ABSTRACT

GOSKY, ROSS MATTHEW. Bayesian Analysis and Matching Errors in Closed Population

Capture Recapture Models. (Under the direction of Leonard Stefanski and Sujit Ghosh.)

Capture-Recapture models are used to estimate the unknown sizes of animal popu-
lations. When the population is closed, with constant size, during the study, eight standard
models exist for estimating population size. These models allow for variation in animal cap-
ture probabilities due to time effects, heterogeneity among animals, and behavioral effects

after the first capture. Our research focuses on two areas:

1. Using Bayesian statistical modeling, we present versions of these eight models. We
explore the use of Akaike’s Information Criterion (AIC), and the Deviance Informa-
tion Criterion (DIC) as tools for selecting the appropriate model for a given dataset.

Through simulation, we show that AIC performs well in model selection.

2. A new, non-invasive method of capturing animals is to substitute captures of DNA
profiles, through sources such as hair samples, for live animal captures. However, DNA
profiles of close relatives may not be distinguishable from each other, and some animals
in the population may not be uniquely identifiable. This problem leads to negative
bias in estimating population size. We present a statistical model which accounts for

this type of matching error, leading to more accurate estimation of population size.
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Chapter 1

Closed Population Capture

Recapture Models

Closed Population Capture-Recapture models (also often called Mark-Recapture
Models) are used to estimate the size of a population in cases when enumeration or census is
not a viable option (see Seber (2002) for an introduction). These methods typically apply
to animal populations, but the methodology can also be applied to lists of people, as a
means to estimate the (unknown) size of the population. The basic methodology name
capture-recapture describes the sampling method used to obtain estimates of population
size. The term closed refers to the assumption that the population size is constant during the
study, and that there are no births, deaths, or migrations during the study. The sampling
methodology is easiest to describe for animal populations. Several samples are taken from
the population, and each time the captured animals are marked with an identifiable tag.

After each sample is taken, the captured animals are re-released into the population. After



the first sample is taken, subsequent samples return a combination of marked and unmarked
animals. When several samples are taken, different tags (or the same tag with a unique
identifier) are used for each sample so that a distinct capture history is available for all
the captured animals in the population. The goal is to use the percentages of recaptured
animals as a basis for estimating the number of animals that were never captured during
the study. This number of animals which are non-captured (which is estimated) plus the
number that were captured during at least one of the captures forms an estimate N of
the population size N. When this methodology is applied to lists of people, each separate
list is considered a separate capture and the information from the separate lists is used to
estimate the population size N.

Denoting the number of capture periods for the study as k, we can examine the
simple case where there are k = 2 captures from the population.

Denoting

n1 = number of captured animals in capture period 1
ne = number of captured animals in capture period 2

mg = number of recaptured animals in capture period 2

the most common estimator for NN is

(1.1)

This estimator is called the Petersen estimate, or the Lincoln-Petersen (LP) estimator. The
development of the method is credited to Petersen (1896), but a more recent treatment of

the probability model is given by Bailey (1951). The LP estimate is based upon hypergeo-



metric or multinomial likelihood functions which condition on n1, and is a commonly-used
estimator of population size.

A more general set of models with possibly k > 2 captures using the multinomial
distribution are also available. A good introduction to these models is presented by Otis,
Burnham, White, and Anderson (1978). We introduce the details of their general framework

here, which is used throughout the rest of the thesis. Define indicator variables X;; as
X;j = 1 if animal 7 is captured during capture period j

fori=1,2,..,N and j = 1,2, ..., k.

Also denote
pij = Pr(Xy =1)

as the probability that animal ¢ is captured during capture period j. Denote the capture
matrix X with dimensions N x k with entry X[i, j] = Xj; in row ¢ and column j. Denoting
X|i,.] as the ith row of X, we note that this vector has 2% possible values, as each entry in

the vector must be zero or one. For notational simplicity, these outcomes can be ordered as
Outcome 0: capture history (0,0,0,...,0,0,0);
Outcome 1: capture history (0,0,0,...,0,0,1);
Outcome 2: capture history (0,0,0,...,0,1,0);
Outcome 3: capture history (0,0,0,...,0,1,1);
Outcome 4: capture history (0,0,0,...,1,0,0);

Outcome 5: capture history (0,0,0,...,1,0,1);



through
Outcome 2% — 1: capture history (1,1,1,...,1,1,1).

Each animal in the population has exactly one of the 2% capture histories. A mathematical
representation of the above outcomes is obtained through the notation (X1, X2, ..., Xik)
of k values to represent the observed capture history of any animal in the population. For
1=0,1,2,....25 — 1, we define Capture History L corresponding to the previous ordering
of outcomes, where L = Z§:1 XijZk_j. When necessary to refer to the capture history
of animal i, we denote the capture history of animal ¢ as capture history L;, where L; =
Z?Zl X277, Denote the matrix Y with dimensions N x 2*, with entry Y[i,l] = 1 if
animal ¢ has capture history outcome L; — 1 from the list of outcomes above. That is,
Y[i, 1] = 1 if animal ¢ has capture history (0,0, ...,0), Y[i,2] = 1 if animal ¢ has capture
history (0,0,0,...,0, 1), etc. Exactly one entry in the vector Y[, .| is equal to 1, the rest of
the entries in the vector are zero. Denote Z, = Zfil Y'[i, [41] as the number of animals with
capture history L, for L = 0,1, ...,2¥ —1. Notice that Zy cannot be observed, as it represents
the number of animals with capture history (0,0, ...,0). Notice also that 212261 Z; = N.
Denote S = 212;_1 Z; = N — Zjy as the number of animals observed during at least one
capture period. Note also that Z; = YN, I(l; = 1).

We can compute the probability of animal ¢ having capture history I; (denoted as
P,) as

k
P, =107 @ —py)t—s (1.2)
j=1

for capture history vector /;. If P, is equal for all ¢ animals in the population, then defining



L=2F—1and P, =TI, sz(li:l) then the likelihood function can be written as

N-S

NI L p L
L(N,P|Zy = 2z1,... 21, = 21) = N SE Z P (1—23 . (1.3)
: = =1 =1

Notice that if V were known, this model would represent a multinomial likelihood function
with counts Zp, ..., Zox_; and probabilities Py, ..., Pyx_;. A set of assumptions underlying

this modeling structure are (Otis et al. (1978)):

1. The population is closed (no births, deaths, or migrations during the study);

2. Animals retain their tags throughout the experiment;

3. All tags/marks are correctly noted after each capture.

Many contributions to the literature on Capture-Recapture models have dealt
with violations of the above assumptions. Models by Jolly (1965) and Seber (1965) dealt
with violation of the closure assumption with the addition of several more parameters to
the models. Throughout this work, we assume that Assumption 1 is valid, and that the
population is closed. Tag loss by animals during the study is mentioned in Seber (1973).
Other treatments of tag loss have come from Kremers (1998), and Nelson, Anderson and
Burnham (1980). Tag loss can be considered a type of matching error in capture-recapture

studies.



1.0.1 Background for Our Approaches to Bayesian Modeling and Match-

ing Errors

When the three listed assumptions are valid, we use Bayesian inference and model
selection procedures. In Otis et al. (1978), a set of eight closed population models are
proposed. We present Bayesian versions of these models and use model selection criteria to
select the best model for a given dataset. Each model makes different assumptions about

the complexity of the capture probabilities p;;. Brief summaries of the model types follow.

Model My: p;; is constant for all 4, j.

Capture probabilities are constant for all individuals and all capture periods.

Model M;: The subscript ¢ denotes time effects in the model.

pi; varies by capture period (that is, by j), but not by individuals.

Model Mj: The subscript h denotes heterogeneity in the population.
pi; varies by individual but not by capture period. This is often a realistic assumption,
as some animals may be easier to capture than others (for example, the probability

of capturing an animal may be different for animals of different ages).

Model Mj: The subscript b denotes a behavioral effect in the population.
A trap-effect is assumed after the first capture, which changes the capture probability.
An increase in the base capture probability is referred to as making an animal trap-
happy. A decrease in the base capture probability is generally for situations when
animals become trap-shy after first capture. Subsequent captures are assumed not to

cause such an effect.



Model M;y: Use of two or more subscripts indicates the presence of both effects. Here, p;;

varies both by individual (by 7) and by capture period (by 7).

Model M;,: As the subscript b indicates, a trap effect is assumed after the initial cap-
ture, but we also assume that different capture periods may have different capture

probabilities (that is, vary by 7).

Model My,: Capture probabilities vary by animal (by 7). And, a trap effect is assumed

after first capture.

Model Myy,: Combines all three types of effects. Capture probabilities vary by capture

period, by individual, and a trap effect is assumed.

In Model My, one assumes that p;; are constant across all time periods and all
animals. That is, p;; = p, where p is constant. To incorporate time effects for Model M,
one can assume p;; = p;. Similarly, behavioral effects for Model M; can be incorporated by
using of p;; = pp if the animal has not been captured before capture period j, and p;; = pa
if the animal has been captured before capture period j.

Models with heterogeneity present a challenge to the form of the likelihood we
have defined previously. Under heterogeneity models, p;; may vary with ¢. This could cause
P, to vary by ¢ as well. Our likelihood function assumes that P, do not vary with 4. If
a finite mixture model is implemented to account for heterogeneity, the above likelihood
function may be used. We describe this approach further in Chapter 2. Another approach
to heterogeneity defined by Burnham and Overton, 1978, uses the Jackknife method to

obtain an estimator for N in the presence of heterogeneity within the population. It should



be noted that in Link (2003), inference about N in heterogeneity models is shown to be
highly model-dependent, suggesting that careful consideration in required when accounting
for heterogeneity in capture-recapture models.

Program CAPTURE (described in Otis et al. (1978)), provides estimators of N
for some the above models. Additionally, it provides model selection functionality based
on Chi-Square goodness of fit tests. The models and estimators of N used in program

CAPTURE are as follows:

My: basic My model estimator

Myp,: uses jackknife estimator (Burnham and Overton, 1978)

My: uses Zippin removal estimator (Zippin, 1956)

M;: uses Darroch estimator (Darroch, 1958)

My uses a generalized removal estimator (see Seber, 1982)

My uses an estimator from Burnham (unpublished)

My, uses Chao estimator (Chao, et al, 1992)

Mypn: not available in Program CAPTURE

However, it is noted (Pollock, Nichols, Brownie, and Hines (1990)) that the goodness-of-fit
tests in Program CAPTURE have low power when the number of captures is relatively
small. Pledger (2000) discussed the use of mixture models to fit heterogeneity models to
capture-recapture data, and discussed use of Akaike’s Information Criterion (AIC) as a

model selection tool.



Another form of model selection occurs when experimenters have basic beliefs
about the population that may logically eliminate one or more of the models from consid-
eration. However, the removal of potentially appropriate models based upon assumptions
about the population would be a danger to this approach. For these reasons, further work
on model selection criteria is needed.

The work we present in this thesis is separated into two different topics:

Bayesian Models and Model Selection for Closed Population Models .
We present Bayesian versions of the above models, utilizing a mixture approach to
modeling heterogeneity, and allowing for fixed time and behavioral effects in the ap-
propriate models. Furthermore, through extensive simulations, we explore the use
of Akaike’s Information Criterion (AIC) and also the Deviance Information Criterion

(DIC) as potential model selection criteria.

Effects of Matching Errors in Closed Population Models .
Matching errors for closed population models is considered a violation of the assump-
tion that all tags or marks are correctly noted after each capture. Such matching errors
can occur when these models are used with lists of people, where varying amounts of
information (and possible mistakes) are available on each list. Within animal popu-
lations, use of DNA fingerprints as a replacement for live animal captures also gives
rise to potential matching errors. Two types of matching errors are possible. Firstly,
two individuals who are truly unique may not be recognized as such, and may be
consolidated into one capture record. Secondly, a match from a particular sample (or

list) may be corrupted so that the true match is not detected, and the corrupted in-



10

formation is falsely listed as a new, previously undetected, member of the population.
We focus on a hierarchical model to deal with the first of these two errors, specifically
to deal with the DNA sampling case, where animals may not be uniquely identifiable

through their genetic fingerprints.
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Chapter 2

Bayesian Estimation and Model

Selection for Closed Population

Models

2.1 Introduction and Motivation for Model Selection Proce-

dures

Analysis of Capture-Recapture data for closed populations typically uses one of
the eight standard models mentioned in Chapter 1. Some definitive methods surrounding
selection of the correct model is necessary in such analyses. The eight models are gener-
ally (though not exclusively) nested, ranging from very simple models (Mj) where capture
probabilities are equal for all animals across all capture periods, to complex models (Mypp,)

allowing variation of capture probabilities by animal, capture period, and for behavioral
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effects. In such situations, model selection criteria are critical to allow the best model of
the eight to be fit to the data. Following the researcher’s suspicions about which model to
use may lead to choice of a model which is too simple to fit the data. Similarly, although
it is tempting to choose the most complex model to analyze the data, this may lead to
over-fitting and hence a higher predictive variance. The desire to strike a balance between
choice of a model that neither under-fits nor over-fits the data is the motivation for model
selection criteria (Burnham, 2002, chap.1).

Akaike’s Information Criterion (AIC) is one such method of model selection, and
seems to be the most commonly used measure for model selection. The intent of AIC is
to measure the mathematical distance between the true population and the fitted model,
by using the so-called Kullback-Leibler discrepancy. To differentiate between models with
different number of parameters, AIC adds two times the number of model parameters to
the estimated Kullback-Leibler discrepancy. In a case where there are two models, one
simple and the other complex, that fit a data set equally well, this allows AIC to choose the
simpler model by penalizing the complex models. Generally the rule of parsimony says that
a researcher should choose the simplest model that describes the behavior of the population.
Use of AIC generally supports this rule.

As our models are nested, we examine AIC as a tool for model selection. However it
might be noticed that AIC is not an asymptotically consistent criterion in the sense that the
probability that it chooses the correct model (given that the data has been generated from
the correct model) does not converge to one as the sample size tends to infinity (Schwartz

(1978)). We use a modified version of AIC within our Bayesian framework for parameter
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estimation.

The Deviance Information Criterion (DIC) is a Bayesian model selection crite-
rion (Speigelhalter, Carlin, et al 2002). It is structured similarly to AIC, but is strictly a
Bayesian criterion. The main difference between AIC and DIC is in the penalty term added
to the estimated Kullback-Leibler discrepancy. DIC adds two times the effective number of
parameters to the estimated Kullback-Leibler discrepancy. The effective number of param-
eters is a Bayesian concept. It deals with the fact that the number of model parameters
in a Bayesian model is influenced by their prior distributions. The DIC criterion presents
a methodology to measure this number of parameters. The DIC is, then, the difference
between the estimated mean KL distance, and the KL distance estimated at the posterior
mean of each of the model parameters.

We also examine DIC as a model selection criterion for these models. Use of DIC
does not require the models to be nested. However, as we will see, our modeling uses a
mixture approach for some of the models. There are some questions about use of DIC for
mixture models.

We considered using the Bayesian Information Criterion (BIC) for model selection,
but, for capture-recapture models it is not clear what the sample size should be (as N itself
is a parameter and k, the number of capture periods, is usually much smaller than necessary
for asymptotic properties to work). Therefore, we chose to focus on AIC and DIC as the
two model selection criteria to be examined.

Specifically, our goals are to answer the following questions:

(i) Does AIC, choose the correct underlying model for a given data set?
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(ii) Similarly, how does DIC perform as a model selection criterion for these models?

(iii) Are one or more of the eight closed population models particularly robust when fitting

data generated under a different model structure?

To assess this, we develop and present Bayesian versions of the eight standard closed popu-
lation capture-recapture models. We present simulation results to determine whether AIC

and DIC work well in differentiating between the models.

2.2 Bayesian Closed Population Capture Recapture Models

We use the general framework outlined in Chapter 1. For each model, the following
notation is common. N represents the (unknown) population size. We use p;;, P, Z;, and
S as previously defined in Chapter 1.

The set of sufficient statistics is given by {Z1, Za, ..., Z1} where L = 2F — 1. Esti-
mating N is equivalent to estimating Zg, the number of individuals in the population which
were undetected during the study. Using P, as defined in Chapter 1, let P = (Py, Pa, ..., Pr).

We can thus obtain the likelihood function as L(NV, P)

N I I N-S
L(N, P) <S> 117 (1 - Za) : (2.1)
=1 =1

It is of interest to estimate N, treating P as a nuisance parameter. The capture probability
vector P varies depending on the specific model. The main difference between the models is

the modeling of capture probabilities. We take a Bayesian perspective to derive parameter
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estimates. For each of the eight models we use the following prior distribution for N,

where § > 0 is fixed at a specific value and Ny, is set at a realistic upper bound for N. The
Jeffreys prior can be approximated with 6 = %, which we use for our simulations (results
given in Section 2.3). Now we describe the basic modeling of these capture probabilities for

each of the eight models and associated prior distributions for model parameters.

Model My: p;; = « for all 4, 5.
We use a Beta distribution for «, specifically o ~ Beta(a,b). For our simulations

(discussed in Section 2.3), we fixed a = b = 0.5.

Model M;: p;; = o  for all 1.
We use a sequence of independent and identically distributed (i.i.d.) Beta random
iid

variables for «;’s, specifically, a; "~ Beta(a,b). For our simulations (Section 2.3),

we fixed a = b = 0.5.

Model Mjy: p;; = p; for all j, and p; ~ F(-).
To account for heterogeneity, we assume a finite mixture distribution for univariate
distribution function, F', specifically the probability mass function (p.m.f.) is given by
dF(p) = >0 1 ™mI(p = 0y,), where 7, denotes the probability at support point 6,,
with the restriction that Y, _; mn = 1. It has been shown that when using mixture

models to account for heterogeneity, the MLE of the number of support points is

less than four for most data sets (Norris and Pollock, 1996), (Pledger, 2000). For
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our simulations (Section 2.3), we fix r = 2 mass points representing possibly two
distinct groups within the population. One group represents a relatively easier group
to capture, and the second a relatively more difficult group to capture. As this is a
mixture model, some extra restrictions are needed to allow all the parameters in the
model to be identified. In our mixture model, we imposed an order restriction on
01,02 to force 61 < 6. To do this, we created 07,05, Ligd- Beta(a,b). The probability
at the r = 2 support points is given by 1 — o = m; = 7. Our order restriction sets

01 = Min (07,03). Similarly, 62 = Maz (07, 63). For our simulations (Section 2.3), we

fixed a = b =0.5.

Model My: p;j = al(1;; =0) + BI(1;; = 1)
where 7;; = 1 if animal ¢ has been captured before capture period j, and 7;; = 0
otherwise. This means that a trap-effect is assumed after the first capture. Subsequent
captures are assumed not to cause such an effect. We use «, 8 LR Beta(a,b) as the

prior distributions. For our simulations (Section 2.3), we fixed a = b = 0.5.

Model My,: pi = (pit, piz, - - -, pix)” ~ F(*).
Similar to an M} model, we assume a finite mixture distribution for the k-dimensional
distribution function, F', specifically the p.m.f. is given by
dF(p) => 1,1 mmI(p = 0p), where 7, denotes the probability at support point
Om = (O1m, -, Opm)? with the restriction that Y7 _; 7, = 1. For our simulations
(Section 2.3), we fix » = 2 mass points representing possibly two distinct groups
within the population, which means that 1 — 73 = m; = 7. We impose similar order

restrictions as in Mj on the parameters 6015, 65;. That is, m,67;,65; i Beta(a,b),
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015 = Min (01‘]-,9;]-), and to; = Maa:( fj,@‘j) for j = 1,...,k. For our simulations

(Section 2.3), we fixed a = b = 0.5.

Model My: pij = B;1(1ij = 1) + ajI(1i; = 0).
where 7;; is as defined in model M. As in model M, the trap effect is assumed to
occur only after initial capture but now allowed to vary over capture periods. For
Jj =1,2,...,k, define o; as the capture probabilities for capture period j for animals
that have not been previously captured. For j = 2,3, ...,k, define 3; as the capture
probabilities for animals that have been captured prior to capture period j. Note that
(1 is undefined, because subsequent capture cannot occur in the first capture period,
so we fix 1 = 0. In addition, we assume that 8; = a; + ¢, for j = 2,...,k We use
a; Lig Beta(a,b) as the prior distribution for a’s. The conditional prior distribution
of ¢, given ag, ...,a; is U(—ming<<p aj,1 — maxa<j<i o), where U(a,b) denotes a

uniform distribution over (a, b).

Model My: pij = p1il(1i; = 0) + p2iI(7ij = 1) and p; = (p1i, p2i)T ~ F(-)

where 7;; is as defined in model M,. Similar to the Mj; model, we assume a fi-
nite mixture distribution for the 2-dimensional distribution function, F', specifically
dF(p) =>1 _17mI(p = 0p), where 7, denotes the probability at support point

O, = (01m, 02m)T with the restriction that Y7 _; m, = 1. For our simulations (Sec-
tion 2.3), we fix r = 2 mass points representing possibly two distinct groups within the
population, which means that 1 — my = m; = m ~ Beta(a,b). Again, we impose order
restrictions on the # parameters for convergence and use =, 07,,, 65, Lid Beta(a,b) for

m = 1,2 as a prior distribution. We set 611 = Min (67,,075), and 012 = Max (07, 07,).
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Similarly, we set 021 = Min (65,,0%,), and 622 = Max (65,,0%5). For our simulations

(Section 2.3), we fixed a = b = 0.5.

Model Myy: p; = (i1, ---,pie)’ = pgl)I(Ti]‘ =0) +p§2)I(TZ~j =1) and (pgl),pgz)) ~ F(-).
This is the most general model that allows effects for individual heterogeneity, time,
and behavior. Similar to My, and My, models, we assume a finite mixture distribution
for the 2k-dimensional distribution function, F', specifically that
dF(p) = >r.—1m™mI(p = 0,,), where 7, denotes the probability at support point
Om = (O11m, - - - » O1kem> O21ms - - - » O2km) T With the restriction that Yore1Tm = 1. Asin
model My,, we set the behavior effect to be additive. That is, 02, = 01, + ¢ for
j=2,...,kand m = 1,2,...,r. For our simulations (Section 2.3), we fix r = 2 mass
points representing possibly two distinct groups within the population, which means

big- Beta(a,b)

that 1 — m = m; = 7. Prior distributions for = and 6y;,, are m, Oi‘jm
for j = 1,...,k and m = 1,2. A conditional prior distribution of ¢ given 601, for
j=1,...,kand m = 1,2 is U(—ming<j<g 01jm, 1 — maxo<j<i 01jm), where U(a,b)
denotes a uniform distribution over (a,b). Notice that this implies the behavioral
effect ¢ is constant across the m groups within the population. Also, we imposed

similar order restrictions as in the previous heterogeneity models, so that 011 < 61

and 6152 < fa50. For our simulations (Section 2.3), we fixed a = b = 0.5.

The number of parameters in each model as a function of , the number of support
points assumed from the finite mixture distribution F' and k, the number of capture periods,
is given in Table 2.1. Using model My, as an example, we have parameters N, my, ..., 7r_1,

0111, -y 0111, 0112, -y 0182, -, O117, -, 0181, and c. The number of parameters is thus 1+ (r —



19

Model Parameters

Model Number of Parameters

My 2
M; 1+k
My, 3
M;, 2r
My, k+2
My, 3r
My, r(k+1)
M, r(k+1) + 1

Table 2.1: Parameters in Bayesian Closed Population Capture-Recapture Models

1)+ kr+1=r(k+1)+ 1. The other entries in Table 2.1 can be established in a similar
fashion.

The posterior distributions of the model parameters for all eight models can be
closely approximated using Markov Chain Monte Carlo (MCMC) methods available in the
WinBUGS V1.4 software package

(http://www.mrc-bsu.cam.ac.uk /bugs/winbugs/contents.shtml).

2.3 A Simulation Study

2.3.1 Data Generation Process

The objective of the simulation is to determine whether standard model selection
criteria, such as AIC and DIC, can correctly identify the true underlying model when all
eight models are fit to a particular data set. Furthermore, we wish to assess if a particular

model is robust when used to analyze data generated from a different model. To this end,
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Data Generation Process
Model Capture Probabilities Mean of p;; Std Dev of p;;
M 0.2 0.2 0
My 1st capture: 0.2, after 1st capture: 0.41 0.27 0.10
M; (0.09, 0.13, 0.2, 0.29, 0.41)
for captures 1-5 0.39 0.27
My, pij =i = F(u+ K2) 0.25 0.2
My 1st captures: same as M;.
2nd captures: (0.29, 0.4, 0.53, 0.65)
for captures 2-5 0.28 0.18
My, Ist captures: p;; = pi = F(p+ Kz).
2nd captures: p;; = p; = F(u+ kz; +1) 0.27 0.22
My, Dij = F(,u + Kz + ¢]) 0.27 0.22
M, Ist captures: p;; = F(p+ kz; + ¢5).
2nd captures: pj; = F(pu+ Kz + ¢; +1) 0.32 0.28

Table 2.2: Data generating assumptions for each of the 8 Bayesian models for simulation
experiment one. F refers to the Logistic distribution function F(z) = [1 + efx]fl S =

F710.2) = —=1.39, k = 1.25, z; "K' N(0,1),n =1, and ¢; = 452,j = 1,2,...,5

we generated 100 data sets under each modeling assumption

(Mo, My, Mp, ..., Myy,). Using Markov Chain Monte Carlo (MCMC) methods, we fit each
data set using each of the eight models. A total of one-hundred data sets generated under
each of the eight modeling assumptions gives a total of eight-hundred data sets. Each data
set is a simulated capture-recapture study with k£ = 5 capture periods. For each simulated
data set discussed in this section, we set N = 500, and the p;; values were generated
according to the design outlined in Table 2.2. Ultimately, as we discuss in Section 2.4, we
performed this experiment under different design conditions seven more times to verify our
conclusions about estimation of N and performance of the model selection criteria. Thus,
the design outlined and the results presented in this section refer to results from simulation

experiment one.
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For each data set, and under each model, an estimate of the posterior density of
N was constructed using WinBUGS Version 1.4 software, and the median of this posterior
distribution was chosen as an estimate of N. We also computed the AIC (Section 2.3.3), and
the coverage probability of a 95 % equal-tailed interval from the posterior distribution of
N by computing the 2.5th and 97.5th percentile of N, and these results follow in Table 2.4.
When fitting our models to the generated data sets, we made no assumptions about the
capture probabilities being small or large. Using a large range of the prior distribution of
N sufficiently allows for capture probabilities to be large or small. However, the range of
N would be specific to each study.

We used a burn-in period of 3000 samples, and 2000 samples from each of three
MCMC chains with dispersed starting values for the model parameters. Therefore, our
posterior distribution estimates are based upon 6000 total samples.

Results of the first simulation experiment are given in Tables 2.3 - 2.12. Each ta-
ble’s columns correspond to the data generating process, that is, which model’s assumptions
were used to generate the data. Each table’s rows correspond to the model fit to the data.
For example, the first row and fourth column of any table correspond to data generated
under model Mj, but analyzed using model My. Similarly, the fourth row and first column
represents performance of My data sets analyzed using Model Mj,.

Table 2.3 contains results from the posterior density of N. The table lists means
and standard errors, computed from the 100 MC estimates of the posterior median of N.
Table 2.5 contains means and standard errors of the MCMC estimates of AIC. Table 2.6

gives the percentages of times each model was selected by AIC. Table 2.7 contains means
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and standard errors of the MCMC estimates of DIC. Table 2.8 gives the percentages of
times each model was selected by DIC, out of the 100 data sets generated under each set
of modeling assumptions. Table 2.9 gives the mean values of the MCMC estimates of the
penalty term in DIC, as a means to assess the effective number of parameters in DIC. Further
description of the DIC criterion is given in Section 2.3.4. Tables 2.10, 2.11, and 2.12 give
the same corresponding results as in Tables 2.7, 2.8, and 2.9, with the difference between
tables arising because different estimators of the model parameters were used for each group

of tables. These different estimators are discussed in Section 2.3.4.

2.3.2 Estimation of Population Size N

For estimating IV, simulation results are given in Table 2.3. Estimated coverage
probabilities for a 95% equal-tailed posterior interval from the posterior distribution of N
is seen in Table 2.4.

Because we expect a fitted model to estimate N accurately when the data ana-
lyzed are sampled from the true model (for example, fitting Model My, to data generated
with time and heterogeneity effects), we expect the estimation of N to be accurate on the
diagonals of each of the above tables, as the diagonals represent cases where the data gen-
erating assumptions match the model used to fit the data. Secondly, we expect that a fitted
model would accurately estimate N when fit to data generated under simpler assumptions,
specifically when the simpler model can be viewed as a special case of the more complex
model. For example, data generated under model My with constant capture probability
across all captures, should fit well when analyzed with a model such as M, which allows

the capture probabilities to vary by individual animal and by capture period. We expect
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Table 2.3: Means and Standard Errors of Posterior Median as an estimator of N (True
N = 500; Number of Simulations 100; Standard Errors given in parentheses)

Data Generating Process (DGP)

Model Fit My M;, M, M, My, My My, My,

My 500.27  355.96  530.53  379.38 327.29  423.22 384.00 356.29
(24.73) (21.34) (21.34) (12.34) (10.97) (15.11) (14.18) (12.02)

My, 526.68 433.77 551.99 401.07 361.06 441.44  456.18 394.18
(29.72) (54.83) (25.38) (19.58) (22.30) (22.94) (51.12) (25.06)

My 497.21 355.34 501.01 37744 326.64 399.98 374.76  348.68
(24.32) (12.68) (19.09) (12.31) (10.95) (13.27) (13.26) (11.73)

M, 506.99 368.65 1123.63 51748 367.87 1119.58 1001.10 1005.10
(48.92) (17.59) (11.14) (56.90) (18.32) (16.10) (49.35) (38.26)

My, 545.28 434.80 1123.59 563.46 457.24 1119.24 1010.00 1012.92
(54.66) (63.35) (11.01) (64.48) (81.52) (16.30) (41.72) (32.82)

My, 518.10 460.70 506.86 513.00 461.33  469.78 458.63  468.12
(71.00) (55.58) (44.99) (70.24) (60.07) (45.13) (53.63) (54.06)

My, 511.04 401.80 512.41 396.60 354.13 417.63 415.53 371.41
(27.08) (28.68) (21.96) (17.99) (17.78) (18.58) (25.90) (15.87)

My, 502.74 398.70 501.59 488.59 413.88  460.00 425.26 421.18
(55.06) (42.94) (32.80) (65.05) (53.06) (41.98) (36.04) (45.55)

Table 2.4: Coverage Probability of N from 95 percent Equal Tail Posterior Interval (True

N = 500)

Data Generating Process (DGP)

Model Fit My My M; My, My, My My, My
My 95 0 69 O 0 0 0 0
My, 93 69 61 95 16 98 87 37
M; 95 0 97 0 0 0 0 0
M, 97 2 0 93 1 0 0 0

My 9 &8 0 94 92 0 0 0
My, 98 99 94 98 99 72 80 86
My, 9% 32 97 22 5 21 33 1
My, 9 82 98 99 91 84 69 [
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My, is sufficiently robust to perform well in this situation because My can be viewed as a
special case of Myy,.

Because the tables have been arranged with the complexity of the models in
roughly increasing order, entries below the diagonal indicate situations where the model
fit is more complex than the data generating assumptions. We generally expect to see ac-
curate estimation of IV in these situations. We expect less accuracy in estimating N when
the column number is larger than the row number, as this (generally) represents situations
where the data contain more effects than the model to which it was fit.

The results in Table 2.3 give some insights into estimation of N. Firstly, notice
that when the data are generated from model My (entries in column one of the table), that
all the models except My, provide estimates of N with little to no bias. Model M, has a
relative bias of 40.10. There is some slight bias to models My, and model M}, (with relative
biases of +0.04 and +0.05, respectively), but overall performance is pretty good for simple
data.

Data generated under model M} (column two of Table 2.3) show that none of
the eight models estimate N particularly well for these data sets. The smallest bias in
estimating IV came from Model My, with a relative bias of -0.08. We expected a reasonable
estimate of NV would be provided by at least the four models which account for heterogeneity.
In analyzing the behavior of the p;; values generated in this simulation, their distribution
follows a right skewed shape on the (0,1) interval. Thus it appears our mixture-modeling
approach to heterogeneity does not always accurately estimate N. Although estimation

of N from model M, is poor (relative bias -0.13), it is better than that of M, and My,
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showing us that addition of the extra effects in those higher models detracts from estimation
of N, perhaps because those models may be finding effects in the data which are simply a
result of random variation.

In column three of Table 2.3, data generated under model M; have accurate es-
timates of N for models with a ¢ subscript. The time effects in the data were somewhat
pronounced, so this is not surprising. Estimation of N from each of these models performs
well. What is surprising is the incredibly biased estimates of N that come from models
with b but not ¢ in the subscript. This effect occurs a few times in these simulation results,
but can be explained somewhat by a result on the necessary conditions for the MLE of N
to exist under model M; (Seber and Whale, 1970) and page 29 of Otis et al. (1978). For
the MLE of N to exist for model Mj, the number of captured animals in the early captures
must be large enough to allow for estimation of capture probabilities and population size.
However, our models had time effects that were increasing with the number of captures.
Hence, many of our data sets had a relatively small number of early captures, violating
the requirements for the MLE of N to exist. Even though we take a Bayesian approach to
modeling and use the posterior density of N as the basis for inference about N, this feature
of the likelihood causes our estimates of population size to be significantly biased. This
problem recurs for almost all fitted models with subscript b where time effects are present
in the data. Notice, though, that My, does estimate N reasonably well for these data sets
(relative bias +0.01), suggesting that when both time and behavior effects are incorporated
into the same model, the problem is resolved by the accounting for time effects.

Column four of Table 2.3 shows that data generated under model M; have the
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most accurate estimates of N when fit by model M;, model My, (relative bias around +0.03
in both models), and by model My, (relative bias of -0.02). Model My, has a larger relative
bias (approximately 4+0.13) in estimating N, which is surprising since this model accounts
for behavior effects. A behavior effect splits the population into two groups, namely those
animals captured previously and those not captured previously. This is the type of effect we
model with our heterogeneity models. However, the proportion of animals in each group is
not constant when the effect is behavioral. The membership of the group of animals which
have been previously caught grows with each sample taken. This causes problems in fitting
model My, even though it also accounts for behavioral effects. Also, we see somewhat
the reverse effect of the problem encountered earlier. Due to the significant trap effect in
capture period two, some animals have a higher capture probability than in capture period
one. Still more animals have a higher capture probability in capture period three than in
capture period two, and so on. If the model analyzing the data has only a time effect but
not a trap effect, such as model M;;, this behavior effect is similar to a time effect. An
overstated time effect causes, in these cases, a reduced estimate of N (relative biases of
-0.20 to -0.25).

Column five of Table 2.3 shows that, while My, and My, (with relative biases of
-0.08 and -0.09 percent) provide the best estimation of N when data are generated under
model My, assumptions, estimates of N are still not very accurate. None of the eight models
perform very well in estimating N, although the performance of My, relative to the other
models tells us that estimation of N when using the correct model has smaller relative bias

than all other models except model My,.
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Column six of Table 2.3 gives results similar to those from column five. Model My,
provides the most accurate estimates of N (relative bias is -0.06). Six of the eight models
have negative bias in estimation of N. The two that are severely positively biased are again
those models only incorporating the behavior effect, but not the time effect. This causes
the same problem we saw when fitting behavioral models to data generated under model
M;. Model My, performs better than M, with an average bias of -30 versus -100, suggesting
that incorporation of the behavioral effect in the model leads to smaller absolute bias in
estimation of N.

Column seven of Table 2.3 gives results for data generated according to model
M,y Estimation of N is biased for all the models fit to this data. Curiously, model M}, has
smaller absolute bias than model My, when estimating N. The reason for this discrepancy
is not known at this time.

Column eight gives results for data generated according to model My,. Again,
estimation of N is biased for all models. Model My, gives the best estimation of N (relative
bias of -0.06), followed by model My, (relative bias of -0.16). This may be due to the
confounding of trap effects, and the way we’ve modeled the heterogeneity.

It should again be noted that we used relatively small capture probabilities for
this study. It is known (Otis, et al, 1978) that smaller values of p;; can lead to negative
bias in estimating population size. This effect occurs in this simulation, particularly in the
data sets for which we simulated a heterogeneity effect. It is possible that similar effects at
higher mean values of p;; would lead to different performance in estimating N. However, all

models estimate N for data generated from model My quite well, which gives some evidence
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that the problem in estimating N arises largely from the variability of the populations, not
simply in the relatively small mean values of p;;. Perhaps a larger number of captures (we
used k& = 5 captures) would also allow the effects in the data to be more clearly manifested
in the more complex models. Manifestation of time, behavioral, and heterogeneity effects
(such as in Myy), for instance, may be a lot to ask of a data set containing only k = 5
captures. However, in a larger number of captures, perhaps those effects would be more
clearly identifiable. Another possibility for improving performance with respect to the data
sets containing heterogeneity is to re-examine all the data sets, using a version of Model

My, that has capture probabilities themselves generated from the beta distribution.

2.3.3 Analysis of AIC as a Model Selection Criterion

AIC (Akaike, 1973) has been used extensively as a model selection tool. Cal-
culation of AIC adds a parameter penalty to the estimated Kullback-Leibler Discrepancy
between the fitted model and the true model. Using # as a general term to represent all
the model parameters (e.g. § = (N, P) as in (2.1)), X as a general term to represent the
observed data (e.g. X = (Z1,...,Z1) asin (2.1)), p’ as the number of model parameters (see
Table 2.1), and LogL as the log likelihood function, a form for calculation of AIC is given

by

AIC = —2LogL(6|X) + 2p/,
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29

Model Fit M() Mh Mt Mb Mbh Mtb Mth Mtbh
My 134.28 197.15 320.72 191.77 25244 533.40 354.33 539.01
(7.45) (15.98) (25.63) (12.52) (19.52) (37.62) (29.40) (36.43)

My, 138.41 159.21 325.06 194.40 196.56 537.15 328.54 501.36
(7.28)  (7.03) (25.65) (11.99) (13.51) (37.66) (27.55) (34.94)

M, 142.38 205.36 136.21 173.18 236.21 164.62 198.07 239.68
(3.55) (16.13) (8.35) (10.11) (17.13) (12.95) (16.69) (23.50)

My 136.37 197.93 207.97 157.92 201.64 227.15 193.56 181.33
(7.20) (15.90) (14.08) (6.95) (14.40) (15.65) (11.87) (13.03)

My 142,51 163.02 21479 163.58 165.45 234.12 184.46 174.53
(7.05) (6.75) (14.13) (6.85) (7.12) (15.59) (10.57) (10.42)

My, 144.21  203.75 137.92 165.81 207.14 151.14 186.13 174.49
(6.91) (15.68) (8.27) (6.92) (14.06) (7.32) (11.74) (12.97)

My 153.84 174.97 14771 176.99 181.10 161.94 166.74 165.08
(6.14) (6.44)  (7.36)  (6.20)  (7.45)  (7.00)  (6.23)  (7.90)

M, 155.64 176.64 149.40 17v7.14 179.82 162.12 168.48 163.48
(5.94) (6.30) (7.50)  (6.14)  (6.16)  (6.55)  (6.15)  (6.57)

where @ is the MLE of 6 under the assumed model. However, our AIC calculation is different

from the usual form of AIC. Defining

D) =

—2LogL(0|X),

we use AIC = E[D(0)|X] + 2p’ where E[D(6)|X] represents the mean of the posterior

distribution of D(#).

Analysis of Table 2.5, which gives the MCMC AIC means and standard errors,

indicates that overall the AIC is effective in determining the correct model. For the first

seven columns in the table, the smallest AIC mean value occurs when the fitted model
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Table 2.6: AIC Model Selection: Percentage of times each model selected
Data Generating Process (DGP)

Model Fit My M, M; M, My, My My, My,
My 92 0 0 0 0 0 0 0
My 0 9 0 0 0 0 0 0
M, 1 0 87 0 0 1 0 0
M, 7 0 0 99 0 0 0 0
Myy, 0 5 0 1 99 0 2 12
My, 0 0 13 0 0 98 3 10
My, 0 0 0 0 1 2 87 36
My, 0 0 0 0 0 0 8 44
Model Selection Error 8 5 13 1 1 2 13 52

matches the data generating assumptions. This suggests that although estimation of N
may be biased even in the correct model, the AIC is capable of identifying it correctly.
Perhaps more indicative of the performance of AIC is the summary in Table 2.6,
which tells us the percentage of selections for each model using the AIC criterion. Ideally,
the diagonal entries in the table should have the highest percentages of selections by AIC.
The columns of the table represent the true model generating assumptions. When another
model is selected by AIC, this may be called a model selection error, and the percentage
of times AIC makes a model selection error is listed in Table 2.6. In this respect, for seven
of the eight models, AIC performs quite well as a model selection tool. Among these seven
models, for M; and My, the percentage of selections is 87 percent, which is somewhat
lower than for the other models. When M; and M;, are not selected by AIC, though,
AIC does select a similar model, albeit with more effects. This is better than the selection

of an unrelated model. Model My, does not perform as well. Data generated under the
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assumptions of My, only produced a 44 percent selection rate by AIC. When My, was not
selected in this column, the model selected was one of the sub-models containing two of the
effects (Mg, My, and My,). Some of this could be due to relative weighting of the time,
behavioral, and heterogeneity effects within My, as AIC may be picking the model based
on the most significant of these effects present in any particular data set. Furthermore, as
previously stated, with five captures, model My, may be somewhat over-parameterized.
We observe 31 distinct capture histories, and model My, includes 13 parameters for such
data, which may lead to the estimation of effects due only to random chance. However,
from an overall look at this table, we conclude that AIC performs well as a model selection

tool.

2.3.4 Analysis of DIC as a Model Selection Criterion

The DIC criterion is a recent development in model selection. DIC can be ex-
pressed in a form similar to AIC. Given the common use of AIC, this feature allows users
to quickly understand the form and use of DIC. Another significant benefit of DIC is that
it is easy to calculate, as it is just a function of the posterior parameters and the model
deviance (where deviance is related to the log-likelihood).

DIC can be expressed similarly to AIC. Using the same notation as in the definition

of AIC, and again denoting
D(0) = —2LogL(0|X),
and defining

pD = E(D(6)|X) — D(d),
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where again E(D(#)|X) represents the posterior mean of the deviance function D(6), we
denote

DIC = D(0) + 2pD (2.2)

where 0 is a posterior estimate of 6, e.g., 6 = E[0|X] or Median[f|X]. As stated previously,
the pD term in DIC represents an effective number of parameters. The pD term measures
the decrease in the deviance (corresponding to increase in the likelihood) obtained by using
posterior estimates of the parameters 6. It is important to note that although DIC is
structured to look like AIC, the penalty term is actually a function of the fit of the model
itself, not simply a discrete number of parameters.

Generally for computational purposes, defining Dev(f) as the MCMC computed
deviance for any particular data set and model combination, and defining D as the MCMC

mean of the deviance statistic, pD is computed as

pD = D — Dev(f)

and computationally, we have

DIC = Deuv(f) + 2pD.

In our simulations, DIC did not perform as well as AIC in model selection. A
table of how often each of the models was selected using the DIC criterion is given in
Table 2.8. For simple data sets (such as My, M;, or M), DIC selects a more complex

model in the majority of cases. Of particular concern was the disproportionately large



Table 2.7: Means and Standard Errors of DIC
Data Generating Process (DGP)
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Model Fit M, My, M, M, My, My, My, Mipp,
My 131.26 194.41 317.65 188.98 249.75 530.54 351.55 536.27
(7.46)  (15.97) (25.64) (1252) (19.51) (37.62) (29.39) (36.43)

M, 123.25 152.09 31145 178.64 191.05 522.87 320.33 494.86
(13.16) (7.47) (26.20) (14.59) (13.22) (38.75) (28.15) (34.75)

M; 135.36  198.64 129.17 166.41 229.50 157.80 191.30 232.92
(7.08)  (16.13) (8.36) (10.10) (17.13) (12.93) (16.68) (23.48)

M, 131.75 194.10 201.89 153.23 197.82 221.08 187.70 175.48
(7.28)  (15.90) (14.06) (7.13) (14.40) (15.63) (11.86) (13.03)

My, 100.64 150.71 140.52 127.81 149.81 173.37 162.60 156.78
(16.40) (8.46) (24.48) (14.50) (9.68) (24.84) (20.69) (15.65)

My 129.33 182.62 129.50 150.70 186.95 142.88 177.15 165.39
(7.74)  (21.30)  (8.23)  (6.93) (16.50) (7.27) (11.51) (12.70)

My, 120.43 161.64 112.19 155.77 168.23 141.73 153.12 151.97
(17.52)  (6.30) (17.98) (8.59) (7.35) (9.49) (5.89) (7.91)

My, 126.15 157.44 12547 145.35 157.55 131.03 151.99 145.74
(13.44)  (7.39)  (9.33) (852) (8.05) (11.40) (5.84)  (7.26)

number of selections of model My, across all data sets. The problem with DIC arises in the

computation of the penalty term pD. Although pD is positive in most cases, it is possible

that pD can be negative for a particular model and data set, if the likelihood function is

not log-concave. If pD is negative, instead of being penalized for the model complexity, the

model is in fact rewarded by a negative pD value.

In Table 2.9, My, and other models have negative mean pD values in our simula-

tions. In particular, model My, frequently has a negative pD. These negative values cause

My, to be selected by DIC a significant number of times, even often in cases where the un-

derlying data were generated under significantly different assumptions. Such performance

is cause for concern. However, in Speigelhalter, Carlin, et al 2002, the authors state that



Table 2.8: DIC Model Selection: Percentage of times each model selected
Data Generating Process (DGP)

Model Fit My My M, M, My, My My My,
My 0 0 0 0 0 0 0 0
My 1 37 0 0 0 0 0 0
My 0 0 2 0 0 0 0 0
M, 0 0 0 0 0 0 0 0
My, 8 51 13 95 78 5 15 13
My, 0 1 1 1 2 0 0 0
My, 14 0 71 1 0 7 38 9
My, 3 11 13 3 20 88 47 78

Model Selection Error 100 73 98 100 22 100 62 22

Table 2.9: mean values of pD: D(6) - D(f)
Data Generating Process (DGP)

Model Fit M, M, M, My, — My, My My, Mgy
My 097 126 093 122 130 114 122 1.26
M, -7.16  0.89 -5.60 -7.76 249 -6.28 -0.21 1.50
M; 498 527 496 524 529 518 523 524
M, 1.38 217 -0.08 1.31 218 -0.06 0.14 0.15
My, -29.87 -0.31 -62.27 -23.77 -3.64 -48.75 -9.86 -5.75
My, -0.88 -7.13 558 -1.11 -6.19 574  5.02 4.90
M, -9.40 10.67 -11.52 278 11.13 3.79 10.37 10.89

Mpn

-3.49  6.81 207 579 372 -5.09 951 8125

34



Table 2.10: Means and Standard Errors of DIC: when posterior median used for 0
Data Generating Process
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Model Fit M, M, M, M, My, My, My, M,
My 131.27 194.42 317.66 188.99 249.76 530.55 351.55 536.28
(7.46) (15.97) (25.64) (12.52) (19.51) (37.62) (29.39) (36.43)

M;, 129.61 153.97 316.62 181.07 191.80 525.07 323.13 496.52
(7.19)  (7.00) (25.78) (15.41) (13.45) (39.52) (27.63) (34.91)

M; 135.37 198.64 129.18 166.41 229.50 157.80 191.30 232.93
(7.08) (16.13) (8.36) (10.10) (17.13) (12.93) (16.68) (23.48)

M, 132.35 194.19 202.31 153.85 197.91 221.50 188.07 175.83
(7.21)  (15.90) (14.07) (6.98) (14.39) (15.64) (11.86) (13.03)

My, 130.07 155.50 202.91 150.43 157.58 221.69 174.89 164.59
(8.04) (6.75) (14.10) (7.81) (7.04) (15.84) (10.70) (10.44)

My 135.60 195.10 129.80 157.25 198.49 143.13 178.10 166.43
(6.89) (15.61) (8.26) (6.87) (14.09) (7.30) (11.71) (12.92)

My, 135.53 161.80 129.26 160.76 168.31 146.65 153.42 152.18
(6.37)  (6.33) (7.62) (6.69) (7.40) (6.94) (6.17)  (7.89)

My, 135.72 161.69 129.90 152.07 164.69 142.00 153.51 148.56
(6.83) (6.17) (7.77)  (8.90)  (5.99) (7.01)  (6.09)  (6.54)

alternative choices for 6 could be the posterior median or posterior mode. So, pD can be

calculated with these alternatives to the posterior mean of 8. The poor performance of DIC

when 6 was the posterior mean called for examination of DIC when the posterior median

was used for 6 instead.

In Tables 2.10, 2.11, and 2.12 the performance of DIC improves when the posterior

median is used for 6. However, the model selection error rate is still quite high when

compared with that of AIC in Table 2.6. However, in focusing on Tables 2.11 and 2.12,

although the mean pD values are negative less frequently when using the posterior median,

the mean pD value is still negative for the M} and Mp, models. Secondly, in Table 2.12,

DIC still tends to overfit each of the models. For instance, in column three, where the data



Table 2.11: mean values of pD: D(6) - D(f) where 6 is the Posterior Median

Data Generating Process

Model Fit M, M, M; My, My, My, My, My,
My 099 1.27v 094 123 132 1.14 1.23 1.27
My, -0.81 2.77 -043 -533 3.24 -4.08 259 3.16
M, 499 527 497 524 529 518 5.23 5.24
My 1.98 226 034 194 227 035 0.51 0.50
My, -0.44 448 0.12 -1.15 4.13 -043 2.43 2.06
My, 540 5.35 588 543 535 599 597 594
My, 5.69 10.83 5,55 7.77 11.22 871 10.68 11.09
Mpn 6.08 11.05 6.49 093 10.86 5.88 11.03 11.07
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Table 2.12: DIC Model Selection: Percentage of times each model selected when posterior

medians used for 6

Data Generating Process

Model Fit My My My My My, My My My,
My 8 0 0 0 0 0 0 0
My, 4 79 0 2 0 0 0 0
M, 2 0 52 0 0 0 0 0
M, 1 0 0 10 0 0 0 0
My 40 15 0 55 95 0 0 4
My, 3 0 15 0 0 31 0 1
My, o 2 92 1 1 17 7 21
My, 2 4 8 32 4 52 29 74
Model Selection Error 92 21 48 90 5 69 29 26




37

was generated under the assumptions of model My, DIC chose model M; for 52 of the 100
data sets. Alternative models chosen for the other 48 data sets were My,, My, and My,
which are more complex versions of model M;. Although all the chosen models account for
time effects, they also contain effects such as behavioral effects and heterogeneity effects
that were not present in the population. DIC also selects a more complex model than
necessary for data generated under models M and Mj. Overall, though, the performance
of DIC in model selection for these models is inferior to that of AIC, and based on this

simulation study, use of AIC as a model selection tool is recommended over DIC.

2.4 Further Simulation Experiments

To determine whether our conclusions reached in Section 2.3 hold in general, we

examined whether our conclusions held under data generated with the following factors:

1. True Population Size N

2. Amount of Heterogeneity in the Data (Small Amount, Large Amount)
3. Magnitude of Time Effects

4. Direction of Behavioral Effects

5. Average Capture Probability

Therefore, we performed the same analysis for 7 more combinations of data, gen-
erated with combinations of the above factors. Because even two levels of each factor above

would result in 2° = 32 analyses, we chose a set of design parameters in a fashion similar
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Experiment ‘ N ‘ Average p;; ‘ Time Effects ‘ Behavioral Effects ‘ Heterogeneity

1 500 0.2 Large Positive Large
2 500 0.2 Small Positive Small
3 500 0.4 Large Negative Large
4 100 0.4 Large Positive Small
5 100 0.4 Small Positive Large
6 100 0.2 Large Negative Small
7 500 0.4 Small Negative Small
8 100 0.2 Small Negative Large

Table 2.13: Data generating assumptions for simulation experiments 1 to 8

Model Dij
Moy F(p)
M, F(p+nmiz)
M, F(u+ B;)
Mh F(M + HZZ)
My, F(u+nmi; + kZ;)
My, F(u+ Bj +nij)
Mth F(/J + 5]' + IQZZ')
My, | F(p+ Bj +nmij + £Z;)

Table 2.14: Calculations of p;; for simulation experiments 1 to 8; F refers to the Logistic

distribution function F(z) = [1+e7*]"", Z Lig N(0,1), 73; = 1 if the animal has been

previously captured, and 7;; = 0 otherwise; values of i, 7, ¢;, and & are given in Table 2.15

to a Fractional Factorial experimental design, with the goal of performing a total of eight
analyses (including the one described in Section 2.3). Our method of data generation follows
the same process as that outlined in Table 2.2, but is described in more detail in Tables 2.13
- 2.15.

For experiments two through eight, we analyzed a total of fifty data sets generated
under each model’s assumptions. That is, we generated fifty data sets with constant capture
probability (Model M), fifty with time effects (Model M;), etc. Because there are eight
models, simulation experiments two through eight each analyzed a total of four-hundred

data sets. From our data generating process, the means and standard deviations for the
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Experiment ‘ I ‘ oy ‘ n ‘ K
1 F71(0.2) =-1.385 | 2 for j=1,..,5 | +1 | 1.25
2 -1.385 23 for j=1,..,5 | +1]0.25
3 F71(0.4) = 0405 | 152 for j=1,..,5 | -1 | 1.25
4 -0.405 I3 for j=1,..,5 | +1 | 1.25
5 -0.405 2 for j=1,..,5 | +1]0.25
6 -1.385 2 for j=1,..,5| -1 | 1.25
7 -0.405 I3 for j=1,..,5| -1 | 0.25
8 -1.385 B forj=1,..,5| -1 | 0.25

Table 2.15: Design specifications for simulation experiments 1 to 8

capture probabilities p;; for all simulation experiments are listed in Table 2.16. Results of
simulation experiments two through eight are displayed in Figures 2.1 through 2.7. Recall

that the primary observations from the first experiment were:

1. Models with behavioral effects, but not time effects, provide a poor estimate of IV, on

average, for data sets with time effects present.

2. Population sizes for data sets with a small number of effects (such as those generated
under the assumptions of My, My, or M) can be accurately estimated, on average,

when the correct model is selected.

3. Heterogeneity in the population leads to negatively biased estimates of population

size, even when the correct model is fit.

4. AIC selects the correct model a large percentage of the time.

5. DIC does not perform well in model selection due to a negative penalty term pD

affecting some of the models.



Experiment Mg My M, My, My, Myp, My, My,
1 0.2 0.27 0.39 0.25 0.28 0.28 0.27 0.32
(0) (0.10) (0.27) (0.20) (0.18) (0.22) (0.22) (0.28)

2 0.2 0.27 0.22 0.20 0.27 0.27 0.21 0.27
(0) (0.10) (0.12) (0.04) (0.14) (0.11) (0.07) (0.15)

3 0.4 0.29 0.41 0.42 0.31 0.33 0.43 0.34
(0) (0.10) (0.16) (0.24) (0.12) (0.21) (0.26) (0.22)

4 04 0.53 0.41 0.40 0.50 0.53 0.41 0.50
(0) (0.12) (0.16) (0.06) (0.24) (0.14) (0.17) (0.24)

) 0.4 0.53 0.40 0.42 0.52 0.52 0.43 0.50
(0) (0.12) (0.08) (0.24) (0.18) (0.28) (0.24) (0.29)

6 0.2 0.16 0.22 0.20 0.18 0.16 0.22 0.18
(0) (0.05) (0.11) (0.04) (0.10) (0.06) (0.12) (0.10)

7 0.4 0.29 0.40 0.40 0.30 0.29 0.40 0.30
(0) (0.10) (0.08) (0.06) (0.08) (0.11) (0.10) (0.09)

8 0.2 0.16 0.21 0.26 0.17 0.19 0.26 0.20
(0) (0.05) (0.06) (0.20) (0.06) (0.16) (0.21) (0.16)

40

Table 2.16: Average Capture Probabilities, and their Standard Deviations, for Simulation
Experiments 1 to 8
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For simulation experiments two through eight, DIC continued to perform poorly
as a model selection tool. This is again due to the occurrence of negative penalty terms pD.
For this reason, the results of DIC for simulation experiments two to eight are omitted.

Figures 2.1 through 2.7 give results for both the average MCMC posterior median
of N, and the AIC selection percentages, for the fifty data sets generated under each model’s
assumptions. Tables of the average posterior medians of N, and the average values of AIC

are given in Section 2.6.

2.4.1 Simulation Experiment Two Summary

In the top panel of Figure 2.1, the horizontal axis is the true model used to generate
the data. The vertical axis is the average value of the MCMC posterior median of N for
the fifty data sets generated under the assumed model. Finally, because each data set was
fitted under each of the eight models, there are eight separate plotted points, one for each
model fit, for each data generating model. The posterior median of N for each fitted model
is plotted according to symbols in the legend box at the right of the graph.

The bottom panel in Figure 2.1 gives AIC selection percentages for all the data
sets generated for experiment two. The horizontal axis of this graph is the same as in the
top panel of Figure 2.1. The vertical axis is the percentage of AIC selections out of the fifty
data sets generated for each model. The bar shading indicates which fitted model (from the
shading described in the legend box) is selected. The bars are stacked so that their total is
one-hundred percent for each of the models.

The top panel of Figure 2.1 shows several similarities to the results from the first

simulation experiment. Firstly, all models have little to no bias in estimating N. The models
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Figure 2.1: Experiment 2 Posterior Median and AIC Results (True N = 500)
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fit to the M; data split into two groups. In the picture, models My, My, My, and My, show
negative bias. Models with behavioral effects (Mpy, My, My, have average posterior median
values close to 500, ranging between 475 to 525). Model My, shows bias in estimating IV,

with average posterior median of 568. Six models show at most a small bias in estimating
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N when fit to data generated under Model M, assumptions (because the time effects in
experiment two are small in magnitude). However, as in the first simulation experiment,
models M and My, are significantly positively biased when fitting data with time effects but
not behavioral effects. The data sets generated under Model M}, show that all eight models
show small to negligible bias in estimating IV, due to the small heterogeneity effect in the
data sets (see Table 2.13). When the amount of heterogeneity is small, the data sets come
close to having a constant capture probability, and all eight models estimate N accurately
when capture probabilities are constant. Model My, data shows that Model My, has the
smallest bias in estimating N , which is expected. Models My, My, and My, show at most
small biases for estimating N when the data are from Model Mjyy,. All three of these models
account for the behavior effects in the data. Model My, data showed accurate estimation
of N by all models except M; and My, because both the time effects and heterogeneity
effects are small in magnitude, so most models are appropriate for these data sets, except
for those with behavior effects and not time effects. Lastly, data sets generated with all
three effects (time, behavior, and heterogeneity) have N estimated best by Models My, and
Mypn, although negative bias is seen in the estimates of N of these models.

The AIC results are favorable for data generated under models Mg, My, M; and
My,. We note from Figure 2.1 that AIC selects Model My regularly for the M} data sets.
However, this reflects that using extra parameters to fit a small amount of heterogeneity
does not provide a significantly better fit to the data, which is consistent with the purpose of
AIC as a model selection criterion. In fact, for all data sets with heterogeneity, AIC selects

the closest model without a heterogeneity effect at least 70% of the time. For example, for
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My, data, AIC selects Model My, most often. For My, data, Model M; is most commonly
selected. It appears that the smaller magnitude of the heterogeneity effect for these data
sets means that a heterogeneity effect in the model is not necessary to provide adequate fit

to the data.

2.4.2 Experiment Three Summary

In Figure 2.2, all eight models have small, if any, bias in estimating N for the Model
M data sets, as all the average posterior medians of N are close to the true N = 500. For the
M, data sets, the Models My, Myy,, My, and My, have posterior medians close to N = 500,
while the other model estimates are positively biased, because the behavioral effect for the
experiment three data is negative, and models without behavioral effects overestimate V.
For the M; data sets, most models accurately estimate IV, except for Models M} and My,
which are significantly positively biased, matching the results from experiment one. For the
M, data sets, the most accurate estimation of N occurs for a cluster of models including
My, My, My, and My, all of which show negative relative bias in estimating N of about
seven percent. Of these four models, Model My, has the smallest absolute bias. This is
similar to the results of experiment one, when the heterogeneity in the data was also large.
Analysis of the My, data sets showed that the most accurate estimates of N occurred for
Models My, and My, which both have average posterior median close to N = 500, with
Model My, having the smallest relative bias, which is positive and near two percent. For
the My, data sets, the best estimates of N are given by Models My, My, My, and Myypy,.
The Model My, posterior median is below the true N = 500, with a negative relative bias

of about nine percent. For the M;;, and My, data sets, Models My, and M, show positive
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Figure 2.2: Experiment 3 Posterior Median and AIC Results (True N = 500)
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bias in estimating /N, matching the results from simulation experiment one. For the My,
data sets, the cluster of models My, My, My, and My, are closest to the true N = 500,
but all show negative relative bias of between three and seven percent. For the My, data

sets, Models M;p, My,, My, My, and even My had average posterior medians of N near five-
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hundred. The models M} and My, have averages above but close to the true N = 500. The
other models mentioned show small negative bias in estimating N. Again, the behavioral
models M and My, show large positive biases in estimating V.

The AIC analysis in Figure 2.2 shows that for the data sets in experiment three,
AIC selects the true model the majority of the time for all data sets. This is due to the
combination of the strong heterogeneity effects, large time effects, and large population size
N =500. AIC tells us that these data sets, given the strong underlying effects mentioned,
are best fit by models that account for all the underlying sources of variability in capture

probabilities.

2.4.3 Experiment Four Summary

Figure 2.3 gives results for simulation experiment four. In the first graph, all the
points are very tightly clustered around the true value of N = 100, except when time effects
are present in the data, and the model fit has behavior effects but not time effects. This
tight clustering of the model results occurs because the average capture probability is high
(near 40%) and the heterogeneity effects are small. Although the time effects are significant,
because the average capture probability is high, even models which do not account for them,
such as My, still provide an adequate fit, in the sense that on average, the posterior median
of N is close to one-hundred.

Analysis of Figure 2.3 for the AIC results gives similar conclusions to those in
experiment two. That is, Mgy, My, My, and My, data sets are selected most often by their
corresponding model fit. However, data sets with heterogeneity are most commonly selected

(by AIC) to be fit by the closest corresponding model which does not contain heterogeneity
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Figure 2.3: Experiment 4 Posterior Median and AIC Results (True N = 100)
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effects. It is noted, though, that the data sets generated under Model My, do not specifically
follow this pattern, probably because the population size is small (N = 100), making the

clear discernment of all three sources of variability difficult in a small population.
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2.4.4 Experiment Five Summary

Figure 2.4: Experiment 5 Posterior Median and AIC Results (True N = 100)
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In Figure 2.4, the My data sets are fit well by most models, with the highest
observed relative bias in the posterior median of N being about 10%, for the Model My, fit.
For the M; data sets, the models M, and My, show negligible bias in estimating NV, with
both models showing average posterior median of N very close to the true N = 100, with

the other models still having average posterior medians between ninety and one-hundred-
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ten. The Model M; data sets have the most accurate estimation of N by Model M;, with
most other models (Mg, My, My,, Myy,) also clustered close to the true N = 100. Again
the behavioral models M, and My, are positively biased, although not as severely as in
experiments one to three. For the M) data sets, the true N = 100 is most accurately
estimated by Models My, My, and My, which all show absolute relative biases of about
three percent, while the rest of the eight models show larger negative relative bias. For the
My, data sets, Models My, My, and My, show small absolute biases in estimating N, while
models My and M; both show show a small negative bias. The same positive bias is noted
in Models M} and My, for the same reasons noted previously.

The AIC results in Figure 2.4 show that for data sets of models My, M}, and My,
AIC chooses the true model in the significant majority of the cases. For data sets of model
M;, AIC chooses model M; in 36% of the cases, compared with a 46% selection rate for
Model M,. Because the time effects for experiment five are small positive effects, the M;
data may not be clearly distinguishable from a trap-happy behavioral effect. Another reason
for this may be that Model M, has a smaller number of parameters than M; (see Table
2.1), and that in many data sets the improved Model M; fit does not justify the increase
in the number of parameters. A similar result occurs for the M;, data sets, where the
most commonly selected model is Mj. For the My, data sets, AIC chooses Model Mp;, most
commonly, with Models M and M}, also being commonly chosen. These results make sense,
and likely reflect AIC choosing the strongest effects present in the data when it chooses the
sub-models M, or My,. For the My, data AIC chooses M, and My, most often as the best

model. Due to the small magnitude of the time effects, these choices reflect that these
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data sets can be best fit with simpler models with a smaller number of parameters. Some
examination of the underlying results (not available in Figure 2.4) shows that the penalty
term for the number of parameters is the reason that My, has a higher AIC value for these
data sets. Lastly, for the M;y;, data sets, AIC chooses Model My, most commonly, followed
by model M,. The choice of My, again reflects the small magnitude of the time effects in
these data sets. The choice of model My is surprising given that the heterogeneity in the
data is strong in experiment five. However, a behavioral effect and a heterogeneity effect are
not completely unrelated. For capture periods two through k, the behavioral effect creates
two distinct groups in the population: those which have been previously captured and those
which have not been previously captured. Each group has separate capture probabilities.
Although group membership is changing with each capture period, Model M} fit could

provide a reasonable fit to data with heterogeneity in some instances.

2.4.5 Experiment Six Summary

In the top panel of Figure 2.5, for the the M, data sets, we see that the closest
estimates of the true N = 100 are given by Models M; and My, each with small negative
relative biases of less than one percent. Models My and My, have some small positive
relative biases of about two to three percent. The remaining models show some positive
bias in the posterior median of N. The M, data sets have estimates of N that are most
accurate under Models My, and My, with all eight models showing some positive bias, likely
due to the behavioral effect being negative (a trap-shy effect). For example, in a model
such as My, the reduced number of subsequent captures causes the estimate of the capture

probability to be small, corresponding to a larger estimate of N. For the M, data sets,
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Figure 2.5: Experiment 6 Posterior Median and AIC Results (True N = 100)
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five of the models have small absolute relative biases between two and five percent. The
models which show significant positive bias in estimating N are the behavioral models M,
and My, due to the same reasons seen previously. For the M), data sets, the most accurate

estimation of N is given by Model M, with a negative relative bias of 3.1%. Several other
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models have average posterior medians of IV close to the true N = 100 as well. This occurs
because the experiment six data have a small amount of heterogeneity, and most models
(even those which do not model the heterogeneity effect) still produce estimates close to the
correct level, although the M;;, model fit has a relative bias of approximately +25%. For
the My, data sets, all the models have positive bias in estimating IV, with average values
of the posterior median larger than one-hundred, but Model My, does provide the most
accurate estimation of N. The best explanation for this is that the combination of large
time effects and negative behavior effects for these data make estimation of N difficult.
Positive bias under similar conditions for My, data sets occurred in Figure 2.2, although
in that particular case the population sizes were five-hundred, and the average capture
probability was high, which likely allowed for some increased accuracy in estimating N.
For the My, data sets in Figure 2.5, all eight models fit show positive bias, with the most
accurate fits given by Models My, and M. Model My, the true model in this case, does
not provide estimates of IV as accurate as My and My,. In fact, Model My; shows a positive
relative bias of approximately 40% for the My, data sets. This is better than from Models
My, My, and My, but a more accurate estimate of N was expected. For the Model My,
data, we see two clusters of points, with one set all being very close to the true N = 100,
and the other points showing high positive bias above N = 100. The outliers are again
the models M;, and My, as has been previously noted. The relative accuracy of the other
models for these data sets is largely due to the fact that the time effects are significant, but
the heterogeneity effects are small. This combination allows Models such as M; and My,

to provide accurate estimation of N. The accuracy of Model My in estimating N for these
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data sets is surprising, given the large time effects in the data. This result (M providing
accurate estimates of My, data) occurred also in experiment four results of Figure 2.3, and
may reflect the ability of My to estimate N accurately by using some measure of an average
capture probability over all the samples. Lastly, for the My, data sets, all eight models
show positive bias, with average posterior medians above the true N = 100, due to the
negative behavioral effect in these data sets, combined with the large time effects. The
most accurate estimate of N is provided by Model My, followed by Model My,,. Model
My, provides an accurate estimate of IV, because the time and behavioral effects are most
significant in the My, data sets. Still, the smallest absolute relative bias of these models
(My,) still has positive bias of approximately 30%, suggesting that when all three sources
of variation are affecting the capture probabilities, estimation of N is difficult.

In the bottom panel of Figure 2.5, for the My data sets, AIC selects Model M
approximately 85% of the data sets. When the data were generated from Model M;, AIC
splits its selections evenly between Models My and Mj, which is likely due to the trap-shy
effect in these data sets. Although not a terrible result, this is unfortunate because the top
panel of Figure 2.5 shows a clear advantage in accuracy using Model M, to fit these data
sets. This may be a consequence of the data reflecting a negative behavioral effect, making
subsequent captures difficult when the population size is N = 100. If subsequent captures
have small probability of occurrence, the data may consist of mostly initial captures (and
fewer recaptures) which may lead to a data set that appears to be likely under Model M. It
is noteworthy that in experiment three (see Figure 2.2) that this effect is not observed, and

that AIC chooses Model M; overwhelmingly. This suggests that the effect of the trap-shy
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behavioral effect is not as significant in a population of larger size, such as N = 500. For
the M, data sets, Model M, is chosen the majority of the time (over 60% of the time).
The remaining data sets chose Models M or My, both of which were seen to provide
accurate estimates of IV in the top panel of Figure 2.5. AIC chooses Model My most often
in experiment six for the M} data sets, again due to the small amount of heterogeneity
in the data. The My, data sets do reflect a problem in the data. Although AIC chooses
Model My, or Model M; a total of 70% of the time, Model M, is chosen by AIC in 28% of
the data sets. This is a problem because we have seen that Model M, provides a heavily
biased estimate of N for these data sets. Some examination of the underlying data shows
that in the cases where M} was chosen for these data sets, a more suitable model (such as
M) also had an AIC value close to the AIC value of Model M;. This occurrence gives
good reason to recommend using AIC as only part of the decision-making making process
to identify suitable models, and not for it to be applied blindly. Finally, in Figure 2.5 we see
that, for the My, data sets, AIC chooses Models My or Mp most commonly. The choice of
My is understandable because the heterogeneity in these data sets was small. The choice of
Model M, appears to occur as noted above, when we saw AIC choose Model My commonly
for the M, data sets. The My, data sets generate a minimum AIC value commonly when
fit by Models M; and M, in this simulation experiment, and Model My, is chosen a small
percentage of the time. We believe this again reflects the small heterogeneity in these data

sets.



Figure 2.6: Experiment 7 Posterior Median and AIC Results (True N = 500)
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2.4.6 Experiment Seven Summary

95

In the top panel of of Figure 2.6, for the My data sets, all eight models provide

an accurate estimate of the true N = 500. The most accurate estimation is given by the

posterior medians of N of Model My, and the absolute relative biases in estimating N for
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models M and M, are also very close to zero. For the M; data sets, we see two clusters
of points. One cluster of points are close to the true level of N = 500. Model M} provides
an approximately unbiased estimate of N, on average. Other points in the cluster close to
N = 500 are Models My,, My, and Myp,. Models with positive bias are Mgy, My, My, and
Myy,. These models do not account for the negative behavior effect in the data sets, which
is similar to the results of experiments three (Figure 2.2) and six (Figure 2.5). Most of the
eight models have average posterior medians of N that are close to N = 500 for the M;
data sets, as is shown in Figure 2.6, except for the previously noted outliers from Models
My and Mpy. Due to the small amount of heterogeneity in the Model M} data sets, all
eight models show small absolute relative bias in estimating N. The My, data sets have the
true N estimated most accurately by by Models My, and My, while all other models show
positive bias in estimating N. Even though the time effects are of small magnitude, their
inclusion in the chosen model to fit the data still provides a significant benefit, which can be
seen by noting that Model My, is more accurate in estimating N than Model M, for these
data sets. For the My, data sets, the most accurate estimates of N are given by Models
My, My, followed by My, and My,,. That is, the models which contain a behavioral effect
provide a relatively accurate estimate of IV, the remaining models are positively biased in
estimating N. The Model My, data sets have a cluster of points near the true N = 500,
indicating relatively accurate estimation of N, except for the previously noted outliers for
Models My and My;,. Finally, the My, data sets have two points representing Models My,
and My, which have average values of the posterior median of N close to the true N = 500.

The remaining models give an estimate of N that is positively biased.
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The bottom panel of Figure 2.6 shows that the correct model is chosen in the vast
majority of the My, My, My and My, data sets. AIC again predominantly selects Model
My for the Mj data sets because the amount of heterogeneity in the data is relatively
small. Similarly, for the My,, My, and My, data sets, AIC chooses the closest model
without heterogeneity effects as the correct model, again reflecting that the improved fit
from modeling heterogeneity is not significant enough in this case to account for the extra

parameters required to fit these models.

2.4.7 Experiment Eight Summary

In the top panel of Figure 2.7, for the Model M, data sets, all eight models give
estimates of NV that are close to the true N = 100. The M; data sets show some positive
bias in estimating N, with the smallest absolute relative bias given by Model My, followed
by Model M,. For the M; data sets, the smallest absolute relative bias is given by Model
M, (positive relative bias of about 3%), and estimates of N are accurate, on average, for all
models except the behavioral models M; and My, for the same reasons as seen earlier. For
the M), data sets, most models have some negative bias in estimating IV, because all points
lie below the true N = 100 in Figure 2.7. The most accurate estimates of N are provided
by Models My, and Mp. Again, a large amount of heterogeneity in these populations causes
some negative bias in estimating V. The My, data sets show positive bias for all eight fitted
models, but the closest to the true N = 100 is Model My,. This effect likely occurs due to
the negative behavioral effect in a smaller population, as we saw in simulation experiment
six in Figure 2.5. For the My, data sets, the most accurate estimate of N is given by Model

My, followed by Models My, and My, All eight models show some negative bias except
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Figure 2.7: Experiment 8 Posterior Median and AIC Results (True N = 100)
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Model Mj. For the M,, data sets, the most accurate estimates of NV are given by Model
My, followed by My, and then Models My, and Myy,. The behavioral models M and My,
have the same bias problem noted previously. Finally, the M;,, data sets have accurate

estimates of N from Models My, My, and Myy. Again, the behavioral models M; and My,
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are heavily biased.

AIC selections in Figure 2.7 match the data generating assumptions regularly
only for the My data sets. For the M, data sets, the Model Mj is the most common choice,
although M} is the second most commonly chosen model for these data sets. Some analysis
of the individual fifty data sets (detail not available in Figure 2.7) showed that when Model
My was chosen for the M; data sets, the AIC values for M were very close to the My AIC
values, and should be studied as a suitable model for the data. Also in Figure 2.7, for the
M; data sets, AIC most commonly chooses M;. This is again a concern because the M,
estimates of N are significantly biased for the M; data sets. Again, some further analysis of
the AIC values for each data set reveals that the AIC values of M; and M, are close in these
cases, and the difference in AIC values is in fact due to the additional parameters required
to fit Model M; as opposed to Model M,. Based on the AIC results for the M;, and M; data
sets, we reiterate that AIC should be used mostly as a guide to select a subset of suitable
models for further analysis. For the M} data sets, the Model M}, is the most commonly
chosen model, but Model M is chosen frequently as well. For the My, data sets, AIC most
commonly chooses Model M. For the My, My, and My, data sets, no particular model
is selected overwhelmingly, and the true model is also rarely selected for these data sets.
We believe this reflects the combination of small population size of N = 100, the negative
behavioral effects, the average capture probabilities being 20%, and the large degree of
heterogeneity in the data. For a small population, it would be difficult to have one data
set reflect all those sources of variation, and this is likely causing problems for a selection

criterion such as AIC.
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2.4.8 Conclusions on Estimation of Population Size and Model Selection

Based on the eight simulations, we make the following general conclusions regard-
ing performance of the posterior median of N as an estimator of the true population size

N:

e Model M, estimates N accurately for simple data sets, and handles small amounts
of heterogeneity in the data, as well as moderate time effects. Behavioral effects in
the data cause the most significant bias, with the direction of the bias being in the
opposite direction of the behavioral effect. That is, when a trap-happy effect occurs
in the population, Model My shows negative bias in estimating N. Similarly, when a
trap-shy effect occurs in the population, Model My shows positive bias in estimating

N.

e Model M, performs well when the data have behavioral effects, and shows much
smaller absolute relative bias in estimating N than models which do not account for
behavioral effects. However, data with positive time effects cause significant positive

bias problems for Model Mj, as has been noted in Seber and Whale, 1970.

e Model M; performs well for simple data sets, and handles a minor amount of hetero-
geneity in the data, allowing for reasonably accurate estimates of N for data from
My, When behavioral effects are present in the data, Model M; estimates show the

same bias described above for Model Mj.

e Model Mj: Our two-point mixture model for heterogeneity works well when handling

minor amounts of heterogeneity in the data. Model M}, has negative bias in estimating
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N for data sets with large amounts of heterogeneity, as has been noted previously by
Otis et al. (1978). When behavioral effects are present in the population, M}, has bias
in estimating IV, in the direction opposite of the behavioral effect. Model M} handles

time effects in the data reasonably well.

e Model My, performed the best of all our models throughout the simulation. Overall,
My, showed the most robustness in estimating N when fit to data sets from a model
such as My, My, My, and My, which cannot be expressed as special cases of Myy.
Model My, does not have the same bias problems as Model M when fit to data with

time effects.

e Model My, did not predict NV accurately in many of our simulated data sets. Even
with relatively simple data sets such as Mg, or M} data sets with a small amount of
heterogeneity, Model My, did not perform as well as the other models. Furthermore,
the estimates of Model Mj;, were not always the most accurate even when fit to data
sets that were generated under the model My, assumptions, which further shows that
the Model My, did not consistently perform well even in cases where it should provide

the best estimates of N.

e Model My, performed well overall, providing accurate estimates for My, My, My, My,
and often My, data sets. The one bias seen in this model was in fitting models with
behavioral effects, and the direction of the bias was in the opposite direction of the

behavioral effect.

e Model My, performed reasonably well in our simulations, but did not provide the
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most accurate estimates of N in many cases, even when the data were generated
with time, behavior, and heterogeneity effects. This model large number of model
parameters in My, causes it to overfit many data sets. For the vast majority of data

sets, a reduced model with fewer parameters seems to be sufficient to estimate V.

With regard to model selection criteria, we conclude that DIC does not perform
well as a model selection tool for our Bayesian capture-recapture models, due to the problem
with negative penalty terms described in Section 2.3.4.

We conclude that AIC performs well in choosing the correct model, or at least a
suitable model, from a set of underlying data. There are some exceptions to this rule, as
seen in experiment five when Model M} is chosen a significant percentage of the time when
the true data are from Model M;. This is a situation where we know there is significant
bias in estimating N, yet for many data sets, this model produced the minimum AIC value.
In this specific case, several other models (with more accurate estimates of V) had AIC
values that were close to the minimum, which leads to the question of how AIC should be
interpreted when multiple models have values close to the minimum value of AIC.

Overall, we believe AIC provides a useful model selection criterion. We agree with
the philosophy stated in Burnham and Anderson (2002) that AIC should be used to select
a subset of candidate models worthy of further exploration from a larger set of models. At
this model selection step, AIC should be used to select the subset of candidate models to
explore further for a given data set. In reality, several models may have AIC values that are
very close to the smallest one. Final decisions about the best model should be made from

this subset of candidate models, allowing for other factors to impact the decision, such as
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Selection Rates for data sets Generated via Listed Model Assumptions
Experiment M M, M, M;, My My, My, Mipp,
2 94% 96% 8% 0% 86% 0% 0% 0%
3 90% 96% 90% 92% 98% 100% 94% = T0%
4 92% 96% 82% 6% 62% 0% 0% 0%
5 94%  92% 36% T8% 12% 52% 2% 0%
6
7
8

84% 48% 62% 2% 8% 0% 0% 0%
96% 100% 88% 0% T76% 4% 0% 0%
92% 44% 18% 54% 6%  20% 0% 0%

Table 2.17: Selection Rates for AIC for Simulation Experiments 2 to 8

the opinion of a subject area expert on the likely behavior of the underlying population.

A summary of the AIC selection rates from Figures 2.1 to 2.7 is given in Table 2.17.
The most notable entries in Table 2.17 show low selection rates by AIC in Experiments two,
four, six, seven, and eight. particularly when the true model had heterogeneity effects, as
seen in columns four, six, seven, and eight. These low selection rates occur primarily for two
reasons. Firstly, AIC does not select a heterogeneity model, such as M}, when the amount
of heterogeneity in the data is relatively small. Secondly, AIC selection rates are overall
lower for our experiments where the population size was one-hundred, which occurred in
experiments two, five, seven, and eight. Given the fractional factorial design used to generate
our simulation parameters in Table 2.13, a more detailed analysis involving interactions of

factors is not possible.
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2.5 Analysis of Cottontail data set

In Edwards and Eberhardt (1967) a capture-recapture experiment involving one-
hundred-thirty-five cottontail rabbits was performed. These rabbits were released into a
forty acre rabbit-proof area, and eighteen capture periods followed after a four day period
which allowed the rabbits to become familiar with their surroundings. Using just the first
five capture periods (for computing purposes) we compare our Bayesian Models with those
given in Program CAPTURE. The data are available through the Program CAPTURE
website, http://www.mbr-pwrc.usgs.gov/software/, in the User’s Manual. The first five
capture periods produce thirty-one observable capture histories. Using our notation from
Chapter 1, the data for the first five capture periods is: (71, ..., Z31) =
(4,11,0,3,0,0,0,2,1,1,0,0,1,1,0,4,1,0,0,1,1,0,0,0,0,0,0,1,0,1,0). A total of thirty-three rabbits
were captured at least one time during the first five capture periods. We first fit the
Program CAPTURE models to the data given above. Table 2.18 gives the estimate of
N for each model, as well as the upper and lower limits of ninety-five percent confidence
intervals for N. We also used the Model Selection tool in Program CAPTURE, which chose
Model M}, as the best model.

We also fit our eight Bayesian models to the data, using the same non-informative
prior distributions for the capture probabilities and for N described in Section 2.2. Ta-
ble 2.19 lists the results of those analyses, listing the posterior median of NV for each model,
and the ninety-five percentm, equal-tailed posterior interval bounds from the MCMC pos-
terior distribution of N, obtained via the WinBugs v. 1.4 software package. Figures 2.8

and 2.9 provide the MCMC posterior density of N for the My and M}, models.



Program CAPTURE Results for Cottontail data set

Estimator N LCL UCL
My 50 40 74
M;, (jackknife) 76 59 107
M, 75 39 374
M; 49 40 72
M, (Chao) T4 AT 160
Mpp, 78 39 374
My, (Pollock/Otto) 49 39 7
My, (Chao) 95 56 201
My, 6120 95 602349
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Table 2.18: Program CAPTURE Results for Cottontail data set (first 5 capture periods)

Bayesian Model Results for Cottontail data set

N Posterior Percentiles

Model Median 2.5% 97.5%  AIC Mean
My ol 39 79 73.26
My, 113 44 686 73.67
M, 155 44 759 74.45
M, 48 37 69 82.03
My, 72 39 324 82.32
Myp, 137 44 730 78.57
My, 74 44 232 85.45

My, 70 A1 234 87.74

Table 2.19: Bayesian Model Results for Cottontail data set (first 5 capture periods)
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Figure 2.8: Posterior density of N for model My for Cottontail dataset
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Figure 2.9: Posterior density of N for model M}, for Cottontail dataset

We first notice that the model selections are similar between the Bayesian models
and those given in Program CAPTURE. Program CAPTURE chooses Model M}y, while
using AIC as a model selection tool for the Bayesian Models would yield a set of candidate
models including My, My, M}, and perhaps My, because all of these models have AIC values
near the minimum value of 73.26 for Model M.

Using the posterior median of N as an estimator of population size, our Model
My underestimates the true population size for this population, as does the Model My
presented in Program CAPTURE. The interval estimates produced by the two methods
are very comparable, which is not surprising given that we used relatively uninformative

prior distributions for the parameters, and the likelihood functions of the two models are
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the same.

The Bayesian M} and M, estimates differ from those in Program CAPTURE.
Firstly, our method of modeling heterogeneity through the two-point mixture approach dif-
fers from the methodology used in the Jackknife M} methods used by Program CAPTURE.
In terms of evaluating the estimators, our posterior median is closer to the true population
size N = 135 than the Jackknife Estimator. However, the posterior density of N for our
Bayesian Model has a much higher 97.5th percentile than the upper bound for the con-
fidence interval given for the Jackknife estimator in Program CAPTURE. Similarly, the
posterior median of our Model M} model is closer to the true population size, but again our
95% posterior interval is much wider than that given by Model M in Program CAPTURE.
As can be seen from Figure 2.5, the posterior density for N is heavily right-skewed, which
suggests the length of the confidence interval could be significantly shortened by choosing
an interval other than an equal-tailed interval, or by lowering the confidence level. The end
result is that our point estimate of IV, via the posterior median, is more accurate than in
Program CAPTURE estimates for M}, and for M. However, the width of our posterior
intervals offsets the benefit of a more accurate prediction. Because this is simply one data

set, general conclusions cannot be made.

2.6 Simulation Results for Bayesian Models: Experiments

Two to Eight Results
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Table 2.20: Means and Standard Errors of Posterior Median: Experiment 2 (True N = 500)

Data Generating Process (DGP)

Model Fit My M, M, M, My, My, My, My,
My 504.52  381.2  511.76 490.88 393.66 372.78  494.1 387.8
(20.89) (18.22) (23.40) (22.98) (12.48) (12.63) (22.84) (12.53)
M, 531.26  525.98 1023.18 507.76 1015 485.46 1000.82 988.82
(62.80) (73.92) (33.73) (50.88) (45.07) (40.93) (41.35) (54.73)
M; 501.44 379.04  501.3 488.1 384.12 371.12  484.72 379.34
(20.16) (18.01) (23.14) (22.62) (11.73) (12.63) (22.42) (12.12)
My, 534.9  398.22 536.44 519.04 41542 392.12 522.18 413.64
(41.45) (21.76) (27.56) (31.71) (26.83) (20.86) (26.36) (30.10)
My, 539.46 511.74 528.16 523.14  480.3  492.28 493.88  466.78
(76.03) (74.55) (72.85) (79.50) (53.46) (57.38) (54.43) (48.54)
My, 571.42 568.92 1024.76 556.98 1016.26 526.56 1002.46 994.78
(67.97) (82.70) (35.44) (63.27) (43.23) (49.32) (39.58) (45.79)
My, 513.6 395.1 513.86  502.14 405.06  386.3  496.98 397.76
(29.55) (22.45) (25.98) (27.46) (16.11) (14.39) (23.48) (16.58)
My, 514.66 475.14  511.46 497.4 454.94  438.92  486.16  445.24
(55.79) (66.14) (56.72) (54.16) (43.39) (34.94) (31.70) (43.20)
Table 2.21: Means and Standard Errors of AIC: Experiment 2
Data Generating Process (DGP)
Model Fit My M, M, M, My My, My, My,
My 131.89 189.71 181.93 135.24 318.72 191.61 185.05 316.25
(7.25) (12.91) (14.19) (6.41) (23.46) (14.15) (16.96) (26.62)
M, 134.03 157.26 146.34 137.54 167.53 159.67 149.86 166.01
(7.21) (7.17) (10.03) (6.31) (8.88) (8.24) (9.51)  (8.76)
M, 140.72 170.33 140.11 143.32 172.05 174.20 143.31 173.00
(7.20)  (8.54) (7.04) (5.40) (9.94) (8.59) (6.73) (10.94)
My, 135.99 192.29 186.06 139.28 321.48 194.18 189.05 318.46
(7.03) (12.81) (14.07) (6.39) (23.42) (14.12) (16.73) (26.01)
My, 142.48 164.64 141.96 145.20 160.72 167.85 145.45 161.08
(6.99) (6.44) (7.06) (5.18) (6.93) (7.69) (6.96) (6.35)
My, 140.10 162.91 153.00 143.43 174.04 165.54 156.57 172.54
(7.02) (7.15) (9.89) (6.17) (8.73) (8.36) (9.50)  (8.75)
My, 152.67 175.42 151.72 154.85 171.79 179.10 154.74 172.02
(6.66) (6.01) (6.41) (4.84) (7.21) (7.03) (6.07) (6.51)
M, 154.53 175.69 153.52 156.82 170.72 178.16 155.72 171.77
(6.55) (5.92) (6.32) (4.85) (b.71) (6.31) (6.26)  (6.00)




69

Table 2.22: Means and Standard Errors of Posterior Median: Experiment 3 (True N = 500)

Data Generating Process (DGP)

Model Fit My My M, My, My, My, My, Myps,
My 500.10 636.12  508.68 424.58 602.50  463.46 440.82  472.38
(8.54) (17.67)  (7.10) (9.04) (13.58) (11.63) (7.83)  (12.67)
M, 503.62 501.38  988.32 430.70 965.04  429.24 620.04 619.16
(11.36) (10.84) (104.85) (10.19) (103.54) (10.44) (45.08) (60.91)
M, 499.66 628.16  498.66 424.46 593.68  461.00 436.98  468.76
(8.51) (16.68)  (6.90) (9.07) (12.39) (11.35) (7.87)  (12.31)
My, 508.52 656.50 514.06 462.78 614.36  558.88 477.50  543.32
(9.88) (21.93) (7.78) (14.57)  (14.49) (43.18) (18.61) (37.03)
My, 520.14  521.50  498.54 546.46 510.52  531.00 482.62  481.08
(41.93) (87.47) (10.83) (106.83)  (9.48)  (94.06) (21.55) (24.98)
My, 520.14 513.20 1011.70  466.02 990.86  454.22 753.60  741.54
(18.16) (11.90) (94.80)  (30.34)  (95.44) (20.07) (82.34) (103.10)
My, 506.16 647.22  503.04 457.08 624.16  532.32 463.90 525.24
(10.06) (28.10)  (6.77) (13.56)  (32.15) (31.52) (13.16) (29.82)
My, 523.76 523.98  498.48 462.80 518.50  465.72 468.50  480.44
(62.28) (58.93)  (9.98) (41.72) (9.85)  (41.40) (28.00) (19.25)
Table 2.23: Means and Standard Errors of AIC: Experiment 3
Data Generating Process (DGP)
Model Fit MO Mb Mt Mh Mtb Mbh Mth Mtbh
My 168.74 204.58 432.69 244.30 245.36 252.53 427.62 281.64
(7.30) (14.17) (31.11) (17.76) (20.05) (22.36) (25.59) (20.34)
My, 170.70  149.98 240.99 24294 213.71 228.07 230.03 234.53
(7.27)  (7.70) (17.83) (17.24) (13.81) (21.88) (16.79) (17.50)
M, 176.92 167.67 167.08 25287 177.12 228.46 247.29 224.38
(6.18) (10.38) (6.20) (17.58) (8.25) (20.35) (21.32) (16.76)
My, 172.89 208.91 437.49 168.53 250.09 205.68 374.09 245.80
(7.03) (14.11) (31.11) (6.72) (20.08) (14.53) (23.31) (17.91)
My, 178.86 158.03 168.66 244.70 156.91 230.26 220.53 225.96
(6.55) (7.37)  (5.86) (15.94) (6.55) (20.61) (16.59) (16.43)
Myp 176.78 156.25 247.70 172.30 220.41 168.37 207.29 211.04
(6.98) (7.45) (17.84) (6.10) (13.91) (8.51) (13.03) (14.05)
My, 187.98 178.23 178.79 184.50 186.10 184.10 178.38 186.13
(5.96)  (9.40)  (6.09) (5.00) (7.54) (6.85) (5.95) (5.83)
My, 190.03 169.90 180.02 186.45 168.67 182.81 180.13 183.86
(6.21) (6.72) (6.14) (4.90) (5.08) (6.88) (5.82) (5.82)
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Table 2.24: Means and Standard Errors of Posterior Median: Experiment 4 (True N = 100)

Data Generating Process (DGP)

Model Fit My M, M, M, My, My, My, My,
My 101.10  93.42 101.56  99.60 97.10 93.36  102.40  96.06
(3.94) (3.02) (2.89) (3.70) (2.53) (2.41)  (3.05)  (2.54)
M, 103.16 100.56 253.14 100.78 278.20  100.58 265.96 274.90
(6.75)  (4.45) (92.50) (4.82) (106.18) (5.64) (98.78) (93.93)
M, 100.62  93.28 99.30 99.30 95.72 93.10  100.04  94.90
(3.90) (3.00) (2.72) (3.68) (2.33) (2.46) (2.69) (2.52)
My, 105.06  96.10 104.62 105.96  100.42 98.26  106.24  100.64
(5.31)  (3.42) (3.96) (15.23)  (6.28) (7.70)  (5.50)  (8.39)
My, 110.92 114.24 99.56 111.96 103.20 106.02 102.22 106.30
(14.27) (24.16) (4.42) (17.80) (6.37)  (12.90) (8.74) (10.38)
My, 111.02 107.90 259.54 108.12 274.22 108.02 270.60 280.08
(11.49) (7.82) (85.44) (9.11) (84.78)  (9.90) (87.64) (81.99)
My, 103.14  94.98 101.36  102.88 97.32 94.82  102.88  96.70
(4.62) (3.18) (3.27)  (5.51) (2.61) (2.87) (4.11)  (2.80)
My, 106.60 102.72 100.14 106.96 101.00 99.32 102.86 101.84
(10.49) (8.93) (3.39) (11.74) (5.12) (6.31) (6.34) (6.24)
Table 2.25: Means and Standard Errors of AIC: Experiment 4
Data Generating Process (DGP)
Model Fit My M, M, M, My My, My, M,
My 117.29 132.36 163.00 118.68 214.37 133.34 162.24 208.69
(6.70) (8.64) (13.24) (6.99) (18.58) (9.97) (11.76) (13.08)
M, 119.29 116.47 128.42 120.94 113.17 117.50 127.31 111.14
(6.60) (6.10) (10.14) (6.91) (8.77) (5.98) (9.35)  (9.65)
M, 125.17 128.28 113.88 127.16 110.53 127.63 116.32 116.51
(6.74) (8.07) (6.57) (7.00) (9.82) (7.79) (6.78) (10.26)
My, 121.83 136.09 167.78 122.72 218.86 136.51 166.93 212.08
(6.78) (8.21) (13.35) (6.65) (18.42) (8.84) (11.94) (12.95)
My, 127.46 124.55 115.65 129.43 104.60 125.71 118.09 107.67
(6.88) (6.30) (6.64) (6.98) (6.88) (6.16) (7.03)  (6.41)
My, 125.91 123.05 134.85 126.96 119.71 123.88 133.72 117.35
(6.66) (5.97) (10.21) (6.50) (8.73) (5.67) (9.40)  (9.86)
My, 137.06 135.23 125.78 137.77 114.71 134.53 127.61 117.31
(6.46) (6.56) (6.22) (6.41) (7.04) (5.72) (6.52) (7.11)
My, 139.03 136.23 127.15 139.69 115.85 136.30 129.20 118.52
(6.44) (6.24) (6.38) (6.10) (6.61) (5.46) (6.81) (6.76)
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Table 2.26: Means and Standard Errors of Posterior Median: Experiment 5 (True N = 100)

Data Generating Process (DGP)

Model Fit My M, M, M, My, My, My, M,
My 101.10  93.18 101.30  84.96 95.08 83.12 85.96 84.66
(4.06) (2.92) (2.91) (4.55) (3.32) (4.82) (4.18)  (4.26)
M, 102.58 100.30 129.00 86.44 136.08 86.52 97.26  100.12
(5.83) (6.36) (22.62) (5.61) (35.88) (5.44) (7.41) (19.37)
M, 100.76  93.00 100.34  84.82 94.44 83.08 85.68 84.50
(3.97) (2.89) (2.77)  (4.50)  (3.19) (4.77)  (4.25)  (4.18)
My, 105.34  96.10 105.92 97.12 97.98 87.90 99.72 90.72
(5.43) (544) (6.59) (16.12) (4.76) (6.84) (22.69) (7.80)
My 111.64 111.82 102.54 103.34 104.96 108.62 100.42 104.90
(15.12) (22.66) (6.17) (16.60) (11.93) (19.71) (14.20) (18.08)
My, 110.40 107.22 141.78 97.94 148.98 101.58 123.02 129.16
(9.63)  (9.09) (24.78) (15.99) (33.58) (16.71) (26.62) (38.19)
My, 103.46  94.72  102.78  90.26 96.16 85.82 91.46 87.60
(4.59) (3.30) (3.11) (6.39) (3.51) (5.38) (6.23) (4.78)
My, 107.18 100.12 102.42 90.96 101.42 89.28 92.68 90.88
(10.43) (7.34) (4.76) (7.11) (7.65) (7.77) (6.92) (6.80)
Table 2.27: Means and Standard Errors of AIC: Experiment 5
Data Generating Process (DGP)
Model Fit My M, M, M, My, My, My, M,
My 116.38 131.18 129.49 126.03 166.75 137.07 135.80 159.65
(5.44) (10.12) (9.32) (9.78) (11.87) (12.96) (9.57) (14.00)
M, 118.65 117.02 123.23 128.01 114.72 122.71 126.15 114.60
(5.35)  (6.63) (6.57) (9.60) (7.55) (9.39) (8.88)  (9.63)
M, 124.61 127.47 122.66 134.48 121.92 138.86 134.00 137.60
(5.20) (7.41) (5.51) (9.58) (9.30) (12.15) (10.02) (11.63)
My, 121.03  134.48 134.09 118.27 170.21 122.09 127.08 144.41
(5.45)  (9.35) (9.51) (6.93) (12.12) (8.00) (6.94) (11.18)
My, 126.49 124.92 124.78 135.98 117.07 129.87 133.20 122.01
(4.92) (5.56) (6.00) (9.36) (7.33) (10.21) (8.72) (9.12)
My, 125.26 123.49 129.73 122.19 121.26 116.65 122.71 112.80
(5.27)  (6.41) (6.67) (6.60) (7.55) (5.72) (5.20) (7.13)
My, 136.26 134.05 134.52 13292 126.84 127.31 130.46 120.69
(4.89) (5.32) (5.48) (5.34) (7.02) (6.79) (4.99) (6.66)
My, 138.01 135.78 136.14 134.71 128.18 128.79 132.57 122.56
(4.60) (5.18) (5.89) (5.30) (6.60) (6.27) (5.12)  (6.45)
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Table 2.28: Means and Standard Errors of Posterior Median: Experiment 6 (True N = 100)

Data Generating Process (DGP)

Model Fit My M, M, M, My, My, My, M,
My 102.74 180.30 105.20 96.90 183.18 170.08 101.46 168.74
(12.50) (35.67) (10.80) (10.34) (35.49) (40.87) (10.09) (38.70)
M, 137.98 13222 513.64 114.22 530.20 124.08 509.06 514.86
(59.48) (63.54) (67.10) (39.64) (61.69) (43.56) (59.71) (65.55)
M, 99.26  161.50  98.12 94.18 162.30 152.84 94.56  150.32
(11.59) (28.67) (9.11)  (9.63) (27.52) (29.55) (8.58) (30.28)
My, 115.94 212.82 11552 111.30 209.84 201.66 113.26 193.66
(15.75) (45.03) (14.16) (24.56) (42.87) (45.16) (16.55) (48.86)
My 99.42 115.44  104.48 96.10 146.92  115.50 98.60 132.94
(20.16) (28.11) (21.21) (14.88) (36.05) (27.39) (16.83) (28.85)
My, 154.98 144.80 476.94 128.80 503.66 140.10 477.08 482.20
(56.75) (63.99) (64.83) (42.43) (71.08) (42.31) (63.14) (61.85)
My, 107.44 17826 103.80 101.34 174.28 170.10 100.06 165.50
(13.70) (37.87) (12.78) (10.80) (30.32) (31.92) (9.99) (38.98)
My, 102.38 140.48 102.82 95.80 160.42  136.30 98.46 148.98
(16.39) (28.81) (15.07) (11.71) (32.52) (23.27) (11.28) (30.90)
Table 2.29: Means and Standard Errors of AIC: Experiment 6
Data Generating Process (DGP)
Model Fit My M, M, M;, My My, My, My,
My 83.49 67.58 116.87 87.35 82.59 70.99 119.49 83.77
(7.02) (6.72) (10.83) (6.07) (8.91) (7.27) (11.65) (10.35)
M, 85.59 66.89 94.76  89.48 76.92 70.67  95.99 77.76
(7.14) (6.74) (5.91) (6.16) (6.05) (7.27) (6.38) (7.23)
M, 91.81 73.67 89.64 95.61 73.91 7599 89.97 75.82
(6.53) (6.15) (7.86) (6.29) (6.11) (6.51) (7.52)  (6.88)
My, 87.52 71.63 121.25 91.24 86.75 74.86 123.70  87.92
(6.58) (6.58) (10.86) (5.71) (8.93) (7.08) (11.58) (10.37)
My, 93.40 7473 91.12 9723 7520 76.98 91.75 77.07
(6.55) (6.75) (8.10) (6.44) (6.13) (6.64) (7.83)  (6.98)
My, 91.30 72.86 101.65 95.21 83.83 76.34 102.67 84.55
(6.28) (6.44) (6.11) (5.78) (6.12) (6.82) (6.32) (7.01)
My, 103.07 85.52 101.18 106.94 86.11 87.35 101.53  &7.52
(5.25) (5.38) (7.45) (5.35) (5.51) (5.43) (6.66)  (5.98)
M, 104.86 87.09 102.93 108.58 87.74 88.90 103.43  89.22
(5.42) (5.73) (7.64) (5.49) (5.63) (5.52) (6.88)  (6.03)
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Table 2.30: Means and Standard Errors of Posterior Median: Experiment 7 (True N = 500)

Data Generating Process (DGP)

Model Fit My M, M, M, My, My, My, M,
My 500.02 632.96 504.46 493.00 622.18 619.58 498.60 607.34
(8.01) (17.07) (7.40) (8.59) (13.93) (19.36) (5.80) (15.77)
M, 500.50 500.74 612.28 494.44 609.74 497.12 596.68 593.98
(9.61)  (9.78) (29.27) (12.38) (28.64) (9.47) (31.38) (33.60)
M, 499.70 625.28 501.12 492.62 619.98 612.68 495.62 605.12
(7.86) (16.22) (7.30) (8.65) (13.92) (18.50) (5.88) (15.61)
My, 508.90 652.18 512.46 506.00 638.68 641.40 508.16 623.80
(12.45) (20.53) (9.73) (21.91) (16.70) (23.91) (11.22) (18.50)
My, 525.52 514.44 503.06 511.28 515.48 520.50 501.58 508.76
(79.83) (45.25) (13.92) (38.54) (17.28) (60.48) (14.94) (14.29)
My, 512.42 515.88 634.62 514.76 632.78 514.68 619.10 616.46
(12.47) (16.05) (33.31) (26.52) (33.23) (24.08) (35.74) (37.18)
My, 504.78 648.86 506.54 499.68 645.58 631.40 501.76 629.12
(8.51) (32.60) (7.35) (9.88) (40.56) (34.10) (8.13) (30.35)
My, 517.28 518.62 503.50 503.30 518.66 520.28 501.04 510.92
(45.06) (38.08) (13.32) (22.47) (19.26) (33.70) (13.93) (14.49)
Table 2.31: Means and Standard Errors of AIC: Experiment 7
Data Generating Process (DGP)
Model Fit My M, M, M;, My My, My, M,
My 170.01 204.71 245.42 170.63 165.96 199.02 239.02 164.93
(6.43) (15.35) (16.39) (7.77) (9.58) (14.53) (18.48) (9.51)
M, 172.08 149.81 194.56 172.36 167.77 151.04 190.79 166.34
(6.37) (6.86) (11.38) (7.52) (8.99) (8.76) (12.82) (9.82)
M, 178.44 167.63 175.53 178.39 172.21 165.72 176.69 170.84
(6.63) (9.21) (6.14) (7.07) (8.36) (10.57) (7.60) (8.72)
My, 174.29 209.09 249.84 174.33 170.48 203.26 242.93 169.35
(6.35) (15.32) (16.35) (7.60) (9.57) (14.37) (18.47) (9.44)
My, 180.93 157.94 177.55 180.36 159.08 159.23 178.35 158.94
(6.46) (6.56)  (5.96) (7.16) (6.05) (8.60) (7.46) (6.97)
My, 178.41 156.01 201.15 177.91 174.35 156.80 197.07 172.84
(6.21) (6.83) (11.47) (7.33) (8.95) (8.03) (12.94) (9.75)
My, 189.97 177.38 186.86 188.51 182.04 176.10 187.02 180.83
(6.05) (8.11) (6.09) (6.32) (6.85) (8.17) (7.37) (7.40)
My, 192.30 169.97 188.80 190.29 170.97 170.99 188.85 170.49
(6.13) (5.83) (5.88) (6.20) (5.38) (7.54) (7.43) (5.91)
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Table 2.32: Means and Standard Errors of Posterior Median: Experiment 8 (True N = 100)

Data Generating Process (DGP)

Model Fit My My M, My, My, My, My, My,
My 102.84 188.56  108.24 70.64 188.68 88.04 73.84 91.84
(13.87) (36.51) (11.83) (5.82)  (49.75) (12.34) (6.78) (14.17)
M, 125.54 145.20  348.34 77.32 329.22 77.04  164.50 166.26
(47.77) (75.08) (103.45) (15.83) (111.01) (13.70) (87.41) (93.10)
M, 99.34 166.34  103.34 70.00 167.38 85.36 72.70 89.22
(12.32) (27.70) (10.70)  (5.69) (37.12) (11.30) (6.51) (12.93)
My, 114.26  219.08  121.72 90.64 222.18 131.20 96.12  116.98
(16.94) (44.94) (16.56) (20.56) (60.03) (52.84) (26.61) (26.86)
My, 101.60 119.18  103.82 83.54 129.26 87.30 91.56 99.84
(19.37) (30.37) (20.53) (12.87) (39.79) (16.16) (17.75) (22.59)
My 139.28 153.48  326.16 94.24 303.56 92.42  187.54 176.98
(44.65) (65.48) (94.68) (22.55) (93.06) (32.12) (78.11) (77.90)
My, 106.48 181.16  110.16 78.08 187.22  101.08  81.54  100.88
(14.29) (31.54) (12.67) (8.07)  (42.03) (17.59) (9.38) (14.78)
My, 103.74 142.16  105.34 77.74 151.38 92.66 82.02 96.10
(17.14) (27.26) (15.22)  (9.00) (38.09) (16.39) (9.85) (17.70)
Table 2.33: Means and Standard Errors of AIC: Experiment 8
Data Generating Process (DGP)
Model Fit MO Mb Mt Mh Mtb Mbh Mth Mtbh
My 85.38 66.87 93.09 106.88 68.21 97.85 113.31 93.26
(8.32) (7.11) (8.86) (6.86) (8.11) (10.35) (8.79) (9.53)
M, 87.62 66.04 88.08 109.13 69.09 96.07 106.53 94.04
(8.19) (6.20) (6.82) (6.81) (7.77) (9.47) (6.22) (9.29)
M, 93.01 72.64 91.58 114.85 74.43 102.54 113.54 100.72
(7.47) (6.38) (6.49) (6.95) (7.40) (9.84) (8.00) (9.25)
My, 89.65 70.96 97.27 104.10 72.22 97.15 110.93 93.88
(8.29) (7.00) (8.63) (5.60) (8.06) (7.89) (7.28) (6.86)
My 94.83 73.57 9294 116.88 75.08 103.93 114.13 102.14
(7.59) (6.34) (6.75) (6.85) (6.92) (9.68) (6.93) (9.40)
Myp 93.39 7242 9457 10791 75.66 96.22 107.56 96.52
(7.89) (5.94) (6.69) (5.44) (7.54) (6.71) (5.40) (6.48)
My, 104.70 84.76 103.41 118.76 85.82 108.26 116.86 108.07
(6.91) (5.59) (6.16) (4.13) (6.79) (7.03) (5.73) (6.54)
My, 106.53 86.29 104.89 120.63 87.25 109.44 118.85 109.56
(7.01) (5.57) (6.30) (4.40) (6.66) (6.88) (5.87) (6.52)
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Chapter 3

Matching Errors in Closed

Population Capture Recapture

Models

3.1 Introduction to Matching Errors

Matching errors in closed population capture-recapture models generally arise in
one of two ways. In one way, two or more distinct individuals are not differentiable from
each other through the matching process. Thus distinct individuals are mis-recorded as
multiple captures of the same individual. Adopting terminology from Mills, Citta, Lair,
Schwartz, and Tallmon (2000), we call this a shadow-match error, and we generally refer
to a set of non-differentiable population members as a group. When this situation occurs,

a researcher is only able to detect presence of at least one of the shadow members of a
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particular group. Thus, the recorded capture history reflects the behavior of the group, not
the capture history of an individual. In the second way, a recaptured individual’s identify-
ing information is corrupted to the extent that it cannot be matched to that individual’s
identifying information from any prior capture. Thus the same individual is recorded as
two distinct individuals. We call this type of error an identity-match error.

Identity-match errors have been studied when lists of people are used as captures,
and where a person’s record on a particular list may be corrupted, such as by typographical
errors, omissions or the use of different versions of a name, e.g., Jon and John, or Smith,
Smyth, and Smythe. Some contributions to the literature have explored the effects of
identity-match errors (Seber, Huakau, and Simmons (2000), Lee, Seber, Holden, and Huakau
(2001), Ding and Fienberg (1994)). The first two articles focus on tag-loss from animal
populations as a method to account for matching errors in the likelihood. The third article
dealt with both types of errors, using information about error probabilities from a large-scale
census review. They also make some key simplifying assumptions about possible matching
errors for building their models.

Although identity-match errors are common, we focus exclusive on problems where
shadow-match errors are problematic. Shadow-match errors arise when DNA fingerprints
are used to identify animals in studies to estimate the size of an animal population. Such
sampling techniques substitute the capture of DNA in hair or faecal samples, or other
sources of DNA, for live animal captures. Such non-invasive sampling allows hard-to-capture
animal populations to be sampled more thoroughly, potentially resulting in more accurate

population estimates (Mills et al. (2000)). However, the use of DNA fingerprints to identify
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animals creates a potential for shadow-match errors. Closely related, but distinct, animals

may not be uniquely identified through the DNA fingerprinting process. This type of error

is shown by Mills et al. (2000) to lead to estimates of population size that are biased low.
For a study with two capture periods, and a population in which each non-unique

genotype is shared by exactly two population members, Mills et al. (2000) showed that

E(n1) = upy + s(2p1 — p?),
E(ma) = upips + 5(2p1 — p1)(2p2 — p3),

E(ny) = E(ma) 4+ upa(1 — p1) + s(2p2 — p3)(1 — p1)*.

where

n1 = number of animals captured during capture period 1;

ny = number of animals captured during capture period 2;

mg = number of animals captured during both capture periods 1 and 2;
u = number of uniquely identifiable genotypes in the population;

s = number genotypes shared by at least two population members;

pj = probability an animal is detected in capture j, for j =1, 2.

Mills et al. (2000) investigated the bias in the Lincoln-Petersen estimator in the
case where each shared DNA profile is shared by exactly two members, and the case where

each shared DNA profile is shared by exactly four members. They found that when each
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shared DNA profile is shared by four population members, the bias in estimating N is more
severe than when each shared profile is shared by two population members. Note that their
analysis assumes that shared genotypes are shared by exactly the same number of population
members, i.e., all shared genotypes are shared by exactly two (or four) population members.
This assumption, though not realistic, leads to useful insights. A more realistic assumption
for modeling purposes is to assume that the numbers of animals sharing a DNA profile
varies from group to group.

As more DNA loci are used to verify the uniqueness of each genotype, the probabil-
ity of shadow-match errors decreases (Mills et al. (2000)). But, while increasing the number
of loci checked is favorable for error reduction, it is also increases costs. This is true espe-
cially when the source of the animal DNA is limited (Taberlet, Waits, and Luikart (1999)).
The tradeoff between accuracy and expense means that errors will never be completely
eliminated in all studies, thus indicating the need for statistical methods that explicitly

account for shadow-match errors under realistic assumptions.

3.2 Modeling Shadow-Match Errors

We propose a probability model for shadow matches that allows for groups of
varying size. The average group size is controlled by one additional parameter thus leading
to a parsimonious statistical model for analyzing data with shadow-match errors. We start
with some notation and definitions. Our motivation comes from DNA matching problems
and we adopt terminology accordingly.

For a population of size N, let Aq, Ao, ..., Ay represent the distinct animals in the
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population, and let D1, Do, ..., Dy denote their DNA profiles. Let T" denote the number of
recognizably unique DNA profiles in the population. Denote the set of uniquely identifiable
DNA profiles by (D7, Ds, ..., D}.). Clearly, T'< N and the set of profiles {D7}, D3, ..., D}
is a subset of {D1, Do, ..., Dy}. Let M; denote the number of animals sharing DNA profile
Dr,i=1,...,T. Note that N = M; +---+ Mr.

In the pioneering work by (Mills et al. (2000)) M; = --- = My = 2 (or 4) for
the sake of mathematical convenience. We accommodate unequal M; with the assumption
that given T', M1, ..., My are independent and identically distributed with common prob-
ability mass function gpr(m), i.e., Pr(M; = m) = gpr(m). Although we derive some results
for arbitrary mass functions, we specialize to the case wherein M; has a shifted-Poisson
distribution, i.e.,

e~ A\ (m—1)

Pr(M; =m) = m;

m=1,2,.... (3.1)

With the shifted-Poisson model the single additional parameter A controls the extent of
shadow matching. The average group size is F(M;) = 1 + X\ and the variance of group
size is A. Thus A = 0 corresponds to the case of no shadow matches (all M; = 1) and the
prevalence of shadow matches increases monotonically with .

Note that the model assumptions are such that 7' is regarded as fixed (non-
random), or equivalently, that the model is formulated conditioned on the value of T
but that My, ..., My are random. The latter assumption implies that total population size
N =M+ ---+ My is also random.

We assume a two-capture, capture-recapture study with capture probabilities, p;
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= probability that an animal is captured during capture period j, for j = 1,2. Let ¢; =
1 — pj. Because we allow capture probabilities to vary by capture period only, this model
is similar to the time-effects model M; introduced in Chapter 2.

For DNA profile Dj, define

yioo = 1 if D} is not captured during either capture period;

yio1 = 1 if D} is captured during capture period 2 but not capture period 1;

yi10 = 1 if D} is captured during capture period 1 but not capture period 2;

yi11 = 1 if D} is captured during both capture periods.

The following sums hold the numbers of each type of capture history:

T

Zy = Z yioo = number of DNA profiles not captured in the study; (3.2)
i=1
T

7y = Z yi01 = number of DNA profiles with capture history (0,1); (3.3)
i=1
T

Zy = Z y;10 = number of DNA profiles with capture history (1,0); (3.4)
i=1
T

Z3 = Z y;11 = number of DNA profiles with capture history (1,1). (3.5)
i=1

Finally define the number of DNA profiles observed at least once during the study,

S=71+Zy+ Zs. (3.6)

In Section ?? we show that the probability mass function of the observed counts (27, Z3, Z3)
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is given by
f (Z o ’ T )_ T! QT_59z19220Z3 (3 7)
zZ\%1, %2, %3141, 92, L, gM ) = 11zl 23 (T — 9)! 00 Yo1Y10%11 :
where
boo = E((q1q2)™),
bor = B(g"(1-q"),
b0 = E(g;"(1—q")),
b = E((1-aq")(1—a"). (3.8)

Note that 0o + 0o1 + 610 + 011 = 1. Also note that each 6;; can be determined from the

probability generating function of M;. Under the shifted-Poisson assumption (3.1),

o1

010

011

In this case we emphasize

(1 —1) (q192—1)

Q1 et — 4192 et )

goe =) — gy gpeMBe ),

1 — M) — goeMeD) 4 gy gyer@e—), (3.9)

the dependence on A of the probability mass function in (3.7)

by writing fz(z1, 22, 23|q1, g2, T, A). Thus given observed counts (Z1, Z2, Z3) we obtain the
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likelihood

L(q1,q2, T, N Z1, 22, Z3) = fz(Z1, 22, Z3|q1,q2, T, N).

Estimation of A\ with only two capture periods is problematic. Thus we assume that A is
known or independently estimated and consider only estimation of q1, g2, 7. Our assumption
that A is known is comparable to the assumptions in Mills et al. (2000) that average group
size is known or that the probability of a DNA match is known. In our model the average
group size is E(M;) = 1+ A. Thus if we want to study the effect of matching errors for a
specified average group size (e.g., 2 or 4 as done in Mills et al. (2000)), we need only choose A
accordingly. Alternatively, suppose that 7 is the probability that a given animal has at least
one DNA match in the population. Mills et al. (2000) argue that this probability can be
roughly estimated from available data for certain populations, and we take this as a starting
point for our argument. In our model an animal has a match if its group size exceeds one.
According to our model this event occurs with probability Pr(M; > 1) =1 —¢*, and 7 and

\ are related viam =1 — e?

, or equivalently A = —In(1 — 7). Thus, while our assumption
that A is known is somewhat limiting, there are defensible strategies for approximating A

in applications. Regardless, sensitivity to specification of A is of concern and we investigate

this problem in the simulation study reported on in Section 3.4.
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3.3 Model Inference

3.3.1 Parameter Estimation

Under the assumption that A is known there are three unknown parameters in
the likelihood (3.10), q1,q2, and T, that can be estimated either by maximum likelihood
or method-of-moments. The likelihood is nonlinear in the parameters and thus for max-
imum likelihood estimation numerical optimization is required. The particular numerical
algorithm we used in the simulations and example in Sections 3.4 and 3.5 is described in
detail in Section 3.6.3.

The moments required for method-of-moments estimation are readily derived using

moment generating function identities for the Poisson distribution. For example,

T T
E(Z)) = E(ZY;Ol) ZZE(YQM)

T
= ZPI‘ 101—1
=1
T o
= > > Pr(Yi=1,M;=my)
i=1 m;=1

Yior = 1|M; = m;)gnr(m;)

o0
o0
Z (1 — g5 ) g (my)
th t?;J\4)7 Where t]. = 1n (:Z]_ a,nd t3 - ln Q1QZ

AMq1—1) Mq1g2—-1)

qi€ — q192¢

Agi—1)

)
£
>

a

Q1Q2€A(q1q271)} : (3.10)
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Similar derivations result in

E(Zy) = T[gee™ ™V — qugoeM a1, (3.11)

E(Z3) = T[1 — MY — gpeM27) 4 g gpeMma=b], (3.12)

The resulting moment equations are

71 = T(qle’\(’h*l) _ q1q2e)\(qm2*1)); (3.13)
Zy = T(gae %™V — gy e 7)), (3.14)
Zs =T(1 — e — goeMe=b 4 g goeMaaz—1))y, (3.15)

From Equation 3.13 we obtain

Z1

Qg2 = gl - T (3.16)

Substituting (3.16) into (3.15) we obtain:
e =1 - 2 JTF Z3 (3.17)

Lastly, substitute (3.17) into (3.14) giving
gD — 1 _ 22 ; Zs. (3.18)

Then the method-of-moments estimators ¢; solves Equation 3.18, g2 solves Equation 3.17,
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with solutions as a function of 7. Lastly, T solves Equation 3.16 for T. Solutions are
found numerically. Our simulation results (Section 3.4) showed little difference between the

maximum likelihood and method-of-moments approaches.

3.3.2 Predicting Population Size
Point Prediction

Primary interest lies not in the parameter estimates per se, but rather in the
population size N. In our model N is a random variable, not a parameter. Thus we
formulate the inference problem for N as a prediction problem. First we determine the form
of the best predictor of N given the observed counts (Z1, Z2, Z3) assuming parameters are
known. Then we obtain an estimated predictor, N , by replacing the unknown parameters
with their estimators (maximum likelihood or method-of- moments).

The best predictor of N based on the observed counts is E(N|Z1, Za, Z3). Under
the assumptions of our model the best predictor of N given Z1, Zo, Z3 is

N = E[M; + ...+ Myp|Zy, Za, Z3]. In Section 3.6.2 we derive the required expression, show-

ing that

N = (T - S)(1+Aq1g2) + Z1E1 + ZoE> + Z3E3 (3.19)

where

Aq1 (91 — q293)
o1 —¢3

Ag2(P2 — q193)
b2 — 3

E, =1+

Ey=1+
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Output Quantities

Stage Parameters Observed Data Estimated Predicted
Population ‘ T,q1,q 1, Ly, L3 T, Q1,42 N
Stage 1 Bootstrap |  T',d1, da 71,8, %28, Z3,B Tg, 41,5, 42,8 Ng
Stage 2 Bootstrap ‘ Tp,q1.8,42.8  Z1.82, Zo.B2, Z3.p2  Tp2, 41,52, G232 Np2

Table 3.1: Notation for the two-stage bootstrap procedure. Two-stage bootstrap parame-
ters, observed data, and estimated and predicted quantities for each stage.

_l+A— d1(1+ Aq1) — P2(1 + Ag2) + ¢3(1 + Aqrge)

Es [ ——— !

¢1 = e,

¢ = e 2D,

3 = qgoe™ 02

An estimated predictor of NV is obtained by replacing the unknown parameters in (3.19) by

their estimates (maximum likelihood or method-of-moments).

Interval Prediction

Because of the complexity of the point predictor of N in Equation (3.19), analytic
derivation of a prediction interval is problematic. We develop a two-stage parametric boot-
strap prediction interval. The two-stage bootstrap method is designed to address variation
due to both estimation of the model parameters and to the variation in N for a given set

of parameters (recall that N is random in our model).
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Table 3.1 lists the notation for the two-stage bootstrap procedure. The estimates
q1, G2, T derived from the observed data are regarded as population quantities in the first
stage of the bootstrap. In the first-stage bootstrap sampling, five-thousand bootstrap data
sets (Z1,B, Z2,B, Z3,5) from a bootstrap population with parameters cjl,cjg,f, and A\ are
simulated. For each stage-one data set, estimates ¢1 B, §2,B, TB, and the predictor of pop-
ulation size Np are calculated. Next generate one stage-two bootstrap data set for each
of the five-thousand stage-one bootstrap data sets. That is, generate one set of counts
(Z1,B2, Z2,B2, Z3,B2) from a bootstrap population with parameters ¢ g, §2 B, Tg, and \ for
each of the five-thousand stage-one data sets. From the values of Z1 g2, Z2 p2, Z3 B2 We esti-
mate §1,B2, §2,B2, TBQ, and calculate the estimated predictor N B2, resulting in five-thousand
stage-two values of §1 2,42 B2, TBQ, and N B2. Note that in our bootstrap procedures, the
prediction of N at each stage is not a bootstrap parameter in the next stage. Once the boot-
strap parameters T, q1, g2, and A are fixed, the population size N is a randomly generated
quantity according to the model assumptions that M, ..., Mr are random.

For the first stage of the bootstrap procedure, define M; g, "'7MT,B as the ran-
domly generated group sizes for groups 1,2,...,7. Similarly, for the second stage of the

bootstrap procedure, define M pa,..., M

Ts B2 85 the randomly generated group sizes for

groups 1,2,...,T5. Then, denote Ng = My g + Map + ... + My 5 and Npz = My ps +
My ga+ ...+ MT]B, po- The values Np and Npj represent the simulated true population size
for stages one and two of the bootstrap procedure, respectively.

The intent of the two-stage bootstrap is to approximate the joint distribution of

(N, 1\7) by the joint bootstrap distribution of (Npa, NBQ). In Section 3.4.4 we report results
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from a simulation study designed to compare three strategies for calculating prediction

intervals for N based on the five-thousand pairs (Npa, N B2)-

1. Marginal Data Method: Using all five-thousand combinations of (Npo, N B2), generate
a 95% prediction interval for N by computing the 2.5th percentile and 97.5th percentile

of the five-thousand observed values of Ngs.

2. Conditional Data Method 1: Again compute the 2.5th percentile and 97.5th percentile
of Nps, but analyze only those stage-two bootstrap data sets where Np is suitably
close to N from the original data set. For this method, we analyze the stage-two

bootstrap data sets where [Npy — N| < 1.

3. Conditional Data Method 2: Compute the 2.5¢th percentile and 97.5th percentile of
Npo for the one-thousand stage-two data sets where Npy is closest to N. The initial
reason for examining this method was that Conditional Data Method 1 often produced
a small number of points (50 - 200, typically) where N was sufficiently close to Npo,
which may be too small a number of data points to produce accurate prediction

intervals.

3.4 Simulation Study

3.4.1 Data Generation Process

To study the performance of N as a predictor of NV, we generated random data
sets with counts Z1, Zy, and Z3 for a capture-recapture experiment with k = 2 capture

periods. The factors in the experiment are:
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T = 25,50, 100;

q1 =0.1,0.5,0.9;

g2 =0.1,0.5,0.9;

e A=0,0.1,0.2,0.3,0.4,0.5.

We generated one-hundred data sets under each unique factor level combination,
of which there are 162. Although we assume A to be known (as discussed in Section 3.2 ,
realistically we accept that the assumed value of A may differ from the true value. To assess
performance of N when ) is mis-specified, we fit the model using several values of A to each
data set. Thus we distinguish between the value of A used to generate the data set and the
value of A used to fit the data via the likelihood function of Section 3.2. We use A; for the
value of A used to generate the data set, and to Ay as the value of A assumed in the model.

For each of the 16200 data sets, we computed N for each data set using Ay =
0,0.1,0.2,0.3,0.4,0.5. Thus, we analyze each data set from the above 162 factor combina-
tions under six values of Ay, giving a total of 97200 analyses for the simulation.

For each data set, we estimated ¢1, g2, and T using both maximum likelihood and
method-of-moments. For maximum likelihood analysis, we used SAS version 8.2 software to
numerically maximize the likelihood function given in Section 3.2. For method-of-moments
analysis, we also used the SAS software package to numerically solve the method-of-moments
equations given in Equations 3.16, 3.17, and 3.18. Computational methods for our analyses

are described in Section 3.6.3.
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It should be noted that we did not analyze any data set for which the number of
recaptures in the data turned out to be zero. This phenomenon occurred most commonly
when ¢ = g2 = 0.9, corresponding to small capture probabilities, and when T was twenty-
five. This requirement means that our results are conditional on the presence of at least
one recapture during the study. Practically speaking, a researcher would not end a capture-
recapture experiment with zero recaptures. So we believe discarding these data sets is
consistent with practice. These discarded data sets are not part of the 16200 data sets
described above. For each factor level combination, we generated random data sets until

we obtained one-hundred data sets with at least one recapture.

3.4.2 Simulation Results

The simulation experiment investigated the effects of five factors: T q1, g2, \¢, and
Agit. For each simulated data set, although T', ¢, and g2 are fixed, the true value of N is
random. One way of determining the performance of our predictor is to measure

N - N

BN: T )

which is similar to a relative bias measurement. Dividing by T allows us to determine
whether any increase in the magnitude of the bias N — N when T increases is simply due
to the increased value of T' (and correspondingly NN) that occurs when the population has a
larger number of distinct DNA profiles. Intuitively, the average value of By should be zero
when \; = Ay, greater than zero when Ay > Ay, and less than zero when Az < Ao A

preliminary analysis of the results with response variable By indicated that a full analysis of
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variance of a model with explanatory variables T', q1, g2, ¢, and Ay;; and all their interactions
explained about 50% of the variation in the simulation (R? = 0.502). The model with
main and interaction effects for 7', q1,q2 and the quantitative covariate Agirr = Apir — At
explained about 49% of the variation (R? = 0.486) in the simulation. The simple linear
model with explanatory predictor Agfs explains about 35% of the variation (R? = 0.347)
in the simulation results. Thus, much of the explainable variation is explained by Ag;s
and the three factors T, q1, and ¢o, and we focus attention on these in the discussion of
the results. We expected that N would be approximately unbiased when A\, = A fit, that
N > N on average when Ay > A, and that N < N on average when Ar; < A, and these
expectations were confirmed by the simulation results.

Figures 3.1 through 3.6 show the relative bias of N when maximum likelihood was
used to estimate q1, g2, and T'. Results for method-of-moments estimation are very similar
to the maximum likelihood results, and are omitted. Each plotted point represents the
average value of By for the one-hundred data sets analyzed under a specific combination
of T, q1,q2, A, and Mgy
Results when T = 25:

Focusing first on the graphs in Figure 3.1, we see that when capture probabilities
are very high for both capture periods (corresponding to q; = g = 0.1), when A\; = 0, the
best fit, on average, is provided by the model where Ay;; = A;. All the other models produce
values of By that are greater than zero, which is consistent with expectations. That is,
picking Ag;y = Ay = 0 leads to By ~ 0, picking Apit > A leads to By > 0. When the

value of \; = Ay = 0.1, then By is approximately zero. We see By < 0 when A rit = 0,
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Figure 3.1: Simulation Results for T" = 25 when ¢1 = ¢
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and By > 0 when \ fit > A¢. Similar results occur in Figure 3.1 at all values of A\; from 0
through 0.5. Thus, from the first graph in Figure 3.1, we conclude that N is approximately
unbiased when Ag;; = A¢, positively biased when Ap; > Ay, and negatively biased when
Arit < A¢. Furthermore, relative biases as large as 0.5 and as small as —0.5 may occur
when Ay; is mis-specified. Referring again to Figure 3.1, when capture probabilities are

moderately high (q1 = g2 = 0.5), the results are very similar to those when ¢; = g2 = 0.1 in
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Figure 3.1.

A striking difference is noticed in Figure 3.1 when g1 = g2 = 0.9. We see negative

bias in predicting N (By < 0) for all levels of A\; and Ag;. This factor combination

represents reasonably small capture probabilities and a small number of groups in the

population. We focus on the simple case where Ay;; = Ay = 0 to explain why By is negative

in this picture.

Recall that we only included data sets in our analysis where Z3 > 0
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(requiring at least one recapture). FE(Z3) can be computed via Equation 3.12. In this
case, we can find F(Z3) = 25 x 0.1 x 0.1 = 0.25. Thus our data sets had Zs > FE(Z3).
Using the Lincoln-Petersen estimator from Equation 1.1 as a rough approximation of N in
the case where Ay;; = 0, and using the likelihood function in Equation 3.10 to compute
f(Z1,Z5,Z3|q1 = g2 = 0.9;T = 25, X = 0) we compute the conditional expectation of the
LP estimator of N conditional upon Z3 > 0. We omit the detailed calculation, but the
conditional expectation of the LP estimator of N, given Z3 > 0, is approximately ten for
this factor combination (well below the true value of twenty-five). This negative bias occurs
for all data sets where T = 25 and q; = ¢o = 0.9, indicating that N may be significantly
negatively biased when T is small and ¢; and ¢o are both large. The severity of this problem
is due somewhat to the small value of T in this combination of factors. A larger value of T
would lead to E(Z3) = (T x 0.1 x 0.1) > 1, meaning one or more recaptures would occur in
a higher percentage of the generated data sets. Thus, the effect of conditioning on Z3 > 1
would have smaller impact on the conditional expectation of the LP estimator given Z35 > 0.

Figure 3.2 shows simulation results for data sets generated when T' = 25 and when
q1 # q2- The graphs placed next to each other are probabilistically symmetric, in that
the second graph shows results for design points where the values of ¢; and ¢o are simply
switched. We expect the simulation results to be very similar in these cases.

The results when ¢; = 0.1 and ¢ = 0.5 (or vice versa) follow a pattern close to
those when ¢; = g2 = 0.1 or ¢; = ¢2 = 0.5, in that By is close to zero when Arit = Mg
Over-fitting A causes positive bias, and under-fitting A causes negative bias, on average.

The magnitude of the relative bias (measured by By) when T = 25, ¢; = 0.9 and g2 = 0.5
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Figure 3.3: Simulation Results for T' = 50 when q; = g2
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(and in the symmetric case) is not as large as when T' = 25,¢; = 0.1, and g2 = 0.5. When
g1 = 0.9 and ¢o = 0.5, the average value of By is negative and closer to —0.25 when
Arit = Ay = 0. This is due, again, to the effect of ignoring data sets where the number of
recaptures is zero. This effect is reduced in data sets where A\; > 0. That is, By is closer

to zero when Ay = Ap;y > 0.
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Figure 3.4: Simulation Results for " = 50 when ¢q1 # ¢
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Results when T = 50:

For Figure 3.3, we see pattern similar to Figure 3.1. The first two graphs in Figure 3.3

again show that choosing a value of Ay;; = A\; gives a value of By near zero, that choosing

Agit > A¢ yields a value of By greater than zero, and that choosing A rit < A¢ gives a value

of By less than zero. One difference between Figures 3.1 and 3.3 is in the case where

q1 = g2 = 0.9. The negative bias effect due to the requirement that Z3 > 0 is reduced from




97

Figure 3.5: Simulation Results for 7" = 100 when ¢; = ¢
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the effect in Figure 3.1. However, the negative bias in By is still present, and suggests that
N would be negatively biased in real data sets with small capture probabilities and a small
to moderate number of group sizes.

In Figure 3.4, we see a pattern similar to that of Figure 3.2. It is noteworthy
that the performance of N is better than when T = 25, in the case where ¢; = 0.9 and

g2 = 0.5 (or vice versa). In this case when Ay = Ay, By is closer to zero than when T = 25,



Figure 3.6: Simulation Results for 7" = 100 when ¢; # ¢o
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suggesting that the effects of including only data sets with at least one recapture in our

analysis is not as significant when T' = 50 and at least one capture period has a moderately

high capture probability.

Results when T = 100:

Figures 3.5 and 3.6 show similar results as the previous graphs. Here, however, we

ignored a smaller number of data sets due to the higher probability of the presence of at
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least one recapture in most data sets. The effect of ignoring data sets with zero recaptures
is still evident in Figure 3.5 when ¢q1 = g2 = 0.9, but its effect is reduced with the larger
value of T'. Again, choosing A\; = Ay; means By is near zero. Choosing A rit greater than

(less than) \; gives values of By that are greater than (less than) zero.

3.4.3 Sensitivity of Prediction of N to Choice of A

We refer back to the issue of assuming A is known, which was raised in Section 3.2.
Assuming that Ay # A\¢, we examine how close A;; needs to be to Ay to improve prediction
of N over classic capture-recapture methods (such as a standard Model M;).

In our simulation results, a significant percentage of the explainable variation of By
in can be explained by a simple linear model with one explanatory variable, the quantitative
variable Agirr = Apiy — A¢. Fitting a standard Model M; is roughly the same as choosing
Arit = 0. Accounting for shadow-match errors means choosing Ay;; > 0. Denote approach
S1 as choosing Ay;; = 0. Denote approach Sy as choosing Ay;; > 0. To determine when S
is a better approach than Si, recall that our ANOVA simple linear model in Section 3.4.2
implies that By ~ Agifs. Thus |By| ~ |Agifs|- In approach S; this means |By| ~ As. In
approach Sy this means |By| ~ [Afit — A¢|. Therefore, approach Sy gives a smaller value of
| By| than S; when

ie — Al < A (3.20)

which occurs when —A; < (Agir — A¢) < Ag, or when

0 < Apir < 2) (3.21)
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Therefore, when \ is mis-specified, our method should have smaller relative bias for the
population size than classic capture-recapture methods when the chosen value of A is no
larger than twice the true value of A. This encourages a bit of caution in choosing .
Underestimating the true value of X still improves performance over that of classic capture-
recapture methods. Choosing too large a value of A may lead create a situation where
the bias in predicting N is more severe than if the shadow-match error problem had been
ignored altogether. For this reason, a reasonable recommendation is to be conservative in

choosing A if a precise value of A is not available.

3.4.4 Bootstrap Results

We tested the bootstrap method for four parameter combinations. Each param-
eter combination we examined had ¢1 = ¢2 = 0.5 and A\; = 0.3. The difference among
the parameter combinations was the different levels of T. We chose T' = 50, 100, 120, 150
in the four parameter combinations. We chose a relatively high value of A\; to ensure that
our method works well even when )\; is not close to zero. In each case, for each of the
five-thousand stage-two bootstrap data sets, we computed prediction intervals for N un-
der both the Marginal Data Method and the two Conditional Data Methods described in
Section 3.3.2.

Results of the bootstrap methods are listed in Table 3.2. For each of the methods,
we examined performance in terms of the observed coverage probability of a nominal 95%
prediction interval for N. We also noted the average length of the prediction intervals. In
Table 3.2, the coverage probabilities for all methods are below the nominal 95% level when

T < 120. For T' > 120, the Marginal Data Method produces a coverage probability that is
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Marginal Data Method Conditional Data Method 1 Conditional Data Method 2
T | Coverage % Avg Length | Coverage %  Avg Length | Coverage %  Avg Length
50 82% 33.3 81% 25.4 80% 25.9
100 87% 47.4 80% 37.7 80% 374
120 97% 52.3 92% 41.5 93% 42
150 97% 45.4 92% 45.4 91% 46.5

Table 3.2: Bootstrap Prediction Interval Results: Simulated Coverage Probabilities and
Average Interval Lengths of Nominal 95% Prediction Intervals for N (with Std. Error of
3% when the true coverage level is 90%

above the nominal 95% level (although the difference is not statistically significant), and also
has the largest interval length. The average interval length for the Marginal Data Method is
typically about 10 units longer than the typical interval length for either of the Conditional
Data Methods. Another point to notice is that the performance of the Conditional Data
Method One does not appear to be due to the relatively small number of data points
analyzed under this method. This is apparent due to the similarity in performance between
Conditional Data Methods One and Two, and because Method Two uses one-thousand data
points to compute its prediction intervals.

Because our methods were analyzed for one-hundred randomly generated data
sets, the coverage probabilities listed in Table 3.2 estimate the true coverage probabil-
ity for the listed parameters. For one-hundred data sets, the standard error of our esti-
mates at the T = 150 level (97% and 92%) and would be /(.97)(.03)/100 = 0.017 and

(.92)(.02)/100 = 0.027, respectively. This means that both estimates are within approx-
imately one standard error from their nominal coverage levels. Based on these results, we
believe both the Marginal and Conditional bootstrap methods are effective in generating

prediction intervals for N when T > 100. More extensive simulation study is needed to
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Interval Estimate

Model ‘ N | Lower Upper
Model M; | 57 | 37 120

Table 3.3: Confidence Interval for N for Bear Data of Woods, Paetkau, et al.

confirm these conjectures.

3.5 Example

In the article from Woods, et al. (1999) the authors discuss a data set with captures
of bears over four capture periods. Because our method is currently developed only for two
capture periods, we compared our predictor of population size N with the results of Model
My in Program CAPTURE, using only the data for the first two capture periods of the data

set. The data are Z7 = 11, Zy = 12, Z3 = 4. The models fit to the data were:
e The Model M; estimator, N, from Program CAPTURE
e Our predictor, N, at A = 0,0.1,0.2,0.3,0.4,0.5

Results of the analysis are given in Tables 3.3 and 3.4. Comparing Tables 3.3
and 3.4, when Ag;; = 0, N is equal to N obtained from Model M; from Program CAP-
TURE. Our prediction interval is wider using the Marginal Data Bootstrap Method, and is
comparable to Model M; when using the Conditional Data Bootstrap Method. Using our
model, as Ay;; increases, the value of N increases, and the lower and upper bounds for the
prediction interval for N both increase. The width of the prediction interval increases as
well. This is to be expected, because higher values of Ay;; imply increases in both the mean

and variance of group sizes M;.
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Interval Estimates

Marginal Data Method Conditional Data Method 2

Matching Error Models: N | Lower Upper | Lower Upper
with Ag;y = 0 56.64 30 167 38 121

with Ap;; = 0.1 65.43 33 182.5 42 132
with Ap;; = 0.2 74.09 37 216 47.5 164
with Ay = 0.3 82.52 40 235 49 181
with Ay = 0.4 90.71 44 274 57 211.5
with Ay = 0.5 98.63 48 302 61 227

Table 3.4: Prediction intervals for N for Bear Data of Woods, Paetkau, et al.

The main rationale for using our method, as opposed to Model M, (or other mod-
els) from Program CAPTURE is that our model should provide a more accurate prediction
of N than a standard Model M; in the presence of the shadow-match errors we have dis-
cussed. For each level of Ar; we measured, N was still within the confidence bands given
for Model M;. However, at levels of Ay;; > 0, the coverage probability of the Model M;
confidence bands would be reduced from the nominal 95% level. Suitable levels of Az

should be chosen based on the approach discussed in Section 3.2.

3.6 Technical Details

In this section we derive the likelihood function and predictor N of population
size N, for the shadow match errors capture-recapture model. We also include descriptions
of the numerical methods techniques used to maximize the likelihood function and to solve

the method-of-moments equations in Chapter 3.
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3.6.1 Probability Model and Likelihood

Theorem 3.1: Let D} fori =1,2,...,T represent the T uniquely identifiable DNA
profiles within a population. Let M; represent the number of animals sharing profile D} for
t=1,2,..,T. Let p; represent the probability that an animal is captured during capture
period j, for j = 1,2, and let ¢; = 1 — p;. For DNA profile D}, define y;00 = 1 if D} is not
captured during either capture period; y;o1 = 1 if D} is captured during capture period 2
but not capture period 1; y;10 = 1 if D} is captured during capture period 1 but not capture
period 2; and y;11 = 1if D} is captured during both capture periods. Then denote the counts
of DNA profiles with each capture history as Zy = ZZ'T:1 Yioo; L1 = Zg;l Yiol; Lo = 23;1 Yi10;
and Z3 = Z@T:l yi11. Finally, denote the number of DNA profiles captured at least once
during the study as S = Z; + Zs + Z3. Then, the probability mass function of (77, Z2, Z3)

is
T!
z1lz9lz3(T — S)

T—S pz1 pz2 nz
fz(21,22,23) = 1900 001016011

where

Proof: For DNA profile D}, define :

Y (i,1) = 1 if D} is captured during neither capture period,
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Y (i,2) = 1 if D is captured only during capture period 2,
Y (i,3) = 1 if D} is captured only during capture period 1,

Y (i,4) = 1 if D} is captured during both capture periods.

Note that for D¥, Y (i,1) + Y (4,2) + Y (i,3) + Y (,4) = 1.

Define the matrix Y with dimensions T x 4 as

y(1,1) y(1,2) y(1,3) y(1,4)

y(2,1) y(2,2) y(2,3) y(2,4)

y(T,1) y(T,2) y(T,3) y(T,4)
There are 47 possible values of Y, because Y(i,.) = (1,0,0,0),(0,1,0,0),(0,0,1,0), or
(0,0,0,1) for all i. Define y, with dimensions T' x 4 for r = 1,2,...,47 as an observed
outcome from the 47 possible outcomes of Y. Then the support of Y can be written as
Y1, Y2, -, Ygr. Furthermore, define the matrix P with entry p(i,[) in its ith row and lth
column, such that P = E(Y'). That is, because all entries in Y are zero or one, p(i,l) is
the probability that y(i,1) = 1. Later we describe the structure of P in more detail.
Assuming animal captures are independent of each other, conditioning on the

group sizes M;, the distribution of Y given M7, Mo, ..., My is



f(yr’P = p,Ml, ...,MT) = PT’(YTX4 = erX4’P,M1, ...,MT) =

T
I G, 1) Dp(i, 2)C2p(i, 3)0r 03 p(a, 4)vr @4
=1

for yy in (y1,y2, -, yar)-

Define

for [ =0,1,2,3, and define the event A as
A={Y5Y(0,2) = 21,30, Y(0,3) = 22,37, Y (i,4) = z3}. Then
4T

Pr(Zy = 21,2y = 20, Z3 = 23) = Y _ f(y2/P, My, ..., Mp)I(A).

r=1
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(3.22)

The number of non-zero values of the indicator variable in the above expression

can be determined as follows:

1. 21 values of 1 can be placed into any of the T rows of the matrix, in column two.

There are (3;) ways to set these values of 1 within column two.

2. zo values of 1 can be placed into any of the remaining T — Z; rows, in column three.

There are (T;;l) ways to set these values of 1 within column three.

3. z3 values of 1can be placed into any of the remaining T'— z1 — 29 rows, in column four.

There are (szzf;”) ways to set these values of 1 within column four.

4. All remaining rows of the matrix must have a 1 placed in column one. There is only

one way to do this.
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Thus, the number of non-zero indicator variables is given by

T . T T—21 T—21 — 29
21722723 N Z1 Z9 z3
T!
21!2’2!23! (T — 21 — 29 — 23)! '

Now we explain the structure of P. Let p; = probability that an animal is captured
during capture period j, for j = 1,2, and ¢; = 1 — p;. For D7 to not be captured in a
particular capture period, all of the M; animals sharing profile D} must not be captured.
Hence, the probability that D} is not captured in capture period j is qJM ¢, Otherwise, if at
least one of the M; animals is captured, the profile is considered captured. Corresponding
to our definitions of y(i,1),...,y(i,4), we define the probabilities of each capture history

(conditional on M;), as

p(i,1) = Pr(D} has capture history (0,0)|M; = m;),
p(i,2) = Pr(D; has capture history (0,1)|M; = m;),
p(i,3) = Pr(D; has capture history (1,0)|M; = m;),

p(i,4) = Pr(D; has capture history (1,1)|M; = m;).

Consequently,

p(i,1) = q"qy",
p(i,2) = ¢ (1—g3"),

p(i,3) = (1-¢")q",
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p(i,4) = (1—-¢") (1 —q"). (3.23)

Defining the probability of the capture history of D} as

4

ai (1,2, mis 9 () = [ (i, )Y,
=1

we write the probability in Equation 3.22 as

Pr (Zl =z, ZQ = ZQ,Z3 = 23|P,M1, MT) =

4T 7

Z H a; (q1, g2, mi, yr(4,.)) I (A).

r=14=1

However, this probability is conditional on the unknown group sizes M; for ¢ = 1,2,...,T.
Under the assumption that My, Ms, ..., Mt are independent and identically distributed with

common density gas (m), we obtain

Pr(Zy = 21,2y = 29,23 = 23) =

0o oo 4T T T
Z Z ZHaz (QLQQamiaYr(ia'))I(A)HgM (1)
Mi=1 Mpr=1r=1i=1 =1

With some rearranging and factoring, we obtain
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Pr (Zl =z, ZQ = ZQ,Z3 = 23)

co 4T T

= Z O T @ (ar, g2, ma, e (i HgM (my)

M11 Mrp=1r=14=1

oo
= Z Z Z Hal QIaQ27m17Yr HgM ml

r=1M;=1 Mpr=1:=1

4T
== Z Z ay (QhQQ,mlayr(L'))gM (ml)
r=1M;=1
00

. > ar(q,a2,mr,ye(T, ) gy (mr) I(A)
Mp=1

o

47 T
= ZH Z Q1vQ2>muYr( ))QM(mZ) I(A)
r=11

=1 | m;=1
4T T

= S TI Elai (a1, a2 mi, yulis )] I(A).

r=14i=1

Now, notice that

4
Qg (qlaQQymivyr(/L'> )) = H Z l yr(@) ZyT Z l
=1

because all values of y,(.,.) are zero or one, and Zle yr(i,0) =1

Define
boo = £ ((Q1Q2)Mi),
0o = F (q{w (1—- Q2)Mi>7
bho=F ((1 —q)™ qé\@)’

o = ((1- )" (1-q2)™).

Then,
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Ela; (q1, g2, mi, ye(4,.))] = yr(4,1)000 + yr (4, 2)001 + yr (i, 3)010 + yr(i,4)011.

And then we have (unconditionally),

4T T
Pr (Zl =z, Z2 = Z9, Zg = Z3 Z H Gyr 1) HyT(Z 2) gyr(z 3)0yr(z 4)I (A) .
r=1:=1

Because all values of y,-(.,.) = 0 or 1, each term in the product above is one of (6go, fo1, 010, 611),

and thus we obtain

Pr(Zy = 21,20 = 20, 23 = 23) = ZQOOZ 1%(11)902122 1 Yr 12)021 L yr(8,3) 921 L ur(is4) I(A)
r=1
4T

= D OR05I030T (A). (3.24)
r=1

Now Zj is unobserved, because Zj represents the number of DNA profiles with capture

history (0,0). But, because
yr(,1) =1 =9 (2,2) = yr(6,3) — yr (i, 4)
for all ¢, summing over ¢ gives
Zo=T — 71— Zy — Z3.

Denote S = Z1 + Zs + Z3 and note that that T'— S = Zy. The 6 values do not depend on

r, so we can factor them out front giving

Pr(Zy = 21, 29 = 20, Z3 = 23) = 00, 002107267 ZI
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N
( 2.7, Zg) Oho 205107207, (3.25)

and the result is established.

3.6.2 Prediction of N

Theorem 3.2: Suppose that M, ..., M7 are independent and identically distributed with

common shifted-Poisson density

e—)\)\(m—l)

—_— =1,2,...00.
(m—]_)!’ m ) ) oo

Pr(M; =m) =

Then the best predictor of N given Z1 = 21, Zy = 29, Z3 = z3 is

N = E[Ml + ...+ MT|Zl = 21,09 = 29,43 = 2’3] =

(T = S)(L + Aq1g2) + z1E1 + 20E5 + 23E3

where

Aq1 (o1 — q2¢3)

Ei=1+ ,
! ¢1 — ¢3
A2 (2 — q193)
By =1+ 2221027 0198),
2 G2 — @3
By — 14+ A= d1(1+ Aq1) — ¢2(1 + Ag2) + ¢3(1 + Aq1g2)
1—¢1—¢2+ ¢3 ’
¢1 = qleA(Q1_1)’
¢ = goer 7Y,

¢3 = qrgoe™ 0P



Proof: In the proof of Theorem 3.1 we denoted

f(Yr’P7M17 7MT) = PT(Y = yI'|P7M17 "'7MT)

T
= Hp(i’ ]_)yr(i,l)p(l', 2)yr(i,2)p(i’ 3)yr(i,3)p(i, 4)yr(z’,4)
i=1

for y, in (y1,y2, .., yqr). Recall that p(i, 1), ...,p(i,4) were defined in Equations 3.23.

For Dj, we can write

f(yr(i7 ')7 ml‘P) - f(Yr(i, )‘M% P)gM(mi) =

p(i, )Y OV p(i,2)v G2 (i, 3)v G35, 4)¥ G gy (m) .

Then, we sum the above equation over the range of M; to obtain

f Z f Yr m1|P) = Gyr(z 1)9%(1 2)0 yr (4, 3)9yr(z 4)

m;=1

Now, by definition of conditional probability,

f(yl"(iv ')’ ml|P) )

f(mi|Yr(ia‘)7P) = f(Yr(iv')‘P)

From there, we can compute

) i _ —1 mlf(yl‘(zv ) mZ’P) _ Z?r(;zzl mif<yl‘(i7')ﬂmi’P) _
BOR ) == i P) SR A GRRTNI
Zmz_l mZaZ(Q17QQ7mhyI‘( ))QM( ) E(Mzaz(qlaQQ7mi7yr(i7')))'

Zmizl az(Ql:Q%muYr( )gM( ) N E(%(le%ami,}’r(iw))
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So, we have shown

E(Miai(qla q2,m;, Yr(i, )))

E(MZ‘YI‘(%)) = E(ai(QLQZami’yr(i"))

(3.26)

For any D}, only one of y,(i,1),...,y-(i,4) are equal to one, and the rest are zero. That is,
there are four possible outcomes for each group. We treat each case separately.
In our derivations, we need certain expressions related to the moment generating function

of M. Noting that M = R+ 1 where R ~ Poisson(\), for any real ¢,

E(etM) _ E(et(R—i-l)) _ etE(etR) _ ete)\(et—l);
E(MeM) = iE(etM) = iete’\(et_l) = ete’\(et_l)(l + Aeb);

and

etM
% - %ln(E(etM» = %(t A 1)) =1+ e

Define the following set of simplifying expressions

t1 =1In(q1),t2 = In(q2), t3 = In(q1¢2),

¢1 e qleA(qlfl)’ ¢2 — q2eA(q2*1)’ ¢3 — q1q2eA(q1q271).

Case 1: If Y, (i,1) = 1 then from Equation 3.26 we have

E[Mz‘(Q1Q2)Mi]‘

E(Mi]Y,(i,1) = 1) = El(q1g2)M]



114

But, note that

: E[MesM] d tsM
E(M;|Y,(i,1) =1) = B[] %IH[E(e il
Using this result we obtain
d d - d
pr In[E(efM)] = pr In(e's e 1>) = E(tg +AEB ) =14+ Xe3 =1+ A\qigo.
Thus, we have established
EIM;|Y;(i,1) = 1] =1 + Aqige. (3.27)

Case 2: If Y,(i,2) = 1 then from Equation 3.26 we obtain

E[M|Y,(i,2) = 1] = E[MiliM(l )

Elg}" (1 - ¢3")]
E[M(Q{W _ (QIC]Q)M]
Elg}" — (q1g2)M]
E[M(eth _ et;;M)]
E[@th _ €t3M]
$1(1+ Aqr) — ¢3(1 + Aq1go)
1 — P3
Aq1(P1 — 293)
o1 —¢3

Thus,

Aqi (1 — Q2¢3)'

EMY;(.2) = 1) = 14 SR

(3.28)
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Case 3: Using a similar argument to the above, we can show

g2 (o2 — Q1¢>3)'

E[M;|Y;(i,3) =1] =1+ (3.29)
P2 — @3
Case 4: Lastly, if Y;(7,4) = 1 from Equation 3.26 we have
. EMQ1—q")(1—g")
BG4 = 1) = 20 )= )]
E[(1-¢")(1—¢q")]
_ E[M — MetM — pMet2M oy petsM)
= E[l _ 6t1M _ etQM _|_ €t3M]
_ I+ A+ Aq1) — ¢2(1 4+ Ag2) + ¢3(1 + Aqig2)
1—¢1— 2+ 03
A1 = ¢1q1 — P2g2 + $30192)
= 1+ 3.30
1—¢1—¢2+ @3 (3.30)

Finally, to determine the best predictor of N, recall that N = My + ... + Mp. The best
predictor of M; is the conditional expectation of M; given the observed capture history for

the group. But, because N = Z;I:l M;, the best predictor of N is

T
E[N|Zy = 21,20 = 20, Z3 = 23] = E[Y_ M;|Z1 = 21, Zy = 2, Z3 = 23]
i=1
T
= ZE[Mi|given allY (i,.) = yil. (3.31)
=1

Then,

E[Mi + ... + Mr|Y,] =
(T = S)(1+ Aq1q2) + z1 (B[M;|Y;(i,2) = 1]) +

25 (BIMi|Y, (5,3) = 1]) + 25 (E[Mi|Y; (i, 4) = 1]).
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Now, using some simplifying notation

By = (BMi|Y,(i,2) = 1]) = 1+ 2101 = @203)

¢1—¢3
By = (B[M;|Y,(i,3) = 1) = 1 + 202(%2 = 010%)
P2 — ¢3
1+ M- 14+ M) — 14\ 14\
By = (B, 1,4) = 1) = 2= R 20l T A 2 S0g)

we express the best predictor of the population size N as

A

N = (T — S)(l + /\(]1Q2) + Z1E1 4+ ZoFEs + Z3Es. (332)

The expression in Equation 3.32 is a function of the unknown parameters 7', q;, and qo,
and the observed counts Z1, Zo, and Z3. The unknown parameters are estimable from the
observed data, either via maximum likelihood or method-of-moments equations as described

in Chapter 3. Using estimates of T, g1, and ¢ in Equation 3.32 gives

N = (T — S)1 + A1) + Z1 By + Zs B + Z3 B, (3.33)

where estimates of Fq, Fo, F3 are required because the expressions are functions of ¢, g2,

and T.
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3.6.3 Numerical Methods
Maximum Likelihood

A numeric maximization technique for the likelihood function of Equation 3.10
is given here using Proc NLIN in SAS version 8.2. Our approach takes advantage of the
fact that the likelihood function L(q1,q2, T, A|Z1, Z2, Z3) is bounded between zero and one
because it is a discrete probability mass function. Then In(L(q1, g2, T, \|Z1, Z2, Z3) < 0, and
—In(L(q1,q2, T, \|Z1, Za, Z3) > 0. For convenience denote In(L) = In(L(q1, g2, T, \| Z1, Za, Z3)
Maximizing In(L) as a function of g1, ¢qe, and T' is equivalent to minimizing —In(L). Be-
cause SAS efficiently minimizes sums-of-squares for nonlinear regression functions, we use
the NLIN procedure within SAS to minimize — In(L).

For any nonlinear mean function Y; = f(Xj;3) where Xj is a p x 1 vector of
covariates and 3 is a p X 1 vector of unknown parameters, proc NLIN in SAS finds the value
of B that minimizes 37 (V; — f(X;;8))?. Our maximization routine uses n = 1,Y; =
0,X; = (Z1,%2,73), B = (q1,q2,T) and f(X;;8) = /(—In(L)). Given these inputs, SAS
finds values of g1, o, and T that minimize (0 — (y/—1In(L)))? = —In(L).

A set of sample SAS Version 8.2 code is listed below, for a capture-recapture
experiment with hypothetical values Z; = 5,7, = 8,73 = 3 and finds the maximum
likelihood values of ¢1, g2 and T for A = 0.1.

SAMPLE SAS CODE:
data test;
z1 =5; 22 = 8; 23 = 3; S = z14+22+23;

input y;
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cards;

data test; set test;
const = log(gamma(z1+1)) + log(gamma(z2+1)) + log(gamma(z3 + 1));

lambda=0.1; /* INPUT THE VALUE OF LAMBDA HERE */

proc print; run;

proc nlin data=test noitprint convergeparm=.0000001 convergeobj=.0000001
method=newton;

parms thl = -3 to 3 by .50

th2 = -3 to 3 by .50

th3 = -2 to 5 by .50;

ql = 1/(1+exp(-thl)); g2 = 1/(1+exp(-th2)); T = s + exp(th3);

pr00 = ql*q2*exp(lambda*(ql*q2-1)); pr10 = g2*exp(lambda*(q2-1)) - pr00;
pr0l = gql*exp(lambda*(ql-1)) - pr00; pr1l = 1 - pr00 - pr01 - prl0;

LogL = log(gamma(T + 1)) - log(gamma(T - S + 1)) - const

+ z3*log(prll) + z2*log(prl0) + z1*log(pr01) + (T - S)*log(pr00);

L2 = -LogL;

mu = L2%%(0.5);

model y = mu;

output out=nlinout2 parms = thl th2 th3 sse = sse;
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data retrans2; set nlinout2;

ql = 1/(1+exp(-thl)); g2 = 1/(1+exp(-th2)); T=s+exp(th3);
negloglik=sse;

keep lambda ql g2 T negloglik;

proc print; run;

Method of Moments

To solve the method-of-moments equations (3.16), (3.17), and (3.18) we also use
the SAS Version 8.2 software and the NLIN procedure to solve the equations numerically.
We re-express Equations (3.16), (3.17), and (3.18) as a difference of terms set equal to zero.
For instance, we express Equation (3.16) as

Z
R L) (3.34)

a qze)‘(ql q2—1)

Denote the left-hand sides of rearranged expressions of Equations (3.16), (3.17), and (3.18)
as FQ1, EQ2, and EQs. Choosing n =1,Y] = 0,X; = (21, 22, Z3), B = (1,92, T), we use
L= (EQ1)?+ (EQ,)? + (FEQ3)? and f(X;;8) = VL. Notice that L is never negative, and
that the method-of-moments solutions occur when FQ1, EQ2, and EQ3 are all zero. Given
these inputs, proc NLIN finds values of ¢, ¢o, and T" which minimize L. Since the goal is
to find combinations of g1, q2, and T so that L = 0, convergence of the routine is checked
checked to ensure that a true solution has been reached. In this sample program, a true
solution where L is suitably close to zero is reached.

A set of sample SAS code is included here as an example:
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data test;

z1 = 5; 22 = 8; z3 = 3; S = z14+22+23; lambda = 0;

input y;

cards;

0

data test; set test;

const = log(gamma(z1+1)) + log(gamma(z2+1)) + log(gamma(z3 + 1));

lambda=0.1;

proc print; run;
proc nlin data=test noitprint convergeparm=.0000001 convergeobj=.0000001

method=newton;

parms thl = -2 to 2 by .500
th2 = -2 to 2 by .500
th3 = -2 to 2 by .500;

ql = 1/(1+exp(-thl)); q2 = 1/(14exp(-th2)); T = s + exp(th3);

eql = ql*q2*exp(lambda*(ql*q2-1)) - q1*exp(lambda*(q1-1)) + (z1/T);
eq2 = q2¥exp(lambda*(q2-1)) - 1 + ((z1+23)/T);

eq3 = ql*exp(lambda*(ql-1)) - 1 + ((22+23)/T);
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L2 = eql*eql + eq2*eq2 + eq3*eq3;

mu = L2**(0.5);

model y = mu;

output out=nlinout2 parms = thl th2 th3 sse = sse;

data retrans2; set nlinout2;

ql = 1/(1+exp(-thl)); g2 = 1/(1+exp(-th2)); T=s+exp(th3); negloglik=sse;
keep lambda ql g2 T negloglik;

proc print; run;
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Chapter 4

Summary and Future Work

In summary, our work has established useful findings for closed population capture-
recapture models. For our Bayesian models, we developed eight Bayesian capture-recapture
models accounting for the known sources of variability in the capture probabilities of closed
animal populations. Using the WinBUGS v.1.4 software, these models are easy to fit to
capture-recapture data sets, and MCMC estimates of the posterior density of N are easily
obtained from the output. Additionally, we found that our modified version of AIC works
well as a model selection tool for capture-recapture data sets. We believe AIC is very useful
as a preliminary method of reducing the set of candidate models from eight down to a smaller
set of candidate models worthy of further exploration to determine the best fitting model.
We found that the DIC criterion did not perform as well as AIC for capture-recapture data
sets and we recommend the use of AIC over DIC.

Further areas for exploration within the framework of Bayesian modeling and

model selection include examining whether informative priors improve estimation of N
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when capture probabilities are small. Negative bias in estimating N is common when there
is heterogeneity in the population and a significant percentage of the population has small
capture probabilities. Another area of exploration entails examination of the performance
of our heterogeneity models (M}, My, Myp, Myp,) when the finite mixture distribution for
modeling heterogeneity has r > 2 mass points.

For our work on matching errors, our findings include development of a model
accounting for shadow-match errors in the observed data of a capture-recapture experiment.
Using our hierarchical modeling approach, we developed a model which reduces the bias in
predicting N with the incorporation of additional knowledge about the population (such
as knowledge of the average number of animals sharing a DNA profile). This improvement
was verified by simulation results presented in Chapter 3. We established a predictor N of
N when there are shadow-match errors present in a data set, and have given a parametric
bootstrap method for obtaining a prediction interval for N.

For matching error models, directions for future work include generalization of our
model and predictor N for k > 2 capture periods. A portion of this generalization includes
determination of the estimability of A from capture-recapture data sets with shadow-match
errors for k > 2 capture periods.

Another direction for future work on matching error modes involves adapting our
model for a capture-recapture experiment where one live animal capture is followed by
several subsequent DNA captures. During the one live capture, DNA information could
be extracted from each animal. From DNA fingerprints from this capture, information

regarding group sizes would be available. Thus, some information on A should be available
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from the live capture. This methodology may be of interest in cases where the value of A is
believed to be high in the population.

Finally, a direction for future work is incorporation of Identity Match errors into
our matching-error model. In general, Identity Match errors cause a positive bias in mak-
ing inference about N in capture-recapture experiments (Lee, Seber, et al., 2001). Adding
Identity Match errors to our model may require simplifying assumptions due to the com-
plexity of accounting for both Shadow Match and Identity Match errors. Some proposed
approaches for handling this error on census or epidemiological lists (such as Ding and

Fienberg, 1994) will be examined to determine their applicability to our problem.
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