
ABSTRACT 

PATTERSON, BLAIN ANTHONY. Real Analysis Mathematical Knowledge for Teaching: An 

Investigation. (Under the direction of Dr. Karen Keene). 

 

Real analysis is a university level mathematics course which nearly all mathematics majors and 

most mathematics education majors are required to take, the course traditionally includes topics 

such as the real number system, functions and limits, topology on the real line, continuity, 

differential and integral calculus for functions of one variable, infinite series, and uniform 

convergence. Unfortunately, this course is often viewed by pre-service high school mathematics 

teachers as daunting and disconnected from their future practice (Goulding, Hatch, & Rodd, 

2003; Wasserman, Villanueva, Mejia-Ramos, & Weber, 2015). The goal of this research was to 

investigate the relationship between real analysis content and high school mathematics teaching 

so that we can ultimately better prepare our teachers to teach high school mathematics. 

Specifically, I investigated the following research questions. (1) What connections between real 

analysis and high school mathematics content do teachers make when solving tasks? How can 

these connections be characterized in terms of mathematical proficiency and mathematical 

activity? (2) What real analysis content is potentially used by mathematics teachers during the 

instructional process? How can the use of this content knowledge be characterized in terms of 

mathematical proficiency, mathematical activity, and mathematical context? 

In order to address these research questions, four high school mathematics teachers 

participated in task based interviews and were observed teaching two lessons. Written work from 

the interviews and lesson plans from the observations was collected and the video recordings of 

the interviews and observations were analyzed. The results of this study suggest that real analysis 

has the potential to impact teachers’ mathematical proficiency by helping them to make sense of 

definitions, algorithms, and use precise mathematical language. These themes align with the 



conceptual understanding, procedural fluency, and adaptive reasoning aspects of mathematical 

proficiency as described by Heid, Wilson, and Blume (2015). Knowledge of real analysis also 

has the potential to impact teachers’ mathematical activity by helping them to use both inductive 

and deductive reasoning, modify problems to reduce complexity, and make use of various 

mathematical representations. These themes align with the justifying and proving, conjecturing 

and generalizing, modifying, transforming, and manipulating, and representing aspects of 

mathematical proficiency as described by Heid, Wilson, and Blume (2015). Finally, knowledge 

of real analysis has the potential to impact teachers’ mathematical context by helping them to ask 

and answer meaningful mathematical questions, build on prior student knowledge, and use the 

curriculum to deepen student understanding. These themes align with the probe mathematical 

ideas, access and understand the mathematical thinking of learners, know and use the curriculum, 

and assess the mathematical knowledge of learners aspects of mathematical context as described 

by Heid, Wilson, and Blume (2015). The results from this study may inform the design and 

instruction of advanced mathematics courses, such as real analysis, so that they are more 

connected to the practice of teaching high school mathematics. 
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CHAPTER 1: INTRODUCTION 

Background 

What do mathematics teachers need to know to be successful in the classroom? This 

question has been at the forefront of mathematics education research for several years. Clearly, 

high school mathematics teachers should have a deep understanding of the material they teach, 

such as algebra, geometry, functions, probability, and statistics (Association of Mathematics 

Teacher Educators, 2017). However, only having knowledge of the content being taught may 

lead to various pedagogical difficulties, such as primarily focusing on procedural fluency rather 

than conceptual understanding (Ma, 1999). The general perception by mathematicians and 

mathematics educators alike is that teachers should have some knowledge of mathematics 

beyond what they teach (Association of Mathematics Teacher Educators, 2017; Conference 

Board of the Mathematical Sciences, 2012, Wasserman & Stockton, 2013). The rationale being 

that concepts from advanced mathematics courses, such as abstract algebra and real analysis, are 

connected to high school mathematics content (Wasserman, Fukawa-Connelly, Villanueva, 

Meja-Ramos, & Weber, 2017). For example, the field axioms discussed in abstract algebra 

surface as the properties of equality in high school mathematics when solving equations 

(Wasserman, 2016).  Many other connections will be presented later. 

Early research on teacher content knowledge often focused on the relationship between 

teacher effectiveness and preparation in mathematics, using mathematical certification or number 

of mathematics courses taken to measure a teacher’s mathematical background. In general, these 

studies showed that the more mathematics courses a teacher has taken, the better their students 

performed on standardized exams (Ball, Thames, & Phelps, 2008; Begle, 1972; Hill, Rowan, & 

Ball, 2005; Monk, 1994). Having a strong background in mathematics is necessary to be an 
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effective teacher, but is not sufficient to guarantee quality teaching. This is because the 

mathematical knowledge required of a teacher differs from that of a mathematician. Although 

both must have a sophisticated understanding of mathematics, a teacher must also understand the 

relationship between mathematics, teaching, and learning (Ball, Thames, & Phelps, 2008; Davis 

& Simmt, 2006; Ernest, 1989; Harel, 2008; Heid, Wilson, & Blume, 2015, Star & Murray, 2013 

Stockton & Wasserman, 2017). 

More recently, researchers began to investigate what type of knowledge is actually used 

in the practice of teaching mathematics rather than just mathematical knowledge in general. This 

prompted an address by Shulman (1986) that would lead to the development of several 

conceptualizations of what knowledge is required of mathematics teachers. Shulman (1986) 

originally proposed that the three major categories of teacher knowledge are content knowledge, 

pedagogical content knowledge, and curricular knowledge. Ball, Thames, and Phelps (2008) 

later redefined elementary teacher knowledge by categorizing further into sub-classifications. 

Building on the work of Ball and colleagues (Ball, Thames, & Phelps, 2008), others have since 

developed various frameworks for high school teacher knowledge. Zazkis and Leikin (2010) 

claim that teachers should possess advanced mathematical knowledge (AMK), that is, the 

knowledge of mathematical concepts learned at the university level such as group theory or 

point-set topology. Looking at specific forms of this advanced mathematical knowledge rather 

than particular mathematics courses (abstract algebra, real analysis, etc.), Stockton and 

Wasserman (2017), claim high school teachers must possess peripheral, evolutionary, axiomatic, 

logical, and inferential knowledge, which are described in chapter 2. 

Viewing high school teacher knowledge from a broader perspective, Heid, Wilson, and 

Blume (2015) developed a framework analogous to that of Ball and colleagues (Ball, Thames, & 
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Phelps, 2008). The Mathematical Understanding for Secondary Teachers (MUST) framework 

developed by Heid, Wilson, and Blume (2015) consists of the combination of the mathematical 

proficiency, mathematical activity, and mathematical context perspectives of teaching 

mathematics, as shown below in figure 1.1.  This framework will be presented in more detail in 

Chapter 2. 

 

Figure 1.1: Mathematical Understanding for Secondary Teachers (MUST) 

According to the Standards for Preparing Teachers of Mathematics developed by the 

Association of Mathematics Teacher Educators (2017), all teachers should possess robust 

knowledge of both mathematical and statistical concepts that form a foundation of what they 

teach. Additionally, all teachers should have pedagogical knowledge, including effective and 

equitable teaching practices as well as a firm understanding of how students think about 

mathematics (Association of Mathematics Teacher Educators, 2017; Conference Board of the 

Mathematical Sciences, 2012). For high school mathematics teachers, this means they must have 

a deep understanding of single- and multi-variable calculus, probability and statistics, abstract 

algebra, real analysis, modeling, differential equations, number theory, and the history of 

mathematics. Although each of these subjects may be of equal importance, the focus of this 

study will be to investigate teacher knowledge of real analysis in relation to classroom teaching. 
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Real Analysis 

Real analysis is a course that nearly all mathematics majors and some mathematics 

education majors are required to take (Conference Board of the Mathematical Sciences, 2012). 

Standard topics covered in real analysis include the real number system, functions and limits, 

topology of the real numbers, continuity, differential and integral calculus for functions of one 

variable, infinite series, and uniform convergence (Bartle & Sherbert, 2011). This course is often 

viewed by pre-service high school mathematics teachers as daunting and disconnected from 

practice (Goulding, Hatch, & Rodd, 2003; Wasserman, Villanueva, Mejia-Ramos, & Weber, 

2015). However, perceptions of this disconnect are incorrect since there are many explicit 

connections between what is learned in an introductory real analysis course and what is taught in 

high school mathematics courses (Wasserman et al., 2017). 

Students in real analysis study the structure of the real number line and its subsets (Bartle 

& Sherbert, 2011). Analogously, high school mathematics teachers must develop student 

conceptions of the real number system as early as algebra. The convergence of sequences, which 

is studied rigorously in real analysis, also appears in the high school curriculum. Those who 

teach precalculus need to have a firm understanding of limits and continuous functions, both of 

which are studied intensely in an introductory real analysis course. Concepts that play a major 

role in calculus, such as differentiation, integration, and infinite series, make up the standard 

curriculum for the typical real analysis course (Bartle & Sherbert, 2011). Since these topics are 

foundational in the study of calculus, one may argue that calculus teachers ought to have a 

background in real analysis. However, let us consider the average high school mathematics 

teacher, who teaches courses such as algebra, geometry, and precalculus (not calculus). How can 

taking a course in real analysis benefit this teacher? 
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Problem Statement 

If explicit connections exist between the content of real analysis and high school 

mathematics, it is essential that those who teach calculus, precalculus, and algebra have a firm 

understanding of this subject (Wasserman et al., 2017). However, there exists little research on 

the connection between learning real analysis and teaching high school mathematics, despite 

findings from various studies that assert student achievement is related to the content knowledge 

of their teachers (Ball, Thames, & Phelps, 2008; Begle, 1972; Hill, Rowan, & Ball, 2005; Monk, 

1994). These studies focus on either pedagogical content knowledge or the relationship between 

knowing abstract algebra and teaching high school algebra. Although these studies have made 

significant contributions to our understanding of the need for strong content knowledge for 

teachers, we still know very little about the relationship between learning real analysis and 

teaching high school mathematics. Therefore, the goal of this study was to investigate this 

relationship so that we can ultimately better prepare teachers to teach high school mathematics. 

Purpose Statement 

The purpose of this study was to investigate the relationship between knowledge of real 

analysis and classroom teaching in order to better understand how studying advanced 

mathematics can help improve and support the development of high quality secondary 

mathematics teachers. By doing this, we may be able to determine if it is worthwhile for teachers 

to take advanced mathematics courses, and if so, what specifically about these courses is useful 

for teachers. This study serves as an initial step of this goal, by investigating the connections 

between real analysis and high school mathematics and how these connections can inform 

classroom teaching. Specifically, the following research questions will be addressed. 
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1. What connections between real analysis and high school mathematics content do 

teachers make when solving tasks? How can these connections be characterized in 

terms of mathematical proficiency and mathematical activity? 

2. What real analysis content is potentially used by mathematics teachers during the 

instructional process? How can the use of this content knowledge be characterized 

in terms of mathematical proficiency, mathematical activity, and mathematical 

context? 

Significance 

How do we best help our students to learn mathematics? This question has been at the 

forefront of mathematics education research for decades. One way to quantify how well students 

are learning mathematics is to measure student success based on achievement. Even though we 

have seen from Benny (Erlwanger, 1973) that correct answers do not necessarily imply 

understanding, student achievement drives much modern mathematics education policy. One 

way to improve student achievement is to place an emphasis on producing highly qualified 

mathematics teachers at all grade levels (Begle, 1927; Hill, Rowan, & Ball, 2005; Monk, 1994; 

Tchoshanov, 2011). These highly qualified teachers must possess a strong background in both 

content and pedagogy. This study aimed to determine how having a background in advanced 

mathematics, specifically real analysis, impacts their ability to understand, do, and help their 

students learn mathematics. 

Although there is an extensive amount of literature on mathematical knowledge required 

of teachers, much of this research has been conducted at the elementary or middle school level. 

The work that has been done at the secondary level has mostly focused on the advanced 

mathematical knowledge in general or knowledge of abstract algebra. Until the recent work done 
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by Wasserman et al. (2017), the relationship between knowledge of real analysis and classroom 

teaching had not been studied. This is despite the explicit recommendations by the Conference 

Board of the Mathematical Sciences (2012) for all teachers to engage in a course in real analysis. 

The work currently being done by Wasserman et al. (2017) aims to create a model for teaching 

real analysis to high school mathematics teachers, focusing on developing pedagogical content 

knowledge. However, these studies do not investigate the connections teachers are able to make 

and how these connections inform their teaching practices. Therefore, this study is essential in 

determining which concepts from real analysis teachers need to know and how these concepts 

may enhance their ability to teach mathematics. 

Overview of Methods 

To address these research questions, a qualitative approach was taken. This was 

accomplished through two forms of data collection and analysis:  task-based interviews and 

teacher observations. Data sources included transcripts of interviews, observations, written work, 

field notes, and lesson plans. For all data sources, emergent coding was done to determine 

themes and patterns that arise in the data. The data from the task-based interviews and teacher 

observations was also coded according to the MUST framework, which is discussed in the next 

chapter. Rather than use quantitative methods to investigate the relationship between knowledge 

of real analysis and classroom teaching, a qualitative approach to study teachers’ knowledge and 

practice may provide more insight into how teachers make meaningful connections between real 

analysis and the mathematics that they teach. Results from a quantitative study may suggest that 

taking real analysis can benefit teachers, but does not capture what about studying this topic 

makes it useful. 
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Theoretical Foundations 

Although teacher knowledge can be conceptualized in many ways, the general consensus 

seems to be that all teachers should possess deep knowledge of both content and pedagogy. The 

research done by Shulman (1986) and Ball et al. (2008) is foundational to our understanding of 

what teachers need to know, but does not adequately describe knowledge for high school 

teachers. The work done more recently by both Heid, Wilson, and Blume (2015) and Stockton 

and Wasserman (2017) more accurately describes the forms of knowledge required by high 

school mathematics teachers. These current conceptualizations of secondary mathematics teacher 

knowledge forms both a motivation and theoretical basis for this study. Specifically, the MUST 

framework developed by Heid, Wilson, and Blume (2015) will be used as the conceptual 

framework in this study. A discussion of these frameworks in relation to this study can be found 

in the next chapter. 

In addition to these foundational theories in terms of knowledge for teaching, the study is 

also grounded in my view of teaching and learning as a constructivist. According to Piaget 

(1970), learning happens by making meaning of the world through experiences. I hold this same 

belief about learning, which is why task-based interviews will be conducted to determine the 

connections teachers can make between real analysis and high school mathematics concepts. 

Rather than expecting participants to recall how to solve these problems from memory or using 

standard algorithms, I am interested in how they are able to construct understanding through the 

process of assimilation and accommodation (Piaget, 1970). However, this constructivist 

perspective also influences how I view teaching. Rather than being an authority of knowledge, I 

believe that the role of the teacher should be to facilitate learning through rich tasks and 

discussion. The next section discusses issues related to subjectivity in more detail. 
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Subjectivity Statement 

When I first began taking advanced mathematics courses, I often felt frustrated. At the 

time, it seemed like abstract algebra and real analysis had nothing to do with teaching high 

school mathematics. After taking a second course in both abstract algebra and real analysis, I 

started to appreciate the beauty of the subject, but still had trouble seeing connections between 

what was being studied in this course and what is taught in high school classrooms. It was not 

until well after I began teaching that I started to see these connections arise. This may have been 

influenced by taking more and more advanced mathematics courses during my graduate 

program, or, it is possible that I would have begun to make these connections regardless. Now, as 

a mathematics instructor, tutor, and curriculum developer, I feel that I benefit from this 

knowledge of advanced mathematics on a daily basis. 

However, in my conversations with both pre-service and practicing teachers, they often 

hold the belief that taking advanced mathematics courses is a waste of time, especially if they 

only teach high school algebra and geometry. I believe that it is crucial to transform these 

perceptions, since most teachers are required to take courses in advanced mathematics as part of 

their teacher preparation program (Conference Board of the Mathematical Sciences, 2012). 

Moreover, advanced mathematics contain many topics that form the foundation of high school 

mathematics content. For example, studying the axioms of a group, ring, or field provides a basis 

for solving linear equations in high school algebra. 

Although my background is in mathematics education, I have a substantial background in 

advanced mathematics. In terms of real analysis, I have taken multiple courses both during 

undergraduate and graduate studies. I have taught both high school and college courses in 

algebra through calculus and I see explicit connections between content from real analysis and 
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what is discussed in the courses I teach. I believe that studying real analysis is a worthwhile 

experience for teachers and all high school mathematics teachers should be required to take at 

least one course in this area. However, this belief may not be universally shared among all 

teachers and mathematics educators. In fact, anecdotal evidence suggests that teachers in general 

do not enjoy taking real analysis and fail to view it as useful. Therefore, I must be careful to 

avoid leading questions or statements that suggest connections between real analysis and high 

school mathematics. Otherwise, the claims made by the teachers may simply be confirmations of 

my beliefs, rather than their perceptions. Additionally, I must be aware of my constructivist view 

on teaching and learning during the observations, since the descriptions I provide will be 

informed by my own background knowledge. My goal is to ultimately develop materials for a 

real analysis course that teachers find engaging and connected to practice. However, I must still 

approach this study from a critical lens so that the results are trustworthy and credible. By doing 

this, my results have the potential to have significant implications for the education of both pre-

service and in-service mathematics teachers. 

Definitions 

Below is a list of important terms and abbreviations, along with definitions, that appear 

throughout this paper. Although these may be defined later in the literature review, this serves as 

a quick reference. 

• Mathematical Proficiency (MP): understanding mathematics that teachers utilize 

and that they want their students to learn, which includes conceptual 

understanding, procedural fluency, strategic competence, adaptive reasoning, 

productive disposition, historical and cultural knowledge. 
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• Mathematical Activity (MA): “doing mathematics” that teachers utilize and that 

they want their students to learn, which includes mathematical noticing, 

reasoning, and creating. 

• Axiomatic Knowledge: knowledge of how mathematical systems are rooted in 

specific axiomatic foundations. 

• Logical Knowledge: knowledge of how mathematical reasoning employs logical 

structures and valid rules of inference. 

• Advanced Mathematical Knowledge (AMK): knowledge of the subject matter 

acquired during undergraduate studies. 

• Mathematical Context (MC): understanding how students think about 

mathematics, which includes probing mathematical ideas, understanding the 

mathematical thinking of students, knowing and using the curriculum, and 

assessing the mathematical knowledge of students. 

• Inferential Knowledge: knowledge of how statistical inference differs from other 

forms of mathematical reasoning. 

• Horizon Content Knowledge: awareness of how mathematical topics are related 

over the span of mathematics included in the curriculum. 

• Peripheral Knowledge: knowledge of how simple things become complex at a 

later time. 

• Evolutionary Knowledge: knowledge of how mathematical ideas evolved. 

Organization 

In chapter 2, I will review the existing literature on teacher knowledge, how it can be 

measured, and how it relates to classroom teaching. Chapter 3 discusses the research methods 
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implemented to conduct this study and in chapter 4, the results of the analysis are presented. 

Finally, chapter 5 includes a discussion of the interpretation of the results, limitations of the 

study, implications of the results, future directions of this work, as well as concluding remarks.  
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CHAPTER 2: LITERATURE REVIEW 

In this chapter, I set the stage for my study by discussing research that has been reported 

about mathematics teachers knowledge. This research often takes the form of frameworks for 

knowledge teaching mathematics. Sometimes knowledge for math teaching research comes from 

studies that have been done about specific content areas. In the first part of the review, I present 

that research including the study of what real analysis knowledge teachers need. then what we 

know about tools that have been used to measure knowledge and what they tell us is presented. I 

then discuss research on the connection between teacher knowledge and student learning. This 

literature review is structured historically, building on the work originally done by Shulman 

(1986) and later Ball and colleagues (2008). These theories eventually diverge at the high school 

level, describing teacher knowledge in terms of particular subject areas or forms that advanced 

mathematical knowledge may take.  At the end of the chapter, I present the theoretical 

framework that my study is based on to set up chapter 3. 

Conceptions of Teacher Knowledge 

What do mathematics teachers need to know? This has been a question at the forefront of 

mathematics education research for decades. Prior to the work done by Thompson (1984), most 

research about the relationship between teacher knowledge and classroom teaching was focused 

on mathematical knowledge. Thompson (1984) investigated this relationship from the 

perspective of teacher conceptions and found that their beliefs, views, and preferences about 

mathematics and teaching mathematics had a significant impact on instruction. For example, if 

teachers do not believe real analysis is useful, their knowledge of this subject may not influence 

their teaching whatsoever. Moreover, Thompson (1984) found that the major difference in 
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teacher conceptions of mathematics were attributed to the level of integration with other 

conceptions as well as the process of reflecting on instruction, mathematics, and their beliefs. 

Shulman (1986) later proposed a conceptual framework for teacher knowledge. 

According to this model, the three major categories of teacher knowledge are content knowledge, 

pedagogical content knowledge, and curricular knowledge. Content knowledge can be defined as 

the amount and organization of knowledge about the discipline in the mind of a teacher. For 

mathematics teachers, this would be their knowledge of topics such as algebra, geometry, and 

statistics. Pedagogical content knowledge is still content knowledge; however, it must embody 

the aspects most pertinent to its teachability (Shuman, 1986). For example, mathematics teachers 

must be aware of student misconceptions related to solving equations. By curricular knowledge, 

Shulman (1986) refers to the knowledge of programs designed for the teaching of particular 

subjects and topics and related instructional materials. 

In order to organize content and pedagogical content knowledge, Shulman (1986) also 

proposes three forms of knowledge: propositional, case, and strategic. These forms of knowledge 

are partitioned even further. According to Shulman (1986), propositional knowledge falls into 

one of three types: principles, maxims, and norms. Principles of teaching are based on empirical 

research, whereas maxims are anecdotally based on the accumulation of practical teaching 

wisdom. Even though maxims have no theoretical or empirical basis, they are often used to drive 

research on teaching and learning. Norms are neither theoretical nor practical, but based on the 

ideals that we hope that teachers possess, such as a commitment to justice, fairness, and 

equity.  Shulman (1986) claims that the combination of principles, maxims, and norms make up 

the propositional knowledge that teachers should possess. Case knowledge is defined to be the 

knowledge of specific events, which have been described in rich detail. A case could be a 



   

15 

 

specific description of instructional practice, or they may be more theoretical to exemplify 

particular principles. 

Just as propositional knowledge could fall into one of three types, case knowledge can 

also be partitioned. Shulman (1986) proposes the notion of prototypes, precedents, and parables. 

Prototypes are cases that show the use of principles, precedents convey the use of maxims, and 

parables display norms. It should be noted that a case may fall into more than one category. 

Strategic knowledge complements both propositional and case knowledge by guiding the teacher 

to a practical approach of  a problem. This is most useful when a teacher is faced with a moral 

dilemma, that is, when opposing principles present themselves. If no trivial solution is possible 

from the view of propositional or case knowledge, strategic knowledge provides a logical 

pathway. This is not to say that strategic knowledge holds more weight than propositional or case 

knowledge. Rather, the three work together to help the teacher navigate the everyday problems 

associated with practical classroom teacher. 

Shulman’s (1986) address prompted the study of teacher knowledge by other researchers. 

Ernest (1989) proposed a detailed model describing the different types of teacher knowledge, 

beliefs and attitudes of the mathematics teacher, and their relationship with practice. According 

to Ernest (1989), mathematics teachers should possess knowledge of mathematics, other subject 

matter, teaching mathematics, classroom organization and management specific to mathematics 

teaching, the context of teaching mathematics, and education. Just as done by Shulman (1989), 

some categories of knowledge contain more specific subcategories. Knowledge of teaching 

mathematics is comprised of both pedagogical knowledge of mathematics as well as curriculum 

knowledge of mathematics, which are simply isomorphic to pedagogical content knowledge and 

curricular knowledge as defined by Shulman (1986). Ernest (1989) defines pedagogical 
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knowledge of mathematics as the practical knowledge of teaching mathematics and curriculum 

knowledge of mathematics as the knowledge of the materials and media through which 

mathematics instruction is carried out and assessed. 

Knowledge of the context of teaching mathematics is comprised of both the school 

setting and the students being taught (Ernest, 1989). Teachers who have knowledge of school 

context understand the social, cultural, ethnic, and geographical factors associated with their 

students, colleagues, the classroom, as well as the school itself. Having knowledge of students 

does not simply mean that one understands students at a cognitive level. Although this is 

important, a teacher must also be aware of the group dynamics of a class, including their 

behavior and how they interact with one another to complete tasks (Ernest, 1989). This 

contextual knowledge is dynamic and may vary greatly from school to school. 

For a mathematics teacher to have knowledge of education, they must understand the 

major concepts and theories from educational psychology, education, and mathematics education 

literature (Ernest, 1989). More specifically, teachers must be able to directly apply these theories 

to actual classroom teaching. Knowledge from this domain plays a key role in both planning and 

reflection, two key processes that teachers regularly engage in. According to Ernest (1989), 

meaningful instruction is dependent on the teacher’s knowledge of educational theories. 

The model developed by Ernest (1989) also stresses the importance of teacher beliefs and 

attitudes. It is possible for two teachers to have quite similar knowledge, but the way in which 

they teach mathematics could be inherently different. This is consistent with the work previously 

done by Thompson (1984) on teacher conceptions. Ernest (1989) attributes this difference to the 

beliefs that teachers hold and their attitudes towards mathematics and teaching mathematics. For 

example, a teacher’s beliefs and attitudes towards advanced mathematics may impact how their 
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knowledge of real analysis relates to their teaching practices. In this context, beliefs are defined 

to be the teacher’s system of conceptions and values, often noted as one’s dispositions. Ernest 

(1989) considers the teacher’s conception of the nature of mathematics, their models of teaching 

and learning mathematics, and their principles of education. Although there may be some 

commonalities between all teachers, the belief system of each teacher will likely be distinct. 

Davis and Simmt (2006) later approach this problem from the perspective of complexity 

science, which deals with self-organizing, self-maintaining, and adaptive situations with systems 

that learn. According to Davis and Simmt (2006), it is difficult to describe teacher knowledge in 

terms of a static framework. Rather, there are components of teacher knowledge that are ever 

changing. For this reason, Davis and Simmt (2006) partitioned phenomena of concern to the 

mathematics teacher into categories of knowing and categories of knowledge, shown below in 

figure 2.1. 

 

Figure 2.1: Dynamic versus Stable Teacher Knowledge 

Categories of knowing, which are often dynamic in nature, consist of classroom collectivity and 

subjective understanding. Categories of knowledge, which are often viewed as stable, include 

mathematical objects and curriculum structures. Although the mathematics being taught and the 

manner in which they are being taught may change, this change occurs on a large timescale. 

Compare this to the changes that occur to a classroom dynamic or individuals themselves, which 
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occur on a timescale of much smaller magnitude. Therefore, according to Davis and Simmt 

(2006), it is advantageous to view teacher knowledge in terms of categories that are relatively 

stable versus dynamic. For example, we may view a teacher’s knowledge of real analysis 

concepts as being stable, whereas knowing how to connect real analysis to various teaching 

situations would be dynamic in nature. 

Mathematical knowledge for teaching. Building on the work of Shulman (1986), Ball, 

Thames, and Phelps (2008) later redefined teacher knowledge by categorizing Shulman’s 

perspectives on teacher knowledge (content knowledge, pedagogical content knowledge, and 

curricular knowledge) further into sub-classifications. Common content knowledge (CCK) and 

specialized content knowledge (SCK) are both subsets of content knowledge as defined by 

Shulman (1986). CCK can be defined as the knowledge of a well-educated adult. For example, 

one who possesses CCK would be able to determine if a student provides an incorrect solution or 

if a textbook states a definition inaccurately. They would also be able to use proper language and 

notation when speaking to students or writing on the board. Ball, Thames, and Phelps (2008) 

describe this as the knowledge needed to be able to do the mathematics that one is assigning to 

their students. 

On the other hand, SCK is defined as knowledge beyond of an average well educated 

adult, but does not require knowledge of teaching or students. Examples of SCK include 

presenting mathematical ideas, modifying mathematical tasks to be easier or more difficult, or 

selecting representations for specific purposes. These tasks all require a greater depth of 

mathematical knowledge, but do not necessarily imply knowledge of teaching or students. 

Therefore, having both CCK and SCK are necessary components of teacher knowledge, but do 

not paint a sufficient picture of what teachers need to know. 
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Knowledge of content and students (KCS) and knowledge of content and teaching (KCT) 

both fall under the category of pedagogical content knowledge as defined by Shulman (1986). 

KCS is defined to be the combination of knowing about students and knowing about 

mathematics. Teachers who possess KCS would be able to identify common student errors and 

misconceptions. Having KCS also affords teachers the ability to predict when students may find 

a particular task motivating or whether a problem will be easy or challenging. Ball, Thames, and 

Phelps (2008) define KCT to be the combination of knowing about teaching and knowing about 

mathematics. KCT enables teachers to sequence tasks appropriately, use connected 

representations, and ask probing questions. Having KCT alone does not suffice as pedagogical 

content knowledge. One must know about mathematics, students, teaching, as well as the 

pairwise interactions of all three. The overall combination of CCK, SCK, KCS, KCT, and 

curricular knowledge (shown below in figure 2.2) together make up the totality of teacher 

knowledge. 

 

Figure 2.2: Mathematical Knowledge for Teaching (MKT) 

From the perspective of the DNR-Based Instruction in Mathematics framework, Harel 

(2008) defines a teacher’s knowledge base (TKB) in terms of three components: knowledge of 

mathematics, knowledge of student learning, and knowledge of pedagogy. Knowledge of 
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mathematics refers simply to the mathematics that a teacher knows, which is consistent with 

Shulman’s (1986) definition of content knowledge and Ball, Thames, and Phelps’ (2008) 

definition of CCK and SCK. Harel (2008) defines knowledge of student learning to be a 

teacher’s understanding of the cognitive and epistemological issues involved in learning and 

knowledge of pedagogy as one’s teaching practices and instructional principles. Again, these 

could be categorized under Shulman’s (1986) pedagogical content knowledge and Ball, Thames, 

and Phelps’ (2008) KCS and KCT. According to Harel (2008), these three components of teacher 

knowledge are necessary for success in the classroom. 

Standards for preparing mathematics teachers. In addition to the research on what 

mathematics teachers should know, we may refer to what standards have to say. According to the 

Conference Board of the Mathematical Sciences (2012), all teachers should possess robust 

knowledge of both mathematical and statistical concepts that form a foundation of what they 

teach. Additionally, all teachers should have pedagogical knowledge, including effective and 

equitable teaching practices as well as a firm understanding of how students think about 

mathematics. However, this knowledge is not defined in terms of a framework, but rather 

specific mathematical topics teachers should know. The mathematical knowledge required of an 

elementary teacher is different from that of even a middle school teacher. According to the 

Conference Board of the Mathematical Sciences (2012), elementary school teachers should take 

mathematics courses aligned with the Common Core State Standards-Mathematics, such as 

number and operation, measurement and data, and geometry. The mathematical knowledge 

required of middle school teachers is described in terms of specific courses. These teachers 

should have a background in geometry, algebra, number theory, statistics, probability, discrete 
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mathematics, history of mathematics, and modeling (Conference Board of the Mathematical 

Sciences, 2012). 

Conceptions of Secondary Teacher Knowledge 

How does the knowledge required of secondary mathematics teachers differ from that of 

teachers of elementary and middle school? Clearly, they must have a deep understanding of the 

mathematics that they teach such as elementary algebra and euclidean geometry (Conference 

Board of the Mathematical Sciences, 2012). However, is this knowledge sufficient for successful 

instruction in the high school mathematics classroom? Building on the work of Shulman (1986) 

and later Ball and colleagues (2008), various frameworks for high school teacher knowledge 

have been developed based on beliefs about what high school mathematics teachers should know 

These range from specific mathematical topics to the various forms that knowledge should take. 

Knowledge of advanced mathematics. Zazkis and Leikin (2009) claim that teachers 

should possess advanced mathematical knowledge (AMK). A subset of content knowledge, 

AMK is defined to be the knowledge of mathematical concepts learned during undergraduate 

studies (Zazkis & Leikin, 2009). These concepts vary from program to program, but in general 

consists of what is learned in courses such as multivariable calculus, differential equations, linear 

algebra, abstract algebra, real analysis, and number theory. Zazkis and Leikin (2010) found that 

secondary mathematics teachers do not believe that AMK helps them teach particular concepts. 

That is, teachers did not see a mapping between AMK concepts and high school mathematics 

concepts. Instead, teachers claim that AMK is useful in terms of teaching and pedagogy more 

generally, such as personal confidence, the ability to make connections and problem solve, and 

to respond to students’ questions (Zazkis & Leikin, 2010). Although these are worthwhile 
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benefits, we cannot unleash the full potential of the rich connections between real analysis and 

high school mathematics if teachers do not perceive it as being useful. 

Despite the perception of teachers that AMK is not particularly useful for teaching high 

school mathematics, standards for what high school mathematics teachers need to know have 

been put forth. According to the Conference Board of the Mathematical Sciences (2012), the 

mathematical knowledge of high school teachers must extend far beyond the courses they teach. 

The Conference Board of the Mathematical Sciences (2012) recommends that all high school 

mathematics teachers take courses in single and multivariable calculus, linear algebra, abstract 

algebra, real analysis, modeling, differential equations, number theory, history of mathematics, 

statistics, geometry, and discrete mathematics. In addition to these courses taken by most 

mathematics majors, the Conference Board of the Mathematical Sciences (2012) also 

recommends that high school teachers take courses in which they engage in high school 

mathematics topics from an advanced perspective. Along with courses in pedagogy, this strong 

background in mathematics is necessary for those teaching high school (Zazkis & Leikin, 2009). 

Based on the standards put forth by the Conference Board of the Mathematical Sciences 

(2012), Star and Murray (2013) found that courses which connected high school and college 

mathematics fell into one of two distinct categories: secondary mathematics from an advanced 

standpoint or tertiary mathematics with connections. In courses focused on secondary 

mathematics from an advanced perspective, high school mathematics topics are discussed from a 

rigorous standpoint (Star & Murray, 2013). Moreover, connections between what is discussed in 

class and what is being taught in high school classrooms are explicitly investigated. For example, 

students may investigate how the field axioms for the real numbers are simply the properties of 

equality from high school mathematics. Tertiary mathematics with connections focuses on 
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advanced mathematical content, such as abstract algebra, geometry, or real analysis, and the 

importance of these topics within high school mathematics (Star & Murray, 2013). An example 

of this type of course may be focused on real analysis and making connections to calculus. 

Together, these types of courses provide teachers with both the knowledge of advanced 

mathematics as well as the connections between college and high school mathematics (Star & 

Murray, 2013). 

Shulman (1986) originally proposed that one of the three major categories of teacher 

knowledge was curricular knowledge. This was later refined and described in detail in terms of 

elementary mathematics teacher knowledge by Ball, Thames, and Phelps (2008). However, this 

horizon content knowledge will look inherently different depending on the grade level being 

taught. Wasserman and Stockton (2013) claim that for high school mathematics teachers, horizon 

content knowledge has a major impact on the work of planning. For example, a geometry 

teacher’s knowledge of non-Euclidean geometry may influence the way they introduce that fact 

that planar triangles have an interior angle measure sum of 180 degrees. Similarly, the way in 

which an algebra teacher plans a lesson on solving linear equations may be governed by their 

knowledge of field axioms from abstract algebra and real analysis. Having a deep understanding 

of the mathematical horizon can enable teachers to plan engaging lessons that promote student 

reasoning (Wasserman & Stockton, 2013). 

Mathematical understanding for secondary teachers (MUST). Prior to the 

development of the MUST framework by Heid, Wilson, and Blume (2015), much of the work to 

establish a framework for teacher knowledge had been done at the elementary level. While the 

framework developed by Ball, Thames, Phelps (2008) can be used to partition high school 

mathematics teacher knowledge, these categories do not accurately describe the work of a 
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secondary mathematics teacher (Heid & Wilson, 2016). MUST consists of the intersection of the 

mathematical proficiency, mathematical activity, and mathematical context perspectives of 

teaching mathematics, as shown below in figure 2.3. Mathematical proficiency includes 

conceptual understanding, procedural fluency, strategic competence, adaptive reasoning, 

productive disposition, as well as historical and cultural knowledge. 

 
 

Figure 2.3: Mathematical Understanding for Secondary Teachers (MUST) 

Procedural fluency can be described as knowing how an algorithm or procedure works whereas 

conceptual understanding is knowing why it works. Strategic competence is the ability to 

generate, evaluate, and implement various problem solving abilities. One with adaptive 

reasoning is able to recognize current assumptions and adjust to changes in assumptions and 

conventions (Heid, Wilson, & Blume, 2015). 

Engaging in mathematical activity can be thought of as doing mathematics, with the 

emphasis is on those mathematical activities that teachers employ and that they want their 

students to learn (Heid, Wilson, & Blume, 2015). This includes activities such as mathematical 

noticing, reasoning, and creating. Mathematical noticing involves recognizing similarities and 

differences in structure, form, and argumentation both in mathematical and in real-world 
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settings. Mathematical reasoning includes justifying and proving as well as reasoning in the 

context of conjecturing and generalizing. Mathematical creating is the production of new 

mathematical entities through representing, defining, and transforming. 

Unlike mathematical proficiency and activity, which are present in a variety of scientific 

fields, mathematical context can be described as understanding how students think about 

mathematics (Heid, Wilson, & Blume, 2015). In addition to being able to know and do 

mathematics, teachers must also be able to facilitate the development of their student’s 

mathematical proficiency and activity. For example, this may include probing mathematical 

ideas, understanding the mathematical thinking of students, knowing and using the curriculum, 

and assessing the mathematical knowledge of students (Heid & Wilson, 2016). Teachers who are 

proficient in this component of MUST are able to uncover students’ mathematical ideas in a way 

that helps them see the mathematics from a learner’s perspective, understand that there is not a 

fixed or linear order for learning mathematics but rather multiple ways to approach a 

mathematical concept, and identify the essential components of mathematical concepts so they 

can assess a student’s ability to use and connect these essential concepts (Heid & Wilson, 2016). 

Table 2.1 below provides an overview of the various components of the MUST framework, 

including an example for each of the categories of mathematical proficiency, mathematical 

activity, and mathematical context. 
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Table 2.1: Components of MUST Framework 

MUST 

Component 
Category Example 

Mathematical 

Proficiency 
Conceptual Understanding  Knowing and understanding where the quadratic formula 

comes from. 

Procedural Fluency Recalling and using the algorithm for long division of 

polynomials. 

Strategic Competence  Recognizing problems in which the quadratic formula is 

useful. 

Adaptive Reasoning  Recognizing that division by an unknown is problematic. 

Productive Disposition Noticing symmetry in the natural world. 

Historical and Cultural 

Knowledge 
Being familiar with the historic progression from Euclidean 

geometry to multiple geometric systems. 

Mathematical 

Activity 
Mathematical Noticing Noticing the effects on a geometry when the parallel 

postulate is not assumed. 

Mathematical Reasoning Generating an example of a situation for which 

multiplication is not commutative. 

Mathematical Creating Sketching a quadrilateral with given characteristics. 

Mathematical 

Context 
Probe Mathematical Ideas Understanding the role of the domain in determining the 

values for which a function is defined. 

Understanding the 

Mathematical Thinking of 

Students 

Determining whether a student means face or edge in using 

the word side in a discussion of Platonic solids. 

Knowing and Using the 

Curriculum 
Selecting and teaching functions in a way that helps 

students build a basic repertoire of functions. 

Assessing the Mathematical 

Knowledge of Students 
Recognizing the common error of finding the reciprocal or 

multiplicative inverse of a function when asked to find its 

inverse. 

 

According to Heid and Wilson (2016), the combination of the mathematical proficiency, 

mathematical activity, and mathematical context perspectives together form a picture of the 

mathematical knowledge required to teach high school. Moreover, understanding according to 

the MUST framework is not simply the sum of knowing mathematics and knowing how to teach. 
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The task of teaching mathematics cannot be partitioned into such simple categories; rather, 

teaching mathematics requires a unique combination of the two. The way in which real analysis 

may impact teachers’ perceptions of these three components is discussed in the preliminary 

results of a pilot study. Additionally, this framework will be used to analyze the data from both 

the task-based interviews and teacher observations. The goal is to determine how knowledge of 

real analysis impacts each of the three components of the MUST framework. A discussion of the 

results of the pilot study as well as how the MUST framework will be applied in this proposed 

study can be found in the next chapter. 

Forms of advanced mathematical knowledge. Building on the work of Zazkis and 

Leikin (2010), Stockton and Wasserman (2017) provide specific forms of AMK relevant for 

teaching mathematics by mapping K-12 content to relevant advanced mathematics. These forms 

of knowledge include peripheral knowledge, evolutionary knowledge, axiomatic knowledge, 

logical knowledge, and inferential knowledge. Peripheral knowledge can be defined as the 

knowledge of how simple things become complex later on (Stockton & Wasserman, 2017). 

Having strong peripheral knowledge enables teachers to set students up for later success by 

avoiding the oversimplification of concepts that will eventually become more complex. Stockton 

and Wasserman (2017) define evolutionary knowledge as understanding how mathematical ideas 

evolved. Similar to mathematical activity as defined by Heid, Wilson, and Blume (2015), 

understanding mathematics from an evolutionary perspective can help teachers provide students 

insight into what it means to do mathematics. 

Axiomatic knowledge is defined to be the knowledge of how mathematical systems are 

rooted in specific axiomatic foundations, whereas logical knowledge is defined to be the 

knowledge of how mathematical reasoning employs logical structures and valid rules of 
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inference. Having both axiomatic and logical knowledge afford teachers the ability to unpack 

complex mathematical ideas for their students (Stockton & Wasserman, 2017). Finally, Stockton 

and Wasserman (2017) argue that teachers should also possess inferential knowledge or 

knowledge of how statistical inference differs from other forms of mathematical reasoning. 

Teachers must understand the relationship between mathematics and statistics so that they can 

present given concepts with appropriate pedagogies (Casey & Wasserman, 2015). Stockton and 

Wasserman (2017) claim that establishing these forms of knowledge may contribute to a more 

robust understanding of the work previously done by Ball and colleagues (2008). 

Real analysis has the potential to provide teachers with unique axiomatic knowledge as 

defined by Stockton and Wasserman (2017). The in-depth study of the axioms of the real number 

system provides teachers with a solid foundation in which much of high school mathematics is 

rooted. Additionally, the logical knowledge (Stockton & Wasserman, 2017) acquired in real 

analysis is distinct from that of abstract algebra. Many of the proofs in analysis involve the use of 

inequalities and infinitesimal quantities, as opposed to algebraic proofs which tend to involve the 

use of operations and sets. The logical knowledge that teachers gain from taking real analysis can 

then be applied to a variety of teaching situations involving the manipulation of inequalities. 

Studying real analysis also may provide teachers with a unique perspective on peripheral 

and evolutionary knowledge (Wasserman et al., 2017). Consider the presentation of limits in a 

standard precalculus course. At first, students can easily compute the limit of most functions 

simply by evaluating the function at a particular point. However, evaluating the limit of a 

function later becomes much more complex, prompting the use various algebraic techniques. 

Eventually, even these algebraic techniques do not suffice, leading to the introduction of tools 

such as the Squeeze Theorem and L'Hopital's Rule. The way in which limits are presented in real 
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analysis can provide teachers with peripheral knowledge, that is, giving them a sense of how 

complex this topic can be. 

Many mathematical concepts discussed in high school can be characterized as evolving 

from simple ideas to more complex ones. For example, high school students may first study 

basic functions, such as linear and quadratic, and eventually develop the notions of more 

complex functions, such as exponential and trigonometric functions (NCTM, 2000). This idea is 

then further extended to construct new functions from old ones by means of adding, subtracting, 

multiplying, dividing, or composing. Studying real analysis follows this same model of 

evolutionary knowledge. The course begins by building up the structure of the real numbers, 

which leads into the development of the notion of sequences and series, and later the concept of 

limits. With all these tools, students can then study differentiation and integration. By engaging 

in the concepts discussed in real analysis, teachers are provided with an overarching view of how 

the complex concepts from calculus can be built from something as fundamental as the real 

number system. According to Stockton and Wasserman (2017), having this evolutionary 

knowledge can help teachers provide students with insight into what it means to do mathematics. 

Teaching real analysis to teachers. Wasserman and colleagues (2017) have further 

studied teacher knowledge of advanced mathematics in terms of specific courses, such as real 

analysis. As revealed by Zazkis and Leikin (2010), high school teachers do not perceive 

advanced mathematics courses as being useful for their teaching. More specifically, Wasserman 

and colleagues (2015) found that secondary teachers felt that real analysis was disconnected 

from the practice of teaching. Therefore, Wasserman, Fukawa-Connelly, Villanueva, Mejia-

Ramos, and Weber (2017) aim to make real analysis more relevant by using the notion of 

building up from and stepping down to practice, as shown below in figure 2.4. 
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Figure 2.4: Implicit versus Suggested Model for Teaching Real Analysis 

Building up from practice (indicated by the arrows in the right) involves designing 

instruction that starts from practical teaching situations, that is, specific tasks that secondary 

teachers need to do as part of their professional work. Stepping down to practice (indicated by 

the arrows on the left) then uses ideas and practices from real analysis as a means to reconsider 

the related pedagogical situations. According to Wasserman et al. (2017), the traditional 

approach to real analysis for teachers is to focus heavily on the advanced mathematics and 

assume that teachers will implicitly connect this knowledge to high school mathematics and 

teaching high school mathematics. However, due to the lack of success with this model, 

Wasserman et al. (2017) have suggested building up from teaching high school mathematics to 

advanced mathematics in addition to what is already being done. By both building up from and 

stepping down to practice, real analysis can be properly situated in the context of actually 

teaching high school mathematics. Wasserman et al. (2017) note that this model is not unique to 

real analysis. In fact, any advanced mathematics course that contains content relevant for high 

school mathematics teachers may be situated in the context of this model. 
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If a real analysis course for secondary teachers can be developed according to 

Wasserman and colleagues’ (2017) model, then we have to potential to provide teachers with 

valuable content knowledge, pedagogical content knowledge, and curricular knowledge, as 

defined by Shulman (1986). It is likely that any advanced mathematics course would contribute 

to a teachers’ CCK and SCK (Ball, Thames, & Phelps, 2008) or mathematical proficiency (Heid, 

Wilson, & Blume, 2015) with respect to that particular field of mathematics. Real analysis, in 

particular, may contribute to these domains of teacher knowledge with respect to concepts such 

as the topology of the real numbers, sequences and series, limits, and functions. 

Just as with content knowledge, any advanced mathematics course designed using 

Wasserman and colleagues’ (2017) model may also contribute to particular forms of pedagogical 

knowledge such as KCS, KCT, and curricular knowledge (Ball, Thames, & Phelps, 2008) or 

mathematical activity and context (Heid, Wilson, & Blume, 2015). This knowledge, of course, 

would just vary depending on the mathematical domain. Having a background in real analysis 

may provide teachers with the tools to navigate various teaching situations such as creating 

examples, recognizing mathematical properties, choosing appropriate representations, extending 

or connecting mathematical ideas, noticing students’ mathematical thinking, responding to 

student questions, and so forth. 

Summary of Frameworks for Teacher Knowledge 

Researchers have been interested in knowledge of teachers for decades. The motivation 

behind this research agenda is simple; one way to improve student achievement is to place an 

emphasis on producing highly qualified mathematics teachers at all grade levels (Hill, Rowan, 

and Ball, 2005). These highly qualified teachers must possess a strong background in both 

content and pedagogy. Shulman (1986) proposed one of the first major conceptual frameworks 
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for teacher knowledge. Ball, Thames, and Phelps (2008) later developed a more refined 

framework for teacher knowledge, based on the work done by Shulman (1986). Similarly, the 

TKB developed by Harel (2008) describes teacher knowledge in terms of mathematical and 

pedagogical knowledge. Davis and Simmt (2006) approached this problem from a different 

perspective, believing that teacher knowledge should be treated as a complex system, made up of 

both dynamic and stable components. Although teacher knowledge can be viewed from a variety 

of perspectives, a common theme remains. All mathematics teachers should have both a strong 

background in mathematics as well as in pedagogy related to teaching mathematics. 

The frameworks originally proposed by both Shulman (1986) and later Ball, Thames, and 

Phelps (2008) can be applied more generally to those who teach high school. However, 

according to Heid and Wilson (2016), these perspectives do not completely describe the nature 

of the knowledge required of high school mathematic teachers. As stated by the Conference 

Board of the Mathematical Sciences (2012), their mathematical knowledge must extend far 

beyond the concepts they will teach. This horizon content knowledge, as described by 

Wasserman and Stockton (2013), has major implications when it comes to both planning and 

classroom teaching. Due to the need for a framework that applies more specifically to high 

school mathematics teachers, both Heid, Wilson, and Blume (2015) and Stockton and 

Wasserman (2017) have provided rich descriptions of the mathematical and pedagogical 

knowledge essential for successful instruction.  Additionally, Wasserman et al. (2017) are 

working to develop advanced mathematics courses, such as real analysis, that are connected to 

the practice of teaching high school. Although much attention has recently been placed on the 

knowledge of high school mathematics teachers, there is still a great deal of work to be done. 
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Figure 2.5: Conceptual Framework of Secondary Mathematics Teacher Knowledge 

Figure 2.5 above, which I created, provides an overview of knowledge which are useful for 

secondary mathematics teachers. This framework starts with the work done by Shulman (1986) 

in red, then builds to the work done by Ball, Thames, and Phelps (2008) in orange and Stockton 

and Wasserman (2013) in blue. Forms of knowledge for high school mathematics teachers are 

shown in yellow (Heid, Wilson, & Blume, 2015), green (Zazkis, 2009), and purple (Stockton & 

Wasserman, 2017). The dotted line from PCK to AMK illustrates the uncertainty in the literature 

about whether or not there is a relationship between advanced mathematical knowledge and real 

analysis. This study seeks to investigate this relationship. 

Measuring Teacher Knowledge 

Decades ago, Harper (1964) studied the effectiveness of training programs designed to 

fill in the mathematical gaps of teachers. Harper (1964) found that there was a significant 

difference in understanding of basic concepts and symbols in mathematics between those who 

had taken a course in modern mathematics and those who had not and those who had six or more 

hours of mathematics in college and those who had not. Here, modern mathematics is any course 
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in analytic geometry, set theory, abstract algebra, group theory, topology, or probability 

(Smithies, 1963). This definition of modern mathematics is essentially equivalent to advanced 

mathematical knowledge as described by Zazkis and Leikin (2009). Harper (1964) concluded 

that teachers should be trained in basic mathematics and would benefit from both more college 

mathematics and from taking a course in modern mathematics. These findings imply that pre-

service teachers should have training in both the foundation of numbers and basic mathematics 

as well as methods, specifically related to modern mathematics. This foundational understanding 

of the real numbers can be developed in real analysis. 

Several years later, Hill and Ball (2004) explored the effect that professional 

development programs had on teachers’ mathematical knowledge. Results showed that teachers 

can learn mathematics for teaching during a summer long professional development program. 

This in turn provides insight for how to structure professional development programs for 

mathematics teachers that could yield improved content knowledge. The caveat, however, is that 

these professional development programs were facilitated by a team of highly qualified 

mathematicians and mathematics educators (Hill & Ball, 2004). Although it is possible that a 

similar professional development program facilitated by those without a strong background in 

advanced mathematics could result in increased teacher knowledge, the success of this particular 

program may have been dependent on the credentials of those running it. Ball, Hill, and Bass 

(2005) later described this work in more detail by providing tasks and assessment items given to 

teachers. These tasks included ones that were purely mathematical, such as investigating the 

properties of the number zero, as well as ones that focused on teaching mathematics, say 

analyzing multiplication algorithms used by students. In both the work of Hill and Ball (2004) 
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and Ball, Hill, and Bass (2005), it was shown that mathematics teachers can in fact learn rigorous 

mathematics. 

Various measurement tools are available to assess secondary teachers’ understanding of 

mathematics. We focus on measuring teacher knowledge of algebra and geometry since most 

high school mathematics teachers teach algebraic and geometric concepts. The Knowledge of 

Algebra for Teaching (KAT) assessment was designed to measure knowledge in large scale 

settings for teaching algebra and can be used with pre-service or in-service teachers (McCrory, 

Floden, Ferrini-Mundy, Reckase, & Senk, 2012). McCrory and colleagues (2012) describe three 

practices of algebra teaching: trimming, bridging, and decompression. Teachers can trim 

mathematical content to match students’ level of sophistication, bridge the gap between 

mathematical connections, and decompress their knowledge in the practice of teaching.  

The authors also define three categories of knowledge of algebra for teaching: knowledge 

of school algebra, knowledge of advanced mathematics, and knowledge of mathematics for 

teaching. These three categories of knowledge, however, are simply isomorphic to subject matter 

knowledge (Ball, Thames, & Phelps, 2008), advanced mathematical content knowledge (Zazkis 

and Leikin, 2009), and specialized content knowledge (Ball, Thames, & Phelps, 2008) described 

above. Items from this assessment include both purely mathematical as well as pedagogical 

questions. For example, teachers may be asked to find the roots of a function or analyze a 

statement made by a student. Based on their results, McCrory et al. (2012) claim that effective 

algebra teaching depends on the teacher being proficient in all combinations of the three 

practices of algebra teaching and the three domains of mathematical knowledge. 

Using an analogous assessment for geometry, the Mathematical Knowledge for Teaching 

- Geometry (MKT-G), Herbst and Kosko (2014) investigated teacher knowledge of geometry. 
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Items from this assessment included items testing the pedagogical content knowledge of 

teachers, such as analyzing various scenarios that would arise in a geometry classroom. The 

authors found that the scores in the KCT, KCS, CCK, and SCK knowledge domains were each 

correlated with the number of years of experience teaching geometry. However, neither the 

number of years teaching mathematics nor number of geometry courses taken in college were 

correlated with MKT-G scores. Moreover, experienced geometry teachers did not uniformly 

perform better than non-experienced geometry teachers. These results provide rationale for 

purposefully choosing participants for this study based on their mathematical background and 

years and teacher experience. 

Teacher Knowledge and Student Learning 

Even if teachers study more rigorous mathematics, researchers still wonder how this 

impacts student learning. Hill, Rowan, and Ball (2005) found that teachers’ mathematical 

knowledge did in fact have positive gains on student achievement. This in turn has immediate 

implications for policy and practice. To improve student achievement, Hill, Rowan and Ball call 

for more content-focused professional development programs for mathematics teachers, as well 

as an increase in mathematical rigor to pre-service teacher programs. Tchoshanov (2011) also 

supports the claim that mathematical knowledge is essential for student success, stating that we 

should place an emphasis on the development of mathematical knowledge of teachers, which can 

be done through content-focused professional development. In fact, teachers who participated in 

this study believed that teachers must have a thorough understanding of what is being taught as 

well as how to deliver that knowledge to students, but do not necessarily need to be able to 

memorize formulas and algorithms (Tchoshanov, 2011). Specifically, this mathematical 

knowledge should not only focus on the concepts they will be teaching, but the connections 
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between those concepts as well (Tchoshanov, 2011). Hill, Rowan, and Ball (2005) do, however, 

call on researchers to investigate this relationship further by examining the effects of 

instructional methods and materials to look for interactions between teacher content knowledge 

and the materials they are using. 

Prior to the work of Begle (1972), most studies investigating the relationship between 

teacher content knowledge and student achievement had been at the elementary school level. 

Begle (1972) specifically looked at the correlation between teacher knowledge of algebra 

(abstract and elementary) and student achievement in high school algebra. Teacher knowledge of 

algebra was measured using purely mathematical items. These items ranged from elementary 

algebra (properties of the arithmetic of real numbers) to abstract algebra (properties of groups, 

rings, and fields). Begle (1972) found that teacher understanding of abstract algebra has no 

significant correlation with student achievement in algebraic computation or in understanding 

high school algebra. He also found that teacher understanding of the algebra of the real numbers 

system has no significant correlation with student achievement in algebraic computation. 

However, Begle (1972) did find that teacher understanding of the algebra of the real number 

system has a significant positive correlation with student achievement in ninth grade algebra. 

Results from this study suggest that there may exists some upper bound such that teacher 

knowledge that exceeds this upper bound has no positive impact on student achievement. In 

recent years, Wasserman (2016) found that knowledge of abstract algebra can be influential to a 

teacher’s instruction from more of a qualitative perspective. Results from this study showed that 

a deep understanding of algebraic structures learned in abstract algebra may influence how a 

teacher perceives and integrates arithmetic properties, differentiates between and connects the 
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use of inverses, relates to and identifies the structure of sets, explains and instructs the process of 

solving equations (Wasserman, 2016). 

Monk (1994) later approached this same problem more generally by studying the effects 

of overall mathematics preparation of secondary mathematics teachers. The metric used to assess 

teacher content knowledge was simply the number of mathematics courses taken. Using this 

measure of teacher content knowledge, Monk (1994) found that the more mathematics that a 

teacher knows does in fact have a positive effect on student learning gains. However, results also 

showed that these positive effects diminish over time and vary across types of students. For 

example, this positive effect is larger for high school juniors than it is for high school 

sophomores. Such results suggest that attention must be paid to the mathematical rigor of teacher 

preparation programs as well as content focused professional development programs for 

secondary mathematics teachers. The results from these various studies linking student 

achievement to teacher knowledge helps to provide an impetus for this study. 

Conclusion 

In this chapter, I have discussed frameworks for teacher knowledge that have been 

developed which describe the various forms teacher knowledge can take, how this knowledge 

can be measured, and how it contributes to student learning. This work forms a foundation on 

which to build theory about the relationship between knowledge of real analysis and classroom 

teaching. In the next section, I discuss the methods employed to study this phenomenon. 
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CHAPTER 3: METHODS 

In this chapter, I discuss my research design as well as the methods of data collection and 

analysis for the study. At the end, issues concerning trustworthiness and credibility are discussed. 

Research Questions 

Recall that this study aims to address the following research questions. 

1. What connections between real analysis and high school mathematics content do teachers 

make when solving tasks? How can these connections be characterized in terms of 

mathematical proficiency and mathematical activity? 

2. What real analysis content is potentially used by mathematics teachers during the 

instructional process? How can the use of this content knowledge be characterized in 

terms of mathematical proficiency, mathematical activity, and mathematical context? 

Research Design 

To address these research questions, a qualitative approach was used to explore the 

relationship between real analysis and high school mathematics for teachers, the connections 

teachers make, and how these connections impact their teaching. Analyzing these connections in 

relation to classroom teaching lends itself to the use of qualitative research. Qualitative research 

emphasizes the importance of looking at variables in the natural setting in which they are found 

(Creswell, 2013), such as observing teachers in their classrooms. Data can be gathered through 

open ended questions and tasks that provide artifacts such as sample work and direct quotations 

(Creswell, 2013). In this study, these various data sources were gathered by means of textbook 

investigation, task-based interviews, and classroom observations. Unlike in quantitative research, 

which attempts to remove the investigator from the investigation, the researcher is a participant 

in the actual enactment. The focus of qualitative research is to have a holistic view of what is 
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being studied, however this comes with both advantages and disadvantages. For example, 

qualitative research can provide more in depth, comprehensive information. However, due to 

subjectivity, establishing validity and reliability may be difficult (Creswell, 2013). Issues related 

to trustworthiness and credibility will be discussed at the end of this chapter. 

More specifically, this research was conducted using a case study methodology. In 

general, case studies aim to research a case within a real-life, contemporary context or 

setting  (Creswell, 2013). In this collective case study, each of the four teachers are considered as 

a case, which are bounded by time (one semester) and place (classroom). Therefore, case studies 

typically involve the collection and analysis of multiple sources of information. In this study, 

these sources include task-based interviews, classroom observations, written work, lesson plans, 

and surveys. These data sources were analyzed using a case study analysis. First, within-case 

analyses were conducted to provide a detailed description of each case. This was followed by a 

cross-case analysis to derive themes and patterns among all of the cases. Although conducting 

this study can help to provide rich descriptions of how real analysis impacts each of the teachers’ 

teaching practices, case study research does come with its own set of challenges. First, the 

research must identify the case(s) being studied, which bounded system to study, and how many 

cases to study. By choosing to study more than one case, this will inherently reduce the depth of 

the analysis of each case. Also, since clear boundaries are set and a rationale is provided, this 

case study research has the potential to provide meaningful results, ultimately helping to add to 

existing theory. Only four cases were considered so that an in-depth analysis of each case as well 

as a cross-case analysis could be feasibly done. 
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Pilot Study 

Prior to conducting this dissertation study, a pilot study was conducted to determine 

teachers’ perceptions of real analysis in relation to their teaching practices. The goal was to 

determine both how pre-service teachers think real analysis is related to high school mathematics 

as well as how in-service teachers perceive that they use real analysis concepts in their 

classrooms. Specifically, I considered the following research questions in the pilot study. 

1. How do pre-service and in-service teachers perceive and describe the extent of their 

usage of real analysis in their teaching? 

2. How do in-service teachers perceive and describe the ways in which their knowledge of 

real analysis is implemented in their teaching? How to pre-service teachers perceive and 

describe the ways in which their knowledge of real analysis may be implemented in their 

future teaching? 

3. What are specific examples that teachers provide to illustrate their usage of real analysis 

in teaching mathematics? 

During one semester, two groups of teachers were interviewed about their perceptions of real 

analysis in relation to their teaching practice. One group consisted of three pre-service high 

school mathematics teachers who were currently taking real analysis. The other group was made 

up of three in-service high school mathematics teachers who had taken real analysis in the past. 

In fact, the pre-service teachers were taking real analysis at the same university that these in-

service teachers had taken real analysis. Therefore, both groups of teachers have had similar 

exposure when it comes to learning real analysis. 

These teachers were asked questions related to the usefulness of real analysis, topics from 

high school mathematics for which knowing real analysis would be valuable, teaching situations 
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for which knowing real analysis would be beneficial, and problems or tasks that could be better 

implemented with a background in real analysis. The pre-service teachers in real analysis were 

asked how what they are learning in the class may be applied to their teaching of high school 

mathematics. The full interview protocol for both the in-service and pre-service teachers can be 

found in Appendix B. During each interview, audio was recorded and descriptive field notes 

were taken. The audio recordings were transcribed so that a priori coding could be done on both 

the transcripts and field notes. The MUST framework developed by Heid, Wilson, and Blume 

(2015) was then used to code teacher perceptions in terms of mathematical proficiency, 

mathematical activity, or mathematical context. 

Results of Pilot Study 

The results from these interviews suggest that real analysis has the potential to have a 

positive impact on teachers’ mathematical proficiency, mathematical activity, and mathematical 

context. In terms of mathematical proficiency, the teachers who participated in this study 

claimed that taking real analysis provided them with a deeper conceptual understanding of 

number systems, sequences and series, functions, limits and asymptotes, and volume. 

Additionally, studying real analysis also improved their ability to engage in mathematical 

activity by helping them justify conjectures, derive formulas, make connections within and 

outside mathematics, and construct mathematical knowledge. In fact, both pre-service and in-

service teachers claimed that their experience with real analysis enabled them to better explain 

geometric proofs to their students. Finally, both groups of teachers believed that real analysis 

also improved their teaching practices (mathematical context) by making it easier to field a wide 

range of student questions and probe mathematical ideas. 
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Table 3.1: Teacher Perceptions of Real Analysis 

 
Pre-Service In-Service 

Utility of Real Analysis Fielding Questions 

Justification 

Precise Language 

Fielding Questions 

Justification 

Confidence 

High School Topics Related to Real Analysis Limits 

Number Systems 

Sequences 

Limits 

Asymptotes 

How Knowing Real Analysis Connects to 

Teaching 

Connections 

Constructing 

Knowledge 

Derivations 

Probing Questions 

Precise Language 

Confidence 

Tasks Related to Real Analysis Geometric Proofs 

Sequences and Series 

Functions 

Geometric Proofs 

Derivations 

Discover Radians 

Volume 

Investigation 

 

Table 3.1 above summarizes the results from this pilot study by showing the various 

benefits of taking a course in real analysis teachers mentioned during the interviews. These 

results suggest that teachers find real analysis useful in terms of improving their general 

mathematical practices, such as the ability to field student questions, justify, ask probing 

questions, and use precise mathematical language. However, the data indicated that with the 

exception of limits and sequences, teachers do not necessarily believe that knowledge of real 

analysis contributes to a deeper understanding of high school mathematics. For example, all 

three of the in-service teachers had experience teaching algebra, and claimed that there are not 

many connections between real analysis concepts and concepts from high school algebra.  

When the teachers were not clear on the connections, I decided to investigate what 

connections between real analysis and high school mathematics teachers can make and how 

those connections may inform their teaching practices. Therefore, prior to conducting task-based 
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interviews and observing teachers, I conducted a textbook content investigation to determine the 

connections between concepts from real analysis and high school mathematics standards. 

Textbook Investigation 

Prior to conducting task-based interviews and observing teachers, a textbook 

investigation was conducted to determine which concepts from real analysis are relevant to high 

school mathematics. This textbook investigation was done using a qualitative analysis, which can 

be described as a systematic procedure for reviewing or evaluating documents (Creswell, 2013). 

Advantages of this method of qualitative analysis include efficiency, availability, cost-

effectiveness, lack of obtrusiveness, stability, exactness, and coverage (Bowen, 2009). Although 

typically used for triangulation, the main purpose of this textbook investigation was to help 

establish the connections that exist between real analysis and high school mathematics content. 

This is similar to how Wasserman (2016)  established connections between abstract algebra and 

high school mathematics. For each high school mathematics standard, which serves as a proxy 

for content in his and my work, Wasserman (2016) asked how teaching of the standard may be 

informed by teachers’ knowledge of X (some given content in real analysis). The goal of this 

phase of the study is to find all possible links between high school mathematics standards 

(content) and teacher knowledge of X (in real analysis). 

I first describe how I conducted this textbook analysis. Textbooks tend to have a structure 

consisting of a variety of features which may have a significant impact on the audience 

(Valverde, Bianchi, & Wolfe, 2002). Textbook analysis provides a means by which these various 

features can be investigated. However, with all the possible features of a textbook to investigate, 

deciding which are worth analyzing may be difficult. To solve this problem, O’Keefe (2013) 

developed a framework consisting of four key features of textbooks (content, structure, 
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expectation, language) built on the work previously done by the 2002 TIMSS study. In terms of 

the mathematics textbooks, content can be defined as the underlying mathematical concepts, 

whereas structure describes how these concepts are sequenced. Expectation refers to what is 

expected of the reader and language is comprised the mathematical notation and symbols used. 

Based on an extensive review of the literature, O’Keefe (2013) found that these four components 

contribute to the overall effectiveness of a textbook and I used . 

Introduction to Real Analysis by Bartle and Sherbert  (2011) is a standard text used in 

many undergraduate real analysis courses. This was text was chosen because it contains topics 

which align with the Conference Board of Mathematical Sciences’ (2012) description of real 

analysis. Also, this text is typically used at the university where the participants of this study 

attended college and studied real analysis. Not all topics in this text may be directly connected to 

high school mathematics content. However, real analysis, along with abstract algebra, form the 

basis of advanced mathematics studied by mathematicians and are often considered foundational 

courses in the education of mathematics majors. Real analysis specifically diverges from the 

study of abstract algebra by investigating the structure behind continuous and infinitesimal 

quantities. 

Introduction to Real Analysis (Bartle & Sherbert, 2011) contains the following six major 

topics: topology of the real numbers, sequences and series, limits, functions, differentiation, and 

integration. It should be noted that differentiation and integration have been omitted from this 

analysis, but would be useful for those who teach calculus. In fact, since real analysis can be 

thought of as advanced calculus (this course is often listed under this name at many universities), 

one may argue that all calculus teachers should take this course. However, the aim of this study 

is to investigate the relevance of studying real analysis for all high school mathematics teachers, 
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not just those who teach calculus. Therefore, only connections between real analysis and the 

CCSS-M (2010) will be analyzed. However, it should be noted that the study of real analysis is 

much more comprehensive than the study of calculus. The notion of rigor and proof is prevalent 

throughout the study of real analysis, with one of the primary goals of this course to prove 

various properties of the real numbers and real-valued functions, such as the field axioms, 

completeness axiom, and the Intermediate Value Theorem. This rigorous treatment of the real 

numbers can help teachers understand how to prove what is unstated in high school in order to 

avoid false simplifications and to be able to answer questions from students seeking further 

understanding. Moreover, these topics provide opportunities to make use of original historical 

sources, which can motivate the theory and make real analysis seem less disconnected from high 

school mathematics. 

For each of these four major topics (topology of the real numbers, sequences and series, 

limits, and functions), relevant concepts were mapped to mathematics standards as described by 

the Common Core State Standards-Mathematics (CCSS-M, 2010). CCSS-M (2010) were chosen 

due to their broad adoption in the United States, as they provide an accurate representation of the 

mathematical concepts that should be discussed in a typical high school classroom and thus serve 

as a proxy for the content being taught. Applying the framework developed by O’Keefe (2013), 

the following components of each relevant topic were considered: underlying mathematical 

concepts, how these concepts are sequenced, what is expected of the reader, and notation and 

symbols used in communicating this concept.  The topic is then discussed through the lens of 

how I conceived that the teacher might use it in classrooms, and why the topic is, or could be 

needed, when teaching the content (standards). 
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Results of Textbook Investigation 

Topology of the real line. Introduction to Real Analysis (Bartle & Sherbet, 2011) begins 

by discussing the topology of the real line. To construct the real numbers, Bartle and Sherbert 

(2011) discuss sets of numbers such as the natural numbers, integers, rational numbers, and 

irrational numbers from a rigorous standpoint and prove various properties of each number 

system. The notion of set is fundamental to all of mathematics. In fact, many argue set theory 

forms the basis of the logical structure of mathematics (Tiles, 2004). Having a deep 

understanding of these sets of numbers is essential for any high school teacher, no matter what 

courses they teach. According to CCSS-M (2010), students should be able to explain why the 

sum or product of two rational numbers is rational, that the sum of a rational number and an 

irrational number is irrational, and that the product of a nonzero rational number and an 

irrational number is irrational. 

As with most introductory textbooks on real analysis, the authors introduce the reader to 

the algebraic and order properties of the real numbers. As shown in figure 3.1, Bartle and 

Sherbert (2011) introduce the concept of a field and state the nine axioms associated with this 

algebraic structure. Even constructs as fundamental as addition and multiplication can be viewed 

from a rigorous standpoint. 
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Figure 3.1: Algebraic Properties of the Real Numbers 

Having this deep knowledge of the structure of the real numbers is especially important for 

algebra teachers when they discuss solving linear equations. The algorithms for solving linear 

equations are based on the properties of equality (figure 3.1) of the real numbers. The order 

properties of the real numbers are also essential for those who teach concepts related to 

inequalities. For example, the fact that one can solve linear inequalities in a similar manner to 

how linear equations are solved is derived from the algebraic and order properties of the real 

numbers. Knowledge of these fundamental properties these algebraic and order properties of the 

real numbers is essential for teachers, since their students are expected to understand and write 

equivalent forms of equations and inequalities and solve them with fluency (CCSS-M, 2010). 

As is noted in the text, sets need not be comprised of numbers. In fact, sets can contain 

any object, even other sets. This idea is crucial for those who teach concepts from probability 

and combinatorics, since sample spaces are simply sets of possible outcomes of an event. In high 
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school, students are not only expected to understand the concept of a sample space, but they must 

also be able to construct sample spaces in simple cases (CCSS-M, 2010). The authors Bartle and 

Sherbert (2011) extend the notion of a set by defining the Cartesian product of two sets, as 

shown below in figure 3.2. 

 

Figure 3.2: Definition of a Cartesian Product 

The Cartesian product of the real numbers and itself results in the xy-plane, which is a 

fundamental part of algebra through precalculus and beyond. Furthermore, the definition of a 

Cartesian product is needed later in order to define the notion of a function as a mapping from 

one set to another. 

Anyone who teaches students the concept of domain is quite aware of the importance of 

interval notation. The subtle difference between open and closed intervals can be a difficult idea 

for students to grasp. Besides simply mixing up the notation, students may find it difficult to 

decide when an open versus closed interval should be used. From a real analysis standpoint, an 

interval (a,b) is open if for any point x in the interval, another interval centered at x can be drawn 

which is contained in (a,b). Simply put, the interval (a,b) contains every point between a and b, 

including ones which are arbitrarily close to but not equal to a or b. Closed intervals are defined 

in a similar manner, so that a and b are included. Having this deeper knowledge may help 

teachers better facilitate student understanding of the difference between open and closed 

intervals. 

Although the section in this text on metric spaces is noted to be optional, it contains 

various concepts that are especially useful for high school mathematics teachers. As shown 
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below in figure 3.3 , Bartle and Sherbert (2011) define the concept of a metric as general 

distance between two elements of a Cartesian product. 

 

Figure 3.3: Definition of a Metric 

This is followed by specific examples, such as absolute value as the distance between two real 

numbers and the distance formula derived from the Pythagorean theorem as the distance between 

two ordered pairs. The authors (Bartle & Sherbert, 2011) then go on to provide further examples 

of metrics in the real plane, such as the taxicab and infinity norms. The notion of distance is an 

integral component of coordinate geometry, which is quite prevalent in high school mathematics. 

Understanding the reasons (positivity, definiteness, symmetry, and the triangle inequality) why 

absolute value and the distance formula actually provide a way to measure the distance between 

two numbers or points is essential for anyone teaching high school mathematics. According to 

CCSS-M (2010), all high school students should be able to use coordinate geometry to analyze 

geometric situations. Having the knowledge of other metrics, such as the taxicab distance, may 

help teachers plan engaging tasks where students can analyze geometric situations or investigate 

conjectures. 

Sequences and series. Before the idea of sequences and series are discussed, it is 

imperative to introduce real analysis students to mathematical induction. This fundamental proof 

technique, as seen in figure 3.4, can be used to verify the binomial theorem and the formula for 

the sum of a finite geometric series, which are both discussed in high school. 
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Figure 3.4: Principle of Mathematical Induction 

Although high school teachers are not expected to explain mathematical induction to their 

students, having this background knowledge may shed light on why particular formulas hold true 

for any natural number. For example, the formula for the sum of an arithmetic or geometric 

sequence can be derived using an inductive argument. 

Once the concept of mathematical induction has been established, students in real 

analysis can prove theorems involving sequences and series. The authors (Bartle & Sherbert, 

2011) begin by defining a sequence as a function that maps the natural numbers to the real 

numbers, as shown below in figure 3.5. 

 

Figure 3.5: Definition of a Sequence 

In high school, students are often asked to find both the recursive and explicit formulas for 

sequences and then use these formulas to find a particular term. Additionally, it is common for 

students to explore the relationship between sequences and functions (CCSS-M, 2010). For 

example, a teacher may plan a lesson where students discover that arithmetic and geometric 

sequences are essentially linear and exponential functions, respectively. Therefore, it is essential 

that teachers understand that sequences are just a specific class of functions, where the domain is 

restricted to the natural numbers. 
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Once real analysis students have a firm understanding of sequences, both finite and 

infinite, Bartle and Sherbert (2011) introduces the concept of a series. Prior to the discussion of 

series, the author does mention the notion of monotonicity and proves related theorems. 

Monotonicity is also discussed later in the text in terms of functions, however in both cases it 

mainly serves as a concept on which concepts related to functions are developed. Although, 

finite series are not the focus of this section, the authors use partial sums to develop the concept 

of infinite series. For example, the authors extend the idea of finite geometric series to develop 

the notion of infinite geometric series. Both finite and infinite geometric series and the 

derivations of their explicit formulas, are discussed in high school mathematics courses. 

Deriving the formula for the nth partial sum of a finite geometric series is often done in 

high school by means of algebraic manipulations. However, it can be difficult for students to 

make the jump to the formula for a convergent infinite series. In fact, many students have a 

difficult time believing one can sum an infinite number of terms have the result be finite. 

Understanding when and why a geometric series converges can aid teachers in informally 

explaining to students where the formula 
𝑎

1−𝑟
 comes from. Teachers then can apply this deep 

understanding of infinite geometric series to discuss with students how they can be used to 

represent repeating decimals. 

Limits. Teachers may improve their general mathematical practices by studying much of 

what is in Introduction to Real Analysis (Bartle & Sherbet, 2011). However, the sections 

associated with limits are most relevant for precalculus teachers. Moreover, only a subset of the 

concepts from the limits section of this analysis text are directly connected to how limits are 

presented in a precalculus course. These topics include the limit definition, the divergence 

criteria theorem, properties of limits, left- and right-hand limits, and limits involving infinity. In 
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particular, limits involving infinity are discussed in detail in precalculus, so it is essential that 

teachers have a deep understanding of the nature of both infinite limits as well as limits at 

infinity. In the case of infinite limits, the authors discuss functions whose limits do not exist at a 

point due to the function tending to positive or negative infinity. Additionally, the authors use 

limits at infinity to describe cases where functions remain bounded as the magnitude of the x 

values become large. Knowledge of infinite limits may help teachers to better explain the notion 

of limits not existing, specifically when functions unbounded. Limits at infinity can be related to 

the concept of horizontal asymptotes, which is often how limits are introduced in precalculus. 

Using properties of limits, Bartle and Sherbert (2011) can develop the same results about 

limits at infinity of rational functions as done in precalculus. It is critical for teachers to go 

through the process of deriving these results, especially since high school students are expected 

to analyze functions in terms of asymptotes and global behavior (CCSS-M, 2010). Although, 

even if high school teachers do not teach limit concepts to their students, it is still beneficial for 

them to have a deep understanding of upper and lower bounds. For example, being able to 

convey the notion of a limit informally to their students may be beneficial in facilitating 

understanding of measurement and precision. 

Functions. One of the most fundamental sections in this text focuses on sets and 

functions. It is essential that all teachers of high school mathematics have a deep understanding 

of functions, since high school students are expected to understand relations and functions and 

select, convert flexibly among, and use various representations for them (CCSS-M, 2010). The 

authors (Bartle & Sherbert, 2011) begin by defining functions as mappings from one set to 

another, such as shown below in figure 3.6. 
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Figure 3.6: Function as a Mapping 

Anyone who teaches high school algebra is aware of the importance of this concept. Ideas 

discussed in this section, such as domain and range, one-to-one functions, inverse functions, and 

composite functions, are concepts that all high school students are expected to know (CCSS-M, 

2010). If teachers have a profound understanding of these concepts, they may be able to provide 

thoughtful explanations of function concepts, such as the vertical and horizontal line tests. 

Many of the functions studied in high school mathematics, such as linear, quadratic, and 

exponential functions, can be classified as continuous. The discontinuous functions studied are 

often characterized by having either asymptotes, jumps, or holes. In high school, continuous 

functions are often defined informally in terms of being able to draw a graph without picking up 

one’s writing utensil. In the context of a real analysis course, continuity is defined in terms of 

infinitesimal neighborhoods, as shown in figure 3.7. 

 

Figure 3.7: Continuous Function 
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Although the informal definition of continuity is easy for students to understand, it does not 

necessarily provide them with an analytical way to determine whether or not function is 

continuous. Thus, teachers must help students make connections between the graphical and 

algebraic representations of discontinuities. Without having a deeper understanding of 

continuity, as defined in the real analysis text, teachers may struggle to help students to make 

these connections. 

Both exponential and trigonometric functions are often introduced in algebra and studied 

in more detail later in precalculus. In this section, the authors (Bartle & Sherbert, 2011) define an 

exponential function in terms of a few analytic properties that must hold. Once the existence of 

the function E(x) = ex is established, The authors define the natural logarithm L(x) = ln(x) as the 

inverse of E(x), which can only be done since E(x) is a monotonic function. As shown in figure 

3.8, based on the definition of an inverse of a function, the domain of L(x) will be the range of 

E(x). This relationship between ex and ln(x) is thoroughly investigated in high school 

mathematics, so it is essential that teachers have a deep understanding of these two functions. 

 

 

Figure 3.8: Graphs of the Exponential and Logarithmic Functions 

Once both ex and ln(x) are defined, the authors derive properties of both general exponential and 

logarithmic functions. Not only must high school students be aware of these concepts, they must 



   

56 

 

also understand where they come from. By studying such properties in real analysis, teachers 

may be able to better facilitate student understanding of both exponential and logarithmic 

functions. 

Just as with the treatment of exponential and logarithmic functions, the trigonometric 

functions C(x) = cos(x) and S(x) = sin(x) are defined in terms of analytic properties. However, 

once these functions are given, the authors (Bartle & Sherbert, 2011) go on to prove various 

trigonometric identities involving sine and cosine, such as the Pythagorean theorem, the sum and 

difference formulas, and periodicity. Mostly beneficial for those who teach precalculus and 

trigonometry, these concepts provide foundational knowledge to these teachers. According to 

CCSS-M (2010), high school students are expected to understand and compare the properties of 

classes of functions, including exponential, logarithmic, and periodic functions. Additionally, 

students are to use trigonometric relationships to determine lengths and angle measures (CCSS-

M, 2010). Therefore, understanding trigonometric functions from this advanced perspective may 

help teachers plan tasks and facilitate student understanding of these various classes of functions. 

Summary. Table 3.2 below shows the specific standards each real analysis topic was 

mapped to. Additionally, a summary of the mapping of real analysis concepts to domains of the 

Common Core State Standards-Mathematics can be seen below in figure 3.9. The number 

displayed on each edge of the graph directed from the real analysis topics to the Common Core 

State Standards-Mathematics domains indicates how many standards from the domain each real 

analysis topic was mapped to. The orange boxes represent the domains taken from the Common 

Core State Standards Mathematics. Note that at least one topic from the text mapped to a  

domain of the Common Core State Standards-Mathematics. Moreover, the notion of function 

appears to be the most relevant domain from the Common Core State Standards-Mathematics 
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which is discussed in the book The results of this textbook investigation helped to provide 

further rationale for conducting this study as well as determine the types of questions teachers 

should be asked during the task-based interviews. 

 
 

Figure 3.9: Mapping Real Analysis Topics to CCSS-M 
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Table 3.2: List of Real Analysis Topics Mapped to CCSS-M 

Real Analysis Topic Common Core State Standard 

Structure of the Real Numbers CCSS.MATH.CONTENT.HSN.RN.B.3 

Algebraic and Order Properties of the Real 

Numbers 

CCSS.MATH.CONTENT.HSA.SSE.B.3 

CCSS.MATH.CONTENT.HSA.REI.B.3 

Set Theory CCSS.MATH.CONTENT.HSS.CP.A.1 

Metric Spaces CCSS.MATH.CONTENT.HSG.GPE.B.4 

Sequences as Functions from the Natural Numbers 

to the Real Numbers 

CCSS.MATH.CONTENT.HSF.IF.A.3 

CCSS.MATH.CONTENT.HSF.BF.A.2 

CCSS.MATH.CONTENT.HSF.LE.A.2 

Infinite Limits CCSS.MATH.CONTENT.HSF.IF.B.4 

CCSS.MATH.CONTENT.HSF.IF.C.7.C 

CCSS.MATH.CONTENT.HSF.IF.C.7.D 

CCSS.MATH.CONTENT.HSF.IF.C.7.E 

Functions as Mappings CCSS.MATH.CONTENT.HSF.IF.A.1 

CCSS.MATH.CONTENT.HSF.IF.A.2 

CCSS.MATH.CONTENT.HSF.IF.B.5 

CCSS.MATH.CONTENT.HSF.BF.B.4 

Exponential Functions CCSS.MATH.CONTENT.HSF.IF.C.7.E 

CCSS.MATH.CONTENT.HSF.IF.C.8.B 

CCSS.MATH.CONTENT.HSF.BF.B.5 

CCSS.MATH.CONTENT.HSF.LE.A.1 

Trigonometric Functions CCSS.MATH.CONTENT.HSF.TF.C.8 

CCSS.MATH.CONTENT.HSF.TF.C.9 

 

Setting and Participants 

This study took place over the course of the 2018-2019 academic year in the United 

States. Four teachers were asked to participate in this study; this is the recommended maximum 

number of cases to consider according to Creswell (2013), since considering more cases only 

reduces the depth of the analysis. A convenience sample of teachers was chosen, since the first 

four teachers who meet this criteria were chosen to participate in the study Each of the four 
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participants were in-service high school mathematics teachers who had previously taken a 

college level course in real analysis. The teachers in this study taught at various high schools and 

have taken real analysis at various universities during either their undergraduate studies. 

Although their academic experiences differed, it was assumed that each teacher’s real analysis 

course consisted of the following major topics: topology of the real numbers, sequences and 

series, limits, functions, differentiation, and integration.  

Basic demographic information was collected using a Google Form. This included the 

number of college mathematics courses taken, the number of pedagogy focused courses taken, 

their total years of teaching experience, their highest level of education, their college major, and 

which courses they typically teach. The demographic information recorded can be seen below in 

table 3.3. 

Table 3.3: Participant Demographics 

Teacher Number 

of Math 

Courses 

Number 

of 

Pedagogy 

Courses 

Years of 

Teaching 

Experience 

Typical 

Courses 

Highest 

Level of 

Education 

College Major 

A 16 11 18 Algebra, 

Geometry, 

Precalculus 

BS Mathematics, 

Mathematics 

Education 

B 16 10 2 Algebra, 

Statistics  

BS Mathematics, 

Mathematics 

Education, 

Communications 

C 18 14 1 Algebra, 

Precalculus 

BS Mathematics, 

Mathematics 

Education 

D 14 12 5 Algebra, 

Precalculus 

Calculus 

BS Mathematics, 

Mathematics 

Education 
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The Google Form also included the following questions, to provide further insight into how each 

teacher views real analysis and teaching mathematics. 

1. Do you think that high school mathematics teachers should be required to take 

real analysis? Why or why not? 

2. What does it mean to teach mathematics? 

The responses from the Google Forms were added to the individual results in the demographics 

survey to provide further insight into the background of the teachers. Ultimately, the cases were 

a somewhat diverse group of high school mathematics teachers with varying backgrounds in 

mathematics and pedagogy coursework as well as teaching experience so that each case provided 

a different perspective on the relationship between knowledge of real analysis and classroom 

teaching. 

Data Collection and Analysis 

In order to investigate the research questions, many forms of data were considered. Data  

was collected in two phases; task-based interviews and teacher class observations. I first 

completed a set of task-based interviews where teachers solved problems involving both building 

up from and stepping down to practice (Wasserman et al., 2017), as described in Chapter 2. I 

then observed teachers in their classrooms to establish how the connections they are making 

inform their teaching practices in terms of their mathematical proficiency, mathematical activity, 

and mathematical context. Table 3.4 below summarizes the data collection and analysis process. 
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Table 3.4: Data Collection and Analysis 

Research Question Data Sources Timeline Analysis 

What connections between real 

analysis and high school mathematics 

content do teachers make when 

solving tasks? How can these 

connections be characterized in terms 

of mathematical proficiency and 

mathematical activity? 

Transcripts; 

Written Work 

Fall 

2018 

Categorizing Transcripts 

and Written Work Using 

MUST Framework; 

Emergent Coding on 

Transcripts and Written 

Work 

What real analysis content is 

potentially used by mathematics 

teachers during the instructional 

process? How can the use of this 

content knowledge be characterized 

in terms of mathematical proficiency, 

mathematical activity, and 

mathematical context? 

Transcripts; 

Field Notes; 

Lesson Plans 

Spring 

2019 

Categorizing Transcripts, 

Field Notes, and Lesson 

Plans Using MUST 

Framework; Emergent 

Coding on Transcripts, 

Field Notes, and Lesson 

Plans 

 

Task-Based Interviews 

Data collection. To address the first research question, two task-based interviews were 

conducted with each of the four in-service teachers who are the cases in this study are and had 

taken a course in real analysis. Each interview lasted approximately one hour and video was 

recorded. One camera was used to record video, which was pointed directly the paper the teacher 

was writing on. Interviews were conducting one on one in a quiet office to maximize the video 

and sound quality of the recording. In these interviews, the teachers solved problems that 

required them to either build up from or step down to practice (Wasserman et al., 2017), 

described in Chapter 2. Teachers were provided with paper and writing utensils to illustrate their 

solution to each problem. These problems focused on a representative subset of the connections 

found during the textbook investigation phase of the study, including one problem from each of 
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the following domains: topology of the real numbers, sequences and series, limits, and functions. 

These problems were chosen based on the connections that were found to be most prevalent from 

the textbook investigation. Additionally, these problems were constructed with the following 

structure in mind, adapted from Wasserman et al. (2017). 

1. High school teachers must do X as part of their practice. 

2. Doing X well requires doing Y well. 

3. Knowledge of real analysis enables teachers to do Y well. 

In this scheme, X and Y are mathematical practices. For example, high school teachers must 

know when a function has an inverse and be able to find a formula for this inverse. Being able to 

determine when a function has an inverse may require teachers to understand and apply the 

horizontal line test. Knowledge of real analysis enables teachers to have a deep understanding of 

monotonicity, the notion of strictly increasing or decreasing functions, which may provide 

teachers with insight into how and why the horizontal line test works. 

For each of the tasks, participants were asked to solve a high school mathematics 

problem, shown a solution which involves concepts from real analysis, asked to reflect and 

explain the solution back to the researcher, asked how the connection made in this problem could 

inform their teaching, and asked how their real analysis course could have helped them integrate 

this connection into their teaching. Prior to the start of each interview, teachers were provided 

with the following description of the topics covered in real analysis to remind them of what they 

may have learned in the course: real number system, functions, limits, topology on the real line, 

continuity, differential and integral calculus for functions of one variable, infinite series, and 

uniform convergence. The problems given to the teachers during the task-based interviews can 

be seen below. 
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1. The taxicab metric is defined as d((x1, y1), (x2, y2)) = |x1 - x2| + |y1 - y2| and the maximum 

metric is defined as d((x1, y1), (x2, y2)) = max{|x1 - x2|, |y1 - y2|}. Sketch the unit circle for 

Euclidean, taxicab, and maximum metrics. Recall that a circle is simply defined to be the 

set of all points equidistant from a center. 

a. The Euclidean unit circle is in red, the taxicab unit circle is in blue, and the 

maximum unit circle is in green.  

 

b. Can you explain the solution back to me? 

c. How could the connection between real analysis and high school mathematics that 

you just explained to me inform your teaching practice? 

d. What could have been done in your real analysis course to help you integrate this 

connection into your teaching?  

2. Does 0.74999… = ¾? If so, prove why this is true. If not, explain why these expressions 

are not equivalent. 

a. Yes, these quantities are equivalent. If we write 0.74999… as 0.74 + 0.00999… 

and represent 0.00999… as an infinite geometric series, 0.74999… converges to 

¾ since 0.00999… converges to 0.01. 

b. Can you explain the solution back to me? 
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c. How could the connection between real analysis and high school mathematics that 

you just explained to me inform your teaching practice? 

d. What could have been done in your real analysis course to help you integrate this 

connection into your teaching?  

3. What is the value of √2 + √2 + √2+. . .. ? 

a. The value of this expression is 2. Let a1 = √2and an = √2 + 𝑎𝑛−1. This sequence 

is strictly monotonic and bounded, therefore it converges. Also, we know that the 

limit of a subsequence of a sequence converges to the same limit. Thus the limit 

of an is equal to the limit of an-1, which will denote as L. So we have L2 = 2 + L, 

which has solutions L = 2 or L = -1. Since the value of this expression is always 

positive,  √2 + √2 + √2+. . . = 2. 

b. Can you explain the solution back to me? 

c. How could the connection between real analysis and high school mathematics that 

you just explained to me inform your teaching practice? 

d. What could have been done in your real analysis course to help you integrate this 

connection into your teaching?  

4. Does the function f(x) = a(x - b)2+ c have an inverse? If f(x) does have an inverse, find a 

formula for f-1(x). If f(x) does not have an inverse, explain why. 

a. Since f(x) is not strictly monotonic for all real numbers, it does not have an 

inverse. However, if f(x) is restricted to the domain [b, ∞), we have f-1(x) = 

√𝑥−𝑐

𝑎
+ 𝑏. 

b. Can you explain the solution back to me? 
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c. How could the connection between real analysis and high school mathematics that 

you just explained to me inform your teaching practice? 

d. What could have been done in your real analysis course to help you integrate this 

connection into your teaching?  

For each task, teachers were first given the problem and asked to work through their 

solution, explaining their thought process along the way. If I teacher did not say anything while 

writing, I asked them to explain what they just did and why they did it. Only open-ended 

questions were used to elicit responses from the teachers as to minimize my influence on the way 

they approached the problem. Problems 1 and 3 required teachers to step down from real analysis 

to high school mathematics and problems 2 and 4 required teachers to step up to real analysis 

from high school mathematics (Wasserman et al., 2017). The first question asked participants to 

provide a sketch of three unit circles defined by three different metrics. Recall that a circle is 

simply defined to be the set of points in the plane equidistant from a center. For a unit circle, this 

distance would be 1 and the center would be the origin. In order for the participants to solve this 

problem correctly, they had to generalize the definition of a circle to account for the various 

ways distance can be measured. Their ability to make this generalization may have been 

influenced by their knowledge of metric spaces from real analysis. Additionally, this question 

was given to the participants first since it requires less sophisticated techniques than the 

remaining questions. The second question required participants to determine if the two 

expressions 0.74999… and ¾? are equivalent. Since it is possible for participants to simply recall 

or even guess whether or not these numbers are equivalent, they were also asked to explain their 

reasoning. The participants ability to solve this problem correctly hinged upon their 

understanding of limits and convergence. If they were able to understand that 0.74999… can 
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really be thought of as a limit which happens to converge to ¾, then they may have drawn the 

conclusion that 0.74999… = ¾. Although this can be done using basic algebraic manipulations, 

the solution using limits and the convergence of geometric sequence illustrates key concepts 

from real analysis. 

Question three was designed to be the most difficult problem in the interview protocol. 

Solving this problem correctly also depends on knowledge of limits, so it is a natural extension 

of concepts involved in solving the second problem. For this task, participants are asked to find 

the value of the expression√2 + √2 + √2+. . . without explicitly being told to use limits. Due to 

the difficulty of this problem, it was likely that many of the participants would not be able to 

solve it correctly. However, it was still worthwhile to listen to their reasoning and see if they can 

explain the solution back to me.  

For the final question of the task-based interviews, teachers were asked to determine 

whether or not a function has an inverse. Although this can be done by using the horizontal line 

test or finding a formula for the inverse and then determining whether it is a function, teachers 

will be asked to provide more explanation of why this is valid. The explanation provided by the 

teacher may help to provide insight into whether or not they are able to make the connection 

between the horizontal line test from high school algebra and precalculus and the notions of 

injective functions and monotonicity from real analysis. Teachers solved the first two problems 

in the first interview and the final two problems in the second interview. Participants were given 

one problem at a time, so that they do not feel overwhelmed or the need to work quickly. The 

video recordings from the interviews were transcribed verbatim and the written work of the 

teachers were collected. Table 3.5 below shows which problems each teacher solved correctly 
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during the task-based interviews.  Ultimately this doesn’t affect the results, but provides an 

overview of how some of the case teachers performed differently on the tasks.  

Table 3.5: Task-Based Interview Results 

Teacher Problem 1 Problem 2 Problem 3 Problem 4 

A ✓  ✓ ✓ 

B ✓ ✓ ✓ ✓ 

C ✓   ✓ 

D ✓ ✓ ✓ ✓ 

 

Data analysis. Analysis started on both blocks of text from the transcripts and written 

work of the teachers by categorizing the block or teachers writing as either mathematical 

proficiency or mathematical activity. A block of text could consist of a word, phrase, sentence, or 

even several sentences. If a teacher demonstrated procedural fluency, conceptual understanding, 

strategic competence, adaptive reasoning, productive disposition, or any combination of these, 

then the classification mathematical proficiency was used. If a teacher demonstrated 

mathematical noticing, mathematical reasoning, mathematical creating, or any combination of 

these, then the classification mathematical activity was used. For example, when a teacher used 

conceptual understanding, procedural fluency, and adaptive reasoning to apply the definition of 

the taxicab metric to write the equation for the taxicab unit circle, this was categorized as MP. 

However, when a teacher used both mathematical reasoning and creating to determine that when 

x or y is 1, then y or x must range between -1 and 1, this was categorized as MA.  

Once all transcripts and written work had been classified according to this scheme, phase 

two of coding involved identifying emergent codes that were related to either mathematical 
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proficiency or mathematical activity. A sample of this process can be seen below in figure 3.10 

and table 3.6. 

Table 3.6: Task-Based Interview Coding Sample 

 Observation MUST 

Classification  

Emergent 

Code 

Description 

Teacher applied definition 

of the taxicab metric to 

write the equation for the 

taxicab unit circle. 

Mathematical 

Proficiency 

(MP) 

Applying 

Definition 

Teacher applied a 

definition related to 

metrics, convergence, or 

functions to solve a 

problem. 

Teacher determined that 

when x or y is 1, then y or 

x must range between -1 

and 1. 

Mathematical 

Activity (MA) 

Reducing 

Complexity 

Teacher reduced 

complexity of a problem 

using knowledge of 

metrics. 

 

 
 

Figure 3.10: Task-Based Interview Coding Sample 

In the example above, the applying definition code emerged from the data whenever a teacher 

applied a definition related to metrics, convergence, or functions to solve a problem. These 

rigorous definitions are studied in real analysis, which implies that this is a specific type of 
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mathematical proficiency which may be developed by studying real analysis. The reducing 

complexity code emerged from the data whenever a teacher reduced the complexity of the 

problem using knowledge of metrics. In real analysis, teachers may learn how to use various 

theorems, definitions, and properties to transform problems into ones that are easier to solve. 

Figure 3.11 below shows the full codebook, which includes all emergent codes for mathematical 

proficiency and mathematical activity that were identified and used to code the transcripts during 

the second phase of coding. 

 

Figure 3.11: Task-Based Interview Codebook 
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The emergent codes were then clustered and combined into two themes for mathematical 

proficiency and three themes for mathematical activity. For mathematical proficiency, this was 

done by clustering the adapting definition, adapting knowledge, applying definition, and 

conceptual codes and reducing them to the definition theme. These codes were grouped together, 

since they all describe how teachers adapted and applied definitions to solve problems. The 

algorithm, computing, and procedure codes were also clustered and reduced to the algorithm 

theme. These codes were grouped together, since they all described how teachers knew when and 

how to apply an algorithm or procedure, as well as why the procedure worked. For mathematical 

activity, this was done by clustering the conjecture, experimenting, and generalizing codes and 

reducing them to the inductive reasoning theme, since these codes all describe how teachers 

engaged in inductive reasoning to make conjectures. The proving and verify codes were 

clustered and reduced to the justifying theme, since these codes describe the process of using 

deductive reasoning to justify a claim. Finally, the illustrate, reducing complexity, representing, 

and connecting codes were clustered and reduced to the modifying theme. These coded were 

grouped together, since they all describe how teachers used alternative mathematical 

representations to reduce the complexity of a problem. Table 3.7 below summarizes the 

relationship between the emergent codes and themes. These emergent themes, which describe 

teacher knowledge of real analysis in terms of their mathematical proficiency and activity, are 

discussed in more detail in the next two chapters. The next phase of this study specifically 

investigated how these connections may connect to teachers’ pedagogical practice using the 

observation data in terms of their mathematical proficiency, mathematical activity, and 

mathematical context. 
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Table 3.7: Emergent Codes and Themes for Task-Based Interviews 

MUST Category Theme Emergent Codes 

Mathematical Proficiency Definition Adapting Definition, Adapting 

Knowledge, Applying Definition, 

Conceptual 

Algorithm Algorithm, Computing, Procedure 

Mathematical Activity Inductive Reasoning Conjecture, Experimenting, 

Generalizing 

Justifying Proving, Verifying 

Modifying Illustrate, Reduce Complexity, 

Representing, Connecting 

 

Teacher Observations 

Data collection. I went into classrooms and observed the participants as they taught to 

address the second research question. The goal of these observations was to study how the real 

analysis concepts they have discussed as influencing their thinking might  inform their teaching. 

Each of the four teachers were observed twice, where they chose lessons for me to observe that 

they believed required knowledge of real analysis. This was done so that potential connections 

between real analysis and high school mathematics would be  observed.  Limitations regarding 

the choice of observations are discussed in more detail in chapter 5. Table 3.8 below summarizes 

the topics covered during each of the eight observations. 
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Table 3.8: Summary of Observed Lessons 

Teacher Lesson 1 Lesson 2 

Course Topic Course Topic 

A Math III Polynomial 

Functions 

Math III End Behavior 

B Advanced 

Functions and 

Modeling 

Convergent Series Math II Quadratic 

Functions 

C Precalculus Sequences and 

Series 

Precalculus Trigonometric 

Functions 

D Precalculus Sequences and 

Series 

Math I Sequences and 

Functions 

 

Prior to each observation, teachers submitted a detailed lesson plan and any accompanying 

materials used during the lesson. Observations lasted the entire class period, approximately 90 

minutes for each observation. During these observations, video was recorded using only one 

camera and detailed field notes were taken using the form shown below in table 3.9. In addition 

to detailed accounts of what occurred during the lesson, information such as the course, number 

of students, and desk arrangement was recorded. One camera was used to record video from the 

back of the classroom so that the teacher could be observed and students’ faces were not visible.  

Table 3.9: Field Notes Form 

Notes 

Class: X 

Class Size: X students 

Time: XX minutes 

Topic: X 

Instructional Strategies 

1. X 

2. Y 

3. Z 
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During the observations, my role as an observer was passive, focusing only on recording detailed 

field notes of the lesson. To supplement what is captured by the video recordings, it was essential 

that the field notes taken be immensely detailed. Recording field notes helped to provide detailed 

descriptions of events that cannot be captured using video recording, such as interactions 

between the teacher and students and between students. These thick, rich descriptions provided 

the foundation for the analysis of qualitative data (Patton, 2014). Field notes were recorded 

chronologically, that is, descriptions of events were recorded as they occurred in real time. Notes 

were recorded every time the teacher presented a new concept, posed a question, had an 

interaction with students, etc. For example, consider the notes recorded during the first few 

minutes of class, as seen below in table 3.10. 

Table 3.10: Sample Observation Field Notes 

Notes 

Class: Math III 

Class Size: 10 students 

Time: 90 minutes 

Topic: End Behavior 

Instructional Strategies 

1. Teacher asks students compare and contrast linear, quadratic, cubic, exponential 

functions. 

2. Teacher walks around the classroom to answer questions while students work through 

the problems, focusing on monitoring and sequencing. 

3. Teacher leads whole class discussion about the similarities and differences between 

linear, quadratic, cubic, and exponential functions. 

 

In addition to providing detailed descriptions of events that have occurred, field notes can 

be used to improve the trustworthiness of a study (Cowrin and Clemens, 2012). To enhance the 

trustworthiness in this study, excerpts from the transcripts and field notes as well as emergent 

findings were shared with the participants. The teachers who were observed were asked if these 
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data sources and initial findings reflected their experiences accurately. Additional issues 

concerning trustworthiness and credibility are discussed in the next section.  

To reduce bias in the analysis of the field notes, the primary objective during the 

classroom observations was to be as descriptive as possible without beginning to interpret. I 

wrote a reflection of what occurred for each set of field notes; this occurred immediately 

following the end of an observation. Coding of all data according to the procedure described 

below did not occur until all observations were complete. This is so that the field notes recorded 

for later observations were not influenced by what had occurred in previous observations. 

Transcripts of the video recordings, lesson plans, and field notes were all coded to determine 

how a teachers’ knowledge of the connections between real analysis and high school 

mathematics informs their teaching practices. Although the lesson plans collected came in 

varying formats, teachers were asked to include the following components: learning objectives, 

language objectives, standards, materials, instructional strategies, and assessments. The coding 

process of the classroom observation data occurred in three distinct phases. 

Data analysis. During the first phase of coding of the transcripts of the observations, a 

categorization was done on blocks of text from the transcripts, field notes, and lesson plans to 

categorize the teacher’s practice as mathematical proficiency, mathematical activity, or 

mathematical context, as described by the MUST framework (Heid, Wilson, & Blume, 2015). 

Again, a block of text could consist of a word, phrase, sentence, or even several sentences. If a 

teacher demonstrated procedural fluency, conceptual understanding, strategic competence, 

adaptive reasoning, productive disposition, or any combination of these, then the classification 

mathematical proficiency was used. If a teacher demonstrated mathematical noticing, 

mathematical reasoning, mathematical creating, or any combination of these, then the 
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classification mathematical activity was used. Finally, if a teacher probed mathematical ideas, 

understood the mathematical thinking of students, knew or used the curriculum, assessed the 

mathematical knowledge of learners, or any combination of these, then the classification 

mathematical context was used. This categorization was not used in the task-based interviews, 

since this could not be observed while solving purely mathematical tasks. For example, when a 

teacher used conceptual understanding and procedural fluency to introduce and unpack limit 

notation for end behavior, this was categorized as MP. However, when a teacher used 

mathematical noticing and reasoning to use various power functions to explain show the 

relationship between the exponent and end behavior, this was categorized as MA. Finally, when 

a teacher probed mathematical ideas and assessed the mathematical knowledge of learners to ask 

student how the graphical and numerical approach to determining end behavior are connected, 

this was categorized MC. Once all transcripts, lesson plans, and field notes were classified 

according to this scheme, the second phase of coding involved identifying emergent codes for 

mathematical proficiency, mathematical activity, and mathematical context. A sample of first 

two phases of the coding process is shown below in table 3.11.  

In the example below, the notation code emerged from the data whenever a teacher used 

introduced or unpacked mathematical notation related to sequences, series, functions, or limits. 

In a real analysis course, teachers would have been expected to use and manipulate complex 

mathematical notation to solve problems. The justify code emerged from the data whenever a 

teacher justified an argument related to sequences, series, functions, or limits using inductive or 

deductive reasoning. Throughout the study of real analysis, teachers may have been expected to 

use both inductive and deductive reasoning to justify claims. Finally, the guide code emerged 
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from the data whenever teacher guided students by asking or answering questions related to 

sequences, series, functions, or limits.  

Table 3.11: Teacher Observation Coding Sample 

 Observation MUST 

Classification  

Emergent 

Code 

Description 

Teacher introduced and 

unpacked limit notation for 

end behavior. 

Mathematical 

Proficiency 

(MP) 

Notation Teacher introduced and 

unpack mathematical 

notation related to 

sequences 

Teacher justified claim 

made by student about end 

behavior using various 

power functions as 

examples. 

Mathematical 

Activity (MA) 

Justify Teacher justified an 

argument related to 

sequences, series, functions, 

or limits using inductive or 

deductive reasoning. 

Teacher asked student how 

the graphical, numerical, 

and algebraic approaches to 

determining end behavior 

are connected. 

Mathematical 

Context (MC) 

Guide Teacher guided students by 

asking or answering 

questions related to 

sequences, series, functions, 

or limits. 
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Figure 3.12: Teacher Observation Codebook 

Figure 3.12 above shows the full codebook, which includes all emergent codes for mathematical 

proficiency, mathematical activity, and mathematical context that were applied during the second 

phase of coding. These codes were then clustered and reduced to three themes for mathematical 

proficiency, two themes for mathematical activity, and three themes for mathematical context. In 

mathematical proficiency, this was done by clustering the mathematical language, notation, and 

definition codes and reducing them to the language theme. These codes were grouped together, 

since they all describe how teachers introduced or unpacked precise mathematical language or 
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notation to explain a concept. The connecting and summarizing codes were also clustered and 

reduced to the connections theme, since these codes both describe how teachers used their 

knowledge of real analysis to explain a connection between mathematical objects. Finally, the 

procedure and applying properties codes were clustered and reduced to the application theme, 

since these codes describe how teachers explain how and why to apply a given procedure. 

For mathematical activity, the illustrating and representing were combined into the 

representing theme, since these codes describe how teachers used alternative representations of 

functions or sequences to illustrate concept. The deriving and justify codes were also clustered 

and reduced to the verifying theme. These codes were grouped together, since they both describe 

how teachers used either inductive or deductive reasoning to verify a claim. Finally, for 

mathematical context, clustering the building and facilitating codes yielded the building theme. 

These codes were grouped together, since they both describe how teachers built off of prior 

student knowledge. The guiding, fielding questions, and probing codes were clustered and 

reduced to the questioning theme, since these codes all describe how teachers used their 

knowledge of concepts from real analysis to answer or ask relevant questions. This left 

curriculum code to be categorized as distinct theme on its own. Table 3.12 below summarizes the 

relationship between the emergent codes and themes. These emergent themes, which describe the 

impact of the knowledge of real analysis on teaching practices, are discussed in more detail in 

the next two chapters. 
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Table 3.12: Emergent Codes and Themes for Observations 

MUST Category Theme Emergent Codes 

Mathematical Proficiency Language Mathematical Language, Notation, 

Definition 

Connections  Connecting, Summarizing 

Application Procedure, Applying Properties 

Mathematical Activity Representing Illustrating, Representing 

Verifying Deriving, Justify 

Mathematical Context Questioning Guiding, Fielding Questions, 

Probing 

Building Building, Facilitating 

Curriculum Curriculum 

 

Trustworthiness and Credibility 

Various measures were taken to ensure the validity and reliability of this study. 

Validation can be defined as an attempt to assess the accuracy of the findings (Creswell, 2013), 

which can be achieved through a variety of means. By spending an extensive amount of time 

interviewing and observing teachers, the decisions I made reflect what is salient to the purpose of 

the study. Triangulation was also achieved by considering various forms of data (textbooks, 

standards, written work, transcripts, field notes, lesson plans) and methods (document analysis, 

interviews, observations). For the task-based interviews and classroom observations, transcripts 

and field notes were shared with the participants to ensure that what has been recorded or written 

down was an accurate representation of what was said and meant by the teachers. Upon member 

checking, teachers agreed that what was recorded was an accurate representation of their 
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intentions. Research is said to be reliable if the results could be reproduced under the same 

conditions (Creswell, 2013). The reliability of this study was enhanced by detailed field notes 

and clear video recordings. The written work of the teachers collected from the task-based 

interviews were coded using the MUST framework by an outside researcher to ensure inter-rater 

reliability. Finally, I included a statement of subjectivity in chapter 1, which establishes my 

position and implicit biases that may impact the study. 

Conclusion 

In this chapter, I have discussed both the methods of data collection and analysis for this 

study including task-based interviews and teacher observations. Results from a pilot study and 

textbook investigation were also presented. These results provided a rationale for studying the 

relationship between knowledge of real analysis and classroom teaching. Finally, I have 

discussed issues related to trustworthiness, credibility, and subjectivity. In the next chapter, I 

discuss the results of the analysis of the task-based interviews and teacher-observations. 
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CHAPTER 4: RESULTS 

This chapter consists of three parts. First, I describe in more detail the emergent codes 

and themes and present the ways that these themes and codes connect to the MUST framework 

categories. Second, I provide a narrative of each task-based interview and classroom observation, 

followed by a within-case analysis of each individual teacher. Third, I offer a cross-case analysis 

of all four teachers, showing and discussing how both the categories and themes emerged across 

the teachers. Throughout the narratives and analyses, various notations will be used. MP, MA, or 

MC will be used to denote an occurrence of mathematical proficiency, activity, or context. Also, 

the categories of the MUST framework will appear in italicized text, as in mathematical 

proficiency, mathematical activity, and mathematical context. Finally, emergent codes discussed 

in the within-case analysis will appear in boldface text, such as experimenting.  

Description of Emergent Codes and Themes  

Interview codes and themes. In this section, I discuss the emergent codes and themes 

that were found in the interview data. In terms of mathematical proficiency, the themes definition 

and algorithm emerged. The adapting definition, adapting knowledge, applying definition, and 

conceptual codes were clustered and reduced to the definition theme, whereas the algorithm, 

computing, and procedure codes were clustered and reduced to the algorithm theme. The 

definition theme describes how teachers may have adapted and applied knowledge of a rigorous 

definition related to metrics, convergence, or functions to solve a problem. Having a deep 

understanding of and being able to work with various definitions from real analysis helped 

teachers to better engage in the problem solving process. For example, various teachers used 

their knowledge of the definitions of a circle and a metric to sketch unit circles defined by the 

taxi-cab and maximum norms. The algorithm theme describes how teachers knew why an 
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algorithm or procedure related to limits, sequences, or functions worked. This commonly 

occurred when teachers used the standard algorithm for determining the inverse of a function. 

Although being able to use this algorithm does not require knowledge of real analysis, knowing 

why it works and when it can be applied does require a deeper understanding of functions. In this 

case, knowing that the function f(x) = a(x - b)2+ c only has an inverse when the domain is 

restricted to [b, ∞) is a prerequisite to deriving the formula for the inverse using the standard 

algorithm. Knowing the criteria for invertibility of functions can be developed by studying real 

analysis. 

Mathematical activity had three emergent themes: inductive reasoning, justifying, and 

modifying. The conjecture, experimenting, and generalizing codes were clustered and reduced to 

the inductive reasoning theme, since these codes all describe how teachers engaged in inductive 

reasoning to make conjectures. The proving and verify codes were clustered and reduced to the 

justifying theme, since these codes describe the process of using deductive reasoning to justify a 

claim. Finally, the illustrate, reducing complexity, representing, and connecting codes were 

clustered and reduced to the modifying theme. These coded were grouped together, since they all 

describe how teachers used alternative mathematical representations to reduce the complexity of 

a problem. The emergent theme inductive reasoning describes how teachers used inductive 

reasoning to make a conjecture or generalization about convergence. For example, it was 

common for teachers to use inductive reasoning to make the conjecture that the value of  

√2 + √2 + √2+. . . was 2, even if they were unable to justify their conjecture. However, the 

justify theme describes how teachers justified claim about convergence of functions numerically, 

graphically, or using a formal proof. This commonly occurred when teachers were asked to 

determine whether a quadratic function had an inverse. By using both algebraic and graphical 
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representations, teachers were able to make sense of the relationship between the notions of 

injectiveness and the horizontal line test and therefore justify the formula they determined for the 

inverse. Both the ability to think inductively and deductively could be developed in real analysis 

courses. Finally, the modifying theme describes how teachers used an alternative mathematical 

representation of a sequence or function to reduce the complexity of the problem. A common 

theme among the task-based interviews was for teachers to change the representation of a 

problem in order to make it more approachable. For example, teachers noticed that 

√2 + √2 + √2+. . . could really be viewed as a sequence, so the question can be reduced to 

determining the value the sequence converges to. Many teachers claimed that real analysis taught 

them how to break problems down into basic components. The emergent themes derived from 

the qualitative analysis of the task-based interviews can be seen in table 4.1 below.  

Table 4.1: Emergent Themes for Task-Based Interviews 

MUST Category Theme Description 

Mathematical Proficiency Definition Teacher adapted and applied 

knowledge of a rigorous definition 

related to metrics, convergence, or 

functions to solve a problem. 

Algorithm Teacher knew why an algorithm or 

procedure related to limits, 

sequences, or functions worked. 

Mathematical Activity Inductive Reasoning Teacher used inductive reasoning to 

make a conjecture or generalization 

about convergence. 

Justifying Teacher justified a claim about 

convergence or functions 

numerically, graphically, or using a 

formal proof. 

Modifying Teacher used an alternative 

mathematical representation of a 

sequence or function to reduce the 

complexity of the problem. 
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Observation codes and themes. In this section, I discuss the emergent codes and themes 

that were found in the observation data. In terms of mathematical proficiency, the themes 

language, connections, application emerged. The mathematical language, notation, and definition 

codes were clustered and reduced to the language theme. Additionally, the connecting and 

summarizing codes were also clustered and reduced to the connections theme, since these codes 

both describe how teachers used their knowledge of real analysis to explain a connection 

between mathematical objects. Finally, the procedure and applying properties codes were 

clustered and reduced to the application theme, since these codes describe how teachers explain 

how and why to apply a given procedure. The language theme describes how teachers used 

precise mathematical language or introduced and unpacked mathematical notation related to 

sequences, series, functions, or limits. For example, this was observed when a teacher provided a 

formal definition of end behavior using limit notation. This teacher was able to use her 

knowledge of limits from real analysis to unpack this definition for her students. Studying real 

analysis may have helped her to better explain this precise mathematical definition. The 

connections theme describes how teachers explained or summarized mathematical connections 

between sequences and functions or limits and asymptotes. For example, this was seen when a 

teacher discussed the relationship between arithmetic and geometric sequences and linear and 

exponential functions. Here, the teacher had access to the knowledge that sequences are simply 

functions with a domain restricted to the natural numbers, a topic formally discussed in real 

analysis. Finally, the application theme describes how teachers used knowledge sequences, 

series, functions, or limits to explain how and why to apply a procedure, definition, or 

mathematical property to solve a problem. Although being able to use various algorithms or 

procedures does not necessarily require knowledge of real analysis, having this knowledge could 
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have help teachers to provide thoughtful explanations of why these algorithms or processes 

worked. For example, this was seen when a teacher discussed the process of determining whether 

or not a relation is a function using the vertical line test. Here, the teacher drew on her 

knowledge of the formal definition of a function that she learned in real analysis. 

Due to the lower number of occurrences, mathematical activity had only distinct 

emergent themes: representing and verifying. The illustrating and representing were combined 

into the representing theme, whereas the deriving and justify codes were clustered and reduced to 

the verifying theme. The representing theme describes how teachers used an example of an 

equation, graph, or other representation to illustrate a concept related to sequences, limits, or 

functions. In this case, knowledge of real analysis has the potential to provide teachers will a 

deeper understanding of the various representations of functions. For example, this was observed 

when a teacher showed her students the similarities and differences between sequences and 

functions in terms of their domains by providing side by side graphs of arithmetic sequences and 

linear functions as well as geometric sequences and exponential functions. This teacher was able 

to apply her knowledge that sequences are functions to explain this concept to her students. The 

verifying theme describes how teachers justified a claim or derived a formula or property related 

to sequences, series, functions, or limits using definitions, properties, or examples. Being aware 

of which examples would best illustrate given properties is an essential part of helping students 

to develop an intuitive understanding of various concepts. Having a deep understanding of these 

concepts, as developed in real analysis, may help teachers to come up with appropriate examples. 

For example, this was seen when a teacher provided the Fibonacci sequence as an example to 

illustrate that not all sequences can be represented using an explicit formula. The skill of 

justifying or deriving properties can be developed throughout the study of real analysis, such as 
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when students derive algebraic properties of limits of sequences and functions. This was also 

commonly observed when teachers derived various properties of summations, such the constant, 

sum, difference, and index shifting properties. 

Mathematical context also had three distinct emergent themes: questioning, building, 

curriculum. The building and facilitating codes clustered into the building theme and the guiding, 

fielding questions, and probing codes were clustered and reduced to the questioning theme. This 

left the curriculum code to be categorized as a distinct theme on its own. The questioning theme 

describes how teachers answered or asked questions related to sequences, series, functions, or 

limits using precise and accurate mathematical language and notation. This was often observed 

when teachers had students work on problems or tasks and circulated the classroom to monitor 

their progress. Having a deeper understanding of concepts, such as sequences or limits, helped 

teachers to provide meaningful answers to their students. The building theme describes how 

teachers assessed and built on prior student knowledge or sequences, series, functions, or limits. 

This was commonly observed during whole class discussions, where teachers used student 

responses to help guide the discussion. In one instance, a student noticed that the explicit formula 

for an arithmetic sequence looked similar to the slope-intercept form of a linear function. The 

teachers were then able to help the entire class make sense of this connection. The knowledge 

that sequences are functions with the domain restricted to the natural numbers again helped this 

teacher to better explain this connection to her students. Finally, the curriculum theme describes 

how teachers selected problems and tasks that help students build an understanding of sequences, 

series, functions, or limits. This was observed when teachers implemented engaging tasks that 

prompted rich mathematical discussions and promoted both conceptual understand and 

procedural fluency. A strong background in real analysis helped teachers to both plan and teach 
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these lessons. For example, having a deep understanding of limits from real analysis helped on 

teacher to implement an engaging lesson to help her students develop a better understanding of 

end behavior. The emergent themes derived from the qualitative analysis of the teacher 

observations can be seen in table 4.2 below.  

Table 4.2: Emergent Themes for Teacher Observations 

MUST Category Theme Description 

Mathematical Proficiency Language Teacher used precise mathematical 

language or introduced and 

unpacked mathematical notation 

related to sequences, series, 

functions, or limits. 

Connections Teacher explained or summarized 

mathematical connections between 

sequences and functions or limits 

and asymptotes.  

Application Teacher used knowledge sequences, 

series, functions, or limits to explain 

how and why to apply a procedure, 

definition, or mathematical property 

to solve a problem. 

Mathematical Activity Representing Teacher used an example of an 

equation, graph, or other 

representation to illustrate a concept 

related to sequences, limits, or 

functions. 

Verifying Teacher justified a claim or derived 

a formula or property related to 

sequences, series, functions, or 

limits. 

Mathematical Context Questioning Teacher answered or asked 

questions related to sequences, 

series, functions, or limits using 

precise mathematical language. 

Building Teacher assessed and built on prior 

student knowledge of sequences, 

series, functions, or limits. 

Curriculum Teacher selected problems and 

tasks that help students build an 

understanding of sequences, series, 

functions, or limits. 
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Teacher A 

Task-based interviews. Teacher A has a Bachelor of Science in Mathematics and 

Mathematics Education with 18 years of teaching experience, primarily teaching courses in 

Algebra, Geometry, and Precalculus. As an undergraduate, she had taken 16 mathematics 

courses and 11 pedagogy focused courses. When asked if she thought mathematics teachers 

should take a course in real analysis, she responded by claiming the following. “Maybe. I think it 

can hold value as a way to teach teachers how numbers and operations work and the reason 

behind doing things. I am not sure how important the formalization is, but the concepts are 

important.” When asked the question “What does it mean to teach mathematics?”, Teacher A 

responded with the following. “To teach mathematics is to teach a student to think logically. It is 

to teach a student the tools that one can use to analyze and use data to help make models and 

decisions.” 

Teacher A was able to successfully solve the first problem by graphing all three unit 

circles. To graph the unit circle using the Euclidean metric, Teacher A recalled how to graph the 

unit circle in the coordinate plane using the definition of a distance (MP). She was then able to 

graph the unit circles using the taxicab and maximum metrics by first using her understanding of 

the definition of a circle as the set of points equidistant from a center (MP). Teacher A was then 

able to generalize the definition of distance using the taxicab and maximum metrics, as shown 

below in figure 4.10 
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Figure 4.1: Teacher A Problem 1 

Teacher A experimented with a table of values to determine various points that were on the 

graph of the taxicab and maximum unit circles (MA). Although she was confident about the four 

vertices of the taxicab unit circle, as shown in figure 4.1, Teacher A was unsure about the shape 

of the segments in between. She decided to connect the vertices with curved segments. After 

discussing the graphs of all three unit circles together, Teacher A was able to confidently explain 

why the four vertices of the taxicab unit circle were connected by linear segments. She felt like 

the way she thought through this task would be a worthwhile experience for her students as well. 

I actually really like the task. What I like about it is they didn’t have to have any 

background in taxicab geometry. They could look at this and use mathematical thinking, 

logical thinking, things we are trying to do when we solve mathematical problems. I 

made a table and immediately tried to start plugging in values, trying to graph what it 

looks like (Teacher A). 

Teacher A initially struggled to solve Problem 2, claiming that the two quantities were 

not equal. She made the argument that 0.74999…< 0.75 = ¾ (shown below in figure 4.2), failing 
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to see that the infinite sequence of 0.00999… actually made the value of   0.7499… equal to 

0.75. Teacher A applied her knowledge of equivalence of fraction and decimal representations to 

attempt to solve this problem (MP). Once we discussed that 0.74999… could actually be 

represented as an infinite geometric series, Teacher A was able to confidently explain why the 

two quantities were in fact equal. Although she struggled to solve Problem 2 correctly, Teacher 

A still valued the connections between limits of geometric series and repeating decimals. 

I like it because the kids can see a use for it. They always had these repeating decimals 

and didn't know what to do with it or what it means. They know how to round, but really 

understanding what rounding is doing and why we can do that. It’s because this does 

actually converge even from a mathematical standpoint (Teacher A). 

 

 

Figure 4.2: Teacher A Problem 2 

Teacher A quickly realized that the expression √2 + √2 + √2+. . . could be viewed as a 

term an infinite sequence (MP). She thought that if the sequence were to converge to a value, she 

could determine that value by inductively writing out the first several terms in the sequence: 

1.41, 1.85, 1.96, and 1.99 (MA). At this point, Teacher A was fairly certain that the terms in this 

sequence were approaching 2, but was unsure about whether or not a given term would ever 

exceed 2. After writing out a few more terms in the sequence, she made the conjecture that the 

value of the expression was 2. 
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When asked to prove why her conjecture was true, Teacher A could not come up with an 

argument that did not involve writing out several more terms. However, she did claim that 

eventually one would essentially only be adding 0 to a term in the sequence to get the next one, 

stating “it does go on infinitely, but it does reach a point where it’s basically this. We’re really 

adding zero over and over again (MA).” We discussed both an analytic and algebraic approach to 

prove this conjecture and she felt that teacher should be proficient with both the real analysis and 

high school algebra approach to this problem, claiming the following. 

If you would have shown me this [algebraic method] first, I would have felt this 

unnecessary. Showing me this [analytic method] first and then having that conversation 

with you. Then you showed me this [analytical method], which was so much more 

elegant, from my students’ standpoint. I can see the importance of this [real analysis] and 

why I studied it in the first place, but then having seen this. That’s what I need for my 

kids (Teacher A). 

When given Problem 4, teacher A felt that she immediately knew how to approach it. Using her 

knowledge of the standard algorithm for finding the inverse of a function, she was able to come 

up with the formula shown below in figure 4.3 (MP). At this point, Teacher A realized that the 

function might not have an inverse by graphing the inverse and applying the vertical line test 

(MA). After we discussed that f(x) does have an inverse if you restrict the domain to values 

greater than or equal to b, we went on to discuss the connection between the vertical and 

horizontal line tests and the notions of injective (one-to-one) and bijective (onto) (MP). Teacher 

A believes this knowledge is essential for teachers, especially given the new emphasis on inverse 

functions in the standards. 
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So there’s a whole unit on inverses in Math III now. After I did it, I loved it. I didn’t 

realize how much it would help our conversations later on. Only a few schools in the 

county are doing it, so I put in the feedback, that the unit was kinda long. That’s a lot 

about inverses. But after having done it, the conversations my students are having about 

domain and range are so much better (Teacher A). 

 

Figure 4.3: Teacher A Problem 4 

Observations. Teacher A was observed on both occasions teaching Math III, a course 

which covers a variety of mathematical domains including number and quantity, algebra, 

functions, geometry, and statistics and probability. She was first observed teaching a lesson 

focused on roots of polynomial functions and then a lesson focused on end behavior of 

polynomial functions. Teacher A teaches mathematics at a small public school with a focus on 

science, technology, engineering, and mathematics. Her classes typically only contain between 
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10 and 15 students, which affords her the opportunity to implement a task-based approach. Using 

materials developed by the Mathematics Vision Project (organization that develops and 

disseminates open source mathematics curriculum materials) and adapted by her particular 

school, Teacher A facilitates mathematical problem solving and discussion using student 

thinking. 

Teacher A began her first lesson by relating the process of completely factoring 

polynomials to that of finding the prime factorization of integers. She was able to help students 

see that polynomials and integers have an identical structure, which could be informed by 

knowledge of fields (MP). Teacher A then assigned various problems, where students were to 

factor polynomials completely and determine all of the roots. The level of difficulty increased for 

each problem, as students were presented with polynomials with both irrational and complex 

roots (MC). During this process, various students asked Teacher A to clarify what she meant by 

“factor completely.” 

This eventually lead her to discuss the Fundamental Theorem of Algebra, that is, that 

every polynomial can be factored using only linear factors with complex coefficients. Using the 

example f(x) = x4 - 16, Teacher A showed that although students may be accustomed to only 

seeing x4 - 16 factored as (x + 2)(x - 2)(x2 + 4), this polynomial can actually be factored as (x + 

2)(x - 2)(x + 2i)(x - 2i). Teacher A ended her first lesson by discussing how complex roots always 

come in conjugate pairs and illustrated this fact using an example. Students were then asked to 

created a table that showed the various possible combinations of the number complex and real 

roots that linear, quadratic, cubic, and quartic polynomials can have (MA). 

During the second observation of Teacher A, students were introduced to end behavior of 

polynomial and exponential functions. She began this lesson by asking students to compare 
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linear, quadratic, cubic, and exponential functions (MC). To help facilitate a whole class 

discussion about the similarities and differences between these functions, Teacher A used the 

notion of rate of change to discuss the shape of each graph (MP). Students were then asked to 

rank various functions, shown below in figure 4.26, when x = 0 and then when x approached 

positive and negative infinity. Teacher A gave students the opportunity to approach this task 

however they wanted, which lead some students to evaluate each function numerically and others 

to compare the graphs of the functions (MC). 

 

Figure 4.4: Polynomial and Exponential Functions 

During the whole class discussion, a student disagreed with the ranking of the functions, 

claiming that exponential functions are greater than polynomial functions. Teacher A was able to 

resolve this issue by explaining that although exponential functions may be greater than 

polynomial functions for arbitrarily large values of x, polynomial functions are actually greater 

for certain values of x below some threshold (MC). In fact, for the sake of the discussion of end 

behavior, Teacher A asked students to ignore exponential functions and only focus on the pattern 

for polynomial functions (MA). 

Teacher A formalized the notion of end behavior, defining it is the behavior of a function 

as x approaches either positive or negative infinity (MP). Using the established ranking of the 

functions provided, students are asked to determine the end behavior for the functions shown 

below in figure 4.27. Based on the results from these problems, the teacher establishes general 

rules for the end behavior of polynomials with even versus odd degree. However, prior to 
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discussing this difference, Teacher A defined even and odd functions algebraically as f(-x) = f(x) 

and f(-x) = -f(x), respectively. Once the notion of even and odd functions was established, the 

teacher ended class by formalizing the concept of end behavior (MP). 

 

Figure 4.5: Determining End Behavior 

Within-cases analysis. Teacher A was able to demonstrate a combination of 

mathematical proficiency and mathematical activity throughout the two task-based interviews. 

When solving Problem 1, Teacher A used her mathematical proficiency on four occasions, 

applying her knowledge of the definition of a metric, which could have been rigorously 

developed in real analysis. She also engaged in mathematical activity on two occasions by using 

various mathematical representations and testing to see if various points satisfied each of the 

circle equations. Because Teacher A struggled with Problem 2, she only displayed two instances 

of mathematical proficiency and one instance of mathematical activity. She used her knowledge 

of repeating decimals to deduce that  0.74999… would be arbitrarily close to ¾, but never quite 

be equal. Teacher A then engaged in mathematical activity by representing  0.74999… in 
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different ways. Here, knowledge of infinitesimal quantities and decimal representations 

developed in real analysis may have helped Teacher A make sense of this problem. 

Problem 3 afforded Teacher A the opportunity to display both mathematical proficiency 

and mathematical activity, with two and three occurrences respectively. Her mathematical 

proficiency came in the form of having a deep understanding of infinite sequences and 

convergence, which could have been developed in real analysis. Teacher A engaged in 

mathematical activity by manipulating the quantity  √2 + √2 + √2+. . . as an infinite sequence 

and using inductive reasoning to make the conjecture that this expression converged to 2. 

Knowledge of converge of sequences, which are studied in real analysis, was essential in making 

this conjecture. Finally, Teacher A was able to apply knowledge of functions to help her make 

sense of and solve Problem 4. She displayed mathematical proficiency on three occasions by 

using her knowledge of the definition of a function and the standard algorithm for determining 

the inverse of a function. Teacher A also engaged in mathematical activity twice by using 

multiple representations to determine the invertibility of  f(x) = a(x - b)2+ c to see that the inverse 

would not be a function. Although functions are studied throughout much of mathematics, 

students may investigate and prove various properties of functions in a real analysis course. 

Throughout the two observations, Teacher A primarily displayed forms of mathematical 

proficiency and mathematical context, with some instances of mathematical activity. The lack of 

mathematical activity may be because this teacher used a task-based approach to teaching, where 

her students did much of the mathematical noticing and creating. Limitations regarding the 

observations will be discussed in more detail in the next chapter. This task-based approach also 

may have contributed to the high proportion of mathematical context, since she spent much of 

class time monitoring, facilitating, and fielding questions to help build student understanding of 
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functions and end behavior. Choosing appropriate tasks and fielding student questions may 

require the teacher have a profound understanding of the subject, such as understanding end 

behavior from the perspective of limits from real analysis. Teacher A also used her mathematical 

proficiency by making connections between mathematical concepts while using precise 

mathematical language and notation, which could have been influenced by her experience with 

these same constructs in her real analysis course. This was seen for example when she used the 

notion of rate of change to discuss the shapes of the graphs of linear, quadratic, cubic, and 

exponential functions. During the few instances of observed mathematical activity, Teacher A 

generated examples to illustrate a point she was trying to make about end behavior of various 

functions. Having a deep understanding of limits from real analysis may have impacted her 

ability to do so. 

Figure 4.6 below shows all codes and themes that emerged for Teacher A from the 

analysis of both the task-based interviews and classroom observations by displaying whether or 

not a given emergent code was applied and which theme each code was reduced to. Although 

Teacher A struggled to solve some of the problems during the task-based interviews, she was 

still able to demonstrate evidence for several potential connections to real analysis content, 

showing evidence for each of the final emergent themes. Throughout both the task-based 

interviews and classroom observations, knowledge of real analysis had the greatest potential 

impact on her mathematical proficiency and mathematical context, primarily coming in the form 

of deep conceptual knowledge of limits and functions. 
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Figure 4.6: Emergent Codes for Teacher A 

Teacher A showed evidence of each emergent code for mathematical proficiency and 

context with the exception of adapting a concept to solve a problem (MP) during the task-based 

interview and building on prior student knowledge (MC) during the classroom observation. Her 

knowledge of functions and limits from real analysis also potentially enabled her to make sense 

of algorithms and procedures as well as adapt and apply definitions to new situations (MP). 

In terms of mathematical context, knowledge of real analysis also potentially helped her to better 

field questions, guide her students, ask probing questions, facilitate student understanding, and 

use the curriculum appropriately to deepen student understanding of functions and limits (MC). 
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Knowledge of real analysis also potentially impacted her ability to engage in mathematical 

activity in various ways, by using her knowledge of limits and functions from real analysis to 

make conjectures, experiment, generalize, justify, represent, illustrate, and derive. This 

primarily came in the form of informal arguments using numeric or graphical representations, 

rather than formal mathematical proofs. The results from this within-case analysis suggest that 

Teacher A may have used her deep understanding of definitions, theorems, and other concepts 

from related to limits and functions from real analysis to better break down and explain concepts 

and procedures to her students as well as plan and teach student-centered lessons. 

Teacher B 

Task-based interviews. Teacher B has a Bachelor of Science in Mathematics and 

Mathematics Education and a Bachelor of Arts in Communications with two years of teaching 

experience, primarily teaching courses in Algebra and Statistics. As an undergraduate, she had 

taken 16 mathematics courses and 10 pedagogy focused courses. When asked if she thought if 

mathematics teachers should take a course in real analysis, she responded by claiming the 

following. 

I think they should be required to take one real analysis course because it is a different 

way of thinking than all of the other mathematics that we have learned previously, and it 

prepares teachers to prepare students for what it might be like to be a mathematician and 

question definitions/theorems/postulates until they feel convinced that it is true (Teacher 

B). 

When asked the question “What does it mean to teach mathematics?”, Teacher B responded with 

the following. 
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I think it means a number of things: doing mathematics is a skill, so teachers should teach 

how to do mathematics; knowing mathematics is a matter of knowing how different 

procedures and concepts interconnect, so teachers should work towards ensuring that 

students can describe connections; and explaining or reasoning with mathematics is an 

important aspect of teaching mathematics in order to problem solve. I think all three 

aspects need to be included in a good course that teaches mathematics (Teacher B). 

Teacher B had no trouble with Problem 1 and was able to successfully graph all three unit 

circles. She used her knowledge of the Euclidean unit circle and distance, claiming these were 

concepts she was quite comfortable with (MP). To graph the unit circles using the taxicab and 

maximum norms, Teacher B experimented with various points in the coordinate plane (MA). She 

then extended the definition of a unit circle to apply more generally to any distance (MP). By 

doing so, Teacher B was able to write an equation for both the taxicab and maximum unit circles 

as shown below in figure 4.7 This made it easier for her to test whether or not points would lie 

on the graphs of each circle. 

 

Figure 4.7: Teacher B Problem 1 
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Teacher B felt that a teacher’s ability to extend definitions to apply for more general cases is an 

essential skill for teachers to have. 

I really like the notion of sticking to the definition and a change in the natural version of 

the definition that we’re used to pushes you to think whether or not you’re using the 

definition correctly. That’s something my students gloss over. Sticking to the definition 

isn’t really something they think about. If I put my students through an experience like 

this, then definitions mean a whole heck of a lot. What you draw is incorrect if are 

following the Euclidean definition and you are trying to draw a taxicab unit circle 

(Teacher B). 

Teacher B was initially unsure about whether the quantities 0.74999… and  ¾ were equal. In 

order to either prove or disprove the equivalence, she provided an algebraic argument as shown 

below in figure 4.8 (MA). 

 

 Figure 4.8: Teacher B Problem 2 

Even though she felt that her argument was valid, Teacher B still was not convinced that the two 

quantities were in fact equal. She stated that she had even shown this proof to her students to 

convert repeating decimals to fractions, she never felt like the argument was intuitive. Teacher B 

then supplemented her algebraic argument by claiming that the infinite sequence of nines would 

eventual round 0.74999… up to 0.75 or ¾ (MP). Once we discussed that  0.74999… could be 
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represented as convergent infinite geometric series, she felt confident claiming that logically the 

two quantities were equivalent, but still did not feel that the argument was intuitive. Because she 

did not typically teach geometric series, Teacher B did not find immediate value in the task. 

However, after thinking about the underlying concepts more critically, she found value in this 

connection between real analysis and high school mathematics. 

But, one thing I would like to use is the idea of proving why it’s true. When we teach 

them rational and irrational expressions, we teach them how to convert, but don’t do 

much else. I think the idea of giving them the answer and then asking them to prove why 

it’s true. As a task, that’s intriguing (Teacher B). 

Teacher B began problem 3 by using inductive reasoning to make the conjecture that the 

value of √2 + √2 + √2+. . ..  was 2 (MA). She noticed that when she computed the first five 

values of the sequence as shown below in figure 4.9, the value of the expression became closer 

to 2 as the term number increased (MP). 

 

Figure 4.9: Teacher B Problem 3 
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Feeling confident, Teacher B claimed that the value of √2 + √2 + √2+. . . was arbitrarily close 

to 2.  When asked how should would prove that the value was actually equal to 2, she was unable 

to make a formal deductive argument. Teacher B discovered that she continued to get results 

such as  √2 + 1.990369, so she just need to show that √2 + √2+. . . converged to 2. She then 

realized that the quantities  √2 + √2 + √2+. . . and √2 + √2+. . . were really the same, claiming 

that she was trapped in circular argument. We then discussed that one could prove that the 

quantity is equal to 2 by representing it as a recursively defined sequence and using knowledge 

of convergent subsequences from real analysis. Again, although Teacher B was able to explain 

this proof back to me, she still felt like the argument was unintuitive. She claimed that her 

inductive approach to the problem would be much more accessible for her students to 

understand, stating “I do like the idea of having students conjecture what the value would be at a 

very big number and then using their calculator or some other tool to convince themselves.” 

Unsure of whether or not the function f(x) = a(x - b)2+ c had an inverse, Teacher B used 

the standard algorithm for finding the inverse of a function explicitly. This is done by switching 

the values of x and y in the original function and then solving this equation for y. However, once 

she got the equation y = 
√𝑥−𝑐

𝑎
+ 𝑏 she was unsure about whether or not this was actually the 

inverse of the function f(x) = a(x - b)2+ c. Teacher B claimed that she was thinking like a student 

and wanted y =  
√𝑥−𝑐

𝑎
+ 𝑏 to be the inverse of f(x), but did not understand why this was the case. 

In fact, she came to the conclusion that she wasn’t even sure why she used the algorithm shown 

below in figure 4.10. Teacher B stated that although she remembers learning about inverse 
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functions in course such as real analysis, she has had little experience teaching this concept to 

students. 

I wanted there to be an inverse, but I didn’t have a working definition of an inverse. So 

this problem definitely has connections to the high school math classroom. Maybe with 

numbers, so that it’s not that scary. All these parameters would really freak out kids. I 

think that an explicit connection between the vertical line test and horizontal test should 

have been covered in my class, but got lost in the proofs (Teacher B). 

 

Figure 4.10: Teacher B Problem 4 

She eventually decided that y =  
√𝑥−𝑐

𝑎
+ 𝑏 had to be the inverse of f(x), otherwise the algorithm 

would not have worked (MP). We then discussed that f(x) does have an inverse and that the 

formula she derived is correct, however, we must assume that the domain of f(x) is restricted to 

only include values greater than or equal to b. Teacher B felt satisfied with this explanation and 

believed that this was an idea she could bring into the classroom when she does eventually teach 

the concept of inverse functions. Rather than simply giving students the algorithm and having 
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them solve a set of problems, she stated that knowing why the algorithm works is essential 

knowledge for those teaching this concept. 

Observations. During the first classroom visit, Teacher B was observed teaching 

Advanced Functions and Modeling, a fourth-year mathematics course for high school students. 

This class is often taken by students instead of Precalculus or Discrete Mathematics. In 

Advanced Functions and Modeling, teachers often revisit topics discussed in previous 

mathematics courses, but do so from a more rigorous and applied perspective. Teacher B begins 

all her courses by having students complete a self-evaluation of both their homework and 

classwork as well as working through a few warm up problems. Since the focus of this lesson 

was on convergence of sequences and series, Teacher B had students complete a few problems 

where they had to compute the finite sum of a series. 

Once students had completed the self-evaluation and warm up problems, Teacher B 

launched the task for the day. Inspired by a problem given to her during our task-based 

interview, Teacher B asked students to determine the value of √2 + √2 + √2+. . . (MC). After 

giving students time to work on this task in small groups, the teacher provided more scaffolding 

by suggesting to represent √2 + √2 + √2+. . . as a sequence so that the first several terms could 

be completed (MA). Students then inductively computed the first few terms in the sequence 

using their calculator, attempting to see if they could find a pattern (MP). Several students 

noticed that the value of  √2 + √2 + √2+. . . became arbitrarily close to 2. However, when it 

came time to verify their conjecture, students struggled to come up with an argument of why  

√2 + √2 + √2+. . . = 2.  
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Rather than providing a rigorous proof, Teacher B informally introduced students to the 

notion of convergent sequences to explain why the value of  √2 + √2 + √2+. . . will get 

arbitrarily close to 2 (MP).Teacher B ended class by formally introducing students to convergent 

and divergence sequences by providing both definitions and examples. In the last few minutes of 

class, students were asked to determine if particular sequences are either convergent or 

divergent. 

The focus of the lesson during the second observation was intended to be a review of the 

various forms of quadratic equations, but Teacher B instead spent a majority of class time 

reviewing how to simplify radical expressions. To begin the lesson, students were first given a 

series of radical expressions to simplify. The goal was to remind students of various properties of 

radicals so that they could more effectively solve quadratic equations. However, many students 

struggled with these warm up problems, leading the teacher to focus much of her lesson on 

reviewing properties of exponents and radicals. 

Teacher B was able to use her knowledge of exponent properties to explain why 

properties such as √𝑎𝑏
𝑛

= √𝑎𝑛
√𝑏
𝑛

 are valid. She explained to students that radicals inherit all of 

the properties of exponents, since all radical expressions can be represented as exponential 

expressions using the definition 𝑥
𝑛

𝑚 = √𝑥𝑛𝑚
 (MP). This helped her students to feel more 

confident about their ability to manipulate and simplify both radical and exponential expressions. 

Teacher B expected students to show their work in detail and modeled this mathematical 

behavior as she explained the solutions to the warm up problems. Several students even asked if 

there was a more efficient way to simplify radical expressions, claiming that they felt that they 

could just use mental computation to avoid working through several steps. 
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Given an expression such as √𝑥𝑛𝑚
, Teacher B explained that if n is divisible by m, then 

the expression can simply be reduced to a power of x, where the exponent is equal to the number 

of times m goes into n However, if n is not divisible by m, then the expression can still be 

reduced to the product of a power of x and the mth root of a power of x (MA). Here the exponents 

are the number of times m goes into n and the remainder when n is divided by m, respectively. 

Teacher B was able to assess and use this student’s understanding to help students make sense of 

a shortcut (MP). This ability to work with and manipulate mathematical properties could have 

been developed in real analysis. 

During the last portion of the second observation, Teacher B had students work through a 

set of problems, where they convert between various forms of quadratic equations: factored to 

standard, standard to vertex, vertex to standard, and standard to factored. As students worked 

through these problems, she walked around the classroom to answer and ask questions. Running 

short on class time, Teacher B ended class by having a brief whole class discussion about the 

importance of the various forms of quadratic equations, highlighting situations where each form 

would be most beneficial to use. 

Within-case analysis. Teacher B was able to demonstrate a combination of mathematical 

proficiency and mathematical activity throughout the two task-based interviews. While working 

through Problem 1, she displayed three occurrences of both mathematical proficiency and 

mathematical activity. Knowledge of real analysis may have impacted Teacher B’s mathematical 

proficiency by providing her with the necessary conceptual understanding of a metric as well as 

the ability to understand and apply definitions to solve problems. She was also able to engage in 

mathematical activity by manipulating the definition of a circle and relating the graphical and 

algebraic representations of a circle. Teacher B claimed that the ability to apply definitions to 



   

108 

 

various situations is skill that she was able to develop while taking real analysis. During Problem 

2, Teacher B displayed both mathematical proficiency and mathematical activity twice. She 

showed mathematical proficiency through her deep conceptual understanding of infinitesimal 

quantities, which could have been developed in her real analysis course. This ultimately enabled 

her to concluded that 0.74999… must be equal to ¾. Teacher B also engaged in mathematical 

activity by providing brief algebraic proofs to verify her claims. She believed that her ability to 

structure and write logical mathematical proofs was greatly improved by taking a course in real 

analysis. 

For Problem 3, Teacher B relied more on her ability to engage in mathematical activity 

than her mathematical proficiency related to sequences from real analysis, three and one 

occurrences respectively. She was able to demonstrate mathematical proficiency by 

understanding that computing the first few terms of a sequence may help determine whether or 

not it converges. Teacher B’s ability to notice that √2 + √2 + √2+. . . could be represented as an 

infinite sequence and to make a founded conjecture about the value of this sequence showed her 

ability to engage in mathematical activity. Finally, Teacher B demonstrated both mathematical 

activity and mathematical proficiency twice while solving Problem 4. Mathematical proficiency 

was displayed through her conceptual and procedural knowledge of the standard algorithm for 

determining the inverse of a function, which can be derived from the formal notions of inverses 

and injectivity studied in an analysis course. She was also able to engage in mathematical 

activity by using multiple representations of a function to determine if f(x) passed the horizontal 

line test, which is equivalent to a function being injective. 

Similar to Teacher A, Teacher B primarily displayed forms of mathematical proficiency 

and mathematical context during the classroom observations. She also used a more student-
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centered approach to teaching during both observed lessons, which again may have contributed 

to the lower proportion of mathematical activity, since her focus was to get her students to 

engage in the process of doing mathematics. Limitations regarding the observations will be 

discussed in more detail in the next chapter. Consequently, Teacher B demonstrated her 

mathematical context by selecting appropriate tasks to build student understanding of sequences 

and functions and asking and answering questions posed by students related to sequences and 

functions. Knowing which tasks to implement and which questions to ask requires a deep 

knowledge of the subject, such as understanding the convergence of sequences, which can be 

acquired in a real analysis course. This student-centered approach also required Teacher B to use 

her mathematical proficiency to connect student ideas and summarize the results of activity using 

formal mathematical definitions and concepts. For example, Teacher B ended her first lesson by 

using what students discovered during the task to connect their intuitive understanding of 

convergence of sequence to a more formal mathematical definition. Being able to do may be 

influenced by having a foundational understanding of convergence, as developed in real analysis 

courses. Teacher B did engage in mathematical activity on two occasions by helping students to 

represent mathematical objects in different ways, such as showing students that 

√2 + √2 + √2+. . . could be represented as an infinite sequence. Representing and working with 

complex quantities, such as √2 + √2 + √2+. . ., is a skill that those studying real analysis may 

develop. 

Figure 4.11 below shows all codes and themes that emerged for Teacher B from the 

analysis of both the task-based interviews and classroom observations by showing whether or not 

a given emergent code was applied and which theme each code was reduced to. Teacher B was 
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able to show more evidence for connections between real analysis and high school mathematics 

in the interviews than she was in the observations. In fact, she demonstrated evidence for each of 

the emergent codes for mathematical proficiency and activity during the interviews, with the 

exception of applying a definition to solve a problem (MP) and experimenting to make a 

conjecture or justify a claim (MA). 

 

Figure 4.11: Emergent Codes for Teacher B 

Although Teacher B was able to engage in mathematical activity impacted by real 

analysis on several occasions during the task-based interviews (making conjectures, 

generalizing, proving, verifying, and using multiple representations to reduce the complexity 
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of a problem), she rarely did so during the two observed lessons with only two occurrences total 

(using multiple representations of sequences and justifying claims about convergence). This 

may have been due to her more student-centered approach. Limitations regarding the classroom 

observations will be discussed in more detail in the next chapter. Rather, she relied much more 

on her mathematical proficiency and mathematical context. In terms of mathematical 

proficiency, this came in the form of explaining connections between mathematical concepts 

and knowing how and when to use various procedures related to sequences and functions. For 

mathematical context, evidence included guiding, asking probing questions, building on prior 

student knowledge, and using the curriculum to deepen student understanding of sequences and 

functions (MC). However, her evidence of mathematical proficiency did not include the use of 

precise mathematical language, notation, or definitions (language) and was the only of the 

four teachers who did not show evidence for this theme. The results from this within-case 

analysis suggest that Teacher B may have been able to use her deep understanding of real 

analysis to better explain complex concepts and procedures to her students as well as plan and 

teach student-centered lessons. 

Teacher C 

Task-based interviews. Teacher C has a Bachelor of Science in Mathematics and 

Mathematics Education with one year of teaching experience, specifically teaching courses in 

Algebra and Precalculus. As an undergraduate, she had taken 18 mathematics courses and 14 

pedagogy focused courses. When asked if she thought if mathematics teachers should take a 

course in real analysis, she responded by claiming the following. 

Yes, for the following two reasons. One, this course taught me preservation skills.  Skills 

that I could then share with my students, and make them aware that it is okay to struggle. 
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Two, as a teacher, our job is to prepare our students for the next course they take. Real 

Analysis strips calculus down to its core. Going over the theorems and definitions that 

helped develop the study of calc. This firm understanding in calculus helps us prepare 

students for their next course (Teacher C). 

When asked the question “What does it mean to teach mathematics?,” Teacher C responded with 

the following. 

To teach math is to teach the students problem solving, and critical thinking skills. I often 

view myself as the bridge between two courses. My job is to help resolve any issues from 

their former math course, and prepare them for their next teacher (Teacher C). 

Rather than experiment with values or rewriting the equations of the unit circles, Teacher 

C took more conceptual approach to Problem 1. Starting with a sketch of the Euclidean unit 

circle, she reflected on the definition of a circle in terms of the notion of equidistant (MP). For 

the graphs of the unit circles defined by the taxicab and maximum metrics, Teacher C plotted 

points where the either the distance in the horizontal or vertical direction was zero (MA). Not 

feeling overly confident, she finished sketch the unit taxicab and maximum unit circles as shown 

below in figure 4.12. Her rationale for the shape of each of these graphs was that the graph of 

absolute value functions typically have sharp changes at the vertices (MA). In fact, Teacher C 

viewed the graph of the taxicab unit circle as two absolute value functions graphed on the same 

plane. 
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Figure 4.12: Teacher C Problem 1 

Immediately after she completed the problem, Teacher C reflected on how real analysis 

impacted her problem solving ability. She believed that studying real analysis has helped her to 

develop as a problem solver. Rather than applying specific concepts she learned from real 

analysis, she stressed the importance of being able to break down a problem and look for 

structure, stating the following. 

When I think back to real analysis and what it taught me, it’s not necessarily more 

mathematical knowledge. It’s how to take a problem that seemed basic when you learned 

it the first time and making it more complex and stripping it down to it’s true definition, 

which makes everything harder for us (Teacher C). 

She then went on to discuss how critical definitions are in mathematics, especially as students 

begin to study more advanced mathematical topics. 

When you get to the uppers especially, the definitions are important. We don’t teach them 

enough what definitions really mean. It’s much easier to bring in those true definitions 
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and challenge them mathematically. I don’t think I can bring this into my lower classes as 

much, but definitely into precalc (Teacher C). 

When first given Problem 2, Teacher C made it clear that she usually struggles with 

problems like this, claiming “When I teach asymptotes, you get infinitely close but never 

actually end up being that. That’s why I always struggle with problems like this. You can never 

be at an asymptotic value. That concept is contradictory to me.” Assuming that the quantities 

0.74999… and ¾ were not equivalent, she attempted to prove her conjecture by contradiction, as 

shown below in figure 4.13 (MA). 

 

Figure 4.13: Teacher C Problem 2 

However, Teacher C kept running into the issue of circular reasoning. In order to prove that the 

two quantities were not equal, she would have to prove that 2.999… was not equal to 3, which is 

isomorphic to the original statement of the problem. Using her logic from before, Teacher C 

decided that there is no way that the two quantities could be equal, since 0.74999… was 

infinitesimally smaller than ¾. After discussing that one could actually prove that the two 

quantities were in fact equal, Teacher C went on to discuss the importance of argumentation. 
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But being able to argue a concept is a good skill for me to have. If we want them to be 

involved and interactive in class and have discussions that are contradictory to what one 

student things from the other. Being able to argue is a skill that I probably wouldn’t have 

had until I took some sort of advanced math class with my friends and we but heads. 

Then you had to defend yourself to the professor of why you’re right or wrong (Teacher 

C). 

She believed that if she expects her students to be able to justify their solutions mathematically, 

that she should have a strong foundation in mathematical proof, claiming that knowledge of real 

analysis can provide teachers with this knowledge. 

Teacher C was unable to successfully complete Problem 3, claiming that problems 

involving square roots have always given her trouble. Therefore, she began attempting to rewrite 

the quantity √2 + √2 + √2+. . . using rational exponents instead (MA). This attempt was 

unsuccessful, as she applied a property of exponents that does not hold true: (a + b)n = an + bn, 

as shown below in figure 4.14. However, Teacher C did eventually realize that the quantity 

√2 + √2 + √2+. . . could be viewed as an infinite sequence, but could not determine a way to 

represent it. At this point, she computed a few values in the sequence, but was unable to develop 

a conjecture for the approximate value of term in the sequence for large term numbers (MP). 
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Figure 4.14: Teacher C Problem 3 

After explaining the solution to Teacher C, she discussed how although she would never 

do this problem specifically with her students, she can see the connections to what she teaches. 

We do teach them about asymptotes and end behavior, like if this gets super big, what 

happens? I think that the concept is great. I don’t think the specific problem itself could 

get me anywhere with my children, but being able to implement. You even see it in the 

algebra. You see the super closeness, like here you got 3.8 something and here you got 

3.8 something and some change. Like you can see it on a small scale, so if it’s true on a 

small scale, then it’s going to be true on that big scale as well (Teacher C). 

Teacher C also claimed that in order for her to be able to make the connections between real 

analysis concepts and what she teachers, real analysis instructors should explicitly discuss these 

connections, stating the following. “I think comparing it to asymptotes and different things like 
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that concepts that we’re doing now. I think connecting real analysis back to low math. We never 

did that. We never brought real analysis back to a low classroom.” 

Teacher C felt confident about Problem 4, stating that she had recently taught this 

concept to her students. She claimed that f(x) did in fact have an inverse and began to determine 

the formula for the inverse, by using the same algorithm she explained to her students, as shown 

below in figure 4.15 (MP). When asked about what the graph of the inverse of f(x) would look 

like, Teacher C made the distinction between an inverse and an inverse function, claiming that 

finding an inverse simply requires one to switch x and y and solving the equation for y (MP). 

However, she stated that although this process can always be done, this does not guarantee that 

the inverse is a function. This lead Teacher C to discuss the importance of both notation and 

definitions from analysis, stating the following.  

With my Precalc kids, we talked about one-to-one and I think I gave them the same 

definition that was in my real analysis class in terms of mapping x-values to y-values. We 

talk about if we take the inverse, then it has to be a function. If we have function notation, 

then our final answer needs to be a function, that each x maps to exactly one y. Going 

back to the vertical line test, they have had since Math 2 (Teacher C). 
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Figure 4.15: Teacher C Problem 4 

Teacher C felt that the connection between concepts from real analysis, such as injective 

mappings and the horizontal line test, should explicitly be studied by teachers. 

They never really connected that for us. I’m not sure if it was real analysis or the class 

before, but that’s the first time I saw that connection. I think that was a huge thing, like 

why did you keep that from me (Teacher C)?  

Although she perceives real analysis as being a useful course for teachers, Teacher C felt like 

this course did not prepare her to be able to apply her knowledge to teach high school 

mathematics content. 

Observations. Teacher C was observed on both occasions teaching Precalculus to 

approximately 35 students. The goal of the first lesson was to introduce students to both 

arithmetic and geometric sequences and series. Prior to discussing sequences and series, Teacher 

C began class by reviewing questions students had on their recent homework assignment on 

linear programming. To introduce the concept of a sequence, the teacher posed three warm up 

problems to students where they were asked to determine the next three terms of each sequence. 
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After discussing the solutions to the three warm up problems, Teacher C asked students to recall 

what they had previously learned about sequences and series in prior mathematics courses. 

To introduce students to the concept of recursive sequences, the teacher reminded 

students of the definition of factorial, that is, n! = n(n - 1)(n - 2)...(3)(2)(1). She then used this 

definition of n! to derive the recursive definition, n! = n(n - 1)!. Teacher C explained that in order 

to compute n! for some value of n, one would need to know (n - 1)! and in order to compute (n - 

1)!, one would need to know (n - 1)!, and so on (MA). She then went on to explain that this is a 

key characteristic of recursively defined sequences (MP). Teacher C then described explicit 

sequences as only requiring one to know the term number, n, to determine the value a given term 

in the sequence. 

Teacher C spent the next portion of class introducing students to summation notation and 

driving various properties of sums. Although formal notion is provided and explained to the 

students, the teacher explained summation notation as a short way to write the sum of a sequence 

of numbers (MA). Using the distributive and commutative properties, Teacher C derived the 

constant and addition properties for summations (MA). She then attempted to have students 

derive the difference properties for a summation, although many students appeared to struggle 

with the notation involved. However, Teacher C was able to guide students through this 

derivation using the fact that addition and subtraction can really be viewed as the same operation 

(MA). 

The teacher ended the class discussion of summation properties by deriving the index 

shifting property, which students again appeared to struggle to follow. To better explain this 

concept, Teacher C used the notion of over counting an intersection of two sets when solving a 

combinatorial and probability problem (MP). This understanding of finite sets could have been 
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developed in real analysis. Finally, Teacher C briefly presented the formulas for the sum of a 

constant sequence, the first n integers, first n squared integers, and first n cubed integers, but did 

not provide a justification of any of the formulas. 

Teacher C then introduced students to the concept of arithmetic sequences, pointing out 

that the examples discussed in the warm up problem were of this type. She presented the 

recursive and explicit formulas for arithmetic sequences to her students, but did not provide 

justification or derivation. However, one of the students in the class noticed that the explicit 

formula for an arithmetic sequence looked similar to the slope-intercept form of a linear 

equation. Using this student’s observation to guide discussion, Teacher C briefly explained that 

arithmetic sequences and linear functions do have similarities, such as the common difference 

and slope or the zeroth term and the y-intercept (MA). To illustrate the fact that not all sequences 

can be represented explicitly, Teacher C presented the Fibonacci sequence to her students (MA). 

However, because she had just been discussing arithmetic sequences, many of her students 

incorrectly viewed this as an example of an arithmetic sequence. 

After introducing students to arithmetic sequences, Teacher C presented the definition for 

an arithmetic series. Using the first example in the warm up problem from the beginning of class, 

students were asked to compute the sum of 4 + 8 + 12 + … + 40. Although many students initial 

simply added terms sequentially in their calculator, Teacher C asked her students if they could 

come up with a more efficient way to determine the sum. A few students did notice that numbers 

seemed to pair up, but were unsure about how this could be generalized. Teacher C then showed 

students that exactly five pairs of 44 could be made using the pattern shown below in figure 4.16. 
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Figure 4.16: Derivation of Arithmetic Series Formula 

She then further explained how this could be generalized to derive the formula 𝑆𝑛 =
𝑛

2
(𝑎1 + 𝑎𝑛), 

where n is term number, a1 is the first term and an is the nth term (MA). In the example shown 

above in figure 4.30, n = 10, first term is 4, and the tenth term is 40. 

Students seemed to be able to make sense of this formula, except for the factor of 
𝑛

2
 in 

front. This required the teacher to explain that in this example, 5 pairs of 44 are added together, 

even though there are ten terms. Since numbers are being paired up, only 
𝑛

2
 pairs of sums will be 

added together to determine the value of the series. Teacher C then afforded students the 

opportunity to apply this formula to solve the following standard word problem. “A theater has 

20 rows. The first row has 8 seats. Each row as 2 more seats. What is the seating capacity?” 

Many students were able to solve this problem by using the formula just derived and computing 

𝑆20 =
20

2
(8 + 46) = 540. However, other students ignored the arithmetic series formula and 

determined this sum using the brute force method of computing 8 + 10 + 12 + … + 46. Teacher 

C pointed out that although this is a perfectly valid approach, computing the sum without using 

the derived formula becomes much less feasible for large values of n (MC).  

To transition into discussing geometric sequences, Teacher C presents students with an 

additional warm up problem, where they are asked to determine the pattern and the next four 

terms of the following sequence: 2, 6, 18, 54, 162. Just as with arithmetic sequences, geometric 



   

122 

 

sequences were defined and both recursive and explicit formulas were provided (MP). Teacher C 

defined a geometric sequence informally as a sequence with a common ratio and stated the 

recursive and explicit formulas, but no derivation or additional explanation was provided. 

Students were then given the opportunity to apply these formulas to determine the formula for 

the nth term and ninth term as well as the recursive formula for a given geometric sequence. 

Teacher C ended class by briefly introducing the notion of geometric series using her 

students’ knowledge about the connection between arithmetic sequences and series (MC). 

Although she had intended on discussing infinite geometric series as well as the notion of 

convergence and divergence, Teacher C was unable to cover these topics during this lesson due 

to a lack of time. Instead, she spent the last few minutes of class by providing students with the 

formula for a geometric series in terms of summation notation discussed earlier in class. Teacher 

C assigned students a set of homework problems related to arithmetic and geometric sequences 

and series and mentions that the beginning of the next class period will be spent finishing their 

discussion of geometric series. 

The focus of the second lesson was an introduction to trigonometric functions. Teacher C 

began class by asking students to recall what they know about trigonometric functions from their 

previous mathematics courses (MC). This is done so that she can use their prior knowledge to 

build understanding about graphs of trigonometric functions. Teacher C defined the period of a 

trigonometric function as the distance between oscillations and a periodic function simply as a 

function that repeats every period (MP). She then provided students with the periodic properties 

for the sine and cosine functions, that is, sin(x + 2π) = sin(x) and cos(x + 2π) = cos(x). To 

illustrate this property Teacher C worked through an example, where students were asked to 

compute sin(17π/4) by subtracting 2π until the argument of sine was between 0 and 2π (MA). 
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She then asked students to work through a similar example on their own: computing cos(5π) 

using the periodic property of cosine. 

To review right triangle trigonometry, Teacher C presented an example where students 

are asked to determine the value of all six trigonometric functions with respect to x, given that 

sin(x) = ⅓ and cos(x) < 0 (MA). While working through this problem, the teacher reminded 

students which trigonometric functions were positive and negative in which quadrants using the 

fact that the cosine and sine functions represented the x and y values on the unit circle, 

respectively. Teacher C then sketched a right triangle and used the definition of sine and cosine 

to label the appropriate sides of the triangle (MA). By the end of this example, many students 

appeared to feel confident about their understanding of the definitions of the sine, cosine, and 

tangent functions as well as their reciprocals. 

Teacher C spent the remainder of class time explaining how to graph transformations of 

the sine and cosine functions. She first reviewed general transformations of functions, reminding 

students how the values of the parameters a, b, h, and k affected the graph of af(b(x - h)) + k 

(MP). Students were then asked to graph C(x) = cos(x) and S(x) = sin(x) using the unit circle. 

Teacher C noticed that students were struggling to graph either of these functions, so she decided 

to work through the example of graphing C(x) = cos(x) as a class (MC). Using the same 

strategies as the teacher, students were then asked to graph S(x) = sin(x) on their own. Once they 

had an understanding of what both graphs looked like, Teacher C had students work through 

various examples where they had to apply transformations to the graphs of the sine and cosine 

functions, such as y = 2sin(πx), y = -4cos(πx/2), and  y = 2 - 4sin(3x). Throughout these example, 

the teacher used this lesson to focus on how transformations affect the domain and range of 

trigonometric functions (MA). 
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Within-case analysis. Teacher C was able to demonstrate a combination of mathematical 

proficiency and mathematical activity throughout the two task-based interviews. While working 

through Problem 1, Teacher C showed both mathematical proficiency and mathematical activity 

twice. Mathematical activity was displayed through her knowledge of the definitions of 

equidistant and metric, which she felt were solidified in real analysis. She also engaged in 

mathematical activity by testing to see which points satisfied the equations of the taxicab and 

maximum unit circles and reducing the complexity of the problem. Teacher C claimed that being 

able to break a problem down to a much simpler one is a skill that she tries to help her students 

to develop; and a skill that she felt was strengthened in her real analysis course. During Problem 

2, Teacher C again showed both mathematical proficiency and mathematical activity twice. She 

demonstrated mathematical proficiency by applying her knowledge of asymptotes and 

infinitesimal quantities from real analysis to make sense of the value of 0.74999…. Teacher C 

was able to engage in mathematical activity by using various decimal representations and 

attempting a proof by contradiction. She felt that being able to argue a point mathematical is a 

key skill for her to have as a teacher and was certainly strengthened by her experiences with 

advanced mathematics courses, such as real analysis. 

Teacher C struggled while working through Problem 3, but was still able to demonstrate 

both mathematical proficiency and mathematical activity, on one and two occasions respectively. 

She was able to use her mathematical proficiency to realize that she could write out a few terms 

of a sequence to determine if there is a pattern. In terms of mathematical activity, Teacher C 

realized that √2 + √2 + √2+. . .could be represented as an infinite sequence, but was unable to 

make a conjecture the convergence of the sequence. The ability to recognize and represent 

recursively defined sequences could have been developed while studying real analysis. During 
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Problem 4, Teacher C relied more on her mathematical proficiency related to functions and 

inverses than her ability to engage in mathematical activity. She demonstrated her mathematical 

proficiency on three occasions, applying her deep understanding of functions which could have 

been developed in real analysis. Additionally, Teacher C was able to engage in mathematical 

activity once by using multiple representations of a function to illustrate the graphical 

representation of a function by reflecting the function across the line y = x. 

Teacher C demonstrated a combination of mathematical proficiency, mathematical 

activity, and mathematical context throughout the two observed lessons. This more equally 

distributed coding could be the result of the more direct instruction based approach Teacher C 

implemented in both of her lessons. Limitations regarding the observations will be discussed in 

more detail in the next chapter. She demonstrated mathematical proficiency by providing 

students with precise mathematical definitions and notation, using precise mathematical 

language, and applying mathematical properties to derive formulas. This proficiency was 

especially evident in her foundational knowledge of sequences, series, and functions, which may 

have been developed in her real analysis course. During her lectures, Teacher C also engaged in 

mathematical activity by illustrating concepts through examples and deriving various formulas. 

For example, in figure 4.16, Teacher C derived the formula for the sum of an arithmetic 

sequence using a specific example. The ability to verify claims mathematically is a skill that can 

certainly be developed by studying real analysis. Finally, she displayed mathematical context 

primarily by asking probing questions and fielding student questions during her lectures. Her 

knowledge of sequences and functions from real analysis may have helped her to ask and answer 

meaningful questions using precise mathematical language and notation. 



   

126 

 

Figure 4.17 below shows all codes and themes that emerged for Teacher C from the 

analysis of both the task-based interviews and classroom observations by showing whether or not 

a given emergent code was applied and which theme each code was reduced to. Teacher C 

demonstrated a fairly equal distribution of mathematical proficiency, activity and context during 

both the task-based interviews and classroom observations. Teacher C was able to make more 

connections between real analysis and high school mathematics in the classroom than during the 

task-based interviews. Knowledge of real analysis potentially impacted her mathematical 

proficiency by helping her to know how and when to use procedures related to sequences as 

well as how to better explain why these procedures work to her students, all while using precise 

mathematical language and notation. 

Her relatively high proportion of mathematical activity during the observed lessons 

compared to the other participants was a result of verifying claims and deriving formulas related 

to sequences and series. She focused on both how to apply a formula as well as why the formula 

worked, striking a balance between procedural fluency and conceptual understanding. Finally, 

knowledge of real analysis potentially impacted her mathematical context by building on prior 

student knowledge and using the curriculum to help deepen student understanding of sequences, 

series, and functions. However, her evidence of mathematical context did not include fielding 

questions, guiding, or probing (questioning) and was the only of the four teachers who did not 

show evidence for this theme. The results from this within-case analysis suggest that Teacher C 

was able to use her deep understanding of real analysis to help her students how to engage in the 

problem solving process. 
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Figure 4.17: Emergent Codes for Teacher C 

Teacher D 

Task-based interviews. Teacher D has a Bachelor of Science in Mathematics and 

Mathematics Education with five years of teaching experience, primarily teaching courses in 

Algebra, Precalculus, and Calculus. As an undergraduate, she had taken 18 mathematics courses 

and 14 pedagogy focused courses. When asked if she thought if mathematics teachers should 

take a course in real analysis, she responded by claiming the following. 
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I do believe that high school mathematics teachers should be required to take a real 

analysis course.  One reason why I believe this is that it requires math teachers to see the 

whole picture of mathematics.  For instance, it is hard to “drive” students to where they 

are going if you do not know the final destination.  Not only does it provide teachers with 

an overview of mathematics as a whole, but it also would ensure that high school math 

teachers have experienced mathematical rigor in their training and are competent to teach 

the higher level high school mathematics courses.  It is unfortunate to say, but 

unfortunately this may hinder some future math teachers due to the difficulty of the 

course (Teacher D). 

When asked the question “What does it mean to teach mathematics?,” Teacher D responded with 

the following. 

To teach mathematics means to aid and facilitate students in the learning of math.  

Teaching math is not just teaching the processes, but also teaching students how to 

describe patterns and the world around them through the language of math (Teacher D). 

Teacher D spent a great deal of time on the first problem and was determined to solve it 

successfully. Once she sketched the Euclidean unit circle from memory, she reflected on the 

definition of a circle in terms of the notion of equidistant (MP). Teacher D then began her 

attempt to sketch a unit circle defined by the taxicab metric. She began by writing out what the 

equation would look like, eventually reducing it to |x| + |y| = 1, as shown below in figure 4.18 

(MA). Once she had this formula, Teacher D plotted various points that she felt confident were 

on the graph of this unit circle: (1, 0), (0, 1), (-1, 0), (0, -1), (½, ½), (-½, ½), (-½, -½), and (½, -

½). 
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Figure 4.18: Teacher D Problem 1 

After thinking about the remainder of the graph of the taxicab unit circle, Teacher D 

decided to come back to this part of the task after she spent some attempting to graph the 

maximum metric unit circle. She had a much easier time graphing this unit circle and did so by 

starting with the following points: (1, 0), (0, 1), (-1, 0), (0, -1), (1, 1), (-1, 1), (-1, -1), and (1, -1). 

After going back to the taxicab unit circle, Teacher D eventually decided that she would not be 

able to determine all of the points that fell on the circle, so she simply assumed that the shape of 

the graph would follow the same pattern (MA). 

Afterwards, we had a brief discussion about how she might make the connection between 

metrics as they are defined in real analysis and high school coordinate geometry. Teacher D 

claimed that while she was working through this problem, she kept going back to her 

understanding of the Euclidean unit circle and trigonometry, stating “I am immediately thinking 

of all of our trigonometry lessons where we have to use the unit circle to build it.” She felt like 

this connection could be better integrated into her teaching, but should have been discussed more 

explicitly in her real analysis course. Like Teacher C, she believes that in real analysis course for 

teachers, the instructor should explicitly discuss the connections to high school mathematics, 

claiming “Maybe relate it back to some of the previous math courses we’ve taken. I remember 

doing these metrics in our analysis class, but it was kind of isolated from our prior knowledge.” 
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Teacher D was the only participant to immediately approach Problem 2 using geometric 

series. She began by writing 0.74999… as an infinite decimal expansion, eventually expressing 

0.00999… as the geometric series shown below in figure 4.19 (MA). Noting that the ratio was 

less than one, Teacher D claimed that the series converged and her conjecture was that it 

converged to 0.001 (MP). She recalled the formula for the value of a convergent geometric 

series, but simply used the incorrect value for the first term of the series (MP). 

 

Figure 4.19: Teacher D Problem 2 

When asked why she was quick to rely on geometric series to approach this problem, Teacher D 

stated the following. 

We do geometric series and what they converge to, so I’m able to rely on the theoretical 

side of what I learned in real analysis and feel confident in explaining and teaching them 

why you can add an infinite amount of things and get a number (Teacher D). 
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She claimed that she teaches her students how to solve these particular problems in calculus and 

her knowledge of series from real analysis has been essential. 

When first given Problem 3, Teacher D was unsure about how she might approach it. She 

began by using the language of sequences and series, referring to terms in the sequence as partial 

sums (MP). Reflecting on her experience with Problem 2, Teacher D believed that if she could 

represent the quantity √2 + √2 + √2+. . .  as a sequence, then she would be able to determine 

the value it converged to (MA). In order to make a conjecture about the value of 

√2 + √2 + √2+. . . , she wrote out the first few terms in the sequence, as shown below in figure 

4.20 (MA). Teacher D claimed that the value of the expression would be 2, but was unsure about 

how she could prove this claim.  

 

Figure 4.20: Teacher D Problem 3 

We discussed that √2 + √2 + √2+. . .  could be represented as a recursive sequence and 

using properties of the convergence of sequences and subsequences from real analysis, one could 

show that the limit of the sequence is 2. Teacher D then explained an alternative solution to this 

problem, which involved setting 𝑥 = √2 + √2 + √2+. . . , squaring both sides of the equation, 

and solving for x to yield 2 as a solution. She claimed that the real analysis is essential for 
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teachers to understand, even if they are going to simply use an algebraic approach to the 

problem, stating the following. 

One of the reasons is we do algebraic stuff like this with our students, but I don’t think I 

made the connection as to why we can do it. Moving forward though, I think that this is 

something I can tie in with my students, like what happens when things get really large or 

being able to manipulate things algebraically (Teacher D).  

Additionally, Teacher D believed that she should have been explicitly shown the connections 

between concepts from real analysis and high school mathematics. 

The side by side of the real analysis versus high school math. I know we weren’t all 

going to become teachers, but seeing it side by side, like wow. Even for the students in 

analysis who weren’t going to become math teachers, I think that would help if they 

could rely on something previous that they already know (Teacher D). 

She believed that the knowledge of the connections between advanced and elementary 

mathematics is essential, even for those who will not become teachers. 

As with the other participants, Teacher D began Problem 4 by using the standard 

algorithm of switching x and y and then solving for y. However, as soon as she had a formula for 

the inverse of f(x), as shown below in figure 4.21, she commented that it only represented the 

inverse of the right half of the graph of f(x) (MA). Teacher D claimed that although this may be 

perceived as an easy problem by both teachers and students, knowledge of the functions from 

real analysis helps her to explain this concept even better to her students. She stated “I feel 

confident and concrete in not only the terminology but also the notation. Having done several 

examples in real analysis, I feel confident standing up in front of my class and teaching them 

these ideas.” 
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Figure 4.21: Teacher D Problem 4 

Moreover, Teacher D claimed that her knowledge of concepts from real analysis, such as 

mappings and injective functions, helps her to explain the nuances associated with determining 

the inverse of a function, especially ones which do not pass the horizontal line test. 

One of the things our students struggle with is restricting the domain and finding the 

domain and range of the inverse. Being able to make the connection between what does it 

mean to be one-to-one and showing the mapping versus bijective. This is something that I 

hope helps them see when and when they can’t find the inverse of a function and also 

look at the sets of the domain and range (Teacher D). 

Observations. During the first observation, Teacher D was observed teaching the same 

Precalculus lesson Teacher C taught on sequences and series. Since these teachers work at the 

same school and plan their lessons together, the content of this lesson was quite similar to that of 

Teacher C’s first observation. However, Teacher D did vary her instruction in terms of how 
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concepts and examples were illustrated. The main difference between their lessons was that 

Teacher D spent more time building conceptual understanding and therefore spent less working 

through examples and discussing various procedures related to sequences and series. She began 

class by reviewing questions to the homework assignment on linear programming. To begin the 

discussion of sequences and series, Teacher D asked students to recall what they know about 

sequences and series from their previous mathematics courses (MC). She then used student 

responses to define a sequence as a function whose domain is restricted to the positive integers 

(MC). Teacher D provided students with the sequence 4, 8, 12, … to help make the distinction 

between recursive and explicit formulas. She then provided students with an example of a 

famous sequence, the Fibonacci sequence, to illustrate the fact that not all sequences can be 

easily represented explicitly (MA). 

Teacher D again used the sequence 4, 8, 12, …, to provide students an example of an 

arithmetic sequence. She explained that by determining the common difference between terms, 

students could easily write the recursive formula for arithmetic sequences. The general formulas 

were provided for both recursive and explicit representations of arithmetic sequences, but not 

derived (MP). However, Teacher D did highlight the similarities and differences between the 

explicit formula for an arithmetic sequence and the general form of a linear function. She 

explained that arithmetic sequences are actually a particular type of linear functions with the 

domain restricted to the natural numbers (MP). 

Once students had a firm understanding of arithmetic sequences, Teacher D defined the 

concept of an arithmetic series as the sum of the terms of an arithmetic sequence (MP). She then 

introduced students to summation notation and explained this was just a more concise way to 

write the sum of a sequence of numbers (MA). Properties of summations were then derived, 
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including the constant and addition properties, using the distributive and commutative properties 

(MA). Referring back the the arithmetic sequence 4, 8, 12, …, Teacher D then derived the 

formula for the sum of an arithmetic series (MA). This was done by grouping the sum into pairs, 

as shown below in figure 4.22. 

 

Figure 4.22: Derivation of Arithmetic Series Formula 

Teacher D ended class by briefly discussing geometric sequences and series. Just as 

before, she asked students to recall what they had learned about geometric sequences in their 

previous mathematics courses (MC). To help students make the distinction between arithmetic 

and geometric sequences, Teacher D presented students with the sequence 10, 9, 
81

10
, … to 

illustrate that successive terms have a common ratio, rather than a common difference (MA, 

creating). She then asked students to determine the explicit and recursive formulas for this 
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sequence. These formulas were then used to derive the general recursive and explicit formulas 

for geometric sequences. Just as with arithmetic sequences, Teacher D explain to students that 

geometric sequences can really be thought of as exponential functions, with the domain restricted 

to the natural numbers (MP). 

For the second observation, Teacher D spent the class reviewing for an upcoming 

midterm exam on arithmetic and geometric sequences, linear and exponential functions, as well 

as general characteristics of functions. She began class by asking students to recall what they 

know about arithmetic and geometric sequences, including their commonalities and differences 

(MC). During this discussion, she explicitly pointed out that arithmetic and geometric sequences 

are subset of linear and exponential functions, with their domain restricted to their natural 

numbers (MP). In fact, she even used function notation, f(n), to represent the nth term of a 

sequence. Teacher D used the language discrete to describe arithmetic and geometric sequences 

and continuous to describe linear and exponential functions (MP). In order to illustrate this 

difference, the teacher sketched graphs of arithmetic and geometric sequences next to graphs of 

linear and exponential functions so that students could see the difference in the domain of each 

(MA). Students were then reminded of the recursive and explicit formulas for both arithmetic 

and geometric sequences and then asked to apply these formulas to solve various practice 

problems. Again, Teacher D explicitly pointed out the relationship between arithmetic sequences 

and linear functions and geometric sequences and exponential functions. 

After discussing the solutions to the assigned practice problems, Teacher D then asked 

students to recall what they know about linear and exponential functions (MC). She reviewed 

concepts related to linear functions including the formula for the slope of a line, the various 

forms of linear equations, and graphs of lines with positive, negative, zero, and undefined slope. 
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She then provided graphs of lines with positive, negative, zero, and undefined slope in order to 

relate the graphical representation of the line with both the slope formula and the equation of the 

line (MA). Similarly, Teacher D sketched various graphs of exponential functions to show how 

the value of b in the equation f(x) = bx affected the graph of f(x) (MA). Students were then asked 

to solve a various practice problems involving both linear and exponential functions. 

Teacher D spent the last part of class reviewing characteristics of functions, including the 

formal definition of a function, various representations of functions, graphs of functions, the 

vertical line test, function notation, and domain and range (MP). Since she was running short on 

time, the teacher quickly reviewed these concepts with her students and then asked them spend 

the last few minutes of class working on a set of practice problems. Teacher D was able to 

discuss the solutions to a few of these problems as a class and assigns the remaining problems to 

be completed for homework. 

Within-case analysis. Throughout the task-based interviews, Teacher D demonstrated 

various forms of mathematical proficiency and mathematical activity. While solving Problem 1, 

Teacher D displayed mathematical proficiency three times and mathematical activity twice. She 

was able to apply the definition of the taxicab and maximum metrics, which she learned in real 

analysis, to write equations for each of these unit circles. Teacher D also engaged in 

mathematical activity by manipulating the equations of the unit circles to reduce the complexity 

of the problem, a skill she claimed was strengthened by her experience with real analysis. From 

here this made it easier for her to test to see which points satisfy the unit circle equations. During 

Problem 2, Teacher D demonstrated mathematical proficiency twice and mathematical activity 

three times. She first engaged in mathematical activity by representing 0.74999… first in 

expanded decimal notation and then as an infinite geometric series. She was then able to use her 
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mathematical proficiency to conclude that the series converged to ¾. This required her to 

understand that 0.74999… was actually the limit of an infinite geometric series, where the value 

of the limit happened to be ¾. Teacher D claimed that she has been able to rely on her theoretical 

knowledge acquired in real analysis to explain to students how an infinite number of numbers 

can be summed and result in a finite number. 

To solve Problem 3, Teacher D relied more on her mathematical activity than 

mathematical proficiency, with three and one occurrences observed, respectively. She engaged in 

mathematical activity by recognizing that √2 + √2 + √2+. . .could be viewed as sequence and 

making and attempting to test her conjecture about the convergence of the sequence. Teacher D 

also used her mathematical proficiency to understand that computing the first few terms of the 

sequence may help determine if the sequence converges. Her ability to represent and make 

conjectures about convergence of infinite sequences could have been influenced by her 

experience with real analysis. On Problem 4, Teacher D demonstrated mathematical proficiency 

and mathematical activity both twice. She first used her mathematical proficiency to determine 

the formula for the inverse of f(x) and realize that only the positive branch of the inverse should 

be included to ensure that it is a function. Teacher D then engaged in mathematical activity by 

graphing f(x) and its inverse to illustrate their relationship and to verify that the formula she 

determined represented the inverse. Teacher D claimed that she felt confident and concrete in 

both the terminology notation association with functions because of her experience with real 

analysis. 

Teacher D demonstrated a combination of mathematical proficiency, mathematical 

activity, and mathematical context throughout the two observed lessons. Similar to Teacher C, 

this more equally distributed coding could be the result of the direct instruction based approach 



   

139 

 

Teacher D implemented in both of her lessons. Limitations regarding the observations will be 

discussed in more detail in the next chapter. Teacher D displayed mathematical proficiency by 

connecting and summarizing mathematical concepts related to sequences and functions. Her 

knowledge of sequences and functions from real analysis may have helped her to better explain 

the connection between arithmetic and geometric sequences and linear and exponential 

functions. She also engaged in a high proportion of mathematical activity throughout her lectures 

by deriving formulas and illustrating mathematical concepts related to sequences and functions 

with examples and various mathematical representations. These skills could have been developed 

while proving various theorems about sequences and functions in real analysis. When explaining 

the connection between arithmetic and geometric sequences and linear and exponential functions 

to her students, Teacher D was able to use both algebraic and graphical representations to 

highlight the differences in the domains of each. Finally, Teacher D displayed mathematical 

context by selecting appropriate problems and tasks for students to engage in and to asking and 

answer meaningful questions related to sequences and functions throughout her lectures. These 

pedagogical skills could have been influenced by having a profound understanding of sequences 

and functions as studied in real analysis. 

Figure 4.23 below shows all codes and themes that emerged for Teacher D from the 

analysis of both the task-based interviews and classroom observations by showing whether or not 

a given emergent code was applied and which theme each code was reduced to. Teacher D was 

able to make several connections between real analysis and high school mathematics in both the 

task-based interviews and classroom observations, demonstrated fairly equal proportions of 

mathematical proficiency, activity, and context. Knowledge of real analysis potentially impacted 

her mathematical proficiency by helping her make sense of algorithms and procedures as well 
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adapt and apply definitions to new situations. For example, her knowledge of the definition a 

function and injectivity helped her to solve a problem during the interview and to help her 

students unpack the meaning of the vertical and horizontal line tests. 

 

Figure 4.23: Emergent Codes for Teacher D 

Teacher D also engaged in mathematical activity by using her knowledge of real analysis 

to make conjectures, experiment, verify claims, use multiple representations, and derive 

formulas related to sequences, limits, and functions. Finally, knowledge of real analysis 
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potentially impacted the mathematical context of Teacher D by helping her to guide students and 

ask probing questions related to sequences and functions as well as use the curriculum 

appropriately to deepen student understanding of these concepts. It should be noted, however, 

that Teacher D was the only teacher who did not demonstrate any evidence of the building 

theme, since there were no instances of the build or facilitate emergent codes. The results from 

this within-case analysis suggest that Teacher D was able to use her deep understanding of real 

analysis to break down and explain complex concepts and procedures to her students. 

Cross-Case Analysis 

Task-based interviews. In addition to performing a within-case analysis for each of the 

teachers, I worked through a cross-case analysis for the task-based interviews to determine the 

various ways in which real analysis may impact a teacher’s mathematical proficiency and 

mathematical activity that might appear in one ore more of the cases. This was done by 

clustering and reducing the emergent codes shown below in tables 4.3 and 4.4 and discussed 

earlier in the chapter.  The tables show which emergent codes were applied during the within-

case analysis of each teacher. If a teacher used that code even once, the box is checked. From the 

table 4.1, we can see that all teachers were able demonstrate mathematical proficiency by using 

knowledge of real analysis to make sense of algorithms and procedures, while table 4.2 shows 

that all teachers were able to engage in mathematical activity by using their knowledge of real 

analysis to use various mathematical representations and verify claims. The least common 

instances  of mathematical proficiency came in the form of adapting a concept, such as a 

theorem, from real analysis to solve a problem, as this was only observed in Teacher B. In terms 

of mathematical activity, the least common emergent code was illustrating a concept using 
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various mathematical representations, with Teacher D being the only one who showed evidence 

for this emergent code. 

Table 4.3: Emergent MP Codes for Task-Based Interviews 

Theme Emergent Code Teacher A Teacher B Teacher C Teacher D 

Definition Adapting 

Definition 
✓ ✓  ✓ 

Adapting 

Concept 

 ✓   

Applying 

Definition 
✓  ✓ ✓ 

Conceptual ✓ ✓ ✓  

Algorithm Algorithm ✓ ✓ ✓ ✓ 

Computing ✓ ✓ ✓ ✓ 

Procedure ✓ ✓ ✓ ✓ 

 

Table 4.4: Emergent MA Codes for Task-Based Interviews 

Theme Emergent Code Teacher A Teacher B Teacher C Teacher D 

Inductive 

Reasoning 

Conjecture ✓ ✓  ✓ 

Experiment ✓  ✓ ✓ 

Generalize ✓ ✓   

Justifying Prove  ✓ ✓  

Verify ✓ ✓ ✓ ✓ 

Modifying Illustrate    ✓ 

Reduce 

Complexity 

 ✓ ✓  

Represent ✓ ✓ ✓ ✓ 

Connecting ✓ ✓ ✓ ✓ 
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All four teachers showed some evidence for each theme at some point during the task-

based interviews, with both Teacher A and B showing the most evidence of forms of 

mathematical proficiency and Teacher B showing the most evidence of forms of mathematic 

activity. In terms of mathematical proficiency, Teacher A and B (3 out of 4 emergent codes) 

showed the most evidence of the definition theme compared to Teacher C and D (2 out of 4 

emergent codes). However, all four teachers demonstrated evidence of the algorithm theme with 

all three emergent codes being applied at some point during the interviews. For mathematical 

activity, Teacher A demonstrated the most evidence for inductive reasoning theme (all 3 

emergent codes), while Teacher C demonstrated the least amount of evidence (1 out of 3 

emergent codes). Teacher A and C both demonstrated the most evidence for the justifying theme 

(both emergent codes) compared to Teacher B and D (1 out 2 emergent codes). Finally, Teacher 

C and D demonstrated the most evidence for the modifying theme (3 out of 4 emergent codes)  

compared to Teacher A and B (2 out of 4 emergent codes). 

Observations. A cross-case analysis was also conducted for the observations to 

determine the various ways in which real analysis may impact a teacher’s mathematical 

proficiency, mathematical activity, and mathematical context. This was done by clustering and 

reducing the emergent codes (described earlier in the chapter) shown below in tables 4.5-4.7, that 

show which emergent codes were applied to the data during the within-case analysis of each 

teacher. If a teacher used that code even once, the box is checked. From the table 4.5, knowledge 

of real analysis potentially impacted all teachers’ mathematical proficiency by helping students 

to make connections between mathematical concepts and explain how and why given 

procedures worked. Table 4.6 shows that knowledge of real analysis potentially impacted all 

teachers’ mathematical activity by helping them to use and explain various mathematical 
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representations related to sequences and functions. Finally, table 4.7 shows that knowledge of 

real analysis potentially impacted all teachers’ mathematical context by helping them to use the 

curriculum appropriately to build student understanding. The least common uses of 

mathematical proficiency came in the form of using precise mathematical language and 

notation as well as summarizing key concepts, as evidence of each of these emergent codes was 

shown by two of the teachers. In terms of mathematical activity, the least common emergent 

code was deriving formulas and properties, observed during the first lesson for Teacher C and D 

on sequences and series. Finally, the least common forms of mathematical context were 

facilitating and fielding questions, as these were both only observed during lessons taught by 

Teacher A. 

Table 4.5: Emergent MP Codes for Observations 

Theme Emergent 

Code 

Teacher A Teacher B Teacher C Teacher D 

Language Mathematical 

Language 
✓  ✓  

Definition ✓  ✓ ✓ 

Notation ✓  ✓  

Connections Connecting ✓ ✓ ✓ ✓ 

Summarize ✓   ✓ 

Application Procedure ✓ ✓ ✓ ✓ 

Applying 

Properties 
✓ ✓ ✓  

 

 



   

145 

 

Table 4.6: Emergent MA Codes for Observations 

Theme Emergent 

Code 

Teacher A Teacher B Teacher C Teacher D 

Representing Illustrate ✓  ✓ ✓ 

Represent ✓ ✓ ✓ ✓ 

Verifying Justify ✓ ✓  ✓ 

Derive   ✓ ✓ 

 

Table 4.7: Emergent MC Codes for Observations 

Theme Emergent 

Code 

Teacher A Teacher B Teacher C Teacher D 

Questioning Field 

Questions 
✓    

Probe ✓ ✓  ✓ 

Guide ✓ ✓  ✓ 

Building Build  ✓ ✓  

Facilitate ✓    

Curriculum Curriculum ✓ ✓ ✓ ✓ 

 

Teacher A was the only participant who demonstrated at least some evidence of each 

theme at some point during the observed lessons. Teacher B did not show any evidence of the 

language theme, Teacher C did not show any evidence of the questioning theme, and Teacher D 

did not show any evidence of the building theme. Teacher A demonstrated the most evidence of 

both mathematical proficiency and mathematical context, whereas, Teacher D showed the most 

evidence of mathematical activity. In terms of mathematical proficiency, Teacher A and C 
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demonstrated the most evidence of the language theme (all 3 emergent codes), while Teacher B 

demonstrated no evidence of this theme (no emergent codes). Teacher A and D demonstrated the 

most evidence of the connections theme (both emergent codes) compared to Teacher B and C (1 

out of 2 emergent codes). Finally, Teacher D demonstrated the least amount of evidence for the 

application theme (1 out of 2 emergent codes) compared to Teachers A, B, and C (both emergent 

codes). 

For mathematical activity, Teacher B demonstrated the least amount of evidence for the 

representing theme (1 out of 2 emergent codes) compared to Teacher A, C, and D (both emergent 

codes), while Teacher D demonstrated most evidence for the verifying theme (both emergent 

codes) compared to Teacher A, B, and C (1 out of 2 emergent codes). For mathematical context, 

Teacher A demonstrated the most evidence for the questioning theme (all 3 emergent codes), 

while Teacher C did not demonstrate any evidence of this theme. Teacher D was the only to 

show no evidence of the building theme, while Teacher A, B, and C all demonstrated similar 

evidence (1 out of 2 emergent codes). Finally, all teachers demonstrated the curriculum theme at 

some point during the observed lessons. 

Conclusion 

In this chapter, I detailed the codes and themes that emerged in the analysis of the data. I 

then presented a narrative of the four teacher case studies including a within-case analysis, in 

order to provide insight into the various themes that were found by using the MUST framework 

constructs as well as the codes that emerged. Finally, a cross-case analysis was provided for both 

the task-based interviews and teacher observations. For the task-based interviews, the following 

themes emerged. Teachers demonstrated mathematical proficiency by using their knowledge of 

definitions or algorithms from real analysis and demonstrated mathematical activity by engaging 
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in inductive reasoning, justifying claims, and using alternative representations to reduce the 

complexity of a problem. For the teacher observations, the following themes emerged: teachers 

demonstrated mathematical proficiency by using precise mathematical language, made 

connections between mathematical concepts, or explained how and why to apply a procedure, 

definition, or mathematical concept, demonstrated mathematical activity by using multiple 

representations or verifying claims, and demonstrated mathematical context by questioning, 

assessing and building on prior student knowledge, and using the curriculum appropriately. In 

the next and final chapter, interpretation of results, limitations, implications and future research 

will be discussed. 
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CHAPTER 5: CONCLUSION 

In this chapter, I first review what I found in the textbook investigation to help support 

the significance of this work.  I then interpret the results of my analysis of the task-based 

interviews and teacher observations and address both research questions. The results of the task-

based interviews and teacher observations are then discussed in relation to established constructs 

of the MUST framework. I also discuss the limitations of this study, implications, and future 

research related to real analysis for high school teachers. 

Discussion 

Textbook investigation. From my analysis of Introduction to Real Analysis by Bartle 

and Sherbert (2011), I found evidence of several connections between standards (content) from 

real analysis and high school mathematics, which helps to validate the claim made by the 

Conference Board of the Mathematical Sciences (2012) which states that all teachers should 

study real analysis as part of their teacher preparation program. Although some of this content is 

specifically relevant for those who teach precalculus, such as limits and exponential and 

trigonometric functions, there are still several concepts which are directly related to other high 

school mathematics topics. In fact, a total of 22 connections between real analysis concepts and 

CCSS-M (2010) were discovered.  

Prior to discussing limits and functions, the authors (Bartle & Sherbert, 2011) spend time 

building up the structure of the real numbers. Having a deep understanding of this structure is 

relevant for anyone who teaches high school mathematics, from algebra to precalculus and 

beyond. Additionally, this text emphasizes sequences and series, which is another topic relevant 

for all teachers of mathematics. In high school, students are often asked to find both the recursive 

and explicit formulas for sequences and then use these formulas to find a particular term. 
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Additionally, it is common for students to explore the relationship between sequences and 

functions (CCSS-M, 2010). For example, a teacher may plan a lesson where students discover 

that arithmetic and geometric sequences are essentially linear and exponential functions, 

respectively. Therefore, it is essential that teachers understand that sequences are just a specific 

class of functions, where the domain is restricted to the natural numbers. 

 There were 17 connections between concepts discussed in this real analysis textbook and 

the content in the function domain of the CCSS-M (2010). Table 5.1 below summarizes the 

number of connections between real analysis concepts discussed in this textbook and CCSS-M 

(2010). Like the work done with abstract algebra by Wasserman (2016), the results of this 

textbook investigation help to push our understanding of content knowledge for teachers 

forward, ultimately informing the mathematical preparation of teachers. Implications of this 

textbook investigation for mathematicians, mathematics teacher educators, and high school 

mathematics teachers are discussed later in this chapter. 

Table 5.1: Frequency of Connections Between Real Analysis Concepts and CCSS-M 

Mathematical Topic Number of CCSS-M 

Number and Quantity 1 

Algebra 2 

Functions 17 

Geometry 1 

Statistics and Probability 1 

 

Interestingly, this investigation suggests that a real analysis course intended for teachers 

should focus heavily on functions. Possible future research concerning the area of textbook 

investigations of advanced mathematics textbooks is discussed in the last section of this chapter. 

However, it should be noted that real analysis should not be simply thought of as a list of topics 
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that teachers should know. Rather, there should be a emphasis on rigor and proof with respect to 

these topics. While studying real analysis, teachers should be given the opportunity to prove 

various theorems about the real numbers and real-valued functions. For example, proving the 

Intermediate Value Theorem may help teachers to make sense of the graphical methods for 

solving equations that they teach to their students. This and many other theorems studied in real 

analysis form a basis of much of what is studied in high school mathematics. 

Research question 1. The objective of conducting and analyzing the task-based 

interviews was to answer the following research question.  

What connections between real analysis and high school mathematics content do teachers 

make when solving tasks? How can these connections be characterized in terms of 

mathematical proficiency and mathematical activity?  

Throughout the task-based interviews, teachers were able to make connections between metric 

spaces and coordinate geometry, convergence and equivalent representations of numbers, 

sequences and functions, and mappings and functions. To address the second part of this research 

question, data collected from the task-based interviews was analyzed using the MUST 

framework (Heid, Wilson, & Blume, 2015). Throughout the interviews, teachers engaged in 

similar proportions of mathematical proficiency and mathematical activity, with 35 total 

occurrences of each. In terms of mathematical proficiency, the following broad themes emerged: 

definition and algorithm. Teachers used their knowledge of real analysis to adapt and apply 

knowledge of a rigorous definition related to metrics, convergence, or functions to solve a 

problem and know why an algorithm or procedure related to limits, sequences, or functions 

worked. These themes align with the conceptual understanding, procedural fluency, and adaptive 

reasoning aspects of mathematical proficiency as described by Heid, Wilson, and Blume (2015). 
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In a real analysis course, teachers would have developed a rigorous understanding of various 

mathematical definitions and concepts, which can then be applied to make sense of high school 

mathematics concepts. For example, a teacher may learn the definition of a function as a relation 

that maps each element in the domain to exactly one element in the range. They may even learn 

that a function is injective if every element of the range is the image of at most one element from 

the domain. Consequently, this may help teachers develop a deeper understanding of the 

graphical representation of a function, as shown below in figure 5.1. 

 

Figure 5.1: Graphical Representation of a Function 

Moreover, this conceptual understanding of functions as mappings and injectiveness can then 

help them to better understand concepts and procedures from high school mathematics, such as 

applying the vertical line test to determine if a relation is a function or applying the horizontal 

line test to determine if a function is invertible. 

In terms of mathematical activity, the following broad themes emerged: inductive 

reasoning, justifying, and modifying. Teachers used their knowledge of real analysis to help 

them to use inductive reasoning to make a conjecture or generalization about convergence, 

justify a claim about convergence or functions numerically, graphically, or using a formal proof, 

and use alternative mathematical representations of a sequences or function to reduce the 
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complexity of the problem. These themes align with the reasoning when conjecturing and 

generalizing, justifying/proving, representing, and modifying/transforming/manipulating aspects 

of mathematical activity as described by Heid, Wilson, and Blume (2015). While studying real 

analysis, teachers are afforded the opportunity to use inductive reasoning to make conjectures 

(conjecturing and generalizing) and then prove these conjectures (justifying/proving) using 

definitions and theorems learned throughout the course. Additionally, teachers may use various 

mathematical representations to help them make sense of and solve problems (representing and 

modifying/transforming/manipulating). For example, one may make the conjecture that the 

rational numbers are countable, based on the fact that the natural numbers are countable. This 

claim can then be proven using known properties of the natural numbers and set theory. 

Although a formal proof using theorems and definitions would suffice, one may make sense of 

the proof by representing a diagonal mapping between the rational numbers and natural numbers, 

as shown below in figure 5.2. 

 

Figure 5.2: Diagonal Mapping Between Natural Numbers and Rational Numbers 
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Similar to the results of the work done by Wasserman et al. (2015), teachers in this study did 

believe that the connections between real analysis and high school mathematics that were 

prevalent in the tasks could inform their teaching but felt that these connections were not 

explicitly discussed in their real analysis course or that these connections could have been 

emphasized more. Additionally, participants also believed that teachers would benefit from a real 

analysis course designed specifically for teachers, which again aligns with previous work 

(Wasserman et al., 2015). However, there were a few slight contrasts between the results of this 

study and the work done by Wasserman and colleagues (2015). First, participants in this study 

were in general able to make significant progress on the tasks, arriving at valid solutions for 

nearly every task. Additionally, all participants in this study felt that the connections in each task 

had some relevance to their teaching. These differences could be attributed to the background of 

the participants or difficulty of the tasks in comparison to those from Wasserman et al.’s (2015) 

study. Limitations of the task-based interviews are discussed in more detail later in this chapter. 

Research question 2. The objective of conducting and analyzing the teacher 

observations was to answer the following research question.  

What real analysis content is potentially used by mathematics teachers during the 

instructional process? How can the use of this content knowledge be characterized in 

terms of mathematical proficiency, mathematical activity, and mathematical context? 

Throughout the observations, teachers potentially made connections between how sequences, 

series, functions, and limits are studied in real analysis versus how these concepts are taught in 

high school mathematics classrooms. The second part of this research question was addressed by 

analyzing data collected from the teacher observations using the MUST framework (Heid, 

Wilson, & Blume, 2015). Throughout the two observations of each of the four participants, 
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knowledge of real analysis impacted teachers’ mathematical proficiency and mathematical 

context more than their mathematical activity, with 58 occurrences of mathematical proficiency, 

60 occurrences of mathematical context, and 29 occurrences of mathematical activity in total. In 

terms of mathematical proficiency, the following broad themes emerged: language, connections, 

and application. Teachers used their knowledge of real analysis to use precise mathematical 

language or introduced and unpacked mathematical notation related to sequences, series, 

functions, or limits, explain or summarize mathematical connections between sequences and 

functions or limits and asymptotes, and use knowledge of sequences series, functions, or limits to 

explain how and why to apply a procedure, definition, or mathematical property to solve a 

problem. These themes again align with the conceptual understanding, procedural fluency, and 

adaptive reasoning aspects of mathematical proficiency as described by Heid, Wilson, and 

Blume (2015). The use of precise mathematical language and notation is essential in an advanced 

mathematics course such as real analysis. For instance, when discussing the notion of arbitrarily 

close, the ẟ-𝜀 definition of a limit is used to formalize the notion of the limit of a function. This 

can be done by linking the  ẟ-𝜀 definition to a graphical representation, as shown below in figure 

5.3. 

 

Figure 5.3: Graphical Representation of Limit of a Function 
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Additionally, studying real analysis may help teachers to improve their ability to work with and 

apply definitions, theorems, and other mathematical concepts to solve new problems. For 

example, the algebraic properties of limits of sequences can be proven by simply using the fact 

that sequence can be defined as functions along with the algebraic properties of limits already 

derived for functions. 

In terms of mathematical activity, the following broad themes emerged: representing and 

verifying. Teachers used their knowledge of real analysis to use an example of an equation, 

graph, or other representation to illustrate a concept related to sequences, limits, or functions and 

justify a claim or derive a formula or property related to sequences, series, functions, or limits 

using definitions, properties, or examples. These themes align with the representing and 

justifying/proving aspects of mathematical activity as described by Heid, Wilson, and Blume 

(2015). Teachers engaged in a subset of the aspects of mathematical activity that they 

demonstrated during the task-based interviews, but in different ways. In the task-based 

interviews, teachers used multiple representations so that they could make sense of and solve a 

problem. In the classroom, however, these various mathematical representations were used to 

illustrate a concept to their students. For example, a few teachers presented both equations and 

graphs of arithmetic and geometric sequences along with linear and exponential functions to 

show the similarities and differences between the two mathematical objects. In terms of the 

justifying or proving aspect of mathematical activity, it was common for teachers to derive 

known formulas using various algebraic properties. This differs from how teachers verified 

claims in the task-based interviews in that teachers would make conjectures and attempt to verify 

their claims, which turned out to be an iterative process in nature. As mentioned in the discussion 
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of mathematical activity demonstrated during the task-based interviews, studying real analysis 

can afford teachers the opportunity to engage in this type of mathematical thinking. 

Finally, in terms of mathematical context, the following broad themes emerge: 

questioning, building, and curriculum. Teachers used their knowledge of real analysis to answer 

and ask questions related to sequences, series, functions, or limits using precise and accurate 

mathematical language and notation, assess and build on prior student knowledge of sequences, 

series, functions, or limits, and select problems and tasks that help students build an 

understanding of sequences, series, functions, or limits. These themes align with the probe 

mathematical ideas, access and understand the mathematical thinking of learners, know and use 

the curriculum, and assess the mathematical knowledge of learners aspects of mathematical 

context as described by Heid, Wilson, and Blume (2015). Because of their extensive knowledge 

of the real numbers, sequences, and functions developed in their real analysis courses, teachers 

were able to ask their students meaningful questions (probe mathematical ideas) as well as 

answer student questions using precise mathematical language and notation (access and 

understand the mathematical thinking of learners). For example, this was observed when one 

teacher explained to her students that arithmetic sequences are a subset of linear functions, where 

the domain is restricted to the natural numbers. This was prompted by a student question about 

the relationship between the slope of linear functions and the common difference of arithmetic 

sequences. Additionally, teachers were able to use their knowledge of real analysis to select 

appropriate problems or tasks that could afford their students to make meaningful connections 

(know and use the curriculum and assess the mathematical knowledge of learners). Teachers’ 

extensive knowledge of functions, sequences, and limits from real analysis helped them to 

develop and implement engaging tasks that promoted rich mathematical discussions. This is also 
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consistent with previous findings that claim that horizon content knowledge has a positive 

impact on teachers’ planned classroom practices (Wasserman & Stockton, 2013). 

Interviews and observations. Throughout both the task-based interviews and the 

classroom observations, teachers demonstrated a variety of forms of mathematical proficiency, 

activity, and context. In total, teachers’ knowledge of real analysis impacted mathematical 

proficiency on 93 occurrences, mathematical activity on 64 occurrences, and mathematical 

context on 60 occurrences. This indicates that for this group of teachers, knowledge of real 

analysis impacted mathematical proficiency more than their mathematical activity. In terms of 

mathematical proficiency, teachers displayed aspects that aligned with conceptual understanding 

and procedural fluency as described by Heid, Wilson, and Blume (2015). The main difference 

between how teachers used their conceptual understanding and procedural fluency in the 

interviews versus the observations was situational. In the task-based interviews, teachers used 

their conceptual understanding and procedural fluency to help them solve a problem, whereas in 

the classroom they used these aspects of mathematical proficiency to help them better explain a 

concept to their students. Teachers engaged in mathematical activity by reasoning when 

conjecturing and generalizing, justifying/proving, representing, and 

modifying/transforming/manipulating as described by Heid, Wilson, and Blume (2015). When 

justifying or proving in the task-based interviews versus during the observed lessons, teachers 

differed in their level of formality and rigor. In the task-based interviews, teachers would attempt 

to justify or prove a claim using precise mathematical definitions or theorems, whereas in their 

classrooms it was common for them to justify a claim using a numeric, algebraic, or graphical 

example. 



   

158 

 

Finally, knowledge of real analysis impacted teachers’ mathematical context by helping 

them to better probe mathematical ideas, access and understand the mathematical thinking of 

learners, know and use the curriculum, and assess the mathematical knowledge of learners as 

described by Heid, Wilson, and Blume (2015). Since mathematical context could only be 

observed during the classroom observations, a comparison cannot be made in terms of the 

qualitative differences of how knowledge of real analysis may potential impact this category of 

the MUST framework during task-based interviews versus classroom observations. Figure 5.4 

below, which I created, summarizes the connections between the final codes derived from the 

qualitative analysis and the aspects of mathematical proficiency, activity, and context of the 

MUST framework (Heid, Wilson, & Blume, 2015) Blue, red, and green indicate an aspect of 

mathematical proficiency, activity, and context respectively, as described by Heid, Wilson, and 

Blume (2015). Orange and purple indicate the final codes derived from the analysis of the task-

based interviews and classroom observations, respectively. 

 

Figure 5.4: Impact of Real Analysis on MP, MA, and MC 

This study adds to the work done on the ULTRA project by Wasserman et al. (2017) by 

applying the MUST framework developed by Heid, Wilson, and Blume (2015) to investigate the 
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impact of the knowledge of real analysis on teaching practices, specifically in terms of their 

mathematical proficiency, activity, and context. The goal of the ULTRA project (Wasserman et 

al., 2017) was to design, implement, and assess and innovative real analysis course for pre-

service and in-service mathematics teachers. The results from this dissertation study contribute to 

the body of work on knowledge of advanced mathematics by providing specific forms 

knowledge of real analysis can take. This complements the work done by Wasserman et al. 

(2017) by investigating how studying real analysis using the current implicit model (shown 

below in figure at the top of figure 5.5) may impact teaching practices. This dissertation study 

could be extended by comparing the impact of real analysis on mathematical proficiency, 

activity, and context when teachers study real analysis using the current implicit model versus 

the bidirectional model (shown below at the bottom of figure 5.5) proposed by Wasserman et al. 

(2017). 

 

Figure 5.5: Implicit versus Suggested Model for Teaching Real Analysis 
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Limitations  

Due to the qualitative nature of the data collection and analysis, a total of only four 

participants was considered. This small sample size was purposeful, as it allowed for a deep 

analysis of the relationship between teacher knowledge of real analysis and classroom teaching. 

The inherent drawback of a small sample size case study is that the results derived are not easily 

generalizable and therefore do not necessarily apply to all high school teachers will a background 

in real analysis. However, the goal of this study was not to produce a generalized theory about 

the relationship between teacher knowledge of real analysis and classroom teaching practices. 

Rather, this study aimed to investigate this relationship from the perspectives of four high school 

mathematics teachers so to better understand how learning real analysis may be beneficial for 

high school mathematics teachers. 

The design of the study also invited inherent limitations. Although the four problems 

used for the task-based interviews were designed to have multiple solution paths, it is possible 

certain problems and tasks may be more conducive to the use of mathematical proficiency versus 

mathematical activity. For example, a problem that required more background knowledge may 

require teachers to apply their mathematical proficiency whereas a problem that invited the use 

of multiple representations may promote a higher proportion of mathematical activity.  

Another limitation may come from how they observations were chosen. In this study, 

teachers were asked to choose lessons they believed required knowledge of real analysis to teach 

successfully. This was done so that meaningful connections could be seen during the classroom 

observations. The lessons teacher chose certainly may have affected the proportions of observed 

mathematical proficiency, mathematical activity, and mathematical context. Moreover, the 

impact of mathematical proficiency, mathematical activity, and mathematical context could have 
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also been influenced by a variety of factors such as teaching style, school setting, classroom 

atmosphere, etc. Finally, even if there teachers do demonstrate various forms of mathematical 

proficiency, activity, and context that could be influenced by knowledge of real analysis, we 

cannot be certain that these skills were directly impacted by studying this subject. For example, 

the ability to reason both inductively and deductively could have been developed in other 

advanced mathematics courses, such as abstract algebra or number theory. Despite the 

limitations described above, the results of this study do have implications for high school 

mathematics teachers, mathematicians, and mathematics teacher educators, which are discussed 

in the next section. 

Implications 

The results of this study may inform the design and instruction of advanced mathematics 

courses for teachers such as real analysis, abstract algebra, number theory, or geometry. The goal 

is that these courses for teachers are more connected to the practice of teaching high school 

mathematics. With respect to real analysis specifically, the results of the textbook investigation, 

task-based interviews, and teacher observations have pedagogical implications for high school 

mathematics teachers, mathematicians, and mathematics educators. The results of the textbook 

investigation suggest that there are several connections between concepts studied in real analysis 

and concepts related to functions as they are taught in high school mathematics. For both 

mathematicians and mathematics teacher educators, this means that a real analysis course 

designed for teachers should focus on developing a deep understanding of function and making 

explicit connections to the CCSS-M (2010) which address functions. 

However, in the likely event that a real analysis course is not offered specifically for 

teachers, but for mathematics majors in general, the connections between functions studied in 
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real analysis and functions taught in high school mathematics should be explicitly discussed in 

pedagogy focused courses. Moreover, the model developed by Wasserman and colleagues 

(2017) could be implemented so that teachers are afforded the opportunity to build up to and step 

down from practice as it relates to the teaching and learning of functions. For example, Problem 

4 of the task-based interviews required teachers to step down to the practice of teaching function 

concepts by starting with more abstract notions of what it means for a function to be invertible. 

For both pre-service and in-service high school mathematics teachers, this means that they could 

seek professional development opportunities that help them to better make connections between 

advanced mathematics and CCSS-M (2010) related to functions. 

The results of both the task-based interviews and teacher observations also have 

meaningful pedagogical implications. During these interviews and observations, teachers 

demonstrated mathematical proficiency through their understanding of definitions and 

procedures, use of precise mathematical language and notation, and ability to make connections 

between mathematical concepts and apply these connections to solve problems. Teachers also 

engaged in mathematical activity by using inductive reasoning, justify claims, and representing 

mathematical objects in a variety of ways. These are all skills that all high school mathematics 

teachers should possess and promote for their students. Therefore, it is imperative that when 

studying real analysis, teachers be afforded ample opportunities to learn rigorous mathematical 

definitions, think inductively, justify claims, and use multiple representations. 

For mathematicians and mathematics teacher educators, this means that they should work 

to design and structure courses focused on real analysis for teachers in a way that promotes the 

growth of these skills. This could be achieved through a variety of means, such as classroom 

instruction, problem sets, quizzes, exams, or projects. Again, if high school mathematics teachers 
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do not complete a real analysis course specifically designed for them, it is crucial that teachers 

are given opportunities to study rigorous mathematical definitions, engage in inductive 

reasoning, justify claims, and use multiple representations in their pedagogy focused courses. 

Finally, teachers demonstrated mathematical context by questioning, assessing and building on 

prior student student knowledge, and using the curriculum appropriately. For mathematics 

teacher educators especially, this means that teachers are provided the opportunity to engage in 

these aspects of mathematical context within their pedagogy focused classes and that the impact 

that knowledge of real analysis has on these aspects is explicitly addressed. 

Future Research 

Although the results of this study do have meaningful implications for mathematicians, 

mathematics teacher educators, and high school mathematics teachers, there is still much work to 

be done. First, since only one representative real analysis textbook was considered for the 

textbook investigation, a more complete study to investigate several commonly used real 

analysis textbooks could be beneficial. To determine which subset of introductory real analysis 

textbooks to analyze, brief surveys could be sent out to mathematicians at several universities 

who often teach courses in real analysis. A decision would need to be made about the number of 

textbooks to investigate, but the top few most commonly used textbooks could then be analyzed 

to investigate the connections between real analysis and the CCSS-M (2010). Additionally, this 

same mapping process could be done with textbooks focused on other advanced mathematics, 

such as abstract algebra, number theory, or axiomatic geometry. 

Due to the constraints of time and resources, this study was conducted on a small scale. 

In addition to recruiting more participants, one may also consider conducting more task-based 

interviews and more observations. Teachers would be given the opportunity to solve a variety of 
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problems, which require a combination of stepping down from and stepping up practice. 

Moreover, teachers could be observed on several more occasions to gain a more comprehensive 

perspective of how knowledge of real analysis impacts their teaching practices. If teachers were 

to be observed more often, then having them choose a lesson which they believe requires 

knowledge of real analysis would not be a requirement, since there would be more opportunities 

to observe this impact over the course of several classroom visits. Finally, it may be worthwhile 

to also conduct focus groups with all participants following the interviews and observations. This 

would give teachers the opportunity to share their perspectives of how they believe real analysis 

impacted their ability to solve problems and teach mathematics. Although the goal of case 

studies, and qualitative research in general, is not to make sweeping generalizations, considering 

more participants, interviews, observations, and additional forms of data may help to provide a 

more holistic understanding of the relationship between teacher knowledge of real analysis and 

the teaching of high school mathematics concepts. Furthermore, it may be beneficial to consider 

analyzing quantitative data as well. This could be accomplished by determining if there is an 

associate between the number of occurrences of mathematical proficiency and mathematical 

activity in the interview and the number of occurrences of mathematical proficiency and 

mathematical activity during the observed lesson. Mathematical context would need to be 

omitted from this analysis, since this aspect of the MUST framework (Heid, Wilson, & Blume, 

2015) can not be observed during a task-based interview. A quantitative analysis could also be 

conducted by comparing the impact of the knowledge of real analysis on teaching practices using 

the current implicit model for teaching advanced mathematics versus the bidirectional model 

proposed by Wasserman et al. (2017). The results of this quantitative analyze may provide 

further insight into how teacher knowledge of real analysis influences their teaching. 
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Going forward, I plan to use the results of this study to produce practical and concrete 

materials for mathematicians, mathematics teacher educators, and high school mathematics 

teachers. For mathematicians and mathematics teacher educators, I hope to develop curriculum 

materials for teachers, using research based connections between real analysis and high school 

mathematics. This could take the form of an open source textbook that could be easily shared 

with those teaching either real analysis courses for teachers or courses that focus on making 

connections between college and high school mathematics. Rather than a full textbook, this may 

also take the form of supplementary resources (e.g. modules) that mathematicians and 

mathematics teacher educators could use as needed in their classrooms. Although work like this 

is currently being during by Wasserman et al. (2017), they have not placed much emphasis on 

sequences and functions, which I have found to be essential components of the real analysis 

curriculum for teachers. For teachers, this make take the form of workshops which help them to 

access their knowledge of real analysis and apply it to concepts that they teach in their 

classrooms. This practical dissemination of the results from this study may be done at the local, 

state, or even national level.  

Finally, I believe it would be worthwhile to study connections between other advanced 

mathematics topics (abstract algebra, number theory, geometry, etc.) and high school 

mathematics. This process of investigating an advanced mathematics textbook, conducting task-

based interviews, observing teachers in their classrooms, and then analyzing the data using the 

MUST framework (Heid, Wilson, & Blume, 2015) could be done with any advanced 

mathematics course that high school mathematics teachers are required to complete. Finally, 

rather than considering the MUST framework (Heid, Wilson, & Blume, 2015), one may also 
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consider investigating the impact of knowledge of real analysis on axiomatic, logical, inferential, 

peripheral, and evolutionary knowledge as described by Stockton and Wasserman (2017). 

Conclusion 

In this study, I have analyzed the relationship real analysis and high school mathematics 

through a textbook investigation, task-based interviews, and teacher observations. The results of 

this study suggest that studying real analysis can be a worthwhile experience for high school 

mathematics teachers, especially if they are given the opportunity to make explicit connections 

between topics from real analysis and concepts that are taught in high school mathematics 

classrooms. The results of the textbook investigation indicate that there exist many connections 

between function concepts studied in real analysis and function concepts taught in high school 

and therefore should be emphasized in either a real analysis course designed for teachers or a 

pedagogy focused course. Additionally, results from both the task-based interviews and teacher 

observations suggest that teachers have the potential to gain valuable knowledge and skills by 

studying real analysis, which should again be emphasized in either a real analysis course 

designed for teachers or a pedagogy focused course. Specifically, real analysis has the potential 

to impact teachers’ mathematical proficiency by helping them to make sense of definitions, 

algorithms, and use precise mathematical language. Knowledge of real analysis also has the 

potential to impact teachers’ mathematical activity by helping them to use both inductive and 

deductive reasoning, modify problems to reduce complexity, and make use of various 

mathematical representations. Finally, knowledge of real analysis has the potential to impact 

teachers’ mathematical context by helping them to ask and answer meaningful mathematical 

questions, build on prior student knowledge, and use the curriculum to deepen student 

understanding. 
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In fact, the results of this study suggest that studying real analysis may enhance teachers’ 

mathematical proficiency, activity, and context (Heid, Wilson, & Blue, 2015), horizon content 

knowledge (Wasserman & Stockton, 2013), and axiomatic, logical, inferential, peripheral, and 

evolutionary knowledge (Stockton & Wasserman, 2017). Since each of these categories of 

knowledge are nested under either content knowledge, pedagogical content knowledge, and 

curricular knowledge as described by Shulman (1986), knowledge of real analysis transitively 

impacts the three forms of knowledge for teachers original proposed by Shulman (1986). Based 

on the responses to the follow up questions at the end of the task-based interviews, these teachers 

did perceive knowledge of real analysis as being useful for their teaching, which is an essential 

part of being able to access and apply it (Earnest, 1989). These perceptions that studying real 

analysis is useful for teaching high school mathematics differs from the results seen in previous 

studies (Zazkis & Leikin, 2009; Wasserman et al., 2015). My hope is that the results of this study 

may be used to inform the design and instruction of advanced mathematics courses, such as real 

analysis, so that they are more connected to the practice of teaching high school mathematics. 
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Appendix A: Framework Key 

 

• Shuman, 1986 (Red) 

o Content Knowledge 

o Pedagogical Content Knowledge 

o Curricular Knowledge 

• Ball, Thames, and Phelps, 2008 (Orange) 

o Common Content Knowledge (CCK) 

o Specialized Content Knowledge (SCK) 

o Knowledge of Content and Students (KCS) 

o Knowledge of Content and Teaching (KCT) 

o Knowledge of Curriculum 

• Heid, Wilson, and Blume, 2015 (Yellow) 

o Mathematical Proficiency (MP) 

o Mathematical Activity (MA) 

o Mathematical Context (MC) 

• Wasserman and Stockton, 2013 (Blue) 

o Horizon Content Knowledge 

• Zazkis and Leikin, 2009 (Green) 

o Advanced Mathematical Knowledge 

• Stockton and Wasserman, 2017 (Purple) 

o Axiomatic 

o Logical 

o Inferential 

o Peripheral 

o Evolutionary 
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Appendix B: Pilot Study Interview Protocols 

 

Pre-Service Teacher Interview Protocol 

1. To what extent do you think you will use real analysis in your school teaching? 

2. Provide an example (if possible several examples) of a mathematical topic from high 

school mathematics in which real analysis is essential for teachers. In each topic, specify 

the use of real analysis. 

3. Provide an example (if possible several examples) from your personal experience during 

your teacher preparation program in which you used real analysis. Provide a detailed 

description of each case. 

4. Provide an example (if possible several examples) of mathematical problems or tasks 

from high school mathematics in which real analysis is necessary or useful for a teacher. 

In each case describe the usage of real analysis. 

 

In-Service Teacher Interview Protocol 

 

1. To what extent are you using real analysis in your school teaching? 

2. Provide an example (if possible several examples) of a mathematical topic from high 

school mathematics in which real analysis is essential for teachers. In each topic, specify 

the use of real analysis. 

3. Provide an example (if possible several examples) from your personal experience of a 

teaching situation in which you used real analysis. Provide a detailed description of each 

case. 

4. Provide an example (if possible several examples) of mathematical problems or tasks 

from high school mathematics in which real analysis is necessary or useful for a teacher. 

In each case describe the usage of real analysis. 
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Appendix C: Pilot Study Results 

 
 

Pre-Service In-Service 

Utility Precise Language 

Fielding Questions 

Justification 

Fielding Questions 

Justification 

Confidence 

Topics Limits 

Number Systems 

Sequences 

Asymptotes 

Limits 

Teaching Connections 

Constructing Knowledge 

Derivations 

Probing Questions 

Precise Language 

Confidence 

Tasks Sequences and Series 

Geometric Proofs 

Functions 

Geometric Proofs 

Derivations 

Discover Radians 

Volume Investigation 
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Appendix D: Recruitment Email 

 

Hello, 

  

My name is Blain Patterson and I am conducting interviews and observations for my 

dissertation. I am interested in the connections between real analysis and high school 

mathematics and how those connections influence teaching practices. I would like to interview to 

determine which connections between real analysis and high school mathematics you are able to 

make. I would also like to observe your classroom to determine how the connections you make 

inform your teaching practices. The interviews will last approximately one hour. Would you 

consider being interviewed and observed for this purpose? If so, you will need to sign a consent 

form before the interview begins. 

  

Best, 

  

Blain Patterson, M.S. 

Graduate Student 

Mathematics Education 

North Carolina State University 

Raleigh, NC 27695 
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Appendix E: Participant Demographics 

Teacher Number 

of Math 

Courses 

Number 

of 

Pedagogy 

Courses 

Years of 

Teaching 

Experience 

Typical 

Courses 

Highest 

Level of 

Education 

College Major 

A 16 11 18 Algebra, 

Geometry, 

Precalculus 

BS Mathematics, 

Mathematics 

Education 

B 16 10 2 Algebra, 

Statistics  

BS Mathematics, 

Mathematics 

Education, 

Communications 

C 18 14 1 Algebra, 

Precalculus 

BS Mathematics, 

Mathematics 

Education 

D 14 12 5 Algebra, 

Precalculus 

Calculus 

BS Mathematics, 

Mathematics 

Education 
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Appendix F: Data Collection and Analysis 

Research Question Data Sources Timeline Analysis 

What connections between real 

analysis and high school mathematics 

content do teachers make when 

solving tasks? How can these 

connections be characterized in terms 

of mathematical proficiency and 

mathematical activity? 

Transcripts; 

Written Work 

Fall 

2018 

Categorizing Transcripts 

and Written Work Using 

MUST Framework; 

Emergent Coding on 

Transcripts and Written 

Work 

What potential connections between 

real analysis and high school 

mathematics content can teachers 

make while teaching? How can these 

connections be characterized in terms 

of mathematical proficiency, 

mathematical activity, and 

mathematical context? 

Transcripts; 

Field Notes; 

Lesson Plans 

Spring 

2019 

Categorizing Transcripts, 

Field Notes, and Lesson 

Plans Using MUST 

Framework; Emergent 

Coding on Transcripts, 

Field Notes, and Lesson 

Plans 
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Appendix G: Task-Based Interview Protocol 

 
1. The taxicab metric is defined as d((x1, y1), (x2, y2)) = |x1 - x2| + |y1 - y2| and the maximum metric is defined 

as d((x1, y1), (x2, y2)) = max{|x1 - x2|, |y1 - y2|}. Sketch the unit circle for Euclidean, taxicab, and maximum 

metrics. Recall that a circle is simply defined to be the set of all points equidistant from a center. 

a. The Euclidean unit circle is in red, the taxicab unit circle is in blue, and the maximum unit circle is 

in green.  

 
b. Can you explain the solution back to me? 

c. How could the connection between real analysis and high school mathematics that you just 

explained to me inform your teaching practice? 

d. What could have been done in your real analysis course to help you integrate this connection into 

your teaching?  

2. Does 0.74999… = ¾? If so, prove why this is true. If not, explain why these expressions are not equivalent. 

a. Yes, these quantities are equivalent. If we write 0.74999… as 0.74 + 0.00999… and represent 

0.00999… as an infinite geometric series, 0.74999… converges to ¾ since 0.00999… converges 

to 0.01. 

b. Can you explain the solution back to me? 

c. How could the connection between real analysis and high school mathematics that you just 

explained to me inform your teaching practice? 

d. What could have been done in your real analysis course to help you integrate this connection into 

your teaching?  

3. What is the value of √2 + √2 + √2+. . .. ? 

a. The value of this expression is 2. Let a1 = √2and an = √2 + 𝑎𝑛−1. This sequence is strictly 

monotonic and bounded, therefore it converges. Also, we know that the limit of a subsequence of 

a sequence converges to the same limit. Thus the limit of an is equal to the limit of an-1, which will 

denote as L. So we have L2 = 2 + L, which has solutions L = 2 or L = -1. Since the value of this 

expression is always positive,  √2 + √2 + √2+. . . = 2. 

b. Can you explain the solution back to me? 

c. How could the connection between real analysis and high school mathematics that you just 

explained to me inform your teaching practice? 

d. What could have been done in your real analysis course to help you integrate this connection into 

your teaching?  

4. Does the function f(x) = a(x - b)2+ c have an inverse? If f(x) does have an inverse, find a formula for f-1(x). 

If f(x) does not have an inverse, explain why. 

a. Since f(x) is not strictly monotonic for all real numbers, it does not have an inverse. However, if 

f(x) is restricted to the domain [b, ∞), we have f-1(x) = 
√𝑥−𝑐

𝑎
+ 𝑏. 

b. Can you explain the solution back to me? 

c. How could the connection between real analysis and high school mathematics that you just 

explained to me inform your teaching practice? 

d. What could have been done in your real analysis course to help you integrate this connection into 

your teaching?  
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Appendix H: Field Notes Form 

 

Notes 

Class: X 

 

Class Size: X students 

 

Time: XX minutes 

 

Topic: X 

 

Instructional Strategies 

1. X 

2. Y 

3. Z 
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Appendix I: Emergent Themes for Task-Based Interviews 

MUST Theme Description 

Mathematical 

Proficiency 

Definition Teacher adapted and applied knowledge of a rigorous 

definition related to metrics, convergence, or functions to 

solve a problem. 

Algorithm Teacher knew why an algorithm or procedure related to 

limits, sequences, or functions worked. 

Mathematical 

Activity 

Inductive 

Reasoning 

Teacher used inductive reasoning to make a conjecture or 

generalization about convergence. 

Justifying Teacher justified a claim about convergence or functions 

numerically, graphically, or using a formal proof. 

Modifying Teacher used an alternative mathematical representation 

of a sequence or function to reduce the complexity of the 

problem. 
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Appendix J: Emergent Themes for Teacher Observations 

MUST Theme Description 

Mathematical 

Proficiency 

Language Teacher used precise mathematical language or introduced 

and unpacked mathematical notation related to sequences, 

series, functions, or limits. 

Connections Teacher explained or summarized mathematical 

connections between sequences and functions or limits and 

asymptotes.  

Application Teacher used knowledge sequences, series, functions, or 

limits to explain how and why to apply a procedure, 

definition, or mathematical property to solve a problem. 

Mathematical 

Activity 

Representing Teacher used an example of an equation, graph, or other 

representation to illustrate a concept related to sequences, 

limits, or functions. 

Verifying Teacher justified a claim or derived a formula or property 

related to sequences, series, functions, or limits using 

definitions, properties, or examples. 

Mathematical 

Context 

questioning Teacher answered or asked questions related to sequences, 

series, functions, or limits using precise and accurate 

mathematical language and notation. 

Building Teacher assessed and built on prior student knowledge or 

sequences, series, functions, or limits. 

Curriculum Teacher selected problems and tasks that help students build 

an understanding of sequences, series, functions, or limits. 
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Appendix K: Teacher Written Work 
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