ABSTRACT
YU, YANRU. Multivariate GARCH Mdeling and Comparisoro tReal Kernel Btimates
(Under the directiof ProfessoDenis Pelletier an®rofessobDoug Pearce

In this dissertation weamake two contributions to the current multivariate volatility
literature Firsly, we provide an original approach for comparihg relative performance of
existing multivariate GARCH models. These models produce forecasts for quantities that
cannot bedirectly observed:variances, covariancegnd correlations From the recent
literature on realized volatility, we now have very precise measurements of these objects that
can be computed with so called inttay highfrequency data. We called them realized
variance, covariancegndcorrelation. We can use them as a¢a@painst whichve can now
compare theaccuracy of théorecasts generated by the multivariate GARCH models (for the
daily returns) In an empirical application, we compare the performance of ten of the most
popular multivariate GARCH models in terms afrdcasting accuracy and computational
time. We find that the DCC modef Engle (2002)s the modethat perforns best.

Secondly, following a recently proposed univariate volatility modegiagsen, Huang and
Shek (2010)that combine a GARCHtype model wih realized variance, we propose a
similar extension to the DCC model of Engle (2002Yhe real Dynamic Conditional
Correlation modelThis model is specified through twajeations. In the first equatipthe
current conditional correlation matrix is assed to be a function of past conditional
correlation matrices and of past realized measures of correlaticsecond equation, links
realized measures of correlationstite unobserved conditional correlations. In an empirical
application, we show that ith new realized DCC model provides superior forecasts of

correlations than the existing DCC model of Engle (2002).
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Introduction

The distribution of financial variables has been the central interest of financial
econometrics for a long time. In the early years, people did extensive rese#remeaan of
a variable, the first moment dhe distribution. For the second moment, variance and
covariane, peoplewere inclined to at first use the simple, convenient but implausible
assumption that conditional variance and covarianee \iinite and constant ovéme. This
assumption, however, was contradictory to the observed time varying volatility as
Mandelbrot (1963) commenteBlack and Scholes said (Black aBdc ho | e s, 1972) i
is evidence of nostationarity in the variance. More work must be done to predict variances
usingthemf or mat i on eaShepard (2003) and BollersI8v and §e (1993) for
rel evant comment s. Then E n g R)eidtimted fthee niomgl s GAI
prominenceof time-varying volatility models, which shapes the current view of volatility in
boththeacademic and empirical finance world.

As more and moreesearh has been conducted wowolatility, researchers found that
volatility changes not only ovetime, but also across assets and markets. See Bauwens,
Laurent and Rombouts (2006). The latest example is the European and US stock market
turmoil driven by the Ewpean debt crisis. Another weknown example is the Aain
Financial Crisis during 1997 arid98 among major Asian countries and regions. We want to
know if the volatility of one market causes that of another, or if we can forecast the possible
volatility clustering of one market from the volatility clustering obttaer. That calls for the

expansion of our research from one dimension to multiple dimensions.



Multivariate volatility analysis is also required for computing tipéimal hedge ratio. The
hedgeratio is the ratio of the size of the position taken in futures contracts to the size of
assets exposed to market risk. For example, an airline wants to hedge the risk brought by
price fluctuatios (market rgk) with futures contracts. Becaubkere areno futures contracts
on jet fuel available in the market, the company could only approximate them with heating
oil futures (we call sucla hedging strategw crossing hdge). Then what fractioof risky
assets should be covered? That is, what is the dptiedge ratio? It will dependpon the
correlationbetweenthe spot price change of jet fuel and the future grehange of heating
oil. A multivariate volatility model is usefuh this case so that we can estimate the variance
and covariance of price chges over time.

A similar application ofthe multivariate volatility model isusedto estimate the beta
coefficient in the Capital Asset Pricing Model (CAPM). Betahe ratio of the covariance
betweenindividual asset return and market return to theavae of the market return. By
usinga multivariatevolatility model, we carcalculate both parts at the same time.

For portfolio managementnultivariate volatility moded arealso popular. A portfolio
consists of a bundle of assets. Regarding risk mamagerthe portfolio manager has to
evaluate the risk (measured Wylatility) of the whole assgiool. A question that is always
of interest is how the risk of a portfolio will change when we change the portfolio weights.
To answer thatve have to know athe covariances between the assets in the portioliop
of all the variances. Mitivariate volatility moded can providehis information

In the univariate casesconometricians have achieved a great deal in estimating time

varying volatility both undr continuoustime assumptionand discretdime assumptiaos In



the continuous time frameworkstochastic volatility models havgained much attention.
Discrete time models also have flourished since the Autoregressive Conditional
Heteroskedasticity (ARB) model. In 1982 Robert Engle proposed the ARCH model, in
which heassumedhat the future volatilitys a function of its present value and the squared
returns TheARCHmo d e | I nspired ma negto volatibtyeeatimationeands 6 a p ¥
forecastingA voluminous literature under this framework has emerged, suitte 8ARCH
(Bollerslev 1986)model the IGARCH model (Engle and Bollerslev, 198&he EGARCH
model (Nelson1991), etc. Given so many GARGpe models, it is hard to compare their
performance due to the lack of a good measure of the true volatility. Squared returns have
long been used as a proxy but they turn out to be very noisy (Andersen and Boll&88&yv
Since the late 1990s thanks to the availability of high frequency datakiagijriaccurate
measure of the true volatility has been modeled with a new methodology: the Realized
Volatility model. The major contributors to this methodology include Andersen, Bollerslev,
Diebold, and Labys (2001) and Barndorflielsen andShephard (202). They originally
utilized the ultimately detailed information (for example, TAQ data indutherecord of
every single trader quote in one day on tHéYSE) to measure the true volatility over a
period of time based oncantinuoustime stochastic wlatility framework

Both GARCH models and realized vbldy have their counterpartsn the multivariate
case. The classof MGARCH models include, but isot limited to, the VEC model by
Bollerslev et al. (1988), the BEKK model by Baba, Engle, Krafii Kroner (1995), the
Orthogonal model by Kariya (1988) and Alexander and Chibumba (1997), the Constant

Conditional Correlation (CCC) model by Bollerslev (1990), the Dynamic Conditional



Correlation (DCC) model by Chrisgdoulaskis and Satch (200Bngle (2002) and Tse and
Tsui (2002) and the General Dynamic Covariance (GDC) model by Kroner and Ng (1998).
On the other hand, the realized volatility models also manage to provide corresponding
measurement of the true covariances and correlations, despliengba such as micro
structure noise and neynchronous trading of high frequency data. Andersen, Bollerslev,
Diebold and Labys (2003) developed avhriate realized coolatility model as a natural
generalization othe univariate realized volatility fven they analyzd the exchange rates of
DKK/$ (the abbreviation of Denmark currency Danish Kronand Yen/$. Barndorff
Nielsen, Hansen, Lunde and Shephard (2006) proptsedReal Kernel model which
addressed the micistructure noise prdém. In their laer papers (2(8) and 2011), they not
only expanded the model to multiple dimensions, but also improved it to be immunized
against norsynchronous trading arehsured that the obtained covariance matrices are semi
definite positive

Given the accurate rasures of volatility and covolatility above, w8ll need a time series
volatility model so that we can leverage the knowledge about the current and past volatility
to forecast its future moveme MGARCHtype models are still the preferred approach. New
GARCH models makehe realized measurboth a beohmark for estimation and a new
ingredient in the model itself (called the GARSHmModel). The improvement is genuine as
proved by Engle (2002). But the GAR©K modelis unable to make forecasts more than
one period aheadue to the model specification that we will give the details in chapter 3
There are already a few researchers who have embraced this challenge. Engle and Gallo

(2006) introducedhe Multiplicative Error Model (MEM) to allow multiple latentolatility



processes during the estimation of realized measures. Shephard and Sheppard (2010)
proposed the HEAVY model which is nested in the MEM class of models. Hansen, Lunde
and Voev (2010) developed the realized Beta GARCH model. Hansen, Huang &nd She
(2011) introduced a univariate GARGM model with a measurement equation to address
multiple-period forecasting. Realizing the fact that the existing models have only solved
some ofthe encoutered problems, we devela model to address more challengesa

single model. The new member we introduce to the multivar@sdikty family is called the

Real Dynamic Caoditional Correlation, whicladdsa measurement equation. It is based on a
traditional MGARCH model, the Dynamic Conidmal Correlation (DCC)nodel of Engle
(2002), after carefully comparinidpe tenmost popular traditional MGARCH models. The
performance is superior to its pioneers due to the inclusion of a realized volatility term and a
measurement equation. For the proper formulation, theemoadntrols the numlveof
parameters to estimase thatthe dimension curse is not a concern. Modeling details will be
shared in the last chapter.

This dissertations organized as follows; Chapter 1 is an extensive literature review of
current researcon multivariate volatility. Section 1.1 provides a brief introduction to the
GARCH model and the emerging of a call for an estimate of the actual volatility. In section
1.2 the realized volatility model is introduced in detail. Sectidhgtesents theed kernel
model which enhances the realized volatility model in some asfg&ason 1.4 provides the
detailed modeling information abouiet multivariate real kernel estimate that vk the real
term we use in the new model. Section 1.5 mainly focusemtooducing 10 traditional

MGARCH models that we have studieddetails,to find the optimal platform for ounew



model. In section 1.6 we give a brief conclusion about the current multivariate volatility
study.

After providing all the background infortion almve, in Chapter 2 we will repothe
results ofthe empirical analysis of those tB4GARCH models and rank them by order of
their performance, using real -volatility as the criterion. Chapter 3, the last chapter, will
discuss the new model, theat DCC model with a measure equation in the multivariate case.

All the formulations, empirical analysis and comparisons will be shared there.



Chapter 1 Review of GARCH Modeling and Realized Volatility Literature

1.1 Introduction
As a generalization of En g lthe GARCH modelus AR
proposed by Bollerslev (1986) formulates the latent volatility as an autoregressive function
of its past values and past squared returns. A simple GARCH(1,1) model can be described
as,
y=eh’?,Q 1 1o 179 ,-x{00h (1.1.1)
A st fairgvatr d c On al u lidare itcso ntdhi @ | o nyah e inmegan o
zerTom. test this -Zandowiion, sayMéncegressi on c:
Yo =b, +f +, E(m=0 (1.1.2)
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1.2 The Realized Volatility

The Realized Volélity (RV) was first coined by Andersen and Bollerslev (1998). They
tried to use it to get a less noisy measurement ofrtieevolatility than the squared daily
return. As we saw in therét section, large variation itne squared return may be the fesu
of large variation in the error terms instead tbé true volatility, even if the volatility
forecasted by GARCH is pretty precise, it can sgiider a seemingly low in the Mincer
Zarnowitzregression.

BarndorftNielsen and Shepard (2002jepented theoretical inference for thealized
Volatility method. We will follow their notation.

The asset price (take log) we can@fmsg in the real world is idiscrete time, denoted by
w . Given a fixed time interval of lengt® 1, we denotehte return ovethe ‘O@interval as,

® & W & QpQRQ pkiB (1.2.1)

For example, ifQrepresents a day is the daily return; ifQrepresents a weely is the
weekly return. Then by evenly dividing the time intére&Qinto M pieces, thé0intra-h

return at théQGtime interval is,

~ ~

Op & QPR — & QpQ — hQ plB M (1.2.2)
We can define the realized variarfoe day(as,
o B W (1.2.3)

Correspondinglyherealized volatility is just the square root of realized variance,

r

e



B (1.2.4)

If we could prove that the realized volatility as defined above is a consistent estirtegte of
true volatility, we would substitute it for the squared return as the proxghefrue volatility.
Next we will take a look at Barndd¢fNi el sen and Sh eeputisdor thed s i nf
asymptotic propertiesf therealized volatility.

Their proof starts from the assutigm thatthe true price generating process is a semi
martingale
wo | 0 &ao t20 (1.2.5)
wherew 0 is logprice attimet, 0 isadrifttermd& o isa local martingale.

This specification implieswo assumptions. First, we consider the contindibme model
as an approximation othe empirical discrete world. Given the voluminous trading of
financial assets in the exchange nowadays, believe this is a proper approximation
Secondw O is a special seminartingale, where 0 is the predictable finitevariation
processso that the decomposition in (1.2.5) is unigWée would like to briefly interpret the
concepts of martingale, local martingale and seraitingale. (See Protter990).

Martingale: A real valued, adapted procéss is called a martingale with
respect to the filtration"O if

Ogvs Handifi 06 thenO®OSO .

An adapted process means such a stodnmhastic
the financial market, becaus# the market efficiency assumption we belietat the

observed asset price has eliminated any possibility of arbitidge.is to sayif any non



zero expectation of the future shocks in price has been arbitraged immediately, the
martingale assumptiorbaut the asset price is reasonable.
Local martingale: An adapted, cadlag process X is a local martingale if there exists a

sequence of increasing stopping tirig, withi EJ Y Hoa.s. (almost sureld, is a

martingale, wher& Y | E BHY . We can see from the definition that martingale is a
special case of local martingale whéve €8All martingales are local antingales but not
vice versa.

Semimartingale: A process is a semartingale if it can be decomposed as a process with
finite variation and a local martingale. A processaiginite variation process if all its
realizations have finite variation. We cdlie semimartingale speciahere becaus¢he
process with finite variation 0 is predictable (e.g. the process hafeterministic trend).

According to the CAPM theorgn asset price can be decomposedantskless part and a
risky part. Then it is natural to steeriskless part athe predictableprocess ¢ with finite
variation path anthe risky part ad 0, thelocal martingale pcess. By limiting ourselves
to the special semnartingale we can ascertathat such a decomposition is unique,
otherwise we cannot identify where the stochastic change of paoes from.

BarndorftNielsen and Shepard (2002)adea further assumption about the specification
of & 0 but we would like to holdhe introduction othis assumption until it is necessary.

The ealized volatilityis defined as,
Ly ML . 5
[ywl=af{y(s.) -X 9} (1.2.6)
j=0

WhereD=5, § < § I max|s;- s, |- ( asM- o

16§ ®
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The squaregt prletsuremufald omo,

W W i

W i Cw | W i W i

W W Cw Cw i W i

Yo o ocoi @i W i (1.2.7)

so thatwe know the realized volatility hase asymptotic property

B o i o i B Yo ¢ i Yo

B Yo ° ¢di YO 0@ « ¢ &i QFi asO Hb. (1.2.8)

The equationld & ¢ & i Qi is exactly thedefinition of the quadratic

variation ofa semimartingale Here we assume thaf 1. More details abouhe quadratic
variation can be found in Protter (199€p. 58~59). All the derivatins just prove thathe
realized volatility is a consistent estimator of the quadratic variati®ut. evenif we know

the fact above, what is the relevance of the realized volatility to the actual variag¢® of
Next we will proveif we take y, as the corination of a continuous componeatd jumps,

and rewrite the quadratic variation as,

rz \ rZ

Ww 0 w o B wi Wi (1.2.9)
where y° denotesthe continuous comgnentofy; , the brackef{ ] represents the quadratic
variation operatorandwy i & i is the jump at times. See Protter (199(. 62).

Remembeng thaty (t) =a(t) (1), we rewritethe quadratic variation as

11



0 4 o B Y i B Yai ¢B ¥ ivai.
(1.2.10

Here | 0 Tmbecause a continuous local martingale Vitlite variation is constant.
The quadratic variation of a constant is zero (Pro€9Q pp. 64). Given the assumption

that a(t) is predictable without any jumpte items containing i on the right hand side

are both equal to zerdhen the equation (1.2.10) can be simplified as,

W 0 a o (1.2.112)
whered 0 & o B ai  ai similar to the expression in (1.2.9).
That is to say, Ite variation ofa semimartingalecomes from the variation ahe local
martingalepart At t hi s stage, however, we havenot
the realized volatility is a consistent estimator tbe true variance. Could the quadratic
variation of the local martingale be the variance of the seartingale? ie answer i s
if we addthe final assumption that thpricesy 0 follows a stochastic volatility process
which is a sulsegmentof the semimartingale classThis assumption allows for time
varying voldility . Based on those three assumptions, we can take a look at what the realized

volatility estimatesGiven the assumption above we have,

m(t) = s (9 dv( 3 (1.p.12

a o . ,iQui o

, 1 Qoi CA i , i Q0i Q0i . (1.2.13)

Given the fact thaiv(s) is a Wiener process,eahave,

12



CA , i , 1 Qui Qui .

We can see from the equation (1.2.13) that,

a o ., iQi (1.2.14)
The item on the righband side othe equationaboveis exactly the variance gf , denoted

bys (). Combined with results obtained previously, the realized volatility is

[yul(D - [YIO) ()t %t asM- = (2.015

It is theoretically proved that realized volatility is a consistestimator of the integrated
variance of asset returns. Andersen and Bo#er&1998) hence claimed thatlatility can be

treated as an observable variable from then on. If we increase M to a very large number, the
realized volatility estimation will beso precise that we can proceed as if we observe the
actual variance directly.

How doesthe realized volatilitymethodwork? If we return to the MinceZarnowitz type
regression dis@sed at the very beginning,tise realized volatility as the subsiie for the
squared retura betterand less noisproxy of the actual volatility Andersen and Bollerslev
(1998) applied this method on the series of foreign currency exchangeDHEte£$ and
Yen/$. The traditionategression with thequared returas the proxy of the true volatility
only has aY about 6.3% foDKK/$ and 8.9% for Yen/$.e&tingthe sampling frequey to
every 5 minutegtheir regression with the realized volatility as the proxy of the true volatility
obtainedan’Y equal t048.36 and 48.8% respectivelythe difference comes from the
change of dependent variable. The lift"0f means a MinceZarnowitz type regression

should be able to reflect the estimation goodness of the GARCH model if we find the proper

13



proxy of the true wlatility. Treating the realized volatility as the observed vilidy,
Andersenet al. (2001) also applied it to the VAR(5) model to forecast the future volatility
and compared the forecasts with those obtained from GARCH(1,1) and other GARCH type
modelsto find thatthe VAR-RV model had morexplanation power. For a thorough report
about the volatility study dDKK/$ and Yen/$ data, one cesfer to Anderseet al. (2001).

The idea behind the realized volatility is simple. It uses quadratic variatiordsune the
variance of asset returns, hence converts the estimation of volatility to a problem of
integration. Access tthe high frequency data mak#ss strategyfeasible Andersen and
Bollerslev along with others who pioneered this field believe thatility can be treated as
an observable variable from then, avhenever it is needed fimancial applications.

Although the Realized Volatility (RV) method gives very impressive results, it is not
perfect.A first problem is that it only gives a measwfethe volatility for a given period so it
cannot be used to forecast future volatility. Alseew we empirically implement it, the most
common problem encountered the presence ofmarket microstructure noise caused by
diverse factors such as the faik spread and asymmetric information. Technically speaking,
RV goes closer to the true value as a sample is selected more and more frequently. But
frequent sampling also accumulates so many nrstuture noises thahe estimated
volatility would be contminated. BarndorfNielsen and Shepard (2002) showed in their
study that using the same dataset that Andersen and Bollerslev (2001) employed, we had
expected to obtain a stable evolving path of RV to the true volatilily @sH but what they
found was a Vshaped volatility signature plot that graphs the RV against increasing

frequency of sampling M.
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Figure 1.1 Average (across days) value of the RV drawn against M.

Taking M over 50, we can fththe previously decreasing RN&es significantly. This

result is considered as an indicatortloé presence of the market microstructure noises. To
avoid them, Andersen and Bollerslev (1998) chose to sample at an intermediate frequency

like every 5 minutes or even 30 minutes althodgha can be observed almost every few

seconds. A new problem ari ses

t he esti mat es ned from RV

gai

i f we

wonot

distribution of RV can provide some theacat perception on the accuracy loss.

Back to the model we just reviewed,

do

be
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dgo | o 0 iaqoi (1.2.16)

"

which is driven by a Wiener process. So we can see that
o 0% oh* 0x0G | Oh° o (1.2.19
where s (t) :Iﬁ 4(s)ds. Combined with the realized volatilitys B  yf defined

in BarndorftNielsen and Shephard (200&)e asymptotic distribution of RV is,

am hi
WG ¥ - ff, 59 ds

1]- O: Ot

Ce— N(0,1)

2hi3  s*(9)ds

\/m'-b (1.p.18
and

N(0,1) asM - = (1.2.19)

and
M2 v bR si(9ds  asM- a
3helyj'i£)m(i'l) < (1.2.20)

We can see thdlhe convergence rateNd1 . So it does exisavisible loss of accuracy not
to samplefrequently enough in order to avoid microstructure noises. Researchers have
worked on utilizng the available informationffeciently underthe RV framework See for
example Ait-Sahalia, Mykland, @ d Zhangos plene ehey safngled at lah
intermedia¢ frequency butompute intreday returns starting many times from different

starting times of the dagnd average thRVs obtained from each starting time
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Another problem encountered with the RV meti®the irregilar transaction durations.
Realized Vdatility is usually calculated on a fixed time interval to study the asymptotic
property, therefor@eople need to implememterpolation at fixed time points where there is
no trade occurring. Suchstrategy could be problematic if the asset is notetlaattively in
which case the continustime assumption is not appropriate becaus¢hefpresence of
sizable discreteness. It is commonly accepted that the dutagtween trades is correlated
with the volatility. Longer duration between adjacent tratisas tends to accgmany a
larger volatility of theprice. Simply interpolating the price will miss that useful information.
We should find a way of dealing with such endogenous sampling intBevaldorftNielsen,
Hansen, Lunde, anShepard (2006) dissgedthe asymptotic disibution of RV calculated

onirregularly spaced time intervals.

1.3 The Real Kernel Model

BarndorffNielsen, Hansen, Lunde and Shephard (2006) proposedetiekernel
estimator of the trueolatlity. They proved that thigstimato is consistent and efficient
despitemicro-structure noise and endogenously spaced trades. The real kernel esimator
closely relatedo the Heteroskedasticity Autocorrelation Consistent (HAC) estimator well
known for time series analysis. But the reained estimator is not scaled bye sample size,
which makes it different from the HAC estimator in many ways. They started their analysis
with the assumptions of regulapaced logprice and independently distributedarket
microstructure noise. After preing the core restd, they expanded the analysie
endogenoudy spaced trades and temporally degemt noises and proved thadnsistency

and efficiency still hold.
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Thereal kernel estimator has the following form,

0 ® A B Q— o ®© I ® (21.3.1)
where® is a log price proces$, is a fixed time interval, and @& denotes thé&FQ
realized autocovariance,

T B d O & & ), & 61 (1.3.2)

The scalar denotes arery small time period so that we can think @af @ as
the QBhigh frequency returmndorepresents a single intervdihe first itemon the right
hand side of (1.3.1) is the realized volatilwe have discussed in detail the pevious
section. The second item ike correction ér micro-structure noises. ¥ will pay much
attention tothe kernel functioQo (M T1dp ), where thenamereal kernelcomes from.
The kernel function is so important that its characteristics decide the essential properties of
the estimator such as asymptotic efficiency and convergence rate.

Keep in mind that the observed ipgce process X is contamindtdy market micre
structure noise. That is,
© 7Y (1.3.3)
Where®is truelog price that we cannot obseraad™Ydenotes th market micrestructure
noise. The variabl& is assumed to be a white noise process independéni®fy T,
OOTY 1 hodlY _1 RAY TYforanyd i.What we are interested in is the
volatility of ¢0. Why are we interested in the volatility @finstead of that of®? That is
because people may be confronted with many sources of the marketsinicitoire noises

empirical data analysiSome realized volatility is calculated using rojdote data in which
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case noise from bidsk spread reduced. Some other stocks may have noise from trading
information lag. The effect of those noises is different across thksstow changes over

time. When we do multivariate analysis for multiple assets, we need to decompose the
observable stock prices of those assets into the true price part and the noise part to make sure
the comparison is independent of the neisecluded m those pricesThe real kernel

estimator) & is proven to be consistent given the presenc¥ibthe kernel function is
flat top. A flat top kernel means that the kernel functio®is— not™Q— . The difference in
the two spedications makes essential chasde the properties of threal kernel estimator in

the presencef market micrestructure noiself we definethekernel function a¥d— , thenit

can be shown th@® v Y q ¢p Q- 1. And theestmator will be biased. So

we impose the flat top constraint on the kernel functio@d . The proof is briefly
summarized here.

To begin with the proof, wérst present some definitions that will be udatr. Weadopt
the notation from BarnddHNielsen, Hansen, Lunde and Shephard (20B6).any process
X and Z, we define
o B O O A ® AQ "OB h pliplt8 RO¥(1.3.4)
andd & [ @Ry . Given(1.3.3) we will see that,

o Y [ ®RY (1.3.5)
wheref ORY [ ®RY [ &RY . Substituting (1.3.3) andL(3.5) into the real

kernel estimator formulation (1.3.1), we get

O VO VY v OhY . (1.3.6)
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For future covenience, we define threalized autecovariarte vectors as the follgw
red o o o O T T o OB o |
rORY ¢ ORY B ORY B ORY
and a weight (kernel) vector dedid below also helps to write threal kernel estimator
0 @ ina convenient form so its asymptotic properties are easier toaberst
1 phphQ — B hiQ —
Given all the autacovariance vectors and weight vector, we can rewrite (1.3.1) as,
0w 1 ® (2.3.7)
and (1.3.6) can be rewritten as,
OO 11T 1T g [ GhY (1.3.8)

The equation (1.3.8) is amportant formula because the asymptotic propertighexfeal
kernel estimatoh @ are deduced from the items on itgght hand side. Given the
assumfpions about the market micsiructure nois€Y, we expecthe second and third item
on the righ asymptoticallyto have a mean equal to zeBarndorffNielsen, Hansen, Lunde
and Shephar(2006)provideatheorem that helps to depict the distribos of those items
Theorem 1 Suppose thabis a Brownian seminartingaleand the stochastic volatility is a

function with constant volatility plus some adapted cadlag processes, thérrgs

S, Qo ¢ M 8 T
S N Vot 5D 06k & Tp 8§ 1 139
‘.| (@] é ry LU w N (0] 0] é é E é ( b )
A m T E
& [ ® o P
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where @ is the realized volatility calculated pnfixed time interval, MN denotes mixed
normal distribution andlS represents convergence in law stably.

For the thirdtem on the right hand side of equation (1.3i8JY~ @ 0 and®U “Ythen

FORY C0 0 g 6 (1.3.10)

Whereb6 is a 'O p ‘'O p symmetricmatrix with block structure,6 g g h
¢ O 0220 T P

6 EOE £ o hd o ¢ 8 : 5 .0 & andd is a
E m p ¢ T T

O p ‘'O p symmetric matrix.

WhenYis white noseandé b’l ,for ¢ O

or Y or Y q & phpmmdBm héép Ty 1 €6 0O
where 'O p 'O p symmetric matrice® and ‘O haveablock structure,

6 0

o
o
o
O

where the O p ‘O p and O p ¢ dimensional matrices are,
O 000D p T
¥ T ¢ O2900& NTT P&
o) AP T @ OOz ID AT T &
T p T ¢ 2 g &
¥é E E E Egy T QO
X 9) 2000
. p T 2000 N p T
et 0T e T oo O 4w oka
O &am @ pn PP O O ZhO am A
e é E E E é € €
S A S = - ¢O0 d0 poy om MO
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with 6 & hO 0 hdM¢ cawoi @O di Q
, _Tc p _Tq
¢ - L _ p _T¢ — XI¢
For conciseness, the details of the derivation of tmosices based on asymptotieeory

w 0 nb& tovered here. With all the information about the items on the right at hand, we now
know thatd @ _ , ‘Qdshould asymptotically hava mixed normal distribution with

zero mean and its variance should be determined by A, B,&.and

Theorem 2 Giventhekernel (weight) vector
T phphQ — B hQ—
we assume that the kernel weight functi@w is four times continuously differentiable. As

H increases, the flabp kernels have

~

17 61 OQ" G oph
161 O m @ G0 h

1861 O Qm Qp O O nm Q@ 'O h

1 0 O Qn -0 Q" 60 h

where @ = Qo QchQ" | Qoo Q@Y | QoQo  afze

Looking back to (1.3.8), we will see that asymptotic variance 6§ _ , ‘Qocan be

written as,

OO O _ ,Q0) =71 OOF O 1 1 OO Y1 1 odF OGRY 7
(1.3.1)
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From equation (1.3.9) we knatvat

W - 'QCI)N ¢ T 8 T
e Do mT L & 1 Q6 8 1.3.12
T Ty 5 #©O 00 § 8 £ & . QO (1.3.12)
. nmnE 1
¥ | W Qo
We then know that,
T A1 M. ., Q6 01 TG _ ., QdQ (1.3.13

1 61 7Y T & 61 1 0Q 71 ¢0 Qn Qp

o Qn Q@ ©w o Qn -on Q@ (1.3.19
T OO ORY 1 1 g ., Q6 61 T ¢ _.,Q6 0 an Q"
(1.3.19

Summing (1.3.13), (1.3.14) and (1.3)18gether and combining the same items,
OO O . ,Q6 T _ , 08" to an Q" g _ ., Qo

~ ~

T 1 ¢0 Qn Qp O On Q1 0 -Qer

(1.3.19
Theorem 2 shows thate variance ob @ _ , 'Qas a function of H. If we relate H to
€ ("1 h, it is equivalent to associatirige convergencerate to the choice of H. Barndorff

Nielsen, HansenLunde and Shephard (2006) @t ¢ ¥ andQm nHeE Vp 1

whereQis a choice variable that will be decided later to minintisasymptotic variance.
Then the asymptotic distribotn of 0 &  , Qdcan be rewritten along with the

convergence rate as the following,
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ET 06, QoD UM L, Qo WwWh QRN ., Qo —

~ ~ ~

17 @ Qmn Q@ (1.3.19
We can see that the convergence radeis, which is the best convergence rate achieved.
As we mentioned above, ¢ is chosen to minimize asymptotic variance of the real kernel

estimata. So ¢ should be a function of the kernel funcfoo . (Gthen is determined as,

O -0 — Q@ @ o vmio o n Q@ (1313

o]

and the corresponding optimal variaris,

TN ca @' Q1 Q7 (1.3.19
Different types of kernel functions will return different derivatives and integrals. By
assumingQ m  m®oE @p 1 the convergence rate will be the fastddte authors
have selected the Modified Turkéianning kernel which achieves the highest asymptotic
efficiency. That isthe kernel used in owlata analysis.

To obtain a feasible value af we need to find the estimates ofd £ Q which are also
provided in BarndorfNielsen, Hansen, Lunde and Shephard (2006). The variance of market
micro-structure noise is given as] @ T¢e, where & is realized volatility
computed withavery small time interval , such as 1 minute, dr) @  where ®
is low-frequency realized volatility, sag, 10minute intervalUsuallywe donét t hi nk
micro-structure noise is included in lefrequency realized volatility.

In empirical analysis another problem Wik endogenous spaced trades. Actual trades occur

at irregular tims. But so far all of our inference has been based on the assumpéidinexf
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time intervall . In BarndorffNielsen, Hansen, Lunde and Shephard paper (2006), they
proved that a real kerhestimator calculated with tick time data (stochadlycspaced) is
also consistent for the true volatility.

We have assumed that tlog-price processois a Brownian seminartingalewith its spot

volatility expressed by , ‘. Now we add anothetcchastic process T, consisting

of the observable trading times. T has the forniYof . 1 'Q & with T having strictly
positive, cadlag sample paths and "Y hQ plgh8 e 8 By deining a new processritten
as® Oz°Y we meand & hQ pltt8 Rt for j-th measurement time. The interval
denotiori in this context means the fixed number of trades that actually happens. For
example, if on average there are 5 trades occurring witmmnite then the real kernel
estimate calculated with irregular spaced returns of evetyadescorresponds to that
calculated with evenly spaced returns of every 1 miftie.following proposition will show
that wN O "Ylwith spot volatility, T, which is consistent with the results obtained by
Mykland and Zhang (2006).

Proposition Let0 , T andw _ 0 Qdhenvis acadlagprocess and  "Y2"Y
wherew is the stochastic volatility ahe Z processThis implies that for the real kernel, we
can write an irreguldy spacd versionof thelog-price processy such as

® . ® tQo _ , tm" (1.3.20)
where6 "is Brownian motio, and the corresponding tick version of the real kernel estimator

is,
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0k [ B o— 1 & o d (1.321)

withl @ B ®z"Y ®3"Y Wa"Y Wa"Y

This version of the real kerneltesator is the one we use ourdata analysis. To calculate
roughly Xminute real kernekstimats, we first calculatethe averagenumber of trades
occurring during oneminute and then select prices every x trades (number of trades
occurring within 1 minute on average) and then computed the real kernel estimator based on
these irreguldy spaced prices.

BarndorffNielsen, Hansen, Lunde and Shapd (2006) did both simulai studies and
empirical analysis to study theroperties ofthe real kernel estimator. They utilized high
frequency data oeneral Electric (GE) stock prices in 2004 tioe empirical analysis. The
results, just as expected, show that the real kernehast has remarkably smaller
confidence interval than the realized volatility at high frequency (roughly 60 seconds).
Proven to be a good starting point, the real kernel estimator was generalized to the
multivariate case by Barndofielsen, HansenLunde and Shephard (2011n that paper,
the nonsynchronous trading problem is addressed and a multivariate real kernel estimator is

introduced. Now wetefly introduce thignultivariate real kernel estimator.

1.4 The Multivariate Real Kernel Estimator

We dart by considering a dlimensional log price process & hd B e
Trades of those asseiscur irregularly and nesynchronouly overthetime inteval [0, T].
We adopt all thenotation of BarndorfNielsen, Hansen, Lunde @shghard (201} so we

set T=1 for simplicity as they didn our empirical study wased the actl trade data from
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NYSE, sothe observation times we refer to here are all actual trading.tifoe the ith asset

~

the trading times aré hd B hwhich means that forth asset its price should be written as
O o forQ plkB A . As theyproved for the univariate case, the real kernel

estimator is consistent even with a trdxdesed price process. But how should wechyonize

trading time as a starting point of multivariate real kernel estimator computation? Barndoff
Nielsen,Hansen, Lunde and Shephard (2011 pr oposed the <concept o f
solve this problem.

Definition 1 Refresh Time foroN tdp 8 Define the first refresh time ast
i A@ Bh |, andthen subsequent refresh times as

T i A® B (1.4.2)

The resulting Refresh Time sample size istidd minimum numbeof trades over one day

for each assetwhile we write¢ 0 . This method of synchronization is equivalent to
recording price updates tite lowestfrequency, that is, not picking prices until all the prices

are uglated. What we get is actualiype new price and d stale prices. They hayoven

that such stalgricing erros da 0 t af fect t he a stiyerngalt kerheisc di s
Obviously the more frequently tradesiocks may lose more price information than the

othes, so the degree afata retention is measured by #iee of theretained data divided by

the size of raw data. For clear illustration, we borrow their refreshing time graph as follows,
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Figure 1: This figure illustrates Refresh Time in a situation with three assets. The dots represent the times
{rj”}. The vertical lines represent the sampling times generated from the three assets with refresh time
sampling. Note, in this example, N = 7. n'V =8, n'® = 9 and n®’ = 10.

Figure 1.4 1 Multivariate real kernel data seri@&gnment
After synchronizing the return vectab hwe define the multivariate real kernel estimator as,
0w B Q- o, (1.4.2)
wherew B O QEN T @ Q¢ m. The prperties of the kernel
functionQw are essential to determine the asymptotic distribution and pedifigiteness

of the estimatorHere are some assumptions about the kernel fun€ion

don phQn ™ (1.4.3)

QOO QETQQQT 'Qé TG ® @ WEAE AL do QU Qi (1.4.4)

VMW Q. Qo QdQ" . Qo Qdde Q' . Q & Qal.4.5)

Q) MVOAZROQ® MQEdd 'Y (1.4.6)

28



It is easy to see that the assumpfiem  pin "Q is to give unit weight teo. Q ™ Tt
means the real kernel estimator gives kag autecovaiances a smaller weight."Quis set
to guarantee that the real kernel estimator is positive definite.

The inference with the multivariate real kernel estimator shares a lot of characteristics with
its univariate count eedpatrhére butWwil foouoimsizdd ortieep e a t
differences. In the univariate case Barnddtigélsen, Hansen, Lunde and Shephar@0g)
recommends the Modified key Hanning kernel function while for the multivariate case,
they found a Parzen type kernel carmantee the estimator to be positive definite.

Another difference lies in the assumption of market msatracture noise. In the univariate
case, they assumed the noise to have an i.i.d distribution of noises, tat i¥,"Q¢ 0 '@

So they were reluctant to select data at a frequency higher than once every minute. In the
multivariate case, they adopt a larger bandwidth H so thatbyitick data can also be

considered. The new bandwidth in theltivariate case is specified & [ A @B RO

with 'O 6°, 7¢ 7 for'Q piti8 iQwhere6> —— 7R  ——. The numerator
o)

is theestimate of the varianag# market micrestructure noise for asset i and00 is the

corresponding estimate afquare root ofthe integrated quarticity , Q¢ which is

approximated by the loMrequency realized volatility in the empirical analysi$ is a
constanequal to 3.51 for the Parzen kernel.

The simulation results along with the empirical analysis of 30 US stock prices both support
the striking performance dahe multivariatereal kernel estimator. For details of simulation

and empiricalesults, se8arndorftNielsen,Hansen, Lunde and Shephard (2011
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Given the availability of such an accurate estimate of the true volatility as the real kernel
estimator, now we can do research on some topics that are interesting but were not feasible
before. For example, is there any MGARCH model that outperforms its pdetg?Pecently
we didndt have a r e luevalétilityewithmdiehsva coeldompatethe f t h e
MGARCH model estimates. But now we have seen that the real kernel estisnatgood
measure of the true volatility and all the MGARCH model estimates can be compared with
the real kernel estimator. Another question is whether we can develop a MGARCH based
model that integrates the real kernel estimator of the true volatilityeifdo find an
outperforming traditional MGARCH model. That is, we want to use the real kernel estimator
as a term in the modeling function. We will briefly review ten of the most popular MGARCH
models in this chapter and in Chapter 2 we will ptevan empical analysiscomparing

their performancat forecasting future volatilifakingthereal volatility as a criterion.

1.5 The Multivariate GARCH (MGARCH) models

We specify a GARCH(1,1) model as,
w - (1.5.1)
whereO - mando @i - ‘Owith& p.
When we deal with the multivariate case, that is, p, we rewrite (1.5.1) as the following,
o O7- (1.5.2)
wherethe conditional covariance matri®o is a¢ € positive definite matrix, whose square
root can be calculated with the Cholesky decomposition, and

o - T ©EQLE ‘0. Those traditional MGARCH models differ méy
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through their specification 0. They can be classified into three categories. The first
category is a direct generalization of the univariate GARCH model including the VEC, the
BEKK and the factor model; The second category contains Orthogudgls and Latent
Factor moded The last category includes the Constant Conditional Correlation (CCC)
model, the Dynamic Conditional Correlation (DCC) model and the General Dynamic
Covariance (GDC) models. See Bauwens, Laurent and Rombouts (2006) fireq Gl
some of these models. For simple notation, all the models are reviewed in (1,1) forms.
Model 1 The VEC(1,1) model by Bollerslev et al. (1988) can be defined as,

N w0 6- "0 (1.5.3)

Where Q@ 0 OG0 ©EQ 0 Qdwonaee and U KED represents the operator
stacking the lower triangular portion oféa € matrix as & ¢ p I¢ p vector. The
matricesA and G aresquare parameter matrice$ orderé ¢ p fc and®is a¢ &

p ¢ p parameter vector. So the totalumber of unkown parameters &sé¢

p €& p pIrlc. That is to say, even a-bariate VEC(1,1) model can have 21
parameters, a tuariate VEC(1,1) model will have 78 parameters to estimate, which is not
feasible for high dimension. The simplified VEC model, Diagonal VEC (DVEC) model by
Bollerslev et al. (1988), assumes A and G are diagonal matrices, which reduced the number
of paraméers to€ ¢ v I¢. Besides, to guarantee a positive defiride DVEC is
expressed in terms of Hadamard products (denoted )by

0 & 8% oo ds 0 (1.5.4)
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6'h 67 and "0 are ¢ & symmetric matrices, wdte 6 QQA'@EH’
"0 QM@ andd L U@H’ . 'O is positive definite if A, G and C along with the
initial variance matrixO are positive definite.

The BEKK model (1995), a synthesized work of Baba, End¢leaft and Kroner,
guarantees a positive definite covariance md@ixwithout the restriction of positive
parameter matrices.

Model 2 The BEKK(1,1,k) model is specified as,

O 6°6° B 0a w 0 B "0aO O (1.5.5)
whered’f* and0O are®i &€ & matrices and” is upper triangular.

The total number of parameters to estimate for the BEKK(1,1,k) modetisQ p
p 1¢.

We can see both théEC and the BEKK models have to deal with a large number of
unknown parameters. The next model to be reviewed, the Factor model by Engle et al.
(1990), overcomes t hi s-mpvenefkbfetoctk fletyrnsare drivemi n g |
by a small number ofacmmon wunderl ying variablesodo (Bauw
2006).

Model 3 The FactotGARCH(1,1,k) model .

The BEKK(1,1,k) model is called the FactGARCH( 1, 1, k) model i f f
0° ¢ M have rank one and have the same left and right eigenvectabs; 1Q |, i.e.,

o° |1 _ andO 11 _ (1.5.6)

wherg andl are scalars, and| are0  p vector satisfying
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Substitute 1.5.6) into (1.5.5) to obtajn

O B __®21 o w & 1 8 ] (1.5.7)

We can see from (1.5.7) that the number of parameters in@®&RCH(1,1,K) model is
€& 1TQ p¥¢, muchlessthad ¢ TQ p p T¢intheBEKK(1,1,K) model. A variant
of thefactor model ighe Full-Factor GAR® model proposed by Vrontos et al. (2003).
Model 4 The FFGARCH model is defined as,
0O 0w wee (1.5.8)
wherew is a¢ & lowertriangular parameter matrix with ones on the diagonal,
QQO'QB h, ; where, j is the conditional variance ofhe f act ord .0 The
folé$dewar at e uni var i.ahe etal GunBeCdipammetecs ¢oedimate is
€ € U J¢. There are some other models than those we have discussed abgvereTinat
directly generalized frortheunivariate GARCH model. Now we will take a look at the
models fronthesecond category aie MGARCH model family.

First we will introduce the Orthogonal GARCH model, which assuthegz pdata
vector is tke orthogoal transformation of (or fewer) univariate GARCH processes.
Model 5 The OGARCH (1, 1, m) model by Kariya (1988) and Alexander and
Chibumba(1997) is defined as,

o 6 QQ (1.5.9)
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where QQ@® My hwith 0 the population variance @b , andQ is a¢ &
matrix, h'Q 0 QQO&B & ha E & hwhich are the largest m eigenvalues of

the population correlation matrid , and0 is the matrix of associated eigenvectors.

"Q QM RQ is the vector whose volatility follonsGARCH (1,1) process such that,

0O Q mMOHEAMI Q QQNQMB h
, < S E [ ¢ S IS Q plgh M (1.5.10)
O Ol O OFoef VM@ odi 6 QO Qe (1.5.11)

The number ofarametersn the O-GARCH model, inthe case of m=nis equal txE.
The advantage ofhe O-GARCH model lies in the fact that it usassmall number of
principal components (Alexander and Chibumba take m=2 for 12 assets), which reduces the
computation brden. This scheme, however, also kdaswbacks. For instance, if m<the
rank of 'O is m, not full rank. Tie diagnostic test wilhoweveryrely on the inverse dO. So
Weide (2002) proposed the Generalized Orthogonal(GO) GARCH model, wheogaral
assumption is replaced by assumidip square and invertible.

Model 6 The GOGARCH(1,1) modelis defined as Model 5, where m=amdQis a
nonsingular matrixof parameters. The conditional correlation matrixofis,
Y 0 o0 M os 0 7T ot@ Q0Q (1.5.12)

The number of parameters to estimate & p 7¢. After reviewing those models that
assumea linear combination of univariate GARCH models, we will heast a light on the
models based on the assumption that the maatiate variance matrix is a nonlinear

combination of univariate GARCH processes.
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Model 7 The Constant Conditional Correlation by Bollerslev (1990) is defined as,

O 0YO " Q0 (1.5.13)

Where0 QQO®@ MHQ h

"Q is the conditional variance ahindividual asset, which we obtained from any univariate
GARCH model and R is a symmetric definibeatrix. The element is the constant
conditional correlation between asset i and j. From the specification of the CCC model, we
can see that the multivariate variance mdt@xs a nonlinear combination of univariate
variancesQ s. The total number of parameters to estimate & v 7¢. Such models have
fewer parameters, unlike the modelstine first category. To guarantee that the variance
matrix is positive definite, R has to be positive definite.

The asumption of constant comidnal correlation is not realistic in many cases. So some
time-dependent conditional correlation models were developed. Here we will intrtdice
Dynamic Conditbnal Correlation (DCC) Model dfse and Tsui (2002) artie DCC model
of Engle (2002).

Model 8 The DCC model of Tse and Tsui (2002) is defined as,

© 0OYO (1.5.14)
whereO is the same as defined in (1.5.%5d like the CCC modeR) is the conditional
variance ofanindividual asset we obtained by any univariate GARCH model.

Y oop — —Y — —y (1.5.15)
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where— — ph—h— are nonnegative parameters. The ma¥fis a symmetrié £
positive definite parameter matrix with  p, and is thee & correlation matrix of

wfort 6 0 O pBMHO p. The'@OBelementof s,

[ i - - : i - d : (1.5.16)
Whered O T 'Q, the matrix can be expressed as,

6 0 0 = (1.5.17)
whered isa&é & diagonal matrix with ith diagonal element & 6 j and
0 6 B isa¢ O matrix, withd6 6 & E & aTo assure the

positive definiteness, the model assumies £. The total number of paramters to estimate is
ot ¢ .Engle (2002) proposed another DCC model aithfferent specification ofy .

Model 9 The DCC model by Engle (2002) or DCC (1,1) model is defined as,

Y QQun(%FB m _ﬁ 0 QQw]Q;FB m _ﬁ (1.5.18)
where0 is a symmetric positive definite matrx, A  is given by

O p | T 0 |6 0 I 0 (1.5.19)
With 6 defined as in DCC model dfse and Tsub is the unconditional variance matiak
0 .| andf are nonnegative scalar paramstsatisfying 1 p.

Let 6s ¢ o mp acedetvitebneawo dCC rmoalelsethrough thievariate caseFor

Tse and Tsui 6s DCC model ,

” p _ " __n F] I B h h (1520)
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For the DCC model by Engle,

” h__h i (1.5.21)

We can see from (1.5.20) and (1.5.21) that there is no weighted sum of past correlation in
the conditional correlation obtained from En
of constant conditional correlation by testing the null hypothesis — Tmor| T T
And they also share the similar drawback that those four parameters are assumed to be scalar,
so both models assume that all the conditional correlations have the same dynamic.

Pelletier (2003) proposed a regime switchingdelovhich assumes the correlation matrix
is constant wittn a regime but changealong with the switching of regimes, and regime
switching is driven by an unobservable Markov Chain.

Model 10 The Regime Switching Dynamic Correlation (RSDC) model decompbses
covariance matrix into two partstandarddeviations and corrdi@ns. Standard eliatiors

are assumed to follow univariate GARCH procesdor individual variable and the
correlationmatrix is a regime switching model specified as,

& Ba pPY, a G (1.5.22)

wherew is an unobserved Markov Chain defined by a 0 t r ansi ti on Omatr i X
states of the correlation matri, . The el ements in tdheanber ansi't

estimded withthe Expectation Maximizeon (EM) algorithm

_ (1.5.23)

L (1.5.24)

37



whered is the standardized return as time point t. The-step estimation can estimate
parameters in (1.5.23) and (1.5.24). The parameters appearing in the univariate GARCH
process a& denoted by—and the otheparameters are denoted-as Estimation of—is
based on that 6.

To makeinference on the state die unobserved Markov Chain, we use the Hamitan

filter as follow:

Updated probability:, ¢ s—s (1.5.25)
5 7
Filtered probability-£,, = P & (1.5.26)
Smoothed probability:s , s = , . s (1.5.27)
whersd sO apvector in which each element is the

at tbigme en the obser g.althiéonpsvewp ogtdoe ntoit mes  t he
probabilities of bedi pgi vVven etalteh olegedsmnedthieo ntsi

el ementd ipmec¢iher s the smoothed sprtohbeabprldhabiw
bei nggacihn regi me conditi onal"”Y @dhose prbbabilitebwille r vat i
be used when we calculate probabilities in (1.5.23) ar6l24).F o r t he el ement

denomi nNk5t28)and (1f5.24)) w GH M—, we dawed = , i

, wheggies the smoothed dpr oFbcarbitlh e yn u mé riraetgoirmei

(1.5.23)we have

~

b T @;—]=@®[ @ ;—]— 2 =, fg ———
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Besides the RSDC model introduced above, Kroner and Ng (1998) proposed a general
dynamic correlation (GDC) model which nests several of the multivariate GARCH models
we discussed before such as the BEKK model, the DVEC model etc. Their argument is that
choasing different MGARCH modslcan lead to significantly different conclusgan the
evolution of future variance and covariance matrices. Bauwens, Laurent and Rombouts
(2006) have extended the definitiontbé GDC model to enable it to accommodate the DCC
models.
Model 11 The GDC model is defined as,
‘© 0YO $§ O (1.5.28)
WhereO Q hQ — 1" nl Qo —
'Y is specified as DCC model by Tard Tsui, or DCC model by Engle.

e Re U Be o
— HO ® O Q0 "QIEQ0 G& VIQ prs fE
are¢ pvector of parametefs ] is positive definite and symmetric. The GDC
model can be reduced to many MBCH models we have reviewed such as the CCC model,
the DCC models, the BEKK(1,1,1) model, th&sARCH(1,1,1) model and the DVEC(1,1)
model, depending upon what restions are placed on the parameters specified above. For
example, ifd | & andQ 1 a,! @whered is the ith column of ad & identity
matrix, and andf are scalars and 1T, then GDC is redeed tothe DCC models.

Becausethe GDC model is a general form of many models vewehcovered before, we

wonot i nc lempitieal analysisi n our
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In the empiricalanalyss, we estimate the parameters of those MGARCH models by
Maximum Likelihood Estimabn (MLE). The typical log likelihood function of a MGARCH
model can be written as follows,

0 ws— -B 11s0s -w ' ® o (1.5.29)

whereO * and—is the parameter vectdeterminingO. As we discussd before,
MGARCH modelsdiffer from each dier due to the different specifications 0f. The
specification decides the number of parameters to estimate, the sh#pe li&klihood
function with respect testhe convergence speed and the sensitivity to initial values. Due to
the specificabns of O, some modelsequire the estimation of all parameters in one step
while some others can break down the curse of dimensionality by estimating the parameters
in two steps such as the DCC model of Tse and Tsui, the DCC model of Engle an®®e RS
model ofPelletier. For example, the DCC model decomposes the covariance fatrig

two parts, the individual asset volatility process and the correlation méfexcan first

estimate the parameters in the univariate GARCH processes of bl sisdefs,

00p ws—, -B B 1 1Q@ — (1.5.30)
where—; is the parameter vector that includes the parameters in the ith univariate GARCH
process— — B h—B h—; &@The subscripQ'@énotes the-ih asset at timé. Those

estimates of— prove to be consistent so that we can use them as known parameters in the

second maximum likelihood estimation,

00¢ —s— -B 11s¢s 6Y 6 (1.5.31)
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where6 O w * , O is the square matrix with the individual volatilities on the

diagonal, and—containshe remaining correlation parameters

1.6 Conclusion

In this chapter we gave an extensive revathe current volatility literatureUnder both
the structural and nestructural framework, researchers have made remarkable progress on
exploring new methods to estimate and forecast volatiitgm the nosstructural aspect, the
realized volatility model tggers researcusinghigh-frequency datawhich reflectthe intra
day information to estimate thelatility of daily returns offinancial assets. It is proven to be
consistat theoretica}y but facedwith the market micretructure noise contamination in
empirical applicationThe real kernel model overcomes this problem by subtly designing the
real kernel estimate which corrects the realized volatility for market rstcncture noise.
Sud an estimator can utilize much more intla@y information and is more reliable and less
noisy than the realized volatility estimator. The real kernel estimator is still consistent and
stable inthe multivariate case in the presence of-spnchronous tradg, as we showed in
section1.4. Based on the advantages listed above, we choose it as our measurement to
compare the multivariate GARCH models which has not been done before. The multivariate
GARCH models, as the structural models, halg® been enricliewith newmembers over
time. The DVEC model at the very beginning is a generalization of the traditional univariate
GARCH model. The BEKK model improves the DVEC model by automatically ensuring the
positive definiteness of the covariance matrix watlguadratic form of parameterization.

Another class of the multivariate GARCH models, the factor mddelsFGARCH(1,1,k)
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model and Full Factor GARCH modehim at breaking the dimensionality curskthe
DVEC and BEKK modelsThose modelspecify the conditinal covariance matrix as driven
by some common factors. There are some other models such as3ARCH model and
GO-GARCH model which define the conditional covariance matrix as the linear combination
of univariate GARCH processes. But we have seen filwnptevious sections that those
models often have complicated parameterizatsm the feasibility at high dimension is a
guestion mark. The most recent multivariate GARCH model development focuses on the
conditional covariance models such as the CCC maueC model of Tsui and Tse (2002),
DCC model of Engle (2002) and RSDC model of Pelletier (2003). Those sradseimpose
the conditional covariance matrix into two parts, the standard deviations and the correlation
matrix. Such a specification allows t@vo-step estimation which we expect to ease the
computation and can help to overcome the dimensionality curse.

In the next chapter, werovide a detailed empirical analysi®r those 10 MGARCH
modelsin terms of forecasting accuracy and computation effigieMée will see how the

specifications ofO can substantially affect thgguality of the results.
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Chapter 2 Data Analysis of he MGARCH Models Comparison

I n the first chapteryvyawédRakHvereealaskakmapo
mind that bDlitehosset ismaltesisdeired t o be consiste
their assumption about the data structure me
however, nNo one knoiwsg tphrocesuse. dRietisdeiag e&rheerhas
backgroundokpowt efigetheir estimation resul t s
Woodridge (1988) bemitehvesidr t D ICet nmiadel erdeesed i tcsa | fl
as it is supported by the CAPM theory. Agai
truwd ad generating process, we can only compa
information criteri a.hRPgl net5ert ¢ROMG) Dy o ami
(RSDC) mod el with Engl ebdbs DCC model gy usi n
(2002) -nfecsrt emlomMmodel s. l deal |l vy, the <cog-mpari s
f orwar dusief aweconsi stentnpandmesrtentiyco pea sotéii raah en c
vol at i | t brge asluiczhe da sv evload ta,it li til hi gt ya un & nhtoeicst ey niohdaet | sa |
trying toByorceampatri ng the par anmehtMGARCE St i me
model st hmeo-pmeéhr amet ri ¢ € hreedadaitzieodn violkaet i | it vy, w
performanceROH maddédl MGRtO $iha sa pvhat we
ThBMGARCH models were originally tested on
Di angad VEC model past aplpil 0 etdhoeine ¢ $hé @emoonft h

t reasutrhyel kil tidhi2eyre ar treassirgchonda/tr@ameo.swhielte
(2003)t s emadvwement stodcles gihn t he U nsutar@yk tmar k

Jamry 1999. Same | yeddaernaohemosdel s t o exchang
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(2005) REOMO dhe Ist hpduarpose of @O0 rmmka roinseo ns,e tweo f g

and test al | the models with those dat a.

2.1 Introduction

2.1.1 Data Description

Fodaily data, sweadtadbse t he NYSE amalalridng iPro
def iimadi sWirtiheesn each s®tcgake pincekweedr cshow otbhoatth
t hemawement of htthe asnteo ¢ d ussttadyk sanidn t diaftf eorfen
The dfadcasparameter esti mhdiiloyn datcd udpmpesdiém 19
to 12/ 31/2t00Lete Mfh@r dance comparifsoh/ Ic/ov0ed3 |
12/ 31/ 20Q3. shlyat wies wi | | usratteern hye gprag aanfe t e a
oneeaflata tof doeomadmdargi son. Adjustedtiteé osi n
MGARCH mheedsse we need to take i sdamd axgloiutnt
and di viodemdshadialt gs. r elthief nhreiquuhency diadd o t
1/ 1/ 2003 touk2/d31/02x@®@3pate daily realyized v
their company names al pFhoarb eetxtabnap llcep,r r Bl a$ ¢ e nd
st dc kssntd®2c le f e rag theAltwE eann ds AM®n and so forth.

We ¢ o nmphaaaee | performancesi risnt tswooe psptuespest @ nTeh
coglrati on, atang tbmat t h ea ncdo nmpduxtkad ti toen d o mree |
obtained f r onb htehieoesle ckoeordned |aTdiamontsd st ep is to

number of series from two to filke amBybhae
doing so we <can find I f a MGARCHvemdadell fca

MGARCH modembcheddangert o compli @ethe wthlreen ¢ dirap intuar
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series doesndte iwndrleasaey mihcaht, such vwaelMGAIRCH

processdingermsigda T rmdedd eur e t he model perform
stocks, we <cal cul attlweetall e keveredge sdii antad ecse tTc
asanorm, that i st hseuhne osfq usaqrieasiretiovteheanfifi ¢ | var i at

GARCH est¢comaé¢lea@ti ons and t hfosrd hiafladiedde d&ay 5 e
ficatcullLa2zher mhef the difference between the
kernel esti matelssfofThemcWwe paalcwlfatseé otche ave
all pai rButeoof tshteocckusr.se of di mensionality som
results as the nulmbetr iod whey iwes dalcattastisee

modsela provide estimataes within reasonabl e ti

Table 2.11- 1 List of the stocks for the model comparison

Seri e;g Stock Company ( S&P Secto
1 Al G (Al G) Finance
2 AMD ( AMD) |l nf ormati on
3 Appl e (AAPL Il nf ormati on
4 Bank of Amei ca Finance
5 Baxter (BAX Heal t hcar

2.1.2The Real Kernel Estimate
The kreeranlel odasbir matl et isqpre cmdatireidx aiss t he f ol | ow

RO =g(x) 8 KDL g, +00k (2.-1). 2
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| nhacpe wel hgpivveelret ai | ed i ntroduction wiol It henlrye :
expl aisapaciffeiwcati ons. We chose ki@brmdweidhten H

ParzenThRamzén ker nelt hkesmred e ffidingcd iaosn, f or

0y PP 0T O Pl (2 .-2). 2
Cp @ pIg w p

and we choscad revgaureyncoyne mi nut & .at\We nwielslt i pnlad t
contr aaga ivairedno MGARCH model e dthiemmé esi oMeast n
pl otcotrhreel at iAING beentdvbBAC ned with t hien rtelaé k

foll owing graph,

Plot of Real Kernel model in different dimensions

AN A

trading days

Figure 2.1.21 Real kernel estimated correlation beteen AIG and BAGn different
dimensionsTime Period: All the trading dayysom Janlst, 2003 to Dec 31st, 2003.

The <corr el aan otnhelretpveiern of stocks, BAC an

foll owi ng,
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corelation coefficient

Plot of Real Kernel model in different dimensions
T

AN
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Il 1l
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Figure 2.1.22 Real kernel estimates afrcelation between BAC and BAK different

L L L L L
50 100 150 200 250
trading days

dimensionsTime Period: All the trading daysom Janlst, 2003 to Dec 31st, 2003.

Weal so

model s

comelation coeficient
1

|l ook at t hd&A MDormameal aAtA RoLn m dbeetcvabll&A RCH

forecamor ¢ hagscichhamel mey odio

Plot of Real Kernel model in different dimensions
' 1

===
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trading days

ts.o

any

Figure 2.1.23 Real kernel estimates of correlation between AMD and AAPL in different
dimensionsTime Period: All the trading daysom Janlst, 2003 to Dec 31st, 2003.

2.2The MGARCH Models Estimation

Weh av e

i ntr oduspedc itdoec ateht@ean MGAR H &Omo é e | 4 .
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we focus on their I mplementation andtdhempar.i
number of tpheeo mamet &trtishgen diisrteance sttoi neahttdhsr e a l

grapbontrast.

2.2.1The Diagonal VEC model

TheBi agonal VEC model I ssdiomemgs nah | yetderf msed
h=c +A1., @&h,, (2.-13.1
whehies t Wwe chhalrfitzheeovamni ahHl, e, mat t kwetmalifzati on

t hguadr at itchdeh bt ymm wo 8Mhiernnsi mpl ementing this mo
an al tmartmratmasfed he foll owi ng,

0 67 o's - - ‘ds O 2.2 1
wheCeA,GCarmnmatr Aaem®B,ar e -omenkmatrices for med
mul tiplying aThemt mulkt iof!| iérdetisiootne so pHearradtrmoarr d |
(matrix multiplication el ement by bey @aknemg ) .

n 2as an exampl e,

eh, h, .. _é&, G ,__ &1 . 1
H =2 C =z A =a *: G =g €=
t 8’113 h,a %:12 Co gl- 1 gl- 1 gezt

Substitute -f)hem into (2.2.1

O © - - - Q Q
" = P P . P P -
o6 prps__ ] QprsQ 0 (2.-2). 1
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Tr ans(f2o.4@2mtloveect ori zed f or m,

(‘?hm?C@, aOeOeegj ‘?goéhu.l
e Do +f o g0 0§ hs 2. 2 1
o HCE @ Ogage;l YO O @ h,y,
ea 0 O egOO
Which is tha)swmegOaaO(am@zSMg 0
€0 0 a €0 0 g

Such a scalias ppeposedabo®Ming and Engl e (

Estimating the DVEC mondeloforstoeksr @®abnorcmml2i, n
how the performance of this ntdoidneel n siis maf fTehcet
stocks inclueedl iGn ®YMDs ®HALL, auBsAeLC fadcids tBaAnXc. e
measure how close the multivari atienaGARCH Tes
di stance LZodenf,i ndnchtad s, the squarsketrweénof
threul ti vari ate GARCH esti mateelérkoet r dlotri imadtl e s

t ter adi ng days.

Table2.2.1-1 Distance of the correlations by tB&EC model

n 2 n3 n4 n>s

AlG v.s. 2.5933.1975 3.0010 2.9327

Al G v.s. 2.8772.8295 2.8897 2.8160

Al G v.s. 2.6312.5291 2.3469 2.3908

AlG v.s. 3.4663.1673 3.2334 3.1129
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Tabl e-1Qao mt.ilnued

AMD v.s. 2.5152.4334 2.3570 2.3618

AMD v.s. 3.4793.6488 3.5234 3.5415

AMD v.s. 3.1293.0770 3.0767 3.0610

AAPL v.s.3.1873.2354 3.1511 3.2511

AAPL v.s.2.8402.7433 2.9479 2.7938

BAC v.s. 3.0442.8416 2.8182 2.7655

Average 2.9762.9703 2.9345 2.9027

Lookitnlge attabl e above,f weorfoehat it dma tt eos tdithneat &
real kernett hesnuammmgirmscerfeases. 7 out of 10 <co
cl osdrmreda ker nel e 4 thiemant uensb ewihneonf e sxee@ed efr om
Considering 10 pairtsheofcosared ks itehsemral twheoel el
estimates onThweaage ftclhhonpgh.ati on time for 1
n=2 6Psecowfiisl e cdmputdiinngppasd on mmediaatnelny d
corretakesng5(7arsoeucnodn d@ds mi nut es)

We prekenpar amet ereies tsitnmeandebsh da nedanstdhr § h a h h e
foll owing talloall lofhamet earrse t o esti mat e. To
definittehieesar ioddt wetmake Chol esskVheepamamsi

listed in the table is thewih,jcthh $é&lt éfednte sof
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Table22.1- 2 The parameter estimates of the DVEC model

Par amet e Esti mat e Standard E
0 0.0022 0.0002
OF 0.0006 0.0003
OF 0.0006 0.0003
oF, 0.0010 0.0002
OF 0.0007 0.0002
O 0.0058 0.0D5
OF 0.0010 0.0003
OF 0.0002 0.0001
OF, 0.0001 0.0001
OF 0.0053 0.0004
OF, 0.0001 0.0001
OF 0.0002 0.0001
OF 0.0022 0.0002
OF -0.0003 0.0001
OF -0.0028 0.0002
A 0.0346 0.0044
G 0.9489 0.0014
Log L 40852




We wi | | pi ck t wwmo mptarihaesste gt ti d/tEeCk smmfdieehree a h d
kernel esti mates The t he@rbrieedlmdeteina mMhd Ggraapgh 8. AC
that n=2belsow.l otted

Contrast Plot of DVVEC and Real Kernel model
1 1

comelation coefficient

L L L L L
o 50 100 150 200 250
trading days

Figure 2.2.11 The ontrast plot of the correlation between AIG and BAC by the DVEC
model and the real kernel estimateghe case that n=Zime Period: All the trading days
from Janlst, 2003 to Dec 31st, 2003.

Il n t he ncdse htahveet,

Contrast Plot of DVEC and Real Kernel model
T T

. s
Real Kernel
DVEC

comelation coefficient

L 1 L L L
(o] 50 100 150 200 250
trading days

Figure 2.2.12 The contrast Ipt of the correlation between AIG and BAC by the DVEC
model and the real kernel estimate in the case thatTir®. Period: All the trading days
from Janlst, 2003 to Dec 31st, 2003.
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For anot her paid

gr alpthhceas en 2 hat
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Figure 2.2.13 The contrast plot of the correlation between BAC and BAX by the DVEC
model and the real kernel estimate in the case thatlimr2. Perod: All the trading days

from Jan 1st, 2003 to Dec 31s03.

| hhceasenth@athave

got,
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Figure 2.2.14 The contrast plot of the correlation between BAC and BAX by the DVEC
model and the real kernel estimate in the case thatTire. Perod: All the trading days
from Jan 1st, 2003 to Dec 31st, 200

We also noticed that among all the correl at
tobhe real k e tl meals ee20tfi met e
Contrast Plot of DVVEC and Real Kernel model
DVEC
0.8

|

AP

correlation coefficient

L 1 1 1 L
o 50 100 150 200 250
trading days

Figure 2.2.15 The contrast plot of the correlation between AMD and AAPL by the DVEC
model and the real keehestimate in the case that nF2ne Period: All the trading days
from Janlst, 2003 to Dec 31st, 2003.

| h hceasen$ hat

Contrast Plot of DVEC and Real Kernel model

Real Kernel
DVE
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1 1 L L L
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Figure 2.2.16 The contrast plot of the correlation between AMD and AAPL by the DVEC
model and the real kernel estimatdhie case that n=3ime Period: All the trading days
from Janlst, 2003 to Dec 31st, 2003.

What Wwound from tththe sr emsouwdletl hesaviihlay depends
vadsal hehod ctehienfi t i al vas ue b e at etopneefGi teviebnn mu | t i
| ocal opti mums, | choose the onesoanrhotl alrged

to convergence and sroares wnedskelliles scannot gener a

2.2.2The BEKK(1,1,1) model

As Engl e andoHtno ntel§® iprop baidgEerd ( 1, 1, k) model S
rparamet entiheBRCi modeolIf . The difference |ies i1
mode mpoetsteeosi ti vity conditiHhmomen daa=xigl yad swe
provadt i f parameter matri ceshVeEC Wod &l saan s

amquivalent BEKK(1,1,k) representation. For

Table 2.2.21 Distance of the correlatiory theBEKK(1,1,1) model

n 2 n3 n4 n>s

Al G v.s. 2.6013.2168 3.0182 2.9384

Al G v.s. 2.8602.8081 2.8834 2.8035

Al G v.s. 2.5652.7917 2.2902 2.3355

Al G v.s. 3.4783.0742 3.2468 3.1106
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Tab2.e21Chnt i nued

AMD v.s. 2.5082.4128 2.3511 2.3522

AMD v.s. 3.4753.6300 3.5018 3.5336

AMD v.s. 3.1083.0525 3.0557 3.0413

AAPL v.s 3.1423.1969 3.1250 3.2348

AAPL v.s 2.8492. 7375 2.9450 2.7920

BAC v.s. 2.9982.7221 2.7864 2.7151

Average 2.9582.9643 2.9204 2.8857

Li kedhBVEC model , not al |l of correlation es
esti mathes nasbeirnecorfe as etshe 71 M udgeadrfed ladresmanist o

kernel esti mates wh e n netahsee sn ufntboenmt 20 ft od i 5me nGa rnc
of stachkkéftolfced,r r ebhati cftdreearn ntdole esti mates on
average computation t i tmbkoeafsoern £+10at ma ibrds soefc ostd
computing sanabtmemgeg irked addirdo nasta Kesloeec o nd s .

We transfor med tthhegupraedmeetusn$oand past cC
the transfor med par amehsetrast i @ unta osymantdi ocnadthi | tgi aorm
i mpl ement unmbmnatranned nkblpieddsiut ot i on ef fi ci
| OED K AT OF p ADB s

m | opTp A& »p

We | ist the partahoeet eespoetndmathestoasndar d err
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Table 2.2.22 The parameter estimates of the BEKK(1,1,1) model

Par ameter Esti mat e Standard E
0F 0.0022 0.0004
OF 0.0006 0.0003
OF 0.0006 0.00083
OF, 0.0010 0.0002
OF 0.0007 0.0002
O 0.0058 0.0012
OF 0.0010 0.0004
O 0.0002 0.0001
OF 0.0001 0.0001
OF 0.0053 0.0012
OF 0.0001 0.0001
OF 0.0002 0.0002
OF -0.0022 0.0004
OF -0.0003 0.0002
OF 0.0028 0.0006
| 0.1860 0.0319
I 0.9741 00202
Log L 40853
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Figure 2.2.2 1 The contrast plot of the correlation between AIG and BB the
BEKK(1,1,1) model and the real kernel estimate in the case thatTir# Period: All the
trading daygrom Janlst, 2003 to Dec 31st, 2003.
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Figure 2.2.2 2 The contrast plot of the correlation between AIG and BBY the
BEKK(1,1,1) model and the real kernel estimate in the case thatTirte Period: All the

trading daygrom Janlst, 2003 to Dec 31st, 2003.

Let 6s |l ook at t he nBEXIKf(fieerhesnltlo ncis t Wma tsetsi | i
correlation between AI G and BAC as an exampl
Contrast Plot of BEKK111 Estimates with different dimension
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Figure 2.2.23 The BEKK(1,1,1) estimate dhe correlation between AIG and BAC in
different dimensionsTime Period: All theérading daygrom Janlst, 2003 to Dec 31st, 2003.
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Figure 2.2.2 4 The real kernel estimate dfie correlation between AIG and BAC in
different dmensionsTime Period: All the trading daysom Janlst, 2003 to Dec 31st, 2003.
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Figure 2.2.2 5 The contrast plot of the correlation between BAC and BAX by the

BEKK(1,1,1) model and the real kernel estimate in the case thaflim2. Period: All the

trading daygrom Janlst, 2003 to Dec 31s2003.
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Figure 2.2.2 6 The contrast plot of the correlation between BAC and BAX by the
BEKK(1,1,1) model and the real kernel estimate in the case thaflimB. Period: All the
trading daygrom Janlst, 2003 to Dec 31s2003.
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bet wBfeh and BAX with .different di mensi ons

Contrast Plot of BEKK111 Estimates with different dimension
T T T

n=5
o.s ————
0.6 |
oal ,\/C N /\/,//”\ \7{\
N ¢ g = T 24 Tany, S
B s O oy A A A R |
% /JV \ il
8 o ;
g-02
0.4
o.6 -
o.s
1o 50 100 150 2060 250

trading days

Figure 2.2.27 The BEKK(1,1,1) estimate of the correlation between BAC and BAX in
different dimensionsTime Period: All the trading dayysom Janlst, 2003 to Dec 31st, 2003.

The slight difference between the estimates

di fferent synchrbnaked protet pd ooheaa Baadirerroeme |

bet wBfe@ and BAX with different di mensi ons.

61



Contrast Plot of real kernel Estimates with different dimension
T T T

2
=
0.8 - —

33

0.6

b TR

0.2 |-

comelation coefficient
(o]

L L L L L
o] 50 100 150 200 250
trading days

Figure 2.2.2 8 The real kernel estimate of the correlation between BAC and BAX in
different dimensionsTime Period: All the trading dayjsom Janlst, 2003 to Dec 31st, 2003.

The corae |lvadriy ncsl otstee tV EH G oBked olfal so mat che
Kroner 6s proved proposition that certain par
repretsiemmnt \MEC mbdeD. But BEKK(1,1,1) wuses | es

of edriefnft parameterizati on.

2.2.3The Factor-GARCH(1,1,k) model

TheactGAArRCH (1, 1o0k) Emglde | Ng andf oRontuhl dactheisl d

covari anacser imaemnm ilxy some | atent factor ss. Usua
i's smal ldeirmedsadnomnthhagg a | ar dharrumher safmea sg é tv.
TheactGArRCH( 1, 1, k) mod el sharhesvahieamauadmat i k
BEKK( k) model

We take k=1-GABCHbOe, Fab) esmpede If i enda cacso rtdhien gf otl

the definitionlhwafmaltirn ceks9A2)and G have rank
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and right /eingle wheedtea wisa,n@=b6 wy, w /=1lang w=1

i=1
and

O _,21® o1l 1 071 (2.-12). 3

wheweét hpe;ast asset return asWidef it hiedvtapmeatnhte D
oft hceovari ance matri x.r sThteo nasntbiema tod gofg rtatmed e
(the number offy mpPENW&met enrusmbiem ofanglar@aimes el s
(scalaamMsg.anfdshoul d satisfy the covarifance ste
p. The di ftfiincaulitoyn odfr aea s i thkl i mpdeeas®s nh dre
number of bpamgmeaet eqrusadr ati ¢ f unctWeont roife dt hsee
specifications to find the most feasi bl e al
parbaeesquati eln) (s2. 2t.h3at t hey automatically s
condi t iweinmplheement the opti mihseiamploaax as garch hn
But it took very |l ongfdri)maBdod tchherwebtgee If i a
far away from the real ker nel estimates. We
(1992) that tlaadassgifwaehor Tivei fhtsor plsandht s a
ais then derived as wovéswutchr 2 cfpech &g g@INe owu t
t hat hDBMEC tamBE KK ( 1, 1, 1) model s, to ease the
t he desfoif nitthieso nmBbyd edoi snigg msiof,i cvaent |y reduce th
from 50 minutes tor arbardad®d&bmanoedstlhamger
t hoshet ai nedef fommer met hod we tried, and got

estimates. We report the correlations in the
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Table 2.2.31 Distance of the correlations by tR6ARCH(1,1,1) model

n 2 n3 n4g ns

Al G v.s. 4.2743.9339 4.1699 3.9316

Al G v.s. 5.1304. 7965 5.0720 4.8419

Al G v.s. 3.1302.1766 2.4206 2.4652

AlG v.s. 3.8013.1292 2.6958 2.7033

AMD WAL 4.4432.5190 2.6108 2.5701

AMD v.s. 4.2353.1808 3.5461 3.3812

AMD v.s. 4.1023.6480 3.8634 3.8626

AAPL v.s 5.5874.4377 4.2331 4.1717

AAPL v.s 3.8183.8786 3.8101 3.5619

BAC v.s. 4.3353.2876 2.9185 2.8602

Average 42859 3.4988 3.5340 3.4350

Unl i ke t hel DivdaarCrlefoedo mohbke FGARCH(1,1,1) mod
real ker netlhe srtummuadre sorfd demeecesi,age computati on
pairs ot hced soemKk&f ii ;1 8woh isleec ocnodnsp ut sanrmg@ b5 i dhii megn s

10 <corralllatatoalenceS556amsewcma dOWemisnwntingae) t he

parametebed Dtwi. MdBtbhad numbies—of¢. par ameters
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Table 2.2.32 The Parameter Estimates of the FGARCH(1,1,1) model

(I)ﬁ (I)ﬁ (:)ﬁ (I)ﬁ (I)ﬁ
-0.011 0.008 0.011 0.001 0.007
(0. 000l (.04 (.02 (@©.0)0O (0. 00
(I)ﬁ (I)ﬁ &)ﬁ &)ﬁ &)ﬁ

0. 039 0. 003 -0.001 -0. 006 -0. 032
(0.002| (.01 (.01| (@©. 001 (0. 0)4
(I)ﬁ (I)ﬁ (:)ﬁ (I)F, (I)F,
0.002 0. 006 -0.014 0.010 0.000
(0.001| @©.o0O1| (©.0PO| (0.0)01| (.O0)O
| f Log L

0.369 0. 754 -40332
(0. 003 (0.0)10
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The corbrealweteGioandt BchaG einnt 3 aig r

Contrast Plot of FGARCH111 and Real Kernel model
T

aphe,d

T
—— Real Kernel

FGARCH111 |

comelation coefficient
1

L L L L
50 100 150 200
trading days

L
250

as bel

Figure 2.2.3 1 The contrast plot of the correlation between AIG and BAC by the
FGARCH(1,1,1) model and the real kernsfimate in the case that n=lme Period: All the

trading daygrom Janlst, 2003 to Dec 31st, 2003.

For theWeadsave

Contrast Plot of FGARCH111 and Real Kernel model
L T

Real Kernel
FGARCH111

corelation coefficient

/\j\v f» J\A . /\/\ \f\.;

1 1
100 150
trading days

L
50

1
200

L
250

Figure 2.2.3 2 The contrast plot of the correlation between AIG and BAC by the
FGARCH(1,1,1) model and the real kernelraste in the case that n=bime Period: All the

trading daysrom Janlst, 2003 to Dec 31st, 2003.
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The

correlation coefficient

c O rbreavleBEMCoand tBéexXs emz h aits i n

Contrast Plot of FGARCH111 and Real Kernel model
T

T T
—— Real Kernel
FGARCH111

L
50

1 L 1 L
100 150 200 250

trading days

t h,e

f ol

Figure 2.2.3 3 The contrast plot of the correlation between BAC &AX by the
FGARCH(1,1,1) model and the real kernel estimate in the case thalime2Period: All the
trading daygrom Janlst, 2003 to Dec 31st, 2003.

For

correlation coefficient

t hé&,

cvaes eh anv=e

Contrast Plot of FGARCH111 and Real Kernel model
T

1
—— Real Kernel
FGARCH111

L
50

1 L L L
100 150 200 250

trading days

Figure 2.2.3 4 The contrast plot of the correlation between BAC ar&XBby the
FGARCH(1,1,1) model and the real kernel estimate in the case thalimsbPeriod: All the
trading daygrom Janlst, 2003 to Dec 31st, 2003.
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2.2.4The Full Factor-MGARCH (FF-MGARCH) model

The factor modelbehsatshFeSAREHANL , tak) embde | . On e
MGARCH, i's definedcdcasdthg ftolltdwi definition
and Politis (2003),

H =W 3V, 2. 2) 4
wheWiest¢ &l ower triangul ar parameter matrix wi

t hpear amet er s t o -de satgiommaatl €S eabse stelmea gaofnfal mat r i x

di agonal el ements arethéded aohiadé dfi d@ nfaoll | wawr i a

separate wunivariate GARCH proceslsiess. alTvha yss

positive definite. The tot al nutnbeaarmbeft par ¢
paramet@d3sikwpesnplhe numberW,of(-fpfalrRa)metTelres pair a me
should satisfy the covartiteamnersbsBbati snaey abr
a to2@l pafameters t o gestniuontbtegrar dmmlee ¢ ws mMher | @
seriirecsr,eawestried sever al parameterizati ons
We tried FMINCON. m in which stationary condi
FMI NUNC. m in whi cdr e atrraanmedfeorsmedch so that th
the stationary conditions, amd hF NMieN S BOAR G H. ma
i nst ¢eded ®&fuasRalNehwstoonn Ril galrliy hwme f ound the op
run 10000 treasarsdsogo fFMI NSEARCH. m from any i ni"
run FMI NUNC. m taking the estimated paramet ¢

searchsasethei onituritmad ovuatl utelsat t lpeg owd mMkeisned
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best sr eTlshud t ensetriemactoense f r.ofrhet Hiogg dtirketlea qiyood ¢
such a strategy is | arger than that obtaine
dondt wuse FMI NUNCeurasf i rRRatwWpibs omhatl gorvéehm i s
to the choice of the initial val ues. I f we
the algorithm wil/l explode after a few rounc
(the par amet easianptl iema tseesar fgriodgtm etalse eir t ¢ roa tfii mn
resul ts. Such a combined seravbpeput atlison sfaw
di mensi ons 3 Alhedausse nwas ,ucbasnetpiocfk t he i niti al

di mensions) .

Table 2.2.41 Distance of the correlations by tREGARCH model

n 2 n3 n4 n>s

Al G v.s. 2.8322.8026 2.8840 2.8588

Al G v.s. 2.6032.7210 2.9096 2.8347

Al G v.s. 4.5134.5096 4.3585 4.4380

Al G v.s. 2.4632.4781 2.5228 2.4880

AMD WALL2.3932.5149 2.4684 2.4254

AMD v.s. 2.6852.7744 2.5763 2.5318

AMD v.s. 3.6023.5903 3.5626 3.3715

AAPL v.s 3.9373.9766 2.6730 2.7616

AAPL v.s 3.2903.2945 2.9156 2.9223
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Tab2.e21Conti nued

BAC v.s. 3.2842.5087 2.5462 2.5140

Average 3.1603.1171 2.9417 2.9146

Seeing from thdindbltdhabbawe rteovat h®ns eaglet k
esti mdthes naignb eir n corf ellasseer6iFekGARCH mo d e |l i's very
choice of i nintiitalalv avlaueuse.s Tthhreatdamae sgoo@&sf ma
be asg@aodi ng poiTnhter fagre actomemugd at i otno ctkismei nf otrh
casenthabecsdwhdisl e comput sngorbf ad inmeargsadladnd @ o r r
a othaleess edAdinmbosr e t hgmMhene elmsom why t he ¢ omj
case that n=2 takes a |l ot |l ess time is that
of i ter aatsii onpd exstideas & ht h aatl rnk=mbtyh We e i ni ti al
when computing the cor Mhleat iwen sr efporr tt Hehec ag
into account the ti me spent on (rtumanti ngga nl 0tOe
mor e t hanwhoinlee htohue )compet aasent hatmenieh tncl

time of findingWeheéilsest hieniparalmevalrses n t he

Table 2.2.42 The parameter Estimates of the Full Factor GARCH model

0 0 VS 0 0

0. 353 0.286 0.539 0.316 0. 2317

(0.05 (0.044 (0.D271 (0.03( (0.023
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Tab2.e22Coh nti nued

0 0 0k 0 0 f
0. 053 -0. 008 -0.040 0. 037 0. 0831
(0.00/ (0.9017 (0.901¢ (0.01% (0.030
| | | | |
0. 066 0.009 0.134 0. 076 0. 2623
(0.01] (0.927 (0.902¢ (0.027 (0.019

0.918 0.990 0.696 0. 897 0.3095

(0.02 (0.067 (0.02% (0.03¢ (0.020

| oglL 4136 Comp T 443G€cC

We would |ike to show some corréeEhatconselodt |

bet weledh andt BcdaGs ei 2io$s, n =
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Contrast Plot of FFGARCH and Real Kernel Estimate
T

== T T
’ i —— Real Kernel
B {v/\x,f A \/\ e FFGARCH [
A

comelation

2 L L L L -+
o 50 100 150 200 250
trading days

Figure 2.2.41 The contrast plot of the correlation between AIG and BAC by the FFGARCH
model and the real kernel estimate in the case that Tim#e Period: All the trading days
from Janlst, 2003 to Dec 31st, 2003.

For the B aswe thhmavte n =

Contrast Plot of FFGARCH and Real Kernel Estimate
T

V7 T
b 4 —— Real K 1
osl L Vv v L FFGARCH
o / e o W Wi o~ \
/ L \ ;'/ f T ot
0.6 / ‘ o
R
i, u's /I
0.4 j
& //
=
g 0.2}
S
ol _
0.2 =
-0.4 L L L L L
o 50 100 150 200 250

trading days

Figure 2.2.42 The contrast plot of the correlation between AIG and BAC by the FFGARCH
modeland the real kernel estimate in the case that m#be Period: All the trading days
from Janlst, 2003 to Dec 31st, 2003.

The <correl &AtliGomnlde tBwAeCe ng breesa | c | koesrere [t todh et | ma't
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numbadari nbefsismomeases from 2 to

The correl BACoantdeBAXewhen n=

Contrast Plot of FFGARCH and Real Kernel Estimate
T T

T
Real Kernel
FFGARCH

corelation

1 1 1 1 1
o 50 100 150 200 250
trading days

Figure 2.2.4 3 The contrast plot of the correlation between BAC and BAX by the
FFGARCH model and the real kernel estimate in the case thatTim®2. Period: All the
trading daygrom Janlst, 2003 to Bc 31st, 2003.

| h hceas e 50f n=

Contrast Plot of FFGARCH and Real Kernel Estimate
o 3

T = T
0.8 —— Real Kernel ||
G FFGARCH

corelation

8 L L L L -+
o] 50 100 150 200 250
trading days

Figure 2.2.4 4 The contrast plot of the correlation between BAC and BAX by the
FFGARCH model and the real kernel estimate in the case thatTim®g. Period: All the
trading daygrom Janlst, 2003 to Dec 31st, 2003.
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Anot her pair of stocks, AI G and BAX
Contrast Plot of FFGARCH and Real Kernel Estimate
= — FFGARCH
0.5
S /| /\/ \\
0.3
VA -
B \'a4 X! /
5 \
S 0.1
5
o
-0.1
0.2 -
0.3 -
0.4 = A 1 L L
o 50 100 150 200 250

trading days

has

Figure 2.2.45 The contrast plot of the correlation between AIG and BAX by the FFGARCH
model and the real kernel estimate in the case thatTis#e Period: Allthe trading days
from Janlst, 2003 to Dec 31st, 2003.

| h hceas e 50f

n

Contrast Plot of FFGARCH and Real Kernel Estimate
T T

comelation

T
—— Real Kernel
FFGARCH

L
50

1 1
100 150

trading days

L -
200 250

Figure 2.2.46 The contrast plot of the correlation between AIG and BAX by the FFGARCH
model and the real kernel estimate in the case thatTirte Period: All the trading da
from Janlst, 2003 to Dec 31st, 2003.
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ThEFGARCH model does prtolveehd &lea e | e etsit mana
for ev ertyh ep as tro cckfs . T h et dcHreesael ®tl&k ®dronims & I¢ ahtei o n

correlation bet wéeem|AMD iand nAARleeafs@l2lod winrFg

Contrast Plot of FFGARCH and Real Kernel Estimate
T T

Real Kernel
| === EFGARGH

correlation

1 1 1 L t
(o] 50 100 150 200 250
trading days

Figure 2.2.4 7 The contrast plot of the correlation between AMD and AAPL by the
FFGARCH model and the real kernel estimate in the case thatTim2. Period: All the
trading daygrom Janlst, 20030 Dec 31st, 2003.
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For theweagetn=5

Contrast Plot of FFGARCH and Real Kernel Estimate
T T

T T
0.8l Real Kernel | |
E FFGARCH

corelation

-0.2 =

= L 1 L L =
o 50 100 150 200 250
trading days

Figure 2.2.4 8 The contrast plot of the correlation between AMD and AAPL by the
FFGARCH model and the real kernel estimate in the case thatTimg. Period: All the
trading daygrom Janlst, 20030 Dec 31st, 2003.

2.2.5The Orthogonal-GARCH(1,1,m) model
Thertho$HGARLH( 1, 1, m) model considerost idiq@qanatlh

transf orsmatain@aw acfi ate GARCH processes. That i
H, =VYav¥? (2.-2). 5

wheVies the diagdrmehcoadirt xomwalt hvari ances of
el emens L, adSi s a diagonal matrix with each
a unt eaGAKRCH Lp r=Rdagf?sl?... 1" 17%17%..0%are the m | ar
ei genvahuwecsondi ti onal ddser @hdai dinz ddtrmree tttheh s

associated eigenvectors.

We i mplem@e@GARAH({)h,ehodel . That i s, t he numbe
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as thernombser Sest hm=not al number of par am
transformed the parameters in the wunivari
sati sfiyornadrey sc@anndi ti ons.
Table 2.2.51 Distance of the correlations by tleGARCH(1,1,1) model
n 2 n3 n4 ns
Al G v.s. 2.1912.2831 2.3050 2.2334
Al G v.s. 2.45t2.3000 2.4913 2.3760
Al G v.s. 2.99t2.9106 2.19%1 2. 9736
Al G v.s. 2.81¢42.9958 2.7846 2.6645
AMD v.s. 4.11:2.6690 2.6564 2.59091
AMD v.s. 3.32(3.4238 3.2995 3.4130
AMD v.s. 3.16¢3.1564 2.7027 3.1635
AAPL v.s.2.6872.5658 2.5359 2.6999
AAPL v.s.2.70t2.6391 2.43 2.5496
BAC v.s. 2.68¢2.5279 2.5472 2.5681
Aver age 2.91:2. 7472 2.6724 2.7241
Looking at the table above,t watsOd paoafn dsstt chcak s

a

t

1

correlari otkhse ansu mb eir n orf e asseersi efsr omm 20t oo br el7a

e

3.

t

sti mat es

Thi

o 5,

S

ra

greeta Ic | koesrerre It oe stthiemat @ :ncwlears etsh d rrour

ti o i

S

8 out

of 10

and 7

r es pveecrta gvee | cya mgburtealtdl oma itrismeo f

out of

D ciks
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97 secondsiwlgi 5e dc oosbotgatii ono magre dbdtlic oanta keersc el 8 0 3

secoWedsr.gdher tpar amedtemmearsyt iimattetse f ol |l owi ng t

Table 2.2.52 The parameter estimates of theGARCH(1,1,H model

Par amet Esti mat Standard Err
| 0.0599 0.0232
| 0.0153 0.0209
| 0.04064 0.0244
| 0.0940 0.0193
| 0.0490 0.0249
i 0.01014 0.0170
I 0.0000 0.0971
I 0.0269 0.0162
i 0. 08614 0.0107
i 0.0145 0.0164
Log L 40842

The corbeewaénoAl G and BIAL proes ¢mteed alsel ow,
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Contrast Plot of OGARCH11M and Real Kernel model
1

L
—— Real Kernel
OGARCH1T1M
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L
250
trading days

Figure 2.2.5 1 The contrast plot of the correlation betwe&lc and BAC by the ©
GARCH(1,1,) model and the real kernel estimate in the case thatTri Period: All the
trading daygrom Janlst 2003 to Dec 31st, 2003.

Whil e f orbwteherhaovees e n =

Contrast Plot of OGARCH11M and Real Kernel model
T

1
- - Real Kernel
OGARCH11M

comelation coefficient

L L L L L
o 50 100 150 200 250
trading days

Figure 2.2.52 The contrast plot of the correlation betweéd® and BAC by the ©
GARCH(1,1,n model and the real kernel estimatehe case that n=3ime Period: All the
trading daygrom Jan 1st, 2003 to Dec 31st, 2003

Let 6s tkalkd da hleb@ewmramrodtaheonpair .dforsttdek sc,a sl

n2we get,
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Contrast Plot of OGARCH11M and Real Kernel model
T

T
—— Real Kernel
— OGARCH11M

comelation coefficient

1 1 L L L
o 50 100 150 200 250
trading days

Figure 2.2.53 The contrast plot of the correlation between BAC and BAX by the O
GARCH(1,1,7) model and the real kezhestimate in the case that nF2ne Period: All the
trading days$rom Janlst, 2003 to Dec 31st, 2003

Whil e forS5wehegedagse n=

Contrast Plot of OGARCH11M and Real Kernel model
T

T
—— Real Kernel
OGARCH11M

correlation coefficient

L L 1 1 1
o] 50 100 150 200 250
trading days

Figure 2.2.54 The contrast plot of the correlation between BAC and BAX by the O
GARCH(1,1,n model and the reakknel estimate in the case that n¥bne Period: All the
trading daysrom Janlst, 2003 to Dec 31st, 2003
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The mapbange hbh@@ARGH (pln o cel

esti

mat e whi c

estimate to thtehceopt et at eocbhbBimyar ahedgtkatest

reduction comes from the patiheadastzohcek s AN

correl ation bPAAtPWUg @ & pahtiedd saw d

Contrast Plot of OGARCH1T1M and Real Kernel model
v

eeeeee
OGARCH‘I 1 M

0.6 |-
N
0.4
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comelation coeffcient

-0.2

~0o.4a |-

-0.6 |-
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s \ . . .
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Figure 2.2.55 The contrast plot of the correlation betwedvilAand AAPL by the ©
GARCH(1,1,n§ model and the real kernel estimate in the case thatlim2. Period: All the

trading daygrom Janlst, 2003 to Dec 31st, 2003

Whil e for5thbdecaverefations are
% Contrast Plot of OGARCH11M and Real Kernel model
' = Real Kernel
OGARCH11M
o.8 =
0.6
0.4 ﬂ TR | v
= e
B o2
=
g
g °f
B-o2f |
0.4
0.6
0.8
o s0 100 150 200 250

trading days
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Figure 2.2.56 The contrast plot of the correlation betweevilAand AAPL by the O
GARCH(1,1,n model and the real kernel estimate in the case thafTimg. Period: All the
trading daygrom Janlst, 2003 to Dec 31st, 2003
Among the 10 pairs of sht@Gc&msd tAWER cclorsreesita tti

real eksetrinnealt es. We present it in the foll owi

| h hceas bm2Zwe have,

Contrast Plot of OGARCH11M and Real Kernel model
T

Real Kernel
OGARCH11M

phhpy

corelation coefficient
o]
I

I 1 L L I
o 50 100 150 200 250
trading days

Figure 2.2.57 The contrast plot of the correlation betwéd® and AMD by the @
GARCH(1,1,) model and the real kernel estimate in the case thafli2. Period: Allthe
trading daygrom Janlst, 2003 to Dec 31st, 2003

For t heé& cvaes eh snvw=e
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Contrast Plot of OGARCH1 1M and Real Kernel model

eeeeee
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0.8 |- A
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Figure 2.2.58 The contrast plot of the correlation between AlIG and AMD by the O
GARCH(1,1,n model and the real kernel estimate in the case thatlig. Period: All the
trading daygrom Janlst, 2003 to Dec 31st, 2003

We find that ther omajtohre cehbaedgn&aC eef)doenio, dhe | . Fo

di mensi otnhcecGAREGHB 1 model has a point'ydaeysti mat

2.2.6The Generalized Orthogonal GARCH (1, 1) mode

For the c@sRCHn=nl1, a4, m) model can be gener:
the mMatdriPK’U.The mditg ian ort hogoinsalr emattrriicxt ewdh
an identity-GARCHIi model t hgam® der UWsi dbde( 2002
of the r oetsatciloonc knvaitsrei co-Yt gf 2 abhglpessi bhdemn(nh

the implied condi Riiesna&lx pagersrseelda tmad rh emrmatt ri icxa | |

R=I'V'35 whipr@s @ "and=1, St
Al |l ot her notation cor r@&AsR®H dnso dieol .t hTeh es atnoet a:

parameters tol)e/s2Z4H2ntant.e Wes tnr*ra(nns f osranetdh ath et hpe
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automatically s aittiisofnys . stFaotri ohhey t clamdd or me c

untransformed, par amet ¢ghrasre— OEQ p | Tp

A@B . Both are reported in the estimation su

Table 2.2.61 Distance of the correlations by t&-GARCH model

n 2 n3 n4 ns

Al G v.s. 3.10¢3.2851 3.3894 3.3658

Al G v.s. 3.86:3.7879 4.1344 3.8326

Al G v.s. 2.93¢2.7331 2.8154 3.1639

Al G v.s. 2.8012.8615 2.7906 2.7397

AMD VvABL 2.53¢2.3051 2.9134 2.4206

AMD v.s. 2.94¢42.8793 2.7238 2.6122

AMD v.s. 3.83:3.6208 3.8772 3.28638

AAPL v.s 3.56¢3.6042 3.2752 3.0217

AAPL v.s 2.96:2.9290 3.1098 2.9637

BAC v.s. 2.71372.6867 2.5711 2.5432

Average 3273 3.0693 3.1600 2.9950

Resul ts ar e s hown i n the tabt bkiashtoav eo:f OHO a
GARCH(1,1,M)tocothel attiadbnxker nnel ebei mamder s to

di messnoneases from 2 4dtoi dbn €/stoumat dfee d® t c a
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kernel e s ttihnea t reusmh bwehreenie fi ncr eases from 2 to 5
found from some ot her moared ge pacecmp wtuastliyo rs ttuid
ofstocks 1 n nt=lRe i coBB stshwahti | e -dciommspiuctn nes tfii nvaet e
obt ai npaigr s10o0f corretlaakeissr®&E®3ads. aThencemput
reduces by more than half of what OGARCH(1, :
But keegp tmatmi GOGAMRMJIH(gL ves ebko stelacea@ad Ketr na't
esti math@GARGH( 1 ,th,oM)ghalit takes a Heornte lies st Ite

parameter estimation summary.

Table 2.2.62 The parameter estimates of the GARCH model

Par amet e Esti mat e Standard E
| 0. 0652 0.0320
| o 0.0685 0.0325
| R 0.0000 0.1041
| 0.1666 0.0263
e 0.2627 0.0183
Tk 0.9211 0.0500
(I 0.9095 0.0485
(I 0.0177 0.0986¢6
Th 0. 7239 0.02414
T h 0.3056 0.0190
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Tab2.e22CO nt i nued

3.1416 0.0005
2.8817 0.0851
-0. 0734 0.0279
2.6370 0. 0587
1.5959 0.2103
2.6428 0.15314
-1.2422 0.0431
0. 860 0.0730
-2. 7528 0.3223
0.2076 0. 0832

Log 40930

We wi I | | usttrhaet ec otrbrge | taa ki tomgsst wof pai r s

The correl At Goan® e BckaGeann@f i s gr aphed

as
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Contrast Plot of GOGARCH and Real Kernel model
1 — T

—— Real Kernel
— GOGARCH

comelation coefficient

L ! L L L
o 50 100 150 200 250
trading days

Figure 2.2.6 1 The contrast plot of the correlation between AIG and BAC by the GO
GARCH model and the real kernel estimate in the case thaflim&.Period: All the trading
daysfrom Janlst, 2003 to Dec 31st, 2003

| hhcease we habve

Contrast Plot of GOGARCH and Real Kernel model
T T

-0.2 -

—— Real Kernel
GOGARCH

corelation coefficient
o

L L L L L
o 50 100 150 200 250
trading days

Figure 2.26- 2 The contrast plot of the correlation between AIG and BAC by the GO
GARCH model and the real kernel estimate in the case thaffimb.Period: All the trading
daysfrom Janlst, 2003 to Dec 31st, 2003

We can see f rtohmattshloisgeh tdof@HPBRRCH()L, lstm mat e
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around'ae RPeAds to

l i ke to check anot her

p ddea s ew2,0fstmo=x k s,

Contrast Plot of GOGARCH and Real Kernel model
T T

Z:: \W\W\W\WWWM e

—=

correlation coefficient
(o]

L L
100 150
trading days

L
o 50

Figure 2.2.63 The contrast plot of the correlationilween BAC and BAX by the GO

i
200

5
— Real Kernel
- GOGARCH

L
250

GARCH model and the real kernel estimate in the case thaflim&.Period: All the trading

daysfrom Janlst, 2003 to Dec 31st, 2003

| hhe casdéaet lgatt

Contrast Plot of GOGARCH and Real Kernel model
T

ik

comelation coefficient
(o]

1L 1L
100 150
trading days

L
o 50

Figure 2.2.64 The contrast plot of the correlation betw&C and BAX by the GO

T T
—— Real Kernel
GOGARCH

L
250

L
200

GARCH model and the real kernel estimate in the case thaffimb.Period: All the trading

daysfrom Janlst, 2003 to Dec 31st, 2003
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Similar to whapawe O6buAODGwahd BtAlgee adi Ktea med
i's dabyet het KHOLGAREL HY)L ,els,tm mat es . Frod BAX, pai
the cort alkeattheaste nn=n5 depiodt ¢ hehe eabetzteedr vl at
Theip of AMD ahned cA AoPsLe shtabslereerarl e Ikaetriogniog est i m
altlhle0O pairs of stocks. Butt hteh en uddbsnreamescieo nd o
i ncreases.

| h hcease 2,0f n=

Contrast Plot of GOGARCH and Real Kernel model
T

T 1
—— Real Kernel
- GOGARCH

a1 p b y 5 =
N I Y Wiy I ,-‘ / ST \/v’ ! \
A J "’ / /‘

comelation coeficient

L L L L L
o 50 100 150 200 250
trading days

Figure 2.2.65 The contrast plot of the correlation between AMD and AAPL by the GO
GARCH model and the real kernel estimate indhge that n=2Time Period: All the trading
daysfrom Janlst, 2003 to Dec 31st, 2003

Letds see t htehcemaerthobsth=pl ot i n
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Contrast Plot of GOGARCH and Real Kernel model
T T

—— Real Kernel
GOGARCH

comelation coefficient

L L L L L
o 50 100 150 200 250
trading days

Figure 2.2.66 The contrast plot of the correlation between AMD and AAPL by the GO

GARCH model and the real kernetiesate in the case that n=bime Period: All the trading

daysfrom Janlst, 2003 to Dec 31st, 2003

Di stances inubbéehscash®GARBbB {Qh , anhdee a | kernel

esti mates tdleangemdaeane mosfinacr e a st ehse. olans en = 2,

GOGARCH()1 ,mMo dmalpthuarse dc many vcodrartesll aeB ycoinanrcg eesa si

the nudbmersdifesti mates dondt I mprove much
The GOGARCHmMo(dle g s aalgleynwer al i zati on )of t he

modellt pgbvlgebaséi as ctuhGEGIARLCH( Lamodel but t

a |l ot |l ess computation ti me.

2.2.7The Constant Conditional Correlation (CCC) model

Unli ke the factor GARCH model s above, t he
Conditional DCG)y r emoaeil ean we will trheewinewt i anat
covariance -maheax ¢goeimbuennatrairamtcef GARCH pr oce:

and the DCC models decompose the covariance
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and t htei ocncandist andaed CCEV montdied n sactswanteiso nt sh ait

conditionhahceomatri Xxi maeyicaragssdabgard devi a

condi tional correlation matrix remains const
Due tasswhmpti onc,compearworndti s model with the
kernel estimates. Al |l -uwéreyiond eao mobidteil sn aals saa

The estimation using the CtCl€ei meadeyli nigs craome |
matri x. Myat i omp| eamhesnott h antp.l i The at lger ictommt ans
conditionabfcaéaMDelaatdi An G for the case he=2 | :
real ker niesl Oe s3t0iOndat eRsdi@C € hes tcla.mzed W1=i55

The as s untphca nodni ttihoanta | C &r rceolnastttiacme ooavseirrd exr e d

moraes a starthoghdpdiimtnadf covariance matri X

realistic specification. Starting from the
c ovarmatnrciex i s @athiememryyidmnugtcorndi ti onal -corr el
varying standard deviations. Those are the
we study in the next section.

2.2.8 Dynamic Conditional Correlation (DCC) model by Tse ad Tsui

The DCC model 200fp 2Tisse daenfdi nfesdiiagq t he foll owin

H,=D,RD, 2. 2) 8
w h eD, =diag(hy,.... ). h, =w +ae, +tho, i=1..n

R=14 9R 4.Y ,§, (2.-2). 8
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wheRes nfamsymmetric and positive definite p a

di agolnhael . par amentde ns e scalThe s mat si xspecified

172

Y., =BiL ., /By, wkB, is nadiagonal r(éilqi_ih)x asvi the

di agonal el _ge,ntus,).arl, u,..4),0 OFQis the
standardi zed return.
We wegev®tep MLE estimati on. At the first st

uni vari ate GARCH processes by maximizing th

standardi zed returns. Taking standbaedbzed tE&
correlation model . We hsetsaen dsaar ndpi | zee dc orrert eulr antsi oal
const avitn tterem corr el ati on equation. Wi th suc

of par amet eirns tthoe ecsotrirnealtadt)i ofnr oeny uka*t (iwd¥il g (1122 +22.
signi fi csanhtel yopetaisnel zati on and takes mu c h I

seci fication also eliminates the sensitivity

Table 2.2.81 Distance of the correlations by tB&CC Tse and Tsui model

n 2 n3 n4 n>s

Al G v.s. 2.22¢2.2791 2.4006 2.1797

Al G AABL 2.38¢2.3501 2.5418 2.3195

Al G v.s. 2.570(2.4143 2.3313 2.5226

Al G v.s. 2.35¢€2.3281 2.4224 2.39009
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Tab2.e21C&® Nt i nued

AMD v.s. 2.78¢2.7759 2.6901 2.5267

AMD v.s. 3.68t3.2438 3.4518 3.2249

AMD v.s. 3.06¢2.9106 2.8831 2.9580
AAPL v.s.2.710(2.6942 2.5350 2.5213
AAPL v.s.2.34:22.2701 2.5505 2.3771

BAC v.s. 2.60t2.6000 2.6657 2.6290
Average 2.67:2.5866 2.6472 2.5650

The estimation of the wunivari atlel GWIRCH

Table 2.2.82 The Parameter Estimates of the individual GARCH processes

Stock ) a3
(Standard (Standar d
Al G 0.0668 0.91814
(0. 0158 0. 0191
AMD 0.0101 0.9889
(0. 0040 (0. 0045
AAPL 0.1414 0.6828
(0. 2159 (0. 0%81

93

t pblo



Tab2.e22C® nt i nued

BAC 0.0731 0.9085
0. 0)156 (0. 0)222
B AX 0.2638 0.3817
(0. 0)145 (0. 0033
We report the parameter estimates in the cor

Table 2.2.83 The Parameter Estimates of the Correlation Equation

Par amet e Esti mat e Standard E
— 0.0050 0.00114
— 0.9850 0.0008
Log L -40813

The r estuh®&C fmoodwe | of Tse shmavnT Dl ow200 ) i
bet weleh and BAC is graphed as the following,

For t h®, cvaes eh snw=e
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Contrast Plot of DCCT and Real Kernel model
T T

T =
— Real Kernel
DCCT

corelation coeficient

L L L L L
o 50 100 150 200 250
trading days

Figure 2.2.81 The contrast plot of the correlation betwed@ Aand BAC by the DCC model
of Tse and Tsui and the real kernel estimate in the case thaline2Period: All the trading
daysfrom Janlst, 2003 to Dec 31st, 2003

|l hhe case of n=>5

Contrast Plot of DCCT and Real Kernel model

— Real Kernel

e WWWWWW

0.2 |-

corelation coefficient
o

L 1 1 1 !
(o] 50 100 150 200 250
trading days

Figure 2.2.82 The contrast plot of the correlation between At BAC by the DCC model
of Tse and Tsui and the real kernel estimate in the case thalimePeriod: All the trading
daysfrom Janlst, 2003 to Dec 31st, 2003

For the keotrwielde@Gtarn@h B ncr eassimadeds mamseon o
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real kernel elsdn man et lsenral p &idr BAX, st & ekbghoer BAC a

case20$ graphed as

Contrast Plot of DCCT and Real Kernel model
T T

| |
Real Kernel
DCCT
A A
:
=
&
:
k=]
=
e
- _
:
0.4 - —
0.6 =
0.8 - =
-1 1 L 1 1 1
(o] 50 100 150 200 250

trading days

Figure 2.2.83 The contrast plot of the correlation between BAC and BAX by the DCC
model of Tse and Tsui and the real kernel estinmatiee case that n=2Zime Period: All the
trading daygrom Janlst, 2003 to Dec 31st, 2003

|l hbhe casdéet thatve got

Contrast Plot of DCCT and Real Kernel model
T 1

T I
Real Kernel
— DCCT
0.8 - =1
R 5
8
S el
k=)
=
<
-0.2
g
0.4 - —
0.6
0.8 |- —
-1 1 1 1 1 L
o] 50 100 150 200 250

trading days
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Figure 2.2.84 The contrast plot of the correlation between BAC and BAX by the DCC

model of Tse and Tsui and the real kemstimate in the case that n33me Period: All the

trading daygrom Janlst, 2003 to Dec 31st, 2003

As we observed in the previous mhmewsdetthe tdleo x

corretlmhreeah ker fFeolr caadstei nwakeh env=e2 ,

Contrast Plot of DCCT and Real Kernel model
T

T T
—— Real Kernel
DCCT

0.6

::WWMMWMWWWMW i

|

correlation coefficient
\

1 | 1 | 1
o 50 100 150 200 250
trading days

Figure 2.2.85 The contrast plot of the correlation between AlIG and AMD by the DCC
model of Tse and Tsui and the real kernel estimate in the case thd@imeZeriod: All the
trading daygrom Janlst, 2003 to Dec 31st, 2003

| hhcease ,0f n=>5
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Contrast Plot of DCCT and Real Kernel model
T

T T
—— Real Kernel
DCCT

0.8 -

Wbty ”WW\W%M

corelation coefficient
;
o]

L L L L L
[o] 50 100 150 200 250
trading days

Figure 2.2.86 The contrast plot of the correlation between AlIG and AMD by the DCC
model of Tse and Tsui and the real kernel estimate in the case thdime®eriod: All the
trading daygrom Janlst, 2003 to Dec 31st, 2003

Al soweaso bds eirvet he previous motdedks 76 comree | oaft
cl ostehreetad ker netlhe srtumadra sorfe aiskeerdi eehsbo mv er ag e
computing time in the caoenpuhabtngntlPmesf Hd
secoArdd we found that as t he2tndurmbeerp aafa medreire

the past | atent correlation matrix 1is getti

more | i ke a straight I ine.

2.2.9The Dynamic Conditional Correlation (DCC) model by Engle

Engle (2002) proposed an alternative dynami

mod el of Tse and Tsui (2002) . Unl i ke the DC
model of Engle doesnodotRmsdal fuaorcdi Dhomdl ther
thepewi od past correlations. The DCC model

98



mat hematically as bel ow

H,=D.RD, 2. 22) 9
wh eD, =diag(h;%,-...02), Q@ 1 | @ T Qp ,i=L..n
R =diag q;)°,.... gr) Qdiad ¢%,.... §t) (2.-2). 9

whe@eésnfasymmetamnd positive definite matrix s
Q=C-a -H9Q wu,y,” @.The vwicst odref itmeedC amod el of Tse

Tsui (T2h0e0 2@t s i ®hencondi ti omat r iwar oVWhnecne we

i mpl ement the model, we estimate it by its s
As in the DCC model of s et haendpaTrsaumiet (e &0 2)
Therfst step Iis to estvmatatéehGARGHamebeersse:

t hset andardi zed returns. Then in tQe Actcwaldl ¥

there are onl yQbtewm usat avgea ¥ esiasnspilne counterpar

Table 2.2.91 Correlations by DCC Engle

n 2 n3 n 4 ns
Al G v. s. 3.513.5127 3.0279 3.0829
Al G v. s. 4.064.1089 3.1467 3.2007
Al G v. s. 2.342.2566 2.2313 2.2933

Al G sv. BA>2.672.5725 2.5333 2.4887

AMD v. s. 2.182.2730 2.2050 2.1874
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Tab2.e21Ch nt i nued

AMD v. s. 3.113.3022 3.1622 3.1906

AMD v. s. 3.193.1564 3.1699 3.2141

AAPL v.s. 2.823.0323 3.0101 3.1993

AAPL v.s. 2.972.08&7 3.0009 2.92638
BAC v. s. 2.702.6044 2.5672 2.5387
Average 2.962.9625 2.8055 2.8322
Looking at the table above, we found that

sl i ghtolstelhreet okernel esti matsshcas atsteess. f Trmime r2
ratio Iis the same as that we gathk€ECoBnglrevi
model from the others is the computinbngeti me.
correfloart ioome pair ©odmputoickg twihmeé ei £ he5 secon
That | shDeCd sEayg,l e model handl es the di mensio
mo d eflhsa.cr easi ng di mensi on doesndét make compu

The estimation &€H tipeoceissansi at e GARMari zed
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Table 2.2.92 The Parameter Estimates of the individual GARCH processes

Stock ) by
(Standard (Standard
Al G 0. 0668 0.9184
(0. 0)158 0. 0191
AMD 00101 0.9889
(0. 0040 (0. 0045
AAPL 0.1414 0.6828
(0. 2159 (0. 0¥%81
BAC 0.0731 0.9085
(0. 0156 0. 0)222
B AX 0.2638 0.3817
(0.0)145 (0. 0033
We report t parameter esti mates

Table 2.2.93 The parameter estimates of the correaltigmation

Par ameter Esti mat e Standard
| 0.0080 0.0017
f 0.9783 0.0015
Log L 41132
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The restuhkeGC fBEnogh e model TheecoshowhdAbiSbmawhet w

BAC tihcease odr aplRed sas foll ows

Contrast Plot of DCCE and Real Kernel model
T T

T I
—— Real Kernel
DCCE

0.8 - —

g

correlation coefficient

L L L L L
o 50 100 150 200 250
trading days

Figure 2.2.91 The contrast plot of the correlation between Aid BAC by the DCC model
of Engle and the real kernel estimate in the case thaflim2. Period: All the trading days
from Janlst, 2003 to Dec 31st, 2003

For theWweadave

Contrast Piot of DCCE and Real Kernel model

s Real Kernel
C
0.8 - =1
o.e /\\/\ J\ ]\/\
=
2 o2
(=3
=
g of
k=]
=
g-0.2| -
S
0.4 |- ol
0.6
0.8 |- -1
-1 0 1 il L L
o 50 100 150 200 250

trading days

Figure 2.2.92 The contrast plot of the correlation between AIG andCB¥ the DCC model
of Engle and the real kernel estimate in the case thaflimg. Period: All the trading days
from Janlst, 2003 to Dec 31st, 2003
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For stocks

Contrast Plot of DCCE and Real Kernel model
T

corelation coefficient

T T
—— Real Kernel
DCCE

1 L
100 150
trading days

1
o 50

1 1
200 250

BACcamneBatKipdn bd Bkkebnhh o&. t hat

Figure 2.2.93 The contrast plot of the correlation between BAC and BAX by the DCC
model of Engle and the real kernel estimate in the case thalm+@ Period: All the trading

daysfrom Janlst, 2003 to Dec 31st, 2003

| h hcease wk ©g=e5,

Contrast Plot of DCCE and Real Kernel model
T

corelation coefficient
(o]

T
—— Real Kernel
DCCE

L L
100 150
trading days

L
o 50

1
200

1
250

Figure 2.2.94 Thecontrast plot of the correlation between BAC and BAX by the DCC
model of Engle and the real kernel estimate in the case thalim® Period: All the trading

daysfrom Janlst, 2003 to Dec 31st, 2003
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The c¢cl osest o lorecrarl e I kaetrinsenl f oers tsitnoactkes . i AMMBeaaad AA

of 2,n=

Contrast Plot of DCCE and Real Kernel model
T

1 T

— Real Kernel
DCCE

0.8

correlation coefficient
1 1

L L L L L
o] 50 100 150 200 250
trading days

Figure 2.2.95 The contrast plot of the correlation between AMD and AAPL by the DCC

model of Engle and the real kernel estimate in the case thalTm+@ Period: All the trading
daysfrom Janlst, 2003 tdec 31st, 2003

| hhe casdé&aet hatv e

Contrast Plot of DCCE and Real Kernel model
T T

1
Real Kernel
DCCE
0.8

Iy Wb o b iy

L 1 1 1 1
o] 50 100 150 200 250
trading days

comelation coefficient

Figure 2.2.96 The contrast plot of the correlation between AMD and AAPL by the DCC
model of Engle and the real kernel estimate in the case thalm® Period: All the trading
daysfrom Janlst, 2003 tdec 31st, 2003
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2.2.10The Regime Switching Dynamic Correlation (RSDC) Model

As
mo s t
a mog
corr
corr
car e
fluc
amon
corr
Thi s
usua
t he
affe
regi
sSwit

I n
devi

|l att

@ Bg

we al l know, anmntelrasitongbéeopmes of p o
l' y becadanpoirtl apliaaysssett iarhdt.diee@at n eslna toiven
t he @gogdatfstliine avraer yi ng at every point
el ation model s above, shoul d a portfo
espondi nglgye neeviearbyt ydt ahyp?r aTahtaetc en Attublyl y

about i s wheaetgmerf i ctaet lcyomak ket e ssnhde & s
tsuaMapwyhe a more practi ctahecoasrseu mapttiioonn sswh
g a couple of regi mes or stat ees,t hgaotv er
el ati onesv esrt ag/e rctoanisnt apd rt iho chs cavad cathhan g e e ¢

assumption can find suppks tf @amenthei mdu

l'l'y have a small <corr el &teitom himectkwd & rk et hw
financi al tur moi | i n 2008, we wi || see
cted by the common mar ket factor. Then
me s , the unaffect ed | e2hOePeSapnrdo ptohsee da fsfueccht e
ching dynamic correlation model which fo
the RSDC model , Pell etier decomposes th

ations and correlati ons . ARICHHe pfrmrcreers ecsa m

er i s a regime switching model as foll ow

oP Ve & W (2.4)10

wheDe s an unobserved MdtekdwsicthRolTmemdathn melda b i
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mat e®ican be estimated by using with Expectatd.i

Table 2.2.101 Distance of the correlations by tR&DC model

n 2 n3 n4 ns

Al G v.s. 3.2372.9193 2.8916 3.34

Al G v.s. 3.1123.2903 3.4656 3.6089

Al G v.s. 2.7092. 7051 2.6485 2.7214

Al G v.s. 2.7302.7262 2.6635 2.6057

AMD v.s. 2.5922.5275 2.3067 2.2046

AMD v.s. 2.9772.9953 2.6649 2.6811

AMD v.s. 3.2202.9914 2.7788 2.7893

AAPL v.s 3.0403.3743 2.9481 3.2667

AAPL v.s 2.8932.5482 2.6614 2.5908

BAC v.s. 2.6802.6933 2.6351 2.5631

Average 2.9192.8771 2.7664 2.8045

We found that 7 out of 10 pairs ofersnelck c
estimat esn aisndn enesress Whradm ddtshResB DT umedebs fr om
others is the computing ti me. On average |
estimate for one pair of stocksdiwfen sei otnheo fc

Th&SDC model handles the dimension problem
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|l ncreasing di mension doesnodt make tcomep uthaet i o
initial val uest hoapptpienmu m ov ableuecsl.ose t o
For olueme mipaads Dumme wtehatr d qiidnoegs & meei cwo matl rai x

respectivehgos@€hdnmeasi on as n=2 and n=5.

Table 2.2.102 The parameterstimates of the RSDC model

Par amet e Regilme Regi2me
o 0.0571 0.4230
(0. 0155 (0. 0076

o 0.0307 0.4465
(0. 0058 (0. 0063

Wh 0.4416 0.5992
(0. 0039 (0. 0045

Wh 0.2049 0. 4853
(0. 0019 (0. 0016

Wp 0.2377 0.5328
(0. 0038 (0. 0051

Wp 0.1179 0.4610
(0. 0049 (0. 043

Wp -0. 0341 0. 3841
(0. 0044 (0. 0034
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Tab2.e2-2@O®nti nued

o, 0.0937 0. 4837
(0. 0) 48 (0. 0034
o, 0.0002 0.4042
(0. 0019 (0. 092
o, 0.1415 0. 4636
0. 0R27 (0. 0086
“ 0.8121 0.5859
(0. 0100 (0. 0) 83
E(logl) 17293

Resul t st raateed lilmst he f ol |Itolwa ngmaatalp hpsr. o BAeb if |
t woegi me RSPBEr nmohlde |]smooth pr ollwdeinl iwtey ciomprué¢ @

correlation between AI G and BAC is shown in
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Smooth Probabilities of the two-regime RSDC model
T T

: «/W\W\/WKM VA

(o]

Smooth Probability
)
)

1

L L L
100 150 200 250
trading days

Figure22.161The s mooth pr obradbgil me | RIDiQe Casetttadel t wo
n=2 for the correlation of AIG and BATime Period: All the trading daysom Janlst,
2003 to Dec 31st, 2003
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Figure 2.2.102 The contrast plot of the correlation between AIG and BAC by the RSDC
model and the real kernel estimate in the case thatTim2. Period: All the trading days
from Janlst, 2003 to Dec 31st, 2003
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Figure 2.2.104 The contrast plot of the correlation between AIG and BAC by the RSDC
model and the real kernel estimate in the case thatTim®. Period: All the trading days
from Janlst, 2003 to Dec 31st, Q8.
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BAC and BAX i n2itshe case
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Il n the ndase that

Contrast Plot of RSDC and Real Kernel model
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Figure 2.2.107 The contrast plot of the correlation between BAC and BAX by the RSDC
model and the real kernel estite in the case that n=bime Period: All the trading days
from Janlst, 2003 to Dec 31st, 2003
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Figure 2.2.108The s moot h pr obradbgil mea i RIMDiRe Casethatel
n=2 for the correlation of AMD and AAP[Time Period: All the trading daysom Janlst,
2003 to Dec 31st, 2003
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Figure 2.2.109 The contrast plot of the correlation between AMD and AAPL by the RSDC

model and the real kernel estite in the case that n=bime Period: All the trading days
from Janlst, 2003 to Dec 31st, 2003
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Contrast Plot of RSDC and Real Kernel model
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Figure 2.2.1010 The contrast plot of the correlation between AMD and AAPL by the RSDC
model and the real kernel estimate in theedhat n=5Time Period: All the trading days
from Janlst, 2003 to Dec 31st, 2003

2.2.11 Model Comparison

Back to the qguesttihoen vwewyri abibsgendomieh g gi ves
estimate to the titlreeaxlorkerhmdlesensasi B weetake
of the true correlations? The foll owing tabl
To see how wel |l MGARCH model s can forecast
bet ween the MGARCH estimateseantduahedrtal pa

corresbatbomst ocks, Al G, AMD, AAPL BAC and BA

the average of those 10 distances. For comp
model s, we <cal cul ate the aovfersatgoec kcso nopaurt rag i aotr
of n=2 and use the actual computation ti me ¢

Because even optimization stops at the same
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dramatically diffeetesnatofgi veintitale dalfdes ehor
al |l we show in the foldM®AWGH mosdetlh et askheosr tteo
opti mum.

The foll owing tables |list the distance and

the threeamestmpeelf ®©r mwet ek € .t hem bol d i n

Table 2.2.111 Model Comparison: distance to the real kernel estimates

n=2 n==u
DVEC 2.9766 2.9027
BEKK(}Y, 1 2.9588 2.8857
FGARQAQH(,1 3.4875 6.5273
FFGARCH 3.6 2.9146
OGARCH 2.9139 2. 7241
GOGARCH 3.1273 2.9950
DCC &gsui 2.6735 2.5650
DCC Engl e 2.9606 2.8322
RSDC 2.9193 2.8045

115



Table 2.2.112 Model Comparison: Computation time

n=2 n==u
DVEC 69 457
BEKK( )L, 1 5 4 411
FGARAGH((L,1 501 2581
FFGARCH 30 4407
OGARCH 97 1608
GOGARCH 33 683
DCC &gsui 34 70
DCC Engl e 25 45
RSDC 166 6 2

We can see that the DCC model of Tse & Tsui
mo d e | provi deasthé obedtot hode mensi ons. Consid
DCC model of Engle (2002) and the RSDC mode
number of series increases, t he RSaC tnyo deen d
takesigyi fiesantli me than all the other model s

can see that RSDC even to®khhdeesensi ma DO €85

it hei mensi on of t wo. I run the tR8DG i medelh
compati ondiime ntshen of five 1s | onger than 2
seconds. Given the f aciisttthmd, gsHhoeaatlcdmeates i kb8
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sense. As in the first chapter fol ladwiomg B
(2003) , dynamrel abndnt modal s clsceo v&etriismpgDE @ e |
oEngl & hend RSDC model whot @nciahhterof orhd or ecas

prompt computation or both.

2.3Conclusion

By i mpl e meunlttiinvga rtihaet em model s, we made t he f
model s show i mproved accuracy as ftorédhe numb
FGARCH(1, 1, 1) model , although the i mproveme

terms of compuBygtieapandi ng the di mension fr
a computation time that increases |l inearly
have geometrically increasing computation t
di mensi oneamh i h & s tp,r odbil dnodt change trdec men i ocno
i ncreases. Some models take a few seconds w
hour s. Third, seeing from the tabl es, I f C

OGARCH modadetthegiwl osest estimates to the real

much more computation time in high di mensi
accuracy i mprovement and the corresponding
and the dReSDCoumoperform their peer s. They <ca
di mensions if necessary such as 10pdaée or

reasonabl e r asurdethnssi enemff kdr. arhat 6s whe we

di menshi on of
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So the platform wa nlkeow sreuGRAROHEHd enadledpii mgt h

chapter will be the DCC model of Engle (200

mul tivari ate GARCH modelt theesadd kiemarfed , eefsh ac h

volatility, and a measuseepntoerqoagastbongto co
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Chapter 3 The Real Dynamic Conditional Correlation Model

3.1 Introduction
From the study in Chapter 2, we haseen that the most recentigvelopedUGARCH

models tend t@rovide more reliable forecasts. Their parameterizations are better at handling
the dimensionality issue and they dherefore mae efficient with respect teaomputation
time. TheDCC model ofEngle (2002)is a good exampleGiven the asilability of high
frequency financial dat researchers havegher expectatias on theperformanceof the
GARCH models and the MGARCH modelBor the univariate caseprme have tried
integrating variables computed with higher frequency observatgrd) as the realized
volatility, into the GARCH equations (called GAR©Kmodel) and have obtained improved
results. See Engle (2002b) and Forsberg and Bollerslev (&023ample

Unfortunately theGARCH-X model is not complete in the sense that isf&l provide any
forecastingabout the future volatility beyond one perida illustrate that, we can look at a
typical GARCHX formulation,
W Qa (3.1.2)
Q1 1'Q 'Y (3.1.2)
In equation (3.1.2)Y wis the realized voldity. If we want to forecasthe conditional
volatility "Q at the next period p, OQ sO, we can write it as,

0Q $O 1 17 |'Y& (3.1.3)
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at timeo, both"Q and'Yw are known. There is no problem forecasting one period ahead. But
if we want to forecast two periods ahedle forecasted conditional volatilitgy'Q SO

would be,

0Q ¢sO0O 1 10O00Q sO | OYw sO (3.1.4)

The last item on the right hand side of equation (3.1.4) is not provided or explained by the
existing GARCHX model by any means. That is why Hans Huang and Shek (2011
proposedhe real GARCH model which includesmeasurement equation. Bgtablishing a
linkage betwee and'Y @ O'Y w sO canbe obtained fronD"Q sO. This framework

will be the starting pint of the real Dynamic Conditional Correlation (real DCC) model, our
new MGARCHmodel. So I will briefly introduce this modelrfbackground knowledge.

We can consider a simple real GARCH(1,1) model in linear form as the following,

® Qb (3.1.5)
N1 1R e (3.1.6)
@ , +0Q ta o (3.1.7)

where w denotes the realized volatility of the asset retorand is estimated by the real

kernel model we discussed in chapteie call ittheii r e a | t er mie eguation ( 3. 1. 7
(3.1.7) is calledhe measurement equation because it providezsonement ofhereal term

@ in terms of conditional volatilityQ, standardized retur@ , and the shocld where

ax "QQip hox QQi, and Q@ 0 OwsO with 'O , whohd ho B

There are some critical advantages of specifylrggreal termw in a form like equation

(3.1.7). Firstly, it is consistent with the fact thihe conditional variance of returf is an
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autoregressive (AR) process. We canify this by substituting (3.1.7) into (3.1.6), by which
we get,
Q1 ., I 1@ 1 ,wher¢ [ t& 10 (3.1.8)
Secondly, such a specification integrates the leverage effect by including a fundatioof
standardized retur@ . The baseline choice of function can be a quadratic form such as
ta td& T a p which esuresOta  Tmgiven the assumption @f specified
above. The leverage effect refers to tiegative correlation betwedhe current returng
and the future volatility"Q . The negative parameter estimate fofin the functiont &
obtained inthe empirical analysi;n Hansen, Huang and Shek (2D&lso conforms to the
leverage effect observatiowe will review ourempirical analysis results later. Thirdly, such
a specification enables us to express a longer period (e.g. 24 hours) of conditional ¥@riance
by a short period (e.g. 6.5 hours) of real tesmLastly, the measurement equation is simple
and easy to implement.

Given the lineardrm of the realized GARCH model, we will specify the corresponding
log likelihood function with which the quasi maximum likelihood estimation can be

implemented.

aaftil-  -B 1 1Q o 11.C (3.1.11)

where —is the parameter vector contmig the parameters to estimate with

Hansen, Huang and Shek (2QX#&sted their modeh log linear formon financial data

covering 28 stocks anan exchange traded fund, SPY ( the ETF tracking S&P 500 index)
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spanning the period from January 1, 2002 to August 31, 2008. They divided the time period
into the in-sample peod (January 1, 2002 to December 31, 2007) and thefesample
period (January 2, 2008 to August 31, 20fa checking the forecast accuracyhe QMLE

is adopted for parameter estimation and heeesame key findings from their empirical
analysis.

Firstly, the point estimates of parameters are very similar across many stock series.
Secondlythe realGARCH model outperforms the standard GARCH models both in case of
in-sample estimation and eaf-sample forecasting. We also did sugltomparisonand
obtainedsimilar results in the empiricanalysisof our proposed real DCC model and we

will share theniater.

3.2 The Real Dynamic Conditional Correlation (real DCC) Model

Given the fact thathe real GARCH model outperforms its peers, we want to taks &
starting point to dedep a new MGARCH model which apis the real GARCH
specification tathe multivariate caseA direct generalization looks easy bsitnot actually
feasible. If we directly extend theeal GARCH model tahe multivariate case, thaew
MGARCH model would be much like a DVEC model with a real term and a measurement
equation. But as we have seanChapter 2, DVEQequires too many parameters when the
numberofseriee ncr eas es a n dthisdimendianaity issdie very veelad high
dimension scenarg) the number of parameters to estimatehi@ DVEC model explodes.
Even if we generalize the real GARCH modebtberalternative MGARCH model sudhs

the OGARCH modeldired generalization is hardne of the difficultesis how to impose
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the corstrairt thatthe value othe estimated conditional correlationust bebetween-1 and
1, which isnot encountered if we build a univariate real GARCH model

Based on theomparative study of the MGARCH modgelge have found that é@DCC
model of Engle (2002) hasnany advantagesuch as allowing for twgtep estimation,
handlingwell the dimensionality issuand taking much less computing time. The idea of
decomposingthe conditional covariance matrix into two parts, the dynamic itmmal
correlation matrix and the individual volatility processsgppealingin our newly proposed
real DCCmodel we also decompose the conditional covariance matrix into two parts. The
individual volatility processsadoptthe spedication proposedn Hansen, Huang and Shek
(2010) The conditional correlation matrix will hagespecificationsimilar to the DCC model
of Engle (2002) but we will substitute tloaiterproduct of standardized returns with the real
correlation matrix and define a measuseat equation fotthe realized correlatien

Now we will provide a detailed formulation for oueal DCC model. We start by
decomposing the variano®variance matrix into standard deviatiOnand correlation® ,
© 0YO (3.21)
whereO :diag('Qg 1¢] ﬁ"Qf#1 and the variance of asset 1;, follows a univariate real

GARCH(1,1)model in linear form,

Q1 T Ty (3.2.2)
W, % tap 065p (3.2.3)
OF Ol (3.2.4)
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where@ ‘@@ ip ando z ‘@& T, ;, . To derive the corresponding kigelihood

function, we first check the joint density functioncef{ andwy,.

~

"Qwp, foop, "Qwy, Qo Wih (3. 2.5)
That is equivalentat evaluatinghejoint density function oto, andé f, given

0 5 , <& Tag (3.2.6)
Assuming Gaussion distribution fdr andé , the correspondg loglikelihood functionis,

& Wy o 7 MOk -B ii® L 11,6 — (3.2.7)

h

Where Oy, denotes the set of parameters to estifatadividual asset,i

- ~

Oy 1 R AR » tghtah, ;)
In the first step, we will obtain the parameter estimates by maximittieglog likelihood
& Op N0 for each asseseparately In the case of Qdimensions, the number of
parameterin O is Y'Q

Then let us look at the specification @r, the correlation matrix at time\WWe assume that
Yo =Y —Y'Y (3.2.8)
where p ist ¢ positive definite matrixand'Y "Yis the realied correlation matrix We

further assume that

0 UBYY UUHD e 0UHY - (3.2.9)
wheret « p,— T1h— Tthh— — p, and- is a& ¢ p T¢ vector with
O- mandw ® " O r . The @uation (3.2.9) is th@eroposed measurement

equationfor the multivariate real GARCH model. The matiXYis therealized correlation

matrix calculatedusing themultivariate real kernel model proposed by m#orff-Nielsen,
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Hansen, Lunde and Shepha&®{1). The operatod ‘(@vectorizesthe elementsbelow the

diagonalof a matrix. For example) X&'Y'Y selectsthe realized correlatianof all the

stocks in the realized correlation matixy.

We taked ‘(%on both sides of (3.2.8) to get

0 OdY U UH —O Y —0 'OB&Y'Y (3.2.10)

Substitute (3.2.9) into (3.2.10), we will get,

0 OBY 0 Cd QK'Y — 0 OG- 0 Y 0 O-
(3.2.11)

Takethe unconditionalexpectation on both sides of (3.2.11),

00 'Y 0 & —OU W'Y — 0 O~ « 00 KB'Y
(3.2.12)
p — — 00 Q&Y 0 U — 0 O (3.2.13)

Equation (3.2.13) means that the invariant partghefcorrelatiorequation (3.2.8) and the
measurement equation (3.2.9) are bound together. Once one of them is assigned a value, the
other is automatically fixed.

To guarantedhat the expectation ok 'Yis a positive definite matrix, we need to find a
proper specificabn for theparameters. We choose to express a function of so thatthe
expectation of) ‘(O@of the real conditional correlation matrix is a convex combination of

two pasitive definite matrices as follgw

0L Y'Y p ¢ VK o OO Kh'Y (3. 2.14)

Substituting(3.2.14) into (3.2.183 weobtain
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£ oY ——— (3. 2.15)

In practicewe can reduce the number of paréengthat must be estimated through a f©on
linear optimizatiorby substitutingO 'Y for its sampe counterpart

oY Y -B 66

Using(3.2.13),we get the following estimation forand* ,

‘Hi'Y———and* 0 U@ Hp -

The remaining parameters to estimate a@ ‘Hh—h—P h  where, is the
variance of . From the equation (3.2.8) we can see sugh a specification fahe dynamic
conditional correlation matri%¥ can help to break the curse of dimensionality. The number
of parameters to estimatierough a nofinear optimizationin the model for thecorrelation
matrix is always four no mathow high the dimension.is

By using Quasi Maximum Likelihood Estimation (QMLE), we get #&imates of
parameters by maximizirtge likelihood function as folloyw
awh rNoso -B 11$0s w&® o 11,0 — (3.2.16)

How can we compare theeal DCC model with the traditional DCC model of Engle?
There is no error termd in the DCC model of Engle so there are no directly comparable log
likelihoods. We can do the comparison just like the way we compare the traditional
MGARCH models in chapter 2. We will use the real kernel estimate of the actual correlation
as the benchmark to see which model provides the closer estimate to it. So it is thetsame wi

the comparison of the real GARCH model and the traditional GARCH model. We will use

the real kernel estimate of the actual volatility as the measurement to see if the real GARCH
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model proposed by Hansen, Huang and Shek (2010) provides a closer eftithateal
kernel estimate thatme GARCH(1,1) model.
One advantage dhereal DCC model is that thearametergan be estimated in two steps.
The total number of parameters to estimaig®s @. Among themyQparameters are foR
individual univariae real GARCH processes, which can be separately estimated one by one.
The number of parameters ithe conditional correlaon matrix equation and the
measurement equatidinat we have to estimate through a{tioear optimization is always 4
regardless ofdimensions. And we have also showed in Chapter 1 that the parameters
obtained by twestep estimation prove to be consistent.

In the next sectiohwill share the empiricahnalysis results associated with the real DCC

model whose parameters are estimate@MLE.

3.3 Empirical Application

The selected stocks have been introduced in Chapter 2. The high frequency data source is
the Trade and Quote (TAQ) database provided by the Wharton Research Data .SEneices
data availablés for the period of dnuary 1, 1998 to December 31, 2003. We divide the time
period into two parts, one is for parameter estimation which spans from January 1, 1998 to
December 31, 2002; the other is fort-oftsample forecasting and covelse period from
January 1, 2003 toézember 31, 2&)

Before conducting any analysis, we first checked the data quality andtbkedata by

deleting any outliers beyond two standard deviations. An outlier here refers to an abnormally
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low or high transaction price. For example, for a dpeday of a stockthe majaity of
transactions occured at $80 or so whi{@ Ransactions on that day had trading prices as high
as $16Ms outliers

We first estimate the parameters in the individual volatility proeasthe real GARCH
model. The ral kernel estimates are pecalculatedand saved as known ddtabe used in the
real GARCH model The total number of parameters to estimate is supposed 4G Tk
wherethe number of series 1 But we did a variance targeting for the real GARCH model
as we did for the traditional DCC model of Engle (2002). Thatis, p I [ w, where
wis the sample average of the realized volatility. That reduces the number of parameters
estimatedthrough a nosinear optimizationfrom Yz "Qto x z "Qand also hies to reducette
number of constraints we have to impose during the optimizafiable 3.3 1 contains
parameter estimatefor each individual stock. Then in the second step wge the
standardizedreturns. To estimate the real DCC model,ewfocus onthe parameters
—h—bh h, in the conditional correlation matrplus themeasurement equation thfe real
correlation matrix(the real DCC model)We summarize the estimated parameters tued

standard error®r the real DCC modeh the table 3.32.
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Table 3.3 1 The parameter estimates for the real GARCH model

Parameter AIG AMD AAPL BAC BAX
(Standard | (Standard| (Standard (Standard (Standard | (Standard
Error) Error) Error) Error) Error) Error)
1 0.5603 0.6641 0.6227 0.7775 0.9881
(0.1263) (0.1367 (0.1739 (0.0609 (0.0065
r 0.3222 0.1442 0.1971 0.1552 0.0060
(0.0889 (0.0789 (0.1139 (0.0463 (0.0025
, -0.0000 -0.0009 -0.0000 -0.0001 -0.0002
(0.0003 (0.0009 (0.0009 (0.000) (0.0003
. 1.0828 1.4880 1.0269 1.1558 1.4840
(0.1549 (0.5018 (0.2883 (0.1639 (0.7319
T -0.0000 0.0000 -0.0000 -0.0000 -0.0000
(0.0000 (0.000) (0.000) (0.0000 (0.0000
T 0.0000 0.0001 0.0000 0.0000 0.0002
(0.0000 (0.0000 (0.0000 (0.0000 (0.0000
, 0.0003 0.0015 0.0014 0.0005 0.0007
(0.0000 (0.0003 (0.0005 (0.000) (0.0002

We can see from the table abohattthe parameteaf thereal terni andthe conditional

volatility 7 are bothsignificant.And ¢ in the measurement equation, the parameter depicting
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the relationship betwedhe real term and conditional volatility is also significant just as we
expect. Next we will take a look at the estimation resultshefconditional correladbn
matrix. Because we us@ two-step estimationprocedure the standard errors for the
parameters in the real DCC modél, need to be corrected. We estim@tebased onO,

the estimated parameters in the first step, not the true paranjetech are unknown), so
the variation ofO should also include the variation of the parameter estintate§he
corrected standard errors for the parameters usingst®yo estnation are discussed by
Greene (2003), and are applied by Engl@0@ and Pelletier (2005) in their models. | will
adopt the notation dBreene (2003). The parameter vedibhas an asymptiz covariance

matrix as follow

1 Z

W -0 oowd Youbo OwY w (3.3.1)
where
w O0i8WOWE — — basedon the equation (3.2dw NO ora (3.3.2)
w O0i8&OWE — — basedon the equation (3.2.1®ph NOsO ora  (3.3.3)
6 0-— — ,andY O0- — — (3.3.4)

All those matrices can be consistently estimated by their sample counterparts.

Table 3.32 The parameter estimates for the real DCC model

Parameter — — . ,
Estimate 0.0777 0.9167 0.9696 0.1528
(Standard Error) | (0.045) (0.055Q (0.0279 (0.0319
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For dimension of 5, the total computation tinsel43 seconds. It took 94 seconds to
calculate the individual volatilities of the five stocks by the real GARCH model and 49
seconds to estimate the realized correlation by the real DCC n@udeh tre standard
errors, we can see that the parametemeses are significant. The significancesofproves
that a measurement equation like (3.2.9) does depict the relationship béhedatent
conditional correlation matrix and the realized conditional correlation matrix.

We want to see whether the real GARCH model has improved the estiroitienlatent
volatility compared with the traditional GARCH model, as Hansen, Huang and Shek (2010)
conclude Then we also want to check if the real DCC model outperforms the traditional
DCC model of Englg2002) The measurement we use is the real keesémate of the
actual volatility and the cogfation matrix. The distance between the model predictions and
the real kernel estimatés defined as the-2 norm of differencébetween themThe smaller
the distanceis, the better a model predictthe volality or correlation. For all the
comparisons we report the distances and the computation time in separate tables. We
summarize the distance of the estimate from the real GARCH model and that of the
traditional GARCH(1,1) model in the table 3.3 and conputation time in the table 3.3.

The comparison of the real DCC model and the traditional DCC model of Engle is covered

afterward.
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Table 3.3 3 Distance comparison of the real GARCH and the GARCH(1,1) model

Distance Real GARCH GARCH(1,1)
AIG 0.0100 0.0263
AMD 0.0542 0.1147
AAPL 0.0510 0.1623
BAC 0.0180 0.0330
BAX 0.0518 0.0736

Table 3.34 The computation timef the real GARCH and the GARCH(1,1) models

Correlation Real GARCH GARCH(1,1)
AIG 10.4680 0.8130
AMD 10.7190 0.6090
AAPL 11.7500 0.9220
BAC 10.2350 1.0470
BAX 10.7960 0.7660

The table 3.33 implies a better estimate from the real GARCH moBEet all the stocks, the
estimates of their individual volatilities are cloge the real kernel estimates than those

obtained from the traditional GARCH (1,1) model.
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Next we will list the distanceomparisorresultsfor the correlation estimates from the real
DCC model and those from the traditional DCC model of Engle (2802nthe number of
seriesis equal to 23, 4 and Srespectively. As we have pointed out before,ghgormance
comparisorof the traditional MGARCH modelsn Chapter 2 idased orthe 10-year daily
data while thesstimation of the realized volatility rdels is based on-$ear intraday data.
We cannot directly compare the resultstioé DCC model ofEngle (2002) illustrated in
Chapter 2 with the results of our new model. So westenatethe DCC model oEngle
(2002) using 5year daily data (Jan 1, 1988 December 31, 2002, the same time period that
our new real DCC model is estimated on), specifically for the model comparison in Chapter
3. Forthe traditional DCC model dEngle (2002), we usile variance targeting technique to
ease the computatiorwhich can be expresd as the following. Assuming general
univariate GARCH(1,1) process can be written as,

O B T Q (3.3.5
wherew is the daily return. Theonstant terms defined a% p | T ohwisthe
average volatility which can beonsistentlyestimated by, its sample counterpargo the
eqguation (3.3.bcan be rewritten as,

Q p T T Q (3.3.9
By doing variance targeting, we havee less paraeter to estimatéhrough a nodinear

optimization

133



Table 3.35 Distance Comparison for the case2

Distance Real DCC DCC(1,1)
AlIG v.s. AMD 5.2889 5.6027
AlIG v.s. AAPL 4.9756 5.7480
AlG v.s. BAC 5.4334 10.3127
AIG v.s. BAX 5.2559 6.9656
AMD v.s. AAPL 5.2438 8.0364
AMD v.s. BAC 5.2946 5.5248
AMD v.s. BAX 5.3338 6.6114
AAPL v.s. BAC 5.2544 5.9294
AAPL v.s. BAX 5.0649 5.2302
BAC v.s. BAX 5.0459 5.8304

For the cas@=2, we calculate the correlation estimateach pair of stocks one by one. For

all the pairs ofstocks, the distance of their correlations estimated by the real DCC model to
the real kernel estimate is smallbian that ofthe traditional DCC (11) model ofEngle
(2002). It is a sign of improvemein the fitwhich results from addinghereal term andhe

measurement equation to the tradition@C model of Engle
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Table 3.36 ComputationTime Comparison for the case2 (in seconds)

Correlation Real DCC DCC (1,)
AlIG v.s. AMD 83 14
AlIG v.s. AAPL 94 14
AlG v.s. BAC 104 12
AlIG v.s. BAX 93 13
AMD v.s. AAPL 80 41
AMD v.s. BAC 88 22
AMD v.s. BAX 91 14
AAPL v.s. BAC 88 5
AAPL v.s. BAX 85 9
BAC v.s. BAX 88 12

The traditional DCQnodel takes lessme, which is partally due to its simplespecification

in the traditional GARCH modellThe major time difference comes from the difference of
computing individual volatilitiesThe orrelation matrix part takessamilar amount of time.
Although it takesa longer time to finish the iteration, our new model is stileigood range

of computation time efficiencyOne of the advantages of our new model is that the optimal
solution is less sensitive to the choice of the initial valAsswe have discussed in Chapt

2, traditional MGARCH models are usually sensitive to the choice of initial values. Some are
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severe while others are mild to some extéhe DCC model oEngle (2002) is considered

as stablan this respectompared with its peers but is still an issue. For instance for the
estimation of the correlation of AIG and BA@ is hard to findan optimal solution (takea

very lorg time without convergingwith a set of initial values. But after changing to another
set of initial values, the optimizatiorigarithm reaches the convergence criteria in a few
secondsFor the new model, many sets of the initial values usually lead to one or two
optimums. Another advantage isthath e comput ati on ti methedoesno
dimension gets higher, which pree s 0 u i capabildyeathaindlingthe dimensionality
issue. Now we list the comparison resultstferhigher dimensions. For the case3, 4, 5,

we choose the combinations that can cover all the individual correlation estimation. For
example, thereared p rdifferent combinations of 3 of 5 stocks. Each combination
provides 6 individual correlation estimates. If we try all the 10 combinations, there will be
many repeated computat®rfor the same pair of stocks. So we randomly pick 4
combinations wich is the minimum number of combinations coverthe correlation
estimates of all 10 pairs of stocks. For the same reason we randomly (to guarantise there
no arbitrary manipulation dhe results) pick 3ambinations of stocks for the case4. For

n=5 there is only one possible combination and it coakthe correlations
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Table 3.3 7 Distance Comparison For the case3

Distance Real DCC DCC(1,1)
AlIG v.s. AMD 5.3001 5.6419
AlIG v.s. AAPL 5.1081 5.6215
AlIG v.s.BAC 5.5726 10.4550
AlIG v.s. BAX 5.3142 7.0191

AMD v.s. AAPL 5.3416 7.8474
AMD v.s. BAC 5.4863 5.8380
AMD v.s. BAX 5.3543 6.5153
AAPL v.s. BAC 5.4313 5.8391
AAPL v.s. BAX 5.1407 5.3082
BAC v.s. BAX 5.1088 5.8130
Table 3.38 Computation Time Comparison ftre case n=3
Correlation Real DCC DCC (1,1)
AIG AMD AAPL 123 18
AlG BAC BAX 122 14
AMD BAC BAX 120 15
AAPL BAC BAX 109 18
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Table 3.39 Distance Comparison fohe case that n=4

Distance Real DCC DCC(1,1)
AIG v.s. AMD 5.3297 5.4928
AIG v.s. AAPL 5.0602 5.4149
AIG v.s. BAC 5.5182 10.3135
AlG v.s. BAX 5.6720 7.0256
AMD v.s. AAPL 5.3893 7.7706
AMD v.s. BAC 5.3578 5.8156
AMD v.s. BAX 5.4070 6.5292
AAPL v.s. BAC 5.1976 5.7211
AAPL v.s. BAX 5.1905 5.3256
BAC v.s. BAX 5.5435 5.8133

Table 3.3 10 Computation Time Comparison ftire case that n=4

Correlation Real DCC DCC (1,1)
AlIG AMD AAPL 152 16
BAC
AIG AAPL BAC 180 16
BAX
AMD AAPL BAC 224 16
ABX
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Table 3.3 11 Distance Comparison fdhe case that n=5

Distance Real DCC DCC(1,1)
AlIG v.s. AMD 5.6016 5.7089
AlIG v.s. AAPL 5.3345 5.6384
AlG v.s. BAC 5.6313 10.4009
AlIG v.s. BAX 5.4693 7.0832
AMD v.s. AAPL 5.5544 7.8260
AMD v.s. BAC 5.4666 5.8788
AMD v.s. BAX 5.4278 6.5661
AAPL v.s. BAC 5.4530 5.9048
AAPL v.s. BAX 5.1721 5.3500
BAC v.s. BAX 5.3131 5.9006

Table 3.3 12 Computation Time Comparison ftite case that n=5

Correlation Real DCC DCC(1,1)

AIG AMD AAPL BAC BAX 143 20

Given the results shown in the tables above, we find that ournmasel provides closer
estimates to the real kernel estimates of the correlativaas those obtained fromhd

traditional DCC model oEngle (2002) forall dimensionsand all pairs of stocksThat
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implies thatthe measurement equation provides valuable informadiaring our exploration
for anaccurate stimate of the actual conditional correlation matrix
Next we look athe outof-sanple forecasting capability of ounew model. Now that we
know anaccurate estimate ¢iieactual conditional correlation (the real kernel estimates), we
can compare our new model with alternative models suthea/SARCH-X model andthe
traditional DCC nodel of Engle (2002). Given the correlatioequation (3.2.8) and the
measurement equation (3.2.9), we can writemer@od ahead forecasting thfe conditional
correlation matrix as
oY sO ‘' —Y =YY (3.3.7
For 2period ahead forecasting, we have
OY gO ‘' —OY sO —0O Y'Y sO (3.3.8
The last item on #right hand side can be obtained from the measurement equation,
0 &0 Y'Y SO “ 4o U HO 'Y SO (3.3.9
The results we show below drem onestep ahead forecastingist the distancebetween
the correlation forecasts of our reBICC modeland the real kernel estimate of the actual

correlationin the following table.
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Table 3.3 13 Distance between the forecasted correlations by the real DCC toothel
real kernel estimatesf the actual correlations

n=2 n=3 n=4 n=5
AIG v.s. AMD 2.0775 2.0531 2.2499 2.1121
AIG v.s. AAPL 2.0969  2.0656 2.4862 2.1763
AIG v.s. BAC 2.2114  2.1208 2.0965 2.1198
AIG v.s. BAX 2.3635 2.3570 2.4440 2.3692
AMD v.s. AAPL  2.1223  2.2420 2.2420 2.2408
AMD v.s. BAC 2.3579  2.3658 2.3625 2.2128
AMD v.s. BAX 2.5166  2.4500 2.4615 2.5312
AAPL v.s. BAC 2.3263  2.2440 2.2800 2.2196
AAPL v.s. BAX 2.2808  2.1622 2.5920 2.3459
BAC v.s. BAX 24986  2.4372 2.5042 2.4536
Average 2.2852  2.2498 2.3719 2.2781

| will illustrate the distance ahe real DCQOmodel estnate to the realized correlatiobyg
taking a few correlations as examples in case of different dimensions.

When n=2thecorrelation of AMD and AAPL is,
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Contrast Plot of real DCC and Real Kernel Estimate
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Figure 3.3 1 The contrast plot of the correlation between AMD and AAPL by the real DCC
model and the real kernel estimate in the case thafTir2. Period: All the trading days
from Janlst, 2003 to Dec 31st, 2003

For AIG and BAC, in the case af2,

Contrast Plot of real DCC and Real Kernel Estimate
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Figure 3.3 2 The contrast plot of the correlation between AIG and BAC by the real DCC
model and the real kernel estimateghe case thait=2. Time Period: All the trading days
from Janlst, 2003 to Dec 31st, 2003
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Seeing the contragraph above, we fouritiat the Real DCC moddEpicts correlation
evolution pretty well eveif the movement is volatile.

Another example is BAC and BAIX the case oh=2,

Contrast Plot of real DCC and Real Kernel Estimate
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Figure 3.3 3 The contrast plot of the correlation betw@&XC andBAX by the real DCC
model and the & kernel estimate in the case that nEitne Period: All the trading days
from Janlst, 2003 to Dec 31st, 2003

We next check thease that n5. Forthecorrelation of AMD and AAPL,
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Contrast Plot of real DCC and Real Kernel Estimate
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Figure 3.3 4 The contrast plot of the correlation betwedvilAand AAPL by the real DCC
model and the real keehestimate in the case that nFtme Period: All the trading days

from Janlst, 2003 to Dec 31st, 2003

Forthe case that n=5, the correlation of AIG and BAC,
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Figure 3.35 The contrast plaif the correlation between AIG and BAC by the real DCC
model and the real kernel estimate in the case thatTir®. Period: All the trading days

from Janlst, 2003 to Dec 31st, 2003
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The correlatbn of BAC and BAX is, in the case thath,

Contrast Plot of real DCC and Real Kernel Estimate
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Figure3.3- 6 The contrast plot of the correlation between BAC and BAX by the real DCC
model and the real kernel estimate in the case thafTir®. Period: All the trading days
from Janlst, 2003 to Dec 31st, 2003

To compare withan alternative modelwe also tried the DCC-X type model that only
includes one equation as the following,
Y p — —Y —YY —Y (3.3.10
where'Y "Yis the realized correlation matrix at timaelt is computedby thereal kernel model
as before

The table below reports the distance of the correlatiorpated by the DCE&X model to

the real kernel estimates.
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Table 3.3 14 Distance of the correlations from the D&Omodel

n=2 n=3 n=4 n=5
AIG v.s. AMD 2.1196 2.0586 2.5091 2.5273
AIG v.s. AAPL 2.1005 2.0634 2.7240 2.7200
AlG v.s. BAC 2.5323 2.4475 2.2183 2.3792
AlIG v.s. BAX 2.5260 2.3574 2.3923 2.3641
AMD v.s. AAPL 2.1188 2.2485 2.2150 2.2054
AMD v.s. BAC 2.4935 2.4480 2.4326 2.3454
AMD v.s. BAX 3.3897 2.7996 2.5975 2.9710
AAPL v.s. BAC 2.3282 2.2574 2.3604 2.4773
AAPL v.s. BAX 2.5008 2.1751 2.6599 2.5179
BAC v.s. BAX 2.6030 2.4864 2.5015 24777
Average 2.4712 2.3342 2.4611 2.4985

Compared with what we have got in the table 3.3.13seethat the DCEX model cannot
beat the performance of the real DCC model.d\ i t aldaysedumdéldse estimates to
the real kernel estimates as the number of ser@sases, which is different from what we
have found fronthereal DCC model and some traditional MGARCH models. The BXCC
modelobtained best estimates wh@imension is 3We will illustrate the estimates from the
DCC-X modelin the following graphstaking the real kernel estimates of the correlations as
the benchmarks.

In the case fon=2,thecorrelation of AIG and BAC is,
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Contrast Plot of DCC-X and Real Kernel Estimate
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Figure 3.3 7 The contrast ptoof the correlation between AIG and BAC by the D&C
model and the real kernel estimate in the case thafTir2. Period: All the trading days
from Janlst, 2003 to Dec 31st, 2003

Another pair of stocks, BAC and BAX, is graphed as the following,
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Figure 3.3 8 The contrast plot of the correlation between BAC and BAX by the-BICC
model and the real kernel estimate in the case thafTim2. Period: All the trading days
from Janlst, 2003 to Dec 31st, 2003
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In the case thai=5,thecorrelation of AlGand BAC is,

Contrast Plot of DCC-X and Real Kernel Estimate
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Figure 3.3 9 The contrast plot of the correlation betwe&d® and BAC by the DCCX

model and the real kernel estimate in the case tHaflime Period: All the trading days

from Janlst, 2003 to Dec 31st, 2003

The correlation of BAC and&X in the case for n=5 is,
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Figure 3.3 10 The contrast plot of the correlation between BAC and BAX by the-RCC
model and the real kernel estimate in the case thatTir®. Period: All the trading days
from Janlst, 2003 to Dec 31st, 2003

Thecorreldion closest to the real kernel estimate of the correlation is for AIG and AAPL in

case that n=2, plottad the following graph,
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Figure 3.3 11 The contrast plot of theorrelation between AIG and AAPL by the DEC
model and the real kernel estimate in the case thafTir2. Period: All the trading days
from Janlst, 2003 to Dec 31st, 2003

In the case thai=3, the closest estimate to the actual value ithfacorrehbtion of AIG and

AMD,
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Contrast Plot of DCC-X and Real Kernel Estimate
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Figure 3.3 12 The contrast plot of the correlation between AIG and AMD by the-RCC
model and the real kernel estimate in the case thafTim®. Period: All the trading days
from Janlst, 2003 to Dec 31st, 2003

For comparingvith thetraditional DCCmodel ofEngle, | also list the correlations

obtainedfrom it as the following, whil is estimated using¥ear daily data
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Table 3.3 15 Distance of the correlations based on the DCC model gieEn

n=2 n=3 n=4 n=5
AIG v.s. AMD 2.7901 2.8454 2.9808 2.9712
AIG v.s. AAPL 2.2808 2.5890 2.9758 3.0073
AlG v.s. BAC 2.6342 2.5133 2.4324 2.5212
AlIG v.s. BAX 2.6247 2.6631 2.5969 2.5929
AMD v.s. AAPL 2.8082 2.6624 2.4961 2.3679
AMD v.s. BAC 2.625 2.7612 2.8924 2.7337
AMD v.s. BAX 3.5146 3.5453 3.5346 3.5862
AAPL v.s. BAC 2.4183 2.5339 2.4809 2.5914
AAPL v.s. BAX 2.8218 2.7211 2.9190 2.8170
BAC v.s. BAX 2.6575 2.6844 2.6084 2.6125
Average 2.7173 2.7519 2.7917 2.7801

Looking at the table alve, we find that the DC&X model provides better estimatef the
correlation than the traditional DCC model, although it cannot beat the performance of the
real DCC model. That implies that the real term of the correlation, the real kernel estimate of
the correlation, is a better variable at explaining the evolution of the conditional correlation
matrix than the outer product of the standardized daily returns. That is consistent with our
finding that the real kernel estimate is not only a benchmark bataalgood source of
information to estimate latent conditional correlation. To illustrate the difference among the

estimates of the correlations from those three models, the real DCC model, thX DCC
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model and the traditional DCC model of Engle, we plotsblected correlations from those
three models in the same graph so that we can clearly see the difference.

In the case that n=2, the correlation of AIG and BAC is,

Contrast Plot of real DCC, DCC-X, DCC Engle and Real Kernel Estimate
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Figure 3.3 13 The contrast plot of the correlation between AIG and BAC by the real DCC,
DCC-X and traditional DCC model of Engle with the real kernel estimate in the case that
n=2.Time Period: All the trading daysom Janlst, 2003 to Dec 31st, 2003

For the correlation of BAC and BAX in the case that n=2, we have
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Contrast Plot of real DCC, DCC-X, DCC Engle and Real Kernel Estimate
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Figure 3.3 14 The contast plot of the correlation between BAC and BAX by the real DCC,
DCC-X and traditional DCC model of Engle with the real kernel estimate in the case that
n=2.Time Period: All the trading daysom Janlst, 2003 to Dec 31st, 2003

In the case for n=5, theorrelation of AIG and BAC is
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