC in the case of n=2 is graphed as follows, 

 

Figure 2.2.9- 1 The contrast plot of the correlation between AIG and BAC by the DCC model 

of Engle and the real kernel estimate in the case that n=2. Time Period: All the trading days 

from Jan 1st, 2003 to Dec 31st, 2003. 

 

For the case n=5, we have 

 

Figure 2.2.9- 2 The contrast plot of the correlation between AIG and BAC by the DCC model 

of Engle and the real kernel estimate in the case that n=5. Time Period: All the trading days 

from Jan 1st, 2003 to Dec 31st, 2003. 
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    For stocks BAC and BAX, the correlation is plotted as below. In the case that n=2, 

 

Figure 2.2.9- 3 The contrast plot of the correlation between BAC and BAX by the DCC 

model of Engle and the real kernel estimate in the case that n=2. Time Period: All the trading 

days from Jan 1st, 2003 to Dec 31st, 2003. 

 

In the case of n=5, we get 

 

Figure 2.2.9- 4 The contrast plot of the correlation between BAC and BAX by the DCC 

model of Engle and the real kernel estimate in the case that n=5. Time Period: All the trading 

days from Jan 1st, 2003 to Dec 31st, 2003. 
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The closest correlation to the real kernel estimate is for stocks AMD and AAPL. In the case 

of n=2, 

 

Figure 2.2.9- 5 The contrast plot of the correlation between AMD and AAPL by the DCC 

model of Engle and the real kernel estimate in the case that n=2. Time Period: All the trading 

days from Jan 1st, 2003 to Dec 31st, 2003. 

 

In the case that n=5, we have 

 

Figure 2.2.9- 6 The contrast plot of the correlation between AMD and AAPL by the DCC 

model of Engle and the real kernel estimate in the case that n=5. Time Period: All the trading 

days from Jan 1st, 2003 to Dec 31st, 2003. 
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2.2.10 The Regime Switching Dynamic Correlation (RSDC) Model 

 

As we all know, correlation becomes an interesting topic of portfolio management 

mostly because it plays an important role in asset allocation over time. If the correlations 

among the assets in a portfolio are time varying at every point as assumed in the dynamic 

correlation models above, should a portfolio manager adjust the asset allocation 

correspondingly every day? That generally is not the case in practice. Actually what we truly 

care about is whether the correlation significantly changes due to market shocks or 

fluctuations. Maybe a more practical assumption should be that the correlation switches 

among a couple of regimes or states, governed by a Markov chain. It is possible that 

correlations stay constant over certain periods and change with a switch to another regime. 

This assumption can find support in the stock market. Two stocks in different industries 

usually have a small correlation between them. But if there is a market shock like we saw in 

the financial turmoil in 2008, we will see their correlation increase because they are both 

affected by the common market factor. Then we can consider their correlation having two 

regimes, the unaffected one and the affected one. Pelletier (2005) proposed such a regime 

switching dynamic correlation model which formulates that idea. 

In the RSDC model, Pelletier decomposes the covariance matrix into two parts, standard 

deviations and correlations. The former can be assumed to follow GARCH processes and the 

latter is a regime switching model as follow, 

ῲὸ В ρЎὸάῲά
ὓ
ά ρ                      (2.2.10-1)  

where tD is an unobserved Markov chain defined by the transition matrix P. The correlation 
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matrix ῲ can be estimated by using with Expectation Maximization (EM). 

 

Table 2.2.10- 1  Distance of the correlations by the RSDC model 

 n=2 n=3 n=4 n=5 

AIG v.s. AMD 3.2373 2.9193 2.8916 3.0138 

AIG v.s. AAPL 3.1126 3.2903 3.4656 3.6089 

AIG v.s. BAC 2.7091 2.7051 2.6485 2.7214 

AIG v.s. BAX 2.7304 2.7262 2.6635 2.6057 

AMD v.s. AAPL 2.5925 2.5275 2.3067 2.2046 

AMD v.s. BAC 2.9774 2.9953 2.6649 2.6811 

AMD v.s. BAX 3.2200 2.9914 2.7788 2.7893 

AAPL v.s. BAC 3.0404 3.3743 2.9481 3.2667 

AAPL v.s. BAX 2.8930 2.5482 2.6614 2.5908 

BAC v.s. BAX 2.6804 2.6933 2.6351 2.5631 

Average 2.9193 2.8771 2.7664 2.8045 

    

 

 We found that 7 out of 10 pairs of stock correlation estimates are closer to real kernel 

estimates as dimension increases from 2 to 5. What distinguishes the RSDC model from the 

others is the computing time. On average it takes 166 seconds to calculate correlation 

estimate for one pair of stocks while the computing time is 62 seconds for dimension of 5. 

The RSDC model handles the dimension problem best among all the models tested. 
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Increasing dimension doesnôt make computation take much more time or even less time if the 

initial values happen to be close to the optimum values.  

For our implementation, we assume that there are two regimes for the correlation matrix 

respectively. Then we choose dimension as n=2 and n=5.  

 

Table 2.2.10- 2  The parameter estimates of the RSDC model 

Parameters Regime 1 Regime 2 

ῲȟ 0.0571 

(0.0155) 

0.4230 

(0.0076) 

ῲȟ 0.0307 

(0.0058) 

0.4465 

(0.0063) 

ῲȟ 0.4416 

(0.0039) 

0.5992 

(0.0045) 

ῲȟ 0.2049 

(0.0019) 

0.4853 

(0.0016) 

ῲȟ 0.2377 

(0.0038) 

0.5328 

(0.0051) 

ῲȟ 0.1179 

(0.0049) 

0.4610 

(0.0043) 

ῲȟ -0.0341 

(0.0044) 

0.3841 

(0.0034) 
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Table 2.2.10 -2 Continued 

ῲȟ 0.0937 

(0.0048) 

0.4837 

(0.0034) 

ῲȟ -0.0002 

(0.0019) 

0.4042 

(0.0092) 

ῲȟ 0.1415 

(0.0227) 

0.4636 

(0.0086) 

“ȟ 0.8121 

(0.0100) 

0.5859 

(0.0083) 

E(logL) -17293  

 

 

Results are illustrated in the following graphs. We first plot the smooth probabilities of the 

two-regime RSDC model. For n=2, the smooth probability in regime 1 when we compute the 

correlation between AIG and BAC is shown in the following graph, 
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Figure 2.2.10- 1 The smooth probabilities of the two-regime RSDC model in the case that 

n=2 for the correlation of AIG and BAC. Time Period: All the trading days from Jan 1st, 

2003 to Dec 31st, 2003. 

 

The corresponding correlation between AIG and BAC is plotted as belows, 

 

Figure 2.2.10- 2 The contrast plot of the correlation between AIG and BAC by the RSDC 

model and the real kernel estimate in the case that n=2. Time Period: All the trading days 

from Jan 1st, 2003 to Dec 31st, 2003. 

 

    For the case that n=5, the smooth probability of staying in regime 1 looks like the 
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following, 

 

Figure 2.2.10- 3 The smooth probabilities of the two-regime RSDC model in the case that 

n=5. Time Period: All the trading days from Jan 1st, 2003 to Dec 31st, 2003. 

 

The correlation between AIG and BAC in the case that n=5 is, 

 

Figure 2.2.10- 4 The contrast plot of the correlation between AIG and BAC by the RSDC 

model and the real kernel estimate in the case that n=5. Time Period: All the trading days 

from Jan 1st, 2003 to Dec 31st, 2003. 

 

The smooth probability of staying in regime one when we calculate the correlation between 
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BAC and BAX in the case that n=2 is, 

 

Figure 2.2.10- 5 The smooth probabilities of the two-regime RSDC model in the case that 

n=2 for the correlation of BAC and BAX. Time Period: All the trading days from Jan 1st, 

2003 to Dec 31st, 2003. 

 

The correlation between BAC and BAX when n=2 is graphed as the following, 

 

Figure 2.2.10- 6 The contrast plot of the correlation between BAC and BAX by the RSDC 

model and the real kernel estimate in the case that n=2. Time Period: All the trading days 

from Jan 1st, 2003 to Dec 31st, 2003. 
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In the case that n=5, 

 

Figure 2.2.10- 7 The contrast plot of the correlation between BAC and BAX by the RSDC 

model and the real kernel estimate in the case that n=5. Time Period: All the trading days 

from Jan 1st, 2003 to Dec 31st, 2003. 

 

The corresponding smooth probabilities are just the same as we have shown in the case that 

n=5. Among all the correlations evaluated, the correlation of AMD and AAPL is the closest 

to its real kernel estimate. In the case that n=2, the smooth probability of staying regime one 

is, 
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Figure 2.2.10- 8 The smooth probabilities of the two-regime RSDC model in the case that 

n=2 for the correlation of AMD and AAPL. Time Period: All the trading days from Jan 1st, 

2003 to Dec 31st, 2003. 

 

The correlation between AMD and AAPL in the case that n=2 is,   

 

Figure 2.2.10- 9 The contrast plot of the correlation between AMD and AAPL by the RSDC 

model and the real kernel estimate in the case that n=5. Time Period: All the trading days 

from Jan 1st, 2003 to Dec 31st, 2003. 

 

In the case that n=5, 
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Figure 2.2.10- 10 The contrast plot of the correlation between AMD and AAPL by the RSDC 

model and the real kernel estimate in the case that n=5. Time Period: All the trading days 

from Jan 1st, 2003 to Dec 31st, 2003. 

 

2.2.11 Model Comparison 

 

Back to the question we raised at the very beginning which model gives the closest 

estimate to the true correlations if we take the real kernel estimates as a precise measurement 

of the true correlations? The following tables list the comparison results. 

To see how well MGARCH models can forecast the correlations, we measure the distance 

between the MGARCH estimates and the real kernel estimates. We evaluated 10 pairs of 

correlations of 5 stocks, AIG, AMD, AAPL BAC and BAX. The distance is then defined as 

the average of those 10 distances. For comparing the computation time of those MGARCH 

models, we calculate the average computation time of 10 pairs of stocks correlations in case 

of n=2 and use the actual computation time of 10 pairs of stocks correlations in case of n=5. 

Because even optimization stops at the same optimum points, the computation time can be 
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dramatically different given the different sets of initial values for a given MGARCH model, 

all we show in the following is the shortest time an MGARCH model takes to reach the 

optimum.  

The following tables list the distance and computation time comparison respectively. For 

the three best performance models, we make them bold in the text. 

 

Table 2.2.11- 1  Model Comparison: distance to the real kernel estimates 

 n=2       n=5=5 

DVEC 2.9766 2.9027 

BEKK(1,1,1) 2.9588 2.8857 

FGARCH(1,1,1) 3.4875 6.5273 

FFGARCH 3.1606 2.9146 

OGARCH 2.9139 2.7241 

GOGARCH 3.1273 2.9950 

DCC Tse &Tsui 2.6735 2.5650 

DCC Engle 2.9606 2.8322 

RSDC 2.9193 2.8045 
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Table 2.2.11- 2  Model Comparison: Computation time 

  n=2n=2          n=5=5 

DVEC 69 457 

BEKK(1,1,1) 54 411 

FGARCH(1,1,1) 501 2581 

FFGARCH 30 4407 

OGARCH 97 1608 

GOGARCH 33 683 

DCC Tse &Tsui 34 70 

DCC Engle 25 45 

RSDC 166 62 

 

 

We can see that the DCC model of Tse & Tsui (2002), the OGARCH model and the RSDC 

model provide the best forecast for both dimensions. Considering the computation time, the 

DCC model of Engle (2002) and the RSDC model take the least time. Especially when the 

number of series increases, the RSDC model can overcome the curse of dimensionality and 

takes significantly less time than all the other models to a great extent. In the table above we 

can see that RSDC even took less time to estimate correlations in the dimension of five than 

in the dimension of two. I run the RSDC model many times, most of the time the 

computation in the dimension of five is longer than 27 seconds but usually around 60 

seconds. Given the fact that of all the listed times it is the shortest, the comparison makes 
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sense. As in the first chapter following Bauwens, Laurent and Romboutsôs classification 

(2003), dynamic conditional correlation models (covering the DCC of Tse & Tsui, the DCC 

of Engle and the RSDC model) stand out on the whole either for forecasting accuracy or for 

prompt computation or both.  

 

2.3 Conclusion 
 

    By implementing the multivariate models, we made the following discoveries. First, all the 

models show improved accuracy as the number of series increases except for the 

FGARCH(1,1,1) model, although the improvement is small. Second, models vary a lot in 

terms of computation time. By expanding the dimension from two to five, some models have 

a computation time that increases linearly such as DCC (Engle) model while some others 

have geometrically increasing computation time. The RSDC model, which handles the 

dimensionality problem best, didnôt change much in computation time as the dimension 

increases. Some models take a few seconds while some others can take up to more than 4 

hours.  Third, seeing from the tables, I found that the DCC model of Tse & Tsui and the 

OGARCH model give the closest estimates to the real kernel estimates but the latter takes 

much more computation time in high dimensions. Finally, considering the balance of 

accuracy improvement and the corresponding computation time, the DCC model by Engle 

and the RSDC model outperform their peers. They can potentially be expanded to larger 

dimensions if necessary such as 10, 15 or 20 series while some models cannot produce 

reasonable results even for a dimension of 5. Thatôs why we stopped the analysis at the 

dimension of 5. 
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    So the platform we choose for developing a new multivariate GARCH model in the next 

chapter will be the DCC model of Engle (2002). In the next chapter, we will develop a new 

multivariate GARCH model based on it, which integrates the real kernel estimate of actual 

volatility, and a measurement equation to compute multi-step forecasting. 
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Chapter 3 The Real Dynamic Conditional Correlation Model 

 

3.1 Introduction 
 

     From the study in Chapter 2, we have seen that the most recently developed MGARCH 

models tend to provide more reliable forecasts. Their parameterizations are better at handling 

the dimensionality issue and they are therefore more efficient with respect to computation 

time. The DCC model of Engle (2002) is a good example. Given the availability of high 

frequency financial data, researchers have higher expectations on the performance of the 

GARCH models and the MGARCH models. For the univariate case, some have tried 

integrating variables computed with higher frequency observations, such as the realized 

volatility, into the GARCH equations (called GARCH-X model) and have obtained improved 

results. See Engle (2002b) and Forsberg and Bollerslev (2002) for example.  

   Unfortunately the GARCH-X model is not complete in the sense that it fails to provide any 

forecasting about the future volatility beyond one period. To illustrate that, we can look at a 

typical GARCH-X formulation, 

ώ Ὤᾀ           (3.1.1) 

Ὤ ‫ ‍Ὤ ‌Ὑὠ          (3.1.2) 

In equation (3.1.2), Ὑὠ is the realized volatility. If we want to forecast the conditional 

volatility Ὤ at the next period ὸ ρ,  ὉὬ ȿὊ , we can write it as, 

ὉὬ ȿὊ  ‫ ‍Ὤ ‌Ὑὠ       (3.1.3) 
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at time ὸ, both Ὤ and Ὑὠ are known. There is no problem forecasting one period ahead. But 

if we want to forecast two periods ahead, the forecasted conditional volatility ὉὬ ȿὊ  

would be, 

ὉὬ ȿὊ  ‫ ‍ὉὬ ȿὊ ‌ὉὙὠ ȿὊ      (3.1.4) 

The last item on the right hand side of equation (3.1.4) is not provided or explained by the 

existing GARCH-X model by any means. That is why Hansen, Huang and Shek (2011) 

proposed the real GARCH model which includes a measurement equation. By establishing a 

linkage between Ὤ and Ὑὠ,  ὉὙὠ ȿὊ  can be obtained from ὉὬ ȿὊ . This framework 

will be the starting point of the real Dynamic Conditional Correlation (real DCC) model, our 

new MGARCH model. So I will briefly introduce this model for background knowledge. 

We can consider a simple real GARCH(1,1) model in linear form as the following, 

ώ Ὤᾀ           (3.1.5) 

Ὤ ‫ ‍Ὤ ‎ὼ          (3.1.6) 

ὼ ‚ •Ὤ †ᾀ ό         (3.1.7) 

where ὼ denotes the realized volatility of the asset return ώ and is estimated by the real 

kernel model we discussed in chapter 1. We call it the ñreal termò in (3.1.7). The equation 

(3.1.7) is called the measurement equation because it provides measurement of the real term 

ὼ in terms of conditional volatility Ὤ, standardized return ᾀ, and the shock ό where 

ᾀͯ ὭὭὨπȟρȟό ὭͯὭὨπȟ„  and Ὤ ὺὥὶώȿὊ  with Ὂ „ώȟὼȟώ ȟὼ ȟȣ . 

There are some critical advantages of specifying the real term ὼ in a form like equation 

(3.1.7). Firstly, it is consistent with the fact that the conditional variance of return Ὤ is an 
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autoregressive (AR) process. We can verify this by substituting (3.1.7) into (3.1.6), by which 

we get, 

Ὤ ‫ ‎‚ ‍ •‎Ὤ ‫  , where ‫ ‎†ᾀ ‎ό  (3.1.8) 

Secondly, such a specification integrates the leverage effect by including a function †ᾀ of 

standardized return ᾀ. The baseline choice of function can be a quadratic form such as 

†ᾀ †ᾀ † ᾀ ρ which ensures Ὁ†ᾀ π given the assumption of ᾀ specified 

above. The leverage effect refers to the negative correlation between the current returns ᾀ 

and the future volatility Ὤ . The negative parameter estimate of † in the function †ᾀ  

obtained in the empirical analysis in Hansen, Huang and Shek (2011) also conforms to the 

leverage effect observation. We will review our empirical analysis results later. Thirdly, such 

a specification enables us to express a longer period (e.g. 24 hours) of conditional variance Ὤ 

by a short period (e.g. 6.5 hours) of real term ὼ. Lastly, the measurement equation is simple 

and easy to implement.  

Given the linear form of the realized GARCH model, we will specify the corresponding 

log likelihood function with which the quasi maximum likelihood estimation can be 

implemented.  

ὰώȟὼȠ— В ÌÏÇὬ
ώ
Ὤ ÌÏÇ„

ό
„     (3.1.11) 

where — is the parameter vector containing the parameters to estimate with —

„‫ȟ‍ȟ‎ȟ‚ȟ•ȟ†ȟ†ȟ ᴂ. 

Hansen, Huang and Shek (2011) tested their model in log linear form on financial data 

covering 28 stocks and an exchange traded fund, SPY ( the ETF tracking S&P 500 index) 
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spanning the period from January 1, 2002 to August 31, 2008. They divided the time period 

into the in-sample period (January 1, 2002 to December 31, 2007) and the out-of-sample 

period (January 2, 2008 to August 31, 2008) for checking the forecast accuracy.  The QMLE 

is adopted for parameter estimation and here are some key findings from their empirical 

analysis. 

Firstly, the point estimates of parameters are very similar across many stock series. 

Secondly, the real GARCH model outperforms the standard GARCH models both in case of 

in-sample estimation and out-of-sample forecasting. We also did such a comparison and 

obtained similar results in the empirical analysis of our proposed real DCC model and we 

will share them later. 

3.2 The Real Dynamic Conditional Correlation (real DCC) Model 
 

Given the fact that the real GARCH model outperforms its peers, we want to take it as a 

starting point to develop a new MGARCH model which adapts the real GARCH 

specification to the multivariate case. A direct generalization looks easy but is not actually 

feasible. If we directly extend the real GARCH model to the multivariate case, the new 

MGARCH model would be much like a DVEC model with a real term and a measurement 

equation. But as we have seen in Chapter 2, DVEC requires too many parameters when the 

number of series increases and it doesnôt handle this dimensionality issue very well. For high 

dimension scenarios, the number of parameters to estimate in the DVEC model explodes. 

Even if we generalize the real GARCH model to other alternative MGARCH model such as 

the OGARCH model, direct generalization is hard. One of the difficulties is how to impose 
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the constraint that the value of the estimated conditional correlation must be between -1 and 

1, which is not encountered  if we build a univariate real GARCH model.  

Based on the comparative study of the MGARCH models, we have found that the DCC 

model of Engle (2002) has many advantages such as allowing for two-step estimation, 

handling well the dimensionality issue and taking much less computing time. The idea of 

decomposing the conditional covariance matrix into two parts, the dynamic conditional 

correlation matrix and the individual volatility processes, is appealing. In our newly proposed 

real DCC model we also decompose the conditional covariance matrix into two parts. The 

individual volatility processes adopt the specification proposed in Hansen, Huang and Shek 

(2010). The conditional correlation matrix will have a specification similar to the DCC model 

of Engle (2002) but we will substitute the outer product of standardized returns with the real 

correlation matrix and define a measurement equation for the realized correlations.  

Now we will provide a detailed formulation for our real DCC model. We start by 

decomposing the variance-covariance matrix into standard deviation Ὀ and correlations Ὑ , 

 Ὄ ὈὙὈ                 (3.2.1) 

where Ὀ  =diag(Ὤȟ
Ⱦ
ȟȣȟὬȟ

Ⱦ
 and the variance of asset i, Ὤȟ, follows a univariate real 

GARCH(1,1) model in linear form, 

Ὤȟ ‫ ‍Ὤȟ ‎ὼȟ                            (3.2.2) 

ὼȟ ‚ •Ὤȟ †ᾀȟ όȟ             (3. 2.3) 

ώȟ Ὤȟᾀȟ               (3. 2.4) 
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where ᾀȟͯ ὭȢὭȢὨπȟρ and όȟͯ ὭȢὭȢὨπȟ„ȟ . To derive the corresponding log-likelihood 

function, we first check the joint density function of ώȟ and ὼȟ. 

Ὢώȟȟὼȟ Ὢώȟ Ὢὼȟώȟȟ       (3. 2.5) 

That is equivalent to evaluating the joint density function of ώȟ and όȟ, given 

όȟ ὼȟ ‚ •Ὤȟ †ᾀȟ         (3. 2.6) 

Assuming Gaussion distribution for ώ and ό, the corresponding log-likelihood function is, 

ὰώȟȟόȟȠῸȟ В ÌÏÇὬȟ
ȟ

ȟ
ÌÏÇ„      (3. 2.7) 

Where Ὸȟ denotes the set of parameters to estimate for individual asset i, 

Ὸȟ (‫ȟ‍ȟ‎ȟ ‚ ,•, †ȟȟ†ȟȟ „ȟ 

In the first step, we will obtain the parameter estimates by maximizing the log likelihood 

ὰώȟȟόȟȠῸȟ for each asset separately. In the case of Ὧ dimensions, the number of 

parameters in Ὀ is ψὯ.  

    Then let us look at the specification for Ὑ, the correlation matrix at time t. We assume that 

Ὑ ‘ —Ὑ —ὙὙ  ,        (3. 2.8) 

where µ is ὲ ὲ positive definite matrix and ὙὙ is the realized correlation matrix.  We 

further assume that  

ὺὩὧὬὰὙὙ ὺὩὧὬὰ“ •ὺὩὧὬὰὙ ‐         (3. 2.9)  

where π • ρ, — πȟ— πȟ— — ρ , and ‐ is a ὲὲ ρȾς vector with 

Ὁ‐ π and ὠὥὶ‐ „ Ὅ Ⱦ. The equation (3.2.9) is the proposed measurement 

equation for the multivariate real GARCH model. The matrix ὙὙ is the realized correlation 

matrix calculated using the multivariate real kernel model proposed by Barndorff-Nielsen, 
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Hansen, Lunde and Shephard (2011). The operator ὺὩὧὬὰ vectorizes the elements below the 

diagonal of a matrix. For example, ὺὩὧὬὰὙὙ selects the realized correlations of all the 

stocks in the realized correlation matrix ὙὙ. 

We take ὺὩὧὬὰ on both sides of (3.2.8) to get, 

ὺὩὧὬὰὙ ὺὩὧὬὰ‘ —ὺὩὧὬὰὙ —ὺὩὧὬὰὙὙ              (3.2.10) 

Substitute (3.2.9) into (3.2.10), we will get, 

ὺὩὧὬὰὙ ὺὩὧὬὰ‘ —ὺὩὧὬὰὙ —ὺὩὧὬὰ“ •ὺὩὧὬὰὙ ὺὩὧὬὰ‐    

                    (3.2.11) 

Take the unconditional expectation on both sides of (3.2.11), 

ὉὺὩὧὬὰὙ ὺὩὧὬὰ‘ —ὉὺὩὧὬὰὙ — ὺὩὧὬὰ“ •ὉὺὩὧὬὰὙ    

                   (3.2.12) 

ρ — —• ὉὺὩὧὬὰὙ ὺὩὧὬὰ‘ — ὺὩὧὬὰ“               (3.2.13) 

Equation (3.2.13) means that the invariant parts of the correlation equation (3.2.8) and the 

measurement equation (3.2.9) are bound together. Once one of them is assigned a value, the 

other is automatically fixed. 

To guarantee that the expectation of ὙὙ is a positive definite matrix, we need to find a 

proper specification for the parameters. We choose to express “ as a function of ‘ so that the 

expectation of ὺὩὧὬὰ of the real conditional correlation matrix is a convex combination of 

two positive definite matrices as follow, 

ὉὺὩὧὬὰὙὙ ρ • ὺὩὧὬὰ‘ •ὉὺὩὧὬὰὙ              (3. 2.14) 

Substituting (3.2.14) into (3.2.13), we obtain 



 

 

126 

 

‘ ὉὙ                              (3. 2.15) 

In practice we can reduce the number of parameters that must be estimated through a non-

linear optimization by substituting ὉὙ for its sample counterpart, 

ὉὙ Ὑ В όό   

Using (3.2.13), we get the following estimation for ‘ and “, 

‘Ƕ Ὑ  and  “ ὺὩὧὬὰ‘Ƕρ •        

    The remaining parameters to estimate are Ὸ ‘ȟ“ȟ—ȟ—ȟ•ȟ„  where „  is the 

variance of ‐. From the equation (3.2.8) we can see that such a specification for the dynamic 

conditional correlation matrix Ὑ can help to break the curse of dimensionality. The number 

of parameters to estimate through a non-linear optimization in the model for the correlation 

matrix is always four no matter how high the dimension is.  

    By using Quasi Maximum Likelihood Estimation (QMLE), we get the estimates of 

parameters by maximizing the likelihood function as follow, 

ὰώȟ‐ȠῸȿῸ В ÌÏÇȿὌȿ ώᴂὌ ώ ÌÏÇ„       (3.2.16) 

How can we compare the real DCC model with the traditional DCC model of Engle? 

There is no error term ό in the DCC model of Engle so there are no directly comparable log 

likelihoods. We can do the comparison just like the way we compare the traditional 

MGARCH models in chapter 2. We will use the real kernel estimate of the actual correlation 

as the benchmark to see which model provides the closer estimate to it. So it is the same with 

the comparison of the real GARCH model and the traditional GARCH model. We will use 

the real kernel estimate of the actual volatility as the measurement to see if the real GARCH 
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model proposed by Hansen, Huang and Shek (2010) provides a closer estimate to the real 

kernel estimate than the GARCH(1,1) model. 

One advantage of the real DCC model is that the parameters can be estimated in two steps. 

The total number of parameters to estimate is ψὯ φ. Among them, ψὯ parameters are for Ὧ 

individual univariate real GARCH processes, which can be separately estimated one by one. 

The number of parameters in the conditional correlation matrix equation and the 

measurement equation that we have to estimate through a non-linear optimization is always 4 

regardless of dimensions. And we have also showed in Chapter 1 that the parameters 

obtained by two-step estimation prove to be consistent. 

In the next section I will share the empirical analysis results associated with the real DCC 

model whose parameters are estimated by QMLE. 

 

3.3 Empirical Application 
   

     The selected stocks have been introduced in Chapter 2. The high frequency data source is 

the Trade and Quote (TAQ) database provided by the Wharton Research Data Services. The 

data available is for the period of January 1, 1998 to December 31, 2003. We divide the time 

period into two parts, one is for parameter estimation which spans from January 1, 1998 to 

December 31, 2002; the other is for out-of-sample forecasting and covers the period from 

January 1, 2003 to December 31, 2003.  

Before conducting any analysis, we first checked the data quality and clean the data by 

deleting any outliers beyond two standard deviations. An outlier here refers to an abnormally 
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low or high transaction price. For example, for a specific day of a stock, the majority of 

transactions occured at $80 or so while 2-3 transactions on that day had trading prices as high 

as $160 as outliers. 

We first estimate the parameters in the individual volatility process with the real GARCH 

model. The real kernel estimates are pre-calculated and saved as known data to be used in the 

real GARCH model. The total number of parameters to estimate is supposed to be ψz Ὧ 

where the number of series is Ὧ. But we did a variance targeting for the real GARCH model 

as we did for the traditional DCC model of Engle (2002). That is, ‫ ρ ‍ ‎ὠ, where 

ὠ is the sample average of the realized volatility. That reduces the number of parameters 

estimated through a non-linear optimization from ψz Ὧ to χz Ὧ and also helps to reduce the 

number of constraints we have to impose during the optimization. Table 3.3- 1 contains 

parameter estimates for each individual stock. Then in the second step we use the 

standardized returns. To estimate the real DCC model, we focus on the parameters 

—ȟ—ȟ•ȟ„  in the conditional correlation matrix plus the measurement equation of the real 

correlation matrix (the real DCC model). We summarize the estimated parameters and the 

standard errors for the real DCC model in the table 3.3- 2. 
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Table 3.3- 1  The parameter estimates for the real GARCH model 

Parameter 

(Standard 

Error) 

AIG 

(Standard 

Error) 

AMD 

(Standard 

Error) 

AAPL 

(Standard 

Error) 

BAC 

(Standard 

Error) 

BAX 

(Standard 

Error) 

‍ 0.5603 

 

(0.1263) 

0.6641  

(0.1367) 

0.6227   

(0.1738) 

0.7775   

(0.0609) 

0.9881   

(0.0065) 

‎ 0.3222 

(0.0889) 

0.1442   

(0.0786) 

0.1971    

(0.1138) 

0.1552    

(0.0462) 

0.0060   

(0.0025) 

‚ -0.0000 

(0.0002) 

-0.0009 

(0.0009) 

-0.0000  

(0.0004) 

-0.0001   

(0.0001) 

-0.0002 

(0.0003) 

• 1.0828 

(0.1546) 

1.4880   

(0.5016) 

1.0269    

(0.2882) 

1.1558    

(0.1639) 

1.4840    

(0.7319) 

† -0.0000 

(0.0000) 

0.0000   

(0.0001) 

-0.0000    

(0.0001) 

-0.0000   

(0.0000) 

-0.0000  

(0.0000) 

† 0.0000 

(0.0000) 

0.0001    

(0.0000) 

0.0000    

(0.0000) 

0.0000    

(0.0000) 

0.0002    

(0.0000) 

„ 0.0003 

(0.0000) 

0.0015    

(0.0002) 

0.0014    

(0.0005) 

0.0005    

(0.0001) 

0.0007    

(0.0002) 

 

 

We can see from the table above that the parameter of the real term ‍ and the conditional 

volatility ‎ are both significant. And • in the measurement equation, the parameter depicting 
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the relationship between the real term and conditional volatility is also significant just as we 

expect. Next we will take a look at the estimation results of the conditional correlation 

matrix. Because we use a two-step estimation procedure, the standard errors for the 

parameters in the real DCC model, Ὸ , need to be corrected. We estimate Ὸ  based on  Ὸ, 

the estimated parameters in the first step, not the true parameters (which are unknown), so 

the variation of Ὸ  should also include the variation of the parameter estimates Ὸ . The 

corrected standard errors for the parameters using two-step estimation are discussed by 

Greene (2003), and are applied by Engle (2002) and Pelletier (2005) in their models. I will 

adopt the notation of Greene (2003). The parameter vector Ὸ  has an asymptotic covariance 

matrix as follow, 

ὠᶻ ὠ ὠὅὠὅ Ὑὠὅ ὅὠὙὠ             (3.3.1) 

where  

ὠ ὃίώȢὠὥὶЍὲ— —  based on  the equation (3.2.7), ὰώȟόȠῸ  or ὰ        (3.3.2) 

ὠ ὃίώȢὠὥὶЍὲ— —  based on  the equation (3.2.19), ὰώȟ‐ȠῸȿῸ  or ὰ     (3.3.3) 

ὅ Ὁ , and Ὑ Ὁ              (3.3.4) 

All those matrices can be consistently estimated by their sample counterparts. 

 

Table 3.3- 2  The parameter estimates for the real DCC model 

Parameter — — • „ 

Estimate 0.0777 0.9167 0.9696 0.1528 

(Standard Error) (0.0451) (0.0550) (0.0279) (0.0314) 
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For dimension of 5, the total computation time is 143 seconds.  It took 94 seconds to 

calculate the individual volatilities of the five stocks by the real GARCH model and 49 

seconds to estimate the realized correlation by the real DCC model. Given the standard 

errors, we can see that the parameter estimates are significant. The significance of • proves 

that a measurement equation like (3.2.9) does depict the relationship between the latent 

conditional correlation matrix and the realized conditional correlation matrix.  

We want to see whether the real GARCH model has improved the estimation of the latent 

volatility compared with the traditional GARCH model, as Hansen, Huang and Shek (2010) 

conclude. Then we also want to check if the real DCC model outperforms the traditional 

DCC model of Engle (2002). The measurement we use is the real kernel estimate of the 

actual volatility and the correlation matrix. The distance between the model predictions and 

the real kernel estimates is defined as the L-2 norm of difference between them. The smaller 

the distance is, the better a model predicts the volatility or correlation. For all the 

comparisons we report the distances and the computation time in separate tables. We 

summarize the distance of the estimate from the real GARCH model and that of the 

traditional GARCH(1,1) model in the table 3.3- 3 and computation time in the table 3.3- 4. 

The comparison of the real DCC model and the traditional DCC model of Engle is covered 

afterward. 
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Table 3.3- 3  Distance comparison of the real GARCH and the GARCH(1,1) model 

Distance Real GARCH GARCH(1,1) 

AIG 0.0100 0.0263 

AMD 0.0542 0.1147 

AAPL 0.0510 0.1623 

BAC 0.0180 0.0330 

BAX 0.0518 0.0736 

 

 

Table 3.3- 4  The computation time of the real GARCH and the GARCH(1,1) models 

Correlation Real GARCH GARCH(1,1) 

AIG 10.4680 0.8130 

AMD 10.7190 0.6090 

AAPL 11.7500 0.9220 

BAC 10.2350 1.0470 

BAX 10.7960 0.7660 

    

 

The table 3.3- 3 implies a better estimate from the real GARCH model. For all the stocks, the 

estimates of their individual volatilities are closer to the real kernel estimates than those 

obtained from the traditional GARCH (1,1) model.  
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    Next we will list the distance comparison results for the correlation estimates from the real 

DCC model and those from the traditional DCC model of Engle (2002) when the number of 

series is equal to 2, 3, 4 and 5 respectively. As we have pointed out before, the performance 

comparison of the traditional MGARCH models in Chapter 2 is based on the 10-year daily 

data while the estimation of the realized volatility models is based on 5-year intra-day data. 

We cannot directly compare the results of the DCC model of Engle (2002) illustrated in 

Chapter 2 with the results of our new model. So we re-estimate the DCC model of Engle 

(2002) using 5-year daily data (Jan 1, 1998 to December 31
st
, 2002, the same time period that 

our new real DCC model is estimated on), specifically for the model comparison in Chapter 

3. For the traditional DCC model of Engle (2002), we use the variance targeting technique to 

ease the computation, which can be expressed as the following. Assuming a general 

univariate GARCH(1,1) process can be written as, 

Ὤ ‫ ‌ώ ‍Ὤ                 (3.3.5) 

where ώ is the daily return. The constant term is defined as ‫ ρ ‌ ‍ὠȟ  ὠ is the 

average volatility which can be consistently estimated by ὠ, its sample counterpart. So the 

equation (3.3.5) can be rewritten as, 

Ὤ ρ ‌ ‍ὠ ‌ώ ‍Ὤ               (3.3.6) 

By doing variance targeting, we have one less parameter to estimate through a non-linear 

optimization. 
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Table 3.3- 5  Distance Comparison for the case n=2 

Distance Real DCC  DCC(1,1) 

AIG v.s. AMD 5.2889 5.6027 

AIG v.s. AAPL 4.9756 5.7480 

AIG v.s. BAC 5.4334 10.3127 

AIG v.s. BAX 5.2559 6.9656 

AMD v.s. AAPL 5.2438 8.0364 

AMD v.s. BAC 5.2946 5.5248 

AMD v.s. BAX 5.3338 6.6114 

AAPL v.s. BAC 5.2544 5.9294 

AAPL v.s. BAX 5.0649 5.2302 

BAC v.s. BAX 5.0459 5.8304 

     

 

For the case n=2, we calculate the correlation estimate of each pair of stocks one by one. For 

all the pairs of stocks, the distance of their correlations estimated by the real DCC model to 

the real kernel estimate is smaller than that of the traditional DCC (1,1) model of Engle 

(2002). It is a sign of improvement in the fit which results from adding  the real term and the 

measurement equation to the traditional DCC model of Engle.  
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Table 3.3- 6  Computation Time Comparison for the case n=2 (in seconds) 

Correlation Real DCC DCC (1,1) 

AIG v.s. AMD 83 14 

AIG v.s. AAPL 94 14 

AIG v.s. BAC 104 12 

AIG v.s. BAX 93 13 

AMD v.s. AAPL 80 41 

AMD v.s. BAC 88 22 

AMD v.s. BAX 91 14 

AAPL v.s. BAC 88 5 

AAPL v.s. BAX 85 9 

BAC v.s. BAX 88 12 

   

 

 The traditional DCC model takes less time, which is partially due to its simpler specification 

in the traditional GARCH model. The major time difference comes from the difference of 

computing individual volatilities. The correlation matrix part takes a similar amount of time. 

Although it takes a longer time to finish the iteration, our new model is still in a good range 

of computation time efficiency. One of the advantages of our new model is that the optimal 

solution is less sensitive to the choice of the initial values. As we have discussed in Chapter 

2, traditional MGARCH models are usually sensitive to the choice of initial values. Some are 
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severe while others are mild to some extent. The DCC model of Engle (2002) is considered 

as stable in this respect compared with its peers but it is still an issue. For instance for the 

estimation of the correlation of AIG and BAC, it is hard to find an optimal solution (takes a 

very long time without converging) with a set of initial values. But after changing to another 

set of initial values, the optimization algorithm reaches the convergence criteria in a few 

seconds. For the new model, many sets of the initial values usually lead to one or two 

optimums. Another advantage is that the computation time doesnôt increase much as the 

dimension gets higher, which proves our modelôs capability at handling the dimensionality 

issue.  Now we list the comparison results for the higher dimensions. For the case n=3, 4, 5, 

we choose the combinations that can cover all the individual correlation estimation. For 

example, there are ὅ ρπ different combinations of 3 of 5 stocks. Each combination 

provides 6 individual correlation estimates. If we try all the 10 combinations, there will be 

many repeated computations for the same pair of stocks. So we randomly pick 4 

combinations which is the minimum number of combinations to cover the correlation 

estimates of all 10 pairs of stocks.  For the same reason we randomly (to guarantee there is 

no arbitrary manipulation of the results) pick 3 combinations of stocks for the case n=4. For 

n=5 there is only one possible combination and it covers all the correlations. 

 

 

 

 

 



 

 

137 

 

Table 3.3- 7  Distance Comparison For the case n=3 

Distance Real DCC  DCC(1,1) 

AIG v.s. AMD 5.3001 5.6419 

AIG v.s. AAPL 5.1081 5.6215 

AIG v.s. BAC 5.5726 10.4550 

AIG v.s. BAX 5.3142 7.0191 

AMD v.s. AAPL 5.3416 7.8474 

AMD v.s. BAC 5.4863 5.8380 

AMD v.s. BAX 5.3543 6.5153 

AAPL v.s. BAC 5.4313 5.8391 

AAPL v.s. BAX 5.1407 5.3082 

BAC v.s. BAX 5.1088 5.8130 

 

 

Table 3.3- 8  Computation Time Comparison for the case n=3 

Correlation Real DCC  DCC (1,1) 

AIG AMD AAPL  123 18 

AIG BAC BAX 122 14 

AMD BAC BAX  120 15 

AAPL BAC BAX 109 18 
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Table 3.3- 9  Distance Comparison for the case that n=4 

Distance Real DCC  DCC(1,1) 

AIG v.s. AMD 5.3297 5.4928 

AIG v.s. AAPL 5.0602 5.4149 

AIG v.s. BAC 5.5182 10.3135 

AIG v.s. BAX 5.6720 7.0256 

AMD v.s. AAPL 5.3893 7.7706 

AMD v.s. BAC 5.3578 5.8156 

AMD v.s. BAX 5.4070 6.5292 

AAPL v.s. BAC 5.1976 5.7211 

AAPL v.s. BAX 5.1905 5.3256 

BAC v.s. BAX 5.5435 5.8133 

 

 

Table 3.3- 10  Computation Time Comparison for the case that n=4 

Correlation Real DCC  DCC (1,1) 

AIG AMD AAPL 

BAC 

152 16 

AIG AAPL BAC 

BAX 

180 16 

AMD AAPL BAC 

ABX 

224 16 
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Table 3.3- 11  Distance Comparison for the case that n=5 

Distance Real DCC  DCC(1,1) 

AIG v.s. AMD 5.6016 5.7089 

AIG v.s. AAPL 5.3345 5.6384 

AIG v.s. BAC 5.6313 10.4009 

AIG v.s. BAX 5.4693 7.0832 

AMD v.s. AAPL 5.5544 7.8260 

AMD v.s. BAC 5.4666 5.8788 

AMD v.s. BAX 5.4278 6.5661 

AAPL v.s. BAC 5.4530 5.9048 

AAPL v.s. BAX 5.1721 5.3500 

BAC v.s. BAX 5.3131 5.9006 

 

 

Table 3.3- 12  Computation Time Comparison for the case that n=5 

Correlation Real DCC  DCC(1,1) 

AIG AMD AAPL BAC BAX  143 20 

     

Given the results shown in the tables above, we find that our new model provides closer 

estimates to the real kernel estimates of the correlations than those obtained from the 

traditional DCC model of Engle (2002) for all dimensions and all pairs of stocks. That 
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implies that the measurement equation provides valuable information during our exploration 

for an accurate estimate of the actual conditional correlation matrix.   

Next we look at the out-of-sample forecasting capability of our new model. Now that we  

know an accurate estimate of the actual conditional correlation (the real kernel estimates), we 

can compare our new model with alternative models such as the GARCH-X model and the 

traditional DCC model of Engle (2002). Given the correlation equation (3.2.8) and the 

measurement equation (3.2.9), we can write one-period ahead forecasting of the conditional 

correlation matrix as 

ὉὙ ȿὊ ‘ —Ὑ —ὙὙ               (3.3.7) 

For 2-period ahead forecasting, we have 

ὉὙ ȿὊ ‘ —ὉὙ ȿὊ —ὉὙὙ ȿὊ             (3.3.8) 

The last item on the right hand side can be obtained from the measurement equation, 

ὺὩὧὬὰὉὙὙ ȿὊ “ +•ὺὩὧὬὰὉὙ ȿὊ             (3.3.9) 

The results we show below are from one-step ahead forecasting. I list the distance between 

the correlation forecasts of our real DCC model and the real kernel estimate of the actual 

correlation in the following table. 
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Table 3.3- 13  Distance between the forecasted correlations by the real DCC model to the 

real kernel estimates of the actual correlations 

  n=2  n=3  n=4  n=5 

AIG v.s. AMD 2.0775 2.0531 2.2499 2.1121 

AIG v.s. AAPL 2.0969 2.0656 2.4862 2.1763 

AIG v.s. BAC 2.2114 2.1208 2.0965 2.1198 

AIG v.s. BAX 2.3635 2.3570 2.4440 2.3692 

AMD v.s. AAPL 2.1223 2.2420 2.2420 2.2408 

AMD v.s. BAC 2.3579 2.3658 2.3625 2.2128 

AMD v.s. BAX 2.5166 2.4500 2.4615 2.5312 

AAPL v.s. BAC 2.3263 2.2440 2.2800 2.2196 

AAPL v.s. BAX 2.2808 2.1622 2.5920 2.3459 

BAC v.s. BAX 2.4986 2.4372 2.5042 2.4536 

Average 2.2852 2.2498 2.3719 2.2781 

  

 

   I will illustrate the distance of the real DCC model estimate to the realized correlations by 

taking a few correlations as examples in case of different dimensions. 

When n=2, the correlation of AMD and AAPL is, 
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Figure 3.3- 1 The contrast plot of the correlation between AMD and AAPL by the real DCC 

model and the real kernel estimate in the case that n=2. Time Period: All the trading days 

from Jan 1st, 2003 to Dec 31st, 2003. 

 

 

For AIG and BAC, in the case of n=2, 

 

Figure 3.3- 2 The contrast plot of the correlation between AIG and BAC by the real DCC 

model and the real kernel estimate in the case that n=2. Time Period: All the trading days 

from Jan 1st, 2003 to Dec 31st, 2003. 
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    Seeing the contrast graph above, we found that the Real DCC model depicts correlation 

evolution pretty well even if the movement is volatile. 

Another example is BAC and BAX in the case of n=2, 

 

Figure 3.3- 3 The contrast plot of the correlation between BAC and BAX by the real DCC 

model and the real kernel estimate in the case that n=2. Time Period: All the trading days 

from Jan 1st, 2003 to Dec 31st, 2003.     

 

 

    We next check the case that n=5. For the correlation of AMD and AAPL, 
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Figure 3.3- 4 The contrast plot of the correlation between AMD and AAPL by the real DCC 

model and the real kernel estimate in the case that n=5. Time Period: All the trading days 

from Jan 1st, 2003 to Dec 31st, 2003.     

 

    For the case that n=5, the correlation of AIG and BAC,  

 

Figure 3.3- 5 The contrast plot of the correlation between AIG and BAC by the real DCC 

model and the real kernel estimate in the case that n=5. Time Period: All the trading days 

from Jan 1st, 2003 to Dec 31st, 2003. 
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    The correlation of BAC and BAX is, in the case that n=5, 

 

Figure 3.3- 6 The contrast plot of the correlation between BAC and BAX by the real DCC 

model and the real kernel estimate in the case that n=5. Time Period: All the trading days 

from Jan 1st, 2003 to Dec 31st, 2003. 

 

    To compare with an alternative model, we also tried the DCC-X type model that only 

includes one equation as the following, 

Ὑ ρ — — Ὑ —ὙὙ —Ὑ             (3.3.10) 

where ὙὙis the realized correlation matrix at time ὸ. It is computed by the real kernel model 

as before.  

The table below reports the distance of the correlation computed by the DCC-X model to 

the real kernel estimates. 
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Table 3.3- 14  Distance of the correlations from the DCC-X model 

 n=2 n=3 n=4 n=5 

AIG v.s. AMD 2.1196 2.0586 2.5091 2.5273 

AIG v.s. AAPL 2.1005 2.0634 2.7240 2.7200 

AIG v.s. BAC 2.5323 2.4475 2.2183 2.3792 

AIG v.s. BAX 2.5260 2.3574 2.3923 2.3641 

AMD v.s. AAPL 2.1188 2.2485 2.2150 2.2054 

AMD v.s. BAC 2.4935 2.4480 2.4326 2.3454 

AMD v.s. BAX 3.3897 2.7996 2.5975 2.9710 

AAPL v.s. BAC 2.3282 2.2574 2.3604 2.4773 

AAPL v.s. BAX 2.5008 2.1751 2.6599 2.5179 

BAC v.s. BAX 2.6030 2.4864 2.5015 2.4777 

Average 2.4712 2.3342 2.4611 2.4985 

     

Compared with what we have got in the table 3.3.13, we see that the DCC-X model cannot 

beat the performance of the real DCC model. And it doesnôt always return closer estimates to 

the real kernel estimates as the number of series increases, which is different from what we 

have found from the real DCC model and some traditional MGARCH models. The DCC-X 

model obtained best estimates when dimension is 3. We will illustrate the estimates from the 

DCC-X model in the following graphs, taking the real kernel estimates of the correlations as 

the benchmarks. 

In the case for n=2, the correlation of AIG and BAC is, 
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Figure 3.3- 7 The contrast plot of the correlation between AIG and BAC by the DCC-X 

model and the real kernel estimate in the case that n=2. Time Period: All the trading days 

from Jan 1st, 2003 to Dec 31st, 2003. 

 

Another pair of stocks, BAC and BAX, is graphed as the following, 

 

Figure 3.3- 8 The contrast plot of the correlation between BAC and BAX by the DCC-X 

model and the real kernel estimate in the case that n=2. Time Period: All the trading days 

from Jan 1st, 2003 to Dec 31st, 2003. 
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In the case that n=5, the correlation of AIG and BAC is, 

 

Figure 3.3- 9 The contrast plot of the correlation between AIG and BAC by the DCC-X 

model and the real kernel estimate in the case that n=5. Time Period: All the trading days 

from Jan 1st, 2003 to Dec 31st, 2003. 

 

The correlation of BAC and BAX in the case for n=5 is, 
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Figure 3.3- 10 The contrast plot of the correlation between BAC and BAX by the DCC-X 

model and the real kernel estimate in the case that n=5. Time Period: All the trading days 

from Jan 1st, 2003 to Dec 31st, 2003. 

 

The correlation closest to the real kernel estimate of the correlation is for AIG and AAPL in 

case that n=2, plotted in the following graph, 

 

Figure 3.3- 11 The contrast plot of the correlation between AIG and AAPL by the DCC-X 

model and the real kernel estimate in the case that n=2. Time Period: All the trading days 

from Jan 1st, 2003 to Dec 31st, 2003. 

 

In the case that n=3, the closest estimate to the actual value is for the correlation of AIG and 

AMD, 
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Figure 3.3- 12 The contrast plot of the correlation between AIG and AMD by the DCC-X 

model and the real kernel estimate in the case that n=3. Time Period: All the trading days 

from Jan 1st, 2003 to Dec 31st, 2003. 

 

For comparing with the traditional DCC model of Engle, I also list the correlations 

obtained from it as the following, which is estimated using 5-year daily data. 
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Table 3.3- 15  Distance of the correlations based on the DCC model of Engle 

    n=2 n=3 n=4 n=5 

AIG v.s. AMD 2.7901 2.8454 2.9808 2.9712 

AIG v.s. AAPL 2.2808 2.5890 2.9758 3.0073 

AIG v.s. BAC 2.6342 2.5133 2.4324 2.5212 

AIG v.s. BAX 2.6247 2.6631 2.5969 2.5929 

AMD v.s. AAPL 2 .8082 2.6624 2.4961 2.3679 

AMD v.s. BAC 2.6225 2.7612 2.8924 2.7337 

AMD v.s. BAX 3.5146 3.5453 3.5346 3.5862 

AAPL v.s. BAC 2.4183 2.5339 2.4809 2.5914 

AAPL v.s. BAX 2.8218 2.7211 2.9190 2.8170 

BAC v.s. BAX 2.6575 2.6844 2.6084 2.6125 

Average 2.7173 2.7519 2.7917 2.7801 

 

Looking at the table above, we find that the DCC-X model provides better estimates of the 

correlation than the traditional DCC model, although it cannot beat the performance of the 

real DCC model. That implies that the real term of the correlation, the real kernel estimate of 

the correlation, is a better variable at explaining the evolution of the conditional correlation 

matrix than the outer product of the standardized daily returns. That is consistent with our 

finding that the real kernel estimate is not only a benchmark but also a good source of 

information to estimate latent conditional correlation. To illustrate the difference among the 

estimates of the correlations from those three models, the real DCC model, the DCC-X 
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model and the traditional DCC model of Engle, we plot the selected correlations from those 

three models in the same graph so that we can clearly see the difference. 

In the case that n=2, the correlation of AIG and BAC is, 

 

Figure 3.3- 13 The contrast plot of the correlation between AIG and BAC by the real DCC, 

DCC-X and traditional DCC model of Engle with the real kernel estimate in the case that 

n=2. Time Period: All the trading days from Jan 1st, 2003 to Dec 31st, 2003. 

 

For the correlation of BAC and BAX in the case that n=2, we have 
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Figure 3.3- 14 The contrast plot of the correlation between BAC and BAX by the real DCC, 

DCC-X and traditional DCC model of Engle with the real kernel estimate in the case that 

n=2. Time Period: All the trading days from Jan 1st, 2003 to Dec 31st, 2003. 

 

In the case for n=5, the correlation of AIG and BAC is 

 








