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SUMMARY

A queueing system consisting of two queues, each with single servers (in-
dependent negative exponential service time distributions) and correlated bi-
variate Poisson input is discussed. The Joint stationary probabilities for
the respective numbers of customers in the two queues in equilibrium are found
in the case where we have finite waiting rooms of different sizes for each in-
dividual queue. TFor the model where the waiting room capacities are unlimited,
we derive a functional relationship for the joint probability generating
function of the equilibrium probabilities. A survey of published research on

queues in parallel is also presented.



1. Introduction

In the past, considerable attention has been given to the theory of simple
queues, The easy problems have been solved and the methods that have been de-
veloped are sufficiently powerful to analyze simple models e.g. those which
consist of a group of servers with one weiting line and which have special
types of inputs and service mechanisms. A study of the general problem of a
network of queues (an arrangement of queues in parallel and in series) is,
however, very much in its infancy. To the present time, most interest has

been centered around the study of queues in series.

In this paper we consider two queues in parallel, each waiting line having
a single server, both assumed to be operating independently with negative ex-
ponential service time distributions. The arrivals to the system are assumed
to have a correlated bivariate Poisson input distribution. We discuss the
problem of finding the joint equilibrium probabilities for the respective
number of customers in the two queues under the restriction of finite waiting

room capacities and also in the case of unlimited capacities.

Before describing the model in detail, we give a historical background to
the general problem of queues in parallel by presenting (Section 2) a survey
of the published research in this area. Subsequent sections deal with the ob-
taining of relationships between the equilibrium probabilities, their solution
in the case of finite waiting rooms of different capacities, and a discussion
of the problem when we have unlimited capacities. The equilibrium probabilities

are found explicitly for certain special cases.



2. Historical Background

The first published attempt at studying two queues in parallel was made
by Haight (1958). He considered a model whereby arrivals to the system are
assumed to be in the form of a homogeneous Poisson process with parameter A
and that the service time distributions for each queue are independent negative
exponential distributions, with parameters Wy and u2 for queue 1 and queue
2 respectively. Let Xl(t) and X2(t) denote the lengths at time t of
queue 1 and queue 2 respectively. An arrival will join queue 1, if and only
if, at his time of arrival Xl(t)'s Xz(t) . If, on the other hand, an arrival
finds Xl(t) > Xz(t) , he will join queue 2. Thus, queue 1 has a certain
advantage in absorbing arrivals in the equally advantageous case when Xl(t) =

Xz(t) and is called the "near" queue. Queue 2 is called the "far" queue.

Iet pxy(t) = Pr[Xl(t) = X, Xa(t) =y} . Haight is interested in deter-

mining the asymptotic state probabilities i.e. in finding p.__ = limp (t).
N oo

Using the method of differential-difference equations, he obtains relations
between the ny but is unable to solve for them explicitly. He also finds

relationships between the marginal probabilities, the mean queue sizes, and

the .
Pxy

In the event that we permit the queuers to change queues whenever it
seems advantageous to do so, the formlation is simplified, and Haight finds

explicit ekpressions.

Wilkins (1960) showed that Haight’s results can be extended to the following
more general case. If, at the time of arrival of a customer, Xl(t) =x and

Xz(t) =y, the customer joins queue 1 with prob W(x, y) where



1 x<vy,
wix, y) =4 w(x) X=y,
0 X>y¥ .

Wilkins proceeds to show that some of the relations between the pxy are
modified and some remain unchanged. Needless to say, this generalisation did

not lead to a solution for the equilibrium probabilities.

However, Kingman (1961), upon meking the simplification of symmetry
between the two queues (i.e., W =W, and w(x) = 3) was able to determine
conditions underwhich a state of statistical equilibrium is reached and fur-
thermore was able to express the equilibrium probabilities as an infinite sum

of geometric distributions.

Recently, Ghirtis (1966, 1968) considered the imposition of limited
waiting rooms for each queue and made certain modifications to the arrival
pattern. He assumed that, if queues 1 and 2 had limited waiting rooms of size
M and N respectively, an arrival to the system joined queue 1 if there was
waiting room and otherwise was assigned to queue 2, If there was no waiting
room in queue 2, the customer left the system without returning. Ghirtis was
able to find the marginal distributions and indicated how to obtain the general
solution of the system of simultaneous equations for the equilibrium state
probebilities. In his earlier paper,(1966), he considered the case of
B =y .  The more general case, when Wy # Hy 5 is considered in his

latter paper (1968).



3. Description of the model

The system consists of two queues each having a single server. The
service time distributions for each queue are independent negative exponential
distributions with parameters By and My for queue 1 and queue 2 respectively.
Arrivals to each queue are assumed to be governed by a bivariate Poisson pro-

cess, as follows.

Iet Ai(t) - Number of arrivals in the i-th queue during (0, tl.

Then Pr{Al(t) m, A2(t) = n}

m-k Ne
(A AN m;n(m,n) (A 8)™7 (At) K (aw)k

. (3.1)
k=0 (m-k)! (n=k)!? k!

u

This bivariate Poisson process can be characterised in the following
manner. We have three independent Poisson processes with rates )1, )2, and
N o+ The input to queue 1 can be regarded as being composed of the sum of Poisson
corponents, of rates )1 and A, while the input to queue 2 consists of the
Poisson component of rate 72 plus the same Foisson component of rate A that

was present in the input to queue l.

From equation (3.1), or the above characterisation, it is easily seen that
the marginal inputs are each Poisson, rate )1 + A for queue 1, and rate
)2 + A for queuve 2, Furthermore, it can be shown that the covariance between

the inputs to each queue is A .

Haight (1967) presents a collection of useful results and applications

pertaining to this process.



One of the basic motivations behind this model, excluding any considerations
of its application, was to devise a queueing model where the inputs to the
service facilities are correlated in same specific manner. It will be seen
in the course of the presentation of my results that there remain many unsolved
problems relating to this model. I have not attempted to carry out any inves-

tigation to determine the transient solutions.

Concerning applications of this model, one could visualize the following
type of situation. Consider two processes, each with components subject to
failure. Items that fail in any specific process are serviced by an operator
assigned to that process. The failures of items can be of two possible types.
Firstly, failures may occur at random in each process independently, and
secondly, failures may occur according to some Foisson process in both pro-

cesses simltaneously (e.g., a failure in both systems due to a power failure).



4, The steady state equations

We first consider our queueing model under the restriction of limited
waiting room capacities. Assume that queue 1 has a maximim capacity of M
customers and that queue 2 has a maximm capacity of N customers. In the
event that an arrival finds his assigned queue at its maximum capacity, he

does not join any queue and is lost to the system.

Let Eij(t) = Event that there are i customers in queue 1 and

customers in queue 2 at time t .

In setting up the steady state equations, we shall make use of the method
of differential-difference equations. This method is widely used when we have
a model consisting of Poisson components. Suppose we have a Poisson process
of rate v , say, generating events; then the probability of one of these
events occurring in the time interval (t, t+8t] is VBt + o(8t) . In our
model, we have 5 possible Poisson processes (parameters A, )2, Aoy end p2)

each acting independently of each other.

We shall, for the present, assume that M > 2, N>2 . Consider the
possible state changes that may occur in our queueing system during the time
interval (t, t+dt]. Suppose 1 <i < M-1, 1 <j <N-1 then Eid(t+5t)

could have arisen from one of the 6 possibilities (to o(8t)) .

(1) Eij(t) 3 and in (t, t + 8t] no W service, no M, service,
no )1 arrival, no )2 arrival, no A arrival.
(ii) E and in (t, t + 8t] no w service, no i, service,

one N arrival, no )2 arrival, no A arrival.

“we

i_l’:j(t)

(iii) Ei’j-l(t) 3 and in (t, t + 8t] no W service, no K, service,

no A arrival, one N arrival, no A arrival,
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(iv) Ei-l’a-l(t) 3 and in (t, t +8t] no w service, no W, service,
no %1 arrival, no )2 arrival, one A arrival.
(v) Ei+l’j(t) 3 and in (t, t + 8t], one W, service, no W, service,

no N arrival, no )2 arrival, no A arrival.

and in  (t, t+8t], no W~ service, one i, service,

no )1 arrival, no )2 arrival, no A arrival,

»e

(V1) By ()

Let pij(t) = Pr{Eij(t)] .
By the independence of the Poisson processes involved, we have that
pij(t+6t) = pij(t) [i - {)1 + )2 + A+ T p2]bt + o(bt)}
+ pi_l,j(t) [xl 5t + o(8t)}
+ pi,j_l(t) [52 Bt + o(Bt)}
+ pi_l,j_l(t) [x 5t + o(Bt)]
+ pi+l,3(t) [ul 8t + o(bt)}

2y [ 8+ o(00) | -

. g, (18t) - py (8)  dpy, (%)
Since 1lim 5t = at
8t-0
we deduce that

dp. (t)
,_EEJ___ = -(xl N+ N+t u2)pij(t)

dat
+ )\lpi_l} .j (t) + )\2pi}j_l(t) + Mi-l,j-l(t)
+ HlPi+l:j(t) + Fbpi}j_'_l(t) *



For statistical equilibrium, Py = lim pij(t) . Assuming equilibrium
tee
as t —» o , we obtain a second order difference equation for piJ (equation
dp. . (%)
(4.5) below) by setting —i— = O .

In a similar manner, considering possible state changes in the interval
(t, t + 8t] for i,j taking on the boundary values of 0,0 M or 0, N re-
spectively, we obtain tie following system of difference equations for the

(pij),(osigm,ogjgN) when M>2 , N>2.

(NAFND, = 1Py * BoPhy (1)
()1+%2+%*“1)pio = %ipi-l’o * uipi+1’o + “291’1 ’ (1 <icg M’l): (h.2)
(MNP, = NPy 1oy * BoPywy (4.3)

(7\l+7\2+7\+u2)p0j = MPgrjay * WPyt HPor e 7 (1 <Jj <N-1), (. 4)

()1+)2+%*HI+H2)P13 = 7".I.p:'L-l’j * )EPi’j-l * 7spi-l’;j-l * MPs410 + WoPis 541 2
(1<igMl, 13N, (4.5)

(ANt )Py = MNPy gog ¥ (MNP g + Pyr g1+ HePiw g 2

(1<3 <), (1.6)
(N M)Poy = MPoryay * HiPaw (+.7)
(N )psy = (P NR; oy * MPowa * yomer ¥ WPaarw
(1<igM1), (4.8)
(mrp)pyy = Ny oy ¥ NPy * Py - (+.9)

If M=1 and N >2 , then equations (3.1), (4.3), (b.4), (k.6), &.7),

and (4.9) hold.
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1, then equations (k.1), (k.2), (4.3), (4.7), (4.8),

If M>2 and N

and (4.9) hold.

If M=1 and N =1, then equations (4.1), (k.3), (4.7) and (4.9)

hold.

In the case of unlimited waiting rooms, the Epij) (i>0, J >0) sat-
isfy equation (4.1), equations (4.2) for i >1 , equations (4.4) for j>1,

and equations (4.5) for i>1, j>1.



5. Joint probability generating function equation
In an attempt to solve equations (4.1) to (4.9), we first obtain a func-

tional equation involving the joint probability generating function of the

equilibrium probabilities.

M N i3
Define =n(s,, s,) = £ I Dp,.818;, .
1’ 2 1=0 =0 ijt1 2

Preparatory to deriving an expression for n(sl, 52) we obtain a set of
difference equations for the following univariate generating functionss
M i
¢4(s) = ifo Piy S -

Assume M>2 , N>2 . Then

[xl(l-s) Fh H A Pl(l"'sl’)}Po(S)

= e, - NS (1-8)py (5.1)

mspy (s)

o gy (8) - [N (am8) + 2y + A+ D) + i |0(8) + Doy 1 (0)

= w (F-1)p,; - 7\181\’[(1-5)15,,J - 7\L~'»M(1"S)1>M,j_l ’
(3 = 1, ..., N"l) ’ (5.2)

[ymas) + @B + 1 |as) + DyoIadeg, )

= ey - (NN Lms)pg - A (-S)mypy - (5.3)

Equation (5.1) is obtained from the set of equations (k.1), (4.2),
(+.3) by mltiplying the i-th equation in the set by s* and summing over
0<i<M. Similarly for equations (5.2) and (5.3) from the sets (4.4), (%.5),

(4.6) and (4.7), (4.8), (%.9) respectively.
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N
Note that w(s., 8.) = I o,(s,)s,d . Thus by mltiplying the j-th
1 52 5o Patel%

J

equation of the set (5.1), (5.2), (5.3) by s,° and summing over 0 <J <N,

we obtain upon simplification the following equation.
[7\1(1-51)+ '}\2(1-s2) + 7\(1-sls2) + pl(l-]s-'-l) + ;12(1-%- )} :t(sl, s2)
1 1
=y (1F In(0,55) + (15 Ia(sy,0) + (), M(1-s Ay : Z o 5,7)

M
+ (7»2 + sl)sg(l-se)('f‘.o pingL.) + 7\s (l-s )(1 s )PMN . (5.4)

In the case of each waiting line having unlimited waiting room equations

(5.1), (5.2) and (5.3) are modified to give for the cpj(s) = I Pijsli the

following equations.

gy () = [Mams) + 2+ 2 er ) PRONEINC ST C IO

pchjﬂ [7‘1(1-5) +h+ A+ “1(1"3) + pz] (pj(s) + ()\2+’As)(pj_l(s)

=G0, (=L 2 ) (5.6)

i oz 1.3 3 .

with =n(s., s,) = £ I p,, s, s = Z‘. 9, (s.)s we obtain
1 5 100 joo T13 %1 P2 120 105

from (5.5) and (5.6) the following functional equation for n(sl, 52).
[‘)\l(l-sl) + )\2(1—52) + M1-s s2) + pl(l-— ) + (l-- )}‘(sl, 82)

- pl(l-%i)n(o, 5,) * u2(1-§é)ﬂ(sl, o) (5.7)
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In order to solve for the equilibrium probabilities Epij] it is suf-
ficient to determine the appropriate j.p.g.f. n(sl, 52) satisfying equation
(5.4) in the finite waiting room case; or satisfying equation (5.7) in the

infinite waiting room case.

Concerning the solution of the 'finite' case, we do not attempt to solve
for n(sl, s2) directly but rather use a matrix theoretic approach (see
Section 8). However, such an approach is not applicable for the 'infinite'
case and a detailed examination of the functional equation (5.7) above seems
desirable. Any attempts to find a j.p.g.f. K(Sl, s2) satisfying equation

(5.7) have failed (see Section 10).



6. The marginal distributions - Finite waiting room case

14

We wish to determine the marginal probebilities for the finite waiting

room case (maximum capacities of M and N for queue 1 and 2 respectively).

M
N

Z .
420 Pij ’ (i

Define P,y 0y, 1, eeey, N)

0, 1, coey M) .

i
il

Py,

Putting s = 1 in equations (5.1), (5.2), (5.3) and noting that

Qj(l) =P,y W have

HoPuy - (7‘2 * 7\)p-o =0,
Ho®, gy = (pple.y + (Bt = O

(3 =1, ..., N-1)

- Pyt (NP, =0.

A+ )2
By defining Py = m , these equations can be rewritten as
2
P,l = pzp.o = 0 2
p‘j"‘l - (l + p2)p‘J + pap'j-l = 0 ’
(d = l, ceey N-l) 2
=Py T PPy = 0.

(6.1)

(6.2)

(6.3)

(6.4)

(6.5)

(6.6)

Solving (6.5) by standard difference equation tecimiques and determining

the constants by the boundary conditions we obtain the following expressions

for the p'j .
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1-0)
Py = T P 0 (0=0 L e W) (6.7)
Similarly, it can easily be shown that
(1-p,) i .
pi' = —_——MT]-_ pl f) (l = O’ l’ co ey M) ; (6-8)
%#)1
where pl = ”1 .

These results are to be expected. TFocus attention on queue 1, say. Then
we have a single server gqueue with negative service time distribution, para-
meter b oo Poisson process input with parameter )i + A, and a finite
waiting room of maximum capacity M . The stationary distribution for such
a queueing situation is a truncated geometric distribution, parameter pl s

as is well known.



7. The marginal distributions - Infinite waiting room case.

To derive the marginal probabilities in this case, we shall use the

functional relationsiip given by equation (5.7).

=1 in this equation gives upon simplification

ﬂgo, 1}

1l - P18y ‘

Putting e

ﬂ(sl, 1) =

Using the fact that =(1, 1) =1, since we have a probability generating

function, we deduce that

n(0, 1) = l"'pl)
and hence
1 - Py
n(sy, 1) T o, ? (py <1) . (7.1)

Thus the marginal distribution in geometric, parameter Py * Similarly

(1, 32) ’ (92 <1) . (7.2)

As for the finite waiting room case, these results for the marginal dis-

tributions are well known, Saaty, (1961).



8. Solution for equilibrium probabilities - Finite waiting room

In this section, we outline a procedure for solving equations (4.1)

through (4.9). Rather than attempt to solve for the joint probability gen-

erating function we use a matrix theoretic approach.

Assume M>2 , N>2 .,

et Rj' = LPOJ: pi,j’ veey PMJ] ) (3

Define A(x, y, z) , an

depending on x, y, Z, by

-

A(x, v, 2) = X=z
-y

0

-Z

(M+L)x (M+1)

0 .
-2, ~
x ~
-~ ~
~ ~
~ ~
-
L] .

=O, oy eeey N)o

17

matrix, the values of the elements

-~ ~

-~ ~
~ ~ x
~ -y
. . 0

. 0
-2 0
X -Z
Yy Xy

Note that all the non-zero elements of A(x, y, z) appear on the diagonal

or the off-diagonals.

We define

A
e}

)1 + )2 + A+ N 21 El
n(Fg iyt )

Such a matrix is known as a "continuant".
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NFEM A+t N

n o= a( T
_ A U W WA
Az“A< Hy ? ™ u2>

w
il

L =a(2.2,0)

With these definitions, it is easy to show that equations (4.1), (k.2),
(4,3) can be expressed by the matrix equation (8.1) below. Similarly (k.l),
(4.5), (4.6) can be expressed by equation (8.2) and (%.7), (4.8), (4.9) vy
(8.3).

AR, = B > (8.1)
Algj = By + Ble_l , (J=1, «o0y N-1), (8.2)
Apy = BBy * (8.3)
Since A(x, ¥y zl) + A(xp, Vs 22) = Alx) + %5 ¥p TV 2t z2) ,
and noting that A(1, 0, 0) = I, we have the following relationships
Al = I +A0 s (8.4)
A, = Ay +By . (8.5)

The problem now reduces to one of finding R ? since once an expression
for p, is found, expressions for the Ry (3 =1, «os, N) are readily deter-

mined by (8.2).

Iet us define

= = p = [p.] (8.6)
R = IR or
Pl,
Py,
|
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where the p,, are expressed by equation (6.8) .

The technique we use to solve the second order difference equation (8.2)
for the vector 2g is based upon a technique used for solving systems of
second order differential equations. We reduce equation (8.2) to a first

order difference equation in the following manner.

We define, for J =0, .ss, N=1 , the (2M +2) X1 vector Z4 by

Ryl |

Then from equation (8.2) it is easy to see that

g = P&

(j =1, eeo, N"l) H (807)
wiere D is a (2M +2) x (2M + 2) matrix given by

I (8.8)

- g - —— ——

1
|
1
{
From equation (8.7) we obtain, by recursion,

g, = Dz, 5 3L eees Bl (8.9)

Iet us consider solving for Z, e First note that

R - Ry | (8.10)

Zo Yo TR

R-R |-

[Q (8.11)
Ro

———
- O
o O
| W——
5N
n
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[o I] ) [RN] (8.12)
0 0 -1 0 J.

Tous adding equations (8.10), (8.11), and (8.12) we imve

I © I I ) (8.13)

Sl -2
I I o I pd.

Using the results of equations (8.9), equation (8.13) can be rewritten as

Mg = [%] (8.14)

where

I O I I

H = + D + D2 + se0 T N-2 + DN-l . (8.15)
I I 0 I

Iet us examine H in a little more detail. We shall see that H is in fact

a singular matrix and hence we are unable to use matrix inversion to solve

(8.14), However, in the course of our examination of H, we find that 1t

is possible to solve for R explicitly. Let

Ho= (B 1B
-—r--
_H3 R
Also, let ¥ = [0, ! D K >1
7 kK1 k2|’ - '
——————
PR
hus, we first observe that
D = [0y, P | = o T (8.16)
1D3 ] lDb, B, 1 Al .



21

1

Furthermore, since Dk+ = Dk D=D Dk , we obtain, for k >1 , by equating

the respective matrices in the block rmultiplication,

P T P = K3 ’ (8.17)
I T o ’ (8.18)
1+103 ."kDMBl = = ByDy *ARDs (8.19)
P = 3t PPy T - Buds tARD - (8.20)

By meking use of equations (8.17) and (8.18), equation (8.15) can be

split into its component matrices to yield

N-1 N
= = I+ £ D, = I+ Z ,D., (8.21)
o= i oy K3 oy K1 |
Nel N
=H =1I+% D = I .,D,. (8.22)
2 )y N T -

Thus we observe that the matrix H is singular. However, equation (8.14)

becomes

Hy ' H, 2, = [p (8.23)
Hll H2 Rl B o

Upon simplification, equation (8.23) gives two identical equations,

namely
Ro * MRy = R (8.24)
Using the boundary condition equation (8.1), equation (8.2l4) reduces to
where C = H1 + HéAo .



Simplification of C is possible as follows:

N
c = I+ kil (D + szAo} using (8.21), (8.22),
N
= I+ kzl (le + DA, - kD2] using (8.4),
N
= I+ kil {k als - kDa} using (8.18),
= 1410 using (8.16).
Thus
w1t Bo = R

We have not been able to show that N +1D2 is non-singular for all M, N.
However, for any simple case considered direct evaluation has shown the deter-
minant of this matrix to be non-zero. Note that 1D2 and 2D2 are non=-sin-
gular for all M;(2D2 = A3 A(x, y, z) is non-singular when x -y - 2 >0,

x >0 ). Furthermore, computor studies have not shown . +1D2 to be singular

for moderate values of M and N . Therefore, we may assume

-1
R, = ni1Po R (8.26)

Having determined p_ , We can now find R; (3 =1, +0s, N), as follows.

From equation (8.9), (1 < Jj < N-1),

R4 = [ 4 l P2 2, , (8.27)



Thusy for J =1, ees, N=1,

Ry = PRt PaR

= (le + jD2 AO) B using (8.1)
= [JD *y D, Ay jD2] Ro using (8.4)
{j+lD2 - jD2] B using (8.18).

Also, from equation (8.27), (taking J = N-1) ,

By = p1P3 Rt B

= {N_lD3 + 1P Ao} By using (8.1),
= {NDl + o AO} Po using (8.18),
= gl - P2l Ry -

Hence, for J =1, 2, eeey, N,

B, = D= )R - (8.28)

Tn order that this procedure be useful in solving for the equilibrium
probabilities, we require an easy technique for obtaining jD2 . Using equa-

tions (8.16) tnrough (8.20), we have the following simple iterative procedure.

Lemma 8.1:
Yo = 1o
Lo = Ay
and for j>2,
j+1°2 P2 A1 7 3-1P2 By o

1]
r—“'\

Ay Dy =By 51Dp - (8.29)
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The results of this section may be conveniently summarised by the fol-

lowing theorem.

Theorem 8.2: For M>2 , N>2 , the matrix equations (8.1), (8.2) and

(8.3) have the following solution.

-1
R ~© N+1D2 R

Ry * {j+lD2 - jnz} B (3 =1, eeey N),

where the jD2 are given by equation (8.29).

This method of solving for the equilibrium probabilities in the finite
waiting room case has been programmed for an IBM System 360, model 75 computor.
Note that the recursive generation of the JD2 enables us to set up a very

efficient computor program.

In any numerical studies it is useful to have checks on computation
details. Besides the checks provided by the marginal probebilities, we have
ne following result that states,that for any given j+lD2 the sum of the

elements of each column are constant.
Iet ' = (L, 1, eoo, 1), a 1 X (M+l) row vector.

Lemma 843 For j >0,
1 pj+l
2
& 4P = [ - o, ]5" . (8.20)

Proof: First note that

( x
(o,

y - Z)E' P
g,

It

£ A(x, v, 2)

+

and thus s' Al

§3 = & -
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Furthermore, from equations (8.29),

£
(o, +1)4'

t
£ 1%

]
& 2%
Tus the lemma is true for j =0, 1 . Using induction, we assume that equa-

tion (8.20) is true for j =0, 1, ..., k . Then by equations (8.29)

P = & ke A1 £ P By

1 - p 1 -p k
[{ 1—?:2 }[°2+1} { L-i }92]5'

A

Thus equation (8.30) is true for J = k+l1 and hence in general.

Actually this is an indirect check on the marginals, since from equation

(8.28)

!
e
[N
+
—
n
§
Cae
o
o
| S

P,y 7 £ R;

J (8.31)

]
vz
]
N'O
.’d
(o)

Also, since N+lD2 B, = R

1 -
] — 2 ) - t —
5 N+1D2 Ro [ 1 - Ps J 4 R ~© Sr=1
l—p2
Ts, R = T
and from equation (8.31)
l-p .
2 .
1l - p2

as already obtained (equation 6.7).
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9. Special cases

In Section 8, we outlined a method for obtaining the equilibrium prob-
gbilities in the finite waiting room case when M >2 and N >2 . In this
section, we look at some special cases when M and N take on specific

values (not necessarily > 2).

() M=1,N=1.

For this case, we wish to solve equations (4.1), (4.3), (4.7) and (4.9)

for P4 (1=0,13 =0, 1). These equations can be reduced to a matrix

form as was done in Section 8. Iet

Alx, y, z) = [ i -z ] .

-y X=y
Then
AR, = By (9.1)
hoBy = B R (9.2)
where Ao, A2, and Bl are determined using the same substitutions for x,

y, z as in Section 8.

Defining A, = A +T, 8s in equation (8.4), we have from (9.1)

Timus MRt R ‘R TR
Hence ‘ B, = A;_l R (9.3)
where
o - r r -
. ( L- °1> ] 1
O 1 - p12 1+ pl
E = = = .
: (—3m| |2
1e 1 - pl2 1. 1+ L
- - - - -
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Iet us define T = )1 + )2 + A+ o + Hy o Then

e n ?
A, = Ko Ko
A
- Y2
det A, = 5; (L+0,) = &,
IR iy T
a7l - 1] " R
Al 31 TN
Ho By ]

From (9.3), we can solve for p! = (poo’ Plo) . From the relation R+ =R

Rl = (P 12 p,;) can then be determined to yield,

— 1 1+l
Poo T (e )T#p) L " 7 17
p . = L o, - 2]
ol (Tre)(1+0,) L2~ 717’

I SR P Y
Plo T (T )y [P 7 7]

_ 1 P
Pu1 T oo ) (T40y) PP T T

Note that when A =0 (two independent queues in parallel) pij is given by

the product of the marginals, as one would expect.

() M=1,N22.
In this case, we wish to solve equations (L.1), (L.3), (L.4), (L.6), (L.7),

and (4.9). These equations reduce to the same matrix equations (8.1), (8.2)

and (8.3) as in Section 8 but with the change that
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A(x, vy, z) = [ o i } .

-y X=-Y

The p! = (poj’ pij) , 3J=0,1, +0oy N, are thence solved as in Section

8.
As a special case, we solve these equations explicitly for M = 1, N =2,
B, = % R (9.5)
B = LPo- D)y, s (9.6)
Bp = R-R, - B > (9.7)
where lD2 = I = [l O] »
0 1
[T -m M|
by Ty
Pp = A= N TN |
| TR o]
2
Py = A =B
2
R (G U U P A
”22 ‘27‘1“7‘?*"17‘1'“27‘ (T")‘L)2+‘i7‘1'“27"“2)b
Also 5 )2
T
det3D2j-=(p§+p2+l)l: “g ]=A2,

N N S A T
SR S (ey)? + g = gy

-1
372

-



- - _ -
Since = P = 1
R oe 1+p ?
1
p pl
1. Ll + pl
we solve equation (9.5) to yield
1 Mt + 1yp,)
p00:(1+ )(2+ + 1) l+1’2
Py/\Py T Py il U
1 Mt + 10,
p = p -
lo 2 1
(1+p))(p; + oy + 1) € . LS
From equation (9.6) ,
. LN b TEO
= 0 - ’
1 2 Mo
- ﬁ p2 + —IJl—
s b |

we solve for R to yield,

1
2
(1+p,)(py + £, * 1)

pol

1
2
(1+p,) (5 + oy + 1)

Pn

Finally, from (9.7),

1
2
(1+p)(py + Py + 1)

p02

1
5
(1+p,) (05 + oy + 1)

P10

)

P1Po

L.

P

2
PyPo

7\(“'(1-02) + A}

@ - boh

7\{1‘(1-92) + A}

+

2

+

12

- Wk

[ 2 ) No, + )
T -l

} ,

7\(1p2 + 7»2)
@ -

oy

29
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(¢) M>2,N=1

The equations (%.1), (4.2), (4.3), (4.7), (4.8), and (4.9) that we wish

to solve can be expressed in matrix form by equations (9.1) and (9.2) with

A(x, y, z) the (M+l) x (M+l) matrix as defined in Section 8.

Consider determination of the Py P for the case where M=2 , N=1.,

Ro
R

where

and

Thus

det A

= A7, (9.8)
= R=Ro? (9.9)
= _P ] = P L q:
o p§+pl+l
P
pl. p§+pl+l
o)
Pa. p]2-+pl+1
= hr-ul '-p—l- 0 -.
o Hy
-h o=k
H Ho Ha
, -hoIh
I Ha - B
T -
= (92+l)[ “17‘1]_%,



-

o | Ay

2

% | e
X

wlen)
(e ) (=N) 1 (5o
A (=) (T )=y N
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We now use equation (9.8) to find R = (poo, Py Pao) and also equation (9.9)

to find Ri = (pol’ Pyy» p21) yielding:

Poo

Also

Pol

1

2
(o] + oy +1)(py + 1)

1

2
(p] + o + 1)(py + 1)

1

2
(o] + oy +1)(p, +1)

1

1l +

2
(o7 + 0y *+1)(py + 1)

1

5
(o] + oy + L)(py + 1) ]

1

2
(pl + pl + 1)(92 + l)

Nt + plpl)]

C -y
"

7\(1(1-01) - A}
Dl - 12 ) p17\1 )
p?- i 7\(1’p1 + ')\l) B

F - |

Nt + ulpl)
02 - 12 i pl)\l ’

AMx(1-0)) = N

Py Py + 12 ) p17i S )
-2

7\(Tpl + )\l):l

P1Pp + ™3
| T =N



32

Note that we could have derived these same results from the earlier so=

lution when M =1, N =2 by interchanging the roles of "1 and |.12 3 and
7\1 and M .
(d) To conclude this section, we investigate the derivation of the equilib-

rium probabilities in the case M =2 and N =2,

To solve for R’ Rl’ and R where

ARy = B¢ (9.10)
ARy = R *BiRy s (9.11)
AR = BiRy » (9.12)
where
X =2 - Z 0]
A(x, y, 2) = -y x -2z .
0 -y X=Y

The solution is given by

-1 2 -1
R, = %R = [A{-B| R, (9.13)
B, = AR > (9.14)
Bp = R=Ro "Ry (9.15)
where
-poo ] i 2 * ]
bty tl
= p = pl 4
R 1 - pi + Py + 1
2
P, 1
L Lpi + pl + l—
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Now

R A N 4 q
A -3y - -l“g S N@Tm) - ph  F r2mh c iy (TR

| % SN (ETN) Sk () N - i, |

de‘b(A?_;Bl) = !'ug (pg +p, * 1) [Tl# - 212(p17\]_+u2)2) - 2'1’N.|1u2 + (;117\1-;1272)2]

= Au (9016)
It can be easily shown (by expanding 1h) that & is positive, and hence
Ai - Bl is non~singular,.

Because of the tedious algebra involved, we do not solve for Ry Bp» OF
R, o However, theoretical expressions for the D, (i=0,1,2; 3 =0, 1, 2)

can be derived from equations (9.13), (9.14) and (9.15).

Before concluding this section, we note that equation (9.16) can be

expressed as follows,

by = o (pg topt 1)[% = 2y HyT 7‘]
Yo

where

o, = (7= ighy = ViR (7 = ik + igh) (7 4N hy = Niph) (7 iy A+ i)

It may be that this form of Ah is an exhibition of some trend that may

appear in the determinant of N+1D2 . This possibility has not been investi-

gated.
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10. Solution for equilibrium probabilities - Infinite walting room

As pointed out in Section 5, any attempts to find a joint probability

generating function n(sl, 52) satisfying equation (5.7) have failed.

Since the marginal distributions are both geometric (special case of a
negative binomial distribution), we have that n(sl, s2) is the j.p.g.f. of

some bivariate negative binomial distribution.

We attempted to choose the constants &y 8y 8y Bqp SO that a j.p.g.f.

-1
of the form [ao + alsl + a2s2 + a125132] would be a suitable candidate for
x(sl, s2) . It was found that, in general, it is impossible to determine such

constants for equations (5.7) to be satisfied.

Any approach at solving for the equilibrium probabilities using the matrix

theoretic approach as in Section 8 does not appear to give any fruitful results.

One may be interested in holding M fixed, and letting N = ® , and
apply the approach of Section 8. However, in this case, we also run into
difficulties. Firstly, suppose we consider equations (8.14) and (8.15). One

(-]
would suspect simplification using z Dk = [I - D]'l . However, for this
k=0

to be true, we require [T - D] to be non-singular which is not the case.

I R
1
I-D = R T R .
1]
B1 . I~ Al
Note that
g = g ’ (-1 = -§ ,
Iy B, = m £ £ (I - Al) = =P A
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Thus the column sums of the first (M+l) rows are
(1, eoey 1, =1, veuy = 1),
and the column sums of the last (M+l) rows are
(p2, ooy Ppy = Ppy eeey - pa) .

Hence det(I -D) =0 and I -D is not of full rank,

Secondly, if one wishes to use Theorem 8.2 when N - « , one has to

evalute 1lim N+lD2 = $D2 (if it exists) and then investigate determination
N o0
of mpg-l . However, we show that if dD2 exists, then it is singular.

Under the assumption of the existence of mp2 , we have from equation

(8.29)

«P2 = “PZ Al - uPQ Bl .
From equation (8.5)
0 = D, [1 -A2] . (10.1)

)1 + A+ by Y1 _ )1 + A _ Wy

Now A, = A(x, y, z) where x =

2 Mo Ha Ha
Thus X-1 = y+2z2 .
I- A2 = -y Z 0 . . 0
7 ~
y -y - 1’4 . .
0 ¥y =y -2 2 ~ .
~ ~ ~
N AN ~
~ ~
. ~ ~ ~ 0
N ~
~ Y -y =Z A
0 . Yoo y -Z
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Let D, = [di;}:’; i, =1, ¢os, M1 . From equation (10.1), we have

for each 1 =1, seey, MH,

v+ 4

- 44y TR

Qpgg 2=y (H2) + a0y = 0, (I =2 w0y M),

dip = = Yoy 2

The only solution for these equations is di;j =d; (3 =1, eeey M¥1) and

thus D, is singular (in fact rank 1),

2

To investigate this result, the computor program (mentioned in Section 8)

was constructed so that was printed out for selected values of (M, N).

n+102

No limiting tendencies appeared evident.
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