ABSTRACT

CURCIO, EVAN JOSEPH. Mathematical Modeling of Stomach Morphogenesis and the
Biomechanics of Pattern in Notochords. (Under the direction of Sharon Lubkin).

This dissertation presents three treatments of mathematical modeling to two relevant ar-
eas of biological application. We apply foam physics to the morphometry of cell packings of
notochords, elastic membrane physics to notochord biomechanics, and the theory of mor-
phoelasticity to morphogenesis in the developing stomach.

The notochord is the defining feature of chordates, and during development it lengthens
the embryo, provides structural support, and in many organisms acts as a template for spine
development. It consists of inner, vacuolated chordocytes surrounded by an epithelial sheath of
chordoblasts. Previous foam models have investigated how geometric and physical ratios might
control chordocyte packing within the notochord. We examine the interplay between these
ratios in the two lowest order regular patterns, determine a functional relationship between
them, and compare our results to the previous work. Further, we employ an elastic membrane
model to probe how these two lowest order patterns might affect overall biomechanics of the
structure, providing evidence for the structural importance of both packing pattern and pattern
orientation.

During development, the embryonic stomach anlage undergoes asymmetric radial cell
rearrangement of the left mesoderm, giving rise to the curvature found in the mature organ.
This rearrangement might occur by a number of mechanisms; in particular, we model two
hypotheses - radial thinning combined with volume-preserving, equal axial and circumfer-
ential elongation, and radial thinning combined with volume preserving axial elongation -
using a morphoelastic framework. Morphoelasticity is an area of continuum mechanics which
decomposes deformations into growth and elasticity components, allowing an investigation of
large strains. Under an assumption that the time scale of growth is longer than that of residual
stress, this technique can be iterated.
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CHAPTER

1

INTRODUCTION

1.1 Background

The theory of epigenesis - that an organism develops from previous stages, rather than being
preformed - can be attributed to Aristotle as described in  Historia Animalium . He argued that
some ‘vital cause' initiated development from an embryonic state to maturity. Some of the
earliest work relating form to geometry and mechanics came from Galileo Galilei (1). Modern
study of morphogenesis - the biological development of shape - as studied through the lens of
the physical and mathematical sciences, began in large part with Wilhelm His (2) and D'Arcy
Thompson (3). One of His's most famous experiments involved the manipulations of an elastic
rubber tube and its comparison to the morphogenesis of tubular structures, including the gut -
more recent work using morphoelastic modeling has corroborated His's observation of these
mechanical similarities (2,4). In  On Growth and Form , Thompson provided an explanation of
growth and form via physical forces and mathematical descriptions. To this day it remains one
of the most cited works in morphogenesis and inspired a framework for modern biomechanics.
With this historical context in mind, we can now introduce the speci ¢ systems, and physical
or mathematical techniques, which will be detailed in later chapters.

This dissertation will examine two biological systems from three modeling perspectives.
The rst system we will discuss is the notochord, which is the de ning structure of chordates.




It serves to elongate the embryo, acts as a center for morphogen signaling and in vertebrates
is the precursor to the spinal cord (5). It consists of packed internal, vacuolated cells called

chordocytes, surrounded by external sheath cells called chordoblasts, forming a cylindrical

rod. This brings us to two questions that this dissertation will address in Chapters 2 and 3,

respectively:

» How does cortical tension control the morphometry of the notochord?
» How is exural rigidity affected by internal packing patterns of chordocytes?

In Chapter 4, we examine the primordial stomach (anlage) which starts as a tubular com-
ponent of the gut. During development, it breaks symmetry, developing the greater and lesser
curvatures found in the mature organ. (We note that the anatomical descriptions “greater' and
“lesser' curvature are the opposite naming convention under a mathematical description of
curvature.) The possible explanations for how and for what purpose this symmetry breaking
occurs are numerous and dependent on the system in question. Some explanations may be
teleological - that is, that the symmetry-breaking must occur in service of some future function.
Other explanations could be genetic /evolutionary, morphological, or mechanical. In this dis-
sertation, we will be largely concerned with the morphological and mechanical perspectives
on this question and will investigate these via mathematical modeling. This motivates the third
question which is addressed in Chapter 4:

* Which types of differential growth of the stomach anlage are suf cient to generate the
curvature seen in vivo ?

We restrict development to speci c embryonic stages of the  X. laevis stomach primordium
(anlage) and D. rerio notochord, although it could be argued that development of an organism
could span from the rst combination of novel genetic material to the time of its eventual
demise. We note that “left' and ‘right' are generally meant in the anatomical sense, thus when
displaying gures of the embryonic stomach from a ventral perspective, the left side will display

to the reader's right, per anatomical convention.

1.2 Modeling the Notochord

1.2.1 Modeling Approaches

Every model is a simpli cation of reality, which is too complex to simulate in its entirety at
the present time. Models offer us a methodological way to simplify phenomena into more
manageable components and variables, ignoring some, but controlling for others, offering
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insight into how the included variables affect one another. A model that is too simple will ignore
variables or processes germane to the investigation at hand - a model that is too complex risks
complicating the analysis, preventing the modeler from elucidating critical relationships.

A variety of modeling approaches can be used to describe physical systems. Phenomenolog-
ical models describe empirical relationships between phenomena. For example, curve tting
can be used to approximate trends in data, without incorporating underlying theory. Machine
learning models which use data-driven, statistical methods are also empirical and so fall into
this category as well. Mechanistic models, on the other hand, derive these relationships from

rst principles, incorporating mathematical, physical, or biochemical laws assumed to be at
the heart of the relationships in question. In this case, less data would be needed to initialize
the model, but eventually, data should be used to verify outcomes.

Agent-based Models

Agent-based models are generally used by assigning attributes to individual components (e.g.
cells) which then interact with each other, following rules which can be stochastic, deterministic,
heuristic, and so on. The rst computational models of growth used cellular automata, an
on-lattice model in which a domain is subdivided into lattice sites containing cells - a famous
early example of which is Conway's Game of Life, popularized by Gardner in (6). Cellular Potts
models are another popular technique in which cells can occupy more than one lattice site
and can move or deform into adjacent sites. This method utilizes a process which minimizes
a pseudo-energy function to determine how the cells move. However, lattice methods are
constrained by the geometry of the lattice (1). To combat this, a modeler could choose to use
an off-lattice method, using, for example, vertex models. In vertex models, cells are polyhedral,
and interactions between cells are represented by vertex movements. While this can be useful in
situations where cells are closely packed, new rules and parameters must be added to govern the
myriad behaviors of cells interacting with their neighbors, which increases model complexity,
and makes it more dif cult to align these discrete models with macro-level behavior (1,7).

Continuum Models

An alternative to vertex models is to assume that the multi-cellular structure, or tissue, is space-
lling. Individual cells which comprise the tissue have properties which average over small
neighborhoods. This situation, which we encounter in all models presented in this dissertation,
is called continuum modeling.
Rather than tracking interactions of individual cells, continuum models treat space- lling
sections of tissue in bulk, utilizing differential equations such as conservation equations and



material constitutive equations to describe the behavior of materials. Physical quantities such
as stress and strain are represented by tensors, which are de ned independent of coordinate
basis, facilitating the ability to describe deformation throughout the continuum as it deforms
regardless of a particular choice of coordinate system.

When addressing the notochord, we simplify the system under the assumption that surface
phenomena dominate - that is, that the components of the notochord having an outsized
contribution to its morphometry or exural rigidity can be modeled as surfaces with relatively
small thickness. These will be meso-scale models - models of intermediate resolution, which
take into account individual cells comprising the notochord, without explicitly modeling
subcellular or external structures' contributions. The sheath is treated as a tissue continuum,
but individual chordocytes are modeled in order to investigate the effect of cellular packing.
Chordocytes are considered to be closely-packed and thus space- lling, with their membrane
tension properties consistent over the entire surface. In contrast, when addressing the stomach,
we instead treat differential growth as a volume phenomenon. In this model, the stomach
tissue is treated as a continuum, with properties being averaged over local neighborhoods of
points instead of being attributed to discrete cells. We will provide rationale for our modeling
choices beginning with the notochord.

1.2.2 Notochord Anatomy and Model Assumptions

The notochord is a de ning feature of chordates. During development, the notochord elongates
and provides structural support for the organism, and acts as a signaling center important in
left-right differentiation (5). Some chordates maintain a notochord throughout their lifespan
(e.g. amphioxus, lamprey), while in others (e.g. mammals) it is a template for the spine. Thus,
the interruption of mechanisms which form the notochord or its constituent substructures
can lead to defects of the spine, such as idiopathic scoliosis (8).

The notochord is a tubular structure running anteroposteriorly along the length of the
developing chordate. It is composed of large inner vacuolated cells, called chordocytes, sur-
rounded by a thin epithelial sheet of cells called chordoblasts (9-11). It is connected to external
structures via an extracellular matrix (ECM), which we do not explicitly model here. However,
one could take the perspective that, by modeling the mechanics of the epithelial sheath to
which the ECM provides structural support, we therefore include its in uence implicitly. The
material properties of a tissue differ from those of individual cells which comprise it. Many
studies have shown that multi-cellular environments develop emergent behavior, such as tissue
jamming (12,13). Additionally, due to the fragility of the structure and the dif culty of experi-
mentation, the material properties of chordoblasts, chordocytes, and the emergent properties



of the notochord itself remain speculative. Packed chordocytes have thin membranes relative
to their uid- lled vacuoles. Chordocyte mechanics are simpli ed to the internal pressure

of their vacuoles and cortical tension of their membranes in our models, and are assumed
to be closely packed. Chordoblasts are modeled as a thin, continuous surface, dominated by
surface tension. As such, the notochord is modeled as a dry foam contained in a thin, exible
tube. While chordocyte packing patterns could be modeled using a variety of techniques (e.g.
Cellular Potts), the use of continuum modeling facilitates the use of continuum mechanics to
investigate bending and exural rigidity in later simulations.

1.2.3 Modeling the Notochord as a Foam

Foams are collections of pockets of trapped uid. These pockets (bubbles) can be monodisperse
(having equal volume to each other) or polydisperse (having a variety of volumes), and can
have substantial liquid volume separating each other (wet foam), or be directly in contact via
a thin interface (dry foam). de Gennes, Kraynik, Hutzler, Pittet, and Weaire have pioneered
the study of the physics of foams and soft matter (14—16). Of particular interest, as it relates
to modeling the notochord, are experiments and simulations on bubbles packed in cylinders
(17-19).

A key nding from these works is that the patterning of bubbles in these containers is
controlled by , a geometric ratio which is interpreted as the number of bubbles per unit length.

D =d, where D is the diameter of the tube, and d is the diameter of a sphere with the same
volume as a bubble. Previous work has shown that while there are bifurcations in the -space
between patterns, there are also regions where patterns can overlap (17,19). In the case of
monodisperse foams in regular containers,  will be equal everywhere. In polydisperse foams
or containers whose diameter D changes, will vary throughout, thus in this case, the packing
pattern may also vary.

The types of patterns that form and the transitions between them have been studied in
great detail in regular cylinders (20), mechanical models of notochords as gel beads in silicone
tubes and statistical analysis of notochords (21), and recent simulations of in nite notochords
as liquid foams (e.g. soap Ims) (19). Equivalent patterns have been found in hard-sphere
and soft-sphere models (22—-26). Many of these patterns are now named, and in particular we
will focus on two of the lowest-order patterns which are commonplace in foams contained
in a tube, and most statistically representative of packing of chordocytes in the notochord.
The pattern in which bubbles stack directly on top of one another, with each cell having one
neighbor on each side, is called "bamboo’; bubbles which stack in an alternating left-right or
dorsal-ventral direction, with each bubble having between two and four adjacent neighbors, is



called “staircase' or "zig-zag' (Figure 1.1).

In dry foams, the transition between these patterns has been found to occur due to a
bifurcation in system energy (27). So, our model will take into account, at minimum, the energy
of the system, chordocyte packing patterns, chordocyte internal pressure, and surface tension
of both chordoblast and chordocyte surfaces. The physical ratio of chordoblast-to-chordocyte
membrane tension is denoted by

Figure 1.1: A 2D schematic of bamboo and staircase patterning.

1.2.4 Physical and Computational Background

There are a few critical phenomena involved in foam physics which we must consider. The rst
are Plateau's Laws (28), which describe the structure of liquid foams. These can be summarized
as follows:

» Soap Ims are composed of smooth, unbroken surfaces.

« The mean curvature on a section of soap Im is constant. Mean curvature  H is de ned
as the average of principal curvatures of a surface, i.e. H = %( 1+ »),where ;and ,are
measured as reciprocals of the radii of osculating circles.

» Soap Ims meet in threes at a Plateau border with an angle of 120 degrees, and these
borders meet in fours at a vertex with a tetrahedral angle of approximately 109.5 degrees.



The curvature of a surface separating two bubbles relates to the pressure difference between
them by the Young-Laplace equation, which states:

= (4o (L)
"T RTR, '
where p is the pressure difference (interior minus exterior), is the membrane tension, and

R:, R, are the principal radii of curvature. Therefore, the pressure difference is proportional to
mean curvature.

We model the nite notochord in Chapter 2 as a monodisperse soap Im, with each bubble,
or cell, having the same volume. Previous work modeled regular two-cell patterns, and was
imposed (19). Toroidal boundary conditions were used to map the bottom surface of cells to
their own upper surface, effectively modeling two-cell patterns which would occur suf ciently
far away from notochord ends, or, an “in nite' notochord. Since we explicitly model N cells,
is not imposed but instead is a consequence of the assignment of surface tensions via ratio
Further, we are not constrained to choose toroidal boundary conditions.

We simulate these nite notochords with  The Surface Evolver(29), a nite element program
which minimizes energy of a structure by calculating force at each vertex as the gradient of total
energy and moving the vertices iteratively by a choice of gradient descent, conjugate gradient,
or stochastic descent method. We determined a relationship between and in this context.

To generate the initial geometries of nite notochords in bamboo and staircase con gura-
tions (Figs. 1.2, 1.3), MATLAB code was written to output the .txt les read by the Surface Evolver.
These programs are provided in the Appendix. Initial geometries in these nite notochords
are composed of stacked prisms, which lie directly on top of each other in the case of bamboo
packing, or offset in the left-right direction in the case of staircase packing.

The results of these simulations are discussed in Chapter 2 (30).



Figure 1.2: Creating notochord initial geometries in Surface Evolver.  A. Two vertices (labeled 1
and 2, blue) are connected by an edge (labeled 1, orange). Edges are de ned by two vertices and
an orientation - in this case, edge 1 is de ned in the direction from vertex 1 to vertex 2 (orange
arrow). B. Adding two more vertices (labeled 3 and 4, blue) and three more edges (labeled 2, 3,
and 4, orange) creates a closed polygon - a face. Faces are de ned by traversing edges (green
arrow) such that the right-hand rule speci es a direction of normal vector to the face (purple
arrow). Here, edges are already de ned so that traversing Edge 1 to 4 in order produces an
upward normal for this face. C. Adding two more vertices (labeled 5 and 6, blue) and three
more edges (labeled 5, 6, and 7, orange) creates a second face. Since faces | and Il (green roman
numerals) share Edge 3, if one needed to de ne an upward normal for both faces, Face Il would
need to traverse Edge 3 backward from how it was created. Thus, Face 1 is de ned by Edges
1, 2, 3, 4, while Face 2 is de ned by edges 5, 6, 7, -3. D. Attaching six faces to make a closed
cube creates a Body. Faces on the boundary of a body must have outward normals; thus, edges
de ning Faces I-VI are shown traversed (green arrows) so that the right-hand rule produces
only outward normals.



Figure 1.2: (Continued) When two bodies share a face, the edges de ning this face must
be traversed in opposite directions, depending on which Body is being described.  E. In this
example where two cubes are stacked on top of each other in bamboo pattern (separated to
visually show the shared face, magenta, with red dashed lines representing shared vertices),
the shared face (Face VI) must be traversed (green arrows) counterclockwise with respect to
Body 1, but clockwise with respect to Body 2. For example, if Face VI is originally constructed
with an upward normal, then we would reference "-6' when assigning it to Body 2. F. A vertex-
edge-face-body schematic for two prisms in bamboo con guration. G. Here, two prisms in
staircase pattern share Face VI (separated to show shared face, magenta, with red dashed lines
representing shared vertices). H. A vertex-edge-face-body schematic for two prisms in staircase
con guration.



Figure 1.3: Initial geometries for N = 4 of bamboo (left) and staircase (right) con gurations,
as produced by the programs in the Appendix, displayed with sheath-cell surfaces (cyan) and
cell-cell surfaces (magenta). In staircase, two “half-cell' prisms on each end create a at surface
on top and bottom, while the two cell pattern as described in Fig 1.2 can be repeated as many
times as necessary.

Each prism in our model is de ned by eight vertices, each of which is denoted by an
identifying number and unique coordinates. Edges are then de ned, identi ed by the two
endpoints they connect in the order they are to be traversed - however, if needed, edges can be
traversed backwards by negating their identifying number. Edges can be assigned properties like
tension. Facets are then de ned by the edges which de ne their boundary; itis important to note
that these edges can be referenced in either the clockwise or counterclockwise direction with
respect to the de nition of a certain face; the edge traversal direction dictates the orientation
(inward or outward) of the normal vector to the face, which is important when assigning
properties like pressure, and in de ning bodies, where faces should be de ned with their
normal vector outward with respect to the body they enclose. Finally, bodies are comprised of
surrounding facets all having a normal oriented the same way with respect to the body they
surround. Bodies can be assigned properties like a constant internal volume or pressure, but
not both. From an initial geometry via reading a .txt le with all vertices, edges, facets (2D), and
bodies (3D) de ned, the Surface Evolver evolves the initial geometry via conjugate gradient
method by minimizing the energy of the surface. Total energy  E,; in the nite notochords
discussed in Chapter 2 is given by:

X X

EtOt = PiV0+ jA] . (12)
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The rstterm represents the total body energy, which is the sum over all bodies of their pre-
scribed volume V, multiplied by their respective pressures, where pressure is calculated to
preserve the prescribed volume. The second term represents the total surface energy, which is
the sum over all facets of their respective surface areas multiplied by their prescribed surface
tensions, dependent on whether the surface denotes a cell-cell membrane or sheath-cell mem-
brane. The Surface Evolver also tracks energy due to line tension of edges, though we do not
consider line tension in this model.

1.2.5 Implementation

This model was implemented using the nite element program,  The Surface Evolver. The initial
geometry was constructed usinga MATLAB program to create a .txt leread by Surface Evolver.
The process is described and the code is included in the Appendix. Statistical analysis was
performed in JMPand Mathematica . The results of this study are discussed in detail in Chapter
2.

1.2.6 Modeling the Notochord as an Elastic Membrane

To address how exural rigidity of notochords are affected by their internal cell packing, we
model them as composed of pressurized elastic membranes, which have a zero-stress con gu-
ration, rather than as liquid foam, which does not support bending. Also, without volume or
pressure constraints, a liquid foam would have a minimal-energy con guration with a surface
area of zero.

It is an unfortunate example of a ‘jargon homonym' that we use  mechanical membranes
to model biological membranes. Elastic membranes, like shells, are 3D plane stress elements
which can deform in both in-plane and out-of-plane directions. Unlike shells, membrane
elements do not have bending stiffness. Since we assume that cell cortices are thin relative
to their surface area, the physical membrane model is numerically better posed than a shell
formulation. So, pressurized membrane elements are well suited to represent cell cortices,
which produce tension beneath cell membranes.

In Chapter 3, we will consider a constant pressure constraint, with cell volumes not con-
strained to be equal. We model membranes as having a linear elastic constitutive law. Following
an approximation of the notochord structure by truncated spheres as described in (30) (Ap-
pendix), we create these notochords as collections of truncated spheres separated by “septa,
membranes which are cell-cell interfaces. Sheath-cell membranes are pressurized, represent-
ing the internal vacuole pressure of chordocytes, and their Young's Moduli  E differ between
sheath-cell ( s c) and cell-cell surfaces ( ¢ ¢) by a constant stiffness ratio E.=E... In contrast
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to Chapter 2, isnotconstrained; instead, itis calculated post-hoc by multiplying average stress

~ and average thickness t over sheath-cell and cell-cell surfaces - thatis, =( t)se=( t)cc.
Varying internal pressure p and stiffnessratio , then, willvary , and a relationship between
these is determined. Further, implementing boundary conditions consistent with three-point
bending allows for a bending study in which internal pressure  p, stiffnessratio , and force F
are varied. The maximum displacements ., can then be used to calculate exural rigidity

E | via Euler-Bernoulli beam theory (31).

1.2.7 Implementation

Modeling of linear elastic membranes was implemented in COMSOL Multiphysics Membrane
interface, found in the Structural Mechanics branch. The results of these pressure and bending
studies are detailed in Chapter 3.

1.3 Modeling Stomach Morphogenesis

1.3.1 Biological Background

In vertebrates, the stomach anlage originates from the posterior foregut, adjacent to the esoph-
agus, liver, pancreas, and intestine. Two mesenteries - dorsal and ventral - connect the gut to
the abdominal wall on the respective sides. The dorsal mesentery is attached along the entire
gut, while the ventral mesentery ends at the foregut. A number of signals - including WNT,
FGF, BMP, and Retinoic Acid, among others - are responsible for segmentation of the foregut
into sites which will become organs of the gut (32). Cilia in left-right organizer (LRO) regions
create a directional uid ow, which causes local differences in gene expression throughout
the organism, establishing the left-right (LR) axis. This leads to the expression of growth factor
Nodal, and ultimately an expression of transcription factor Pitx2 on the left side of the gut
(33). Though the foregut is initially symmetric, these mechanisms cause it to develop left-right
asymmetry. Failure to develop this asymmetry (heterotaxy) leads to myriad malformations
or disorders, such as situs inversus, intestinal malrotation, and asplenia / polysplenia, among
others (34-37).

In typical development, the stomach develops ‘greater' and “lesser' curvature, which are
necessary for proper digestive function. The greater curvature is named for the longer curve on
the left side of the stomach, and the lesser curvature is named for the smaller curve on the right
- we note in an unfortunate instance of “jargon homonyms' that, were one to use a nhaming
convention in line with the mathematical de nition of curvature, these would be opposite.
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There are two prevailing hypotheses to how these curvatures develop. The rst model posits
that a rotation of the stomach about its dorsoventral axis creates the greater curvature from
the dorsal wall, and the lesser curvature from the ventral wall (38). The mechanism behind
this rotation has not yet been explained. The second model posits that differential growth is
responsible for the development of stomach curvature. A recent study has shown that stomach
curvature is independent of rotation, and documented radial thinning and rearrangement on
the left side (39). This agrees with early theories of an asymmetric growth mechanism (40). In
Chapter 4, we will model various types of growth to determine what types of rearrangement in
particular could drive the morphology seen in vivo . To determine which types of rearrangement
correspond to that of a typical developing stomach, we inspect simulations for the following
morphological attributes:

» Radial thinning of the left side relative to the right.

Increasing anteroposterior length.

Migration of the LR midline towards the right.

Generation of the greater curvature on the left, and lesser curvature on the right.

Bulging out from the greater curvature, i.e., a widening of the stomach to form a larger
cavity.

1.3.2 Modeling Stomach Growth

To model growth, we need to keep track of deformations in space and time. We can describe
relative contraction or expansion of material between two points via stretch ratios. Stretch
ratios are given by

=L=L, (1.3)

where L is the distance between two points in the deformed con guration and L, isthe distance
between those same points in the initial con guration.

In homogeneous growth, these stretch ratios are applied over the entire domain of interest.
Inhomogeneous growth, therefore, is when these stretch ratios are only applied to sections of
the domain of interest. In isotropic homogeneous growth, stretch ratios are equivalent in all
directions and applied to the entire domain; this does not cause shape change when material
stiffness is isotropic, since ratios of dimensions of the body are preserved. In anisotropic
growth, stretch ratios will vary in different directions, leading to shape change. Thus, assuming
material stiffness is isotropic, differential growth (growth causing shape change) can occur via
anisotropic growth, inhomogeneous growth, or some combination of the two.
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Following the observations of (39), we will model the stomach as an initially straight cylinder
with a hollow elliptic lumen (Figure 1.4). We further assume that as the embryo grows, the
stomach grows equally on the left and right sides volumetrically, but that the left side also
undergoes radial intercalation.

There are two scenarios we examine, based on results from previous work (41): rst, that
the change in stomach shape is due to a difference in types of growth between the left and
right stomach. While both the left and right sides are growing, the left side is also undergoing
rearrangement via radial thinning and compensatory axial and circumferential elongation,
called transversely isotropic radial intercalation . In the second scenario, rearrangement is sim-
ilar, but any radial thinning is compensated by axial elongation  only. The key component of this
analysis is a time-dependent study, in which growth is iteratively applied to achieve larger total
strains than can be realized in just one step; however, due to the intensive nature of the iteration
process, investigating many different types of growth regimes, as in (41), quickly becomes
unwieldy. As such, we are able to discern between different possibilities of growth regimes,
corresponding to a variety of biological mechanisms (e.g. hypertrophy, oriented cell division,
intercalation in different directions, etc.). This provides novel insight into the "asymmetric
growth' hypothesis of stomach curvature generation.

Models of biological growth in which shape change occurs mustinclude the effect of residual
stress; thatis, the stress eld that may existin a body when unloaded (1). Modeling deformations
directly, without incorporating a constitutive law, can lead to geometric incompatibilities such
as gaps or superpositions. Growth and stress must therefore be considered together. This
interplay has been famously investigated through the mechanical loading of bones (e.g. Wolff's
Law), and soft tissues (e.g. Davis's Law, Fung's experiments on arteries) alike (1,42).

Among the many potential methods of modeling biological growth (e.g. lattice or off-lattice
methods, agent-based methods, mixture models, etc. (1,43)), we will utilize the theory of mor-
phoelasticity, which decomposes deformations into their mechanical and growth components,
in order to incorporate both growth and the accompanying residual stress. This theory is based
on continuum mechanics, a framework which mathematically describes deformations and
their resultant stresses (or vice versa). This framework is well-suited for incorporating growth
and elastic stress in soft tissues which can undergo large strains.

1.3.3 Continuum Mechanics and Morphoelasticity

Bodies undergoing shape change are considered to have three possible con gurations - the
initial con guration, the nal deformed (current) con guration, and an intermediate virtual
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Figure 1.4: The boundary conditions and the initial geometry of the stomach model. The
anteriormost surface (blue) is constrained to have no  z-displacement. Two points on this
surface are prescribed displacement to prevent rotation. The point on the apical (lumen)
surface (red) is constrained to move only in y, while the point on the basal surface (green) is

constrained to move only in  x.
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con guration. The virtual con guration is a purely mathematical construct rarely realized
biologically, as it is stress-free. A position vector describing a point on the body in the initial
con guration ( X) is mapped to a position vector describing the position of that point in the
deformed con guration ( x). In three dimensions, separated by component:

X=X+ Uy (1.4)
Xo= Xy + Uy (1.5)
X3 = X3 + U3 (16)

Here, u; are components of the displacement vector u=x X. Then the map from the initial to
deformed con guration can be written as:
_ @x

= (1.7)

J

where F is called the deformation gradient tensor. Upon differentiating with respect to X1, X2,
and xs, we can rewrite the above equation as:

Fij = i+t — (18)

where j; is the Kronecker delta, and the second term are components of r u. Therefore, F con-
tains information on local deformations of a body via partial derivatives from the undeformed
to deformed con gurations.

The modern theory of morphoelasticity was initially described by Rodriguez et. al. (44).
Similar descriptions to the following can be found in related work (1,41). Following (1,41,44) F
is multiplicatively decomposed, using nite strains, into A, the elastic deformation tensor, and
G, the growth deformation tensor; so, we can write  F = AG. Deforming the initial body by only
considering G can sometimes result in geometric incompatibilities, such as self-overlapping.
This is the stress-free, intermediate virtual con guration introduced earlier. Athen maps the
virtual con guration to the nal, current con guration, resolving geometric incompatibilities
while introducing residual stresses and strains. The decomposition of F into AG is due to
the polar decomposition theorem, which states that for a second order tensor  F with det( F)

0, there exist unigue, symmetric, positive de nite tensors U and V, and a unique proper
orthogonal tensor R such that:
F=RU=VR (1.9)

U and V are the left and right stretch tensors, and R is the rotational component of the defor-
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mation. Their squares relate F to the Cauchy-Green tensors:
FTF=U?=C (1.10)

FF' =V?=B (1.11)

where Cand B are the right and left Cauchy-Green tensors, respectively. The principal invariants
of C are involved in various strain-energy density functions W . They are:

I, = trace(C) (1.12)
l,= %(If trace(C?)) (1.13)
I, = det(C) (1.14)

Similarly, G can also be decomposed as G= Rz Ug where the tensor Ug is symmetric, and the
tensor R is orthogonal. For our model of stomach growth, we assume tissue material properties
are isotropic. It follows that the strain-energy density function W satis es W (A)= W (AR) for a
proper orthogonal tensor R - that is, a tensor with det( R) = 1 and with RT = R *. Since G can be
decomposed, it follows that:

W (A)=W (FUg) (1.15)

Thus, the strain-energy density function W depends only on the symmetric component of

G under our assumption of isotropic material properties. The components of G are growth
stretch ratios  de ned by their relationship with strains inthe ij directionby ;= ;; 1.
Therefore, G can be expressed as:

2 3
60 O Yy
0 0 ce

where a, b, and c are coordinate directions of an orthogonal local coordinate system, described
in the implementation section.

The Cauchy stresstensor T=1A , with A the normal to the surface, contains components
of stress j; for each coordinate basis, in each direction. We utilize the equation of motion:

r T+ b= v (1.17)

and since we assume body forces are zero (b = 0) and movement is only a result of growth or
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rearrangement (v = 0), this reduces to:
r T=0. (1.18)

The Cauchy stress tensor used in this model is symmetric since we do not consider moments
at equilibrium. It relates to the elastic deformation tensor and strain-energy density function
as follows: aw
T= TT = JAlA@ pl (119)

where J, =det(A)= 1. Since we assume stomach tissue does not change volume due to an elastic
response, we assume the tissue to be incompressible.

Neo-Hookean Hyperelasticity

Due to our assumption of incompressibility, along with the observation that the stress-strain
relationship in developing tissue is linear for moderate ( 30%) stretch regimes (45), we chose
to use the neo-Hookean hyperelastic model. Materials are considered hyperelastic if they
continue to respond elastically after large deformations, common in materials like rubber or
foam, and often used for modeling biological materials. Speci cally, hyperelastic materials
have strain-energy density functions whose derivative with respect to a strain component
determines the corresponding stress component. In the case of incompressible materials, the
strain-energy density function for the neo-Hookean formulation is:

W_

=50 3) (1.20)

where is a Lamé coef cient corresponding to the shear modulus in the context of continuum
mechanics, and 3 is the Young's modulus.
Morphoelastic Framework Description

We can summarize the previously described concepts and equations under a morphoelastic
framework used in Chapter 4.

F = AG, the deformation gradient tensor (1.21)

\ .
v = det(G), the volume change equation (1.22)
r T=0,the equation of motion (1.23)
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T=T =J,"A—— pl,the constitutive law (1.24)

W = E(Il 3), neo-Hookean strain-energy density function (1.25)

The implementation of this framework is discussed in more detail in the following section.

1.3.4 Local Coordinates

As the stomach anlage deforms, implementing growth and boundary conditions in anatomi-
cally relevant directions is not possible in Cartesian or cylindrical coordinates, In fact, using
Cartesian or cylindrical coordinates is burdensome from the outset, since we begin with an
initially elliptical cylindrical lumen.

Instead, we de ne a bespoke local coordinate system for each implementation of growth
(discussed in the following section). By doing so, we can diagonalize G, expressed in these
local coordinates. In COMSOL, this is achieved through the creation of Curvilinear Coordinates
(Figure 1.5). First, COMSOL solves the Laplace equation r 2g = 0 on the domain. The Laplace
equation arises in many contexts; here, we consider q to be the potential of a velocity eld of
an incompressible uid with irrotational ow, so g can be thought of in this context as pressure.
To create this potential, we de ne two surfaces with constant pressures; aninlet( g = 1), and
an outlet ( g = 0), without loss of generality. The remaining surfaces are ‘walls' where there is
no ux( A r g =0). Theresulting vector eld r q describes the direction of a gradient which
follows curves (streamlines) through the domain; this is the rst local coordinate direction.
Vectors in this resultant vector eld are the rst basis vector in the local system, v;. Vectors v, in
the second coordinate direction, which is user-de ned, can be calculated in a number of ways.
Equipotential lines are lines on which  q is constant, and these lines are always orthogonal to
the direction of ow. So, by choosing a vector in the direction of constant potential at some
point on a streamline, we assign this as the second basis vector at that point, orthogonal to the

rst. The third direction must be orthogonal to the rsttwo, and is calculated via cross product.
Therefore, the basis vectors (e;,e,,€;3) in the local coordinate system can be calculated from
vectors v, and v, as follows:

e, =V (1.26)
&=V, (Vo &)e (1.27)
=6 & (1.28)

An example curvilinear coordinate system is shown below.
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Figure 1.5: A section of an elliptical cylinder showing streamlines for the rstlocal coordinate
direction (magenta), second local coordinate direction (cyan), and third local coordinate
direction (yellow). Here, the inlet is the bottom rectangular surface, and the outlet is the upper
rectangular surface - all other surfaces are walls.

1.3.5 Growth as Thermal Expansion

Once alocal coordinate system is created, each of the three local coordinate directions at some
point describes a more anatomically relevant direction in the deformed geometry at each stepin
the time-dependent problem, which we can utilize to apply growth and boundary conditions.
We use thermal expansion in COMSOL as a proxy for growth, as these are mathematically
analogous. Growth is then implemented as:

2 3
1+ 1(T Tref) 0 0
G=I1+ 4= 91 0 1+ (T T 0 g (1.29)
0 0 1+ 5(T  Ter)
where | is the identity tensor, , is the thermal strain tensor, ; are the growth strains corre-
sponding to each local coordinate direction,and (T T,)=1.Recallthat ; =1+ ,,sothese

inputs correspond to stretch ratios in each coordinate direction. To this point, we have been
following the framework rstimplemented in (41). We extend this procedure by remeshing

the deformed geometry, thus can continue implementing G as many times as allowed by our
choice of mesh and convergence threshold. This allows for modeling phenomena as in Chapter

4, where G is iteratively applied, which generates much larger strains than could be performed

in a single time step. However, one could model biological processes in which G could be
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applied to different domains throughout the process, for example in the case of modeling the
stomach and surrounding structures, or where Gitself is updated as cell behaviors inducing
growth of the tissue change over successive time steps. Thus, this sustained-growth modeling
framework can be applied in many more ways than could be done previously.

For example, in the time-dependent model discussed in Chapter 4, G is applied on the
anatomical left side of the domain to study the asymmetric growth hypothesis. We took ;=09
there, and since we modeled tissue rearrangement separately from isotropic growth, det( G)
=, , = 1. In the case of radial thinning with volume-conserving axial elongation as shown
inChapter4, , =09, =1 and ,=1=, =1.1. Gwas applied ten times for total stretch
ratios of , = 0.9° 0.35and ,=1.1° 2.87. Another example presented in Chapter 4 is

= ,= 1=p 0.9 1.054in the case of radial thinning with volume-conserving, equivalent
circumferential and axial elongation. Here, G was applied eighteen times, for total stretch ratios

of .=00® 015and = ,=1= 090° 258

1.3.6 Boundary Conditions

The anteriormost surface was given a roller condition - it was xed from moving along the
anteroposterior axis, but allowed to expand or contract in the transverse plane, either dorsoven-
trally or left-right. Further, one point on the lumen on this same surface was chosen to only
move along the left-right axis, while one additional point - also on the anterior-most surface,
on the opposite side of the lumen - was prevented from moving in the dorsoventral direction.
This combination of conditions achieved two things: rst, the anterior-most section of gut
tube is assumed to be xed, representing the esophagus of the organism. Second, prescribing
displacement of two additional points in the described way fully determines the system of
equations.

1.3.7 Time Dependence and Residual Stress

Once growth is implemented, the resultant deformed geometry is remeshed and used as the
initial geometry for the following study. In doing so, stress fully dissipates between iterations.
This assumes that the time scale for growth is slower relative to the time scale for stress dissi-
pation. This is in accordance with the hyper-restoration principle, which has been observed
experimentally (46—49). In brief, the hyper-restoration principle states that biological tissue
responds to a change in stress by generating forces which restore, then overshoot, the origi-
nal (target) stress. The results for this time-dependent study of stomach morphogenesis are
discussed in detail in Chapter 4.
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1.3.8 Implementation

The stomach model was implemented using the Nonlinear Structural Materials module and
the Structural Mechanics module of the nite element solver, COMSOL Multiphysics.
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CHAPTER

2

MODELING NOTOCHORD MORPHOMETRY

The following work, coauthored with Dr. Sharon R Lubkin, has been published in
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Physical models of notochord cell packing reveal how tension ratios determine morphometry

Curcio EJ, Lubkin SR. Physical models of notochord cell packing reveal how tension ratios
determine morphometry. Cells & Development. 2023 Mar 1;173:203825.
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