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A SURVEY CF SEGLERTIAL APPRGACHES TC ,
THE PROBLEI OF SELECTING THE BEST OF XK POPULATISHS

1. Introduction

There arise many situations in which a statistician must chose
the “best' one, or the best few, of a number of populations. Let
Tysesesly denote the X populations. Different assumptions will
be made about the underlying distributions F of the different
populations. For example, a sequential procedure might assume that
m is N(ui? oz), where the parame‘;ers Hyseeosty and 62 are
wknown. In general it is assumed FeA, where A is some specified
subset of the space of all distribution functions with location
parametersA Wi i=1,...,K.

Denote the ordered u values by M L Mg Typically,
populations with large (or small) values of the parameters are con-
sidered to be the "best". That is, if ﬁ[z_,:] > MIE-1]7 the population
UK corresponding to MK is referred to as the “best'’ population.
Tn the case where the populations are nomal, the “best™ ponulation
might then be the population with the largest (or smallest) mean.

Ve will also see that the population with smallest (or larpest)
variance can be defined as the “best" population, although this is
. P

Usually it will be assumed t;.{at ':e“ = (ul,. "’”K) lies in a

certain subset S ‘% £ the parwnete‘r”space Q. The subset S 1is
SR8
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called the Ypreference zone", and its corplement is called the
"indifference zone.” In many situations, the preference zone con-
sists of 8¢S such that “{K] - ”[K-l} > A, where A > 0. This
preference zone is used since the experimenter is often only inter- .
ested in detecting a difference in the populations wvhen the , -
difference is of a certain magnitude. This is in analogy with the '
power function problem where one sets the sample size to detect
differences of a certain size. 7This formwlation of the problem,

where the preference zone S is specified, has come to be Ynown as

the "indifference zone problem' Note that if 4 =0, then there

is no unique "bestj' population. Therefore, the problem is in a sense
only i_nteresting if A > 0, although the specification of this zone
may be difficult in appliéation.& Therefore it is of interest to
examine the asymptotic properties of the procedures to see how they

perform as we let A -+ 0.

When we szatistically select the best population, we are inter-

L

ested in knowing the probability of a correct selection. That is, if

roSt denotes the eveht of a correct selection, we seek rules such

that P@CS) 21 - a V 8eS, where S 1s some subset of the para-

meter space (possibly the whole parameter space). Yhen S = {8eQ:
- "least § able case" is whe
”[K] “[K-l] > A}, the "least favorable case' is when

S S R+ el « B

When the ”[1’] “,'ar? in this c&nfisuration, the populations are as

»
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- desirable to investigate the performance of a selection procedure

close! together as possible. Hence the best population is hardest
to find. If P(C5) 21 - o in this case, then it is greater than
or equal to 1 - o in every case. In some circumstances it may be
as o~ 0, just as it may be to let A » 0. Thus the asymptotic
properties of some of the procedures will be examined as we let

a + 0. We can carry this concept further by letting both A » 0

and o =+ 0. lore generally, one could consider the selection of the
m>1 "best” populations. However, for ease of presentation, we’
will usually just consider the case when m = 1, realizing that

m> 1 can be derived in a similar manner.

In general,’there are two methods for selecting the "best"
population: ‘'mon-eliminating procedures’ and "eliminating proce-
dures." Mon-eliminating procedures sample from each of the K
populations N = H(a, 4) times. The mumber N is determined so
that P(CS) > 1 - a, at least approximately. These types of pro-

cedures and the comparisons between then are the topics of Section 2.

'Eliminating procedures discard obviously unwanted populations (for

exarple, those with 'very small” means) as the sarpling proceeds.
© Eliminating prpcedures and their properties are the topics of
Section 3.
A great deal of the pioneering work is due to Bechhofer [2] and
Gupta [10]. Bechhofer intfg&ﬁced the "indifference Zone Approach"

defined eafiiég. . In Bechhoffer's procedure the number of obscrvations
Lo <+ .

required from each population is then determined from the desired
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probability of a correct selection and from the least favorable con-

figuration of the parameters, This is therefore a non-eliminating

procedure.

- &

Gupta constructs subsets of the ¥ populations which contain

R

the best population with a given.probability. For each n 21 1let .
Hn4 denote a subset of the K populations based on n observatioﬁs d
from each population, In Gupta's formulation, the size of the
selected subset n, is random and could be large. This approach

is known as the "random subset-size' approach. It may be undesirable
in cases when it is necessary to identify the best population. In
addition, it is possible as a consequence of the Law of the Iterated

Logarithm to show that for Gupta's procedure, P(wK € Hn) 21 -a

for each n 21, but that
Primw, € I, for all n =1} = 0.

In contrast,lé number of eliminating procedures we deal with in
Section 3 find the best population with P(CS) = 1 - a, and satisfy
Pr{nK e "I, for a¥l n=21} 21 - a.

In Section 4 we give a comparison of the eliminating and non-
eliminating procedures. The advantages and disadvartages of each
type are explored and comparative asymptotic properties are given.

This essay is by no-means a review of all of the work in

-
sequential ranking. Thejﬁurgpse of this essay is to trace the

development” of §equentiali§anking in a broad manner. The cancepts

]
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of ranking are presented here {(as far as possible) in their order
of discovery. There are, however, exceptions to this. In any
case, it would be informative to study the bibliography at the end
of the essay to get an overall view,of the chronological order of

the concepts mentioned.
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2. Non-eliminating Procedures

Barr and Rizvi [4] consider a Pechhofer type of procedure.
The procedure is generally concerned with ranking the means of a
normal population with lown varidnces. Bechhofer designed an

experiment to rank the means based on a nredetermined mmber N

of independent observations from each population. The required

mmber of observations is deternmined by the indifference zone and
o. The following theorem is useful as a generalization of this

formulation of the selection problem.

Theoren 2.1: (Barr and Rizvi) Let Tl,;..,TK be K dinde-

pendently distributed random variables with continuous distribution

functions F(t, ui)9 i=1,...,K satisfying the following:

n, < uj => P(Ti <t} = P(T, <t) forall t

(when the F(t, ui) satisfy tuis property, then F 1is said to be
stochastically increasing.) Let Mryy SeeoS Mg denote the ordered

values of g and let Tti] denote the random variable from the

A

distribution with parameter Mgt Then for b < K,
P = Pr(maX{'f[ll 9 T{?'] goewy T{k"t} } < miﬂ{T[ J‘.{"b +1]‘ g e ,T[K] })

is a non-increasing function of LS ERRRELT & and a non-
s o
decreasing function of u[K-b+l]’i:f’u[K]'

The approach Barr and Rizvi advocate is to take a sample of

-~ - 1 - - » : 5, - 3 -
size I from theg,li“ distributi®n. Then the statistic Ti is

&
: *
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computed, where the distribution of Ti is as in Theorem 2.1. The

~r

E procedure then ranks the values of Ti’ i=1,,..,%, and asserts
that the population with the largest 'I'i is the population with
% the largest value of i) i.e., the "best” population. The sample
size N taken from each population is determined by the condition
P(C5) 21 - a when 8eS.

To determine N, Barr and Rizvi considered the preference zone

S = {pef: W(U[K-]_]) < U[K]}

where ¢ is a function satisfying ¢(u) > u. Theorem 2.1 says
C i -1 sing £ i £ Uy seeesbro qq.  ANG
that P(CS) is a non-increasing function o i) ’u[:vl} and
. a non-decreasing function of Mg - (Note that the theorem is set
up to select the b best populations for b < K. e consider the
, ‘ case b =1 for simplicity.) Thus P(CS) achieves its infimum for
< » = = =V 1 . = .’.
0eS when w(u{u) wC“{Z}) w(“[%lj) Heoe Further, it

can be shown that if F(t; p) is continuous in u, then for b <X

(2.1) inf P(CS) = b j B e Y B p () o R (0 () -
0eS o

*

Thus, if F is known, (2.1) can be equated to 1 - a and solved

for n. This n is then the number of observations N to be taken

iRt S

from each population. Consider the case where ¢(u) = u + A, where

A > 0. In this case,
-

S = {969: Y L + A< Ll'{_vq}n
S S R

P

§ .
B,

>




If the populations are normal with mean My and cormon known variance

02, then (2.1) becomes

i (2.2) inf P(CS) = b j oLt Y e d e
B 8eS T oo ,

- 00
(¢ 1is the cumlative distribution-function of the stardard normal
distribution).

Thus, for 6eS and b =1, (2.2) gives us

(=]

(2.3)  P(CS) = j P I Y
-0 O
tﬂ?h equalltyzz.f? u[l] = ”{2} = ,,, = u{3£~1} = u{z:] - A, For a >0,
“definre c = A®/h”, where h = h(K,d) is the solution of
‘ ] oKLty do() =1 - a .

Then f¥om(2.3) it is easily seen that P(CS) = 1 - o is satisfied

2

) . . . 2
for [ such that o¢° < cll. That is, N = inf{n: n > o“/c}.

Bechhiofer {1] has tables of h for various o« and .
Et The assumption that ‘oz is known is very restrictive. Robbins,
Sobel, and Starr [12], hereafter denofed RSS, consider a procedure
’ E ~ where 02 is assumed unknown. They make the assumption that popula-

2

tion TS has distribution N(ui, c“), i=1,...,K. It is known

that no fixed sample size procedure will work for all e when 0%
A~

- 2
is unknown. The procedure NSC suggest is to estimate o and use

it in a fornula ai{alggous to (2,5){ For n =2 the estimate of o>




‘ that is most natural to use is the pooled sample variance

o = m-1)t ? ? .. - X.(m)>
S1N b e s = . 3
n j=1i=t 9 J .

. . h
where Xij denotes the 1 observation from the Hj’ t pop-

ulation and where X.{n) = _Igl X‘ij /n . We sequentially sample from - :
each population, and at t!'xelmnth state we cormpute a fresh estimate
crrz1 of 02., The procedure then teminates sampling at the Nth
stage, wiere I is the least odd integer n 2 5 such that
vcle < cn. After sampling stops, if u is the smallest j such that

X_j M =2 3(}'(1\1) for all i=1,...,K, then we designate I, as the
best population. The sampling terminates with an odd mumber of K-
tuples of observations in order ‘to simplify the computations of the
. ' probability distribution of M. l

Since X(n) = (Yl M)see. ,X’K(n)) is independent of the event
{N = n} (which _\is dependent only on Grzl) and since the selection

procedure depends only on X(n), then for all 4 > ¢, geQ we have

(2.4 P(CS) = [ P(CS|N=n)P(i=n)

zn P (CS)P(¥n)

oo

- an 25 ler + B8y 4 o() - PCER)
e}

=

8. =6 .

-

g . N g
This procedure has severalspleasant properties. Let n denote
[ R ‘

&
®
B <
o »
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the smallest integer greater than or equal to oz/c which would be
obtained by the known cz case (the case discussed by Bechhofer).

- * . . - *
Thenas A~+0, (1) n +»», (ii) N+ » a.s., (iii) N/n -1

e 2 s

&
7 a.s., and (iv) E¥/n - 1. Further, since N% Ao » h almost
1 surely, it follows from (2.4) that
, 4 e
: (2.5)  1in inf P(CS) = J Ml o) =1 - a .

The ahove results also hold without the assumption of normality if .
N L2 R . . . -
0 < ¢“ < », Another interesting result is due to Simons [14]. In

~ the analogue of fixed width confidence intervals assuming normality,

e 2
“Simons shows that for all A >0 and 0 < o~ < »,

: %
‘ E(N) -n s 5.
Thas, the ''cost of ignorance' of 02 is small. Ve therefore have
that this sequential procedure is both consistent and efficient and
that the cost of igorance of 02 is small. It is still important

to see if it is approximately true that P(CS) 21 - o for all

b N

8eS.
'RSS developed a recursive scheme for finding P = 2m+l) =
P(o,A,m). They find that the expected sample size

EQ) = 2 E i P(o,6,m) + 1 and give a table of the exact values

of B andmr}%“ﬁ\l vhen o = .,05;. K= 2,3,4,5. The values n* =

hzcz/ Az which would be used if O’?J‘ were known are also included
_+"in the tables aﬁd :%re'cogmared'mfith EN. The values of nf: range
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from 2 to 80. A portion of this table is given below.

k=2 k=3 K=4 K=5 .
3 B il 5 = B IV B
B

2 5,02 .99539 5.0 .89763 5.00 .99840 5.10 .99379 =~ *
20 19.87 .94236  20.40 .99643  20.62 .94911 20.73 .95068
40 40.12 .94751 40,53 .94921 40.63 .95009 40.76 .95006
60 60.24 .94879 60.56 .94961 60.70 .95012 60.77 .95049
60 80.28 .94921 80.57 .94974 80.70 .95011  80.77 .95039 =

As the table shows, the results are very good. Robbins, Sobel,
and Starr conjectured, without proof, that the minimum value of 8
is attained in the computed range n* = 2,:..,80.

It might sometimes be desirable to base the selection of the
best population on statistics which are more robust than sample meéné.
qu one thing, in fixed sample procedures an inflated variance due
to non-robustness will cause P{CS) <1 - o, and in sequential
procedures, a large variance typically causes an inordinately large
sarmple size. Geertsema [8] considers this problem and studies the

asynptotic properties these new procedures exhibit. The procedure is

to take a suitable mmber N of observations from each population

and select T, @as the "best' population if u is the smallest in-
teger such that T () = Ti(ﬁ)/‘V‘ i=1,...,K where T;(N) is

an estimator of My based oy wi._onlyc It is assumed that Ti(n) has

, S .9
Casyiptotically <“atnormal distribution as n - «, with mean My

A
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‘ and variance oz/n. (This 02 is not in general the variance of
the observation Xij within each pepulation, as it was in Pobbins,
Sobel, and Starr's procedure.} It is further assumed, as before,
.
that S = {9__6&2:.11[}:”1] = u{K] - A} . .
First suprose that 02 is known. The fact that .Ti (n) is -
asymptoticallynormal implies that asymptotically, inf P(CS) 21 - a -
for all 0eS, FeA. Then Geertsena proposes jetting N (the stoﬁping
variable) equal the first n zn, such that n 2 hzaé/ Az, Si
being an estimate of _02 based on all X pepulations and 1, being
a positive integer. Using this N, the best population is then
 chosen. This is thus seen to be a generalization of the RS5 pro-
cedure with 0121 reé)laced by Sr?x After the following theorem another
example- will be given.
We would like to look at the asymptotic properties of these
procedures. To this end Geertsema gives the following set of assurp-
tions.

Assumptions 2.2: For all 8e5 and  Fel,

*

p
(a) n® (Ti(n) -8;) =0 zi(n) + 0(1) a.s. as n -+, where

vA i(n) is a standardized average of i.i.d. random vari-
ables having finite second moment and o>0 is a

constant depending only on F.

(b) 1lim SIZ1 = g2 a.s. ag n o> e

(c) The set, {A2 M), :'z; é 0} is uniformly integrable.

B,
L »




n these assumptions hold Geertsema proves the following theoren.

et
b—.‘.ﬁ

Theorem 2.2 For all 0eS and JKeh,

(1) H(a) » «» monotonically as 4~ 0, a.s.

3
(2) 1lim h(A) n2e®  a.s. : }
(3) lin AZEN(A) née” . |

(4) lim inf P(CS) 21 - o as &> 0.

This theorem shows that the assumption of normality is unnPC°ssary
and widens our choice of estimators of the My For exarple, let us
use the median as an estimate of the g 1nstead of using Lhe mean.

“w

That is, let Tj(n) = median of population . after n observations.

et 8% =2in ®iH™ -1 %i 12w % (i
5 =70 K L ?a(n)(l) n b(n)(l) where X, g i)

i 3
Xn 2(i} n(l) are the order statistics of the ith sample,
3

i=1,...,K a() and bm) are appropriately chosen sequences of

A

integers, and @(K@) =} - o. Geerstema shows that with the above
definitions -  assumptions 2.2 hold, and thus the rtesults of
Theoren 2.2 hold with 162 = 4 fz(O), with T (©) = £(0).

The iast non-eliminating procedure to Le outlinedis due to D.
Yackerly [18]. The procedure is hased on large deviation theory
instead of the central limit theory of the other nor- -eliminating
proceduresll The procedure thg; Vackerly constructs is appropriate

for choosing tbe best population when o - 5, end asymtotic results
y =

are given as o s for ‘1Aed A instead of as A > 0 for fixed

o. Pixing 4 and letting o > 0 may be more re*eV“qt when discri-
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;}‘/‘ mination is desired if A is known to be of sufficient magnitude.
In this case the samllest possisle o 1S desired.
Wackerly presents his theory in a general form, but for .

L] - 3 - - - * - - -
simpiicity I will give his procedure when it is based on sarple means.,_

3 ]

’ ; In generai, o is assumed unimown and F is assurmed to be con- -
- - . 3 : ‘

tinuous and symmetric. Further if is assumed that F(8/2) < 1,

where S={6eQ: u[g_rﬁu rep-0)eFor each o > D let o = N(a, &)

-3 [}

denote the smallest integer n such that

1) Xij - X4 @) < - 72 for some i =1,...,K
and some j = 1,...,n

“and

(2) nz4no/ in mn(-A)

( : -
. where mﬂ(-A) estinates the unlnown constant

]

g (-8) = inf{att? j e dr(x) 12
< 1.

The procedure 1s t}ien to cample from each population H(a, 4)
times and select as the best population the population with the
- 4 largest meai.

naon

We will now compare this procedure with the NGS5 procedure. Let

s

ﬁ(A, h) be the RSS stopping rule and let li(a, A) be the smallest

sample size n such that o = AP an(ul,. .osly) £ a. Wackerly
k o AN
s [N R
shows that . P




; Byl )
1im ——e
% a0 Mo, 8)
;
1 wiiereas
i Ee(ﬁ(A, 1)) o2
\, 1im PO TR 4 ——-,2- 'Zn I".OC-A)

o0 H{a, A} A »
h &
; Therefore,

Fe N(a, 8)
(2.6) lim e +

If F is assumed normal, then (2.6) does approach 1. Further,

ES(N(@, A))

(2.7) 1lim lim — -~ 1
A0 o0 EG(H(A, h))

In a paper by R. Carroll [6] it is shown that although the
limit (2.7) is 1 as o > 0 and then & = 0, that MN(a, 4) and

'ﬁ(A, h) have different limiting distributions as max (o, d) ~ 0.

T R RN e



-15-

‘ 3. Eliminating Procedures.

2 None of the procedures mentioned in the last section had the
capability to discontinue sampling from a particular inferior pop-

? ulation before s: ampling terminates. An elimination procedure, some- ¢

-

tiries called.a “fully sequential procedure’, will often make a

S

substantial savings in the total mumber of observations taken.

Of some interest to the area of eliminating procedures is the
concept of a “selection sequence.” For each n > 1 let n, denote
b a subset of the K populations based on n observations from each
¥ -~

population. (Hn was also defined this way in the introduction of

this paper.) We will now give a formal definition of a selection

sequerce.

Definition: L, is a selection sequence if

P(nK € I forall n=>1) =2 1 -«

for all 0e¢S, where o 1is given.
The first procedure that will be discussed is due to Hoel [11].
It is similar to an earlier procedure due to Paulson, both assuming

02 is known. In Hoel's procedure, the selection of the best pop--

A N

ulation depends upon the obscrvations through a sequence of
statistics ti.(n)s n=1,2,..., which are defined to be functions

of the first - n observations from populations ™ and nj. That

is, ' o~
t, (n) = f (A.lp..l, kjl,.,.QYJn)

'S
- :m +
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.f where in a given problem the function £;1 is chosen to indicate

differences between the populations in a reasonable way. (For
exanple, if the populations are normal and we want to select the

nopulation with the largest mean, a sensible choice of £ n might be
R i

“re

3}
Vi o Y , ) = -
fn(xil’ o 21\51_19 J\jl, a0 o0 9an) '{:‘Zl (Xi}{ XjK) .

iow let

T

K
L

. = .. ..(m)) .
NORNCOH RN

and assume that Ti ; (n) has a joint probability density function

(T;.(n)) depending on the parameter je Further, let

gnsr' 1]

1]

(3.1) T = max ; ain 3,341 {Tij} .

Then Hoel proposes that we call the best population the population .

m for which

-2) sy a7 E
If more than one population satisfies(3.2),then we arbitrarily pick

one as the best population. In the normal means problem T3 = 37

| | . :
i and T = “[i’] - u[,,, 1] - Thus, the best population is the population
% jA
with the largest mean, which is what we desire.
[ lioel uses the indifference zone approach, therefore requiring

. . - %
that P(CS) 21 - a whenever t =t . loel further assumes that

there exists a monotonically decreasing fimction h such that
= I’ & *
s,
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(3.3) T3 = h(153)

(In the normal means example h(t) = -t satisfies (3.3).)

-k
Define Ty = h{r ) ond assume 17, is a fixed constant greater
~

P

than or equal to 1. Also define the log-likelihood ratio as

&(le (m)) = log gn?Tl (le (n}) - log gnsTO (Tij (n)) .

It is now possible to define Hoel's sequential selection procedure.
At stage one take a single observation from each of the K

populations and calculate

Kl(Tij(l)) i=1,0..,K §=1,...,K i#35.
If for some i
chTiicl)) > log {(X-1)/a}= a
o

we eliminate =. from consideration. (That is, we stop sampiing
from population “j“) If only one population remains we declare it

as the "best'. Otherwise we go to the next stage and take a single

. . e o R ’
observation from each remiining population. We then use the same

elimination rule again,using ﬁz(Tij(Z)) instead of Kl(Tij(l))°

We contimie in this manner until there is only one population left,

and then we call this population the best. If at some stage all of

the populations are eliminatedg'tgﬁ population T present at stage
n for which mnin Kn(rij(n)) is maximum is declared the best

j#L-< . ¥
population. It is easy 'to show that this procedure satisfies the
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error requirement provided that the procedure terminates with

probability omne.

Note that changing the value 3 clearly changes the selection

* N
procedure, where the only restriction is that R hit ). ‘
. (

iioel remarks that in all the applications he studied, the procedure is"

L3

# , .
truncated when Ty € (TO, v ) and there was less over protection .

(i.e. P(CS) - (1-0) is smaller) if Ty 2 Tay where 14 = h(rii).
%
Thus, the restriction T, < Ty £ T Secms practical. Hoel recom-

B4
menas that we choose Ty = (1o + T }J/2, and shows simulated results

wiich indicate that this choice of T is superior to either

%
«®<

T =T 0T Ty % Ty in the normal weans case. In the normal means
a :?: -k 3 -
1 case, T, = 0 and h(Tii) =0=r1, and 1 1is a specified

constant. The calculation of Ty and TQ then is a simple.matter.
‘ In general the choice of h might be more difficult. Thus, this
procedure is not as general or easy as it first appears.

For the normal means case, it can be shown that Hoel's procedure
reduces to the foilowing:

Eliminate " if

t ?02 a
J Xep=max; ) X, - T———*nlryty)/2,

- 4{ oy TIK 1.2 . _
£ K=1 | K=1 T4 T T

where the max is talen over those L which are present at stage n.

: Then, if i .
£ ) .
‘ % n(TO+11)/2 > Zoz a/(?_:l-T&)9
: | L X
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sawpling is terminated and the population with the largest mean is
chosen as the best.

It should be noted that this procedure lends itself to the
problem of choosing the normal population with the smallest variance.
(It is also possible to formulate non-eliminating precedures in such
a manner.) That is,if the fanked % are denoted by
0[1]2 s 0[2]2 € ... < orx z,choos:, as the best population the one
with the smallest variauce 0[1]2

The measure of distance between Tri) and w,, that floel

. . 2 . . .
considers 1s c[ﬂz/o[ i1 iz j. Thus, the error requirement

..

2 &
becomes P{CS) =1 - a if - 0[2]2/0[1]“ > 1 . UHoel defines for

n=2,3... the following:

n
@ X, j-Z-l 35/m
(i) s = IZI X - % o /me1)
“in jei ij 17
: ol g2
and (1}1) Tij (n) = 'Sin/sjn .

then populations m. and 7 j are compared, Hoel's procedure is

then to eliminate ™ if *

/1, + YT (@) [t %
(n-1) log 0 LR S B
1/13L * 1/"1"17- (n) Ty

A series of Monte-Cario trials aere performed by Hoel to compare

this procedure to a fixed sample gize procedure ue to Bechhofer
¢ ’

= »

|2] which we will ndt #0 JArto here.




w, .
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with =3, t15= -5 714 =1 1.5 2, and 1 - a = .75, .9¢, .95,

.99, and with the parameters in the least favorable configuration

& 7
(i.e. G%Z] = 93] = 1 ﬁi])lbel gives the foliowing results for
* 4
T = 1.5( = (14 *+ 1t }/2) .
1-a«a (LS E(N) E(S) E(S") ' ‘ hd
L 1
.75 L2560 35.9 13.3 1¢.7
90 .B30 52.3 18.0 22.7
a5 .952 £3.0 23.3 32.¢
.99 .995 G1.3 33.6 56.5

Above, 1f and § are the mumber of samples and the number of stapes
of Hoel's procedure, and &' is the nurber of stages for the fixed
sample case. Hotice that E(S) > 5(3') for 1 - a= .75 but that
E{S8) < E(Sf) for 1 - a = .90, .95, .03. Thus with a« in the usual

range, the eliminating procedure is better. Further, notice that

L(S) = (). This is due 0 the fact that no real 'bad” populations

are present. If 07 were lorge. one would expect that E(N)

(3]
would be closer to 25(8) than to IE(S).

| The second eliminating procedure te be considered is due to
Swanepoel and Venter [17].k'Unlike either the eliminating procecures
or Hoel's procedure it is a non-parzmetric procedure based on ranks.
Tt is not assumed that 0% is mown as with Foel's procedure. The
distribution function F of th populations is assumed continuous
thhmmwﬁhhxﬁkmpmmmhﬁ %,i=1p”£ and with

squarc integrable density £. This procedure is thus potentially
- . @

" IRLY 15 LUF LRl
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‘ : more generally applicable than Ibel's and still hos the advantage

{( of eliminating inferior populations.
As before, let X, equal the 1{Ch

observation from popula-
. - * . M -,
tion m, and suppose all observations are independent. Suppose

WLOG that pq S Hs € ve. < Uy, oefine
1 2 o

3 B
; 1 ¥
(1) Yljoc = .?'Lia - XJO‘
(1) g5 =gy 7RG T T
and (iii) c@) =40 v<¢ |
1 u=0

Swanepoel and Venter then defined the following rank statistic,

first discussed in a paper by Sen and Ghosh [12]:

V SR U BT ) - T .

i i

Thus, if ]Yin - Tijl is maximized when vy = u, then R ijure ( )= n,

g and if I‘I - Tl is minimized when vy = u, then

iy 1)
*
.. ..) = 1. Otherwise P is somewhere in between 1 and n.
Ry um. ('rlJ) 1 t

Finally, ‘define

oo 2 () =0 ug Uiy - %Ry (3)/6eD)

where {Jn(u): 0 <u < 1} is generated by a score function

{J@): 0 <u<l} in the folléwi#ng' way:

* .

-

Cirure w o mmo |7 oAe
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Jn(u) = J(i/(a*1)), ({i-1)/n<usi/n, i=1,...,n.

It is further assumed that J(u) = 1p_l((1+u)/2), 0 < u‘< 1 where

p(X) is an absolutely continuous df defined on (-, ®) .
satisfying , , -
f 4

(2) w(-X) + () =1

() v'(N/[1 - »(X)] is non-decreasing for X 2 X{) > 0.

Let {c n} be a sequence of positive real numbers depending on
the significance level a. These ¢ n's must be chosen so that
P(CS) = 1 - a. Swanepoel andy cop USE @ series of inequalities

to find ¢ n“s which wiil work, the first being (Bonferroni)
(1) 1 - P(C8) < ; P(n; eliminates Tg) -
ifFK

his inequality is fair for small K, but as K gets large, there

is much over correction. Secondly, since

- S '
. o , ! -
(ii) igK P(r; ellmnj‘?tes ) < i;g( 2y (7 ) 5J,)7¢, for some nz1)

5 1
< DT %, (g )7 J)zc, . for some n=1)

<

1‘;;

then Swanepoel and Verter state that when

[

(i) P(fyq (1) - 3 J,) 2¢ for some n>1) s a/ (C1)

v -

then P(CS) 21 ~ ‘oo Hext Mariov™ inequality is used, then an
L ®

&
. »
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inequality using an epproximation of cosh and then three more in-
equalities, one to sirplify the approximation of cosh, the next to

iinimize the expression from !arkov's inequality, and the final one

to derive the cvl's thermselves. The cn“s arrived at are

(3.4) c, = n~¥ A flogn+ ;— iog ('n‘?“ (1\’.—1)/6fa)];§
K where A
' 2 _ 1 T2
A= Z I (l/(*l*i))

One wonders how much over correction there is using these cn's and,
at least for X iai‘geg it rust be considerable. It would no doubt
greatly improve the procedure if c,'s could be found which were
‘ not dependent on so many inequalities, or at least on better

| inequalities.

It is possible to show that Z, (Tii) has a distribution

ijn

-

independent of F,(X) and sy:metric sbout 3 "n where

J 1 ¥ 5 )
L cn jZl J, (i/n+1).

For the ranks procedure, at stsge one, take a single observation

fron each of the X populations and compute the K(I-1) statistics
B . . & .
(—T ), where ugro - u{:r_—wz T >0, If for some 1
Zooa (=1 ) £33, 2c, , then‘eliminate =, from further consi-
1j1 2 1 ) 1
‘deration. If no Hopulation remains, then the T for vhich




min Z. 1( T ) is maximized is declared ‘hest”, and if only one
j#i
population remains it is declared best. At stace » =2 single

observation is taken frem sach of the remaining opopilations and the

the rengining nairs.

fapa
1)

then s is eliminated and the procedure stops or proceecs in th
sane mamner as afier stage 3.

This precedure is based on the following two facts:

(3.5) (i} Tar = U [il - rv] G| {],..7} - H {:] < -1

Ti

and (ii) Z,. (r;:) 1is non-increasing in

i}
v

for 211 1 and‘j

Byoes (15 )ELV(T)

1.0

=

then it follows from (3.5) (i1) that

i
e
L.B
-~
r-l
\-J
ku '

3. =z, .
771 10

-

. - = v 4 Cogs s 4t 7 { 15
Zii(l(TiIi) 5 Jy = e T wrefore., the fact that A.-ﬂ;l\'cij) is

A

l\

symaetric about -}é J_ means that we can adjust the ¢ 's so the
u

there is a small probability of eliminating . . The c.'s defined

hlait ] i
£
by (3.4) give us P{C0) = 1 - o. As with fioel's procedure, this is

-

Ay

not an approximate, but an exacteyesult in the semse of beiny a true,
but possibly couservative, lowdr hound .

I
R e
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. Swanepoel andVenter then define a procedure based on sample
b means. The procedure assumes that [fX X5 ! < o and E(Xij) = uy
¢ : n
for all i. en define X, = :*-1 ) }’ and Z.. (1..) =
‘ a in ' 3 ?(2;1 L‘ljn('rl})
& Xin - Xjn SRt The procedure is the same as the ranks procedure

except that jn is replaced by 0 and the c 's are defined

differently. ‘ ;

et T, Tl be the total number of observations required for
i the ranks and means procedures respectively. An asymptotic relative’
efficiency of the ranks to the means procedure (using the least

favorable parameter configuration) is

ETl - 02
tm | e——m = 29
1im 5 k,F:‘J(ZA)

a0 - ET A

vhere Sg ‘j(X) is a known fumction of X. If we let A - 0, then
] the expression reduces to the Pitman efficiency. Thus, if
J) = @’J‘( (1+u)/2), then the A.R.E. of the rank procedure compared
: to the means procedure is = 1 for all distributions Fe , with
' equality only if Fe is normal. Thus, at least in this sense, the
ranks procedure is better than the mezns procedure.

The next type of eliminating procedure to be studied is due to
£ Swanepoel and Geertsema [15), [16]. This procedure is designed to
select the normal population with the largest mean among K pop-

o~
wlations. Various assumptions are made about the variances of the

populations, includ‘:}'ng\‘ the case whéte fhevy are unknown and not
. ~,t &>

necessarily equal. The possibility of unequal variances is something

A d
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none of the other procedures allow.

Vhen the variances are different there is some question about
vhat should be meant by the "best’ popalation. Swanepoel and
Geertsema contend that in practice the variances will probably not
differ significantly, in which case the usual definition of “best”
population (largest or smallest mean) should still be realistic.
This is probably true in many cases, but one still wonders whether

his matter can be brushed off so lightly. If ome has reason to
believe that the variances do differ significantly, it might be pro-
per to change the definition of "best™ to one which might {it the
situation (for example to eliminate those with large variances as

s e

bad, and then select the popuiation with the largest mean from this

reduced set of populations).

Swanepoel and Geertsema’s procedure is built upon the results of |
nobbins (1970) in comnection with confidence intervals. The sequentié.l
procedure defined by Swanepoel and Geertsema ié as follows. Let
i = N(a, A) be the first integer n such that all but one populatioﬁ
has been eliminated. Further,fet MysesesTy be X norrmal popula-

tions such that m, is N(ui, 0%)9 i=1,2,...,K Assume, without

loss of generality,that uy; < ... <My and that up;...s¥y
ci, - .,of_{ are all unknown. Let'
nl ok
(1) h(tn) = (&) - 11% for 2 =1,2,3,... , where
t=(1+ aZ)Z/ 7 and a(¥,¢) satisfies the following equation:

. , 2_’

%— - (arc tan 35)_141} + af/(l+a™)m = af2(K-1) .
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dete that h(t,n) + 0 as n -« for fixed t and that
a(tin) + » as a0 for fixed n.

In addition let:

.. o -1 .
i) XY@ =n igl xij’ i=1,...,%

1

v ) 1 A . 7
and  (iii) H(j,i,m) = 1§ (@, - Xy - (5 (m)-X, )%,

Bl -

where j # i and X;; 1is the i observation from

population Tss i=1,...,K

Stage one of the procedure is to take one observation from
each population. For n 2 2, stage n is.to take one observation
. C e \ S . . o
from each population not eliminated by the n-1 t stage, i.e., the

populations in T The stopping rule is as follows: retain "

n-1°
after stage n if

(3.5) L@ = mx X () - h(t,n) HE,5,m) + 4,
lem
n-1i

wiere i # js J e L and where- A > 0,

X

Swanepoel and Geerstema prove that their procedure is a selection

suquence if wp - wy 4 > A, Furthermore, if Mg > Mp_q» then

LimEN/( -4 log o) = v, 14 ,
o | [K-1]
where ﬁugyﬁ]s”°§ﬂ&” are’d‘.a.evaluesofy’ly...s.yK_1

- ® . : >,
arranged in increasing order, with - v

€

Coap

AL \WMF ‘leN\Hm’I LU
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. 2.2
. 1/10g{1+(uK—ui+A)2/(o§ + oD}, i LKl

g

Finally, when 0eS, it can be shown that P(! < =} = 1.

iext Swanepoel and Geerstema show that it is possible to con-
struct selection sequences which satisfy P(wK € T for all n21) =
1 - o for qll parameter configurations. The stopping rule defined
in (3.5) with A > 0 remains a selection sequence with A = 0. If:
W' is the stopping variable obtained by letting 4 = 0, it is

shown that

(3.6) (a) N' <o a,s. if Uy < eee SHpg < ug

and (b) P(N' < =) > 0 for other configurations.

' Thus for Swanepoel and Geertsera’s proéedu.rey it is unnecessary‘ to
assumc A > 0.

As a final note of comparison, Swanepoel and Geefstema remark
that their procedure and that of Swanepoel and Ventor aré asymp-

totically equivalent. Therefore, if it is known that the populations

are nomal, then Swanepoel and Geerstema’s procedure is both easier
X

to use and more general in the sense that it is not necessary to
assume that the variances of the different populations are equal.
Further, Swanepoel and Geerstema's procedure is much more general

than Hoel's, since Hoel zssumed the variances known and equal. If

3

the distribution of the populetion cemnct -e. assuned normal,

. . L \ A : -
goon it may. pe.necessuyy to ESe Swaaepoel anc
AN

L3
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VaeTts  procedure and if o is known, Hoel's procedure may be uscd.
For Swanepoel and Geertsema's procedure with X = 2,
W APTE 1 . 2
1“ (G,i,n) = G; = E(Xﬂ ;7% Em-T,m Y- Suppose there was a

. . . 2
outlying observatlon at time  n,. Then o
. : a

. Z 2 . : -
a long time before o, ~ 0", 3Jince the stoj ping rule for K = 2

>> o% and it will be

is to stop when

X)) - L) 2 h(e,n) Ui - &,

an ouvtlying observation implies a large N. Therefore Swanepoel
and Geertsema's procedure lacks robustness.

The final paper I will discuss is by R.J. Carroll [7] and deals
;Nith E—‘j;'i“obust generalization of Swanepoel and Geertsema's procedure.
Asym‘ptbtic distribution and expected sample size results are also
given,

From the sample Xil soougKs

R in taken from population Mo form

statistics T, = T(X, IEEEEENY ST PREE S PR K. (See Ceertsema's

in
generalization of the RSS procedure, Sectiom 2.) It is assumed that

the By are the limiting means of populations Tis i=1,...,K.
¥

The sequential selection nrocedure Carroll sugpests is to eliminate

"y the first time n that

T

-

(3.7) T~ Ty 2 Bles @) o (4,3) n CoLa,

In (3.7), oﬁ(ipj) is an estimate of the variance of

%
n (TJm in (u - uy )) and {h(a’,n;}is a sequence of constants.

The Constant A is de,terr ned by uy - upq 24, vhere again it



is assumed without loss of generality that Hy S My € oe Sy s

i MNote that if in (3.7)
-}_ P
] above we let Ti*x = Xi (n) and he,n) = [( )n - 117 then we

the correct unimown ordering of the u
“h
i get Swanepoel and Geertsema's procedure.

One main concern of the paper is computing the asymptotic
distributions and expected value of the stopping rule. For
simplicity, consider the case of two populations. To cormpute th('e
asymtotic distribution of the nunber of observations from any

population as o - 0, it then suffices to consider

(3.8) 0 (d) = infln: T 2 he,n) o~ - d)
% PR
where 1) n’T =n [Ty = Ty - (uyouy))
‘) (ii) d=2a+ (uz - U-;.)

and (iii) o, = ?n(ngJ.

pa

. .
It is assumed that (n” Tn" n‘(oi - cz)} are jointly asymptotically

»

normal and are both uniformly continuous in probability (this concept,

*
. - . . : 2 ;
aue to Anscombe {[1], basically means that T n and o, - 0 canbe

expressed as averages of i.i.d. rendom variables plus a small

o | remainder term). It is also assumed that
. z 2 2 a.s.
TLT |+ - log, n"™=%° 0,
. n { | ‘inl lon a ‘ }/ 02
//"
Using these assumptions the following theorem is proven.
'Q. - . 8 ’

Ed
. - ""




Theorem 3.1: Supposc a5 o + 0 that

@) hle, N (@) > = a.s.

(b) hfa, Na(d)) - h{a, Nu(d) -1} >0 a.s.

.

;' E {¢) There exist constants' nu(d) for which Na(d)/na(d) L, 1
l - ‘

Then, as o + 0

Lt e o

(3.9) (oh(a.,Na(d))~d1\la(d)'1'5)—?fz (@, (d)—d(o]i ( d)-cz)/ZGZ) P,
- o . o

znd there is a constant Ad(F) for which

(3.10) (oh(x, 1-Ja(£i))- d Ja ()5 o, AL (B))

i L (T ic +h= PRI 3 .c-.-:é _1':'52_2 2
where Ad(r) is theasymptetic variance ox Tn dn (on o}/ 26" .

-

It is interesting to note taat estimating o by o n affects

. pe 2 . 2 2 .
Ad(F) in {3.10). If o were lmown, then o "9 = 0, which

would saake A;(F) jndependent of d. This means that estimating

by a statistic o changes theasymptotic distribution of Nu(d)
‘ - -

from the case 0, = C-

The following choice of h(a, n) is suggested

(3.11) (e, n) = (> +clogn)

I‘— '

ané c-> 0. Carroll gives the
s

b

| U U
where ka e (1 n),ta./la+

r. . .E_"-. ®




following corollary to Theorem 3.1.

Corollary 3.1 Let h{o, n) be defined as in (3.11) and define

0 (d) = (Aao/d)z. Then as o = 0,
7 . r ;2‘/ b .___l; 3
(3.12) (0 (@) - n @)/ (0 (@/d) -5 N, Ay(F)).

Further, if d, a -~ 0 in such a way that (log d)/Ai + 0, then (3.12)
still holds, with A;(F) replaced by the . asymptotic.variance:-E(F)
of n% Tno The proof of Corollary 1 is informative an? makes use of
the standard arguments in the literature. For simplicity, the proof

of the case ¢ = £ is given. The general case c 23 follows in a

similar way.

Proof: From (3.3) one has

E ane 0%, ) D Ty -1
N,@ Ty (qy/b0 21 - L1 G R Ca(d)-1)
* a @ bOLU bC{C

This inequality is a standard and fundamental one, which, as will

be seen below, is often used to derive '‘consistency'” of the stopping

rule., Thus, since Tn 83 0,vwe have (even if d - 0)

bl 6%/a* N(d) > 1 a.s.,
o [¢
therefore since bé/xa + 1

Ai oz/d2 Na(d) +1 a.s. . .~
This shows that na(d) ?5(Aao/d)2 suffiges even i€ d » 0. (For

k)

»
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the case ¢ # 0, it is more difficult to shew that this nu(d)
suffices.) Ry simplifying (3.10) of Theorem 3.1 with the above

h(s, n), the corollary is thus proven for ¢ = 0. ~

The next choice of hia, n) is motivated by the normal case

g

with wlcown variance (Swanepoel and naentseats Lla, ©)).

Corollary 3.2: OSuppose h{u,n) = 11’5{(t“n)n - 1}%c, where c > 0,

t, © (1 + a2)2/2, and 15 - (arc tan a)/m + a/ (1 + az)ﬁ = af2.
Then ma~ + 4 as o~ 0. Turther let na(d) = log ta/log b,

where b =1+ (cd;’o)?'. Then
nf @ L@ - @) L, ne, 4% ¢° Ad(l“-)/cz(b log 5)%}.

Hext Carroll finds moment conditions on o which cuarantee

that
(3.13) EQ, (&)/n (@) 146,

§> 0, as o= 0. Only the case K =2 1is consilered, and it is

3o

pointed out that the case K> 2 is hanciled by defining o

: mx ol(3,3). let M7 (,d) inftn: 1i(a, Ros <1 2y, 1f
i

I-la(d) > 1i(a, d), then by definition and by (3.3) cne arrives at the
. e
two contradictory conditions

-

-7

.8
e —h(d,}‘i];_&o[_.i/}‘i':"* d>0

Tz
R/




and Ty = Tpyp < 0o, 19 O"H/Ii’f? d < 0.

Thus N (d) < ii(a, d). Tt follows that E(I‘-Ia(d)/na(d))lw 1 if

. +§ . . f s
(i1(a, d) /na (d))1 $ s uniforiily integrable. Carroll proves the p
following two propositions using a theorem by Bickel and Yahav (1968) .~

llere r equals the number of finite moments of 9y for n large. -
Proposition 1: If r > 2(1 + ¢8) and h(e, n) is as in Corollary - =

3.1, then (3.13) holds.

Proposition 2: If r 2 2(1 + ¢6) and h{a, n) is as in Corollary

3.2 then (3.13) holds.

Lol

The assurptions of Theorem 3.1 hold for many cheices of [
including trimmed me;ans, r--estimators with preliminary scale being
the intérquartile range, and Hodges-Lehman estimates.

Finally, it is interesting to note the pcssibility of defining
an eliminating Wackerly rule from Carrqll’s procedure. This will

be done in the next section.
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4. Conclusion

This section will deal with comparisons of the ¢liminating and
non-elininating procedures discussed in this essay. In studying
the performance 0f ranking proceéures, one of the following two -

assurptions is often sade (but see (4.3b)):

(1) The parameters are in the leust favorable configuration, 1.e.,
Ui 3= U= +oe = Hooam 85 OT (2) the parameters are in the "equal
n el 1)

paraneter configuration®, which assumes all pepulations to be the same.

qen
At

In both of these cases '‘bad vopulations are not vresent and this
should be kept in mind when CoORparing elininating procedures with
non-eliminating procedures.

First, Swanepeel and Venter's procedure will be compared with
Ceertsara's, and thus with the RSS procedure.

Let ’I‘2 denote the total nuaber of observaticns required for
Geertsema's procedure and let T, Genote the total mumber of obser-
vations reguired for Swancpoal ant Vontor' sprocedure. Then outside
the indifference zone “[}{] - u[i’\"l ] > 4, it can be shown: that

L-z - 2- ".‘l
(4.1) lim E TZ/th > n°/448 .‘)F:J(Zu,,

a-H

where A¢ and BZ are constants dzpending on F which can be

evaluated and where SF- IC.‘() is a xnovn function of X. FExpression
i

(4.1) 1s difficult to evaluate in general, but as s+ 0, (4.1)

Wl

tends to

4.2) sc2/st .
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o~

Here C° is also a constant depending on F which can be evaluated

in an easier manner. Swanepoel and Venter evaluate (4.2) for

various choices of F and with J({u) = u (Wilcoxon case). For
example, with F noraal

(4.3a) lim ET,/ET; 2 4.

a+0

They also remark that with J(u) = ®-1((1+u)/2) and F npormal
(4.3) still holds. Thus, even though we let A - 0, the eliminatingJ
procedure appears to be significaantly better than the non-eliminating
procedure.

Swanepoel and Geertsema show the asymptotic efficiency of

;Bechhofer's procedure/(oz known) relative to their procedure is
4.3 4(n)* 5 S 8724 /x
“y ..t + e =W s +
(.30) 4" L Gy O ey

This expression is < 1 and thus Swanepoel and Geertsema's pro-

cedure is better in an asyntotic sense.

| A more interesting comparison that Swanepoel and Geertsema make is
x

‘to the BSS procedure, where 02 is not assumed known. Swanepoel

and Geertsema found the relative efficiency of their procedure to

Robbins, Sobel, and Starr's as o > 0 in the least favorable

configuration .
//’ 7
- = By a. = r = 1 - Aa
IV YA D=1 MK
~ = ]

-

T .
I




As remarked beforethas asryintic expected saaple size of Swanepoel

and Geertsema's precedure has its maximsn (outside the indifference

zone) inthis confisuration whereas theasrtotic expected samwle
i 4 t e

size in ilcbbins, Sobel, and Starr’s procedure does rot depend on

: the specific configuration. Let T, and T denote the nmumber of

o x5
observations neecded by the 238 nrocedure and Swanepoel and Geertsema's ¥

i

procedure respectively. Then it may be shown that

lin EI/EL, =(8/0)%/10g(1+2(a/0)%)
a+0 ry
< b

>

at least for & < o.
A further advantape of the eliminating procedures is the fact

that all of them mentioned (execpt for Carroll's) guarantee that

iy

PCS) 21 - ¢ for o T M[E-i > 4, while the non-eliminating

nrocedures (except Rechhofer's) satisfy T(C3) 21 - o only
asw ptozicaily.  loreover, lim T, = = 2.s. for all parameter
0
configurations, a property that coes not hold for Swanepoel and
Geertsema's procedure. In Section 5 we defined W' as the stepping

4

variable I with & replaced by ©. The results were (sec (3.6))

W' o = .E vae = -
(a) W' < a.s. if wpq < MK

- e

and (b) P(N' < =) > D for all other parameter configurations.

As a final conparison it wil be shown that in Carroll's pro-

1
n’

cedure the T., hia, ), Ops and, 4 can be specified in such a way
L .

. Ca
M L
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that an eliminating equivalent of Wackerly's procedure is obtained.

In Carroll's procedure let, for K= 2,

. mn(-A) )
Com e | 2]
‘ "
B (ii) o, =1
(iii) d = -fn(my(-2))
and (iv) ¢ h(e, m) = -fn o/n”

Then, the number of observations for K = 2 for Carroll's procedure

is, from(3.8)

J .Na(d) = inf{n: Tn 2 h{a, n) on/n:"; - d}
il (*‘A) _ A _ j{
= inf {n: -/an[ 2 ] > no/n £n(mg (-2))
g (-4) 2z

Iy

it

inf {n: -En(mn(—A)) > - £n a/n}

| - ine { ne om s *_:.Z_n,__‘i.__.m}
; -fn(m, (-4))
| or
| -? i! © B(@ =inf{n: n 2 4ao/lnon (-)). q

Recall tliat the stopping rule I‘*?;: = 1-Iw(a, d) of Wackely was, for

each o > 0, thgswalles: integer n such that

L4 ‘.;}“

&

[LR
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(4.6) (i) Xy j - ?('i(n) < -pA2 forsome 1=1,...,K
?

and sope i = 1,...,n

and (ii) n = /n offn mn(—A)'.

where condition (4.5) (ii) 1is the same as (4.5) above from
Carroll's procedure and where condition (i) from 4.5 is true a.s.

as N > o,

~

An adaptation ofCarrzll's Na(d) would he H,( d), where

ind = -y c e . L’ - 1
(4.7) §,(@ = infln: T, > h(s, 0} o/n - d}

n {n: Xij - ¥.(n) < -0/2 for some

i=1,...,i, and some j =1,...,n.} .

“hen Tn’ h(a, n), o and d are defined as in (4.4), then (4.7)

nl‘
is Wackerliy's rule. That is, ~Ia (d) = ~I-1‘_J{o¢, d). Further, since
IJu(d) -+ Na (d) as n » », then for large n, Na(d) = I'lw(oa, d).

It should be noted that for Wackeriy's rule to be a special

Iy
"y
v

case, it is necessary from Theorem 3.1 to have h(e, ‘da(d)) > @

as a -+ 0. Wackerly shews that

- - lim £ afil (a, d) = (i, (-8)) .
a+0
This implies . A
1,
iim fnoo/H7 (a0, ) » =, -
. W
o0 o )
L »'
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which irplies

1im ha, N (d)) + e
o) ¢
The other conditions of ‘/’Iheore;sé 3.1 follow similarly. We thus
expect that the adaption to Carroll's rule (4. 7) is an irprovement
over tlackerly's in the sense that it is in a more general framework. -
In conclusion, most of the information at the present tine
points to the supremacy of eliminating rules over non-eliminating
rules, in terms of sample size and generality. The fact that the
distributional requirements of the eliminating procedures are as

general, as a group, as those of the non-eliminating procedures

~indicates that it is-advantageous to use one of the eliminating

procedures, the particular one being used depending on the circum-

stances. A topic of further research wculd be a corpronise of the
two techniques. That is, eliminate certain populations and allow
then to come back later, if further observations indicate a possible
error. There are still many facets of sequential ranking left to

be investigated.
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